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ABSTRACT 

The design. analysis. and performance of a small-angle scatterometer are 

presented. The effects of the diffraction background. geometrical aberrations. and 

system scatter at the small-angles are separated. Graphs are provided that quantify 

their contribution. The far-field irradiance distributions of weakly truncated and 

untruncated Gaussian beams are compared. The envelope of diffraction ringing is 

shown to decrease proportionately with the level of truncation in the pupil. 

Spherical aberration and defocus are shown to have little effect on the higher-order 

diffraction rings of Gaussian apertures and as such will have a negligible effect on 

most scatter measurements. A method is presented for determining the scattered 

irradiance level for a given BRDF in relation to the peak irradiance of the point 

spread function. A method of Gaussian apodization is presented and tested that 

allows the level of diffraction ringing to become a design parameter. Upon 

sufficient reduction of the diffraction background. the scattered light from the 

scatterometers' primary mirror is seen to be the limiting component of the small

angle instrument profile. 

The scatterometer described was able to make a meaningful measurement 

close enough to the specular direction at O.6328JLm in order to observe the 

characteristic height and width of the scatter function. This allowed the rms 

roughness and autocorrelation length of the surface to be determined from the 

scatter data at this wavelength. The inferred rms roughnesses agreed well with an 

independent optical profilometer measurement of the surface. The BRDF of the 
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samples were also measured at IO.6JLm. The rms roughnesses inferred from this 

scatter data did not agree with the other measurements. The BRDF did not scale in 

accordance with the scalar diffraction theory of microrough surfaces. The 

scattering in the visible was dominated by the effects of surface roughness whereas 

the scattering in the far-infrared was apparently dominated by the effects of 

contaminants and surface defects. 

The model for the surface statistics is investigated. A Ko (modified Bessel 

function) autocorrelation function is shown to predict the scattered light distribution 

of these samples much better than the conventional negative-exponential function. 

Additionally. a sampling theory is developed that addresses the negative

exponentially correlated output of lock-in amplifiers. detectors. and electronic 

circuits in general. It is shown that the optimum sampling rate is approximately 

one sample per time constant and at this rate the improvement in SNR is .IN/2 

where N is the number of measurements. 
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CHAPTER 1 

INTRODUCTION 

The theoretical prediction, analysis, and measurement of scattered light is of 

enormous practical interest in the field of optics. Many optical systems are limited 

in their performance by the existence of stray radiation. The two most common 

detrimental aspects of scattered light are a degradation in image contrast and a 

reduction in detector sensitivity. 

In obtaining an image of a very dim object located near a bright object. the 

dim image often becomes hidden in the small-angle scattered light of the bright 

image. For example, Breckinridge, Kuper, and Shack (1982) have predicted that the 
, 

ability to optically detect new planets which are orbiting nearby stars would in fact 

be limited by the scattered light from the image of the star. Degradation in image 

contrast can also be the result of large-angle scattered light from out-of-field 

sources. Visible and infrared radiation from the sun. moon, earth. and even the 

earth's atmosphere is often scattered into the field of view of an optical system and 

eventually onto its focal plane. Besides the reduction in contrast. the additional 

background flux incident upon the detector increases the detector noise level. 

Therefore, associated with the reduction in the optical image contrast is a reduction 

in the electronic detection sensitivity. 

There has been much previous work in the field of scattered light. Scalar 

diffraction analyses have been performed by Davies (1954), Bennett and Porteus 

(1 % I), Beckmann and Spizzichino (1963), Chandley and Welford (1975). and Harvey 
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(1976) which predict the distribution of scattered light from a microrough surface. 

Scattering due to reflection from a microrough surface is represented in Fig.l.l. 

The mathematics developed by Harvey (1976) which is based on a linear systems 

approach was motivated by an earlier analysis of scattering due to atmospheric 

turbulence (Shack. 1967). The former analyzes random wavefront perturbations 

introduced as a result of reflection from a microrough surface while the latter 

addresses the random wavefront perturbations due to passage through a varying 

atmosphere. Vector diffraction analyses have been performed by Rayleigh (1945). 

Elson and Ritchie (1974). Church. Jenkinson. and Zavada (1977). and Elson and 

Bennett· (1979). The early work by Rayleigh (1945) analyzed the scattering of 

acoustic waves. The above is a very brief survey of previous theoretical work and 

is by no means exhaustive. 

Many scatterometers have been developed to measure the scattering from 

optical materials and components. One of the first computer-controlled multi

wavelength systems was developed by Brooks (1982). Most systems. including the 

above. do not measure the small-angle scattered light. It is well known that it is 

difficult to measure small amounts of scattered light close to the specularly reflected 

direction. Typically the scatterometer's instrument profile is too large at the small

angles to allow detection of small amounts of scatter introduced by a smooth 

sample. The problems of diffraction. geometrical aberrations. and instrument scatter 

have usually been lumped together as problems contributing to the large instrument 

profile at the small-angles. In this work an analytic approach is taken that 

separates each of these effects and predicts their individual contribution to the 

small-angle instrument profile. An instrument was then developed and tested to 

measure scatter at both small and large-angles. Other scatterometers that also 



16 

Incident Beam 

h{x' ,y') 

Fig.l.l. Scattered light due to reflection from a microrough surface. 
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measure scattering at small-angles have been produced by Stover (et al.. 1985). Hurt 

(et al.. 1986). and Ricks (1987). 

The foremost quantity used in measuring the amount of scattered light in a 

given direction is the bidirectional reflectance distribution function (BRDF). It is 

defined by Nicodemus (et al. 1970) as 

(1.1) 

where Lr - the reflected radiance 

Ej - the incident irradiance 

o - the polar angle 

¢ - the azimuthal angle 

Pine - the total incident power 

dPscat - the incremental scattered power 

dw - the incremental solid angle 

dO - the incremental projected solid angle. 

The BRDF is a very general function that is independent of the cause of scattering. 

It is simply a quantity which is normalized to the incident power that gives the 

amount of light scattered in a given direction. As a point of reference. an ideal 

Lambertian scatterer (i.e. a scatter source that scatters all of the light uniformly 

over the entire hemisphere) has a constant BRDF of I/rr. Note that a hemisphere 

has a projected solid angle of rr steradians. The geometry utilized in measuring the 

BRDF is given in Fig.I.2. 

A review of the linear systems approach to scattered light theory is 
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Fig. 1.2. The gt.ometry of BRDF measurement. 
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presented in Chap.2. The transfer function and scattered point spread function are 

derived for the case of a wavefront with a random or stochastic component. This 

chapter mostly follows the work of Shack (1967). Harvey (1976). and Frieden (1983). 

The results predict the ~'~attered light distribution over the entire hemisphere and its 

wavelength dependence. A negative-exponential autocorrelation function is then 

compared to a Ko (modified Bessel function) autocorrelation where the latter appears 

to yield a much better fit to the scatter data. It is then shown how the scattered 

light data is typically analyzed in order to determine the rms roughness and 

autocorrelation length of the scattering surface. 

An analysis of small-angle scatter measurement is performed in Chap.3. 

The effects of the diffraction background. geometrical aberrations. and system 

scatter are separated and graphs are provided that quantify their contribution. The 

investigation necessarily involves an analysis of truncated Gaussian beams since 

laser sources are typically used in scatterometers. There has been extensive work 

on truncated Gaussian beams including work by Campbell and DeShazer (1969). 

Olaof e (1970). Holmes. Korka. A vizonis (1972). Tanaka. Saga. and Mizokami (1985). 

Kuttner (1986). and Campbell (1987). The effects of aberration on apodized pupil 

functions have been investigated by Lowenthal (1975). Biswas and Boivin (1975). 

Mills and Thompson (1985). and Mahajan (1986). However. much of the above 

work relates to the properties of the central region (i.e. the few central diffraction 

lobes) of a strongly truncated beam. The emphasis of this work is on the extended 

diffraction tails of weakly truncated beams. Additional apodization of the 

truncated laser beam is also investigated for the purpose of obtaining a further 

reduction in the diffraction background. Although our specific application of 

Gaussian-apodized apertures is to the measurement of small-angle scattered light. 
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much of the work presented here is generally applicable to Gaussian apodized 

imaging systems as a whole. The analysis was performed for a system operating at 

0.6328pm. However, the equations incorporate the wavelength dependence and a 

discussion is provided that describes how the graphs can be rescaled for different 

wavelengths. Hence, the results can predict the small-angle performance of 

scauerometers at other wavelengths. The results of this chapter are utilized in the 

design of our small-angle scaUerometer. 

The small-angle scatterometer is described in Chap.4. The optical and 

mechanical design considerations are discussed as well as the measurement 

technique, hardware and software. Also included in this chapter are the design 

and performance of a dye-cell Gaussian apodizer that was constructed for this 

project, the derivation of a small-angle NEBRDF (Noise equivalent BRDF) 

expression, and a third-order aberration analysis of the system. 

The experimental results including system performance and scatter data are 

presented in Chap.5. The measured quantities are compared with the corresponding 

theoretically predicted values. It is seen that the scauerometer was able to make a 

meaningful measurement close enough to the specularly reflected direction in order 

to observe the characteristic change in shape of the scatter function. This allows 

the rms roughness and autocorrelation length of the surface to be determined from 

the scatter data obtained at the visible wavelengths. This information is usually 

only obtainable in the infrared where the scattered point spread function is 

effectively wider and a small-angle measurement is not required. However, at the 

longer wavelengths it is questionable that the BRDF is dominated by surface 

roughness effects. Inferring the surface roughness from this data or conversely, 

predicting the BRDF given the surface roughness and autocorrelation length, can be 
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very misleading. The rms roughness inferred from the scatter data in the visible. 

by virtue of the small-angle scatter measurement. agreed favorably with an 

independent optical profilometer measuremen{ of the surface. By comparison. the 

rms roughness predicted from the scatter data in the far-infrared differed 

drastically from the profilometer measurement. The data obtained at O.6328jLm was 

then rescaled in accordance with the theory in Chap.2 for comparison with the data 

at IO.6jLm. The drastic disagreement appears to show the overwhelming effects of 

contaminants and surface defects on scattering in the far-infrared. 

The last chapter is followed by the conclusions and some suggestions for 

future investigations. 

A subject has been relegated to Appendix A that is tangential to the main 

thrust of this work. The data obtained from lock-in amplifiers. which are utilized 

in making BRDF measurements. are not statistically independent. A sampling 

theory was developed that addresses the negative-exponentially correlated output of 

lock-in amplifiers. detectors. and electronic circuits in general. It is shown that the 

optimum sampling rate is approximately one sample per time constant and at that 

rate the improvement in SNR and NEBRDF is ..)N/2 where N is the number of 

samples. 



CHAPTER 2 

A REVIEW OF THE SCALAR DIFFRACTION THEORY 

OF SCA TIERED LIGHT 

22 

The scalar diffraction theory of scattered light provides insight into the 

underlying principles and motivation for our work. Much of the subsequent 

review of this theory is a brief recapitulation of previous theoretical work by Shack 

(1967). Harvey (1976). and Frieden (1983). 

When light impinges upon a microrough reflective surface. small random 

phase perturbations are imparted to the reflected wavefront. These phase 

perturbations are a cause of scattered light. In addition. random amplitude 

fluctuations due to small variations in reflectance also produce scattered light but 

Shack (1967) has shown that these effects are small compared to the effects of phase 

error. For the subsequent analysis. the scattering is assumed to be due solely to 

phase perturbations induced by the surface. 

A standard linear systems theory approach is employed to determine the 

scattered point spread function (PSF). The first goal is to determine the transfer 

function for a phase front composed of a deterministic and random component. 

The deterministic component is due to the geometrical aberrations and limiting 

aperture of the optical system. The random component is superimposed upon the 

deterministic component. Secondly. the PSF is then obtained by taking the Fourier 

transform of the transfer function. Harvey (1976) has shown that the Fourier 

transform surface is a hemisphere located at the focus and centered on the 
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diffracting surface. See Fig.2.1. 

The Random Transfer Function 

The random phase error imparted to an incident wavefront upon reflection 

is due to twice the surface-height variationsl. As such, the net phase (A.) at point 

(x'.y') just after the surface is 

A.(x',y,) .. k [ Wo(x'.y') + 2hR(x',y') ] (2.1) 

where Wo - the wavefront error due to fixed system aberrations 

hR .. the random height variation of the surface 

k - 2TTf). 

A - the a.verage wavelength of the quasi-monochromatic illumination 

The transfer function of the system is given by the normalized complex 

autocorrelation of the pupil function a(x'. y')exp(iA.) where a(x', y') is the amplitude 

function across the pupil. Therefore. the transfer function is 

lThe random phase error or optical path difference (OPD), in actuality, is dependent 
upon both the incident and scatter angle. For small angles of incidence and small 
scatter angles, this dependence can be neglected. In addition, Harvey (1976) and 
Thomas (1980) have shown experimentally that for smooth clean surfaces, the 
scattering from their samples was invariant when this angular dependence was 
neglected. 
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2h{x' ,y') 

Fig.2.1. A random wavefront and the Fourier transform hemisphere. 
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00 I Loo dx'dy' a(x',y')a*(x'-x,y'-y) ei[~(x',y')..~(x'-x.y'-y)] 
T(x,y) - -------00-----------

I Loo dx'dy' /a(x',y,)/2 

(2.2) 

00 I Loo dx'dy' a(x',y')a*(x'-x.y'-y) eik[Wo(X',y')..Wo(x'-X,y'-y)] ei2k[h(x',y')..h(x'-x,y'-y)] 

00 I LoodX'dY' la(x'.y')12 

(2.3) ----------------------------------------------------------

The transfer function can be rewritten as a function of the spatial frequencies f x 

and f y by simply rescaling the shift distances x and y as x = XFf x and y = XFf y 

where F is the distance from the exit pupil to the detection surface (Gaskill. 1978). 

