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ABSTRACT 

The aim of this dissertation is to develop theoretical models for the motion 

of rigid and flexible particles through very tight spaces. The geometries of conduits 

which will be investigated are cylindrical tubes, parallel plane walls and rectangular 

channels. This work is motivated by an interest in the flow and deformation of 

single red blood cells in very narrow capillaries, in spleen and in bone marrow. 

Mammalian red cells are highly flexible, but their deformations satisfy two 

significant constraints. They must deform at constant volume, because the contents 

of the cell are incompressible, and also at nearly constant surface area, because the 

red cell membrane strongly resists dilation. Consequently, there exists a minimal 

tube diameter below which passage of intact cells is not possible. A cell in a tube 

with this diameter has its critical shape: a cylinder with hemispherical ends. The 

motion of red cells is analysed using lubrication theory. When the tube diameter is 

slightly larger than the minimal value, the cell shape is close to its shape in the criti

cal case. However, the rear end of the cell becomes flattened and then concave with 

a relatively small further increase in the diameter. The changes in cell shape and the 

resulting rheological parameters are analysed using matched asymptotic expansions 

for the high-velocity limit and using numerical solutions. A rapid decrease in the 

apparent viscosity of red cell suspensions with increasing tube diameter is predicted 

over the range of diameters considered. The red cell velocity is found to exceed the 

mean bulk velocity by an amount which increases with increasing tube diameter. 

The same type of analysis is applied to the flow and deformation of red 

blood cells between two parallel plates with near-minimal spacings. First, the critical 

shape of the particle and the minimum gap width are determined using calculus of 
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variations. In this case, it is a disk with a rounded edge. The flow in the plasma 

layers between the cell and the plates is described using lubrication theory. Approx

imate solutions can be obtained using a locally two-dimensional analysis at each 

point of the rim of the cell. Cell shapes, pressure distributions, membrane stresses 

and particle velocities are deduced as functions of geometrical parameters. One sig

nificant finding is that the gap width between the cell and the wall decreases with 

distance from the axis of symmetry parallel to the flow direction. The red cell velo

city may be smaller or larger than the mean fluid velocity far from the cell, depend

ing on the spacing of the plates, with equality when the width of the red cell is 

about ninety percent of the spacing betwwen plates. The same procedure is also 

applied to rectangular channels. 
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CHAPTER I 

INTRODUcnON 

The aim of the work described in this dissertation is to develop theoretical models 

for the motion of tightly-fitting rigid and flexible particles through very narrow passages. 

The work is motivated by an interest in the flow and deformation of red blood cells passing 

through the spleen and the bone marrow and through very narrow or partially obstructed 

capillaries in other tissues. Since the mechanical properties of red blood cells have been stu

died in great detail, theoretical models can be formulated from first principles and are used 

to investigate the rheological behaviour of blood in such conduits. In particular we are in

terested in the red cell motion through pathways of near-minimal dimensions such as cyl

indrical tubes, two parallel plane walls and rectangular channels. Although these models 

have been developed for red blood cells, they also have have applications in the motion of 

gas bubbles in tubes, flow through porous rock in an oil reservoir and other two-phase 

flows. 

1.1 MECHA.NICA.L PROPERTIES OF RED BLOOD CELLS 

Theoretical models to describe the motion of red blood cells can be formulated from 

first principles since extensive experimental work has been carried out to determine the 

mechanical properties of red blood cells (Skalak, 1976). The major characteristic of the 

mammalian red blood cell is its high degree of deformability. It consists of a thin elastic 

membrane which can shear and bend readily but has a high isotropic modulus, and its inte

rior is filled with cytoplasm, which is an incompressible Newtonian fluid with a viscosity of 



15 

about 10 cPo Therefore, the red cell deforms at constant volume. The membrane can 

behave quite differently depending on how it is stressed. Under steady conditions only elas

tic deformations need to be considered for axisymmetric configurations. The modulus of 

shear elasticity (4.2 x 10-3 dyn/cm; Chien el aI., 1978) is much smaller than that of isotropic 

dilation (500 dyn/cm). Thus isotropic tension which tends to increase the area of the mem

brane encounters a stiff elastic resistance but, at the same time, the membrane shears read

ily. The bending modulus (1.8 x 10- 12 dyn cm; Evans, 1983) is also very small and conse

quently bending resistance is significant only in regions of high curvature. 

Red blood cells have been observed to tank-tread (that is, the membrane flows 

steadily around the cell) in shear flows (Fischer el aI., 1978). Tank-treading has also been 

observed in capillary flow (Gaehtgens & Schmid-ScOnbein,1982). This phenomenon can be 

included in asymmetric models (Secomb & Skalak, 1982; Hsu and Secomb, 1989). The red 

cell also exhibits viscous behaviour. For example, when the red cell is subjected to large 

rates of deformation, there is internal friction and heat dissipation within the membrane 

(Evans and Skalak 1978). This can be important in the modelling of red cells through non

uniform geometries. 

The mechanical properties of red blood cells are quite different in the bone marrow 

and in the spleen. When the red cells grow in the bone marrow, they behave as rigid parti

cles since they have nuclei. They lose their nuclei on entering the bloodstream. Red cells 

circulate for approximately 120 days, and lose their flexiblity with age. Eventually they are 

hemolyzed in the spleen. 

1.1 BLOOD FLOW IN MICROVESSELS 

In large vessels, such as arteries and veins, blood can be represented as a continuum, 
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but in microvessels the particulate nature of blood must be considered. Fahraeus (1929) 

showed that the volume concentration of red cells within a microvessel is lower than that of 

the outflowing blood. This is due to the fact that red cells tend to travel near the axis of 

symmetry where the resistance to flow is lowest, and the plasma is concentrated in a thin 

layer adjacent to the wall of the tube. Therefore, on average the red cells travel faster than 

the plasma, and so their transit time is lower. The experiments of Albrecht et al. (1979) 

clearly demonstrated the existence of the Fahraeus effect in glass tubes ranging from 3.3 to 

II #,m in diameter. Fahraeus and Lindqvist (1931) showed that the apparent viscosity of 

blood in microvessels decreases with decreasing vessel diameter. Gaehtgens (1980), using 

human blood, demonstrated that this reduction continues down to capillaries with diameters 

of 4 to S #,m. However, the apparent viscosity increases for vessels with diameters less than 

this, and tends to infinity as a critical diameter is reached. This is the minimum vessel size 

which allows a cell to pass without increasing its surface area. An important phenomenon 

which may occur in very narrow capillaries is flow cessation. For example, capillaries found 

in cardiac muscle are very small (Potter and Groom, 1983) and some larger cells may be 

unable to flow, or the driving pressure in partially occluded capillaries may be too low 

(Secomb, 1987). It is also known that red blood cell size can vary with age (Stadler and 

Linderkamp, 1989). Neonatal erythrocytes typically have larger volumes and surface areas 

than adult cells. Consequently the younger cells may have difficulty in passing through cap

illaries of near-critical size, and this may lead to impaired microcirculation in some organs. 

Also, this may apply to diabetics (Kowluru el aJ., 1989). The contractility of capillaries also 

needs to be considered. Capillaries are compliant, and so their diameter may decrease if the 

internal blood pressure is low. The endothelial cells which comprise the capillary walls are 

not passive and have some contractile ability. 

The flow of red cells through other tissues has also been investigated. The spleen, 
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for example, acts as a filter removing red cells which have become less deformable with age 

(Linderkamp and Meiselman, 1982). These cells may have difficulty in passing through very 

narrow pathways in the reticular meshwork of the red pulp or through slit-like fenestrations 

in the endothelium of the venous sinuses (Drenckhahn and Wagner, 1986; Macdonald el al., 

1987). In the bone marrow, red blood cells enter the circulation through very small open

ings I to 3 pm in diameter due to a pressure difference across such openings of the order of 

I to 3 mmHg (Waugh and Sassi, 1986). The reverse of the Fahraeus effect can occur in 

near-critical geometries which may be found in the microcirculation. For example, in the 

flow of a particle between two parallel plates, the suspending fluid can flow around the par

ticle. This effect could be important in understanding the motion and deformation of red 

blood cells in partially occluded capillaries and in other pathways with non-circular geome

tries. 

I.J THEORETICAL MODELS FOR THE MOTION OF AXISYMMETRIC CELLS IN 

CAPILLARIES 

The external fluid forces acting on a red blood cell are balanced by membrane-in

duced stresses. When the membrane is highly stressed, shear and bending strains must be 

very large in order to generate correspondingly large shear and bending resistances, but small 

membrane dilations can generate high isotropic tensions. When red cells flow along cylindri

cal vessels with near-minimal diameters, large external viscous shear stresses can therefore be 

balanced primarily by isotropic tensions. We refer to this as the high-velocity limit (Barnard 

el aI., 1968). Shear and bending resistances become increasingly important at low cell velo

cities. However, it is not always possible to obtain equilibrium solutions in which isotropic 

tension is the dominant membrane stress. In other geometries, such as between two parallel 
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plates, the loading on the particle is not axisymmetric and significant shear resultants may be 

required in order to satisfy the conditions of membrane equilibrium. 

The fluid mechanics of the suspending plasma must also be considered. Several 

approximations can be made since the plasma is an incompressible Newtonian fluid, and 

since inertial forces are much smaller than viscous forces. The Reynolds number in the 

microcirculation is typically very small. The existence of a thin plasma layer between the 

vessel and membrane walls suggests that the Navier-Stokes equations can be approximated 

by those of lubrication theory. The theory of lubrication has been applied to a variety of 

engineering problems such as journal and thrust bearings which date back to Reynolds 

(1886). An historical review of the subject is given in Cameron (1966). This approximation 

can be extended to flow regions where the gap width is no longer small (Secomb el al., 

1986). 

There have been a number of research papers on the flow of axisymmetric red blood 

cells in narrow capillaries in the past twenty years. The first models due to Lighthill (1968) 

and Barnard et a/. (1968) used different assumptions concerning the response to deformation 

of a red cell. Lighthill (1968) assumed that the radial deflection of the cell is proportional 

to the local fluid pressure. This assumption has been shown to be incorrect as far as red 

blood cells are concerned. Barnard el al. (1968) developed a model in which the red cell is 

represented as a flexible circular sheet which is deformed into a "thimble" shape, and the 

viscous shear stresses are balanced by isotropic in-plane tensions. Later, Lin el al. (1973) 

used a bullet-like shape insttac:1 which was more realistic. More recently, Secomb and Gross 

(1983), Ozkaya (1986) and Secomb et a/. (1986) have developed and investigated isotropic 

tension models for the motion of axisymmetric red cells in narrow capillaries. 

Membrane shear and bending become important at lower velocities and for larger 

diameters, and the tension is no longer isotropic. There have been a number of studies 
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which have included both bending and shear. Zarda et aI. (1977) used a variational 

approach which was solved by finite elments and assumed the unstressed shape to be a 

biconcave disk, whilst Secomb et al. (1986) used lubrication theory and assumed the uns

tressed shape to be a sphere. Hsu and Secomb (1989) have shown that the assumptions 

about the unstressed shape are only significant at low cell velocities and when the tube 

diameter is close to 8 I'm, the diameter of the biconcave disk. There were also some differ

ences in the constitutive relations used for analyzing the effects of shear and bending, as 

shown by Secomb (1988). Results have not previously been obtained for tubes with diame

ters less than 4 I'm including bending shear and bending resistance because of computational 

difficulties (Secomb el al., 1986) and so comparison with models which are applicable for 

smaller diameters has not been possible. 

1.4 CRITICAL DIMENSIONS FOR PASSAGES OF RED BLOOD CELLS 

The constraints of constant surface area and volume impose certain limitations on the 

possible shape of a red blood cell. Also, there exists a critical dimension of the pathway 

through which the cell can pass without hemolyzing. It has long been stated that the critical 

cell shape in a cylindrical tube is a cylinder with two hemispherical ends (Canham and 

Burton, 1968). This may be verified using the calculus of variations, by seeking to minimise 

the vessel radius while satisfying the constraints of constant cell volume, V, and surface 

area, A. For typical human cells (V - 90 I'm', A - 135 I'm2), the critical radius r c is 1.42 

I'm and the length lc of the cylindrical part is 12.26 I'm. Experimental observations show 

that as the capillary diameter decreases, the red cells become longer and narrower and have 

approximately axisymmetric shapes. The variational approach can also be applied to deter

mine the minimum dimension of an opening or spacing of a certain geometry through which 
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red cells flow. An example is two parallel plates. In this case the particle is a disk with a 

rounded edge. The minimum distance between the two plates is 1.82 #-lm and the radius of 

the disk part is 3.29 #-lm. In this an example, the free parts of the cell, that is the parts 

which are not in contact with the plates, are not parts of spheres. 

1.5 THEORETICAL MODELS FOR THE MOTION OF RED BLOOD THROUGH 

PASSAGES OF NEAR-CRITICAL DIMENSIONS 

In a vessel of near-critical diameter, the red blood cell assumes a shape close to the 

critical shape. Secomb and Gross (1983) gave an approximate analysis of this case by 

assuming that the red cell behaves as a rigid body with the critical shape. Two-dimensional 

lubrication theory was used, with a quadratic approximation to the gap width. ()zkaya and 

Skalak (1983) and Czkaya (1986) showed that closed-form solutions could be obtained under 

the same assumptions without making any approximation to the gap width, by making an 

integral transformation due to Sommerfeld (1904). There have also been a number of stu

dies on the motion of closely-fitting spheres through tubes (Wang and Skalak 1969; Bungay 

and Brenner 1973) which provide a critical test of the applicability of lubrication theory. 

The development of theoretical models for the motion of red blood cells through 

conduits other than cylindrical tubes is at a much earlier stage since there has been limited 

experimental work. Ganatos el aJ. (1980a, 1980b, 1982) developed a collocation method to 

solve the problem of creeping motion of a sphere between two infinite parallel plates. These 

extensive studies, however, did not include cases where the gap widths between the sphere 

and the walls are very small. Consequently, comparisons with results obtained using lubrica

tion theory cannot be made in cases in which lubrication theory is expected to be most 

accurate. It has been shown that when the gap width is very small, the drag on a sphere 
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moving parallel to a single plane wall in an otherwise quiescent fluid obtained using lubrica

tion theory does not agree well with the exact theory (Goldman et aI., 1967). More recently, 

Dvinsky and Popel (1987a,b) have developed a numerical method to study the motion of a 

rigid cylinder between parallel plates in Stokes flow. Results obtained using lubrication 

theory agree very well with theirs for small gap widths. 

1.6 OYERYIEW OF DISSERTATION 

The constraints of constant volume and surface area impose a lower limit on the size 

of openings through which an intact red blood cell may pass. The problem of determining 

the critical minimum radius of a capillary is solved using calculus of variations in chapter 2. 

This method is also used to compute the minimum spacing between two plates. 

Secomb et aI. (1986) developed asymptotic and numerical solutions for the motion of 

axisymmetric red blood cells in capillaries, using lubrication theory. Analogous methods are 

used here to analyse red cell motion in narrower capillaries with near-minimal diameters in 

chapter 3. In section 3.2 the governing equations of membrane equilibrium and fluid 

mechanics are established. Section 3.3 is devoted to asymptotic and numerical solutions for 

near-critical cell shapes which correspond to the high-velocity limit, and to solutions for less 

elongated red blood cells. In section 3.4 the equations derived in section 3.2 are solved 

numerically, and the results are compared with the predictions of section 3.3 and to other 

analyses. 

The methods used in models for the motion of red cells between two parallel plates 

are analogous to those previously described for the flow of axisymmetric particles in very 

narrow tubes (OOaya, 1986 and Secomb et aI., 1986). Chapter 4 is devoted to the motion 

of rigid particles between two infinite plane walls. In section 4.2 the equations of fluid 
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mechanics are derived. Section 4.3 is devoted to solutions for rigid particles possessing the 

critical shape. The analysis is similar to that used in Hele-Shaw cells in which potential 

("inviscid") theory is applied. The no-slip condition cannot be applied using this theory, and 

in order to match the tangential velocities at the surface of the particle, a boundary layer 

analysis is performed. In section 4.4, solutions for the cylinder and the sphere are deter

mined. These provide a critical test of lubrication theory. 

Theoretical models for the motion of flexible particles between two plates are devel

oped in chapter S. The equations of membrane equilibrium are derived in section 5.2. In 

section 5.3, asymptotic and numerical solutions are obtained for near-critical cell shapes. 

Section 5.4 is devoted to a strain/stress analysis of the disk region of the particle. In section 

5.5, the results obtained for flexible particles are compared with those obtained in chapter 4 

for near-critical shapes. 

In chapter 6, the analysis developed for the motion of particles betwen two parallel 

plates in chapter 4 is extended to the flow of particles through slots. These slots are wide 

enough so that the critical shape is the same as before. In sections 6.2 and 6.3, the equations 

of fluid mechanics are derived and solved in various flow regions. Solutions for rigid parti

cles of near-critical shape are given in section 6.4. As in chapter 4, a potential problem is 

solved first in which the tangential velocities are not matched at the solid surfaces. Boun

dary layer analyses are included in section 6.5. In section 6.6, results obtained using the 

models derived in the previous sections are compared. 
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CHAPTER 2 

THE CRmCAL GEOMETRY OF A RED BLOOD CELL 

2.1 INTRODUcr/ON 

Red blood cells deform at constant volume and nearly constant surface area. These 

constraints impose a lower limit on the sizes of openings through which an intact cell may 

pass. In this chapter, the problem of determining the critical minimum radius of a cylindri

cal vessel through which a cell can pass is solved using calculus of variations (Courant & 

Hilbert, 1953). This method can also be utilised to obtain the minimum spacing between 

two parallel plates and the minimum radius of a pore of finite length. 

The above problem is an example of an isoperimetric problem with inequality type 

constraints. In order to get a better understanding of the application of calculus of varia

tions to problems of this type, an analogous two-dimensional problem is solved first in sec

tion 2.1. This two-dimensional problem gives the cross-section shape of a long slender cell 

in a uniform, non-cylindrical vessel, away from the end regions. In section 2.3, the critical 

shapes of particles having constant volume and surface area are determined in various axi

symmetric geometries. These are used in chapters 3, 4, 5 and 6 where the motion of red 

blood cells through near-critical geometries is investigated. 

2.2 TWO-DIMENSIONAL ISOPERIMETRIC PROBLEM 

The example considered in this section is the classical isoperimetric problem due to 

Steiner (Hancock, 1904). One seeks to maximise the area contained within a curve S of 
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length L, lying entirely within a prescribed curve r, as shown in figure 2.1. We first assume 

that S consists of a finite number of arcs, alternately free and contacting r. We will show 

that the free arcs are circular arcs and establish conditions for matching between free and 

contacting arcs. Finally, we will prove that all the free arcs have the same curvature and 

x(s), y(s) 

Figure 2.1: (a) S is a curve of length L lying entirely within a prescribed curve r. 

The area within S is a maximum if the free arcs are circular arcs with the same 

curvature. (b) Parameterisation used in variational problem. Only one free arc and 

one contacting segment need to be considered. x(s), y(s) are used for the free arc 

and e(s), rXs) for the contacting segment. 

prove uniqueness of S, with suitable restrictions on r. 

Let a curve be parameterised by x - x(s), y - y(s), So ~ s ~ sz. In the case of a 

closed curve, the enclosed area, A, is given by 



I
S2 

A - ! (xy' - x'y) ds 
So 
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(2.2.1 ) 

where y' - dy/ds. If the curve is not closed, this formula gives the area swept out by a line 

linking the origin to a point moving along the curve. The perimeter, P, is given by 

J
S2 

P _ v'X'2 + y'2 ds 

So 
(2.2.2) 

The above formulae are valid for curves which do not intersect themselves, even when they 

are not convex. 

Without loss of generality, consider variations of part of the curve comprising of one 

free arc and one contacting arc, as shown in figure 2.1. Parametric representation is useful 

when considering problems where the end-points of the required curve are free on a given 

curve or surface, or where the domain is not fixed (Courant & Hilbert, 1953). The free arc 

is parameterised using xes), yes), where 51 S 5 S S2' and the contacting arc using €(s), 1/(s), 

where So S 5 S 51" The values of X(S2)' y(S2) and So are given, but Sl is unknown. The point 

(X(Sl)' Y(Sl» is free to move along the contacting arc. We introduce the following func-

tional, J, in order to maximise the area given the perimeter, with respect to variations of 

Xes), yes) and Sl: 

J. 1'~(e,q) ds + 1'1 ~ (xy' - x'y) + ~';x" + Y"] ds 
So Sl 

(2.2.3 ) 

where 

(2.2.4 ) 

and l is a Lagrange multiplier. For the second integral (the free part), introduce a new 

coordinate t, with 

5 - S(t), xes) - X(t), y(s)- yet) (2.2.5 ) 



such that 5(0) - SI and 5(1) • SI' Then 

where 

5(0) I 

J - J gU,,,) ds + J F( S, X, Y, S', X', V') dt 
So 0 

F. 1 (XY' - X'Y) + .A v'X'1 + Y'z 
2 

and, for example, S' - dS/dt. 
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(2.2.6) 

(2.2.7) 

We introduce variations to X, Y and S in the form X + fIX, Y + fZ Y, S + f3S where 

X, Y and S are functions of t and X(I) - Y(I) - 5( 1) - 0, and substitute them in (2.2.6). 

The variation of J with respect to fj is then given by 

5(0) + f 35(0) 

~fl' f l , t 3 ) - J gU,,,) ds + 
So 

I 

J/(S + '.S, X + 'lX, Y + '. Y, S' + ,.S', X' + 'lX', Y' + '. Y') do 

However, the fl are not independent. Define 

"'1(t l , t l , t 3) - X(O) + t1X(0) - e(5(O) + t 35(0» 

"'z(f1, t z' f3) - Y(O) + fl Y(O) - '7<5(0) + f35(0» 

(2.2.8 ) 

(2.2.9a) 

(2.2.9b) 

which vanish when the free arc meets the contacting arc. Then, for allowable variations, f I' 

fl and f3 must satisfy 

(2.2.10) 

for i • I, 2. 

If S, X and Yare to be extremal, then ~tl' t l , t 3 ) is stationary for tj - 0 (i - I, 2, 

3) when tj are subjected to the above conditions. Define 

(2.2.11 ) 

where Jjl and Jjl are Lagrange multipliers. Since we seek to maximise G, 



aG aG aG 
- - - - - - 0 at E· - 0 &1 &1 &, 1 

Then 

1 

5(0) (g<e(SI),rKS1» - Pit - PI"') + fo S [F]s dt + [s ~]~ -0 

1 

~lX(O) + J/ [FJx dt + [X :~.]~ • 0 

where, for example, 

aF d (aF) 
[F]x - ax - dt ax' 

Now, S(t), X(t) and Y(t) satisfy the Euler equations 

[F]x - [F]y - [Fls • 0 

Since 5(0), X(O), Y(O) are arbitrary, equations (2.2.13)-(2.2.15) reduce to 

aF aF , 
ax' - PI - ay' - PI - g - Pit - PI" - 0 

at t - O. Hence 

! (e,,' - t,,) + >.";tl + ,,'1 - t :~, -,,' :~, - 0 

Using the definition of F, (2.2.6), we obtain the following derivatives: 

aF 1 >.x' 
-ax-' - - -2 + ~~~ 

";X'I + Y'I 

aF 1 >.Y' 
ay' - 2- + 

";Y'I + X'I 
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(2.2.12) 

(2.2.13) 

(2.2.14) 

(2.2.15) 

(2.2.16) 

(2.2.17) 

(2.2.18) 

(2.2.19) 

(2.2.20) 

(2.2.21 ) 

Substitute the above expressions evaluated at t - 0 into equation (2.2.19). Assuming that >. ~ 
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0, we get that 

r( X' - (Y' at t - 0 (2.2.22) 

The above expression is known as the transversality condition at t - O. The tangents 

of the two arcs must match at t - O. Next, we show that the free arcs are circular arcs. 

Substitute F into the Euler equations (2.2.17) to get 

Y- AX' --=.:......-- C and -X - AY' -....:.:..=---- - d ( 1.23) 
"X'I + Y'I "Y'I + X'2 

The equation of a circle is obtained by eliminating the derivatives from the above 

expressions: 

(Y - C)2 + (X + d) - A% (2.2.24 ) 

The radius of curvature is equal to the Lagrange multiplier. Next, we prove that 

every free arc has the same radius of curvature. First an example is considered. 

Let r be a triangle with sides l1' l2' l3 and angles 91, 92, 93 as shown in figure 2.2(a). 

Consider one vertex (figure 2.2b). The arclength OCB is given by 

PoeB - r(lr - 9) (2.2.25) 

and the area OABCO by 

A OABCO • " [co'W -• i ' 1 (2.2.26 ) 

Let P be the total perimeter, and A the area which we want to maximise. 

