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ABSTRACT 

The purpose of the research was to develop a quantitative method which 

could be used to obtain a clearer understanding of the time-dependent fluid fil

teration and load-deformation behavior of soft, porous, fluid filled materials (e.g. 

biological tissues, soil). The focus of the study was on the development of a fi

nite strain theory for multiphasic media and associated computer models capable 

of predicting the mechanical stresses and the fluid transport processes in porous 

structures (e.g. across the large blood vessels walls). The finite element (FE) 

formulation of the nonlinear governing equations of motion was the method of so

lution for a poroelastic (PE) media. This theory and the FE formulations included 

the anisotropic, nonlinear material; geometric nonlinearity; compressibility and in

compressibility conditions; static and dynamic analysis; and the effect of chemical 

potential difference across the boundaries (known as swelling effect in biological 

tissues). The theory takes into account the presence and motion of free water 

within the biological tissue as the structure undergoes finite straining. Since it 

is well known that biological tissues are capable of undergoing large deformations, 

the linear theories are unsatisfactory in describing the mechanical response of these 

tissues. However, some linear analyses are done in this work to help understand the 

more involved nonlinear behavior. The PE view allows a quantitative prediction of 

the mechanical response and specifically the pore pressure fluid flow which may be 

related to the transport of the macromolecules and other solutes in the biological 

tissues. A special mechanical analysis was performed on a representative arterial 

walls in order to investigate the effects of nonlinearity on the fluid flow across the 

walls. 
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Based on a finite strain poroelastic theory developed in this work; axisym

metric, plane strain FE models were developed to study the quasi-static behavior 

of large arteries. The accuracy of the FE models was verified by comparision 

with analytical solutions wherever is possible. These numerical models were used 

to evaluate variables and parameters, that are difficult or may be impossible to 

measure experimentally. For instance, pore pressure distribution within the tis

sue, relative fluid flow; deformation of the wall; and stress distribution across the 

wall were obtained using the poroelastic FE models. The effect of hypertension on 

the mechanical response of the arterial wall was studied using the nonlinear finite 

element models. 

This study demonstrated that the finite element models are powerful tools 

for the study of the mechanics of complicated structures such as biological tissue. 

It is also showed that the nonlinear multiphasic theory, developed in this thesis, is 

valid for describing the mechanical response of biological tissue structures under 

mechanical loadings. 
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CHAPTER 1 

INTRODUCTION 

Cardiovascular diseases, particularly atherosclerosis, are responsible for 

half of the annual deaths in the United states. By considering the the mechanical 

stress distribution and transport across the arterial wall which might be implicated 

in the genesis of the vascular disease, it may be possible to quantitatively describe 

the complex pathology of atherosclerosis. The arterial system is not simply a trans

mission line for blood and other materials. The arterial wall is an organ that is 

permeated by various chemicals and within, important metabolic processes occur. 

Experimental findings confirm that mass transport occurs from the lumen to the 

adventitial lymphatics. Direct and indirect experimental evidence, both in the hu

man and in experimental animals, support the concept that increased intra-arterial 

pressure accelerates atherosclerosis development. The effect of pressure in accel

eration of filtration processes is consistent with this mechanism being considered 

as a probable basis for the observed associations between hypertension and the 

development of atherosclerosis. 

Mechanics of large arteries has attracted many investigator's attention for 

a long time. There are important reasons for arterial mechanics research, ranging 

from a desire to obtain fundamental understanding of normal arterial tissue func

tion and nourishment to a need for studies relevant to vascular prosthesis design 

and arterial disease. Atherosclerosis (hardening of the arteries) is a multifactor 
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disease of the inner layers of the arterial wall that is a major cause of morbidity 

and mortality. Thus, a detailed mechanical model for the arterial wall including 

its complex structural behavior would be very useful for either basic research or 

the investigation of quantitative interrelation between suspected causal mechanical 

factors associated with atherosclerosis. 

1-1 Arterial wall composition: 

In the arterial wall, three histological regions are recognised- the intima, 

the media and the adventitia. The intima consists of a single continuous layer of en

dothelial cells, a subendothelial cell of about 0.5 pm in thickness, and various organ 

cells the endothelial cells contains numerous pinocytic vesicles. The media consists 

of fenestrated elastic lamellae separated by smooth muscle cells and an extracel

lular matrix composed of collagen, elastic fibers and ground substance containing 

glycoaminoglycans (GAG). The smooth muscle cells are attached to one another 

and to the lamella. Fine elastic fibriles pass obliquely or perpendicularly between 

the lamella. The adventitia consists of occasional fibroblasts and smooth muscle 

cells, bundles of collagen and elastic fibers and GAG. It contains vasa vasorum, 

lymphatics and nerves [see Caro et al. 1984]. 

Vasa vasorum are small blood vessels within the walls of the large arteries. 

Their function is to provide nutrition to the vessel wall when its thickness exceeds 

a certain critical magnitude. The nutrition of blood vessel walls relies on blood

tissue exchange occuring via both the endothelium lining its own lumen and also 

the endothelium of its vasa vasorum [see Higgin-bothan, 1963]. Vasa vasorum are 

usually limited to supplying the outer two-third of aortic media with nutrition. 

Lymphatic vessels are confined to the adventitia and do not enter the 

media or intima [see Watts, 1961]. They form a fine network within the arterial 
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wall and may be traced into continuity with the general lymphatics system. It 

is presumed that their function within blood vessel wall is identical to that of 

lymphatic vessels elsewhere, which is to drain off water and contained solutes, 

particularly macromolecules and lipids which would otherwise accumulate within 

the tissues following their passage through vascular endothelial membranes and 

through the vasa vasorum [see Yoffy and Courtice, 1970]. 

1-2 Atherosclerosis: 

Atherosclerosis is a disease of the inner layers of the arteries. In its early 

stages it is manifested by local deposition of lipid (principally cholesterol) on the 

endothelial surface or just within the intima. In later stages, fibrous protein may be 

incorporated into lipid deposit and the mass may protude into the blood stream and 

provide a site for deposition of cellular material from the blood. The subsequent 

growth of this mass may occlude the artery to the point that malfunction or failure 

of organs served by the artery can occur [see Middleman, 1972] for more details 

about atherosclerosis. 

1-3 Soft tissue modeling: 

Continuum models of soft tissues have traditionally been single phase de

scriptions which include elastic as well as viscoelastic formulations, ignoring the 

fact that most soft tissues contain considerable amounts of unbound fluid. These 

elastic models, however, are generally inadequate for describing multiphasic tissues 

in which the components interact with each other during deformation. Here, the 

arterial vessel wall, as an example of soft tissue, is considered as a poroelastic ma

terial, i.e. the tissue is assumed to be a highly deformable, incompressible porous 

solid matrix saturated by an incompressible fluid. The properties to be determined 
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are (i) the elastic properties of the porous solid phase, mass density and porosity, 

and (ii) the hydraulic permeability in a generalized Darcy law where the spatial 

gradient in the "pore fluid pressure" is related to the velocity of the fluid relative 

to the deforming solid material. Both the elastic properties and the permeability 

are nonlinear functions of the deformation in the arterial wall. 

It is well known that vascular tissue is nonlinear and is capable of un

dergoing large deformations. Recent findings confirm that mass transport occurs 

across the entire arterial wall from lumen to the adventitial lymphatics. The clas

sical linear theories (small deformation) of elasticity are therefore unsatisfactory in 

describing the mechanical properties of the vascular tissue. A large deformation 

theory which consider the free fluid in the arterial wall is required to study the 

mechanical response of the large arteries. 

In this research, a finite element model based on a poroelastic material 

v1ew 1s developed to study mechanical stresses and transport phenomena across 

the arterial wall. The poroelastic material view means treating the arterial wall as 

a porous media in which the collagen and fibers are represented by an elastic solid 

part and GAG's and water are represented by a fluid part. This model is capable 

of representing in detail the mechanical properties of the artery and predicts its 

mechanical response. 

The solid material components are considered nonlinear elastic in the 

"drained" state (deformed and the relative fluid velocity is zero). The compressible 

form of the strain energy function proposed by Choung and Fung 1984 is used for 

the stress-strain law of the solid phase. The author used the data provided by 

Choung and Fung, who from different experimental protocols for each specimen of 

thoracic aorta from four rabbits. They measured the vessel wall fluid extrusion due 
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to compressive loading. In their work, unaxial compressive force is applied directly 

on rabbit thoracic artery in the radial direction to study its constitutive equation 

under compressive stresses. They concluded that, the use of incompressibility as

sumption in the stress - strain relationship results in a set of material constants 

which is very different from that derived without that assumption. The compress

ible form is used here because the mixture (solid and fluid) is compressible due to 

the motion of the fluid phase relative to the solid phase (even though both phases 

are assumed incompressible). This compressible form will be used to calculate the 

elastic material property function of the arterial wall. 

Once the drained elastic material properties are known, a pressurized test 

is required to determine the hydraulic permeability of the wall. In this test the 

artery is subjected to different values of pressures and the corresponding fluid flow 

is measured. Several investigators have measured the hydraulic permeability of 

the arterial wall. Vargas et a1.(1879), Blackshear et al.(1979) and Tedgi and Lever 

(1985), measured the pressure driven fluid flow across the arterial walls. They 

determined the wall hydraulic permeability before and after removal of endothelium 

by dividing the value of the fluid flux by the value of the pressure difference across 

the wall. By doing so, they assumed that the hydraulic permeability is constant 

across the wall. 

The hydraulic permeability is different from point to point within the ar

terial wall. In other words, the wall hydraulic permability may be a function of 

strain. In this thesis numerical experiments were performed using the FE model 

and exponential functions of strain for the permeability (suggested by Mow and 

co-workers 1984 for cartilage) were examined. Constant values, reported by Black

shear (1978) gave a preliminary estimate for permeability values. Several other 
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permeability forms were considered and the corresponding effects on the arterial 

mechanical response were calculated. 

There are many investigators who studied the mechanical behavior of the 

artery. Some models are simplified, which make them only approximate tools for 

studying the complex behavior of the artery. The FEM can be used as a powerful 

tool to investigate the role of various parameters affecting the behavior of the wall. 

Parameters such as blood pressure level, wall stiffness, and osmotic pressure can 

be studied separately or combination. Using this tool, the investigator can quan

tify the effects of different parameters, otherwise difficult or impossible to measure 

experimentally. Experimental models measure the global variables (pressure, ex

ternal radius etc). Using the FE model and the essential material properties of 

the arterial wall, a detailed investigation of the behavior of the artery in both the 

global and local sense was carried out. Here detailed data regarding the interior of 

the vessel wall were obtained including deformation, stress and fluid motion. 

Following are specific applications of the FEM model. 

(i) The FE model was used to study the transient behavior of the arterial wall 

subjected to internal pressures. Knowing only the inner, outer diameters, and 

porosity at the reference state (i.e. the state where no pressure or stretch is applied 

to the artery), the inner and outer diameters, relative intravascular fluid flow, 

velocity of that fluid and the stress and strain distribution across the wall were 

evaluated. 

(ii) The FE model was used to simulate some of the known vascular disorders, e.g. 

hypertension and the associated changes in the arterial wall response to applied 

pressure were calculated. Hypertension was simulated by increasing the blood 
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pressure from 100 mmHg to 200 mmHg. The deformation, fluid flow and pressure, 

and stresses associated with this increase were calculated using the FEM. 

Another realistic aspect of the FE model is the capability to simulate the 

osmotic pressure combined with the blood pressure gradients effect on the transport 

of material across the arterial wall. In later chapters a theory was developed for 

small deformation analysis which couples deformation to swelling pressure. This 

theory considers the diffusion and convection of species into or out of a biological 

tissue. A FE model based on this theory was developed to study the swelling phe

nomenon. Experimental data regarding swelling in arteries are limited in literature, 

therefore axisymmetric FE studies were carried out to simulate the spinal motion 

segment (SMS) of a Rhesus monkey to demonstrate the effect of swelling pressure 

on deformation and transport within and across the soft discal tissue. Deformation 

of a SMS and intravascular fluid distribution across the tissue were evaluated. This 

was done by decreasing the concentration outside the SMS model and calculating 

the corresponding fluid flow. 
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CHAPTER 2 

LITERATURE REVIEW 

The mechanical behavior of most soft biological tissue is defined by the 

five major components, elastin, collagen, smooth muscle, water and Proteoglycan 

(PG). Comprehensive mathematical representation of a biological tissue structure's 

constitutive behavior is complex, due to its intricate morphological structure. Thus, 

it is difficult to accurately simulate the mechanical response. A more practical 

approach is to consider the combined response of the tissue as a continum and 

consider the elastin ,collagen and smooth muscle to represent a solid phase and the 

PG and water to represent a fluid phase. Such a view of the material is termed a 

two-phase or a "poroelastic" material model. Using this approach the author has 

developed theoretical models of the arterial wall which are described below and 

in later chapters. To the best of the author's knowledge, this thesis is the first 

attempt to use FE analysis to model arterial tissue as two phase media undergoing 

finite deformation. 

2-1 Mechanical modeling of arteries: 

2-1 - 1 Elastic and viscoelastic models of arteries: 

Knowledge of mechanical properties of the blood vessels has long been 

recognized as an important aspect of the understanding of the behavior of the 



29 

cardiovascular system. Most of the work completed prior to 1960 has been sum

marized by Bergel (1960). During the following two decades, progress had been 

made in characterizing of the elastic mechanical properties of the blood vessels, 

e.g. Fry(1962), Cox(1968), Dobrin and Doyle (1970), and Fung (1981). Previ

ous theories for the nonlinear (single phase) elastic response of large arteries are 

based primarily on incremental elasticity or finite elasticity. Incremental elastic

ity considers small deformations superimposed on a finite equilibrium state. The 

stress-strain relationships are expressed by the theory of linear elasticity (see for 

example Patel and Fry 1969, Vaishnav 1972). In the models based on the method 

of finite elasticity, a strain energy density function is assumed and the stress-strain 

relationship is derived from this function. The different strain energy density func

tions that have been proposed were of the following forms, exponents of Green's 

strain (Fung 1981 and 1984), exponents of stretch ratios (Doyle and Dorbin 1971, 

Rhachev 1980), polynomial functions of Green's strain (Vaishnav at al 1972), and 

sums of fractional powers of stretch ratios (Blatz et al 1969, 1974). 

D.H.Bergel (1970), presented typical pressure-radius curves for four dif

ferent types of blood vessels. These curves were obtained with specimens held at 

constant length during the inflation which was performed slowly in one set of exper

iments in order to not excite the smooth muscle cells. Another set of experiments 

were loaded at a faster rate to study the effect of smooth muscle contraction. 

In the 20 years, the response of the arterial wall under internal pressure 

has been studied using linear and nonlinear viscoelastic models. Simon at el.(1971) 

presented an elastic (single phase) finite element model including geometric and ma

terial nonlinearities for a plane strain analysis of the arterial cross section. Elastic 

mechanical properties were determined experimentally based on an incompressible 
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view of the arterial tissue. He used an exponential form for the strain energy density 

function to model the arterial tissue. A large artery was simulated as thick-walled 

tube in a state of plane strain composed of nonlinear, transversely isotropic, elastic 

material. Test results from canine abdominal aortas were used to determine the 

partial derivative of the strain energy function 8
8lj'. This partial derivative was 

considered to be of exponential form for incompressible elastic material. Vaish

nav (1980), presented single phase elastic and viscoelastic models for the nonlinear 

incompressible orthotropic aortic tissue. For the elastic characterization, it is as

sumed that a strain energy density function exists for the tissue, which can be 

represented as a polynomial of the second or third degree in the Green's strains in 

the circumferential and longitudinal directions. In 1984 he modeled the pulsatile 

deformations of large arteries as small, time varying deformations superposed on 

large deformations. His choice of incremental moduli is not unique because of the 

varity of possible choices for the definitions of stresses and strains. 

Choung et al (1972), developed a constitutive equation for nonlinear vis

coelastic material. They applied the equation to the stress analysis problem of 

blood vessels. The blood vessel is considered as a long, thick-walled viscoelastic 

tube which is transversly isotropic and incompressible. The analysis was done for 

quasi-static cases. 

Simon and Chang ( 1979) developed a single phase one-dimensional FEM 

for soft tissue that include nonlinear viscoelastic material response in the pres

ence of finite strains. Their analysis was based on a quasilinear viscoelastic model 

proposed by Fung ( 1972). 

2-1-2 Poroelastic models of arteries: 

Theoretical 
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Kenyon (1976) presented a model using Biot's (1941) theory to study the 

steady state response of a liquid filtering through a rigid porous cylinder. The bulk 

material is viewed as a mixture of an incompressible liquid and a porous elastic 

solid which is also incompressible. Matrix viscoelasticity is neglected. The model 

is based on the small strain theory and linear materials. The response to a step 

change in transmural pressure is discussed. The proposed solutions were only for 

short times after loading and for steady state. He reported that at short times after 

pressurization, a "retrograde" filtration is developed at the outer wall in addition to 

the "augmented" filtration at the inner wall. Only when steady state is reached does 

the filtration proceed unidirectionally outward. Kenyon ( 1979) presented a one

dimensional, linear (small strain) theory of water flux through aortic tissue. The 

mathematical model is developed to explain the results obtained by Harrison and 

Massaro (1976) in which they measured the water flux in porcine aortic segments 

produced by the application of a sudden hydrostatic pressure gradient. 

Using the Biot ( 1941) consolidation theory, Wijesinghe ( 1979) proposed a 

model for an arterial graft. The graft was viewed as a composite of the neointimal 

layer and the tissue invaded synthetic substrate. The model predicts that it is 

possible to reduce or relocate the flow induced stress gradients to less critical regions 

by suitable choice of the mechanical properties of the implant. Experiments on 

cylindrical slabs of foam were performed to confirm the theoretical predictions. 

Again, based on the theory of consolidation of water saturated soils (Biot 

1941), Jayaraman (1983) studied water transport in the arterial wall. An ana

lytical solution similar to Kenyon's (1976) was presented. The solution is valid 

only for short times after pressurization and steady state responses. The difference 

however is that the intimal pressure was considered to be harmonic in time. Jain 
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and Jayaraman (1987) proposed a two layer mathematical model for water flux 

through the artery. The matrix was considered to be constituted by two different 

permeabilities with different elastic constants. Their analytical model predicted a 

boundary layer within the wall at the interface of the two layers. 

Experimental 

Several investigators have measured the transmural hydraulic permeability 

of large arteries. Vargas et al. (1979) and later Tedgui and Lever (1984) performed 

experiments to study the effect of endothelial damage and vessel distensibility on 

arterial wall permeability. In these experiments the artery was prepared for perfu

sion, mounted on a rig, and pressurized through one cannula which was connected 

to a capillary manometer and saline reservoir, while the outlet cannula was closed. 

The amount of extra saline entering the vessel to replace that lost by transmural 

filtration, and to accommodate arterial distension, was indicated by the manometer 

meniscus shift. After each pressurization, sufficient time was allowed for distensi

bility and wall consolidation at the new pressure to occur so that the manometer 

meniscus shift resulted only from transmural filtration. 

The studies described above all provide valid estimates of arterial hydraulic 

conductance (Lp) but not over a wide range of hydrostatic pressures in a single 

vessel. Tedgui and Lever (1984) measured Lp at two different pressures, but not in 

the same aorta and suggested that Lp may be a function of the strain within the 

interstitial matrix. 

To determine how much the endothelium contributes to the total transmu

ral resistance to fluid flux, Vargas et al (1979) compared the hydraulic conductivity 

of intact and deendothelialized aortas. They concluded that the endothelium is re

sponsible for about one half of the total resistance, whereas Tedgui and Lever 
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(1984) obtained an endothelial contribution of about one quarter. This discrep

ancy may be due to the different pressures at which these measurements were made. 

