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ABSTRACT 

Population pulsations are fluctuations in the population 

difference (of a two level system) due to the presence of two or more 

coherent waves interfering in the medium. In this work, we show that 

popUlation pulsations generated by three waves, a central wave and two 

mode-locked sidebands, are responsible for both the multiwavelength 

and the single-wavelength instabilities of single-mode lasers contain

ing homogeneOUSly-broadened media. The role of the population 

pulsations in establishing these instabilities, however, diminish as 

the central mode is detuned away from the atomic resonance frequency. 

For homogeneOUSly-broadened lasers, we find two regions of single

wavelength instability. The first is at line center, for which popula

tion pulsations are solely responsible, and the second is off line 

center where the unsaturated medium provides the required gain and 

anomalous dispersion. For the case of inhomogeneously-broadened 

lasers, we show that popUlation pulsations significantly increase the 

instability range over that predicted by Casperson for single-mode 

bad- cavi ty lasers. Both the unidirectional ring and the standing-wave 

cavities are treated. The Fourier expansion technique, used in this 

work, for treating three-frequency operation in saturation spectroscopy 

is shown to be equivalent (in appropriate limits) to the linear 

stability analysis in laser theory and optical bistability. We also 

show, in single-sideband saturation spectroscopy, that for long 

interaction lengths propagation effects can significantly influence 

x 



the absorption and dispersion coefficients of the medium. Finally, we 

show that under certain conditions the pronounced splitting effects of 

the population pulsations develop into regions of intense absorption. 

xi 



CHAPTER 1 

INTRODUCTION 

The stabil ity of single-mode laser operation with a CW pump 

has been studied extensively over the years. In very early work, Statz 

and deMars (1960) analyzed relaxation oscillations in the homogeneously

broadened ruby laser using rate equations with a low-Q unidirectional

ring cavity, for which the photon 1 ifetime was small compared to the 

population-difference lifetime (Tl) and long compared to the dipole 

lifetime (T2). The physics of this case is analogous to a car turn

signal blinker and is unrelated to the instabilities that will be dealt 

with later in this work. Haken (1966) and Risken, Schmid, and Weidl ich 

(1966) considered longer values of T2 , for which the rate-equation 

approximation fails, and shmved that an instability exists. This insta

bility, referred to here by HRSW, was predicted using a classical 

electromagnetic field interacting with homogeneously-broadened medium. 

More recently Haken (1975) showed that the HRSW instability corresponds 

to chaos in the Lorenz model (Lorenz 1963, more on chaos later). 

In a high-Q, unidirectional ring cavity, Risken and Nurnrnedal 

(1968) and Graham and Haken (1968) discovered the RNGH instabi 1 i ty, for 

which several modes with different wavelengths can oscillate simultan

eously in a homogeneously-broadened medium. In this thesis we show that 

this instability is due to energy transfer by population pulsations 

(pr's) from the central mode to sidemodes helping to compensate for the 

1 
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reduction in gain caused by central-mode saturation. We also show that 

the·physical origin of the HRSW (single-wavelength) instability is also 

PP's. 

These pulsations or equivalently the dynamic Stark effect, were 

identified by Lamb (1964) in his third-order theory of the laser and 

represent the attempt of the nonlinear population difference to follow 

the beat frequency between several field modes. l Consequently, PP's are 

limited in frequency by l/Tl where Tl is the average of the population 

lifetimes. Sargent (1976) showed that these pulsations cause modes to 

parametri cally transfer energy between one another, and to change one 

another's absorption coefficient and index of refraction. In particular, 

a strong mode may support a weaker mode, or create probe gain in an 

absorbing medium (Sargent 1978). Similarly, sidemodes that grow from 

noise can create instabil i ty for coherent light waves propagating in 

absorbing media (S\vartz and Tan 1967, Mollow 1973, McCall 1974, and 

Hopf 1982). 

Hence, PP's are present in nonlinear media regardless of the 

number of interacting fields, for example, four-wave parametric inter

actions were demonstrated theoretically by Boyd et a1. (1981) and 

experimentally by Raj et a1. (1980). Similar saturation spectroscopy

type experiments were done earlier by \\Iu et a1. (1977) where it was 

demonstrated that a strongly driven two-level atomic absorber, under 

certain conditions, produces amplificati on for sidemodes that are 

detuned from line center. 

1. For general background, see Sargent, Scully and Lamh (1974). 



In this work, we show that PP's are responsible for these 

parametric interactions and that PP' s cause the HRSW instability by a 

combination of (1) transferring energy from the main mode to two side-

bands, and (2) creating an anomalously-dispersive index of refraction 

(Hen dow and Sargent 
1 

1982a.) . If the cavity 1 inewidth is larger than 

the sum of the dipole and population decay widths and for sufficiently 

large intensities, this anomalous dispersion (negative slope in the 

index) allows three frequencies with net gain to be simultaneously 

resonant for a single wavelength, thereby leading to a multimode build-

up. PP's are also responsible for the RNGH instability if resonant 

cavity modes fall within the probe gain regions of the medium. Bonifado 

and Lugiato (1978) applied a similar analysis to Optical Bistability and 

discovered an instability in the upper branch of absorptive optical 

bistability. Again, PP's divert energy to sidebands, thereby leading 

to multimode build-up (Gronchi et al. 1981). 

The problem of laser instabilities and the transition from 

steady-state to periodic and chaotic oscillations is still an active 

area of research. However, this problem will not be discussed in this 

thesis. An analogy between lasers and higher order phase transitions 

was presented by DeGiorgio and Scully (1970), Graham and Haken (1970), 

Haken (1975a) and Graham (1976), where it is shown that the laser thresh-

old and the onset of self-pulsing in lasers are analogous to second-

order phase transitions and to bifurcations in the Lorenz Model (Lorenz 

1. In this paper, Fig. 1 (c,d) and Fig. 2 should be multiplied 
by 1.71 such that the value of the dashed curve in Fig. ICc) is equal 
to 1.0 at vI = w. 
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1963). The transition from low order bifurcations to turbulance and 

chaos in fluids and in lasers was also investigated by McLaughlin and 

Martin (1975), Pismen (1981), and Snapp, Carmichael and Schieve (1981). 

Along the same line of investigations of these instabilities in lasers, 

Haken and Ohno (l976a and 1978) presented a theory for ultrashort laser 

pulses while Knapp, Risken and Vollmer (1978) found an instability in 

lasers having an intra-cavity passive medium. 

Another form of a single mode instability that has no obvious 

relationship to the instabilities discussed above is the Ikeda insta

bility (Ikeda 1979, and Ikeda, Daido and Akimoto 1980). There, the 

light transmitted by a ring cavity in the limit of the cavity round trip 

time being long compared to the atomic relaxation times is shown to 

exhibit periodic and chaotic oscillations. This behavior was demon

strated by Gibbs et al. (1981) using a hybrid optical bistabl e device 

with a delay in the feedback. 

McCall (1978) also showed that a Fabry-Perot containing a 

nonlinear medium may exhibit regenerative pulsations (relaxation oscil

lations) on the positive slope regions of the input-output character

istics of the device. This instability, which also shows bistable 

behavior, has a different physical origin from the instabilities 

discussed above. 

The above instabilities occur with homogeneously-broadened media. 

In contrast, Capserson (1978, 1980 and 1981) considered inhomogeneouslY

broadened media with a bad cavity, and found analytically and experi

mentally a new kind of s:ingle-mode instability. This instability is 
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studied experimentally in more detai 1 by Abraham and collaborators 

(Bent ley and Abraham 1982, Maeda and Abraham 1982, and Abraham, Coleman, 

Maeda and Wesson 1982). For this case, an intense mode burns a hole in 

the inhomogeneously-broadened population-difference spectrum, which, 

like PP's, produces a region of anomalous dispersion. As in the HRS1\I 

homogeneously-broadened instabi 1 i ty, for sufficiently large intensities, 

this dispersion allows three frequencies with net gain to be simultan

eously resonant for a single wavelength, and a multifrequency build-up 

ensues. Although Casperson (1981) includes an appendix motivating how 

to include the PP's, he neglected them in the main body of his papers. 

Including them, we find increased side-mode gain and anomalous index 

reversals nearly double the size of Casperson's. These changes produce 

a substantially increased instability range. It is very interesting to 

note that Maeda and Abraham (1982) have reported the first experimental 

observation of period doubling (sub-harmonic bifurcation) in a laser 

system. 

Another instability which can be observed in high gain 

inhomogeneously-broadened lasers was introduced by Casperson and Yariv 

(1970). They show that high dispersion in lasers establishes resonances 

for frequencies located off line-center at the regions of anomalous dis

persion of the medium. This instability is similar to the one before 

it in that all the resonant frequencies have the same wavelength. 

Casperson and Yarive (1970) referred to these instabilities as mode

splitting. In homogeneously-broadened lasers we find a corresponding 

off line-center instability where the unsaturated medium provides the 

required gain and anomalous dispersion. 
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To establish the role of the population pulsations in the above 

instabilities we start with the wave equation (Chap. 2) and derive the 

laser amplitude and frequency determining equations and the wave pro

pagation equation. The medium is represented in these equations by 

the nonlinear polarization, which we derive in Chap. 3 for a saturator 

wave and two weak sidebands. Both the standing wave case and running 

wave case are treated there. Chapter 4 shows how PP's generate a 

phase conjugate signal in single-sideband saturation spectroscopy, and 

how this signal can alter the absorption coefficient measured experi

mentally us ing this method. Under certain conditions, the pronounced 

splitting effects of PP's develop into regions of intense absorption. 

We also show that the absorption coefficient of the medium change 

appreciably with the introduction of an injected signal as the init:ial 

value for the phase conjugate wave. 

The role of the PP's in the HRSW, RNGH and Casperson's single

mode laser instabilities is investigated in Chap. 5, for the special 

case of the saturator mode tuned to line-center. The effects of 

detuning the saturator wave on the HRSW and RNGH instabilities are 

presented in Chap. 6. There we show the two distinct instability 

regions, on line-center (for which PP's are solely responsible) and 

off line-center. 



CHAPTER 2 

THE FIELD EQUATIONS 

General Field Equation 

The equations of motion that determine the dependence of the 

field on space and on time are the field equations. In our analysis 

the field is treated classically, so a natural starting point is the 

wave equation 

(1) 

\vhere 110' EO and cr are the permeability and permittivity of free space 

and the conductivity of the medium, respectively, while E and P are the 

electric field and the polarization of the medium. The wave equation 

can be simplified by assuming that the field is composed of infinite 

plane waves having no transverse variations. Let us decompose the 

field into its Fourier components 

- i'J t 
E(z,t) = ~.2 I & ( z , t) e n U ( z) 

n n 
+ c. c. , (2) 

n 

where & = E exp(-i~), the amplitude coefficient E (z,t) and phase 
n n n n 

~n(z,t) vary little in an optical frequency period, and 'In + ~n is the 

oscillation frequency of the mode. Typically on is complex while En is 

real. The vector character of the field is ignored here since the 

7 
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medium is composed of two-level atoms \vhich contribute to a single 

polarization component of the electric field. The spacial character of 

the field is represented by U (z) which depends on the ex-perimental 
n 

configuration, for example 

U (z) 
n 

iK z 
n 

= e for Running Waves (RW) (3a) 

sinK z 
n 

for Standing Waves (SW) , (3b) 

where K is the wave number. The polarization P induced in the medium 
n 

has the same form as the field, that is, 

- iv t 
P(z,t) ~ I g (z,t)e n U (z) + C.c., 

n n 
(4 ) 

n 

where g (z,t) is the complex, slowly varying component of the polariza
n 

tion for mode n. The real part of g is in phase with the field and 
n 

represents dispersion due to the medium, the imaginary part is in 

quadrature with the field and gives gain or loss. 