(2.2.27) 

I t [ (9. ) lr - 9.] A - - l l sin9 - r. 2 cot .1 - __ I 
2 13 I 1 2 2 

i-I 

(2.2.28) 

Define f as the function which is to be maximised: 

(2.2.29) 

where A is a Lagrange multiplier. For extremum 
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o A 

Figure 2.2: r is a triangle. a) Variables used in the problem. b) Derivation of per-

imeter ()CD and area OABCO for one corner. 

which implies that 

ar • 0 for i • I, 2, 3 arj 

(2.2.30) 

(2.2.31 ) 

Since ~ - I j - 2 cot(9j /2) ~ 0 for each i, we conclude that .A • - rj . Therefore, the 

circular arcs have the same curvature. 

Theorem: The curve, wherever there is a free variation, consists of arcs of circles which 

have equal radii. 

Proof of theorem: Let At and Pt be the total area and perimeter of S. Dy our assumptions, 

At + -\ Pt is stationary with respect to allowable variations of each free arc rj about the 
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extremum. Consider the effect of simultaneous variations in two free arcs, r 1 and r Z' res

ulting in perimeter changes ~Pi and area changes ~Ai' Then by assumption, ~Ai + .Aj ~Pj -

o for i-I, 2. In particular, choose variations such that the total change in perimeter is 

constant, i.e. ~P 1 + ~P I - O. Since the area is maximal, then ~Al - - .AI~P I - .AI~P % ,. (.Az 

- .AI) ~P I - O. Therefore.A1 - .AI' and hence all arcs must have the same radius. 

2.3 CRITICAL SHAPES OF THE RED BLOOD CELL 

We now proceed to determine the critical shape of a red cell in two particular geo

metries using a similar approach. The difference is that, in this section, we seek to maxim

ise the cell volume for given surface area and some geometric constraint. First, a general 

result (quoted from Courant & Hilbert," 1953) is given. 

Theorem: Consider the surface of least area bounded by a given curve which, together with 

a given surface bounded by the same curve, encloses a prescribed volume; then the extre

mals are surfaces of constant mean curvature. 

The problem stated in the theorem (minimising the area for fixed volume) is the in

verse problem that we are considering, and by reciprocity, the extremals are identical. The 

proof is given for axisymmetric geometries, which suffices for our purposes. 

Proof of theorem: Use cylindrical polar coordinates (r, 8, z). Then the enclosed volume, 

Y, and surface area, A, are given by: 

V· J:',.,.o dz and A· J: 2. ,"', + c'O dz (2.3.1 ) 

Euler'S equation is applied in order to find the extremal, r(z). which minimises the 

surface area given that the volume is known: 



d a a 
dz (Jr' (A + lV) - (Jr (A + lV) - 0 

where l is the usual Lagrange multiplier. Substitute (2.3.1) into (2.3.2) to get that 

r" l-
(1 + r'1)3/ I r./ I + r'l 
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(2.3.2) 

(2.3.3) 

Since the right hand side of the above equation is the total curvature and A is a con-

stant, the result follows. In axisymmetric geometry, constant curvature does not necessarily 

imply that the free portion is part of a sphere. Next, two examples will be considered 

which are relevant in the motion of red blood cells through conduits with near-minimal 

dimensions. 

2.3.1 The critical shape in a cylindrical .essel 

We seek to maximise the cell volume, V, for given values of surface area, A. and 

tube radius, r o' The coordinate system used in this case consists of s, the arc length and r. 

the distance from the axis. Only half of the cell needs to be considered. V and A are given 

by 

v - 2 J:'.rs vi - ,'s ds and A - 2 Czn ds (2.3.4 ) 

where r' - dr/ds. 

Let J be the functional which is to be maximised: 

(2.3.5 ) 

where 

f - r (rl ./1 - r'l + 2~r ) (2.3.6) 

and A is a Lagrange multiplier. 



32 

There is a portion of the cell which is in contact with the tube wall: r(s) - r 0 for 0 ~ 

S ::!! So where So is not known. Also, r(SI) - 0 where 51 is not fixed. Therefore J becomes 

(2.3.7) 

where 

(2.3.8) 

For the second integral (the free part), introduce a new coordinate t and let s - S(t) 

and r - R(t) such that R(O) - ro' R(I) - 0, S(O) - So and S(I) - SI. Then 

S(O) I 

J - fo B cis + Lf(S, 5', R, R') d, (2.3.9) 

where 

f • lrR (R v'S'z - R'Z + 2,\5') (2.3.10) 

and, for example, S' - dS/dt. Introduce variations to R(t) and S(t) in the form R + il Rand 

S + lZS such that R(O) • R( I) • 0, and substitute them into (2.3.9). Let 

So 

and 

I
S(O)+€zS(O) 

~ll' lZ) - 0 g ds + 

I 

fof(S + ,,s, 5' + ,.S', R + 'IR, R' + 'IR') d, 

If S and R are to be extremal, then ~ is stationary for lj - 0 (i • I, 2), then 

a. • a. • 0 at l. • 0 i. I 2 
&1 &z I' , 

(2.3.11 ) 

(2.3.12) 

(2.3.13) 
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(2.3.14) 

Now, Sand R satisfy the Euler equations: 

[fJs - [fht - 0 (2.3.15) 

and since S(O) is arbitrary, equation (2.3.13) reduces to 

:, - 'Kro(ro + 2~) - 0 at t - 0 (2.3.16) 

Substituting (2.3.10) into the above equation yields the transversality condition at t = 

0: R'(O) - O. Thus the free arc has to be tangent to the tube wall at t - O. Next, the equa-

tion of the free part is determined. Since f is independent of S, equation (2.3.15a) reduces 

to arias' - c, where c is a constant. Substitute (2.3.10) into the last equation to obtain 

R [ S'R + 2~]- C 
v'S'1 - R'2 

(2.3.17) 

c - 0 since R(I) • O. Therefore, 

(2.3.18) 

whose solution in terms of the original coordinates (r, s) is 

[
s - s 1 r(s) - ro cos ~ (2.3.19) 

Therefore the shape of the cell consists of a cylindrical body with two hemispherical ends. 

Also, I~I - rol2. Substitute (2.3.19) into (2.3.4) to get an expression for So in terms 

of A and rrr 

(2.3.20) 

Then 51 and V are given by 

(2.3.21 ) 

and 
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(2.3.22) 

For typical human red cells (V - 90 IJm3. A - 135 IJm2). the critical radius. r 0' is 

1.42 IJm and the length of the cylindrical part. 2s0 , is 12.26 IJm. Figure 2.3 shows the cross-

~4~------------12.26 ~----------------~~ 

Figure 2.3: The critical shape of a red cell in a tube is a cylinder of length 12.26 

IJm with two hemispherical ends both of radii 1.42 IJm. 

section of a red cell with its critical shape. 

1.3.1 The shape 0/ a critical red cell between two parallel plates 

In this case the cell is disc shaped and we use cylindrical polar coordinates (r. 9, z) 

with the axis normal to the plates. As before. we seek to maximise the volume, V. for 

given values of surface area. A. and L, where 2L is the distance between the two parallel 

plates. V and A are given by 
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L 

V - 2 J 0 n a dz and 

L 

A - 2 Jo 2n VI + r'a dz + 2nZ(L) (2.3.23) 

where r is the distance of the membrane surface from the axis of symmetry and r' a dr/dz. 

Let J be the functional which we want to maximise: 

L 

J - Jo f dz + ~ lr rZ(L) (2.3.24) 

where 

f - n (r + 2~ vi + r'a) (2.3.25 ) 

and where ~ is a Lagrange mUltiplier. Introduce variations to r in the form r + fir and let 

L 

~fl) - fo f(r + f1r, r' + f1r') dz + ~lr (r(L) + f1r(L»2 (2.3.26) 

For r to be an extremal ~/al1 - 0 at fl - O. So 

L 

Jo[fl dz + [r :::]: + 2 ~ lr r(L) r(L) - 0 

and r satisfies Euler's equation 

and 

[f] - - - - - - 0 af d (af) 
r or dz or' 

Since r(O) and r(L) are arbitrary and independent of each other, 

af I -0 Or' z-o 

~ I + 2 .. ~ r(L) - 0 v. z-L 

From the definition of f we get that 

af --Or' 
2 .. ~rr' 

';1 + r'a 

(2.3.27) 

(2.3.28) 

(2.3.29) 

(2.3.30) 

(2.3.31 ) 
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Substitute (2.3.31) into (2.3.29) to get that r'(O) - O. This is the only reasonable 

choice since we are only considering half of the cell (symmetry about z - 0), and because 

r(L) ~ 0, (2.3.30) implies that r'(z) - - 00 as z - L. If r(L) - 0, the extremal is a sphere. 

Since f is independent of z, equation (2.3.28) becomes 

f ,ar 
-r 8r'-c 

where c is a constant to be determined. Substitute (2.3.24) into the above to get 

'1 4 AI rl 
r - (rl _ RS)I - I 

where c - RS - rS(L). The above can be integrated to yield 

9 
z(9) - 1 J 2AI + a sinS dS 

where 

and 

2 -1(/2 v'Rs + 2As + a sinS 

9 _ sin- 1 (rs - R: - 2AS) and al _ 4AS(Rs + AS) 

Next, expressions for A, L and V are determined: 

sin- 1J(I + ,lt1 

V - 1( IA31 J (I -~ Sins) K(S) dS 
-1(/2 

RI 
where ,1 - Ta'" and 

(2.3.32) 

(2.3.33) 

(2.3.34) 

(2.3.35) 

(2.3.36) 

(2.3.37) 

(2.3.38) 
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(2.3.39) 

,1 and ~ are found by solving equations (2.3.36) and (2.3.37) for given A and L. 

The shape of a critical red cell between two parallel plates is a disk with a rounded edge. 

The minimum distance, 2L, between the two plates is 1.81 ~m and the radius of the disk 

part, R, is 3.29 ~m. Figure 2.4 displays the cross-section and the top-~ection of a critical 

C_---:.IJ.I~l lJm _) 

Figure 2.4: The critical shape of a red cell between two parallel plates: (a) cross

section; (b) top-section. 

red cell. The above example yields a curved part which is not part of a sphere. The 



38 

difference between the curved part of the curved part of the critical cell and a semicircle of 

radius L is fairly small for reallistic volumes and surface areas. This is shown in figure 2.5, 

where the curved part of the critical cell was obtained by integrating (2.3.34), with R ,. 3.29 

",m and A - -0.77. Canham and Burton (1968) assumed that the critical shape consisted of 

a disk with a circular, rounded edge, which we have shown to be a reasonable approxima

tion. The same approximation is used in chapters 4 and 5 to investigate the motion of rigid 

Figure 2.5: Difference between (a) the curved part of the critical cell and (b) a 

semicircle of radius L. 

and flexible particles between parallel plates of near-minimal widths. 
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CHAPTER 3 

THE SQUEEZING OF RED BLOOD CELLS THROUGH CAPILLARIES WITH 

NEAR-MINIMAL DIAMETERS 

J.l INTRODUCTION 

The aim of this chapter is to develop theoretical models for the motion of elongated 

rigid and flexible particles along tubes, when particle diameters are comparable to tube 

diameters. This work is motivated by an interest in the flow of red blood cells in microves

sels. In large vessels, such as arteries and veins, blood can be represented as a continuum. 

but in microvessels the particulate nature of blood must be considered. Fahraeus and 

Lindqvist (1931) showed that the apparent viscosity of blood in microvessels decreases with 

decreasing vessel diameter. Gaehtgens (1980), using human blood, demonstrated that this 

reduction continues down to capillaries with diameters of 4 to 5 J.'m. However, the apparent 

viscosity increases for vessels with diameters less than this, and tends to infinity as a critical 

diameter is reached. This is the minimal vessel size which allows a cell to pass without in

creasing its surface area. As shown in chapter 2, the cell shape in this critical case is a cyl

inder with two hemispherical ends. For typical human cells, the critical radius rc is 1.42 J.'m 

and the length ic of the cylindrical part is 12.26 J.'m. 

Secomb el aI. (1986) developed asymptotic and numerical solutions for the motion of 

axisymmetric red blood cells in capillaries, using lubrication theory (see section 1.3). Here, 

analogous methods are used to analyse red cell motion in narrower capillaries, with near

minimaJ diameters. In section 3.2 the governing equations of membrane equilibrium and 

fluid mechanics are established. Section 3.3 is devoted to asymptotic and numerical solutions 

for near-critical cell shapes which correspond to the high-velocity limit, and section 3.4 to 
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solutions for less elongated red blood cells. In section 3.S the equations derived in section 

3.2 are solved numerically. and the results are compared to the predictions of sections 3.3 

and 3.4 and to other analyses. This model has essentially three free parameters, the spheri-

city index 

4r [3V]2/3 Is· - -A 4r 
(3.1.1 ) 

the vessel radius and the cell velocity. Solutions for cells with different sphericities are pre-

sented here since red blood cells may have a wide range of volumes and surface areas (Pap-

enfuss and Gross, 1981; Stadler and Linderkamp, 1989). 

J.2 THE GOVERNING EQUA.TIONS 

J.2.1 Membrane equilibrium 

The mechanical properties of the red cell have been described in section 1.1. Under 

steady conditions, the external fluid forces are balanced by elastic stresses resulting from 

membrane deformation. When the membrane is highly stressed, shear and bending strains 

must be very large in order to generate correspondingly large shear and bending resistances, 

but small membrane dilations can generate high isotropic tensions. Therefore, for suffi-

ciently high cell velocity. we expect that external stresses are balanced primarily by isotropic 

tensions. We refer to this as the high-velocity limit. Shear and bending resistances become 

increasingly important at low cell velocities. 

Following Secomb et ai. (1986), we introduce cylindrical coordinates (o,~,z) as shown 

in figure 3.1. It is convenient to identify points on the membrane surface in terms of s, the 

arc length in a plane containing the axis, and ~, the azimuthal angle. Also we define r(s), 
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the distance from the axis; 6(s), the angle that the vector D normal to the surface makes with 

the z-axis; k;(s) and k.(s), the principal curvatures; m.(s) and m;(s), the bending moments; 

t.(s) and t;(s), the membrane tensions; and q.(s), the shear force per unit length. The sub-

scripts s, ~ represent components in the coordinate directions. The components of tension 

are 

(3.2.1 ) 

where 

(3.2.2) 

in which the interaction between bending and tension forces is included (Secomb, 1988). 

Here tm(s) denotes the mean tension, " is the shear modulus of the membrane, .A. ,. ds/dso = 

rolr is the extension ratio of a membrane element relative to the unstressed shape, B is the 

bending modulus and ko is the unstressed curvature. The unstressed shape is assumed to be 

a sphere (Secomb el aI., 1986). The bending moments are assumed to be isotropic (Evans 

and Skalak, 1980), and are given by 

m. - m; - B (k. + k; - ko) 

The curvatures k; and k. are given by 

k; _ sinO and k _ dO 
r • ds 

(3.2.3) 

(3.2.4) 

The external forces are the pressure difference p(s) between the external and internal 

fluids and viscous stress 1'(s) due to the external fluid. The equations for equilibrium of 

normal stress, tangential stress and bending moments in the membrane are (Secomb el al., 

1986; Secomb, 1987): 

(3.2.5 ) 

(3.2.6 ) 
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I d m.c0s8 r ds (rm.) - - r + q. (3.2.7) 

3.2.2 LubricQJ;oll Iheory 

The flow of the suspending fluid can be modelled using Stokes equations in cylindri-

cal coordinates (o,~,z). The further approximations of lubrication theory can be made since 

the angle between the membrane and vessel wall is small over most of the length of the cell. 

At the front and rear of the cell, the gap between the cell and the wall widens, and the 

angle is no longer small. However, lubrication theory can still be used without introducing 

significant errors, since it is found that pressure gradients in these regions are small com-

pared to their values in the narrow gap region. Further justification for this approximation 

is given in section 3.4.1. The momentum equation in the axial direction is then 

~ 1... (0 au) _ ~ 
o au au dz 

(3.2.8) 

where u is the axial component of velocity and the pressure p is a function of z only. We 

fix the axes in the cell so that the boundary conditions are u - 0 on the membrane surface 0 

- r(z) and u - Uo at the vessel wall 0 - a, where r(z) defines the membrane surface, Uo is the 

cell velocity and a the vessel radius (figure 3.I(b». Equation (3.2.8) can then be integrated 

and the pressure gradient is given by (Secomb el al., 1986) 

(3.2.9) 

where 

a 

qo - L u(o,z) i do (3.2.10) 

is known as the leakback, the volume flow per unit vessel circumference relative to the cell, 

and is independent of z. The shear stress on the cell is 
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T() I g(r) [ a
l 

- rl + 2r] JJuo 
r - 4 rlog(r/a) - rlog(r/a) (3.2.11 ) 

'1s) a 

: 

(bl 

Figure 3.1. Variables describing geometry of an axisymmetric red blood cell in a 

cylindrical tube. 

If the gap width is assumed small compared with the vessel radius, then a two-

dimensional approximation to (3.2.9) may be deduced by setting r - a - h where h « a. 

This form is standard in lubrication theory, and is derived more simply by starting with the 

two-dimensional approximation to (3.2.8): 

(3.2.12) 

where y - a - u, u(y) is the axial velocity and p(z) is the pressure. The boundary conditions 

are u - 0 when y - h, and u - Uo when y - O. The pressure gradient can then be written 

in terms of the constant leakback Qo and the gap width: 

h 
dnn 12lJno 6JJu I dz" - g(h) - - To + hi 0 where Qo - 0 u dy (3.2.13) 

The shear stresses acting on the cell membrane and the tube wall are, respectively: 

(3.2.14) 
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This two-dimensional form is simpler than the axisymmetric form, and equivalent to 

it when the gap is very narrow. However, it has been shown that the axisymmetric form 

yields more accurate results if the gap is not very narrow relative to the tube radius (Secomb 

et al., 1986). Both forms are used below. 

3.2.3. Syst~", 0/ ~qUllt;o"s 

The complete problem is specified by combining the equations of axisymmetric lub-

rication theory, (3.2.9) and (3.2.11), with those of membrane equilibrium, (3.2.5), (3.2.6) and 

(3.2.7). A system of first order ordinary differential equations is obtained with arclength, s, 

as the independent variable: 

dk. --ds 

dr _ c0s8 
ds 

dD _ k 

ds • 

sinD cos9 _ cos9 k + q. 
r3 r' B 

dQ, sinD [ (. ) (k. _ SirnD) (k. + SirnD - ko)]. ds - P + k. t. + -r- t. - It .A •• - .A. -3 + B 

q. c0s8 
r 

~ - g(r) sinD 

(3.2.15) 

(3.2.16) 

(3.2.17) 

(3.2.18) 

(3.2.19) 

- - - - It (.A 3 -.A 3) - B k - - k + - - k - k q - fir) (3.2.20) dt. cos9 [ - ( SinD) ( sinD ) ] 
ds r •• • r • r 0 • • 
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The boundary conditions are that rand sin/1 vanish on the axis and that the surface 

area and volume are prescribed. The classical assumptions of lubrication theory suggest that 

g(r) sin/1 could be replaced by g(r). and T(r) by T(r)sin/1 in equations (3.2.19) and (3.2.20) res-

pectively. However. analysis of Stokes flow in a corner (section 3.4.1) shows that (3.2.19) 

and (3.2.20) give better results when /1 is not small. 

In the high-velocity limit. the fluid stresses are balanced by isotropic tensions gener-

ated in the cell membrane. Then both shear and bending resistance are neglected and the 

above system of equations reduces to the following four equations: 

dr _ cos/1 
ds 

d/1 l? _ sin/1 
ds--t. r 

~ - g(r) sin/1 

dt. 
- - - T(r) ds 

(3.2.21) 

(3.2.22) 

(3.2.23) 

(3.2.24) 

In this case the solutions are independent of uo• the cell velocity. This limit will be consi-

dered in detail in sections 3.3 and 3.4. 

J.J. SOLUTIONS FOR NEAR-CRITICAL CELL SHAPES 

J.J.l. Ri6id particles 

In a vessel of near-minimal diameter. the red cell necessarily assumes a shape close 

to the critical shape already discussed. Secomb and Gross (1983) gave an approximate ana-
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lysis of this case, assuming that the cell behaves as a rigid body with the critical shape. This 

analysis used two-dimensional lubrication theory, with a quadratic approximation to the gap 

width h(z). Ozkaya and Skalak (1983) and Ozkaya (1986) showed that closed-form solutions 

could be obtained even if this quadratic approximation was not used. For very elongated 

cell shapes, the two approaches yield very similar results, but the approach of Ozkaya and 

Skalak (1983) is more accurate for less elongated shapes. 

Here we summarize the analysis of Ozkaya and Skalak (1983), and extend it slightly 

to consider particles with spheroidal end regions of different lengths. We consider a body 

with a central cylindrical section of length /Ja and radius ,\a, and hemispheroidal ends of 

length oa and 1ll (figure 3.2). 

~M ycr 

V " "-. ~--

./ " 

Figure 3.2. Assumed geometry of a rigid particle flowing through a tube of radius 

a. The particle consists of a cylindrical part of length {Ja and hemispheroidal ends 

of length oa and 1ll. 

where 

The pressure drop along the cell may be obtained by integrating (3.2.10): 

ap. 6:", [CQ • 1XI. - CIs) • p[ (I ! 1)' -(I :1)'] 1 
1(/2 

~ · J sin8 d8 for n· I, 2, 3 
o (I - ~in8)" 

(3.3.1 ) 

(3.3.2) 
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and C - 2qolauo. To evaluate qo for rigid particles, we use the zero-drag condition, applied 

to a cylindrical region of radius a and the length of the cell. In this case, 

nJ~p + F - 0 (3.3.3) 

where F is obtained by integrating T. (equation (3.2.14» over the tube surface bounding the 

region, yielding 

F • 2 .. pu. [<a. + 1X3C1. - 41,> + p[ (I ~Cl)' - 1 ~ l) 1 
Equation (3.3.2) can be integrated (Gradshteyn and Ryzhik, 1980): 

I _ 2A" - 1(/2 I I + 2U" I + A2/2 + 3U· 
1 A '2 - I _ lJ ' 13· (1 _ l2)2 

where l" _ I [tan-1 I - l + tan- 1 l ] 
v'f":>:i v'f":>:i v'f":>:i 

(3.3.4) 

(3.3.5 ) 

(3.3.6) 

For given values of a, 1, {J and A, ~p and qo can be computed. Ozkaya (1986) gives a more 

detailed analysis covering a variety of particle geometries. We use the above results in sec-

tion 3.S. 

J.J.1 F/~JCib/~ ptuliC/~s: out~r solutions 

When the tube radius a is only slightly larger than the critical radius rc for a flexible 

particle, the constraints of constant surface area and volume imply that the cell shape must 

be close to the near-critical shape. In this section, we show that the governing equations for 

flexible particles permit solutions for membrane shape with cylindrical and hemispherical 

"outer" regions, as indicated in figure 3.3. Similar solutions were derived by Secomb el al. 

(1986), for cells with concave rear regions. 

One solution to (3.2.21)-(3.2.24) corresponds to a cylindrical membrane (region III): 
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-.~.---~-.---- --Jr-· 
II IlJ IV v 

Figure 3.3. Membrane regions used in asymptotic analysis: two "outer" hemispher-

ical regions (I and V), an "outer" cylindrical region (III) and two "inner" transition 

regions (II and IV). 

(3.3.7) 

where rc is the cell radius, and tli is a constant such that t, - tli at s - Sc - 1(fc /2. A second 

approximate solution to (3.2.21 )-(3.2.24) is obtained by noting that, according to 

(3.2.13)-(3.2.14), both the pressure and tension are constants (to leading order) when h is no 

longer small. The outer solution in region I is then 

(3.3.8) 

where 0 ~ s ~ 1(f c /2, r c - 2tli /Pi' Pi is the internal pressure of the cell and the external 

pressure in this region is set to zero. Similarly, the solution in region V is 

(3.3.9) 

this region. 

There is an abrupt change in membrane curvature and hence in pressure at the 

points near the front and rear of the cell where the outer solutions meet. Therefore, the 

outer solutions must be matched through narrow transition regions (II and IV), to remove 

these discontinuities. These transition regions are analysed in sections 3.3.3 and 3.4.2. 
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J.J.J. Flexible particles: trQllsitioll regiolls ill the high-tension limit 

For sufficiently small tube diameters. the tension is large in all parts of the cell 

membrane. In this case. we suppose that the non-dimensional gap width t - 1 - rc /a is 

small and use the two-dimensional form of lubrication theory. (3.2.13)-(3.2.14), making the 

further assumption that variations of 9 from 7:/2 are small. The following set of scalings is 

introduced: 

t },'uo "" h - t rc H• qo - i rc uoQo• s - rc 61S. p - r:- 62P. t. - },'u063T, 9 - i + 6i' (3.3.10) 

where S. the independent variable. and H. Qo• P, T. 9' are all of order one as t -+ o. If 

these are substituted into (3.2.21)-(3.2.24). and powers of 6j and t are equated, then it is 

found that 

(3.3.11 ) 

For matching with the outer solutions (regions I. III and V). we require that the curvature is 

0(1). i.e. 6';61 - 0(1). So 

(3.3.12) 

These seatings imply that the tension is high and approximately constant in the transition 

regions. and are consistent with those obtained by Secomb et aJ. (1986) for the front transi-

tion region. 

regions: 

The following system of equations is obtained at leading order in both transition 

dH _ 9' 
dS 

d8' P -- - - -dS T 

: - 6(H-2 - QoH-') 

dT _ 0 
dS 

(3.3.13) 

(3.3.14) 

(3.3.15) 

(3.3.16) 

For matching with the cylindrical region III. in which H - I, the above sealings 
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imply that dP/dS - 0 as H - I, and so Qo - I at leading order, i.e. qo • f re uol2. The 

tension T is replaced by constants T i , where i-I at the front, and i • 2 at the rear, and 

new independent variables are introduced : 

(3.3.17) 

It is convenient to set the origins of the inner coordinates ej at S - Smi' where H(Smi) = 3/2. 