Since the surface-height parameter is a random variable, the overall transfer 

function and consequently the PSF are stochastic processes. It is then of interest to 

determine the ensemble average which is the mean transfer function of all possible 

statistical samples. The averaging operation may be brought inside the integral to 

operate solely upon the randomly varying part. The ensemble average of T(x, y) is 

then 

(T(x,y) -

00 II -00 dx'dy' a(x ',y')a *(X'_X,y'_y)eik[Wo(X', y')..Wo(X'-x, y'-y)] (ei2k[h(x',y')..h(x'-x.y'-y)]) 

00 I Loo dx'dy' la(x',y,)/2 

(2.4) 
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At this point two assumptions are made. The first is that the random height 

variations are strict-sense stationary for two points. This means that the statistics 

and probabilities associated with the two points in the pupil do not depend upon 

their absolute positions but only upon their relative separation. Secondly. it is 

assumed that the height variations at each point has a Gaussian height distribution 

with the same rms fluctuation (0') and zero mean. A probability distribution that 

fits these conditions is the Gaussian bivariate (Frieden. 1983) and accordingly. this 

is utilized to model the random height fluctuations. Since the probability no longer 

depends on the absolute location. the expectation value may be taken outside the 

integral and the spatial arguments removed. The ensemble average of the transfer 

function is thus 

00 I Loo dx'dy' a(x',y')a*(x'-x.y'-y) eik[Wo(X'.y'}-Wo(x'-x.y'-y)] 

00 I Loo dx'dy' la(x',y')12 

(2.5) 

where hi and h2 are the random surface-heights at two points defined only by their 

separation (x.y). The term in square brackets ([ ]) in Eq.2:S is the deterministic 

transfer function or just the standard optical transfer function due to a fixed pupil 

and aberrations. The term to its left is therefore defined as the random transfer 

function T R (x. y) due to the random phase perturbations. This yields the very nice 

result that the transfer function has become separable into the product of its 

deterministic and random parts. Therefore. 
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T () i2k [ h l-h2 ] 
R X.y - < e > (2.6) 

where by definition the right hand side of Eq.2.6 is also the joint characteristic 

function for the random variables hi and h2• The characteristic function of a 

probability distribution is its Fourier transform. This can easily be seen by looking 

at the inverse Fourier kernel. A general inverse Fourier transform can be written 

as 

00 

P(~) :: I dr per) eilt• r 
-00 

(2.7) 

where the boldface characters are multidimensional quantities and PW is the 
r 

inverse Fourier transform of per). If per) is the probability distribution of r. then 

the right-hand side of Eq.2.7 is by definition also equal to the mean of exp (ik· r). 

Thus. T R (x. y) is given by the Fourier transform of the Gaussian bivariate 

probability distribution. Substitution of the appropriate variables into the Gaussian 

bivariate characteristic function (Frieden. 1983. p. 75) yields 

(2.8) 

where p(x. y) is the correlation coefficient for the surface-height fluctuations as a 

function of relative separation. As stated above. (hi> - (hJ - 0 and 0'1 - 0'2 - 0'. 

Therefore. the random transfer function can be rewritten as 
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(2.9) 

We see that for strong phase correlation. the cutoff frequency is relatively high but 

for weak correlation the higher spatial frequencies can be significantly attenuated 

even for relatively small phase fluctuations. 

Harvey (1976) and Shack (1967) offer considerable insight into this transfer 

function by decomposing it into the sum of two parts; a constant term and a 

residual term. See Fig.2.2. The constant term is obtained as the correlation goes to 

zero for large separations on the surface. In this case a plateau of exp(-4k2u2) is 

approached. For zero separation the transfer function and autocorrelation 

coefficient must both be unity. Therefore. the amplitude of the residual term of the 

transfer function at zero displacement is l-exp(-4k2u2). The residual component 

R(x. y) normalized to its peak can be described as 

.. e4k2U2P(X,y) _ 

e 4k'u' - I 

(2.10) 

(2.10 

The rms roughness u of a polished optical surface is typically two to three or more 

orders of magnitude less than the visible wavelengths ( u « ).). So. it is well 

justified to make a small-phase approximation in Eq.2.11. In this case. the entire 

R(x. y) reduces to simply the autocorrelation coefficient p(x. y). The random transfer 

function can thus be rewritten as 
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Fig.2.2. The random transfer function. 
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(2.12) 

where the random transfer function has been decomposed into two components; a 

constant term and a second term which is proportional to the autocorrelation of the 

surface. 

The Scattered Point Spread Function 

The scattered PSF is obtained by taking the Fourier transform of the random 

transfer function. Since the transfer function has been decomposed into two simple 

elements. the Fourier transform is straightforward. The Fourier transform of the 

constant term is the Dirac delta function 6 and the Fourier transform of the 

autocorrelation function is the power spectrum S of the surface. The delta function 

corresponds to the specularly reflected component of the incident beam and the 

other term which is proportional to the power spectrum corresponds to the scattered 

component. See Fig.2.3. In addition. from the central ordinate theorem (Gaskill. 

1978). the central ordinate value of each component of the transfer function is equal 

to the volume under each of their respective Fourier transforms. Thus. from 

Eq.2.12. the fraction of specularly reflected light. i~. exp(-4k2u2) and the fraction of 

total scattered radiation (neglecting absorption) is l-exp(-4k2u2). Therefore. by 

taking the Fourier transform of the transfer function. the PSF is 

(2.13) 

(2.14) 
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Specular 

Scattered 

B/)" 

Fig.2.3. The scattered point spread function. 
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where at and f3 are the direction cosines with respect to the x and y axes. 

respectively. {3o is the direction cosine of the incident angle where for simplicity 

the plane of incidence has been defined as the {3-plane. Two points need be 

addressed in the above equations regarding fx• fy and 'Ys' First. the substitutions 

f x =et./"A and f y=(J3-{3o)/"A in Eq.2.13 are simply restatements of the grating equation. 

In other words. a given spatial-frequency component of the random phase 

perturbations scatters in a direction given by the grating equation. This is one of 

the basic principles of physical optics that allows a plane wave decomposition of 

diffracted waves. Secondly. the direction cosine 'Ys of the scattered light is the 

result of the obliquity factor or similarly the radiometric cosine roll-off due to the 

projected area of the diffracting surface. When determining the diffracted wave 

over an entire hemisphere the cosine roll-off can not be neglected. Harvey (1976. 

p.38) gives the appropriate cosine weighting of the observation angle as that 

presented in Eq.2.13. From Eq.2.14 it is seen that a surface with a constant power 

spectrum will have a cosine roll-off. This states that for a surface to obey 

Lambert's cosine law it must have a constant power spectrum. (Keeping track of 

units. the power spectrum has units of length squared and thus. the above PSF has 

been developed in units of I/steradian which is compatible with the definition of 

BRDF (Nicodemus. et a1.. 1977).) 

If a small-phase approximation is made for the coefficients in Eq.2.14 since 

(f « "A. then the PSF is given by 

(2.15) 
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2 0'2 [a (3-{3o J 
PSFscat - (47T) 1s X4 S ~ • T (2.16) 

As can be seen from the above equation. the scatter profile is predicted to be scaled 

in width by X and in height by 1/X4 and 0'2. In addition. the scattered PSF is 

proportional to the surface power spectrum. 

The Scattered PSF for a Negative-Exponentially Correlated Surface 

A negative-exponential function is often chosen to model the autocorrelation 

coefficient. This is done for two reasons. First. and foremost. it is a manageable 

mathematical function. Secondly. it provides a fair fit to the empirical data. Elson. 

et al. (1979) has shown that most optical surfaces which were polished by 

conventional techniques have an autocorrelation coefficient that is very nearly 

represented by a negative-exponential. Additionally. Elson adds that chemically 

polished optical surfaces are comparatively smooth and wavy. These surfaces. 

though few in number. have an autocorrelation coefficient that more nearly 

resembles a Gaussian function. 

As a result of the previous section. the 2-dimensional Fourier transform of 

the negative-exponential yields the sh~pe of the scattered pSF. The negative-

exponential autocorrelation coefficient is 

[ ~] p(x.y) - exp - f (2.17) 

or similarly in polar coordinates. 
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p(r) _ e-r/I (2.18) 

where r is the radial coordinate and I is the lIe correlation length. Substitution of 

the zero-order Hankel transform of exp(-rll) (Gaskill 1978. p.329) into Eq.2.16 

yields 

(2.19) 

This expression for the scattered PSF can be rewitten in terms of the BRDF 

by realizing that the definition of BRDF includes a cosine correction for 'Ys' In 

other words. a scatter distribution that has a cosine roll-off with respect to the 

surface normal also has a constant BRDF. Evaluating Eq.2.19 in the plane of 

incidence (at - 0) as is often done. the BRDF for a negative-exponentially correlated 

surface can be rewritten as 

(2.20) 

This is plotted in Fig.2.4 for typical values of (1 and I for a fairly good mirror. 
o 

Values of (1 :I 5 A and I :I 10 p.m were chosen. The upper curve corresponds to an 

illumination wavelength of h - 0.6328 p.m and the lower curve h - 10.6 p.m. 

Analysis of the Scattered PSF 

When Eq.2.20 is plotted on a log-log plot. the BRDF has both a high and 
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Fig.2.4. BRDF at an illumination wavelength of O.6328JLm (upper) and lO.6JLm 
(lower) for a surface tl).at obeys a negative-exponential autocorrelation function. 
Typical values of (1 - 5 A and I - IOJLm were chosen. The straight lines which are 
fit to the BRDP represent the high and low frequency asymptotic approximations to 
the curves. The dashed vertical line represents a typical scatterometers' small-angle 
measurement limit. 
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low frequency asymptote as shown in Fig.2.4. When 13-130 is small (at the low 

spatial frequencies). the BRDF is nominally flat with an asymptotic value of 

When 13-130 is large (at the high spatial frequencies). the BRDF 

approaches 4(12(Al(j3-{30)3. On a log-log plot. this is a line with a slope of -3. The 

intersection of the two asymptotes is at 

k l(j3-{3o) - I (2.21) 

which yields 

X 1= . 
21T(j3-{3o) 

(2.22) 

Therefore. the autocorrelation length and rms surface roughness can be obtained 

from the BRDF data. A curve-fitting routine or a staight-edge can fit two straight 

lines to the data. The intersection of the two lines yields the autocorrelation length 

of the surface and the low frequency asymptote yields the rms roughness. 

At the shorter illumination wavelengths. it is difficult to measure close 

enough to the specular direction in order to observe the intersection point. As 

shown by Eq.2.22. the intersection point scales to smaller angles with decreasing 

wavelength. At the visible wavelengths the intersection point is predicted to 

typically occur below one degree from the specular direction. The dashed vertical 

line in Fig.2.4 is representative of the small-angle limit of many scatterometers 

because it is difficult to separate the instrument profile from the scattered light 

below this value. Part of the motivation for this research was to try to get in close 

enough to the specular direction in order to observe the onset of the small-angle 
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plateau region in the visible. Since the plateau region and intersection point has 

often been observed in the infrared. its level and location in the visible would serve 

to check the scaling laws over a large change in wavelength. According to Eq.2.16. 

the level of the small-angle plateau should scale directly as l/h' and its width as X. 

Bandwidth Considerations in Determining the Autocorrelation Function 

There is a fundamental limitation on the minimum measurable 

autocorrelation length for a bandlimited power spectral measurement. The power 

spectrum is measured over a finite spatial-frequency bandwidth since the scattering 

is observed over a hemiphere. The observed power spectrum is bounded by the 

unit circle in direction cosine space which corresponds. to a maximum frequency (at 

normal incidence) of l/h. Equivalently. a spatial-frequency of I/X scatters 90 

degrees. Thus. the autocorrelation function is given by the Hankel transform of a 

truncated form of the power spectrum. This means that the observed 

autocorrelation function of the surface is given by the Hankel transform of the total 

power spectrum convolved with the sombrero function (Gaskill. 1978. p.72). Even 

for a truly white power spectrum which has a delta function autocorrelation. the 

minimum measurable autocorrelation length will be determined by the sombrero 

function. The first zero of the sombrero function corresponding to the unit circle 

in direction cosine space occurs at 0.6X. This shows the intuitive result that shorter 

wavelengths are needed in order to measure higher spatial frequencies and 

accordingly shorter autocorrelation lengths. Shorter autocorrelation lengths can be 

inferred by making assumptions on the immeasurable high-frequency portion of the 

power spectrum (such as the high frequency slope remains unchanged) but an 

autocorrelation length less than O.6X can not be measured with a uniform finite 
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bandwidth. 

The period of oscillation in the autocorrelation function due to the sombrero 

function is approximately A. This can be used as a diagnostic tool for 

profilometers. The characteristic high frequency ringing produced by the 

instrument is a direct measure of its lateral resolution. Similar approaches can 

determine the lateral resolution of systems with non-uniform bandwidths. 

A Comparison of Negative-Exponential and Ko Autocorrelation based 00 

Experimental Observation 

The BRDF of most of the mirror samples which have been measured at the 

Optical Sciences Center on the AZSCA T (our workhorse scatterometer) have a high 

frequency slope of approximately -2. This means that the autocorrelation function 

can not truly be a negative-exponential (since the high-frequency slope would then 

be -3. as shown in the above analysis). Wang (1983) has shown that utilizing a 

negative-exponential autocorrelation function with a one-dimensional surface 

predicts the experimentally observed shape of the scattered light distribution. 

including the high-frequency slope of -2. His one-dimensional analysis also 

predicts a BRDF dependence of l/A3 in height (and A in width) which is what he 

had observed experimentally when comparing scattering in the visible to the far

infrared. However. the mirror surfaces and wavefronts are inherently two

dimensional. The observed shape and high-frequency slope of -2 can alternatively 

be accounted for by choosing a function other than the negative-exponential to 

model the two-dimensional autocorrelation function. This subject will be discussed 

subsequently. Also. a change in the dominant scatter mechanism from surface 

roughness scattering at the visible wavelengths. to one with a smaller wavelength 
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dependence in the far-infrared. may account for the discrepancy in wavelength 

scaling which was observed by Wang (1983). The effects of contamination and 

surface defects on scattering in the far-infrared will be discussed in Chap.5. 

The appropriate form of the autocorrelation function is given by the Hankel 

transform of the experimentally observed power spectrum. A generalized form of 

the power spectrum that corresponds to a negative-exponential autocorrelation 

function is given as Eq.2.23. However. the power spectrum given in Eq.2.24 yields 

a much better fit to the experimentally observed BRDF. as discussed above. 

Accordingly. its Hankel transform yields a much better fit to the appropriate 

autocorrelation function. 

s= U0
2 

(2.23) 

[I + [rl-p.l'] 
3/2 

s. uo2 

(2.24) 

+ [f.)2 

The autocorrelation and autocovariance functions for these two power 

spectra are plotted in Figs.2.5 and 2.6. respectively. Both sets of autocorrelation 

functions are plotted for the same width power spectra to allow a meaningful 

comparison. For both power spectra. {3' is the direction cosine that corresponds to 

the half-power point. The autocorrelation functions were computed numerically 

taking finite ( 1{31~ I ) Hankel transforms of Eqs.2.23 and 2.24. 

Bracewell (I %5, p.249) gives the untruncated Hankel transform of Eq.2.24 as 

the modified Bessel function Ko. The Ko function approaches infinity as its 
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argument goes to zero. It is apparent from Figs.2.S(b) and 2.6(b) that the 

convolution with the sombrero function (due to the finite bandwidth) removes the 

infinity and smooths out the peak. From the central ordinate theorem (Gaskill. 

1978). the peak of the autocovariance function must be bounded since there is a 

finite amount of scattered light. Figs.2.S(a) and 2.6(a) are the result of a 

convolution between a negative exponential a sombrero function. It is evident that 

the convolution removes the cusp of the negative exponential. As the power spectra 

increase in width. for either autocorrelation function the sombrero function is 

approached as the limiting case. 

