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ABSTRACT 

Many queueing systems have an arrival process that can be modeled by a Markov

modulated Poisson process. The Markov-modulated Poisson process (MMPP) is a 

doubly stochastic Poisson process in which the arrival rate varies according to a 

finite state irreducible Markov process. In many applications of MMPP s. the point 

process is constructed by superpositions or similar constructions. which lead to 

modulating Markov processes with a large state space. Since this limits the feasibil

ity of numerical computations. a useful problem is to approximate an MMPP 

represented by a large Markov process by one with fewer states. We focus our 

attention in panicular. to approximating a simple but useful special case of the 

MMPP. namely the Birth and Death Modulated Poisson process. In the validation 

stage. the quality of the approximation is examined in relation to the MMPP IG II 

queue. 



10 

CHAPTER 1 

INTRODUCTION 

1.1 Introduction and Motivation 

Point processes whose arrival rate exhibits significant random fluctuations 

arise in many queueing problems, notably in computer and communications model

ing. In contrast to point processes with an inherently homogeneous randomness, 

modeled adequately by the Poisson process or other renewal processes, these fluctua

tions have a long lasting effect on the behavior of the queue. A tractable alternative, 

useful in modeling such bursty arrival processes is the Markov-modulated Poisson 

process (MMPP), which also arises in many applications. 

The Markov-modulated Poisson process is a doubly stochastic Poisson 

process in which the arrival rate varies according to a finite state irreducible Markov 

process. The MMPP is fully characterized by an initial probability vector and by the 

infinitesimal generator of the modulating Markov process and the vector of arrival 

rates in the different states of the underlying Markov process. We refer to Neuts 

123) for funher descriptions and to Heffes 110), Heffes and Lucantoni Ill), Meier

Hellstern [18], Naor and Yechiali 119) and Yechiali [32] for interesting applications. 
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The Markov-modulated Poisson process is a special case of the more general 

N -process introduced in Neuts [20], the semi-Markovian arrival process discussed in 

Lucantoni, Meier-Hellstem and Neuts [16] and of the doubly stochastic Poisson pro

cess introduced by Cox [4], of which a detailed discussion is given in Grandell [9]. 

In many applications of the MMPP s, the point process is obtained by 

superpositions or similar constructions, which lead to modulating Markov processes 

with a large state space. Since this limits the feasibility of numerical computations. 

we consider in this dissenation the problem of approximating an MMPP represented 

by a large Markov process by one with fewer states. In panicular. we focus our 

attention on the approximation of a simple but useful special case of the MMPP. 

namely the Birth and Death Modulated Poisson process (BDMPP), in which the 

modulating Markov process is a binh and death process. It arises for example in the 

superposition of independent two-state MMPP s with identical parameters. We hope 

that the results obtained will shed light on the approximation of more general 

MMPPs. 

1.2 Summary 

In the approximation problem, we must choose between those features of 

physical behavior to be preserved by the approximating model and those that are 

less imponant. To that end, we need to quantify the differences between two 

MMPP s and specifically, between an MMPP and a Poisson process of the same rate. 
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Some analytically tractable measures such as the fundamental rate, the Palm meas

ure, the variance time curve, the peakedness functional are already available for such 

a comparison. The square-wave power spectral density obtained from the random 

telegraph wave in which flip-flops are governed by an MMPP is a promising tool in 

the qualitative study of the arrival process. Whereas the physical descriptors, men

tioned earlier, measure the average local behavior of the point process, the square

wave power spectral density seems to be more sensitive to its global propenies. The 

criteria for the deviation of an MMPP from a Poisson process and a two-state MMPP 

are of important consequence in the approximation procedure. The mathematical 

descriptors of physical propenies of an MMPP have been discussed in detail in 

Neuts [23]. 

A key result in the approximation strategy is given by the Excision 

Iheorem. which states that if we consider an MMPP only on the lime intervals when 

the Markov process is in a proper subset of states and if we excise the ponions of 

paths when it is in the complement set of states, we obtain a new MMPP whose 

parameters can be computed in terms of the parameters of the original MMPP. In 

order to apply the approximation algorithm, we first identify different sets of states 

on which the arrival rates are of comparable magnitude and therefore may be suit

able candidates for aggregation. We apply the excision theorem to these candidate 

sets and use the physical descriptors such as the variance time curve and the 

square-wave power spectral density to determine whether the excised MMPP is 
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approximately a Poisson process. If it is not, appropriate states are selected for 

exclusion and the same procedure is applied to a new set of states. If it is indeed 

approximately a Poisson process, we define a new MMPP in which the set is aggre

gated into a single state and the reinjection rates from the aggregated state to the 

other states are determined using suitable criteria. 

If the Poisson approximation is not successful or if a reasonable reduction 

in the state space is not possible, we apply a similar procedure to see whether the 

candidate sets approximate reasonably to a two-state MMPP. The parameters of the 

two-state MMPP are obtained by the algorithm of Heffes [10], by matching the first 

three moments of the arrival rate and the time constant of the excised MMPP. In this 

case, the selection of reinjection rates needs additional care. The aggregation algo

rithm is repeatedly applied as long as an MMPP with fewer states can be found 

whose realizations are similar to those of the original process. In the validation 

stage, the quality of the approximation is examined in relation to the MMPP IG II 

queue, which has been studied in Ramaswami [29] for the N -process and in Heffes 

and Lucantoni [11]. 

1.3 Outline of the Dissertation 

Following this introductory material, in Chapter 2 we review the definition 

and the propenies of the MMPP and illustrate how most of the descriptors encode 

the same physical information about the point process. Next, we discuss the 
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square-wave power spectral density which holds much promise in the study of point 

processes and also state and prove the Excision theorem, which is a key result 

needed in applying the approximation algorithms. In Chapter 3 we define the Birth 

and Death modulated Poisson processes and present some results from the theory of 

Binh and Death processes, which are of use in the approximation procedures. The 

main result in this chapter is the aggregation algorithm, which is a systematic gen

eralization of the two-state reduction algorithm already available in the literature. 

Computational remarks, numerical examples and the implementation of the approxi

mation schemes are presented in Chapter 4. The application of the aggregation algo

rithm to modeling packetized voice processes arising in communication engineering 

is of interest here. 

A systematic study relating the various second order propenies, the intro

duction of square-wave power spectral density as a physical descriptor, the Excision 

theorem and the aggregation algorithm for reducing the state space of the BDMPP s 

are the main contributions of the dissenation. 
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CHAPTER 2 

MARKOV-MODULATED POISSON PROCESSES 

2.1 Introduction 

This chapter is devoted to the definition and description of the Markov

Modulated Poisson process (MMPP) and its propenies. We set fonh the necessary 

notations and preliminaries and construct the stationary version of the point process 

in Section 2.2. In Section 2.3, we establish some analytically tractable measures of 

the MMPP such as the Palm measure, the variance time curve, the covariance func

tion of the rate process, the spectral density of counts, the peakedness functional and 

a cenain covariance function, which quantify the differences between two MMPP s 

and, specifically, between an MMPP and a Poisson process of the same fundamental 

rate. A comprehensive treatment of some of these physical descriptors may be found 

in Neuts (23). 

The square-wave power spectral density, which has useful propenies 

related to various classical operations on point processes is discussed in detail in 

Section 2.4. It was proved in Neuts and Sitaraman (24) that the square-wave power 

spectral density, the Palm measure and the variance time curve express physical 
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infonnation about a stationary renewal process in mathematically equivalent fonns. 

This remains the case for general stationary processes for the second and third 

descriptors, but not for the square-wave power spectral density. In general, the spec

tral density contains infonnation about the point process that is independent of the 

variance time curve and this is the principal motivation for our enquiry into the pro

perties of that descriptor of point processes. Hence, in the approximation problem, 

we shall conclude that one MMPP effectively approximates the other, if the variance 

time curve and the square-wave power spectral density of the two processes agree 

over a suitable range. In Section 2.5, we present the Excision theorem, which is use

ful in the approximation of an MMPP with a large number of states by one with 

fewer states. A detailed appli~ation of the theorem for a particular case of MMPP 

will be discussed in Chapter 3. While the result is well known for Markov 

processes and Markov renewal processes, its application to the MMPP is new. 

2.2 Definition 

A doubly stochastic Poisson process is a generalization of the Poisson 

process in which the rate varies according to a nonnegative-valued stochastic pro

cess. The Markov-modulated Poisson process, is a special case of a doubly stochas

tic Poisson process in which the rate process is detennined by an m -state irreducible 

Markov process. The arrival process is a Poisson process with rate Aj whenever the 

underlying Markov process is in state i, 1 ~ i ~ m. The MMPP is fully characterized 

by specifying the initial probability vector a and the infinitesimal generator Q of the 
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environmental Markov process and the vector of arrival rates, A. = 0-1, ...• Am)'· For 

ease of notation, we define the diagonal matrix A with A jj = Aj' 1 S j Sm. Hence, 

the MMPP with generator Q and rate vector :A. is also referred to as a (Q ,A)-source. 