With this choice, T • 0 at the origins. Let H(S) - fj(ei). Then 

with boundary conditions 

and 

f 1' - 0 as e1- 00, f 1(0) • 3/2 

fa' - 0 as ea - -00, fa(O) • 3/2 

(3.3.18) 

(3.3.19) 

(3.3.20) 

Since only two boundary conditions are available, the solutions are not necessarily 

unique. Although (3.3.18) cannot be solved in closed form, differences between the front 

and rear transition regions can be shown by linearizing about the solution fj • I which 

applies in the cylindrical region. Setting fj - I + 6~j where 6 « I and substituting into 

(3.3.18), we obtain at leading order 

(3.3.21 ) 

The general solution is 

~i(ej) - Ai em1fj + e-m1fj/2 [OJ cos(m1Vl /2 ej ) + Cj sin(m1Vl /2 ej ») (3.3.22) 

where m1 - _61/ S, and Aj, OJ, C j are to be determined by applying the boundary conditions. 

At the front transition, (3.3.19) implies that °1 - C1 - 0, and so ~1 is uniquely det

ermined (Secomb el aJ., 1986). The same holds for the nonlinear equation (3.3.18) and the 

function f1 and its derivatives are obtained numerically (figure 3.4(a». The transition from 

the hemispherical to the cylindrical region is smooth and monotonic. 

At the rear transition, (3.3.20) implies only that Aa - 0, and so there is one remain

ing degree of freedom in ~a and fs' which must be determined by matching with the rear 
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transition region. An example of fa is shown in figure 3.4(b). In this case the solution at 

the rear has oscillatory modes which are not present at the front. The gap width (f) shows a 

local minimum before it widens in the rear region. This behaviour is characteristic of lubri-

cation solutions with flexible membranes. The above theory for the transition regions is 

similar to that applied to the motion of long bubbles in capillary tubes (Bretherton, 1961). 

To match the transition solutions with the upstream and downstream solutions, we 

consider the pressure 

(3.3.23) 

At the front. numerical integration of (3.3.18) shows that f 1" -+ kl ~ 2.123 as e1 -+ -00. 

Since P -+ -P1 as e1 -+ -00 and P1 • 2Tl to leading order. (3.3.23) implies that 

T • k 3/2 
1 1 (3.3.24) 

The tension Ta in the rear transition region can be determined by using (3.2.14) and (3.2.24): 

T • k 3/2 - E1/ 2 t. Ir ale c 

T • k 3/2 a 2 

(3.3.25) 

(3.3.26). 

Then k2 is determined by equating (3.3.25) and (3.3.26). and fz is uniquely determined. The 

pressure drop across the cell is given by 

~P • 2 E1/ 2 t. Ir c c (3.3.27) 

From (3.3.25). the assumption that the tension T z is high in the rear transition region 

will not be valid if E reaches a value 

(3.3.28) 

For cells with V • 90 #4m~ and A • 135 14m2, Ec ~ 0.129. The corresponding vessel radius is 

ac ~ 1.61 I'm. Note that for cells with higher sphericity indices. this estimate for tc may be 

inaccurate since Ec is no longer small. For example, if V • 109.6 #4m~ and A • 135 #4mz, 
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6 

Figure 3.4. The functions f 1 and f 2 and their derivatives. (a) Front transition 

region (f1). (b) Example of fa in rear transition region. 
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then te ~ 0.456. 

As the vessel radius approaches ae , the above asymptotic analysis has to be modified, 

since the tension at the rear transition region is no longer O(t-5/ 2) and cannot be assumed to 

be approximately constant. This case is considered next. 

1.4. SOLUTION FOR LESS ELONGATED CELL SHAPES 

1.4.1. Validity of lubrication theory in a corner flow 

In the previous analysis, the use of lubrication theory uniformly over the cell length 

was justified on the basis that the angle between the membrane and the wall was small in all 

regions where the gap width was not large. However, (3.3.14) suggests that the angle 8' may 

be 0( I) if the tension becomes sufficiently small in the rear transition, and so the applicabil

ity of lubrication theory should be examined. An indication of the accuracy of the lubrica

tion theory approximation is obtained by a comparison with exact similarity solutions for the 

case of two-dimensional Stokes flow in a corner formed by one rigid plane sliding steadily 

over another (Batchelor, 1967), with a point source at the intersection of the two planes 

(figure 3.5). The comparison is made by evaluating the non-dimensionalised pressure gradi

ent, PI' and the shear stress, r, on the inclined wall. The rear of the cell is approximated 

by two straight line segments as shown in figure 3.5. 

The solution to the Stokes flow problem is determined by introducing a stream

function, -II, which satisfies the biharmonic equation: 

(3.4.1 ) 

In this case, -II - -lie + -II. where the subscript c refers to the corner flow driven by 

the moving boundary (Batchelor 1967, p. 225) and s to the source flow. Similarity solutions 



Figure 3.S. Geometry assumed for analysis of flow in a corner. 

are available in the form 

.pc (r,9) • r f(9) and .pI (r,9) • g(9) 

where rand 9 are the usual polar coordinates, and f and g satisfy 

f'" + 2f" + f • 0, f(O). f(90) • f(90) • 0, f'(O) • Uo 

g"" + 4g" • 0, g'(O) - g'(90) • 0 
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(3.4.2) 

(3.4.3 ) 

(3.4.4 ) 

where 90 is the angle between the two planes. The wall shear stress and pressure gradient 

are then given by 

(3.4.5) 

and 
(3.4.6) 

where R is the non-dimensional distance from the intersection of the two planes. 

The resulting estimates of shear stress (r 0 for Stokes flow solution. r 1 for lubrication 

theory) can be written 

(3.4.7) 

Fj and G j are defined so as to approach finite non-zero values when 90 is small. and 

90" sinlo 380 " 

Go(9O> • sin90 _ 90cosl
o

' G 1(90)· sin"8
o 

(3.4.8 ) 



Similarly, the estimates of pressure gradient are 

where 

Kj('O> t Lj('o) 
Plj - 'ozRz - '03R3 
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(3.4.9) 

(3.4.10), 

(3.4.11 ) 

(3.4.12) 

Figure 3.6 shows that the two methods yield very close results when 90 is small. 

Even for values of '0 as large as 450 , the results of the two methods differ by at most 20 %, 

suggesting that lubrication theory as formulated in section 3.2.2 can yield useful results for 

finite angles. 

J.4.2. 1,,'e,med;Qle le"s;o" al lhe rear 

As the vessel radius increases, the tension in the rear transition region decreases 

according to (3.3.25). Eventually, large curvatures occur in the transition region, from 

(3.2.22), and it is then necessary to reconsider the scalings introduced in (3.3.10). Equation 

(3.3.11) still applies, but the scalings (3.3.12) no longer hold, since the curvature is large 

(6.161 »1). From (3.3.11), 61 « t 1/ Z, 6z « t-3/ Z, 63 « t- 3/ Z and 6. » t 1/ 2 in this case. 

In particular, the tension in the transition is o(I-'UoC 3/ Z). We leave the scalings undeter-

mined, but assume that changes in membrane angle within the transition region are small, 

i.e. 6. « l. 

With these scalings, the following system is obtained at leading order: 

dH _ 9' d8' __ f dP _ 6(H-z _ H-3) dT _ 0 
dS 'dS T' dS ' dS 

(3.4.13) 

As in section 3.3.3, we introduce a scaled coordinate e - T-1/3(S - Sm)' let H(S) - f(e), and 
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Figure 3.6. Comparison of results of lubrication theory and similarity solution for 
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obtain an equation analogous to (3.3.18): 

fm _ 6(f-3 - f- 2) with f(O) - 3/2, f' - 0 as e - -00 and f" - 0 as e - 00 (3.4.14) 

The additional condition f" - 0 as e - 00 is imposed (cf. (3.3.20» since the curvature is 

large in the transition region, but is 0( I) in the outer region (V). 

For large e, (3.4.14) can be approximated by the simpler equation f''' - -6f-%, which 

has two possible asymptotic solutions as e - 00, of the form (Bender & Orszag 1978, pp. 

156-158): 

and 

00 

f al ~ a e2 + fJ e + 1 + L cSk e-k 

k-I 

faJ ~ e (18 loge>l/s [I + lo~e + f Bk (loge>-(k+l)j 

k-I 

(3.4.15) 

(3.4.16) 

where a, fJ and 1 are arbitrary, and cSk contains terms of order a-I. The solution fal corres-

ponds to the result obtained in the high tension limit (section 3.3.3), and from (3.3.26), the 

tension in the rear transition is T2 - (2a)3/2, since fal " - 2a as e - 00. As the gap width t 

approaches the value tc given by (3.3.28), the tension decreases, a approaches zero and f al 

becomes singular. The asymptotic solution for the intermediate-tension case considered here 

is faJ' which satisfies the condition faJ" - 0 as e - 00. The corresponding unique solution 

to (3.4.14) was obtained by numerical integration over a finite range of e and matching to 

(3.4.16). The function f and its derivatives are shown in figure 3.7. We conclude that when 

the tension becomes smaller than 0(I'UoC
3/J) in the rear transition region, high curvatures 

are generated locally. Beyond the high curvature region, the angle (9 - '11'/2) between the 

membrane and the wall grows as (loge)I/3, rather than linearly with e as in the high-tension 

case. 

In general, the angle 9 - '11'/2 remains small in the transition region. However, if the 

tension is decreased sufficiently, this angle eventually attains 0( I) values at its matching 
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with the outer solution in region V. In this case, 6.0' - 0(1) when 61(S - Sm) - 0(1). From 

II 

-0 

Figure 3.7. The function f and its derivatives for the intermediate tension case. 

(3.4.13) and (3.4.16) we find that 6' ~ (I8loge/T)I/3 for large e. Hence 

6. (log(l/61»l/3. 0(1) 

Using (3.3.11), we deduce that this case occurs for the following scalings: 

(61,61,6" 6.) - (tllogtI1/', t-1Ilogtll/', llogtl, Ilogtl- I / 3) 

(3.4.17) 

(3.4.18) 

which is consistent with the original assumption that t 1/1 « 6. «I. Thus, when the ten

sion drops to O(I-'uollogtl) in the rear transition region, the angle between the membrane and 

the wall attains an 0( I) value (8m - r/2) at the matching with the outer solution, and /Jm is 

given asymptotically by 

(3.4.19) 

where t. is the tension in the transition region. 

The findings of this section are qualitatively consistent with the solutions postulated 

by Secomb and Gross (1983), in which the membrane tension reaches zero at the rear of the 
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lubrication layer and membrane angle has a discontinuity. This physically unrealistic beha

viour is a consequence of the neglect of bending resistance in the membrane. The effects of 

bending resistance are considered in the next section. 

3.5. NUMERICAL SOLUTIONS FOR CELL SHAPES 

The boundary value problems stated in section 3.2.3 can be solved numerically. 

First, a new independent variable X is introduced, such that 

211'Ro sinx Ro dX - 211'l' ds (3.5.1 ) 

where Ro is the radius of a sphere with the same surface area as the red cell. This proce

dure fixes the computational domain, 0 ~ X ~ 11'. Since the differential equations are singular 

on the axis, at X - 0 and 11', they are integrated over a slightly reduced domain, 6 ~ X ~ 11'-6, 

with 6 - 1I'lm (m ~ 30), and matched to segments of circles at either end. The above system 

is stiff and ill-conditioned, and was solved using multiple-shooting and finite difference 

methods. 

Cell shapes, pressure and tension distributions computed using the isotropic tension 

model (equations (3.2.21)-(3.2.24» are shown in figure 3.8, for vessel radii of 1.451 Ilm and 

1.572 Ilm. The numerical results are consistent with predictions made in previous sections. 

The isotropic tension does not vary much in the entrance region and decreases linearly in the 

cylindrical region until it reaches a minimum in the rear transition region. The pressure in

itially rises rapidly, then linearly in the cylindrical region, and oscillates at the rear where 

the cell shows an outwards bulge. As the vessel radius increases, the rear end becomes less 

convex and eventually flat. Also, the amplitude of the pressure swing at the rear diminishes 

and the pressure variation becomes monotonic as the tension in the rear transition 

approaches zero. Further cell shapes are shown in figure 3.9 for cells with the same surface 
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Figure 3.8. Numerically computed cell shapes and variations of pressure and iso-

tropic tension for flexible particles with volume 90 Io'ml and surface area 135 Io'm2. 
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shown, with to • 1 Io'm. 
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area (A - 135 #-'mJ) but different volumes. 
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Cell shapes are also computed using the model including shear and bending resis

tance (equations (3.2.1 5)-(3.2.20». These are shown in figure 3.10 for a range of vessel 

radii. The cell velocity, Uo is chosen to be 0.01 cm/s, #-' • I cP, It - 0.0042 dyn/cm and B -
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1.8 x 10- 12 dyn cm. These computed shapes demonstrate the effect of bending and shear. 

As the vessel radius increases and the tension at the rear of the cylindrical region decreases, 

the rear becomes less convex, then flat and finally concave. The transition from convex to 

concave shapes is also a function of cell velocity. At higher velocities, it occurs at slightly 

larger vessel radii. 

Two rheological parameters with physiological significance are the reduction of hae-

matocrit due to the Fahraeus effect, and the apparent viscosity. By conservation of mass 

HT u 2Qo ----1-
Ho Uo auo 

(3.5.2) 

where HT is the tube haematocrit, Ho the discharge haematocrit, and u the mean bulk velo-

city. The fact that HT is less than Ho in general is known as the Fahraeus effect. We neg-

lect cell-to-cell interactions, so that the apparent viscosity, J'app' depends linearly on the 

tube haematocrit 

(3.5.3 ) 

where KT is the apparent intrinsic viscosity. Assuming that the pressure drop between cells 

is given by Poiseuille's law, we obtain 

K - - - t. ra
2 [~pa2 1 

T V 8~uo - 2Qola) 
(3.SA) 

where ~p is the pressure drop across the cell and t. its length. The above expression for KT 

is valid if the spacing between cells is of the order of one vessel radius or more (Secomb et 

ai., 1986). 

Values of KT and Fahraeus effect as functions of vessel radius are shown in figure 

3.11, computed using the rigid-particle approach of section 3.3.1, the asymptotic approach of 

sections 3.3.2 and 3.3.3, and the numerical solutions of both the isotropic and bending and 

shear models. Also included for comparison are results for larger vessel radii in which cells 

have concave rears (Secomb and Gross, 1983). 
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Figure 3.10. Numerically computed cell shapes including bending and shear resis-

lance, with V - 90 101m3 , A - 135 IoIml. (a) a - 1.5 101m. (b) a • 1.52 101m. (c) a a 

1.55 101m. (d) a - 1.6 101m. 
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The results obtained assuming a rigid particle with the critical shape agree well with 

the numerical results for a flexible particle. This is perhaps surprising, since the rigid-parti-

cle model neglects the bulging out at the rear which occurs with flexible particles, and the 
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Variation of apparent intrinsic viscosity. KT • with vessel radius a. (b) Variation of 

the Fahraeus effect. indicated by HT/HD • with vessel radius a. 
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pressure fields around the particles are very sensitive to such differences in shape. For 

example, the rigid-particle model predicts a negative pressure gradient in the cylindrical 

region for a particle of critical shape in a vessel with a radius of 1.45 ",m, as C > I - " in 

(3.3.1). In contrast, the numerical solution (figure 3.8) shows a positive pressure gradient. 

The asymptotic results underestimate KT , because only the pressure drop over the length of 

the cylindrical region is included at leading order. The estimates of KT obtained from the 

bending and shear model are higher than those obtained from the model of Secomb and 

Gross (1983). Inclusion of shear and bending resistance makes the cell less deformable, res

ulting in narrower lubrication layers. 

J.6. DISCUSSION AND CONCLUSIONS 

The deformability of red blood cells allows them to traverse pathways such as capil

laries with remarkable ease, even when the dimensions of these pathways are smaller than 

the radius of an unstressed red cell. However, in extremely narrow pathways such as may 

occur in bone marrow, spleen, and partially collapsed or occluded capillaries of other tissues, 

the red cell approaches the limits of its deformability. Although these pathways may have 

more complex geometries than the case considered here, they share the feature that the cell 

acquires a rigidity that it does not otherwise exhibit as the limitation of fixed surface area is 

reached. The problem considered here represents a prototype and starting point for analys

ing this phenomenon. 

One significant finding is that the range of radii in which near-critical shapes occur 

is quite small. The minimal radius, in the case of human red cells, is 1.42 ",m. For radii up 

to about 1.55 ",m, the overall shape consists of a cylinder with two hemispherical ends. 

Further increases in the radius lead to a flattening of the rear of the cell, which is flat when 
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the radius is 1.572 I£m, according to the numerical calculations in the high-velocity limit. 

(The more approximate asymptotic theory of section 3.3.3 predicts that this occurs at a 

radius of 1.61 I£m.) These results are consistent with those obtained using the bending and 

shear model. As shown in figure 3.10, the shape of the cell is convex up to a radius of 1.52 

I£m at a cell velocity of 0.01 cm/s. The radius at which this transition in shape occurs in

creases with cell velocity, and the isotropic tension model gives the high-velocity limit. 

The asymptotic analysis of the isotropic tension model provides insight into the vari

ation of the cell from its critical shape as the vessel radius increases from the minimal value. 

The outer solutions corresponding to the cylindrical and hemispherical regions are matched 

through transition regions of length scale f1/ Sre, where fre is the gap width, and tensions of 

order IJUoC3/S are generated in the membrane. At the front, this transition is monotonic. 

but the membrane bulges out at the rear transition region. As vessel radius increases. mem

brane tension decreases and the transition regions become wider and more pronounced. 

With further increases in radius, the tension in the rear transition region falls. until a radius 

is reached at which the tension is o(IJUoC3/S). At this stage, a localised region of high cur

vature appears in the transition. If the tension in the rear transition region falls to 

O(l£uoltogfl), the angle between the membrane and vessel wall changes by an 0(1) amount 

through the rear transition layer, so that the rear becomes less convex. The application of 

lubrication theory to the rear region in this case can be justified by a comparison between 

the predictions of Stokes equation and lubrication theory in the case of flow in a corner. 

In summary, our results show that red cell shape, rheological parameters, and distri

butions of pressure and membrane tension are highly sensitive to changes in diameter near 

the minimal value for intact passage of cells. These results, together with those of Secomb 

el ai. (1986), show the wide variation of axisymmetric red cell shapes with capillary tube 

diameter. 
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CHAPTER 4 

FLOW OF RIGID PARTICLES BETWEEN TWO PARALLEL PLATES 

4.1. INTRODUcrlON 

The aim of this chapter is to develop theoretical models for the motion of rigid par

ticles between two stationary parallel plates. It is motivated by an interest in the flow and 

deformation of red blood cells through very tight spaces which they encounter in the spleen 

and in bone marrow, which may have the form of narrow slots. The spleen, for example, 

serves as a filter, and it is conjectured that those red cells which lose flexibility get stuck 

and are removed from the circulatory system. We are particularly interested in cases in 

which the width of the particle is only slightly less than the distance between the two plates, 

which is referred as the near-critical case (see chapter 2). The particle shape is then a disk 

with a rounded edge. 

The methods used to solve these types of problems are similar to those applied in 

chapter 3 to the flow of axisymmetric red blood cells in very narrow tubes. In this chapter, 

the simpler problem of rigid particles with the critical shape is investigated since this pro

vides an approximation to the results for a flexible particle. The case of flexible particles 

representing red cells will be considered in chapter S. As with other analyses, inertia effects 

are neglected and lubrication theory is used since the gap width between the particle and 

either of the plates is small. 

In section 3.3 closed form-solutions were obtained for the motion of rigid particles 

with hemispheroidal ends in cylindrical tubes with near-minimal diameters. Here, analogous 

methods are used to analyze rigid particle motion between two parallel plates. In section 4.2 
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the equations governing the flow of the suspending fluid are established. Section 4.3 is dev

oted to rigid particles having the critical shape of a red cell between two plates with mini

mal spacing. The analysis is very similar to Hele-Shaw theory in which the flow past an 

obstacle at zero Reynolds number can be treated as a potential problem. Hele-Shaw (1898) 

showed that the streamlines of the flow past a particle between two parallel plates are the 

same as those an inviscid fluid past an identical particle. However, as pointed by Hele

Shaw, this leads to discrepancies in tangential flow at the surface of the particle. The 

effects of viscosity in a narrow boundary layer surrounding the particle are also investigated. 

Particle velocities and pressure distributions are deduced as functions of geometrical parame

ters. The particle velocity may be smaller or larger than the mean fluid velocity far from 

the particle, depending on the spacing of the plates, with equality when the width of the 

particle is about ninety percent of the spacing between the two plates. In section 4.4, the 

motion of a cylinder and a sphere are considered. These two cases provide a test of the res

ults obtained using lubrication theory since they can be compared with results obtained using 

other methods. 

4.1.1. Particle shapes 

It is well known that red blood cells deform at constant volume and almost constant 

surface area. These two constraints limit the possible shapes of a red blood cell lying 

between two plates (chapter 2). Consequently, there exists a minimum distance between the 

two plates through which a cell may pass without increasing its volume and surface area. 

The shape in this limiting case can be determined using calculus of variations. The resulting 

shape is a disk with a rounded edge, as shown in figure 4.1. The profile of the edge is 

almost, but not exactly, an arc of a circle as described in chapter 2. 
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2w 

Figure 4.1. Critical shape of red blood cell between two parallel plates. 2w is the 

width of the pariticle and r 1 is the radius of the disk part. 

Using this approximation, the surface area, A, and volume, V, are given by: 

A - 2~ (r1
2 + ~rl + 2wZ) (4.1.1) 

(4.1.2) 

where 2w is the width of the particle and r 1 is the radius of the disk part. For V • 90 ~m3 

and A - 135 ~m2, r1 - 3.247 ~m and w - 0.91 ~m. 

In section 4.3, we analyze the motion of particles with the critical shape. To test the 

validity of lubrication theory for particles flowing between parallel plates, we consider two 

cases in which solutions are available using other methods: a rigid sphere and a rigid cyl

inder. Both cases provide a critical test for the use of lubrication theory, because the region 
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of narrowest gap is smaller than for disk shapes. and so the ratio of gap width to gap length 

is maximal. Numerical solutions of Stokes equations for flow past a sphere between two 

parallel plates have been given by Ganatos et aJ (1982). For the simpler problem of a 

sphere moving parallel to a single plane wall (O'Neill 1964. Goldman et al. 1967. O'Neill & 

Stewartson 1967) an exact solution in bipolar coordinates is available. The drag on the 

sphere obtained using this method of solution can be compared with that estimated from 

lubrication theory. The two-dimensional motion of a rigid cylinder between parallel plates 

in Poiseuille flow has been analyzed numerically by Dvinsky and Popel (1987). 

4.2. GOVERNING EQUATIONS 

4.2.1 Lubr;cQl;oll Iheory 

The flow of the suspending fluid satisfies the Stokes equations in cylindrical coordi-

nates (r. 8. z). Furthermore. lubrication theory can be used since the the gap width between 

each plate and the surface of the particle is small compared to the length scale of the gap. 

With the assumptions of lubrication theory. the momentum equations in the radial and azim-

uthal directions are given by 

(4.2.1 ) 

(4.2.2) 

where u and v are the radial and azimuthal components of velocity. and iJp/iJz - O. Since 

the suspending fluid is incompressible. the continuity equation is 
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(4.2.3) 

The domain is divided into three regions which are considered separately (figure 

4.2): region [ (the flat part of the disk): 0 :!!; r :!!; r l' h - he « d; region II (outside the disk): 

r ~ rs' h - d; region III (the curved rim of the disk): r1 :!!; r :!!; rs' h - h(r). 

The axes are fixed with the particle so that the boundary conditions are u ,. v '" 0 

on the surface of the particle (z - h(r». and u - u1cosD, V - - u1sin9 at the plates (z - 0, z -

d), where u1 is the particle velocity. We consider only the case where the particle is placed 

halfway between the two plates, and consequently there is no rotation. In region II, u '" 

u1cos9 and v - - u1sin9 at z - 0 and z - d. Also, there is a matching condition: U -- (u 1 -

us)cos8 as r -+ 00, where u(r, 9) is the mean value of u in the space between the plates and 

Us is the mean fluid velocity relative to the walls (figure 4.2). 

