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ABSTRACT 

For investors in a given tax bracket, bonds with 

certain combinations of price and maturity may dominate 

other bonds. If markets are complete, a prohibition on 

short sales will give rise to tax-induced clienteles 

(Schaefer, 1982a and 1982b). Thus, bonds classified into 

groups by price and maturity may be held by investors in 

different tax brackets. Because of the tax advantages 

associated with discount bonds, there should be a tendency 

for high tax bracket investors to hold discount bonds and 

for low tax bracket investors to hold par and near-par 

bonds. An empirical consquence of this is that the after

tax term structure and implied tax rates may be different 

accross different sets of bonds. The objective of this 

study is to test empirically for tax-induced clienteles in 

the market for government bonds with a regression 

methodology. Nonlinear least squares is used to 

simultaneously estimate the after-tax term structure and 

the corresponding implied tax rates. The estimation is 

performed on each group separately (the unrestricted model) 

and on the entire sample (the restricted model). The null 

hypothesis is that the sets of parameters describing the 

after-tax term structure are equal across the groups. The 

alternative hypothesis, which will be termed the tax 

clientele hypothesis, is that sets of parmeters are not 

equal across the groups. 



CHAPTER 1 

INTRODUCTION 
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Tax effects have long been observed in yield curve and 

term structure estimation. These effects arise because of 

the differential taxation of investors and because of the 

differential tax treatment of bonds with different prices 

and maturities. 

Mcculloch (1975) was among the first to incorporate 

taxes into term structure measurement. He assumed that all 

bonds are held to maturity, all bonds are held by marginal 

investors in the same tax bracket, and the capital gains 

rate is equal to one-half the ordinary rate. Under these 

assumptions, an after-tax term structure can be estimated 

from a set of after-tax cash flows based upon the same 

ordinary tax rate. 

To estimate the term structure and the implied tax 

rate, Mcculloch performed a grid search over a range of tax 

rates. He estimated the discount function with ordinary 

least squares for a range of ordinary tax rates and 

selected that rate that minimized the error variance. 

Van Horne (1981) examined patterns in implied tax 

rates related to the supply of discount bonds. He started 

from the pre~ise that the market is segmented with 

investors in high tax brackets holding discount bonds and 
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investors in lower brackets holding bonds closer to par. 

The closer a bond is to par the lower the tax bracket of 

the marginal investor holding that bond. As the interest 

rates rise, the supply of discount bonds increases. For 

equilibrium to be maintained, investors from lower tax 

brackets must be attracted to discount bonds. Prices of 

the discount and par bonds will adjust to create incentives 

for investors in lower tax brackets to hold discount bonds. 

Thus, the implied rate on the discount bond is 

~epresentative of investors in lower tax bracket. As the 

interest rates fall, the opposite argument can be made. 

The implied tax rate, then, will be representative of 

investors in higher tax brackets. Over the period from 

1975 to 1979, Van Horne found that there exists, consistent 

with his model, an inverse relationship between the supply 

of discount bonds and the implied tax rates. 

The methodology Van Horne employed to compute implied 

tax rates is similar to Robichek and Niebuhr's (1970). It 

is assumed the the after-tax yield to maturity on a par and 

on a discount bond maturing on the same date are equal. By 

equating the after-tax yield to maturity on par and on 

discount bonds maturing at the same date, it is possible to 

compute numerically the implied tax rate. 

There are several weaknesses of this approach in 

comparison to Mcculloch's work. First, McCulloch accounts 

for the measurement error in price by using an estimation 

procedure. Secondly, he estimates the implied tax rate 



12 

using the entire sample of bonds. Finally, since Robichek 

and Niebuhr use the yield to maturity, rather than the 

discount rate, their methodology is subject to the problem 

of coupon bias. Even in the absence of tax effects, the 

yield to maturity of a par bond is different from the the 

yield to maturity on discount bond unless the term 

structure is flat. 

Schaefer (1982a and 1982b) examined the effect of 

differential taxation on the term structure. He showed 

that in complete, perfect markets with differential 

taxation a no-arbitrage equilibrium does not in general 

exist. Hence, to obtain an equilibrium result either 

perfect or complete market assumptions have to be relaxed. 

Schaefer examined the perfect market assumptions and 

found that unrestricted short selling is the most 

unrealistic. For most investors it is costly, if not 

impossible, to short long-term bonds. Under the no-short 

sale restriction, investors in different tax brackets 

will choose to hold different sets of bonds. For each tax 

clientele there will exist a unique term structure with a 

unique set of discount factors. 

In light of Schaefer's work, a natural extension of 

MCCulloch's methodology is to estimate the term structure 

and the implied rate over different sets of bonds. The 

sets of bonds would be chosen to appeal to investors in 

different tax brackets. If tax-induced clientele effects 

are present, then we would expect discount rates and 

implied tax rates to be different between the groups. 
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Nonlinear least squares is used to simultaneously 

estimate the after-tax term structure and the 

corresponding implied tax rates. The estimation is 

performed on each group separately (unrestricted model) and 

on the entire sample (restricted model). The null 

hypothesis is that the sets of parameters describing the 

after-tax term structure are equal across the groups. The 

alternative, which will be termed the tax clientele 

hypothesis! is that the sets of parameters are not equal 

across the groups. 
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CHAPTER 2 

METHODOLOGY 

Langetieg and Smoot's (1988) variation on Mcculloch's 

(1975) tax-adjusted term structure estimation procedure 

will be applied to bonds grouped on the basis of price and 

maturity. The separate estimation of a term structure for 

each group can be viewed as an unrestricted model, which 

would be true under the tax clientele hypothesis. The 

pooled estimation can then be viewed as a restricted model 

in which the parameters of the term structure and the 

implied tax rates are equated accross groups. The null 

hypothesis is that the sets of parameters are equal across 

the groups and the alternative is that they are not equal. 

The Gauss-Newton method of nonlinear estimation (see 

Bard, 1974 for a complete description) will be used to 

estimate jointly the tax rates and the term structure 

coefficients. This is in contrast to the grid search 

procedure to estimate tax rates typically used in the 

literature (McCulloch, 1975; Jordan, 1984; Litzenberger and 

Rolfo, 1984; Langetieg and Smoot, 1988). 

There are three advantages of this approach compared to 

a grid search: 

1. The Gauss-Newton method is computationally faster. 

2. The estimates are more precise (i.e., they have 
smaller standard errors). 



3. Hypothesis testing is possible with the Gauss-Newton 
approach. 

2.1 Linear pricing Model 
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The linear model for pricing bonds is similar to the 

one developed by McCulloch (1975). The essential features 

of the model are 

1. The mean of a bond's quoted bid and ask price is 
equated to the present value of its after-tax cash 
flows plus an error term. The error term arises from 
the fact that the mean price is not an actual 
transaction price (see section 3.1). 

2. The after-tax cash flows are determined for each bond 
based upon a buy-and-hold strategy. 

3. The discount function is modeled as a cubic spline. 

Model: 

The following notation is used: 

P = mean of the bid and ask price 
C = semiannual coupon 
I = accrued interest 
To = tax on ordinary income 
Tg = capital gains tax 
DZj = discount factor at time Zj 

AZj (T) = after-tax cash flow at time Zj 

q = time to first coupon (years) 
m = time to maturity (years) 
n = number of coupons remaining 
Zj = time to the jth coupon (years) 
v = measurement error. 

(2.1) 

where 

n 

P + I = LDzAz(T) + V, 
j=1 j j 

j-l 
Zj = q + -2-. 
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For convenience a subscript i, indexing each bond, has been 

dropped. Thus, in general, the set of coupon dates, 

{Zj}' will be different for each bond, depending upon the 

time of arrival of the first coupon. This means that a set 

of discount factors is defined for each bond. 

2.1.1 After-Tax Cash Flows and Accrued Interest 

The market price of a bond equals the quoted price 

plus the accrued interest. The accrued interest equals the 

semiannual coupon multiplied by the fraction of the half

year since the last coupon payment. It represents the 

interest earned, but not yet paid, since the last coupon. 

Accrued interest has two important tax consequences: a) it 

is tax deductible in computing taxes on the first coupon 

and b) it does not increase the basis of the bond. 

The value of A(T) depends on the characteristics of 

the bond. For a premium bond, an investor has two tax 

options. He may pay an ordinary income tax on each coupon 

and maintain the basis at the quoted price, or he may 

linearly amortize the difference between the quoted price 

and the face value so that the amortized bond value becomes 

the basis. If an investor's ordinary tax rate exceeds the 

effective capital gains rate: as is generally the case, it 

will be in his best interest to amortize the premium. 

Thus, 



(2.2) Az (T) = 
J 
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C (l-T) + TI + T (P~OO) for j=l 

C(l-T) + T(P~OO) for j>l and j<n 

C(l-T) + 100 for j=n 

Here, it may be noted that the after-tax cash flows are not 

a function of the capital gains tax. This is because the 

capital loss (lOO-P) is is an amortized deduction against 

ordinary income. 

The tax treatment of a discount bond is somewhat 

simpler. An investor pays ordinary income tax on each 

coupon, and at maturity realizes a capital gain on the 

difference between the price and the face value. 

(2.3) 
[ 

C(l-T) + TI 
= C(l-T) for j>l and j<n 

C(l-T) - Tg (100-P) + 100 for j=n 

for j=l 

The after-tax cash flows for the discount bond can be 

substituted into equation (2.1). 

n 

(2.4) = [C (l-To) +ToI] Dz +C (l-To) LDz + 
1 j=2 j 

where Pd is the price of a discount bond and ud is an 

error term. Likewise, the after-tax cash flows for a 

premium bond can be substituted into (2.1). 



(2.5) P + I = [C (l-T ) +T I I To ( P u -100 ) ] D + 
u 0 0 m zi 

where Pu is the price of a premium par and uu is an 

error term. 
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These two equations are similar to Mcculloch's (1975) 

model. There are several differences, however. First, for 

callable bonds McCulloch amortized the price to the call 

value, rather than the maturity value. In this study all 

callable bonds with a price greater than 95 were excluded 

from the sample (see Chapter 3). Second, McCulloch did not 

adjust prices for accrued interest. Finally, he assumed 

that coupons were received continuously, rather than at 

definite points in time. His approach, though somewhat 

simpler, does not properly account for coupon timing 

differences. 

2.1.2 Discount Function 

In order to capture every coupon, a discount factor 

would have to be defined for each point in time at which a 

coupon is paid. The number of discount factors would be so 

large that estimation would be impossible. 

There are essentially three approachs used in the 

literature to handle this problem. The simplest, employed 

by Carleton and Cooper (1976), is to define discount 
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factors only on those dates at which most coupons occur, 

and to exclude from the sample those bonds whose coupons 

occur at other times. The drawback to this approach is 

that a large amount of data is not used. This, however, 

can be viewed as the price of simplicity. The second 

approach is to force the coupons to line up on certain 

dates by taking them forward (or backwards) at the forward 

rate implied by discount factors to be estimated. Houglet 

(1980) employed a sophisticated version of this method. 

The third method, which is perhaps the most common and 

introduced by McCulloch (1971), is to define a continuous 

discount function, from which the discount factor for each 

cash flow can be determined. 

The essence of this last approach is to place a 

structure on the set of discount factors which a priori 

seems reasonable. For example, it is reasonable to assume 

that the discount function is continuous. similarly, we 

might impose restrictions that force the discount function 

to be differentiable. If the discount function is 

differentiable to the second order, then the spot and 

forward rates will be smooth. Other restrictions might be 

to force the discount function at zero to be equal to one 

and for the discount function to be a strictly declining 

function of maturity. 

Various specifications for the discount function have 

been considered in the literature. 

Chambers, Carleton, and Waldeman (1984) (CCW) specify 

the spot rate on a zero-coupon bond to be a polynomial 



expressed in terms of the maturity date. Thus, the 

discount function is an exponential polynomial. 

o (t) = e-r(t)t, 

where ret) = aO+a1t+a2e + 
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The coefficients of this discount function are directly 

estimated with nonlinear least squares and also with a MLE 

(maximum likelihood estimation) procedure, adjusting for 

heteroscedasticity. 

ccw examined the pattern of the residuals, finding 

that for short maturities the residuals tended to share the 

same sign. Increasing the length of the polynomial tended 

to mitigate, but not eradicate, the problem. This result 

suggests that the exponential polynomial is not capable of 

fully capturing shape changes in the term structure. 

Nelson and Siegel (1987) specify the forward rate to 

be the solution to a second order homogeneous differential 

equation with constant coefficients. This specification 

,they argue, has desirable properties. The forward rate is 

always positive and it asymptotically approachs a constant 

value; further, the specification can account for upward 

sloping, downward sloping and humped term structures. 

The trouble with these types of functions is that 

their behavior in a small region determines their behavior 

everywhere. This poses two problems. First, it is widely 

recognized that the behavior of the term structure in one 
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maturity region is often different from the behavior in 

another maturity region. Hence, it is conceivable that the 

different regions should be modeled by different functions. 

Secondly, measurement error in one region or 

misspecification can have a great effect on the estimates 

in other regions. 

Vasicek and Fong (1982) dealt with the problem of 

changes in the shape of the term structure by transforming 

the time to maturity. They develop a transformation that 

maps t (the time to maturity) on to the interval [0,1). 

This compression of time to maturity is chosen to 

deaccentuate long maturities. This effect can seen by 

examining the form of the transformation: 

x = 1 - e-lXt , 

where ~ is an additional positive parameter to be 

estimated. This equation can be solve for t, arriving at 

1 t = -~ln(l-x). 

The above equation can be sUbstituted into various 

specifications of the discount function. Vasicek and Fong 

suggested a least squares procedure to estimate the 

coefficient of the transformed discount function and the 

additional parameter~. The advantage of this method is 

that for a given value of ~ the price equation is linear 

in the other parameters. Thus ordinary least squares can 

be used to estimated the discount factors for a range of 



values of~. The estimator of ~ is the one that results 

in the smallest sum of squared errors. 
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McCulloch (1971 and 1975) expressed the discount 

function as a a spline. A spline is an ideal approximating 

function when the form of the function is unknown and its 

behavior is possibly disjointed (Wold, 1974). A spline is 

a piecewise continuous set of polynomials covering a number 

of adjacent intervals. At the boundary point between 

polynomials, restrictions are placed on the coefficients of 

the polynomial to ensure that the spline is continuous and 

differentiable to the desired degree. The degree of the 

polynomial determines the degree of differentiablity of the 

spline. (See Appendix C for description of Cubic 

splines.) 