Substituting Eqs. (2) and (4) into Eq. (1) without the complex 

conjugate (valid in the rotating wave approximation), we get a wave 

equation for the field components. Since we are concerned primarily 

with dilute media and slowly varying fields, we suppose that vn2~ 

» v 9> ,9> and K Cl0 /Clz » Cl 2Fu /Clz 2. In these approximations the wave 
n n ·n n n n 

equation becomes 



a~ 

L [-i2K --E + (K 2 - ~OEOV 2 - i~Ocrvp)r~ 
p p az p p y 

-iv t 
+ (~Ocr - i2v ~OEo)&]e p U (z) 

p p P 

-iv t 
= L ~Ov 2fP emU (z), m m m 

m 

9 

(5) 

where the i associated with a~plaz would be absent if standing waves 

were considered. Equation (5) is a general equation containing all the 

spacial and temporal variations of the slowly varying field amplitudes. 

The Laser Field Equations 

A high Q cavity equalizes the field amplitudes within it. 

Hence spacial variations are negligible, i.e. K ~ »a& jaz. We adjust n n n 

the fictional conductivity cr to represent all cavity losses. For this 

we set cr = EoVjO where v '" v and Q is the cavity Q for the nth mode. 
'n n n 

The wave equation for the nth mode is obtainable from Eq. (5) 

by projecting onto U (z) and multiplying through by exp(iv t). Doing 
n n 

so we get 

(2Q
v
n - iVn]&n + [v (Si -v ) _ i vVn]~ = vn

2 
fP 

n n n 2~ n 2Eo n' 
(6 ) 

The amplitude and frequency determining equations for a laser 

mode can then be obtained from 
. 

that En is real, vn » ~n' fPn 

the complex wave equation by assuming 
-jcP 

= fP Ie n, and by isolating the real 
n 

and the imaginary parts of Eq. (6). These equations are as follows 

\ .. ~ 

v 
= n .9m{fP I} 

- 2EO n 
(7) 
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1 vn 
- -- Re{fP'} 
E hO n n 

(8) 

where the passive cavity resonance frequency is Q = cK , c is the speed 
n n 

of light in vacuum, and K is the wave number for the nth mode. 
n 

Equation (7) can be used to define a gain parameter 

v v 1 
gn = - 2Q - 2 e: 0 E 

n n 
Im{.g>'}. 

n 
(9) 

The field amplitude and frequency equations are self-consistent 

since the polarization induced in the medium in turn radiates the field 

that induced it. Equations (7) and (8) are our basic working laser 

equations. To investigate the stability of a particular laser mode, 

we look for sidemodes that satisfy the cavity resonance condition [Eq. 

(8)] and that have positive gain [Eqs. (7) and (9)]. A single laser 

mode is stable if no sidemodes exist, and it is unstable if sidemodes 

grow causing the total field intensity supported by the medium to vary 

in time. 

The Propagation Equation 

The equation of motion for waves propagating in active media 

is derived from Eq. (5) by observing that a '" 0 and that K 2= flot-O\! 2. n n 

Time derivatives are dropped since the interest here is limited 

primarily to steady state propagation effects. Projecting Eq. (5) 

onto the mode exp(i\! t), the wave equation becomes 
n 



This is the basic working equation for phase conjugation l and 

for wave amplification. & here includes all phase variations of the 
n 

field. In a laser, however, these phase changes lead to frequency 

shifts and thus were separated from the field amplitudes as shown in 

Eqs. (7) and (8). All linear and nonlinear characteristics of the 

medium are included in the slow~y varying complex polarization. Any 

11 

coupling between propagating waves therefore appears in fP (z). Equatj on 
n 

(10) can be written in the form of Beer's law 

d& -
--- - (a + is)& . 
dZ - n n n (11) 

The complex Beer's law coefficient is therefore defined to be 

(12) 

an is the absorption or gain coefficient and Sn is the 

dispersion coefficient. In the case of absorbers, a negative sign is 

introduced in Eq. (11) such that a < 0 corresponds to gain in an 
n 

absorber, while a > 0 corresponds to gain in an inverted medium. As 
n 

is shown in Chap. 4 for absorbers, Eq. (11) leads to the following 

complex coupled mode equations 

1. For reviews on phase conjugation, see Yariv (1978) and 
Hellwarth (1979). 

(13) 

(14) 
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Note that for amplifiers a + is - Ct + iK *8, */8, 
1.3 1.3 1,3 3'} 3>1 1,3 

Ct and S shall be referred to as the effective probe absorption and 
n n 

dispersion coefficients, respectively, for the nth mode. 



CHAPTER 3 

THE POLARIZATION OF THE MEDIUM 

Mode expansion techniques have been highly successful in 

solving multimode laser problems. Consequently the expansion in Eqs. 

(2) and (3) is used to describe the field. The frequencies v are 
n 

assumed to be evenly spaced, i.e. v = vI + (n-l) I:::. where, as shown in 
n 

Fig. 1 (a), I:::. is the intermode beat frequency. As is shown in Chaps. 4 

and 5, this assumption is self-consistent in both the propagation prob-

lem and the laser instability problem. Both problems can be treated 

together since they have almost identical mode structure and require the 

same expressions for the polarization. The configuration of interest is 

that of a strong mode and two weak but mode-locked l sidebands. The 

amplitudes of the sidebands are assumed to be much smaller than the 

strong mode amplitude and the saturation intensity of the medium. The 

analysis involves the solution for the polarization of the medium as 

observed by one sidemode in the presence of a strong mode and possibly 

a second sidemode. The semiclassical strong-signal theory used here is 

an extension to that of Hambenne and Sargent (1970 a and b). 

The role of the PP' s can be intuitively understood by considering 

the sidemode Col in the presence of the strong mode Co2• The interfer-

ence between Col and 02 creates a beat-note of frequency I:::. = v2 - vl' 

1. The mode-locking conditon will be relaxed in Chapter 6. 

13 
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~ 
WI 

(a) 

a 

A / f ~ a hw Ya 

~ b 

Ab / ~Yb 
(b) 

Fig. 1. Mode spectrum and a two-level atom. 

(a) The amplitude spectrum for a three-frequency ~1 operation. 

(b) Two-level system (possibly inhomogeneously-broadened) 
with line center and level decay rates y and Yb . 
The population difference decay constant a 
is Tl = (y -1 + Yb- 1)!2, and the dipole decay constant 
is Y = l!T~. 
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Since the medium is interacting with the field then this beat-note is 

impressed on the population difference thereby creating the Ppls. The 

medium in turn acts as a modulator for the main mode ~2' The ppls 

interact with ~2 producing sidebands on both si des of the spectrum 

around \12' If ~l is weak then only two sidebands are produced with 

frequencies \12 ± !::.. These sidebands interfere with the sidemodes which 

produced them causing appreciable changes in their absorption coeffi-

cients, for example, sidemodes propagating in absorbers' may experience 

gain as the ppls divert energy from the saturator wave. 

The Density Matrix Equations of Motion 

Let us consider a possibly inhomogeneously-broadened medium 

consisting of two-level atoms, as shown in Fig. l(b), interacting with 

a near-resonant field expressed by Eq. (2). The medium is treated 

quantum mechanically and therefore is described by the elements of the 

density matrix p. They have the following equations of motion 

(y+iw)Pab + 
i 

Pab 
::: - f(Yab [p aa -Pbb] (15) 

i c. c.] Paa = A - YaP aa - [y(YabPba + 
a , (16) 

i + c. c.] Pbb = Ab - YbPbb + [11 '~bPba , (17) 

where Ya and Yb are the decay rates of the upper and lower levels, Yab 

= (Ya + Yb)/2. The dipole decay rate Y = Yab + Yph = 1/T2 where Yph 

is a dephasing parameter. Aa and Ab are the pumping rates to the upper 



16 

and lower levels respectively.hoo' is the energy difference between the 

upper and lower levels. The electric dipole perturbation energy ~b 

= - ~E where ~ is the electric-dipole matrix element between levels 

a and band E is the total electric field. 

Taking a clue from the interaction processes used in perturbation 

theory, one can see that in the presence of the field [Eq. (2)], the 

polarization element Pab and the population element P
aa 

can be written 

in the following expansion 

00 -i(vl+m~)t 

Pab(z,oo' ,t) = N(z,oo' ,t) I Pm+l (z,oo' ,t)e 

P (Z,oo',t) 
Cta 

m=-oo 

00 

\ ,ik~t 
= N(z,oo' ,t) L nak(z,oo ,t)e 

k=-oo 
(a=a,b) . 

It is further convenient to define the population difference 

D(z,oo' ,t) with the following expansion 

D(z,oo',t) = Paa - Pbb 
00 

\ ,ik~t = N L dk(z,oo ,t)e 
k=-oo 

* 

(IS) 

(19) 

(20) 

where dk = nak - nbk and d_ k = dk . In the presence of a beat frequency 

f:::, in the field, the population difference or dk tries to follow this 

beat. However Tl (the average of the level lifetimes) puts an upper 

limit on how well the population difference can follow~. Therefore, 

the analysis presented here is most accurate when dk varies little in 

time Tl or when ~ < I/T1 • 
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N is the unsaturated population difference separable to 

N(z,w',t) = N(z,t)WCw'). WCw') is the inhomogeneous broadening function 

!< -
\'l(w') = (n 211w) 1 exp[-(w-w,)2/(lIw)2] where lIw is the inhomogeneous 

broadening width. At the homogeneous limit WCw') reduces to the delta 

function new-w'). 

