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ABSTRACT 

An equivalent constant amplitude fatigue loading (Miner's stress) is developed for 

stationary random amplitude loadings. The effects of rainflow cycle counting and 

fatigue crack closure are included. A method for determining the opening stress in 

a random loading is also proposed. 

This research takes a fatigue damage factor approach. The damage factor 

is defined as the ratio of the wide band rainBow fatigue damage to the equivalent 

narrow band fatigue damage. The mathematical form of the damage factor equa

tions is derived from theoretical derivations using the analytically tractable local 

range cycle counting method. Simulations of stationary Gaussian random processes 

are used to empirically derive the values of certain parameters dependent on the 

spectral shape for the rainflow cycle counting equations. 

There are five tasks in this research. (1) A simulation program for generat

ing a Gaussian process has been written and is used to generate random loading 

histories for this study. (2) A previously proposed rainflow damage factor has been 

verified and refined with these simulations, without considering crack closure. (3) 

Using a sinusoidal approximation, the joint probability density functions between 

peaks, valleys and rises counted by the local range method are derived. (4) The 

resulting joint probability distributions are used to determine the theoretical dam

age with crack closure; simulations are again used to calibrate the parameters for 

rainflow stress cycles. (5) A procedure for finding an equivalent constant fatigue 

crack opening stress for stationary random loadings is described. 

An example application of the procedures and equations is given. 



CHAPTER 1 

INTRODUCTION 
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Engineering structures and mechanical components are subjected to dynamic 

loading environments in service. Due to the application of these repeated loads, the 

materials develop cracks and eventually fail. This is known as fatigue failure. Fa

tigue failure has been found to account for at least 80-90 percent of the mechanical 

failures. Therefore, the fatigue damage accumulation caused by loading environ

ment, especially the random one, is an area of interest for the study of mechanical 

and structural reliability problems. The fatigue life can be divided into three phases: 

crack initiation, crack propagation, and final fracture. For the components used in 

nuclear, airplane and space applications, crack propagation period constitutes the 

major portion of the total fatigue life. 

Until 1960's, fatigue life predictions were based upon S-N curves. Miner's 

linear damage accumulative rule is typically used to evaluate the damage caused 

by stress cycles at different levels. The major shortage of this approach is that the 

predicted data only indicates the final fatigue life of the material. For the modern 

design philosophy, the details of the crack propagation process are as important as 

the final fatigue life itself. 

According to linear elastic fracture mechanics, the stress intensity factor, 

K = Y(a).J1W. S, is a measure of the state of the stresses and strains at the crack 

tip. Experimental results show that the fatigue growth rate, da/ dN, depends on 

the range of the crack tip stress intensity factor, D..K = Kmax - Kmin, i.e., 

da/dN = f(D..K) (1.1) 

The function f(D..K) is called the fatigue crack growth law and Equation (1.1) can 

be integrated to predict of the fatigue life. In 1962, Paris found that the relationship 

between the fatigue growth rate and the range of the stress intensity factor follows 

a power law for most engineering materials: 

da/dN = CD..Km (1.2) 
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The parameters C and m are dependent on the mean stress of the loading. The 

mean stress effect is commonly called the R-ratio effect, where R = Smin/Smax 

and R ranges from -1 (fully reversed loading) to +1 (approached in the limit). 

Generally speaking, C is more sensitive to R: as R increases, C also increases and 

the da/ dN curve shifts to the left. Although increasing R also tends to increase m 

(the curve gets steeper), the effect on m is often neglected. From this Equation, 

the fatigue parameters can be separated and integrated as: 

(1.3) 

Equation (1.3) is the basic equation for fatigue life studies. The fatigue life NT is 

the number of stress cycles that increases the crack length from ao to aT. The LHS 

of Equation (1.3), denoted as A, is called the generalized resistance or the fatigue 

resistance of the material, which is a function of fatigue crack process along the 

crack path, i.e., A = A( a, C, m). The RHS, denoted as L, is called the generalized 

load or the fatigue load and R is the swnmation of all stress cycles to the power m. 

Therefore, L should depend on the fatigue crack process as well as the applied stress 

process, SeN). The evaluation of the fatigue load under random loading conditions 

is the major contribution of this dissertation. 

For constant amplitude loadings, the evaluation of the fatigue life is simple 

and straight-forward. However, most of the dynamic loadings in engineering appli

cations, e.g., aerospace structures and offshore platform, are random in nature and 

can be represented by a stationary Gaussian process. A stationary stress process is 

described by its power spectral density function which is the spectral distribution of 

the loading energy. Therefore, the fatigue life of random loading should depend on 

the definition and counting of stress cycles based on the shape of the power spectral 

density function. 

There are two kinds of stationary stress processes of general interest: nar

row band and wide band. For a narrow band stress process, the stress cycles are 

clearly defined. All cycle counting methods give the same results, the probability 

distribution of the stress cycles is a Rayleigh distribution. But a wide band process, 
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the stress cycles are irregular and poorly defined. In general, the distribution of the 

stress cycles should depend on the spectral bandwidth. 

There are several stress cycle counting methods that might be used. The 

two most commonly used methods are the local range and the rainBow methods. 

For the local range method, the stress ranges can be approximated by a Rayleigh 

distribution [Ortiz, 1985]. But the estimates of fatigue life by local range method 

are too conservative [Veers, 1987]. Consideration of strain energy dissipation and 

fractography studies of fatigue test specimens show that the rainBow method is a 

better stress cycle counting method. 

However, due to the nature of the rainBow algor~t1un, the probability distri

bution of the rainflow stress cycles can not be determined analytically. Wirsching 

and Light [1979] used simulation to find bandwidth dependent equivalent damage 

factor to relate the wide band fatigue damage to the narrow band case. Ortiz and 

Chen [1987] found that the rainBow stress cycles can be approximated by a modified 

Rayleigh distribution with parameter related to the fatigue crack process. 

The fatigue loads under a random stress process should depend on the in

teraction of the stress process and the fatigue crack process. In particular the 

interaction of the irregular loadings produces a sequence effect. The dominant ef

fect of load interaction is the retardation of crack growth after an overload which 

prolongs fatigue life. If this effect were predictable, it would have a beneficial impact 

on the future designs via weight reduction. It would also enable the certification of 

existing structures for longer life extensions. 

Crack closure, first proposed in 1970 [Elber], can explain both the effect of 

mean stress or R-ratio under constant amplitude loading, and the crack growth 

retardation and acceleration effects under variable amplitude loading. Random 

loading is the combination of those two loadings in random order. The mean stress 

and retardation effects are expected to exist in the random amplitude loading case. 

Therefore, a better understanding of the mechanisms of fatigue crack growth under 

random amplitude loading is necessary, especially with the consideration of crack 

closure, so that more accuracy fatigue life prediction can be made. 
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The objectives of this dissertation are to examine the relationship between 

random loading and fatigue crack process without and with the consideration of 

the crack closure, and to develop a model predicting the fatigue crack growth in 

random amplitude loading. The fatigue load is defined as the summation of the 

effective stress cycles counted by the rainflow method. The crack opening stress 

is used to take care of the sequence effect. The fatigue life of random loading is 

estimated through an equivalent constant amplitude stress cycle approach. 

There are four sub-objectives as follows: 

(1) a basic fatigue cycle counting model; 

(2) a simplified cycle counting model with crack opening stress; 

(3) the crack opening stress in random loading; 

( 4) application of predicting model. 

Chapter 2 and 3 of the dissertation give the fundamental background and 

tools which are used in the model development. The major contributions of the 

dissertation are contained in Chapter 4, 5, 6 and 7. 

Chapter 2 provides background on random process, fatigue crack growth, 

crack closure, and cycle counting of random loading. 

In Chapter 3, the simulation procedures for generating the random process 

to be studied in this dissertation are discussed. 

In Chapter 4, basic rainflow fatigue damage cycle counting is discussed. With 

the simulated data, an empirical damage factor is obtained. The distribution of the 

effective stress cycles are found to be related to the shape of the spectral density 

function as well as the fatigue crack process. The model can be applied to the 

random fatigue design. 

In Chapter 5, the joint probability density functions between rise, peak, and 

valley for a Gaussian process are derived. These distributions are needed in order 

to estimate the fatigue damage with crack closure. 

In Chapter 6, a modification to rainflow cycle counting to account for crack 

closure is developed. A analytically simple model is obtained which can be used to 

estimate the fatigue damage under random loading. 
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In Chapter 7, the equivalent R-ratio and crack opening stress for a random 

process are discussed, and a model to calculate the crack opening stress in random 

loading is developed. 

Chapter 8 summarizes the results, presents an application, and presents con

clusions and future work. 



2.1 Random Process 

CHAPTER 2 
BACKGROUND 

16 

Many structural and mechanical components are subjected to dynamic load- . 

ing environments in service. Most of the dynamic loading in engineering applica

tions, such as offshore platform, airplane and space structures, are belong to random 

category. To solve the random fatigue problems, the nature of the random loadings 

and their characteristic parameters related to the fatigue process must be investi

gated. The key parameters are the numbers and the amplitudes or ranges of the 

cyclic loading process. Because of the uncertainties inherent in the random loading 

conditions, the random loading should be a random process. 

A random process, X(t), is a sequence of random variables, which are usually 

functions of time. The probability of the random process between x and x + dx at an 

arbitrary time to can be calculated from the marginal probability density function 

(PDF) of the process, denoted fx(x). 

The Gaussian distribution is commonly applied to random processes of en

gineering interest. It has two parameters, the mean, /-lX, and the variance, al. Its 

PDF equation is: 
1 1 (x _/-lX)2 

fx(x) = V2iax exp [-'2 al ] (2.1.1) 

where -00 < x < 00. A process with this PDF is called a Gaussian process. 

The expected value or mean of the random process E[X(t)] = /-lx(t), and the 

variance, al(t), are the most important statistics of the process and are generally 

time dependent. In random vibration analysis, data always expressed in zero-mean 

form for convenient. If a process, X'(t), is not zero-mean, it can be transformed 

into a zero-mean one by X = X' - /-lx'. For a zero-mean random process, i.e., 

/-lx(t) = 0, the variance of the process is equal to the mean square value, or 

(2.1.2) 
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The standard deviation of the random process, O"x(t), is the square root of 

the variance. For a zero-mean random process, the standard deviation is equal to 

the root mean square (rms) value of the process. 

The auto-correlation function of the random process between time tl and t2 

is defined by: 

(2.1.3) 

in which the expectation is taken across the ensemble of all samples. Alternatively, 

the autocorrelation function can also be expressed as a function of time, t, and the 

time difference, r = t2 - tl, by: 

Rxx(t, r) = E[X(t),X(t + r)] (2.1.4) 

If the joint PDF and statistic parameters of a random process remain con

stant over all time, it is called stationary process. Otherwise, the process is a 

non-stationary. If the PDF of a stationary process is Gaussian, it is called a sta

tionary Gaussian process. For a stationary Gaussian process, the mean is constant, 

/-lx(t) = /-lx, the variance is constant, u3cCt) = uk, and the autocorrelation function 

depends only on the length of the time difference, Rxx(t,r) = Rxx(r). The PDF 

of the process and its statistics (mean and auto-correlation) give the information 

needed in random fatigue life estimation. In engineering applications, a stationary 

Gaussian process is often a good approximate descriptive model. The assumption of 

stationary Gaussian process will be used in this research unless otherwise specified. 