One of the most important observations is simply that for a given power 

spectral bandwidth (3' the functions in Fig.2.S(b) decorrelate faster than the 

corresponding curves in Fig.2.S(a). Thus. the correlation lengths are shorter than 

those predicted by the negative exponential model. 
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Fig.2.S(a). The corresponding autocorrelation functions for different bandwidth 
power spectra of the form given in Eq.2.23. 
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Fig.2.5(b). The corresponding autocorrelation functions for different power spectra 
of the form given in Eq.2.24. 
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Fig.2.6(a). The corresponding autocovariance functions for different bandwidth 
power spectra of the form given in Eq.2.23. 
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Fig.2.6(b). The corresponding autocovariance functions for different bandwidth 
power spectra of the form given in Eq.2.24. 



45 

CHAPTER 3 

ANALYSIS OF THE SMALL-ANGLE INSTRUMENT PROFILE 

It is well known that it is difficult to measure small amounts of scattered 

light close to the specularly reflected direction. The large instrument profile tends 

to mask any measurements in this region. The problems of diffraction ringing. 

geometrical aberrations. and instrument scatter have usually been lumped together 

as problems contributing to the large instrument profile at the small-angles. In this 

chapter an analytic approach is taken that separates each of these effects and 

predicts their individual contribution to the small-angle instrument profile. 

A true Gaussian beam would be ideal for reducing the diffraction sidelobes 

in a small-angle scatterometer. Unfortunately. a laser operating in its TEMoo mode 

is Gaussian only over its central region and. whether or not it is spatially filtered. 

is in fact a truncated Gaussian beam. To accurately predict the diffraction 

background of a scatterometer an analysis of truncated Gaussian beams is required. 

Accordingly. truncated Gaussian beams and additional Gaussian apodization of 

laser beams are investigated. the latter for the purpose of reducing the diffraction 

ringing. 

Although our specific application of Gaussian-apodized apertures is to the 

measurement of small-angle scattered light. much of the work presented here is 

generally applicable to Gaussian-apodized imaging systems as a whole. (See Fig.3.l 

for the typical geometry which is utilized in the measurement of scattered light.) 

Specifically in this chapter. point spread functions (PSFs) due to untruncated and 
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weakly truncated Gaussian beams are compared. Graphs are presented showing 

how the amount of diffraction ringing depends on different truncation levels and 

how spherical aberration and defocus affect the PSFs of Gaussian apodized 

apertures. A method for determining the scattered irradiance level for a given 

BRDF in relation to the peak irradiance of the PSF is also discussed. 

Mathematical Background 

The irradiance distribution of the PSF is proportional to the squared 

modulus of the Fourier transform of the pupil function (Gaskill. 1978). 

Consequently. it is well known that smoothing out the sharp truncation at the edge 

of the pupil. which reduces the high frequency components of the pupil function. 

diminishes the peaks of the diffraction rings. 

The far-field irradiance distribution for a circular pupil with a circularly 

symmetric pupil function is given by (Goodman. p.13) 

(3.1 ) 

where 9dirr is the diffracted angle. IAI2 is the irradiance incident on the pupil. Rpup 

is the pupil radius. dpr is the distance from the exit pupil to the focal plane. h is 

the wavelength. Jo is the Bessel function of zero order. p is the radial pupil 

coordinate. and P(P)e~) is the complex pupil transmission function. For a 

Gaussian-apodized aperture 
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P(P) - exp [-~l W pUp2 
(3.2) 

and 

(3.3) 

where w pup is the radius of the I Ie amplitude level in the pupil and Ptot is the 

total power in the untruncated Gaussian. In this analysis, P(P) is utilized as the 

effective Gaussian profile in the pupil, be it from a plane wave illuminating a 

Gaussian transmission profile or from a Gaussian beam illuminating a pupil with a 

Gaussian transmission profile. In the latter case, the two Gaussians are just 

multiplied together to obtain an effective Gaussian profile. 

The radially symmetric aberrations such as spherical aberration and defocus 

can easily be included into the analysis. In this case 

(3.4) 

where W40 and W20 represent the amount of spherical aberration and defocus. 

respectively. 

Substituting Eqs. (3.2), (3.3), and (3.4) into Eq.(3.1) yields 
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exp -~ ei~) Jo 27Tpsm(Odirr) p dp .(3.5) I Rpup [ 2] [. ] 12 
o wpUp2 X 

In this chapter the above integral is evaluated numerically for a variety of 

conditions. For the subsequent figures. the analysis was performed at a 

wavelength of 0.6328 /lm and for an exit pupil diameter of 25.4 mm (I in.). 

Weakly Truncated Gaussian Beams 

There is extensive literature on the propagation of truncated Gaussian 

beams. (See bibliography of Mahajan (1986).) The emphasis is on strongly 

truncated beams. When the Gaussian beam is weakly truncated it is typically 

assumed to propagate as an untruncated Gaussian beam. It is now shown that this 

approximation is valid but only over a limited region of the PSF. beyond which the 

departure is drastic. 

The Fraunhofer irradiance distributions of three weakly truncated Gaussian 

beams are plotted in Fig.3.2. The peaks of the PSFs were normalized to unity. 

The ordinate is plotted on a log scale and the abscissa in units of (X/2w pup)2 or 

equivalently. in normalized units of radial distance squared .. When a Gaussian is 

graphed in this fashion. it appears as a straight line. Hence. any departures from 

linearity correspond to departures from a true Gaussian. The graphs have been 

plotted in this manner because departures from a straight line are much easier to 

see than departures from a Gaussian distribution. Also plotted in Fig.3.2 (dashed 

line) is the Fraunhofer irradiance distribution of the parent (untruncated) Gaussian 

for comparison with the truncated beams. The width of the parent Gaussian beam 

was held fixed for Fig.3.2 and the truncation level (i.e. truncation radius) varied. 
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In Fig.3.2(a) the Gaussian was truncated in the pupil at the 10-9 level. 

Its Fraunhofer irradiance distribution is observed 10 identically follow the 

Fraunhofer irradiance distribution of the untruncated Gaussian beam. Interestingly. 

the departure occurs at about 10-9 of the peak irradiance level in the PSF. Below 

this level the departure is drastic and the diffraction ringing due to truncation 

begins. Similarly, in Figs.3.2(b) and 3.2(c), where the Gaussian distributions were 

truncated at the 10-6 and 10-3 irradiance levels in the pupil. it is observed that their 

far-field irradiance distributions follow that due to the untruncated Gaussian beam 

down to about the 10-6 and 10-3 irradiance levels, respectively. Beyond these 

respective points, the onset of diffraction ringing is observed. 

There is a very small departure from linearity that is observed immediately 

in Fig.3.2(c). This can be understood by realizing that the amplitude distribution of 

the PSF is determined by the convolution of the Fourier transform of the 

untruncated Gaussian in the pupil with a sombrero function. defined by Gaskill 

(1978) as 2J l(1TO!X)/(1TO!X). Then. it is apparent that the broadening or increased 

angular width of the PSF is obtained when the Gaussian is convolved with a broad 

sombrero function resulting from a strong truncation. When the Gaussian is 

weakly truncated, the sombrero function is of negligible width compared to the 

Fourier transform of the untruncated Gaussian, and the broadening of the PSF is 

insignificant. 

The range over which it can be assumed that the truncated Gaussian 

propagates in the far-field as an untruncated Gaussian is proportionately increased 

with the reduced level of truncation in the pupil, as can be observed from Fig.3.2. 

Moreover. the PSF of the weakly truncated Gaussian beam emulates the PSF of the 

untruncated Gaussian beam from the peak of the PSF down to the irradiance level 
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Fig.3.2a. Far-field irradiance distribution versus transverse distance squared for a 
Gaussian beam truncated at the 10-9 irradiance level in the pupil ( ) and for 
the untruncated parent Gaussian beam (- - - -). 
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Fig.3.2b. Far-field irradiance distribution versus transverse distance squared for a 
Gaussian beam truncated at the 10-6 irradiance level in the pupil ( ) and for 
the untruo.cated parent Gaussian beam (- - - -). 
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Fig.3.2c. Far-field irradiance distribution versus transverse distance squared for a 
Gaussian beam truncated at the lO-s irradiance level in the pupil ( ) and for 
the untruncated parent Gaussian beam (- - - -). 
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that corresponds to the truncation. 

The most important observation pertinent to our application is that the 

envelope of diffraction ringing is proportionately reduced with the level of 

truncation in the pupil. (n Figs.3.2(a), (b), and (c), the respective levels of 

diffraction ringing are separated by about three orders of magnitude. «(n Fig.3.2(a), 

the mean peak height is utilized; a point addressed in the section on dual diffraction 

envelopes.) Additionally. the first diffraction ring of the Airy pattern, which 

represents the limit as the truncation radius goes to zero, has a peak value of 

0.0175. This value is just shy of being three orders of magnitude above the 

envelope of Fig.3.2(c). As an example. the envelope of peaks of the diffraction 

ringing can be reduced about six orders of magnitude by truncating the Gaussian 

beam six orders of magnitude lower at the edge of the pupil. This is in agreement 

with Breckinridge. Kuper. and Shack (1982). These observations are utilized to 

reduce the diffraction component of the instrument profile. 

BRDF versus PSF Irradiance 

There are two prominent conventions associated with quantifying the 

amount of small-angle scattered radiation. The first is BRDF defined in Chap. I as 

Lr(O.CP)/Einc ' the reflected radiance divided by the incident irradiance (Nicodemus, et 

al. 1977). The second is a percentage of the scatterometer's peak irradiance and is 

therefore instrument dependent. Since PSFs are being analyzed to reduce the small

angle diffraction background. in order to make more sensitive small-angle BRDF 

measurements. it becomes necessary to reconcile the two points of view. 

The peak irradiance of the unaberrated PSF is given by (Gaskill. 1978. 

p.379) 
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[ ] 
2 1 I Rpup 12 

Ep. IAI2 xJ
Pf 

2" 0 Per) r dr (3.6) 

Substituting Eqs. (3.2) and (3.3) into Eq. (3.6) yields 

(3.7) 

for the peak irradiance. 

The irradiance on the detection surface due to a given BRDF is now 

determined. By applying the radiometric equation of power transfer (Wolfe. (978) 

from the scattering surface to the detector. the expected irradiance on the detector 

can be determined. The equation of power transfer is 

(3.8) 

where dP det is the incremental power transferred to a detector element dAdet• from 

a surface element dAs. over a distance ds• at a scatter angle On measured with 

respect to the surface normal. (There is an additional cosine term which has been 

dropped because it is assumed that the detector is pointed directly at the scattering 

surface.) The scattered irradiance at the detector is then given by 

2" Rs 
Escat- fo fo (BRDF) Einc(r.O) cos(On) r dr dO /d2

s (3.9) 
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where I;nc(r.O) is the irradiance distribution incident upon the scattering surface. 

Rs is the radius of the illuminated portion of the surface. and dAs - r dr dO. If it 

is assumed that at a given detection position the BRDF does not vary as a function 

of position on the sample. the BRDF can be taken outside the integral. This is. of 

course. an idealized situation. whereas in reality the resultant irradiance is due to a 

weighted average of surface contributions. Similarly. if the solid angle that the 

illuminated portion of the sample subtends is sufficently small, as viewed from the 

detector. cos(On) and lIds 2 can be taken outside the integral. If the incident 

irradiance distribution is a Gaussian, then 

E· (r) - 2Ptot exp [- 2r2] (3.10) 
mc TrW 2 w 2 

s s 

where Ws is the radius of the I/e2 irradiance level on the sample. Substituting 

Eq.(3.10) into Eq.(3.9) with the above assumptions yields 

(3.11) 

The ratio of the scattered irradiance for a given BRDF to the peak 

irradiance of the PSF is obtained by dividing Eq.(3.1l) by Eq.(3.7). Therefore. 
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[ 
2R2 ] l-exp - W 2

S

S 

(3.12) 

As an example. let the scatterometer system pupil be relayed onto the 

scattering sample. This geometry provides that the diffraction angle relative to the 

exit pupil and the scatter angle relative to the sample are the same. This is not a 

necessary condition but conceptually simplifies the situation. In addition. this 

configuration produces a Fourier transform of the pupil function modified by the 

scattering surface on the detection hemisphere of Fig.3.1. For this geometry 

wpup .. ws·w. Rpup"Rs-R. and dpr=ds=d. Let the Gaussian illumination on the 

sample be truncated at the 5% irradiance level at the edge of a 25.4 mm diameter 

pupil. Then R - 12.7 mm and w - 10.38 mm. Let the illumination angle of 

incidence onto the sample be 450 and the scatter-angle be 0.1 0 from the specular 

direction. Then 9n - 44.9 degrees. Let the wavelength ~ - 0.6328 JLm. Assume we 

are interested in finding out how far down from the peak of the PSF is the 

irradiance due to a BRDF of 10-3 sr-1• Substituting these values into Eq.(3.12) 

yields EscatlEp - 6.6,10-13
• Using the same parameters as above except letting the 

Gaussian be truncated at the 5· 10-8 level at the edge of a 25.4 mm diameter pupil 

yields w - 4.38 mm and Escat/Ep - 2.35,10-12
• The results of these two examples 

are utilized in the next section. 
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PSFs of Gaussiail-Apodized Apertures 

The benefit of Gaussian apodization for improving the sensitivity of small

angle scatter measurements is graphically demonstrated in this section. The 

Gaussian beams described in the example at the end of the previous section are 

used. In Fig.3.3, two PSFs are plotted, each normalized to its respective peak. The 

upper PSF (with the higher diffraction tail) is for a Gaussian truncated at the 5% 

irradiance level in the pupil. (Low-lying values of the upper PSF were clipped to 

make the graph clearer.) The 5% level was arbitrarily chosen as an example of a 

typical truncation level that a TEMoo laser mode may encounter while passing 

through an optical system or due to the truncation of the laser cavity itself. 

However, in practice, the diffraction tail of this PSF should be scaled either up or 

down in accordance with the results of Fig.3.2 depending upon the actual 

truncation level of the laser cavity and optics that are utilized. This level can be 

significantly different from 5%. The lower PSF is for a Gaussian beam truncated 

at the 5· 10-8 level. As previously described, the Gaussian truncated at the 5· 10-8 

level is also equivalent to the Gaussian truncated at the 5% level at the edge of the 

pupil illuminating a Gaussian-apodized aperture with an optical density of 6 at the 

edge. The two Gaussians are simply multiplied together to obtain the effective 

Gaussian. As can be seen by comparing the two PSFs, there is, as expected, a 

significant reduction in the small-angle diffraction background for the second case. 