The polarization of the medium [CEq. (4)] is calculated by 

adding the contribution of all atoms 

Using Eq. (15) in Eq. (17) we get 

f
oo 00 -i(~l+mll)t 

P(z,t) = dw'~Nm~_ooPm+l (w' ,z)e + C.c. 
_00 

The slowly varying complex polarization ~ is defined by 
n 

equating in Eqs. (4) and (22) the coefficients of exp[-i(~l+mll)t], 

and projecting (only for a laser) onto the U (z) spacial mode 
n 

_00 o 

where 

L 
vt'= f dzIUn(z)12 = L for RW, 

o 
L = '2 for SW , 

N(z,w' ,t) = W(w')N(z,t) , 

(21) 

(22 ) 

(23) 

(24a) 

(24b) 

C2Sa) 



A (z,t) a 
NCz,t) = --

Ya 

18 

C2Sb) 

The projection in Eq. (23) does not apply to the propagation 

problem since it averages out spacial dependences altogether. The case 

of counterpropagating waves can be treated easily by projecting over a 

wavelength CFu and Sargent 1979). This gives the following 

21T 

9'n(z,t) = 2 fYJf"dW' ~~ JK
n 

dZ;;N(z+Z;;,w',t) 

o 

* x p (z+Z;;,w' ,t)U .(z+;;;). 
n n 

(26) 

The above spacial projections do not apply to the copropagating 

wave problem and therefore none is carried out. The slowly varying 

complex polarization therefore takes the following form 

J
oo 1 

9' (z,t) = 2 fYJ dw'N(z,w' ,t)p (z,w' ,t)U - (z). n n n 
(27) 

Solution of the Equations of Notion 

Using the expansions in Eqs. (18) and (19) in the equations of 

motion [Eqs. (12) - (14)] one gets after equating the coeffi cients of 

exp[-i(Vl + m~)t] and exp[ik~t] 

(28) 
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[y +ikll]n k a a (29) 

a -+ b 

where 

~k has an equation of motion similar to Eq. (29) except that 

and -i/h -+ + i/h. Eqs. (28) and (29) can be written as follows 

3 
p (z) i fP I 8, d (z)U (z), (30) - - 2h !?ll m m n n-m n 

~m 

n=l 

= l/[y + i(w'-v )] , 
m 

6Ckll) = y a Yb [ ! ikll + Y
b 

+
1 

ikll ] 2Yab Ya 

* * & U ] (31) n n Pn-k ' 

(32) 

Specializing Eq. (30) and m = 1-3 and assuming weak sidemodes, 

that is &1, &3 « &z and the saturation intensity of the medium, then 

one can drop all terms containing &1 and/or &3 twice. This approxima

tion also amounts to limiting the Fourier series [Eq. (19)] to k = 0, 

± 1. To illustrate this more clearly, we choose to follow a perturba-

tion-type analysis. Assuming &1 = &3 = 0, which is the single-mode 

problem, only pz and do survive. They are do = 1/(1 + Iz~IU212) and 

P2 = - i(fP/2h)!?llZ8,2 U2dO· Substituting these values in Eq. (31) we get 

d1 0: 8,1' &3' i. e. to generate the term d1 the probe acts only once 

(does not saturate). Carrying this approach further, we get d±20:8,1,/' 

i.e. the probe acts twice and therefore leads to a term much smaller 
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than do and d±l and consequently is dropped. A more accurate treatment 

is given by Sargent (1979). For the case of two-frequency operation 

with arbitrarily large amplitudes see Hambenne and Sargent (1976). 

Equation (30) becomes for m = 1-3 

(34a) 

(34b) 

(34c) 

Specializing Eq. (31) for k = 0, 1 and using Eq. (34) and the 

above weak sidemode approximation we get 

dO (z) = 
1 (35) 

(36) 

where 

3t(~) = [l/(Ya + i~) + l/(Yb + i~)]/2Tl' 

T2 = l/y , 
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* * f3 = Y 6CI:!) C~3 + ~2)/2 (37) 

dl(Z) is called a population pulsations coefficient since it 

represents the oscillatory part of the population difference [Eq. (20)]. 

The Polarization of the Sidemode 

The polarization of a laser sidemode Cn=l) in the presp-nce of 

modes 2 and 3 is given by Eqs. (23) and (34a), namely 

fPlt) ~2 Ioo 

1 JL i I1- dw' .;r dz N (z, w' ,t) 
-00 u 

* 
x U1 ~1 [~ldOUl + ~2dlU2] (38) 

Equation (34) can be broken up into an incoherent part and a 

ta ta inc ta coh coherent part, ""'-1 = ""'-1 + ""'-1 The incoherent part is associated 

with do and includes saturation effects due to ~ alone, while the 

coherent part contains d1 and involves the swn of interferences between 

~2 and the two sidemodes. In particular, for the symmetric case of 

V2 = w, and if the two sidemodes ~1 and ~3 are completely out of phase 

* with each other such as in the FM spectrum then fl = f3 and the 

coherent part drops to zero. On the other hand, if ~l and ~3 are in 

phase such as in the AM spectrwn, then the contribution of the PP's is 

doubled compared to that produced by a single sideband. The cancelation 

(doubling) of d 1 for the FM(AM) case does not occur however for v 2 fw. 

It is helpful to note that the polarization [Eq. (38)] is affected by 



* &3 and hence in the propagation problem this leads, as is shown in 

Chap. 4, to phase conjugation in the forward direction CHeer and 

Griffen 1979). 

We now carry out the integration over z ip_ Eq. .• --.(38) . First 

. h £a inc we start Wlt ~l • 

91, inc 
1 

Using Eq. (35) and Eq. (38) we get 

* NU1U 1 

_00 o 

Let us consider first the single-wavelength instability 

22 

(39) 

(HRSW) of the laser. Since all the frequencies have the same wavelength 

in the medium then we can replace. all K by K in Eg. (39). We can al so n 

isolate the slow varying N(z,t) from the fast varying function cos2Kz 

by averaging the latter over a wavelength. Equation (39) becomes 

where 

~ inc 
1 = -

N ::: t tN dz. 

o 

(40) 

(41) 

Since Eq. (40) has no dependence on where the medium is placed 

in the cavity, the HRSW instability has no spacial dependence either. 

In contrast, the multi-wavelength (RNGH) instability of the laser is 

dependent on the position of the medium in a standing wave cavity. 

The solution of Eq. (40) is presented in Appendix A. The 

incoherent part of the polarization (HRSW case) has the following form 



il'. inc 
1 = -

x { 1/ (1 

2/ (1 

23 

-00 

+ 12Q2) for Rl~ • ( 42) 

+ 12112 + /l + 12!l2 )for SW . (43) 

These results [Eqs. (42) and (43)] apply to the following cases: 

(1) The unidirectional ring (RW) and the SW laser with HRSW type 

instability, (2) the unidirectional ring (RW) laser wi th ~"JGl-I type 

instability, and (3) the copropagating running wave (RW) problem eN 

should be replaced by N). The coherent part of the polarization is 

9', coh = 
1 

Using Eq. (36) and the argument preceding Eq. (40) we can 

rewrite Eq. (44) as 

9'lcoh 

_00 

L 1 r)' dz 
x~IJ ----

I + 129:2 I u I 2 
o 

As shown in Appendix A, the solution of Eq. (45) is 

-00 

( 44) 

(45) 
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1 for RIV (46) 
1+I2f2 

x 

(47) 

Note that by examining Eg. (45), ~lcoh = 0 at 12 = O. These results 

[Egs. (46) and (47)] apply to the same three cases listed after Eg. (43). 

The total polarization for mode 1 is the sum of the coherent 

and the incoherent parts as given by Eqs. (42), (43), (46) and (47). 

The coherent part is a direct result of the ppI S [Eg. (36)] and, as is 

shown in Chapters 4 and 5, is responsible for phase conjugation and for 

laser instabilities. 

Let us proceed now to treat the RNGH (multiwavelength) type 

instability for the SW laser. In this case we cannot assume all K 

vectors are equal. Instead we perform the spacial projection in Egs. 

(39) and (40) keeping Kn as is. In multimode laser theory (Sargent, 

Scully and Lamb 1974) this leads to mode coupling which depends on the 

position of the medium inside the cavity. A similar dependence of 

optical bistability and instability in an SIV cavity was demonstrated by 

Sargent (1979). In our case, the threshold of the multiwavelength 

(RNGH) instability shows a dependence on the position of the medium 

inside the cavity, as is sho"~ in Chap. 5. 

An outline of the solution of Eqs. (39) and (40) is given in 

Appendix A. The incoherent and coherent parts of the polarization 

take the following form 



where 

and 

where 

where 

all inc 
c:T1 = 

q = I !"£ 
122 

q = I f 
2 2 2 

_ex> 

26 
N cos - z 

c 
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(48) 

(49) 

(50) 

(52) 

(53), 



CHAPTER 4 

PROPAGATION EFFECTS IN SINGLE-FREQUENCY 
SATURATION SPECTROSCOPY 

Beat-note saturation spectroscopy involves the measurement of 

the amplification or the attenuation of a probe wave as it propagates 

through a medium and in the presence of a copropagating saturation 

wave. Two possible arrangements are shown in Fig. 2 whereby the probe 

wave could be from an external source or generated by a modulator. 

The modulator puts two sidebands on the saturation wave at frequencies 

shown in Fig. lea). These sidebands are in phase if the modulator is 

AM and out of phase if it is FM (Sargent, Toschek and Danielmeyer 1976). 

Fu and Sargent (1979)1 showed that a phase conjugate wave is 

generated by PP's when a probe wave propagates through a nonlinear 

medium in the presence of a second running or standing pump wave [Fig. 

2(a) and (c)]. The intensity of the conjugate wave depends on the 

intensity of the probe and on the coupling present between all the 

waves. It is well known by now that if the probe and the pump have 

frequencies VI and v2 and wavevectors Kl and Kz , respectively, then the 

-+ 
conjugate wave has the frequency V3 = 2v2 - VI, and the wavevector K3 

-+ -+ = 2K2 - Kl. These two phase-matching conditions would set the frequency 

1. In this paper, the expression in the parenthesis of Eq. (9) 
should be [1 - I2fd (1 + I2f2)] while the numerator of Eq. (10) should 
be I2#(l:!)Y[~3 +~ *]/2. 

2 
26 



saturator ------~~~--~~~_P--~ 
E2 ,\l2 

conjugate 
wave 

saturator 
E2,\l2 

(a) 

medium 

Cb) 

Cc) 

saturator 
1<:== E2, \12 

Fig. 2. Configurations of saturation spectroscopy. 

(a) Separated probe and saturator. 

wave 

Cb) Modulator puts sidebands on intense saturator wave 
at frequencies shown in Fig. lCa). 

Cc) Configuration of phase conjugation by non-degenerate 
four wave mixing. 

27 
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and the direction of propagation of the conjugate wave. The frequency 

spectrum is therefore identical to the one considered earlier [ Fig. 

1 Ca)] . 

Effects of phase conjugation must be considered in beat-frequency 

saturation spectroscopy when the amplitude of the conjugate wave becomes 

comparable to the signal. The case of the single sideband saturation 

spectroscopy has been investigated by Sargent and Toschek (1976) without 

including propagation effects. Hence their model is the thin medium 

approximation of ours. Phase conjugation effects become important for 

long propagation lengths or for media having strong dipole matrix 

elements. Phase matching conditions necessitates that the angle between 

the saturator and the probe [Fig. 2 Cal] be small. In this chapter \\1e 

shall investigate these effects for an absorbing medium. 

Coupled-Mode Equations 

Let us consider the experimental configuration of Fig. 2(a) with 

no angle between the probe and the saturator wave. The generated phase 

conjugate wave would have smaller amplitudes if phase matching condi

tions are not established such as when an angle exists between the probe 

and the saturator wave CHeer and Griffen 1979). The medium is composed 

of two level atoms interacting with a near resonance field shown in Fig. 

lCa). The induced polarization is given by Eqs. (42) and (46) except 

that they are multiplied by -1 since we are dealing with an absorber. 

The propagation equation for the field is given by Eq. (10) which is 

reproduced here for the probe (n = 1) 
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K 
i n ~ 

~ = 2Eo 1 (54) 

Substituting Eqs. (42) and (46) into Eq. (54) and rearranging 

terms we get 

(55) 

where 

roo [ 12f1 ] a1 = ao J dw' W (w ' ) f-t1 dol 1 + 12f2 
(56) 

-00 

iao r * f3 12 
K1 = - dw'W(w')y~ do 1 + 12f2* 

, (57) 

-00 

(58) 

a1 and Kl are the absorption and coupling coefficients for the probe, 

respectively, while ~3 is the generated phase conjugate wave which has 

an equation of motion similar to Eq. (55). Other parameters in Eq. 

* (55) are defined in Eq. (37). The two sidemode amplitudes ~1 and 83 

are coupled and together they form the coupled-mode equations 

* d~l (z) 
* * 

az = a1 81 (z) + iK183(Z) (59) 

d83 (z) 
* * = - a3~3 (z) - i K3 ~1 (z) dz 

(60) 
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The coefficients a~ and K3 are identical to those in Eqs. (56) 

and (57) except that 3 and 1 are interchanged on the ~'s and ~ is 

replaced by -~ in ar(~). If a small angle ~ exists between the probe 

and the saturator wave then the coupling coefficients K'S are multiplied 

by the phase mismatch factor since2 (Fu and Sargent 1979). 