Usually, the specifications of dynamic loadings are defined in the frequency

domain. The power spectral density function (PSD) is used to describe the relation 

between loading power and frequency. This frequency-domain description of the 

loading condition does not immediately give the information needed for fatigue 

estimation. The frequency-domain description must be turned into numbers and 

amplitudes of cycles before fatigue life can be estimated. A frequency-time domain 

transformation is required. Knowing this relationship, the parameters needed to 

estimate fatigue life can be expressed in terms of frequency-domain parameters, 
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like zero-crossing frequency, wo, peaking frequency, wP' irregularity factor, ct, and 

spectrum severity (nns), (j x . 

For a zero-mean stationary random process, the PSD is defined as the Fourier 

transform of the autocorrelation function of the process. Thus, 

2100 

Gxx(w) = - Rxx(r)exp(-iwr)dr 
7r 0 

(2.1.5a) 

Rxx(r) = 1°OGxx(w)exp(-iwr)dw (2.1.5b) 

in which Gxx(w) is nonnegative. It is called one-sided power spectrum as it exists 

only for nonnegative frequencies. It is clearly from the relation: 

(2.1.6) 

in which Gxx(w)dw represents the contribution to the mean square, (j~, from com

ponents characterized by frequencies in the range between w and w + dw. Therefore, 

the PSD gives some statistical interpretations of a random process in the frequency

domain. 

The spectral moment of order k of a random process is defined [Cramer and 

Leadbetter, 1967] by: 

(2.1.7) 

The zeroth spectral moment is the area under Gxx(w) curve III PSD diagram, 

which is the variance of the process, i.e., rno = (j~. It also represents the severity 

of the process. 

The rate of positive zero-crossing, Wo, is defined by: 

~2 
Wo = 27rfo = -

rno 

The rate of peaking, wP' is defined by: 

(2.1.8) 

(2.1.9) 
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Wo and Wp represent the frequency infonnation in the process (in units of radians). 

From these two parameters the number of cycles within the process can be estimated 

once the record length of the process, T, is given. 

The irregularity factor, Q, is defined as the ratio between rate of positive 

zero-crossing and peaking frequency: 

Wo 
Q=-

wp 

m2 
- -...;;::m~om==4 

The spectral bandwidth, €, is defined by 

(2.1.10) 

(2.1.11) 

Both Q and € are indices of bandwidth. If the random process is narrow band, Q = 1 

and € approaches zero, and conversely for the wide band case. 

The fatigue process is related to the amplitudes or ranges of the loading. In 

addition to parameters mentioned above, the distributions of peaks and ranges of 

the process are also needed in fatigue analysis. 

The PDF of the peaks, P, of a Gaussian process [Rice, 1945] can be written 

as: 

QP P 1 p2 + Q~( )-2 exp( ---2 ) VI - Q2Ux Ux 2 Ux 
(2.1.12) 

where -00 < p < 00 and ~(.) is the standard normal CDF. This distribution is also 

called the Rice distribution. 

Using a sinusoidal approximation to the trajectory between adjacent ex

trema, the PDF of the ranges (rises or falls), H, [Ortiz, 1985] is: 

h 1 h2 

f H (h) = 4 2 2 exp( - -2 4 2 2 ) 
Q Ux Q Ux 

(2.1.13) 
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where 0 < h < 00. This is a Rayleigh distribution with parameter 2aax. From 

Equation (2.1.12) and (2.1.13), the PDF of peaks and ranges are functions expressed 

in terms of the severity of the loading process, ax, and bandwidth indices, a and E. 

There are two more useful parameters that need to be specified. One is the 

Q-ratio, which is similar to R-ratio in constant amplitude loading. The other is the 

clipping ratio or crest factor, CR, similar to the overload ratio in variable amplitude 

case. They are defined as follows: 

and 

2.2 Fatigue Crack Growth 

Q= Xm 
X rm3 

JlX =-
ax 

CR= Xmax 
X rm3 

Xmax 

(2.1.14) 

(2.1.15) 

Consider a cracked material subjected to a tensile load. According to Lin

ear Elastic Fracture Mechanics (LEFM) analysis, the stress field has a singularity 

at the crack tip. The singulariy can be described by the stress intensity factor 

[Broek, 1984], K, which is defined as: 

where 

K = S Y(a).Jiffi 

S = tensile load 

a = crack length 

Y (a) = a function of crack geometry. 

(2.2.1) 

When the crack is subjected to constant amplitude cyclic loadings, it will 

propagate due to the fatigue damaging process of the material. The fatigue crack 
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growth rate can be related to the range of the stress intensity factor, 6.K = Kmax

Kmin, by the crack growth law: 

~ =f(6.K) 
dN 

(2.2.2) 

Paris suggested that the fatigue growth rate can be approximated by the following 

relation [Paris and Erdogan, 1963]: 

where 

6.K = stress intensity range 

= 6.S Y(a)...[ira 

6.S = cyclic stress range 

C, m = material constants 

(2.2.3) 

Equation (2.2.3) is commonly called Paris Fatigue Crack Growth Law. It is the 

basic equation for fatigue crack growth prediction. 

An improvement that account for the stress ratio, R = Smin/ Smax, and 

unstable crack phenomenon as the stress intensity approaches the critical stress 

intensity, K c , is given by [Forman, et al., 1967]: 

da C6.Km 
dN = (1 - R)Kc - 6.K 

(2.2.4) 

and is known as the Forman's equation. 

2.3 Fatigue Damage Cycle Counting 

When a material is subjected to cyclic loadings, the amplitude or range of 

each stress cycle will contribute to the fatigue damage. The extent of damage de

pends on the loading condition and material fatigue resistance. The cumulative 

damage effect of all the stress cycles eventually produces fatigue failure. The es

timation process of the fatigue cumulative damage (or fatigue life) is called the 

cycle counting. Cycle counting should form an integral part of any fatigue crack 
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growth analysis. 'For constant amplitude (CA) loadings the estimation procedures 

of the fatigue damage accumulation are simple. When loadings are irregular, the 

procedures are more complex. A number of techniques are available for analysis of 

load history. The question now is which cycle counting technique should be used in 

fatigue crack growth analysis. 

The commonly used fatigue damage estimation approach is called Miner

Palmren linear damage cumulative theory (Miner's rule). In this theory, the fatigue 

damage is defined as the fraction of life used up by an event or series of events. The 

damage measure, Di, is defined by: 

(2.3.1) 

where ni is the number of applied cycles at cyclic stress range ~Si and Ni is the 

total number of cycles to failure at the same stress range from S-N curve, in which 

~S and N having the relation B = N ~Sb, where B and b are material constants. 

The fatigue damage measure can be rewritten as follows: 

1 b D· = -n'~S, 
I B I I 

(2.3.2) 

These fractions caused by individual stress cycles are added together linearly 

to evaluate the total fatigue damage: 

i=1 

- B 
(2.3.3) 

where 
N 

L = Lni~St 
_=1 

- the generalized load or fatigue load 

B = the generalized resistance or fatigue resistance 
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When D reaches 1.0 or a specific critical value, the material is said to fail. 

With the development of Fracture Mechanics theory, for material which fol

lows a linearly fatigue damage accumulation law, e.g., the Paris Fatigue Crack 

Growth Law (FGCL), the fatigue damage of a cracked material can be evaluated. 

Using crack length as the damage measure, the fatigue life can be found by integra

tion of the fatigue crack growth law. Analogous to Miner's Rule, the increments in 

crack length due to each stress cycle are summed up and the fatigue damage can 

be defined as: 

where 

L 
D=

A 

A = the generalized resistance or fatigue resistance 

= da l aT 1 

ao C (Y(a)y'7ro)m 

L = the generalized load or fatigue load 
NT 

=LAS;n 
i=l 

(2.3.4a) 

(2.3.4b) 

(2.3.4c) 

in which NT is the number of cycles at time T; ao is the initial crack length when the 

crack starts to grow; aT is the crack length at time T; and C and m are material 

constants in Paris Fatigue Crack Growth Law. The material is said to be failed 

when the fatigue damage D is greater than 1 or a specific value which is depended 

on aT. Note that Equations (2.3.3) and (2.3.4) have the similar form; both involve 

the summation of stress ranges to the some power (b and m). Therefore, the fatigue 

damage is defined as the stress cycle counting in the loading history. 

Under constant amplitude (CA) loading, the Fracture Mechanics approach 

fatigue damage can be simply calculated by: 

DCA =N ASm (2.3.5) 

Under random amplitude (RA) loading condition the stress ranges are ran

dom variables. Therefore, the fatigue damage measure should be random variables 



24 

too. The expected value of fatigue damage is the best estimate and it can be 

computed from parameters equivalent to the constant amplitude loading in Equa

tion (2.3.5), that is, 

1 N 
E[DRAJ = AE[L~SrJ 

i=1 

=Deq 

= ~Neq~S:; (2.3.6) 

where N is the number of stress range cycles, and the best estimate of the equivalent 

stress range is [Hibberd and Dover, 1977]: 

(2.3.7) 

This is sometimes referred to as an equivalent Miner's stress. The expected value 

of D is usually considered to be sufficiently accurate for fatigue analysis because 

the variance of D grows relatively smaller as the number of cycles becomes large. 

This result is discussed by Crandall and Mark [1963]. The statistical properties 

of stress ranges which are needed to calculate the expected value of the fatigue 

damage depend on the spectral distribution of energy in the loading. The evaluation 

of fatigue damage for narrow band and wide band processes are discussed in the 

following sections. 

2.3.1 Narrow band 

For s narrow band process, the mean frequency of the process is equal to the 

rate of positive zero-crossing, 10. The equivalent number of stress cycles, Neq,NB, 

is the product of the expected rate of zero crossing and the acting duration of load, 

T, i.e., 

Neq,NB = E[NNB] = loT (2.3.8) 

In this case, the distribution of cycle stress ranges are well defined [Crandall 

and Mark, 1963]. They have a Rayleigh distribution: 

h 1 h2 

IH(h) = -4 2 exp[--2-4 2 ] Ux Ux 
(2.3.9) 
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where 0 < h < 00 and the parameter Ux is the rms value of the zero mean process. 

It is easily shown that the equivalent stress range is the expected value of 6.SN B 

and can be computed by: 

AS:;,NB = E[6.SNB ] 

= (2V2ux)mr(; + 1) (2.3.10) 

in which r(·) is the Gamma function. 

Therefore, the equivalent fatigue damage for a narrow band process is: 

Deq,NB = E[DNB ] 

= ~Neq,N B6.S:;,N B 

= ~foTE[ASNB] 
= ~foT(2V2ux)mr(; + 1) (2.3.11) 

By the definition of fatigue damage, the material is said to fail when D = 1. The 

narrow band fatigue life can be computed by: 

or 

2.3.2 Wide band 

A 
NNB = ASm 

eq,NB 
A 

- (2V2ux)m r( '; + 1) 

A 
TNB=---

fo6.S~,NB 
A 

(2.3.12) 

(2.3.13) 

For a wide band process, the fatigue damage estimation procedure is more 

complex because it is not clear how to define the effective stress range. Therefore, 

the distribution of the effective stress ranges is unknown. Several cycle counting 
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methods proposed to count the effective stress ranges. e.g., peak counting, zero

crossing counting, local range counting, and rainfiow cycle counting. Among them 

the local range cycle counting and the rainflow cycle counting are the most popular 

methods. 

The mean frequency of a wide band process is equal to the rate of peaking, 

Jp , independent of which cycle counting method is used. The equivalent number of 

stress cycles, Neq,WB, is the product of the expected rate of peaking and the acting 

duration of load, T, i.e., 

(2.3.14) 

The evaluation of equivalent stress ranges for the local range and the rainflow 

methods is discussed in the following sections. 