Blackshear et al (1979) has estimated that the endothelial contribution to the total 

resistance to water flow across an artery wall is 10 % in the human artery. 

2-1-3 Poroelastic FEMs for arterir.s: 

Simon and Gaballa (1986) used a linear poroelastic FEM to analyze large 

arteries. The poroelastic view allowed a quantitative prediction of solid displace

ments, relative tissue fluid displacements, and flow, tissue fluid pressure and stresses 

in the arterial cross section. FEMs were developed for a cylindrical configuration. 

Accuracy was verified by comparing FEM results with anaytical solutions. A pres

sure of 100 mmHg was applied, and the mechanical response was calculated. The 

FEM results agreed with Kenyon's model (1976), including "retrograde filtration" 

at the outer wall for short times and unidirectional outward flow at long times after 

loading. The FEM allows analysis of thick walled tubes composed of nonhomo

geneous materials and yields spatial and temporal results over the entire response 

period that were not reported by Kenyon. Studies using refined poroelastic FEMs 

(including material and geometric nonlinearity) should provide a better under

standing of arterial mechanics and its associated transport phenomena. 

Simon and Gaballa (1988) presented a general poroelastic theory and as

sociated FEM formulations which allow for geometric nonlinearlity ( finite strains) 

and a highly nonlinear, poroelastic material law. A FEM of a tube configuration 

was developed in order to study the nonlinear characteristics of the arterial me

chanical response (displacement, fluid flow, stress). The pressure-radius response 

for the arterial cross section subjected to internal air pressure and internal fluid 
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pressure was shown. The familiar sigmoidal nonlinear stiffening response was pre

dicted by the FEM. These response curves were obtained using progressively higher 

pressures (0 to 200 mmHg). These results are included here. 

2-1-4 Swelling analysis of arteries: 

To the best of the author's knowledge, no theoretical or numerical models 

to study the effect of osmotic pressure on the transport across the arterial wall have 

been published in the literatures. Some experiments, however have been done. For 

example, Blackshear et a1.(1979) had performed experiments to study the osmotic 

effect on arterial wall water movement. A step function in concentration was 

imposed at the inner surface of the artery and the change in potential between 

two sensing electrodes attached to the inner and outer surfaces of the artery was 

measured. Water flux across the wall was strongly influenced by osmotic pressure 

difference between the lumen and the wall. They also observed that the arterial 

wall is negatively charged due to the existence of the glycosaminoglycans (GAGs). 

Vargas et al (1979) considered the effect of osmotic pressure in measuring the 

hydrostatic conductivity of the arterial wall. 

2-2 Mechanical modeling of other soft tissues: 

2-2-1 Poroelastic models: 

Kenyon (1979) studied the consolidation of a transversely isotropic poroe

lastic solid. Two cases were considered to model articular cartilage, confined com

pression and unconfined compression. Loading was applied in the vertical direction 

and free fluid flow condition in the radial direction at the circumferential boundaries 

was imposed. This study showed that Young's modulus in the vertical direction is 
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representative of the compressive modulus of the gel matrix, while Young's modu

lus in the lateral direction is representative of the extensional modulus of the solid 

formed by the collagen fibers embeded in the gel matrix. He concluded that for 

large strains, these two moduli become unequal. 

A "biphasic" view of soft tissues was developed by Mow and his co-workers, 

who provided experimental and theortical models for articular cartilage. Mow et 

al.(1980) presented a model for the articular cartilage as a linear biphasic mate

rial composed of a solid matrix phase and an interstitial fluid phase. The solid 

phase was assumed to be intrinsically incompressible, linearly elastic and nondissi

pative while the interstitial fluid was assumed to be intrinsically incompressible and 

nondissipative. Furthermore, it was assumed that the only dissipation comes from 

the frictional drag due to relative motion between the phases. A constant "aver

age" permeability of the tissue was assumed, i.e. independent of deformation, and 

solid content was assumed to vary with depth. One-dimensional confined compres

sion experiments were performed to study the creep and stress relaxation of these 

material. The average measured permeability of this tissue is 0. 76 x 10-14m 4 / N s 

and the elastic modulus 0. 73M N /m2 • Attempts to curve fit the theoretical so

lution, which contained parameters (elastic modulus and permeability constants) 

to the the nonlinear pressure-displacement experimental curve yielded a mismatch 

between the theoretical curve and the experimental data. This linear solution was 

limited to a one-dimensional configuration. They concluded that a nonlinearly per

meable biphasic model (where permeability is a function of strain) should be used 

to more accurately describe the rheological properties of articular cartilage. 
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A linear biphasic model with nonlinear permeability was presented by 

V .M.Lai et al ( 1981) for articular cartilage. The permeability of articular car

tilage tissue was considered to be a function of strain of the form, k = k 0 e(Me), 

where M is a nonlinear flow limiting parameter and e is the dilatation. In this in

vestigation, they studied the influence of M on the stress and deformation history 

of cartilage specimens. M=O corresponds to the constant permeability case. ForM 

f= 0, the intrinsic permeability decrease dramatically with increasing compressive 

strain. Their study suggested that it is nece13sary to consider large deformation 

theory to understand the material behavior of biological tissues such as articular 

cartilage . 

V.C.Mow et al (1986) presented a finite deformation model for nonlin

ear permeable soft hydrated biological tissues. Their model is based on a specific 

Helmholtz free energy function for the solid phase. They used the model to describe 

uniaxial confined compression conditions. The solution of the uniaxial equilibrium 

equation was obtained using a computer software package for solving partial dif

ferential equations using collacation method. The software package is known as 

PDECOL computer program. 

2-2-2 Poroelastic FEMs: 

Several investigators have developed alternative FE formulations for pre

dicting the transient response of porous media based on Biot's (1941) linear equa

tions of motion. Three interesting studies were done by Simon et al. (1984, 

1986a,b ). In 1984 he established an exact solution for a class of dynamic prob

lems. In (1986a,b) he presented some of the available FE procedures and carried 

out initial accuracy studies for each procedure by comparing corresponding numer

ical and exact solutions. Various time integrators were implemented. Only linear 
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problems were considered. The FE models were u-w models that include all inertial 

forces and a mixed formulation u-p model based on the approximation that inertial 

forces associat ed with w are negligible. Then he extended this evaluation work to 

higher order and mixed FEMs ( u - w - 1r and u - w - 1r- a-) as well as a preliminary 

evaluation of Hermitian elements for this class of problems. Wu (1984) and Simon 

et al (1985) simulated the spinal motion segrp.ent as a linear, two-phase material. 

Their FE model agreed fairly well with the experimental results. They were able to 

predict various responses due to different loadings and boundary conditions which 

may be impossible to get experimentally. 

A number of other researchers have described FEMs using two-phase, mix

ture or poroelastic material law to study the mechanics of biological tissue struc

tures under loading. Oomens (1985) preselfted a FEM based on the biphasic ap

proach to study the the effect of mechanical factors on pressure sores in skin and 

subcutis, both tissues were considered to be porous solids with a freely movable 

fluid in it. It was assumed that the free fluid is partly responsible for the time 

dependent behavior of the tissues. A two-dimensional axisymmetric FEM based 

on a two-phase model was presented by Huyghe (1986) of the beating left ventricle. 

He also presented a perfusion model for the left venticular coronary circulation in 

which myocardial deformations was neglected and the vessel walls were considered 

nonlinear elastic. This model considered quasi-linear viscoelasticity and changing 

fiber orientation across the venticular wall. Spilker et al. (1987) presented a linear 

FEM based upon a small strain poroelastic theory to model articular cartilage. 

2-2-3 Swelling analysis: 

A.J.Grodzinsky et al (1981) measured changes in tensile force that were 

induced by altering the ionic environment of strips of cartilage held at fixed length. 
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They compared the kinetics of changes in these macroscopically measured isometric 

tensile forces to theoretical estimates of the time constants that characterize the 

underlying physical and chemical mechanics occuring within the cartilage speci-

mens during the experiments. Changes ih the tensile force induced by changing 

the neutral salt concentration in the bath surrounding the specimen appear to be 

rate limited by the diffusion of the salt into the specimen. When both concen

tration of CaCl or N aCl is varied, the rate of change in the resulting isometric 

stresses indicat es that C a++ and N a+ ions are binding to the cartilage matrix 

macromolecules. The measured forces and their rates of changes are considered to 

be related to the diffusion of Ca++ or N a+ ions. The diffusion of NaCl into the 

specimen is modeled by Fick's second law 

where c is the NaCl concentration within the interistial fluid and CNaCl 1s its 

coefficient of ambipolar diffusivity within the charged specimen. 

Based on Grodzinsky's (1981) experiments on the ionic swelling of artic

ular cartilage and Mow's et al (1980) biphasic small strain theory, Myers et al 

(1984) used a thermal stress analogy to incoporate the ionic swelling effects in 

porous media. By neglecting the ionic convection, no coupling was considered be-

tween the ionic swelling and the porous media mechanics. Only free swelling and 

incompressible cases were considered in this model. 

Lanir (1987a) presented a small deformation, biphasic theory for a swelling 

tissue. He considered the fluid phase (in addition to water) to consist of slowly 

diffusing solutes (e.g. serum albumin) and very large soluable molecules. The rate 

of convection of the macromolecules may be comparable or higher than their rate 
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of diffusion. Following Maroudas (1981), he assumed that concentration forces are 

due to the negatively charged GAG. The theory predicted that the concentration 

effects modify the tissue's bulk stiffness. No convection was considered. The theory 

is valid in biological tissue where GAGs ar~ trapped by the collagen networks. 

Lanir (1987b) studied the response of a cartilage disc to unconfined com

pressive loading using the small deformatioh theory presented in a previous paper, 

Lanir (1987a). He concluded that the inclusioh of swelling has a significant effect 

in the response of cartilage to compressive loading. 

Simon and Gaballa (1988b see p .167) presented a study of the response of 

a spinal motion segment (SMS) to compressive loading using a linear poroelastic 

FEM (based on a combined poroelastic ahd ionic swelling model) to study the role 

tissue swelling plays in determining deformation, relative fluid motion, tissue fluid 

pressure, and mechanical stress within the tissue. Results from that study are 

shown later in this thesis. 

2-9 Poroelastic FEMs for nonbiological materials: 

2- 9- 1 Linear analysis 

The theory of three dimensional consolidation of the linear isotropic PE 

solid problems was first formulated by Biot (1941 ). Biot (1955) extended his con

solidation theory to include solid anisotropy. In (1962) he refined his consolidation 

theory by introducing a vector w which represented an average displacement of 

the fluid relative to the solid measured in terms of flow per unit area of the bulk 

material. He also presented a general analytical solution for small strain poroe

lastic consolidation problems based on Papkovich-Boussinesq solution of Lame's 

equations of the classical theory of elasticity. In the same article he presented a 
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dynamic theory to study acoustic propagation in isotropic and anisotropic porous 

media. The linear consolidation theory has been extended to include solid vis

coelasticity and nonlinear permeability (Biot 1957). 

2-3-2 Nonlinear analysis 

Biot (1972) presented a material description of quasi-static, finite deforma

tion theory of porous media. His theory is valid for compressible and incompressible 

analysis. He introduced a variable m which represents the total mass of fluid added 

in the pores of a unit cube sample during deformation. Also, he defined a vector 

whose components Mi represent the total mass of fluid which has flowed across 

a material area which before deformation is a unit square perpendicular to the 

Xi-axis. It is related tom by the relation m = - ~~:. The existence of a potential 

energy function for soil was assumed. The potential energy density was considered 

to be a function of deformation invariants and water content. Using the strain 

energy function and the above definitions in the continuum mechanics laws, he 

presented a quasi-static finite deformation theory for porous solids. 

Carter et al. (1977) proposed an updated Lagrangian (UL) formulation 

for finite consolidation. His formulation is applicable only for the incompressible 

case, and no follower load terms appear in the bulk equilibrium equation. In 1979 

Carter et al. presented a finite consolidation solution of an elastic-plastic material. 

The governing equations were cast in a rate form. Particular reference was made 

to finite deformation of soil. 

Bowen (1978) considered certain aspects of the governing continuum the

ory of mixtures. Prevost (1980) used Bowen's mixture theory to investigate the 

nonlinear, inelastic, porous skeleton and viscous fluid flow· for transient analysis 
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of saturated porous media. The balance equations for the solid and fluid phases 

were written separately. Using a piecewise linear time dependent solid matrix and 

a Newtonian fluid, a general form of the porous media governing equations was ob

tained. In 1981 Prevost used the coupled equations of motion mentioned above to 

solve finite consolidation problems. A constitutive model of elastoplastic material 

was used which had been proposed by Hill (1958). Wilson's () method was used to 

solve the resulting first order differential equations after spatial discretization using 

FEMs. In 1982 Prevost used an implicit/explicit predictor/multicorrector scheme 

developed by Hughes (1978), to solve dynamic nonlinear two-phase poroelastic 

problems. The unknown fluid pressure was determined by a penalty formulation 

based on the storage equation (mass balance of the fluid phase). In 1983 he applied 

the same scheme to consolidation problems (finite strain). 

Moussa et al. (1980) presented a nonlinear formulation for the coupled 

problem of flow and large deformation in unsaturated porous media. A referential 

description of motion was suggested and applied for silage materials. 

Zienkiewicz and Shiomi ( 1984) proposed nonlinear Lagrangian mixed for

mulations for dynamically loaded two-phase systems. These formulations allow a 

compressible and incompressibile fluid phase. The calculation of the fluid pressure 

was carried out using a penalty scheme. 

Desai et al. ( 1979) presented a FEM for nonlinear soil material. The 

nonlinearity was introduced in the stress-strain relationship. A constitutive law for 

soil was proposed in which the volume change is linearly related to logarithm of 

applied effective stress in the over-consolidated and normally consolidated ranges. 

Reed (1984) presented a smoothing technique to remove the oscillatory 

errors in intial pore pressure associated with the use of quadratic elements to model 
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soil consolidation. More accurate nodal pore pressures were obtained by fitting a 

linear function through the interpolated Gauss point values. 

2-4 Brief summary of the work: 

A general, three-dimensional, multiphasic theory was developed to study 

the mechanical behavior of soft biological structures. The theory includes geomet

ric and material nonlinearity. FEMs based upon this theory were developed and 

applied to study the arterial wall mechanics as an example of soft biological tissue 

structures. Using these models changes in dimensions and transmural fluid flux 

were quatitatively determined in a blood vessel in normal physiological pressure 

range and abnormal conditions (e.g. hypertension). These models also provided 

a fuller picture of the pressure dependence of arterial mechanical and transport 

properties such as fluid pore pressure distribUtion, relative fluid motion and stress 

and strain distribution across the vessel wall. The theoretical and numerical mod

els presented in this thesis provide specific procedures which will help to design 

and perform experiments to measure arterial wall mechanical properties including 

the intimal and the medial hydraulic permeability. The theoretical models include 

strain-dependent permeability, but quantitative experiments have yet to be per

formed to quantify this effect in the arterial wall. Swelling effects on mechanics of 

soft biological tissues was simulated on a spinal motion segment tissue. The pro

posed theoretical model is linear and is based on a coupled small strain poroelastic 

theory including ionic convection. The associated FEM was also presented and 

used to study swelling effects in the intervertebral disc of the spine. 
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CHAPTER 3 

NONLINEAR MULTIPHASIC THEORY 

3-1 Introduction: 

Soft tissues are often subjected to relatively high stress and exhibit a non

linear response while undergoing large strains. Structural analysis of such compli

ant structures presents one of the most challenging areas for research in biomechan

ics. The structural geometry, applied loads, and displacements are complicated, 

and the material behavior is usually inelastic, anisotropic, and highly nonlinear. 

The tissue contains significant amounts of fluid that can move relative to deform

ing solid material components during the deformation of the structure. Over the 

past two decades, various models have been proposed that attempt to quantify the 

mechanical role of this fluid in the overall response of the structure. Few analytical 

solutions are available and numerical solutions must be obtained. Finite element 

models (FEMs) have been used successfully to study a number of soft tissue struc

tures, most recently including the poroelastic or two phase view of the materials. 

The first FEM efforts were based on linear theories allowing only small strains and 

linear materials. Given the complexity of this class of problems (especially when 

the effects of large strains on relative fluid motion and the associated nonlinear ma

terial properties are included), a thorough development of the theory is essential. 

This chapter presents a general formulation of the initial boundary value problem 
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for a soft tissue structure composed of a nonlinear, poroelastic material undergo

ing finite strains. This formulation provides the basis for the FEMs presented here 

which can be used to analyze these complicated structures. In addition, necessary 

material properties will be identified in order to allow quantification of mechanical 

parameters by appropriate experiments. 

3-2 Basic Theory: 

Soft tissue will be considered to be a poroelastic material; i.e., the material 

IS a fluid-saturated porous medium composed of a pore fluid (fluid phase) that 

saturates and flows through the pores of a deformable, porous elastic solid skeleton 

( solid material phase). The actual structure of soft tissue is rather complex, 

including proteins, fibers, and fluid, so the concept of pores in a solid matrix is a 

continuum approximation introduced in order to include the presence of unbound 

fluid in the material. A nonlinear hyperelastic constitutive law is used to describe 

the solid phase. This chapter will not consider inherent viscoelasticity in the solid 

phase and viscosity of the fluid. However, these effects can be introduced in the 

future using the theoretical framew~rk presehted below. 

The formulation will be based on a "material" or "Lagrangian" descrip

tion of the deformation associated with the saturated solid. A "total Lagrangian" 

view is given in which the undeformed configuration is chosen for a reference; how

ever, an "up-dated Lagrangian" approach could also be developed by selecting an 

appropriate reference configuration (denoted by the subscript R in the equations 

below). 

3-3 Kinematics: 
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The overall motion of the solid is described at a time t by displacment, 

velocity, and acceleration, i.e., 

. dui 
u · -
'- dt 

.. dili 
u·-
z- dt 

[3.3.1] 

[3.3.2] 

[3.3.3] 

where Xi are the final (current) coordinates and Xi are the initial (reference) coordi

nates of a material point in the porous solid that are related by the transformations 

x·- x ·(X · t) z - z }? [3.3.4] 

and 

[3.3.5] 

with lower case subscripts i, j, etc., ranging from 1,2,3 and all quantities are referred 

to the same set of rectangular Cartesian coordinates. A superposed dot denotes the 

material time derivative. The displacements are assumed to be sufficiently large 

with respect to pore size to allow a continuum view of the problem. An "average" 

view of the fluid motion is utilized where, fot example, the average displacement of 

the fluid ui is defined so that the volume of the fluid displaced through a unit area 

of the material perpendicular to the Xi axis is nUi (see Figure 3.1). The parameter 

n is the current porosity (in the deformed configuration). Similar averages apply 

to the fluid velocity and acceleration. Displacement, velocity, and acceleration of 

the fluid relative to the deforming solid are defined as 
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[3.3.6] 

[3.3. 7] 

[3.3.8] 

Assume that the porous material is "saturated" by the fluid. Then, the current 

porosity is given by 

dVf 
n=--

dV 
[3.3.9] 

where dV f = the current volume of fluid in the pores of the total volume dV 

at Xi in the material at time t. The corresponding volume of the solid is dV 8 

·containing the solid mass dm s. (Note: Superscripts s and f denote the solid and 

fluid, respectively, and no summation will ever be implied should they be repetitive 

in an equation). The total mass of the material is dm = dm 8 + dmf in the volume 

dV = dV 8 + dV f so that densities can be defined as 

p = (1 - n )p8 + npf [3.3.10] 

where p = dm/dV, p8 = dm 8 /dV 8
, and pf = dmf /dVf are the densities of the 

material, the solid, and the fluid; respectively. 