We define the bivariate sequence of random variables {(1",x,,), n ~ OJ as 

follows. Assuming without loss of generality that I = 0 is an arrival epoch, let 1", 

n ~ 0 denote the states of the Markov process at times of successive arrivals. We set 

x 0 = 0, and let X"' n ~ 1 be the time between the (n -I)st and the nth arrivals. The 

following theorem states that the MMPP is a Markov renewal process. The proof of 

this result may be found in Neuts [23J. 

Theorem 2.2.1: The sequence ((1",x,,), n ~ OJ is a Markov renewal 

sequence with the transition probability matrix 

.II: 

F(x) = [ cxp[(Q - A)u )duA (2.2.1) 

= (/ - cxp«Q - A)x J) (A - Q rl A = F(oo) - cxp[(Q - A)x JF(oo), 

where 

Fij(x) = P (1" = j • X" S X 11,,_1 =; ) , for n ~ I. 

The matrix F (00) = (A-Q rl A, is stochastic and is also irreducible when all A) are 

positive. Let 2t be the stationary probability vector of Q. The vector It defined by 
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can be verified to be the stationary probability vector of F(oo). ttj is the fraction of 

arrivals that occur in state j and is positive if and only if A.j > 0. 

The Counting Function 

Let N (I) be the number of arrivals in (0,1] and J (I) the !:tate of the Mar-

kov process at time I. Also let P jj (n ,I) be the conditional probability that the Mar-

kov process is in the state j at time I and that n arrivals occur in (0,1 I, given that 

the state at I = ° is i. We introduce the matrices P (n ,I) = (Pj) (n ,I) } , for n ~ 0. 

The matrices P (n ,I), for n ~ 0, I ~ 0, then satisfy the forward Chapman-Kolmogorov 

equations 

P'(O,I) = P(O,I)(Q - A), 

P'(n,t) = P(n,I)(Q - A) + Pen - I,I)A, n ~ I, . 

with the initial conditions P (0,0) = I. 

-The matrix generating function p. (z ,I) = r P (n ,t)z II then satisfies the 
II~ 

differential equation 

with the initial conditions p. (z ,0) = I. The solution is given explicitly in matrix form 
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by 

p. (z ,t) = exp { [Q - (1 - z )Alt }, Iz 1 s 1. t ~ o. (2.2.2) 

The Fundamental Rate 

The Laplace-Stieltjes transfonn of the transition probability matrix F (.I) is 

given by 

!(s) = (sf + A - Q)-IA. (2.2.3) 

We then obtain the vector ,. = - /,(O+)e, of row sum means as 

Thus the fundamental mean of the transition matrix is given by 

tt.- = (xArlxA(A - Q )-I e = (ltA)-I, 

so that the fundamental rate of MMPP is given by 'A.- = xA. The quantity 'A.- is the 

expected number of arrivals per unit of time in the stationary version of the MMPP. 

Stationary Conditions 

In this thesis, we are primarily interested in the time-stationary version of 

the MMPP, which can be obtained by setting 
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and 

where 

with V(,·) = dillg (~;,I S j S m). The construction of the stationary version of a 

positive recurrent Markov renewal process is discussed in Pyke [27,28] and in Neuts 

[23] for MMPP. In the environment-stalionary version of MMPP. the origin of time 

is chosen in such a way that the environmental Markov process represented by Q IS 

stationary. Here we set 

P { J 0 = j } = 1t" I ~ j ~ m, 

and 

As pointed out in [23]. most descriptors of the time-stationary MMPP can be studied 

by the simple formalism of the environment-stationary version, since the joint distri-

butions of the interarrival times in the two stationary versions are stochastically 
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equivalent 

2.3 Second Order Properties 

The Palm Measure 

The Palm measure M(I) is the expected number of arrivals in (0,1) given 

that the time epoch I = 0 corresponds to an arrival. By choosing the initial probabil-

ity vector of the Markov process to be !t, we obtain the interval-stationary version 

of the MMPP started at an arbitrary arrival epoch. 

where 

Theorem 2.3.1: The Palm measure is given by 

M(I) = E[N, I Arrival at t::O) 

= A.. I + C + ~JtA [ex - cxp(Ql))(eJt - QrlAe, 
A. 

(2.3.1 ) 

(2.3.2) 

Proof: By following the derivations in Neuts [20J for the more general 

case of the N -process, the mean vector of arrivals in (0,1), J1(I), with elements 

Il,(t) = E[N(I)IN(O) = 0, J(O) = i). is given by 
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Premultiplying 11(1) by I: we obtain the stated result. The constant C is the intercept 

of the linear asymptote of M (I) with the ordinate axis. 

The Variance Time Curve 

Lemma 2.3.1: From Neuts [23], the variance lime curve 02(1), defined as 

the variance of the number N (I) of arrivals in (0,1] of the stationary version of the 

MMPP, is given by 

for 1 ~ O. As 1-+- , we have 

The dispersion lime curve is defined as the ratio of 02(1) to its value for 

the Poisson process. As 1-+-, it tends to the horizontal asymptote corresponding to 

the ordinate I + 2C. For the Poisson process of rate A.., the variance time curve is 

given by A.. I and the dispersion time curve is I for I ~ O. From the asymptotic for

mula for 02(1), the constants 

can be used as measures of the deviation of an MMPP from a Poisson process of the 
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same fundamental rate. For later reference, when the parameters of an MMPP with 

two states is given by 

-0, 

Q= A= 
o ~ 

80 and 8, can be calculated to be 

(2.3.3) 

Theorem 2.3.2: The Palm measure M (I) and the varian<.:e time curve er(l) 

are related by 

I 

er(l) = (I + 2C»)': I + 2),,-[ [M(u) -)..- u - C)du. (2.3.4) 

where C is given by (2.3.2). 

Proof: The matrix J cXP(Qu)du, whose (i.j) entry gives the expected 

amount of time spent in state j in (0.11, given that the MMPP starts in phase i, can 

be calculated as CNeuts [23]) 

I 

J cxP(Qu)du = [exl + (I - cxp(QI»I(ex - Qr'. 

From the above expression and equations (2.3.1) and (2.3.2), we obtain the desired 
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equality upon substitution. 

Note: The theorem states that the integral of the difference between M (I) 

and its linear asymptote, when multiplied by 2').: yields the difference between 02(1) 

and its linear asymptote. Thus the Palm measure and the variance time curve are 

equivalem physical descriptors of the MMPP. A more general version of this result 

may be found in Daley [6]. 

The Covariance Function of the Rate Process 

The rate process of the stationary MMPP is a stationary nonnegative sto

chastic process and can be defined as 

(2.3.5) 

where J (I) is the state of the modulating Markov process at time I. Its covariance 

function r (I) is given by 

An explicit formula for r (I) is given by the following theorem and is useful in the 

approximation scheme proposed by Heffes (10). 

Theorem 2.3.3: The covariance function of the arrival rate is given by 

r(l) = xA[cxP(QI) - exlAe. (2.3.6) 
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for t ~ O. and 

-l r(I)d1 = 'A: C. (2.3.7) 

where C is the constant defined in equation (2.3.2). 

Proof: E [A· (O)A· (I) )dudl. the elementary probability that arrivals occur in 

the intervals (04") and (1.1 + dl) is given by 

Since E[A· (0») = E[A· (I») = 'A:. we obtain the desired result for r(I). Equation 

(2.3.7) is obtained by noting that 

-l [CXP(QI) - eK)dl eK = 0, 

and 

-l [cxp(Qt)-eKldl Q =eJt-1. 

Subtracting the two equations. we obtain 

l [exp(QI) - e Kldl = (I - e Jt)(e Jt - Q )-1, 

The stated result follows by substitution and equation (2.3.2). As in Daley (6). '(1) 
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The Spectrum of Counts 
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Another useful physical descriptor of the stationary MMPP is the spectral 

density introduced by Bartlett [1] and discussed in Cox [5] and Ott [26]. It is defined 

by 

-
g(ro) = A.. + J e-iCJ1Cr(t)dt, -

where r (-) is the covariance function of the rate process and it can also be deter-

mined from the formula 

where M· (-) is the Laplace-StieJtjes transform of the Palm measure M(t). 

, .. 
(2.3.8) 

Theorem 2.3.4: The spectral density function of the counting process of 

the stationary MMPP is given by 

(2.3.9) 

Proof: By evaluating the Fourier transform of ret) or the Laplace-StieJtjes 

transform of M(/) and substituting in (2.3.8). Note that 
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g(O) = ')..* + 2[ r(I)d1 = ')..* - 2xA[ex - (ex - Qrt]Ae = [02.(1)]'. 