2.3.2.1 Local range cycle counting 

The local range of a random process is defined as the height of rise from a 

valley to the next peak. Ortiz [1985] has derived a approximate distribution for the 

local range, 
h 1 h2 

JH(h)LR = 4 2 2 exp[--2 4 2 2 ] (2.3.15) 
a ax a ax 

where 0 < h < 00. This is a Rayleigh distribution with parameter 2aa x. The 

equivalent stress range counted by the local range method, 6.SLR = H, can be 

computed by: 

6.S~,LR = E[6.SLR] 

= (2V2aax)m r(; + 1) (2.3.16) 

The expected value of the fatigue damage for wide band case is: 

Deq,LR = E[DwB] 

= ~JpTE[6.SLR] 
= ~ JpT (2V2aax)m r(; + 1) (2.3.17) 



The local range fatigue life can be computed by: 

or 

A 
NLR = 6.Sm 

eq,LR 

2.3.2.2 Rainflow cycle counting 

A 
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(2.3.18) 

(2.3.19) 

Accumulation of fatigue damage is assumed to be the absorption of strain 

energy dissipated in the hysteresis loops in the local stress-strain diagram by the 

material experiencing cyclic plastic deformations. The rainflow cycle counting tech

nique [Matsuishi and Endo, 1968] has such physical basis. It uses an appropriate 

cycle cOWlting scheme to count for effective damage stress cycles, and identifies 

stress cycles related to closed hysteresis loops under random amplitude loading. 

This counting method has been approved by Dowling [1977] and by the fractography 

study of fatigue test specimens [Raju and Sunder, 1984]. The rainflow method accu

rately reflects the non-linear behavior of materials and extracts cycles and reversals 

(half cycles) which are compatible with constant amplitude cycles and reversals. 

The theoretical distribution of rainflow cycle cOWlting is Wlknown because 

the heuristic nature of rainflow cycle counting algorithm. In practice, rainflow 

cycles are often fitted to Rayleigh or Weibull distributions, especially for the upper 

tail. Lutes [1986] suggests that the distribution of rainflow cycles for wide band 

processes is bimodal where the second mode represents small high frequency cycles. 

The evaluation of wide band damage will be discussed in the next section. 

2.3.3 Fatigue damage factor 

The distribution of the range of a narrow band process is exact, Equa

tion (2.3.9), and the estimate of fatigue damage for a narrow band loading does 
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not depend on the cycle counting method used. Therefore, it is desirable to re

late the fatigue damage of a wide band random amplitude loading to the narrow 

band fatigue damage through a "fatigue damage factor". This approach was first 

proposed by Wirsching and Light [1979]. The fatigue damage factor is defined as: 

(2.3.20) 

This factor must be found by an empirical approach. 

Through simulation of random processes, Wirsching and Light [1979] defined 

a rainflow damage factor, AWL, to calculate the equivalent fatigue damage for wide 

band loading cases: 

where 

and 

AwL(m, e) = a(m) + [1 - a(m)](l _ e)b(m), 

a(m) = .926 - .033m 

b(m) = 1.587m - 2.323 

(2.3.21) 

(2.3.22a) 

(2.3.22b) 

(2.3.22c) 

Equations (2.3.21) and (2.3.22) show that the fatigue damage factor depends on 

material fatigue parameter, m, and spectral parameter, e, (or irregularity factor, 

a), only. 

Lutes et al [1984] did the similar studies, and found that the damage factor 

was not just a function of m and e. Lutes suggested that there may be another 

spectral parameter, (36, that could explain the variation scatter in the simulation 

results, where: 

(2.3.23) 
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Ortiz [1985] show that from Equation (2.3.13)-(2.3.15), the local range fa

tigue damage factor, ALR, can be calculated by: 

(2.3.24) 

Ortiz and Chen [1987] derived an approximate distribution for the amplitude 

of rainflow counted fatigue cycles. The effective stress ranges of the rainflow cycle 

counting are governed by the Rayleigh distribution with parameter 2f3kUX: 

(2.3.25) 

The equivalent stress range, b.S RF = H, can be computed by: 

b.S~,RF = E[b.SRF] 

= (2v'2f3kUX)mr(; + 1) (2.3.26) 

The expected value of the fatigue damage for wide band case is: 

Deq,RF = E[DwB] 

= ~Neq,WB E[b.SRF] 

= iJpT (2v'2f3kUX)m r(; + 1) 

13k 1 rn m m = --JoT(2v2ux) r(- + 1) 
G A 2 

(2.3.27) 

Hence, the eqivalent rainflow fatigue life can be estimated by: 

(2.3.28) 

or 



The fatigue damage factor can be calculated by: 

Ak = DRF 
DNB 

= fp f3r 
fo 
13m 

=_k_ 
a 

where 13k is a generalized spectral parameter defined as: 

and 
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(2.3.29) 

(2.3.30) 

(2.3.31) 

(2.3.32) 

Using simulation data from Wirsching and Light, and Lutes et al., Ortiz and Chen 

found that the rainflow index k (and hence the generalized spectral bandwidth 13k) 
is related to the material fatigue constant m by: 

k = 2.0 
m·S6 

They suggest the following formula for design purpose: 

k = 2.0 
m 

(2.3.33) 

(2.3.34) 

However, the authors point out apparant differences in the different simulation data 

sets that reduce their confidence in these relationships. 

2.4 Crack Closure 

An extensive review of fatigue crack closure has been done by Banerjee [1984]. 

Three mechanisms are proposed for the closure of a fatigue crack: such as plasticity 



31 

induced closure, asperity induced closure, and oxide induced closure. Only the 

plasticity induced closure will be discussed in this study. 

Consider a cracked material subjected to a tensile loading of stress Smax. 

From LEFM analysis, the stress field of the component has a singularity near the 

crack tip. In the real world infinite stress cannot exist. The material always yields 

when the loading stress beyond the yield strength, and produces plastic deformation 

to compensate for this singularity. 

The zone of plastically deformed material has a region with a radius, r p , 

which is approximately equal to 

where 

Kmax = Smax Y (a)y'7Ui 

{3p = plastic constraint factor 

= 1 for plane stress 

= 3 for plane strain, and 

0'0 = flow stress or yield strength 

(2.4.1) 

This is called the "monotonic plastic zone size", as shown in Figure 2.4.1a. Note 

that rp typically depends linearly on crack length, a, and quadratically on maximum 

stress, Smax. 

Consider a cracked component subjected to a load cycling between Smin 

and Smax. During uploading from Smin to Smax, the material at the crack tip 

undergoes monotonic plastic straining and the crack tip extends. At zero external 

load, the material within the plastic zone continues to remain extended and can no 

longer be accommodated within the surrounding elastic field without producing a 

corresponding strain dismatch. When the unloaded reverse plasticity occurs and 

the plastic zone formed as a result is referred to as "cyclic or reversed plastic zone" . 

Due to the Bauschinger effect the stress increment to cause yielding during reversed 

plasticity is twice the yield strength observed during monotonic loading. Thus, the 
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reversed plastic zone is only one-fourth the width of the monotonic plastic zone since 

the plastic zone size is inversely proportional to the square of the yield strength, as 

shown in Figure 2.4.1b. 

As cyclic loading progresses, the crack propagates and breaks through the 

monotonic and reversed plastic zone. A wake of residual deformation and com

pressive residual stresses is produced and left behind the moving crack tip. The 

envelope of this plastic zone along the cracked part of the material is referred as 

"plastic wake". Note that the plastic wake increasingly spreads in the y direction 

as the crack grows since K max increases with crack growth for most test geometries 

under constant amplitude loading (Figure 2.4.2). 

The residual stresses in both the plastic wake and plastic zone should be 

compressive. These residual compressive stresses are normal to the crack surfaces 

and cause the two crack surfaces to be pressed and closed together again to some 

extent while still subjected to tensile loading and not to open until a sufficient 

high tensile loading is applied again. This is called "Crack Closure" (Figure 2.4.3). 

Obviously, the extend of crack closure depends on the magnitude and distribution of 

compressive stress both ahead and behind the crack tip. The sources of these stresses 

can be examined separately. The residual compressive stress pattern produced by 

the plastic wake is the averaged effect of the previous load history. It influences the 

bulk closure behavior and causes a large extent of closure. On the other hand, the 

effect of the compressive residual stress within the plastic zone is produced by the 

current loading cycle and is localized near the crack tip, giving a small extent of 

closure, unless the load level is very large. 

The stresses at which crack closes and opens are called the crack closing 

stress and crack opening stress, respectively. Analytical and experimental evidences 

indicate that these two stresses are approximately the same, and are designated, 

Sop, 

The importance of crack closure to fatigue crack growth is that there is no 

plastic deformation at the crack tip until the crack opens. In effect, I::l.K is reduced 

to I::l.Keff = J(maz - Kop in the fatigue crack growth law. Using the effective stress 
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intensity range fatigue crack growth rate data gathered at different R-ratios follow 

a single curve. 

2.4.1 Constant amplitude loading 

For constant amplitude loading, Paris fatigue crack growth law can be used 

to describe regime II fatigue crack propagation. 

But experimental results [Elber, 1971] show that different R-ratios (i.e. mean 

stress levels) give different crack growth curves even for same material. The higher 

the R-ratio, the faster the crack grows Elber proposed the crack closure theory 

to explain this trend. Effective stress intensity ranges should be used instead of 

conventional stress intensity ranges. It had been successfully explained by using the 

effective stress intensity ranges [Schijve, 1979]. During constant amplitude loading, 

the residual str:ess distribution over the length of the wake as well as the plastic zone 

is expected to be smooth and continuous and, therefore, produce only one single 

crack opening stress which represents both the bulk and local crack closure effects. 

Different stress ratios have different crack opening stress. Using the effective stress 

intensity range, causes crack growth curves with different R-ratio to coincide on 

the da/dN versus tJ.K plot. Thus, one unique crack growth curve can be used to 

describe the fatigue crack propagation under constant amplitude loading. 

2.4.2 Variable amplitude loading 

Commonly used types of variable amplitude loading include occasional over

load and underload, high-to-Iow and low-to-high step stresses, and combinations. 

Local crack closure effect plays the dominant role in fatigue crack growth under 

variable amplitude loading. Occasional large variation in stress history creates a 

residual stress field over a portion of the crack path ahead of the cra{:k tip. This 

will change the local opening stress level, which, in turn, changes the crack growth 

until the crack grows out of the affected region. 

Experimental results [Himmelein and Hillberry, 1976; Gray and Gallagher, 

1976; Chanani, 1977; and Schijve, 1979] have shown the sequence effect on fatigue 

crack growth produced by the interaction of occasional overload. A tensile overload 
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in an otherwise constant amplitude stress history produces a larger plastic zone size. 

Due to the change of plastic zone size the opening stress would be increased and 

it will, hence, cause an noticeable delay, even arrest, in fatigue crack growth. This 

effect is known as "crack growth retardation". Similarly, a compressive overload can 

reduce the opening stress and thereby increase the crack growth rate. This is known 

as "crack growth acceleration". These retardation and acceleration effects have also 

been found in high-low and low-high step stress cases, respectively [Newman, 1976; 

Maarse, 1977; Schijve, 1979]. 

In addition to simple overload and step stress loadings, the interaction effect 

was investigated under stationary variable amplitude loading conditions [Kikukawa 

et al., 1977, 1981; Jono et al., 1984]. They found that the opening stress during one 

block of stationary variable amplitude loadings is constant and nearly equal to that 

corresponding to a constant amplitude test result of the same maximum loading 

level as the highest load in the block. 

