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ABSTRACf 

Hot-wire measurements taken in the turbulent wake of a flat plate are presented. 

Symmetrical and antisymmetrical perturbations at various amplitudes and frequencies 

were introduced into the wake by small flap oscillations. As predicted by linear stability 

theory, the sinuous (antisymmetric) mode was observed to be more significant than the 

varicose (symmetric) mode. 

When the amplitude of the perturbation was low, the spatial development of the 

introduced coherent perturbation was predicted well by linear stability theory. At high 

forcing levels, the wake spreadi..'lg showed dramatic deviations from the well known 

square-root behavior of the unforced case. Measured coherent Reynolds stresses 

changed sign in the neighborhood of the neutral point of the perturbation, as predicted by 

the linear theory. However, the linear theory failed to predict the disturbance amplitude 

and transverse shapes close to the neutral point. 

Some nonlinear aspects of the evolution of instabilities in the wake are discussed. 

Theoretical predictions of the mean flow distortion and the generation of the first 

harmonic are compared to experimental measurements. Given the unforced flow and the 

amplitude of the fundamental wave, the mean flow distortion and the amplitude of the 

first harmonic are predicted remarkably well. 
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1.1 Historical Background 
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The stability of shear layers has been studied by many investigators in the last 

several decades. The challenge of understanding the transition phenomenon from a 

laminar wake to a turbulent one has provided the initial incentive to apply the ideas of 

stability theory to twc-dimensional wakes. The laminar wake velocity profile has 

inflection points and is dynamically unstable (Rayleigh 1880). The stability of the 

turbulent mean velocity profile also contains inflection points. The possible link between 

the large-scale organized motion observed in fully turbulent shear flows and the stability 

of the mean velocity profile makes the topic very intriguing and has motivated the 

present study. 

Early studies of wake stability can be found in Hollingdale (1940), where stability 

calculations were performed for a wake and observations were made in the wakes of 

various bodies (flat plates and symmetrical airfoils) by towing them in a water tank. Sato 

and Kuriki (1961) studied the laminar-turbulent transition of a wake behind a thin flat 

plate and compared measurements with inviscid temporal stability theory (parallel flow) 

where the Rayleigh equation was solved numerically. Their linear theory yielded 

satisfactory agreement with measurements in the early stages of the transition process. 

They classified the transition region into three subregions, consisting of the linear region 

(exponentially growing perturbations), the nonlinear region and the three-dimensional 

region. Mattingly and Criminale (1972) calculated both spatially and temporally 
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growing waves. Through the results of their combined stability analysis, they 

demonstrated that disturbance waves predicted to be temporally unstable were also 

spatially unstable. For small growth rates, they showed the equivalence of temporal and 

spatial eigenvalue calculations using the group velocity transformation suggested by 

Gaster (1962). They also showed that, in the near wake region, where the amplification 

rates are large, the group velocitY transformation between the temporal and spatial 

viewpoints renders erroneous results and concluded that the wake stability analysis must 

be done solely from the spatial viewpoint. They verified this by comparison of the 

results of the spatial analysis with the experimental measurements in the wake of a thin 

airfoil in a water tank. Ko, Kubota and Lees (1970) used an integral method to 

investigate the propagation of a finite amplitude perturbation and compared calculations 

with the experimental measurements obtained by Sato and Kuriki. The transverse 

distributions of the fluctuations were solved from the Rayleigh equation using the local 

mean flow and the streamwise variation of the fluctuation amplitudes were then obtained 

from momentum and energy integral considerations. Their calculations predicted the 

mean flow parameters in the transition region quite well. Zabuski and Deem (1971) 

numerically integrated the Navier-Stokes equations to treat the nonlinear temporal 

evolution of the perturbed wake in two-dimensions. Their calculations of mean velocity 

profiles and perturbation shapes showed good agreement with the measurements of Sato 

and Kuriki in the nonlinear region of the transition. 

It is evident that stability theory is more than adequate in describing at least the 

early stages of the transition in a wake as it is in other shear flows. Numerous studies 

indicate that turbulent flows are also susceptible to instability waves in a similar manner 

to laminar flows. After the observation of organized large scale structures in the 

axisymmetric turbulent jet (Crow and Champagne 1971), the two-dimensional mixing 
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layer (Brown and Roshko 1974) and the two-dimensional wake (Grant 1958, Taneda 

1959, Castro 1971, Cimbala 1984), a new perspective has been added to our 

understanding of turbulence in shear flows. These large scale structures, which are often 

termed as coherent structures, stand out from the turbulent background and alter the 

spreading rate of the respective shear layer considerably (Liu 1971, Oster and Wygnanski 

1982, Wygnanski, Champagne and Marasli 1986.) For extensive discussions on coherent 

structures, the reader is referred to Roshko (1976), (1981), Ho and Huerre (1984), 

Hussain (1983) and Liu (1989). The consensus is that these structures arise from the 

instability of the mean velocity profile with respect to traveling wavy disturbances. 

Gaster, Kit and Wygnanski (1985) studied the evolution of a sinusoidal perturbation 

within a two-dimensional turbulent mixing layer both experimentally and theoretically. 

Disturbances were introduced into the flow by oscillating a small flap attached to the 

trailing edge of the splitter plate. The results of their stability analysis, which 

incorporated the slow divergence of the shear layer (Crighton and Gaster 1976), 

compared well with the measurements. In this analysis the mean flow is assumed to be 

known, and the Rayleigh equation is solved at each downstream station using the local 

mean velocity profile. The streamwise variation of the perturbation amplitude is then 

solved considering the gradients in that direction. Wygnanski et al. (1986) obtained 

equally successful results in the two-dimensional turbulent wake of a flat plate. Their 

findings enabled them to relate the non-universal development of two-dimensional wakes 

to the initial disturbance level introduced by the wake generator. In both the experiments 

by Gaster et al. (1985) and by Wygnanski et al., the presence of the wave clearly 

altered the mean flow; the main effect was the faster spreading of the shear layer and the 

wake, which is clearly a nonlinear mechanism. 



16 

External forcing of shear flows is often carried out with the intention to enhance, 

excite or trigger a struCttll'e and to establish a phase reference. However, there is a fine 

line between enhancing an already existing structure and introducing something that did 

not exist before. Although the approaches of Gaster et al. and Wygnanski et al. may be 

found controversial in this respect, these studies are extremely valuable in terms of 

demonstrating both the persistence of organized motion within the fully turbulent 

background for large streamwise distances and the applicability of the stability theory to 

describe their evolution. Other dramatic effects of the presence of one or more waves on 

the mean flow ca.~ be found in Strange (1981) and Cohen (1986), who performed 

experiments in axisymmetric jets and made comparisons with stability theory. They 

were able to generate mean flows with non-circular constant velocity contours by 

introducing perturbations in two azimuthal modes. 

In light of the studies performed by many previous investigators, there is little doubt 

that a wave traveling within a turbulent flow can be described to some extent by a 

relatively simple stability theory, though many controversial points still exist. One of 

those points is the fact that the mean velocity profile used in the stability calculations 

might never exist (Crighton 1979). Another point is that, when the introduced 

perturbation is large enough to be detected, it is also large enough to violate the 

assumptions of linear theory (Gaster et al., Wygnanski et al.) where it is assumed that 

the coherent velocity fluctuations are small compared to the characteristic velocity scales 

involved. The nonlinear nature of the problem is evident as mean flow distortion is 

observed when the wave amplitude is large (Oster and Wygnanski 1982, Weisbrot 1984.) 
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1.2 Obiectives 

The present study will involve three aspects; one is the experimantal investigation 

of both the sinuous and the varicose modes, the second is the application of linear 

stability theory for both modes, and third is a simple analysis at the prediction of two 

basic features of nonlinearity. 

In many respects this research is a continuation of the work described in Wygnanski 

et al. The main objective is to perform a systematic experimental study on spatially 

traveling sinuous waves within the turbulent wake of a flat plate, in an attempt to address 

both the nonlinear nature of the problem and the applicability of linear theory to their 

description. The measurements of Wygnanski et al. were limited to one case with a 

particular perturbation amplitude and frequency. Here the results of measurements with 

various amplitudes and frequencies are presented. 

Ko et al. (1970) pointed to the importance of the interaction between the 

disturbance wave and the mean flow via Reynolds stresses. Coherent Reynolds stress 

(-uv) measurements in the two-dimensional mixing layer (Weisbrot 1984) have 

revealed some very interesting aspects of this interaction, namely the - u v product was 

observed to change sign at some downstream location, which indicates the reversal of the 

direction of energy transfer between the mean and perturbation flow components. Cohen 

(1986) explained this reversal by considering a disturbance crossing its neutral point of 

instability. The present study includes x-wire measurements to substantiate these ideas 

in the two-dimensional wake. 

It is well known that the Rayleigh equation and its viscous counterpart the Orr

Sommerfeld equation admit two types of solutions for the symmetrical wake profile: the 

sinuous mode and the varicose mode. Wygnanski et al. mentioned the possible role of 
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the varicose mode of in'stability in the two-dimensional wake, which differs from the 

sinuous mode in the sense that the streamwise velocity fluctuations are symmetric about 

the centerline. From linear theory, this mode of instability is known to have smaller 

amplification rates than the sinuous mode (Sato and Kuriki, Mattingly and Criminale) but 

has not been investigated experimentally. An experimental study of the varicose mode 

and comparison with linear stability theory is presented here. 

Finally, a simple analysis aimed at the prediction of two basic features of 

nonlinearity in the wake is presented. When the perturbation amplitude exceeds the 

limits of linear approximation, distortion of the mean flow and the emergence of a 

harmonic are observed. These two aspects can be demonstated by a fairly simple 

analysis and are presented here together with comparisons with experiments. 
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CHAPTER 2 

DESCRIPTION OF EXPERIMENTS 

2.1 Wind Tunnel Facility 

The experiments were performed at the University of Arizona low speed wind 

tunnel facility. This 80-ft-Iong tunnel is a closed-circuit type built by Kenney 

Engineering of California and is nearly identical to its counterparts at Tel-Aviv 

University and the University of Southern California. The test section is 2 ft wide, 3 ft 

high, and 20 ft long. The top and bottom walls, which are adjustable in height, were 

adjusted to compensate for boundary-layer growth and to obtain a zero streamwise 

pressure gradient. A 30 hp, variable-speed motor with tachometer generator and a motor 

controller drives an axial flow fan with variable-pitch blades. The blades were set to 

their minimum pitch angle to minimize large-scale turbulence generation. In this 

configuration, the fan easily produced the 7 -10 m/s flow speeds used for the present 

study. As a part of the tests made to detennine the quality of the flow in the tunnel, 

velocities at the end of the diffuser were measured by a pitot tube spanning the tunnel 

cross-section in a 7 x 7 matrix. Considerable improvement of the flow quality in the 

diffuser was obtained by constructing a tail just downstream of the fan. The tunnel is 

equipped with chilled water cooling coils just downstream of the diffuser section and an 

electric heating unit just upstream of the fan to control the flow temperature. A Minco 

platinum resistance thermometer, connected to a special bridge and digital panel display 

unit, allows measurement of the mean temperature of the flow to ± 0.05°C. 
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The plenum chamber contains 4-inch-thick hexcell honeycomb, five 20-mesh 

stainless-steel screens, and a 4 ft stilling section. Following this section is a 10:1 

contraction section with a fifth-order polynomial contour to ensure separation-free 

acceleration of the flow to the test section. The flat plate wake generator was mounted 

horizontally across the 2 ft span of the test section at a streamwise location 2 ft 

downstream of the inlet Measurements of the velocity profile at this plane indicated that 

the flow was uniform to ± 0.25%. The free-stream disturbance level in the streamwise 

velocity component is approximately 0.03%. The free-stream speed was monitored 

using a pitot tube connected to an MKS Baratron pressure transducer unit 

2.2 Hot-Wire Probes and Their Calibration 

Velocities were measured using a rake of nine Dantec 55P01 hot-wire probes 

connected to Dantec 55M01 and 56C01 constant temperature anemometers. For x-wire 

measurements a rake of five Dantec 55P51 probes were used. The total height of the 

straight wire rake was 1.5 in, whereas the X-wire rake spanned 2.1 in. The rakes were 

mounted on an internal traversing mechanism with a thin, forward-swept probe support, 

placing the probes upstream of any region of flow interference caused by the mechanism. 

The mechanism permitted traversing in the streamwise and vertical directions with 0.01 

in resolution. The anemometer signals were conditioned using buck and gain amplifiers 

and active low-pass filters with variable cutoff frequency. The conditioned signals were 

sent to the analog-to-digital converter in the data acquisition I processing system. A 

Masscomp-5500 with 16-channel AID and an array processor was used for data 

acquisition and processing. 