The discount function, as defined above, can be 

substituted into the price equation for a bond, and the 

polynomial coefficients can be estimated. The resulting 

equation, by suitable transformation of variables, can be 

expressed as a linear econometric model, which can easily 

be estimated with ordinary least squares. From the the 

estimated coefficients, one can construct the discount 

function. The spot rates can be determined from the 

definition of the discount function. Thus, 

ret) 
In[D(t)] = - t 

The forward rate over any future interval tl to t2 can 

be determined from the following relationship 



-----------
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Solving for f (tl' t 2), we obtain 

2.2 Nonlinear Pricing Model 

Price appears on both sides of equations (2.4) and 

(2.5), because in general the after-tax cash flows depend 

on the price of a bond. This will result in biased least 

squares estimators. To correct for this, Mcculloch (1975) 

used 100 as an instrumental variable for P on the right

hand side of the equation. As noted by Jordan (1984), this 

procedure reduces the tax effect for discount bonds. 

Langetieg and Smoot (1988) solve for P, arriving at a 

reduced form equation for premium and discount bonds 

separately. 

Following Langetieg and Smoot's approach, equations 

(2.4) and (2.5) can be expressed as 

(2.6) 



(2.7) 

where Fd = Cd (l-T) 
FU = CU(l-T} 
Bd = Fd + TI 
BU = FU + TI. 

-

T n 
1 - (m) LDzj 

j=1 

100TIm 

If there are no clientele effects and rd and rU 

are identically distributed, the estimation model can be 

expressed as 

(2.8) P = f(x;T) + r = Qpd + (l_Q)PU + r, 
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where Q is a dummy variable equal to one if the price (not 

including accrued interest) is greater than 100 and zero 

otherwise; f(x;T) is the response function; x is the 

vector of dependent variables and T is the vector of 

parameters, which are to be estimated. 

2.3 Unrestricted Model 

The estimation of a common term structure with all of 

the data can be viewed as the restricted model. The 

restriction is that the set of parameters, consisting of 

the implied tax rates and spline coefficients, is the same 

for each group of bonds. The unrestricted model, which is 
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consistent with the tax clientele hypothesis, is that each 

group has a unique set of parameters. If the data are 

broken down in to k groups, then the unrestricted model can 

be expressed by 

(2.9) PII = f(XI;71) + t'll 

P21 = f (Xl ;72) + t'21 

for lsi<SI 

for s lsi<S2 

where Tg is vector of parameters for group g. 

In vector notation equation (2.9) can be written as 

(2.10) 

where 

and 



Or more succinctly with stacked vectors as 

2.4 statistical Tests 

The null hypothesis is that the parameters are the 

same across the different groups of bonds and the 

alternative is that they are different. 

vs. 
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If the errors, t
l

, in equation 2.11 are independent 

and normally distributed with constant variance and mean 

zero, Gallant (1975) showed that this hypothesis could be 

tested with a likelihood ratio statistic, analogous to the 

Cho":''l test, used in linear models. The null hypothesis is 

rejected if 



SSE• > Ca , SSE 

where SSE· is the minimum sum of squared errors subject 

to the restrictions contained in the null hypothesis and 

SSE is the minimum sum of squared errors subject to no 

restrictions. The critical value, ca, can be 

approximated by 

where Fa is the upper ~ percent of an F-distribution 

with degrees of freedom (q,n-p), q is the number of 

restrictions, and p the number of parameters. 

Given the data limitations, distributional 

assumptions, and the fact that Ca is an approximation, 

we would have little confidence in the individual tests. 
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Hence, we would want to examine the estimates over time. 

One simple way to do this is to compare the estimated tax 

rates for the discount and near-par groups. We expect that 

the ordinary tax rate on discount bonds to exceed the rate 

on near-par bonds. Further, if the tax rates are different 

between the groups, then it is necessarily true that term 

structures are also different. In other words, different 

tax rates imply different term structures. 

A natural way of testing that rates are different over 

time is a sign test. The test statistic is 



where T+ is the number of positive differences between 

the tax rates. T+ is binomially distributed with 

p = Prob(T>O) = .5, 

expected values of .5N, and a standard deviation, 

0T = ~. 25N. 

For a large sample, say N greater than 30, Z is 

approximately normal with zero mean and unit standard 

deviation. Thus, the null hypothesis of identical tax 

rates would be rejected if Z is greater than the ~ upper 

percentage point of the normal distribution. 

2.5 Classification of Bonds 
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Three methods of classifying bonds into clienteles will 

be considered. The first of these is a naive division of 

bonds based upon price. Bonds with a price in the range of 

95 to 105 will be classified as near~par bonds. Those with 

a price less than 95 are classified as discount bonds. 

In the second method bonds are classified on the basis 

of their price and maturity. A bond is classified as a 

discount bond if 

P ::; 100-m, 
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and near-par if 

100-m < P ~ 100+m, 

where m is the time to maturity of the bond. 

The third method is more involved. The basic idea is 

to divide the bonds up into groups based upon the tax 

clientele model developed in Appendix A. 

This method consists of the following eight steps: 

1. Divide the bonds up into two groups based upon the 

price rule. 

2. Each month estimate the term structure and implied tax 

rates for each group. 

3. Compute an empirical value of Gr under case I, 

discussed in Appendix A, for the taxable investor. 

Gr is the extra value per dollar invested a taxable 

investor would obtain if he holds discount rather than 

near-par bonds. The term structure estimated for discount 

bonds is representative of investors who hold these bonds 

at the margin. This term structure can be used to 

determine the value that these investors place on near-par 

bonds. If an investor were to sell one dollar's worth of 

near-par bonds and use the proceeds to buy a dollar's 

worth of the discount bonds, the net present value (NPV) of 

this transaction, in accordance with the model, should be 

positive. (If short selling were permitted, the investor 

would sell the near-par bonds short and use the proceeds to 



buy discount bonds.) The NPV per dollar can be expressed 

as 

where Pu is the present value the taxable investor 

assigns to the cash flow of the par bond. This is the 

empirical value of the gain given in equation (A.4), 

repeated below for convenience: 

(A. 4) 

4. Likewise, the empirical gain for nontaxable investors 

can be expressed as 

under the assumption the after-tax term structure is 

estimated in accordance with case II, discussed in 

Appendix A. This is the empirical value of the gain 

given in equation (A.13), repeated below for convenience: 

(A.13) 

5. The average value of Gr and Go is computed 

separately for all bonds. Also, the average value of the 

tax rates for each group is computed. 
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6. The average value for Gr and the average tax rates 

are substituted into equation (A.4). The resulting locus 

of points (m,P) defines group 1 and also group 2 by 

exclusion. 

7. Likewise, a locus of points defining group 2 can be 

determined from equation (A.13). 
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8. The groups obtained from step 6 and 7 are different. 

Equation (A.4) assumes that nontaxable investor receives 

the entire gain, whereas, equation (A.13) assumes the 

opposite. Hence, it is reasonable to choose cutoff points 

for m and P that are averages of those obtained in step 6 

and 7. 

9. Divide bonds up into groups in accordance with steps 1 

through 8 and then re-estimate the term structure. 



CHAPTER 3 

DATA SELECTION 

Data on united states Treasury Bonds and Notes were 

taken from the 1987 edition of the Center for Research in 

security Prices (CRSP) Government Bond File. The data in 

the 1987 edition were obtained from the Federal Reserve 

Bank of New York. The Bond File data consists of the bid 

and ask price for each bond or note for the last trading 

day of each month and associated information such as 

maturity date, coupon rate, etc. 
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The method for collecting the price information is 

described as follows in the Bond Files Guide: "At 3~30 p.m. 

EST of each trading day the Federal Reserve Bank of New 

York's trading desk solicits quotes for all existing 

Treasury Bills, Notes, and Bonds from several primary 

dealers. From these quotes a composite closing quotation 

is derived for each security. Suspect quotes are excluded 

from the composite." 

3.1 Time Period 

The time period from 1979 to 1985 was chosen because, 

in contrast to earlier periods, there exists a large number 

of discount and par bonds. A large number of both types of 
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bonds is necessary to increase the number of clientele 

effects examined. Another advantage of this period is that 

there is a greater supply of bonds than in the earlier 

periods. This allows us to be more selective in the 

criteria used to screen bonds; and it eliminates the need 

to include other types of government debt in the sample. 

For example, Carleton and Cooper (1976), studying an 

earlier period, increased their sample size by pooling 

Treasury and Federal Home Loan Bank (FHLB) securities. 

3.2 Selection Criteria 

To reduce the impact of measurement error, call 

provisions, and unique tax provisions on some kinds of 

bonds, the data were screened. The following categories of 

bonds were excluded from the sample: 

1. Flower bonds 

2. Callable bonds with a price greater than or equal to 95 

3. Bonds maturing in less than one year 

4. Bonds with a bid-ask spread greater than .25 dollars. 

5. Bonds with a public holding less than one billion 
dollars. 

6. Bonds issued after July 17, 1984. 

The first category, flower bonds, receive special 

estate tax treatment that makes them unsuitable for 

inclusion in the sample. Flower bonds pay a low coupon and 

hence sell at a discount to par. This discount is not a 

... _ ••.... _____ . __ ~ =_ ~_~~ ... > - ___ .~o_·. ____ .... ____ ..... _ .. _.'._' __ .......... _ .. _ 
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great as would be anticipated because of the special tax 

treatment afforded flower bonds. These bonds are 

redeemable at par in payment of federal estate taxes. This 

special tax advantages assures that flower bonds will have 

small yield (before taxes) in comparison to other Treasury 

issues. 

The call feature on some government bonds complicates 

the pricing of bonds. This feature gives the issuer the 

right, after some specified date, to redeem the bonds at 

specified value, known as the call price. From the 

investor's prospective, a callable bond is equivalent to 

buying a noncallable bond and writing an option on the bond 

with exercise price equal to the the call price. The price 

of the bond is equal to the value of the discounted cash 

flows minus the the value of the call option. Hence, the 

pricing of these issues is greatly complicated by the call 

provision. 

For this reason, bonds with a price at or above 95 are 

excluded. Bonds with a price less than 95 are not excluded 

because the value of the call feature is much less. This 

is especially true of Treasury bonds because the government 

typically does not call bonds; and when, on occasion it 

does, its motivation is not to reduce the interest burden 

(Fabozzi, 1987). Therefore, the negative value of the call 

provision should be small for discount bonds. 

As can be seen by examining Table 1, shown below, the 

exclusion of callable bonds with a price at or exceeding 95 

does not greatly affect the size of the sample. On the 



other hand, excluding all callable bonds would greatly 

reduce the sample size. 

Table 1 

Frequency of Callable Bonds 
in Various Price Ranges 
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Date <85 85-95 95-105 105-115 115< Total 

1979 0 10 1 0 0 10 
1980 10 2 1 1 0 14 
1981 14 1 1 0 0 16 
1982 13 1 1 2 0 17 
1983 6 6 3 1 3 19 
1984 13 3 1 2 1 20 
1985 11 3 2 6 0 22 
1986 0 0 4 6 12 22 

Bonds with a public holding less than one billion were 

eliminated to reduce the problem of infrequent trading. 

Many bonds, especially those with later maturity and small 

public holding, will not trade on given day. In this event 

the quotation received by the trading desk is either an old 

quotation or projection by the dealer of what the current 

price is under present market conditions. In either case 

the reported CRSP price is inaccurate and does not 

necessarily represent current information. Eliminating 

bonds with small public holding should mitigate the 
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problem. 

There are several problems with this criterion. 

First, for a large number of issues in the Government Bond 

File, the public holding information is not available. 

Second, the choice of one billion dollars as cutoff value 

is arbitrary. For these reasons the bid-ask spread is also 

used as a criterion. Since a dealer is prepared to sell at 

the posted ask price and to buy at the posted bid price, 

the spread represents his posted commission on a trade. 

Presumably, the greatest competition exists among dealers 

for issues that trade frequently; for these issues we would 

expect the commission to be smaller. Thus, the bid-ask 

spread can be used as a surrogate measure of the frequency 

of trading. 

In Figures 1 through 3 the spread is plotted 

versus maturity for three dates: November 30, 1979; April 

30, 1982; and May 31, 1984. Note that in each figure the 

spread is typically less than or equal to 0.25. Bonds with 

early maturities have a greater incidence of spreads less 

than 0.25; for bonds with later maturities there is a 

greater incidence of spreads greater than 0.25. 

Eliminating bonds with spread greater than 0.25 does not 

reduce the sample size by very much. On the other hand, it 

undoubtedly improves the quality of the data by reducing 

the number of infrequently traded issues, for which the 

quoted price does not accurately represent current market 

conditions. 
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Bonds with a maturity less than one year were excluded 

because the tax effects for this class of bonds are 

expected to be negligible. In fact for bonds maturing in 

less than six months all return, capital and income, is 

taxed as ordinary income. There is no real distinction 

between capital gains and income because bonds maturing in 

less than six months will make a single payment at 

maturity. Bonds with a maturity greater than ten years 

were also eliminated. Data on these bonds are sparse and 

accurate estimation of term structure is probably not 

possible. Further, late maturity bonds are more subj~~t to 

measurement error. In short, the estimates would be 

unreliable and could possibly contaminate the estimate of 

spot rates on bonds maturing at earlier dates. 

Discount bonds issued after July 18, 1984 are taxed in 

a different manner. The tax treatment of these bonds 

effectively eliminates any tax advantages formerly 

associated with discount bonds. Therefore, bonds issued 

after June 29, 1984 (the last trading day in June) are 

excluded from the sample. This date is chosen because it 

is the last date prior to the July 18 for which CRSP price 

information is available. 



CHAPTER 4 

EMPIRICAL RESULTS 

4.1 Measurement of Price 
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Term structure estimation using a regression approach 

requires a single price for each bond. As previously 

discussed in Chapter 5, the CRSP price is a composite of 

dealer quotes of both the bid and ask prices. Two points 

are worth consideration. First, the quotations themselves 

do not represent actual transaction prices and hence are 

subject to error. Second, the question arises as to which 

price, bid or ask, should be used. The practice most 

commonly employed is to use the mean price (McCulloch, 1971 

and 1975; Jordan, 1984; Litzenberger and Ro1fo; 1984; 

Carleton and Cooper, 1976). The justification for this is, 

of course, weak. 