The Peakedness Functional 

The peakedness functional was studied by Eckberg[8] and is useful as a 

measure of the burstiness of a point process. It is defined as the variance-to-mean 

ratio of the number of busy servers in an infinite server queue with the point process 

as input. An alternative way of describing this function is as follows. For each 

arriving point of the stationary point process, we add a random delay distributed 

according to the probability distribution H (-) with mean J.1( If Z (I) is the number of 

points for which arrival lime ~ I S arrival lime + delay, then the peakedness func-

tional is given by 

'I'(H) = Var[Z(I))(H) 1>0 
E[Z(I») • -. 

and is independent of I since the MMPP is stationary. 

When H (x) = 1 - e"iU. X ~ 0, 'I'(H) is a function of J.1 and is referred to as 

the exponential peakedness functional. It can be calculated for the MMPP as the 

variance-to-mean ratio of the number of busy servers in the MMPP 1M 100 queue. We 

refer the reader to Neuts [21] and O'Cinneide and Purdue [25] for related discus-

sions. The MMPP 1M 1- queue can be studied as a Quasi Birth and Death process, 

on the state space {(i.j). i ~ O. 1 S j S m }, where i denotes the number of busy 
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servers in the system and j is the phase of the MMPP. Its infinitesimal generator is 

given by 

Q-A A 

J.1I Q -A-J.1I 

Q= o 

o o 

o 

A 

Q-A-2J.11 

3J.11 

o 

o 

A 

Q-A-3J.11 

Let x = [x 0..1 I' ... I be the invariant probability vector of Q. The vectors 

Xi give the joint stationary density of the number of busy servers and the phase of 

the MMPP and satisfy the following equations. 

xo(Q - A) + lUI = 0, 

Xi_IA + .Ij(Q - A - J.1I) + (i + I)lUj+1 = 0, i ~ 1. 

-We now define the generating function X(z) = IxjZi and obtain from the above 
i~ 

equations 

~(z - l)X'(z) = X(z)(Q - A + zA). 

After some routine calculations. we obtain 

X(l) = 11:, 
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and 

For J,1 > 0, the exponential peakedness functional is then given by 

'fI( ) = X"(I)t: + X'(I)t: - rX'(l)t:)2 
J,1 X'( 1)t: 

(2.3.10) 

The inverse of the matrix (J.1I - Q) exists because it is diagonally dominant. 

'flO can also be derived from Eckberg's fonnula given In 181. In our 

notation, it can be written as 

.. 
'fI(H) = 1 - ,,: Ill' + ~ r G (x )dM (x ), 

J,11' 6 

where M 0 is the Palm measure and G (-) is defined by 

.. 
G (x) = [ (1 - H (u )Jll - H (x + u )ldu, 

for x ~ o. When II (x) = 1 - e -~ , it can be easily seen that the peakedness functional 

can also be written in tenns of r (I), the covariance function of the arrival nue as 



where 

1 • 
'I'(Jl) = 1 + -. r (Jl), 

A 

-
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(2.3.11) 

Note: By the uniqueness theorem of the Laplace transform, it follows that 

the peakedness functional, the Palm measure, the covariance function and the spec-

tral density function of the counting process determine each other. Note that for the 

Poisson arrival process, the exponential peakedness is 'I'(Jl) = 1, for Jl > o. 

The Covariance Structure 

Next we examine the covariance function of the number of arrivals occur-

ring in two disjoint intervals. From Neuts [23J, the covariance function C (I :/',1,) of 

the. random variables N(t) and N(/+I,+I') - N(/+I,), for I > 0, I, 2! 0 and I' > 0 is 

given by 

C(/,t';t,) = .A[I - cxP(Qt)] exp(Qt,)[1 - exp(QI'»)(t:1t - Q)-2At:. 

By expanding into products it is easy to see that 

C(/,I':I,) = p(t,) - p(t + I,) - p(t, + I') + P(I + 1\ + I'), 

where 
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The above result relating C(t;t',t\) and the variance time curve appears to be new 

and shows that these functions express physical infonnation about the stationary 

MMPP in mathematically equivalent fonns. 

2.4 The Square-Wave Power Spectral Density 

The square-wave power spectral density, (SQSD) introduced by Neuts and 

Sitaraman [24] for renewal processes is a promising tool in the qualitative study of 

stationary point processes. In [24] it was shown that one can obtain analytically 

tractable and readily computable results corresponding to the power spectral density 

of a square wave, which flipflops at each event in the renewal process. These results 

have now been extended for any finite state Markov renewal process and in panicu

lar to the MMPP. 

The SQSD can be obtained in terms of an explicit matrix fonnula for the 

stationary MMPP and is a readily interpretable physical descriptor, which encodes 

global information about the fluctuations in the arrival rate inherent in a point pro

cess. While random square waves have been used for a variety of purposes in signal 

processing, the square-wave spectral density is not a common tool in the study of 

point processes. An example of its use in studying photographic granularity may be 

t 
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found in Castro, Kemperman and Trabka [31. In general, the SQSD contains informa-

tion about the point process that is not implicit in the properties discussed in the pre-

vious section. Whereas the moments of N (I) and the peakedness functional quantify 

average local behavior of the point process, the SQSD seems to be more sensitive to 

its global properties. 

We define the random square wave corresponding to the stationary version 

of the MMPP as follows. 

and 

with probability ~, 

with probability ~, 

where N (0,1) } denotes the random counting measure induced by the stationary 

MMPP on the entire real line. The stochastic process (Y.o) is stationary with 

E[Y.(l)) = ~, for alII. We center the process by setting Y(l) = Y.(I) - ~, to obtain 

the centered square wave. The square wave power spectral density (SQSD) is 

defined by 

-
S(j) = J e-I""R(t)dt, (2.4.1 ) -
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where CJ) = 2ft! and R (t) is the autocovariance function 

R(t) = E[Y(O)Y(t»), 

of the stationary process YO. The function R (-) is an even function and for t ~ 0, we 

have 

R(t) = E[Y\(O)Y\(t») _1. = 1.P {N(t) is even} _1.. 
424 

As pointed out in [24], the above formula holds true for every stationary point pro-

cess without multiple arrivals. In terms of the probability generating function 

p. (z ,t), R (-) can be written as 

1 • 
R ('t) = -P (-l,t). 

4 

Theorem 2.4.1: For a stationary MMPP, the SQSD is given by 

for all real f . 

(2.4.2) 

Proof: From equation (2.2.2>, we know that for the stationary version of 

the MMPP, 

p. (z ,t) = K cxp((Q - A + Az )tIe. 

Therefore the autocovariance function R (-) is given by 
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1 R (t) = -Jt cxp[(Q - 2A)'t)e. 
4 

Substituting in equation (2.4.1) and evaluating the inverse Fourier 

transfonn. we obtain the stated result. The matrix Q - 2A has no purely imaginary 

eigen values since it is a stable matrix. Hence its inverse exists for all real f. 

When the MMPP has only one state or if Aj = A. we obtain the Poisson 

process of rate A so that the SQSD of the Poisson process is given by the "Cauchy 

density" ([7] and (24» 

(2.4.3) 

Superpositions 

The following theorem is useful in studying superpositions of independent 

stationary MMPP s. 

Theorem 2.4.2: The square wave spectral density of the superposition of a 

finite number N of independent MMPP s is 4N- 1 times the convolut;on of the 

corresponding densities of the component processes. 

Proor: By independence, the probability generating function p. (z ,t) for 

the superposition is given by the product P; (z ,t), ... ,P~(z ,t) of the generating func-

tions for the component processes. The autocovariance function for the superposi-
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tion thus satisfies 

I • N-\ R(t) = -P (-I.t) = 4 R\(t)··· RN(t). 
4 

(2.4.4) 

and the statement follows upon Fourier inversion. 

2.S The Excision Theorem for an MMPP 

Theorem 2.5.1: Let us partition the (Q .A) source corresponding to two 

sets of states 1 and 2 such tha~ 

Q(1.l) Q(1.2) A(1) o 

Q= A= 

Q(2.1) Q(2.2) o A(2) 

where Q (i .j) represent the transition rate matrices to go from the set j to the set j. 

for j. j = I and 2 and AU). for j = I and 2 represent the arrival rates corresponding 

to the states in the sets I and 2. If we consider the MMPP only on those time inter-

vals when the Markov process is in the set of states I and if we excise the ponions 

of the paths when Q is in the set of states 2, we obtain a new (Q (1 ).A(1» source 

with 

Q(1) = Q(1.I) + Q(1.2)[-Q(2.2)r\Q(2.1). 
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Proof: Let {(J".x,,), II ~ 0 } , the bivariate sequence of random variables, 

be defined as follows. Without loss of generality, let J 0 = i be an element of set I 

and X 0 = to = O. For II ~ 1, ttl are the times of successive arrivals in set I and 

X" = ttl - t,,-I' Let J", n ~ 1 with values in set I be the states of the Markov process 

at time epochs t,,+. By the Markov propeny, it follows that (J".x,,),11 ~ O) is a 

Markov renewal sequence. The Laplace-StieJtjes transfonn of the transition proba-

bility matrix, <l»(s) with elements Cl>ij(S), i.j E I, corresponding to the excised arrival 

process is given by 

<l»(s) = [sl - Q(I,l)+A(1)r I A(I) + [sl - Q(1.l) + A(1)r I K(s)A(1), 

where 

-K(s) = 1: ( Q(1.2)[-Q(2.2)r IQ(2.l)[sl - Q(l,l) + A(l)r l } v 
v-I 

= Q(1.2)[-Q(2,2)r IQ(2.1)[sl - Q(1.1) + A(1)r l , 

( I - Q(1.2)[-Q(2.2)r IQ(2.I)[sl - Q(1.l) + A(l)r l } -I 

= Q(1.2)[-Q(2.2)r IQ(2.l)· 

(sl - Q(l,l) - Q(1.2)[-Q(2.2)r IQ(2,l) + A(1)}-I, 

After routine simplifications we obtain that 

<l»(s) = (sl - Q(1.l) - Q(1.2)[-Q(2.2)r IQ(2,1) + A(1) } -IA(1). 
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and hence the stated result. 