The above equations are first non-dimensionalised, as follows: 

p(r, 9) - Po + 12 #,us/d P(R,9), u(r.9,z) - US U(R,9,Z), v(r,9,z) - Us V(R,9,Z) (4.2.4) 

where Po is an arbitrary constant and R - rid, Z - z/d. Then equations (4.2.1)-(4.2.3) 

Ul " D U2 

• 
I 

I I I II II 
I 

I 
I 

Figure 4.2. Velocity components relative to plates. 



become: 

and the boundary conditions are: 

ap asu 
12 aR - azs 

12 1.. ap _ asv 
R lJ8 azs 

a(RU) + av _ 0 
aR lJ8 

and U - (Up - I) cosD as R - 00 
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(4.2.5) 

(4.2.6) 

(4.2.7) 

where k - I in region II, k - 0 in regions I and III, H - hid and Up - u1/us' The momen

tum equations are integrated twice to yield the velocity components U and V: 

ap (z) U - 6 aR Z(Z - H) + Upcosl 1 - (I - k) H 

V - 6 - - Z(Z - H) - U slOB 1 - (I - k) -I ap . ( z) 
R lJ8 p H 

Next, we define the following flow rates 

H H 

Oa' L U dZ and Q,. Jo V dZ 

Substitute (4.2.8) and (4.2.9) into (4.2.10) to get 

and 

Hence 

rL _ ! (I + k)U H cosD _ H3 ap 
XR 2 p aR 

I ap I 
Q, - -H3 R lJ8 - i (I + k)UpH sinB 

(4.2.8) 

(4.2.9) 

(4.2.10) 

(4.2.11) 

(4.2.12) 
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Q - -H3VP + ~ (I + k) Up x (4.2.13) 

where Q - (Qa. Q,) and x - (I. 0). the unit vector in the x-direction. Equations (4.2.7) 

and (4.2.10) imply that V.Q - 0. that is 

v.[" [".vP -! (I+k) up']] -a (4.2.14) 

or 

.1 L (RH3 ap) + _I E... (H3 ap) _ 1 (I + k) U (coft.d aH _ sinD aH) (4215) 
R aR aR R 2 as as 2 p l' :w aR R as . . 

The above equation is often referred to as Reynolds' equation in the lubrication theory liter-

ature (Cameron 1966). 

The dimensionless shear stresses fa and f, acting on the particle are given by 

au I ap -fa - - - - - 6H - + (I + k) H lU cos8 az Z-H aR p 
(4.2.16) 

and 

av I I ap -' f, - - - - -6H - - - (I + k) H lU smD az Z-H Rasp 
(4.2.17) 

Equation (4.2.15) does not have generally an exact closed form solution for non-uni-

form gaps but can be solved either approximately or numerically. The pressure equation is 

solved in each region and then both the pressure and radial flow rate are matched at the 

edge of each region. Rigid particle models having the critical shape are considered nex.t. 

4.3. SOLUTIONS FOR NEAR-CRmCAL PARTICLES 

The red cell assumes a shape close to the critical shape between plates of near-criti-

cal widths. In this section we assume that the cell behaves as a rigid body with the critical 

shape. 
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4.J.l Sol&dions in regions I. /I and 11/ 

For rigid particles, further simplifications to the lubrication theory equations can be 

made since the gap width, H, is a function of R only in region III, and constant in regions I 

and II. The governing equations then allow solutions of the form 

P • P(R) cosi, Oa • QR(R) cosi, Q, • Q,(R) sinD 

where QR and Q, are given by 

and 

QR • ! (I + k)U H - H3 dP 2 p dR 

Q, • H3 ~ - ~ (I + k)UpH 

The equation for pressure distribution is given by 

We now solve the above equation in regions I, II and III. 

In this region, equation (4.3.4) reduces to: 

The solution with no singularity is 

(4.3.1 ) 

(4.3.2) 

(4.3.3) 

(4.3.4) 

(4.3.5) 

(4.3.6) 

where K 1 is an unknown constant. The radial flow rate is then obtained by substituting 

(4.3.6) into (4.3.2) 

(4.3.7) 

RelioD II: R ~ RJ; H • I. 

The pressure distribution also satisfies (4.3.5) in region II, but in this case the solu-

tion is given by 



75 

(4.3.8) 

where K. is a constant and the matching condition at infinity has been applied. Substituting 

(4.3.8) into (4.3.2), we obtain the radial flow rate: 

o R,'K. 
Q R - Up - 1 + R' (4.3.9) 

RelioD III: Rl ~ R ~ R,; H - H(R). 

In region III, 

1 
H - i (I - ,\ cos~) (4.3.10) 

where ,\ - 2w/d and 'K/2 - ~ is the angle between the axis of symmetry and the normal to 

, 

1/2 

Figure 4.3. Variables used to describe region III. 

the surface (figure 4.3). Also, 

R - W sin~ + Rl (4.3.11 ) 

where W - w/d. The equation for the pressure field is 



.1 A.. (RH3 dPm) _ H3 pm _ 21 Up dH 
R dR dR RS dR 
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(4.3.12) 

This equation does not have an exact closed form solution but can be solved either approxi-

mately (section 4.3.2) or numerically (section 4.3.6). 

4.3.2 So/wion in r~gion 1T1using Ih~ Iwo-dim~nsiona/ approximation 

If the radius of the disk is large compared to the channel width (Rz » I) we may 

treat the flow at each point on the rim as approximately two-dimensional, i.e. variations in 

the radial direction dominate azimuthal variations. Note that R - Rl + e where e '" 0( I) in 

region III. Hence, equation (4.3.12) becomes to leading order 

d~ (HS ~)- ! Up ~~ 
which can be integrated once to yield the pressure gradient in region III 

dpm ---dR 
1 U H-J - K H-3 2 p J 

(4.3.13) 

where K J is a constant. 

As in the case of flow of a rigid particle consisting of a cylindrical body with hem-

ispheroidal ends in a circular tube, it is convenient to use , as the independent variable 

(Ozkaya and Skalak 1983; Ozkaya 1986). Equation (4.3.13) becomes 

(4.3.14) 

The above equation can be integrated using a transformation due to Sommerfeld (1904), who 

first integrated a similar pressure equation for journal bearings. His transformation is given 

by the expression 

I - ~J 
I-~~- I +~cos" 

where '" is the new independent variable. Define 
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1(/2 

In - r co~ d~ n _ I, 2, 3 
Jo (I - lc~)D 

(4.3.15) 

Then, with the aid of Sommerfeld's transformation, 

2l· - 1( /2 I _ I + 2oU· I I + l2 /2 + 3oU· 
11 - l '2 I _ l2 ' 3 - (I _ l2)2 (4.3.16) 

where 

(4.3.17) 

So (4.3.14) is integrated to yield the pressure at R - R2 

(4.3.18) 

where K3 gives the pressure at R - Rr The radial flow rate, QmR' is obtained by substi-

tuting (4.3.13) into (4.3.2) 

(4.3.19) 

and is independent of ~. 

4.3.J Malching conditions lor lhe lhree regions 

To determine the constants K j (i - I, 2, 3, 4), we apply the following matching con-

ditions at R - Rl and R - R2: 

(4.3.20) 

and 

pU _ pm and QU _ 2Qm at R _ R 
R R 2 (4.3.21) 

The azimuthal flow rate cannot be matched at R - R2, and the jump in Q, from 

region III to II is 0( I). These conditions are typical of Hele-Shaw cells where the flow past 
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an obstacle can be modelled by inviscid theory. The discrepancies in q,( - u2d Q,) can be 

accommodated by shear regions of width 0( I). Consideration of the equation of continuity 

shows that these shear regions will generate discontinuities in the radial flow rate of order 

RJ -1. However, the tangential flow rate can be matched by inserting a boundary layer 

around the surface of the particle. The effect of including such a boundary layer between 

regions II and III is investigated in section 4.3.7. The results of doing this are then compared 

with those from the Hele-Shaw theory, which are obtained next. 

First we apply the matching conditions given in (4.3.20). Solution (4.3.6) implies 

that 

(4.3.22) 

(4.3.7) and (4.3.19) imply that 

(4.3.23) 

Next, we apply the conditions given by (4.3.21). (4.3.8) and (4.3.18) imply that 

(4.3.24) 

and (4.3.9) and (4.3.19) that 

(4.3.25) 

The constants K j can then be expressed as functions of Up and the geometrical par-

ameters He' Wand R I . By applying the zero-drag condition, K j (i - I, 2, 3, 4) and Up are 

uniquely determined. 

4.J.4 Tu z~,o-d'1J6 co"ditio" 

Next, we apply the zero-drag condition which will yield a fifth equation. We can 

calculate either the forces on the particle or the forces on a cylindrical control volume con-

taining the particle. These are equivalent since the momentum equations are given by Stokes 



equations. Considering the forces acting on the control volume, we obtain: 

F - - F 
" p 

where F" gives the shear force on the walls and F p gives the pressure force: 

F" - 2 IrJ Ill" Txal r dr dl and Fp - d rJ JlI" p(rJ, 8) cos8 d8 
o -lI" z-o -lI" 

To determine the shear force note that 

#,uJ aux Txa - d az and Ux · U cos8 - V sin8 

On applying equations (4.2.8) and (4.2.9) we get that 

Let 

where F" I and F" m are the contributions from regions I and III respectively. Then 

F; • -2.pu,d [~' Up + 6 H,R,'K,] 

and 
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(4.3.26) 

(4.3.27) 

(4.3.28) 

(4.3.29) 

(4.3.30) 

(4.3.31) 

where we have made the same two-dimensional approximations in the curved region as in 

section 4.3.2. Next, the force due to the pressure exerted on the curved surface is calcu-

lated. Let 

lI" 

Fp - d rJ J p(rJ , I) cosS dl • 12l1"#,uJdrJ p(RJ > • 12l1"#,uJdRJ J (I + K.> (4.3.32) 
-lI" 

The zero-drag condition implies that F" + F p.O. So 

6H, R,'K, - 12R,l I,K, - 6R,'K. + [~:' + SlR,I,] Up' 6R,' (4.3.33) 
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K\ (i - I, 2, 3, 4) and Up can now be uniquely determined by solving 

(4.3.22)-(4.3.25) and (4.3.33). Results are given in section 4.3.8. 

4.3.5 Esl;mQJ;oll 0/1111 upper bound lor Up 

A simple estimate of Up can be obtained for very narrow gaps, for which the flow 

in the gap is negligible. (4.3.23) implies that KJ - 0, i.e. QR n - 0, as He - O. So, from 

(4.3.25), K. :::: I - Up. The pressure force, (4.3.32), is then equal to 

F p - 12lr~uJdRJJ (2 - Up) 

The drag force, F,., is approximately given by 

R J 
F,. - -2lr~uJd Up _1 

He 

(4.3.34) 

(4.3.35) 

since, in the limit as Up - 0, the contributions of the curved regions are small, and a linear 

velocity profile is assumed in region I. Equating the two forces, we get 

12 (RJ/R1)J He 
Up - I + 6 (RJ/R1)J He 

(4.3.36) 

The above expression for Up is a good approximation for small He but for larger 

gaps it yields an overestimate since the resistance to flow has been underestimated. This is 

because energy dissipation in region III is neglected and because the energy dissipation in 

region I is smaller for a linear profile than for any other. 

4.3.6. NUlfler;ctU procedure lor sO/';II6 ;11 re6;oll II/ 

We wish to solve region III without making the two-dimensional approximation. 

Re-writing equation (4.3.2), we get the pressure gradient in terms of the radial flow rate: 

dP --dR 
! U H-J - OR H-3 2 p 

(4.3.37) 



Since d(RQR)/dR - - Q" equation (4.3.3) implies that 

d(RQR) _ 1 U H _ H3 P 
dR 2 p R 
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(4.3.38) 

As in the two-dimensional approximation, the independent variable R is replaced by ~. 

dP (I U ) - - W _.=J!. - QR H3 c~ 
d~ 2 HI 

(4.3.39) 

dQR _ w (1 U H _ H3p _ QR) cOSf 
d~ 2P R R 

(4.3.40) 

where R is given by (4.3.11). It is convenient to consider the constant Up as an unknown 

function, satisfying 

dUp 
d~ - 0 (4.3.41 ) 

The boundary conditions are 

(4.3.42) 

(4.3.43) 

and the zero-drag condition becomes 

(4.3.44) 

Since (4.3.39)-(4.3.41) is a linear, third-order and homogeneous system of equations. 

the general solution is a superposition of three particular solutions: 

P l ' QRl' Upl satisfying P - I, QR - 0, Up - 0 at ~ - 0 

PI' QRI' UpI satisfying P - 0, QR - I, Up - 0 at ~ - 0 

P 3' QR3' Up3 satisfying P - 0, QR - 0, Up - I at ~ - 0 

and is given by 

(4.3.45a) 

(4.3.45b) 

(4.3.45c) 



1(/2. 
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(4.3.46) 

Next, a system of linear equations is obtained by evaluating (4.3.46) at ~ - 0 and if> -

At ~ - 0: 

At ~ - 1(/2: 

Rz (I + K.) - t ~ Pj (1(/2), ! (Ke -

i-I 

The zero-drag condition is given by 

(4.3.47) 

(4.3.48) 

1(/2 

[~:' + 2lR,., ]K. - 3R,'K. - 3 l L (W sin'; + R,) P sin; dol • 3 R,' (4.3.49) 

The unknown constants (~, K j ) are found by solving (4.3.47)-(4.3.49). Numerical 

results are given in section 4.3.8 and compared with those obtained using the two-dimen-

sional approximation. 

4.3.7 The bowrdary layer between regions II and III 

The tangential flow rate, Q" at the edge of the particle was not matched in the 

above analysis. In this section a boundary layer an?lysis is done between regions II and III 

so that Q, can be matched. The width of the boundary layer is comparable to the distance 

between the plates, and so the lubrication theory approximation cannot be used. However. 

variations in the R and Z directions dominate those in the 9 direction. Therefore the Stokes 

momentum equation in the tangential direction reduces to 



lPY lPY I ap 0" 
azs + aRs - 12 Rs ----as 
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(4.3.50) 

where R - Rs + Rand alaR » I/Rs a/al. Note that, as in classical boundary layer theory, 

the pressure is assumed not to vary across the boundary layer, and is given by Poll, the unp-

erturbed pressure field in region n. Let Y - yO + Y l' where, from (4.2.9), 

I ap 0 
yO _ 6Z(Z - 1) - __ 0_ - U sin8 

Rs aI P 

Hence 
aSY

1 
aSY

1 
azs + aRs - 0 

(4.3.51 ) 

(4.3.52) 

The boundary conditions are: Y 1 - 0 at Z - 0 and Z - I, and Y 1 - Yj (Z, 8) - yll at 

R - 0, where Yj (Z, 8) is the tangential velocity at the interface between region III and the 

boundary layer. To determine Yj exactly would require the solution of the Stokes equations 

in region III as well as the boundary layer. However, the profile of Yj is constrained by 

several boundary conditions, and a good approximation is provided by a smooth function 

that satisfies these conditions. This may be constructed as follows. At the two plane walls 

Yj(O, 8) - Yi(l, 8) - -Up sin8, and at the particle Yj (l/2, 8) - 0 since the axes are fixed with 

the particle. The pressure gradient in the boundary layer is approximately given by the 

pressure gradient in the outer region II. Hence asyj/azs - azy" jaZZ at Z - 0 and Z a I. 

Also, aYJaz - 0 at Z - 1/2, by symmetry. If Yj(Z, 8) is approximated as a fourth order 

polynomial in Z, it is given uniquely by 

Yj(Z, 8) - QZ(Z - I)(Z(Z - I) -I) + 6/JZ(Z - I) - Up sin8 (4.3.53) 

where 

8 I ap 0 
Q - -5 (2Up sin8 + 3/J) and /J - - __ 0_ - - (I + K ) sin8 

Rs aI 4 

and where (4.3.1) and (4.3.8) have been used to determine ap/al. Then at R - 0, Y i - aZ(Z 

- I)(Z(Z - 1) - I). 

The solution to (4.3.52) and boundary conditions is obtained by separation of vari-



abies and is given by 

00 

VI - L 8 2k-1 e-(2k-l).i sin(2k - I)1rZ 

k-I 
where 

96a 
8 2k-1 - (2k - l)~1 

The total tangential flow change in the boundary layer is given by 

001 

<10,. fo fo V,dZ dR 

where, on substituting (4.3.54) into the above double integral 

where 

~ and €7 - 155
36 °7 L (2k - l)2n-l 

k-I 
°2n-l - ru-1 
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(4.3.54) 

(4.3.55) 

(4.3.56) 

Consider conservation in a control volume adjacent to the particle, extending between the 

two plates, of azimuthal extent R2d8 and radial extent wider than the boundary layer. Let 

.1.<41 be the radial flow generated by the boundary layer. Then, by flow conservation, 

Hence, in the limit as d8 - 0, 

I dQ, €7 
.1.{L - - - -- - - - (2U - 3(1 + K » cosO 

'<R R d8 R P • 2 2 

(4.3.57) 

The matching condition, (4.3.21), then changes to 

(4.3.58) 

and (4.3.25) to 

(4.3.59) 

The inclusion of the boundary layer also implies that the zero-drag condition, 



(4.3.26), has to be modified to 

where the additional contribution, Fb , due to shear stresses in the boundary layer 

I" I 

Fb - ,",usdRs f f ~;1 1_ dZ sin8 d8 -I"Jo R - 0 

is given by 

So (4.3.33) becomes 

6H, R,'K. - 12R,l I,K, - 3R,(2R, + e .lK, + [~:' + SlR,I. + 2R ,e.J Up 

- 3Rs(2Rs + el) 

85 

(4.3.60) 

(4.3.61 ) 

(4.3.62) 

By imposing the no-slip condition at the edge of the particle and introducing the 

boundary layer, we are creating a region in which the fluid tends to move with the particle. 

We might expect that the resulting external flow field would be the same as for a slightly 

larger particle analyzed using the Hele-Shaw assumptions. To test this, we consider a parti-

cle whose radius is increased by 6, the displacement thickness, which is a measure of the 

thickness of the boundary layer, and is defined by 

~Q, 
6 - - ~I-----'::'-----

fo (Vn (Rs' Z, 8) + Vp sin8) dZ 

It gives the distance by which the solid boundary would have to be displaced in the absence 

of a boundary layer to give the same flow deficit as exists in the boundary layer. Substitute 

(4.3.51) into the above to get 

(4.3.63) 
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The change in radial flow rate can also be written in terms of the displacement thickness 

(see (4.3.57», so that (4.3.57) is replaced by 

6 d R aJP D I 6 ~QR - - - ~ - 6 _0_ - - (I + K ) cosO 
RJ d8 aRJ R-R RJ • 

J 

(4.3.64) 

since poD satisfies Laplace's equation. Matching of the radial flow (4.3.59) gives 

2K J + (I - ~J) K. + Up - I + ~J (4.3.65) 

Hence the displacement thickness increases with decreasing particle velocity. imply-

ing that the jump in tangential flow is greatest when the particle is stationary. In this case 0 

~ 0.3. To test the equivalence of enlarging the particle radius by 6 and including the boun-

dary layer, we consider both as perturbations to the original solution (section 4.3.3). In sec-

tion 4.3.3, the matching condition on the normal flow rate (4.3.21) yielded 

(4.3.66) 

The inclusion of the boundary layer implies that 

(4.3.67) 

so that the normal flow rate is matched at the particle. Alternatively. we can match at R = 

Rb - R J + 6 to accommodate the presence of the boundary layer and apply condition 

(4.3.66) at R • Rb instead of at R - RJ• The pressure field in region II is perturbed so that 

(4.3.68) 

where 6/RJ «I. Hence 

implies 
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(4.3.69) 

which, to leading order, is the same as (4.3.67). Therefore, the boundary layer has the same 

effect on region II as increasing the radius RJ by an amount & in the Hele-Shaw solution. 

However, for Up 'I- 0, & is not known a priori. Results are given for & ~ 0.3 in the next 

section, and are compared with the results obtained from the boundary layer analysis. 

4.J.8 Results /0' the disk shaped particle 

Pressure distributions in the gap and particle velocities were computed numerically 

using the methods described in previous sections. First, results are given for cases where the 

boundary layer is not included using the numerical approach described in section 4.3.6. In 

figure 4.4 (a) where d - 1.823 pm, the pressure gradient is negative in the region of constant 

gap width. As d increases, it eventually becomes positive as shown in figure 4.4 (b) for d .. 

2.323 pm. This is analogous to what happens in circular tubes (see chapter 3). In all cases, 

the pressure changes are greatest in region III. 

The variation of Up as a function of He is also shown in figure 4.5. The results 

obtained using the two-dimensional theory are indistinguishable from those obtained numer-

ically. The difference between the upper bound for Up obtained in section 4.3.5 and the 

other two methods is fairly small for He < 0.1. The effect of including the boundary layer 

between regions II and III can be seen in figure 4.6(a), where the particle velocity is plotted 

as a function of gap width. The greatest percentage difference is at smaller velocities and 

smallest when the particle moves approximately with the mean velocity. This difference 

ranges from approximately 8 % at high velocities to 25 % at very low velocities. An alter-

native approach is to apply the matching conditions between regions II and III at R - Rb . 



1.1 

Figure 4.4. Numerically computed profiles of pressure in the gap on the plane of 

symmetry Y - 0 for the critical case: (a) d - 1.823 Io'm and (b) d - 2.323 Io'm. 
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The particle velocity is higher than the other two models since the effect of the boundary 
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layer is overestimated, especially at higher velocities. The variation of 6 as a function of He 

is shown in figure 4.6 (b). The displacement thickness is almost constant at low velocities, 
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Figure 4.5. Variation of Up as function of He for critical shape, excluding effects 

of boundary layer. (a) upper bound; (b) two-dimensional lubrication theory; (c) 

axisymmetric lubrication theory. 

but decreases rapidly when the velocity of the particle approaches the mean bulk velocity. 

Both figures 4.5 and 4.6 (a) show that the particle velocity may be smaller or larger 

than the mean bulk velocity depending on the spacing of the plates, with equality when the 

width of the particle is about ninety percent of the spacing between the two plates. 

4.4 SOLUTIONS FOR CYLINDERS AND SPHERES 

In this section, the motion of a cylinder and of a sphere between two plates are in-

vestigated using lubrication theory. These cases provide a test of the results obtained using 
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lubrication theory since they can be compared with results obtained using other methods. 
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Figure 4.6. (a) Variation of Up as a function of He for the critical shape: (I) stan

dard lubrication theory; (2) boundary layer analysis included; (3) standard lubrica-

tion theory for a "larger" particle. (b) Variation of 6 with He' 
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As in the previous section, the effect of including a boundary layer is also analyzed. 

4.4.1 A rigid cylinder between two piaJes 

The motion of rigid cylinder between parallel plates in Poiseuille flow is investigated 

next using lubrication theory. In this case, the region of minimum gap width is a line in-

stead of a single point, and so lubrication theory for a cylinder should yield more accurate 

results than for a sphere. The procedure is similar to that used for the disk-shaped particle. 

The momentum equation in the X-direction is 

dau dP 
dZa - 12 dX (4.4.1 ) 

where U is the velocity component in the direction of the motion of the particle. The axes 

are fixed with the cylinder so that the boundary conditions are U - 0 on the cylinder (Z -

H) and U - Up on both plates (Z - 0 and Z - I), where Up is the velocity of a neutrally 

buoyant cylinder. Also, there is a matching condition at infinity: U - Up - I as X -- 00, 

where U is the mean fluid velocity. (4.4.1) is integrated twice to yield U: 

U - 6 - Z(Z - H) + U I - (I - k) -dP ( z) 
dX p H 

(4.4.2) 

where k - 0 in region I (H < I) and k - I in region II (H - I). The flow rate, which by 

continuity must be a constant, is given by 

H 

Q - I U dZ - - H' dP + ! (I + k)H U o dX 2 p 

Hence the equation for the pressure is 

dP _ ! (I + k)U H-a - Q H-3 
dX 2 p 

In region I the gap width, H, is given by (4.3.10): 

I 
H - i (I - -\co~) 

where -\ - 2Ra, Ra being the radius of the cylinder. X is given by 

(4.4.3) 

(4.4.4) 
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(4.4.5) 

So 

(4.4.6) 

Since Q is constant. the flow rate in region is obtained by matching with the condi-

tion at infinity and is given by 

Hence 

QI • ! (U - I) 2 p 

(4.4.6) is integrated to yield the pressure drop. ~p. across the particle: 

where In are given by (4.3.16). The pressure force on the particle is then 

The shear force on the walls is 

Differentiate (4.4.2) and substitute it into (4.4.10) to get 

1(/2 

F" • - 2~U2R2 J c~ (4Up H-l - 6QiH-2) dt/> 
-1(/2 

which can be integrated using (4.3.16): 

Since we are interested in the case where the cylinder is neutrally buoyant. 