For calibration, the hot-wires were placed in the free stream, well outside the wake. 
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The conditioned bridge signals and the output of the pressure transducer connected to the 

pitot tube were sent to the AID converter. For straight wire calibration a second order 

polynomial in the form U = Pj (E), where E is the digitized overall bridge voltage and 

U is the stream.wise velocity, were fit to several (typically 5) calibration velocities 

measured. by the pitot tube, in a least-squares sense. A typical calibration curve is shown 

in fig. 2.2.1 where the symbols are the calibration data points and the solid line 

corresponds to the curve fit which is to be used to evaluate the velocities from the bridge 

voltages. Since the measurements were made in small deficit wakes, wire calibrations 

were required only over a small velocity range. As one can see from the example in fig. 

2.2.1, in the range 5-7.5 mls the wire response is very close to linear and the second 

order polynomial provides an excellent fit. 

The X-wires were calibrated against both velocity and yaw angle variations. Fig. 

2.2.2 is a schematic drawing of an X-wire. The rake was placed on a goniometric arc 

with 0.1° resolution to provide the angular sweep. Following Petersen (1976), the U and 

V components of the velocity were computed using a response equation of the form 

U -A3'V = P·(E·) .J J J' j=1,2, (2.2.1) 

where the subscript j denotes the +45° and -45° probes. U and V are the calibration 

velocity components, Ej is the anemometer bridge voltage, and Pj is a second order 

polynomial given by 

j=I,2. (2.2.2) 

Typically 9 points ( 3 velocities and 3 yaw angles in the range ±100) were used. for the 

calibration procedure and the unknown constants AnJ (n = 0 - 3 and j = 1,2) were 
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solved using the method of least-squares. The instantaneous velocity components U and 

V were then computed from 

and 

V(t) = Pl(E1)-P2(Ei> 

A 3,2-A 3,l 
(2.2.3) 

(2.2.4) 

Figs. 2.2.3 and 2.2.4 show typical x-wire calibration curves. The bridge voltages from 

probe 1 and probe 2 are plotted against each other in fig. 2.2.3. The hexagons represent 

the experimental data points. The straight lines and the dashed lines correspond to the 

constant yaw angle and the constant velocity curves respectively. Equation 2.2.1 is 

depicted in fig. 2.2.4, where the symbols correspond to the experimental data and the 

solid lines are the curve fits. As in the straight wire case, the advantage of calibrating for 

a small velocity range and small yaw angles is reflected by the quite satisfactory results 

obtained from a relatively simple calibration procedure. 

2.3 Flat Plate Wake Generator 

The fiat plate wake generator used in the experiments is a solid aluminum plate 

11.8-in-Iong, 24-in-wide, and 0.25 in at its point of maximum thickness. The details of 

the flat plate wake generator are shown in fig. 2.3.1. To generate the sinuous mode, a 

single stainless-steel flap (O.OO6-in-thick O.2S-in-wide) which was hinged to the trailing 

edge of the plate was used (fig. 2.3.1b). Nylon ribbons were used to connect the 

downstream edge of both sides of each flap to matched loudspeakers, which were located 

on each side of the plate just outside of the tunnel sidewalls. To generate the varicose 
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mode, two flaps were used. In this case, the flaps were located symmetrically on both 

surfaces, 7 in from the leading edge and just upstream of the tapered trailing edge region 

of the plate (see fig. 2.3.1c), and were oscillated 1800 out of phase. The dashed lines 

show the maximum range of motion of the flaps, which were set such that the flaps did 

not touch the plate. Scotch tape was used as the hinge to attach flaps to the ramps. 
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CHAPTER 3 

THEORETICAL BACKGROUND 

3.1 Introduction 

In this chapter, the similarity arguments for a two-dimensional, turbulent far wake 

and the triple decomposition of a dependent variable in the presence of a coherent motion 

are presented. In the first section, the development of a self-preserving wake is derived 

and its consequences regarding the Reynolds stress distributions and the eddy viscosity 

model are stated. In the second section, the phase average is defined and the 

decomposition of an instantaneous variable into the mean, the coherent and the turbulent 

components are introduced. The intercations between th~ three components are briefly 

discussed. 

3.2 Similaritv Arguments 

Self-preservation of a developing wake flow requires that the cross-stream 

distributions of mean velocity and Reynolds stresses assume functional forms that are 

independent of the streamwise coordinate x, when normalized by the local velocity and 

length scales, Uo and Lo, respectively. Following Townsend (1956), (also see Gartshore 

1967, Tennekes and Lumley 1972, Wygnanski et al. 1986) this can be written in the 

form 
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(3.2.1a) 

(3.2.1b) 

(3.2.1c) 

where 11 = Y ILo, Y is the cross-stream coordinate, Uo is the centerline deficit and Lo is 

the half-width of the wake (see fig. 3.2.1.) U and u' are the mean and fluctuating parts of 

the velocity component in the x -direction and y' is the transverse component of the 

velocity fluctuation. For small-deficit far wakes (uoIUoo « 1,) in the absence of a 

pressure gradient the mean momentum equation can be approximated by 

u au = -~ U'y'. 
00 ax ay (3.2.2) 

The conditions under which self-preserving flow is possible can be obtained by 

substituting (3.2.1) into (3.2.2) and examining the resulting coefficients. This leads to the 

conditions 

L du -.!_o_ = const, 
u2 dx o 

1 dLo --- = const. 
Uo dx 

Together with the momentum integral constraint 

(3.2.3) 

(3.2.4) 

where 9 is the momentum thickness, the solution to the pair (3.2.3) is Lo - x* and 

Uo - xJI.z. It is convenient to write this solution in the form 



[ 
Uoo 12 = -Lx, 
uoJ W0

2 

[ ]

2 
LO 2-e = ~Ox, 
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(3.2.5a) 

(3.2.5b) 

where x = (x -xcJI29. Wo and .10 are constants for a given wake (Marasli 1983. 

Wygnanski et aI.) and their particular definitions are adopted following Sreenivasan and 

Narasimha (1982). xo is the virtual origin and is commonly assumed to depend on the 

Reynolds number and geometry of the wake generator. 

Substituting (3.2.1) and (3.2.5) into the mean momentum equation, one obtains 

(3.2.6) 

which can be integrated to yield 

(3.2.7) 

Equation (3.2.7) indicates that, for a self-preserving wake. the Reynolds stress can be 

predicted from the mean velocity profile and mean flow spreading parameters Wo and .10, 

If one defines an eddy visCosity by 

aUlay 
(3.2.8) 

(3.2.1),(3.2.5) and (3.2.7) lead to 

(3.2.9) 

For constant eddy viscosity throughout the wake. flhlh' = const. and hence 

2 
h (fl) = e -J.1'1'\ , (3.2.10) 
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which of course is the well known bell shaped wake velocity profile. Measurements in 

far wakes show that (3.2.10) does not quite match the experimental velocity profiles (see 

for example fig. 4.2 in Tennekes and Lumley.) This is a shortcoming of the constant 

eddy viscosity model, rather than an indication for lack of self-preservation. 

Nevertheless, replacement of the turbulent Reynolds stresses by the mean strain rate is a 

reasonable approximation in plane wake flows, as the principal directions of the mean 

stresses and strain rates are in rough coincidence (Corrsin 1957). A slight correction to 

the exponential form of the velocity profile as given by Wygnanski et al. fits 

measurements very well. In the present work, (A.S) is used since it provides a richer 

family of profiles through the parameters G and 1C (see Appendix A.) 

3.3 Triple Decomposition 

In the presence of coherent motion, an instantaneous variable (for example the 

streamwise velocity) is considered to consist of three components (Reynolds and Hussain 

1972): 

U(x,t) = U(x) + u(x,t) + u'(x,t). (3.3.1) 

Here U is the mean or time averaged part, u is the coherent part representing the 

periodic wave contribution, and u' represents incoherent turbulent fluctuations. The 

phase average is defined as 

N -
<U(x,t» = lim r.,U,,(x,t+nT) = U(x) + u(x,t), 

N~oo"=l 
(3.3.2) 

where T is the period of coherent motion. 
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Consideration of the energy equation provides valuable insight into the interactions 

between the three components of the decomposition. The reader is referred directly t.o 
the time averaged kinetic energy equations of the mean, coherent and turbulent fields 

given in Hussain (1983) (their equation A4.) The terms identified in Hussain (1983) as 

I, II. and III are as follows: 

I -=-=- au; = -U·U·-, "} a ' 
~. 

J 

II 
.,......, au; 

= -U·U·-
, J a ' 

~. 
J 

(3.3.3) 

(3.3.3) is in tensor notation and summation over repeated indices is implied. Term I 

represents the production of coherent kinetic energy, draining energy from the mean 

flow, and feeding the periodic motion. Similarly term II denotes production of turbulent 

kinetic energy. Term III corresponds to interaction between the coherent and incoherent 

fileds, representing production of incoherent fluctuations by the action of phase averaged 

turbulent Reynolds stress -<u;uj> against gradients of the coherent motion. 

Energy fluxes between the three fields can be summarized as follows: The mean 

flow loses energy by supporting both the coherent and turbulent fields. (If the coherent 

fluctuations are damped, the energy transfer is from the coherent field to the the mean 

flow.) The coherent structure receives energy from the mean flow but loses some energy 

to turbulence. The turbulent field is fed by both the mean and coherent fields, whereas all 

three fields lose some energy by direct viscous dissipation. (See fig. 1 in Hussain 1983.) 

When the background flow is fully turbulent, term III may become very significant. 
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CHAPTER 4 

THE SINUOUS MODE 

4.1 Unforced Wake Behind Flat Plate 

4.1.1 Power Spectra 

Among many theories offering routes to turbulence, a superposition of instabilities 

that span a continuum of amplified frequencies is of particular interest. Attempts have 

been made to relate spectral peaks to a most amplified frequency from linear stability 

theory. Cimbala (1984) plotted peaks from v -spectra versus streamwise distance for the 

turbulent far wake of a circular cylinder at Rd = 500. The most energetic frequency at a 

particular x -station matched with the neutral frequency calculated from inviscid linear 

theory, using the local mean velocity profile. The locally most amplified frequency 

consistently underpredicted experimental peaks. This may seem odd at first, but can be 

explained as follows: at any particular streamwise location, the neutral disturbance has 

been amplified over the largest upstream distance, and hence it is reasonable to expect 

that it contains the most energy. 

In the present study, similar observations are made in the wake of a flat plate 

(without external excitation.) In a turbulent wake, the u-spectrum does not show any 

distinct peaks except for locations near the outside edges. These peaks are related to the 

largest structures, and the peak frequency decreases as the y -location is increased. On 

the other hand, the v -spectrum contains a clear range of frequencies that are the most 

energetic and independent of y. Hence we concentrate on the v -spectra. Fig. 4.1.1 
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shows v -spectra measured at x = 50 in. The data shown in fig. 4.1.1 are averaged over 

the region around the centerline where the turbulence intensities are highest. The dotted 

line indicates the neutral frequency from inviscid linear theory. The measured most 

energetic frequencies are centered around this frequency. Fig. 4.1.2 shows the variation 

of this most energetic band (top 10%) with downstream distance. The calculated neutral 

frequency is shown as a solid curve. As the wake develops into a self-preserving form 

for x > -200 (see also fig. 4.1.7.) the maxima of the v -spectra are clearly predicted by 

linear theory. Fig. 4.1.3 shows the neutral Strouhal number (StN=fNL01U.,J versus x. 

StN asymptotically approaches the value 0.24 in the far wake. The spectra from various 

x-stations (fig. 4.1.4) also collapse onto one curve the when abscissa is the local Strouhal 

number (StL = fLoIUoo') This shows that the fluctuations scale with the local width of the 

shear layer. as would have been anticipated. 

Further' comparisons with the linear stability theory encounter difficulties created by 

the nonlinear nature of the problem. However, the above spectral comparisons provide 

some justification for the study of the spatial evolution of a single harmonic component 

which is introduced in a controlled manner. 

4.1.2 Base Flow 

Before introducing sinuous perturbations into the wake, the unforced or base flow 

field was measured with the flap at rest and aligned with the plate axis. In this section the 

results of these measurements are presented. 

A free stream velocity of 7 m/s was chosen. The boundary layers on the flat plate 

were tripped and fully turbulent before reaching the trailing edge. The measurements 

were taken in the range 10 S x S 120 in. The resulting wake momentum thickness was 
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2.21 nun. The stream wise variation of the nondimensional half-width and the 

centerline-deficit are presented in fig. 4.1.Sa,b. The virtual origin Xo was zero in this 

case. The mean flow developed as predicted by the similarity arguments presented in 

Sec. 3.2. The straight lines in fig. 4.1.5a,b represent (3.2.Sa,b) with Wo = 1.676 and 

~o=O.299S. Both the (U_lu~2 and (Lo/S)2 plots essentially convey the same 

information about the spreading rate of the wake, which is quantified by Wo and ~o. 

