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ABSTRACT 

The aim of this study is to place a wide variety of two-phenotype frequency

dependent selection models into a unified population-genetic framework. This framework 

is used to illuminate the possible genetic constraints that may exist in such models, and to 

address the question of evolutionary modification of these constraints. 

9 

The first part of Chapter 1 synthesizes from the literature a general framework for 

applying a genetic structure to a simple class of two-phenotype models. It shows that 

genetic constraints may prevent the popUlation from achieving a predicted phenotypic 

equiliblium, but the population will equilibrate at a point that is as close as possible to the 

phenotypic equilibrium. The second part of Chapter 1 goes on to ask whether evolutionary 

modification of the genetic system might be expected to remove these constraints. 

Chapter 2 provides an example of the application of the framework developed in 

Chapter 1. It presents a re-analysis of a model for the evolution of social behavior by 

reciprocation (Brown et al. 1982). The genetic results of Chapter 1 apply to this model 

without modification. I show that Brown et al. were unnecessarily restrictive in their 

assumptions about the types of genetic systems that support their conclusions. 

Chapter 3 discusses some models for the evolution of altruism that do not fit the 

assumptions of Chapter 1, despite their two-phenotype structure. These models violate the 

fundamental assumption of Chapter 1, this being the way in which individual fitness is 

derived from the behavioral fitnesses. The first part is a complete~ in-depth analysis of 

diploid sib-sib kin selection. I show that some results from the basic model can be used, 

provided the behavioral inclusive fitness functions are substituted for the true behavioral 



fitnesses. The second part is an analysis of the validity of the concept of behavioral 

structure, as introduced by Michod and Sanderson (1985). I show that this concept is 

flawed as a general principle. 

10 

Chapter 4 extends the basic model to the case of sex-allocation evolution. I show 

how many of the central results of sex-allocation theory can be derived more simply using a 

two-phenotype framework. 



CHAPTER 1 

GENETIC CONSTRAINTS IN TWO-PHENOTYPE MODELS 

OF FREQUENCY-DEPENDENT SELECfION 

INTRODUCfION 

11 

Predictions of the outcome of evolution that are based entirely on phenotypic 

considerations are common in evolutionary biology. For example, this type of reasoning 

underlies all so-called "optimization" approaches to evolution. A noteworthy instance of 

this purely phenotypic reasoning is the application of game theory to evolution, and the 

consequent notion of an evolutionarily stable strategy, or ESS (Maynard Smith and Price 

1973, Maynard Smith 1982). Reliance on phenotypic models is often necessary because 

the genetic basis of most traits of evolutionary interest is unknown. However, it is well 

known that the genetic system underlying the transmission of phenotypes can impose 

constraints to their evolution, either through lack of genetic variation, or through the 

"masking" of a genotype's adaptedness that can occur with sexual reproduction (Michod 

1984, Byerly and Michod 1987). Masking of adaptedness refers to the situation when a 

genotype which is most adapted, according to an ecological analysis of fitness, does not 

increase in frequency. Masking of adaptedness results from the fact that, with sexual 

transmission, the rate of increase of a genotype is a function of more than its own 

adaptedness; it depends, in part, on the adaptedness of other genotypes from which it can 

be created and lost by recombination. 
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In order to be fully confident in employing phenotypic arguments such as ESSs, we 

need to know what form genetic constraints take and what their consequences will be in 

terms of the stable outcomes of evolution. In the first part of this Chapter, I review the 

genetic constraints that exist in simple ESS models, and analogous forms of frequency

dependent selection. As is well known, there are cases where genetic constraints interfere 

with the predictions of phenotypic arguments. In the second part, I go on to ask whether 

long-term evolutionary modification of the genetic system will be expected to remove these 

constraints, leading eventually to an equilibrium predicted by the phenotypic model. 

The subject of genetic constraints in frequency-dependent selection has been 

discussed by many workers, using many different approaches. I will review and 

synthesize these results, as well as present my own results concerning the modification of 

genetic constraints in two-locus systems. Such a synthesis is valuable for two reasons: 

first, it will demonstrate the existence of a fairly robust and general framework concerning 

genetic constraints in a class of frequency-dependent systems; second, it will hopefully 

serve to focus further theoretical work, helping both to prevent unnecessary duplication of 

previously established results (which has happened many times in the literature I review), 

and to pinpoint areas in need of further study. 

The general conclusions are as f{)llows. \Vith two-strategy games evolutionary 

modification of the genetic system will mmally take the population to a state predicted by 

the phenotypic model (Le., an ESS). Although counterexamples can be found to this in the 

case of two-locus modifiers, I argue that these cases are of limited interest. Therefore the 

theory of evolutionary modification of genetic systems validates, for the most part, 

commonsense phenotypic arguments. In multiple-strategy games, the situation is more 

complex, although not entirely due to genetic constraints per se, but also to the fact that 
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ESS is not an adequate characterization of stability even in the simplest dynamical systems, 

not involving sex (Taylor and Jonker 1978, Hofbauer et al. 1979, Zeeman 1979). 

THE PHENOTYPIC MODEL 

We are concerned here with a very general class of frequency-dependent selection 

scenarios that are often analyzed within the framework of evolutionary game theory 

(reviewed by Maynard Smith 1982, Hines 1987). These include a wide range of situations 

that can be represented with a fmite set of allowed "behaviors", sometimes called 

elementary (or pure) strategies, from which individuals are assumed to choose, receiving a 

payoff in fitness based on how favorably their choice interacts with the strategies of others. 