Solution of the Coupled-Mode Equations 

To solve Eqs. (59) and (60), let us take the Laplace Transform 

of both equations 

* * s&3 (s) - &3 (z=O) - - a3&3 (s) - iK3 &1 (s) (61 ) 

* * &1 (z=O) = - a1 &1(s) + iK1&3(s) (62) 

* Solving for &1 (s) and &3(s) we get 

* * * (s+a1 )&3 (0) - iK3 &1 (0) 

(s-s1) (s-s2) 
(63) 

* (s+a3)&1 (0) + iK1&3(0) 

(s-s1) (s-s2) 
(64) 

where 

(65) 

Taking the Inverse Laplace Transform of Eqs. (63) and (64) and 

simplifying we get 
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(67a) 

(67b) 

where 

(68) 

(69) 

These coefficients can be written in the more common form 

* 
I [ a3- a l ] A = w w cosh wz + -'"::'2-- sinh wz e -az (70) 

I . h -az B = - Sln wz e w (71) 

where 

* a = (a3+al )/2. (72) 

* The coefficient C is identical to A except that al and a3 are 

interchanged. The elements of the matrix in Eq. (67) are for an absorb-

ing medium. To revert to the case of propagation in an amplifier 

multiply all a's and K'S by -1. 

The Effective Probe Absorption and Dispersion Coefficients 

To appreciate the effects of propagation in an absorber we 

define an effective coefficient (~ + is ) 
n n 
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-Cal + i131)Z 
&l(z) = e &1(0) (73) 

where al is the effective absorption coefficient for the probe which 

includes effects of the population pulsations due to the generated con-

jugate wave. To give &1 (z) predicted by the coupled mode Eq. (67a) 

al + iSl is defined by 

= 
1 &1 (z) 

aDz loge gl(O) (74) 

where the probe amplitude &1 (z) is given by Eqs. (67a), (70) and (71). 

(al + iSl) can also be interpreted as the normalized logarithem of the 

transmission coefficient T where T = &1(z)/&1(0). The effective 

absorption coefficient displays a dependence on the detuning of the 

probe with respect to the atomic resonance frequency and the saturator's 

frequency. Let us consider first the case where there is no injected 

conjugate signal, i. e. &3 (z=O) = O. Figures 3-5 are plots for normal-

ized effective absorption and dispersion coefficients vs probe detuning 

as given by Eq. (74) and specialized for homogenesou1y broadened 

absorbers. The propagation depth and the saturator wave intensity are 

set to aDz = .05, 5, 10 and 12 = .5, 2, 5, respectively. All decay 

rates are identical, i.e. Ya = Yb and Tl = T2 . The frequency of the 

saturator wave v2 is set to the atomic resonance frequency w. The 

dashed curves are the contributions of the incoherent part of the 

polarization, i. e. no population pulsations are included. As expected, 

for small aDz, these plots approach the thin medium case done by 
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Fig. 3. The normalized effective probe absorption and dispersion 
coefficients for 12 = .5. 

(a) The absorption and (b) dispersion coefficients vs probe 
detuning for homogeneously broadened absorbers. The dashed 
curves are the coefficients without the population pulsations. 
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Fig. 4. The normalized effective probe coefficients for 12 = 2. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. The dashed curves are the ~ontribution 
of the incoherent part of the polarization. The maximum 
value for (a) for ClOZ = 10 is 0.873 and occurs at the 
Rabi flopping frequency of (VI-V2)/Y = 1.414 . 
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Fig. 5. The normalized effective probe coefficients for 12 = 5. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. The dashed curves are the coefficients 
without the population pulsations. 
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Sargent and Toschek (1976). For long propagation depths, the conjugate 

wave amplitude becomes appreciable compared to the probe and therefore 

the absorption and the dispersion coefficients approach those of the 

double sideband saturation spectroscopy. The parameters for Figs. 6 

and 7 are the same as those for Figs. 4 and 5 except that the ratio of 

the level lifetime to the dipole lifetime is changed from 1 to 10. 

The pronounced splitting effects of the PP's are seen to 

develop into regions of sharp spikes for aDz ~ 10 where the probe is 

strongly attenuated (Figs. 3-5). These regions do not exist if the 

phase conjugate wave is ignored. Furthermore, for longer propagation 

lengths, the sharp spikes in the effective absorption coefficient 

average out. Amplifiers, in general, exhibit figures that are differ-

ent from the above. However, for the thin medium case (aDz « 1) the 

coefficients are identical to those for an absorber except for a 

mUltiplying factor of -1. 

It is evident from these figures that for long propagation 

depths and/or strong dipole matrix elements, i.e. aDz> 1, that the 

effects of the phase conjugate wave should be included in any correla-

tions between the theory and the experiment. The effects of saturator 

wave frequency detuning away from the atomic resonance is illustrated 

in Figs. 8 and 9. 

Next, we consider the case when there is an injected conjugate 

* signal, i.e. 8 3 (0)#0. There are hJO limiting cases, (1) 8 3 (0)/&1 (0) 

* = 1.0, which is the AM configuration and (2) 8 3(0)/&1 (0) = -1.0, 

which gives the FM spectrum. The coefficients for these two cases are 
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Fig. 6. The normalized effective probe coefficients for Tl /T2 =10 
and 12 = 2. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. The dashed curves are the coefficients 
without the population pulsations. 
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Fig. 7. The normalized effective probe coefficients for Tl/T2 =10 
and 12 = 5. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. The dashed curves are the coefficients 
without population pulsations. 
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Fig. 8. The normalized effective probe coefficients for the saturator 
wave detuned from line-center. 

(a) The absorption and (b) dispersion coefficients vs probe 
detuning for various saturator wave intensities. 
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Fig. 9. The normalized effective probe coefficients for various 
saturator wave detuning values. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. 
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independent of propagation depths if v2 = w. Figure 10 shows the 

effective coefficients for the thin medium case as the phase between 

* &3 (0) and &1 (0) is varied. The parameters used are Tl = T2, aOz = 0.5, 

1 &3 (0) 1/1 &1 * (0) 1 12 = 2, = 1 and ¢ = 0, n/4, n/2, 3n/2 and n where ¢ 

* 1&3(0)1/1&1 * (0) 1 is defined by &3(0)/&1 (0) = exp(i¢). An important 

feature of this figure is its asymmetry about v2 = vI for ¢ f 0 or n. 

The coefficients for ¢ = n ~ 2n are identical to those of Fig. 10 

except that the absorption coefficient is mirror imaged about vI = v2 

axis while the dispersion coefficient is mirror imaged about both axes. 

Figure 11 shows the effect of varying the amplitude only on the 

coefficients for aoz = 0.05. The effects of propagation are illus

trated in Fig. 12. Note the asymmetric spectra of the absorption (one 

sharp spike) and the dispersion coefficients (abrupt changes). The 

above cases (Figs. 10-12) are for central tuning, i.e. V2 = w. Figures 

13-15 are for the detuned case of w - V2 = y. First, the effects of 

changing of the amplitude of the injected signal is shown in Fig. 13. 

Figure 14 shows the corresponding effects due to the change in phase. 

Finally propagation effects are shown in Fig. 15. In all the above 

figures, the dashed curves represent the incoherent contribution to 

the coefficients. They are unaffected by propagation. All the above 

figures are for absorbers. 
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Fig. 10. The normalized effective probe coefficients with an injected 
phase conjugate wave of various relative phase angles. 

(a) The absorption and (b) dispersion coefficients vs probe 
detuning. The phase angle cP is defined as follo\\'s, &3 (0)/ 
&1 * (0) = I &31 /1 &1 *1 exp (i<i» where 8 1 (0) and &3 (0) are the 
probe and phase conjugate waves at z=O. These figures are 
for the thin medium case. Other parameters are as in 
Fig. (4). 
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Fig. 11. The normalized effective probe coefficients with an injected 
phase conjugate wave of various amplitudes. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. Other parameters are as in Fig. (10). 
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Fig. 12. The normalized effectiv,e probe coefficients with an injected 
phase conjugate wave for various propagation lengths. 

(a) The absorption and (b) dispersion coefficients vs 
probe detuning. The relative phase angle cI> is set to 71/2. 
Other parameters are as in Fig. (10). 
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Fig. 13. The normalized effective probe coefficients with an injected 
phase conjugate wave of various amplitudes and for a detuned 
saturator wave. 

(a) The absorption and (b) dispersion coefficients vs probe 
detuning. The relative phase angle q, and other parameters 
are as given in Fig. (11). 
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Fig. 14. The normalised effective probe coefficients with an injected 
phase conjugate wave of various relative phase angles and 
for a detuned saturator wave. 

(a) The probe absorption and (b) dispersion coefficients 
vs probe detuning. The relative phase angle ~ and other 
parameters are as given in Fig. (10). 
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Fig. 15. The normalized effective probe coefficients with an injected 
phase conjugate wave for various propagation lengths and 
for a detuned saturator wave. 

(a) The probe absorption and (b) dispersion coefficients 
vs probe detuning. The parameters here are similar to those 
of Fig. (12). 
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CHAPTER 5 

THE EFFECTS OF THE POPULATION PULSATIONS IN 
SINGLE-MODE LASER INSTABILITIES: THE 

SPECIAL CASE OF THE CENTRALLY TUNED STRONG MODE 

The PP's transfer energy between laser modes. In particular, 

a strong mode may support a weaker mode by transferring energy to it, 

thereby leading to multimode operation in homogeneously broadened 

lasers. The stability of single mode lasers then depends on whether 

sidemodes have positive net gain and satisfy the cavity resonance 

condition. 

As pointed out in Chap. 3, the amplitude of the PP's reach a 

maximum when two in-phase and mode-locked sidemodes are symmetrically 

placed about the strong mode. Therefore, the initial assumption of 

the mode structure shown in Fig. lea) is self-consistent with the pres-

ence of instability. A set that is not mode-locked would cause PP's to 

wash out if the rate of change of PP's is more than liT. A mode-

locked set, on the other hand, would provide gain to the side-modes 

which in turn produce a periodic envelope for the laser output. Inside 

a laser cavity, these sidemodes must satisfy the cavity boundary con-

dition. They could either have the same wavelength as the main mode 

(called the single-wavelength instability) or belong to different 

passive cavity modes (called the multi-wavelength instability). The 

onset of the single and the mul ti-wavelength instabilities is treated 

in the first two sections using PP's while the third section shows that 
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the linear stability analysis used to predict these instabilities is 

equivalent to the Fourier decomposition techniques used in this thesis 

to calculate the Ppls. Some examples are given in the last section 

for RW and SW lasers. 

The Multi-Wavelength Instability 

Risken and Nwnmedal (1968) and Graham and Haken (1968) discovered 

an instability for which several modes with different wavelengths can 

oscillate simultaneously in a homogeneously broadened medium. In this 

case the sidemodes belong to different longitudinal modes and hence the 

resonance conditions are already established. The only requirement for 

instability is that these sidemodes have positive net gain. To inves-

tigate that, let us consider the gain parameter [Eq. (8)] for the 

laser. Since the case of interest in this Chapter is central tuning 

~V2 = w) then the phase angle ¢ (see Chap. 2) can be set to zero by 

symmetry arguments. The gain parameter is 

_v __ 1 dm {/p..} • 
2E:O E n 

n 
(75) 

Specializing for n = 1, and comparing with Eq. (12) we get 

(76) 

which can be rewritten to the following form 

(77) 



where al is the gain coefficient for the sidemode defined in Eq. (12). 