As described in the section on weakly truncated Gaussian beams, for each 

order of magnitude lower that a given Gaussian is truncated, the diffraction tails 

are reduced an order of magnitude. However, for the situation in Fig.3.3, the pupil 

size was held constant and the width of the two Gaussians varied. A reasonable 
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Fig.3.3. PSFs for a Gaussian beam truncated at the 5% irradiance level. w - 10.38 
mm (top curve) and a Gaussian beam truncated at the 5· 10-8 irradiance level. w -
4.38 mID (bottom curve). 
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pupil diameter (Dpup - 25.4 mm) was chosen and then the appropriate Gaussians 

were fit to it. The Gaussian truncated at the 5· 10-8 level is narrower than the 

other Gaussian beam. and correspondingly its Fourier transform is broader. The 

net observed reduction in the diffraction tails is approximately 4.5 orders of 

magnitude. 

In Fig.3.4. the PSF of the Gaussia,n truncated at the 5% level is plotted along 

with the irradiance level for a BRDF of 10-3 sr-1• In Fig.3.5. the PSF for the 

Gaussian truncated at the 5· 10-8 level is plotted with its corresponding BRDF levels 

from 10-2 sr-1 to 10-4 sr-1• It is evident that the diffraction background is 

equivalent to the irradiance from a BRDF of 10-3 sr-1 at 6 arcmin (0.1°) from the 

specular direction. A reduction of the diffraction background to 10-3 sr-1 should 

be sufficiently low such that the instrument profile becomes limited by the system 

scatter. Refering to the section on analysing the scattered PSF in Chap.2. an 

extremely high quality mirror with an rms roughness of I Angstrom and an 

autocorrelation length of 10J,Lm will have a small-angle BRDF of approximately 

6· 10-3 sr-1
• Thus. even if a mirror of this high quality is utilized for the primary 

mirror in the scatterometer (See Chap.4) then any further reduction in the 

diffraction background would be useless. Note however that the scattering from the 

primary mirror relative to the sample is reduced by a radiometric factor of l/d2 in 

addition to any vignetting of the primary. 

Referring to Fig.3.l. the diffraction background can be subtracted from the 

scatter measurement. However. the noise. which is a function of the background 

level. cannot be subtracted. The noise in the measurement determines the minimum 

measurable BRDF. Therefore. this example yields a noise equivalent BRDF of 10-3 

sr-1/SNR at 0.10 from the specular direction -- a significant improvement over the 
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Fig.3.4. PSF for a Gaussian beam truncated at the 5% irradiance level (w - 10.38 
mm) at the edge of a 25.4 mm diameter exit pupil. Also displayed is the scattered 
irradiance level that corresponds to a BRDF of 10-3 sr-1 when the sample is 
illuminated by the above Gaussian beam. 
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Fig.3.S. PSF for a Gaussian beam truncated at the 5.10-8 irradiance level (w - 4.38 
mm) at the edge of a 25.4 mm diameter exit pupil. Also displayed are the scattered 
irradiance levels corresponding to BRDFs from 10-2 sr-1 to 10-4 sr-1 when the 
sample is illuminated by the above Gaussian beam. 
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unapodized Gaussian beam of Fig.3.4. SNR denotes signal-to-noise ratio and the 

noise equivalent BRDF is the BRDF that corresponds to an SNR of unity. 

Power Absorbed by a Gaussian Mask 

The relative irradiance levels of the scattered to peak irradiance are 

independent of the total power. However. the absolute power incident upon the 

detector. of course. is not. The heavier the apodization. the less total power 

transmitted. It can be easily shown that the total power transmitted by a Gaussian-

apodized aperture (neglecting reflection losses) which is illuminated by a Gaussian 

beam is given by 

w~up [ [ 2R~up 1 ] -- 1- exp ---w 2 2 o wpup 
(3.13) 

where Wo is the radius of the lie amplitude level of the incident Gaussian beam. 

Similarly. for a uniformly illuminated Gaussian-apodized aperture. the total 

transmitted power is given by 

Ptrans _ 

Ptot,unir 
-- I-exp ---W~up [ [ 2R~upl] 
2R~up w~up 

(3.14) 

where Ptot,unir is the power collected within the pupil under the condition of 

uniform illumination. For many apodizing applications. a compromise must be 

struck between reducing the diffraction ringing and maintaining sufficient power 

on the detector. However. for a scatterometer which incorporates a laser source. 
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power attenuation due to the apodizing" mask is of little concern. 

Dual Diffraction Envelopes 

In Fig.3.5. there is a dual envelope (upper and lower envelope) of diffraction 

peaks. This is not an artifact of the sampling. It is the result of a convolution 

between a broad Gaussian and a relatively narrow sombrero function. The upper 

envelope is due to the positiv~ peaks in the sombrero function and the lower 

envelope is due to the negative peaks. A convolution is a flip. shift. and 

multiplication process. The two envelopes coalesce into one when the large central 

peak of the sombrero function is multiplied by a very small value of the Gaussian. 

For uniform beams or strongly truncated Gaussian beams this occurs for very small 

shifts and therefore small diffraction angles. For weakly truncated Gaussian beams 

this occurs for large shifts and thus large diffraction angles. 

Effects on observed data 

The effect that the Gaussian illumination has on the observed data is 

negligible as compared to a uniform illumination of the sample. The distribution of 

the scattered light on the detection hemisphere is given by a scaled form of the 

power spectrum of the surface convolved with the deterministic PSF. (As shown in 

Chap.2. this assumes a well polished surface. where the phase errors of the surface 

are small compared with the wavelength of light.) The central lobe of the PSF is 

wider for a Gaussian-apodized aperture than for an unapodized aperture. During 

the convolution process. this manifests itself in a loss of resolution of the power 

spectrum of the surface. However. when the power spectrum is actually observed. 

it is obtained by correlating the detector aperture with the spectrum. The loss in 
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resolution of the power spectrum due to this process is typically much more 

significant than that due to the Gaussian-apodized aperture. 

Geometrically-Aberrated Apodized PSFs 

So far the analysis has been of unaberrated systems. Spherical aberration 

(W40) and defocus (W20) are easily incorporated into the numeric evaluation of the 

zero-order Hankel transform given in Eq.(3.S). 

It is well known that the effects of aberrations are diminished over the 

unapodized case because the outer zones of the pupil have reduced weighting 

factors (Mahajan. 1986). This reduces the wavefront variance. In this regard. the 

reduced aberration effects (and broadening of the central lobe) can be visualized as 

an "effective" stopping down of the system. 

Figs.3.6 and 3.7 demonstrate the effects of spherical aberration and defocus 

on the PSFs of Gaussian-apodized apertures. The truncation level is maintained at 

5.10-8 corresponding to w - 4.38 mm. The graphs are normalized to the peak of 

the unaberrated PSF of Fig.3.S. A BRDF of IO-s sr-1 was chosen as a reference 

level. 

In Fig.3.6(a). one wave of spherical aberration is introduced; in Fig.3.6(b) 

two waves. and in Fig.3.6(c) three waves. In Figs.3.7(a). 3.7(b). and 3.7(c). one. two. 

and three waves of defocus are introduced. respectively. The reduced Strehl 

ratio is observed for all six graphs. as expected. In Fig.3.7 a local minimum in on

axis irradiance is not observed near integer values of defocus because the Fourier 

transform of a defocused Gaussian is still a Gaussian (Campbell. et al. 1969). 

According to Breckinridge. Kuper. and Shack (1982). these aberrations are 

relatively low frequency disturbances of the wavefront and therefore affect only the 
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Fig.3.6a. PSF for a Gaussian beam truncated at the 5· 10-8 irradiance level (w -
4.38 mm) with one wave of spherical aberration. 
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Fig.3.6b. PSF for a Gaussian beam truncated at the 5· 10-8 irradiance level (w .. 
4.38 mm) with two waves of spherical aberration. 



10 
10 
10 
10 

Q) 10 
U 
c 10 

. a 10 
""'0 10 a t: 10 
-10 
Q) 10 -n 

~ 10 :t-----'"" 

010 
Q) 10 

n:::: 10 
10 
10 

o 1 

Degrees 

10-1··~-r~~rr~-r~~rr~-r~~rT~-r~~rT~ 

68 

Fig.3.6c. PSF for a Gaussian beam truncated at the 5· 10-8 irradiance level (w -
4.38 mm) with three waves of spherical aberration. 
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Fig.3.7a. PSF for a Gaussian beam truncated at the 5· 10-8 irradiance level (w -
4.38 mm) with one wave of defocus. 
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Fig.3.7b. PSF for a Gaussian beam truncated at the 5· 10-8 irradiance level (w -
4.38 nun) with two waves of defocus. 
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Fig.3.7c. PSF for a Gaussian beam truncated at the 5· 10-8 irradiance level (w -
4.38 mm) with three waves of defocus. 
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lower-order diffraction rings. In Figs.3.6 and 3.7 it is evident that beyond a given 

angle from the center of the PSF. the effects of these aberrations are negligible. By 

comparing these graphs. the differences between the aberrated PSF and unaberrated 

PSF can be discerned. It is apparent that the difference between the envelope of 

the diffraction sidelobes for the unaberrated PSF and the PSF with one wave of 

spherical aberration continuously decreases with increasing angle. The envelopes 

differed by less than 25% at an angle of 1.4 arcmin. Similarly. the PSFs with two 

and three waves of spherical aberration differed from the unaberrated PSF by less 

than 25% for angles greater than 2.8 and 4.2 arcmin. respectively. For the range of 

spherical aberration investigated. this angle was linearly dependent on the amount 

of spherical aberration introduced. Similar results are observed for defocus. With 

regard to small-angle scatterometer design. this graphically demonstrates that beyond 

a given angle (dependent upon the criterion used) the background is negligibly 

affected by these types of aberrations. For example. if we were interested in 

making scatter measurements from 0.1 degree and uP. whether or not the beam had 

a few waves of spherical aberration or defocus is irrelevant (with regard to the 

instrument profile level). This provides a method of aberration tolerancing in the 

design of a small-angle scatterometer. 

Of course. coma (Wl3l) and astigmatism (W22J are also low-frequency 

disturbances of the wavefront. As such they will have similar effects on the beam 

profile as described above. However. the beam profiles will no longer be 

rotationally symmetric. Nonetheless. the asymmetries will be confined to small

angles. 

Coma will displace the centroid of the beam profile from the peak 

irradiance. Thus. the weighted center of the beam profile is no longer coincident 
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with the specular direction. As a result. measuring very small-angle scatter (for 

example. below 0.01 degrees from the specular direction) without any regard to the 

displaced centroid can be misleading. For instance. if the scattered light is to be 

. measured at equally small-angles on either side of the specular direction and the 

centroid is displaced toward one of the measurement positions. the first 

measurement position will be measuring scattered light from an effectively smaller 

angle than the other. The measurement is also skewed when the centroid is 

displaced perpendicular to the plane of incidence; the scattered light being due to a 

larger angle than that measured directly from the specular direction. When 

measuring large-angle scatter this effect is unimportant. At the very small-angles. 

this skewing may be relatively large on a percentage basis. Hence. careful 

interpretation of the data is required when measuring very small-angle scatter in 

the presence of a significant amount of coma. To mitigate the problem. the coma 

should be minimized or eliminated. 

Astigmatism does not displace the centroid. The choice then arises whether 

to work near the astigmatic sagitial. medial. or tangential focus. At the s<.gital 

focus the beam profile will be unaberrated in the measurement direction and at the 

tangential focus the beam profile will be unaberrated perpendicular to the 

measurement direction. However. since these two foci are· geometrically linear 

patterns. careful interpretation of the data is necessary when measuring very small

angle scatter. Working at the medial focus is most consistent with the conventional 

interpretation of scatter data. 

Rescaling Results to a Different Wavelength 

These results can be rescaled to predict the small-angle performance of 
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scatterometers at other wavelengths. The effects of the geometrical aberrations such 

as spherical aberration. coma. and astigmatism do not change with wavelength. The 

overall width of the diffraction patterns scale linearly with wavelength. As 

discussed above. the level of the diffraction tail should be scaled either up or down 

in proportion to the limiting truncation level (either from the laser cavity itself or 

the optics.) The new BRDF equivalent of the diffraction tail is determined from 

Eq.3.l2. The system scatter level of the primary is scaled by Eq.2.16. assuming its 

scattering is limited by surface roughness effects. 

Numerical Computation 

The modulus squared of the Kirchhoff diffraction integral as given in 

Eq.(3.5) has been evaluated by numerical integration. As did Campbell and 

DeShazer (1969). a straightforward trapezoidal-rule integration has been invoked by 

dividing the pupil into annular zones. Olaofe (1970) obtained analytic solutions for 

the Fresnel and Fraunhofer patterns of truncated Gaussian beams. The Fresnel 

pattern is equivalent to adding defocus to the Fraunhofer pattern. Kuttner (1986) 

also obtained an analytic solution for the Fraunhofer distribution of truncated 

Gaussian beams. In both instances. the solution came out in terms of an infinite 

series of Bessel functions. Olaofe gave an expression to determine the required 

number of terms to retain in the infinite series. in order to provide a sufficient 

degree of accuracy. Substituting in our parameters (pupil diameter .. 25.4 mm. 

diffraction angles from 0 to 16 arcmin. and ~ - 0.6328 Jim) required retaining all 

the Bessel functions from order zero to order 585. It was decided to pursue the 

numeric integration. Olaofe's and Kuttner's solutions may have been more 

expeditious; however. this would not have allowed the effects of spherical 
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aberration to have been included. 

The pupil sampling rate was found to be an important consideration when 

computing PSFs out to many diffraction rings. The Bessel function of zero order. 

Jo• is an oscillatory function. The argument of Jo in Eq.(3.l) is 21Tpsin(Odirr)f).. For 

small diffraction angles. as p goes from 0 to Rpup. the Jo function undergoes only a 

few oscillations. As 0dirr becomes large. the Jo function undergoes many phase 

oscillations. Therefore. to sample the pupil function adequately. the sampling rate 

needs to be increased as 0dirr increases or else severe aliasing problems will ensue. 

At 0dirr - 16 arcmin. the pupil was divided into 3900 annular zones. which 

corresponded to an incremental change in phase of 0.15 radian. 

For smal~ arguments. less than 15 radians. the series representation of the 

Bessel function was used. For very large arguments. the computer has trouble 

retaining the required accuracy of the very small terms in the series expansion. In 

addition. this process is very slow. Hence. for arguments greater than 15 radians 

the asymptotic form of the Bessel function of zero order was used (Arfken. 1970. 

p.620). For x large. Jo(x) was approximately J !1'; cos[x-~ 1 As 0dirr increased. 

the radius of the zone that represented the boundary between the series 

representation and asymptotic form continuously decreased. Due to the long 

computational time required for this method. FFT (fast Fourier-transform) programs 

in conjunction with the analytic solutions where applicable are recommended for 

future investigations. 
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In Chap.3 it was shown that the geometrical aberrations only affect the 

small angles and that the diffraction ringing of a truncated Gaussian beam is 

proportionately reduced with its level of truncation. Using these results. the system 

developed to measure scattered light at small angles is presently described. A 

description of the instrumentation hardware. the design considerations and analysis. 

software. and measurement technique are included in this chapter. 