The strain measures are 

Dij = ~(aui + auj) 
2 ax . dx · 

J ' 

[3.3.11] 
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[3.3.12) 

which are the rate of deformation tensor, Dij, and a volumetric fluid strain rate, 

(. In this chapter, the summation convention will be implied for repeated indices 

(unless otherwise noted). 

3-4 Conservation of mass: 

General form: 

If no mass is created or destroyed inside a volume V, the rate of mass 

change should be equal to the rate of mass inflow through the surface A. 

am 1 ap 1 1 1 a(pvi) -a = -a dV = ( -pvn)dA =- PVinidA =- a . dV 
t V t A A V Xz 

[3.4.1] 

where Vn is the velocity normal to the surface dA of a volume dV. Using the 

divergence theorem equation [3.4.1) yields 

ap + a(pvi) = 0 
at axi 

[3.4.2) 

The conservation of mass for a multiphasic media consists of two parts. The first 

part is a statement of balance of mass for each constituent, and the second is 

a statement of balance for the mixture as a whole (as in equation [3.4.2]). In 

absence of mass supply due to chemical reaction the conservation of mass for the 

a constituent is 

[3.4.3] 

where the superscript a denotes the solid or fluid (a = s, f), and va is the con-

stituent velocity . Note that no summation will ever be implied on repeated indices 
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a, s, or f. Now, ui = vi is the solid phase velocity and Ui = v{ is the fluid phase 

(average) velocity. 

i-Solid mass balance: 

Using the above expressions, conservation of mass of the solid phase is 

a"8 a("8 ·" ·) _!!__ + p u~ = 0 
at axi 

(3.4.4] 

where p8 = (1- n)p8 • Then 

[3.4.5] 

a[(1- n)p8] (1- ) 8aui .. a[(1- n)p8]- 0 
a + n p a + u, a - . 

t Xi Xi 
[3.4.6] 

This can be rewritten as 

[3.4. 7] 

or 

( )dp8 
8d(1-n) ( ) 8 

1 - n dt + p dt + 1 - n p Dii = 0 [3.4.8] 

where D·· = aui. 
n dxi 

ii-Fluid mass balance: 

Similarly, the conservation of fluid mass becomes 

apt a(pfv{) -+ =0 
at axi 

[3.4.9] 

where (pf = npf). 
a( npf) + a[npfUi] = 

0 
at axi 

[3.4.10] 



or 

a( npf) (; .a( npf) f aui - 0 
at + z axi + np axi -

d au· 
-(npf) + npf-. _z = 0 
dt 8xi 

dpf dn aui 
n- + pf- + npf- = 0 

dt dt axi 

For an incompressible solid, 1:..Ji- = 0, and equation [3.4.8] yields 

n 
Dii = --

1-n 

For an incompressible fluid, d:: = 0, and equation [3.4.13] gives 

f . f aui 0 p n+np- = 
axi 
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[3.4.11] 

[3.4.12] 

[3.4.13] 

[3.4.14] 

[3.4.15] 

[3.4.16] 

For incompressible solid and incompressible fluid, equation [3.4.16] becomes 

. a ( wi . . ) 0 n+n- -+ui = 
axi n 

[3.4.17] 

Using the definition of Wi yields Ui = Ui + ~· Equation [3.4.15] can be introduced 

to obtain 

(1 - n )Dii + nDii + ( = 0 [3.4.18] 

or 

[3.4.19] 

This is an "incompressibilty constraint condition" when both solid and fluid are 

incompressible written in terms of the bulk. 
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This constraint can be incorporated in the overall theory by introducing 

a bulk modulus "Q" (generalizing Biot, 1956). The rate form is analogous to the 

linear theory, i.e. 

[3.4.20) 

where mij is a second order symmetric tensor for the compressible case. For in-

compressible solid and fluid phases ffiij ~ Q8ij and Q ~ oo. The above equation 

then takes the form ~ = (8ijDij +(),where (Dii + () ~ 0 as Q ~ oo. 

3-5 Equations of motion: 

General: 

The time rate of change of the total linear momentum equals the vector 

sum of all external forces. 

i i';dA + i pb;dV = ! i pv;dV [3.5.1) 

where Ti = aijnj and aij is the total Cauchy stress. The conservation of linear 

momentum for each constituent a can be written as 

[3.5.2] 

Here again a= s, f. 

i- Equation of motion for the solid phase: 

Conservation of linear momentum for the solid phase (per unit volume of 

the bulk) is given by 
8aS.. d" · 
_J_Z + "Sb~ + "~ _ "S~ 
8x · p z Pz - p dt 

J 

[3.5.3] 
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where the "partial" solid Cauchy stress aij = (1 - n )uij and Pi = (1 - n )Pi. pf is 

the momentum supply to the ath constituent from the rest of the mixture. Now, 

rewrite the solid equation of motion in terms of average variables as 

8[(1 - n )u~ ·] . du · 
a t} + (1- n)p8 bi + (1- n)pi = (1- n)p8 -d t 

Xi t 
[3.5.4] 

ii-Equation of motion of the fluid: 

Conservation of linear momentum for the fluid phase (per unit of the bulk) 

is given by 

f . au .. 1 dU· 
____1!:_ + A'b· + A - Af_t ax · p ' Pi - p dt 

J 

[3.5.5] 

where the "partial" fluid Cauchy stress is a~ nu~ and p{ np{. The fluid 

equation of motion (per unit of the bulk) will take the form 

(3.5.6] 

iii -Equation of motion for the bulk: 

The partial variables are subjected to the condition that 

[3.5. 7] 

Rewrite the above relation in terms of the microscopic variables as 

(1- n)pi + np{ = 0 [3.5.8] 

and define the total Cauchy stress for the bulk material as the sum of the con-

stituent partial Cauchy stresses, i.e. 

[3.5.9] 
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or 

[3.5.10] 

Using the equations [3.5. 7] to [3.5.10] and adding equations [3.5.4] and 

[3.5.6] yields 

s dui 1 dUi = (1- n)p - + np -
dt dt 

yielding the bulk equation of motion of the form 

iv- Interactive forces: 

oaij b· _ dui 1 dwi 
ax . + p z - p dt + p dt 

J 

[3.5.11] 

(3.5.12] 

Three interactive forces are considered in the present theory. The viscous 

drag resistance Pi is due to the filtration of the fluid phase. It is proportional 

to the pore fluid pressure gradient and the chemical potential force Pi due to the 

difference in the chemical concentration inside and outside the material Pi is also 

proportional to the concentration gradient and the buoyancy force p~ due to the 

existence of density gradients of the solid and fluid. The total interactive force Pi 

is the sum of these three interactive forces 

v + c + b Pi =Pi Pi Pi· 

Following are the three intractive forces acting on the fluid phase: 

(1) The fluid viscous interactive force p~f is 

vf k-1 · Pi = - ij Wj. 

[3.5.13] 

[3.5.14] 
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(2) The fluid chemical potential interactive force p~f (Bowen 1980) is 

cf a1rc 
Pi =--a . x· ~ 

[3.5.15] 

(3) The fluid buoyancy force p~f first introduced by Muller ( 1968), Bowen 

(1980) then argued that a solid body submerged in a fluid experiences a force 

proportional to the density difference between the body and the fluid. In the case 

of a number of submerged bodies, this force is proportional to density gradients of 

the constitutents in the resulting mixture. domens (1985) showed that this force 

can be written as 

bf 1 an 
P· = --7r-. 

l n axi 
[3.5.16] 

Using equations [3.5.14], [3.5.15] and [3.5.16] in the fluid equation of motion 

[3.5.5] yields for perfect fluid (where a~ = 1rbij ), 

[3.5.17] 

9-6 Constitutive equation: 

i-Eulerian Form: 

The constitutive law should relate conjugate stress and strain measures. 

In a constitutive law that expresses a stress tate as a function of the deformation 

rate, the definition of the stress rate should be "frame indifferent" or "objective". 

One objective stress rate that could be used in an Eulerian description is that due 

to Jaumann, defined by the equation 

J . 
Tij = Tij - Ti[W jl - T[jWil [3.6.1] 
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h 1 (au 0 8u; ) w ere wo 0 =- .:::...!!.1.-
'J 2 dx; dxi 

The total Kirchhoff stress Tij = J a ij and the pore fluid stress 1r are conju

. gate to rate of deformation Dij and (, respectively. A general anistropic relation

ship between the Jaumann rate of Kirchhoff stress, pore fluid pressure rate and the 

deformation rate and relative fluid strain rate can be written in the compressible 

form 

[3.6.2) 

[3.6.3) 

or 

(3.6.4) 

where Cijkl = ( Cijkl - JQ- 1mijmkz) and Cijkl are the functions which depend 

upon both deformation and time and are determined from the drained behavior of 

·the solid. Again the pore fluid is assumed to be a perfect fluid, i.e., a{j = 1rbij, 

where liij = the Kronecker delta and 1r = -p with p= pore fluid pressure. 

3- 7 Summary of the governing equations: 

Equation of motion 

8aii bo _ du t t dwi 
ax 0 + p l - p dt + p dt 

J 

81r £ tb . 1 . 81r c t dui pf dwi -voo+p o-k-:-.w o--8oo =p-+---
8x j '

1 
' ' 1 1 8xi '1 dt n dt 

Constitutive Law: 

{a) Compressible 

[3.7.1) 

[3.7.2) 

[3.7.3] 



(b) Incompressible 

with the incompressibility constraint 

(Dkk + () ~ 0 

Strain-displacement equations 

Dij = ~(au ; + auj) 
2 axi ' dxj 

( = awk 
axk 
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[3.7.4] 

[3.7.5] 

[3.7.6] 

[3.7.7] 

[3.7.8] 

The above equations [3. 7.1] to [3. 7 .8] plus prescribed initial and boundary values, 

complete the Eulerian formulation for the initial boundary value problem. 

9-8 Referential Description: 

In the case of large strains and large deformations, the shape of the de

formed body and the boundary surface are not known. Therefore, it is difficult to 

express the boundary conditions in the spatial description. It is more convenient 

to use a referential description. 

It should be pointed out that in order to develop a realistic theory of porous 

solids, it is essential to use a material description of the deformation because we are 

dealing with solid matter with properties (such as the porous structure) that are 
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transported and rotated with the material. This is in contrast with the Eulerian 

or spatial description which is more suitable to describe fluid flow. 

Thus the fluid equations and boundary conditions for the bulk material 

should be expressed in a convenient reference configuration. This reference config-

uration can be any placement occupied or not occupied by the body in the course 

of its motion. For convenience, it is customary to choose the reference configu-

ration as the undeformed shape of the body, (at time t = 0), yielding a "total" 

Lagrangian formulation. Here the total Lagrangian view of the above problem is 

used to refer the formulation to the undetortned reference configuration. Figure 

3.2 illustrates this material view for the potoelastic solid. Again let the subscript 

R denote the value of a quantity in the reference configuration. Then dV_R is the 

volume of the porous solid material which was at Xi in the reference configuration 

and has moved to the deformed position xi. in the material description, the mass 

of the solid is the same in the current configuration and in the reference configura-

tion, i.e. dm8 = dmk. However, the total tnass changes, i.e. dm =I dmR since the 

fluid mass contained in the porous solid changes (i.e, dmf =I dm~) i.e. fluid flows 

in or out of the material volume. Define densities for the material, the solid, and 

the fluid in the reference configuration, respectively as 

s dmk 
PR = dV.R 

d . f 
f mR 

PR = --!. 
dVR 

Assuming a saturated solid, the porosity in the reference configuration is 

[3.8.1] 

[3.8.2] 

[3.8.3] 

[3.8.4] 
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which quantifies the original amount of fluid in the porous solid. The ratio current 

. volume to reference volume is 

[3.8.5] 

A specialized form of the theory can be developed for the incompressible 

cases. For the situation where the solid alone is incompressible, p8 = pR_ since 

dm 8 = dmR_, the following equation relates the current porosity and deformation 

[3.8.6] 

Furthermore, for soft tissue where both the solid and fluid are assumed to be 

incompressible, equation [3.8.6] is valid , as well as 

[3.8.7] 

[3.8.8] 

and again p f.= PR· 

Using the total Lagrangian description, write the solid displacement as 

[3.8.9] 

The relative fluid motion must also be referted to the reference configuration. For 

this purpose, define a relative fluid velocity iv that corresponds to equal relative 

fluid mass flow rate Tnf through the corresponding faces of dVn and dV, i.e. (fol

lowing Biot, 1972), 

[3.8.10] 
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and ni and nRi are unit normals to dA and dAR, respectively. For an incompressible 

fluid pi = p~ , and then 

[3.8.11] 

Using the N ansson formula 

[3.8.12] 

Now, the relative fluid velocity referred to the reference configuration is defined as 

or 

;,.. 
1
axi. 

Wi = - · -Wj ox· J 

. 
1

_1 8xi ;,.. 
wi = ax

1 
Wj. 

[3.8.13] 

[3.8.14] 

Similarly, the relative fluid displacement and acceleration are referred to the refer-

ence configuration as 

or 

and 

or 

-1 OXi ~ w · =J --· w · 
z ax- J 

) 

·~ 
1

8Xi .. 
Wi = -. -.-wi 

a. x· J 

[3.8.15] 

[3.8.16] 

[3.8.17] 

[3.8.18] 

The fundamental fields to be determined ih this total Lagrangian "displacement 

formulation" are Ui and Wi, which are both dependent on Xj and t. 
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a- Equation of motion: 

Consider the bulk equation of motioh [3. 7.1] and rewrite this equation over 

the whole volume dV as 

[3.8.19] 

In reference configuration, (using dV = J dVR) the above equation takes the form 

. Using the definition of the first Piola-Kirchhoff stress Tij 

ax-
Tij = J-

8 
'Umj 

X$ 

the total equation of motion becomes 

The local form of this equation is 

8Tij J(b .. ) 1 8xi ·~ O -- +p · -u· -p --w· = ax · ' z · ax. 1 · 
J J 

[3.8.20] 

[3.8.21] 

[3.8.22] 

[3.8.23] 

Consider the fluid equation of motion, equation [3. 7 .2]. Define 1r* = 1r- 1r c 

and rewrite that equation over the deformed total volume 

[3.8.24] 

In the reference configuration the above becomes 

[ { a1r* J J axi f(b· _ .. ·) _ ~ axi 8xi ·~ _ k-:-.1 axi axi iv }dV = O 
lvR ax k + axk p J UJ n axk axm Wm ZJ axk axm m R 

[3.8.25] 
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Now introduce a definition for the permeability kij in the reference configuration 

as 

k·. _ axi Jk axi 
1)- a mn a 

Xm Xn 
[3.8.26] 

and equation [3.8.25] becomes 

[3.8.27] 

which is a generalized Darcy law referred to the reference configuration that in-

eludes the chemical potential of the tissue. 

b- Kinematics: 

The Lagrangian description is used in solid mechanics, since it is usu-

ally possible to find a reference configuration with known stresses and deforma

tions. The undeformed configuration is considered in this study. The deformations, 

strains and stresses used in this reference configuration are 

[3.8.28] 

[3.8.29] 

The Green's strain tensor is defined by 

[3.8.30] 

and the Green's strain rate is 

[3.8.31] 

and the associated volumetric relative fluid flow rate is 

[3.8.32] 
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Since the fluid stress 1r is of a hydrostatic hature, transformation between the 

·deformed and undeformed configurations is not associated with change of direction. 

Therefore pore pressure stays the same in the two configurations. Pore pressure is 

the conjugate stress to the fluid strain (in the reference configuration. 

The stress that is conjugate to the Green's strain is the total second Fiola

Kirchhoff stress given as 

[3.8.33] 

c- Constitutive equation: 

The solid material is assumed to be nonlinear and hyperelastic and the 

fluid is assumed to be perfect fluid. The incremental constitutive law, equation 

[3. 7.3], in the reference configuration takes the form 

sij = iJijklEk1 + mij( [3.8.34] 

and 

ir = mktEkt + QJ-1
( [3.8.35) 

where 

axk ax1 
[3.8.36] mkl = ----mij 

axi 8xj 

or 

s·ij = DijktEkt + mijQ-
1 

J ir [3.8.37] 

where 

D iJ JQ-1 ~ ~ ijkl = ijkl - . ffiijffik[ [3.8.38] 

ir = mktEkt t QJ-
1

( [3.8.39] 
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For incompressible solid and fluid mkl ~ Q8x" ax,8·· and Q ~ oo therefore 
, 8Xi 8Xj ZJ ' 

equation [3.8.37] becomes 

. . axkax1 . 
S· · = D· ·k1Ek1 + - ·· ---J1r8· · ZJ ZJ ax . ax . ZJ • 

z J 

[3.8.40] 

Introduce a "second Piola-Kirchhoff fluid stress" of the form 

S· _t _ J axi . 8 axj 
ZJ - a 7r rnn a 

Xm Xn 
[3.8.41] 

and equation [3.8.40] can be written as 

[3.8.42] 

The incompressibility conditions is 

aXrE· aXs . J_ 1 j O 
a rs a + ':, ~ . 

Xk Xk 
[3.8.43] 

The relationship between Dijkl and Cijkl can be derived (following Mat

tiasson, 1976). Once the material property functions Dijkl are calculated using 

the strain energy function, the material property functions Cij kl in the spatial 

configuration can be calculated as follows 

. Sij = ~[axi axjTmn] = axi axj+mn + !!_[axi]axjTmn + axi ~[axj]Tmn· 
dt axm axn axm axn dt axm axn axm dt axn 

[3.8.44] 

Using the ident ity (see Mattiasson, 1976] 

[3.8.45] 
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where v · - D · + w · and w · · - l( aui - 8 'llrJ ) Substitute equation [3.8.45] into r,z - n rz ZJ - 2 dxj dxi · 

equation [3.8.44] yields 

axi axj [. 
1 =-a -a Tmn- TrnVr,m- TmrVn,r · 

Xm Xn 
[3.8.46) 

Or 

[3.8.4 7) 

If T~n is the Jaumann rate of the Kirchhoff stress Tmn' then 

. J + " + Tmn = Tmn Tm[Wnl T[nWm[· [3.8.48) 

Using the constitutive relations [3.6.3) ahd [3.8.37] yields 

[3.8.49) 

Substituting the relation ( Vr,i = Dri + wri) in the above equation gives 

[3.8.50) 

or 

axm Bxn axr a~q 
Cmnrq = axi axj Dijkl ax.,. axl + TrnDmq + TmrDnq· [3.8.51) 

Note that if the elastic functions in the reference configuration Dijkl are symmetric, 

then the elastic functions in the current configuration Cijkl will be symmetric. 

9-9 Summary of the governing equations: 
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Equations of motion: 

aTii J ( b .. ) f ax i ·.:. O ax . + P i - ui - P ax. Wj = 
J J 

[3.9.1] 

[3.9.2] 

Constitutive equations: 

(a) Compressible case 

[3.9.3] 

[3.9.4] 

(b) Incompressible case 

[3.9.5] 

[3.9.6] 

Strain - displacement equations: 

[3.9. 7] 

[3.9.8] 

Equations [3.9.1] to [3.9.8], plus prescribed initial and boundary conditions, com

plete the total Lagrangian formulation fot the initial boundary problem. 
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CHAPTER 4 

MATERIAL PROPERTIES 

4-1 Introduction: 

The mechanical properties of soft tissues have been studied for many years. 

Elastic theories have been frequently used to describe these tissues. Soft tissue 

contains significant amounts of fluid that can move relative to the deforming solid 

material components during deformation. Therefore, a two-phase theory is more re

alistic in modeling the response of the soft tissue. In this chapter, some directions 

for an experimental program can be obtained from the more general theoretical 

basis presented in the last chapter. The conjugate variables in the theoretical for

mulation are stresses Sij and 1r and strain measures Eij and ( that are related 

by an incremental, anisotropic constitutive law with material property functions 

Dijkl, mij, and kij· Various forms for Dijkl and kij are possible, e.g., if the mate

rial is considered to be orthotropic and elastic, there are nine independent material 

property functions to be determined in Dijkl and six independent permeability 

functions to be determined in kij. For the incompressible case, these fifteen func

tions are dependent on six strain components Eij at a given time and location Xi 

in the material, making the experimental measurement problem rather extensive. 