(4.4.7) 

(4.4.8) 

(4.4.9) 

(4.4.10) 

(4.4.11) 

(4.4.12) 

Hence the following expression for the particle velocity is obtained by solving the above 

equation: 
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Up - 31l~ + I) - 2(3.l13 + 11) 
(4.4.13) 

The values of Up computed using the above formula are compared with the results 

of Dvinsky and Popel (1987). Up is plotted as a function of Hc ' the minimum gap width, 

in figure 4.7(a). As can be seen, the two methods agree very well for small clearances. The 

difference is less than I % for Hc - 0.15. In figure 4. 7(b), the additional pressure drop due 

to the presence of the cylinder is plotted as a function of Hc. Again, there is very good 

agreement. This test case supports the use of lubrication theory for red blood cells and 

other elongated particles between parallel plates of near-critical widths. 

4.4.2 Upp~, bound Oil Up /0' a sph~r~ 

As in section 4.3.5, to obtain a corresponding upper bound on Up for a sphere. we 

neglect the effects of pressure gradients in region III and assume a linear velocity profile. 

The radial now rate for shear flow is then given by (cf. 4.3.2) 

QR m - ! UpH 

As before, the now rates are matched at R - RJ: 2QR m • QR n. So 
J J 

I 
K. - I - i Up 

The pressure force is then given by 

Fp • 1211"I'uJdRJJ (2 - ! Up ] 

and the drag by 

Since F p + F f" - 0 

Up - 3RJJ - 2RJ - togll - 2RJI 

(4.4.14) 

(4.4.15) 

(4.4.16) 

(4.4.17) 

(4.4.18) 

In this case the particle velocity decreases very slowly to zero as RJ ..... 1/2 due to the pres-
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Figure 4.7. (a) Variation of Up with respect to He for the cylinder. C, lubrication 
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ence of the logarithm in the denominator of (4.4.18). (4.4.18) provides an upper bound for 
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Up since for any given boundary conditions, the energy dissipation in the gap is smaller for 

a linear profile than for any other velocity profile. 

4.4.J Num~ricaJ proc~d",e ill regioll 111 lor a sphere 

When applying the numerical method of section 4.3.6 for the sphere, special care 

must be taken. First, the integration cannot be started at , • O. Instead, boundary condi-

tions are imposed at , • '. «I. To avoid the effects of the singularity at , - 0, a z is 

eliminated from equations (4.3.47)-(4.3.49). 

Expressions for the pressure and flow rate at , • '. can be established by solving equa-

tion (4.3.14) for small" which is approximately given by 

The general solution is 

dSP I dP P ! U H -3 R 2 A. 
d~+~d'-~·2 pe 2'" 

(4.4.19) 

(4.4.20) 

The ,-1 solution has been rejected since P is bounded at the origin. Qa is then found by 

substituting (4.4.20) into (4.3.2): 

Qa • ! Up (He - ~ R2~ ) - He 3K 1 (4.4.21 ) 

The initial conditions for Pi' Qi' UPj (i • I, 2, 3) are set at , • '. instead of , ~ O. 

The general solution is now given by 

(4.4.22) 

where 

(4.4.23) 

and 



and 

The boundary conditions are 

at ~ - r/2: Rz(l + K.) - QIph (r/2) + Q3PC(r/2), 

! (Ke - I + K.) - Q1Q
h(r/2) + Q3(lC(r/2), Ke - Q3 

The zero-drag condition, (4.3.49) has to be modified. It becomes 

r/2 

(log(l - A) + 2Rz)Ks + 3Rz2K. + 6 RZ2 Io P sin2~ d~ - - 3R2 2 
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(4.4.24) 

(4.4.25) 

(4.4.26) 

(4.4.27) 

The integral in (4.4.27) is split into two parts with (4.4.20) substituted in the contribution 

from 0 to ~.. Results for the sphere are compared with results obtained using other tech-

niques in section 4.4.5. 

4.4.4 The boundary layer between the lubrication layer and the Oilier region 

The boundary layer analysis for the sphere is identical to that described in (4.3.7) for 

the rigid particle with the critical shape of a red blood cell. The only difference is that 

changes are made to allow use of the numerical procedure described in the previous section 

since it is more accurate than the two-dimensional approximation. If the change in normal 

flow, (4.3.57), is included, (4.4.26) changes to 

(I + 2e1/R2)Ke + (I - 3e1/R2) K. - (I + 3e1/R2) -

2QIQh(r/2) + 2Q3(lC(r/2) 

By including (4.3.60), the zero-drag condition, (4.4.27), becomes 

r/2 

(1o&(1 - l) + 2R, - 2R,e,)K, + 3R,(R, + e,)K. + 6R,' fo P sin'. diP • 

(4.4.28) 
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(4.4.29) 

The results obtained by including the boundary layer are described in the next sec-

tion. 

4.4.5 R~s&d1S lor th~ sph~r~ 

Pressure distributions computed using the axisymmetric model (equations 

(4.3.39)-(4.3.41» are shown in figures 4.8 (a) and (b) for d - 7.21 #-,m and d .. 8.21 #-,m. 

The pressure gradient is always negative in the region of narrowest gap (R - 0) and becomes 

more negative as He decreases. Also, the pressure peaks increase as He decreases. The 

pressure gradient is clearly not continuous at R - R I , where the pressure and radial flow 

rate were matched. 

Figure 4.9 shows the variation of Up' the ratio of particle velocity to mean velocity, 

as a function of He' the non-dimensionalised gap width. Both the results obtained using 

lubrication theory and the collocation method of Ganatos el ai. (1982) lie below the upper 

bound obtained in section 4.4.2. There is a 25% difference between the value of Up obta

ined using axisymmetric lubrication theory and that obtained by Ganatos el ai. (1982) for He 

- 0.0454. One would expect that this difference would diminish as the gap width becomes 

smaller. These discrepancies can be better understood by considering the motion of a sphere 

parallel to a single plane wall (O'Neill (1964), Goldman el ai. (1967), O'Neill & Stewartson 

(1967». 

Goldman el ai. (1967) calculated the force on a sphere moving parallel to a single 

wall in a quiescent fluid to be 

(4.4.30) 

where 
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0.8 

Figure 4.8. Numerically computed pressure profiles of spherical case: (a) d - 7.21 

I'm and (b) d - 8.21 I'm. 

8 2Hc 
fd - - IS log I _ 2Hc - K (4.4.31) 

and K - 0(1). The leading order term in (4.4.31) is the same as that obtained using lubrica-
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Figure 4.9. The variation of Up with respect to He for the sphere: (a) standard lub

rication theory; (b) collocation method of Ganatos et al. (1982); (c) lubrication 

theory with boundary layer analysis included; (d) upper bound. 
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tion theory. They also remarked that the gradient of (4.4.31) with respect to He was very 

close to that of the exact solution and by choosing K. -0.9588, (4.4.31) approximated the 

exact solution for He < 0.0015. Ganatos et aI. (1982) used (4.4.31) for He up to 0.0454 with 

K • -1.022 when testing the accuracy of their collocation method for small clearances. 

The equivalent expression used in the present study is 

(4.4.32) 

where 
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f d - - ~ (I + I _ 12He log2He) (4.4.33) 

Comparisons between (4.4.31) and (4.4.32) are shown in figure 4.9. If K • 0 then 

there is not much difference since both expressions are derived from lubrication theory 

5~--------------------------------------~ 
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Figure 4.10. The drag on a sphere as a function Hc' (a) Axisymmetric lubrication 

theory, (b) K - 0, (c) K • -1.022. 

assumptions. When K • -1.022, (4.4.31) represents a very good approximation of the exact 

force for He < 0.0454. Simply using (4.4.31) instead of (4.4.32) in the present study would 

not yield better results as far as Up is concerned. One would also need a more accurate 

description of the flow in the outer region (II). This can be achieved by including a boun-

dary layer between the lubrication layer and the outer region. Figure 4.9 also shows the 

variation of Up as function of He if the boundary layer is included as in sections 4.4.3 and 

4.4.4. The particle velocity is overestimated in this case. For He • 0.0454, it is 20 % more 

than the value computed by Ganatos el ai. (1982). 
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4.5 CONCLUSIONS 

The aim of this chapter was to develop simple models for the motion of rigid parti

cles between two plates. This is a first step torwards the modelling of red blood cells that 

pass through very tight spaces. 

One significant finding is that the particle velocity can be smaller or larger than the 

mean bulk velocity, depending on the spacing of the plates, with equality when the width of 

the particle is about ninety percent of the spacing between the plates. As in section 3.3. the 

pressure gradient in the lubrication can be negative if the leak back is small enough. The 

major difference with the model for the motion of particles through cylindrical tubes is the 

introduction of a boundary layer between the lubrication layers and the outer region due to 

a discrepancy in tangential flow at the surface of the particle. It was shown in section 4.3.7 

that the inclusion of such a boundary layer of thickness 6d, where d is the spacing between 

the plates, change'i the particle velocity or the pressure in the gap by approximately 10% to 

25%. The boundary layer has a much greater impact in the motion of a sphere between two 

plates. 

We can therefore conclude that lubrication theory works best if the gap is long com

pared to its width, and consequently the results are more accurate for the disk-shaped parti

cle, less good for the cylinder and worst for the sphere. 
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CHAPTER S 

FLOW OF FLEXIBLE PARTICLES BETWEEN TWO PARALLEL PLATES 

5.1. INTRODUCTION 

In chapter 4, we developed a model for the motion of a rigid particle with the "crit

ical" disk shape between parallel plates. In this chapter, we consider the corresponding 

problem for a flexible particle. In section 5.2 the equations governing membrane equili

brium are established. These are then combined with the lubrication theory equations stated 

in section 4.2.1. Section 5.3 is devoted to two-dimensional solutions for the flexible particle 

model. Asymptotic analysis is used to solve the governing equations in the rim region. 

Also, several velocity limits are considered. In section 5.4, the equations of membrane equi

librium in the disk region are solved for the case of infinitesimal deformation. The analysis 

in section 5.4 is extended to the case of finite deformation in section 5.5. In section 5.6, the 

equations obtained in section 5.3 are solved numerically and the results are compared with 

those obtained for rigid particles of critical shape. For the flexible particle case, cell shapes, 

pressure distributions, membrane stresses and particle velocities are deduced as functions of 

geometrical parameters. One significant finding is that the gap width between the cell and 

the wall decreases with distance from the plane of symmetry parallel to the flow direction. 

As for rigid particles, the red cell velocity may be smaller or larger than the mean fluid vel

ocity far from the cell, depending on the spacing of the plates, with equality when the 

width of the red cell is about ninety percent of the spacing between the two plates. 
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S.2. GOVERNING EQUATIONS 

5.2.1 Membrane equilibrium for flexible particles 

There is a substantial literature on the mechanical properties of red blood cells. We 

follow the methods of Secomb et al. (1986) in deriving the equations of membrane equili-

brium. As a first approximation, we will treat the flow and membrane stresses at each point 

on the rim in a manner analogous to the two-dimensional model of Secom b & Skalak (1982) 

since the particle has the form of a thin disk. Cylindrical coordinates (r. 9. z) are used to 

describe particle geometry as shown in figure 5.1. It is also convenient to identify points on 

the membrane surface in terms of s, the arc-length, 9, the azimuthal angle and ¢. where 7r/2 

- ¢ is the angle between the axis of symmetry and the normal to the surface. Also we 

define t., tH to be the tension resultants and t., the shear resultant. where the first sub-

script specifies the direction of the force resultant and the second subscript specifies the 

edge along which the resultant acts (figure 5.2a). The equations of membrane equilibrium in 

the radial and azimuthal directions are (Timoshenko & Krieger. 1959) 

I !.. (r t.) + I at., _ ~ tH • _ T 
rV3 rae r r 

and 

(5.2.1 ) 

(5.2.2) 

where Tr and T, are the external fluid forces (shear stresses) acting on a membrane element. 

as shown in figure 5.2b. The equation for equilibrium of normal stress is 

~ t + sin; tH _ - (p - p.) as. r I 
(5.2.3 ) 

where Pi and p are the internal and external pressures. The internal pressure is a constant 

since the fluid interior of the cell is stationary. The equations for the external pressure field 

and the shear stresses are given by the lubrication theory equations in chapter 4. section 4.2. 
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Figure 5.1. (a) Variables used to describe geometry of critical particle between two 

parallel plates. (b) Regions used in analysis. 

5.3. FLEXIBLE PARTICLES: SOLUTIONS FOR NEAR-CRITICAL SHAPES 

When the width between the two plates is slightly larger than the critical width, the 

constraints of constant surface area and volume imply that the cell shape must be close to 
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Figure S.2. (a) Tension and shear resultants acting on a membrane element. (b) 

Pressure and shear forces acting on the membrane surface. 

the near-critical shape. In this section the equations derived in section 5.2 are first solved in 

regions I, (( and ((( for flexible, near-critical particles. Then the solutions are matched at 
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the boundaries between each region. In this case the gap width is an unknown which is to 

be determined. We cannot assume a priori that there exists a region of constant gap width. 

5.3.1 Matchin, conditions lor the three re,ions 

The matching conditions applied at the edges of each region are similar to those used 

for the rigid particle (chapter 4). We require that both the pressure and radial flow rate be 

continuous everywhere. With these conditions, the tangential flow rate rate cannot be 

matched. However, the errors in doing this are small since the jump in Q, from region II to 

region III is O(RJ -1). In addition, the tension resultant is continuous at R • R I' and at R = 

RJ the curvature is constant. These two conditions are good approximations since the diam

eter of region III is much smaller than region I, and the curved part of the near-critical 

shape is almost circular. Hence the matching conditions are: 

At R - R 1: pi - pm, Oa l - QR m, Tsl - Tsm 

At R - R J: pD - pm, QRD - 2QRm , Tsm - -W pll 

where W - wid, 2w being the width of the particle. 

5.3.2 Re,ion 1 

(5.3.1 ) 

(5.3.2) 

In the near-critical limit, the red cell is highly stressed so that the tension is high 

around the whole surface of the membrane. The curvatures, K I and Kill, in regions I and 

III are of the order 

(5.3.3 ) 

where Hm is some mean gap width. So the pressure differences, ~pl and ~plll, across the 
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membrane in regions I and III are of the order 

L\pI _ 0 [:~ T s I) and L\pm _ 0 [T ~ m 1 (5.3.4) 

where the tension is non-dimensionalised by letting ~j - 12 ,",uz T ij , Uz is as defined in sec-

tion 4.2.1, and T s - T ss . The pressure difference across the membrane in region I is much 

smaller than that in region III because the curvature in region I is much smaller than that in 

the curved rim, and TSI and Tsm are of the same order since the particle is highly stressed. 

The pressure difference in region I, ~pl, is therefore negligible to leading order. Hence 

pI _ 0 (5.3.5) 

where, without any loss of generality, Pi is chosen to be zero. Thus VP - 0 to leading 

order, and from the pressure equation, (4.2.14), it can be inferred that aHjaX - 0, that is, 

H - H(Y) (5.3.6 ) 

in region I. Thus the gap width is constant in region I along lines parallel to the flow direc-

tion. The radial flow rate is then equal to 

Qa l 
- ~ H Upc0s8 (5.3.7) 

Now that we have expressions for the pressure and viscous shear stresses, we are in a 

position to solve the equations of membrane equilibrium. Let us suppose first that the ten-

sion is isotropic and there is no shear. Consideration of membrane equilibrium in X and Y 

directions then shows that 

aTs ---ax 
I aTs - H-1U and -. 0 12 p ay (5.3.8a,b) 

The first equation yields 

Ts • - 1... H-1U X + T (Y) 12 p 0 
(5.3.9) 

If (5.3.9) is substituted into (S.3.8b), a contradiction is obtained since the gap width is a 

function of Y only. It can therefore be concluded that, if the gap width is not constant, 

membrane equilibrium can only be achieved if shear resultants are generated in the mem-
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brane. The membrane deformations required to generate these resultants are analyzed in 

section S.4. 

Since the gap width is a function of Y, it is more convenient to write (S.2.1) and 

(5.2.2) in terms of cartesian coordinates (X, Y) : 

The general solution is 

aTxx + aTxy __ ~ U H-1 
ax ay 12 p 

aTyy aTxy 
ay-+ ax- o 

Txx - - I U H-1X a~ T _ a~ Txy _ _ a~ 
IT p + ays' yy axs' axay 

(5.3.10) 

(5.3.11) 

(5.3.12) 

where • is an arbitrary potential dependent on the initial configuration of the membrane, 

known as the Airy stress function. T ss' T Hand T Sf can be determined by the following 

transformation (Evans and Skalak, 1980): 

where R is the rotation tensor 

R _ [c~s8 sin9] 
-5109 cosl 

(5.3.13) 

In order to solve the above equations, constitutive relations need to be derived which 

express the stress field in the membrane as a function of some imposed strain. This is done 

in section S.4. 

5.J.J Rt!8ioll 1/ 

In region II the gap width is constant and consequently the pressure field is obtained 

by solving Laplace's equation 

(5.3.14) 
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The general solution with the required symmetry is given by 

00 

pD(R,9) - Po + Rc0s8 + I R-(2n-l) a2n_1cos(2n - 1)9 (5.3.15) 

n-I 

where the condition of plane Poiseuille flow at infinity has been applied. The radial flow 

rate is obtained by substituting (5.3.15) into (4.2.11): 

00 

QR
D - (Up - 1) c0s8 + I (2n - I) R-2n a2n_1cos(2n - 1)9 

n-I 

5.1.4 Region III 

(5.3.16) 

The governing equations for region III are obtained by combining the equations of 

membrane equilibrium with those of lubrication theory which were derived in sections 4.2 

and 5.2. It was shown in section 4.3 that the two-dimensional approximation of the rim 

yielded very good results for rigid particles of near-critical shape. The two-dimensional 

version of (4.2.15) is 

which can be integrated to yield the pressure gradient 

apm _ 1 H-S U cosS - K (9) H-3 
aR 2 p S 

(5.3.17) 

where, by substituting (5.3.17) into (4.2.11), 

(5.3.18) 

Since the radial flow rate in region III is independent of R, we can match the radial 

flow rates. (5.3.7) and (5.3.18) imply that 

~ Up H(R1sin8) cosS - K J(9) (5.3.19) 

and (5.3.16) and (5.3.18) that 



00 

K J(9) - ! (Up - I) c0s8 + ! I (2n - I) RJ -2n a2n- 1 cos(2n - 1)8 

n-I 
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(5.3.20) 

So eliminating K J from (5.3.19) and (5.3.20) we find that the gap width at the edge of 

region I is given by 

(5.3.21 ) 

The coefficients a2n- 1 and the particle velocity Up are determined by solving the governing 

equations in region III and applying the other matching conditions (5.3.1)-(5.3.2). 

The two-dimensional approximation is also applied to the equations of membrane 

equilibrium. Equations (5.2.1) and (5.2.3) reduce at leading order to 

aTs 
8R - - fR 

and 

Ts ~ - - P 

since T s is the dominant tension resultant. 

(5.3.22) 

(5.3.23) 

The equations of membrane equilibrium, (5.3.22)-(5.3.23), are combined with those 

of lubrication theory, (4.2.16) and (5.3.17), to yield a system of first order partial differential 

equations with S, the arc-length, as the independent variable: 

8H . A. as - SID.,. 

~ __ L 
as Ts 

1 U c0s8 (H-J - H H-') 2 p 1 
8P --as 

1... U c0s8 (2H-1 - 3H H-J) 12 p 1 

aTs --as 
8R -c~ as 

(5.3.24) 

(5.3.25) 

(5.3.26) 

(5.3.27) 

(5.3.28) 

where H1 - H(R1sin9), and equations (5.3.24) and (5.3.28) come from the geometry of the 

problem. Equations (5.3.24)-(5.3.28) are very similar to those derived in chapter 3, section 

3.3 for the high-velocity limit. Although these are partial differential equations, 9 can be 
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treated as a parameter. Hence the same type of analysis can be performed. 

5.3.5 Asymplolic lllUUysis o/lhe transilion regions 

There is an abrupt change in curvature and hence in pressure in the region between 

regions I and III. As in the case of flow of red blood cells through tubes with near-minimal 

diameters (section 3.3), we seek a solution in which the variations of <P are small. Hence the 

following set of scalings is introduced: 

(5.3.29) 

S, the independent variable, and H, P, T, ~ are all of order one as H1 - 0 provided IcosOI 

- 0(1). If these seatings are substituted into (5.3.24)-(5.3.28), and powers of 6j and H1 

equated, then it is found that 

(5.3.30) 

Since we require that the curvature is 0( 1 ) 

(6 6 r &) _ (H 1/2 H -3/2 H -3/2 H 1/2) 
l' 2' "" 4 l' 1 ' 1 ' 1 (5.3.31 ) 

As in the case of a cell in a cylindrical tube, the transition between regions I and III occurs 

on a length scale &1 • H11/2 where H1 is the dimensionless gap width at the edge of region 

I. 

order 

Then the following system of partial differential equations is obtained at leading 

(5.3.32) 

(5.3.33) 

(5.3.34) 

(5.3.35) 

These scalings imply that the tension is only a function of 8 in region III, and are 
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almost identical to those obtained in section 3.3. T is replaced by T j (8), where j - I at the 

leading edge, j - 2 at the trailing edge. The boundary conditions are that H' -+ 0 as S -+ 

-00 at the front and rear. The tension can be eliminated from the above equations by intro-

ducing a new independent variable 'IJ and function fj: 

where r is given by 

r' _ cos8 
Tj 

and Sm is chosen so that aTs /85 - 0, where S - Sm according to (5.3.27). 

(5.3.36) 

(5.3.37) 

An equation for fj is obtained by substituting (5.3.32), (5.3.33) and (5.3.36) in 

(5.3.34): 

f. m _ 6(f. -, - f. -a) 
J J J 

(5.3.38) 

where fj ' - af/m,j' The above equation is similar to the one obtained by Secomb el al. 

(1986) for the high velocity limit, except that (5.3.38) is a partial differential equation. 

However, the same type of asymptotic behaviour as 'Ij -+ :t 00 can be considered. For 

matching with region I, we must have 

(5.3.39) 

and 

fa' -+ 0 as 'Ia -+ -00 for 8 € (-r/2, r/2) (5.3.40) 

By arguments presented in section 3.3, it follows that at the leading edge (r/2 < 8 < 3r/2) f 1 

is uniquely determined, whilst at the trailing edge (-r/2 < 8 < r/2) there exists a one-param-

eter family of solutions. 

An expression for Tj(8) in terms of the pressure and the gap width is obtained from 

(5.3.32), (5.3.33) and (5.3.36), and the scalings (5.3.29): 

(5.3.41 ) 
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At the front, numerical integration of (5.3.35) yields that f I" --+ kl ~ 2.123 as "'1 --+ -00. 

(5.3.2) and (5.3.15) imply that 

T,(9) - - w [Po + R,""" + 

00 

~ R -(2n-l) a cos(2n -L I 2n-1 

n-l 

(5.3.42) 

and substituting the above into (5.3.41) we get the following expression for H1(9), 1f/2 < (J < 

311'/2, 

2/3 

H1(9) - 12~/S kl Wl/S UpCOs8/[PO + Rlc0s8 + f. R2-(2n-l) ~n_lcos(2n - 1)8] (5.3.43) 

n-I 

The gap width at the leading edge is thus uniquely determined once the geometry of the 

particle, its velocity and the spacing between the two plates are specified. 

An extra condition is obtained since the driving force is balanced by the drag on the 

particle. The major contribution to drag comes from region I. For the moment, we neglect 

the contribution from region III. Let F1" be the drag, which is approximately given by 

311'/2 

F1" - 2puld I 2 aa~x I R l
2cos29 d9 (5.3.44) 

11'/2 Z-H 1 

where 

(5.3.45) 

because the pressure gradient in the gap is negligible. So 

122/ S U lIs 
F - -4 pu dR J P 

1" 11k Wl/S 
1 1

311'/2 2/3 I pD (R I , 9) cos29 I dB 
11'/2 

(5.3.46 ) 

The driving force, F p' is approximated by 



". 

Fp - 12 ~uJd RJ J po (RJ,9) cosO d9 
-". 

The zero drag condition implies that 

Also, define the mean gap width "1 to be 

3"./2 

"1 • ~ J cos29 H1(9) d9 
". "./2 

We prescribe that 

" _ 1 - W 
1 2 

where 2Wd is the thickness of the critical cell shape. 
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(5.3.47) 

(5.3.48) 

(5.3.49) 

Thus, Po and Up can be uniquely determined by solving (5.3.48) and (5.3.49) for 

given particle geometry. The flow rate past the particle is negligibly small when the gap 

width is very small. This case is considered in the next section. 