The game-theoretic approach predicts the stable outcomes of phenotypic evolution by 

determining those population-wide strategy compositions, called evolutionarily stable 

strategies (ESSs), that are "uninvadable" in the sense below. The power and generality of 

this approach to evolution is attested to by the wide range of situations to which it has been 

applied. Although it will be convenient to refer to the phenotypic model as a game, and to 

the different phenotypic classes as behaviors, this type of modelling is appropriate for 

many kinds of morphological or behavioral polymorphisms having frequency-dependent 

effects on viability. This Chapter will consider only games where payoffs are strictly in 

terms of viability, excluding, for example, strategies dealing with sex or reproduction. For 

a similarly motivated analysis of sex ratio evolution, see Eshel and Feldman (1982). 

There is some possible confusion regarding the use of the word "strategy". On one 

hand, it is commonly used to refer to the separate behavioral alternatives (e.g., Hawk and 

Dove) that are assumed to comprise the game (as in "elementary strategy" and "two

strategy games"). On the other hand, it is also used to describe an individual's value for 
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the probabilities of playing each of the behavioral alternatives (as in "individual strategy"). 

For example, in a string of encounters an individual may sometimes play Hawk and 

sometimes Dove. I use "behavior" for the ftrst meaning, to refer to the set of phenotypic 

alternatives. A "strategy," then, is a description of how an individual chooses its behavior 

in any given interaction. I make one glaring exception to this convention, because its use is 

so well-established: I use the phrases "two-strategy games" and "multiple-strategy games" 

when what is really being referred to is the number of behaviors. 

The concept of an ESS was originally developed under the assumption of pairwise 

encounters between individuals, with payoffs to viability in successive encounters being 

additive and constant (Maynard Smith and Price 1973). It is these cases that can be 

represented by the familiar game payoff matrix with constant entries, the ljth element being 

the payoff to an individual playing behavior i in an encounter with an individual playing 

behavior j. These are referred to as linear games, because the behavioral fttness functions 

(see below) are linear in strategy frequency. As we shall see, many results can be 

generalized somewhat, to include the possibility of nonlinear behavioral fttness functions. 

A well-formulated, though slightly modifted, definition of ESS pertains in these cases 

(Pohley and Thomas 1983, Lessard 1984, Thomas 1985b). 

Two-strategy games 

For illustrative purposes, I develop the two-strategy linear game in detail, later 

generalizing the results to include nonlinear games. Multiple-strategy models will be 

discussed in a later section, due to their greater complexity. Assume that individuals 

interact in pairwise encounters. Let there be two possible behaviors for an individual in 

each interaction, called X and Y (for example, Hawk and Dove). An individual strategy, 
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denoted by p, is a particular individual's value for the probabilities of playing behavior X 

(probability = p) and behavior Y (probability = 1-p). The p's may be zero or one, with 

each individual capable of only one behavior, or they may be intermediate, with individuals 

sometimes playing X and sometimes Y (a mixed strategy). The population strategy P is the 

popUlation-average frequency of behavior X. The payoffs for any given type of interaction 

are c'onstants, denoted by small w's with subscripts, so wxy, for example, is the payoff to 

an individual using behavior X when interacting with another using behavior Y. Assume 

that these payoffs are all greater than zero (this assumption puts a constraint on the strength 

of frequency-dependent changes in fitness). For two individual strategies Pl and P2' the 

payoff V to strategy Pl against P2 is given by: 

A strategy p* is an evolutionarily stable strategy (ESS) if, for any alternative strategy z, 

i) V(P*,p*);;:: V(z,p*) 

ii) v(p*, z) > V(z, z) if equality holds in i). 

These conditions are meant to insure that, in a population of individuals practicing 

p*, no rare mutant strategy will be able to invade. A popUlation may have its overall 

frequency of X, P, equal to p*, yet not be composed of identical individuals, all practicing 

strategy p*. Such a population is said to be in an evolutionarily stable state (Maynard 

Smith 1982, Thomas 1984). I will use the term ESS primarily for this second concept, as 

for example in the statement "the population achieves the ESS", meaning that P = p*, with 
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p* satisfying i) and it) above. Since ESSs are then considered to be population states, and 

not necessarily individual strategies, we will denote them as P* . 

A graphical representation of the ESS possibilities can be obtained, following 

Maynard Smith (1982), by analyzing the behavioral fitness (payoff) functions. I make the 

important assumption that interactions are at random; therefore, each player encounters 

partners in proportion to their frequencies in the population. Letting Wx be the average 

fitness of behavior X, we have 

WX =P wxx+ (l-P) Wxy (1.1a) 

Wy = P Wyx + (1 - P) Wyy (LIb) 

The behavioral fitness functions will sometimes be written as Wx(P) and Wy(P) to 

emphasize their dependence on P. These equations are graphed in Figure 1 for two 

different payoff matrices. 