Relatively speaking, smaller values of Wo, (or larger values of ~o,) indicate larger mean 

wake growth rates. These two measures can be conveniently combined into one by 

manipulating (3.2.Sa,b) to obtain the nondimensional half-width to centerline-deficit 

ratio: 

LoU _ _ 2~o-
-- - --x. 

Suo Wo 
(4.1.1) 

The quantity LoUoof Suo is plotted versus x in fig. 4.1.Sc and, as expected, a straight line 

with slope 2~o fWo fits the data quite well. Hereinafter the development of the mean 

flow will be characterized by LoU_f Suo for brevity. 

The mean velocity profiles assume a self similar shape rather quickly. Normalized 

velocity profiles for all measured x-stations are presented in fig. 4.1.6. In this plot each 

x -station is represented by a different symbol and TJ = y fLo is the nondimensional 

transverse coordinate. The solid curve is the expression 

(4.1.2) 

where h (TJ) is given by (A.8) with CJ = 0.78. 

Turbulence intensities u'2, v'2 and the Reynolds stress -u'v', reach their self 
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preserving states farther downstream. The stream.wise development of the maxima of 

these quantities, normalized with the centerline velocity deficit, are presented in fig. 

4.1.7. The Reynolds stress is the first turbulence quantity to reach its self similar state. 

In the wake of the flat plate, all three quantities are found to reach self preserving states 

for x>250. 

Transverse distributions of u'2, v'2 and -u'v' for x> 250 are presented in fig. 

4.1.8a-c. Again, each symbol represents a different x-location. Profiles from different 

x -stations collapse on one curve when normalized by the local velocity and length scales 

Uo and Lo> indicating self-preservation. The solid curve in fig. 4.1.8c is calculated from 

(3.2.1c) using (3.2.7). The good agreement also demonstrates that the measurements 

satisfy the momentum balance. 

4.1.3 Stability of Unforced Wake 

The Orr-Sommerfeld equation (A.6) was solved numerically at various x -stations 

assuming locally parallel flow, and using the measured mean velocity field given by 

(4.1.2) and (3.2.5). Fig. 4.1.9 shows nondimensional growth rates calculated for the 

initial and final x -stations (x = 10 in and x = 120 in) for three different Reynolds 

numbers. The solid curves represent the inviscid results. The viscous results (using the 

molecular viscosity Re = 980) are included in the same figure with dotted-dashed curves 

and they show hardly any difference from the inviscid results. The dashed curves 

correspond to calculations using an eddy viscosity model with Uoo9lvT = 31, where 

vT (= 5 X 10-4 m2/s) is the eddy viscosity. The eddy viscosity was estimated using (3.2.9) 

and it compared well with the direct turbulent Reynolds stress measurements, which 

indicated that vT was approximately constant across the wake within 25%. As expected, 
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the viscous amplification rates are lower than the inviscid ones, and the inclusion of 

viscosity also enables one to calculate the damped modes, without special treatment of 

the singularity of the Rayleigh equation. The abscissa in fig. 4.1.9 is nondimensionalized 

using length and velocity scales 9 and U_. Since 9 is independent of x, moving 

downward on a vertical line in the plot will correspond to traveling downstream in the 

experiments following a constant frequency, f. For convenience, a scale of dimensional 

frequency is shown at the top of the figure. The ordinate is also nondimensionalized with 

9. The velocity deficit decreases with x, reducing the gradients in the mean profile, 

hence the amplification rate for a constant frequency decreases with streamwise distance. 

With increasing x. a progressively narrower band of frequencies are amplified. The plot 

also shows that, since the wake is diverging. a different frequency becomes 

most amplified at each x -station. At x = 10 in, f = 123 Hz has the largest amplification 

rate and f = 226 Hz is neutral, whereas at x = 120 in, f = 37 Hz is most amplified and 

f = 69 Hz is neutral. 

The streamwise variation of the neutral frequency is presented in fig. 4.1.10. 

Again, the solid curve represents the inviscid calculations and the dashed curve was 

computed with Re = 31. At each x -station, the frequencies below the curves are 

amplified and those above are damped. In the experiments, excitation frequencies in the 

range 40-100 Hz were used. The behavior of the mean flow shows dramatic changes 

when the disturbance goes through the neutral point. This subject is discussed in detail 

later. 

Although the imaginary part of a shows large variations with x and Reynolds 

number, its real part, the wave number a r hardly varies with Reynolds number, as shown 

in fig. 4.1.11. This plot shows the wave number for the same cases presented in fig. 

4.1.9. It can be seen that all three results collapse onto one curve which is nearly linear. 
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This can be explained by the fact that the pbase speed c = 131 <Xr lies between U_ - Uo 

and U_. and in the downstream range considered the velocity deficit is small. In other 

words. the wavelength of the disturbance stays almost constant in the small-deficit far

wake and does not show much variation with Reynolds number. 

4.2 Excitation at 40 Hz 

4.2.1 Mean Flow 

In this section, the results produced by forcing the wake with an excitation 

frequency of 40 Hz are discussed. The pwpose of this experiment was to follow the 

evolution of a perturbation which would travel spatially and remain amplified over the 

entire range of the measurements. Stability calculations based on the mean flow for the 

unforced wake (see figs. 4.1.9 and 4.1.10) indicated that 40 Hz was a suitable excitation 

frequency. 

With a free stream velocity of 7 mis, f = 40 Hz corresponds to 

13 = 21Cf 91U_ = 0.0794. The momentum thickness is 2.21 nun. The development of the 

mean flow is presented in fig. 4.2.1 and the unforced data is also shown for comparison. 

The forced wake progressively deviates from the unforced state, spreading at a higher 

rate. The streamwise variation of the mean flow does not follow the linear prediction 

given by (4.1.1). Uo andLo are better described by the following cubic polynomials inX': 

[ ~r = 17.181 + 0.3098x + 2.77 x 10-' x 2 - 1.68 x 10-' x', (4.2.1.) 

[ ~o r = 6.3466 + 8.471 x 10-2 x + 6.346 x 10-" x 2 - 3.865 X 10-7 x3• (4.2.1b) 
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On the other hand, the normaHzed mean velocity profiles (fig. 4.2.2) are identical to the 

unforced profiles. They collapse on a self similar shape as early as x = 10 in (X = 60,) 

and do not show any measurable deviations from this shape out to at least x = 120 in 

(X = 7(0). The solid curve in fig. 4.2.2 is computed from (4.1.2) with 0' = 0.78, and 

different symbols in the plot represent profiles from different x -locations. 

The faster divergence of the forced wake is due to the presence of the coherent 

motion introduced by oscillating the trailing edge flap. The forcing level, defined as 

(urm/uO>max at the initial location of the measurements (x = 10 in) was 15% for this 

case. The streamwise variation of the maxima of the coherent velocity fluctuations u and 

v are shown in fig. 4.2.3a,b. The contributions from the fundamental and the first 

harmonic are presented. Maxima of the coherent Reynolds stress are given in fig. 4.2.3c. 

As the coherent perturbation is amplified with downstream distance, the increasing rate 

of growth of the wake seen in fig. 4.2.1 becomes more pronounced. This can be better 

understood by considering the time averaged x -momentum equation, which in the 

presence of coherent motion takes the following form: 

u au = -~[u'V' + uv]. 
00 ax C)y 

(4.2.2) 

The coherent Reynolds stress (-uv) augments the turbulent Reynolds stress (-u'v') 

causing an increase in divergence for the forced wake. It can be shown by a perturbation 

analysis that (see Chapter 7), the coherent Reynolds stress is generated from the 

nonlinear interaction of the fundamental mode with the mean flow. In the region 

considered, this nonlinear interaction is not strong enough to affect the shape of the mean 

velocity profile, but the initial effects of nonlinearity are observed in the increased 

spreading rate of the wake. 
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4.2.2 Approximate Self-Preservation of Forced Wake 

Maxima of the individual components of the Reynolds stress scaled by Uo are 

presented in fig. 4.2.4. The turbulent component (-u'v') reaches a self-similar state as it 

did in the unforced case. However, the coherent part is clearly not self-preserving, as it 

grows almost linearly with x. Nanmilly, the same behavior is also observed in the total 

Reynolds stress. Self-similarity of the wake requires that the wake spread linearly with 

x, with the spreading rate proportional to the Reynolds stress (see Sec 3.2.) This was 

verified for the unforced wake in Sec. 4.1. In order to relate the extra growth of the 

forced wake to the coherent Reynolds stress, we shall assume that for x > 400 we have 

an approximate self-preserving state. From fig. 4.2.1 one can see that the forced wake 

grows almost linearly for x > 400 with Wo = 1.09, ~o = 0.4522, and fig. 4.2.4 indicates 

that all three components of the Reynolds stress (coherent, turbulent and total) are 

approximately constant in this region. Fig. 4.2.5a-c depic~ the transverse distributions of 

the Reynolds stresses in the same region. The fact that distributions from different x

locations within this region collapse on one another indicates that the assumption of 

approximate self-preservation is not a bad one. From (3.2.7), the total Reynolds stress 

can be written as 

[ lTv' ~ uv] = -11h [ :~ ] . 
Uo forced 0 forced 

(4.2.3) 

Comparison of (4.2.5c) with (4.1.8c) shows that background turbulence is almost 

unaffected by forcing, except for some peculiar distortion at the centerline. Hence, 

replacing the turbulent part of the Reynolds stress in (4.2.3) by the unforced result yields 

~ + ~ = -11k _0_. [ --;-;] [ - -] [ ~ ] 
u~ unforced U~ forced 2Wo forced 

(4.2.4) 
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Using (3.2.7) for unforced u'v' gives 

£ = -11h _L.l_0_ _ _L.l_0_ • 
[ 

- -] [ [ A 1 [ A J ] u~ fon:ed 2woton:ed 2Wo unforced 

(4.2.5) 

The expression 11h (11) has a maximum of 0.523. With the given values for Wo and Ao, 

(4.2.5) predicts the value 0.062 for the maximum of the coherent Reynolds stress. From 

fig. 4.2.5b the measured value is 0.08. Agreement is within 25%, and is quite good 

considering the extent of approximations made to enable this comparison. Again, the 

purpose of this exercise was not to claim the self-similarity of the forced wake, but rather 

to quantitatively relate the extra growth of the wake to the coherent Reynolds stress. 

4.2.3 Stability Calculations 

As the mean flow changed from the unforced state, the linear stability growth rates 

based on locally parallel theory are expected to change too. The Orr-Sommerfeld 

equation was solved using the mean flow described by (4.2.1). The amplification of the 

40 Hz wave can be compared to those of other frequencies in fig. (4.2.6) where the 

growth rates of the whole spectrum for x = 10 in and x = 120 in are presented. 

Calculations were performed for inviscid (solid curves) and Re = 31 (dotted-dashed 

curves) cases. Initially, the amplification rates are almost identical to the unforced case 

(see fig. 4.1.9) since the mean flows are very close. But atx = 120 in, the velocity deficit 

of the forced wake is considerably smaller than the unforced wake, and this is reflected 

by the lower growth rates at this station. In fact, the 40 Hz wave is almost neutral for 

Re=31. 

Cross-stream distributions of the amplitudes and phases of the coherent velocity 

fluctuations for four downstream locationsare shown in figs. 4.2.7a,b (u-component) and 
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4.2.8a,b (v -component). Only the fundamental mode, which is extracted from the total 

phase averaged data by Fourier decomposition, is presented. The abscissa in the figures 

is the dimensional y -coordinate to show the spreading of the wake. The ordinates in figs. 

4.2.7a and 4.2.8a are the normalized amplitudes of ul and vI' The solid lines represent 

the theoretical results computed from Rayleigh's equation using the measured local mean 

velocity profiles. Since the eigenfunction shapes did not vary much with Reynolds 

number for the sinuous mode (Marasli, Champagne and Wygnanski 1989), only the 

inviscid calculations are presented. Maxima of the measured data and the calculations 

are matched at each station to compare the local shapes. Relative phase distributions are 

presented in figs. 4.2.7b and 4.2.8b. -u v distributions are shown for the same x -stations 

in fig. 4.2.9. Agreement between the experiments and theory is remarkable especially in 

the early stages where the nonlinearity has not significantly affected the flow. 