2.4.3 Random amplitude loading 

The subject of crack closure under random amplitude loadings is still very 

new. Experimental results [Elber, 1976; Boutle and Dover, 1977; Jono et a1., 1984] 

show that as aboves the crack closure under stationary random amplitude loading 

followed the same pattern found in a constant amplitude loading case, governed 

by the maximum stress range-pair within the block. These results support the 

application of crack closure concept to the fatigue crack under stationary random 

loading conditions. 
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Figure 2.2 Illustration of the Fatigue Crack Growth Law 
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(a) Narrow Band Process 

(b) Wide Band Process: Local Range 

(c) Wide Band Process: RainBow 

Figure 2.3 Illustration of Stress Cycles 
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Figure 2.5 Equivalent Narrow Band Acceleration Damage Factor vs f3 
(from Ortiz and Chen, 1987) 
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Random loading histories are needed in order to study the random fatigue 

damage, either without or with the consideration of the crack closure. Two sources 

of loading data can be found: field measurement and simulation. Although field 

data represent the true load conditions, but they are always involve many factors 

even in one simple measurement. In addition, the analysis of the field data needs 

special analysis equipments and techniques. Therefore, it usually is not easy to 

apply systematically. Compare to the field measured data, simulated data are more 

flexible and controllable, and can be generated whenever needed. Because of these 

properties, simulated data are used in this research. From the simulated data, the 

proposed model can be demonstrated. Some expected modification factors also can 

be found from the analysis of simulated data. Of course field data can be used to 

as another validation source. 

Simulation procedures for stationary Gaussian time series with a given power 

spectral density (PSD), Gxx(w), are well established [Borgman, 1969; Veers, 1987]. 

The fast Fourier transform (FFT) technique generates time series more efficiently 

than the summation of sine series method. Because the peaks and ranges of the 

time series are needed, the resolution is the key issue in simulation procedure. Fine 

enough resolution in both time and frequency domain must be specified in order to 

get reliable simulated data. 

3.1 Mathematical Model 

A time series of a random loading might be mathematically represented as a 

stationary Gaussian process. Rice [1945] had presented two mathematical models to 

describe electronic noise currents as a stationary Gaussian process. The first model 

is called deterministic spectral amplitude (DSA) model, while the second model is 

called nondeterministic spectral amplitude (NSA) model. 
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3.1.1 DSA model 

Given a zero-mean stationary Gaussian process, X(t), with one-sided power 

spectral density function Gxx(w), the realization of the random process can be 

expressed as the finite discrete Fourier series by: 

(3.1) 

in which the discrete radian frequencies Wn = 27r!n are equally spaced along the 

continuous positive frequency domain [0, 00) with frequency increment b..!. The 

amplitudes Cn(!n) are completely deterministic and can be computed from power 

spectral density function by: 

(3.2) 

The phase angles, 0 n , are random variables and which are uniformly distributed in 

the interval between 0 and 27r, i.e., 

(3.3) 

These parameters give the frequency domain information of the time series. The 

frequency domain components of the time series in complex notation are: 

Xc(!n) = cn(!n)exp[-j0n1 
= vi GXx(fn)b..! exp[-j0n1 (3.4) 

where j = .J=T is the complex index. Uniform random variable 0 n can be gener

ated by Monte Carlo simulation. With the development of the Fast Fourier Trans

form (FFT), the DSA time series can be computed efficiently from above frequency 

domain parameters by Equation (3.1). 
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3.1.2 NSA model 

Given a zero-mean stationary Gaussian process, X(t), with one-sided power 

spectral density function Gxx(w), the realization of the random process can be 

expressed as the discrete Fourier series in another way by: 

A N/2 

X(t) = 2° + LAn cos(wnt) + Bn sin(wnt) 
n=l 

(3.5) 

in which the discrete radian frequencies Wn = 21r In are again equally spaced along 

the continuous positive frequency domain [0,00) with frequency increment b..f. The 

spectral amplitudes An and Bn are independent random variables and which are 

normally distributed with zero-mean and with a standard variation, (J'X(Jn), i.e., 

where 

An(ln) = N[O, (J'x(fn)] 

Bn(1 n) = N[O, (J'x(fn)] (3.6) 

These parameters give the frequency domain information of the time series. The 

frequency domain components of the time series in complex notation are: 

where 

Rn(fn) = J An(Jn)2 + Bn(fn)2 

en = tan-1 ( Bn) 
An 

(3.7) 

Normal random variables An and Bn can be generated by Monte Carlo simulation. 

With the development of the Fast Fourier 'Transform (FFT), the NSA time series can 

be computed efficiently from above frequency domain parameters by Equation (3.5). 

3.1.3 Time and frequency resolution 

The time series is the inverse Fourier 'Transform of the frequency domain 

components. This can be carried out efficiently by the Fast Fourier 'Transform. In 
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order for the inverse Fourier Transform to be exact, the following relationship is 

required: 
1 

6.t6.f =
N 

(3.8) 

where 6.t is the time resolution and 6.f is the frequency resolution. The data in 

both time and frequency domain have the same sample size, N. N must be equal 

to the integer 2 raised to an integer power. The total time, Ttot, is: 

Ttot = N 6.t (3.9) 

The maximum allowable frequency corresponding to the required frequency resolu

tion 6.f is called the cut-off frequency, feut. Cut-off frequency is defined as: 

(3.10) 

because there is no negative frequency in the real world. The mathematical negative 

frequency represents the same information as the corresponding positive frequency. 

That is the reason why a factor of 1/2 appears in the Equation (3.10). 

Equation (3.8), (3.9), and (3.10) are a system of three equations with five 

unknowns to be determined in both time and frequency domain. Therefore, two 

parameters need to be specified before further analysis can be done. For a more 

accurate definition of the peaks and valleys of the time series, the cut-off frequency 

of the power spectral density function should be at least sixteen times the maximum 

frequency of the random loading. This means that there are at least sixteen points 

in one cycle of the time domain signal. 

3.2 Computer Simulation Procedures 

Two simulation methods are coded for random fatigue damage study. Cor

responding to the mathematic model used, they are called DSA method and NSA 

method. The compu~er subroutines are shown in the following sections. 

3.2.1 Initial conditions 

1. Input J.LX and O'x. 



2. Input sample size N and frequency resolution ll.f. 

3a. Compute cut-off frequency fcut = O.5N ll.f. 

3b. Compute total time length Ttot = 1/ ll.f. 

3c. Compute time domain resolution l:1t = Ttot/ N. 

4. Generate frequency sequences f( i) = (i - 1 )ll.f, i = 1, N /2 + 1. 

5. Generate time sequences t(i) = il:1t, i = I,N. 

3.2.2 Spectral shape and PSD function 

1. Select spectral shape type. 

2. Input one-sided PSD function Gxx(i), i = I,N/2 + 1. 

3. Compute two-sided PSD function Sxx(i): 

Sxx(i) = O.5Gxx(i), i = 1, N + 1 
2 

=Sxx(N-i+2), i= N +2,N 
2 

4. Compute zero-crossing frequency fo: 

where 

-f+I. 
mk = L f(i)kGxx(i) 

i=l 

5. Compute irregularity factor a: 

fo a=-
fp 

6. Generalized spectral bandwidth 13k: 
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where 

3.2.3 Time series simulation 

k - 2.0 0 - , m = 1,1 . 
m 

I. Generate time series data by the DSA method. 

1. Compute spectral amplitude c(i) = J Sxx(i)6.J, i = 1,N. 
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2. Generate a sequence of uniform random numbers z(i), i = 1,N, which are 

uniformly distributed in the interval U[O, 1]. 

3. Multiply z(i) by 271" to obtain a sequence of random phase angle, 0(i), which 

are uniformly distributed in the interval U[0,271"]. 

4. Compute the discrete frequency domain components of the time series by: 

Xc(i) = c(i)exp[-j0(i)] 

5. Compute the discrete time domain components of the zero mean time series, 

Xc(i) =} XCi), i = 1,N, by the well-known inverse Fast Fourier Transform 

algorithm. 

6. Compute the none-zero mean time series by: X'(i) = fLx + XCi) * ax. 

II. Generate time series data by the NSA method. 

1. Generate a sequence of paired random variables lrn(i) and f3n(i), i = 1,N, 

which are normally distributed with zero mean and with unit variance by 

Box-Miller method: 

2. Compute An(i) and Bn(i) by: 

lrn(i) = N(O, 1) 

f3n(i) = N(O, 1) 

An(i) = lrn(i)J Sxx(i)6.J 

Bn(i) = f3n(i)J Sxx(i)6.J 
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3. Compute Rn(i) and 0 n(i) by: 

4. Compute the discrete frequency domain components of the time series by: 

Xc(i) = Rn(i) exp[-j0(i)] 

5. Compute the discrete time domain components of the zero mean time series, 

Xc(i) ::} X(i), i = 1,N, by the well-known inverse Fast Fourier Transform 

algorithm. 

6. Compute the non-zero mean time series by: X'(i) = /-lx + X(i) * ux. 

3.2.4 Peaks and valleys 

1. Pick up extrema sequences of the time series generated: 

Two methods are used in extrema determination: direct method and 

quadratic interpolation. If the time resolution is fine enough direct method 

cat;L pick the true extrema accurately. Otherwise, quadratic interpolation 

method are used in order to get the true extrema. 

2a. Without crack closure: 

Identify peaks P(i) and valleys V(i) from the extrema sequence. 

2b. With crack closure: 

Identify peaks P(i) and valleys V(i) from the extrema sequence. 

Compare V(i) and Sop and get new V(i) by: 

V(i) = min[V(i), Sop] 

3.2.5 Stress range cycle counting 

I. Count local ranges (rise RLR(i) and fall FLR(i)) by the local range method: 



1. If the first extrema is a valley, 

Rise: RLR(i) = P(i) - V(i). 

Fall: FLR(i) = V(i + 1) - P(i). 

2. If the first extrema is a peak, 

Rise: RLR(i) = P(i + 1) -;;·(i). 

Fall: FLR( i) = V( i) - P( i). 

II. Count rainflow' ranges (rise RRF(i) and fall FRF(i» 

by the rainflow method. 

1. The rainflow algorithm coded by Nelson [1978] is used. 

3.2.6 Fatigue damage calculation 
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1. Compute the rainflow fatigue damage by: DRF(m) = E~~F RRF' m = 1,10. 

3.3 Discussion 

The computer simulation procedures discussed in above section are coded 

using FORTRAN on a VAX computer system. The simulation computer routines 

have been demonstrated. It has been statistically tested that the time series gener

ated satisfy the Gaussian process requirements. The probability properties of the 

simulated data are shown in Figure 3.1-3.4. The time series generated then can be 

used in the fatigue damage study both without and with the consideration of the 

crack closure. The application of these computer programs will be discussed in the 

following chapters. 
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CHAPTER 4 

BASIC RAINFLOW CYCLE COUNTING 

A damage factor to predict rainflow fatigue damage under wide band random load

ings is proposed by Ortiz and Chen [1987]. The damage factor is a function of 

spectral parameters: 

(2.3.24 repeated) 

where the rainflow index k is related to the material fatigue constant m. But data 

analysis show that different data sets have different relation between k and m. 

The authors speculate that the errors may come from some unknown simulation 

parameters in each data set. 

In this chapter, following the approach proposed by Ortiz and Chen, the 

theoretical model is verified by new simulation studies. The relation between k and 

m is unique and independent of spectral shape. With this model, wide band fatigue 

damage can be calculated by multiplying the well known narrow band damage by 

the fatigue damage factor. 

4.1 Verification Procedures and Discussion 

4.1.1 Fatigue damage and fatigue damage factor 

By the simulation procedures developed in Chapter 3, time series with differ

ent spectral shapes are generated to investigate the influence of the spectral shape. 

These series are then counted by the rainflow method to get stress range sequences. 