Note: It is a well known result that if we consider only the excised Mar-

kov process as described above, we obtain a new Markov process with generator 

given by Q(t), (Kemeny and Snell [14]). In addition, if we let arrivals occur accoro-

ing to 1\(1) during sojourn times in the states of Q (1), we obtain the more general 

result as stated in the theorem. 

Theorem 2.5.2: If we panition the stationary probability vector K of Q as 

x = (x(1),K(2», where x(1) and x(2) are the steady state probability vectors 

corresponding to the sets t and 2, then the stationary probability vector of Q (1) is 

given by K(1). 
x(1)e 

Proof: We have 

K(1)Q(t,t) + K(2)Q(2.t) = o. 
and 

K(1)Q (1.2) + K(2)Q (2.2) = o. 

This implies that 

K(2) = x(1)Q(1.2)[-Q(2.2)r1. 

Thus, 
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x(1){Q(1.1) + Q(1.2)[-Q(2.2)r IQ(2.1)} = o. 

Nonnalizing K(1) to be a probability vector, we obtain the desired result. 
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CHAPTER 3 

BIRTH AND DEATH MODULATED POISSON PROCESSES 

3.1 Introduction 

In this Chapter, we consider a special class of the MMPP, namely the 

Binh and Death Modulated Poisson Process (BDMPP), which is defined in Section 

3.2. In Section 3.3, some well known results on steady state probabilities and mean 

exit times from the theory of birth and death processes are given. These formulas 

may be found in Karlin and Taylor [13] and Taylor and Karlin [31J. The excised 

BDMPP is in tum a BDMPP and a proof of this theorem is presented in Section 3.4. 

Section 3.5 is devoted to the approximation of an MMPP by one with two states 

(Heffes [10]), but the resulting two-state MMPP may not be adequate to model the 

exact process with fluctuating arrival rates. 

By panitioning the given state space into a few subsets in which the 

arrival rates are of comparable magnitude, the Excision theorem can be used to take 

an alternative approach, in which these individual sets can be replaced by a single 

state or by two states. The aggregation algorithm, which is a detailed application of 

such a procedure, utilizing the special structure of the BDMPP and the results from 
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Section 3.3, is presented in Section 3.6. Some numerical examples will be discussed 

in detail in Chapter 4. 

3.2 Definition 

A Birth and Death. Modulated Poisson process (BDMPP) is a special case 

of the Markov modulated Poisson process in which the modulating Markov process 

is binh and death process. We write the matrix Q with states (O,··· ,n ) and 

dimension n + I as 

Q= 

-bo bo 0 

al -(al+b l) b l 

o a2 -(a2+b 21 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

all_I -(all_l+bll _l ) bll _1 

o all -all 

In addition, we assume that the arrival process is a Poisson process with 

rate Aj. whenever the underlying binh and death process is in state t, 0 S t S n, so 

that the vector of arrival rates A = (Ao, ... ,All). As in Chapter 2, we define for ease 

of notation the diagonal matrix A with elements Ajj = Aj' 0 S j S n. It is easy to see 

that the following example, which is useful in communications modelling, is a spe

cial case of the BDMPP. 
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The superposition of n ;;:: 2 independent MMPP s with identical parameters 

~, 

o "Ivz' 

may be described as a (QII,AII)-source of dimension n+l given by 

(QII)i,; = - io, - (n-i)o2, for 0 SiS n, 

for 1 SiS n. (3.2.1) 

(QII)i,i+' = (n-i)o2 for 0 SiS n-l. 

and the other elements are zero, and 

All = diag ( iA.,' + (n-i)A.2', 0 SiS n ). (3.2.2) 

3.3 Results for Birth and Death Processes 

Steady State Probabilities: 

Lemma 3.3.1: The stationary probability vector x = (Jto,x" .... xlI ] of Q is 

given by 

"i 
Xi = -11-' 0 SiS n. (3.3.1 ) 

~"i 
v-o 

where "i can be calculated recursively by 
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Vo = 1, and 
bo ' , , b j

_ t 
Vj = . for i ~ 1. 

at' , 'aj 
(3.3.2) 

Mean Sojourn Times 

Lemma 3.3.2: The expected length of time L U;i + I) to reach state i + I. 

staning from state j t for 0 S j S i is given by 

(3.3.3) 

where \/j are as in equation (3.3.2). 

Lemma 3.3.3: The mean time U (i) to visit state i -I for the first time 

staning from state i is given by 

" 1 U(O = 1:-. 
y.j bvPv 

(3.3.4) 

where 

aj , , , aj 
Pj = • b· , , 'b· 

I J 
for j ~ i. 

Lemma 3.3.4: Let X (I) be the state of the binh and death process at time 

1 and let T(v) = min {I ~O:X(I)=i-1 orX(t)=k+l} be the first passage time to 

the state i-lor k+1 staning from state v. i ~ v ~ k, If PV,I-t. denotes the probability 

of first passage time from v to i-I. then 
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Pv.i-I =P (XT(v)= i-I I X (0) = v} 

= 
Pv + .,. + Pk 

1 + Pi + . , . + Pk 
(3.3.5) 

=1----......;;.,.---
1 + Pi + '" + Pk 

= 1 - P ( X T(v) = k + 1 I X (0) = v} = 1 - P v,k+ I' 

where P v.k+1 is the first passage time probability of the transition v to k + 1 and p, is 

as in Lemma 3.3.3. The mean hitting time M(v) = E[T(v)IX(O) = vi is given by 

k v-I 
t.j 1 + tPj 
''; j-i v-I 

M (v) = ...£-_...a...-
k
-'-_ ...... - t. j • 

1 + tPj j'; ,-I 
where 

• j can be computed recursively as 

1 a· .'=-+-'.'1 j~;. , b· b· ,-. 
J J 

with .i-I = O. 

(3.3.6) 

j ~ i . 
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3.4 The Excision Theorem for BDMPP 

Theorem 3.4.1: If we consider the BDMPP only on those time intervals 

when the Markov process Q is in the set of states A = (i,···,k ) and excise the 

sojourn times in A C , we obtain a BDMPP with parameters Q ... and A ... given by 

and 

Q ... = 

o 

o 

o 

o 

o 

o 

Proof: We panition the (Q ,A) source as 

Q(1,1) Q(1.2) 0 

Q = Q(2,l) Q(2,2) Q(2,3) 

o Q (3,2) Q (3,3) 

o 

o 

o 

o 
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A(l) 0 0 

A = 0 A(2) 0 

o 0 A(3) 

where the indices I, 2 and 3 correspond to the panitioning of states (0" .. ,i-I), 

(i, ... ,Ic) and (1c+1, ... ,n) respectively. Also, A(j), for j = I, 2 and 3 gives the 

arrival rates in these sets and Q U ,m), for j ,m = I, 2 and 3 represents the rates of 

transitions from the set of states j to m. By an application of the Excision theorem, 

the excised process is a BDMPP with the arrival matrix A,4 = A(2) and the generator 

Q,4 = Q(2,2) + Q(2,1)[-Q(l,l)r IQ(l,2) + Q(2,3)[-Q(3,3)r IQ(3,2). 

We evaluate the sparse matrices involved in the above expression explicitly and 

obtain the desired result. 

3.5 Two-State Reduction Algorithm 

This method is due to Heffes [10] and has also been used in Bonomi [2] 

and Meier-Hellstem [18] to approximate an arrival process by a two state MMPP 

(MMPP (2». by matching the first three moments of the arrival rate and the time con

stant. The arrival process in (10) is a class of data traffic processes, in [2J the point 

process approximated is a special case of the N -process and in [181 an MMPP with 

a large number of phases is replaced by an MMPP (2) to study queues with 

overflows. Using this method. we would like to approximate a given BDMPP by an 
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MMPP(2). 