Following Gaster (1987), the local wave number a can also be obtained from the 

measurements and compared with inviscid linear theory. The asymptotic form (y ~ ±CO) 

of the disturbance will be used for this purpose. From the boundary conditions for the 

Rayleigh equation (see Appendix A), as y ~ ±oo, cp - exp (+ cxy). If this expression is 

assumed to apply to the measured data, a can be calculated. However, one has to 

determine the region for which the asymptotic form. applies. Setting a = <Xr + iai' we 

have 

(4.2.7) 

where A is a complex constant. Expressing the right hand side of (4.2.7) in polar form. 

we obtain, 

cp(y) = Icp(y)1 e+iP(y), (4.2.8) 
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where P (y) = aiY + CI (CI a real const.) is the asymptotic phase distribution, linear in 

y with the local growth rate ai as the slope. Similarly, 

~'(y) = 1~'(y)1 e+iQ(J}, (4.2.9) 

where Q(y)=aiY +C2 (C2 a real const.). Since ~ - vf and ~' - uf, the outer 

regions where the asymptotic forms are valid, are the regions where the phase 

distributions of uf and v f are linear in y. An exponential can be fit to the points within 

these tail regions in a least square sense to determine the complex a. If one examines the 

ilf and vf phase distributions presented in figs. 4.2.7b and 4.2.8b, indeed for large Iy 1 

the phases vary linearly. Notice that the slopes are almost zero, which indicates very 

small growth rates. This is indeed the case for small deficit wakes. 

The procedure explained above was applied to the 40 Hz data. Fig. 4.2.1Oa,b 

depict the real and imaginary parts of ilf and v f at x = 10 in. Phase distributions at this 

station were examined and the first nine points on the negative-y side and the first six 

points on the positive-y side were observed to constitute straight lines. A least square 

complex exponential was fit to these points. Solid curves in fig. 4.2.10 represent the 

exponential fits. An average experimental a was determined from the four tail regions of 

ilf and v f. The same procedure was carried out at each x -station. Since the growth rates 

(ai) were small, they were not determined with any accuracy. But the real part, which is 

inversely proportional to the wavelength of the disturbance, was successfully determined 

for each streamwise location and is presented in fig. 4.2.11 together with the inviscid 

calculations, demonstrating very good agreement among them. Note that ~ is 

nondimensionalized with Lo, and since the wavelength of the disturbance is almost 

constant, the plot exhibits the square-root behavior of Lo(x). 
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Comparisons have been made between the measured local disturbance shapes and 

linear theory with considerable success, as was the case with Gaster et al. (1985), 

Wygnanski et al. (1986) and Cohen (1986). The scheme described allows the local 

wave number to be determined as welL In flows with large growth rates such as jets, 

mixing layers with large velocity differences and large deficit (near) wakes, the above 

procedure should also yield the imaginary part of the complex wave number. 

Prediction of the spatial amplification of the disturbance amplitude constitutes a 

more severe challenge for the linear theory. Linear stability theory for slowly diverging 

flow as described in Appendix B was applied to the 40 Hz data to predict the overall 

spatial amplification of the perturbation introduced in the flow. The mean flow was 

assumed to be known and the polynomial fit to the measured data as given by (4.2.1), 

together with the mean velocity profile given by (4.1.2) (with 0'= 0.78) was used in the 

calculations. The streamwise variation of the maxima of the uf and v f amplitudes and 

the -uv product are shown in fig. 4.2.12a-c. The symbols represent the measured data 

and the inviscid calculations are denoted by solid curves. The dashed lines correspond to 

Re = 31 calculations, where the background flow was considered to be tmbulent and 

modelled by eddy-viscosity. Predictions from the computations can be done up to an 

unknown arbitrary constant, and this constant was eliminated by equating the measured 

and calculated values of (uf)max at x = 10 in. One immediate observation is that the 

Re = 31 results show much better agreement with the experiments than the inviscid case. 

The eddy viscosity model approximates the effects of turbulent Reynolds stress which is 

not accounted for in the inviscid theory, except for the indirect influence of the spreading 

of the base flow. Apparently, the background tmbulence plays a significant role in the 

amplification process, and it is represented reasonably well by the eddy viscosity model. 

Computed uf (fig. 4.2.12a) and -uv (fig. 4.2.1Oc) agree well with the measurements. 
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The agreement in vI (fig. 4.2.10b) is better in the first half of the domain. Funher 

downstream the coherent :fluctuations become large enough so that nonlinear effects 

become significant and both the eddy viscosity model and the inviscid theory 

overestimate the measmed. vI. The increasing nonlinearity is evident in the growing 

amplitudes ofu'lj and v2f (fig.4.2.3a,b). 

An interesting aspect of the evolution of the coherent field is the relative amplitudes 

of the two velocity components. Initially, ul is larger than VI. However, further 

downstream, the order is reversed. This fact seems to be generic to the spatial growth of 

two dimensional waves in the wake and can be generalized as a rule of thumb to 

categorize the in:ftuence of nonlinearities. Specifically, the present results indicate that 

linear theory is successful in describing the coherent field in the region where the uI
:fluctuations are larger than the v I -fluctuations. 
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CHAPTERS 

FORCING AT mGHER S1ROUHAL NUMBERS 

5.1 Constant Frequency Forcing at Various Amplitudes 

Based on the observations of Oster and Wygnanski (1982) and Cohen (1986) in 

two-dimensional mixing layers, one expects more dramatic effects in the behavior of the 

mean flow as the introduced disturbance goes through the neutral point of amplification. 

As discussed in the previous section, the 40 Hz perturbation was amplified in the entire 

region of measurements. It was desirable to investigate an excitation frequency for 

which the disturbance reached its neutral point within the domain of measurements. 

Based on the mean flow parameters for the 40 Hz case and inviscid theory, it was 

estimated that a 70 Hz wave should be neutral around x = 75 in; this frequency was 

chosen for the present experiments. 

A range of flap amplitude was investigated for a frequency of 70 Hz and a free 

stream velocity of 7 mls. Forcing levels are given in terms of the response of the flow, 

say (UrrdU~rru1X at the reference location x = 10 in, rather than the flap amplitude itself. 

Fig. 5.1.1 shows the variation of the nondimensional half-width to centerline deficit ratio 

with the streamwise coordinate for several cases. The unforced case is also included for 

comparison (hexagons). Point-top triangles correspond to the case where the forcing 

level was 17%. The mean flow gradually deviates from the unforced case and the growth 

parameter diverges almost linearly for a while, after which a break in the slope occurs 

and the wake stops growing. The growth of the wake appears to resume further 
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downstream. This feature is a new observation for two-dimensional wakes. Similar 

behavior in the growth of a two-dimensional mixing layer was observed by Oster and 

Wygnanski (1982). When the flap amplitude was increased further (the diamonds in fig. 

5.1.1), development of the wake followed a similar scenario but with a faster initial 

spreading rate and an earlier, more clearly defined break, followed by a longer parallel 

flow region. In this case the forcing level was 30%. Beyond x = 600 the wake again 

shows a growing trend. The strongest effects in the mean wake development were 

observed for the forcing level of 89% (mverted triangles). In this case the initial growth 

was so rapid that it was hardly captured by the spatial step size of the measurements. A 

region of steep contraction immediately follows the initial groth, and further downstream 

the wake resumes its growth after it crossing the unforced data. No parallel region is 

seen for this case. 

Although the behavior of the mean flow is observed to depend strongly on the 

forcing level, there are common features in the overall response which can be 

characterized by three distinct regions. Initially (region I,) the spreading is nearly linear 

with a slope that is proportional to the forcing level, followed by a break point cu-ound 

LoUool Suo = 230. The corresponding StL =fLofU_ at the break point is approximately 

0.22. Theoretical predictions of the neutral Strouhal number are 0.249 from inviscid 

theory, and 0.19 using the eddy viscosity model. Although the predictions do not 

precisely match the Strouhal number at the break: point, further evidence presented later 

suggests that the break point is associated with the neutral point of the traveling 

disturbance. Mer the break: point, the mean flow readjusts toward the unforced state in 

region II. Depending on the extent of the initial departure from the unforced case, this 

readjusttnent may consist of gradual growth, an almost parallel zone or contraction. In 

all cases the mean flow starts diverging again in region III after crossing the unforced 
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line, but the growth is lower than the unforced case. This fact is less clear for the lower 

amplitude cases, however evidence obtained from other data, that will be discussed in a 

moment, supports this claim. 

5.2 Constant Amplitude Forcing at Various Frequencies 

In order to determine the effects of variation in the excitation frequency on the 

development of the mean flow, data were acquired at several frequencies, holding the 

initial amplitude of the perturbation constant. Results from two different forcing levels 

are presented. 

Fig. 5.2.1 displays the variation of the mean flow with streamwise distance for four 

different excitation frequencies in the range 70-100 Hz, with an approximately constant 

forcing level of 30%, and Uoo = 7 mls. The unforced data is again included for 

comparison. Since the forcing level is defined via the response of the flow rather than the 

magnitude of an input quantity, adjustment of me amplitude involved an iterative process 

and the actual forcing levels were 30%, 31 %,33% and 36% for the 70,80,90 and 100 

Hz data, respectively. The three regions discussed in the previous section are clearly 

visible. In each case, the wake resumes growth after the intersection point with the 

unforced wake, constitutiIlg the transition from Region II to Region III. 

Another data set at a lower initial amplitude is presented in fig. 5.2.2. The forcing 

level was 17.4% for the 70 Hz data and 19% for the 100 Hz case, forming an 

approximately constant amplitude set. It is quite clear from both figures that the break in 

the growth occurs earlier and at a lower level as the forcing frequency is increased. On 

the other hand, the overall shape of the streamwise variation does not seem to be a 

function of the excitation frequency. This suggests that groups of data with constant 
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forcing level could be collapsed on one curve by a suitable nondimensionalization. This 

indeed proved to be the case. There are several equivalent choices for the rescaling. As 

was discussed in Section 4.1 a plot of LoU_/9uo versus x is a combined presentation of 

Lo 19 and Uo! Uo versus x 19. Hence, let's consider a plot of 

Lo x 
- vs. -. 
9 9 

(5.2.1) 

From figs. 5.2.1 and 5.2.2 one can see by inspection that in order to remove the frequency 

dependence, both the abscissa and the ordinate must be scaled by it. Multiplying both 

sides of (5.2.1) by the global Strouhal number f 9 I Ueo would suggest a plot of local 

Strouhal number ILol Uco versus Ix IUco• Fig 5.2.3 shows the -30% forcing level data 

plotted in this manner. A similar plot of the -17% data is given in fig. 5.2.4. In both 

cases, data with different frequencies have collapsed on one curve, a different one for 

each forcing leveL Another set of data with a forcing level of 28%, I = 100 Hz and 

Ueo = 10 mis, is plotted with inverted triangles in fig. 5.2.3. Different regions discussed 

earlier are labeled in the plot. StL at the break: point is - 0.22 and is associated with the 

disturbance going through the neutral point. 

Since uoLo I Uco9 = const. for small deficit wakes, replacing the ordinate with 

191uo would have given a similar collapse. In the spirit of the discussion in Section 4.1, 

the two quantities can be combined in the form f2(L09 I uoU->, which would also result 

in a similar representation. 

Xo in the abscissa is the virtual origin which provides a translational shift to match 

the break points of the different data sets. One explanation for the need for a virtual 

origin can be given by considering the relative amplitudes of the different cases involved. 

Since the break point is associated with the neutral point, small variations in the 
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amplitudes among different sets will cause the location of the neutral point to shift 

slightly from one set to the other. Therefore, a small translation of the abscissa will be 

required to compensate for the small differences in the fVll..ing levels. The virtual origins 

used in fig. 5.2.3 are plotted versus the respective forcing levels in fig. 5.2.5. Note that, 

the supposedly constant forcing levels actually vary between 28% and 36%. The 33% 

data set is arbitrarily assigned a virtual origin of zero. The 36% set, having a larger 

amplitude, reaches its neutral point earlier than the 33% case, hence requiring a negative 

virtual origin. Similarly, forcing levels that are less than 33% will need positive virtual 

origins. 

5.3 Mean Velocity Profiles 

As discussed in the previous sections, a growing, externally introduced periodic 

disturbance eventually reaches an amplitude where the coherent Reynolds stress becomes 

significant and the mean flow is modified (see equation (4.2.2).) The first sign of 

nonlinearity is the increased spreading of the mean flow. This initial region was labelled 

previously as region I. Normalized velocity profiles from several x -stations in this 

region are presented in fig. 5.3.1a. The profiles are from the 100 Hz data with a 36% 

forcing level. Each symbol represents a different streamwise location. The solid curve is 

the profile for the unforced case (see Section 4.1.) It can be seen that, the velocity 

profiles in this region are almost identical to the unforced one and are self-similar, even 

though the forced wake diverges much faster than the unforced wake (see for example 

fig. 5.2.1.) The profiles from the 40 Hz case presented in fig. 4.2.2 displayed similar 

characteristics. 
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Visible changes in the profiles occur in region 11. The profiles in this region for the 

100 Hz case are given in fig. 5.3.1b. Comparison with the solid curve that represents the 

unforced state indicates that beyond 1111 = 2, the forced profiles deviate from the 

unforced one. Region 11 is a transitional region where the profile shapes keep changing, 

and thus are not self similar. 