5.J.6 The zero-!eakback limit 

For this discussion, we refer to the radial flow rate, K 2(9), as the leak back past the 

particle. When the particle is almost stationary, the leakback is very small. (5.3.19) implies 

that K 2(9) ..... 0 as Up ..... 0, and (5.3.20) that 

a1 • R22 (I - Up) and ~i-l • 0 for i > I (5.3.50) 

The tension at the leading edge, T 1(9), is then obtained by substituting (5.3.50) into 

(5.3.42) and is given by 

T 1(9) • - W (Po + R 2(2 - Up) cosO) 

Then (5.3.43) and (5.3.50) yield the following expression for HI: 

(5.3.51 ) 
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(5.3.52) 

The drag, (5.3.46), and driving force, (5.3.47), become 

122/ S U l/S J3
,../2 2/3 

F" - -4 #-,uzdR1z p IcosZO (Po + Rz(2 - Up)cosD) I dD 
k1Wl / S ,../2 

(5.3.53) 

(5.3.54 ) 

Po and Up are determined by solving (5.3.48) and (5.3.49). Results are given in section 5.5. 

5.3.7 NOli-zero leakback 

As the spacing between the two plates is increased, the condition of zero-Ieakback 

used in the previous section has to be relaxed. Let Kz(D) be expressed as a Fourier series: 

where, from (5.3.19), 

00 

Kz(D) - L P2n-l cos(2n - 1)8 

n-I 

3,../2 

P2n- l - ~ J IH1(D)1 cosO cos(2n -1)8 dD 
,.. ,../2 

By equating (5.3.20) to (5.3.55) we get that 

2 R 2n 
a1 - RzZ (2/31 + I - Up) and ~n-l - 2n ~ I /32n-l for n > I 

pU (Rz' 9) can now be written in terms of /32n _ 1 and is given by 

The driving force, F p' is now given by 

P2n-1 cos(2n - 1)8 
2n - I 

(5.3.55) 

(5.3.56) 

(5.3.57) 

(5.3.58 ) 

(5.3.59) 

Equation (5.3.58) suggests that when the leakback is small, both the pressure on the rim and 
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the gap width are small perturbations of the zero-Ieakback limit. This suggests an iterative 

procedure for non-zero leak back. The coefficients IJ2n- 1 ' n ~ I, are first set to zero when 

solving for Up and Po. The latter are determined by applying the zero-drag condition, 

(5.3.48), and (5.3.49). The new IJ2n- 1 are then calculated by integrating (5.3.56), and substi-

tuted into (5.3.43) and (5.3.58). Po and Up are again assumed to be unknown and are found 

by solving (5.3.48) and (5.3.49). This procedure is repeated until some convergence criterion 

is satisfied. The series for K J(9) is truncated, and the first M terms are kept, enough to 

satisfy the convergence criterion. Results are given in section 5.5. 

5.3.8. Non-zero leakback: contribulion to drag in region /11 included 

In the previous sections, region III was excluded in the evaluation of the drag. For 

small gap widths region III can be approximated by a circular arc. So Hand R can be 

approximated by 

(5.3.60) 

and 

R - W sinl/> + Rl (5.3.61 ) 

where r/2 - I/> is the angle between the axis of symmetry and the normal to the surface. 

The drag in this region is given by 

(5.3.62) 

where 

-- - - 6H -- c0s9 + 6H - -- sin9 - .=.2. 
aux I apW I apW U 
az z-o aR R a8 H 

(5.3.63) 

apW jaR is given by (5.3.17). The two-dimensional approximation is applied since 



alaR » I/R a/as in region III. So F,. m can be approximately given by 

311'/2 

F,.m - - 41-'u2d J F(9) d9 
11'/2 

where 

11'/2 11'/2 
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(5.3.64) 

r apm r (Wsin~ + Rt ) co~ 
F(9) - 6R2W J

o 
aR c0s8 c~ d~ + 2Up W J

o 
I _ ).co~ d~ (5.3.65) 

Then 

Substitute (5.3.1) into the above, and let 

11'/2 
In(9) _ r co~ d~ 

J 0 (l - )'(9)co~)n 

The zero drag condition now becomes 

(5.3.66) 

F,. + F,.m - Fp (5.3.68) 

where F rand F p are given by (5.3.46) and (5.3.47) respectively. The iterative procedure 

implemented in the previous section is also used here to compute the particle velocity as a 

function of mean gap width. 

5.4. STRAIN/STRESS ANALYSIS OF DISK REGION 

A model is developed to determine the deformation of the disk region of a red cell 

between two parallel plates under the influence of external fluid forces. The equations of 

membrane equilibrium for the disk region are given by (5.3.10) and (5.3.11), and the general 

solution given by (5.3.12). Constitutive equations are derived in section 5.4.2 so that the 

strains acting in region I can be computed. The governing equations are given in section 

5.4.3. In section 5.4.4, the deformation is assumed to be small, and the equations in section 
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5.4.3 are Iinearised and solved. Results for the Iinearised case are given in section 5.4.5. 

Section 5.4.6 is devoted to the analysis of the finite deformation case. 

5.4.1 EqlUJlions 0/ membrDlle equilibrium in region I 

We follow the methods of Evans and Skalak (1980) in deriving the equations of 

membrane equilibrium in the disk region. Since the curvature is very small, we may treat 

the membrane as essentially two-dimensional. As in section 5.3.2, cartesian coordinates 

(XI,Xz) are used to describe the position of any point on the disk. We define T u ' Tn to be 

the tension resultants and Tn the shear resultant, where the subscript I refers to the 

T22 
~ 

Tl2 , 

Tl2 

I' 

~ 

, 

I 

• Figure 5.3. Tension and shear resultants on a membrane element of region I. 

Xl-direction and 2 to the xz-direction, as shown in figure 5.3. The equations of membrane 

equilibrium in the Xl and Xz directions are 



aTu aTu --+---0 
aX l axs 
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(5.4.1 ) 

(5.4.2) 

where H(xs) is the gap width in the disk region, € - p.ul/I( is the ratio of viscous to elastic 

forces, and I( is the elastic modulus. The general solution of the above system is given by 

(5.3.12) 

(5.4.3) 

where ~ is an unknown function. In order to determine the tension resultants, constitutive 

equations expressing the tensions in terms of rates of strain need to be derived. 

5.4.1 Slress/SlTain analysis 

We follow the formulation of Barthes-Biesel and Rallison (1981) in deriving the con-

stitutive equations. It is assumed that the red cell membrane is elastic and that its deforma-

tion can be described by a strain energy function w (.Al'~S)' where ~l and ~2 are the princi-

pal planar stretch ratios. 

Suppose that at some initial time a certain region is occupied by the membrane. Let 

X be the position vector, relative to some origin, of a point of the membrane in its initial 

configuration. Assume further that a final steady-state configuration exists and that corres-

ponding points in this final state are labelled x - x(X). Define 

C _ ax 
ax 

to be the relative deformation tensor. The Cauchy-Green tensor is then given by 

(5.4.4 ) 

(5.4.5) 

Since ~s is symmetric, its eigenvalues ~lS, ~22 are real and its corresponding eigen-

vectors e 1, es are mutually orthogonal. Conservation of surface area implies that 
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detC - I (5.4.6) 

Hence the polar decomposition theorem can be applied to C since it is invertible. C may 

then be represented by 

c- R.1 (5.4.7) 

Pwhere R is an orthogonal tensor and 1 is positive definite. It is also convenient to decom-

pose 1 by letting 

1 _ Q.O.QT (5.4.8) 

such that 12 - Q.02.QT, where diag (02) - (.Al
2, .A22) and Q is orthogonal. 

The principal tension resultants, T lP and T 2P , can be determined by considering the 

deformation of a membrane element in principal axes and calculating the work done in 

going from its initial state to its final state (Skalak et a/., 1973). TlP and Tl are given by 

T P _ _1_ 1. aw i-I 2 
I .A.A "i a 1_ ' 1 , "i 

(5.4.9) 

Since c.cT - R.12.RT, C.CT has the same eigenvalues as 12 and its eigenvectors are 

R.el and R.e2• Consequently the prinicipal axes of the tension tensor are coaxial with those 

of C.CT . The following strain invariants are then introduced (Barthes-Biesel and Rallison 

(1981»: 

a - tog .Al.A2 - ~ tog (~ (tr(C.CT »2 - ~ (tr(C.cT )2) ) 

b - ~ (.A l' + .A,2 - I) - ~ tr(C.CT - I) 

(5.4.10) 

(5.4.11) 

The chain rule is applied to (5.4.9), and TP. which represents the stresses in principal axes, 

is then given by 

(5.4.12) 

The membrane stresses in non-principal axes are obtained by applying the following trans-

formation: T - (R.Q).TP .(R.Q)T. Hence 
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T • e-a (I :: + C.CT :) (5.4.13) 

This expression is consistent with the one derived by Skalak et aI. (1973) in their appendix. 

An appropriate strain energy function which describes the red cell membrane pro-

perties is 

w (a,b) • e-a b - I (5.4.14) 

(5.4.14) is first substituted into (5.4.13) and then a is set to zero because of conservation of 

surface area. So 

T. (C.cT - ! tr(C.CT) I) + TO I (5.4.15) 

where the isotropic component, TO, has been added. (5.4.15) is consistent with constitutive 

equations used by Secomb et al. (1986) but not with those used by Skalak el al. (1973), 

Zarda el al. (1977) and Barthes-Biesel and Rallison (1981) who had a different strain energy 

function. 

5.4.J GO't!,ning t!qlUUions 

It is more convenient to write (5.4.15) as functions of Xl and x2 because of (5.4.3). 

Then 

(5.4.16) 

(5.4.17) 

and 

(5.4.18) 

The area constraint implies that 
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ax! axs ax! axs ---- -----1 
ax! axs - axs ax! 

(5.4.19) 

The above equations, (5.4.16)-(5.4.19), together with (5.4.1)-(5.4.2) and some boun-

dary conditions as yet unspecified, describe the deformation of the disk region of a tightly-

fitting red cell between two parallel plates. 

Red blood cells are highly deformable. However, as a first step, we will consider 

the limit of infinitesimal deformation. This is applicable when € is very small. The above 

equations are linearized and a closed-form solution is then possible. This is done in the next 

section. 

5.4.4. Infinitesimal deformations 

In this section we will assume that the applied stresses are such that the membrane 

experiences only small strains. Let 

(5.4.20) 

Substitute the above into (5.3.4) to get 

(5.4.21 ) 

where cSjj is the Kronecker delta and U jj - auj/aXj . We assume that all components of the 

displacement gradient tensor are very small, that is, 

lujjl«1 i,j-I,2 (5.4.22) 

(5.4.21) is substituted into (5.4.15) and quadratic terms are neglected. Then the ten-

sion tensor, to leading order, is given by 

(5.4.23 ) 

where TO is unknown. 

The condition for area conservation, (5.4.19), implies that 

v.u - 0 (5.4.24) 
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where U - (u1' u2' 0). Thus, a stream-function, vI, may be introduced such that 

U - Vy, X D (5.4.25) 

where D - (0,0,1). (5.4.25) is then substituted into (5.4.23) to yield the following compo-

nents of the tension tensor: 

Tn - 2 ~+TO ax1ax2 

(5.4.26) 

Tn - - 2 ~+TO ax1ax% 
(5.4.27) 

Tu - ft ft (5.4.28 ) 
ax2

2 ax l
2 

These are equated to (5.4.3). • and TO can be easily eliminated, and the following bihar-

monic equation for ,p is obtained: 

(5.4.29) 

where 

F(x2) - - H(~2) (5.4.30) 

The above equation, (5.4.30), also governs the bending of circular plates under a load 

(Timoshenko and Krieger, 1959). It is solved by finding a particular solution, "'p' and the 

homogeneous solution, "'0. 
First, the boundary conditions are specified. Since region III is relatively narrow, 

there is not much membrane exchange between the disk region and the curved rim. Then 

U.ll - ° on Illl - RI (5.4.31 ) 

is approximately true, where RI is the radius of the disk. Substituting (5.4.25) into the 

above we get (UD).VY, - 0, or 
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VI - 0 on Ixl - RI (S.4.32) 

The second boundary condition also comes from the fact that the rim is narrow. Since Til 

must be zero on the line of symmetry ~ - 1f/2 then T., is negligibly small at the edge (~ ,. 0 

or 1f). So 

(S.4.33) 

where (R, 9) are the usual polar coordinates such that 

Xl • R cosD and Xz • R sin9 (S.4.34 ) 

We seek a particular solution in the form 

VIp - g(xz) (S.4.35) 

where, by substituting (S.4.3S) into (S.4.29) and integrating once, 

g"'(Xz) - f F(xz) (5.4.36) 

Note that constants of integration are redundant here. Now, from (S.4.30) and 

(S.3.19), F(z) - - H-l(Z) - - 1/2 Upcos9/Kz(9), where z • R1sin9. (S.4.36) is then integrated 

by applying the transformation Xz - R1sin8: 

9 
g"(R sin9) • - RIUp f I cosZO dO 

1 2 1f Kz(O) 
(S.4.37) 

It can be easily shown that g" is an odd function, and can thus be written as an odd 

sine Fourier series: 

where 

00 

g"(R lsin9). L bZk - 1 sin(2k - 1)8 

k-I 

31f/2 [ 9 1 R1U cosZO 
bZk- 1 - - 7 E I I K (0) dO sin(2k - 1)8 d9 

1f/2 1f J 

g'(R l sin9) is obtained in the same way as (S.4.37). It is given by 

(5.4.38) 

(S.4.39) 
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g'(R1sin8) • Rl J g"(R1sinO) cosO dO 

Substitute (S.4.38) into the above to yield 

(
COS2k9 + cos2(k - 1)8)] 

k k - I 

g(R lsin9) is obtained in the same fashion as g'(R1sin9). 

9 

g(R1sin9) • Rl J g'(R1sinO) cosO dO 

Then substitute (S.4.41) into (5.4.42) to get 

bZk-S bZk-1 bZk+1 . ~ [ ] L (k-l )(2k-1) + k(k-I) + k(2k-1) slO(2k-I)8) 
k-2 

12S 

(S.4.40) 

(S.4.41) 

(S.4.42) 

(S.4.43 ) 

Thus tPp - g(x2) is computed by letting x2 • R1sin9 and then using the above expression. 

The homogeneous solution is determined by solving 

~2 YJo - 0 (S.4.44) 

The boundary conditions are 

tPo - - g on R - Rl (S.4.4S) 

and 

(S.4.46) 

Let G(9) denote the right hand side of (5.4.46). Then, by substituting (S.4.38) and 

(S.4.41) into (S.4.46), we get that 
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f. [[4 + k~ I ] b,. .• + k~~:) - U -4] b"+I) sin(2k-I)6) 

k-2 

(5.4.47) 

The general solution to the biharmonic equation (5.4.44) which is finite at the origin 

may be written as 

where 

for all n. 

00 

.po - L f2n- 1 (R) sin(2n - 1)8 

n-l 

(5.4.48) 

(5.4.49) 

Next, the boundary conditions are applied. By substituting (5.4.48) into (5.4.45) and 

equating coefficients we get that 

(5.4.50) 

and 

2 R1s-2n (b2n-s b2n- 1 b2n+1 ) 
A2n- 1 + Rl B2n- 1 --8- (n-I)(2n-1) + n(n-I) + n(2n-l) (5.4.51 ) 

for n > I. 

We also substitute (5.4.48) and (5.4.49) into (5.4.46) and equate coefficients. The fol-

lowing equations are obtained: 

(5.4.52) 

and 

(2n-I)(4n-3) A2n- 1 + «2n-1)2 + 2n(2n+I»R12 B2n- 1 -

(5.4.53) 

for n > I. 

Thus A2n- 1 and B2n- 1 can be determined by solving simultaneously (5.4.50) and 

(5.4.52) for n -I and (5.4.51) and (5.4.53) for n > I, once the coefficients b2n- 1 have been 
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evaluated numerically. 

The isotropic component of tension, TO, can now be evaluated since Tss is known 

on the rim of the disk: 

TO-Tss - 1. ~ 
R 8Ra6 

S.4.S Results for the infinitesimal deformation case 

(5.4.54 ) 

The solution", is obtained by adding the two solutions, "'0 and VJp ' calculated in sec

tion 5.4.4. The coefficients, A2n- 1 and B2n- 1, of "'0 are found by solving (5.4.50)-(5.4.53). 

There is one free parameter f which is the ratio of viscous to elastic forces. The elastic 

modulus, IC, and the plasma viscosity, 1", were chosen to be the same as those used by 

Secomb et aJ. (1986): IC - 0.0042 dyn/cm; I" - I cPo The unperturbed mean velocity, u2' was 

chosen to ensure that f is small. In figures 5.4 (a) and (b), d - 1.828 I"m and 2.028 JJm res-

pectively. In both cases uJ - 0.001 cm/s so that f - 8.2 X 10-& in figure 5.4 (a) and l - 1.15 

x 10-4 in figure 5.4 (b). These figures show how an element is deformed. The streamlines 

give the direction of displacement of a membrane element, and the amount of displacement 

is inversely proportional to the spacing. The membrane is dragged backwards relative to the 

direction of cell motion, at the extremities. The deformation is greatest at the poles where 

the streamlines are closer together, since the gap width is a minimum and the stresses are 

greatest. Also, there is no membrane exchange across the line of symmetry. 

S.4.6. Finite deformations 

In this section the governing equations are analysed for the case where the the 

applied stresses are large enough so that the deformations are finite. An iterative procedure 
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is developed which could be used to obtain a solution for t: - 0( I) . 

... 
) 

--L~~~~ .. . .. 

Figure 05.4. Streamlines displaying strain of membrane in region I due to an exter-

nal stress. (a) d - 1.828 I'm and (b) d - 2.028 I'm. 

We suppose that a solution has been obtained for some to (- 0( I». Then the applied 
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stresses are incremented by a small amount so that 

(5.4.55) 

where ~E «1. Let 

c • C· + ~C, X • X. + .1X, T • T· + .1T, TO. Too +~To (5.4.56) 

where the superscript 0 refers to the solution when E • EO. Substitute (5.4.55) and (5.4.56) 

into equations (5.4.1)-(5.4.2) and (5.4.6) and (5.4.15) and linearize them. Then 

a~Tll a~Tu ~E --ax;- + ax;-. -H(x
2

) 
(5.4.57) 

(5.4.58 ) 

where 

.1T • ~C.C.T + (~C.C.T) T - tr(.1C.COT) I + ~ToI (5.4.59) 

The surface area constraint becomes 

where the following property of determinants has been used: det(I + 6 A) - + 6 tr(A) + 

0(62) for 6 « 1). Since equations (5.4.57) and (5.4.58) are in terms of the final configura-

tion x, it is more convenient to introduce a new tensor D such that 

ax· 
D··· _I 

IJ ax. 
J 

(5.4.61 ) 

Also, D • C-1 by definition. As in (5.4.56), let D • 00 + .1D. Then (5.4.59) and (5.4.60) 

become 

.1T - B + BT - trB I + .1To I (5.4.62) 

(5.4.63) 

(5.4.63) is also equivalent to 

ax10 a~x2 ax20 a~x1 ax10 a~x2 ax20 a~xl 
aX1 ax;- + aXa ~ - aXa ~ - aX1 ax;-. 0 (5.4.64) 
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which can also be written as follows: 

a [ax 0 ax 0 ] a [ax 0 ax 0 ] -a -a 1 aXI - -a I aXl + -a -a I aXl - axIl aXI • 0 
Xl Xz Xz XI Xl 

(5.4.65) 

So there exists a stream-function, VJ, such that 

EY!...a • aaXlo ax
z 
__ ax_I_o ax 

XI Xz axz 1 
(5.4.66) 

~ ax 0 ax 0 
~ __ 1_ AX __ 1_ AX 
aXl aXl ~ I aXl ~ 1 

(5.4.67) 

Then 

4X. D° .• (5.4.68) 

where .. - (-CJf/J/axz' CJf/J/ax l). In the infinitesimal deformation case, DO becomes a tensor 

with constant coefficients. 

The solution to (5.4.57)-(5.4.58) is 

aTu - -atH-lxl + aa~. aTu - aa~, aTu • - aa
l

a• XI Xl Xl Xl 
(5.4.69) 

Substitute the above into (5.4.62) and eliminate a TO to get 

a~ a~ _ 2 [axzO aaxI + axlo aaxl axzo aaxl _ axlo aaXl] 
aXIl - aXzl aXl aX l aXl ~ - aX I ax! axz ax;- = 

These three equations (5.4.68), (5.4.70) and (5.4.71) contain three unknowns: 40 and 

., and could, in principle, be solved together with the same boundary conditions as in the 

infinitesimal case. We do not solve these equations since the deformation of the disk region 

can be qualitatively described by the solutions for infinitesimal deformations. Also, the rhe-

ologicaJ parameters have been derived in section 5.3 without having to solve the above equa-

tions. 
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5.5. NUMERICAL SOLUTIONS 

The equations derived in section 5.3 are solved numerically. Cell shapes and pres-

sure distributions are computed as functions of the geometrical parameters. Figure 5.5 

shows the shape of the cell at different cross-sections perpendicular to the flow direction. 

The gap width between the cell and the wall is seen to decrease with distance from the axis 

of symmetry parallel to the flow direction. The model exhibits unrealistic behaviour since 

H(1I'/2) - 0, i.e. the gap width goes to zero at the outer extremities of region I. This occurs 

because the two-dimensional approximation used in section 5.3 for the pressure equation 

(5.3.17) is not uniformly valid at 9 - 11'/2. To model this region, an inner solution could be 

sought in the neighbourhood of 9 - ±11'/2. However, this behaviour does not affect rheologi-

cal parameters such as particle velocity since the pressure force, (5.3.59), and drag, (5.3.64), 

on the particle would not change much. 

We can also determine the particle velocity, Up' as a function of mean gap width, 

"1 by using the methods developed in sections 5.3.6 and 5.3.7. These results are compared 

with those for rigid particles of near-critical shape. Up' for rigid particles, is given by 

12 (Ra/R1)l "1 
Up - I + 6 (Ra/R1)a "1(l - Q"1) 

(5.7.1 ) 

where Q - 0 (cf. 4.3.36) when Ka - 0 and 

Q - I otherwise, and the contribution to drag 

from region III has been neglected. In figure 5.6, Up is plotted as a function of "1 for 

both zero and non-zero leakback cases. The number of terms in the Fourier series for K z(9) 

was chosen to be 10. For both cases, the rigid particle velocity given by (5.7. J) is greater 

than the corresponding values for the flexible particle. This is because the drag is a mini-

mum when "1(9) is constant. Also, the particle velocity is greater in the small leakback 

limit since the driving force is greater. But as the mean gap width tends to zero, the leak-
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Figure 5.5. Cell shape at different cross-sections perpendicular to the flow direc-

tion. 

1.5TI----------------------------------------~ 
I 

J 1.0, 

0.0 ~ __ __.==::::::=---~----____ --.J 
2.000E-4 0.001 0.010 0.100 

Mean gop width 

Figure 5.6. Variation of Up with respect to "I' where drag from region III is neg

lected:-, flexible; - -, rigid. 
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back becomes negligibly small, and so the two cases yield very similar results. 

Figure 5.7 shows the variation of particle velocity with "1' including the drag from 

region III. Up is lower because the drag is higher in this case. Also, it shows that there is 

close agreement between results for near-critical flexible particles and for rigid particles 

with the critical shape. 

S.6. DISCUSSION AND CONCLUSIONS 

The deformability of red blood cells allows them to squeeze through pathways with 

remarkable ease, even when the characteristic dimensions of these pathways are smaller than 

the radius of an unstressed red cell. However, in narrow conduits such as those that are 

found in the bone marrow, in the spleen and in partially occluded capillaries, the red cell 

1.2~------------------------------------~ 

0.9 

Up 0.6 

0.3 

0.0 ~===::::=--~-_____ ..---.-J 
0.001 0.010 

Mean gap width 

0.100 

Figure 5.7. Up as a function of "1' using the complete theory:-flexible particle;u 

rigid particle of critical shape. 
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approaches the limits of its defonnability. The models considered here are a continuation of 

the work on very narrow capillaries (chapter 3) and represent a first attempt at modelling 

the squeezing of red blood cells through very tight spaces with more complex geometries. 

One significant finding is that the gap width can be determined by solving the gov

erning equations in the rim (region III). The gap width between the cell and the wall decre

ases with distance from the axis of symmetry parallel to the flow direction. The asymptotic 

analysis applied to the transition region is very similar to that discussed in chapter 3. The 

outer solutions corresponding to the 'disk' and 'hemispherical' regions are matched through 

transition regions of hmgth scale of order Hll/2, and tensions of order Hl -3/2 are generated 

in the membrane. At the front (1(/2 < 9 < 31(/2), the transition region is monotonic, but the 

cell bulges out at the rear (-1(/2 < 9 < 1(/2). However, the similarities end here. It was 

shown in section S.3.2 that the membrane shear resultant could not be neglected and that the 

gap width is a function of y. Consequently the gap width is known everywhere by solving 

the asymptotic equations in the front transition region. Although there is no solution with 

isotropic membrane tension, the stress-strain analysis described in section S.4 shows that 

there exists an equilibrium solution. 