System Description 

The light from a 7m W helium-neon laser is mechanically chopped and 

spatially filtered. The output of the mechanical chopper provides a synchronized 

reference signal for input to a lock-in amplifier. See Fig.4.1 for the system layout. 

The beam is collimated with a doublet that is corrected for spherical aberration and 

coma when utilized at infinite conjugates. In the collimated space. a gaussian 

apodized aperture is used to reduce the effects of truncation at the edge of the 

pupil. The boundary of the apodized aperture also serves as the aperture stop for 

the system. 

A dye-cell Gaussian-apodized aperture was constructed for our system. 

The apodized aperture was produced in the following fashion. Two plano-convex 

lenses were placed nearly in contact at their vertices. The gap which increases 
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nearly quadratically (due to the spherical surfaces of the lenses) is filled with a 

weak solution of an oil-soluble violet dye in an index-matched oil. The 

quadratically increasing gap depth combined with the opacity of the dye yields the 

Gaussian attenuation. Additionally. the filter performs as a plane parallel plate due 

to the index-matching. The net result is a zero-power element with a radially 

symmetric gaussian transmission profile. See Fig.4.2 for an optical layout of the 

Gaussian-apodized aperture and Fig.4.3 for a transmission scan of the completed 

element. 

After the apodized aperture. the collimated beam is brought to a focus by 

another doublet corrected for infinite conjugates. A pinhole is placed at this focus 

to block the scattering from the previous optics. This pinhole should be sufficiently 

large such that the focussed Gaussian beam is not truncated at a higher level than 

that due to the Gaussian-apodized aperture. If it is too small. it significantly 

truncates the beam which negates the benefits of apodization and consequently 

introduces a higher level of diffraction ringing. Indeed. as undersized pinholes 

were investigated experimentally. the diffraction background was observed to 

increase. Obviously. if its too large. it provides insufficient blockage of stray-light 

at the small-angles. The plane of the pinhole is then re-imaged to the detector 

plane by a spherical primary mirror. Any stray-radiation that propagates through 

the pinhole from the first part of the system will also be re-imaged to the detection 

plane and the beam profile. This stray-light will be confined within the 

geometrical boundaries of the image of the pinhole (neglecting the corresponding 

diffraction of the stray-radiation.) Fig.4.4 is a photograph of the subsystem from 

the HeNe laser to the second pinhole. 

A srmdl portion of the scattered light which impinges upon the pinhole is 
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Fig.4.4. Photograph of the subsystem from the HeNe laser to the second pinhole. 
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also diffracted beyond its geometrical image at the detection plane. The pinhole 

appears as the effective limiting aperture or the effective aperture stop for some of 

the scattered light. There are "effective scatter pupils" for the stray radiation 

throughout the system which in general do not coincide with the first-order 

geometrical pupil location. The conventional PSF for a scatterometer. and any 

optical system in general. is obtained from the modulus squared of the Fourier 

transform of the exit pupil function. The stray-radiation which is diffracted from 

other apertures is not included in this analysis. For instance. in Fig.4.1 spatial 

filter #2 is located at a focus. From first-order optics considerations. which 

determines the location of the pupil. the pinhole obviously can not be an aperture 

stop. However. light scattered from the previous optics may very well "see" that 

pinhole as the limiting aperture because these rays originate at the various surfaces 

and travel very different paths than the imaging rays. Hence. the diffraction of the 

scattered light can be predicted by a conventional optics approach as long as an 

"effective pupil" is defined for each scattering surface in the system. This will of 

course be a very small effect unless the system has many surfaces and the rays are 

being imaged through a small aperture. This does provide incentive to minimize 

the total number of surfaces in the system. including those prior to the last spatial 

filter. 

The primary mirror is the only optic beyond the last spatial filter (besides 

the sample) and should be of the highest quality in terms of its low-scatter 

performance. For scatterometers that measure large-angle scattered light. this 

quality is not nearly as critical since the primary is vignetted from the field of 

view of the detector. For small-angle scatter measurements. the detector sees the 

primary and the sample directly and consequently measures the sum of the 
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scattering from both components. The scatter from the primary is advantageously 

weighted less than that from the sample by a radiometric factor of l/d2• where d is 

the distance from either surface to the detector. The primary and sample sit 2.45 

meters and one meter from the detector. respectively. Thus. the scattering from the 

primary at the small-angles is weighted less than that due to the sample by a factor 

of (2.45)2 - 6. The primary mirror is most quickly vignetted from the field-of-view 

(FOy) of the radiometer when the primary is twice the distance from the 

radiometer as is the sample holder (Lee. et al.. 1986). However. the further back 

the primary is positioned. the smaller the contribution from the region of the 

primary that remains in the FOV. Additionally. the FOV should not be much 

larger than the illuminated spot on the sample. A larger FOV at the sample than 

required would allow the primary to remain in the FOV to a larger scatter angle 

than necessary. 

The system consists of on-axis point imagery prior to spatial fiIter #2. Due 

to the doublets which are corrected for infinite conjugates as stated above. the only 

aberration introduced to that point is due to alignment error. The dominant 

contribution of aberration in the system comes from the off-axis illumination of the 

primary mirror. The radius of curvature (R) of the primary is one meter and is 

used at a magnification (m) of -3.6. The marginal ray height. (y) at the primary is 

31mm and the off-axis field angle (uch) for the single point image is 3 degrees or 

0.05 rad. Substitution of the above parameters into the Seidel expressions for a 

spherical mirror yields 

(4.1) 
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WI3I - Uch (fz][ ~~:] -O.88}Lm - 1.40~ • (4.2) 

(4.3) 

At medial focus (where the measurements were made) the astigmatism is partially 

balanced by defocus such that 

1 
W 020 - - '2 W222 - - 2.09X • (4.4) 

By utilizing this small angle of incidence at the primary. the few waves of 

aberration generated will have a negligible effect on the beam profile and IS 

therefore tolerable when measuring scattering near or beyond 0.10 from the specular 

direction. In addition. the centroid is only displaced 0.003 degrees from the 

specular direction due to the coma. Accordingly. for these angles. it is better to 

use a spherical primary that has a low-scatter finish than to use an off-axis ellipse 

which will produce an unaberrated beam profile but for the same cost will 

probably have much more scatter. 

A photo-multiplier tube (PM1) was utilized as the detector with a 275 /Lm 

aperture in front of the photocathode. The aperture was drilled in a polished 

nickel-plated stainless steel mirror. The small aperture picked off a small part of 

the scattered beam and the rest of the beam was reflected to a cornucopia-shaped 

beam dump. The PMT sat on a motorized linear-translation stage with a l}Lm step 

resolution which provided the small-angle translation. The linear translation of the 

detector resulted in a translation of the scatter signal across the photocathode. Since 
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the responsivity of the photocathode varies across its surface. an uncertainty of 

approximately 5 percent was introduced into the measurements. The translation 

could have been performed at greater financial expense by a motorized rotary table. 

even through the small-angles. The scatter image would then remain at a fixed 

position on the detector and accordingly. remove a source of error. The swing-arm 

which supports the detector is mounted on a mechanical rotary table. Its axis of 

rotation is collinear with the axis of rotation of the sample holder. Both rotate 

about the front surface of the sample. Fig.4.5 is a photograph of the subsystem 

consisting of the sample holder. swing-arm. detector assembly. and beam dump. 

Fig.4.6 is a photograph of the detector assembly. 

The current generated by the PMT was passed through a low-noise 

trans impedance amplifier and then input to a lock-in amplifier. The data 

acquisition via the lock-in amplifier. the control of the stepper motor and an 

electronic shutter that sat in front of the PMT were all controlled via an IBM PC. 

Detection Radiometry 

Radiometric calculations are of course very important in the design phase of 

scatterometers and optical systems :n general to ,ensure sufficient signal COl1ectiOl~ 

and SNR values greater than unity. The following is a calculation of the predicted 

SNR and NEBRDF levels. 

The noise in a PMT is composed of two dominant components; dark current 

and shot noise. The DC level of the dark current is eliminated by the lock-in 

detection scheme. Associated with that DC level however. is shot noise which is 

proportional to the square root of the DC level. This AC variation in the dark 

current is not completely eliminated by the lock-in since a portion of it is passed 
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Fig.4.5. Photograph of the subsystem from the sample holder to the beam dump. 
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Fig.4 .6 . Photograph of the detector assembl y. 
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through the lock-in's bandpass filter. At very low signal levels this is the limiting 

electrical noise in our measurement. At higher signal levels. the limiting shot noise 

is due to the combination of the signal itself and the dark current. 

The rms shot noise generated at the photocathode is 

leath.shot a (2qlk AO 1/2 

where q = the charge on the electron 

Ik .. the photocathode current generated due to the incident signal 

Af ... the noise bandwidth . 

(4.5) 

The signal current generated at the photocathode (lk ) for monochromatic 

illumination at wavelength ~ is given by 

where 11 = the photocathode quantum efficiency 

h lIZ Planck's constant 

c .. the speed of light 

<P - the incident flux (in watts). 

(4.6) 

The SNR at the anode is obtained by multiplying both the signal and noise by the 

PMT gain factor (0) and then taking their ratio such that 
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(4.7) 

This expression needs to be modified by three factors for a real PMT. The first 

factor that needs to be included is the shot noise due to the dark current. the second 

is the SNR improvement due to signal averaging. and the third is an SNR 

degradation from secondary dynode emissions due to non-signal sources. The latter 

is an empirical factor provided by the manufacturer. The dark current at the 

anode is given by the dark current at the photocathode multiplied by the PMT gain 

at a given operating voltage. The SNR improvement due to signal averaging could 

also be thought of as an additional reduction in the noise bandwidth af. Taking 

these factors into account. Eq.4.7 thus becomes 

(4.8) 

where Ia ... the anode current due to the signal 

Id ... the dark current at the anode 

at = SNR degradation factor 

f3 = SNR improvement due to signal averaging. 

The signal current which is generated is directly proportional to the flux incident 

upon the photocathode. as shown in Eq.4.6. Moreover. the incident flux is directly 

proportional to the BRDF. The scattered irradiance at the detector for a sample 

under Gaussian illumination is given by Eq.3.II. The term in brackets in Eq.3.11 

is very nearly unity and for this calculation will be neglected. The flux incident 

upon the detector in terms of the BRDF is then given by 



<I> - Escat A det 

- (BRDF) Ptot COs(On) ~~et 
s 

- (BRDF) Tsys Po cos(On) ~~et 
s 

where Tsys .. the transmission of the system (neglecting sample) 

Po = the output power of the laser. 
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(4.9) 

(4.10) 

(4.11) 

For the SNR at any scatter-measurement angle. Eq.4.8 can be utilized. 

EqA.8 can be more easily evaluated in two limits. The first is a large-angle scatter 

measurement of a well-polished optic. Here the signal levels are very low and the 

shot noise is dominated by the contribution due to the dark current. The second is 

a small-angle scatter measurement where the flux levels are high and the shot noise 

is dominated by the incident signal levels. At the small-angles where subraction of 

the beam profile is important. this noise will set the ultimate limit on how weIl a 

scatter measurement can be resolved from a reference measurement. 

Large-Angle NEBRDF 

In the large-angle small-signal limit. Ia can be neglected in the denominator 

of EqA.8. Substitution of EqA.II into Eq.4.6 yields the photocathode current in 

terms of the BRDF. Substitution of EqA.6 into EqA.8 gIVes the SNR as a function 

of BRDF. Solving for the BRDF that gives an SNR of unity in this limit yields the 

NEBRDF1a• which is 

NEBRDF~ - HI] (4.12) 
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Small-angle NEBRDF 

In the small-angle large-signal limit, Id can be neglected in the denominator 

of Eq.4.8. The SNR is then proportional to the square-root of the signal. At the 

small angles, the minimum signal incident upon the detector is the beam profile. So. 

the minimum noise at these angles is proportional to the square-root of the beam 

profile level. 

As in the previous section, the photocathode current and the SNR are 

obtained in terms of the BRDF. Substitution of Eqs.4.11 and 4.6 into Eq.4.8 with 

the above assumption yields 

SNR = [! ]J 2!~f (4.13) 

(4.14) 

where BRDFb.p. .. the BRDF equivalent of the beam profile. The minimum small

angle NEBRDF is equal to the BRDF of the beam profile divided by the SNR. 

Therefore, 

NEBRDF .,. BRDFb.p. 
sa SNR (4.15) 

O! 2hc BRDFb.p• ~f d s 
( ] [ 

2 ]1/2 
= /3 11 X Adel rays Po cos(On) 

(4.16) 

The NEBRDFsa is computed for the actual system and compared with the 

experimentally observed noise level in Chap.5. 
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Measurement Technique 

There are two methods commonly used for determining the BRDF of a given 

sample. One is based on knowing the physical geometry and parameters of the 

scatter measurement system to a high degree of accuracy. The other is based on 

taking the ratio of the scattered flux of a sample with unknown scattering 

properties to the scattered flux due to a sample with known scattering 

characteristics. 

As presented in Chap. I. the BRDF is defined as 

BRDF(O.cp) _ I dPseat I I dPseat 
Pine ~ cos(On) - Pine ~ 

(4.17) 

where dw .. the incremental solid angle 

and dn - the incremental projected solid angle 

.... dw cos(On) • 

Therefore. from this relation. the BRDF can be determined by carefully measuring 

the percentage of the total power that is scatt~red into a well-known solid angle dw. 

Since the scattered flux at a detector is usually many orders of magnitude lower 

than the total incident power. the measurement and calibration does indeed require 

care. Alternatively. taking the ratio of the scattered flux of the test sample to that 

of a known reference sample yields 
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BRDFsamp .. dPscat.samp 
BRDFref dPscat.ref 

(4.18) 

This ratio measurement does not suffer from the dynamic range and geometry 

problems of the previous method.2 The dependence on the solid angle. total power. 

and the cosine of the angle have all been divided out by taking the ratio. However. 

the catch is to find a reference surface with known scatter characteristics. Weidner 

and Hsia (1981) have shown that a polytetrafluoroethylene (PTFE) powder layer 

which is at least 8 mm thick and compressed to a density of Ig/cm3 has a very 

nearly Lambertian scatter profile with a hemispherical reflectivity of 99 percent at 

O.6/lm. Many of these PTFE reference surfaces have been produced in our lab over 

the years and a new one was fabricated for this project. Since we had a goad 

reference surface available. the ratio method was chosen for this project. 