Jordan (1980) examined this issue by comparing the 

standard error obtained from use of the bid, ask, and mean 

price in the Carleton-Cooper (1976) direct estimation 

procedure (see Table 2). He found that the bid price 

tended to have a smaller standard error than the ask price 

in most samples, with the exception being those samples for 

which the term structure is inverted. The standard error 

for the mean price tended to be in between. Since the 

standard error was small for all three measures of price, 

he concluded that there is little basis for choosing among 
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them. 

To be consistent with most of the past research, the 

mean price will be used in this paper. 

Table 2 

Standard Error of Regression Using 
Bid, Asked, and Mean Prices 

3/29/74 
12/31/75 

5/31/78 

Bid 
0.0619 
0.0688 
0.2850 

Source: Jordan (1980) 

Ask 
0.0612 
0.0695 
0.3389 

Mean 
0.0615 
0.0692 
0.3104 

4.2 Measurement of Heteroscedasticity 

There is ample evidence in the literature of 

heteroscedasticity related to the maturity (or similar 

measure, like duration) and to the bid-ask spread. The 

evidence is consistent across the various methods used in 

the literature for estimating term structure. 

Jordan (1984) applied the Glejser test for 

heteroscedasticity to McCulloch's (1975) estimation 

procedure. In the Glejser test, the magnitude of the least 

squares residual, obtained from term structure estimation, 

is regressed against a constant and variable suspected of 

contributing to heteroscedasticity. If the estimated 

coefficient is significantly different from zero, the null 

hypothesis of homoscedasticity is rejected. Jordan 

------- ._-_._----_.-----
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performed the Glejser test with bid-ask spread, maturity, 

duration, and issue size as explanatory variables. He 

found that spread, maturity, and duration were significant 

at 5% level in an overwhelming majority of the term 

structures that were estimated. Issue size, on the other 

hand, was significant in less than half the samples. The 

Glejser test was also performed on term structures that 

were estimated using weighted least squares. The incidence 

of heteroscedasticity was reduced by about one-third for 

spread, duration, and maturity; for issue size the 

incidence was slightly reduced. 

Chambers, Carleton, and Waldeman (1984) modeled the 

term structure as an exponential polynomial. They noted 

that when the residuals are plotted versus maturity there 

appears to be a positive relation between the 

heteroscedasticity and maturity. To correct for the 

heteroscedasticity, a maximum likelihood estimation (MLE) 

is used. They hypothesized that the true error term is 

independent, normal with zero mean. The variance is 

related to maturity as follows 

where z is the time to maturity for bond i and h is the 

heteroscedasticity parameter. with the MLE procedure, the 

term structure and the heteroscedasticity parameter were 

jointly estimated for 16 samples. Although the 

heteroscedasticity varied from sample to sample, it was 



significant at five percent level in 13 out of the 16 

samples. 
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Langetieg and Smoot (1988) examined the goodness of 

fit obtained with various weighting schemes using the 

nonlinear methodology, discussed in section 3.2. They used 

weights based upon price, duration, and bid-ask spread. In 

all cases they find that the fit is improved compared with 

the unweighted least squares. 

4.2.1 Methods for Measuring Heteroscedasticity 

Methods for measuring heteroscedasticity are commonly 

divided up into two categories: constructive and 

nonconstructive. The constructives test generally point to 

a means of correcting the effect of heteroscedasticity. 

The weakness of these tests is that they rely on estimators 

with unknown statistical properties. The nonconstructive 

tests do not suggest a cure, but on the other hand do 

not suffer from the same statistical difficulties. 

Jordan (1984) showed that the Glejser test is 

effective in detecting heteroscedasticity and somewhat 

effective in remedying it. since his paper, others have 

followed this approach. In this paper, the Glejser test 

and the modified Glejser (or Park) test will be applied to 

each sample from 1979 to 1984. In addition, a variation of 

the Goldfeld-Quandt, a nonconstructive test, will be used 

to test for heteroscedasticity related to the grouping of 

bonds. 
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4.2.2 Description of Tests 

1. The Glejser test involves regressing the absolute 

value of the regression residual on a constant and a 

function of the variable expected to cause the 

heteroscedasticity. A simple linear specification is often 

used: 

(4.1) 

where WI is variable associated with heteroscedasticity 

and u l is the least squares residual. Equation (5.1) is 

consistent with the following specification for the error 

term: 

If b is not significant, then homoscedasticity is not 

rejected. If b is significant, then the homoscedasticity 

is rejected. In this event, the heteroscedasticity is 

adjusted for by weighted least squares. This is done by 

weighting each residual by the reciprocal of a+bw l • 

SSE (7) 

Now, if a is not significant, then each term is divided by 

WI (b becomes a scaling factor that does not affect the 

minimum of SSE(7». 
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Problems with the Glejser test are all related to the 

statistical properties of the error term in equation (5.1). 

The error is autocorrelated, heteroscedastic, non-normal, 

and has non-zero mean. (Goldfeld and Quandt, 1972) These 

deficiencies make it impossible, 'lithout conducting 

simulations, to determine the significance or power of the 

test. 

The Park test involves an alternative specification of the 

error variance in which 

where u is well behaved error term. This equation can be 

written in log-linear form as 

(4.2) 

Park proposed using U 2
1 as an estimate of 0.2 Thus, equation (4.2) 

can be estimated with ordinary least squares by regressing 

~he logarithm of the squared residual on the logarithm of 

the variable explaining the heteroscedasticity. 

This test suffers from the same weaknesses as the 

Glejser test. 

3. The Goldfeld-Quandt test involves dividing the sample 

up into groups based on variable suspected of causing the 

heteroscedasticity. The model is fitted by least squares 

within each group separately. Typically the groups are 
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chosen by ranking the data set by a variable suspected of 

causing heteroscedasticity and omitting a number of central 

observations. The end result is two sets of data with an 

equal number of observations, say q. Under the null 

hypothesis of homoscedasticity the test statistic is 

where SSE! and SSE2 are the sum of squared errors for 

each group. R has an F-distribution with (q,q) degrees of 

freedom. 

In this study there is a natural grouping of data by 

tax effects. It is based upon the deviation from par and 

maturity. The existence of heteroscedasticity between 

groups is important because of its effect on statistical 

test of the clientele effect. 

The approach used differs in two respects from Quandt

Goldfeld test: a) the number of observations in each group 

is not equal and b) no central observations are omitted. 

The modified test statistic is 

MSE2 
M = MSE' 

! 

where MSE2 and MSE! are the mean-square error of the 

two groups, of size ql and q2. The statistic M, under 

the null hypothesis, has an F-distribution with (q2'~) 

degrees of freedom. 
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4.2.2 Results 

The term structure was estimated for each month from 

January 1979 to June 1984 for the following specification: 

1. Three section B-spline with knots placed at z=3 and 
z=6 years. 

2. Division of bonds into groups based upon tax clientele 
model as discussed in section 3.4. 

3. capital gains tax equals forty percent of the ordinary 
rate. 

In Figures 4 through 9, the regression residuals are 

plotted versus maturity for discount and near-par bonds for 

November 30, 1979, April 30, 1982, and May 31, 1984. There 

does not appear to be any pattern in the residuals 

indicative of serial correlation. However, the residuals 

appear to be slightly heteroscedastic with respect to 

maturity. contrary to past studies, the variance appears 

to be higher for earlier maturities. 
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Table 3 presents detailed results for the Glejser test 

for the same three months. The coefficient on maturity is 

negative, but not significant at the ten percent level, in 

each of the three months. For the Park test, the 

coefficient is also negative for all three months but is 

significant for April 1982. 

Table 4 presents an overall summary of the results of 

the Glesjer and Park tests applied to each group and the 

pooled data for each month from 1979 to June 1984. Coupon, 

maturity, price, and bid-ask spread were all used as 

explanatory variables. The extent of heteroscedasticity is 

measured in two ways. The breadth of the problem is 

measured by separately tallying the number of positive and 

negative coefficient for each variable. To indicate the 

intensity, the number of positive and negatively 

significant coefficients is tallied. A sign test is used 

to test the hypothesis that the number of positive and 

negative coefficients are equal at a ten percent level of 

significance. 

For the separate estimation the number of significant 

coefficients is small for coupon, maturity, and price. 

Further, the number of positive and negative coefficients 

are roughly equal. A sign test does reject the null 

hypothesis that the number of positive and negative 

coefficients are equal at the ten percent level. 

The results for the bid-ask spread provide stronger 

evidence for heteroscedasticity. For discount bonds the 

coefficient is positive in 35 out of 54 regressions and is 

significant and positive in 12. For near-par bonds the 
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coefficient is positive in 36 out of 58. Further, the sign 

test rejects the null hypothesis at significance level of 

ten percent. For the pooled sample, the coefficient on 

bid-ask spread is positive in 50 out 66 month, and positive 

and significant in 15. 

The results for the pooled regression are different in 

regards to maturity. In 46 out of 66 regressions the 

coefficient on maturity is positive and in 16 it is 

positive and significant. These results are in line with 

Jordan's. 

Table 3 

Detailed Results for Glejser Test 
for 11/30/79, 4/30/82 and 5/31/84 

I. Discount Bonds: 

Intercept It I Slope It I 

A. Maturity 
11/30/79 0.1120 3.84 0.00212 0.28 
4/30/82 0.1548 4.89 -0.00378 0.47 
5/31/84 0.2030 4.81 -0.01100 1.52 

B. Price 
11/30/79 0.3267 0.59 -0.00225 0.38 

4/30/82 0.1634 0.53 -0.00024 0.07 
5/31/84 -0.1167 0.46 0.00297 1. 03 

c. Spread 
11/30/79 0.1881 1. 69 -0.28280 0.62 

4/30/82 0.0498 0.31 0.37810 0.57 
5/31/84 0.1279 2.32 0.10260 0.32 
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Table 3--continued 

II. Near-Par Bonds: 

Intercept It I Slope It I 

A. Maturity 
11/30/79 0.2025 3.60 -0.01634 1.11 

4/30/82 0.1405 2.99 -0.00019 0.02 
5/31/84 0.1064 3.91 -0.00344 0.46 

B. Price 
11/30/79 -3.4960 2.39 0.03762 2.50 

4/30/82 0.4472 1.23 -0.00310 0.25 
5/31/84 0.2500 0.32 -0.00156 0.20 

c. Spread 
11/30/79 0.4645 1.95 -1.29900 1.32 

4/30/82 0.0778 0.10 0.29920 0.62 
5/31/84 0.0933 1.85 0.02400 0.06 

III. Pooled Data: 

Intercept It I Slope It I 

A. Maturity 
11/30/79 0.1302 3.47 0.02470 0.87 

4/30/82 0.1704 4.88 -0.01592 0.17 
5/31/84 0.1316 4.88 -0.00240 0.42 

B. Price 
11/30/79 -0.5714 1.08 0.00767 1.37 
4/30/82 0.5076 1.81 -0.00359 1.22 
5/31/84 0.1771 0.90 -0.00060 0.28 

c. Spread 
11/30/79 0.3589 2.75 -0.85360 1.60 

4/30/82 0.0806 0.84 0.36480 0.90 
5/31/84 0.0795 1.93 0.29870 1.10 
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Table 4 

Summary Results for Glejser Test, 
1/31/79 to 6/29/84 

Discount Near-Par Pooled 

A. Coupon 
positive 30 27 30 
significane 3 3 6 

Negative 24 31 36 
Significant 3 3 6 

B. Maturity 
positive 24 26 46 
Significant 4 4 16 

Negative 30 32 20 
Significant 2 2 0 

c. Price 
positive 30 34 25 
Significant 3 5 3 

Negative 24 24 41 
Significant 3 2 16 

D. Spread 
positive 36 35 50 
Significant 18 12 15 

Negative 18 19 16 
Significant 0 1 0 

aSignificant at the ten percent level 
for a two-tailed test. 
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Table 5 

Summary of Results of Park Test, 
1/31/79 to 6/29/84 

Discount Near-Par Both 

A. Coupon 
Positive 26 27 29 
Significane 2 2 5 

Negative 28 31 37 
Significant 0 1 0 

B. Maturity 
Positive 23 23 45 
Significant 2 3 10 

Negative 31 35 21 
significant 14 17 3 

c. Price 
Positive 30 32 35 
Significant 6 6 8 

Negative 34 26 41 
Significant 4 4 16 

D. Spread 
Positive 34 37 43 
Significant 9 9 12 

Negative 10 21 23 
Significant 0 0 0 

aSignificant at the ten percent level 
for a two-tailed test. 

The results of the Goldfeld-Quandt test for individual 

regressions are given in Table 25 in the Appendix B. A 
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summary table is presented below in which the number of 

times the null hypothesis of homoscedasticity is rejected 

is tallied for different spline configurations. In those 

specifications for which the first knot is placed at three 

years, heteroscedasticity is not problem. 

Table 6 

Summary of Results of Goldfeld-Quandt Test, 
1/31/79 to 6/29/84 

Config.a 0!<=.05 .05<0!<=.1 Total 

2 5 21 4 55 
2 6 20 6 55 
3 5 5 3 55 
3 6 6 3 55 

aThe configuration is a three section cubic 
spline. The first number is the placement 
of the first knot in years; the second is 
the placement of the second knot. 

In conclusion, heteroscedasticity with respect to 

coupon and price does not seem to be a problem for the 

unrestricted model. For maturity the tendency, though not 

great, is for there to be a negative relation. Closer 

examination of Figures 4 through 9 reveals that this result 

could be driven by outliers. The number of mispriced bonds 

is evidently greater for the bonds with early maturity. 

The reason for this is unknown. The effect of this on 

results could be SUbstantial. The reason for this is that 

a given error in the price of a bond maturing in, say, t~'lC 
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years, has greater impact on the estimated return then the 

same error in a bond maturing in ten years. 

Langetieg and Smoot (1988) excluded bonds from their 

sample with pricing error equal to 2% of the price ($2 on 

a hundred dollar nominal price of a bond). They found an 

average of 1.5 mispriced bonds per month. Since the impact 

of mispricing is greater for short maturity bonds, it is 

reasonable to have an exclusion rule based upon both the 

price and maturity of the bond. We shall exclude bonds 

with a pricing error greater than 0.4 times the maturity 

date. Thus for bonds maturing in five years, the midpoint 

in the ~aturity range, the rule excludes bonds with a 

residual greater than two percent of the price. 