We also find that the cell velocity may be smaller or larger than the mean fluid vel

ocity far from the cell, depending on the spacing of the plates, and that rigid and flexible 

particle models yield very similar results. But as in chapter 3, the pressure gradient in the 

gap for a rigid particle of critical shape can be negative for sufficiently small spacings. This 

does not occur for flexible particles. 

In summary, this simple model demonstrates that when the conduit does not have an 

axisymmetric cross-section, the viscous shear stress cannot be balanced by isotropic tension 

alone and that the reverse of the Fahraeus effect observed in circular tubes may occur for 

very small clearances. 
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CHAPTER 6 

FLOW OF RIGID PARTICLES THROUGH RECTANGULAR CHANNELS 

6.1 INTRODUCTION 

In this chapter we analyze the motion of rigid particles through rectangular channels, 

to simulate the motion of red blood cells through sIN-like geometries. As in chapter 4, we 

are particularly interested in situations in which the width of the particle is slightly less than 

the distance between the two plates. Since a red cell deforms at constant volume and sur

face area. there is a minimum spacing between the two plates below which passage of an 

intact cell is not possible. If the span of the channel is large enough then the critical shape 

of the cell is identical to the one derived for two infinite plates: a disk with a rounded edge. 

This work is therefore an extension of the work carried out in chapter 4 where the motion 

of rigid particles between infinite parallel plates of near-critical spacing was analyzed. 

The methods of solution are similar to those used for the motion of particles of crit

ical shape between infinite plane walls. In section 6.2, lubrication theory equations are obta

ined for the motion of the suspending fluid in the gap. These equations are solved in 

regions I and III, the regions between the particle and the plates (as in chapters 4 and 5). 

Section 6.3 is devoted to region II. the region of constant gap width surrounding the particle. 

The equations derived in sections 6.2 and 6.3 are solved in section 6.4. In section 6.5, a 

boundary-layer analysis is performed so that the tangential flow rate at the edge of the par

ticle can be matched. The solutions obtained in section 6.4 are then modified. There are 

also two boundary layers adjacent to the sides of the channel. These are required to satisfy 

the no-slip condition. In section 6.6, particle velocities and pressure distributions are obta-
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ined as functions of gap width and channel width using the solutions obtained in sections 6.4 

and 6.S. These results are also compared with the infinite plate case. 

6.1.1 Particle shape 

The constraints of constant red cell volume and surface area impose limitations on 

the possible shapes that red cells can have. It was shown in chapter 2 that the critical shape 

of a red cell between two infinite plates is approximately a disk with a rounded edge. In 

this chapter, we will extend the models developed for the motion of rigid particles between 

two infinite plates and investigate the motion of neutrally-buoyant partticles between parallel 

Figure 6.1. Rigid particle of critical shape in a slot of span a and spacing d. 

plates of finite span, a (figure 6.1). The spans which will be considered are much larger 

than the spacings between the plates so that the critical shape is the same as in chapter 4. 

Consequently, the methods used here are similar to those in chapter 4. The domain 
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is divided into three regions which are considered separately: region I (the flat part of the 

disk): 0 ~ r ~ r I' h - he « d; region II (outside the disk): r 2 ~ r, r sinD ~ a/2, h .. d; region 

III (the curved rim of the disk): r 1 ~ r ~ r 2' h - h(r). 

6.2 THE GOVERNING EQUA.TIONS IN REGIONS I A.ND III 

The equations of lubrication theory are formulated as in section 4.2, yielding non-

dimensional velocity components in region I and III as follows: 

and flow rates 

and 

U - 6 - Z(Z - H) + U cosO I - -ap ( z) 
aR P H 

V - 6 - - Z(Z - H) - U smD I - -I ap . ( z) 
R CJ6 P H 

I ap QR - - H U cosO - H3 -2 P aR 

Q, _ - H3 1. ap _ ! H U sinD 
R CJ6 2 P 

From the equation of continuity, the pressure satisfies 

I a ( 3 ap) H3 a2p I dH 
R aR RH aR + R2- CJ62 - 2 UpcosO dR 

(6.2.1 ) 

(6.2.2) 

(6.2.3) 

(6.2.4) 

(6.2.5) 

where H - He in region I and H - H(R) in region III. General solutions in regions I and III 

are obtained next. 

In region I equation (6.2.5) reduces to: 
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(6.2.6) 

since the gap width is constant. The solution can be obtained by separation of variables and 

is given by 

00 

pI - L C2k- 1 (:J 2k-l cos(2k - 1)8 

k-I 

(6.2.7) 

where. by symmetry about the x-axis. there are no sine terms in the Fourier series for P. 

The radial flow rate is then obtained by substituting (6.2.7) into (6.2.3): 

I H 3 ~ ( R ) 2(k-l) 
Ql R - 2 VpHccosO - ~l L (2k - 1) C2k- 1 Rl cos(2k - 1)8 

k-I 

6.2.2 Region /II: Rl ~ R ~ R J : H - H( R). 

In region III. the gap width is given by 

I 
H - i (I - ~ co~) 

(6.2.8) 

(6.2.9) 

where ~ - 2w/d and 1(12 - ~ is the angle between the axis of symmetry and the normal to 

the surface. Also. 

R - W sin~ + Rl (6.2.10) 

where W - wid. 

If the radius of the disk is large compared to the channel width (Rz » I) we may 

treat the flow at each point on the rim as approximately two-dimensional. Note that R ,. 

Rl + e where e - 0(1) in region III. Hence. equation (6.2.5) becomes to leading order 

a~ (H3 ::) - ~ Vpc0s8 ~~ 
which can be integrated once to yield the pressure gradient in region III 

8pm _ ! H-IV cosO - K (9) H-3 
8R 2 p I 

(6.2.11 ) 
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where 

(6.2.12) 

As in the case of now of a rigid particle consisting of a cylindrical body with hem-

ispheroidal ends in a circular tube, it is convenient to use ~ as the independent variable 

(Ozkaya and Skalak (1983); Ozkaya (1986». Equation (6.2.11) becomes 

apm [ Upc0s8 K 2(9) 1 
~ - .\ c~ (I _ ;\c~)J - 4 (I _ .\C~)3 (6.2.13) 

The above equation can be integrated from 0 to 1(/2 as in section 4.3.2 yielding 

(6.2.14) 

where 12 and 13 are given in (4.3.16). 

6.3 GOVERNING EQUATIONS IN REGION /I 

The lubrication theory assumptions are still valid in the region surrounding the parti-

cle since the width of the channel is very small compared to its length and span. It is more 

convenient to write the momentum and continuity equations in Cartesian coordinates. The 

momentum equations in the X and V directions are given by 

a2u ap 
aZ2 - 12 ax 
~v ap 
aZ2 - 12 av 

(6.3.1 ) 

(6.3.2) 

where U is velocity component in the direction of motion of the particle and V is the velo-

city component transverse to it, and continuity is given by 

au + av _ 0 
ax av (6.3.3) 

These equations have been non-dimensionalised using (6.2.4). In addition, X - x/d and Y '" 

y/d. The boundary conditions are 

U - Up at Z - 0, I and V - 0 at Z - 0, I and V - ta/2d (6.3.4) 
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where a is the span of the channel. Also, there is a matching condition: U -+ Up - I as X 

-+ 00, where U(X, Y) is the Z-averaged fluid velocity. 

The momentum equations are easily integrated to yield U and V: 

ap 
U - 6 ax Z(Z - I) + Up 

ap 
V - 6 ay Z(Z - I) 

The flow rates, Qx and Qy, are obtained by integrating the above velocities: 

ap 
Qx - Up - ax 

ap 
Qy - - ay 

Substitute (6.3.7) and (6.3.8) into the continuity equation to get 

aJP aJP 
aXJ + aYJ - 0 

(6.3.5) 

(0.3.6) 

(6.3.7) 

(6.3.8) 

(6.3.9) 

The above equation is solved in the next section using classical methods of potential theory. 

The conditions that V - 0 at Y - tA/2 and that U -+ Up - I as X -+ 00' yield the following 

conditions on the pressure: 

ap/ay - 0 at Y - tA/2 and ap/ax -+ I as X -+ 00 (6.3.10) 

where A - a/d. 

6.3.1 The potential 0/ a cylinder between two plates 

The potential problem given by equations (6.3.9) and (6.3.10) is very similar to that 

considered by Howland (1934), who determined the solution of Laplace's equation which has 

given values on an infinite cylinder, lying symmetrically between two parallel infinite 

planes, and has zero or constant values on these planes. The same technique will be used 

here to solve our particular problem. Consider Laplace's equation 

ft aJ
; 0 

aXJ + aYJ - (6.3.11 ) 

with the following boundary conditions: 
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~ is given on R • R:a and ~. 0 on X • tA/2, A > 2R:a (6.3.12) 

The two plane walls at Z • ±A/2, where Z - X + iY, can be replaced by an infinite set of 

circles located at (tpA, 0), where p takes all integer values. The complex potential function 

with logarithmic singularities at all these centres is 

Z 
~ 0 - log sin I" A 

~o can also be written as a converging power series in Z for Izi < A: 

~ 0 - - log ! + f ~ r 2p (! rp 

p-I 

where r 2p is the Riemann zeta-function for an integral argument, so that 

(6.3.13) 

(6.3.14) 

(6.3.15) 

Further potential functions with the desired properties are obtained by differentiating ~o 

with respect to Z since ~n' the n-th derivative of ~ with respect to Z, also satisfies the 

condition that i»n/8z - 0 on z • tA/2. ~1 is given by 

·1 · -~ + ! f>,. [~ t1 
p-I 

(6.3.16) 

~1 is an odd function and since we only require odd functions, we differentiate ~l 2n times 

to get 

~ __ J1!!lL + 
2n+1 z2n+1 

_1_ ~ (2(m + n) + I)! (AZ )2m+1 
A2n+1 L (2m + I)! r 2(m+n+1) 

m-o 
(6.3.17) 

Normalize the above harmonics by letting 

(6.3.18) 

Then 



where 

(
A)2n+l 

·'2n+l - - Z + 2m+l/L 
-.n+l 

[
p] p! and 2m+l [2(m + n) + I] 
n - n!(p - n)! ~ ... l - 2m + I {'2(m+n+l) 
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(6.3.19) 

(6.3.20) 

For our particular problem, we are only interested in the imaginary part of .' 2n+ 1 

since we require functions that are odd with respect to the X-axis and even with respect to 

the Y-axis. These functions are given by 

(
A)2n+l 

Im(.' 2n+l) - R sin(2n + 1)9 + 

00 

~ 2m+lQ L 2n+l 

m-o 
(R) 2m+l 

A sin(2m +1)9(6.3.21) 

where (R, 9) are the usual polar coordinates. The solution to (6.3.11) is a linear combina-

tion of the harmonics given by (6.3.21), whose coefficients can be obtained by applying the 

boundary condition on the circle R - Rz. The general solution for the pressure distribution 

in region II can thus be obtained using this method. This is done in the next section. 

6.3.2 General so/w;on lor region /I 

It follows from section 6.3.1 that the pressure distribution in region (I can be 

expressed as a linear superposition of the harmonics given by (6.3.21): 

00 

pO - Poo + L A 28+ l P28+l 

s-o 
where P 00 ( - Rc0s8) is the pressure far from the particle, and P28+l is given by 

(
A)2a+l P28+ l - (-I)' R cos(2s + 1)6 + 

00 L 2m+l~+l (-I)M (!) 2m+l cos(2m + 1)6 

m-o 
where 9 - 1(/2 - 9. The radial flow rate is given by 

(6.3.22) 

(6.3.23) 



apO 
QR

O 
- Up c0s8 - aR 

Substitute (6.3.22) into (6.3.24) to get 

00 

QR
O 

- (Up - 1)c0s8 - L A2I+1 

s-O 

aP2l+1 
aR 

The coefficients A2I+1 are determined by matching regions I. II and III. 

6.4 SOLUTIONS FOR RIGID PARTICLES OF NEAR-CRITICAL SHAPE 

6.4.1 Malching conditions lor the three regions 
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(6.3.24) 

(6.3.25) 

To determine the coefficients ell in (6.2.7) and All in (6.3.22) we apply the following 

matching conditions at R - Rl and R - R z: 

pi _ pm and QI R - om R at R - Rl (6.4.1 ) 

and 

pO _ pm and OUR - 20m R at R - Rz (6.4.2) 

The azimuthal flow rate cannot be matched at R - Rz but the jump in Q, from 

region III to II is 0( I). This discontinuity can be corrected by applying a boundary-layer 

analysis. This is done in section 6.5. 

First we apply the matching conditions given in (6.4.1). By matching the radial flow 

rates (6.2.8) and (6.2.12). we find that Kz(9) can be expressed as a Fourier series: 

where 

00 

K z(9) - L PZk - 1 cos(2k - 1)8 

k-I 

(6.4.3) 

(6.4.4) 
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If the pressures pI and pm are matched at R - Rl we also get that the pressure at R 

- R2• (6.2.14). can be written as a cosine series: 

where 

and 

00 

pm (R2• 9) - L 12k-l cos(2k - 1)9 

k-I 

(6.4.5) 

(6.4.6) 

(6.4.7) 

for all k. Next. we apply the matching conditions at R - R2. (6.4.5) and (6.3.22) imply that 

and 

where 

and 

00 

11 - R2 + c l Al + t L lQ2a_l A 2a-1 

s-I 

1 - (-I )k-l [C(2k-l) A + t 2k-1 ~ 2k-l Q A ] for k > I 2k-l 2k-l L 2a-l 2a-l 

s-I 

(
R ) 2k-l 

t 2k-1 • A2 

(6.4.8) 

(6.4.9) 

(6.4.10) 

Finally. we match the radial flow rates at R • R2. (6.3.29) and (6.4.3) imply that 

00 

2R~1 • (Up - I)R2 + c l Al - t L lQ2a_l A 2a-1 

s-I 

2R~2k_l • (-I)k-l (2k - I) [d2k-1) A2k-1 - t 2k-1 f 2k-l Q2a_1 A2a-1 ] 

s-I 

(6.4.11 ) 

(6.4.12) 

for k > I. 

(6.4.4). (6.4.6)-(6.4.11) yield a linear system of equations whose solution is in terms 
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of the particle velocity, Up' and the geometrical parameters He' W, Rz and A. By applying 

the zero-drag condition, the above coefficients and the non-dimensionalised particle velocity 

are uniquely determined for given spacing d, and span a. 

6.4.2 Th~ zero-drag condition 

Next, we apply the zero-drag condition to obtain an extra equation so that the parti-

cle velocity can be determined as a function of geometrical parameters. If we consider the 

forces acting on a control volume containing the particle (see 4.3.4), we obtain: 

F • - F ,. p (6.4.13) 

where 

F,. • 2 Irzfl' fxa I r dr dl and Fp. d rz JI' p(rz' I) dl 
o -I' z-o -I' (6.4.14) 

F,. gives the shear force on the walls and Fp gives the pressure force. To determine the 

shear force note that 

,",UZ aux . 
fa • d az where Ux • U cosO - V sml. 

Substitute (6.2.1) and (6.2.2) into the above to get that 

F, • - 2~u.d rf.[ ¥r + 6H [:: cosS - ~ : .inl 1] R dR d8 (6.4.15) 

Let 

(6.4.16) 

where F,. I and F,. m are the contributions from regions I and III respectively. Then 

(6.4.17) 

and 
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where the two-dimensional approximation has been used to calculate (6.4.18). Next, the 

pressure force exerted on the curved surface is calculated. (6.4.5) and (6.4.14) imply that 

(6.4.17)-(6.4.19) are now substituted into (6.4.13) to obtain the following equation: 

6H,R1C1 - 12R.lIJl1 - 6R'~1. [~:' + 5R.ll1) Up - 0 

6.4.J System 0/ eqlUll;ons 

(6.4.19) 

(6.4.20) 

The equations for the Fourier coefficients derived in the previous sections form a 

linear system of equations. These can be simplified by eliminating the coefficients .B2k - 1 and 

12k-I' Also, an iterative procedure is used. Equations (6.4.6) and (6.4.8) imply that 

00 

G1C1 + ~(Iz - 2I3Hc)Up - Cl Al - Rz + E L IQ2a_1 A2a- 1 

s-I 

and (6.4.4) and (6.4.11) that 

00 

2Hc 3 =: C1 + Rz(1 - Hc)Up + E-I Al - Rz + E L IQ2a_1 A 2a- 1 

s-I 

(6.4.21) 

(6.4.22) 

The zero-drag condition is also re-written, by substituting (6.4.4) and (6.4.8) into 

(6.4.20): 

6H, (R 1 • 21,lR.R1 -lH, .)C 1 • [~:' • R.ll 51 1 - 6H, I.) )U p 

- 6E-1RzA1 - 6Rz[Rz + E f IQ2a_1 A2a- I ] 

s-1 

Equations (6.4.6), (6.4.9), (6.4.4) and (6.4.12) imply that 

(6.4.23) 
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(6.4.24) 

and 

00 

(G2k-1 + 2RJH
C
'R1-I) C2k-1 - 2(_l)k-l f2k-l L 2k-l 02a_1 A2a- 1 (6.4.25) 

5-1 

6.4.4 The zeTo-.eiocity limit 

When the gap between the plates and the particle becomes very small, the particle 

velocity is negligibly small. If Up - 0 then equations (6.4.21) and (6.4.22) reduce to 

and 

00 

(1 + 4.AHc'I,R1-l)C1 - C 1 Al - RJ + f L 1 02a_l A2a- 1 

5-1 

00 

2Hc' :: C1 + f- 1 Al - RJ + f L 102a_l A2a- 1 

sal 

(6.4.26) 

(6.4.27 ) 

The zero-drag condition, (6.4.23), does not apply, but equations (6.4.24)-(6.2.14) still 

hold. An iterative procedure is used to solve for the A2i-1 and C2i-l' Let 

00 00 

A2i-1 - L ~A2i-l (n) and C2i-l - L ~C2i-l (n) (6.4.28) 

n-o n-o 
where the first terms (n - 0) come from the infinite-plate solution, and are given by 

2R 
~Cl(O) - : 1 ' ~C2i-l (0) - 0 for i > (6.4.29) 

G 1 + 2Hc RJR1-

and 

~Al(O) - ~ (G1 - 2Hc 'RJR1-I)~CI(0) , ~A2i-l (0) - 0 for i > 1 

(6.4.24)-(6.4.27) yield the following recurrence equations for n > 0: 

(G2k-1 + 2Hc 'R2R 1-l) ~C2k-l (n) -

(6.4.30) 
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00 

2( -1 yr-l t 2k- 1 ~ 2k-l~_ AA (n_l) L -.a-I 28-1 (6.4.31 ) 

s-I 

and 

(6.4.32) 

The above equations are iterated until the following convergence criterion is satisfied: 

(6.4.33) 

where 6 is chosen to be some small number. The above iterative scheme converges provided 

t < 0.5. 

Pressure contours are shown in figure 6.2 for the case where He • 0.0008 and l = 

0.2. By mass conservation, the contours are normal to the solid boundaries since the particle 

is at rest. Because of the very small gap, the pressure gradient is greatest in the disk region, 

where it is approximately constant. 

6.4.5 The ze,o-Ieakback lim;t 

A simple estimate of Up can be obtained for very narrow gaps for which the flow 

in the gap is negligible. (6.4.4) implies that 

R1 
C 1 - 2H 2 Up and C2k- 1 - 0 for k > 

c: 

and, (6.4.11) and (6.4.12) imply that 

and 

00 

R 2Up + f- 1A1 - f L 1Q28_1 A2a- 1 - R2 

5-1 

00 

A 2k - 1 - t 2(2k-l) L 2k-lo,._1 A 2a- 1 

5-1 

The pressure force, (6.4.19), is equal to 

(6.4.34) 

(6.4.35) 

(6.4.36) 
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-6 6 

Figure 6.2. Contours of the pressure field in the channel for the zero-velocity limit. 

He: - 0.0008 and € - 0.2. 

where 

00 

'1 - Ra + C1Al + € I 1Q2I_l A 2I- 1 

5-1 

The drag force. Fr. is approximately given by 

(6.4.37) 

(6.4.38) 

(6.4.39) 

since the contribution of the curved region is much smaller than region I and because a 
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linear velocity profile is assumed. The zero-drag condition, (6.4.13), and (6.4.35) and 

As in previous sections, an iterative procedure is implemented. Let 

00 

A2i-1 - L ~A2i-l (n) 

n-o 

(6.4.40) 

(6.4.41 ) 

where the first term (n - 0) is obtained by solving the infinite plates problem (chapter 4). 

From equations (6.4.35) and (6.4.40) 

~A 1 (0) - t (I - Up (0» Rz (6.4.42) 

where 

(0) _ 12 (Rz/Rl)ZHe 
Up I + 6(R

J
/R

1
)IHe 

(6.4.43) 

(6.4.35), (6.4.36) and (6.4.40) yield the following recurrence relations for the A2k-1 : 

00 

~A2k-l (n) - f 2(2k-l) L 2k-l Q2a_1 ~A2a-l (n-l) for k > (6.4.44) 

sal 

and 

00 
( ) I - 6(Rl/Rl)IHe ~ ( ) 

~Al n - fl I + 6(R
z
/R

1
)IH

e 
L lQ2a_l ~A2a-l n (6.4.45) 

sal 

Equations (6.4.44)-(6.4.45) are iterated until the following convergence criterion is 

satisfied: max II~A2i-l (n) II < & for some small &. Up is then obtained by substituting Al 

into (6.4.40). Pressure contours in region II are shown in figure 6.3 for He - 0.0008 and t -

0.2. In this case, since Up - 0.017, the contours are almost normal to the surface of the par

ticle. As in the zero-velocity limit, they are normal to the channel walls. 
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6.5 BOUNDARY LAYER ANALfSES AT SOLID SURFACES 

In previous sections, we were able to solve the pressure equation in regions I, II and 

III and obtain expressions for the pressure distribution and flow rates in terms of some unk

nown Fourier coefficients. These constants were determined by matching the pressure and 

-6 6 

Figure 6.3. Contours of the pressure field in the channel for the zero-Ieakback 

limit. He - 0.0008, t - 0.2 and Up - 0.017. 

radial flow rate at the edge of each region. However, these matching conditions imply that 

there is a discontinuity in tangential flow at the surface of the particle, between regions II 
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and III. There is also a jump in tangential flow at the channel walls. As in chapter 4, a 

boundary-layer analysis can be used in small regions adjacent to the solid boundaries so that 

the tangential flow can be matched. 

6.5.1 Boundary layers between region 11 and the channel walls 

There are two boundary layers adjacent to the channel walls located at Y - ±A/2. 

We only need to consider the boundary layer at one of the walls. say Y - A/2, since the 

particle is symmetrically positioned in the channel. We suppose that the flow does not vary 

rapidly in the X-direction. The momentum equation in the X-direction is then given by 

(6.5.1 ) 

where U is the fluid velocity in the X-direction. Y - A/2 - Y and a/ay »a/ax. Let U ,. 

VD + V l' where UD is the velocity in region II. which is given by 

ap 0 
VO - 6 a~ Z(Z - I) + Vp (6.5.2) 

where P 00 refers to the unperturbed pressure field derived in section 6.3. Hence the pertur-

bation V 1 satisfies Laplace's equation 

(6.5.3) 

The boundary conditions for V 1 are 

ap 0 
V 1 - 0 at Z - 0. I and V 1 - -6 a~ Z(Z - 1) at Y ,. 0 (6.5.4) 

So. by separation of variables. the solution of (6.S.3) satisfying the above boundary condi-

tions is 

I e-(2k-l).V sin(2k -1 )"'Z 
(2k - 1)3 

(6.5.5) 

The change in flow rate is obtained by integrating the above expression 
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(6.5.6) 

and by continuity, the transversal flow rate generated by the boundary layer is given by 

a2p D 
~Qy - -%ua a;2 (6.5.7) 

As in section 4.3.7, the concept of a displacement thickness can be introduced. This 

is the distance by which the solid boundary would have to be displaced in a frictionless flow 

to give the same flow deficit as exists in the boundary layer. The displacement thickness is 

given by the integral 

~Ox 
6x - - -""'1---==---

r (UD - U ) dZ Jo P 

(6.5.8) 

(6.5.19) is substituted into the above to yield . 

6X - %u, ~ 0.32 (6.5.9) 

which is of the same order as 6 for the zero particle velocity limit in chapter 4. Since poll 

satisfies Laplace's equation, ~Qy can be written as 

a2p D aQIIy 
~Qy - 6x a';2 - - 6x av (6.5.10) 

In sections 6.3 and 6.4 we applied the condition apII lav - 0 at the channel walls (cf. 