A different shaped self-similar velocity profile is found in region III. The 

difference of this state from the unforced case is clearly visible in fig. 5.3.1c. Similar 

deviations from the unforced velocity profiles were also observed in a two dimensional 

mixing layer by Oster and Wygnanski (1982) and Weisbrot (1984). 

5.4 Reynolds Stress Measurements 

In this section, the development of the total, coherent and turbulent Reynolds 

stresses associated with the 100 Hz. 36% forcing level case are presented. The Reynolds 

stress components are defined in the same manner as the triple decomposition of the 

instantaneous velocity field in Section 3.3. 

The streamwise variation of the half-width to centerline-deficit ratio for the 100 Hz 

data and the unforced wake is presented in fig 5.4.1a. Regions I, II and III are marked 

in the plot. The Reynolds stress extrema in the positive side of the wake are also shown 

versus x /29 in fig. 5.4.1 b. In this figure the dashed line represents the turbulent 

Reynolds stress -( U'V)max' the solid curve corresponds to -(u v)max and the dotted

dashed curve represents -( u'v' + u v )max. In region I, both the coherent and turbulent 

parts have the same sign, and hence the total Reynolds stress is larger, producing the 

rapid initial spreading of the mean flow. Notice that the break point coincides with the 

location where the coherent and turbulent Reynolds stresses are equal. The beginning of 
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region HI, which corresponds to the intersection of the forced and unforced mean data, 

also coincides with the location where the turbulent Reynolds stress is approximately 

equal to the negative of the coherent Reynolds stress. In this region the coherent 

component has reversed its sign and is therefore subtracted from the turbulent part to 

make the total less than the turbulent part. This is related to the resumption of the growth 

of the mean wake, but with a smaller slope than that of the unforced case. Further 

downstream. where the coherent component becomes increasingly less important, the 

total and turbulent parts are almost identical, and the curve for the mean wake tends to 

become parallel to that for the unforced case. Region II is the transitional region 

between 1 and 10 , where the sign reversal of the coherent part occurs. 

Transverse distributions of the three Reynolds stress components are plotted for 

selected streamwise locations in fig. 5.4.2. In this figure the columns correspond to 

-(U'l1' + uv) (total Reynolds stress), -uv (coherent part) and -U'l1' (turbulent pan) 

respectively. Each row represents a different oX -station. The first station is within region 

1, the next three are in region 11 and the last one is in region 01. The abscissa is the 

normalized y -coordinate. For each oX -station, the ordinates are normalized by the 

maximum of one of the three to show the relative amount present in each component. 

Initially, at X = 56, both the coherent and turbulent parts have similar shapes, with the 

coherent part constituting -75% of the total. Data in the second row is taken from the 

beginning of region H and a rather peculiar kink has developed around the centerline of 

the coherent component. This kink is also apparent in the total Reynolds stress. It is 

evident from the next rows that this kink is the early stage of a process in which the 

coherent stress is reversing direction. This transition occurs throughout region H. Finally 

in region 10, the reversal has been completed (fifth row), and the turbulent part has 

become the dominant component. The turbulent Reynolds stress does not go through a 
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sign reversal. Since the total Reynolds stress is the superposition of the two components, 

at times it displays rather scattered looking distributions, resulting from the addition of 

two components with opposing signs (e.g. x = 227 data in the fourth row.) Similar 

observations were also made in a two-dimensional mixing layer by Weisbrot (1984). 

The sign reversal of the coherent Reynolds stress is related to the fact that the 

penubation wave travels through its point of neuttal stability. In order to verify this, the 

Orr-Sommerfeld equation was solved in the neighborhood of the neutrai point and the 

resulting shapes of the Reynolds stress profiles were studied. For demonstration 

purposes, a 5% deficit velocity profile and R = U_Lo/V = 1000 was used. The resulting 

Reynolds stress profiles are plotted in fig. 5.4.3. As the disturbance passes from the 

amplified region into the damped region the Reynolds stress profiles change sign and, 

though the shapes are not identical, the overall transition is quite similar to the 

experimental measurements presented in the second column of fig. 5.4.2. Cohen (1986) 

has analysed the sign reversal of the coherent Reynolds stress in a mixing layer and has 

also shown that it is related to the growth rate (Xi becoming positive, denoting a damped 

wave. 

5.5 Comparison with Linear Stability Theory 

In earlier sections, the spatial evolution of the disturbance has been shown to be a 

nonlinear process. Hence, one cannot expect the linear theory to provide a complete 

prediction. Nevertheless, in this section comparison with the mode shapes determined 

from linear theory will be made, assuming locally parallel flow. Since the linear theory 

prediction is the first term in the perturbation expansion of weakly nonlinear theory, 

reasonable agreement is expected. The 100Hz and 36% forcing level data will be used 
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for this purpose. Fig. 5.5.1 depicts the ul amplitudes and phases from several x -stations 

within region I. The nomenclature is the same as in fig. 4.2.7. Calculations were 

performed using the eddy viscosity model and the measmed local mean profiles. 

Agreement between the experimental data and theory is fair, but admittedly not as good 

as it was for the 40 Hz data, especially in region II. Since this is the region where the 

velocity profiles change in shape (see fig. 5.3.1), there could be some dispute over which 

profile to use. At any rate, the limitation of the linear theory in describing the 

propagation of the disturbance through the neutral point is evident. In previous 

discussion, the break point in the mean flow was related to the neutral point of stability. 

However, no statement was made about the exact location of the neutral point; rather it 

was deduced from the sign reversal of the coherent Reynolds stress. Both inviscid and 

viscous theories predict small but positive growth rates at the break point. The eddy 

viscosity model did not provide a more accurate prediction of the neutral point either. 

The interaction between the coherent and turbulent fields (see Section 3.3) is believed to 

be the source of the problem. In general, whenever the excitation frequency is large (say, 

larger than the local most amplified frequency,) the length scales of the most energetic 

turbulent fluctuations and the wavelength of the excitation are comparable, and nonlinear 

interaction could concievebly be more intense, leading to the failure of linear theory to 

predict the mode shapes and the amplification rates. 
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CHAPTER 6 

TIlE VARICOSE MODE 

6.1 Motivation 

The Orr-Sommerfeld equation admits two differents modes of solutions for a 

symmetrical wake velocity profile: The sinuous mode (antisymmetric u- fluctuations) 

and the varicose mode (symmetric u-fluctuations). For all frequencies the sinuous mode 

has larger amplification rates (or smaller rate of decay in the damped region) than the 

varicose mode (Mattingly and Criminale 1972), hence the latter has been ignored 

especially in experimental investigations. Wygnanski. et al. (1986) studied the sinuous 

mode experimantally for the wake of a flat plate. Some aspects of the flow, such as the 

local transverse profile shape of the disturbance eigenfunction and its streamwise growth 

were predicted well by linear, inviscid stability theory. It is conjectured that a spectrum 

of frequencies generated from the instability of the mean velocity profile, eventually 

constitute the entire turbulent field. However, the centerline streamwise turbulence 

intensity in a two-dimensional turbulent wake is non-zero, while the u -component of the 

sinuous mode is zero at the centerline. Therefore, the sinuous mode alone was thought 

by Wygnanski. et al. to be inadequate to describe. the turbulent field. The varicose mode 

was presumed to have some importance in the overall picture, since the u -component of 

this mode has a maximum at the centerline. Streakline calculations performed by 

Wygnanski et al. using a combination of the two modes revealed structures that 

resembled the smoke wire pictures taken in the unforced wake of the flat plate. Flow 

visualization pictures taken in the near wakes of various bodies by several authors 
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(Zdravkovich 1968, Papailiuou and Lykoudis 1974, Rockwell, Ongoren and Unal 1985, 

Williamson 1985) have also shown some flow patterns that could be attributed to the 

manifestation of the varicose mode. In order to clarify some of the points discussed 

above, an experimental investigation of the varicose mode was undertaken. 

Although there are substantial reasons to investigate the varicose mode 

experimentally, one should note that the non-zero turbulence intensity at the centerline 

can be explained withs>ut invoking the varicose mode. The nonlinear interaction of a 

fundamental sinuous wave with itself generates a first harmonic that has a symmetric u

component with a maximum at the centerline (see Sec. 7.3). This would suggest that the 

sinuous mode alone may in fact adequate to describe the entire turbulent field, in contrary 

to the view of Wygnanski et al. 

6.2 Generation of Varicose Mode 

The varicose mode was generated by the flap arrangement described in Sec. 2.3. It 

was extremely difficult to introduce purely symmetrical disturbances into the flow, and 

any lack of symmetry resulted in generation of a combination of the varicose and the 

sinuous modes. However, successful realizations were achieved for some cases, and 

these will be discussed in this section. 

For one of the successful sets, the excitation frequency was 35 Hz, the free-stream 

velocity was 7.58 mls and the momentum thickness was 2.8 mm. The flow was self 

preserving and showed little deviation from the unforced state, which is not surprising 

since the perturbation amplitude was small. (See also Sec 4.2.) The forcing level, 

defined as (urm/u~max at x = 20 in, was 11.7%. (No measurements were taken at 

x = 10 in for the data presented in this chapter, hence the forcing level is defined in this 
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manner. This forcing level at x = 20 in indicates quite low perturbation amplitude in 

comparison to the data. presented in Chapter 5, where the level is defined by the value at 

x = 10 in. The mean :How parameters Wo and ~o were 1.62 and 0.312 respectively, 

compared to 1.68 and 0.304 for the unforced case, with the same :Hap arrangement but 

with the :Haps at rest. The mean velocity profiles of the forced wake are described by 

(A.7,8) with 0" = 0.78 and the virtual origin was zero. 

The transverse distributions of the total :Huctution intensity «u + u')2/uij) for the 

forced wake are presented in fig. 6.2.1a. The unforced data u '2/u5 is shown in fig. 

6.2.1 b for comparison. In these figures each symbol corresponds to a different 

downstream location starting from x = 150. The average maximum of the unforced case 

is approximately 0.0975, and the corresponding value for the forced case is 0.1125. This 

difference is due to the additional coherent component U. Since u is small, an 

approximately self preserving state is stilI maintained in the forced. case. 

The streamwise variation of the maximum of the coherent component is shown in 

fig. 6.2.2. The symbols correspond to the measured data and the solid curve is calculated 

from inviscid linear theory, with the slow divergence of the mean :How taken into account 

(see Appendices A and B.) The inviscid results indicate a monotonic growth of the 

amplitude of ul on the centerline of the wake, whereas the measurements show a 

decrease. This is a shortcoming of the inviscid theory, stemming essentially from the 

fact that the background (incoherent) turbulence is completely ignored in the analysis. 

The propagation of a wave through a turbulent medium should not be expected to be 

same as in a laminar medium. The simplest way to incorporate the effects of background 

turbulence into the calculations is via an eddy viscosity model (Liu 1971, Potter 1971, 

Tam and Chen 1979, and others) hi which the turbulent Reynolds stress (-u'v') is 

assumed to be proportional to the gradient of the mean :How. According to the eddy 
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viscosity approximation, the turbulence has the same effect as an equivalent viscous 

term. Hence the wave can be considered to be traveling through a viscous medium. This 

approximation is very crucial in the analysis of the varicose mode because, as we shall 

see soon, viscosity has more significant effects on the varicose mode than on the sinuous 

mode. 

The eddy viscosity was estimated with the scheme described in Appendix C, using 

the unforced wake parameters. Since only straight wire measurements were performed, 

the value obtained could not be cross-checked with the measured - u'v'. However, in 

some other cases where x-wire measurements for the unforced fiat plate were available, 

values of the eddy viscosity calculated directly from the measured Reynolds stress agreed 

well with the values obtained from the method described in Sec. 3.2. For the present 

case the estimated vT was 7.1 x 10-4 m2/s which is approximately 40 times larger than 

the molecular kinematic viscosity of air. The Reynolds number calculated using the 

eddy viscosity is Re = UooS/vT = 30. 

The dashed line in fig. 6.2.2 corresponds to linear stability calculations using 

viscous, slowly diverging theory with Re = 30. The predicted streamwise variation of 

the perturbation amplitude is in good agreement with the measurements. The major 

change from the inviscid to the eddy viscosity model is due to the dampening effect of 

viscosity in the varicose mode. Fig. 6.2.3 shows the amplification rates calculated using 

the mean profile at x = 20 in. The solid curve corresponds to the inviscid calculations 

and the dashed lines represent the Re = 30 results. The excitation freqency used in this 

experiment (35 Hz) corresponds to 13 = 0.32. In contrast to the inviscid results, at 

Re = 30 the viscous theory predicts no unstable varicose disturbances. On the other 

hand, the sinuous mode is not affected as much viscosity, as will be demonstrated later. 