If Wxx > Wyx' then pure X (P = 1) will be an ESS, and if Wyy > wxy, then pure Y 

(P = 0) will be an ESS. If both these conditions hold, as in Figure la, then both P = 0 and 

P = 1 will be ESSs. If neither holds, as in Figure 1b, then there will be an ESS at some 

intermediate value of P. Such an ESS is said to be mixed. The result of Bishop and 

Cannings (1978) shows that at any mixed ESS, the payoffs to all represented behaviors 

must be equal. Therefore it must occur where the Wx and Wy functions cross, deduced 

from equations (1.1) to be 

p* = Wyy - Wxy 
Wxx + Wyy - Wxy - Wyx 



The condition that the phenotypic fitnesses be equal is necessary, but not sufficient, for a 

mixed ESS. This is demonstrated by Figure la, which has no mixed ESS. There is 

always an ESS in two-strategy games, but this does not hold for three or more strategies. 

17 
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A SIMPLE GENETIC MODEL 

I now introduce a one-locus two-allele underlying genetic structure to the two-

strategy linear game. Maynard Smith (1981), Treisman (1981), Bornze et al. (1983), 

Michod (1984), and Thomas (1985a) have completely analyzed this two-allele case. Let 

the alleles be A and a, and let u be the frequency of A (frequency of a = 1 - u). To each of 

the three genotypes, assign an individual strategy, denoted by PAA,PAa, andpaa. Recall 

these p's are the probability of a given individual's practicing X in any interaction. 

Assuming random mating, the population average frequency of X, F, is given by 

F(u) = u2 PAA + 2u(1 - U)PAa + (1- u)2 Paa . 

The average fitness is then given by 

W(F) = F Wx + (I-F) Wy 

= F (Wx - Wy ) + Wy 

where Wxand Wyare from equations (1.1). 

(1.2) 

Assuming nonoverlapping generations, the dynamics of selection at this locus can 

easily be shown to be (Michod 1984) 

u(1- u) dP 
l1u = 2W (Wx - Wy)Cfit· (1.3) 
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The direction of selection is controlled by the relationship between the signs of Wx- Wy 

and dP/du. It can be seen by examination of equation (1.3) that either allele will increase if 

and only if this will result in an increase in the frequency of the behavior that is most fit at 

the time. The resulting changes in P will of course change Wx and Wy. Starting from 

some point u with, say, Wx> Wy, selection will act to increase P. If increase in P leads to 

an exaggeration of the fitness difference Wx - Wy, then the population will move toward 

fixation of strategy X, which will be an ESS. If increase in P leads to a lessening of the 

fitness difference Wx- Wy, then there is the possibility that the Wx and Wy lines will 

cross, which will be a mixed ESS. If they do not cross, then X is always fitter than Y, and 

the population is moving toward the ESS ofpureX. When not in genetic equilibrium, 

therefore, selection is always moving the population toward an ESS. 

It is possible for the population to be prevented from achieving the ESS as a result . 
of genetic constraints. This will occur if a stable genetic equilibrium is encountered during 

the course of selection towards an ESS. From inspection of equation (1.3), there are three 

types of genetic equilibria: 

I) Fixation of A or a. 

II) Equilibration of the fitnesses of the two behaviors (Wx = Wy). 

III) Maximization (or minimization) of P (dP/du = 0). This occurs at 

u - pAa - paa 
- 2PAa - PAA - Paa ' 

and only if there is over- or underdominance in the P's (Le. if PAa 

does not lie between PM andpaa). 

(1.4) 
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The stability conditions for these equilibria are easily detennined, due to the simple 

nature of selection in this system. If the heterozygote is intermediate in phenotype (PAa lies 

between PAA and Paa) , then as long as P* lies between PAA and Paa (i.e., in the genetically 

possible range) it will be achieved stably. This corresponds to a genetic equilibrium of type 

II above. There are also non-ESS type II equilibria, since there are non-ESS states with 

Wx = Wy, depending on from which direction the Wx and ",y lines cross (compare 

Figures la and Ib). The non-ESS Wx = Wy equilibrium is never stable so it will not be 

considered further. If P* is outside the range of the homozygotes, then the population 

becomes fixed for the allele whose homozygote lies closest to P*, resulting in a stable non

ESS genetic equilibrium (of type I above). In this case the constraint is simply lack of 

sufficient genetic variation, and the population is globally as close as possible to the ESS. 

If the heterozygote strategy is more extreme than either homozygote (PAa does not 

lie between PAA and Paa), the situation is slightly more complicated, due to the fact that the 

P(u) function has a critical point (dP/du = 0) at some intermediate value of u, which point 

will be a genetic eqUilibrium of type III above. For brevity, and without loss of generality, 

I will usually assume that PAa > P AA, P aa, which corresponds to overdominance in the 

expression of behavior X. This means that critical points of P will be peaks; it should be 

remembered that corresponding results hold in the case of underdominance and valleys of 

P. Designate the maximum of P as P max, and the gene frequency at which it occurs as U 

(equation 1.4). Note that P max < PAa. If p* > P max, i.e. the ESS is outside the genetically 

possible range, then u is the globally stable equilibrium, with the population being globally 

as close as possible to the ESS. At U, both alleles and both elementary strategies are 

maintained despite the fact that the fitnesses of the two behaviors are not equal, a fact 

whose significance will be discussed later. This type of equilibrium will always occur if 
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P* > PAa, in which case the constraint is again simply lack of sufficient variability. This 

equilibrium can also occur even ifP* ~PAa (because Pmax <PAa also). In this case the 

constraint is due to sexual recombination, since there is sufficient genetic variability and the 

ESS could be achieved if all genotypes bred true. If P* < P max, then u is an unstable 

equilibrium, the direction of selection being away from it in both directions. Therefore if 

initially u < u, it will always remain so; likewise if u > u. For this reason, it is possible for 

the ESS to be genetically obtainable, yet not achieved, depending on initial conditions. For 

example, if PAa > PM> P* > Paa, then the ESS is generated at some u* > u. It will be 

achieved in any population starting with u > u. However, if initially u < U, then u will 

begin decreasing, of course moving phenotypically toward the ESS (decreasing P), but the 

a allele is fixed before it is reached. At this fixation equilibrium, the population is only 

locally as close as possible to the ESS. 