From the simulated stress range data, fatigue damages and fatigue damage 

factors are calculated and statistically analyzed for each case in order to check 

the validity of the prediction model. By the definition of the fatigue damage, the 

summation of all stress ranges in a simulated load sequence gives the fatigue load: 

N 

Lsim = LtlSi 
i=l 

The simulated rainflow damage factor, Ak,sim, for each case is calculated by: 

\ Lsim 
Ak,sim = LNB 

(4.1) 

(4.2) 
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where the narrow band fatigue load, LNB = foT(2V2O'x)mI'('; + 1). 

The rainflow fatigue damage factor, .Ak,3im, versus a plots show that the 

rainflow damage factor decreases as a process become more irregular (smaller a 

values), as shown in Figure 4.1. But the data points have large variations and 

different spectral shapes have different trends (e.g., one-box and two-box case in 

Figure 4.1). Simulation results indicate that the standard irregularity factor is not 

adequate to describe the spectral dependency of fatigue damage. This implies that 

other spectral parameter is needed for fatigue damage evaluation. 

4.1.2 Generalized spectral bandwidth 

Two different definitions of generalized spectral bandwidth are used to de

scribe the bandwidth of a random process. One is used by Lutes [1984]: 

(2.3.18 repeated) 

The other is proposed by Ortiz [1985]: 

(2.3.22 repeated) 

The values of f3b and f3k are computed numerically for each spectral shape for a 

range of values for b and k. The results show that f3b has a maximum at b = 0, and 

f3k decreases monotonically with k, as shown in Figure 4.2. 

From the definition of spectral moment, when k = 0, 

rno = 2100 

Sxx(w)dw 

_ 2 
- O'X(t) 

rno is the variance of the process, X(t). And when k = 2, 
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In general, the spectral moment with a positive k is the variance of the differential 

process of X(t). Therefore, the spectral moment with a negative k should represent 

the variance of the integral process of X(t). For example, 

m-2 = o} X(t)dt 

= 2100 

w-2Sxx(w)dw 

This is the same as the case of a random process passes through a low

pass filter with a filtering function of H(w) = 1/w2 , which attenuates the higher 

frequency cyclic energy of the process. Hence, the peaking frequency for a negative 

k process should be smaller than that of the original process. Therefore, fJk, which is 

the index of peaking frequency, should be greater than 1 for negative k. Comparing 

Figure 4.2a with Figure 4.2b, it is easy to see that using fJk as the generalized 

spectral bandwidth has more physical meaning than fJb. The rainflow index k in 

the definition of fJk is related to the fatigue process. The relation will be studied 

by the optimization analysis of simulation data in the next section. 

4.1.3 Optimum k value 

The theoretical rainflow fatigue damage factor, Ak,th, is: 

(4.3) 

The k values of each case are determined by minimizing the sum of the square errors 

(SSE) of the simulated damage versus the theoretical damage for that spectral shape 

at a given m by: 

( 4.4) 

The SSE of simulation results are shown in Figure 4.3. Each m has a corre

sponding k with minimum SSE value for each case. For wide band spectrum, the 

optimization stability of SSE is good. But the variation becomes larger for large m 

value for narrow band spectral (e.g., a > 0.95). This may be explained as following: 

SSE values in narrow band case are too small and the SSE vs k curves are too flat, 
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when compared with that of the wide band case. Therefore, it is harder to find the 

optimum k value. Another possibility is due to the shortness in the narrow band 

process simulation. Nevertheless, when the process becomes narrower, the 13k is 

closer to 1 and so is the fatigue damage factor. In this case, the variation in k is 

not important and can be ignored for practical purposes. The regression analysis 

of these data, as shown in Figure 4.4, concludes that k and m have the following 

relationship: 
k = 2.0 

m 
(2.3.33 repeated) 

This equation shows that k decreases with m and verifies the relation proposed by 

Ortiz and Chen. 

4.1.4 Rainflow fatigue damage 

Use the relation between k and m derived above to calculate (3k and then plot 

aAk,Bim versus (3k on a log-log scale plot. Typical results are shown in Figure 4.5. 

From these plots, there is a good log linear relationship between two variables, Ak 

and (3k, and the slope is equal to m. Regression analysis indicates that parameters 

Ak and (3k have the relation: Ak = (3'k I a. This suggests that the proposed Rayleigh 

distribution with parameter 2/3kuX is a good approximation for the probability 

distribution of the rainBow stress ranges. Thus, the wide band fatigue damage can 

be computed from the well-known narrow band fatigue damage by: 

(2.3.27 repeated) 

4.2 Summary 

RainBow cycle counting counts more accurate effective stress ranges of fa

tigue damage under random amplitude loading. The standard spectral bandwidth, 

a, is not adequate in describing spectrum infonnation in regards to random fatigue 

damage. The generalized spectral bandwidth defined as (3k has more physical mean

ing than that of (3b. It has been shown that Ak = (3'k la can be used as a tool in 
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fatigue damage design. The value of k is a function of m. The following equations 

can be used in the fatigue design under random amplitude loadings. 

k= 2.0 
m 

(2.3.33 repeated) 

(2.3.31 repeated) 

(2.3.30 repeated) 

DWB = AkDNB 

13m 1 m = ; AfoT(2V2ux)mI'("2 +1) (2.3.27 repeated) 

N _ A 
WB - {3r(2y2ux)mI'('; + 1) 

(2.3.28 repeated) 

A 
TWB = ---=-------

Akfo(2V2ux )mI'( '; + 1) 
(2.3.29 repeated) 
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CHAPTER 5 

JOINT DISTRIBUTIONS BETWEEN RISE, PEAK, AND VALLEY 

Since it was discovered by Elber [1970], Crack Closure Theory has been ap

plied successfully to explain the mean stress and the load sequence effect. According 

to Crack Closure Theory, the fatigue crack will propagate only when the applied 

stress is above some threshold value, the crack opening stress, Sop. The stress ranges 

counted from the threshold of crack opening stress to Smax is referred as the effective 

stress range. The estimation of effective stress ranges is a conditional probability 

problem involving rises, peaks, and valleys. In order to evaluate the fatigue damage 

measure with the consideration of crack opening stress, it is necessary to know the 

joint distribution between the rises, peaks, and valleys of the loading process. In 

this chapter, using a sinusoidal approximation proposed by Ortiz [1985], the joint 

distributions between peaks, valleys, and rises counted by local range method are 

derived for both wide band and narrow band process. These equatioins will be used 

in the predication of random fatigue damage with crack closure in Chapter 6. 

5.1 Joint Distribution for Extrema 

Consider a zero-mean stationary Gaussian process, X(t), having an arbitrary 

power spectral density function Sxx(w). Differentiate random process X(t) with 

respect to time once and twice to get the velocity process X(t) and the accelera

tion process X(t), respectively. For a stationary Gaussian process, X(t) process is 

orthogonal to both X(t) and X(t) processes [Clough and Penzien]. 

Let three new random variables u = X(t), v = X(t), and w = X(t). The 

joint probability density function of u, v, and w can be written in its normal form: 

(5.1.1) 

where mk is the spectral moment of order k. 
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Taken a sample function of X(t) process, it is clear that for a peak (+ or -) 

to occur in the time interval (t, t + dt), it is necessary that: 

(1). x(t) be positive (up crossing zero), 

(2). x(t) be negative, and 

(3). ° < x(t) < Ix(t)ldt. 

(5.1.2) 

The joint probability density function of X(t) and X(t), when X(t) is a peak, 

is calculated from the definition of conditional probability: 

fuw(u, w)du dw = 

Pr{u < U < u + du n w < W < w + dw n X(t) is a up crossing zero in (t, t + dtn 

Pr{ X ( t) is up crossing zero in (t, t + dt n 
(5.1.3) 

The probability in the denominator of Equation (5.1.3) is the case of zero-crossing 

of the velocity process, X(t). For a stationary Gaussian process it is well known 

and is given by: 

Pr{X(t) is up crossing zero in (t, t + dt)} = 21 J m4 dt 
7r m2 

(5.1.4) 

The probability in the numerator of Equation (5.1.1) is computed using 

Equation (5.1.1) under conditions of Equation (5.1.2): 

Pr{u < U < u + du n w < W < w + dw n X(t) is a up crossing zero in (t, t + dtn 

{u+du {lx(t)ldt {w+dw 
= Ju Jo Jw fuvw(u, v,w)dudv dw 

= fuvw(u, 0, w)lx.(t)ldt du dw 

(5.1.5) 
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Therefore, from Equation (5.1.3) and (5.1.5), given X(t) is a peak, the joint prob

ability density function of X(t) and X(t) becomes: 

f -()- Iwl [ 1 m4u2+2m2uw+mow2] 
xx u, w - exp -----.;~--;======~-

V 27rm4 V mOm4 - m~ 2 V mOm4 - m~ 
(5.1.6) 

where -00 < u < 00 and -00 < w < O. 

5.2 Joint Distribution for Rise, Peak, and Valley 

For the local range counting method, the joint probability distributions are 

now derived. Given a Gaussian random process, X(t), the joint distribution of rise 

and peak is found by making the following assumptions. First, assume that the 

path of X(t), Figure 5.1, follows a simple sinusoid function between a minimum at 

t = 0 Gl..nd the succeeding maximum at t = 7r/we : 

X(t) = -A cos wet (5.2.1) 

where A is the amplitude of X(t) process and We is the expected angular frequency 

of extrema. 

Differentiate X(t) with respect to time once and twice to get its velocity and 

acceleration processes, X(t) and X(t), respectively: 

(5.2.2) 

= -Bcoswet (5.2.3) 

Both processes are sinusoid functions. From Equation (5.2.3), the amplitude of the 

acceleration process, B, can be obtained from distribution of the amplitude of the 

X(t) process by: 

B = -Aw; (5.2.4) 

From Equation (5.1.11), the joint probability density function of A and B is: 

(5.2.5) . 



68 

where -00 < a < 00 and -00 < b < o. 
Let H be the rise of the displacement process and it is twice the displacement 

amplitude: 

A=2H (5.2.6) 

The relationship between the acceleration amplitude, B, and the height, H, is: 

H 2 B=--w 2 e 

And A is just the peak, P, of the process: 

A=P 

(5.2.7) 

(5.2.8) 

The joint probability density function of P and H can be found from trans

formation of random variable between (A, B) and (P, H) by: 

(5.2.9) 

The Jacobian of the transformation is: 

(5.2.10) 

Substitute Equation (5.2.5), (5.2.7), (5.2.8), and (5.2.10) into Equation (5.2.9), and 

after a long manipulation the joint probability density function of H and Pis: 

where 0 < h < 00 and -00 < p < 00 and <p(.) is the Normal probability density 

function. 



69 

The marginal probability density function of rise, !H(h), can be found by 

integrating Equation (5.2.8) with respect to p over the domain of P, -00 < p < 00: 

h 1 h2 

!H(h) = 4 2 2 exp [--2 4 2 2 ] 
a ax a ax 

(5.2.12) 

where 0 < h < 00. This is an Rayleigh distribution with parameter 2aa x. And the 

marginal probability density function of the peak, !p(p), is: 

(5.2.13) 

where -00 < p < 00 and ~(.) is the Normal cumulative density function. This is 

the same as the Rice peak distribution, Equation (2.1.12). 