4-2 Hyperelastic material properties: 
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The solid is viewed as a "hyperelastic" material in the drained state there-

fore 

[4.2.1] 

where W is the strain energy density function for the solid determined in "drained" 
;._f 

_conditions (i.e. when sij = 0). 

The drained state for arterial tissue is characterized here using "Fung elas-

ticity" as described by Choung and Fung (1984) and later by Cowin (1985). A 

particularly useful hyperelastic constitutive law can be derived using Fung's form 

ofW 

[4.2.2] 

where 

[4.2.3] 

and B 0 , Bijkl are material constants. Then, the required incremental anisotropic 

material property functions are given by equation [4.2.1] as 

[4.2.4] 

with Bijkl = Bjikl = Bijlk = Bktij· For the orthotropic case, there are only ten con-

stants (Bo and Bijkt) to be determined experimentally. Choung and Fung (1984) 

have given values for constants using an axisymmetric view (excluding shear) for 

arterial tissue and the assumption that the tissue is elastic and either incompress

ible or compressible. In their analysis the Use of the incompressibility assumption 

in the stress-strain relationship results in a set of material constants which is very 

different from t hat derived for the compressible case. In this thesis both the solid 

and the fluid phases are considered incompressible. However, due to the relative 
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fluid flow and change of the total mixture volume under loading, the tissue as a 

whole must be compressible. Thus the compressible Fung constants are used here 

for modeling the arterial wall. An axsiymmetric, plane strain model is developed 

and therefore the strain energy function will not depend on shear strains and can 

be written as 

where 

Bo "" PoW= -e~ 
2 

[4.2.5] 

[4.2.6] 

where the material constants b1 = B 2222 , b2 = B 3333 , b3 = Buu, and b6 = B1122· 

Note that in the axisymmetric, plane strain case considered here, E z = 0 and 

Az = 1. Future works will consider Az > 1 and Ez = constant which is equivalent 

to the vivo states of an artery. 

One Dimensional Forms: 

(a) Strain energy density function: 

First consider one-dimensional test cases for the material law. One-

dimensional "confined compression" tests have been used extensively to study sat-

urated soils, e.g., see the early work of Terzaghi as described in Terzaghi and 

Peck (1967), and soft tissues, e.g., see works by Mow el al. (1980, 1985), Oomens 

(1985), and Huyghe (1986). These one-dimensional configurations are useful as 

experiments as well as to test and verify the response of simple FEMs (described 

next chapter). In the one-dimensional form of the theory, Sij = S11 = S, Eij = 
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En = E, ~;_i = ~~, Dijkl = Dun = D, Cijkl = Cuu = C, etc., and the Fung 
J 

hyperelastic, drained response is simply 

[4.2. 7) 

[4.2.8) 

where B 0 and B can be determined from appropriate drained experiments. 

{b} Permeability functions: 

Biological tissues contain a significant amount of unbound interstitial fluid. 

Therefore, hydraulic permeability plays an important role in its biorheological func-

tions. The permeability can be considered using either the consolidation response 

or the response to applied fluid pressure in confined compression experiments (see 

Holmes, 1986). For one-dimensional states, kij = k11 = k is the permeability to be 

determined as a function of Green's strain, E when both solid and fluid are incom-

pressible. For soils, permeability is related to porosity and porosity is, in turn re

lated to strain, e.g., Meijer (1984) expresses permeability as k = kR( n: )2
( /--n: )2

. 

Here n is a factor in the expression for k and k becomes very large as n approaches 

the theoretical upper limit of 1. For soft tissues, Mow et al. (1985) use an expo

nential form to represent the strain dependency for permeability as k = k0 e(boEd) 

where fd = auk I ax k = dilatation strain. These two forms suggest a more gen

eral way to include the dependence of k on porosity and finite strains by writing 

k = ( kR/nR) n exp[b( J- 1 )], where J is the volume ratio given in equation [3.8.5] 

that is related to n by equation [3.8.6). Then, using equation [3.8.26), the perme-

ability referred to reference state is 

- - . J -1 ax 2 
-

k = k(E) = kR[1- -][~a ] exp[b(J -1)) 
nR X 

[4.3.1) 
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[4.3.2] 

with kn and nn the permeability and porosity in the reference state and b a constant 

to be determined using experimental data. A simplified linear dependence of k on 

J may also be useful. This would be obtained using b = 0 in equation [4.3.1]. 

Given the characteristicly low permeability values associated with soft tissue and 

with nn typically in the neighborhood of 0.7 to 0.9, these linear and exponential 

forms provide first approximations for actual soft tissue permeability. 

A general observation should be made here regarding the effects of variable 

porosity during finite deformation. The total volumetric strain J will have a limiting 

value that can be found by setting n = 0 in equation [4.3.1], i.e. 

[4.3.3] 

Thus, for the special case of confined compression, equation [4.3.1] indicates that 

when J = 1, k = kn. But when n ---+ 0, J ---+ (1 - nn) and k ---+ 0, as expected 

since n ---+ 0 corresponds to the limiting situation where, after deformation, no fluid 

remains in the pores at the point Xi in the deformed porous solid. Theoretically, 

this limiting situation places a restriction on the two-phase view of the material 

since when n ---+ 0, the material becomes single phase, i.e., all solid. 

Although soft connective tissue structures do exhibit anisotropic behavior, 

a preliminary indication of their poroelastic structural response could be obtained 

using an isotropic view of the material. If isotropy is assumed as an approximation, 

then 

[4.3.4] 

[4.3.5] 
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and 

[4.4.6] 

so that 

[4.3.7] 

where the strain "invariants" (Fung, 1965) are 

[4.3.8] 

[4.3.9] 

[4.3.10] 

Now, there are only three material property functions to be determined in 

terms of three strain parameters 11 , 12 and [ 3 , i.e., 

[4.3.11] 

[4.3.12] 

and the permeability (discussed below) 

[4.3.13] 

Note that the assumption of incompressibility ( equation [3.9.8]) still yields a "com-

pressible" form for W that is analogous to compressible finite elasticity theory. 

Again the overall drained response must be compressible ( even though both solid 

and fluid may be incompressible) due to the loss ( or gain) of pore fluid during 

deformation. Thus, classical finite elastic deformation theory and experiments for 

compressible materials must be developed to fully describe the drained response 
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using the functions X and jj. Various forms are possible, e.g. a power series ( Oden, 

1972) might be used for W of the form 

00 00 00 

W = L L LBapr(It- 3) 0 (!2- 3)13 (!3 -1)r,Booo = 0 [4.3.14] 
a=Of3=0r=O 

and Baf3r are determined using test procedures (e.g., see Kavanaugh, 1969). Mow 

et at. (1985) have given forms for strain energy that would be useful in determining 

X and jj. Tickner and Sacks (1964) developed a compressible form for W(It, I2, !3) 

based upon air pressurization tests of large arteries. Note that pressurization with 

air will produce the desired drained state in the arterial tissue. Exponential forms 

in W have also proven useful for elastic analysis of soft tissues (e.g., a transversely 

isotropic form given by Simon et al., 1971) which could be adapted to describe 

drained poroelastic behavior. 

The isotropic approximation can also be useful when considering the per-

meability. If the material is isotropic in the deformed configuration, then kij = k8ij 

and equation [3.8.26] yields 

k- .. _ Jk a xi (}Xj . 
ZJ- a a ' Xm Xm 

[4.3.15] 

i.e., the required permeability function is still a second-order tensor for an isotropic 

material, however, the terms ~;.' in equation [4.3.15] are dependent only on the 
) 

deformation and therefore can be determined. Comparsion of equations [4.2.1] and 

[4.3.15] suggests that the permeability function for a general isotropic case might 

be written in a linear form (b = 0 in equation [4.3.15]), 

[4.3.16] 
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or in an exponential form, 

k~ k [ 1-1
1 

b(J-l)axi axj 
ij = R 1+-- e ----, 

nn Bxm Bxm 
[4.3.17] 

where the constant b is taken from one-dimensional test results for measured values 

for kn and nn. Again, J is limited by equation [4.3.3] and kij ---+ 0 as n ---+ 

0, suggesting possible local reduction in relative fluid flow, thereby introducing 

. possible local filtering effects due to reduced local permeability and compaction of 

the tissue in the vicinity of the point Xi whete n ---+ 0. Such filteration effects may 

be important in highly deformed soft biological tissue structures or in deformable 

materials used in ultra filtration processes. 

This chapter has touched upon only a few of the complex issues involved 

in interpreting the material response of soft tissues as poroelastic materials. Much 

work remains to be completed in this aspect of biomechanical research. As a 

suggested starting point for material modeling, either an isotropic form ( equa

tion [4.3.14]) or an orthotropic form for Dijki based on Fung elasticity ( equation 

[4.2.10]) together with the isotropic form for kij (equation [4.3.1]) could be used 

initially to represent various soft tissues. Suitable experiments would then be re-

. quired to determine two functions ( ~ and ji) or the eleven required orthotropic 

material constants (Bo, Bijkt), as well as b, kn, and nn. Values for permeability 

kn and porosity nn in the undeformed reference configuration have been given in 

the literature for a number of soft tissues (e.g., see Urban and Maroudas, 1980; 

Harrison and Massaro, 1976). Biot's early paper (1941) describes several types of 

tests on soils t hat might be modified for soft tissues. Analytical and experimental 

methods related to the study of porous polyurethane foams should be applied in 

the consideration of porous biological structures, e.g., see Beavers et al. (1981a, 

1981b), Caro et al. (1984), and Parker et al. (1986). Although these foams are 
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less complicated than their biological counterparts, the techniques that have been 

developed in this area can provide guidance for the detailed investigation and de

termination of porous soft tissue material response. 

Once suitable forms for Dijkl, Tnij arid kij are available, they can be incor

porated in the poroelastic FEMs described irt the next chapter. The isotropic and 

orthotropic Dijkl, Tnij and isotropic kij approximations suggested above should be 

useful in the initial modeling efforts to gain insight regarding the complex response 

of the soft tissue structure. These models and associated experiments can then be 

extended as necessary to include more details of the tissue structure and response. 

A later chapter of this thesis discusses the effect of osmotic pressure in the fluid 

flow through a soft biological tissue structure, 
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CHAPTER 5 

FINITE ELEMENT FORMULATIONS 

5-1 Introduction: 

It is clear from Chapter 4, that the class of problems considered here are 

governed by complicated, highly nonlinear partial differential equations. The so

lutions of such problems are usually made possible using numerical methods, such 

as a finite element method combined with an appropriate time integrator. Here, 

a Galerkin approach will be used to approximate the governing equations and the 

FEMs will be based upon principles of virtual velocities (PVV s) i.e. energy princi

ples. The incompressibility constraint, equation [3.9.8] will require special attention 

in the FEM, and a number of formulations are considered. Three developments are 

presented, one based on a "displacment" model where a penalty method is used 

to account for the constraint, i.e. "u-w-penalty" formulation; a second "mixed" 

model in which the pore fluid pressure 1r is also interpolated as an unknown in 

the problem, i.e. a "u-1r" formulation; and a third "mixed" model in which the 

relative fluid displacement is interpolated in addition to the pore pressure and solid 

displacement, i.e. a "u-w-1r" formulation. The "u - w" and "u-w- 1r" approach 

are valid for dynamic problems, whereas the "u-1r" approach will be applicable to 

quasi-static cases where inertia forces are negligible. It should be noted that various 

authors (e.g. Mow et al., 1985; Prevost, 1984; Zienkiewicz and Shiomi, 1984) use 

Ui and Ui as primary field variables in conjunction with solid stresses (1- n )afj and 
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fluid stresses no-~ = n1TDij. Such "u-U" formulations are equivalent to the theory 

given here and can be obtained directly from the "u-w" forms using expressions 

relating solid and fluid quantities to the total response, i.e. O"ij = (1- n )o-ij +no-~ 

and equations [3.7.1] and [3.7.2]. 

5-2 u-w-penalty FEM 

Given an arbitrary virtual velocity 8ui and applying the Galerkin approach, 

the overall equilibrium, (equation [3.7.1]), yields the PVV in the form 

[5.2.1] 

Applying integration by parts to the first term of equation [5.2.1] yields 

j 88ui 8xi S dV j £. J(b .. )dV j £. f 8xi ·~ dV ---- kj R + VUiP i- Ui R + VUiP --Wj R = 
Vn 8Xj 8Xk Vn Vn 8Xj 

[5.2.2] 

Using the divergence theorem, equation [5.2.2] becomes 

[5.2.3] 

where TRi = TijnRi and nRi are the components of a unit normal associated with 

dAR. Equilibrium (equation [5.2.3]) is satisfied at time t + !:it; and the stresses 

s:tilt can be divided to two parts as 

St+Llt st As 
ij = ij + ~ ij [5.2.4] 

Substitude equation [5.2.4] into equation [5.2.3] yielding 
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[5.2.5] 

Using the incremental constitutive equation [3.9.7] and equation [3.9.8], equation 

[5.2.4] becomes 

1 88ui 8xi D . 8xm Bum dV 1 88ui 8xi st ·dV 
ax . ax k]rs ax ax R + ax . ax k] R+ 

VR J k r s VR J k 

[5.2.6] 

Consider the third term in equation [5.2.6] and use equations [3.9.6]. Substitute 

equation [3.9.4] into [5.2.6], and the third term becomes 

[5.2. 7) 

Substituting equation [5.2. 7] into equation [5.2.5), yields 

[5.2.8] 

Now, given arbitrary virtual velocity 6ivi and using the Galerkin approach 

to approximate the fluid governing equation [3.9.2], yields the PVV in the form 

[5.2.9] 

Using the divergence theorem 
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[5.2.10] 

Substituting equation [3.9.4] into equation [5.2.10], yields 

1 a8ivi QaXs aun dV 1 a8ivi Q aiflq dV 1 c.:.- taxi (b .. )dV -- ---- R+ -- -- R+ UWiP -- j -Uj R+ 
VR axi axn ax s VR axi ax q VR axi 

{ 8ifli"!_ pf axk axk JljdVR + { 8ifliki-1ifljdVR = j 8ifli1rnRidAR. 
lvR n axi axj lvR J AR 

[5.2.11] 

Now, consider a region of the material represented by a typical finite element. Ap-

ply the PVV to coincident finite elements representing both Ui and Wi displacement 

fields in the poroelastic material and approximate the virtual and actual fields using 

interpolations 

etc [5.2.12] 

8iv · - A-M8i;;M · z-\.f/ n etc [5.2.13] 

where 'ljJ N and cj> M can, in general, be different interpolation functions of Xi in each 

element, and UNi and w Mi are nodal displacements that are dependent on time. 

The indices N and M range from 1 to the number of nodes in the solid and fluid 

finite elements, respectively, and summation is implied in the above. Now, adopt 

. a notation where bold-faced characters denote matrices. p(e) is a column matrix 

of nodal displacements for finite element (e) and contains UNi and WMi, i.e., 

[5.2.15] 

with nodal solid and relative fluid displacements given as 

-T 
U =< UNi >, -T -

W =< WMi >, [5.2.16] 
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and here a superscript T denotes the transport of a matrix, {} denotes column 

matrices, <> denotes row matrices, and [] denotes rectangular (including square) 

matrices. 

The equilibrium approximations for each element (e) are written in terms 

of an elemental residual, w(e)' is defined by 

w(e) = m(e)p(e) + c(e)i>(e) + p(e)int - p(e)ext = 0. [5.2.17] 

with no summation on (e). Note w(e) is a residual and not the interpolation 

function 'l/Jn. Following are the consistent elemental matrices: 

Mass 

Damping 

Stiffness 

ltluw] . 
mww 

c(e) = [ 0 0 ] 
0 Cww 

Cww = [ { </>Nki:?</>MdVR]. lvR 

k(e) = k' + Qk" 

k' = [kou ~] 
A [ [ a'lj; N ax i ax j a'lj; M ] 
kuu = lvR ax n [axm Dnmkl axk + 8ijS8nd axl dVR . 

[5.2.18] 

[5.2.19) 

[5.2.20) 

[5.2.21] 

[5.2.22] 

[5.2.23) 

[5.2.24] 

[5.2.25] 

[5.2.26] 
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[5.2.27) 

[5.2.28) 

[5.2.29) 

[5.2.30) 

where a penalty method can be applied so that as Q --7 (a large number), k' is 

evaluated by full numerical integration and k" is evaluated by selected reduced 

integration (see Hughes, 1987). 

Internal Forces 

External Forces 

{

pint} 
J>(e)int == ~ 

J>mt 
w 

J>int == {1 a'l/;N T ·dV } 
u aX m' R 

VR m 

J>int == {1 a<jJ M dV } 
w ax. 7r R 

VR ' 

{ 

J>ext} J>(e)ext == u 

pext 
w 

[5.2.31] 

[5.2.32) 

[5.2.33) 

[5.2.34) 

[5.2.35) 

[5.2.36] 

Note: The above relations are valid for incompressible anisotropic materials, if 

appropriate material properties Dijkl and kij are available. 
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Special attention must be given to the stress calculation using this penalty 

approach. The global FEM solution yields increments it N i and ~ M i in each element 

from which Eij and (are calculated from equations [3.9.9] and [3.9.10]. These, in 

turn, are used to calculate elemental pore fluid stress increments, 

. = Q[aXr E axs 1 _1 j] 
7r a rs a + 1:, ' Xk Xk 

[5.2.37] 

where Q is taken to be a large penalty parameter. The elemental total stress 

increment Sij is then given by equation [3.9.5]. Finally, these results are referred 

to Xi in the current configuration of the element at time t using Xi =Xi+ Ui and 

. J-1 ax.i :... w·- -w· '- ax- 1 
J 

[5.2.38] 

U
. . -1. 

i = Ui + n Wi [5.2.39] 

7r=7r [5.2.40] 

and 

-1 axi . axj 
aij = J axm Smn axn. [5.2.41] 

Thus, the deformation Ui, relative fluid velocity Wi, average fluid velocity ui, true 

stress aij, and pore pressure 1r are determined at Xi and t in the current configu-

ration. 

5-9 U-1r FEM 

It is desirable to develop a finite element formulation, that is valid for both 

compressible and incompressible cases. A mixed "u- 1r" formulation can be used 

in these cases. Such models have been useful for analysis of consolidation (quasi

static) phenomena where iii = iti = 0. In order to apply the "u - 1r" approach to 

transient problems, the changes in relative velocity ~ are usually assumed to be 
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small so that it, pf it and ~ pf it can be neglected and nonsymmetric mass matrices 

are avoided. Then, a "u- 1r" approximate formulation and associated mixed finite 

element model can be developed in terms of ii and 7r (the nodal solid displacements 

and nodal pore fluid pressures)~ One advantage of this formulation is a more 

accurate prediction of the pore pressure in addition to the reduction in size of the 

equation set. 