~w/yZ.(y) is the inhomogeneous broadening factor and ao is a normaliza-
1 

tion factor given in Eq. (58). Note that ~w/yZ. (y) + 1 as ~w + O. ~ 
1 

is the relative excitation parameter derived in Appendix C. 

From Eq. (77) the condition for the RNGH instability is gl > 0 

or 

(78) 

where 

yZ.(y) 
1 

(79) 

It is helpful to note that ~w~/yaoZ.(y) = 2Q/K. The expression for 
1 

the polarization ~1 is given by Eqs. (42) and (46) for the RW case 

(unidirectional ring lasers). The polarization for standing waves is 

given by Eqs. (48)- (53). 

To investigate the RNGH instability in RW and SW lasers we plot 

the left-hand-side of Eq. (78) vs sidemode detuning (i. e., \)1 - \)2)' 

The effect of the ppls is to introduce gain to sidemodes detuned from 

line-center by roughly the Rabi flopping frequency. If the ppls are 

strong enough, then Eq. (78) would be satisfied for these sidemodes, 

and the laser would be unstable if a passive cavity mode happens to be 

at that detuned value. 
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The RNGH instability is observed most readily in high Q cavities. 

Increasing the cavity-Q causes the relative exci tation ~ to increase. 
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This in turn increases the intensity of the strong mode which enhances 

the PP's. Therefore, the cavity Q together with the cavity length are 

the first parameters defined in the design of an experiment to observe 

this instability. 

The Single-Wavelength Instability 

Haken (1966) and Risken et al. (1966) showed an instability in 

media having long population-difference and dipole lifetimes (Tl and 

T2 respectively) as compared to the photon lifetime. This instability, 

which occurs in bad vavity lasers, has the property that all the oscil-

lating modes have the same wavelength in the medium. To show how the 

PP's lead to this instability let us examine the frequency determining 

equation for the laser cavity, Eq. (7). Specializing it for n = 1 and 

taking into account that the passive cavity resonance frequency for 

mode 1 is ~2, and using Eq. (12) we get 

(80) 

which can be modified to 

(81) 

The right-hand side of Eq. (81) represents the normalized 

dispersion introduced by the medium, amplified by the relative excita-

tion ~ and by the inhomogeneous broadening parameter. The left-hand-

side of Eq. (81) holds the properties of the passive cavity and repre-

sents the equation of a straight line having a slope of -2Q/v. TI1is 
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equation represents the resonance condition for sidemodes in the 

presence of a saturator wave and to solve it graphical solutions are 

used. Both sides are plotted vs the sidemode detunillg, i.e. (vI - v2). 

Intersections between the dispersion curve and the straight line repre-

sents resonances for sidemodes and a possible instability if those 

sidemodes have positive net gain, i.e. satisfy Eq. (78). Hence, there 

are two conditions for the onset of the HRSW instability in bad cavi-

ties, (1) that the medium should be anomalously dispersive to the 

point where the index reversals cross the cavity line creating reso-

nances for sidemodes and (2) those sidemodes have positive net gain. 

The physical significance of the intersections between the 

cavity line and the dispersion curve of the medium is that the side-

mode frequencies corresponding to these intersections and the frequency 

of the main mode are all phase matched. The wavelength of these side-

modes in the medium depends on the index of refraction, which is given 

by 1 + i /K. At these intersections, the anomalous dispersion of the 
n 

medium is big enough such that the reversals in the index of refraction 

are en~ugh to shorten (lengthen) the round trip cavity length for 

these sidebands having frequencies higher (lower) than the main mode. 

This has the effect of keeping these sidebands resonant in the cavity. 

Therefore ppls and index reversals due to spectral hole burning in 

inhomogeneously-broadened media (Casperson 1980 and 1981) playa major 

role in determining whether or not a sidemode is resonant in the cavity. 

Note that Eq. (80) does not contain the cavity Q. However, introducing 

the relative excitation into Eq. (70) also brings Q in. This step will 



prove very handy in defining a necessary condition for the HRSW 

instability in homogeneously-broadened lasers, namely, the bad cavity 

limit of v/2Q > 1fT} + 1/T2 . 

The Dispersion Equation 

In this section we show that the condition for the onset of 

instabilities in the homogeneously-broadened limit and for unidirec-

tional lasers is, in fact, the same as that of Haken (1966), Risken, 

et a1. (1966), Haken (l975a) and Risken and Nummedal (1968). Specifi-

cally, we write the steady state version for the wave equation [Eq. (5)] 

v 
n 

Q + iK 
n 

(82) 

where K _ v/2Q, not to be confused with the coupling coefficients in 

Chap. 4. Specializing Eqs. (42) and (46) and Eq. (C4) for homoge-

neously-broadened media and inserting into Eq. (82) and taking Q2 = w 

fj 3 - i (K + Y + Y - iO ) .6. 2 - [ (1 + I 2 )yy + KY a a a 

- iCy + Y )8].6. + 2il 2KYY + (1 + 12)YY 8 = O. a a a (83) 

This is the same as Eq. (3.7) in Risken and Nummeda1 (1968) provided 

one substitutes .6. -+- -is, 8 -+- -Ct., and 12 -+- A in Eq. (83). This shO\vs 

the equivalence (in the limits chosen) of the Fourier methods used to 

derive the polarization [Eq. (38)] and the stability approach of Risken 

and Nummeda1 (1968). Nonzero 8's lead to the RNGH instability. 
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The sidemode dispersion relation for absorptive optical 

bistability is also given by Eq. (82), although fP has the opposite 
n 

sign and the relation for 12 is determined by the transcendental 

steady-state optical bistability equation. The eigenvalue equation 

we get from Eq. (82) is the same as that derived by Bonifacio and 

Lugiato (1978). 

Setting 0 = 0 in Eq. (83) is equivalent to asking that all 

three frequencies correspond to the same n2, i. e., to the same passive 

cavity wavelength. As Risken, et al. (1966) have shown using the 

Hurwitz criterion, for 0 = 0 (HRSW) the stability condition for the 

laser is 

(y + y + K)(K + y) + (y + y - K)yI 2 ~ 0 a a stable 

} (84) 

< 0 unstable 

which lead to the instability conditions 
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K > Y + Ya (bad cavity limit) (85a) 

(y + Y + K) (y + K) 
a 

12 > -Y'(K---Y---Y-
a
')--

Haken (1975a) showed that this condition corresponds to chaos in the 

(85b) 

Lorenz model (1963). The instability conditions for a f 0 (RNGH) are 

given in Risken and Nummedal (1966) and therefore are not repeated 

here. Although the SW laser has a dispersion equation similar to 

Eq. (82), no attempt shall be made here to analyze its instability 

conditions due to the complexity of the expression for the polarization. 



The instability conditions [Eq. (S2)] are for the three-wave 

case where two sidebands exist simultaneously. There is a correspond-

ing instability where only one sideband is present. To look into that, 

let us substitute Eqs. (42) and (46) and Eq. (C4) with ~3 = a into 

Eq. (82). Taking &12 = w = v2, t::. = v2 - vI, 8 = Q2 - &11 and Ya = Yb 

we find for n = 1 the following single sideband dispersion equation 

An estimate of the instability threshold can be obtained from 

Eq. (86) by setting Y = Ya and 8 = O. For t::. = 8y (9y) we get instabi

lities at K/y = 2.19 (O.Sl) and 12 = 5S.6 (S3.2) which are of the same 

orders of magnitude obtained graphically in the next section. 

The Single-Wavelength and Multiwavelength 
Instabilities: Examples 

The instability conditions [Eqs. (7S) and (Sl)] are given in 

terms of the effective gain and the dispersion coefficients al and 81 

for the sidemode. Therefore, to understand how these instabilities 

are affected by the various parameters we present severl plots for a1 

and S1 as the sidemode frequency is detuned from atomic resonance. 

Let us start first with the single-wavelength (HRSW) instability. 

Figures 16-23 are the normalized a1 and 81 for the unidirectional ring 

or RW laser, while Figs. 24-29 are for the SW laser. In all these 

figures, the frequency of the strong mode v2 is tuned to the atomic 
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Fig. 16. Normalized sideband absorption and dispersion coefficients 
for the two running-wave configuration [Fig. 2(a)]. 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning for a homogeneously-broadened medium. 
The incoherent (dashed) and coherent (dot-dashed) contribu
tions are shown separately along with their sum (solid 
lines). Equal lifetimes are assumed, and the coefficients 
are multiplied by the pumping rate ~=1+12 appropriate for 
laser operation [see Eqs. (78) and (81)]. The strong mode 
is tuned to line-center, v2 = w. HB and RW stand for 
homogeneously-broadened and running wave respectively. 
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Fig. 17. Normalized sideband coefficients for the two-wave case 
and for various intensities. 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. The rest of the parameters are as in 
Fig. 16. 
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Fig. 18. Normalized sideband coefficients for the two-\~ave case 
and for I2 = 70. 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. Note that (a) shows Eq. (78) satisfied 
for t:, ~ gy, while (b) satisfied Eq. (81). The straight 
line in (b) is the passive cavity line of Eq. (81). 
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Fig. 19. Normalized sideband coefficients for the three running-wave 
configuration of Fig. 2(b). 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. The dashed and dot-dashed curves are 
the incoherent and coherent contributions shown separately. 
The strong mode is tuned to line-center. Other parameters 
are as in Fig. (16). 
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Fig. 20. Normalized sideband coefficients for the three running-wave 
case and for various intensities. 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. Other parameters are as in Fig. (16). 
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Fig. 21. Normalized sideband coefficients for the three running-wave 
case and for 12 = 15. 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. Note that (a) shows Eq. (78) satisfied 
for ~ ~ 5y, while (b) satisfies Eq. (81). The straight 
line in (b) is the passive cavity line of Eq. (8]). 
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Fig. 22. Normalized sideband coefficients for various values of Tl/T2' 

(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. 
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Fig. 23. Normalized sideband coefficients for the three running-wave 
AM case with inhomogeneous broadening. 

(a) The absorption and (b) the dispersion coefficients vs 
sideband detuning. The inhomogeneously-broadened medium has 
a lie width of aw = lOy. All yls are equal. The dashed and 
dot-dashed curves are for the incoherent and coherent 
contributions alone. 
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Fig. 24. Normalized sideband coefficients for the three standing
wave AM case. 

(a) The absorption and (b) the dispersion coefficients vs 
sideband detuning for a homogeneously-broadened (HB) medium, 
and for various saturator wave intensities. SW stands for 
standing waves. All y's are equal and the strong mode is 
tuned to line-center, \)2 = w. The dashed and dot-dashed 
curves are the incoherent and coherent contributions to 
12 = 3. The dashed curves do not change with 12, 

64 



,. 

o 
o ...... 

2. HB,SW 

\ 
\ , 

3 wave AM 
12=70 
Tl=T2 

(a) o. "-

-2. 
-15 

{ 
\ . 

o 15 

2.5r-------------~~------------_, 
HB,SW 3 wave AM 

12=70 
Tl=T2 

(b) 

Fig. 25. 

.... -
......... ,.,. 

, 
\ 

'.~ 

-2.5 
~--------~----~------------~ 

-15 15 

Normalized sideband coefficients for the three standing-wave 
case and for 12 = 70. 