The only strong result is that heteroscedasticity is 

positively related to the bid-ask spread. This effect is 

not as great as it otherwise might be because bonds with 

spread greater than .25 dollars were excluded (see Chapter 

4). Thus, we shall correct for heteroscedasticity with a 

weighted least squares based upon bid-ask spread. 

4.3 Joint Estimation of Term Structure and Tax Rates 

4.3.1 Specification 

The results in this section are based upon the 

following specification: 

1. Three section B-spline with knots placed at z=3 and 
z=6 years. 

2. Convergence criterion = .001 

3. Correction for heteroscedasticity based upon bid-ask 
spread. 
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4. Division into clienteles based initially upon linear 
price-maturity rule; the results of initial estimation 
are used to form groups based upon clientele model. 

5. Bonds with price error greater than .4m from initial 
estimation are excluded. 

6. capital gains tax equals forty percent of the ordinary 
rate. 

In the next section, the sensitivity of results to 

these assumptions is examined. A short discussion of the 

motivation for these choices is nevertheless in order. 

The placement of knots at three and six years is an 

obvious choice, and will be shown to result in the best 

fit. This knot placement results in a two year polynomial, 

followed by a three year, and finally a four year. Hence, 

a closer fit is achieved at short maturities, at which 

there are a greater supply of bonds. 

The correction for heteroscedasticity is based upon 

the results of section 4.3. The correction was only 

applied to samples for which the coefficient on bid-ask 

spread was positive. This is in contrast with Langetieg 

and Smoot's work in which the correction was applied to all 

samples. Another difference is that Langetieg an~'Smoot 

only correct for pure heteroscedasticity. This is done by 

weighting the sum of squared errors by the reciprocal of 

the bid-ask spread. The evidence in this paper indicates 

that there is a problem with mixed heteroscedasticity. The 

adjustment for this mixed form requires that the sum of the 

squared errors be weighted by the reciprocal of a + bW j • 

In a sampling experiment, Glejser (1969) found that 

adjusting for pure heteroscedasticity with weighted least 
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squares when the mixed form is present results in a loss of 

efficiency compared to ordinary least squares. Further, 

he found that the opposite is not true, namely that 

adjusting for mixed heteroscedasticity when the pure form 

is present does not result in a loss of efficiency compared 

to ordinary least squares. 

The convergence criterion of .001 was the largest value 

for which the estimates were not sensitive (the effect of 

convergence criterion on results is investigated in section 

4.4) • 

4.4.2 Examination of Tax Estimates 

Tables 22 and 23 in Appendix B present the tax 

estimates for each month for unweighted and weighted 

regression. In some months there was not enough data 

within a classification of bonds to perform the estimation. 

In two other months the nonlinear estimation procedure did 

not converge after 50 iterations, the maximum that was 

allowed. In these two months the estimates produced have 

undesirable statistical properties, and were therefore 

excluded. Those samples in which that procedure did not 

converge or in which there was inadequate data are 

designated by dots in Tables in Appendix B. There 

are 54 months of estimates for discount bonds, 58 for the 

near-par bonds, and the entire 66 months for the pooled 

estimates. There are 48 months over which there are 

estimates for both the discount and near-par bonds. These 

48 months will be referred to as the common sample. 
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For most months the estimated tax rate on the discount 

bonds is higher than the rate on near-par bonds. With the 

unweighted regression the estimated rate on the discount 

bond exceeds the rate on the near-par bon~~ in 40 out of 48 

months. The Z-value on the sign test is 4.619, which is 

significant at the ~ less than .001. For the weighted 

regression the results are similar. The tax rate on the 

discount bonds exceeds the rate on near-par bonds in 39 out 

of 48 months. The Z-value is 4.330. 

For unweighted regression, the estimated tax rate on 

the discount bond was positive in 52 out of 54 months. Of 

the 52 positive, the tax rate was significant in 35 at ten 

percent level. The rate was not significant in the two 

months in which the rate was negative. 

The tax rate on the near-par bonds was positive in 45 

out of 58 months, but only significant in 12. The rate was 

negative and insignificant in 13 months. 

The results for the weighted regression were similar 

to those for the unweighted regression. 

For the subperiod from 8/29/80 to 4/30/81, the results 

were not in line with tax clientele model. The two 

negative tax estimates for discount bonds occurred during 

this period. Further, none of the estimates, positive or 

negative, were significant. Additionally, the fit over 

this period as measured by the mean the square error was 

inferior. This was a period of especially high uncertainty 

in interest rates, and cne during which the term structure 

was inverted. Month-to-month variations in rates are of 

the order several percentage points. It is not surprising 
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that the tax effects become less apparent. 

The average value of the estimated tax rate over the 

period from January 1979 to June 1984 is presented in 

Tables 7 and 8 for the unweighted and weighted regressions. 

The average is computed in two ways: a simple average and 

one weighted by the reciprocal of the estimated standard 

error. The justification for this latter method is to 

reduce the weight on samples in which the estimates are 

uncertain. In addition the median is also given. The 

median is lower than the average in all time periods and 

the weighted average is lower over most periods. 

The average tax rate over the entire period is 16.65 

for the discount bonds. This number is smaller than would 

be expected. The weighted average is generally lower 

still. The average rate for the near-par bonds is 5.45 

percent. 

Table 7 

Average Tax Rate over Various Time Periods 
for Unweighted Regression 

A. 1/79 to 6/84 
Average 
Weighted 
Median 

B. 1/79 to 7/80: 
Average 
Weighted 
Median 

Discount 

16.65 
13.96 
13.70 

23.32 
19.75 
18.92 

Near-Par 

5.45 
5.87 
3.51 

3.14 
2.07 
1.26 

Pooled 

7.77 
8.28 
7.89 

3.80 
3.66 
3.53 

---- -------------------
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Table 7--continued 

C. 8/80 to 12/81: 
Average 10.57 5.69 9.42 
Weighted 11.32 7.03 9.62 
Median 13.61 9.58 9.00 

D. 1/82 to 6/84: 
Average 14.75 6.63 9.55 
Weighted 12.99 7.78 9.67 
Median 12.93 4.79 10.79 

E. Common Samplea : 

Weighted 14.20 4.23 8.20 
Median 13.83 2.88 8.24 
Sample Size 

Table 8 

Average Tax Rate over Various Time Periods 
for Weighted Regression 

Discount Near-Par Pooled 

A. 1/79 to 6/84 
Averal'le 16.45 4.74 7.42 
WeightE'.:d 13.85 4.92 7.89 
Median 13.61 3.14 7.67 

B. 1/79 to 7/80: 
Average 22.73 3.50 3.55 
'l'1eighted 18.73 2.18 3.48 
Median 16.82 1.19 3.95 

C. 8/80 to 12/81: 
Average 10.58 4.54 9.14 
Weighted 11.49 4.88 9.43 
Median 13.73 4.72 8.28 
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Table 8--continued 

D. 1/82 to 6/84: 
Average 14.79 5.66 9.10 
Weighted 13.10 6.62 9.36 
Median 12.93 5.10 10.25 

E. Common Sample: 
Average 16.78 3.62 7.57 
Weighted 14.09 3.32 7.79 
Median 13.80 2.72 8.14 

Figures 10 through 12 show the term structure for the 

discount and near-par bonds on the same graph for 11/30/79, 

4/30/82, and 5/31/84. The gap between the two term 

structures is indicative of the estimated tax rate. 

The erratic behavior of some of these term structures 

at latter maturities can be explained. The spline provides 

a good fit only over the region for which there is data. 

In a number of these months, the latest maturity in the 

sample was less than ten years. 
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4.3.3 Likelihood Ratio Test 

The results each month for the likelihood ratio test 

are given in Tables 25 to 26 for unweighted and weighted 

regressions. Consider the resul~s for weighted regression. 

At the ten percent significance level the null hypothesis 

that the term structures are identical between the two 

groups is rejected in 18 out of 48 months. The tax 

clientele hypothesis is supported in roughly one third of 

the samples. Because the number of degrees of freedom is 

small, this test is not very powerful. Also, it is 

doubtful whether the error term is normally distributed, 

which is required by the test. 

4.3.4 Results After July 17, 1984 

This section contains the results of estimation from 

July to January of 1985. After January 1985 there are 

insufficient number of discount bonds to perform the 

estimation. 

For discount bonds issued after July 17, 1984 

investors are required to pay interest on implied capital 

gains. This change in the tax law eliminates the tax 

advantage of discount bonds. Bonds issued after this date 

are eliminated from the sample. 

The estimated tax rate on discount bonds exceeded the 

rate on near-par bonds for each of the remaining months in 

1985. The average rate on discount bonds was 11.64 

for the weighted regression and 11.53 the unweighted. For 

. _. - - .. -.--.-.--~-~~-~ 



the near-par bonds the rate was 0.8782 and 0.8847 for 

weighted and unweighted respectively. 
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The estimated term structures for each month is shown 

in Figures 13 to 18. This was evidently a period of 

relatively stable interest rates. 
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4.4 Comparison of Alternate specification 

In this section comparative statistical tests are 

conducted on different specifications. The objective is to 

determine which specification provides the best fit. The 

features to be examined are: 

1. Placement of knots 

2. Correction for heteroscedasticity 

3. Classification of bonds 

4. Convergence criterion 

5. Treatment of capital gains tax. 

The number of permutations of these features is large. 

Hence, we would like to proceed in a sequential fashion, 

eliminating combinations of doubtful value. First, various 

knot placement schemes will be considered in model with no 

correction for heteroscedasticity. The placement scheme 

that is deemed the best will be used for the to test the 

remainder of the features 

4.4.1 Goodness of Fit 

The overall goodness of fit will be measured by the 

cumulative mean squared error. It is defined as follows: 

where SSE j is the sum of squared errors for month i and 

Nj is the number of observations for month i. For the 



unrestricted model, the cumulative mean squared error is 

LSSEdl + LSSEul 
LNdl + LNul 

where the subscript d and u designated discount and near

par bonds, respectively. 

4.4.2 Fit Comparison 
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The cumulative mean squared error is computed for each 

group of bond separately, the unrestricted model, and the 

restricted model. 

In Table 9 the cumulative mean square error is 

presented for different knot placement schemes. The fit is 

obviously poor for those specifications in which the first 

knot is placed at two years. The fit is much better for 

the (3,5) and the (3,6) placements. In Panel B the 

cumulative mean square error is presented for the (3,5) and 

(3,6) placements with a correction for heteroscedasticity 

related to bid-ask spread. The fit is slightly better. 

For the remainder of the comparisons the (3,6) spline will 

be used with the correction for heteroscedasticity based 

upon the bid-ask spread. This will be called the standard 

model. 
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Table 9 

Cumulative Mean Squared Error for Different 
Spline Configurations 

Specification Discount Near Par Total Pooled 

A. Unweighted 
2,5 0.5000 0.6473 0.5878 0.7582 
2,6 0.5361 0.6969 0.6307 0.8234 
3,5 0.0944 0.1043 0.0940 0.1246 
3,6 0.0922 0.1043 0.0940 0.1287 

B. Weighted 
3,5 0.0895 0.0867 0.0880 0.1096 
3,6 0.0890 0.0835 0.0856 0.1068 

In Table 10 the cumulative mean square error is 

presented for different methods of classifying bonds, 

discussed in section 2.4. The tax clientele model has 

lowest cumulative mean square error. The price method is 

next. 

In Table 11 the cumulative mean square error is 

presented for different tax regimes. The fit is not 

sensitive to capital gains rates in the range of 30 to 50 

percent of the ordinary rate. When the capital gains rate 

is specified to be equal to the ordinary rate, the fit is 

considerably worse. Since there seems to be little basis 

in the choosing capital gains rate with in the range from 

30 to 50 percent, we will stay with the 40 percent rule, 

which is consistent with the tax treatment for individual 

investors. 



Table 10 

Cumulative Mean Squared Error for different 
Methods of Grouping Bonds 

Grouping 

Price 
Price & Maturity 
Clientele Model 

Mean-Squared Error 

Discount 

0.0991 
0.0947 
0.0890 

Table 11 

Near Par 

0.0927 
0.1191 
0.0835 

Total 

0.0946 
0.1036 
0.0856 

Cumulative Mean squared Error for Different 
Tax Regimes 

Tax Regime Discount Near Par 'l,'otal 

Tg=.3To 0.0904 0.0830 0.0858 
Tg=.4To 0.0890 0.0835 0.0856 
Tg=.5To 0.0897 0.0826 0.0532 
Tg=To 0.1148 . 0.1145 0.1146 

4.4.3 Comparison of Tax Rate Estimates 

Finally, we would like to examine the estimated tax 

rates for two specifications: 
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1. The standard model with bonds classified into groups 

based upon the price rule. 

2. The standard model with convergence criterion of 

0.00001. 

---~~. ~--.. --"-~-.'-'- .. --- .. -.-. - ----.... 
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The results of monthly estimation using the price 

method to group bonds into tax clienteles is given in Table 

24. The average rates over various periods of time are 

presented in Table 12. The average tax rates tend to be 

lower for this method than with clientele model. This 

result, coupled with the result that the clientele model 

had the lowest cumulative mean square error, indicates that 

the clientele model is the better method for classifying 

bonds. 

Table 12 

Average Tax Rate over Various Time periods 
for Bonds Grouped by Price 

Discount Near-Par Combined 

A. 1/79 to 6/84 
Average 12.37 3.81 7.42 
Weighted 12.07 3.73 7.89 
Median 11. 70 2.93 7.67 

B. 1/79 to 7/80: 
Average 15.25 1. 73 3.55 
Weighted 16.45 '1 ~-

.L.~~ 3.48 
Median 12.21 0.01 3.95 

C. 8/80 to 12/81 : 
Average 9.42 5.70 9.14 
Weighted 10.51 6.10 9.43 
Median 9.03 6.17 8.28 

D. 1/82 to 6/84: 
Average 11. 73 4.23 9.10 
Weighted 10.82 4.77 9.36 
Median 11. 20 3.61 10.25 

- - -_.- .------- ----- -----_._-----------



Table 12-Continued 

E. Common Sample*: 
Average 
Weighted 
Median 

12.48 
12.15 
11. 70 

2.74 
2.39 
2.55 

7.57 
7.79 
8.14 

84 

Next, we would like to examine the effect of changing 

the convergence criterion on the estimated tax rates. The 

results in this section and the previous section were based 

on convergence criterion of .001. In Table 27 monthly 

estimates of the tax rates with a convergenc criterion of 

0.00001 is given. The average rate over various periods 

are given below in Table 13. A comparison of these results 

with those obtained previously with converge criterion of 

0.001 reveals that results are virtually the same. 