(6.3.10». The inclusion of the boundary layer implies that 

apD a2p D 
av - - ~Qy - - 6x a';2 (6.5.11 ) 

so that the normal flow rate is matched at the boundaries. Alternatively, we can match at V 

- :t: A/2 .. 6x to accommodate the presence of the boundary layers and apply the condition 

that apD I av - 0 at :t: A/2 .. 6x. The pressure field in region II is perturbed so that 

(6.5.12) 

Hence 
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- _ - 6 __ 0_ + 0(6 2) apO I aJP 0 I 
ay Y-±A/2 X aYJ Y-t.A!2 X 

(6.5.13) 

which, to leading order, is the same as (6.S.II). Hence, the boundary layers at the walls 

have the same effect on the region II solution as reducing the channel width by an amount 

26X in the "He Ie-Shaw" solution. 

6.5.2 The bowrdtuy layer between regions 11 and 111 

As in chapter 4, a boundary-layer analysis can be applied in a thin region surround-

ing the particle so that the tangential flow rate can be matched. The variations in the Rand 

Z directions dominate those in the tangential direction, and the momentum equation in the 

tangential direction reduces to 

asy aJY _ 12 _I ap 
aZJ + aRJ Rz aB (6.S.14) 

where R - Rz + Rand alaR » I/Rz a/aBo Let Y - yO + Y I' where yll is the tangential 

velocity in region II and is given by 

Hence 

yll _ 6Z(Z _ I) _I apo - U sin8 
R

J 
aB P 

aJYl aJY 
1 .0 azz + aRJ 

(6.5.IS) 

(6.5.16) 

The boundary conditions are: Y1 • 0 at Z • 0 and Z • I, and Y1 - Yj(Z, 8) - 6 Z(Z 

- I) I/RJ ap/aB at R • 0, where Yj(Z, 8) is the tangential velocity at the interface between 

region III and the boundary layer. A suitable Yi can be constructed as in section 4.3.7. 

Yi(Z, 8) • aZ(Z - I)(Z(Z - I) -I) + 6/JZ(Z - I) - Up sin8 (6.S.17) 

where 
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a _ ~ (2U sinS + 3~) and ~ _ _I apll I 
5 p Rs fJ8 R-R s 

(6.5.18) 

For a plar.e of infinite span, the velocity at the interface is proportional to sinS. Here, how-

ever, an infinite number of harmonics appear. The solution to (6.5.16) is obtained by separ-

ation of variables and is given by 

where 

00 

V 1 - L 82k-1 e-(2k-l)lrit sin(2k - 1)1I"Z 

k-I 

96a 
82k-1 - (2k - 1)'11"' 

The total flow change in the boundary layer is given by 

001 

dO, - fo fo V ,dZ dR 

where, on substituting (6.5.19) into the above double integral 

where 

°2n-l -

~Q, - 1920,.a 

I 
~n-l ! (2k - 1 )',,., 

k-I 

Thus, by continuity, the radial flow generated by the boundary layer is given by 

192°1 da 
~Qa----

Rs d8 

(6.5.19) 

(6.5.20) 

(6.5.21) 

(6.5.22) 

The matching condition on the pressure is the same as before. Hence (6.4.6)-(6.4.9) remain 

valid except that the definition of t, (6.4.10), changes to 

t 2k-1 _ s 
[ 

R ]2k-l 
A - 2cSx 

in order to account for the boundary layers at the channel walls. The matching condition on 

the normal flow rate, however, is changed to account for the contribution by the boundary 



layer surrounding the particle. (6.4.2) then becomes 

Q'lR - ~Oa - 2QID R at R - R2 

and by substituting (6.3.22) into (6.5.22), (6.4.11) and (6.4.12) are replaced by 

and 

00 

2R~1 - R:a(Up - 1) + C1Al - € L 1~_1 A2a-1 + 

s-l 

2R II - (_1)11-1 (2k - I) [C(211-1) A - €211-1 ~ 211-1 Q A ] 2"'211-1 211-1 L 21-1 21-1 

s-I 

- ~ e
7 

(2k _1)2 (_1)11-1 
2 [

d 211-1) A + €211-1 ~ 211-1 Q A ] 211-1 L 2a-l 2a-l 

s-I 

for k > I, and e7 - 1536/5 07' 
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(6.5.23) 

(6.5.24) 

The inclusion of this boundary layer also implies that the zero-drag condition, 

(6.4.13), has to be modified to 

where the additional contribution, Fb , 

fr 1 

Fb - #,u:adR:a J I ~~l 1- dZ sin6 d6 
-fr 0 R - 0 

is given by 

Fb • 2.pu,~. HR, + '-'A, +, & '0,.., A"., ]- 2R'u.l 
and where ell - 768/5 011' So (6.4.20) becomes 

(6.5.25) 

(6.5.26) 
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61\R,C, - t2R,1I"s, - 6R,~, - 3€{-'A, +, Zt: '0,._1 A,,_,] 

+ [~:' + R,(Sll, + :!e,)] Up - 3€,R, (6.5.27) 

As in section 4.3.7, a displacement thickness can be introduced, which is given by 

4Q, 
6 - - 1 

fo (VO(R,. I. Z) + Upsin') dZ 

Substitute (6.5.15), (6.5.17) and (6.5.21) into the above to get 

6 - 1920 ~ _ 4608 0 (I + ~ sin6 U ) 
7 /J 5 7 3 /J P 

(6.5.28) 

which is not very useful because of the complex interaction of the angular harmonics 6. A 

special case is when the particle is stationary. Then 6 - 4608/5 0 7 ~ 0.3, which is exactly 

the same value as the displacement thickness for a stationary particle between infinite plates. 

It was shown in chapter 4 that 6 decreased with increasing particle velocity, and the same 

applies here. 

Obviously this form of analysis breaks down when the boundary layer surrounding 

the particle approaches the boundary layer adjacent to either wall. This occurs when 

A 
6 + 6x - 2" - R2 

or, by substituting (6.5.9) into the above, 

a ~ 2r2 + (6 + 0.64) d (6.5.29) 

where, by definition, a is the span of the channel and d is the spacing between the two 

plates. Since the minimum value of d is the width of the particle, a > 9.5 ~m so that the 

above analysis can be applied. For channel widths less than this value, Stokes equations 

would have to be solved numerically using finite differences or finite elements. 
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6.5.3 Syslem 0/ eqUlllio"s 

As in section 6.4.3, (6.5.23), (6.5.24), (6.5.27), together with (6.4.6)-(6.4.9), form a 

linear system of equations for the Fourier coefficients of the pressure distribution in region 

II and the normal flow rate in region Ill. As before, these equations can be simplified by 

eliminating the coefficients Pn.-l and "7211-1' (6.4.21) remains the same since the matching 

condition for the pressure is still given by (6.4.2). (6.4.22) is replaced by (6.4.4) and (6.5.23): 

Rs - [ 3eT] 2 RI He lCl + (Rs(1 - He) + 2eT)Up + E I I - Rs Al - Rz + 3eT + 

,[I + ~:] I '0,.., A,.., 
sal 

(6.5.30) 

The zero-drag condition can also be simplified by substituting (6.4.4) and (6.4.8) into 

(6.5.27): 

6H,(R, + 2I,>.R,R,·'H,')C, + [~:' + R,.I(SI, • 6H,I,) + 2R,e.]up • 3.-'(2R, + e,)A, • 

3(2Rs + el) [Rs + E f. 1028_1 A28- 1 ] (6.5.31) 

s-I 

(6.4.6) and (6.4.9) imply that 

00 

( _I)k-l .,-(2k-l) A
2

L_l + (_I)k-l .,211-1 ~ 2k-l o AGe 
" a "L 28-1 28-1· 2k-l 2k-l 

sal 

and (6.4.4) and (6.5.24) that 

00 

_(-I)k-l t 2k-l (l + F2k- 1) L 2k-l~_1 A2I- 1 + (_I)k-l C(2k-l) (l - F2k-1) A 2k- 1 • 

sal 

for k > I, where 
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The above two equations can be further manipulated to yield 

00 

~ 2k-1 Q A L 2a-1 2a-1 (6.5.32) 

s-I 

and 

[(I F ) G 2 RJ H 3]C _ 2 (_I)k-1 .,-(2k-1) A 
+ 2k-1 211-1 - Rl e 211-1 " 2k-1 (6.5.33) 

which resemble (6.4.23) and (6.4.24). 

Solutions to the above equations are given in section 6.6 for a variety of channel 

widths. 

6.6 RESULTS 

Pressure distributions and particle velocities are obtained by solving the systems of 

algebraic equations derived in previous sections. Figure 6.4 shows the effect of including 

the boundary layers for various €, which is the ratio of distance between the two plates to 

channel width. The effect is more pronounced when the particle is moving very slowly and 

when the span of the channel is smaller. For example, when € - 0.3 and He - 0.0008, the 

difference is of the order of 50 %. In figure 6.5, the ratio of Up to Uoo ' the particle velo-

city for the infinite case, is plotted for various €. [t shows that the greatest increase occurs 

for slowly moving particles. The effect of having channels of finite span is less marked for 

larger gap widths. Figure 6.6 (a) shows some pressure contours in regions I, [[ and III for 

He - 0.0272 and € - 0.2. In this case Up - 0.44. The pressure variation is greatest in region 

III, which is the same as in chapter 4. Also, the pressure contours are normal to the two 

dashed lines which represent the location of the two boundary layers at the walls. The pres-
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sure contours for a larger gap width are shown in figure 6.6 (b), where He - 0.14 and Up -

1.05. Since the particle velocity is very close to the mean bulk velocity, the distance 

between contours near the channel walls is almost constant. In region I, the contours are 

perpendicular to the motion of the particle since the gap width is constant. 

6.7 CONCLUSIONS 

Red blood cells acquire a certain rigidity when they cross extremely narrow path

ways such as those found in the bone marrow and in the spleen. The problem considered 

here is an extension of the work carried out in chapter 4, with the purpose of investigating 

blood rheology in non-circular geometries. 

One major finding is that the particle velocity can be smaller or larger than the 

mean bulk velocity, depending on the spacing and span of the plates. It was shown in 

chapter 3, that in a circular tube, the red cell velocity is always greater than the mean bulk 

velocity, no matter the size of the lubrication layer. But for non-circular geometries, it can 

be expected that the reverse of the Fahraeus effect is possible. This may be relevant to 

oxygen transport in some tissues. 

As was shown in the previous section, the inclusion of boundary layers at the chan

nel walls and around the particle has a sizeable effect on quantities such as particle velocity 

and additional pressure drop. This analysis is an extension of Hele-Shaw theory in which 

flow past an obstacle at zero Reynolds number is modelled by potential equations which 

cannot satisfy the no-slip condition at the surface of the obstacle. 
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CHAPTER 7 

CONCLUSIONS 

A major characteristic of human red blood cells is their high degree of deformability 

which enables them to easily traverse pathways narrower than the diameter of freely sus

pended red blood cells. But, in very narrow conduits, such as those found in the spleen, in 

the bone marrow and in very small or partially occluded capillaries, the red cell approaches 

the limits of its deformability due to the constraints of constant volume and surface area, 

and this leads to an abrupt rise in flow resistance. For example, the apparent viscosities at 

50% haematocrit in cylindrical tubes with diameters of 8, 4, 3 and 2.9 ~m are respectively 

1.4, 2.7, 3.3 and 7.7 cP for red blood cells with V - 90 ~m3 and A - 135 ~m%. These 

values can however change by large amounts at near-critical diameters since red blood cells 

can have a range of volumes and surface areas. 

In the preceding chapters, we considered the motion of normal adult erythrocytes 

through cylindrical tubes, infinite slots and finite-span slots. It is important to recognize 

that there is a wide variety of geometrical configurations and cell properties. For example, 

red blood cells are nucleated during formation in the bone marrow. There is also a wide 

variation in sphericity index. The critical radius of diabetic or neonatal erythrocytes is on 

average larger than the mean, and this can have severe implications in microperfusion. 

Most vessels have irregular geometries. Capillaries do not have exactly circular 

cross-sections. Some can be elliptical due to partial collapse, others have irregular cross-sec

tions due to projecting endothelial nuclei. Pathways in the bone marrow and in the spleen 

tend to be pores and slots of finite length. Bifurcations even have more complex geomteries. 

Even so, we can draw some general conclusions from the cases considered here. In 
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cylindrical tubes, red blood cells travel faster than the mean bulk flow since they tend to 

travel along the axis of symmetry. In chapter 3, it was shown that in the near-critical limit, 

the ratio of particle to mean bulk velocity is very close to unity since the leak back in the 

thin cell free layer is very small. This ratio increases with increasing tube diameter, and 

approaches an upper limit of 2 when the dimensions of the particle are negligible compared 

to the tube diameter. Hence, the tube haematocrit is always less than the discharge haema

tocrit (the Fahraeus effect). In slots, however, red cells can also travel slower than the mean 

bulk flow if there are large regions of very narrow gap. The particle velocity tends to zero 

as the gap width tends to zero. Therefore, in pathways with slot-like geometries, such as 

those found in the spleen, there is an increase in haematocrit. The difference lies in the 

fact that in slots, the fluid can easily bypass the particle, and consequently very large pres

sures cannot be generated. The maximum pressure drop is twice the pressure drop in the 

absence of the particle, but in cylindrical tubes the entire driving pressure may be concen

trated in regions of small gap width. 

It was also shown in chapter 3 that solutions for the isotropic tension model (the 

high-velocity limit) exist if the forces acting on an axisymmetric particle are axisymmetric. 

If that is not the case, as in chapter S, then the membrane shear resultant cannot be neg

lected. Large membrane strains are then possible, and for the motion of a red blood cell 

between two plates, the membrane is dragged backwards relative to the direction of cell 

motion (akin to breast-stroke in swimming). The problem considered in chapter 5 is a spe

cial case of the membrane deformation expected in non-axisymmetric geometries. In gen

eral, the membrane shears rather easily. ao that large membrane shears may be generated at 

moderate cell velocities. 

There are also some general results which apply to both cylindrical tubes and parallel 

plates. In both cases, asymptotic analyses are used in transition regions which match regions 
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where the pressure gradients in the gap are very large to regions where the pressure is 

almost constant. These analyses show that the gap width in the lubrication layers is deter

mined by the mechanics of the front transition region. The shape of the cell is always 

uniquely determined at the front. One interesting point is that for the parallel plates prob

lem, the equations of in-plane equlibrium in the disk region did not have to be solved in 

order to compute the particle shape and its velocity. So, it can be speculated that if similar 

conditions occur in more complicated geometries, the gap width can be determined using 

this type of analysis, without solving the equations of membrane equilibrium over the entire 

surface of the particle. 

In the near-critical limit, the red cell behaves like a rigid body with the critical 

shape. The shape of a flexible particle, which is computed in chapter 3 using both the iso

tropic and bending and shear resistance models, approaches the critical shape as the vessel 

diameter approaches the critical value. Rigid and flexible particle models yield very similar 

results for particle velocity. 

Another important aspect of models for particle motion through slots is the introduc

tion of a boundary layer analysis to the classic Hele-Shaw problem which allows for the no

slip condition to be applied at all solid boundaries. The boundary layers have the same 

effect as displacing the solid boundaries by an amount equal to the displacement thickness. 

This can have a significant effect on the particle velocity and pressure drop. 

In conclusion, we must be cautious about applying these results to in vivo situations. 

In most circumstances, compliance of vessel walls is small compared to red cell deformabil

ity, but it may be important in near-critical cases. Also, there is some evidence that addi

tional physicochemical effects may be present in vivo, leading to higher than expected 

apparent viscosity in vessels with larger than critical dimensions. 



166 

REFERENCES 

Albrecht, K.H., Gaehtgens, P., Pries, A. &: Heuser, M. 1979 The Fahraeus effect in narrow 
capillaries (i.d. 3.3 to II J.&m). Microvasc. Res. 18, 33-47. 

Barnard, A.C.L., Lopez, L. &: Hellums, J.D. 1968 Basic theory of blood flow in capillaries. 
Microvasc. Res. I, 23-34. 

Barthes-Biesel, D. &: Rallison, J.M. 1981 The time-dependent deformation of a capsule 
freely suspended in a linear shear flow. J. Fluid Mech. 113, 251-267. 

Batchelor, G.K. 1967 An introduction to fluid dynamics. Cambridge University Press. 

Bender, C.M. &: Orszag, S.A. 1978 Advanced mathematical methods for scientists and eng
ineers. McGraw-Hill. 

Bretherton, F.P. 1961 The motion of long bubbles in tubes. J. Fluid Mech. 10, 166-188. 

Bungay, P.M. &: Brenner, H. 1973 The motion of a closely-fitting sphere in a fluid filled 
tube. Inl. J. Mulliphase Flow I, 25-56. 

Cameron, A. 1966 The principles of lubrication theory. Longmans Green &:Co. Ltd. 

Canham, P.B. &: Burton, A.C. 1968 Distribution of size and shape in populations of normal 
human red blood cells. CirculaJion Res. 22, 405-422. 

Chien, S., Sung, K.-L.P., Skalak, R., Usami, S. &: TOzeren, A. 1978 Theoretical and experi
mental studies on viscoelatic properties of erythrocyte membrane. Biphys. J. 24, 463-487. 

Courant, R. &: Hilbert, D. 1953 Methods of Mathematical Physics, Volume I. Interscience 
Publishers, Inc., New York. 

Drenckhahn, D. &: Wagner, J. 1986 Stress fibers in the splenic sinus endothelium in situ: 
Molecular structures, relationship to the extracellular matrix, and contractility. J. Cell Biology 
102, 1738-1747. 

Dvinsky, A.S. &: Popel, A.S. 1987 Motion of a rigid cylinder between parallel plates in 
Stokes flow. Part I: Motion in a quiescent fluid and sedimentation. Compur. J. Fluids IS, 
391-404. 

Dvinsky, A.S. &: Popel, A.S. 1987 Motion of a rigid cylinder between parallel plates in 
Stokes flow. Part II: Poiseuille and Couette flow. Comput. J. Fluids IS, 405-419. 

Evans, E.A. 1983 Bending elastic modulus of red blood cell membrane derived from buck
ling instability in micropipet aspiration tests. Biophys. J. 43, 27-30. 

Evans, E.A. &: Skalak, R. 1980 Mechanics and thermodynamics of biomembranes. CRC 
Press, Boca Raton, Florida. 

Fah rae us , R. 1929 The suspension stability of blood. Physiol. Rev. 9, 241-274. 



167 

Fahraeus, R. & Lindqvist, T. 1931 The viscosity of blood flow in narrow capillaries. Am. J. 
Physiol. 96, 562-568. 

Fischer, T.M., StOhr-Liesen, M. and Schmid-SchOnbein, H. 1978 The red cell as a fluid dro
plet Tank tread-like motion of the human erythrocyte membrane in shear flow. science 202, 
894-896. 

Gaehtgens, P. 1980 Flow of blood through narrow capillaries: Rheological mechanisms deter
mining capillary hematocrit and apparent viscosity. Biorheology 17, 183-189. 

Gaehtgens, P. & Schmid-SchOnbein, H. 1982 Mechanisms of dynamic flow adaptation of 
mammalian erythrocytes. NaJurwissenscha/len 69, 294-296. 

Ganatos, P., Weinbaum, S. & Pfeffer, R. 1980 A strong interaction theory for the creeping 
motion of a sphere between plane parallel boundaries. Part I. Perpendicular motion. J. 
Fluid Mech., 99, 739-753. 

Ganatos, P., Pfeffer, R. & Weinbaum, S. 1980 A strong interaction theory for the creeping 
motion of a sphere between plane parallel boundaries. Part 2. Parallel motion. J. Fluid 
Mech., 99, 755-783. 

Ganatos, P., Weinbaum, S. & Pfeffer, R. 1982 Gravitational and zero-drag motion of a 
sphere of arbitrary size in an inclined channel at low Reynolds number. J. Fluid Mech., 124. 
27-43. 

Goldman, A.J., Cox, R.G. & Brenner, H. 1967 Slow viscous motion of a sphere parallel to a 
plane wall -I Motion through a quiescent fluid. Chern. Engng. Sci., 22, 637-651. 

Gradshteyn, I.S. & Ryzhik, I.M. 1980 Table of integrals, series and products. Corrected and 
enlarged edition. Academic Press, New York. 

Hancock, H. 1904 Lecture notes on the calculus of variations (the Weierstrassian theory). 
University of Cincinnati, Bulletin of Mathematics. 

Hele-Shaw, H.J.s. 1898 The flow of water. NaJure 58,34-36. 

Howland, R.C.J. 1934 Potential functions with periodicity in one coordinate. Proc. Camh. 
Phil. Soc., 30, 315-326. 

Hsu, R. & Secomb, T.W. 1989 Motion of nonaxisymmetric red blood cells in cylindrical cap
illaries. ASME Journal 0/ Biomechanical Engineering Ill, 147-151. 

Kowluru, R., Bitensky, M.W., Kowluru, A., Dembo, M., Keaton, P.A. & Buican, T. 1989 
Reversible sodium pump defect and swelling in the diabetic rat erythrocyte: Effects on filter
ability and implications for microangiography. Proc. NaJl. A cad. Sci. USA 86, 3327-3331. 

Lighthill, M.J. 1968 Pressure-forcing of tightly fitting pellets along fluid-filled elastic tubes. 
J. Fluid Mech. 34, 113-143. 

Lin, K.L., Lopez, L. & Hellums, J.D. 1973 Blood flow in capillaries. MicrOIlQSC. Res. S, 



168 

7-19. 

Linderkamp, O. and Meiselman, H.J. 1982 Geometric, osmotic, and membrane mechanical 
properties of density-separated human red cells. Blood S9, 1121-1127. 

Macdonald, I.C., Ragan, D.M., Schmidt, E.E. and Groom, A.C. 1987 Kinetics of red blood 
cell passage through endothelial slits in venous sinuses in rat spleen, analyzed by in vivo 
microscopy. Microvasc. Res. 33, 118-134. 

O'Neill, M.E. 1964 A slow motion of viscous fluid caused by a slowly moving sphere. 
MalhemtUikil 11,67. 

O'Neill, M.E. & Stewartson, K. 1967 On the slow motion of a sphere parallel to a nearby 
wall. J. Fluid Mech., 27, 705-724. 

Ozkaya, N. 1986 Viscous flow of particles in tubes: Lubrication theory and finite element 
models. Ph.D. thesis, Columbia University, New York. 

Ozkaya, N. and Skalak, R. 1983 The steady flow of particles in a tube. In "1983 Advances 
in Bioengineering", ed. D.L. Bartel. ASME, New York, pp. 9-10. 

Papenfuss, H.-D. & Gross, J.F. 1981 Microhemodynamics of capillary networks. Biorheo/
ogy IS, 673-692. 

Potter, R.F. & Groom, A.C. 1983 Capillary diameter and geometry in cardiac and skeletal 
muscle studied by means of corrosion casts. Microvasc. Res. 2S, 68-84. 

Reynolds, O. 1886 On the theory of lubrication and its application to Mr. Beauchamp 
Tower's experiments, including an experimental determination of the viscosity of olive oil. 
Phil. Trans. 177, 1S7-234. 

Secomb, T.W. 1987 Flow dependent rheological properties of blood in capillaries. Microvasc. 
Res. 34, 46-58. 

Secomb, T.W. 1988 Interaction between bending and tension forces in bilayer membranes. 
Biophys. J. S4, 743-746. 

Secomb, T.W. & Skalak, R. 1982 A two-dimensional mod Ie for capillary flow of an asym
metric cell. Microvasc. Res. 24, 194-203. 

Secomb, T.W. & Gross, J.F. 1983 Flow of red blood cells in narrow capillaries: role of mem
brane tension. Int. J. Microcirc. Clin. Exp. 2, 229-240. 

Secomb, T.W., Skalak, R., Ozkaya, N. & Gross, J.F. 1986 Flow of axisymmetric red blood 
cells in narrow capillaries. J. Fluid Mech. 163, 405-423. 

SkaJak, R. 1976 Rheology of blood cell membrane. In Microcirculation, vol I (ed. J. Grayson 
& W. Zingg), pp. 53-70, Plenum, New York, 

Skalak, R., Tozeren, A., Zarda, R.P. & Chien S. 1973 Strain energy function of red blood 



169 

cell membranes. Biophys. J. 13. 245-264. 

Sommerfeld. A. 1904 Zur hydrodynamischen theorie der schmiermittelreibung. Zeits. f. 
MaJh. u. Phys. 40, 97-155. 

Stadler, A. & Llnderkamp, O. 1989 Flow behavior of neonatal and adult erythrocytes in 
narrow capillaries. Microvasc. Res., 37, 267-279. 

Timoshenko, S. & Woinowsky-Krieger, S. 1959 Theory of plates and shells. Mcgraw-Hill 
Book Company, Inc., New York. 

Wang, H. & Skalak, R. 1969 Viscous flow in a cylindrical tube containing a line of spherical 
particles. J. Fluid Mech. 38, 75-96. 

Waugh. R.E. & Sassi, M. 1986 An in vitro model of erythroid egress in bone marrow. 
Blood 68, 250-257. 

Zarda, R.P., Chien, S. & Skalak, R. 1977 Elastic deformations of red blood cells. Biorheol
ogy 10, 211-221. 