In theory. a reference voltage measurement need only be taken at one angle 

if the surface is Lambertian. As a result of Lambert's cosine law. if the 

illuminated portion of the sample under fills the radiometer field-of-view. the 

scattered flux should roll-off as cas(On) regardless of the illumination angle. Thus. 

a single measurement of the reference surface is sufficient. Additionally. assuming 

that the detector is linear in voltage with incident flux over the dynamic range of 

the measurement. Eq.4.18 can be rewritten as 

BRDF I! V(On )samp 
samp - ... V (0) 

II ocos n 
(4.19) 

2This method still requires a high degree of detector linearity when comparing a 
"specular" sample to a "diffuse" reference. 



where p - the hemispherical reflectivity 

D _ the BRDF for a gray Lambertian reflector 
7T 

V(8n )samp - the voltage measured at an angle 8n for the sample 

Vo .. the voltage measured normal to the reference surface. 
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In practice. the effects of speckle must be considered in deciding whether or 

not a single reference voltage measurement from a PTFE reference surface is 

sufficient. The Lambertian scattering from PTFE is a bulk phenomenon and 

accordingly imparts very large phase variations on the impinging wavefront. The 

result is speckle and the effects of speckle need to be averaged out. The speckle 

can be aperture-averaged by using either a large collecting aperture which collects 

many speckles and accordingly requires a single voltage measurement. by rotating 

the reference which also averages over a large but finite number of speckles. or by 

taking many readings at different positions with a tiny aperture. Since this project 

is intended to measure the small-angles. a small aperture was required to get in 

close to the specular direction. Accordingly. 20 measurements which were taken at 

equally spaced angles between 0 and 0.5 degrees from the normal direction were 

averaged to obtain a Vo. An error in the Vo measurement imparts a constant offset 

to the BRDF data at all angles. The average speckle diameter at the detector is 

given by "Ads/ws' By substituting in the parameters for the system. the detector 

aperture collected approximately 4 speckles per measurement position. This yielded 

a total of 80 speckles for the 20 measurements. Since an individual speckle has an 

SNR of unity (Frieden. 1983). an estimate of the rms offset of the BRDF data is 

1/V80 which is 11 percent. If a higher absolute accuracy is required. more 

speckles should be averaged. 
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Scatterometer Software 

The experiment was fully automated except for the initial system alignment 

which was performed manually. The software had provisions for a reference 

voltage run, a sample measurement run and measurement of the beam profile. Full 

control of the lock-in amp'lifier, stepper drive, and electronic shutter was provided 

remotely via an IBM PC. The data was displayed on screen during aquisition and 

stored on disk. The program was written in Microsoft Quickbasic 4.0 and the 

stepper driver was written in assembly language. 

A Princeton EG&G lock-in model 5207 was controlled via RS-232C serial 

communications. Delay loops were utilized in the software to take the data at one 

time constant intervals. It is shown in Appendix A that this is the optimal 

sampling rate and at this rate the improvement in SNR is approximately .IN/2 

where N is the number of samples. By sending the appropriate ASCII commands. 

the lock-in initially set the phase at the beginning of the measurement sequence and 

checked and appropriately set the sensitivity settings at each new angle. The 

software polled the expected lock-in response to ensure that the command had been 

completed. Then the lock-in was queried as to the new settings and signal levels 

which were accordingly sent back in ASCII format and interpreted by the software. 

The stepper drive and electronic shutter control were controlled via a 

Metrabyte user-definable parallel I/O port. Three lines were adequate to control 

the stepper; ->ne for direction. one to take a step. and the other to go to a home 

starting position (even the latter is not actually required but is useful). The number 

of steps between measurement positions were taken in logarithmically evenly spaced 

increments such that the data points would be evenly spaced on the conventional 
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f3-f3o plot. An electronic shutter was placed over the PMT for protective purposes. 

A unit was built with a CdS photoresistor that monitored the room lights. The 

condition that the lights were off was logically ANDED with a control bit from the 

parallel port before the shutter was allowed to open. 

The ratio method described above was implemented in software. The 

speckle-averaged reference voltage was stored and the data obtained from the 

sample was converted to BRDF via Eq.4.19. Concurrently, the BRDF and NEBRDF 

values were displayed on screen and stored in real time. 
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CHAPTER 5 

EXPERIMENTAL RESULTS AND DISCUSSION 

Comparison of Apodized versus Unapodized Beam Profile 

Two beam profiles obtained on the small-angle scatterometer are displayed 

in Fig.S.I. The upper beam profile is due to the unapodized beam and the lower 

beam profile is due to the apodized beam. The diffraction tail of the unapodized 

beam profile is limited by the truncation of the laser cavity. It is observed that the 

tail of the apodized beam is reduced or improved just under an order of magnitude 

as compared to the unapodized version. However. in Fig.3.3 a reduction of more 

than four orders of magnitude was predicted. The discrepancy is due to the fact 

that when the diffraction background is reduced beyond a certain level. it no longer 

remains the dominant contribution to the beam profile. After the diffraction 

background is sufficiently reduced at the small angles. the system scatter becomes 
", 

the dominant contribution to the beam profile. Specifically. the predominant 

constituent of the system scatter is due to the primary mirror. Thus. any further 

reduction in diffraction background once this level is attained is useless until a 

better primary mirror is obtained or until the primary is vignetted from the field of 

view of the radiometer. 

Two more beam profiles obtained on the small-angle scatterometer are 

displayed in Fig.S.2. This time the beam is scanned through the specular direction. 

(The flat tops on the beam profiles are due to detector saturation.) The upper beam 

profile was generated by intentionally truncating the beam at 0.05 of its peak 
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Fig.5.1. Unapodized (upper) versus apodized (lower) instrument profile. 
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Fig.5.2. Unapodized instrument profile (upper) for a Gaussian beam truncated at the 
5% level and the apodized instrument profile (lower). 
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irradiance at the edge of the aperture stop. This was the same level as in the 

computer simulation in Chap.3. We observe that the tails of the apodized beam 

profile are approximately two orders of magnitude lower than the unapodized 

version. 

The numerical results of Fig.3.2 indicate that the level of diffraction ringing 

of a Gaussian beam is proportionately reduced with the truncation level. 

Comparison of the unapodized beams in Figs.S.l and 5.2 shows that the diffraction 

tail in Fig.S.2 is just over an order of magnitude higher than the diffraction tail in 

Fig.S.l. The results of Fig.3.2 would thus indicate that the 0.05 truncation level is 

just over an order of magnitude higher than the truncation due to the laser cavity. 

This agrees with the 0.003 truncation level provided by the laser manufacturer. 

Scatter Data. Beam Profile. and the Small-angle NEBRDF 

Figs.S.3 and 5.4 present the scattered light distributions for two mirrors 

measured on the small-angle system. In these figures, the top profile represents the 

scattered light distribution of the sample. The next lower data set is the associated 

beam profile of the system (without the sample in place). Below that are the 

NEBRDF and its theoretically predicted level (Eq.4.16) which is represented by the 

dashed curve. We see that for the sample in Fig.S.3. the higher scatterer, the 

scattered light is clearly resolved from the beam profile down to 0.1 ° from the 

specular direction. Due to the high level of scatter. it could have been measured to 

a smaller angle. For the sample in Fig.S.4, the scattered light is resolved to 

approximately 0.110. 

The computer read in 100 values from the lock-in amplifier at each angle to 

obtain the beam profile and scatter level. The data were taken at one time constant 
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Fig.5.3. Scatter level for sample (upper). instrument profile (next lower). NEBRDF. 
and the predicted NEBRDF (- - - -). 
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Fig.S.4. Scatter level for sample (upper), instrument profile (next lower), NEBRDF. 
and the predicted NEBRDF (- - - -). 
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intervals which improved the SNR and NEBRDF by IN/2 where N is the number 

of measurements. (A sampling theorem is presented in Appendix A which derives 

these results.) The mean of each data set yielded a point on the beam profile. The 

standard deviation of the mean of the data set yielded the NEBRDF level. 

Comparison of the Predicted Small-Angle NEBRDF with Experiment 

The data are taken in a region of the beam profile where the beam profile 

should be subtracted from the scattered light distribution of the sample. It is the 

relative increase in scatter due to the sample in which we are interested. The error 

in measuring the BRDF of the sample is given by the sum of the noises (or 

uncertainties) in measuring the scattered light from the sample and in measuring the 

beam profile. The NEBRDFs plotted in Figs.5.3 and 5.4 correspond to the noise 

which was measured in determining the beam profile. The noise that is measured 

while determining the scattered light distribution is higher than this since the 

scattered light level is obviously higher than the beam profile. The total noise in 

the measurement is the square root of the sum of both noise levels added in 

quadrature. The minimum possible error in the measurement is therefore v'i times 

higher than the NEBRDF levels plotted in Figs.5.3 and 5.4. This would correspond 

to a mirror with a very low scatter level or equivalently when the scatter level is 

barely higher than the beam profile. 

The NEBRDF. as it is determined in Chap.4. is a result of the detector noise 

contribution and represents the limiting electrical noise in the measurements. This 

represents the best possible system performance. There are other sources of error 

some of which were discussed in Chap.4. These other uncertainties if left 

unaddressed would add to the effective noise level. Concentrating on the detector 



104 

noise. the detection system is nearly shot noise limited. As such. it is seen in 

Figs.5.3 and 5.4 that the NEBRDF level is a strong function of the beam profile 

level. Consequently. reduction in the beam profile. also reduces the NEBRDF level 

and thus. increases the ultimate system sensitivity. Eq.4.16 predicts the small-angle 

NEBRDF level. The system parameters are: af - 0.83Hz. ds "" 1m. 11 = 0.04. A = 

0.6328,um. Adet ... 0.06mm2. Po" 7.5mW. cos9n - 0.707. at = 1.5. (3 .. v'100/2 = 7.07. 

T sys ... 9x I 0-4• The system transmission T sys was estimated by assuming a) that each 

of the ten air-glass interfaces (eight of which are prior to the last spatial filter and 

the last two are due to the PMT enclosure) have a 4 percent reflection loss. b) the 

three aluminum-coated mirrors (two of which are located prior to the last spatial 

filter and the last mirror is the primary) have a "specular" reflectance of 0.9 and c) 

the mechanical light chopper's effective transmission is 0.5. An attenualor placed 

just after the laser had a calibrated transmission of 0.03 and the Gaussian mask 

had a total transmission given by Eq.3.13 as 0.12. Thus. T sys ~ 

(0.961°)(0.9)3(0.5)(0.03)(0.12) - 9x 10-'. Substitution of the above parameters into 

EqA.l6 yields 

NEBRDFsa ... (1.lxlO-3)v'BRDFb.p• (5.1) 

The experimentally observed beam profiles of Figs.5.3 and 5.4 were substituted into 

the above expression for prediction of their associated noise levels. The dashed line 

corresponds to the theoretically predicted NEBRDF from Eq.5.1. It is seen that the 

theoretically predicted noise level agrees very well at the larger angles (beyond 0.5 

degrees). At the smaller angles the noise level is higher than expected. Two 

possibilities are offered. At the very small angles the PMT was approaching the 
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IJLAmp current limit. Since at these angles the PMT was not operating near its 

optimum low flux operating point. the detector may not have been shot-noise limited 

as assumed. Secondly. the NEBRDF expression was derived based solely upon 

detector noise. This is also typical of the NEBRDF expressions derived using D-. 

Other noise sources may account for the discrepancy. The battery driven 

transimpedance amplifier and lock-in amplifier are very low-noise components and 

are not believed to have contributed to this difference. However. the high

frequency power supply and laser fluctuations may be possible noise sources. 

Full-Angle Beam Profile, Scatter Data, and the Crossover Point 

Full-angle measurements were also made on the instrument. By full-angle it 

is meant both the small and large angles. In Fig.5.5 the full-angle BRDF of a 

sample mirror (to be described in the next section) is plotted above the beam or 

instrument profile. The sharp drop in the beam profile at /3-/30 = 6x 10-2 occurs 

when the illuminated portion of the primary mirror starts to vignette from the field

of-view of the radiometer. 

Below this angle. the beam profile contibutes a significant portion to the 

scattered light measurement. As discussed above. the beam profile should be 

subtracted in this angular region to yield the BRDF of the sample. It is uncertain 

to how small an angle a subtraction of the beam profile is legitimate. Actually. at 

all angles. the instrument profile should be deconvolved from the resultant scattered 

light distribution of the sample to obtain an instrument-independent determination 

of the BRDF. Two explanations are offered for the necessity of a deconvolution. 

It was shown in Chap.2 that the deterministic and random transfer functions were 

separable. The resultant transfer function is the multiplication of the two transfer 
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Fig.5.5. The full-angle scattered light distribution (upper) and instrument profile 
(lower). 
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functions. Thus, the observed PSF is the convolution between the deterministic PSF 

and the scattered PSF. The deconvolution can also be explained by considering that 

each ray of the instrument profile is individually scattered by the sample. This 

again leads to a convolution between the instrument profile and scattered PSF for 

the sample. 

The deconvolution is unimportant for most practical purposes at the larger 

scatter angles. At smaller scatter angles, a subtraction of the beam profile is 

sufficient to approximate the deconvolution. However, at very small scatter angles, 

a deconvolution of the instrument profile is required. (See Suggestions for Future 

Investigations.) A subtraction of the beam profile is sufficient for most of the 

angles measured in this experiment. 

Some uncertainty arises as to the legitimacy of a subtraction as the angles 

approach the crossover point between the beam profile and the scattered light 

distribution. The crossover point, as seen in Fig.S.4 at 0.11 degrees, is explained as 

follows. The increase in light scattered to the outer regions of the PSF comes at the 

expense of light at the inner regions. Hence, the beam profile has decreased near 

its center and increased elsewhere. The decreased volume at the center must be 

equal to the total integrated scatter at the larger angles. This creates two regions; 

an inner region where the relative change in BRDF is negative and an outer region 

where the relative change in BRDF is positive. The angle at which the beam 

profile and scattered light distribution cross (as in Fig.S.4 at 0.11 degrees) is 

dependent upon the particular instrument which is measuring the BRDF as well as 

the sample. More importantly, the location of the crossover will vary from the 

conditions under test to the optic in actual use. By simply subtracting the beam 

profile, the BRDF at the crossover point would wrongly be given as zero. When 
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approaching the crossover point from larger to smaller angles. the BRDF increases 

until it reaches a maximum or turning point then starts breaking towards zero 

solely due to the subtraction process. At angles below the turning point. it is 

apparent that a simple subtraction is not adequate. For that matter. it is unclear 

how close to the crossover point a subtraction of the beam profile is legitimate. In 

the subsequent three figures. the beam profile is subtracted. The data at angles 

below the turning point were eliminated since they clearly were not a measure of 

the "true" BRDF of the sample. 

Comparison of the Experimental Full-angle BRDF at O.6328Jlm and 10.6Jlm 

with Theory 

The BRDF of three samples which were measured at 0.632SJlm and 10.6}Lm 

are presented in Figs.5.6. 5.7. and 5.S. The upper data sets are the BRDFs 

measured at the visible wavelength and the lower data sets are the BRDFs measured 

in the far-infrared. The upper set of solid lines are the asymptotic fit to the data 

at ~ .. O.632S}Lm. The lower set of solid lines are the above asymptotes rescaled for 

10.6}Lm in accordance with the scaling laws for surface roughness scattering 

presented in Chap.2. 