In summary, the selection dynamics and genetic equilibria in the one locus, two 

allele case correspond with what we would hope. Selection always moves the popUlation 

toward an ESS, and genetic equilibria are stable if and only if they are either (a) at the ESS, 

or (b) as close as genetically possible, at least locally. The genetically possible range of 

phenotypes is constrained by both the amount of genetic variation and sexual 

recombination. 

MORE COMPLEX GENETIC AND PHENOTYPIC MODELS 

This type of analysis has been extended to more complex genetic systems and 

phenotypic models by a number of workers, using different mathematical approaches. In 

this section, I review and synthesize the conclusions from a number of studies considering 

multiple alleles at one locus (EsheI1982, Lessard 1984, Thomas 1985b). The phenotypic 
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model will also be generalized considerably, abandoning the strict game-theoretic approach 

and allowing for nonlinear behavioral fitness functions. However, we still restrict 

ourselves to phenotypic models with only two behaviors ("two-strategy models"). 

Multiple-strategy models are not so well-behaved, and are relegated to a later section. 

Nonlinear two-strategy phenotypic models 

In the game-theoretic development of a two-strategy contest we used strict 

assumptions (e.g., random pairwise encounters, constant additive payoffs) to generate the 

behavioral fitness functions Wx(P) and Wy(P), which turn out in this case to be linear. We 

will now extend our consideration of two-strategy models to include a much larger class 

with arbitrary (but continuous), possibly nonlinear fitness functions for the two behaviors. 

For example, in the basic behavioral game of pairwise encounters introduced earlier, if 

fitness effects of successive encounters are multiplicative, not additive, then Wx and Wy 

are nonlinear in P. Another simple example is the so-called "playing the field" type of 

evolutionary game (Maynard Smith 1982). Here there are no pairwise encounters; rather, 

the fitness of a behavior is a function of some average property of the population as a 

whole. Mimicry is an example of this type of phenotypic model (Turner 1980), as is the 

sex allocation model discussed in Chapter 4. 

The basic requirement of the phenotypic model is that individual fitness (measured 

as viability) be decomposable into an additive combination of the two behavioral fitnesses, 

with weights corresponding to the frequencies of the two behaviors in the individual 

strategy. In other words, the fitness of an individual using strategy p in a population with 

mean strategy P must be given by 
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fitness of strategy p = p WX (P) + (1 - p) Wy (P). (1.5) 

This assumption is fundamental to the results in this Chapter, and in Chapter 3 we will see 

some of the consequences when it is violated. We also require that mating be random with 

respect to strategy. This assumption excludes, for example, sex allocation models. A 

simple sex allocation model fits the framework of equation (1.5), with the two behaviors 

being male function and female function, and an individual strategy being a specific 

allocation of reproductive effort to each. However, the analysis of diploid genetic 

dynamics is complicated by the fact of nonrandom mating between types. Chapter (4) 

deals with this sex allocation model. 

On an intuitive level, nonlinearities are no great complication. As in the linear case, 

the phenotypic model divides up the P line into intervals where Wx> Wy, Wy = Wx, and 

Wx = Wy, except that now there may be more than one of each such interval because the 

Wx and Wy functions may cross more than once. Which states are ESSs? The definition 

of an ESS in a nonlinear model must be slightly modified from that given earlier, following 

Pohley and Thomas (1983) and Lessard (1984). Recall that ESSs are to be strategies 

(here, average population strategies) that cannot be invaded by any rare mutant strategy. It 

can easily be seen which states conform to this requirement, and they are analogous to the 

possibilities in the linear case. Mixed ESSs occur at P values where Wx(P) = Wy(P), 

provided that the Wx and Wy functions cross from the proper direction: each phenotype 

must be fitter when slightly rarer than its equilibrium value (more formally, mixed ESSs 

occur at the zeroes ofWx- Wywith negative slope [Lessard 1984]). Pure X (P = 1) 

and/or pure Y (P = 0) may also be ESSs, depending on whether Wx(1) > Wy(I) and/or 

Wy(O) > Wx(O), respectively. The only difference from the linear case is that there may be 

more than one mixed ESS. 
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Locally adaptive genetic systems 

I now review the selection dynamics and analysis of genotypic equilibria for a 

larger class of genetic systems, those which Eshel (1982) terms "locally adaptive". My aim 

here is to examine the correspondence (or lack of it) between phenotypic selection forces 

and genetic response. I stress an intuitive understanding of the selection dynamics, rather 

than a formal, case-by-case characterization of the equilibrium structure. 