For quasi-static motions, a mixed model can be developed that is especially 

useful when the incompressible case is considered. First, eliminate u\ from the 

governing equations in order to allow 1r to be considered an unknown that will be 

interpolated in the FEM. Equation [3.9.2] can be solved for ~i, differentiated with 

respect to xi and substituted in equation [3.9.10] to obtain 

[5.3.1] 

Eliminate ( using the above and equation [5.2.37] yielding 

[5.3.2] 

Now, use arbitrary virtual vectors 81r and the Galerkin approach to give the PVV's 

for the u- 1r formulation as 

[5.3.3] 

Again, apply the PVVs to finite elements representing displacements 8ui, ui, etc., 

and the stress variables 81r, 1r, etc., using interpolations in equation [5.2.12], [5.2.13] 

and 

[5.3.4] 
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Use a matrix notation for nodal displacements and fluid pressures of the form 

[5.3.5] 

where 

-T 
U =< UNi >, 1f =< 1rN > [5.3.6] 

so that the residual form of the elemental equilibrium approximation becomes 

w(e) = c(e)p(e) + p(e)int - p(e)ext = 0. [5.3. 7] 

Following are the additional consistent elemental matrices required in the above 

Damping 

c(e) _ [ 0 0 ] 
- k1ru c1r1r 

[1 axj aq.;M J 
k1ru = f3N-8 . J aX. dVR 

Vn x, · J 

C1r1r = [ { f3N( JQ-l )f3MdVR] 
lvn 

Note, for the incompressible case, Q ---+ oo; and then C1r1r ---+ 0. 

Stiffness 

Internal Forces 

{

pint} 
p(e)int = ~ 

P'nt 
7r 

[5.3.8] 

[5.3.9] 

[5.3.10] 

[5.3.11] 

[5.3.12] 

[5.3.13] 



External Forces 

5-4 U-W-'lr FEM 

p~nt = {k7t7t7r} 

{ 

pext } 
p(e)ext = u 

pext 
1r 
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[5.3.14) 

[5.3.15) 

[5.3.16) 

In this mixed formulation, the solid displacement, fluid displacement, and 

pore fluid pressure will all be interpolated. The u - w - 1r model provides accurate 

estimation for both displacements ui and wi and for pore fluid pressure 1r and is 

also valid for compressible and incompressible materials. In dynamic analysis, the 

mass matrix is symmetric. One drawback of this formulation is that the size of 

the elemental matrices are bigger than the corresponding matrices in the u - w or 

u - 1r formulation. 

Arbitrary virtual displacements 8ui, 8ivi, and 81r, are used in the Galer kin 

approach to give the PVV's for the u- w- 1r formulation. Using 8ui, the PVV's 

for the bulk equation is equation [5.2.1). Also, using 8ivi, the PVV's for the fluid 

equation is equation [5.2.9). Finally, using the arbitrary virtual pore fluid pressure 

vector 81r and the Galerkin approach to give the PVV's for the constraint equation 

[5.2.37) as 

1 axr . axs -1 ;._ 1 . 
81r{-

8 
Ers-

8 
+ J (- Q1r}dVR = 0. 

VR Xk Xk 
[5.4.1] 

Using equation [3.9.9), the above equation becomes 

[5.4.2) 
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Equations [5.2.1], [5.4.1] and [5.4.2] constitute the required PVV's equations for 

the u - w - 1r formulation. 

Now, use the interpolations functions for u, w, and 1r (equations [5.2.12], 

[5.2.13], and [5.3.4]) in equations [5.2.1], [5.4.1], and [5.4.2], yields the u - w - 1r 

finite element equations. 

Again, use a matrix notation for nodal displacements and pore fluid pres-

sures of the form 

[5.4.3] 

so that the residual form of the elemental equilibrium approximation becomes 

w(e) = rn(e)p(e) + c(e)i>(e) + p(e)int - p(e)ext = 0. [5.4.4] 

Following are the additional consistent elemental matrices required in the above 

Mass 

[my· lnuw 

~] . rn(e) = muw Inww [5.4.5] 
0 0 

Damping 

c(e) = [ ~ 0 

c~J Cww [5.4.6] 
k7ru Ctrw 

[1 -1 aq,M l [5.4. 7] C1rw = f3NJ 8X. dVR 
VR z 

Stiffness 

[k •• 0 k;z,'. ] k(e) = ~ kww kw7r [5.4.8] 
0 k7r7r 

kw7r = [1 ~~ J-
1,8MdVR] = c!'w [5.4.9] 

VR z 



Internal Force3 

p(e)int = 

External Force3 

5-5 A33embled FEM- Global Form3 

p int 
lt 

pint 
w 

pint 
1r 

pext 
u 

pe;z;t 
1r 
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[5.4.10] 

[5.4.11] 

The equations above describe the response in a typical finite element (e) 

which can be "assembled" in global forms by introducing a Boolean connectivity 

array a(e) that relates elemental nodal variables p(e) to global values r as 

[5.5.1] 

where a(e) is a rectangular array that contains 1 or 0 entries required to yield 

compatible elemental and global nodal freedoms (stored in the column matrix r). 

Equilibrium requires that 

Ne Ne Ne 

w = L a(e) T-q,(e)' Rint = L a(e)Tp(e)int' Rext = L a(e)Tp(e)e xt' 

e=l e=l e=l 
[5.5.2] 

yielding the assmbled form for the residual \II as 

'11 = Mr + Cr + Rint - Rext = 0. [5.5.3] 
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where "global" mass, damping, and stiffness matrices are 

Ne 

M = [M(r)] = L a(e)T rn(e)a(e), [5.5.4] 
e=l 

Ne 

C = (C(r)] = La(e)Tc(e)a(e), [5.5.5] 
e=l 

Ne 

K = [K(r)] = L a(e)Tk(e)a(e), [5.5.6] 
e=l 

with N e = the total number of elements in the assmbled FEM. Note that M, C, 

and K are all dependent on r. These forms are applicable to u- w, u- 1r, and u-

w - 7r FEMs using the appropriate elemental arrays given above and the associated 

boundary conditions and initial conditions (e.g. specify r and r at t = 0 for the 

u- w model) . 

5-6 Temporal Discretization 

Equations [5.2.1] and [5.3.3] are the spatially discretized form for the ini-

tial boundary value problem which must be integrated in time subjected to the 

specified initial and boundary conditions. There are a large number of algorithms 

available for time integration of such highly nonlinear equations . For example, 

the implicit-explicit solutions for the full set of equations as has been suggested by 

Owen and Hinton, (1972), staggered solutions using the coupled form of the overall 

equilibrium and generalized Darcy relations, as has been described by Paul and 

Zienkiewicz (1984), or implicit predictor-multicorrector solutions for the full set of 

equations as been developed by Hughes (1977). An evaluation of these solutions 

schemes has been carried out for some representative linear dynamic poroelastic 

problems (see Simonet al., 1986). 
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In this thesis, only quasi-static situations (with Mr = 0) were considered 

and time integration was accomplished using an implicit multipredictor multicor-

rector first order algorithm similar to the one proposed by Hughes (1977). Hughes 

used this approach to solve a nonlinear heat transfer problem and it was later used 

by Prevost (1983) to solve a nonlinear consolidation problem. For such problems, 

the unconditionally stable implicit schemes permit the use of larger time steps, the 

size of which is governed only by accuracy considerations. Unfortunately, these 

schemes (which require matrix factorizations) involve larger computer core storage 

and more operations per time step than the central difference scheme, which is as 

explicit scheme, but is only conditionally stable. 

The u- 1r mixed FEM was chosen to study typical nonlinear poroelastic 

arterial models where motions are quasi-static. The ( u - w +penalty) FEM and 

(u- w- 1r) FEM will be considered in future research efforts. Now, rewrite the 

approximate elemental equilibrium equation [5.3. 7] at time t = tn+l as 

C • + pint pext Pn+l n+l = n+l· [5.6.1] 

The time integrator algorithm used contains arbitrary constants a and (3. The best 

results were obtained using a = ! and (3 = 1. The method can be described as 

follows 

1-Set iteration counter i = 0. 

2-Begin the predictor phase as 

[ i) _ - _ ( 1 ) A • Pn+l - Pn+l - Pn + - n utpn [5.6.2] 

and 

• [i) _ ( [i) - )/(3 A _ 0 Pn+l - Pn+l - Pn+l ut - · [5.6.4] 



3- Evaluate the residual forces using equation [5.3.] as 

w(i] - pext - cp· [i] . '--- pint(p(i] ) 
- n+l n+l n+l · 

4- If required form the effective stiffrtess matrix K* as 

where 

and 

K* Cr K . ( [ i] ) = {3b..t + T Pn+l 

K * _ [ ab..tkuu 
- kT 

U1r 

{ 

pext -1 axi a,pN S ·dV } 
(iJ - u ax . ax k) R 'lf - VR J k • 

Cu1r U - C1r1rir - k1r1r?T 

5- Solve the following system of equations for fl.p(i] 

K* fl.p(i] ..:._ tt(i]. 

6- Begin the corrector phase as follows 

. [ i + 1] - . [ i] ' + b. . [ i] 
Pn+l - Pn+l P ' 

and 

(i+l] - a A • (i+l] 
Pn+l = Pn+1 + f-'.Ll.iPn+l · 

7- Check for convergence, using the following criteria 

II b..p~~ 1 112::; Tolerance. 

The typical Tolerance value used was 10-4 . 

8- If convergence achieved, proceed to the next time step, if not, 
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[5.6.5] 

[5.6.6) 

[5.6. 7) 

[5.6.8] 

[5.6.9] 

[5.6.10] 

[5.6.11] 

[5.6.12] 

go to step 3 and repeat the following steps until convergence is satisfied. 
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Experimental, analytical, and FEM studies have been reported in the liter

ature that consider various soft tissues to be linear, isotropic poroelastic materials. 

This approach is used in this section to develop linear poroelastic finite element 

models (FEMs) for large arteries. Some of the earlier poroelastic FEMs were based 

upon a compressible, u-w formulation. Here, both solid skeleton and fluid phases 

were assumed to be incompressible, thus a mixed formulation was required. The 

linear analysis given here provide initial insight into the highly nonlinear behavior 

of arteries (discussed in Chapter 7). Transport phenomena in the arterial wall may 

be influenced by mechanical deformations, strains and possible tissue fluid motion 

in the wall. A poroelastic constitutive model for arterial tissue allows a physically 

based view of transient arterial response including fluid motion. A finite element 

model (FEM) based on this view provides a general method for quantitative predic

tion of arterial wall displacements, relative pore fluid displacement, pore pressure, 

and stresses in the arterial cross section. 

6-2 Governing Equations: 

In small deformation linear theory there is no distinction between the 

current and the reference coordinates (i.e. between Xi and Xi) and all stress 

measures are the same ( O"ij = Tij = Sij) and all strain measures are the same 
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eij, etc.). The bulk equations of motion and the fluid equation 

of motion both have the form of equations [3.7.1] and [3.7.2] for linear analysis. 

The compressible form of the linear constitutive relationships [3.7.3] and [3.7.4] for 

isotropic material become 

[6.2.1] 

1r = Q(aekk + () [6.2.2] 

. where the strain tensor eij and the relative fluid strain are defined as 

[6.2.3] 

and 

[6.2.4] 

For isotropic materials, Cijkl is written as 

[6.2.5] 

where,\= vE/(1 + v)(1- 2v) and p = E/2(1 + v). For such isotropic materials, 

only four mechanical properties are needed, i.e. the drained Young's modulus E 

and Poisson's ratio v and the constants a and Q (see Biot, 1941). Two tests can 

be performed to determine these four material properties. The first is a long time 

"drained test" until 1r = 0, where O"ij, eij and ( are measured yielding E, v and 

a = -(/ekk· A second test can be carried out with ekk = 0 and ( and 1r are 

measured yielding a value for Q- 1 = -(j1r, [see Biot (1941) for more details]. 

Now, define I<s to be the bulk modulus for the solid matrix as 

[6.2.6] 
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Here, I< s relates the pore fluid pressure to the volumetric strain in the solid skeleton. 

Also, define Kv to be the bulk modulus associated with the drained material 

stiffness as 
E 

Kv = 3(1- 2v) [6.2. 7] 

and K f is the fluid bulk modulus. Using the above definitions, the relationship 

between a, Q and I<s, I<v, and I<t are written as 

a= 1- I<v 
I<s 

1 n a-n 
-=-+--
Q I<t Ks 

(6.2.8] 

[6.2.9] 

Now, the meaning of solid and fluid incompressibility is clearly defined. 

Materials in which I<s ~ I<v (i.e. some soil materials) have a nearly "incompress

ible" solid skeleton and a ---* 1 and I<s ---* oo. For concrete and rock, where Ks and 

I< D are of the same order, the response of the solid skeleton is compressible and 

a < 1, I<s < oo. If the pore fluid alone is incompressible, K f ---* oo and Q is finite 

and given as Q = I<s /(a-n). When both the pore fluid and the solid skeleton are 

incompressible I< s ---* oo; a ---* 1 and I< f ---* oo; Q ---* oo, [see Simon et al ( 1984) for 

more details] . 

6-3 Finite element formulation: 

The boundary value problem to be solved is described by the two coupled 

dynamic equilibrium equations [3. 7.1] and (3. 7 .2], with strain-dispalcemenet equa

tions [6.3.3] and [6.3.4], and a linear, isotropic poroelastic constitutive law described 

by equations [6.2.1] and [6.2.2] in addition to the initial and boundary conditions. 

The FEM was derived from equations [3.7.1] and [3.7.2] using a Galerkin approach 

yielding spatially discretized dynamic equilibrium elemental equations of the form 
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cp + kp = P [6.3.1] 

where c, k and P are linear forms of elemental consistent damping, stiffness, and 

nodal "force" matrices given in chapter 5 . 

. (u - w} formulation: 

In this formulation p takes the form 

[6.3.2] 

The elemental consistent damping, stiffness, and noal forces matrices are described 

before in section [5.2]. Note that in all the linear case, there is no distingution 

between the current and the referred coordinates (xi and Xi)· Also the defor

mation Jacobian ( J) is unity and the deformation gradient %J/ = 8ij. In this 
J 

formulation, the solid and the fluid displacements are the primary variables. This 

formulation provides relatively accurate values for the nodal displacements. The 

. pore fluid pressure, however, is not as accurate. The formulation is valid only for 

the "compressible" case. In this section, the ( u - w) model was used to provide 

a comparsion between the nodel displacements calculated using the compressible 

u- w FE and the nodal displacements calculated using the compressible, mixed 

u- 1r FEM (see Table No.6.4). 

( u-1r} formulations: 

In this formulation p takes the form 

p = {:} [6.3.3] 
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The elemental consistent damping, stiffness, and nodal forces matrices have been 

described before in section [5.2]. 

A Wilson B time integration method is used in the form 

[6.3.4] 

and applied to the FE equation [6.3.1] yielding 

[6.3.5] 

where 

k* = [6.3.6] 

{ 

Un+l } 
Pn+l = _ 

1rn+l 

[6.3.7] 

and 

[6.3.8] 

Here, B = ! is used leading to an unconditionally stable solution generally known as 

the "Crank-Nicolson" time integration scheme. The simultaneous algebraic equa-

tions (the assembled forms of [6.3.5]) were solved to determine nodal solid displace

ments (ii) and nodal pore fluid pressuress ('rr). Knowing ii and ?f, values for wand 

w are calculated in each FE using Darcy's law (equation [3. 7 .2]. 

6-4 Applications of the linear theory: 

6-4-1 Axial models: 
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Some one-dimensional axial, small strain consolidation problems were 

solved analytically (e.g., Biot, 1941 ), and provide checks for the FEMs. One

dimensional axial, small strain, FE computer models were developed for this pur

pose. These programs were used to evaluate and select the appropriate poroelas

tic FE formulation( s) for the soft tissue problems. Also, the accuracy of various 

discretization algorithms in space and time was studied by comparing the corre

sponding numerical results to the analytical solutions. 

a ( u - w) displacement model. A ( u - w) formulation and axial one

dimensional computer code were developed and the numerical results were com

pared with the analytical solution of Biot (1941 ). A compressible case (a = 0.55 

and Q = 10000.0) was studied using this model. The accuracy of the solid displace

ment ( u) and the relative fluid displacement ( w) is relatively high ( 0.1% error) for 

rod elements see Table [6.1]. The pore pressure (1r) especially at short times after 

loading is not as accurate (up to 50% error near the loaded surface) because in this 

formulation the accuracy of 1r is one order less than that of u and w. Since the 

pore fluid pressure distribution may be important in mass transport in the tissue, 

it seemed that other formulations that predict the ( 1r) more accurately should be 

considered (e.g., u - 1r approach). 

b ( u - 1r) mixed model. A ( u- 1r) formulation and an axial one-dimensional 

computer code were developed and again the numerical results were compared with 

the exact solution (Biot, 1941). The accuracy of the solid displacement and pore 

fluid pressure was high (2% error see Table 6.1 ). Then a study was carried out 

to find what kind of one-dimensional elements give the best results for the field 

variables (especially for the pore pressure). Elements using same and different 

interpolation functions for u and 1r were studied. A 2x2 (two nodes for u and two 
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for 1r), 3x3 (three nodes for u and three nodes for 1r) and 3x2 (three nodes for u and 

two for 1r) elements were developed. The (2x2) and the (3x3) FEs both produced 

"checkerboarding" in the nodal pore fluid pressure values. The (3x2) ( u-1r) mixed 

element was selected for the arterial wall FE analysis because it provides a more 

accurate pore pressure with minimal checker boarding (see Fig. 6.1 ). Also, the 

( u - 1r) form is more convenient for this class of problems in which a pore pressure 

is specified at the boundaries, i.e., the pore pressure is specified as a prescribed 

nodal "displacement". 

6-4-2 Axial models and simulation of arteries: 

Few theoretical poroelastic solutions are available In literature. Those 

solutions available will be used here to validate the finite element models proposed 

in this chapter. 

Kenyon (1976) described a one-dimensional poroelastic mathematical 

model, based on consolidation theory to explain the results obtained by Harri

son and Massora (1976). Harrison and Massora (1976), measured the water flux 

through porcine aortic segements subjected to a sudden application of hydrostatic 

pressure gradients. These segments were 21 mm diameter disc shapes, cut from the 

descending thoracic aorta. A stable flux of about 2 11-l I cm2 - hr was reported for 

the condition of 110 mmHg pressure drop across a 2 mm thick section of the tis

sue. This flux corresponds to hydraulic conductivity ~ 7.0 x 19-3 cm4 I dyne- sec. 

These data were obtained from samples where the endothelial layer was removed. 

In Kenyon's (1979) analysis, he used the tertn "covered tissue" for the case where 

the endothelial layer is intact and the term "uncovered tissue" for the the case 

where the endothelial layer is not intact. In this thesis the covered situation is 
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equivalent to the air pressure case and the uncovered situation is equivalent to the 

fluid pressure case. 

Assume that effects due to solid inertia and fluid inertia are negligible and 

that both solid and fluid phases incompressible. Also the material properties are 

asumed to isotropic and constant. Under these assumptions the governing equa-

tions [3.7.1] and [3.7.2] can be combined to yield the following diffusion equation 

in dilatation 

(6.4.1] 

where Cv = k(>.. + 2J.L) is a diffusion cofficient. Consider a one-dimensional configu

ration shown in Figure 6.2. The following two cases of the that configuration will 

be considered (see Kenyon 1979). 

Case 1. Uncovered sample (fluid pressure). The boundary conditions are 

1r(O, t) = 0, 

u(O, t) = 0, 

1r(h, t) = PoH(t) 

au 
- . (h t) = 0 at ' 

(6.4.2] 

(6.4.3] 

where H(t) is the Heaviside step function, Po is the applied load and his the sample 

thickness. Using Laplace transforms the exact solution of (6.4.1] for this case is 

j=OC> . 
1r(x, t) x 2 L ( -1)1 -jrr2C tfh2 . j1rx ____;..._...;;_ =- +- --. -e v sin--. 