Table 13 

Average Tax Rate over Various Time Periods 
for Convergence criterion = .00001 

Discount Near-Par Combined 

A. 1/79 to 6/84 
Average 
Weighted 
Median 
Sample Size 

B. 1/79 to 7/80: 
Average 
Weighted 
Median 

16.47 
13.85 
13.61 

22.73 
18.73 
16.82 

4.74 
4.92 
3.14 

3.15 
2.18 
1.20 

7.36 
7.88 
7.66 

3.55 
3.48 
3.95 
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Table 13--Continued 

C. 8/80 to 12/81: 
Average 10.59 4.53 9.14 
Weighted 11.50 4.88 9.43 
Median 13.73 4.71 8.28 

D. 1/82 to 6/84: 
Average 14.79 5.66 9.05 
Weighted 13.10 6.62 9.35 
Median 12.94 5.10 "I (\ n..,. 

.a..v.u~ 

E. Common Sample: 
Average 16.78 3.62 7.57 
Weighted 14.09 3.32 7.78 
Median 13.80 2.72 8.14 
Sample Size 

4.5 Monte Carlo simulation 

Nonlinear least squares estimators are consistent but 

but biased. This raises the question of the small sample 

properties of the nonlinear estimators. Since the form of 

the distribution of estimators is unknown, the only means 

to investigate small sample properties is through 

simulation. 

The procedure used here (described in Ratkowsky, 1983) 

is to assume that the form of the deterministic component 

and the properties of the stochastic error term are known. 

The error term is assumed to be normal, independent, 

homoscedastic, with zero mean. The true variance of the 

underlying error process is assumed to equal the estimated 

~--~~---'-'.----'- .. -.. ---- --.... 



value. The deterministic component is assumed to equal 

f(x;i), where i is the vector of parameter 

estimates. In other word, we assume that the estimated 

parameters are the true ones. 
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The analysis will limited to discount bonds for three 

dates: 11/30/75, 4/30/82 and 5/31/84. 

4.5.1 Analysis of Error Term 

Examination of residual plots for discount bonds 

(Figures 4, 5, and 6) indicate that serial correlation is 

not a problem. The three heteroscedasticity tests, 

employed in section 5.2, indicate that heteroscedasticity 

is weakly related to the bid-ask spread. This was 

corrected for with weighted least squares. 

The assumption that residuals are normally distributed 

is subject to debate. In Tables 14 and 15 the results of a 

statistical analysis of the residuals is presented for the 

three dates, which we have been using through out this 

paper. In all three cases the mean of the residuals is not 

significantly different from zero. Further, in two these 

samples, one can not reject the hypothesis of normal 

distribution based upon the Shapiro-Wilk statistic. 



Date 

11-30-79 
4-31-82 
5-31-84 

Figure 14 

Test of Significance 
of Mean Residual 

N Mean 

31 0.0123 
23 -0.0021 
38 0.0155 

Figure 15 

Normal Test of Residuals 

It I 

0.4571 
0.0534 
0.4673 

Regression with Discount Bonds 

Date (1 Sk W:Normal Prh>W 

11-30-79 0.1502 0.0185 0.9819 0.874 
4-31-82 0.188 0.2246 0.9643 0.549 
5-31-84 0.205 1.291 0.9232 0.018 

4.5.2 Procedure 
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The first step in the simulation is to generate a new 

set of hond prices by adding a normal variate with mean 

zero and variance equal to the estimated variance to the 

deterministic component. 

P = f(x;T) + U 

This step is repeated 500 times, generating a large 



sample of simulated prices. Finally, the estimation is 

performed 500 times using the simulated prices. 

statistical properties of the estimators may then be 

investigated. 

4.5.3 Results for Tax Rate Estimate 

88 

Table 16 presents the true tax rate and the mean of 

the simulated estimates. The results indicate that there 

is a slight upward bias in the estimated rate for the first 

two dates; for the third date the estimate is biased 

slightly downwards. 

In addition, the standard deviation of the simulated 

estimates is computed and compared to the true standard 

error. The standard errors, shown in Table 15, tend to 

have large negative bias, suggesting that the statistical 

tests applied to individual sample overstate the 

significance level. The simulated 90% confidence intervals 

for the three estimated tax rates are also computed: 

Nov. 1979 
April 1982 
May 1984 

(-.01821,0.11742) 
(0.18120,0.25720) 
(0.05390,0.09986) 

The tax rates for May 1984 and April 1982 are significant 

at ten percent level and for November 1979 the tax rate is 

not significanot. 



Table 16 

Measurement Bias in Estimate 
of Tax Rate 

Date 

11-30-79 
4-30-82 
5-31-84 

Date 

11-30-79 
4-30-82 
5-31-84 

True Mean of 
Mean Estimates Bias 

6.634 6.286 -0.348 
22.101 21.980 -0.121 
7.763 7.772 0.009 

Table 17 

Measurement of Bias in 
standard Error 

True 
or OA r Bias 

4.439 3.702 -0.737 
2.664 2.366 -0.298 
1.615 1.462 -0.153 

4.5.4 Results for spot Rates 

Sk 

-0.197 
0.013 
0.114 

Bias in estimated spot rates is also investigated. 

The procedure is similar to the one described above with 

the addition of one step. For each regression the spot 

rates were computed from the estimated B-spline 

coefficients of the discount function. 

This procedure allows us to examine the interesting 

question of measurement error in the spot rates. In most 

empirical work in which term structures are used, it is 

assumed tacitly that the estimated spot rates are known 
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with certainty, i.e. there is no measurement error. We 

know this is not the case: the term structure is measured 

-- not observed~ and so the question of the magnitude and 

nature of the measurement error is important. 
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The problem of bias in spot rates is even present in 

linear estimation methods, like Carleton-Cooper and 

McCulloch. The reason for this is that in these 

specifications the price is linear in the discount 

function, but the spot rate is a nonlinear transformation 

of the discount function. Hence, even if the estimate of 

the discount factor is unbiased, the transformed spot rate 

will be biased. 

The true spot rate and the mean of the simulated 

distribution for spot rates for years one to ten are listed 

in Table 18 through 20. In general, the estimates are 

upward biased, although the extent of bias is small. The 

Kolmogorov D test for normality indicates that measurement 

error is nonnormal. At any rate, the standard deviation of 

the error appears small. As would be expected the error 

standard deviation tends to increase with maturity. The 

meaning of these results is made more palpable by the 

simulated 90% Confidence intervals. For example, in April 

1982 the width of the confidence interval for the one-year 

spot rate is 81 basis points; for the ten-year spot rate, 

254 basis points. 
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Table 18 

Measurement of Bias in 
spot Rates, 11/30/79 

True Mean of 
Maturity Mean Estimates Bias Std Sk 

1 9.11 9.14 0.03 0.333 -0.174 
2 10.13 10.16 0.03 0.318 -0.129 
3 9.61 9.64 0.03 0.309 -0.030 
4 9.44 9.47 0.03 0.310 -0.037 
5 9.47 9.50 0.03 0.316 -0.097 
6 9.53 9.55 0.02 0.322 -0.150 
7 9.51 9.54 0.03 0.324 -0.183 
8 9.46 9.45 -0.01 0.325 -0.110 
9 9.44 9.49 0.05 0.341 0.206 

10 9.49 9.59 0.10 0.498 0.051 

Table 19 

Measurement of Bias in 
spot Rates, 4/30/82 

True Mean of 
Maturity Mean Estimates Bias std Sk 

1 9.46 9.48 0.02 0.242 0.044 
2 10.98 11 0.02 0.256 -0.054 
3 10.86 10.87 0.01 0.261 -0.077 
4 10.82 10.83 0.01 0.25 0.015 
5 10.85 10.86 0.01 0.24 0.126 
6 10.81 10.83 0.02 0.28 0.120 
7 10.66 10.68 0.02 0.27 0.006 
8 10.532 10.55 0.018 0.296 0.014 
9 10.57 10.6 0.03 0.354 0.286 

10 10.95 11 0.05 0.76 0.376 
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Table 20 

Measurement of Bias in 
spot Rates, 5/31/84 

5-31-84 True Mean of 
Maturity Mean Estimates Bias Std Sk 

1 9.60 9.59 -0.01 0.170 0.210 
2 11. 72 11. 72 -0.00 0.154 0.061 
3 12.10 12.10 .00 0.161 -0.072 
4 12.31 12.31 -0.00 0.171 -0.093 
5 12.48 12.49 0.01 0.178 -0.092 
6 12.59 12.60 0.01 0.180 -0.115 
7 12.63 12.63 -0.00 0.176 -0.146 
8 12.62 12.63 0.01 0.170 -0.142 
9 12.62 12.63 0.01 0.168 -0.084 

10 12.67 12.67 0.00 0.200 0.079 



CHAPTER 5 

CONCLUSION 
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This study was an empirical examination of the effects 

of differential taxation on term structure measurement. 

The major objective of this paper was to test the tax 

clientele hypothesis. The following conclusions can be 

drawn: 

1. The evidence presented in this paper supports the tax 

clientele hypothesis for the most part. The average of the 

monthly tax rates on the discount bonds exceeded the rate 

on the near-par bonds. Further, the estimated tax rates on 

the discount bonds were higher in an overwhelming number of 

months. 

2. Classification of bonds into groups based upon the tax 

clientele model ~ended to give better results. The 

estimated tax rates on the discount bonds were higher. 

Further, the cumulative mean square error was lower for 

this method. 

3. The likelihood ratio test rejected the null hypothesis 

of identical specification of the term structure in one 

third of the samples. The power of this test is weak 

because of the small sample size. 



4. Heteroscedasticity related to maturity is greatly 

reduced, if not eliminated, by adjusting f04 differential 

taxation. In the restricted model, heteroscedasticity was 

a problem, as indicated by the number of positive and the 

number of positive and significant coefficients in the 

Glejser test. In the unrestricticted model, on the other 

hand, the number of positive coefficient was roughly equal 

to the number of negative and the number of significant 

coefficients was much lower. 

5. The results of the Monte Carlo simulation showed that 

there was a slight bias in the estimated tax rate. The 

standard error of the tax estimate had a large negative 

bias. 

6. The Monte Carlo simulation showed that the estimated 

spot rates had a slight positive bias; the standard error 

of the estimates was small and increased with maturity. 
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7. In the course of this investigation a number of 

advantages of the nonlinear estimation compared to the 

grid-search method commonly employed in the literature 

became apparent. First, this procedure is computationaly 

more efficient. Second, the estimates from the grid search 

will be more precise. Third, there is a growing body of 

statistical methods that can be employed with the nonlinear 

estimation. These methods cannot be applied to the grid 

search procedure. Finally, nonlinear least square 

estimates will be biased, whether computed with Gauss-



95 

Newton or by grid search. A Monte Carlo simulation is 

perhaps the only way to examine the extent of the bias. It 

is much easier and computationaly less burdensome to 

perform the simulation with Gauss-Newton method. The 

estimates from the initial estimation can be used as 

starting values for the simulation, assuring fast 

convergence for each simulation. 
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APPENDIX A: 

A SIMPLE TAX CLIENTELE MODEL 
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A tax clientele model is developed under the tax laws 

prior to 1986. We consider a market in which there exists 

at least two unique bonds maturing at the same date. The 

model will be developed for two tax clienteles that 

correspond to taxable and nontaxable investors. The 

taxable investors will be taxed at the uniform ordinary 

rate, To' and capital gains rate, Tg • The model can be 

extended to more than two clienteles, but lack of data 

makes it difficult, if not impossible, to test a model 

having more than two clienteles. 

The following assumptions will be made: 

(A) Investors follow a buy-and-hold strategy. 

(B) Short selling of bonds with a maturity greater 
than one year is prohibited. 

(C) The ordinary tax rate exceeds the capital gains rate. 

(D) The after-tax spot rate for a taxable investor never 
exceeds the spot rate for a nontaxable investor. 

(F) Future spot rates are known with certainty. 

Two cases will be considered: 

Case I. Nontaxable investors investors are assumed to 

constitute the marginal investors in both par and discount 

bonds, and taxable investors are the infra-marginal 

investors. Thus, in equilibrium the market price of a bond 

will equal the present value of the cash flows under the 

assumption that the discount rates correspond to those of 

the nontaxable investors. The infra-marginal investors, 
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who may have different discount rates induced by tax 

effects, will place a different value on the bond's cash 

flows. This subjective value represents the amount the 

infra-marginal investors are willing to pay for the bonds. 

The infra-marginal investors will naturally prefer those 

bonds having subjective values in excess of market prices 

because they offer an infra-marginal gain: but, on the 

other hand, these investors will avoid bonds with 

subjective values less than the market price. 

Case II. Taxable investors are assumed to constitute the 

marginal investors and nontaxable investor are now the 

infra-marginal investors. 

In case I, nontaxable investors are assumed to 

determine equilibrium prices so that the taxable investors 

become the infra-marginal investors and will thus hold only 

a particular set of bonds because other bonds are regarded 

as over priced. In this case, nontaxable investors are 

indifferent between any two bonds in equilibrium under 

certainty but this is not so for the infra-marginal 

investors. In case II, the roles of the nontaxable and 

taxable investors are reversed. The taxable investors 

determine equilibrium prices and the nontaxable investors 

become the infra-marginal investoJ~s and will only hold a 

particular set of bonds. 

1. Case I 
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Under the buy-and-hold strategy in a world of 

certainty, the price of a bond can be expressed as the 

present value of its cash flows. If the nontaxable 

investor holds both par and discount bonds, then the market 

prices of these two bonds are, respectively, 

(A.l) 100 = CuJmjJ. (s) ds + 100jJ. (m) , o 0 0 

(A.2) 

where Cu and Cd are the coupons for a par and a 

discount bond; jJ. (t) is the discount function which 
o 

equals the present value of one dollar received at time t 

for nontaxable investor: 

jJ. (t) 
o 

-ro(t)t = e , 

where rQ(t) and is the spot rate over t periods. The 

subscript 0 is use to the distinguish spot rate from the 

after-tax spot rate. 