We saw in the case of two alleles that the relationship between the fitnesses of 

behaviors X and Y was critical in determining the direction of evolution. When not in 

genetic equilibrium, the response to selection was to increase the frequency of the currently 

most fit phenotype. This result generalizes to multiple alleles at a locus. This is not 

surprising, given the similarities between these two genetic systems under constant 

selection (see, for example, Roughgarden 1979). Eshel (1982) defined this property of 

increasing representation of the fittest phenotype as "local adaptivity". He showed that it 

applies to all one-locus, multiple-allele, haploid and diploid sexual genetic systems, and 

also two-locus sexual systems as long as effects on the p's are additive between loci. In a 

two-strategy game, increasing the frequency of the fittest behavior corresponds to 

movement toward an ESS. Therefore, locally adaptive genetic systems allow the 

population to move in the direction of an ESS, except when in genetic equilibrium, in 

which case there is no change of any kind. 

Lessard (1984) points out that the local adaptivity of a one locus sexual system is 

not sufficient to conclude that an attainable mixed ESSs will be stably maintained, because 

it does not rule out escape from the ESS by increasing overshoots, nor does it rule out limit 

cycles or other complex dynamics. The potential for this type of dynamical behavior exists 
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when frequency-dependent changes in the fitnesses of the behaviors are extremely large 

relative to their absolute fitnesses. As Turner (1980) shows, oscillation away from an ESS 

is pos~ihle even in a linear game, provided that at least one of the behaviors becomes lethal 

before it reaches fixation. This requires that some of the elements in the game payoff 

matrix be negative, a possibility we excluded in our earlier treatment. It should be noted 

that negative payoffs, corresponding to negative fitnesses, have no biological meaning in 

discrete-time dynamical equations, which we have restricted our consideration to so far. 

However, dynamical instability of an ESS in a linear game does not require that any 

individual be assigned a negative fitness: simply assuming that such individuals have zero 

fitness will produce the sa.'lle result. Lessard (1984) proves that when all payoffs are 

greater than zero in a linear game, then there is indeed convergence to an ESS. This 

follows from his demonstration that 1Wx - WyI is a Lyapunov function that is strict at all 

non- eqUilibrium points. For the nonlinear case, he shows that there is convergence to 

ESSs, at least within a small neighborhood, provided that the linear approximation to the 

behavioral fitness functions in the neighborhood of the ESS can be represented by a payoff 

matrix with positive elements. It should be remembered that the possibility exists, for 

some phenotypic models, that frequency-dependent changes in fitness near an ESS 

equilibrium may be so great that the genetic system fails to converge to the ESS. This 

requires extremely, perhaps unrealistically, strong frequency-dependence. 

It is interesting to compare local adaptivity to the results of Taylor and Jonker 

(1978) and Zeeman (1979), who applied a dynamic to ESS models that is free from genetic 

constraints. They simply allowed that behaviors increase or decrease in frequency in 

proportion to their relative fitnesses, as if they bred true. This corresponds to an asexual 

(or haploid sexual) genetic system where each genotype is restricted to playing a pure 

strategy. For two-strategy games, they discovered that an ESS is always achieved and 



27 

maintained stably. This result holds only for the continuous-time version of the dynamic 

(Le., using differential, as opposed to difference, equations.) As noted above, it is 

possible, if selection is very strong, that generation-to-generation changes in the 

frequencies of the two behaviors may be so large that differential equations are not an 

accurate approximation, leaving open the possibility of oscillations away from an ESS 

(Taylor and Jonker 1978). This asexual dynamic exhibits the best behavior we could hope 

for, from the point of view of phenotypic selection, from any model with an underlying 

genetic system. 

Locally adaptive genetic systems similarly allow the most fit phenotype to increase, 

except when in genetic eqUilibrium. These systems therefore are well-behaved in the sense 

that they do not reverse the expectations of phenotypic selection, derived solely from 

fitness arguments; at worst, they may impose stable equilibria that halt the approach of the 

population to a phenotypic equilibrium. 

The property of local adaptivity is as far as one can go, in frequency-dependent 

selection, to a rule like that of non-decreasing mean fitness (Le., Fisher's Fundamental 

Theorem), which applies in the case of constant selection. With frequency-dependence, the 

fitnesses of the phenotypes change during selection, so we cannot draw any conclusions 

about mean fitness. Eshel (1982) notes that the genetic systems for which he proves local 

adaptivity are precisely those that satisfy the Fundamental Theorem if the fitnesses were 

assumed to be constant 

This suggests an analogy between the W(u) function (adaptive topography) of 

constant selection and the P(u) function of frequency-dependent selection (for generality, 

let vector u symbolize the genetic state). At the root of this analogy is the simple mapping 

of individual strategy to individual fitness (equation [1.5]). By using equation (1.5), Eshel 

(1982) proves that a one-locus system is locally adaptive in a straightforward modification 
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of Kingman's (1961) proof that mean fitness increases except at equilibrium with constant 

selection. Whereas populations always move up the W surface in constant selection 

(although not necessarily, as is often stated, up the gradient [Lewontin and Kojima 1966]), 

in the cases of frequency dependent selection under study here, they move either up or 

down the P surface, depending upon whether Wx is greater than or less than Wy at the 

time. In the same way that "adaptation" corresponds to increase of mean fitness when 

selective values are constant, "adaptation" under the present form of frequency-dependent 

selection corresponds to a closer attainment of an ESS. 