Po h 7r . J h 
J=l 

(6.4.4] 

Case 2. Covered sample (air pressure). The boundary conditions are 

1r(O, t) = 0, [6.4.5] 

u(O, t) = 0, (6.4.6] 
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and again using Laplace transform, the exact solution for this case is 

au Po 3 'fJ . h 'fJ h 'IJ 
ax (x, t) = - (,\ + 211) [2er fc( -2)- er fc( 8 + 2) + er fc(28 + 2)- .... ] 

h 'I] h 'I] 
-[er fc( 8 - 2)- er fc(28- 2) + ... ] [6.4.7] 

where 8 = vc;;i and 'I] = f· 

The solution to diffusion equation [6.4.1] predicts that the volume change 

IS confined to a thin boundary layers near the vessel and the surrounding fluid 

interfaces. The pressure gradients are confined to boundary layers at the inside and 

outside layers of the vessel wall. Finite element solutions for the two cases above 

were produced using a 3x2 ( u-1r) formulation and compared with the analytical 

solutions equations [6.4.4] and [6.4. 7] (see Fig,6.1 ). 

Figure 6.3 shows that the pore presstlte profiles are the same for small time 

steps due to small depth of the consolidation boundary layer formed in the tissue. 

For larger time, the pore pressure in the uncovered tissue approach a linear profile. 

The pore pressure and flux in the covered tissue gradually falls to zero everywhere. 

Figure 6.4 compares the fluid flux through the sample in the uncovered and covered 

cases. For short time after loading the fluxes are the same. After long time, the 

fluid flux vanishes in the covered case, but a constant steady flow occur in the 

uncovered case. Here, the 3x2, u-1r FE was used in order to get a stable and 

accurate pore pressure distribution within the tissue. An averaging technique and 

fine mesh were used at the boundaries (near x=O) to reduce the numerical noise in 

the pore pressure profile associated with sharp pressure gradients. In this study, 
I 

findings regarding the pore pressure and fluid flow reported by Kenyon (1976) were 

confirmed using the finite element models (see Figs 6.3 and 6.4). 
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6-4-3 Axisymmetric, Plane Strain Consolidation and Simulation of Arteries: 

For an axisymmetric, plane strain arterial configuration, the spatial varia

tions are dependent upon r alone yielding a "one dimensional" formulation. Here, 

a quadratic interpolation was used for radial displacement u = u(r, t), whereas pore 

pressure 1r = 1r( r, t) was approximated using a linear interpolation. A 3x2 scheme 

is cited by Hughes (1976) as most accurate for the incompressible solids analogous 

to this case. This combination of solid and fluid FEs yielded accurate values for u 

and 1r for the mixed coupled boundary value problem. Thus, a 3x2, ( u-1r) mixed, 

axisymmetric FE program based on PE view was developed to simulate large arter

ies. Material properties for the arterial tissue were based on experimental data on 

arteries in the literature (e.g. Kenyon 1979). Material properties included drained 

E = 50N / cm2 and v = 0.4, a = 1 (incompressible porous solid) or a = 0.875 (com-

pressible porous solid, porosity = 0.75); Q = 10000.0; incompressible pore fluid; 

and permeability, k = 0. 7 x 10-7 em - 4 N sec. Intrinsic viscoelastic effects were not 

included. 

As a preliminary check of the FEM used in this section, a undrained solu

tion was obtained (i.e. solution at time t = o+). At time (t = o+) just after ap

plication of the load, for incompressible solid and fluid phases, the porous medium 

does not experience any seepage, therefore the volume is preserved and the solu

tion is the same as the solution for an incompressible elasticity problem. The finite 

element solution at time t = o+ was compared to the solution of an incompressible 

elastic tube under pressure. Error of the nodal displacement at the inner surface 

of the tube was 2% using the 3x2 u - 1r FEM, and the two solutions (theoretical 

and numerical) were identical using 2x2 u - 1r FEM. 
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For a further check of the accuracy and validity of the FEM, the fol

lowing theoretical formulation and solutions (following Kenyon 1976) for fluid flow 

through a pressurized tube were carried out. In this formulation a one-dimensional, 

axisymmetric configuration was considered. In this configuration the equilibrium 

equations [3. 7.1] and [3. 7 .2] in the absence of inertia and body forces, take the form 

and 

a7r 
ar [6.4.8] 

[6.4.9] 

The incompressible form of the linear cohstitutive relationships (equation for 

isotropic material is 

and the strain-displacement relations are 

u 
ee =

r 

[6.4.10] 

[6.4.11] 

[6.4.12] 

Combining equations [6.4.8], [6.4.10], [6.4.11] and [6.4.12], yields the following radial 

equilibrium equation 

a 1 a a1r 
(A+ 2J.L)-[--(ru)] = --ar r ar ar [6.4.13] 

Equation [6.4.13], equation [6.4.9] and the boundary conditions constitute the 

boundary value problem for radial filtration across a poroelastic linear tube. Two 

cases were considered. 

a- Steady state analysis: 
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The boundary conditions are 

1r(ro) = 0 [6.4.14] 

The steady state solution of equation [6.4.13] was obtained using the above bound

ary conditions, and assuming the steady state filtration velocity in the form w = 1, 
where A is a constant of integration. The po:re fluid pressure distribution is 

1r ln( 17) - = 1- . r, 

Po ln(1 +I) 
[6.4.15] 

where 1 = ~, and the solid displacement distribution is 

b- Transient response to step load 

The boundary conditions are 

[6.4.17] 

[6.4.18] 

Using Laplace transform the solution for thin tube and small times was also re-

ported by Kenyon 1979 as follows; 

The solid displacement distribution is 

41ht . 

( ) 
zer fc 

rT 1 +1 

[6.4.19] 
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I * ~ d h 2 k -1 h £ 11 where y = r- ri, y = h- y, J-l = 1-=_JL an T = ..X+ 2 JL, t e pore pressure or sma 

times t «: T 

and the filteration w at the inner surface for small times is 

[6.4.21] 

where b = hj"f. 

These theoretical solutions were l.lSed to check the accuracy of the FE code 

as illustrated by Fig. 6.5. The theoretical solutions presented above are only for 

short times and large times after loading, i.e., not the complete time history. FE 

results were compared with these solutions. ln general, the FE results agree with 

Kenyon's model including "retrograde filtration'' or "sucking" at the outer wall for 

short times and unidirectional outward flux at long times after pressurization. The 

FE model allowed the following studies not reported by Kenyon: 

1. Analysis of relatively thick and thin tubes (Kenyon's tube is thin). 

2. Analysis of nonhomogeneous (multilayered) tubes (Kenyon's tube is 

homogeneous). 

3. Analysis of both compressible and incompressible tubes (Kenyon's tube 

is incompressible). 

4. Analysis of both spatial and temporal results over the entire consolida

tion period (Kenyon's solution is for short and long times). 

5. Yield the exact time when the arterial wall stops sucking and relative 

fluid flow becomes unidirectional (Kenyon's solution did not). In general, the FEMs 

consolidated in 767 sec., and the retrograde filtration ceased after 285 sec. 



104 

Following are some typical FE results showing, the solid displacement, 

pore fluid pressure distribution, and relative fluid velocity distribution for various 

arterial models. 

Figure 6.5 shows the creep curve of the poroelastic tube subjected to a 

constant internal fluid pressure of 110 mmHg and zero external pressures. This 

creep behavior of the tissue is due to the motion of the fluid relative to the solid. It 

is not due to viscoelasticity of either the fluid or the solid skeleton. In this analysis 

the solid skeleton is assumed to be an incompressible elastic material and the fluid 

is an incompressible perfect fluid. 

Figure 6.6 illustrates the pore fluid pressure distribution across the arte

rial wall at different times. Notice that at short times after pressurization sharp 

pressure gradients develop at the inside and outside boundaries of the tube. Such 

severe gradients cause overshooting in the pore fluid pressure at the boundaries 

of the tube, which called numerical noise. This numerical noise can be reduced 

by "biasing" (refining) the FE mesh towered both boundaries. Sandu (1977) used 

an singular FE to model the singularity at the boundary of poroelastic column 

under pressure. Also the fluid flow directions are opposite to each other at the two 

boundaries and have maximum values as shown in Figure 6. 7. As time progresses 

the pore fluid pressure gradient becomes less severe and a steady state reached in 

which the fluid flux has one direction from the inside to the outside of the tube. 

Some authors modeled the arterial wall as two-layered tube [see R.Jain 

and G. Jayaramman (1987) for analytical treatment]. Each layer has a different 

permeability and different elastic constants. Another application of the a two-layer 

model is the study of arterial grafts [see A.M.Wijesinghe 1979 for analytical treat

ment]. A composite graft was idealized as an intimal layer bonded to inner surface 
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of a vessel wall tissue to study the effect of different arterial prothesis designs. 

Different elastic moduli and permeabilities were assigned to the two regions. Here , 

a FEM was used to simulate such a two-layered arterial wall. Figure 6.8 shows a 

typical FE pore fluid pressure in a two layer model with different permeabilities. 

Notice that there is an additional boundary layer at the interface between the two 

layers. This observation was also reported by [R.Jain and G.Jayaraman 1987] in 

their analytical treatement of a two-layer mathematical model. 

The linear poroelastic FEMs of the arterial cross section developed here 

yielded results that agree with analytical solutions reported in the literature. How

ever, the FEM allows study of thick walled, multilayered vessels, and anisotropy 

and nonhomogeneous materials can be introduced. Also the FEMs yield a com

plete transient response over the entire range of pressurization. Available analytical 

methods, (using an asymptotic approach) yielded the solution at very early stages 

after pressurization and the steady state response e.g. Kenyon (1976). 

The present FEMs are based on small deformation theory for linear poroe

lastic materials. Biological tissue structures are normally undergo finite deforma

tions and the biological materials are highly nonlinear. In the next chapter the 

linear FEMs are extended to include nonlinearities associated with finite strains 

and nonlinear material behavior in the arterial wall. 



Test FEM Model: 

L 

z . • 

2 .189 130.2 .189 o.o .189 125.8 .190 128.5 .189 129 

3 .166 130. 2 .166 260 .166 131 .5 .166 131.5 .166 130 

4 .142 130.2 .142 o.o .142 128.3 .1~2 129.7 .1 42 130 

5 .118 130.2 .118 260 .118 130.2 . 118 130.4 .118 130 

6 .095 130.2 .095 o.o .095 130.2 .095 130.2 .035 130 

7 .071 130.2 .071 260 .071 130.2 .071 130.2 .071 130 

8 .047 130.2 .074 0.0 .047 130.2 i .047 130.2 .047 130 

9 .024 130.2 .024 260 .024 130.2 .024 130.2 .024 130 

10 o.o 130.2 o.o o.o o.o 130.2 o.o 130.2 o.o I 130 

I 
~~----~------~----~----~----·~------~------------------------~ 

Table 6.1 Comparision of accuracy of ( u - w) and ( u - 1r) FEMs. L 

10cm, E = 1000.0 dynefcm2 , v = 0.25, a = 0.55, Q = 10, 000.0, k = 0.001 

cm4 
/ dyne.sec., the number of elements used for this test is 10. The elemets 

have the same size. 
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1 s 1 q 

Nodt. No . 

Figure 6.1 Pore fluid pressure distribution across the sample. Comparision 

between analytical and Finite element solutions. Different types of mixed 

Finite elements were used, namely 2x2, 3x3, and 3x2. Oscillation at early 

times after loading were reduced when the 3x2 Finite element had been used. 

Po = lOON, a = 0.55, Q = 10000.0. 
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Figure 6.2 Axial, one-dimensional sample of arterial wall subjected to a 

hydrostatic pressure gradient. 
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finite element 

• analytical 
co~ered 

t = 20 
0·0~~-----L--------~--------~------~ 

o.o 0 ·5 i·O 

x* = x/h 

Figure 6.3 Pore fluid pressure profiles for the covered and uncovered sam-

pies. Comparision between finite element and analytical solutions (Kenyon 

1979). 
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Figure 6.4 Water flux through the covered and uncovered samples sub-

jected to a hydrostatic pressure gradient. Comparision between finite element 

and analytical solutions (Kenyon 1979). w00 =wast---+ oo , T = (..\ + 2J-L)/k. 
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Figure 6.5 Creep curve of a poroelastic tube subjected to a constant inter

nal fluid pressure and zero external pressure. E = 50N /m2 , J.L = 0.25, a = 

1.0, and Q = 1000000.0, inner radius = 3.41 mm and outer radius = 4.13 

mm. Comparsion between Finite element and analytical solutions. 
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Figure 6.6 Pore fluid pressure distribution across the arterial wall at dif-

ferent times.Same tube dimensions and material properties as figure 6.5. At 

short times after loading there is inflow at both surfaces of the wall. 
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Figure 6. 7 Relative fluid flow distribution across the arterial wall. Same 

material properties and dimensions as figure 6.5. 
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Figure 6.8 Permeability effect on the fluid pore pressure distribution across 

the wall (two-layer model). The two layers have different permeabilities. 

There is a boundary layer at the interface of the two layers in addition to 

the one at the inner surface. 

11-1 
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CHAPTER 7 

APPLICATION OF THE NONLINEAR THEORY TO ARTERIAL MODELS 

7-1- Introduction: 

Large deformation analysis is essential for the study of soft biological tissue 

structures. Under normal physiological conditions, these structures are subjected 

to high deformation gradients (e.g. up to 200% strain). Experiments emphasize the 

fact that the material in these biological tissue are highly nonlinear. In this chapter, 

. the nonlinear multiphasic theory developed in Chapter 3 is applied to two classes of 

problems. First, to axial (one-dimensional) problems, to understand and examine 

the difficulties associated with the nonlinear analysis of the multiphasic media 

and to determine the validity of the FEMs developed for this class of problems. 

These one-dimensional models were especially helpful in identifying the appropriate 

material property functions for such structures. Secondly, an axisymmetric plane 

strain, quasi-static FEM was developed and specialized to simulate the mechanics 

of large arteries. 

Here, a specialized axisymmetric, finite plane-strain, nonlinear, poroelastic 

formulation is presented as a theoretical basis for FEMs of the cross section of large 

arteries. The procedure allows a refined discretization in the radial direction, thus 

. providing quantitative information regarding deformation, stress, fluid pressure, 

and relative fluid flow through the thickness of the arterial wall. The effect of 



116 

hypertension is also predicted using FEMs subjected to elevated internal pressures 

with physiological mechanical properties. 

7-2 Axial models: 

The finite element formulations given here are applicable to a wide range of 

very complicated two- and three-dimensional problems and allow arbitrary poroe

lastic materials. Insight can be obtained regarding the nonlinear coupled response 

of such models by considering one-dimensional FEMs of configurations which could 

also be simulated experimentally for direct comparsion of results. Figure 7.1 shows 

the model used here which is assumed to allow motion in the X direction with poroe

lastic material confined in all other directions by impervious, frictionless bound

aries. The Lagrangian FEM consisted of 40 solid elements and 40 fluid elements. 

These models use a quadratic interpolation for u and linear interpolation for 1r as 

a function of radius. Here, the incompressible case is studied with a ----+ 1 and Q 

----+ oo. The FE mesh was biased in order to more accurately predict steep gradients 

that develop at the unloaded end of the one-diemnsional model, b where u = 0 (see 

Figure 7.2). An implicit, first order time marching algorithm was used to calculate 

the transient quasi-static response of the model (see section 5-6). Two types of 

problems were considered. Case I is a standard consolidation test in which the 

material is loaded with a total stress (a a = - P) at side a of the one-dimensional 

model, by an impervious plate. The boundary conditions shown in Figure 7.1 allow 

transient motion and draining at b to a steady state in which pore pressure 1r ----+ 0 

everywhere in the material. Case II is a "pressurized" compression test with all 

conditions as in Case I except at point a, where the material is both pressurized 

( 1r a = - P) and loaded (a a = - P). Transient response then proceeds to a steady 

state in which fluid flows into the model at point a and flows out at point b due to 
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the resultant pore pressure gradients. Three representative poroelastic materials 

are considered. Material A is a relatively stiff solid with a largematerial constant 

iJ so that strains are small and permeability is constant. Material B is very com

pliant with a relatively low, constant iJ value allowing very large strains. For finite 

strains, the permeability k cannot be assumed constant and is described by the one 

dimensional forms of equation [4.3.15]. Material Cis also very compliant, however 

iJ exhibits nonlinear stiffening (typical of soft tissues) given by equation [4.2.3] and 

again permeability is given by equation [4.3.15]. Figure 7.2 illustrates the material 

nonlinearities in these models. The linear cases are based on values of D and k at 

E = 0. A lower limit for strain, Ez = nR(nR- 2)/2 < 0 can be calculated which 

corresponds to the theoretical extreme when all the fluid has been "squeezed" out 

of the pores at a point in the model. This limit is dependent on nR which rep

resents the original amount of fluid present in the saturated material. The cases 

considered here were compressive states which correspond to Green's strain, E < 0 

where k is relatively low and k---+ 0 as E---+ Ez, k was taken to be constant ( =kR) 

for material A (the classical linear material). 

Typical transient creep and relative fluid flow are shown in Figure 7.2 (a 

& b). The effects of geometric nonlinearity and material nonlinearity are evident 

in the Figure. As expected, Figure 7.2a shows that the creep associated with 

pressurization (Case II) is always greater than consolidation (compare case 1-A 

and 11-A). The nonlinear models predict smaller displacements for the same applied 

pressure due to the combined effects of increasing material stiffness and geometric 

stiffening due to finite straining. The nonconstant permeability alters the history 

of the displacement as a function of time. Relative fluid motion (flow rate) at 

the constrained end b is shown in Figure 7.2.b for the representative nonlinear 
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material C. For the pressurization case (II-C) (see Figure 2.b), fluid is pulled into 

the material at early times ( JJb < 0) and eventually reaches a constant steady state 

value ( JJb > 0) as t ~ oo. This reverse flow has been noted by Kenyon (1979) in 

linear poroelastic tissue studies of arterial tissue. The nonlinearites in this model 

tend to accentuate this reverse flow and have a significant effect on the steady state 

flow in the model. Such fluid motions may be related to nourishment of avascular 

regions of soft tissues (e.g., the nucleus of the intervertebral disc, the inner regions 

of the walls of large arteries, etc.). 

Figure 7.3 illustrates the spatial variation in pore pressure 1r and relative 

fluid velocity JJ at various times after initial pressurization. These nonlinear re

sponse predictions are quite different from the equivalent linear response. The pore 

fluid pressure exhibits very steep gradients at the end of the model for early times 

(see Figure 7.3.a) that are associated with the flow "in" at a and the "reverse" flow 

at b described above (see Figure 7.3.b). At steady state (t ~ oo), a marked pore 

pressure gradient has developed along the length of the model, whereas the relative 

fluid velocity approaches a constant level throughout the model. The level of flow 

is controlled by varying permeability. Since there is a significant strain gradient in 

the model at steady state, the permeability tnust attain varying levels along the 

length of the model in order to ensure that tti = 'ka1rt 1 ax remains constant. 

7-3-Axisymmetric plane strain models and simulation of artery: 

A quasi-static analysis was carried out in which inertia forces are negligible. 

The generalized three-dimensional theory presented in Chapter 3 was specialized 

in this section to an axisymmetric plane sttain case. The deformation at a typical 

point is described in cylindrical coordinate systems relating the current deformed 
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position (r, 8, z) to a reference position (R, 8, Z) in the arterial wall. For axisym

metric, finite plane strain, r = R + u, 8 = 8 and z = A.zZ, where the total solid 

displacements are u = Ur = UR = r- R and Uz = uz = (A.z - 1)Z with Az 

= the constant axial extension. The relative fluid displacement components are 

w = Wr = n(Ur- ur) and Wz = n(Uz- ttz)· . Consider the current total volume 

dV = 21rdrdz. It is assumed that the arterial tissue remains saturated with fluid so 

that n = dV f / dV, with dV f the current volume of fluid in dV. Thus, the porosity 

will be used as an average parameter to represent the complex microstructure of 

the arterial wall tissue as a saturated porous solid continum. 