Similarly, start with the relationship: 

(5.2.14) 

and 

V=P-H (5.2.15) 

the joint probability density function of rise, H, and valley, V, is: 

1 1 (v+1/2h)2 h 1 h2 

!Hv(h,v) = vf2;Vl- a2ax exp[-'2 (1- (2)0"~ ]4a2a~ exp[-'2 4a20"~ 

v + 1/2h h 1 h2 

= <p( VI _ a 2ax) 4a2a~ exp[-'2 4a2a~] (5.2.16) 

where 0 < h < 00 and -00 < v < 00, and <p(.) is the Normal probability density 

function. From Equation (5.2.16), the marginal probability density function for H 

can be derived and it is the same as Equation (5.2.12). Similarly, the marginal 

probability density ftinction of the valley is the same as Equation (5.2.13) except 

using -v instead of p. 
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Following the same procedure, the joint probability density function of peaks, 

P, and valleys, V, is: 

1 1 (p + V)2 P - v 1 (p - v? 
ipv(p, v) = .J27r\l'l _ a2ux exp[-"2 4(1 _ ( 2)uk ]4a2uk exp [-"2 4a2ul- ] 

p + v p - v 1 (p - V)2 
= 24>( 2\1' 1 _ a2u x) 4a2ul- exp[-"2 4a2ul- ] (5.2.17) 

where -00 < p < 00 and -00 < v < p and 4>(') is the Normal probability density 

function. 

From Equation (5.2.17), p + v is twice the mean amplitude, m, and p - v is 

the rise, h, the joint probability density function of the mean amplitude, M, and 

the rise, H, is: 

where 0 < h < 00 and -00 < m < 00. Obviously, H and M are independent, and 

H follows the Rayleigh distribution while M is Normal distribution. 

5.3 Narrow Band Case 

The irregularity factor of a narrow band process is equal to one. The joint 

probability density function of rise, peak, and valley can be found by letting a = 1 

in Equations (5.2.11), (5.2.16), and (5.2.17). When a approaches 1, the Normal 

term in those equation becomes the impulse delta function. The joint probability 

density function of rise and peak is: 

h 1 h2 

iHP(h,p)NB = 8(p -1/2h)-4 2 exp[--2-4 2 ] 
Ux Ux 

(5.3.1) 

where 0 < h < 00 and 0 < p < 00, and 8(·) is the delta function. The joint 

probability density function of rise and valley is: 

h 1 h2 

fHV(h,v)NB = 8(v + 1/2h)-4 2 exp[--2-4 2 ] 
Ux Ux 

(5.3.2) 
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where 0 < h < 00 and -00 < v < O. And the joint probability density function of 

peak and valley is: 

p - v 1 (p- v)2 
!PV(P,V)NB = 28(p + v)-4 2 exp[--2 4 2 J 

Ux Ux 
(5.3.3) 

where 0 < p < 00 and -00 < v < O. 

From Equation (5.3.1), (5.3.2), and (5.3.3), the marginal probability density 

function of rise is: 
h 1 h2 

!H(h)NB = -4 2 exp[--2-4 2 ] (5.3.4) 
Ux Ux 

where 0 < h < 00. This is an Rayleigh distribution with parameter 2ux. And the 

marginal probability density function of peak and valley are: 

p 1 p2 
!P(P)NB = -2- exp[--2-2-J Ux Ux 

(5.3.5) 

and 
-v 1 v2 

!V(V)NB = -2- exp[--2-2-J 
U x U X 

(5.3.6) 

respectively. Where 0 < p < 00 and -00 < v < O. Note Equation (5.3.5) and (5.3.6) 

are Rayleigh distributions with parameter U x. 
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CHAPTER 6 

FATIGUE DAMAGE CYCLE COUNTING WITH CLOSURE 

The rainflow cycle counting method has been determined to be the most 

efficient cycle counting method for random amplitude loadings. The crack opening 

stress concept can be used to take care of the interaction effect in a stationary 

random loading. In this chapter, crack closure theory and rainflow cycle counting 

are used to study the fatigue damage under random amplitude loading. A combined 

theoretical and empirical model is developed. This model can be used to predict the 

fatigue damage under random amplitude loading given an arbitrary crack opening 

stress level. The proposed model is verified by the simulation study. 

6.1 Theory 

For a linear damage accumulation law, e.g., the Paris Fatigue Crack Growth 

Law, da/dN = Cl::l.Km, the fatigue damage measure, D, is defined as the summation 

of all effective stress ranges. For random amplitude loading (RA), the effective stress 

range should be a random variable. The crack will remain open and continue to 

grow when the applied loads exceed a minimum stress threshold level, the crack 

opening stress, Sop. Crack opening stress changes the level of fatigue crack d.riving 

loading condition, the effective stress range, l::l.Seff, as shown in Figure 6.1. The 

effective stress range is defined as: 

{ 

H = Smax - Smin, if Smax > Smin, Smax > Sop, Smin > SoP 
l::l.Se// = A = Smax - Sop, if Smax > Smin, Smax > Sop, Smin ~ Sop 

0, otherwise 
(6.1.1) 

Crack opening stress could be a random process along crack length, Sop(a). Be

cause the fatigue crack growth system is a slow process, constant opening stress 

assumption is set in following discussion. Details on the crack opening stresses will 

be discussed in Chapter 7. 

Let random variables P = Smax and V = Smin. The effective stress 

ranges, Equation (6.1.1), can be divided into two regions: Region I is the full 

range, l::l.Se//,[ = H = P - V, with domain 0 < H < 00 and Sop < V < 00 
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in H-V diagram, 0 < H < P - Sop and Sop < P < 00 in H-P diagram, and 

Sop < P < 00 and Sop < V < P in P-V diagram. Region II is a difference value, 

~Seff,I1 = A = P - Sop, with domain 0 < H < 00 and Sop - H < V < Sop in H-V 

diagram, 0 < H < 00 and Sop < P < H + Sop in H-P diagram, and Sop < P < 00 

and -00 < V < Sop in P-V diagram. Figure 6.1 defines the integration domain of 

each region on H-V, H-P, and P-V diagrams. Each diagram represents the same 

information of the area of interest. The evaluation of the equivalent stress for each 

region is a conditional probability problem involving rise, peak, and valley. For cal

culation purpose, H-V and P-V diagram are chosen for region I and P-V diagram 

for region II in this study. 

By Equations (6.1.1), the fatigue damage, D RA , is divided into two regions, 

D RA,I for region I and D RA,I I for region II, and: 

DRA = ~ Neq~S~ 
= DRA,I +DRA,II 

= ~ Neq,I ~S~,I + ~ Neq,II ~S~,I1 (6.1.2) 

The equivalent number of cycles, N eq , is: 

= N RA fOOjP f pv(p, v) dv dp 
Jsop -00 

=NRA foo foo fHV(h,v)dvdh 
Jo JSop-h 

= Neq,I + Neq,I I (6.1.3) 

where N RA is the total number of cycles of the applied random amplitude loading. 

The equivalent number of cycles for region I, Neq,I, is: 



= NRA roo r jpv(p,v)dvdp 
JSopJsop 

= NRA roo ()O jHv(h,v)dvdh 
Jo Jsop 

The equivalent number of cycles for region II, Neq,II, is: 

1 001 Sop 
= NRA jpv(p, v) dv dp 

Sop -00 
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(6.1.4a) 

(6.1.4b) 

(6.1.5) 

And the equivalent stress range, D&Seq, can be found from the conditional 

expectation by: 

6S~ = E[6S!jf I P > v,P > Sop] 

J;:pJ:oo 6S!j f j pv(p, v) dv dp 

- J;:pJ~oo jpv(p,v)dvdp 

By Equation (6.1.2), 6Seq , can be rewritten as: 

6Sm = N eq,] D&sm + Neq,II l:!..sm eq N eq,] N eq,II eq eq 

(6.1.6) 

(6.1. 7) 

The equivalent stress range for region I, D&S~,], can be computed from the condi

tional expectation by: 

l:!..S~,] = E[D&S!jf,] I P > V, P > Sop, V > Sop] 

= E[Hm I 0 < H < 00, Sop < V < 00] 

Jooo J;:p hm jHv(h, v) dv dh 

- Jooo J;:p jHv(h, v) dv dh 

= E[(P - v)m I Sop < P < 00, Sop < V < P] 

(6.1.8) 
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The equivalent stress range for region II, 6.S~,I/' can be computed from the con

ditional expectation by: 

6.S~,I/ = E[6.S:if,I/ I P> V,P > Sop, V <Sop] 

= E[(P - Sop)m I Sop < P < 00, -00 < V < Sop] 

J;:"J~:(p- Sop)m jpv(p, v) dv dp 
= S 

J;:"J-: j pv(p, v) dv dp 
(6.1.9) 

By Equation (6.1.4), (6.1.5), (6.1. 7), (6.1.8), and (6.1.9), the equivalent stress range, 

6.S:;, is: 

m JoooJ;:" hm jHv(h,v)dvdh 
6.Seq = roo roo ) 

Jo JSo,,-h jHv{h, v dv dh 

J; J~:{p- Sop)m jpv{p, v) dv dp 
+ 0" 

J;:"J~oo jpv{p, v) dv dp 

J;:"J;o" (p - v)m jpv{p, v) dv dp 

= J;:"I~oo !pv(p, v) dv dp 

J;:"J~:{p - Sop)m jpv{p, v) dv dp 

+ J;:"J~oo j!-·v{p, v) dv dp 
(6.1.10) 

By Equation (6.1.4) and (6.1.8), the fatigue damage for region I, DRA,[, is: 

(6.1.11) 
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By Equation (6.1.5) and (6.1.9), the fatigue damage for region II, DRA,II, is: 

DRA,II = ~ Neq,II 1).S:;,/1 

(6.1.12) 

By Equation (6.1.11) and (6.1.12), or Equation (6.1.2), (6.1.3), and (6.1.10), the 

fatigue damage, D RA, is: 

(6.1.13) 

Compare Equation (6.1.2) and Equation (6.1.13), we can redefine the nomi

nal number of cycles as the equivalent munber of cycles for practical purpose, i.e., 

Neq,RA = IT (6.1.14) 

where I is the nominal frequency in the random process, and T is the action time 

of the random loadings. And the equivalent stress range becomes: 

1).S eq,RA = [00 [P (p _ v)m I pv(p, v) dv dp 
JSopJsop 

[OOjSOP + Js
op 

-00 (p-Sop)m Ipv(p,v)dvdp (6.1.15) 

In the following discussion, these new definitions, Equation (6.1.14) and Equation 

(6.1.15), will be used instead of Equation (6.1.6) and Equation (6.1.13) for practical 

purpose. 
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6.1.1 Narrow band process 

For narrow band case, all peaks are positive, 0 < P < 00, and all negative 

for valleys, -00 < V < O. The joint probability density function for rise and valley 

is: 
h 1 h2 

jHv(h, V)NB = S(v + 1/2h)-4 2 exp[--2-4 2 ] 
ax ax 

(5.3.2 repeated) 

The joint probability density function for peak and valley is: 

p- v 1 (p - v)2 
jPV(P,V)NB =2S(p+V)-4 2 exp[--2 4 2 ] 

ax ax 
(5.3.3 repeated) 

The equivalent number of cycles of a narrow band process, Neq,N B, is: 

Neq,NB = NNB = foT (2.3.8 repeated) 

Substitute Equation (5.3.2) and (5.3.3) into Equation (6.1.15), the equivalent 

stress range, ASeq,N B, is: 

121Sop' h 1 h2 

AS:;,NB = [1 - H(Sop)] hm -4 2 exp [--2 -4 2 ] dh 
o ax ax 

100 p 1 p2 
+ (p - Sop)m -2- exp[--2 -2-] dp 

ISopl ax aX 
(6.1.16) 

where H(·) is the Heaviside step function. And the fatigue damage, Deq,NB, is: 

(6.1.17) 

It is clear that the equivalent stress range and fatigue damage are functions of 

material's fatigue cOI'~stant, m, the severity of the stress process, ax, and the crack 

opening stress, Sop. The integration term in Equations (6.1.16) and (6.1.17) has 

the form similar to the incomplete Gamma function, and these equations can be 

computed numerically. 
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6.1.2 Wide band process 

The equivalent nwnber of cycles of a wide band process, Neq,WB, is: 

(2.3.14 repeated) 

As derived in chapter 5, the joint probability density function of local range 

and valley, !Hv(h,v)LR, is: 

(5.2.16 repeated) 

and the joint probability density function of peak and valley, !pv(p, V)LR' is: 

( 5.2.17 repeated) 

where 0 < h < 00, -00 < p < 00, and -00 < v < p, and <p(.) is the Normal 

probability density function. 