Let Ilj, for ; = I, 2 and 3 denote the first three non-central moments of 

the rate process of the BDMPP, which was defined in equation (2.3.5). These 

moments can be calculated from 

" Ilk = 1: 7ty~, for k = 1,2 and 3, 
v-o 

Note that III is also the fundamental rate of the BDMPP. The time constant t is 

defined by 

-
t= ~lr(t)dt, 

where r (t) is the covariance function of the arrival rate defined in Chapter 2 and 

v = r(O) = 112 - 111 2 is the variance of the arrival rate. By vinue of Theorem 2.3.3, t 

can be calculated as 

by 

t = .!.xA(1 - e 1I:)(e 11: - Q )-1 Ae. 
v 

Let the MMPP(2), which approximates the given BDMPP, be parametrized 
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-01 o 

o 

Let Ilt, for i = 1, 2 and 3 be the first three moments of the arrival rate of the 

MMPP (2) and let 't. be its time constant. These quantities can be explicitly com-

puted as 

The covariance function of the arrival rate r· (t) is given by 

so that 

• 
t =---

We obtain the defining parameters of the MMPP(2), by equating these four 

quantities to the known values corresponding to the original BDMPP. Hence we 

need to solve 

(3.5.1) 

(3.5.2) 



where k = t·- I • Substituting 02 = k - 01 in equation (3.5.2), we see that 

Then equation (3.5.3) yields 

Solving for A2', we get 

~' = ~I - rvti. 

where Tl = 0 2
. From equation (3.5.2), AI' can be written as 

°1 
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(3.5.3) 

(3.5.4) 

Now eliminating appropriate terms from equations (3.5.1)-(3.5.4), it is easy to see 

that AI' is the solution to the quadratic equation 

Substituting AI' = ~I + ~ ~ in the above equation and simplifying, we obtain 



Thus the solutions to the equations (3.5.1 )-(3.5.4) are given by 

1 
at = t(1 + 11) , 

a - T) 
2 - t(1 + 11) 

A.t' = Ilt + "-l ~ , 

where the quantities 11 and 5 are related by 

11 = 1 + .§.(5 - ~4 + 52), 
2 
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(3.5.5) 

The parameters of the MMPP (2) obtained from this method can be shown 

to be positive. Note that the variance of the arrival rate of MMPP (2) is given by 

and it is related to the constants in equation (2.3.3) according to v·t· 2 = 90 and 
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3.6 The Aggregation Algorithm 

Our approximation strategy proceeds as follows. In the first stage, we 

identify the sets of states which may be suitable for aggregation. A plot of 

Jtj = Jtj~j , which gives the fraction of arrivals of type i, against the index i reveals 
A 

the clusters of states on which the arrival rates are of comparable magnitude. Based 

on this graph, we panition the state space E of the Markov process into a collection 

of subsets E I, ... • Ep ' each of which may be aggregated together into a single state 

without significantly affecting the physical behavior and the descriptors of the given 

BDMPP. We then associate with these sets a permutation of degree p, which is the 

order in which they are approximated. It should be noted that given a panitioning of 

the state ~pace and the order in which the candidate sets are approximated, the 

aggregation algorithm produces a unique approximating process. 

In the second and most imponant stage, we apply the excision theorem to 

the candidate sets EJr. and use the criteria discussed in Chapter 2 such as the funda-

mental rate, the variance time curve and the square-wave power spectral density to 

determine whether the resulting (Q£. ,hE.) source approximates to a Poisson process. 

If it is not, appropriate states are selected for exclusion, while, if we agree it is, 

funher states are added by accretion in a systematic manner. updating the panition-

ing of the state space as we proceed. In panicular, we shall approximate the excised 

BDMPP corresponding to each candidate set by a Poisson process. if the variance 
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time curve and the SQSD corresponding to the two processes agree over a suitable 

range of values of t and / respectively. For comparing two processes, the graph of 

the ratio of their power spectral densities also shows clearly the frequencies that are 

more or less prevalent in each process. 

When a set is selected for replacement by a smaller set, we define a new 

BDMPP with appropriate parameters. In panicular, we need the reinjection rates, 

which are the rates of transition from the aggregated set into the remaining states of 

the Markov process and the rate of arrivals in this state. We determine the reinjec

tion rates using the lemmas from section 3.3, depending on the three categories the 

sets Ek fall under-the lower level, the middle level or the upper level. We define the 

lower level of states as the set which includes the state 0 as one of its states. The 

middle level of states excludes both states 0 and n and the upper level includes the 

state n. The three cases are considered separately since the modulating binh and 

death process is skip free to the right as well as to the left and transitions between 

the different levels can not occur without visiting all the intermediate states at least 

once. 

If the aggregation of states by a single state is not satisfactory or if a 

sufficient state reduction does not result, an alternative choice is to approximate it by 

an MMPP(2) by applying the two-state reduction algorithm due to Hdfes. This can 

be done by considering the three levels of states as before. When the approximation 
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is by an MMPP (2), we only need to find the reinjection rates as the two-state reduc

tion algorithm already calculates the rates of arrivals during the sojourn time in the 

aggregated set. In both single state and two state aggregation procedures the details 

of which will be discussed next. we obtain the parameters of the approximating 

BDMPP in such a way that the binh and death structure of the modulating Markov 

process is not altered. 

Throughout the aggregation procedure, we endeavor to preserve the most 

imponant physical criteria. such as the fundamental rate, the SQSD and the variance 

time curve and verify at each stage of the algorithm that the aggregated process does 

in fact provide a good approximation to the given point process. The aggregation 

procedure is repeatedly applied to the various candidate sets as long as a BDMPP 

with fewer states can be found, whose realizations remain in an acceptable way 

similar to those of the given process. 

The overall approximation algorithm is clearly a multi-stage and computa

tion intensive procedure and is a systematic generalization of the encouraging results 

obtained by Heffes [IOJ and Heffes and Lucantoni [Ill. The real test of the algo

rithm is in its performance on the characteristics of queues which have the given 

point process and its approximation as arrival processes. Thus in the validation 

stage, the efficient matrix analytic methods for the MMPP IG 11 queue. discussed in 

Ramaswami [29] and Heffes and Lucantoni [II] playa major role. 
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Single State Aggregation 

Aggregation of Lower Level 

Once we select a candidate set of the fonn E{}j = {O, ... ,i} for aggregat-

mg. we can use . 1. as the sojourn rate in the (single) aggregated state, where 
L(l ;1+1) 

L (i ;i + 1) is the mean time to reach state i + 1 for the first time starting from state i 

and can be calculated using Lemma 3.3.2. Thus we obtain the modified generator QL 

of the BDMPP to be 

0 0 0 
L(i;i+l) L(i;i+l) 

ai+l -(aj+l+bi+l) bi+1 0 0 

QL = 

0 0 0 -(a,,_l+b,,-l) b,,-l 

0 0 0 a" -a" 

We still need to detennine the arrival rate A( 1) during the sojourn time in the aggre-

gated state. Let A(2) be the vector of arrival rates corresponding to the the set of 

states E& and Jt'(l) and ]t/(2) respectively be the stationary probabilities correspond-

ing to the aggregated state and the remaining states of QL' Since we would like to 

keep the fundamental rate the same as the original process, we need 

Jt'(1)A(l) + Jt'(2)A.(2) = ",. , 



so that 

)..(1) = ')... - r(2)A(2) . 
1t'(I) 
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Thus the arrival vector AL corresponding to the new BDMPP is given by ()..(l),A(2». 

Aggregation of Middle Level 

If the candidate set EjJr. = {;, ... . k} of the middle level of states can be 

approximated by a Poisson process and can be aggregated to a single state, we need 

the rates of visiting state i-I and k+1 from the aggregated state. First, we define 

(3.6.1 ) 

By the birth and death structure of BDMPP, 9 gives the fraction of time the entry 

into the set EiJr. is from the lower level. Correspondingly, 1 - 9 is the probability of 

entering the set of states EjJr. from the upper level of states. Also, let 

P = 8pj ,i-I + (I - 9)pt.j-I, (3.6.2) 

and 

M = 8M(i) + (I - 9)M(k), (3.6.3) 

where Pv.i-I and M (v) for v = i and k are defined as in Lemma 3.3.4. Thus P and M 

give respectively the probability of exit and the mean time to exit to the state i-I 
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from the set Eilc staning from its boundary states i or k. Hence we use ft and 

OJ) respectively as the reinjection rates to the states i-I and k + 1 from the aggre-

gated state. We note that 

gives the first passage time probability of the transition from the boundary states of 

E,A: to the state k+l. The generator of the BDMPP then becomes 

0 -(aj __ l+bj_l ) b j _1 0 o 

o QAt = 0 .2.... 1!=il 
M M M 

0 0 at. I -(at.l+bA:+I) o 

As before, we choose the arrival rate in the aggregated state by matching 

the fundamental rate. If A(1), A.(2) and A(3) respectively are the arrival rates in the set 

{ o .... . i -1 } , the aggregated state and the set {k + I. .. ·.n } and if x'(1), 7t'(2) 

and Jt'(3) correspond to the stationary probabilities in these sets of states, we need 

x'(1)A(1) + 1t'(2)A.(2) + 7t'(3)A(3) = A. •• 

from which )"(2) can be determined as 



56 

).(2) = ).. - Jt'(1)1(1) - Jt'(3)1(3) 
1t'(2) , 

so that the vector of arrivals 1M in the states of QM is given by (A(1),A(2),A(3» . 