The measurements were made at a 10 degree angle of incidence. The 

sample in Fig.5.6 had a titanium coating deposited on a polished fused silica 

substrate. The substrate was intentionally left rougher than usual. The coated optic 

had an rms roughness of 20.9 Angstrom as measured by a WYKO optical 

profilometer with a 20x objective. The other two samples were much smoother 

optics. The mirrors in Figs.5.7 and 5.8 each had a standard boosted-reflectance 

aluminum coating which was deposited on a pyrex substrate. The rms roughness of 
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the sample in Fig.5.7 was 3.25 Angstrom and for the sample in Fig.5.8 was 3 

Angstrom. 

The results to be discussed subsequently are the existence of the plateau 

region in the visible. the wavelength scaling of the BRDF. and the high frequency 

slope of the data. The theory of which was discussed in Chap.2. 

The small-angle plateau region was observed in the visible as well as the 

far-infrared for all three samples. This is where the increase in scatter starts 

leveling off and approaches the flat low-frequency asymptote. Thus, the 

measurement angles were small enough to be able to observe the characteristic 

change in shape of the scatter function at 0.6328JLm. The onset of the plateau 

region occurs at the intersection of the high and low-frequency asymptotes. On the 

other side of the intersection point. the high-frequency slope of the data is very 

nearly -2. as usual. not -3 as predicted by a negative-exponential model for the 

autocorrelation function of the surface. This indicates that a Ko autocorrelation 

function. which predicts a high-frequency slope of -2. yields a much better fit to 

the data than a negative-exponential autocorrelation function. Hence. the 

bandlimited autocorrelation and autocovariance functions of Figs.2.5b and 2.6b are 

more applicable than those in Figs.2.5a and 2.6a. 

In the far-infrared the high-frequency slope is approximately -1. 7. 

According to the theory presented in Chap.2 the slope of the high-frequency 

asymptote should not change. This might indicate that the scattering is significantly 

affected by a different mechanism in the far-infrared than in the visible. This 

brings us to the obvious discrepancy in the scaling of the BRDF level. 

The BRDFs measured at 10.6JLm are well above the levels predicted by a 

rescaling of the data at O.6328JLm in accordance with Eq.2.16. The small-angle 
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Fig.5.6. The BRDF measured at ~ - 0.6328pm (upper data) and at ~ - 1O.6pm (lower 
data) for sample no.l. The best-fit asymptotes for the data at ~ - 0.6328pm are 
plotted as the upper set of solid lines and the asymptotes rescaled for 10.6pm are 
plotted as the lower set of solid lines. 
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plateau region should be scaled as l/A4 (and its width as h). The measured far-

infrared plateau is approximately 10 times higher than predicted in Fig.5.6. In 
... 

Figs.5.7 and 5.8. the far-infrared plateaus are respectively. 44 and 32 times higher 

than predicted. Additionally. the BRDF is obviously higher than predicted at all 

other angles. Elson. Bennett. and Bennett (1979) have observed that the total 

integrated scatter was often more than an order of magnitude higher in the infrared 

than predicted solely due to the effects of random surface roughness. Elson (et 

al..1979) offers considerable insight into the situation by explaining that the 

scattering from the larger surface defects such as contaminants. scratches. pits. digs. 

pinholes in the coating. microfractures. etc... is relatively invariant with wavelength 

change. In general. the larger the scatter site. the less the scattering depends on 

wavelength. Since the scattering from surface roughness has a strong l/A4 

dependence in height (and h in width). as shown in Chap.2. at the shorter 

wavelengths. the scattering from the surface roughness can predominate. The 

scattering due to the surface roughness quickly diminishes at the longer wavelengths 

whereas the scattering due to the surface· defects and contaminants remains 

relatively intact. In general, there is a wavelength where the contributions due to each 

0/ these effects cross. At the shorter wavelengths, the scattering due to the sur/ace 

roughness predominates and at the longer wavelengths the scattering due to sur/ace 

defects and contaminants predominates. Elson (et al.. 1979) has shown by total 

integrated scatter measurements that the crossover can occur in the near-infrared. 

This crossover wavelength is of course dependent upon both the surface roughness 

and the contamination and defect levels. 

Contaminants and defects which are much larger than the illuminating 

wavelength produce most of their scatter in the forward scatter direction (Born and 
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Wolf, 1980, and Bennett,et al., 1986). Conversely, scatter sites which are much 

smaller than the illuminating wavelength scatter fairly isotropically over the entire 

hemisphere. As shown in Figs.5.6 through 5.8, the scattering at 10.6/Lm was much 

higher than predicted at all angles than that due to just the surface roughness. This 

would indicate that there were a fair number of scatter sites which were smaller 

than the incident wavelength. 

There are two additional points which demonstrate that the above 

wavelength scaling approximately predicts the scattering in the visible but not in the 

far-infrared. Firstly, the rms roughnesses were e~tim:>_ted from the scatter data and 

compared with a WYKO optical profilometer measurement. The method described 

in Chap.2 utilizing a negative-exponential autocorrelation model is employed to 

determine the rms roughness and autocorrelation length. The intersection of the 

high and low-frequency asymptotes was utilized to determine the autocorrelation 

length and the low-frequency asymptote or plateau region yielded the rms 

roughness. The more appropriate Ko correlation analysis has not been performed to 

date of which we are aware. However, utilizing a negative-exponential analysis 

should provide a close estimate of the values that would be predicted by the Ko 

approach. It is shown in Fig.5.9 that there is good agreement between the WYKO 

measurement and the rms roughness determined from the scatter data at O.6328/Lm 

for sample 5.6. 

This means that when the sample is rough enough or equivalently when the 

scatter due to the random surface roughness is dominant, the rms roughness is 

nicely predicted by the analysis in Chap.2. For the other two smoother samples 

(Figs.S.7 and 5.8), the data at 0.6328/Lm predicts a moderately larger roughness than 

measured by the WYKO. It is apparent that for the smooth samples, there is more 



115 

Scatter 
Figure WYKO O.633JLm IO.6JLm lexp 

5.6 
0 

20.9A 
0 

16.9A 
0 

54.3A 13.2/Lm 

5.7 3.3 7.4 49.3 9.9 

5.8 3.0 4.9 27.5 11.2 

Fig.5.9. Comparison of rms surface roughnesses as determined from the scatter data 
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scattering than predicted due to just surface roughness effects even at the visible 

wavelengths. By comparison. the rms roughnesses predicted from the 10.6/Lm 

scatter data is drastically higher than the WYKO measurement for all of the 

samples. In addition. the scattering at 10.6/Lm from the 20.9 A and 3.3 A were 

almost identical whereas their scatter levels were very different in the visible. 
o 

Also. the 3 A sample had significantly lower scattering than the other two samples 

at 10.6 /Lm. There was a strong correlation between BRDF and surface roughness 

at 0.6328/Lm but there was little if any correlation between the two at 10.6/Lm. 

Secondly. Harvey (1976) and Stover (1989) have shown that the wavelength 

scaling of Eq.2.16 holds over a spectral range from O.4/Lm to 0.6/Lm. The data 

presented here shows that it doesn't hold over a much larger spectral range out to 

10.6Jlm. In addition. Thomas (1980) and Bennett (et al.. 1986) have shown that even 

for well-handled optics. the scattering in the visible can be significantly affected by 

contaminants and defects. Fig.to is a typical microscopic image of the samples 

under dark-field illumination after gentle cleaning with cotton which was soaked in 

a 3% soap solution. The samples were then rinsed with distilled water. pure ethyl 

alcohol and spectroscopic-grade acetone. This photograph of the sample was taken 

in reflection. This indicates that there are numerous scatter sites that are difficult 

to remove from the surface. Looking at the samples in transmission revealed very 

few scatter sites which indicates that there were very few pinholes in the coatings. 

Equivalently. the vast majority of scatter sites are front-surface contaminants and 

defects. It is these contaminants and defects which appear to be the predominant 

source of scatter in the far-infrared. 

There is a large body of data from this work and the above cited sources 

that supports the idea that scattering at the visible wavelengths may be 
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Fig.5.1 0. Microscopic image (200x) of a "typical" mirror surface under dark-field 
illumination. 
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predominated by surface roughness effects but in the far-infrared other scatter 

mechanisms have a significant if not predominant effect. The above data ho~ever, 

does not rule out the possiblity that even at the visible wavelenghts the scattering 

from very smooth optics may be measurably affected by contaminants and defects. 

Additionally, it appears that a small-angle BRDF measurement in the visible offers 

information about the surface that is not obtainable at much longer wavelengths 

since the dominant scatter mechanism has apparently changed. Conversely, surface 

profilometer data can be used to predict the BRDF moderately well at the shorter 

wavelengths but not in the far-infrared. 



CHAPTER 6 

CONCLUSIONS 

From this work, the following general conclusions can be drawn: 
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(I) The effects and contributions of diffraction, aberrations, and system scatter at 

small-angles have been separated. The scatter from the scatterometer's primary 

mirror was seen to be the limiting contribution. Spherical aberration and defocus 

were shown to primarily affect the lower-order diffraction rings. Except for very 

small-angle scatter measurements, reasonable amounts of aberration will have a 

negligible effect on the instrument profile. An expression was derived that 

compared the scattered irradiance to the peak irradiance of the point spread 

function for a sample under Gaussian illumination. This expression combined with 

the graphs presented in Chap.3 are able to predict the BRDF equivalent of the 

diffraction background. If the predicted level is not sufficiently low, a method of 

Gaussian apodization was presented that allows the reduction in diffraction ringing 

to become a design parameter. A discussion was provided that describes how these 

results can be rescaled to predict the small-angle instrument profile at other 

wavelengths. 

(2) For a fixed-diameter Gaussian beam, the envelope of diffraction ringing is 

proportionately reduced with the level of truncation in the pupil. Additionally, the 

far-field irradiance distributions of weakly truncated and untruncated Gaussian 

beams can be considered the same from the peak of the PSF to the irradiance level 



120 

that corresponded to the truncation level in the pupil. 

(3) An instument was constructed that was able to resolve the scattered light down 

to approximately 0.1 degree from the specular direction. This angle was dependent 

upon the scatter level. The system attained an NEBRDF of 2.5x 1 0-3 sr-1 and 3x I 0-5 

sr-1 at 0.1 and I degree from the specular direction. respectively. It had a more 

typical NEBRDF of 7xlO-3 sr-1 and 9xlO-5 sr-1 at the above angles. These noise 

levels were slightly higher than those predicted with just detector shot-noise. The 

NEBRDF only includes the electrical noise in a given measurement. Of course any 

other uncertainties in the measurement process increase the overall effective 

NEBRDF level. 

(4) The high-frequency slope of the scatter data on a log-log plot was approximately 

-2. as opposed to -3 which is predicted by assuming a negative-exponential 

autocorrelation function for the surface. A Ko modified Bessel function would 

provide a much better fit to the surface autocorrelation function than a negative

exponential since it predicts the observed shape of the BRDF including the high

frequency slope of -2. 

(5) The small-angle scatterometer was able to measure close enough to the specular 

direction at ~ III 0.6328JLm in order to observe the characteristic "plateau" region in 

the scatter function. This small-angle measurement allowed the determination of 

the rms roughness and autocorrelation length of the surface based on the BRDF data 

obtained in the visible. The rms roughness inferred from the scatter data at this 

wavelength agreed well with an independent optical profilometer measurement of 

the surface roughness as can be seen in Fig.5.9. 
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Equivalently, the small-angle BRDF plateau was predicted fairly well by the 

expression (2/1T)k4a212. (This was the plateau level predicted by the negative-

exponential model in lieu of the Ko model.) Accordingly, the expression 

(6.1) 

provided a nice pseudo-empirical fit to the scatter data when the scattering was 

dominated by the effects of surface roughness. 

(6) There was drastic disagreement between the rms roughness predicted from the 

scatter data taken at IO.6ILm and the surface profilometer measurement, as can be 

seen in Fig.S.9. The scattering in the far-infrared is apparently dominated by the 

effects of contaminants and surface defects. The scattering at this wavelength was 

more than an order of magnitude higher than that predicted due to solely surface 

roughness effects. Accordingly, surface profile data can not ordinarily be used to 

predict the BRDF in this wavelength region. 

Since the dominant scatter mechanism appeared to change from the visible to 

the far-infrared, of course the wavelength scaling laws of Chap.2 did not hold. 

Thus, a small-angle BRDF measurement in the visible offers information about the 

surface profile that is not obtainable at much longer wavelengths. 

Suggestions for Future Investigations 

(I) Many low-light level far-infrared detection systems are scatter limited. The 

scattering in the far-infrared is apparently dominated by the effects of 
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contamination and surface defects. The effects of random surface roughness play a 

minimal role in this wavelength region. I would suggest further investigation and 

development of models to predict the scattering from optical surfaces with various 

size distributions of randomly dispersed contaminants and surface defects. The 

various shapes of contaminants and defects are also important when their size is 

comparable to or larger than the illuminating wavelength. Experimental comparison 

with the scatter levels predicted by these models would be essential. but may prove 

difficult in many instances. 

(2) When the scattering is dominated by the effects of surface roughness. typically 

at the shorter wavelengths. the scattered point spread function for smooth surfaces 

is proportional to the surface power spectrum. The scattered light distribution 

should then predictable directly from profilometer data. Under these conditions, the 

BRDF would be a rescaled version of the power spectrum. Care should be taken 

with regard to bandwidth and sampling considerations when comparing the 

scatterometer and profilometer results. 

(3) A deconvolution of the instrument profile from the scattered light distribution 

may allow the BRDF to be determined to virtually zero degrees from the specularly

reflected direction. The observed PSF is the convolution between the instrument 

profile (or deterministic PSF) and the scattered PSF. as was discussed in Chap.5. A 

subtraction of the beam profile was sufficient to determine the BRDF for angles and 

features examined in this experiment. However. this is not adequate for measuring 

the scatter to smaller angles. A deconvolution of the instrument profile should yield 

an instrument-independent measurement of the BRDF of the sample down to 

extremely small angles. (Otherwise. the data at these angles are very instrument 
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dependent.) The problem is then one of signal-to-noise ratio. Thus. more 

importantly than obtaining a reduction in. or narrowing of. the instrument profile. 

would be the ability to precisely measure and reproduce it. Deconvolving small 

amounts of scatter at the extremely small angles will be limited by the repeatability 

of the instrument profile and scattered light distribution and the noise in these 

measurements. (The interpretation of the BRDF at extremely small angles will be 

affected by the minimum spatial-frequency illuminated on the sample.) 

(4) Prior to designing a future small-angle scatterometer. a survey of the laser 

cavity truncation levels of commercially available systems should be undertaken. 

The lasers investigated should operate solely in the TEMoo mode. If a laser is 

found with a sufficiently low truncation level such that the level of diffraction 

ringing is below the expected scatter level of the primary mirror. then apodization 

would not be necessary. The expected diffraction tail of the unapodized laser 

output can be determined from the results of Fig.3.2 and its equivalent BRDF from 

Eq.3.l2. If the above condition is met then appropriately oversizing the optics 

would be sufficient. 