(a) The absorption and (b) the dispersion coefficients vs 
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except when indicated. 

65 



(a) 

(b) 

1.5 r-H-B-,-S-W---------.-------3--w-a-v-e--A-.M 

12=10 

-1. 
-6 o 6 

1. 
HB,SW 

-1. 

-6 6 

Fig. 26. Normalized sideband coefficients for the three standing-wave 
case and for various values of Tl/T2' 

(a) The absorption and (b) the dispersion coefficients vs 
sideband detuning. The dashed curve is the incoherent 
contribution alone. 
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Fig. 27. Normalized sideband absorption and dispersion coefficients 
for the three standing-wave case and for an inhomogeneously
broadened medium having ~w/Y = 1.68. 

(a) The absorption and (b) the dispersion coefficients vs 
sideband detuning. The dashed and dot-dashed curves are 
the incoherent and coherent contributions, respectively, 
to the total (solid) curve. Here, Y = Yh ' T1 /T2 = 14.23, 
~= 2.384 and Zi(Y) = 1.01. The funaamental pulsation 
frequency ~f is 20 MHz. These parameters are from the 
experiment by Bently and Abraham (1980). 
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case. 

(a) The absorption and (b) the dispersion coefficents vs 
sideband detuning for Ya = Yb' Tl/T2 = 11.685, bw/y = 2.05, 
~= 1.659 and Zi(Y) = 1.1. The fundamental pulsation 
frequency bf here is 12.69 MHz. 
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resonance frequency w. The symmetry of the problem in frequency space 

allows us to equate the amplitudes of the sidebands and also set the 

phase angle tjJ = (V3 + vI - 2V2)t + «h + cf>l - 2cf>2) to zero, i. e. the 

d . AM 1 mo e spectrum 1S • This assumption is indicated in the figures by 

"3 wave MI". The simpler case of a single sideband with ~3 = 0, i. e. 

2 wave, is treated first since the added complication of the phase 

angle does not occur here and thus the restriction to central tuning 

(V2 = w) is lifted. Figures 16-18 show the detuning curves for the 

normalized absorption [left-hand side of Eq. (78)] and the normalized 

dispersion [right-hand side of Eq. (81)] for various saturator wave 

intensities. The dashed and the dot-dashed curve are the contributions 

of the incoherent [Eq. (42)] and the coherent [Eq. (46)] parts res

pectively to al and 81' On Fig. l8(b) the passive cavity line [left

hand side of Eq. (81)] is also plotted. As shown, there are four 

intersections leading to four resonances of sidebands. Only the two 

sidebands furthest from line center have gain, which means that one of 

them could oscillate leading to a single-sideband (or a two-wave) 

instability. As shown in Fig. 21, the intensity of 12 at which this 

instability occurs is about four times higher than that of the three-

wave AM case. 

The three-wave ~1 case (actually phase-matched three-wave phase 

conjugation) is presented by Figs. 19-23. For Tl = T2, instability 

occurs at 12 ~ 15 as shown in Fig. 21. Note the similarity between 

Fig. 2l(a) and Fig. 1 of Risken and Nurnrnedal (1968). Figure 23 shows 

1. See Chap. 4 for ~1 and FM operation of a laser. 
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the effect of the PP's in inhomogeneously-broadened media which 

illustrates that for saturator intensities close to or higher than the 

saturation intensity of the medium the role of the PP's in these insta

bilities and in saturation spectroscopy cannot be ignored. Casperson 

(1980 and 1981) utilized the index reversals due to spectral hole 

burning to predict the onset of instability in inhomogeneously

broadened media. When the PP's are included in the analysis, we observe 

a substantial decrease of the saturator intensity at which this insta

bility occurs in inhomogeneously-broadened systems. 

The SW case is shown in Figs. 24-28. Figures 27-29 correlate 

our theory with the experimental results reported by Bently and Abraham 

(1982) using the 3.51 ~m transition in HeXe lasers which have an 

inhomogeneously broadening width of 110 MHz (full width at half maximum, 

FWHM) . As re ported by Husson and Margerie (1972) and by Vetter and 

Marie (1978) the homogeneous linewidth of the medium is a combination 

of the natural linewidth (4.6 ± .2 MHz), pressure broadening due to the 

xenon gas (10.9 ± 1.3 MHz/torr) and pressure broadening due to the 

helium gas (18.6 ± 0.7 t-lHz/torr). Figures 28 and 29 are for He partial 

pressure of 2.53 torr while Fig. 27 is for 3.16 torr. All three plots 

have Xe partial pressure of .192 torr. The minimum fundamental fre

quency of the pulsations of the total laser output are predicted to 

be 20, 12.69 and 16.42 MHz for Figs. 27, 28 and 29 respectively. These 

frequencies are higher for cavities having high Q factors. The funda

mental frequencies observed experimentally by Bently and Abraham (1982) 

are 18, 19, 20 and 22 Mllz. As expected, the amplitude of 12 at which 



the HRSW instability occurs increases with an increase in the homo

geneous broadening width. The experiment showed that a corresponding 

increase of gas pressure causes the pulsations to disappear (maintain

ing the same relative excitation). Note that no index reversals are 

present in the dashed curves of Figs. 27-29, which shows that spectral 

hole burning is insufficient to explain this instability at such 

values of 12 and homogeneous and inhomogeneous broadening widths. 

Let us consider now the multiwavelength (RNGH) instability. 

The instability threshold for this case is given by Eqs. (78) and (79) 

while the expressions for the polarizations are given by Eqs. (42) and 

(46) for the RW case and by Eqs. (48)-(53) for the SW case. The RW or 

unidirectional ring laser case is illustrated in Figs. 16-23 (a) where 

the laser is unstable if a passive cavity resonance frequency falls 

within the region of positive net gain, i.e. if Eq. (78) is satisfied. 

The single-sideband case is shown in Fig. 18(a), while Fig. 21(a) shows 

the corresponding double sideband or three-wave AM case. The insta

bility threshold (value of 12 at which instability occurs) for RNGH-RW 

case is the same as that for HRSW. Experimentally, the difference 

between the two is in cavity length, cavity Q and relative excitation 

of the laser. 

The SW cavity with its characteristic spacial hole burning has 

an additional property, namely. the dependence of the instability 

threshold on the position of the medium in the cavity. The presence 

of two or more modes with different wavelengths create a spacial inter

ferences pattern which influences the cross saturation between these 

modes (Sargent 1976). Near the ends, the spacial holes corresponding 
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to the different modes are in phase (overlap) and therefore cross 

saturation effects and N~ [Eq. (49)] are at a maximum. Therefore, for 

N2 = lone expects the sideband absorption coefficient for the RNGH 

case to be identical to that of the HRSW case. Figure 30 shows the 

dependence of these coefficients on N2. Note that Fig. 30 with N2 = 1 

is identical to Fig. 25. For an instability to occur, cavity res

onances are required at frequency detunings of approximately the Rabi 

flopping frequency. Figure 30 (N2 = 1) shows that at these frequencies 

the gain condition [Eq. (78)] is satisfied. 

If the medium is placed at the middle of the cavity eN 2= - 1), 

for the spacial holes corresponding to the different modes do not over

lap. This causes the cross saturation effects together with the PP's 

to vanish. Under these conditions, the absorption coefficient 

approaches that of an unperturbed medium, i.e. the Lorentzian function, 

as shown in Fig. 30. 

A mixture of saturation occurs when the medium overfills the 

cavity (N2 = 0) and the absorption coefficient takes a shape midway 

between the above two cases. This increases the instability threshold 

for sidemodes located at about the Rabi flopping frequency. However, 

sidemodes that have resonances close to the atomic resonance satisfy 

the gain condition [Eq. (49)] and thus can promote instability. It 

should be noted that these predictions apply to the threshold condi

tions only and a steady-state solution is required to determine if 

continuous multiwavelength operation of the SIV laser is possible. 

7"3 



(a) 

(b) 
~ 

B 
et o 

10. ~------------~------------~ 
HB,SW 

o. 

-2. 
-12 0 

5. 
HB,SW 

o. 

3 wave AM 
I2= 70 
Tl=T2 

12 

3 wave AM 

N2= -1 
-.5 
o . 

. 5 

-5.~ ____________ -L ____________ __ 

-12 o 
(vl-w) /y 

12 

Fig. 30. The dependence of the absorption and dispersion coefficients 
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(a) The absorption and (b) dispersion coefficients vs 
sideband detuning. N2 = 1 (-1) corresponds to placing 
the medium at the end (in the middle) of the cavity. 
N2 = 0 is when the medium fills the cavity. 
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Such dependences of the properties of SW devi ces on the 

position of the medium inside the cavity have been demonstrated 

earlier by Sargent et al. (1974) for SW lasers and by Sargent (1979) 

for optical bistable devices. 
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CHAPTER 6 

EFFECTS OF DETUNING THE STRONG MODE 
IN SINGLE-MODE ~ASER INSTABILITIES 

Detuning the frequency 'J2 of the strong mode away from the 

atomic resonance frequency w has several important effects, for example 

(1) the amplitudes of the sidemodes 1&11 and 1&31 may not be equal to 

each other, (2) the relative phase angle ~ between the sidemode beats 

may not be equal to zero, and (3) a reduction in saturation due to the 

detuning of the strong mode. The phase angle is important since we 

change from zero to TI in ~ takes the PP's from maximum to zero (Sargent 

1978). The maximum phase angle the system of Fig. lea) can have and 

stay mode-locked is TI/2. 

When the strong laser mode is tuned to line-center, the medium 

is completely saturated and so the only possibility for sidemodes to 

have positive net gain is to have the PP's divert energy to them from 

the strong mode. However, the medium gets only partially saturated 

when the strong mode is detuned away from line-center, therefore, the 

sidemodes can promote instability by relying on the medium for incoher-

ent gain. The result is a lower instability threshold and a substantial 

reduction in the role of the PP's in causing instability off line-

center. 

In inhomogeneous ly-broadened standing wave 1 asers the PP' s are 

influenced by another effect, which js the increase in saturatjon as 
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the main mode is tuned inside the Lamb dip. Maeda and Abraham (1982) 

showed experimentally the reduction of the pulsation frequency as the 

mode is tuned to line-center. This observation, of course, should not 

occur in the unidirectional ring laser. To investigate the onset of 

instability in a detuned system, we need to calculate the eigenvalues 

for the dispersion equations of the sidemodes. 

The Instability Conditions 

For simplicity, let us consider the special case of the 

homogenesouly broadened (HB) RW laser. The dispersion equation is 

given by the wave equation for the laser [Eq. (6)] which is 

8, 
n 

v 
= [ - 2~ + i (v - n )] 8 + i 2

n 
9', 

'n n n n EO n 

where the polarization is given by Eqs. (42) and (46). Using 2Q/K 

(87) 

=~/ao, K - v/2Q and incorporating the gain and coupling coefficients 

of Eq. (55) without the minus signs (since we have an amplifier) into 

Eq. (87) we get for n = 1 and 3 

* 
8 1 = [- K + i (v 1 - n 1) + K~ ~ ] 81 + iK ~ ~ 83* 

aO ao 
(88) 

* 
* 8 3 (89) 

These are the coupled mode equations for the two sidemodes in 

the presence of a strong mode. The laser is unstable if anyone of 

these two sidemodes is above threshold. To check on the stabi Ii ty of 
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the laser we choose to calculate the eigenvalues 1"1 2 of Eqs. (88) and , . 