The eddy viscosity model suggests that the varicose mode will have negligible 
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amplitudes in the natural unforced case, and also explains the difficulties encountered in 

its artificial generation. 

The overall effect of background turbulence is well captured by this simple model, 

which lumps the complex interactions of the turbulent fluctuations lumped into a single 

parameter. However, a detailed description of the propagating varicose disturbance 

poses a more serious challenge to both the inviscid and viscous linear stability models. 

The transverse distribution of the amplitudes and the phases of the streamwise velocity 

fluctuations associated with the varicose waves are shown for five downstream locations 

in fig. 62.4a,b. The abscissas in the figure are dimensional y to demonstrate the wake 

divergence. The ordinates are normalized amplitudes in fig. 6.2.4a and relative phase 

distributions in fig. 6.2.4b. The symbols represent the measured data and the solid lines 

correspond to the inviscid calculations. The amplitudes are normalized by their 

respective maxima at each streamwise location. The disturbance wave remained 

symmetric with respect to the wake centerline for more than 1000 momentum 

thicknesses before becoming contaminated by asymmetries. The general features of the 

distributions are predicted reasonably well by the inviscid model, but some details, such 

as the kinks in the calculations, are not observed in the measurements. 

Viscosity has an equally dramatic effect on the shape of the eigenfunctions as it had 

on the eigenvalues. Figure 6.2.5 shows the u -amplitude and phase distributions 

calculated using the mean velocity profile at x = 20 in. Three different cases are shown. 

The solid curves are the inviscid results, and the dashed lines represent the viscous 

calculations using the eddy viscosity (Re = 30). The dotted-dashed lines correspond to 

viscous calculations with Re = 300 to demonstrate the transition between the former two 

cases. Both the amplitude and phase distributions reveal significant differences in each 

case. The kinks in the inviscid amplitudes are gradually smoothed out by the action of 
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viscosity. Local maxima in the outside region of the wake move further out with 

decreasing Reynolds number. Also, the ratio between the secondaIy peak and the 

centerline peak increases with increasing viscosity. The phase distribution at Re = 30 is 

almost the mirror image of the inviscid distribution, which is typical of a damped wave. 

A comparison of the amplitudes calculated for Re = 30 and the measured data is 

presented in fig. 6.2.6. Unfortunately, although the overall features of the amplitude 

distributions are predicted well, the computed curves are wider than the measurements 

(see fig. 6.2.6.) With the eddy viscosity model, the structure diffuses too much towards 

the outside of the wake. Also, as can be seen from a comparison of the measured data 

presented in fig. 6.2.4b with the calculated results in fig. 6.2.5b, the phase distributions 

are not predicted well. Despite these shortcomings. the conceptual simplification of the 

effects of incoherent turbulent fluctuations provided by the eddy viscosity model proves 

to be a valuable guide to the gross features of the coherent flow field. 

In summary, the inviscid theory describes the local shapes of the varicose coherent 

fluctuations fairly well, but fails to predict the streamwise variation of the maximum of 

the perturbations. On the other hand, the eddy viscosity model predicts the streamwise 

variation of the maxima and the transverse distribution of the perturbation amplitude, but 

fails to predict the distribution of the phase in the cross-stream direction. 
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63 Generation of Combined Modes and Modal Decomposition 

63.1 Introduction 

The results presented in the previous section have demonstrated that it is possible to 

generate a wake where the prevailing mode of coherent fluctuations are varicose. 

However, the difficulties encountered in the generation of such structures suggest that, 

compared to the sinuous mode, the amplitude of the varicose mode is probably much 

smaller in naturally occuring wakes. The main difficulty in the generation of the varicose 

mode was to maintain the symmetty of the fluctuations with respect to the wake 

centerline. Any slight asymmetries present in the pattern were amplified and the uf

fluctuations developed an antisymmetric component, denoting the emergence of the 

sinuous mode. (See for example fig. 6.2.4, x = 695 data.) Once the asymmetries set in, 

the antisymmetric fluctuations are preferentially amplified and this leads to the eventual 

domination of the sinuous mode. This mode transition occurs within a finite streamwise 

distance and during this period both modes exist in t.1J.e flow. It was therefore evident that 

to study this transitional region and the possible interactions that may be occuring among 

the two modes, the measured velocity signals corresponding to the coherent fluctuations 

must be decomposed into their symmetric and antisymmetric parts. Also, streakllne 

calculations by Wygnanski et ale using a combination of the two modes had revealed 

irregular looking structures that had stimulated an interest regarding the possible role of 

the varicose mode in the development of two dimensional wakes. 
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6.3.2 Decomposition Procedure 

In order to decompose the coherent velocity ft.uctuations into modes, we take 

advantage of the fact that the U -components of the sinuous and varicose modes are odd 

and even functions of y respectively. Therefore, by separating the phase averaged data 

into its odd and even parts, we may have a means of decomposing the sinuous and 

varicose modes. 

The decomposition procedure is described by applying it to an example case where 

both modes are present. First, the transverse distribution of the coherent u-ft.uctuations 

are measured by phase averaging the instantaneous signals obtained by an array of nine 

hot wires. Typically 36 points were used to define a distribution. In general, u may 

contain some higher temporal harmonics, therefore the fundamental component of the 

perturbations associated with the forcing frequency (Ut) was extracted from U for each 

y-position by Fourier analysis. The cross-stream distributions of the measured amplitude 

and phase (polar form) of Ut are shown in fig. 6.3.1a with symbols. The same data are 

shown in terms of real and imaginary parts, denoted by subscripts r and i, respectively, in 

fig. 6.3.1b. In order to calculate the odd and even parts of the distributions given in fig. 

6.3.1b, the centerline of the wake was estimated from the mean velocity profile. In 

general, data at equidistant positions about the centerline were not available, hence 

curves were fit to Utr and Uti. Fitted curves are shown with solid lines in fig. 6.3.1b. The 

curve fits were then separated into their odd and even parts, which are denoted by dashed 

and solid lines, respectively, in fig. 6.3.2a. The dashed and solid lines indicate the odd 

and even parts respectively. To demonstrate the accuracy of the procedure, in fig. 6.3.2c 

the curve fits to the real and imaginary parts are superposed and compared to the original 

data in polar form. Fine agreement demonstrating the recovery of the original data 
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indicates that the curve fitting was done satisfactorily. 

One should recognize the resemblance of the decompositions, depicted in fig. 

6.3.2b, to the sinuous and varicose modes of the Orr-Sommerfeld equation. Note that the 

presence of the two modes in comparable amounts implies an asymmetric distribution of 

the total. 

6.3.3 Combined Modal Forcing of the Wake 

A large varicose component and a small sinuous component were simultaneously 

introduced into the flow by applying a slight phase difference to the relative motion of 

the two faps. The excitation frequency chosen for this experiment was 28 Hz, with a 

forcing level of 12% and the mean flow parameters, Uce = 7.5 mis, e = 2.8 mm, Wo = 1.61 

and ~o = 0.312. Distributions of the total fluctuation intensities «u + u')2/uij) for 

x > 150 are presented in fig. 6.3.3. The slight asymmeny is due to the presence of both 

modes. Again, since the amplitude of the coherent fluctuations are small, the wake has 

maintained a self preserving form. 

Measured amplitude and phase distributions of ul for five downstream locations are 

shown in fig. 6.3.4. The nomenclature is the same as in fig. 6.2.4. The symbols represent 

the measurements, and the solid lines are discussed below. Unlike the single mode 

forcing cases (figs. 6.2.4 and 6.2.5) the coherent motion changes its shape considerably 

with downstream distance. Initially the distributions resemble the varicose mode, but 

since the sinuous mode is preferentially amplified, an antisymmetric transverse structure 

develops with downstream distance. The data shown in fig. 6.3.4 were decomposed into 

their odd and even parts using the procedure described in Sec. 6.3.2. The resulting odd 

parts are presented in fig. 6.3.5. The symbols indicate the measured data and the solid 
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lines represent the sinuous mode, computed from the inviscid Orr-Sommerfeld equation, 

using the local mean velocity profiles. The corresponding even parts and the varicose 

calculations are shown in fig. 6.3.6. The agreement of the odd part with the sinuous 

mode is remarkable, whereas the even part suffers from the same symptoms discussed in 

Sec. 6.2. 

The spatial development of the maxima of the odd and even parts of the coherent 

fluctuations are presented in fig. 6.3.7a,b with symbols. The solid lines represent inviscid 

calculations with slowly diverging flow theory, while the dashed lines correspond to the 

calculations using the eddy viscosity model with Re = 30. As before, the eddy viscosity 

model improves the prediction of the streamwise variation, especially for the varicose 

mode. An interesting point to note regarding the spatial amplification of the two modes 

is that, for the same mean flow and frequency, the inviscid theory predicts the varicose 

mode to amplify more than the sinuous mode, although the growth rates from parallel 

theory are larger for the latter. This occurs because as the local Strouhal number 

(2rcfLrfU"J becomes large with increasing distance, the divergence of the mean flow has 

a destabilizing effect on the varicose mode, resulting in larger effective growth rates. 

This point is confirmed by Balsa (1986), who performed the calculations independently, 

utilizing a different computational scheme. The experimental results however, do not 

seem to support this theoretical observation. 

The relative intensity of the two modes was obtained by integrating the amplitude 

distributions across the flow for each mode and taking the ratio of the two. The 

streamwise evolution of this ratio is given in fig. 6.3.8. Initially the intensity of the 

varicose mode is about twice that of the sinuous mode, but eventually the sinous mode 

becomes larger in accordance with linear theory. It appears that an equilibrium ratio is 

reached beyond x = 400. It is surprising that a constant ratio is achieved, although the 
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generality of this intriguing result is uncertain because of insufficient experimental 

evidence. 

6.3.4 Superposition Of Modes 

The agreement between the odd· and even parts of itf , and the theoretical sinuous 

and varicose modes (figs. 6.3.5 and 6.3.6), sugge~ts that a proper superposition of the 

theoretical modes should agree well with the total itf . 

The proposed superposition is as follows: 

(6.3.1) 

where cp~ and cp~ are the derivatives of the computed sinuous and varicose eigenfunctions 

respectively. Cs and cy are complex constants given by 

r ufCP~dy 
c = -00 

S 00 
(6.3.2) 

J cp~2dy 
-00 

and 
00 

J ufCP~ dy 
c = -00 

Y 00 
(6.3.3) 

J cp~2 dy 
-00 

Composite theoretical curves, indicated by the solid lines, are compared with the 

experimental data in fig. 6.3.4. As expected the agreement between the two is quite 

good. 
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6.3.5 Concluding Remarks 

The decomposition of the coherent velocity fluctuations into the sinuous and 

varicose modes was accomplished successfully. A linear superposition of the two modes 

is assumed in the decomposition procedure. Since the extracted modes agree well with 

theory (especially the sinuous mode), the mode transition is believed to be a linear 

phenomenon. No nonlinear interactions between the two modes seem to be present, at 

least for the data presented here. The emergence of the sinuous mode from initially 

symmetric structures, supports the contention that the varicose mode should have very 

small amplitudes in natural wakes. Unless the excitation is purely symmetric, the slight 

anti symmetric component will dominate the flow far downstream. 
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CHAPTER 7 

ON NONLINEAR EVOLUTION OF INSTABILITIES 

7.1 General 

In this chapter, some nonlinear aspects of the evolution of an instability wave in the 

wake are discussed. Linear theory is successful to some extent in describing the spatial 

behavior of the perturbation, as demonstrated in Chapters 4, 6. In most cases, inviscid 

linear theory adequately predicts the local shape of the disturbance and the variation of 

its amplitude in the streamwise coordinate, except in the analysis of the varicose mode, 

where effects of turbulence had to be incorporated, which lead to consideration of the 

Orr-Sommerfeld equation via the eddy-viscosity model. Obviously linear theory is 

invalid when the amplitude of the perturbation becomes large. Two basic signs of 

nonlinear growth are the departure of the mean flow from the unexcited state and the 

generation of higher harmonics. 

Figure 4.2.1, which was discussed earlier, shows the deviation of the forced mean 

flow from the unforced state for the 40 Hz data. In the early stages, the interaction 

between the mean flow and the perturbation manifests itself by reducing the deficit and 

broadening the width of the wake. During this period, the velocity profile is self-similar 

and not distinguishable from the unforced case (see fig. 4.2.2.) However, when the 

instability approaches the neutral point the changes in the profile shape are easily 

recognized (fig. 5.3.1.) 