What we intend to show is that if equations (A.l) and 

(A.2) hold, the present value for the taxable investor of 

one dollar invested in a discount bond ~.,ill exceed the 

present value of a dollar invested in a par bond. If short 

selling is prohibited, the taxable investor will hold only 



discount bonds. 

Dividing equations (A.1) and (A.2) by 100 and Pd 

respectively, we obtain 

YuSo + 1J.
0 

= 1 

YdSo + l~d°lJ.o = 1, 

where Y
d 

and Yu are the current yields on discount and 

par bonds, respectively and 

So = tlJ. (s)ds o 0 

The difference in the current yields can be expressed as 

(A. 3) 

The value that the taxable investor places on a one 

dollar investment in each bond can be expressed as the 

100 

present value of the after-tax cash flows, based upon the 

buy-and-hold assumption, divided by its market price. 

where 
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The difference in the values is 

Substituting the difference between the current yields from 

equation (A.3), we obtain 

G
T 

= (l-T)S [1_100jIJ.0 + 
o T Pd. So 

= (l-T) S r 1-~9 0 1 IJ. 0 + 
a T l l=-ld j S::; 

100-p IJ. ST 
[ rt j1r iJ. (l-T) - _0 - (l-T ) 1 

Pd' T g So 0' 

or 
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CA.4) 

We can be show that 

~OST FT 
-S = -F < 1. 
~T 0 0 -

CA.5) 

The ratio of So over ~o can be expressed as 

Rearranging terms, 

CA.6) 

Now, let fo(m-s) be the future spot rate for a nontaxable 

investor at time saver m-s periods. Under certainty, the 

future value of one dollar invested for m periods equals 

the future value of one dollar invested for s periods and 

then reinvested for m-s periods: 

ero(m)m = 

Thus, the integrand of equation (A.6) may be expressed as 
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substituting into equation (A.6), 

(A.7) f
m fo(m-s)(m-s)d 

Fo = e s. o 

The same argument can obviously be repeated for the taxable 

investor. Thus, 

where fr(m-s) is the future after-tax spot rate for 

taxable investor at time s over m-s periods. 

By assumption (D), fo ~ fT. Thus, each term in 

the integrand of equation (A.7) equals or exceeds each term 

in the integrand of equation (A.8). It is clear then that 

and of course 

The above inequality, when applied to equation (A.4), 

implies that 

(A.9) 

Further, since To > Tg and Pd < 100, 

Gr > O. 

Equation (A.9) reveals several interesting features. 

First, notice that the tax gain is non-negative even if the 

capital gains rate equals the ordinary tax rate. This is 
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because the capital gains growth for the discount bond will 

equal the instantaneous ra'te dictated by the nontaxable 

investor. Secondly, the gain is positively related to the 

percentage deviation from par and negatively related to the 

maturity date. The latter is true because the value of 

~T is negatively related to maturity. 

2. Case II 

In this case equilibrium market prices are set by the 

taxable investors, who are indifferent between any two 

bonds. Therefore, 

It may be noted that equation (A.10) and equation (A.ll) 

may not correspond to the same bonds as analyzed in 

equation (A.l) and (A.2). However, a partition of the set 

of bonds into par and discount bonds can be still be 

undertaken. 

If we subtract equation (A.lO) from (A.ll), then 
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Solving for the difference in current yields, we obtain 

(A.12) 

The value of these bonds per dollar invested to the 

nontaxable investor is 

1001J. o 

Therefore, 

Go = Vu-Vo = S (y -y) + IJ. [l_lpOO] 
o u dOd 

Substituting equation A.12 into the above, 

Rearranging terms, 

(A.13 ) 



We know that 

IJ.TSo Therefore, ~ s 1. This inequality 
"'0 T 

implies that 

(A.14) 

Further Go > 0, because P
d 

< 100 and To > Tg • 
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Thus, in this case the nontaxable investor will prefer 

the par bonds to the discount bonds. When taxable 

investors are the marginal investors, we can view them as 

forcing down the price of the par bonds as previously 

determined in case I so as to have the marginal investment 

values the same as the discount bonds. The par bonds are 

thus more attractive to the nontaxable investors. 
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APPENDIX B: 

ADDITIONAL RESULTS 
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Table 21 

Estimated Tax Rate for Unweighted Regression, 
1/31/79 to 6/29/84 

Discount Near Par Pooled 

Date To It I To It I To It I 

790131 0.1064 1. 7583 ';'0.0817 -1.5517 -0.0409 -1. 5700 
790228 0.2322 4.6200 ":'0.0359 -0.7417 -0.0042 -0.1616 
790330 0.3711 7.3962 ';;'0.0199 -0.6430 -0.0023 -0.0972 
790430 0.4256 7.3048 ':'0.0268 -0.7909 0.0255" 0.9626 
790531 0.3522 5.0576 0.0191 0.5677 0.0337 1. 3362 
790629 . . 0.0692 1.5543 0.0696 1. 7839 
790731 0.4198 8.9518 0.0331 0.7512 0.0664 2.2007 
790831 0.4150 4.6944 0.0164 0.3234 0.0754 2.5144 
790928 0.2263 2.4318 -0.0031 -0.0495 0.0355 1.0466 
791031 0.0532 1. 5129 0.1815 1.3835 0.0323 0.9877 
791130 o nr-n ... .vuv.;) 1.4480 0.0031 0.0190 0.0462 1. 8608 
791231 0.1344 2.1156 0.1326 2.1599 0.0130 0.5511 
800131 0.0744 1. 5119 0.1583 2.8571 0.0350 1. 6132 
800229 0.1008 3.3177 0.0963 4.5139 
800331 0.0699 1. 7237 0.0410 1. 6357 
800430 0.1520 1.4916 0.0511 0.5477 0.0869 2.2543 
800530 0.5375 2.1438 0.0087 0.1463 0.0239 0.6560 
800630 '·0.0027 -0.0673 0.0502 1. 8430 
800731 "'-0.0212 -0.3344 0.0427 1. 3511 
800829 0.0381 1. 2732 0.0222 0.2799 0.0759 4.0388 
800930 -0.0244 -0.6362 0.0311 0.4389 0.0432 2.4114 
801030 0.0075 0.18~4 0.0520 2.2310 
801128 0.0182 0.3904 0.0668 2.5592 
801231 -0.0049 -0.1029 0.0541 0.7912 
810130 .0000 0.0003 0.0376 1. 6133 
810227 0.0375 1. 0431 0.0890 4.7786 
810331 0.0057 0.1400 0.0881 4.5407 
810430 0.0298 1.2470 0.0958 0.9809 0.0708 5.1502 
810529 0.1581 5.7764 0.1746 1. 7506 0.0872 5.8982 
810630 0.1256 4.4922 0.1077 1. 3625 0.1245 9.6703 
810731 0.1448 6.0046 -0.0980 -0.7838 0.1203 7.9749 
810831 0.1594 9.6214 0.2400 2.0191 0.1291 8.8565 
810930 0.1361 9.6116 0.1350 1. 9735 0.1167 10.0398 
811030 0.2022 8.2375 -0.0307 -0.2368 0.1183 6.5118 
811130 0.1646 2.4053 ~0.1753 -1.1297 0.0900 2.9179 
811231 0.0289 0.8775 0.1236 1. 6491 0.0605 3.9708 
820129 0.0507 1.5395 0.0319 0.4605 0.0737 5.5604 
820226 0.0625 1. 5401 0.0055 0.0716 0.0789 5.0716 
820331 0.1206 3.9598 0.0184 0.2907 0.1223 10.0738 
820430 0.2201 8.2057 0.0051 0.0692 0.1075 7.7630 
820528 0.2812 4.0328 0.0149 0.2441 0.1150 6.2773 
820630 0.1380 3.2104 "'0.0688 -1.1414 0.1062 7.1794 
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820730 0.2261 3.0737 0.0266 0.4166 0.1313 7.7552 
820831 0.3396 3.7873 0.0943 0.7938 0.1550 4.1631 
820930 0.0466 0.5157 0.0641 0.7687 0.1549 4.4773 
821029 0.1193 1.1494 
821130 0.0834 0.8365 0.0487 0.5390 
821231 0.0150 0.1549 -0.0772 -0.9406 
830131 0.2406 4.4228 0.1227 1. 7496 
830228 0.0372 0.3601 0.0135 0.1275 
830331 0.2253 5.5897 0.1559 4.2669 
830429 0.0410 0.7000 0.0354 0.6561 
830531 0.2683 9.7819 0.1965 9.0686 
830630 0.0479 1. 2504 0.0870 3.6167 
830729 0.1759 8.0413 ';'0.0877 -1.1177 0.0751 2.7364 
830831 0.2070 4.4250 0.0791 1. 7969 0.1171 5.9324 
830930 0.0032 0.0085 0.1064 1. 0776 0.1188 3.9993 
831031 0.3151 3.8161 0.1028 2.8394 0.1339 8.4840 
831130 0.1630 0.3747 0.1438 3.7831 0.1326 7.6958 
831230 0.1293 2.0280 0.0755 2.1290 0.1082 7.5097 
840131 0.1387 0.5933 0.0822 1. 7189 0.1160 5.6751 
840229 0.1097 3.2752 0.0795 3.2879 0.0860 7.6045 
840330 0.1007 4.7388 0.1815 1. 8809 0.0910 3.2278 
840430 0.1021 4.8200 0.0245 0.6724 0.0645 6.0192 
840531 0.0840 5.3361 "-0.0214 -0.3967 0.0425 3.9635 
840629 0.0836 6.5649 0.0055 0.1443 0.0316 3.3003 
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Table 22 

Estimated Tax Rate for Weighted Regression, 
1/31/79 to 6/29/84 

Discount Near Par Pooled 

Date To It I To It I To It. i 

790131 0.1064 1. 5992 -0.0627 -1. 4153 -0.0435 -1.7722 
790228 0.2152 3.8205 -0.0165 -0.4544 -0.0074 -0.3359 
790330 0.3709 6.7747 -0.0254 -0.9098 -0.0072 -0.3232 
790430 0.4301 6.4096 -0.0215 -0.7172 0.0194 0.7742 
790531 0.3478 3.9995 0.0122 0.3943 0.0267 1.1392 
790629 . . 0.0688 1. 5411 0.0731 1.8592 
790731 0.4220 9.5308 0.0188 0.4313 0.0471 1.5104 
790831 0.3605 3.8684 0.0066 0.1247 0.0564 1.8937 
790928 0.1844 1. 7577 -0.0264 -0.4036 0.0173 0.5319 
791031 0.0474 1. 3447 0.1727 1. 6714 0.0231 0.7693 
791130 0.0663 1. 4945 0.0116 0.0659 0.0548 2.1654 
791231 0.1344 2.1156 0.1364 3.0703 0.0298 1.5482 
800131 0.0711 1. 4552 0.1541 3.1408 0.0387 2.0317 
800229 0.1134 4.6655 0.1015 6.1546 
800331 0.0771 2.3389 0.0420 1. 8208 
800430 0.1520 1. 4916 0.0511 0.5477 0.0869 2.2543 
800530 0.5375 2.1438 0.0307 0.5354 0.0404 1.1527 
800630 ..:.0.0064 -0.1576 0.0403 1. 4028 
800731 -0.0232 -0.3907 0.0318 0.9852 
800829 0.0342 1. 0737 0.0152 0.1929 0.0801 3.9614 
800930 -0.0145 -0.3541 0.0034 0.0413 0.0462 2.6354 
801030 0.0047 0.1052 0.0748 3.2684 
801128 0.0278 0.5732 0.0869 3.4168 
801231 -0.0037 -0.0720 0.0683 1. 0740 
810130 0.0078 0.2012 0.0558 2.5763 
810227 0.0424 1.1548 0.1024 5.3289 
810331 0.0091 0.2185 0.0963 5.1200 
810430 0.0278 1.1245 0.0472 0.4802 0.0720 5.1020 
810529 0.1629 5.3491 0.1223 1. 2054 0.0828 5.4216 
810630 0.1283 4.3328 0.0716 1.0028 0.1242 9.7007 
810731 0.1572 6.4902 "':'0.0796 -0.7878 0.1179 7.7512 
810831 0.1598 9.5636 0.1940 1. 6575 0.1235 8.6606 
810930 0.1373 10.1886 0.0910 1. 3875 0.1113 10.1046 
811030 0.2003 7.9374 0.0090 0.0734 0.1088 5.5776 
811130 0.1420 1. 8543 -0.0934 -0.7939 0.0767 2.4249 
811231 0.0289 0.8803 0.1186 1. 4850 0.0620 3.6261 
820129 0.0504 1.4890 0.0609 0.8469 0.0765 5.2900 
820226 0.0645 1.5788 0.0059 0.0737 0.0844 5.1256 
820331 0.1211 3.9778 0.0237 0.3879 0.1240 10.2477 
820430 0.2210 8.2967 -0.0315 -0.4047 0.1002 6.5666 
820528 0.2927 4.1175 0.0085 0.1428 0.1112 5.9245 
820630 0.1348 2.8385 -0.1308 -2.1090 0.0926 5.4711 
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820730 0.2261 3.0737 0.0181 0.2795 0.1304 7.1435 
820831 0.3415 3.8098 0.0733 0.5873 0.1556 4.2287 
820930 0.0465 0.5078 0.0440 0.5068 0.1563 4.2915 
821029 0.1025 0.5720 0.1064 0.9148 
821130 0.0864 0.9157 0.0537 0.6280 
821231 .... 0.0196 -0.1874 -0.1045 -1. 2064 
830131 0.2239 3.8395 0.1125 1.5528 
830228 0.0237 0.2287 0.0065 0.0622 
830331 0.2282 5.8188 0.1598 4.6792 
830429 0.0401 0.6913 0.0346 0.6460 
830531 0.2617 9.1201 0.1943 9.0205 
830630 0.0249 0.6414 0.0731 2.9009 
830729 0.1767 9.5163 -0.0751 -1. 0000 0.0675 2.3139 
830831 0.1958 4.7357 0.0670 1.5147 0.1088 5.1642 
830930 0.0032 0.0085 0.0762 0.8803 0.1150 4.0008 
831031 0.3151 3.8161 0.0704 1. 7071 0.1277 7.2333 
831130 0.1630 0.3747 0.1198 2.8111 0.1319 7.1617 
831230 0.1293 2.0280 0.0579 1. 6382 0.1049 6.6699 
840131 0.1387 0.5933 0.0769 1. 5970 0.1131 4.8420 
840229 0.1204 3.7794 0.0733 3.1343 0.0831 6.9122 
840330 0.1023 4.8914 0.1792 1. 8605 0.0920 2.7699 
840430 0.1027 4.8951 0.0314 0.8908 0.0561 4.6806 
840531 0.0776 4.8062 -0.0347 -0.6563 0.0322 2.6804 
840629 0.0826 6.3981 0.0111 0.3288 0.0316 3.0521 
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Table 23 