Aggregation of Upper Level 

If the BDMPP obtained from applying the Excision theorem to the candi-

date set Eu. = (i, ... ,n } is approximately a Poisson process, from Lemma 3.3.3, 

we use U ~i) as the rate of transition from the aggregated state to state j -1. Thus we 

obtain the generator of BDMPP as 

-bo bo 0 0 0 0 

al -(a I+b I) b l 0 0 0 

Qu = 

0 0 0 aj_1 -(aj_l+bj _l ) 
b j _

1 

0 0 0 0 ---
U(i) U(j) 

The arrival rate ),(2) in the aggregated state is chosen as before by matching the fun-

damental rate of the original and approximated processes. Thus, 

A(2) = ).. - Jt'(1 )1(1) 
7t'(2) • 

where ).( I) and x'(l) are the arrival vector and the stationary probability vector 
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corresponding to the set Ern and 7t'(2) is the steady state probability of being in the 

aggregated state. In this case, the vector of arrival rates during sojourn times in the 

states of Qu is Au = (A.(I),A(2». 

Two-State Aggregation 

Aggregation of Lower Level 

Here we replace the excised BDMPP corresponding to the lower level of 

states Eo; = (O,··· ,i) by an MMPP(2) and obtain a new BDMPP with arrival 

rates AL = (AI',A2',A(2», where AI' and A2' are obtained from the two-state reduction 

algorithm and A.(2) denotes the vector of arrival rates corresponding to the set of 

states (i+l,··· ,n ) . The generator of the BDMPP is given by 

-01 °1 0 0 0 0 

02 -(°2+.1 ) X 0 0 0 

0 ai+1 -(ai+l+bi +l ) b i +1 0 0 

QL = 

0 0 0 0 -(all_l+bll _l ) b ll _1 

0 0 0 0 all -all 

where 01,02 are the parameters of MMPP(2) from the two-state reduction algorithm 

and x, the rate to the middle level, is to be detennined. To distinguish the state 

spaces of the original and the approximate BDMPP s, we denote the states of the 
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approximate BDMPP with a slight abuse of notation as {(;-1)'.i'.(;+I)'.··· .n' ) . 

Then L(i',(i+1)'), the mean time to exit to the state (i+1)' starting from the state i', 

can be calculated from Lemma 3.3.2 as 

(x + 01 + 0-\ 
L(i';(i+l)') = ZI. 

XOI 

Equating this to L (i ;i + I), the mean first passage time from the state to i + I 

obtained from Lemma 3.3.2 and solving for x, we obtain 

(01 + o:z) 
X = 

L(i;i+I)°1 

Aggregation or Middle Level 

In this case, we replace the excised BDMPP corresponding to the middle level by an 

MMPP(2) and approximate the original BDMPP by another with parameters 

(QM .AM ), where 

o o o o 

o o o 

Qu = 0 o y o 

o o () () 
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and AM = diag(A(1),AI',A2',A(2», where A(1) and A(2) are respectively the arrival rates 

corresponding to the states {O,'" ,i } and {k + 1, ... ,n } in the original 

BDMPP and AI' and A2' are the arrival rates in the aggregated set obtained from the 

two-state reduction algorithm. The quantities x and Y are the reinjection rates to the 

lower and middle levels and are obtained as follows. For the sake of clarity, we 

denote by {O', ... ,(i-l)',i'.k',(k+l)', ... . n' } the states of QM. where i' and k' 

correspond to the aggregated set and let 

PI = 9Pi',(i-l)' + (1 - 9)Pk',(i-I)" 

and 

M 1 = 9M (i') + (1 - 9)M (k '). 

where 9 is given by equation (3.6.1) and Pv,(i-I)' and M(v), for v = j' and k' have the 

same interpretation as in Lemma 3.3.4. Thus, PI and M I can be calculated as, 

01 + 02 + 9y + x - 9x 
M I = --------

(olY + xy + xo~ 

By equating PI and M 1 to the known values of P and M from equations (3.6.2) and 

(3.6.3) for the original BDMPP, we obtain x and y. Lengthy but elementary calcula-

tions reveal that x is the unique positive solution to the quadratic equation 
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Ax 2 + Bx + C = 0, 

where 

A = (1 - 0)(0 + M 02 - p ), 

and 

Aggregation of Upper Level 

In this case. if the BDMPP obtained from applying the excision theorem to 

the set £111 = (;,'" ,11 

given BDMPP by 

can be reduced to an MMPP (2), we approximate the 

-bo bo 0 0 0 

al -{al+b l) 0 0 0 

Qu = 

0 0 -{ai_l+bi_l) bi _
1 0 

0 0 Y -{ol+Y) 01 

0 0 0 02 -02 

and Au = (A( 1),AI' ,A2'), where A(1) is the vector of arrivals in £jfl C and AI' and A2' are 
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the Poisson arrival rates corresponding to the aggregated set. The reinjection rate y, 

obtained by equating the expected length of time to reach the state ;, staning from 

the state ;+1 in the given BDMPP and the approximate BDMPP, may be found to be 

(al + a:z) 
y = U(i)a2 • 

with U (;) as in Lemma 3.3.3. 
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CHAPTER 4 

NUMERICAL EXAMPLES 

4.1 Computation of the Physical Descriptors 

It is clear that the aggregation algorithm uses descriptors such as the 

square-wave power spectral density and the variance time curve as the basic criteria 

for the approximation procedures. Since we assume that we start with a BDMPP of 

a large dimension, much care is needed to insure the efficient computation of these 

quantities. In this section, we present some general guidelines for the implementation 

of the algorithms for these calculations. 

The Square-Wave Power Spectral Density 

When the BDMPP results from the superposition of n independent and 

identical MMPP(2)s as given by equations (3.2.1) and (3.2.2), we used Theorem 

2.4.2 to compute SQSD. Thereupon, we calculated the autocovariance function R (-) 

of the centered square wave for an MMPP(2) and 

for a large number of t values and performed a Fast Fourier inversion to obtain 
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SQSD of the superposition process. For a general BDMPP, the SQSD glven by 

equation 2.4.2 involves the inverse of a band matrix of band width two and can be 

calculated as 

S if) = KAx if), 

where x if) 1S the solution to the band system of linear equations 

Note: The exponential peakedness functional can also be efficiently 

obtained by noting from equation (2.3.10) that 

"A: 1 
'fI(~) = 1 - - + -. KAy (~), 

~ "A. 

where (~ - Q)y (~) = A.' is a band system of width one. 

The Variance Time Curve 

For the superposition of independent stationary point processes, it is well known 

(Cox and Lewis [5]) that 

where er(/) and rer(t)J" are the variance time curves of the component processes and 

their superposition respectively. Since exponential matrix required in Lemma 2.3.1 is 

explicitly known for an MMPP(2), rcr(t))s can be easily computed for the case in 
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which superposition of MMPP(2)s is considered. 

In the computation of variance time curve for a BDMPP in general, from 

Lemma 2.3.1 we need 

K(I) = xA[1 - exp(QI»)(eK - Q)-2Ae. 

Rewriting this as 

where \I (I) = xA(e To - exp(QI), it can be easily seen that \I (I) is the solution to the 

system of linear differential equations with constant coefficients given by 

\1'(1) = (\1(1) - ).·K)Q = \I (I)Q , 

with the initial conditions v (0) = ).. x - xA. v (I) can be computed by the successive 

multiplications 

\I (i + l)t) = \I (i t) cxP(Q t), i ~ 0, 

where t is an appropriate step size. Usually, we normalize the arrival vector so that 

).. = 1 in which case, the unit of time is the mean interarrival time. A discussion on 

the choice of t and the calculation of exp(Q t) may be found in Lucantoni r 16). 

Similarly, the Palm measure may be calculated by solving a system of linear 

differential equations with constant coefficients. 
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4.2 Examples 

The algorithms discussed in Chapter 3 have been programmed in MATLAB 

in order to test and demonstrate their feasibility. They could have been just as easily 

coded in a language such as FORTRAN, but we used MATUB to utilize its graphics 

capabilities and efficient matrix computations. In Examples 4.2.1 and 4.2.2, we con

sider the approximation of BDMPP arising in modeling the superposition of packet

ized voice processes. We consider more general BDMPP s in Examples 4.2.3 and 

4.2.4 to illustrate the applicability of our aggregation scheme to point processes of 

these type. First, we introduce the packetized voice process, on which there has been 

a significant amount of research work in recent years in communications engineer

mg. 