As developed in chapter 4, the distribution for rainflow stress range can 

be approximated by the Rayleigh distribution with parameter 2f3kO" x, where 0" X 

is the severity of the loading and f3k is a generalized spectral bandwidth. The 

approximate joint probability density function of rainflow peaks, valleys, and ranges 

should be obtained by substituting f3k for a in the local range joint probability 

density functions. Therefore, the joint probability density function of rainflow range 

and valley, !Hv(h,v)RP, is approximated by: 

(6.1.18) 

and the joint probability density function of peak and valley, !pv(p, V)RP, is: 

(6.1.19) 

where 0 < h < 00, -00 < p < 00, and -00 < v < p, and <p(.) is the Normal 

probability density function. 
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Substitute above equations into Equations (6.1.15) and (6.1.13), the equiva

lent stress range and the fatigue damage under wide band random amplitude loading 

are: 

AS:;,RF 

100100 
m v + 1/2h h 1 h2 

= h 4>(J1 (32 )4f.l2
U

2 exp [-24f.l2u 2 ]dvdh 
o Sop - kUX fJk X fJk X 

{001S0P 
m P + V P - v 1 (p - V)2 

+ J Sop -00 (p - Sop) 24>( 2"; 1 _ (3~UX) 4(3~u'i exp[-2 4(3~u'i ] dv dp 

(6.1.20) 

and 

respectively. Equation (6.1.20) and (6.1.21) can be computed by numerical integra

tion. They are functions of material's fatigue constant, m, the severity of the stress 

process, Ux, the irregularity factor of the stress process, (3k, and the crack opening 

stress, Sop-

Note that the equivalent stress and fatigue damage by the local range cycle 

counting, ASeq,LR and Deq,LR, is given by substituting a for (3k in the above (k = 2). 

6.1.3 Closure fatigue damage factor 

The theoretical method for the fatigue damage under random amplitude 

loading without crack closure have been developed and verified in chapter 4. Under 

narrow band stress process, the fatigue damage, denoted as Dno,NB, is: 

(2.3.11 repeated) 



81 

And the rainflow wide band fatigue damage, denoted as Dno,RF, is: 

(2.3.27 repeated) 

In this chapter, the fatigue damages under random amplitude loading with crack 

closure for both narrow band and wide band case are developed, as Equation (6.1.17) 

and (6.1.21), respectively. For the discussion purpose, they are denoted as Dop,NB, 

and Dop,RF, respectively. 

Defined the closure fatigue damage factor, Ac , as the ratio between the fatigue 

damage with crack closure, Dop , and the fatigue damage without crack closure, Dna. 

Clearly, the closure fatigue damage factor is a function of material's fatigue constant, 

m, the severity of the stress process, CTx, the irregularity factor, a, the generalized 

spectral bandwidth, (3k, and the crack opening stress, Sop, i.e., 

(6.1.22) 

This factor can be computed by numerical integration. 

With the closure fatigue damage factor and the equivalent narrow band fa

tigue damage, the fatigue damage of a material under random amplitude loading 

at a given crack opening stress level can be computed by: 

Dop,RF = AcAkDno,NB 

= ~ JoTAcAk (2V2CTX )mr(; + 1) (6.1.23) 

And the equivalent wide band stress range is expressed by: 

(6.1.24) 

It is clear that two cO,rrecton factors are defined to correct the sequence and fatigue 

process effects in the wide band fatigue damage calculation. 
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From above equation, the random fatigue life with crack closure can be com

puted by: 

(6.1.24) 

or 

(6.1.25) 

6.2 Verification and Discussion 

The theoretical model of the fatigue damage under random amplitude loading 

with crack closure is now verified by the simulation technique. The analysis is based 

on the data simulated by simulation procedures developed in Chapter 3. 

6.2.1 Simulation results 

The time series generated is first counted by the rainflow cycle counting 

method to get the stress range sequence. The fatigue damage and the closure fatigue 

damage factor for different m, Sop, and spectral shapes are then calculated. In this 

study, ux = 1, m from 1 to 10, and Sop from -4ux to 5ux are used to investigate 

the effects of these parameters on ,xc. And two types of spectral shapes, one-box 

and two-box, are selected to study the effect of bandwidth. Ten (10) frequency 

ranges are used for one-box spectrum, and twenty-five (25) for two-box spectrum. 

Because ,xc is a random variable, some cases are run at least five (5) simulation to 

see it statistical characteristics. The results are discussed in the following section. 

EFFECT OF m AND Sop: The simulation data are plotted on the ,xc versus m 

plot. Typical results are shown in Figure 6.3. There are five (5) simulations for 

each crack opening stress. These plots indicate that ,xc decrease with both m and 

Sop. 

STATISTICAL CHARACTERISTICS OF ,xc: The statistic analysis of the 

simulation data under same conditions show that the larger variation occur when 
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Sop = -3ux and Sop = -2ux. The coefficients of variation are less than 30% for 

most significant Ac values. 

EFFECT OF SPECTRAL SHAPES: The simulation data are plotted on Ac 

versus a plot. Typical results are shown in Figure 6.4. These plots indicate that Ac 

is insensitive to the bandwidth. The key parameters are Sop and m only. 

6.2.2 Theoretical results 

The theoretical expressions of Ac,N B and Ac,RF involve terms similar to in

complete Gamma function. These functions are carried out by Simpson rule numer

ical integration. Ac versus m plots (Figure 6.5) show that Ac decreases with both 

m and Sop. Data also show that Ac decreases with a. But the variation is quite 

small when compared with the effects of simulations. Comparing simulation and 

theoretical results, closure damage factors obtained by two calculations are almost 

coincided and only slightly affected by spectral shapes. Therefore, the narrow band 

theorectical closure damage factor, Ac,NB, can be used to account for the crack 

closure effect in random fatigue design. 

6.3 Summary 

Compare the simulation results and the theoretical calculation, the results 

are summarized as follows: 

1. The closure fatigue damage factor, Ac, is a random variable: 

(6.1.22 repeated) 

2. Ac decreases with both m and Sop. 

3. Ac is insensitive to the spectral shape. 

4. The effective stress range follows the Rayleigh distribution with parameter 

2/hux. 
5. The fatigue damage under random amplitude loading can be estimated by: 
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6. Given the crack opening stress, theoretical narrow band closure damage fac

tor can be used to the estimate the random fatigue damage in the early 

design phase. 
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CHAPTER 7 

EQUIVALENT R-RATIO AND OPENING STRESS PROCESS 

Consider a cracked material subjected to cyclic stress loadings. The LEFM 

analysis shows that the stress field has a singularity near the crack tip. The material 

always yields when the applied stress exceeds the yielding strength and produces a 

plastic deformation to compensate the stress singularity. As cyclic stresses continue 

to be applied, a plastic wake is formed behind the moving crack tip by previous 

loadings. The size of the plastic wake, rp , is a function of a and S~ax' A typical 

plastic wake under random amplitude loading is sketched in Figure 7.1. The residual 

stresses in the plastic walce should be compressive. These residual compressive 

stresses are normal to the crack surface and cause two cracked surfaces to close 

together again. The crack is closed until the next applied stress exceeds a specific 

value. This is called crack closure. The stress needed to re-open the crack is referred 

as the crack opening stress, Sop, which should be determined by the magnitude and 

distribution of the residual stresses in the plastic wake. Experimental and analytical 

studies show that the crack opening stress is a function of the maximum applied 

stress and R-ratio. 

The goals of this chapter are to determine the equivalent constant amplitude 

R-ratio and crack opening stress for stationary random amplitude loadings with an 

arbitrary mean stress. The approach taken in this research is to approximate the 

Sop ( a) process by a constant when the loading is a stationary random loading. Fa

tigue crack closure theory is applied to justify the equivalent R-ratio. The definition 

of the equivalent R-ratio is based on the consideration of the shape of the plastic 

wake formed by the crack. 

7.1 Basic Idea 

For random amplitude (RA) loading, it could be considered as the combina

tion of variable amplitude loadings mixed up in random order. The cycle-by-cycle 

behavior of Sop for RA loadings is unknown at this time. However, if the load 

history is a random process, it is evident that Sop will vary randomly. Furthermore, 
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while the load process almost always evolves in time, e.g., Set), the crack opening 

stress process must evolve with a spatial index parameter, i.e., Sop(a), where a 

represents the length of the crack. However, compared to the loading process, the 

fatigue crack process is a very slow process. Therefore, Sop ( a) should be stationary 

under stationary loading conditions, as shown in Figure 7.2. The variation of Sop ( a) 

process is much slower than the loading process and has smaller fluctuations since 

it depends on the return period between the largest overloads. It is reasonable to 

assume that the crack opening stress is a constant, Sop,eq' For a non-stationary 

random loading, Sop ( a) could still be stationary because of the same reason. 

If the random loading is an ergodic process, one block of loading, with suit

able selected time interval, T, can represent the whole process and this is the situ

ation in most practical engineering applications. 

The basic idea is to determine an equivalent constant amplitude R-ratio and 

crack opening stress for stationary random amplitude loadings with an arbitrary 

mean stress. First, the crack opening stress under constant amplitude loading is 

studied. This relation is then used to determine the crack opening stress under 

random amplitude loadings. How to apply the constant amplitude results to find 

equivalent crac:k opening stress in random amplitude loading conditions, and how 

to find equivalent parameters used in the crack opening stress equation will be 

discussed in the following sections. 

7.2 Crack Opening Stress under CA Loadings 

Among the attempts to predict Sop for constant amplitude loadings are EI

ber, 1971; Schijve, 1976; Newman, 1984; Veers, 1987. Some of these are experimen

tal results, some are analytic such as finite element analysis. The general conclusions 

show that the opening stress Sop is governed primarily by the maximum stress level, 

Smax, and the stress ratio, R. Material strength, 0'0, plays the secondary effect. 
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The most extensive study is Newman [1984], who fit the following equations 

to finite element model results: 

where 

Sop 
q=--

Smax 
= Ao + AIR+ A2R2 + .A3R3, for R > 0 

= Ao + Al R, for - 1 2:: R > 0 

Ao = (0.825 - 0.34,Bp + 0.05,B;)[cos( 7r~max )](1/,Bp) 
0"0 

( )
Smax 

Al = 0.415 - O.071,Bp --
0"0 

A2 = 1 - Ao - A 1 - A3 

A3 = 2Ao + Al - 1 

,Bp = the plastic constraint factor 

From Equation (7.2.1), q and Sop are functions of 0"0, ,Bp, Smax, and R, i.e., 

and 

Sop = qSmax 

= Sop(O"o,,Bp,Smax,R) 

7.3 Equivalent Crack Opening Stress 

(7.2.1) 

(7.2.2) 

(7.2.3) 

For a stationary RA loading Set), Sop(a) is a stationary random process too. 

Thus, under stationary RA loading, the fatigue crack should grow approximately 

like a CA loading with the same highest stress peaks, Smaxh, and lowest stress 

valley, Sminl, i.e., Sop is almost constant. Several experimental results under random 

amplitude loadings support this argument. Elher [1976] found that crack opening 

stresses are almost constant in his random load test on 7075-T6 aluminum alloy. 