Genetic equilibrium 

Now that we have elucidated the selection dynamics away from genetic equilibrium, 

we can categorize all these equilibria and their stability properties. As shown clearly in the 

two allele equation (1.3) there are three classes of equilibria. This also applies to an 

arbitrary number of alleles (Lessard 1984). One class of equilibria corresponds to 

attainment of a state where Wx = Wy. All candidates for mixed ESSs must satisfy this 

criterion, although, as discussed earlier, all states in which phenotypic fitnesses have been 

equilibrated are not necessarily ESSs. It is obvious that states of equal phenotypic fitness 

must correspond to genetic equilibria. Genetic equilibria of this type are stable if and only 

if they correspond to ESSs (Lessard 1984). 

There may be other, non-ESS, stable equilibria, representing genetic constraints; 

these constitute the other two classes of genetic equilibria. With constant selection on 

multiple alleles, standard theory tells us that all stable genotypic equilibria correspond to 

local maxima of W. With frequency-dependent selection, we must consider separately 

intervals ofP where Wx> Wyand Wy > Wx. The corresponding result is: all stable non-
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ESS genetic equilibria are local maxima of P in intervals where Wx> Wyor local minima 

ofP in intervals where Wy> Wx (Lessard 1984). These extrema are of two possible 

types: those on the boundary of the gene frequency simplex, representing loss of one or 

more alleles, and those in the interior of the simplex, which correspond to critical points of 

the P(u) function. Critical points of P require for their existence overdominance (or 

underdominance) among the alleles. It is not required that every pair of alleles exhibit 

overdominance; see Kingman (1961) for a result on "how much" overdominance is 

necessary to generate a critical point in P. In any case, all stable genetic equilibria that are 

not ESSs are as close as the genetic system allows, at least locally. 

Summary 

In summary, w~ have the following conclusions regarding linear or nonlinear two

strategy phenotypic models and one locus with multiple alleles (Note: these also apply to a 

two-locus genetic system, provided the loci act additively. This follows from Eshel's 

(1982) remark that such a genetic system is locally adaptive.) 

(1) All stable genetic equilibria either determine an ESS or a state as close as the genetic 

system allows, at least locally (EsheI1982, Michod 1984, Lessard 1984). 

(2) All attainable ESSs are stable in the genetic system. It is only the mean population 

strategy that is necessarily stable, because if there are more than two alleles 

maintained, then there will be a manifold of genetic states that all produce the ESS. 

The genetic state will be free to drift along this manifold (Lessard 1984, Thomas 

1985b). Note also, as discussed above, that stability ofESSs follows only for 



30 

those phenotypic models where frequency-dependent changes in fitness are not too 

extreme. 

(3) The population can stably maintain both strategies, and any number of alleles, still 

with Wx"# Wy (i.e., not at an ESS). This occurs at all critical points of P(u) 

provided they are stabilized by the phenotypic model, i.e. fall in an interval of P 

where Wx> Wy (if they are peaks) or Wy> Wx (if they are valleys). For such 

interior extrema of P to exist requires over- or underdominance among the alleles. 

Because P(u) is quadratic in gene frequency, there is at most one such equilibrium 

for any set of alleles. 

(4) ESSs may be possible in a genetic system in the sense that sufficient genetic 

variation in the 12 values exists to generate the ESS, yet not reached due to initial 

conditions. This also requires some amount of over- or underdominance among the 

alleles, and occurs because the population may be trapped on the "wrong" side of a 

critical point in the P surface. Of course the equilibrium achieved is locally as close 

as possible to the ESS, just not globally as close as possible. 

MODIFICATION OF GENETIC CONSTRAINTS 

As we have seen, constraints imposed by the genetic system may cause the 

population to equilibrate at a non-ESS state. This might seem a critical obstacle to the 

application ofESS theory, and phenotypic models of evolution in general, but perhaps 

these results are made unrealistic by assuming a fixed set of alleles. We should ask if 

evolutionary modification of the genetic system will be expected to occur, through the 

incorporation of new genes, to remove the constraint and allow an ESS to be achieved. 
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Alternatively, are there cases where modification moves the population farther from the 

ESS? This question has also been addressed by a number of other studies (Slatkin 1979, 

Michod 1984, Lessard 1984, Eshel and Feldman 1984, Hines and Bishop 1984b, Thomas 

1985a). My approach will be to assume that the population is in a non-ESS genetic 

equilibrium detennined by a one-locus, two-allele system, and analyze the fate of new 

modifying alleles. 

The answer is immediate for new alleles at the same locus, because of the global 

analysis of selection for any number of alleles, presented above. It follows directly from 

that analysis that the condition for increase of a new mutant is whether or not it will lead to 

an increase in the proportion of individuals practicing the currently most fit behavior, i.e. 

whether it will lead the population closer to an ESS. It also follows that the new 

equilibrium established will be closer to an ESS. 

The situation is more complex if the new alleles are introduced at a second locus. 

For two loci, a global dynamical analysis is prohibitive even in the case of constant 

selection, so analytical results will be limited to initial increase properties of modifiers, 

derived from linear stability analyses near equilibria. These exact results will be 

supplemented by intuition from constant selection, and by computer simulations. One 

exception is the case of additive effects on strategy between loci, which Eshel (1982) 

shows to be a locally adaptive system (this follows from Ewens' [1969] demonstration that 

mean fitness never decreases under constant selection in such a system). 