Packetized Voice Processes 

The packetized arrival stream from a single voice source is modeled by 

arrivals at fixed intervals of T ms during talk-spuns and no arrivals during silences. 

The durations of talk-spuns and silences are assumed to be exoonentially distributed 

with rate parameters a and ~ respectively. Thus, the distribution of interarrival time 

between packets from a voice source is given by 

F(l)= {(l-uT)+uT(l-e 13(/-TlJ}U(t -n, 

where Ve,) is the unit step function and usually T = 16 ms, a-I = 352 ms and 
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J3-1 = 650 ms. The statistical propenies of the voice process have been discussed in 

Heffes and Lucantoni [11] and Sriram and Whitt [30]. 

A useful problem in communications engineering is to study the perfor

mance of a statistical multiplexer for which the input is a superposition of packet

ized voice processes together with data traffic. Since the individual packet stream is 

itself a bursty arrival process, the superposition is a complex non-renewal process. 

The aggregated process is studied as a renewal process with an inflated coefficient of 

variation in [30] and is approximated by an MMPP(2) in (11). An alternative 

approach is used in Ichiro [12], where the single voice source is modeled as an 

interrupted Poisson process with arrival rates of A.' I and 0 on alternating exponen

tially distributed intervals of parameters 01 and -02' The interrupted Poisson process 

is a very simple special case of MMPP with parameters 

QI= 
o o 

Thus the input process to the statistical multiplexer is approximated by the 

superposition of fa independent (Q I,A I> sources and the resulting point process is a 

BDMPP with parameters Q" and A" of dimension n+l given by equations (3.2.1) 

and (3.2.2) with ~' = O. The arriving packets are served with a deterministic service 

time of h = ~ ms and the resulting MMPP ID II queueing model can be solved by 
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the powerful matrix analytic methods. Since the number of superimposed voice 

processes can be up to 136 resulting in a BDMPP of a large dimension, we consider 

approximating it by one with fewer states. 

In [12J, three different methods are considered for choosing the defining 

parameters of the interrupted Poisson process to model a single voice source. The 

values obtained by matching the· first two moments of the interarrival time distribu

tion and the value of the exponential peakedness function at mean arrival rate are 

shown to produce more accurate results corresponding to the aggregated voice pro

cess. To that end, we take 0.1 = 581.8 ms, ail = 708.8 ms and }..I,-I = 20.53 ms. 

Example 4.2.1 

Here we consider the packet stream modeled as the superposition of 60 

interrupted Poisson processes, resulting in a (QfII),A60) source with 61 states. Even 

though such a dimension can be easily handled by the modern computers to analyze 

the queueing model, we present this example in order to illustrate the aggregation 

algorithms. Based on Figure 4.2.1, which shows a plot of the fraction of arrivals of 

type i against the index i, we divide the state space into three sets, (O,· .. ,14), 

(IS, ... ,43) and (44, ... ,60) as suitable candidates for state reduction. Since there 

is a very low fraction of arrivals in the lower and upper level of states, each of them 

is aggregated by a single state. The middle level is approximated by an MMPP (2) 

because of the high modulation of arrivals in this set. It may be verified that 
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approximation of this set by a single state is inadequate. 

At each stage, it was ensured that the approximation of these sets is 

justified, by comparing the square-wave power spectral densities of the excised pro

cess and the corresponding approximating process. See figures 4.2.2-4.2.4. The 

appropriate reinjection rates between the aggregated sets are determined by the cri

teria discussed in Chapter 3. The modulating Markov process of the BDMPP is cal

culated to be 

-45.3318 45.3318 o o 

0.0129 

o 

o 

-1.6044 1.5915 0 

1.5448 -1.5476 0.0028 

o 51.2475 -51.2475 

and the matrix of arrival rates is given by"': = diag(611.92.1507.87.1132.8.2115.08). 

The parameters of the MMPP(2), which approximates the BDMPP with 61 states by 

the two-state reduction algorithm of Heffes [IOJ are given by 

-1.5848 1.5848 1507.6 o 

1.5448 -1 .5448 o 1132.1 

In Figures 4.2.5 and 4.2.6, we plot the SQSD s and the dispersion time 
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curves of the original BDMPP and the approximating (Q. ,A·) source. We note that 

the parameters obtained from the aggregation algorithm matches these physical 

descriptors of the given point process very accurately over the entire range. It can be 

verified by plotting the SQSD and the dispersion time curve that the (Q" .A") source 

also provides a good approximation for the given BDMPP. But the comparison of 

queueing characteristics presented in Table 4.2.1 for the MMPP ID II model with a 

traffic intensity of 0.439, shows that the results obtained from our approximation 

scheme are more accurate. 

TABLE 4.2.1 

Comparison of Queueing Characteristics 

Arrival Expected Mean 

Process Delay in ms Queue Length 

(Q 6C)tAft() 0.134 0.626 

(Q • • A·) 0.134 0.620 

(Q" .A") 0.526 2.060 

Example 4.2.2 

In this example, the overall packet stream from 134 voice sources is first 

approximated by the exact superposition of 134 independent and identical interrupted 

Poisson processes. Then we approximate the resulting (Q \34.A 134) source with 135 
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states by a BDMPP with fewer states, capturing as many physical features as possi

ble. From Figure 4.2.7, we partition the state space in to 3 candidate sets 

(0, ... ,39}, (40" .. ,82} and (83"" ,134} for aggregation. As before, the lower 

level and the upper level are each approximated by a single state by the single state 

aggregation procedures and the middle level is replaced by two states by applying 

the two-state aggregation algorithm for the middle level. The parameters of the 

approximating BDMPP with 4 slates are given by 

-69.7295 69.7295 

Q. = 0.0154 -1.5986 

o 

1.5832 

o 

o 

o 1.5539 -1.5632 0.0093 

o 0 73.5111 -73.5111 

and A· = diag(l857.1,3225.2,2664.8.4086.5). It can be seen by comparing the SQSDs 

and the dispersion time curves in Figures 4.2.8 and 4.2.9 that the (Q·.A·) approxi

mates the (Q I34,A 134) source effectively. For comparison, approximating the original 

BDMPP by an MMPP(2) with the two-state reduction algorithm yields 

-1.5782 1.5782 3225.3 o 

Q" = 

1.5515 ·1.5515 o 2664.2 
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We see from Table 4.2.2 that the (Q. ,A·) matches the mean and standard 

deviation of the waiting time of the original process better than the (QII ,All) source, 

which over estimates these quantities significantly. In general, our computational 

experience indicates that approximating a BDMPP by an MMPP (2) results in a 

burstier process than the exact arrival process. The traffic intensity in this case is 

0.981 and this example shows that the aggregation scheme performs well in queue

ing models with high as well as low utilization factors. 

TABLE 4.2.2 

Comparison of Queueing Characteristics (in ms) 

Arrival Expected Standard Deviation 

Process Delay of Delay 

(Q 134,A 134) 122.14 148.82 

(Q. ,A·) 124.88 146.39 

(QII ,All) 149.01 149.01 

So far, we have discussed the application of the aggregation algorithm to 

BDMPP s arising from the superposition of independent and identical MMPP(2)s. In 

examples 4.2.3 and 4.2.4, we illustrate how the procedure can be applied to more 

general BDMPP s. We should however point out that there is little reponed experi

ence to date, in adapting a BDMPP to point process data. It was shown in Meiert 17J 

that at least for MMPP s with two mtes of arrival, there is enough information in the 
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data of properly behaved MMPP s to recover the hidden state changes of the modu

lating Markov process and to adapt a model which is entirely adequate for, say, 

queueing applications. An exploration of statistical procedures to adapt a BDMPP or 

more generally, an MMPP to arrival streams is a subject for future research. 

Example 4.2.3 

This example was cOhstructed to illustrate that there may be a number of 

steps involved in the aggregation algorithm to obtain sufficient state reduction. To 

that end, we con.sider a BDMPP with 100 states parameterized by 

Qi ,i = - i - 5(49-;) = - 6i - 245. for 0 SiS 48. 

Q 49.49 = -56. Q ~.!lO = - t 96. 

Q !lOt-; ,!I()+'; = -2i - (49 - i) = -(i + 49). for lSi S 49. 

Q; ;_1 = i for lSi S 49. 

Q!lO,49 = 147. 

Q; ;+1 = 5(49 - i) for 0 SiS 48. 

Q49,!iO = 7 

Q !lOt-dl+; = -(49 - i). 

and the other elements are zero, and 
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Ai = 50; + (49-; )25 = 1225 + 25;, for 0 S ; S 49, 

ASOt-i = 0.25i + (49-i )0.1 = 4.9 + 0.15i , for 0 SiS 49. 