For the special case of Az = 1, Uz = Wz = 0, the non-zero solid and fluid 

strain increments (rates) are 

[7.3.1] 

and 

. aw w 
(=-. +-

ar r 
[7.3.2] 

which are conjugate to total Cauchy stress 

[7.3.3] 

and the current fluid stress 

af = af = aof = af = 7r r · z [7.3.4] 

respectively. Quasi-static equilibrium in the radial direction is given by 

[7.3.5] 



and a generalized Darcy law of the form 

k( a7r + pb) = w 
8r 
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[7.3.6] 

where b is the applied radial body force and k is the radial component of a non

constant permeability tensor. Assume that both solid and fluid phases are incom-

pressible, implying a geometric constraint of the form 

[7.3. 7] 

where m.T =< 1 1 >. 

The models presented here are based on the total Lagrangian view (see 

Chapter 3), which was referred to the undeformed reference configuration denoted 

by subscript 0 with no summation on 0 (i.e., R=O in Chapter 3). The total material 

volume is dVo = dV0
8 + dV/; the densities are Po = dmo I dVo, p~ = dm~ I dV0

8
, Pt = 

dm[ I dV /; and the porosity is n 0 = dV /I dV0 in the saturated reference state. The 

deformation gradient F is given by 

[7.3.8] 

F is not in general symmetric; however, for the homogeneous deformations con-

sidered here, F does take symmetric and diagonal forms. The linear engineering 

strains are eT =< eR eo >, where 

[7.3.9] 

and 

u 
eo = R = Ao - 1. [7.3.10] 

The total volume ratio J = ARAoAz. The incompressible response of both the 

solid and fluid materials means that p8 = p0 and pf = p[, whereas p =/= p0 ; i.e., the 
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overall response of the bulk material is compressible ( J =I 1 ). Then the porosity 

is related to deformation by equation [3.8.6]. The relative radial fluid motion is 

referred to the reference configuration as in equation [3.8.13] and becomes 

:... J'-1 . 
W = AR w [7.3.11] 

A mixed ( u - 7r) solution will be described below, following the analysis in 

Chapter 5 in which displacements and pore pressures are the primary fields. The 

problem variables u, 1r, etc., are dependent only on Rand t for axisymmetric finite 

plane strain ( Az= prescribed constant). The Green's strains are 

T 1 T 
Ee > = "2(F F-1) [7.3.12] 

where I = a 2 x 2 identity matrix. The Green's strain rate is (by equation [3.8.30]) 

[7.3.13] 

The relative fluid strain rate is given by equation [3.8.32] as 

[7.3.14] 

The incompressibility constraint for the solid and fluid phases can now be written 

as 

[7.3.15] 

and the generalized fluid equation of motion (equation [3.9.2]) becomes 

[7.3.16] 

where the permeability k in the reference configuration (equation [3.8.26]) becomes 

[7.3.17] 
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The overall Lagrangian equilibrium equation (equation [3.9.1]) becomes 

[7.3.18] 

Anticipating a mixed "u-1r" numerical apptoach, equation [7.3.15] and equation 

[3.8.35] are combined to eliminate (, yielding a fluid equilibrium equation of the 

form 

[7.3.19] 

The first and second Piola-Kirchhoff total stresses are 

[7.3.20] 

and 

[7.3.21] 

A relatively simple constitutive law was chosen which gave good agreement 

between FEM and typical experimental data. The solid material components were 

considered to be "hyperelastic" in the drained state. The strain energy density 

function, W, is the compressible form for arterial tissue (Choung and Fung, 1984) , 

which was discussed in Chapter 4. W was i11ttoduced in an incremental, poroelastic 

constitutive law relating the total stress rate to Green's strain rate and the pore 

fluid pressure (see equation [3.9.7]). The radial stress SR = sl = 8Wj8ER + 

J>..[/7r>..[/ and So= S2 = 8Wj8E0 + J>..011rA(}1
. 

The radial component of a seco11d otder permeability tensor k (referred 

to the reference configuration) is the only permeability measure required. Three 

possible forms for k, were introduced including 

k = k0 = constant (then k = J).. [/ ko).. [/ "I constant); [7.3.22] 
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k = J'A[/ k0 'A£/ #constant (with k = ko =constant); [7.3.23] 

and 

k = J'A[/k'A[/ "I constant (with k = k0 (n/no?[(1- n 0)/(1- n)]2 #constant). 

[7.3.24] 

The last case is a form used to describe the permeability of saturated soils (see 

Lambe and Whitman, 1969) that implies that k --+ 0 as n--+ 0 ( i.e., no fluid left in 

pores) and k--+ oo as n--+ 1 (the material is all fluid). The theoretical limit where 

n --+ 0 corresponds to a value of J = 1- n 0 by equation [3.8.6]. Thus, local filtering 

effects and possible local reductions in relative fluid flow may occur in regions of 

the soft tissue where compaction may occur i.e., in the vicinity of points where 

J--+ (1 -no). 

At the outset, a full three-dimensional, anisotropic description of arterial 

poroelastic material response awaits detailed experimental and analytical study. 

Representative forms for the material properties were used in a FEM to illustrate 

their effect on the arterial structural response. A u-1r FE procedure (Chapter 5) is 

based on the following interpolations 

u = u(R, t) = Nu(R)u(t), 1r = 1r(R, t) = N1l"(R)1r(t) [7.3.25] 

the strains and the gradient in 1r are 

e = Bufi, 
811'" 
- =B 1f 8R 7r [7.3.26] 

where Br ==< 8Nr /8R Nu/ R >, B7r == 8N1l"/8R, ii and 7r are nodal displace-

ment and nodal pore fluid pressure values, arid N u and N 7r contain the interpolation 

functions. Here, a three-noded FE was used to approximate u and a two-noded FE 

to approximate 1r in order to minimize possible "checkerboarding" effects (Hughes, 
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1987) associated with the situation where Q ~ oo. A typical finite element resides 

in the undeformed region bounded by R1 , R2. The forms of the elemental residual 

W and equilibrium approximations are 

w = cp + pint - pext = 0. [7.3.27] 

The consistent elemental matrices are equations [5.3.8] and [5.3.11], where the 

damping matrix c, is 

( 
0 

c-
c?ru c~J [7.3.28] 

[7.3.29] 

and 

[7.3.30] 

with Q ~ oo and C7r1r ~ 0 for the incompressible case. The stiffness matrix k, is 

k = (kuu ku7r) 
. 0 k7r7r 

[7.3.31] 

k - k" + k(s) uu- uu uu [7.3.32] 

[7.3.33] 

1
R2 

k(s) = 21r BTS*B RdR uu u . u 
Rt 

[7.3.34] 

where stress matrix is 

[7.3.35] 

[7.3.36] 
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· · T -n · tT The internal force vector, pznt =< p~nt r~n >, 

[7.3.37] 

P int k -
1r1r = 1'r7r7r [7.3.38] 

and the consistent external force vector, 

[7.3.39] 

[7.3.40] 

In the above equations, 

[7.3.41] 

and 

[7.3.42] 

and correspond to q1 and q2 , prescribed pressures (force/unit of deformed area), 

and tb1 and tb2 , prescribed fluid relative velocities at nodes 1 and 2 (at the ends of 

the finite element). 

The above elemental relations yield the assembled forms for the residual 

as 

w = Cr + Rint _ Rext = O, [7.3.43] 

where global damping and stiffness matrices are C = [C(r)] and K = [K(r)]. 

Note that follower loading effects are represented since Rext = Rext(r, t). The 

time integration scheme was based on a predictor-corrector algorithm, explained 

in detail in Chapter 5. 
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7-9-1 Steady state analysis: 

Representative FEM results are presented here to illustrate the effective

ness of the model for the analysis of a typical large arterial cross section. The ma

terial properties Bo and Bijkl were taken directly from Choung and Fung (1984) for 

a rabbit aorta, and typical arterial dimensions were introduced. Figure 7.4 shows 

the pressure radius response for the arterial cross section subjected to internal air 

pressure and internal fluid pressure. The familiar sigmoidal nonlinear stiffening 

response was predicted by the FEM. These response curves were obtained using 

progressively higher pressures (0 to 200 rnm Hg), and a transient analysis was 

carried out at each pressure level to reach steady state. The air pressurization 

produces a consolidated (drained) state in the artery since there is no relative fluid 

flow at the internal surface due to surface tension. This state could be useful in 

the determination of the d; ained material properties if such air pressure experi

ments could be conducted on arteries. FEM and measured pressure radius data 

could then be correlated to establish iJ at 1r = 0. The fluid pressurization case 

corresponds to in vivo conditions. For this situation, the artery achieves a steady 

state configuration, however, there is a fluid pore pressure gradient and associated 

relative fluid motion in the wall. Note that these results are for situations where 

Az = 1. Future research will consider the mote general case ,\z 2:: 1. 

Figure 7.5 illustrates the steady state gradients in total Cauchy stress that 

develop in the arterial wall during fluid pressurization. These gradients become 

more pronounced when pressure is elevated from 100 mm Hg ("normal") to 200 

mm Hg ("hypertension"). Such gradients have been noted by other investigators; 

however, here we can also associate stress and strain gradients with gradients in 

pore fluid tissue pressure and the corresponding relative tissue fluid flow. 
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The permeability, k of the arterial wall tissue plays an important role in 

determining the transient and steady state response of a large artery. The nonlinear 

poroelastic FEM was used to demonstrate how various forms for k affect arterial 

behavior. Figure 7.6 depicts internal pressUre versus relative fluid flow through the 

external surface of the artery at steady state (fluid pressurization case). The results 

are given for the three permeability functiohs described above, i.e., two "linear" 

forms k = k0 , k = k0 , and the nonlinear form associated with saturated soils. 

The last form was introduced as a representative nonlinear permeability function 

that includes dependence of k on n. Figure 7.6 indicates a strong dependence 

of the pressure flow curves on the functional form of the permeability k. When 

k is constant a nearly linear pressure flow relation is seen, whereas when k = 

k0 =constant and k = J ,\ :R1 ko,\ :R1 is not constant, a nonlinear pressure flow curve 

is produced. The third form of k produes yet an even more pronounced nonlinearity 

in the pressure flow curve. 

Figure 7. 7 shows steady state gradiehts in the 1r that develop during fluid 

pressurization. These gradients may be exterthely important in relation to athero

genesis. The figure indicates a significant gradient in pore pressure at normal pres

sure (100 mm Hg) that is increased at hypertensive pressure levels (200 mm Hg). 

If the arterial endothelial cells should become damaged or deformed so that fluids 

can enter the interior wall layers, this gradient for fluid flow could move fluid, car

rying larger molecules, into the arterial wall. Without compensatory mechanisms, 

this process might well play a casual role in the development of atherosclerosis. 

The arterial tissue permeability significantly affects the pore pressure gradients 

and the associated gradients~. Thus, future research efforts should be devoted to 

the determination of arterial wall tissue permeability in normal and pathological 
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states. The FEM and experimental data (say, pressure flow measurements as in 

Figure 7.6) could be used to determine the nonlinear forms fork (and k). These in 

turn, could be used in the FEM described here to predict pore pressure and tissue 

relative fluid flows in the arterial wall. 

7-9-2 Transient analysis: 

In Figure 7.8, the dimensionless creep response u* = u(O, t)/ R is plotted 

against the dimensionless timer= BB0 k0 / R2 • In this case, the finite creep curves 

were calculated with k = constant. Also, in the same figure, the instantaneous de

formation due to the elasticity of the wall at t = o+ is shown where the wall behaves 

as an incompressible single-phase tube undergoing large deformation. Then, creep 

starts due to the relative motion of the fluid. The wall becomes more compressible 

until the displacement asymptotically approaches a constant value which depends 

on the stiffness of the wall. The rate of creep in the wall, i.e. the transition between 

the instantaneous deformation to the deformation at t ---+ oo is dependent on the 

form of the permeability k and ( iJ) used in the analysis. 

Figure 7.9 shows the pore pressure distribution across the arterial wall 

plotted versus the undeformed radius. At t = o+, the pore pressure distribution is 

equivalent to the hydrostatic pressure in an incompressible, nonlinear elastic tube. 

Severe pore pressure gradients are generated at the inner and outer boundaries 

of the vessel which will drive fluid into the arterial wall at the inner and outer 

surfaces. Comparsion of Figure 7.9 and Figure 6.5 (which also shows the pore 

pressure distribution across the wall using a small strain theory), indicates that 

at t = o+ the pore pressure is constant across the wall except in thin layers near 

the boundaries. As time progresses the pore pressure gradient decreases until at 
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steady state ( t ~ oo ), the fluid motion is uhidirectional from the inside surface to 

the outside surface. 

Figure 7.10, shows the transient pore pressure distribution across the vessel 

wall in the deformed configuration. Internal pressure of 200 mmHg was applied in 

this model. The permeability function of the form k = ko( :o )2
( 

1
1-=_n; )2 

is used in 

the FEM. The figure shows atransient hump in the pore pressure curve at about 

2/3 of the wall thickness. It is also clear ftom this figure that the pore pressure 

gradient is more steep because the artery has become thinner after deformation. 

Figure 7.11 illustrates the transient fluid relative velocity iv across the 

arterial wall in the undeformed configuration. A very large fluid flux was predicted 

by the model at the inner and outer surfaces of the arterial wall. As time progresses 

the flux gradients decrease, until the fluid relative velocity ifl reach a constant value. 

Figure 7.12 illustrates the transient fluid relative velocity ifl across the arterial wall 

in the current configuration. This figure shows the severity of the flux at the 

boundaries of the artery as the deformation progresses. 

From the representative FEM results discussed in this section, it is con

cluded that the nonlinear models accurately determine the interactions between 

solid stresses, deformations, pore fluid pressures, and relative pore fluid motion. 

These models also will allow quantitative study of the mechanical response, trans

port, and filtration in normal and diseased latger arteries during future research. 
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Figure 7 .2a Creep response for various loading conditions and materials. 

Solid displacement at point a versus time consolidation (I) and pressurization 

(II) for material A, B, and C. 
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Figure 7.2.b Fluid flow at point b versus time for pressurization (II) studies 

of material C. 
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Figure 7.4 Steady-state FEM pressure-radius response for a typical large 

artery. Air pressurization (drained) and fluid pressurization for ,\z = 1, 

pressure =0-200 mmHg., Ra =0.1667 em, Rb=0.25 em, using properties of 

Chuang and Fung (1984) and k = k0 =constant. 
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CHAPTER 8 

SWELLING ANALYSIS 

8-1 Introduction: 

The following section considers soft biological tissues as multiphasic media 

that exhibit swelling effects when ionic concentrations are changed. This theory 

is an extension of the linear theory presented in Chapter 6, in that it considers 

swelling for the small strain case with constant, isotropic material properties. The 

solid components are fibers of collagen, elastin and glycoproteins. The fluid phase 

contains water, freely diffusing solutes and very large proteoglycan (PG) macro

molecules. These PG's are mechanically constrained by the fiber network. The 

PG's consist of a large number of GlycosAminoGlycan (GAG) molecules. The GAG 

molecules cont ain a high density of negatively charged groups. The hydrophilic na

ture of the flexible PG molecules and their high concentration of relatively charged 

fixed groups, leads to a high "swelling pressure". This is because the free PG's 

aggregate to occupy a large solvent domain in aqueous solutions. The PG 's are 

constrained from reaching their maximum solvent domain by a dense, collagen net

work. Due to the random statistical nature of the interactions between PG's and 

their surroundings, the expansion forces tend to act in all directions. These forces 

are manifested as the macroscopically observed "swelling pressure" of a biologi

cal tissue. "Osmotic pressure" is due two different phenomena, the collision and 

the Donnan phenomenon. Collision pressure is associated with a semipermeable 
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membrane. The solutes transfer from the side of high concentration to the low 

concentration side. Donnan osmotic pressure is due to the negatively charged fixed 

groups that exist within the biological tissues. 

The distribution of mobile ionic species is not equal between the biological 

tissue and the surrounding fluid. There will always be more ions in the tissue than 

in the surrounding fluid. This situation will build an electro-chemical potential 

across the boundaries of the tissue. This electro-chemical potential is believed to 

be the cause of the swelling (or deswelling) of the biological tissues. Either swelling 

is due to the motion of the ions into the tissue (as suggested by Meyers et al.1981), 

or it is due to the motion of water into the tissue to dilute the high concentration 

inside the tissue (as has been suggested by Maroudas 1972) and implemented in 

a linear biphasic theory by (Lanir 1978). In this chapter the governing equations 

for the incompressible, free swelling case are shown to be the same in Myers' and 

Lanir's formulations. The theory developed here is valid for linear compressible 

and incompressible, free swelling and swelling combined with mechanical loading. 

Convection of species into the tissue is also considered. A mixed FE formulation 

is based on this theory. The theory and FEM are used to study a representative 

spinal motion segment (SMS). 

8-2 Linear poroelastic swelling analysis: 

The analysis presented here is based on the assumption that swelling pres

sure combined with mechanical hydrostatic pressure gradients are responsible for 

the fluid motion within the tissue. Also, in this study it is assumed that the pre

dominant fluid flux is due to diffusion. Convection is incorporated in the theory in 

Section 4. 
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Consider the equations of motion, equation [3.7.1] and [3.7.2]. For small 

deformation with constant isotropic material properties, quasi-static motion and 

no body forces, these equations take the form 

aaij = 0 
8x· J 

[8.2.1] 

[8.2.2] 

The constitutive equations for small deformations and compressible linear isotropic 

elastic material can be written as 

[8.2.3] 

1r = Q(aeii + () [8.2.4] 

where the elastic constants are 

[8.2.5] 

where ,\ and J.l, are the drained elastic Lame constants. The isotropic permeability 

tensor is 

[8.2.6] 

The magnitude of the concentration forces depends on the density of the negative 

charged groups of the GAG i.e. the "fixed charged density". The GAG density and 

the dilatation are dependent on the tissue water content. Therefore, one can argue 

that the concentration pressure 1rc is a function of dilatation. The simplest case 

is to assume that the concentration pressure is a linear function of free swelling 

dilatation [see Lanir 1978], i.e. 

c c"' c 
7r = ekk [8.2.7] 
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where ekk is the free swelling dilatation and 6 is a swelling material constant. 

The governing equation for swelling will now be derived generalizing the 

work of Lanir 1978. From equation [8.2.5] it can be shown that for an isotropic 

material 

[8.2.8] 

Differentiating · equation [8.2.3] twice yields 

[8.2.9] 

Differentiating equations [8.2.2] yields 

[8.2.10] 

Equation [8.2.4] can be rewritten as 

awj 1. . 
-- = -7r- aekk· 
8xj Q 

[8.2.11] 

Substituting equation [8.2.11] into equation [8.2.10] yields 

[8.2.12] 

Comparing equations [8.2.12] and [8.2.9] yields 

[8.2.13] 

This is a general governing equation for free and combined swelling, compressible 

or incompressible analysis. 

As a special case, consider free swelling where a ij 

Using equation [8.2.7], equation [8.2.13] becomes 
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[8.2.14] 

For incompressible case Q ---+ oo, a ---+ 1 the above equation reduce to 

[8.2.15] 

which is a diffusion equation in dilatation ( ekk)· Using the isotropic form of the 

permeability kij, equation [8.2.15] takes the form 

[8.2.16]. 

8-9 Linear poroelastic swelling by a thermal stress analogy: 

In this case the free swelling and mechanical response are assumed to be 

uncoupled yielding a generalization of the work of Myers et al. 1981. The argument 

for using theory without convection is that the characteristic time for ionic diffusion 

is very short in comparsion to the characteristic time due to creep for mechanical 

loading. Ionic effects on the solid matrix are incorporated into the constitutive 

·relation of the two phase model in a manner analogous to the linear thermoelastic 

constitutive relation for an isotropic solid. 