The method of introducing a modifier locus has been used extensively to investigate 

problems in population genetics, such as the evolution of dominance, and the control of 

recombination and mutation (for a review, see Feldman and Krakauer 1976). In the 

present case, though, there is no fundamental difference between the two loci - both act to 

control the expression of the two behaviors. Consequently, the genetic model treats the 
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two loci identically, and the conclusions are not dependent on the interpretation of one 

locus as being primary. We need not assume, for example, that the effect of the modifier 

locus is small. 

We restrict ourselves to the linear game introduced earlier. This is strictly for 

convenience; as discussed earlier, the specific form of the behavioral fitness functions is 

not generally relevant, except that it affects the potential number of mixed ESSs. Initially, 

the population is assumed to be at a stable non-ESS genetic equilibrium at the A locus, 

which has alleles A and a, and is monomorphic at the M (modifier) locus. We have seen 

that such equilibria are of two kinds: (1) fixation of one allele, say A (actually the AM 

gamete), when the AA homozygote is closer to the ESS than the heterozygote, and (2) the 

overdominant (or underdominant) equilibrium, given by equation (1.4), when there is 

overdominance in the p's and P max falls in an interval where WX (P) > Wy (15). Now 

consider a new mutant allele, m, that influences an individual's strategy expression. We 

now have a full two-locus, two-allele system, with the familiar two-locus recurrence 

equations (see, e.g., Roughgarden 1979), except with frequency-dependent fitnesses. 

Michod (1984) conducted a linearized stability analysis of the recurrence equations near the 

equilibria (1) and (2) above, to determine the conditions for the initial increase of the m 

allele. The conditions turn out to be identical to the case of constant selection, analyzed by 

Bodmer and Felsenstein (1967) (compare Michod's eqs. [23], [24] to Bodmer and 

Felsenstein's eq. [34] for the increase of a mutant linked to a polymorphism). The reason 

they tum out to be the same is that in the linearization of the genetic dynamics, all 

frequency-dependent changes in the phenotypic fitnesses drop out. In other words, for a 

small enough neighborhood about each equilibrium, we can treat the population 

composition P as being constant. 
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The stability equations are complicated and difficult to interpret. Michod (1984) 

concluded from them that there were cases where modification actually took the population 

farther from the ESS. This turns out to be correct (see below), but not for the reason he 

gives. In an elegant proof, Eshel and Feldman (1984) showed that a necessary and 

sufficient condition for instability to the new allele is precisely that at a specific point in its 

subsequent evolution, close enough to the original equilibrium that the linear approximation 

is valid, the mean fitness of the population will be raised. This is also true for frequency

dependent selection, because in a neighborhood of the equilibrium we regard the population 

strategy, and therefore also the relative fitnesses, as constant. Eshel and Feldman (1984) 

considered a two-strategy linear game and proved that this result can be restated in this case 

with "taking the popUlation closer to an ESS" replacing "raising the mean fitness". They 

showed that this result holds for new alleles introduced at any two-locus eqUilibrium, with 

any number of alleles originally present at both loci. 

Unfortunately, the Eshel and Feldman (1984) result tells us nothing about later 

evolution, when the population is far from the equilibrium. In particular, we cannot 

conclude that the new equilibrium established will be closer to the ESS. It is well-known 

that with two loci under constant selection, the mean fitness does not necessarily always 

increase (it follows that two-locus systems are generally not locally adaptive). This is 

usually demonstrated by constructing a set of initial gamete frequencies that are in a much 

greater state of linkage disequilibrium than their degree of epistasis could possibly support, 

and then watching the mean fitness fall because recombination overpowers selection. We 

are concerned here with a different question: whether a former genetic equilibrium can be 

destabilized by the introduction of a new allele to a point of lower mean fitness (in constant 

selection), or farther from an ESS (in frequency-dependent selection). I investigated this 

problem through a series of computer simulations. One set of simulations was conducted 
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using constant fitnesses, and the other set used linear two-strategy games with all payoffs 

greater than zero (remember, this assumption ensures that frequency-dependence is not 

extreme enough to make ESSs dynamically unstable). Each simulation was begun by 

introducing the m allele near an equilibrium that was stable in the reduced AM-aM genetic 

system, and terminated when an equilibrium was achieved (assumed to occur when gametic 

frequencies changed less than 10-10 in 50 generations, or when any gametic frequency fell 

below 10-10). 

Results from simulations with constant selection 

In order to more clearly understand the frequency-dependent simulation results, it is 

useful to first consider the case of constant selection. Of course, constant selection is just a 

special case of frequency-dependent selection, equivalent to a game where the behavioral 

fitnesses are constant, so any cases of movement to lower mean fitness are automatically 

cases of movement away from an ESS. StUdying constant selection will allow us to 

separate the consequences of specific epistatic relationships among the genotypic strategy 

values from the effects of frequency-dependent changes in those values. It will also allow 

us to make use of some results from the large literature on two-locus selection. In fact, 

these constant-selection simulations are interesting in their own right: we know of no other 

study that specifically asks the important question of how often an initial stable one-locus 

equilibrium can become unstable to a point of lower mean fitness after the introduction of a 

new allele at a second locus. 