(5) A Ko autocorrelation function appears to provide a better fit to the scatter data 

then a negative-exponential. It would be interesting to substitute the Ko function 

into the analysis in Chap.2 and work through the math to obtain an expression for 

the scattered light distribution. The result is expected to have the same functional 

form as Eq.6.1. The dependence on k. u. and 1. are expected to remain the same 

but the constant (2/rr) and the definition of 1 should change. 



APPENDIX A 

A SAMPLING THEOREM FOR THE NEGATIVE-EXPONENTIALLY 

CORRELATED OUTPUT OF LOCK-IN AMPLIFIERS 

Introduction 
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The lock-in amplifier is a common piece of equipment in most optics 

laboratories. It has always been utilized in making our BRDF measurements. The 

data obtained by sampling the output of lock-in amplifiers. electro-optic devices and 

electronic circuits in general are partially-correlated. A given sample value 

depends not only upon the instantaneous value of the sampled function but also 

upon the previously sampled values. As such. sample independence can not be 

assumed except in the limiting case where the samples are separated by inefficiently 

large intervals. 

As has been discussed in Chap.2. the power spectrum and autocorrelation 

function are a Fourier transform pair. The power transfer function for a lock-in 

amplifiers' single-stage low-pass filter is a Lorentzian of the form 1/(l+w2r2c) where 

w is the radial frequency and 1 c is the time constant. If the input signal to the 

lock-in amplifier has a white power spectrum (relative to the filter bandwidth) then 

the signal power spectrum is a true Lorentzian. Accordingly. the appropriate signal 

autocorrelation function is the Fourier transform of the Lorentzian or equivalently. 

a negative exponential of the form exp[ - It 1/1 c]' 

In this appendix. a sampling theorem is presented that incorporates a 

negative exponential autocorrelation function. Whereas the specific application is to 
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sampling with lock-in amplifiers. the results are generally applicable to estimating 

the mean of any phenomenon where the samples are negative-exponentially 

correlated. No probability function need be assumed for the noise in this analysis. 

only the correlation coefficient between samples. 

It is well-known that the standard deviation of the mean is reduced as I/../N 

where N is the number of independent samples. A closed-form analytic expression 

is derived that gives the reduction in the standard deviation of the mean for any 

sampling interval (non-independent samples) and any number of samples. It is 

shown in the limit of independent samples to approach I/../N. as expected. 

The issue of optimum sampling rate is then addressed for this partially-

correlated non-band limited case. As might be expected. the Nyquist rate (Gaskill. 

1978) which is one sample/2T c is not the optimum. Sampling rates of at least one 

sample/Tc still gain additional information. Since at these rates the samples are not 

independent. the signal-to-noise ratio (SNR) and NEBRDF have not been improved 

by../N. An expression is derived that yields the SNR and NEBRDF enhancement 

for the general case. It is also shown that for a fixed amount of time allotted to 

take the data. there}s a maximum possible improvement in the SNR by signal 

averaging. The maximum improvement is proportional to the square-root of the 

time allotted to take the data. regardless of the choice of time constant. At the near 

optimal rate of one sample per time constant. the improvement in SNR is shown to 

be approximately ../N/2. 

Derivation of the Standard Deviation of the Mean 
for Negative-Exponentially Correlated Samples 

A closed-form analytic expression is presently derived that describes the 

reduction in the standard deviation of the mean with increasing number of 
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negative-exponentially correlated samples. Initially. following Frieden (1983. p.235). 

the mean-square error (O'm 2) of the sample mean (Ms) from the true mean (Mt ) is 

given by 

(A.I) 

where < > denotes the mean. Using Ms == N-l L sk and Mt == N-I L Mt where 

k k 
sk is the kth sample and N is the number of samples yields 

Expanding the sum. 

O'm2 
III N-2 LL < (Mt - Sj) (Mt - sk) >. 

k j 

(A.2) 

(A.3) 

The quantity < (Mt - Sj) (Mt - sk) > - Pjk O'j Uk where Pjk is the "correlation 

coefficiE)nt" for fluctuations in j and k. and O'j and Uk represent the standard 

deviation of the fluctuations in Sj and sk' respectively. Since Sj and sk are sampled 

from the same probability distribution. O'j .. Uk = 0'0' Substituting the above 

parameters into Eq.A.3 yields 
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Um
2 - N-2 L L Pjk U0

2 
• (A.4) 

k j 

At this juncture. the derivation departs from the conventional approach. 

Ordinarily. one substitutes ISjk (the Kronecker delta function) for the correlation 

coefficient and derives um .. uo/..fN for the case of independent samples. For this 

analysis. the case of partially correlated samples was investigated with the 

correlation coefficient 

Pjk '" exp [ - Itjk I IT e ] • (A.S) 

where tjk represents the time between the jth and kth sample. Other electronic 

filters can be investigated by substitution of the appropriate correlation coefficient 

into Eq.A.4. Eq.A.4 lends itself to numerical methods if necessary. Substituting 

Eq.A.S into Eq.A.4 yields 

[ 2] N N 
um2 

- ~2 L L exp [ - Itjk lITe] . 
j-l k-l 

(A.6) 

Let the samples be taken at equally spaced intervals at. The absolute value of tjk 

can be managed by breaking the summation into the sum of two parts. the first for 

k ~ j and the second for k < j. such that 
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(A.7) 

The first term in the brackets in Eq.A.7 can be rewritten as 

N N N L L e-(k-j).6.t/Tc = L ~(.6.t/TC) (A.8) 

~I k~ ~I 

The two summations inside the brackets in Eq.A.8 are the summations of simple 

geometric series. The first term in the brackets becomes 

and similarly. the second term in the bracket becomes 

·-1 . 

f -k(.6.t/T) e-(j-I).6.t/Tc - I e c _ "'-----~ 
I _ e.6.t/Tc 

k-I 

Now. the second term in Eq.A.7 can be rewritten as 

(A.9) 

(A. 10) 
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(A.II) 

Combining Eqs.A.8. A.9. A.IO. and A.Il. Eq.A.7 can be rewritten as 

[
eU-1)t::..t/TC _ I]} 

I _ e-t::..t/Tc 

(A.12) 

(A.13) 

where the first. third. and fifth terms are again summations of simple geometric 

series and the second and fourth terms are summations of constants. Evaluating the 

above sums and obtaining a common denominator yields 

+ Ne-t::..t/Tc(l-et::..t/TC ) _ (e-Nt::..t/Tc_O} 

(l-et::..t/T c )( l-e -t::..t/T c) 
(A.I4) 

Rearranging terms and taking the square root to obtain the standard deviation of 



the mean yields 

I - cosh(Nat/T c) + sinh(Nat/T c) - Nsinh(atlT c) 
l-cosh(At/T c) 
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(A. IS) 

This is a final form of the solution which has desirable features from a symmetry 

point of view. A simpler form for computational purposes is 

I - e-N (6.t/TC ) - N sinh (At/Tc) 
I - cosh (atlT c) 

where again urn - standard deviation of the mean 

0' "" standard deviation of the output 
o 

N =- number of samples 

At - time interval between adjacent discrete samples 

T c .. time constant to lIe point 

Discussion 

(A. 16) 

If the normalized sampling interval At/T c between samples is allowed to go 

to infinity. the samples become independent. In this limit. it can be easily shown 

that the radicand in Eq.A.16 reduces to N and urn 10'0 -. I/.JN. as expected. In the 

other limit. if the sampling interval is allowed to approach zero. it can also be 

easily shown that there is no improvement in the standard deviation of the mean. 

and O'm 10'0 approaches unity. 

The normalized standard deviation of the mean (0' m 10') is plotted versus the 
o 
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normalized sampling interval (6.t/T c) in Fig.A.I. For a given curve. the number of 

samples (N) is held constant. It is apparent that for very small sampling intervals 

there is minimal improvement in urn over just taking a single data point. As the 

sampling interval is increased. urn is continuously reduced. Additionally. as the 

sampling interval reaches a few time constants (~ 4Tc)' it is obvious that the I/.J""N 

asymptote is approached. As an example. for N - 2 samples. the top curve 

approaches I/../i - 0.707 for large sampling intervals and unity for very small 

sampling intervals. 

The normalized standard deviation of the mean is plotted versus number of 

samples in Fig.A.2. For a given curve. the sampling interval is held constant. 

Curve 6 in Fig.A.2 represents the case of independent samples. On a log-log plot. 

I/.JN plots as a straight line with a slope of -1/2. As the interval between samples 

is increased from curves I to 6. the reduction in the standard deviation of the mean 

approaches that of the independent samples. as expected. It is also apparent that 

for a large number of samples. the curves for different sampling intervals all 

approach a slope of -1/2. This is because even in a large set of well-correlated 

adjacent samples. there is an effectively smaller number of independent samples 

separated by many sampling intervals. 

Figs.A.1 and A.2 can be used as reference figures. Depending upon the 

application. whether the sampling interval (at) or the number of samples (N) is 

fixed. the reduction in urn can be read directly off the graphs. 

Optimum Sampling Rates 

It is clear that the longer the time interval between samples the greater their 

statistical independence. There is of course some information in partially-correlated 
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samples. Sufficiently high data rates can obtain the same amount of information in 

a shorter period of time than their more statistically independent counterparts. 

There does come a point however, when the time interval between samples is so 

short, and the samples so correlated, that no additional information is obtained by 

sampling any faster. To investigate this situation and look for an appropriate or 

optimum sampling rate, the time allotted to take the data is held fixed. 

Accordingly, the number of data points and sampling interval is varied in such a 

way as to keep their product fixed. Thus, in this analysis the sampling window 

length W L .. (N-l)(At/r c) is held constant. The sampling window length W L is the 

time allotted to take the data in units of time constant. To comply with the above 

condition, the quantity 

(A.I7) 

is substituted into Eq.A.I6 and the result is plotted in Fig.A.3. The standard 

deviation of the mean is plotted versus sampling interv8.1. At each point on the six 

curves, there is an implied number of samples (N) according to Eq.A.17. As an 

example, curve 6 corresponds to a 320 time constant sampling window allotted to 

take the data. The upper-right most point on the curve corresponds to N ... 2 with 

a sampling interval of 320 time constants. Since, these are two very independent 

data, urn lu .. 1/../2 = 0.707. Moving down and to the left along the same curve, 
o 

the sampling interval is decreased, the number of samples is appropriately 

increased, and urn lu
o 

continuously decreases. This continues until a plateau is 

eventually reached. This plateau begins at a sampling interval of approximately I 

time constant. Slower sampling would not make use of the information available 
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Fig.A.3. Reduction in the standard deviation of the mean versus sampling interval 
for fixed sampling window lengths. 
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and sampling faster would gain little. Hence. sampling rates should be selected so 

as to enter this plateau region. Obviously. similar results and plateau regions exist 

for the other sampling window lengths. (In actuality. the plateau region is not 

perfectly flat. and this fact will be addressed in a later section.!. 

Maximum Obtainable Improvement in the Signal-ta-Noise Ratio 

There is a maximum reduction in the standard deviation of the mean for a 

fixed length sampling window. as can be seen in Fig.A.3. The analytic expression 

for this maximum reduction is obtained by substituting Eq.A.17 into Eq.A.16 and 

taking the limit as at/Tc goes to zero. By applying L'Hospital's rule it is found that 

For WL » 1. Eq.A.I8 becomes 

lim 
AtlTe .. 0 

(A. IS) 

If· (A.19) 

Thus. Eq.A.19 represents a fundamental limit for the reduction in the standard 

deviation of the mean. 

By defining the increase in SNR as the inverse of the reduction in the 

standard deviation of the mean. there is then of course a maximum obtainable 

improvement in SNR (SNRine.max) given by the inverse of Eq.A.19. Therefore. 
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SNRinc,max is JWL /2, Moreover. it is seen that the maximum possible increase in 

SNR as a result of signal averaging is proportional to the square root of the time 

allotted to take the data. 

As an example. for WL - 3,,0. the maximum possible increase in SNR is 

approximately J320/2 - 12.65. For WL - 10. using Eq.A.18. SNRinc,max S!! 

J(2 (10 - 1»/10 ... 2.35. In Fig.A.4. SNRinc,max is plotted versus sampling window 

length. 

The resultant SNR is obtained by multiplying the initial SNR of the data by 

the improvement in SNR due to signal-averaging. By reducing the time constant, a 

given sampling time will correspond to a larger WL • noting that WL is measured in 

units of time constant. Referring to Figs.A.3 and A.4. this will increase the 

maximum possible improvement in SNR by the square root of the change. 

However. the noise bandwidth and equivalently Uo are proportional to Jffi';. 

Hence. the initial noise that is being signal-averaged has also increased by the 

square root of the change in time constant. The two effects cancel and the 

maximum resultant SNR (SNRres,max) is therefore. independent of the choice of time 

constant. 

When the samples are taken at one time constant intervals W L '" N - I. 

When WL » I then WL S!! N. Thus. a handy rule of thumb that sums up many of 

the ideas in this chapter is to take the data at one time constant intervals (the 

nominal edge of the plateau region) which then yields an improvement in SNR of 

approximately IN/2. This result can be seen graphically by comparing curves 4 

and 6 in Fig.A.2. 

Location of Minima in the "Plateau" Region 

The so-called "plateau" regions are in fact not flat and do contain minima. 
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Fig.A.4. The maximum possible improvement in SNR versus amount of time 
allotted to take the data. 
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These local minima indeed represent optimum sampling intervals. However. the 

minima are extremely broad and shallow. For most practical applications. whether 

or not the sampling rate is chosen to be right at or near a local minimum will be of 

little consequence. Since the minima are so weak. there will be a very small. yet 

finite. additional reduction in the standard deviation of the mean as compared to 

Eq.A.3 which was obtained by taking the limit as At/T c ... o. Taking the derivative 

of Eq.A.16 under the condition N - {[WL I(AtITc)] + I} as before. and setting it 

equal to zero to locate the minima yields a transcendental equation. As such. the 

derivative was solved numerically and the location of the minima are presented in 

Fig.A.5. The SNRinc.rnax evaluated at the maximum has not been plotted because 

it would be visually indistinguishable from the curve in Fig.A.4. 

Conclusions - Appendix A 

1) An expression was derived that gives the reduction in urn for negative 

exponentially correlated samples for any time interval between samples (At) and any 

number of samples (N). 

2) Eq.A.16 was graphically shown to approach I/../N as At/Tc approaches infinity 

and unity as At/T c approaches zero. 

3) The maximum obtainable increase in signal-to-noise ratio by signal averaging is 

approximately vWL 12. 

4) The maximum resultant signal-ta-noise ratio is proportional to the square root of 

the time allotted to take the data. 
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5) When the samples are taken at one time constant intervals. which corresponds to 

the nominal edge of the plateau region. the improvement in SNR and NEBRDF is 

approximately IN/2 . 
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