Now consider the equilibrium equations. In this view the first equation is 

[8.2.1], but the fluid equilibrium equation takes the form 

81r k-1 . 
8xi - ij Wj == 0. [8.3.1] 

The constitutive relation [8.2.3] takes the form 

[8.3.2) 
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where the last term is analogous to the thermal stress effect. Again, differentiate 

equations [8.3.2] twice and [8.3.1] once and make use of eqaution [8.2.4] yielding 

a 2 a i j a 2 e k l a 2 
7rc -1 [ 1 . . ] 

a a -Cijkla a -aa a 8ii-aki1· Q1r-aekk8ii=O, 
Xi X j Xi X j Xi X j 

[8.3.3] 

which is identical to equation [8.2.13]. Again for an incompressible material under-

goes free swelling, the above equation reduces to the diffusion equation in dilatation 

given by equation [8.2.15]. 

8-4 General small strain theory for swelling analysis: 

In this section a general theory is developed to describe swelling (or 

"deswelling") phenomenon in soft tissue. A fluid pressure 1r* = 1r- 1rc (see Chap

ter 3) is used here. Quasi-static analysis fot linear, isotropic material is considered 

here. Also, the theory incoporates the convection of ions into the tissue by the 

relative fluid flow. 

Consider the fluid governing equations [3.9.2]. Using equation [8.2.6] and 

the relation between the free swelling strain and the concentraion, i.e ekk = -ace, 

equation [3.9.2] becomes 

a'Tr -1 . " c ac -a = ki1· wi - Ca -a . 
Xi Xj 

[8.4.1] 

Since ionic convection is associated with fluid flow in the tissue, the material time 

rate of change of the concentration c is a fhtid material time rate of change, i.e. 

~~ , and c can be written as 
. ac .• ac 
c=-+U·-. 

at J 8xj 
[8.4.2] 

The second term of eqaution [8.4.2] is the convected term which couples the fluid 

and ionic flow. Using equation [3.3.6] 

. ac (. wi) ac c=-+ u·+- -. 
at J n axj 

[8.4.3] 
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Another relation is needed here. The concentration flux ac is related to 

the concentration gradient Ec as 

where 

a~= d fC? 
' ' 

c ac 
€·=-
' axi 

and dis the tissue diffusion coefficient. 

8-5 Summary of the governing equations: 

Equations of motion: 

Constitutive law: 

aa·· _,_) = 0 
axj 

a7r -1 . " c ac -a = ki1· wi - Ca -a 
Xi Xi 

aai ac (" wi) ac -=-+ Uj+-
axi at n axj 

1r = Q(aeii + () 

Strain-deformation relations: 

eij = !(aui + auj) 
2 axj axi 

( = awi 
axi 

[8.4.4] 

[8.4.5] 

[8.5.1] 

[8.5.2] 

[8.5.3) 

[8.5.4] 

[8.5.5] 

[8.5.6] 

[8.5. 7] 

[8.5.8] 
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[8.5.9] 

where the required material properties are .A, p,, a, Q, k, and d. The above equations 

represent an initial boundary problem to be solved subject to initial conditions and 

boundary conditions. 

8-6 Finite element formulation: 

Following the procedure discussed in Chapter 5, the FEM is developed 

using a Galerkin approach and a principle of virtual velocities (PVV s ). Given the 

arbitrary virtual variables 8ui, 8wi, 81r a:q.d be, and using equations [8.5.1], [8.5.2], 

[8.5.3] and [8.5.5], the PVVs for a finite element is 

r 8ui aaij dtr = 0 
lv axj 

[8.6.1] 

J (" . [ a'lr k-1 . c" c ac ]d 
OWi -a - iJ. Wj + . a -a V = 0 

V Xi Xi 
[8.6.2] 

r 1 . Jv 81r[Q 1r- (aeii + ()]dV = 0 [8.6.3] 

J '" . [ aaf ac ( . . w. i ) ac ] dV 0 oc---- Uj+-- = . 
v axi at n axj 

[8.6.4] 

Using matrix notation introduced in Chapter 5, the interpolated virtual and actual 

displacement fields take the forms 

[8.6.5] 

[8.6.6] 

[8.6. 7] 

c = 'YL C£., etc [8.6.8] 
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In general 'ljJ N, ¢ M, /3Q, and 1 L can be different interpolation functions and 

UNi, WMi, 7rQ, C£ are the time-dependent generalized nodal displacements. Let p 

be a column matrix of these nodal values defined as 

ii 

w 
p= [8.6.9] 

7r 

c 

The additional elemental matrices (the rest of these elemental matrices are 

presented in Chapter 5) with linearization introduced are 

Damping 

c<•) = [ ~ 
0 0 

c~J Cww 0 
C7ru C7rw c7r7r 

0 0 0 

[8.6.10] 

where 

Ccc = [i /N/MdV]. [8.6.11) 

Stiffness 

[kuu 0 ku7r 

-~we] k= 0 0 kw1r 

0 0 0 
0 0 0 kcc 

[8.6.12] 

where 

1 . o,L 
kwc = v ¢N Cac axj dV [8.6.13] 

k = 1 {)IN J. {)/M dV 
cc v axi axj · [8.6.14] 

External Forces 



p(e)ext = 

where 

pext 
u 

pext 
w 

pext 
1t' 

pext _ p* 
c c 

The elemental equilibrium equation takes the form 

cp + kp = pext, 

and the assembled form is 

Cr + Kr = Rext. 

8-7 Results and Discussion: 
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[8.6.15] 

[8.6.16] 

[8.6.17] 

[8.6.18] 

[8.6.19] 

Experimental data regarding the swelling in arterial wall are very limited 

in the literature. However, qualitatively, investigators have shown that osmotic 

pressure plays an important role in the transport process across arterial wall [see 

Vargas and Blackshear 1978]. In this section, only steady state analysis was carried 

out as a preliminary study of the swelling effects on the mechanical response of a 

representative biological tissue under loading. A rhesus monkey spinal motion 

segment (SMS) was chosen here as an exatrtple to illustrate the effect of swelling 

phenomenon since some data was available describing swelling and other properties 

of discal tissues. Therefore, a SMS was simulated using the axisymmetric FEM 

described by Simonet al. (1985b ). For steady state analysis of a SMS, the rate of 
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change of pore fluid pressure and the pore fluid pressure are zero. The formulation 

. excluded convection and was based on the above poroelastic-ionic swelling theory 

to model the intervertebral disc (IVD). The cancellous bone was also considered 

to be poroelastic but without any swelling response. The poroelastic material 

properties for the components in the SMS were similar to Simonet al. (1985b ). In 

order to demonstrate the effects of ionic swelling, a representative value for ac of 

0.093 [/molar] was taken from Myers et al. (1984) for isotropic ionic contraction in 

articular cartilage due to changes in the concentration of N aCl. Articular cartilage 

and the IVD were assumed to have similar swelling characteristics. Table 8.1 

summarizes the values for material constants used in this study. It should be 

noted that the tissue fluid was considered to behave mechanically like water which 

is incompressible ( ]{ f very large), whereas the solid was taken to be compressible 

. (a < 1 and Q < oo ). Also note the very low values for permeability k that have 

been observed experimentally for the disc (e.g. see Urban and Maroudas, 1980). 

In this section, only steady state conditions in the SMS were considered, 

therefore no value for d was required. Ionic diffusion was assumed to proceed 

rapidly until a uniform concentration level was produced in the entire IVD. Thus, 

"static" SMS configurations were considered where t ----7 oo and r = 0 so that 

the equation Kr = Rext for a given concentration level c was solved for u and w 

in r and the corresponding deformations, relative fluid motion, and stresses were 

determined in the SMS. For these static states, 1r = 0 and mechanical stresses are 

calculated using equation [8.3.2] including the additional ionic swelling term that 

is proportional to c. 

Two representative conditions of the SMS were considered, i.e., Case 1, a 

"free-swelling" SMS subjected to swelling loads associated with a uniform decrease 
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in the concentration of N aCl and no external mechanical loads and Case 2, the 

same SMS subjected to swelling loads and cortstrained in the z- direction (vertical) 

at the top of the FEM (mid-vertebrae level) so that discal swelling would result in 

stress and pressure buildup in the IVD. In the FEMs, the "top" of the SMS and 

"side" of the disc were "open" so that relative fluid motion could occur through 

these surfaces and a" drained" state could be achieved ( 1r = 0) and c = uniform in 

the IVD. The mechanical state of the in vivo unloaded IVD is probably between 

the extrema of Case 1 and Case 2 due to mechanical constraints such as connective 

tissues surrounding the disc. 

The FEM results for Case 1 are shown in Figure 8.1. Figure 8.1-(a) is the 

undeformed model of one-half of an axisymmetric representation of the SMS. For 

decreased concentration in the IVD, swelling occurs that is seen as an increase in 

dis cal bulge and an increase in discal height. A bulge displacement and a vertical 

displacement were found to be UB = 0.581mm/M and ur = 0.181mm/M, re

spectively per molar (M) of decrease in the concentration of N aCl. Figure 8.1-(b) 

·shows the displacements and the overall deformed shape of the FEM associated 

with free-swelling. The relative motion of pore fluid w is shown in Figure 8.1-

( c). Typical values for relative fluid displacement are w B = -0.618mm/ M and 

wr = -0.400mm/M at the side and top of the SMS (see Figure 8.1-c for w, the 

relative fluid displacement field at t ---t oo ). Fluid influx is seen to be associated 

with discal swelling. Note that w is defined relative to the deformed shape (shown 

magnified in the figures) but is plotted on the undeformed shape for clarity. The 

pore pressure is zero and stresses are relatively low for the free swelling static case. 

Figure 8.2 depicts the response of the same rhesus SMS constrained so that 

ur = 0 at the top (mid vertebrae) of the FEM. Figure 8.2-(a) is a magnified plot 
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of the deformed shape of the FEM in which a significant discal bulge is evident, 

e.g. u 8 = 0.735mm/M per molar decrease ip NaCl concentration. The relative 

pore fluid displacement field is shown in figure 8.2-(b) and again fluid influx is 

seen at the side (wn = -0.675mm/M) and at the top (wr = -0.123mm/M). At 

t ----+ oo, 1r ----+ 0 and total internal stresses and pressure occur in the FEM due to the 

constrained swelling in the IVD. An indication of the intradiscal pressure associated 

with discal swelling was obtained by calculating the mean hydrostatic stress, i.e., 

the pressure near the "center" of the nucleus in the FEM (see Figure 8.1-a). For a 

representative uniform decrease of 0.2M in N aCl concentration (the maximum level 

reported in Myers et al. 1984), the nuclear pressure was predicted to be 60 kPa. 

This pressure can be compared with experimentally measures values, e.g. Berkson 

et al. (1979), who reported the average intradiscal pressure as 109 kPa in unloaded 

human SMSs. We note that the rhesus IVD considered here is significantly smaller 

than Berkson et al's human specimens, thus a reasonably good comparsion was 

obtained between the rhesus FEM and experimental data for human IVDs. The 

total stresses increase in the SMS for constrained discal swelling. Figure 8.2-( c) 

illustrates axial stress contours of azz/CNaCl· A primarily compressive stress state 

results from discal swelling against the constrained vertebral body. This stress state 

is quite different from the static stresses associated with mechanical compression 

alone, applied at the top of the FEM. The level of ionic concentration in the IVD 

may cause significant compressive stresses and intradiscal pressure that will be 

accentuated when additional static or dynamic mechanical loads are imposed on 

the SMS. Thus, the IVD in a loaded SMS tnay be significantly affected by the 

swelling of the disc. 
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The objective of this chapter was to present, for the first time, a quantita

tive description of the mechanical effects of swelling in the IVD on the structural 

response of a SMS. Although a simplified FEM was employed, the preliminary 

findings and comparsion with experiments are encouraging. In future works, a 

"mixed" swelling FE approach will be carried out (with a -+ 1 and Q -+ oo) in 

order to study the IVD assuming that both solid and fluid phases in the poroelastic 

materials are incompressible (i.e., J{ f -+ oo and K 8 -+ oo, here). A combination of 

swelling and mechanical loads in static and transient states will also be considered. 

The linear formulation given here needs to be extended to include the nonlinear 

effects (e.g. material nonlinearity and geometric nonlinearity as well as convection 

phenomena). Such a nonlinear poroelastic-swelling FEM should be useful in the 

study of th normal IVD as well as for the simulation of various degenerated states 

of the IVD, surgical procedures, or the effects of chemonucleolysis. A nonlinear 

poroelastic FEM including convection might be especially useful for the study of 

swelling effects in normal or diseased arteries, 
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Nucleus, Annulus, 
and Cartilagenous Cancellous 

Property End Plate Bone 

E (Nim2) 1.2 X 106 1.75 X 107 
II 0.45 0.25 
a 0.9 0.9 
a (NJrn2) 1.88 X 108 2.74 X 108 

k ( m4 /N-sec) 0.7 X 10-15 1 X 10-13 
n -0.7 C.5 
CXc (M-1) 9.3 X 10-2 

Table 8.1 Material properties for FEM of SMs. 
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CHAPTER 9 

CONCLUSIONS AND RECOMMENDATIONS 

Soft biological tissue structures contain a high amount of free fluid. N u

trition and malfunction of these organs may be affected by the motion of this 

fluid. Material · transport has been confirmed to occur through and within these 

tissue. Arterial diseases, e.g. atherosclerosis, may be related to transport of macro

molecules from the lumen into the arterial wall, under mechanical and/ or chemical 

potential gradients. Soft tissues are nonlinear, nonhomogenous, anisotropic, and 

multiphasic structures. A general nonlinear multiphasic theory is required to model 

these tissues. In this thesis, the theory of mixtures was utilized to develop a general 

three-dimensional, multiphasic finite strain theory that is suitable for the analysis 

of soft biological tissues. This theory is capable of modeling the behavior of these 

nonlinear anisotropic structures provided that the appropriate material properties 

are available. 

Based upon this multiphasic theory and the principle of virtual velocities , 

three nonlinear finite element models ( u- w, u -1r and u- w -1r forms) were intro

duced. Special consideration was given to the incompressibility constraint equation 

associating the solid and fluid phases. Penalty and mixed formulations were used to 

discretize the governing equations including the incompressiblity constraint equa

tion. This thesis demonstrated that mixed FEMs produced more accurate fluid 
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pore pressure distributions. The mixed approach was used in this work to study 

the mechanics of arterial wall. 

A first order implicit multi-predictor, multi-corrector time integrator was 

used to solve the nonlinear ordinary differential equations produced by the FEMs 

of the governing equations. This algorithm is similar to the backward difference 

scheme introduced by Hughes (1977) and was modified to solve the two-phase, 

nonlinear FE problems considered in this thesis. 

The general, nonlinear FEMs were first specialized to small deformations 

of a linear material and a linear mixed FEM was used to study the quasi-static 

mechanics of large arteries. Linear poroelastic FEMs of a typical large arterial 

cross section yielded results that agree with experimental observations as well as 

analytical solutions, including the boundary layer phenomenon reported by Kenyon 

(1976). A severe pore fluid pressure gradient resulting in a high fluid flux at the 

inner boundary of an artery was predicted by the FEM. This fluid flux may convey 

large macromolecules into the wall, which could in turn accelerate atherogensis. 

Soft biological structures are normally subjected to large physiolgicalloads 

which cause finite deformation in these compliant tissues. In steady state situations, 

the tissue exhibits a natural stiffening effect which limits the strain it sustains under 

large applied loads. These loads are resisted by a solid matrix and the transient 

viscous drag developed within the tissue against the interstitial fluid flow. This 

viscous drag is greatly influenced by changes in porosity and permeability of the 

tissue due to large deformation. In this thesis it was suggested that there may be 

a limit to the fluid effect if large deformation causes the porosity in the tissue to 

become zero. 
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The mixed, nonlinear FEM was used to more realistically simulate the 

mechanics of the arterial wall. Steady-state and transient pressure-radius curves 

. typical of arterial behavior were obtained using the FEMs. Two types of steady

state loadings were considered - air pressurization and fluid pressurization. In the 

drained state produced by air pressure, the tissue was stiffer than when the artery 

was subjected to fluid pressure. The FEMs predicted that the fluid flux through 

the wall is highly dependent on the form of the hyperelastic material law of the 

solid phase as well as the nonlinear permeabilility function used in the model. 

Nonlinear FEMs showed that there may be pore fluid pressure gradients across the 

wall (in addition to the gradients at the boundaries), that cannot be predicted by 

the small strain theory. This means the linear theory may underestimate the fluid 

flux through the tissue. Also it was found that the linear theory over estimates 

the deformation of the tissue under large applied loads. The pressure-radius curve 

obtained using the nonlinear FEM (for axisymmetric plane strain simulation of 

arterial wall using an experimentally measured anistropic material property func

tion) agrees well with experimental arterial deformation data reported by Choung 

and Fung (1984). 

One of the differences between biological tissue structural mechanics and 

mechanics of other structures is the chemical dependence of the former. Swelling 

phenomenon in soft biological tissue is well known. Few investigators have at

tempted to model this phenomenon mathematically. Two investigators used a 

linear poroelastic theory to model the swelling effect in articular cartilage. Their 

models, however, is only good for special cases. For example, the models are valid 

only for free swelling cases, incompressible material analysis, and no convection 

was considered. In this research, a general linear poroelastic, swelling theory was 
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developed. This theory can be used for incompressible and incompressible mate

rial analysis. Free swelling and swelling combined with mechanical loading can be 

simulated using the proposed theory. Ionic convection was also introduced in this 

theory and the associated FEM formulation was presented. To show the effect of 

swelling on the mechanical behevior of a soft tissue, an axisymmetric FEM was 

used to simulate a spinal motion segment (SMS). The FEM predicted a signifi

cant effect of swelling on the deformation and stresses in the SMS. An interdiscal 

pressure comparable to experimental swellirtg pressure measurements (performed 

by Berkson at el., 1979) was obtained using the FEM. 

9-1 Recommendations for future work: 

For a realistic, quantitative application of the theory developed in this 

thesis to soft biological tissue structures, an experimental program needs to be 

designed and performed. The general theory presented here can provide guidelines 

for such experimental measurements and the necessary format for data analysis. 

It is apparent from the results of this tesearch that a multiphasic approach 

combined with nonlinear finite element analysis can offer new perspectives for me

chanical studies of soft biological tissues. Extensions of the work described in this 

thesis needs to be conducted in order to cohsider the possible mechanical inter

actions between hypertension, smooth muscular activity, material and geometric 

stiffening and possible relations of these interactions to atherogenesis in large arter

ies. Results presented here were for arteries subjected to internal pressure and no 

longitudinal stretch in the artery. Study of the mechanics of large artery subjected 

to variable longitudinal strain combined with radial pressure gradients is required 

to simulate in vivo deformation and tissue fluid flow states in the arterial wall. 
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The permeability functions used in this research were based upon a form 

proposed by Mow et al (1984) for articular cartilage and other permeability forms 

commonly used in soil mechanics. Experiments need to be done to determine the 

nonlinear permeability function for large arteries. Direct pore pressure distribution 

measurement combined with fluid flow measurement is not possible in arterial wall 

tissues. Future experiments must be developed to determine k (rather than k) 

. based on the total Lagrangian view where the original configuration is used as a 

basis. 

The biological materials considered in this thesis may also behave as vis

coelastic bodies. Here tissue viscoelasticity was associated with the motion of the 

pore fluid relative to the deforming solid. There may be "intrinsic" viscoelasticity, 

however, which depends upon the rate of deformation of the solid matrix. The 

latter effect is generally thought to be much smaller than the former. However, 

while remaining small it may become dominant in situations where the Darcy flow 

is negligible. Extension of the present work to include this phonomena is possible. 

A nonlinear viscoelastic model could be used to simulate the solid phase in the 

poroelastic theory presented here. Experimental methods would be necessary for 

the measurement of the viscoelastic properties of the porous solid structure alone 

that are distinct from flow induced viscoelasticity associated with permeability. 
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