(89). Given these eigenvalues, the solution of Eqs. (88) and (89) can 

be written in the following form 

(90) 

where Al 3 and Bl 3 are constants. , , 

One can deduce from Eq. (90) that the laser is unstable if any 

of the two eigenvalues has a positive real part. This condition is 

sufficient for instability provided the sidemodes are resonant in the 

cavity, such as the case in the RNGH (multi-wavelength) instability 

where boundary conditions are already established for the sidemodes by 

different cavity modes. These conditions clearly do not exist in the 

HRSW (single-wavelength) instability and so all sidemodes are forced to 

acquire the same wavelength as the main mode. This extra condition 

appears in Eg. (90) in the form of a vanishing imaginary part of the 

eigenvalues which indicates that anomalous dispersion of the nonlinear 

medium has compensated for the sidemode frequency offsets and the field 

amplitude [Eg. (90)] now grows exponentially. In summary, the insta-

bility conditions are 

RNGH: Re {A. } > 0 , (91) 
J 

HRSW: Re {A. } 
J 

> 0 (92a) 

<~m{A. } = 0 , (92b) 
J 

where j = 1 or 2. Egs. (92a and b) can be modified to the following form 
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Re {( A. + if}) / K } > 0 
J 

(93a) 

1m { (A. + if}) / K } = - K -1 ( vI - v 2) , 
J 

(93b) 

where f} = v2 -vI' The LHS of Eqs. (93a and b) present, as is shown 

below, the normaU zed sidemode absorption and dispersion coefficients 

respectively. Equations (93a and b) are solved graphically. The RHS 

of Eq. (93b) represents an equation of a straight line with a slope of 

-2Q~. Intersections of this line with the dispersion curve represent 

resonances for the sidemodes. The laser then becomes unstable if these 

sidemodes have positive net gain, i.e., if Eq. (93a) is satisfied. 

The solution for the eigenvalues for Eqs. (88) and (89) starts 

with the coefficient matrix 

al 
-K + i(Vl - [/1) + KJl- - A 

aO 

* Kl 
iKJl-

aO 

* 
-K -i(V3 - Q3) + KJl~ -A 

ao 

o 

(VI + V3)/2 = v2 and using Eq. (8) with n = 2 and Eq. (C4), we get, 

after some straight-forward algebra, the eigenvalues 

where 

(94) 

(95) 

(96) 
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Note that for 8 = 0 (HRSW), (~l 2 - iA)/K is independent of K , 

and is symmetric in A. Equation (95) is a general equation. It 

includes the changes in sidemode amplitudes as well as the changes in 

the relative phase angle ~ between them. It also need not be restricted 

to the mode-locked case since any deviations of the frequencies of the 

modes outside the mode-locked configuration can be lumped in with 8n. 
This approximation is valid provided that these frequency offsets are 

small compared to I/T2 . Instability occurs if any of Eqs. (91) or (92) 

is satisfied. 

At the limit of homogeneously-broadened medium, centrally tuned 

strong mode, V2 = w, and 8 = 0, we get for Eq. (95) 

(97) 

(98) 

Note that Eq. (97) contains only the incoherent term while Eq. 

(98) has the sum of the coherent and incoherent contributions to the 

polarization. The factor of two in the parenthesis in Eq. (98) 

represents the doubling of the PP's due to three-wave AM oepration. 

Equation (95) shows that the real parts of the eigenvalues are 

independent of 0 and therfore both the RNGH and HRSW instabil ities can 

be addressed simultaneously (for the RW case). Here A and 0 are taken 

as real quantities. 

Alternatively, an exponential growth or decay of the 8, 's can 
n 

be represented by adding an imaginary part to the beat frequency A, and 



looking for steady-state solutions (& = 0) to Eqs. (88) and (89). 
n 

The centrally-tuned (v2 = w) version of this approach was used in Chap. 

5 and by Haken (1966) and Risken,et al. (1966). For our detuned case, 

the determinant of the coefficient matrix in Eqs. (88) and (89) must 

vanish. This leads to a polynomial in i~ with complex coefficients. 

The corresponding centrally-tuned polynomial has real coefficients for 

the single-wavelength case, thereby allowing use of the Hurwitz crite-

rion to predict positive real parts, i.e., instability (see Chap. 5). 

Unfortunately, this approach doesn't apply to our more general problem, 

and we use graphical solutions instead. 

TIle Effects of Detuning on Runnjng-Wave Lasers 

As a check for our calculations, we show in Fig. 31 a plot for 

the real and the imaginary parts of (~l 2 + i~)/K vs the sidemode de-, 

tuning for a homogeneously broadened, unidirectional ring laser in a 

three-wave configuration and for the special case of T1 = T2, 12 15, 

V2 = wand 0 = O. Note that these figures are identical to Fig. 21 

and similar to Fig. 14 in Gronchi,et al. (1982). This again confirms 

that the Fourier decomposition techniques used here are identical (in 

the limits taken) to the linear stability analysis used earlier to 

predict laser instabilities and optical bistability instability. 

Al though the figures in this chapter are presented for the 

special case of 0 = 0 (HRSW), it should be noted that the real parts of 

the eigenvalues also apply to the RNGH case. Multiwavelength insta-

bility may occur if a passive cavity resonance frequency falls within 

the range given by Eq. (91). Of course, steady-state solutions arc 
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Fig. 31. The eigenvalues for a centrally tuned laser. 

(a) The real and (b) imaginary parts of the normalised 
eigenvalues for the homogeneously-broadened running three
wave case with 12 = 15. All y's are equal. The straight 
line in (b) is the passive cavity line of Eq. (93b). Note 
the similarity with Fig. 21. 
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required to determine if continuous multimode operation is possible in 

homogeneously-broadened lasers. It is expected that cross saturation 

effects would inhibit such operation of the laser except for the special 

case of two modes symmetrically placed about the resonance frequency of 

the medium. Steady-state solutions are also required to determine if 

off line-center instability persists for the single-wavelength case. 

To show the effects of detuning on the sidemode absorption and 

dispersion coefficients, we present in Figs. 32-34 a series of snap-

shots for the real and imaginary parts of the normalized eigenvalues 

(AI 2 + i~)/K vs sidemode detuning as the strong mode detuning (q) is , 

increased. Note that as q increases, the medium gets only partially 

saturated and so the sidemode starts to acquire some incoherent gain 

which approaches a Lorentzian shape as 12 drops to zero. In Figs. 33 

(e and g), we see the eigenvalues acquiring positive real parts. HO\'J-

ever, no HRSW instability occurs since the eigenvalue which has a 

positive real part does not have reversals in its imaginary part and 

thus Eq. (93b) cannot be satisfied. This however does occur with higher 

central mode detuning values as shmoJn in Fig. 33(i) and Figs. 34 (i, k 

and m). To simulate an experimental configuration, we chose to keep 

the relative excitation J1 constant for all these plots. The intensity 

of the strong mode, as it is detuned (V2 t w), would then be adjusted 

in accordance with Eq. (C4). Figure 35 shows a range of possible 

pulsation frequencies of the laser (HRSW) as the main mode is detuned 

off line-center. The actual pulsation frequency depends on the cavity 

Q [slope fo the line in Eq. (93b)] and on the relative excitation 71. 
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main mode detuning values. 

tJ. f is the laser pulsation frequency. The vertical bars 
are the ranges of frequencies that can be obtained by 
changing the cavity Q for an HB,RW laser. All y's are 
equal and Yl = 16. 
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For \)2 :f w, decreasing 'J1 causes the degree of saturation of the medium 

to decrease which in turn increases the amount of incoherent gain avail

able to the sidemode [compare the imaginary parts of the eigenvalues in 

Figs. 33(i) and 34(i)]. This leads to the HRSW instability. It is 

interesting to note that this behavior is opposite to that observed 

when \)2 = w. However, for large detuning values, we find that the 

higher 'J1 the more likely the instability. One simply has to pump 

harder to keep the main mode above threshold. Figure 35 shows that for 

high values of relative excitations, a homogeneously-broadened laser has 

two regions of single-wavelength instability, at line center, and off 

line center. These two regions are analogous to those predicted by 

Casperson and Yariv (1970) and by Casperson (1980 and 1981) and observed 

by Casperson (1978), Bent ley and Abraham (1982) and by Maeda and Abraham 

(1982) in inhomogeneously-broadened laser. As shown in Fig. 34[b), PP's 

are solely responsible for the line-center instability, while the off 

line-center instability relies on the unsaturated medium for gain and 

anomalous dispersion. The two side peaks in Fig. 34(k) represent the 

incoherent gain available to the sidemode as the main mode is detuned 

off line-center. 

Based on the examination of the figures in this chapter it is 

evident that the PP's have a less important role in establishing the 

off line-center HRSW instability. Reversals in the index are still 

a necessary condition for instability. However, the medium's incoherent 

anomolous dispersion contributes more to these reversals than the PP's 

[see Fig. 34(k)]. It is not necessary that both sidemodes are above 



thr~shold. For sufficiently large detuning values, it is expected 

that only a single sideband would be above threshold. Therefore an 

increase in detuning tends to shift the dependence of the instability 

from the double-sideband case to the single-sideband case. 
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A comparison of the absorption and dispersion curves for the RlV 

and the SW cases leads us to the conclusion that the SW laser (HRSW 

only) should have a behavior identical to the RW laser. In any case, 

the techniques presented in this chapter can easily be adapted for the 

SW laser and also for inhomogeneously-broadened (IHB) lasers as shown 

in Fig. 36 for IHB RW lasers. Although Fig. 36 only treats the insta

bility at line center, an off line-center instability can also be seen 

for larger detuning values in agreement with Bentley and Abraham (1982), 

Maeda and Abraham (1982) and Casperson and Yariv (1970). 

The Phase Angle 

The angle IjJ = (\)1 + \i3 - 2\i2)t + <h + CP3 - 2CP2 is an important 

parameter since it represents the phase angle between the beat notes 

and also between the different PP's. In a mode-locked laser, IjJ is a 

constant and its value is -n/2 < IjJ < n/2, depending on the operating 

conditions. When the laser is tuned to line-center, symmetry conditions 

allow us to assume that IjJ = 0, i.e. AM operation. However, tunning the 

laser away from line-center causes IjJ to approach ± n/2. Beyond this 

value the system unlocks and the beat notes are no longer identical, 

i.e. V3 - V2 t V2 - VI. In this section we attempt to investigate the 

locking conditions for a homogeneously-broadened, unidirectional ring 

laser. 
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Fig. 36. The effects of detuning the strong mode on the eigenvalues 
of the sidemodes for an inhomogeneously-broadened laser. 
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Let us consider the unlocked system shown in Fig. 37 where the 

PP's are shown dashed. Here, v3 - v2 = v2 - vI' = ~ and v3' - v2 = v2 

-VI = ~ + 0'. The dispersion equation for the three modes are [using 

Eqs. (82), (42), (46), (56) and (57)] 

+ i io't e (99) 

K 

K 

- + i 
K 

S12 
- + i 

K 

* where the primes on K'. denotes that in these terms v. should be 
J J 

( 100) 

(101) 

replaced by v.'. At any rate, these primes may be dropped if 0' « ~. 
J 

The mode-locking equation can be obtained from Eqs. (99) - (101) by sub-

tracting Eq. (100) from Eq. (99) and Eq. (100) from the complex con-

jugate of Eq. (101) and then adding the resu1tant two equat:ions. Doing 

so, we get the following 

0' w - V2 ~ * = 2~dO ~2 + i2 (a3 - al) K y ao 

~ k 8'1 * &11 i6't + 2 
&3 + K3 T e (102) 

aO 3 ' 

which can be rewritten as (0' 
. 

and 0' t 1jJ) = 1jJ = 
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Fig. 37. Mode spectrum for an unlocked laser. 