Schijve [1980] showed that reasonably accurate estimates of crack propagation life 
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can be made by assuming Sop to be controlled by the maximum and minimum 

stress levels in the load spectrum. Jono et al. [1984] also found that under stationary 

random amplitude loading conditions, the crack opening stresses are almost constant 

for aluminum alloys and steels. The opening stress is controlled by the largest stress 

range-pair and its stress ratio within the test loading block. And the crack grows 

similar to the constant amplitude loading with the same high level loading. 

Therefore, under random amplitude loading conditions, the crack opening 

stress can be found by using the highest value of the maximum stresses and lowest 

value of minimum stresses in the crack opening stress relationship under constant 

amplitude loadings. The equivalent CA crack opening stress, Sop,eq, can be calcu

lated from CA relationships for Sop, i.e.: 

Sop,eq (R) 
E[Smaxh] = q eq (7.3.1) 

7.4 Equivalent R-Ratio 

For random amplitude loading, both maximum and minimum stresses are 

random variables. From crack closure model analysis described in previous sec

tions, the crack opening stresses of random amplitude loadings are controlled by 

the highest of maximum stresses and lowest values of minimum stresses within a 

block of stationary stress process. Experimental results under random amplitude 

loadings support this argument. In order to calculate the equivalent R-ratio, the 

distributions of the highest value of the maximum stresses and the lowest value 

of the minimum stresses, denoted as Smaxh and Sminl respectively, must be found 

first. 

It has been shown that the rainflow stress cycles should be used in the evalua

tion of the fatigue life under random amplitude loadings. For a stationary Gaussian 

RA loading with mean stress, /lX, and rms value, (fx, the nominal number of stress 

cycles could be estimated as N = foT, where fo is the zero-crossing freque:1cy and 

T is the representative time length of the stationary process [Clough and Penzien]. 

As discussed in Chapter 4 and 5, the upper tail of peaks is governed by the Rayleigh 

distribution with parameter (f x. This initial distribution has an exponential tail in 
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the positive direction. Therefore, the distribution of the largest value, P = Smaxh, 

is a Gumble's Type I asymptotic distribution [Ang and Tang, 1984]: 

where 

and 

Un = ux J2lnN 

J2lnN 
ux 

N = the number of the stress cycles 

The mean and standard deviation of Smaxh are: 

_I 'YUX 
J-L p = U X v 2ln N + --;::::::;:::=::;:::: 

J2lnN 

7r UX 

Up = J6 J2lnN 

(7.4.1) 

(7.4.2) 

(7.4.3) 

respectively. In which, 'Y = 0.5772160 is the Euler number. From Equation (7.4.2) 

and (7.4.3),!-Lp increases with N, whereas Up decreases with N. 

Therefore, the expected value of the highest of maximum stresses is: 

E[Smaxh] = J-LX + J-LP 

= J-LX + ux(J2lnN + J 'Y ) 
2lnN 

(7.4.4) 

where Zp = (J 2ln N + 'Y / J 2ln N. Obviously, Zp is a function of N and it should 

be at the order of several thousand cycles. 

Similarly, the expected value of the lowest of the minimum stresses is: 

E[Sminl] = J-Lx - J-Lp 

= J-Lx - ux(J2lnN + J 'Y ) 
2lnN 

(7.4.5) 
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Knowing E[Smaxh] and E[Smin,], Figure 7.3, the R-ratio of random amplitude 

loadings can be calculated by: 

R 
_ E[Smin,] 

eq -
E[Sma:ch] 

_ I-'X - O'x(J2InN + J27nN) 

- I-'X + O'x( J2lnN + J27n N) 

_ Q - (J2InN + J27nN) 

- Q + (v'2InN + J27nN) 

= Req(/-lx, 0' x, N) 

= Req(Q,N) (7.4.6) 

in which, Q = /-lx/O'x, Hence, given a random amplitude loading of length, T, the 

equivalent crack opening stress can be found by equation (7.2.1), (7.4.4), and (7.4.6), 

which is a function of material constants and loading parameters, i.e., 

(7.4.7) 

7.5 Discussions 

Although the constant opening stress assumption is supported byexperimen

tal evidence, it should be noted that the opening stress is related to the envelope 

of the plastic wake. When crack length grows longer, the crack grows faster. The 

constant or s'tationary property for opening stresses might change. This should 

be studied in more detail in order to validate the reality of the constant opening 

stress assumption. Other tasks worth mentioning are "What is the optimal NT', 

and "How to evaluate the opening streS[l for non-stationary case." Actually, these 

questions are interrelated and they will be the main tasks in the future work. 



96 

t 

Figure 7.1 Illustration of Plastic Wake under RA Loading 
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Figure 7.2 Illustration of Crack Opening Stress Process 
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In this dissertation, a simulation program for generating a Gaussian process 

has been writted, verified, and used to generate random loading histories for this 

study. A previously proposed rainBow damage factor has been verified with these 

simulations without considering crack closure. The approximate distribution of 

rainflow stress ranges is a Rayleigh distribution with parameter related to fatigue 

process. This parameter is found and verified by the simulated data. The joint 

probability distributions between peaks, valleys, and rises counted by local range 

method are derived. A combined theoretical and empirical model to predict the 

random fatigue damage with the consideration of crack closure is developed and 

verified by the simulation study. In general, the fatigue damage under random 

amplitude loadings can be computed by multiplying a rainflow damage factor, Ak, 

and closure damage factor, Ac , to the well-known equivalent narrow band estimation. 

This model is useful in the random fatigue design. 

Given a cracked material with initial crack length ao, the fatigue growth 

rate contants are Co and m, and strength is 0'0. When this material subjected 

to a random amplitude loading with mean stress /-tx, variance O'x, and one-sided 

PSD Gxx(w), the following procedures and equations can be used to estimate the 

fatigue life at crack length aT. 

I. Calculate Req and Sop: 

E[S'maxh] = /-tx + ZpO'x 

E[Smin,] = /-tx - ZpO'x 

R 
_ E[Smin,] 

eq -
E[Smaxh] 

q = q(Req), use Newman's formula 

Sop,eq = qE[Smaxh] 

(7.4.4 repeated) 

(7.4.5 repeated) 

(7.4.6 repeated) 

(7.2.1 repeated) 

(7.3.1 repeated) 
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II. Calculate fo, f p , ct, k, and (3k: 

(2.1. 7 repeated) 

(2.1.8 repeated) 

(2.1.9 repeated) 

(2.1.10 repeated) 

(2.3.34 repeated) 

(2.3.32 repeated) 

III. Calculate fatigue resistance: 

A=- da 1iaT 

1 
C ao (Y( a )y'7ra)m 

(2.3.4b repeated) 

IV. Calculate equivalent narrow band stress and fatigue life: 

(2.3.10 repeated) 

(2.3.12 repeated) 

(2.3.13 repeated) 

V. Calculate rainflow damage factor: 

(2.3.30 repeated) 

VI. Calculate equivalent rainflow stress range and fatigue life, without crack closure: 

(2.3.26 repeated) 

(2.3.28 repeated) 

(2.3.29 repeated) 
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VII. Calculate closure damage factor: 

(6.1.22 repeated) 

VIII. Calculate equivalent rainflow stress range and fatigue life, with crack closure: 

(6.1.24 repeated) 

(6.1.25 repeated) 

(6.1.26 repeated) 

The application of above is discussed in the next section. 

8.2 Example Application 

Assume that the material is 2281-T851 Al with fatigue constants Co = 8.4 X 

10-10 and m = 3.64, and strength 0'0 = 50. The material has an initial crack length 

ao = 0.15 and subjected to a wide band Gaussian random amplitude loading with 

JlX = 7.47 and O'x = 3.26. What is the fatigue life when aT = 0.51257 

For demostration purpose, assume that the random loading is one-box white 

noise, i.e., (3p = 2.3, Y( a) = 1.12 and let Zp = 4.0. Under these assumptions, each 

variable can be calculated as follows: 

E[Smaxh] = 7.47 + 4.0 X 3.26 = 20.51 

E[Smind = 7.47 - 4.0 X 3.26 = -5.57 

-5.57 
Req = 20.51 = -0.27 

q = 0.28 + 0.10 x (-0.27) = 0.25 

Sop,eq = 0.25 x 20.51 = 5.19 

= -0.70'x 



II. 0', k, and f3k: 

0' = 0.75 

k = :.~~ = 0.55 

f3k = 0.85 

III. Calculate fatigue resistance: 

C = (1 - qo)-mco = 2.8 x 10-9 

1 1 (1-m/2 I-m/2) 
A = C1.12m 7r m / 2 1 _ m/2 aT - ao 

= 1.01 X 108 

IV. Calculate equivalent narrow band stress and fatigue life: 

m 
r( 2" + 1) = 1.705047 

,6.s:;,NB = (2v'2O'x)mr(; + 1) 

= 5.54 X 103 

A 
NNB = ~sm 

eq,NB 

= 18231 

V. Calculate rairtflow damage factor: 

f3m 
Ak = _k_ 

0' 

=0.74 

f3k' = 0.55 
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--
VI. C~culate equivalent rainflow stress range and fatigue life, without crack closure: 

~S~,RF = (2v'2f3kO'X)mr (; + 1) 

= 0.55 x 5.54 X 103 = 3.05 X 103 

A 
Nno,RF = f3 mt::.sm 

k eq,NB 

=33148 
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VII. Calculate closure damage factor: 

= 0.26 

VI. Calculate equivalent rainfiow stress range and fatigue life, with crack closure: 

~S::;',RF = >'c(2V2(3kU X)m r(; + 1) 

= 0.26 X 3.05 x 103 = 7.93 X 102 

A 
Nop,RF = >. (3m ~Sm 

c k eq,NB 

= 127490 

From above example, rainfiow cycle counting accounts 55% of the fatigue 

life based on the equivalent narrow band estimation, and 26% for crack closure. In 

this case, the crack closure effect is twice of the cycle counting effect. Crack closure 

effect is more important. However, both factors should not be ignored in random 

fatigue design. 

8.3 Future Work 

With the model developed above, it can be applied to fatigue life prediction 

under random loading. Many experimental data available to date, such as ASME, 

SAE, Robin Round, etc. Compare the predicted and test data, the applicability of 

the model then can be evaluated. 

There are still a lot of questions and problems to be solved and answered. 

They are: 

• Mechanisms of cyclic plastic deformation in plastic wake. The crack clo

sure mechanisms under overloads and non-stationary loading are different 

from stationary loading case. The crack opening stress process under these 

loadings should be studied in more details . 

• Random occasional overload modeling. The loading conditions in this dis

sertation are restricted to the stationary case. In real application, occasional 
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overloads and non-stationary random loadings are another types of random 

amplitude loadings. The stationary approach should be extended and mod

ified to cover the more general loading conditions. 

• Direct simulation of the stress series. The simulated fatigue stresses in this 

dissertation are picked from time series. Although the accuracy is pertained, 

it is time consuming even FFT is used. The approximated probability distri

bution of fatigue loading variables, such as peaks and rises, has been devel

oped, a direct simulation technique of these variables is possible. More data 

size can be generated, hence the statistical variability of simulation can be 

controlled and minimized. This can be extended to include the simulation 

of non-stationary process. 

• Integrated stochastic loading and stochastic material properties fatigue life 

prediction model. In this dissertation, only randomness in loading is con

sidered. The effects of stochastic variation in material properties have been 

studied and a model is developed by Ortiz [1985]. These two models can be 

synthesized together in an attack on the general fatigue problem. 

• Design of verification experiment. Although the predictive model developed 

has been verified by simulation studies, an verification experiment should be 

designed and conducted to test the approach developed. In addition, there 

are still many uncertainties during the process of model development. These 

can also be cleared by the controlled fatigue test. 
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