A power spectrum at x = 10 in and 11 = Y 1Lo = 0.5 for the 40 Hz case (fig. 7.1.1) 
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shows a distinct peak at 40 Hz only. Further downstream (x =40 in) a second peak 

emerges from the background at 80 Hz (fig. 7.1.2). Careful observation of the trailing 

edge flap with a stroboscope, and spectral analysis of the hot-wire signals very close to 

the trailing edge, indicated no presence of higher harmonics. Therefore it is safe to 

conclude that this second peak is generated via the nonlinear interaction of the 

fundamental frequency with itself, rather than being introduced by some irregular flap 

motion. Note that the specific y -location (11 ::: 0.5) of the presented power spectra were 

chosen such that neither the fundamental nor the first harmonic had local extrema with 

respect to transverse position. (For example, the fundamental u -perturbation has a peak 

around 11::: I and is zero at centerline where 11 = O. On the other hand, the first 

harmonic has a peak at 11 = 0 and a minimum at 11::: 1.) The streamwise variation of 

the relative amplitudes are presented in figure 7.1.3. The first harmonic initially shows a 

steady gain over the fundamental frequency, indicating high activity in this particular 

interaction regime. Further downstream a decline is observed in the development of the 

harmonic relative to the fundamental. Note that the coherent Reynolds stress associated 

with the harmonic is less than 4% of that of the fundamental in the entire region of the 

measurements. This indicates that the harmonic does not receive energy from the mean 

flow. It's amplitude is at all times at least one order of magnitude less than that of the 

fundamental. In the energy transfer hierarchy the mean flow feeds the fundamental and 

the fundamental feeds the first harmonic. There is no significant direct energy transfer 

between the mean flow and the harmonic in this case. 

The following analysis, which is the viscous extension of previous work by Cohen 

(1985), attempts to describe the origin of these two basic nonlinear features. The stream 

function for the two-dimensional, incompressible flow satisfies (A.I). Now consider 

small perturbations superimposed on a base flow and use the following ansatz: 
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(7.1.1) 

where i = x/LOt 11 = Y /LOt U = U /U-' i = tU.,jLo• V = V/U_Lo and £ ( «1) is a 

small parameter. The mean flow is considered to be parallel. Substitution of (7.1.1) into 

(A. 1) and separation of the terms with like powers of £ yields. 

at 0(£): 

L{~} = 0. (7.1.2) 

L { ""} = [ a VI ~ _ a ~ l] V2 V, 
2 ai ~ ~ ai ~ 

(7.1.3) 

where L is the linear operator given by 

Consider (7.1.2) and seek spatially traveling wave solutions of the form: 

where the superscript * stands for complex conjugate. The latter pan of (7.1.4) is 

introduced for a brief notation of the wave description. Recall that, for spatial theory, a is 

complex and /3 is real. By substituting (7.1.4) into (7.1.2), and using (A.2) one obtains 

the Orr-Sommerfeld equation: 

where primes denote differentiation with respect to the nondimensional transverse 
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coordinate 11. U (11) is the mean velocity profile of the flow and c = 131 a. (7.1.5) can 

be solved for '1 and a for a given frequency 13, constituting the fundamental wave (see 

Appendix A). Substituting that solution into the right hand side of (7.1.3), one obtains 

(7.1.6) 

where 

and 

(7.1.8) 

The right hand side of (7.1.6) is grouped into two parts that are multiplied by E1E; and 

E;. RHSM (right-hand-side-mean) is the non-oscillatory term that represents the 

interaction between the mean flow and the fundamental wave, whereas RHSH (right

hand-side-harmonic) is the forcing term generating a perturbation wave that travels in 

space with wavenumber 2a and frequency 2{3. Hence, the perturbation scheme employed 

here adequately captures the desired features of the two basic nonlinearities in the flow. 

Now let 

(7.1.9) 

Since £ is linear, we can decompose (7.1.6) into two parts to obtain 

L{ ~2m} = RHSM (7.1.10) 

and 
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L{ V2h} = RHSH. (7.1.11) 

In the following sections of this chapter, (7.1.10) and (7.1.11) are considered 

separately. Their numerical solutions are presented and compared to experimental 

measurements. 

7.2 Interaction of Fundamental Wave with Mean Flow 

The x -dependence of the right hand side of (7.1.10) comes from 

EIE; (= exp [-2ai x].) Hence we shall seek solutions of the form 

(7.2.1) 

Recall that a = <Xr + iai. Substition of (7.2.1) into (7.1.10) yields 

where Lm is the linear operator 

Lm = d~4 + [gat + 2a;R 0) d~2 + [16af + 2ttiR[ 4af 0 - 0']] (72.3) 

and the right hand side is 

(7.2.4) 

(7.2.2) is a fourth order ordinary differential equation for CP2m. It is linear, 

nonhomogeneous, and has variable coefficients. The operator Lm becomes identical to 
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the Orr-Sommerfeld operator when a is replaced by 2iai and c is set to zero in the 

latter. In order to obtain the boundary conditions required to solve (7.2.2), we shall take 

advantage of the symmetry of the wake and consider only the upper half. Hence, we 

require that at the centerline ~(O) = 0, ~(O) = CI , ~(O) = 0 and ~(O) = C2• 

where C1 and C2 are unknown constants. As 11 ~+oo, U ~ 1 and U" ~ O. Hence 

(7.2.2) reduces to 

(7.2.5) 

where 

(7.2.6) 

<1>(11) and RMA (11) are the asymptotic behaviors of ~ and RM, respectively. The 

Reynolds number is much larger than Cli' and the latter is negative for amplified 

disturbances. Therefore, A. is real. The general solution to (7.2.5) can be written as 

(7.2.7) 

where <l>H and <l>p are the homogeneous and particular components, respectively. The 

homogeneous solution is given by 

(7.2.8) 

which consists of one growing, one decaying and two oscillatory terms. 

One may obtain a particular solution by examining RMA (11). We know from the 

solution of the Orr-Sommerfeld equation that, as 11 ~ +00, 
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0.2·10) 

where B2 andB4 are known constants and r = iaR(I-c)+cx2 (see Appendix A). 

Substituting 0.2.10) into 0.2.4), we obtain 

RMA (1]) = Rea/ { iR[ B; B.a' (a+y) (a'-'f>e -(Cl" +ll'l 

+ B.B; (tty' +a' y) (a'-y") e -(y+.,)~ l (7.2.11) 

Since RMA (1') consists of exponentials, a particular solution to (7.2.5) can be obtained 

via the method of undetermined coefficients, where we seek a solution of the form 

(7.2.12) 

The constants Kl andK2 can be determined by subtituting (7.2.12) into (7.2.5), which 

yields 

(7.2. 13a) 

and 

(7.2. 13 b) 

Hence, ~ satisfies the equation 

(7.2.14a) 

and the boundary conditions 
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(7.2. 14b) 

and 

~ = fDneA.,Y + K
1
e-(a.-+1)'y + K2e-(l+i),Y, as y ~+oo, (7.2.14c) 

n=l 

where Au = ±2iai and A3•4 = ±A.. The numerical solution of (7.2.14) is carried out 

in three passes. For more details about the procedure, the reader is referred to Betchov 

and Szewczyk (1963). In the first two passes, the homogeneous part of (7.2.14a) is 

integrated using the starting values 

~(O) = (4)2m(0), ~(O), ~(O), ~(O)~ = (0, 1,0,0) (7.2. I Sa) 

and 

~(O) = (0,0,0, I). (7.2.ISb) 

In the third pass, the nonhomogeneous equation is integrated using 

'2m,III(0) = (0,0,0,0). (7.2.1Sc) 

The solution is then given by «P2m = C1CP2mJ + C24>2mJII + CP2mJII, which satisfies 

(7.2.14a) and the centerline b.c. (7.2.14b). The unknown constants C1 andC2 are 

determined by specifying two of the constants Dn at +00. A. is calculated from (7.2.6) 

with a positive real part, therefore, we set D3 = 0 so that there are no growing terms. 

Without loss of generality, we set Dl = O. With these two conditions, C1 and C2 are 

uniquely determined. 

Notice that, although it seems desirable to let both the oscillatory terms vanish, it is 

not possible to do so. A possible explanation for the source of this behavior can be given 
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by considering the inviscid, irrotational outer flow, where the stream function satisfies 

Laplace's equation. A solution of the form 'If = cp(y) exp [-2i(Xix] leads to the equation 

cp" + 4aICP = 0, of which the solution is oscillatory in y. This behavior may be regarded 

as a shortcoming of the present analysis. However, at this stage, the exact nature of this 

problem. is not well understood. 

In the rest of this section we shall present the numerical solutions to (7.2.14) for one 

typical case and compare the results with experimental measurements. We shall pick the 

x = 40 in downstream location and an excitation frequency of 40 Hz. The unforced case, 

for which the mean flow parameters are given in Sec. 4.1.2, (uolUoo = 0.0782, 

Lo= 14.2 mm, Uoo = 7 mls,) is used as the base (or "unperturbed") flow. With the free 

stream velocity Uoo as the velocity scale and the local half-width Lo as the length scale, 

the nondimensional frequency is J3 = 0.5095, and R = 200. The Reynolds number is 

based on the eddy viscosity, where the latter was determined from both Reynolds stress 

measurements and similarity arguements (see Sec 3.2) to be approximately 

5 x 10-4 m2/s. 

The system (7.2.14) was solved using these parameters, and the results are depicted 

in fig. 7.2.1. CP2m represents the correction to the v -component and is presented in fig. 

7.2.1a. Notice that the solution does not go to zero as 11 ~ ±co. This is due to the 

oscillatory terms in the boundary condition. Since (Xi is small (-0.00635), the period of 

oscillation is quite large compared to the computational domain. 

Since as 11 ~ co, ~ attains an almost constant value, the effect of the oscillatory 

terms are hardly visible in the derivative. The correction to the u -component is 

proportional to $2m and is shown in fig. 7.2.1 b. At the centerline, the correction is 

positive and it corresponds to a reduction in the deficit, which agrees well with the 

experimental observations. Fig. 7.2.2 shows the difference between the forced and 



72 

unforced velocity prc;>files at x = 40 in. The curve fits to each profile were used to obtain 

the difference. The qualitative agreement between the experimental and the theoretical 

results is excellent. 

In order to make quantitative comparisons, one has to define the small parameter Eo 

Here, we define the e such that the measured and computed maxima of the coherent u

fluctuations at the fundamental frequency are matched. Therefore, we normalize the 

fundamental solution such that I cpi I max = 1 and let e = (I iiI II U->max. The reduction in 

the centerline deficit is given by e?- 4»2m(0). At x = 40 in, e = 0.02, and the computation 

yields 4»2m(0) = 34.1. The predicted centerline distortion is 0.0136, which differs from 

the experimental value of 0.0102 by 30%. The theory predicts the forced centerline 

deficit to be Uo I Uoo = 0.0646, which differs from the measured value of 0.0680 by 5%. 

The same exercise was carried out for all x -stations where measurements were made, and 

the prediction no worse than within 10%. Given the unforced mean flow and the 

maximum of ul at each x -station, the forced mean flow iIi region I (see Chapter 5), can 

be predicted within 10% with the local analysis presented here. This is a quite 

remarkable result, despite the questionable behavior of the solution as 11 ~ ± 00. 

The superposition of this nonlinear correction to the basic mean profile is presented 

in fig. 7.2.3. The solid curve represents the unforced mean profile, and the dashed cmve 

is the predicted forced profile. The symbols correspond to the experimental forced data. 

The widening of the wake is clearly displayed in this figure. Again the agreement 

between the theory and the experiment is quite good. 
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7.3 Generation of FIrSt Harmonic 

Consider (7.1.11) for the first harmonic. In order to remove the x -dependence from 

the equation, we will seek solutions of the form 

(7.3.1) 

Substition of (7.3.1) into (7.1.11) yields 

(7.3.2) 

where Lh is the linear operator given by 

and the right hand side is 

(7.3.4) 

Equation (7.3.2) is a fourth order ordinary differential equation for 4>21r It is linear, 

nonhomogeneous, and has variable coefficients. The operator Lh becomes identical to 

the Orr-Sommerfeld operator when a is replaced by 2a in the latter. Note that 

c = 213/2a = 131 a. The boundary conditions can be obtained in a similar fashion as was 

done for the mean-wave interaction in Sec. 7.2. As y -7 +00, U -7 1 and U" -70, 

and (7.3.2) reduces to 
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(7.3.5) 

where 

~2 = 4a2 + 2iaR(1-c). (7.3.6) 

<1>(11) and RHA (11) are the asymptotic behaviors of CP2h and RH, respectively. The 

general solution to (7.3.5) can be written as 

<I> = <1>H + <l>p. (7.3.7) 

where <I>H and <f\, are the homogeneous and particular components, respectively. The 

homogeneous solution is 

(7.3.8) 

A particular solution can be obtained by examining RHA (11). Substituting (7.2.10) 

into (7.3.4), we obtain 

(1.3.9) 

Therefore, we seek a particular solution of the form 

(7.3.10) 

Substitution of (7.3.10) into (7.3.5) gives 

(7.3.11) 
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Hence, ~ satisfyies the equation 

(7.3.12a) 

and the boundary conditions 

(7.3. 12b) 

and 

~ = t Gn e
r•y + K e -(a,+"OY , as y ~ +00, (7.3. 12c) 

n=1 

where r 1,2 = ±2a and r 3•4 = ±~. Again, ~ is computed with a positive real part. 