Estimated Tax Rate for Weighted Regression 
with converge~ce criterion = .00001, 

1/31/79 to 6/29/84 

Discount Near Par Pooled 

Date To It I To It I To It I 

790131 0.1064 1. 5992 -0.0626 -1.4135 -0.0435 -1. 7709 
790228 0.2152 3.8205 -0.0165 -0.4546 -0.0074 -0.3359 
790330 0.3709 6.7747 -0.0255 -0.9109 -0.0072 -0.3234 
790430 0.4301 6.4096 -0.0215 -0.7166 0.0194 0.7744 
790531 0.3478 3.9994 0.0122 0.3965 0.0268 1.1453 
790629 0.0687 1. 5397 0.0731 1.8584 
790731 0.4220 9.5308 0.0189 0.4347 0.0471 1. 5072 
790831 0.3605 3.8684 0.0066 0.1251 0.0564 1.8937 
790928 0.1844 1.7577 -0.0264 -0.4038 0.0173 0.5346 
791031 0.0474 1. 3453 0.1726 1. 6704 0.0232 0.7718 
791130 0.0663 1. 4944 0.0117 0.0664 0.0548 2.1645 
791231 0.1344 2.1157 0.1364 3.0686 0.0298 1. 5482 
800131 0.0711 1. 4550 0.1541 3.1405 0.0387 2.0306 
800229 0.1134 4.6654 0.1015 6.1546 
800331 0.0771 2.3390 . . 0.0420 1.8233 
800430 0.1520 1. 4918 0.0509 0.5457 0.0869 2.2534 
800530 0.5375 2.1438 0.0307 0.5340 0.0403 1.1486 
800630 "'0.0064 -0.1569 0.0403 1. 4011 
800731 . . -0.0232 -0.3902 0.0318 0.9848 
800829 0.0342 1. 0737 0.0152 0.1939 0.0800 3.9588 
800930 -0.0144 -0.3529 0.0035 0.0421 0.0462 2.6345 
801030 0.0047 0.1067 0.0748 3.2683 
801128 0.0278 0.5736 0.0869 3.4168 
801231 -0.0036 -0.0694 0.0682 1. 0725 
810130 0.0079 0.2035 0.0558 2.5732 
810227 0.0424 1.1556 
810331 0.0091 0.2206 -0.1024 -0.7334 0.0963 5.1193 
810430 0.0278 1.1257 0.0471 0.4793 0.0720 5.1018 
810529 0.1629 5.3487 0.1223 1.2045 0.0828 5.4207 
810630 0.1283 4.3327 0.0717 1. 0041 0.1242 9.6991 
810731 0.1572 6.4912 -0.0799 -0.7904 0.1179 7.7506 
810831 0.1598 9.5637 0.1940 1. 6574 0.1235 8.6611 
810930 0.1373 10.1890 0.0910 1. 3876 0.1113 10.1050 
811030 0.2003 7.9368 0.0088 0.0722 0.1088 5.5772 
811130 0.1422 1. 8573 ';;'0.0933 -0.7931 0.0766 2.4234 
811231 0.0289 0.8802 0.1183 1.4801 0.0620 3.6238 
820129 0.0504 1.4893 0.0609 0.8456 0.0765 5.2898 
820226 0.0645 1.5788 0.0060 0.0758 0.0844 5.1254 
820331 0.1211 3.9777 0.0238 0.3893 0.1240 10.2461 
820430 0.2210 8.2966 -0.0316 -0.4067 0.1002 6.5629 
820528 0.2926 4.1164 0.0085 0.1428 0.1112 5.9239 
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820630 0.1348 2.8388 -0.1307 -2.1080 0.0925 5.4681 
820730 0.2261 3.0731 0.0182 0.2805 0.1304 7.1423 
820831 0.3415 3.8095 0.0735 0.5896 0.1555 4.2269 
820930 0.0465 0.5078 0.0439 0.5052 0.1563 4.2896 
821029 0.1027 0.5738 
821130 0.0865 0.9174 0.0539 0.6304 
821231 ':'0.0198 -0.1894 -0.1046 -1. 2077 
830131 0.2238 3.8368 0.1124 1. 5504 
830228 0.0235 0.2262 0.0064 0.0608 
830331 0.2282 5.8160 0.1598 4.6774 
830429 0.0402 0.6937 0.0345 0.6430 
830531 0.2617 9.1204 0.1943 9.0203 
830630 0.0250 0.6447 0.0730 2.8977 
830729 0.1767 9.5163 ~0.0749 -0.9977 0.0674 2.3110 
830831 0.1958 4.7356 0.0671 1. 5176 0.1088 5.1635 
830930 0.0030 0.0080 0.0759 0.8767 0.1149 3.9987 
831031 0.3151 3.8161 0.0703 1. 7046 0.1277 7.2317 
831130 0.1631 0.3748 0.1197 2.8099 0.1319 7.1632 
831230 0.1293 2.0280 0.0581 1. 6430 0.1049 6.6747 
840131 0.1386 0.5933 0.U769 1. 5973 0.1131 4.8422 
840229 0.1204 3.7795 0.0733 3.1329 0.0831 6.9109 
840330 0.1023 4.8914 0.1790 1.8581 0.0920 2.7699 
840430 0.1027 4.8951 0.0314 0.8913 0.0561 4.6820 
840531 0.0776 4.8062 -0.0345 -0.6531 0.0322 2.6829 
840629 0.0826 6.3982 0.0110 0.3271 0.0316 3.0550 



Date 

790131 
790228 
790330 
790430 
790531 
790629 
790731 
790831 
790928 
791031 
791130 
791231 
800131 
800229 
800331 
800430 
800530 
800630 
800731 
800829 
800930 
801030 
801128 
801231 
810130 
810227 
810331 
810430 
810529 
810630 
810731 
810831 
810930 
811030 
811130 
811231 
820129 
820226 
820331 
820430 

Table 24 

Estimated Tax Rate for Weighted Regression 
with Bonds Grouped by Price, 

1/31/79 to 6/29/84 
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Discount Near Par Pooled 

To It I To It I To It I 

0.1135 1.3870 ':'0.0606 -1.5832 -0.0435 -1.7722 
-0.0141 -0.1395 ..l.0.0074 -0.2197 -0.0074 -0.3359 

0.2475 4.2684 .;.0.0336 -0.9932 -0.0072 -0.3232 
0.2598 2.7107 ':'0.0133 -0.4562 0.0194 0.7742 
0.3628 4.2566 0.0222 0.6941 0.0267 1.1392 . . 0.0701 1. 3607 0.0731 1. 8592 
0.2996 24.6913 0.0293 0.7125 0.0471 1.5104 
0.2415 2.0441 0.0133 0.2729 0.0564 1.8937 
0.1222 1. 3090 -0.0690 -0.9718 0.0173 0.5319 
0.0684 2.1736 0.1799 2.0353 0.0231 0.7693 
0.0726 2.2546 -0.0122 -0.1290 0.0548 2.1654 
0.1063 2.0084 0.1034 2.5075 0.0298 1. 5482 
0.0522 1.1093 0.0643 1.3456 0.0387 2.0317 
0.1221 5.4832 0.1015 6.1546 
0.0784 2.2483 0.0420 1. 8208 
0.1832 1. 7793 -0.0001 -0.0009 0.0869 2.2543 
0.1245 0.3552 0.0165 0.3182 0.0404 1.1527 

':'0.0257 -0.5875 0.0403 1. 4028 
0.0393 0.8678 0.0318 0.9852 

0.0447 1.4236 0.0617 1.1312 0.0801 3.9614 
0.0431 1.1293 0.0595 1. 3596 0.0462 2.6354 
0.0424 0.9587 0.0748 3.2684 
0.0454 0.9086 0.0869 3.4168 
0.0007 0.0148 0.0683 1. 0741 
0.0078 0.2012 0.0558 2.5763 
0.0499 1. 9564 0.1024 5.3289 
0.0694 1.872l 0.0963 5.1200 
0.0364 1. 5321 0.1051 1.2728 0.0720 5.1020 
0.0903 3.0887 ':"0.0109 -0.1083 0.0828 5.4216 
0.1224 4.8039 0.0574 0.7451 0.1242 9.7007 
0.1475 6.2651 ":'0.1146 -1.5219 0.1179 7.7512 
0.1493 9.4015 0.2333 2.5548 0.1235 8.6606 
0.1369 10.0991 0.1613 2.7329 0.1113 10.1046 
0.1752 7.2532 0.0645 0.6055 0.1088 5.5776 
0.0667 0.9282 -0.0714 -0.6918 0.0767 2.4249 
0.0239 0.8821 0.0812 0.9665 0.0620 3.6260 
0.0470 1. 4435 0.0414 0.5397 0.0765 5.2900 
0.0493 1. 2774 ":'0.0351 -0.4145 0.0844 5.1256 
0.1282 5.0007 -0.0214 -0.3051 0.1240 10.2477 
0.1217 4.0832 -0.0877 -1. 3268 0.1002 6.5666 
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820528 0.1849 3.3361 0.0049 0.0824 0.1112 5.9245 
820630 0.1424 3.1684 -0.2259 -3.4745 0.0926 5.4711 
820730 0.2261 3.0737 0.0181 0.2795 0.1304 7.1435 
820831 0.2821 2.6426 0.0764 0.7301 0.1556 4.2287 
820930 0.0465 0.5078 0.0440 0.5068 0.1563 4.2915 
821029 0.1025 0.5720 0.1064 0.9148 
821130 0.0662 0.9416 0.0537 0.6280 
821231 ';;'0.0218 -0.1966 -0.1045 -1. 2064 
830131 0.2204 3.4924 0.1125 1. 5528 
830228 0.0237 0.2287 0.0065 0.0622 
830331 0.2204 4.8329 0.1598 4.6792 
830429 0.0401 0.6913 0.0346 0.6460 
830531 0.2228 6.9321 0.1943 9.0205 
830630 ~0.0063 -0.1626 0.0731 2.9009 
830729 0.1791 8.4699 ~0.0375 -0.5173 0.0675 2.3130 
830831 0.1610 4.8067 0.0287 0.5014 0.1088 5.1642 
830930 0.0528 1. 2118 0.0321 0.3304 0.1150 4.0008 
831031 0.1120 1.1084 0.0549 1.1710 0.1277 7.2333 
831130 0.0594 0.5261 0.1089 2.2896 0.1319 7.1617 
831230 0.1598 6.2088 0.0486 0.9636 0.1049 6.6699 
840131 0.0725 1. 6983 0.0661 1.1224 0.1131 4.8420 
840229 0.1205 4.9959 0.0785 2.4343 0.0831 6.9122 
840330 0.0969 5.3700 0.2136 1. 9822 0.0920 2.7699 
840430 0.0742 4.4801 0.0223 0.6134 0.0561 4.6806 
840531 0.0728 4.5155 ';"0.0322 -0.6048 0.0322 2.6804 
840629 0.0738 5.6360 0.0017 0.0475 0.0316 3.0521 



116 

Table 25 

Results for Likelihood Ratio Test for Unweighted 
Regression, 1/31/79 to 6/29/84 

Goldfeld-
LRT Quandt 

Date Df1 Df2 L Prb (L>Ctx
) M Prb (M>Ctx

) 

790131 10 35 1. 6309 0.1607 2.2428 0.0872 
790228 11 31 1.8890 0.1053 3.9687 0.0096 
790330 6 37 4.5279 0.0012 2.4103 0.1356 
790430 8 36 6.6059 0.0000 1. 8719 0.1772 
790531 4 40 2.4723 0.0379 2.2436 0.2252 
790629 · · 790731 3 42 1.1130 0.3700 9.7415 0.0419 
790831 a 35 1.8119 0.1194 2.4403 0.0928 
790928 12 32 1.1315 0.3601 1. 6957 0.1659 
791031 35 9 6.7006 0.0000 0.8911 0.5429 
791130 25 17 1. 7422 0.1349 2.7168 0.0115 
791231 25 19 1. 5754 0.1770 0.6554 0.8260 
800131 31 16 1.0679 0.3951 0.6412 0.8255 
800229 
800331 . . · . · 800430 15 23 1.1897 0.3325 0.7357 0.7531 
800530 2 28 0.9232 0.4924 0.6638 0.7609 
800630 
800731 4 30 1. 8521 0.1182 1. 0774 0.5392 
800829 27 15 3.2279 0.0107 2.6015 0.0148 
800930 30 13 2.8261 0.0208 1. 3874 0.2222 
801030 
801128 
801231 
810130 
810227 
810331 . · . · 810430 37 15 0.9973 0.4371 1.1736 0.3331 
810529 34 14 1.9;354 0.0941 1.7891 0.0825 
810630 32 20 0.9010 0.5014 0.9608 0.5267 
810731 39 13 1. 4214 0.2243 0.4296 0.9488 
810831 41 10 2.71'17 0.0229 1. 0009 0.4588 
810930 40 14 2.7200 0.0221 0=6030 0.8463 
811030 24 22 3.0185 0.0143 1.8935 0.0651 
811130 11 16 2.0258 0.0968 1. 6195 0.2108 
811231 19 25 1. 0206 0.4246 1.2939 0.2851 
820129 20 25 0.6581 0.6835 0.6379 0.8572 
820226 17 25 1.3787 0.2455 0.7735 0.7268 
820331 20 31 1.4579 0.2114 0.6560 0.8578 
820430 17 27 2.8693 0.0190 2.3929 0.0323 
820528 11 26 2.4695 0.0414 0.6737 0.8032 
820630 17 35 2.4394 0.0374 0.3704 0.9937 
820730 7 28 2.4478 0.0441 1. 2953 0.3845 
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820831 5 13 1.3288 0.2951 2.4178 0.1690 
820930 4 12 3.0063 0.0366 2.8277 0.1634 
821029 
821130 
821231 
830131 
830228 
830331 
830429 
830531 
830630 
830729 3 26 2.5618 0.0409 5.6545 0.0889 
830831 3 33 1.0436 0.4139 1.8385 0.3443 
830930 2 28 0.1879 0.9779 2.5187 0.3240 
831031 2 34 1. 7026 0.1487 1. 0829 0.5931 
831130 2 34 0.6667 0.6769 0.5258 0.8352 
831230 3 34 0.4250 0.8576 1. 7772 0.3567 
840131 2 37 0.4677 0.8280 3.9096 0.2243 
840229 6 36 1. 0901 0.3840 0.9197 0.6115 
840330 13 36 0.3448 0.9095 11. 8521 0.0000 
840430 16 38 2.3739 0.0416 0.8515 0.6698 
840531 32 36 2.4758 0.0317 0.9473 0.5648 
810629 30 36 4.4519 0.0008 1. 4029 0.1728 
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Table 26 