El and E3 are the amplitudes of the two sidebands which 
form ppls at V3' and vI', respectively. v3 - vI = b. and 
v2 - vI = ~ + 6'. 

102 



103 

1 ¢ = Re{a} + ibi cosw, 
K 

(03) 

where a and b are complex numbers. The mode-locking condition now 

becomes 

Re{a} ~ ibi locked 004a) 

Re{a} > ibi unlocked. (104b) 

As expected, at \)2 = w, a = b = 0, i.e. the system is mode 

locked. However for \)2 " w, it appears that there exists a ~ that 

unlockes the three modes. Equation (102) shows that b depends on the 

* ratio &3 / & 1 • Hence the functional dependence of this ratio on ~ - \)2 

is needed for investigating Eg. (104). As an approximation we shall 

* assume that &3 / &1 = 1. In Fig. 38 we show Re{a} and ibi for 12 =15, 

* &3 = & 1 and (w - \)2)/Y = 0.1. Note that Eq. (104a) is satisfied for 

i~i < 3.77 Y while Eq. (104b) is satisfied for i~i > 3.77 y. Changing 

w - \)2 only changes the vertical scale factor. These results should 

* only be taken as an approximation since &1 (~, w - \)2) and 8, 3 (~, w - \)2) 

are unknown at this point. Another required quantity is the point in 

~ and in w - \)2 where the system changes from double-sideband to single 

sideband operation. 

A more accurate solution is presented by Hillman, Boyd and 

Stroud (1982). There, they show explicitly the behaviour of the 

relative phase angle and the relative sidemode amplitudes with detuning. 
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Fig. 38. Mode-locking coefficients vs sidemode detuning. 

The coefficients a and b [Eqs. (102) and (103)] are shown 
for = 16, q = (w - V2)/Y = .1, all y's are equal, and 
El = E3*' This predicts that the system of Fig. 37 would 
be mode-locked for I/:;I < 3.77 [Eq. (l04a)]. 
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CHAPTER 7 

SUMMARY AND CONCLUSIONS 

In this thesis we have shown analytically and numerically the 

importance of the population pulsations in laser operation. We showed 

that the two basic laser instabilities (single-wavelength and multi

wavelength) are both attributed to the PP's. In the case of the multi

wavelength instability, the PP's divert energy to cavity modes having 

wavelengths different from that of the main mode. If sidemode gain 

exceeds cavity losses then the sidemode grow and the laser is no longer 

stable. Cavity resonances are already established for the multiwave

length case and consequently cavity modes have different longitudinal 

mode numbers. 

The single-wavelength case is different from the multiwavelength 

case in that all the cavity modes have the same number of half wave

lengths inside the cavity (have the same longitudinal mode number) and 

cavity resonances for sidemodes are then established by strong index 

reversals in the region of anomalous dispersion of the medium. The 

dependence of this instability on the dispersion of the medium is 

introduced in the form of a second instability condition. TI1e first 

one is obviously the gain condition. 

A single-mode laser is unstable if sidemodes grow above 

threshold. This instability can be understood in terms of interferences 

IDS 
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between the laser modes. For the multiwavelength case, this interference 

creates a traveling pulse inside the laser, very much like the pulse 

generated when a multimode laser is mode-locked (Smith 1967 and 1970). 

The single-wavelength case, however, is purely temporal in nature, i.e. 

inside the cavity an oscillation occurs with a uniform spacial 

distribution. 

As the strong mode is detuned off line-center, we showed that 

the role of the PP's in creating the above instability diminish. For 

homogeneously-broadened lasers, we predicted the presence of two 

regions of single-wavelength instability. One is at line-center, for 

which PP's are primarily responsible, and the other is off line-center, 

where the sidemodes rely on the unsaturated medium for gain and anoma

lous dispersion. 

An added feature to this instability occurs in standing wave 

lasers. There, the position of the medium in the cavity influences 

appreciably the gain and dispersion for the sidemode. We predicted 

that the minimum instability threshold occurs when the medium is 

positioned at the ends, while placing it in the middle of the cavity 

causes the instability to disappear. 

It should be pointed out that the instability analysis presented 

here applies strictly to weak sidemodes. The conditions given predict 

only the onset of instability and do not follow it. The time evolution 

of the sidemodes is described by Eqs. (88) and (89) and the investiga

tion of what effect this has on the instability conditions offers a 

possible continuation for this work. Finally, since Haken (1975) has 
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shown that the HRSW instability is chaotic in nature and since Abraham 

et al. (1982) have reported the first observation of subharmonic 

bifurcations in lasers then it is certainly very interesting to see 

(1) if Eqs. (88) and (89) can lead to optical turbulence and/or explain 

these experimental observations, and (2) to see if Casperson's insta

bility is also chaotic in nature. 

The effects of the PP's on the absorption and dispersion 

coefficients are carried out into the propagation problem. In the 

case of co-propagating saturator and probe waves, the population pul

sations lead to the generation of a phase conjugate signal. This in 

turn introduces changes in the absorption and dispersion coefficients 

as measured experimentally for various propagation (interaction) 

lengths. We showed that these changes become appreciable for inter

action lengths (aoz) greater than unity. The same effects can lead to 

spacial and temporal instabilities for waves propagating through an 

active medium whereby the population pulsations will divert energy to 

sidebands. These sidebands build up from noise level leading to the 

amplitude modulation and the instability of the main wave. We have 

also shown that a non-zero initial value of the phase conjugate wave 

severely affects the shape and symmetry of the probe coefficients. 

Analytically and physically the propagation problem is similar 

to the laser instability problem with the exception of the boundary 

conditions for the laser. The population pulsations, therefore, can 

be used to unite all the above instabilities and nonlinear interactions. 

The phase conjugation problem investigated in Chap. 4 is simply a 

special case of these interactions. 



APPENDIX A 

SOLUTION OF THE SPACIAL PROJECTION 
FOR THE POLARIZATIONS 

The incoherent contribution to the polarization [Eq. (40)] for 

the laser (HRSW) case can be solved easily using the following integral 

(Gradshteyn and Ryzik 1965, p. 148) 

J 
A + B cosx B Ab - aB 2 
a + b = b x + b cosx /a2 - b2 

x tan - I la 2 - b2 tanx/2 (AI) a ·r b 

where a 2 > b 2 • Note that tan-Ic tan2n = 2n, c is a constant. Eq. (AI) 

is only needed for the SW laser case since the spacial projection for 

the RW laser is trivial. Equation (40) becomes 

9'. inc 
I = 

_00 

x { 1/(1 + 12 !L2) 

2/(1 + I 2 !:i'2 + 11 + I 2 !:i'2) 

for RIV. (A2) 

for SW. (A3) 

The coherent part of the polarization (HRSW) is given by Eq. 

(45). To solve that projection, let us define the following parameters 
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ql = I fl! 
2 2 

q2 = 12f2 (A4) 

Equation (4S) contains the following two functions 

1 1 1 [b B J 
a + b 1 U 12 ' A + B 1 U 12 = Ab - aB a + b 1 U 12 - A + B 1 U 12 ' 

(AS) 

and 

(A6) 

* Using Eqs. (AS) and (A6), and setting 8,2 8, 2 , the po1ariza-

tion [Eq. (4S)] breaks down to two parts 

-00 

where 

(AS) 

By making use of Eq. (AI), the integration [Eqs. (AS)] becomes 

F
lj 

( -1) j Xr·/(1 + q.) for RW. 
q2 - ql J J 

1 - ~( 1 -
1 ) for SW. 

q. Ii + q. J , 
J 

(A9) 

Using Eqs. (A4) and (A9) in Eq. (A7) we get the coherent part 

of the polarization (laser, HRSW case) 



fP coh 
1 

110 

-00 

1 1 for RW. (AlO) 

x 

S\\!. (All) 

The case of the multiwavelength (RNGH) instability has to be 

treated separately. It requires the solution of the spacial projection 

in Eqs. (40) and (45) without assuming identical wavelengths for all 

the modes. Let us consider first the incoherent contribution given by 

Eq. (40). Setting K = S"I /c = 0,2/c + (n - 2)l::./c, and expanding the n n 

sin K z function, we get 
n 

2z 1 - [cos (0,2 -) 
c 

- sin(0,2 ~) sin ~ (n-2)/':.]. 
c c 

cos 2z (n-2) /':. 
c 

The second term in the square brackets is an odd function, 

(A12) 

therefore can be dropped from Eq. (A12) since the denominator of Eq. 

(40) is an even function. The remainder of the expression can be 

integrated easily after separating the fast varying spacial function 

from the slow one. Using Eq. (AI), we get 

fP inc 2 r !?l!l 8. 1 i ~ -- - 11 N dw' W ( w' ) 1 
/1+I2!l'"2 _00 

x [1 - N2 12 !l'Z/2 

+ 12!l'J ' (A13) 
1 + 12 fi!2/ 2 + 11 



where 

N2 = ~t t dz 

o 

N cos 21::. 
c 
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z . (A14) 

The coherent part of the polarization [Eq. (45)] can be treated 

similarly. The following expansion is helpful, 

1 21::. 21::. = 4 (cos C- z - cos c Z cos2K2Z 

(AlS) 

Using Eqs. (AI), (A4)- (A6) , (A14) and CAlS), the projection in 

C ) . d Th . f t23 coh . . E (50) Eq. 45 IS solve. e expressIons or""'-l are gIven In qs. -

(53) . 



APPENDIX B 

THE POLARIZATION OF THE STRONG MODE 

The polarization of the strong mode is given by Eq. (23) with 

n = 2 

2~ JCO 9'2 = ..# dw' J
L * 
dzN(z,w',t)P2U2 (z) , (B1) 

-co o 

where P2 is given in Eq. (34b). Setting 01 = 03 = 0; 

Using Eq. (B2) in Eq. (B1) and isolating the fast varying spacial 

function 

* 
9'2 = - i ~2N -1 Icodw' gj}202W(W') ~ II. 1 dZU2U2 * 

1I .H 1\ + I2!l'2U2U2 
(B3) 

-co o 

Using Eq. (AI), we get 

= -
-co 

x (1/(1 + I2 fl'2) 

2/(1 + I 2 !l'2 + II + I 2 fl'2) 

for RW. (B4) 

for SW. (BS) 
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APPENDIX C 

THE RELATIVE EXCITATION OF THE STRONG MODE 

Let us specialize the gain parameter [Eq. (8)] for n = 2 

where ~2 is given by Eqs. (B4) and (B5). At threshold, 12 = 0, 

N = Nth and g2 = O. Setting w - v2 = 0, we get from Eq. (Cl) 

where Z. (y) is the imaginary part of the plasma dispersion function 
1 

(Fried and Conte 1961) 

Z(y) 

( Cl) 

(C2) 

(C3) 

At the homogeneous limit ~w/Z. (y) = y. Using Eq. (B4), (B5) 
1 

and Eq. (C2) in Eq. (6) with n = 2 and assuming steady state conditions 

we get 

x (I/(l + 129:'2) 

2/(l + I29?2 + II + I2!l'2) 
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for RW, 

for SW, 

(C4) 

(C5) 
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where ~ is the relative excitation defined to b~ 

(C6) 
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