The solution procedure is identical to the one described in Sec. 7.2. The unknown 

constants HI and H2 are uniquely determined by setting G1 = G3 = 0, which prevents 

growing solutions. 

Equation (7.3.12) was solved numerically using the same mean flow parameters 

given in Sec. 7.2. The results are shown in figs. 7.3.1 and 7.3.2. <P2h is plotted in fig. 

7.3.1 with solid lines, together with the experimental measurements for v'lf which are 

indicated by symbols. ~ and it'lf are shown in fig. 7.3.2. In figs. 7.3.1a and 7.3.2a, in 

order to demonstrate the qualitative agreement among the distributions, both the 

measured and computed results are normalized with their respective maxima. 

Quantitatively, the predicted ratio of the maxima of the amplitudes of the first harmonic 

and the fundamental was 0.33 as opposed to the measured value of 0.27. The difference 

is approximately 25% and the agreement is notable. The amplitude of the first harmonic 

was predicted with similar success for the other measured stations in region I (see 

Chapter 5) where nonlinear interactions are not expected to be strong. 
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7.4 Concluding Remarks 

In this chapter, an attempt was made to investigate the origin of the two basic 

nonlinearities observed in the two-dimensional wake. A simple perturbation technique 

was employed to capture the deformation of the mean flow and the generation of the :first 

harmonic of the disturbance. Given the unforced flow and the amplitude of the 

fundamental wave, the local mean flow distortion and the amplitude of the :first harmonic 

was predicted with remarkable success. This simplified attempt should serve as a 

building block for a more elaborate perturbation scheme aimed at the prediction of the 

entire forced field (both the mean and perturbation quantities), given the unforced mean 

field and the initial excitation amplitude. 
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The two-dimensional, fully turbulent, small-deficit far wake of a flat plate was 

studied in several configurations. For the far wake of the unexcited case, the power 

spectrum of the cross-stream velocity fluctuations (v-spectrum) showed a peak at a 

frequency which corresponds to the neutral sinuous disturbance from the linear inviscid 

parallel stability theory. Since at any streamwise location, the local neutral frequency is 

the one which has undergone spatial amplification over the longest distance, this 

observation supports the notion of turbulence being composed of a continuum of unstable 

frequencies. 

Measurements were also performed for cases where single frequency sinusoidal 

perturbations were introduced into the flow. The two modes of solutions admitted by the 

Orr-Sommerfeld equation were studied experimentally. The sinuous mode was 

generated by oscillating a small trailing edge flap. Two flaps were used to generate the 

varicose mode. A fully turbulent wake with a superimposed varicose coherent structure 

was generated successfully. However, it was extremely difficult to achieve this, which 

suggests that the varicose mode is probably unimportant in a natural wake. The varicose 

mode is amplified in an inviscid medium, and the Reynolds number of the flow (based on 

the molecular viscosity) is high enough to be considered inviscid, but when the 

background turbulence is taken into account by an eddy-viscosity model, the solution of 

the Orr-Sommerfeld equation reveals no amplified varicose disturbances. This fact 

explains the difficulty in artificial generation of the varicose mode. 
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A combination of the modes were also introduced with the two-flap configuration. The 

phase difference between the two flaps was adjusted such that initially the varicose mode 

was dominant. Since the sinuous mode was amplified more than the varicose mode, the 

former was more energetic in the far wake. This is in agreement with predictions from 

stability theory. A nonlinear interaction between the two modes was not observed. A 

(linear) decomposition scheme was developed and the propagation of the two modes was 

studied seperately. Fine agreement between the measurements and linear theory was 

found. 

Further studies were performed with the sinuous mode alone. When the 

perturbation amplitude was small, the agreement between the linear theory and the 

measurements was remarkable. The prediction deteriorated as the disturbance moved 

downstream. This was due not only to larger perturbation amplitudes, but also to higher 

local Strouhal numbers (fLo I U.,J. In general, when the introduced perturbation was 

close to the local neutral point, linear stability theory failed to predict the behavior of the 

disturbance. 

The streamwise development of the wake showed quite interesting variations from 

the undisturbed. case. At small local Strouhal Numbers (which corresponds to lower 

amplitude and frequency stages), the coherent Reynolds stress augments the turbulent 

Reynolds stress. During this stage, the perturbation is amplified, and extracts energy 

from the mean flow, which results in the faster spreading of the wake. The coherent 

wave travels downstream and approaches the neutral stability point, where it no longer 

extracts energy from the mean flow. The wake continues diverging at the faster rate until 

the coherent and turbulent stresses have equal magnitude, at which point, if the initial 

amplitude is large enough, the wake may stop diverging or may even decrease in width. 

However, since the perturbation decays exponentially with downstream distance, 
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eventually the turbulent Reynolds stress dominates. The wake growth then resumes, but 

with a smaller slope than the unforced case, due to the negative coherent Reynolds stress. 

The overall growth history of the wake was found to depend on the initial amplitude 

only. Data from several cases with various frequencies collapsed on one curve by a 

suitable nondimensionalization. 

A nonlinear theory is developed to describe the emergence of two basic 

nonlinearities in the presence of a coherent wave: the mean flow distortion and the 

generation of the first harmonic. The resulting equations are solved numerically, and at 

low local Strouhal numbers good agreement is found between the measurements and 

theory. Given the unforced flow and the amplitude of the fundamental wave. the mean 

flow distortion and the amplitude of the first harmonic is predicted with remarkable 

success. 

Finally, it is the observation of this author that, in the stability analysis for second 

order effects. such as the slowly diverging flow and the nonlinear theory, much better 

agreement is obtained when the background turbulence is taken into account via an 

eddy-viscosity model. Similar success was also achieved analysing the varicose mode 

with an eddy viscosity model. One would like to add that, the purpose of emphasizing 

the results obtained using the eddy viscosity model is not to promote the success of the 

approach to model turbulence, but rather to stress the important role of the incoherent 

turbulent fluctuations and to demonstrate that they need to be incorporated in the 

analysis. 
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APPENDlXA 

LINEAR STABnITY THEORY - PARAlLEL FLOW 

The stream function for two-dimensional, incompressible flow satisfies: 

(A. 1) 

where 

Recall that the streamwise and transverse components of the velocity U and V are given 

by: 

and 

U = a'll, 
ay 

V = _a'll. 
ax 

(A.2a) 

(A.2b) 

We shall assume that the base flow is parallel and employ an expansion in the following 

form: 

'II(x,y,t) = 'IIo(y) + £'111(x,y,t) + ... (A.3) 

where £ ( «1) is a smaIl parameter. Substitution of (A.3) into (A.I) and separation of 

the terms with like powers of £ yields (at 0 (£):) 
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(A4) 

Now let's introduce the non-dimensional quantities i =xILo, 11 =yILo, fJ = UIU_, 

i = tU-'Lo and V = VIU_Lo. Consider (A.4) and seek spatially traveling wave 

solutions of the form: 

(AS) 

where c. c. stands for complex conjugate. Recall that, for spatial theory, a is complex 

and 13 = 21tfLoIU_ is real. By substituting (A.5) into (A.4), and using (A.2) one obtains 

the Orr-Sommerfeld equation: 

where a prime denotes differentiation with respect to the non-dimensional transverse 

coordinate 11. c = 131 a and R = U_Lolv is the Reynolds number of the basic flow. 

fI (11) is the mean velocity profile of the flow to be determined from experiments. The 

following expression fits the experimental mean velocity profiles presented in this 

manuscript very well: 

where 

A Uo 
U = 1 - -h(l1), 

U_ 
(A.7) 

For the unforced wake, a=O.78 provides an excellent fit (see fig. 4.1.2.). 11:: is 

calculated from 



82 

(A.9) 

so that h (1) = 0.5. Boundary conditions required to solve (A6) can be obtained by 

considering the asymptotic behaviors of U and U". For a symmetric twc:rdimensional 

wake profile, as 11 ~ ±co, U ~ 1, and U" ~ 0, hence (A.6) reduces to 

(A.lO) 

where 12 = iaR (I-c) + a2• (AlO) is a fourth order ordinaIy differential equation 

with constant coefficients and its solution for each side of the flow is 

4 
CP(11) = l: An eP• l1, as 11 ~-co, (A.IIa) 

n=l 

and 

4 
CP(11) = l: Bn eP• l1, as 11 ~+co, (A. lIb) 

n=l 

where 

P1;J. = ±a, P3.4 = ±1· 

Disturbances must decay with increasing distance from the centerline of the wake, which 

leads to A2 =A4 =B1 =B3 = O. In order to find solutions to (A.6) that also satisfy the 

boundary conditions given by (A.ll), a shooting method described by Betchov and 

Szewczyk (1963) was used for low R. Gram-Schmidt orthonormalization, as described 

by BeIlman and Kalaba (1965) and utilized by Wazzan, Okamura and Smith (1968) and 

others, was employed for large R. The highest R for which orthonormalization was not 

required varied with 13 and uolUoo• For velocity deficits in the range 0.05 < uolUoo < 0.1, 

orthonormalization was not required for R < - 800. 
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The Orr-Sommerfeld equation admits two types of solutions for a symmetrical wake 

profile: The sinuous and varicose modes (see for example Mattingly and Criminale 

1972.) The sinuous mode has symmetric v and antisymmetric u-fiuctuations which 

implies q,'(0) = O. Conversely the varicose mode has antisymmetric v and symmetric 

u-fiuctuations which implies q,(0) = O. During numerical calculations, these conditions 

are enforced at the centerline to determine the mode of that the solution procedure 

converges to. 

The inviscid case can be obtained by omitting the viscous terms in (A.6), which 

yields the Rayleigh equation: 

cO - C)[ q," - a 2q,J - O"q, = O. (A. 12) 

In this case the boundary conditions are 

as 11~-oo, (A. 13a) 

and 

as 11~+oo. (A. 13b) 

(A.13a) and (A.13b) are often written in the following compact form: 

q,' ± aq, = 0, as 11 ~±oo. (A.13e) 

For detailed discussions on the derivation and solution of the Orr-Sommerfeld and 

Rayleigh equations, the reader is referred to Betchov and Criminale (1967), Michalke 

(1965), Wazzan et al., Mattingly and Criminate (1972), Morris (1976), Drazin and Reid 

(1981), and references contained therein. 
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APPENDIXB 

LINEAR STABILITY TIIEORY - NON-PARALLEL FLOW 

In this section the form of solution for slowly diverging flow will be presented. For 

detailed discussions, derivations and applications, the reader is referred to Crighton and 

Gaster (1976), Plaschko (1979), Strange (1981), Strange and Crighton (1983), Gaster 

et aI. (1985) and Wygnanski et aI. (1986). The perturbation stream function is given by 

where X = x la, Y = y la, T = t u.,ja and '¥ = 'fIUooa. Since mean flow divergence is 

accounted for, the wake half-width Lo varies with x. In oider to avoid gradients of Lo in 

the equations, the momentum thickness a, which is constant throughout the wake, is 

chosen for nondimensionalization. cp(X ,Y) satisfies the Orr-Sommerfeld equation given 

by (A.6), except now U = U(X ,Y) and ex= ex(X). Xs denotes the initial x-station of 

computations and Ao is an arbitrary constant which is chosen such that I ufl max atXs is 

unity. Equation (A.6) is still an ODE in Y with the streamwise coordinate X considered 

as a parameter. N(X) and M(X) reflect the non-parallel effects on the overall 

amplification of the disturbance and are given by the following expressions: 

N(X) = [. [ax(Il- 3 Ua)q, + [2aJi- 3 uaZ- u",,] <Px + U<Pxw + lfxyq". 

+ 11 (q,11'Y - a2q".) - ! [ ax (q,rr - 3aZq,) + 2a (q,Xl'Y - a2q,x)] ] elY, (B.2) 
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where ~ is the adjoint eigenfunction that satisfies 

The subscripts in (B.2), (B.3) and (B.4) denote differentiation with respect to that 

variable. 

Expressions for the inviscid case can easily be obtained by letting R ~ co. The 

numerical calculations are usually done in two steps. First, the Orr-Sommerfeld equation 

is solved for as many streamwise locations as desired., using the prescribed mean flow 

obtained from the experiments. Then N(X) and M(X) are calculated from (B.2) and 

(B.3). The numerical procedure used to solve the adjoint equation (B.4) is identical to 

that of the Orr-Sommerfeld equation (see Appendix A.) For the inviscid case the adjoint 

is simply given by ~ = ep/( U - c). 
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