Results for Likelihood Ratio Test for Weighted 
Regression, 1/31/79 to 6/29/84 

Goldfeld-
LRT Quandt 

Date Df1 Df2 L Prb (L>Ca ) M Prb (M>Ca ) 

790131 10 35 1. 6086 0.1669 2.2361 0.0880 
790228 11 31 1. 8314 0.1161 3.9456 0.0098 
790330 6 37 4.3103 0.0017 2.3194 0.1466 
790430 8 36 6.3750 0.0001 1. 8903 0.1733 
790531 4 40 2.4i97 0.0415 2.2365 0.2262 
790629 . 
790731 3 42 1. 0849 0.3859 9.9373 0.0408 
790831 8 35 1. 7.646 0.1293 2.3163 0.1061 
790928 12 32 0.9609 0.4626 1. 6844 0.1691 
791031 35 9 6.6927 0.0000 0.9127 0.5255 
791130 25 17 1. 6721 0.1518 2.6533 0.0131 
791231 25 19 1. 6084 0.1675 0.6814 0.8027 
800131 31 16 0.9473 0.4708 0.6541 0.8143 
800229 
800331 
800430 15 23 1.1897 0.3325 0.7357 0.7531 
800530 2 28 0.8746 0.5250 0.6853 0.7504 
800630 
800731 . 
800829 27 15 3.3115 0.0093 2.6146 0.0144 
800930 30 13 2.4143 0.0424 1. 4702 0.1863 
801030 
801128 
801231 
810130 
810227 
810331 , 
810430 37 15 0.84:51 0.5412 1.1734 0.3333 
810529 34 14 1. 6472 0.1548 1. 7749 0.0853 
810630 32 20 0.7048 0.6471 0.9746 0.5127 
810731 39 13 1. 3505 0.2521 0.4261 0.9504 
810831 41 10 2.6833 0.0243 1. 0223 0.4422 
810930 40 14 2.6945 0.0232 0.6250 0.8281 
811030 24 22 2.9465 0.0162 1. 9481 0.0571 
811130 11 16 1.7880 0.1393 1. 6365 0.2057 
811231 19 20 1. 0281 0.4200 1.3332 0.2626 
820129 20 25 0.6309 0.7047 0.6517 0.8456 
820226 17 25 1.4166 0.2310 0.7878 0.7129 
820331 20 31 1. 4680 0.2079 0.6627 0.8520 
820430 17 27 2.8808 0.0187 2.4639 0.0282 
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820528 11 26 2.4163 0.0452 0.6705 0.8058 
820630 17 35 2.6342 0.0263 0.3842 0.9918 
820730 7 28 2.5239 0.0390 1. 3392 0.3649 
820831 5 13 1. 2635 0.3222 2.4241 0.1682 
820930 4 12 2.8328 0.0448 2.8714 0.1597 
821029 
821130 
821231 
830131 
830228 
830331 
830429 
830531 
830630 
830129 3 26 2.5~17 0.0435 5.9239 0.0835 
830831 3 33 0.9861 0.4491 1. 8402 0.3440 
830930 2 28 0.1378 0.9901 2.5671 0.3190 
831031 2 34 1.5i28 0.2019 1.1357 0.5762 
831130 2 34 0.6,060 0.7237 0.5435 0.8257 
831230 3 34 0.3547 0.9025 1. 8417 0.3438 
840131 2 37 0.4760 0.8220 3.9734 0.2212 
840229 6 36 1. 0:474 0.4090 0.8869 0.6338 
840330 13 36 0.3430 0.9106 11. 3038 0.0000 
840430 16 38 2.5236 0.0316 0.8218 0.7000 
840531 32 36 2.5270 0.0288 0.9369 0.5773 
840629 30 36 4.0830 0.0015 1. 4643 0.1440 
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Table 27 

Results for Likelihood Ratio Test for Weighted 
Regression with Convergence criterion = .00001, 

1/31/79 to 6/29/84 

Goldfeld-
LRT Quandt 

Date Df1 Df2 L Prb (L>Ctx
) M Prb (M>Ctx

) 

790131 10 35 1. 6082 0.1670 2.2360 0.0881 
790228 11 31 1. 8314 0.1161 3.9455 0.0098 
790330 6 37 4.3.102 0.0017 2.3194 0.1466 
790430 8 36 6.3753 0.0001 1. 8902 0.1733 
790531 4 40 2.4i92 0.0416 2.2364 0.2262 
790629 . . . . . . 
790731 3 42 1. 0.863 0.3851 9.9365 0.0408 
790831 8 35 1. 7646 0.1293 2.3163 0.1061 
790928 12 32 0..9597 0.4633 1.6844 0..1691 
791031 35 9 6.6920 0.0000 0.9127 0..5255 
791130 25 17 1.6723 0.1517 2.6532 0.0131 
791231 25 19 1. 6085 0.1675 0.6814 0..80.27 
800131 31 16 0..9472 0..470.9 0..6541 0..8143 
80.0.229 
80.0.331 
80.0.430. 15 23 1.1898 0..3325 0..7357 0..7531 
80.0.530. 2 28 0..8742 0..5253 0..6853 0.75"14 
80.0.630. 
80.0.731 
80.0.829 
80.0.930 
80.1030 
80.1128 
80.1231 31 11 1. 560.9 0..1825 34.3294 0..00.0.0 
810.130. 33 9 0..5333 0..7798 4.7855 0..0.0.0.4 
810.227 . . . . 
810.331 28 17 2.170.2 0..0636 2.3725 0..0.207 
810.430. 37 1 0..8451 0..5412 1.1735 0..3332 
810.529 34 14 1. 6467 0..]'549 1. 7749 0..0853 
810.630. 32 20. 0..70.46 0..6472 0.9746 0..5127 
810.731 39 13 1. 350.3 0.2522 0.4261 0..9504 
810.831 41 10. 2.6832 0..0.243 1. 0223 0..4422 
810.930. 40. 14 2.6944 0.0.232 0.6250 0..8281 
811030. 24 22 2.9469 0..0.162 1.9480 0..0.571 
811130. 11 16 1. 7883 0.1393 1. 6368 0..20.57 
811231 19 25 1. 0273 0..420.5 1. 3333 0..2625 
820.129 20. 25 0..6310. 0..70.46 0..6517 0.8456 
820.226 17 25 1.4166 0.2310. 0.7878 0..7129 
820.331 20. 31 1.4674 0..20.81 0.6627 0..8520 
820.430. 17 27 2.880.2 0.0.187 2.4643 0.0.282 

_ .. ' ...... -.---.~~~-~. ~'--'-'.-.'"-" .. ---_ .. _._._- .. _._ .. _ ... _- . ---
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820528 11 26 2.4158 0.0453 0.6705 0.8059 
820630 17 35 2.6355 0.0263 0.3842 0.9918 
820730 7 28 2.5243 0.0389 1.3392 0.3649 
820831 5 13 1.2637 0.3221 2.4240 0.1682 
820930 4 12 2.8325 0.0449 2.8717 0.1597 
821029 
821130 
821231 
830131 
830228 
830331 
830429 
830531 
830630 
830729 3 26 2.5.215 0.0436 5.9242 0.0835 
830831 3 33 0.9867 0.4487 1. 8400 0.3440 
830930 2 28 0.1375 0.9902 2.5674 0.3190 
831031 2 34 1. 5119 0.2022 1.1358 0.5761 
831130 2 34 0.6061 0.7237 0.5435 0.8257 
831230 3 34 0.3548 0.9025 1. 8414 0.3439 
840131 2 37 0.4760 0.8220 3.9734 0.2212 
840229 6 36 1. 0474 0.4090 0.8869 0.6338 
840330 13 36 0.3430 0.9106 11. 3038 0.0000 
840430 16 38 2.5231 0.0317 0.8217 0.7001 
840531 32 36 2.5269 0.0288 0.9369 0.5774 
840629 30 36 4.0825 0.0015 1. 4644 0.1439 
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Table 28 

Results for Likelihood Ratio Test for Weighted 
Regression with Bonds Grouped by Price, 

1/31/79 to 6/29/84 

Goldfeld-
LRT Quandt 

Date Df1 Df2 t Prb (L>CCX ) M Prb (M>CCX) 

790131 9 36 2.5046 0.0355 1. 8518 0.1646 
790228 11 31 0.4606 0.8334 0.6876 0.8009 
790330 10 33 3.3'121 0.0091 1.4491 0.2739 
790430 11 33 4.0385 0.0026 0.4070 0.9771 
790531 6 38 2.4212 0.0414 3.3093 0.0681 
790629 . . . . . . 
790731 2 43 0.9'932 0.4414 703.9761 0.0014 
790831 9 34 1. 2517 0.2997 1. 0974 0.4730 
790928 14 30 1. 5,~14 0.1904 1.1406 0.4107 
791031 36 8 5.9.805 0.0001 0.9882 0.4613 
791130 26 16 2.3761 0.0457 2.8060 0.0094 
791231 25 19 1.0111 0.4305 0.7461 0.7413 
800131 28 19 1. 0580 0.4010 0.6163 0.8621 
800229 
800331 
800430 14 24 3.0600 0.0153 0.3771 0.9827 
800530 3 27 2.6335 0.0359 0.3636 0.9379 
800630 
800731 
800829 22 20 3.2071 0.0110 2.3070 0.0298 
800930 28 15 2.5671 0.0325 0.9301 0.5445 
801030 
801128 
801231 
810130 
810227 
810331 
810430 37 15 1. 5836 0.1706 1.1489 0.3514 
810529 34 14 0.4027 0.8736 0.9156 0.5518 
810630 33 19 0.7652 0.6006 1. 0308 0.4559 
810731 38 14 1.3.288 0.2612 0.3113 0.9890 
810831 39 12 3.4i59 0.0065 0.6449 0.7908 
810930 41 13 3.2335 0.0087 0.4132 0.9564 
811030 26 20 3.1926 0.0105 1.4720 0.1756 
811130 9 18 2.4215 0.0529 2.1192 0.1252 
811231 19 25 1. 7237 0.1380 1. 5029 0.1829 
820129 21 24 0.9531 0.4675 0.6360 0.8576 
820226 17 25 2.2000 0.0619 0.7061 0.7906 
820331 21 30 2.3,403 0.0451 0.7232 0.7959 
820430 17 27 3.7198 0.0045 0.5671 0.9088 
820528 9 28 3.2968 0.0106 0.7249 0.7560 
820630 18 34 5.0094 0.0004 0.2483 0.9998 
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820730 7 28 2.5239 0.0390 1.3392 0.3649 
820831 5 13 1. 8541 0.1448 1.4753 0.3520 
8209:30 4 12 2.8328 0.0448 2.8714 0.1597 
821029 
821130 
821231 
830131 
830228 
830331 
830429 
830531 
830630 
830729 7 22 3.9003 0.0056 5.0062 0.0178 
830831 11 25 2.7824 0.0251 1.6134 0.2051 
830930 3 27 0.3889 0.8803 3.7613 0.1506 
831031 4 32 0.8.929 0.5105 0.3991 0.9384 
831130 4 32 0.7650 0.6022 0.7340 0.7312 
831230 7 30 0.7198 0.6361 2.7555 0.0835 
840131 4 35 0.5369 0.7768 7.7864 0.0289 
840229 12 30 0.7931 0.5806 1. 4397 0.2563 
840330 16 33 0.5682 0.7536 12.6403 0.0000 
840430 18 36 2.2942 0.0480 0.7200 0.8039 
840531 33 36 2.2072 0.0527 0.9142 0.6049 
840629 30 36 4.oi30 0.0017 1. 3711 0.1896 



APPENDIX C: 

PROPERTIES OF THE 
CUBIC SPLINE 
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A cubic spline is a piecewiese continous set of cubic 

polynomials. The discount function is represented as 

(C.l) for k=1,2, •• ,K, 

where gk(Z) is a cubic polynomial, ~k(Z) is indicator 

function taking on the value of one if Z is contained in 

the interval [~k-l'~k)' and K is the number of 

polynomials. 

To ensure that the spline is continuous and 

differentiable to the second order, the following 

restrictions are applied to (C.l): 

a) continuity restriction 

for k=1, .•• ,K-1 

b) differentiability restrictions 

ogk(~k) = Ogk+l(~k) 

o2gk (~k) = 02gk+1 (~k) for k=l, ••. ,K-l. 

These restrictions assure that the discount function, spot 

rates, and forward rates are all continuous. 

In addition, we know that the value of the discount 

function at t=o is one. Therefore, 
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Each restriction reduces by one the number of 

coefficients to be estimated. For example, a cubic spline 

consisting of four polynomials requires that six 

coefficients be estimated. without restrictions the model 

16 parameters (4 coefficients times 4 polynomials). The 

continuity and differentiability requirements reduce that 

number by nine (3 intersections times 3 restrictions each), 

and fixing the discount function to be 1 for zero 

maturities reduces the number by an additional one. 

The B-spline representation of a cubic spline is 

gennerally used with least squares estimation because it 

is computationally mora efficient (Wold, 1974). The cubic 

spline is defined as 

q+2 

(C.2) Dz = 2: hj B j (Z), 
j=-1 

where hi are parameters to be estimated, q is the number 

of knots, and the B-splines are defined as 

(C. 3) 
1+2 

= L (Z-~k)/ 
1+2 

k=I-2 sXL (~k -~s) 
s"l: 

where the ~k are knots for k = 1 to q and additional 

values defined by 



[
c - (l-k) (C1-Zrnln) 

Ck = ~ml 
Ii + (k-m) (Zmax-Cm) 

ksO 
k~m+1 

,where zmln and zmax are the smallest and largest value 

of z; and (z-c) is equal to (z-c) if z is larger than 
+ 

C and zero otherwise. 
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