By plotting the fraction of arrivals in state; against the index i in Figure 4.2.10, we 

partition the state space in to 5 candidate sets, namely, 

{O, ... ,31 },{32, ... ,49},{50, ... ,53},{54, ... ,79} and {80,··· ,99}. Note that the 

modulation in the fraction of arrivals is significant in the sets of states {32, ... ,49} 

and {54, ... ,79} and to capture this behavior, each of these sets is approximated by 

two states. The set {50, ... ,53} was not aggregated since the approximation of these 

states by a single state or two states did not yield satisfactory results. All the other 

sets were approximated by a single state. The parameters (Q. ,J\..) of the approxi

mating BDMPP with 10 states are presented in Table 4.2.3. 

It should be pointed out that the approximations are performed in the 

chronological order of the sets of states. A different order in the aggregation pro

cedure would give rise to a different approximating BDMPP. Hence the parameters 

of the approximating source are not unique. In Figure 4.2.11, we compare the 

SQSD s of the exact process and the aggregated process and note that there is excel

lent agreement over the entire range of frequencies. When the two processes are fed 

in to a MMPP IPH II queue, (Neuts(21]), with Erlang service time disuibution of 

order 2 and parameter 20, the expected waiting time and the mean queue length 

compared in Table 4.2.4 also shows that the (Q.,J\..) source provides a very good 
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TABLE 4.2.3 

i a· I b· I A.. 
I 

0 - 61.636 1989.02 
1 0.065 2.678 2303.91 
2 3.366 0.002 2173.18 
3 147.000 49.000 4.90 
4 2.000 48.000 5.05 
5 4.000 47.000 5.20 
6 6.000 46.000 5.35 
7 0.001 1.575 7.87 
8 1.428 0.005 6.88 
9 42.211 - 9.46 
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TABLE 4.2.4 

Comparison of Queueing Characteristics 

Arrival Expected Mean 

Process Delay Queue Length 

(Q.A) 471.79 471.77 

(Q- .A-) 463.78 463.78 
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approximation for the given process. 

Example 4.2.4 

The parameters of this example are chosen by a uniform random number 

generator available in MATLAB. The death rates aj and the binh rates bj , for 

; = o ..... 98 and the arrival rates Aj, for ; = o ..... 99 are obtained respectively 

using the function RANDOM with zero as the initial seed. The arrival rates are then 

normalized so that the fundamental rate is 1. These values are given in Table 

4.2.5(a) and Table 4.2.5(b). Initially, the set of states (0, ...• 83) and (85.86) emerge 

as the only candidate sets for aggregation from Figure 4.2.12. It was found that the 

excised process corresponding to (0 •.... 83) was significantly different from a Pois

son process. Hence, after dropping a number of states from this set in subsequent 

steps, it was decided that the sets of states (0.' ..• 74), (77.78.79.80), (81.82) and 

(85.86) are more suitable for aggregation. 

The parameters of the aggregated BDMPP, after approximating each of 

these sets by a single state, are presented in Table 4.2.6. In Figure 4.2.13. we com

pare the SQSD s of the exact process with 100 states and the approximating BDMPP 

with 21 states. This example illustrates that if the arrival rates in the states of the 

modulating Markov process fluctuate rapidly as in Figure 4.2.12. a substantial reduc

tion in the state space may nOl always result as in the previous examples. We con

clude by comparing the mean and the standard deviation of the delay in the 
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TABLE 4.2.5(a) 

; a· I b· I A.i ; a· I b· I A.. 
I 

0 - 0.092 2.234 25 0.736 0.705 1.620 
1 0.211 0.344 0.682 26 0.121 0.402 1.387 
2 0.851 0.995 1.781 27 0.556 0.925 2.467 
3 0.640 0.930 1.297 28 0.457 0.995 1.428 
4 0.371 0.547 1.285 29 0.841 0.984 0.617 
5 0.465 0.817 2.167 30 0.992 0.545 0.892 
6 0.839 0.195 2.524 31 0.457 0.133 1.301 
7 0.962 0.370 1.873 32 0.891 0.729 0.175 
8 0.303 0.467 0.312 33 0.852 0.324 0.124 
9 0.277 0.743 1.890 34 0.211 0.879 1.565 

10 0.148 0.132 2.074 35 0.590 0.659 1.494 
11 0.125 0.388 1.421 36 0.611 0.820 1.555 
12 0.451 0.066 2.422 37 0.598 0.786 2.026 
13 0.693 0.992 0.321 38 0.331 0.071 1.912 
14 0.788 0.645 0.053 39 0.380 0.717 1.867 
15 0.786 0.769 0.984 40 0.606 0.829 1.464 
16 0.377 0.282 1.625 41 0.373 0.195 1.605 
17 0.153 0.185 1.339 42 0.380 0.953 0.195 
18 0.513 0.329 1.564 43 0.109 0.439 1.011 
19 0.613 0.606 0.100 44 0.683 0.909 2.439 
20 0.327 0.432 1.312 45 0.273 0.545 1.260 
21 0.530 0.767 2.171 46 0.205 0.179 2.401 
22 0.938 0.295 0.213 47 0.426 0.945 0.008 
23 0.547 0.329 1.934 48 0.762 0.240 0.847 
24 0.276 0.995 0.647 49 0.392 0.815 2.449 
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TABLE 4.2.S(b) 

i a· I hi A.j i a· I hi A.. 
I 

50 0.197 0.743 0.375 75 0.390 0.717 1.261 
51 0.391 0.131 1.603 76 0.983 0.042 0.071 
52 0.313 0.227 2.224 77 0.553 0.881 2.310 
53 0.297 0.856 1.739 78 0.260 0.937 0.164 
54 0.258 0.477 0.848 79 0.674 0.774 0.390 
55 0.120 0.458 1.690 80 0.559 0.961 2.482 
56 0.938 0.691 0.414 81 0.288 0.641 0.675 
57 0.464 0.293 2.285 82 0.397 0.942 2.526 
58 0.115 0.873 2.119 83 0.308 0.778 0.638 
59 0.295 0.306 2.458 84 0.481 0.743 1.320 
60 0.323 0.547 0.888 85 0.037 0.896 1.386 
61 0.581 0.585 2.164 86 0.686 0.057 1.069 
62 0.344 0.858 0.368 87 0.623 0.327 1.995 
63 0.124 0.674 1.328 88 0.634 0.516 0.704 
64 0.043 0.691 2.418 89 0.287 0.935 0.012 
65 0.910 0.688 2.480 90 0.707 0.406 1.100 
66 0.708 0.359 2.019 91 0.625 0.862 2.257 
67 0.513 0.281 1.482 92 0.617 0.863 1.512 
68 0.965 0.099 1.047 93 0.859 0.767 2.112 
69 0.104 0.986 0.461 94 0.178 0.253 0.781 
70 0.673 0.792 1.493 95 0.075 0.873 2.034 
71 0.522 0.364 1.890 96 0.841 0.873 0.454 
72 0.219 0.342 0.047 97 0.838 0.722 1.103 
73 0.181 0.403 1.626 98 0.774 0.924 1.777 
74 0.215 0.810 0.646 99 0.181 - 0.664 
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TABLE 4.2.6 

i a· I bi A.i 
0 - 0.207 1.457 
I 0.390 0.717 1.261 
2 0.580 0.164 0.254 
3 0.129 0.494 1.091 
4 0.397 0.942 2.526 
5 0.308 0.778 0.638 
6 0.481 0.742 1.320 
7 0.016 0.032 1.207 
8 0.623 0.327 1.995 
9 0.634 0.516 0.704 

10 0.287 0.935 0.012 
II 0.707 0.406 1.100 
12 0.625 0.862 2.257 
13 0.617 0.863 1.512 
14 0.859 0.767 2.112 
15 0.178 0.253 0.'181 
16 0.075 0.873 2.034 
17 0.841 0.873 0.454 
18 0.838 0.722 1.104 
19 0.774 0.924 1.777 
20 0.181 - 0.664 
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TABLE 4.2.7 

Comparison of Queueing Characteristics 

Arrival Expected Standard Deviation 

Process Delay of Delay 

Original BDMPP 2.64 9.49 

Aggregated BDMPP 2.63 9.49 
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MMPPIEyl model with rate parameter 4, for the two processes in Table 4.2.7 that 

our approximation works well indeed. In Examples 4.2.3 and 4.2.4, we verified that 

the approximating process also matched the queueing characteristics of the exact 

process corresponding to a number of other service time distributions. 

4.3 Conclusions 

In this dissenation, the aggregation algorithm, which is a systematic gen

eralization of the two-state reduction algorithm, was developed for a useful class of 

the MMPP s. It would be of interest to see how these results can be extended to the 

MMPP s in which the modulating Markov process is a Quasi Birth and Death pro

cess. Such processes occur for example in modeling the overflow from trunk groups 

(Meier-Hellstern [18]). Also, in the numerical examples here, the quality of the 

approximation was examined in relation to the MMPP IG II queue. An alternative way 

of justifying the approximation is by the caudal characteristic curve of queues 

(Neuts [22]). A systematic comparison of the different models for the superposition 

of packetized voice processes ([111, [121, [301 and our approximation to the model 

in [12]) using the square-wave power spectral density and the results from [241 is 

left for future research. 
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