A further justification for using constant selection to obtain information about two

strategy frequency-dependent selection derives from the parallels I have drawn between 

these two types of selection. Any set of genotypic values, whether they are considered to 
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be fitnesses (w) or strategies (P), describe a surface, W(u) or P(u) as the case may be. 

With constant fiblesses, the effect of selection (considered separately from the effect of 

recombination) is to move the population up the W surface. We saw that when selection is 

frequency-dependent, then selection moves the population either up or down the P surface, 

depending on whether Wx> Wy or vice versa. Therefore, as long as one behavior remains 

more fit than the other, the P surface controls selection in a manner analogous to the W 

surface from constant selection. I propose, then, that simulations of constant selection can 

tell us about frequency-dependent selection, as long as all evolution occurs far from an 

ESS, so there is no possibility that the relative fiblesses of the two behaviors become 

reversed. 

I performed simulations for 50,000 randomly chosen fitness matrices (0 < Wij < 1), 

each with 1 randomly chosen recombination rate, r (0 < r < 0.5). The program counted 

only those cases where the new equilibrium had mean fitness at least 0.0001 less than the 

initial one-locus equilibrium. There were only 302 examples (approx. 0.6%). In almost all 

of these cases, the drop in mean fibless was very small, less than 1 % of the largest fitness 

differences among all the genotypes. I was unable to fmd any generalizations that applied 

to every example, but if we consider only those matrices that produced a fibless drop of at 

least 0.01, we find that they all share a common structure. First, the initial one-locus 

equilibrium was always fixation of one gamete. There were no examples of significant 

drops in fitness starting from an initial overdominant equilibrium, where two gametes were 

initially present in appreciable frequency. Second, if we let the initial equilibrium be 

fixation of the AM gamete, then the following fibless relationship holds: WAaMm> WAAMM 

> WAaMM, WAAMm. Also, r:::;; (WAaMm - WAAMM)!WAaMm (this condition on r can be 

derived analytically as a necessary condition for the corner equilibrium to be unstable in the 

full two-locus system, as shown in Bodmer and Felsenstein [1967]). The fact that the 
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double heterozygote is more fit than the double homozygote destabilizes the comer 

equilibrium (provided r is not too large), and if the two neighboring single homozygotes 

have low enough fitness, their production by recombination can lower the mean fitness as 

compared to the corner equilibrium, although the drop is small compared to the degree of 

epistasis. This effect requires that r be in a small range just below the critical value given 

above. IT r is any higher, the corner equilibrium is stable, and if it is too low, then 

recombination is too weak to counteract the fitness-raising effects of selection. 

As an example, consider the following fitness matrix, which demonstrates the 

largest fitness drop I was able to find in a trial-and-error search: 

AA 

Aa 

MM 

.6 

o 

.6 

Mm 

o 
1.0 

o 

mm 

.6 

o 
.6 

The AM fixation equilibrium is stable in the one-locus AM-aM system, but in the full 

two-locus system, it is unstable for all r S 0.4. For 0.2 < r S 0.4 the new (interior) 

equilibrium has lower mean fitness than the corner equilibrium (where W = 0.6). The 

greatest drop is for r = 0.4, where the equilibrium mean fitness equals 0.40, a very 

significant decrease. Note the extreme epistasis in this fitness matrix. The symmetry of the 

matrix is not important. Karlin and Carmelli (1975) describe a similar, but not identical, 

type of equilibrium in their discussion of how equilibrium mean fitness varies with 

recombination rate. Many of the 302 randomly generated examples we found 

corresponded to equilibria of their type. The marginal underdominance equilibrium found 

by Hastings (1981) is another example of the class of equilibria we are describing. Several 
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underdominance. 
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The small set of counterexamples aside, if an initial stable one-locus equilibrium 

was unstable after the addition of a new allele at a second locus, then the subsequent 

equilibrium had higher mean fitness. This suggests that two-locus systems are not as ill

behaved as might be assumed, given that they violate all the simple rules of one-locus 

selection. Although mean fitness need not increase from all initial points, the test for new 

alleles is, in most cases, whether they will initially, and eventually, raise the mean fitness. 

Results from simulatiolls with frequellcy-depelldellt selecti011 

I proposed that the constant-selection simulations can be used to explore frequency

dependent selection far from an ESS, where one behavior is always fitter than the other. 

My reasoning was that as long as the ordering of the genotypic fitnesses is preserved, then 

what is most important is the epistatic relationships among the fitnesses, and not their 

frequency-dependent changes. To test this intuition, I performed a series of simulations 

with linear games having a (unique) mixed ESS, where the randomly chosen genotypic 

strategy values were always less than the ESS value, P* (giving Wx> Wy). Therefore the 

ESS is unattainable, and the ordering of the genotypic fitnesses remains constant. As 

expected, the results were that there is a small percentage of cases where evolution takes the 

population farther from the ESS than the original one-locus equilibrium, and all these cases 

showed an epistatic structure among the P values identical to that found with constant 

selection (Le., PAaMm > PAAMM > PAaMM, PAAMm ). 

Near an ESS, there may be another class of examples of movement away from an 

ESS, which occur due to overshoots of the ESS. If such examples occur, they have no 
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analog in constant selection, because the direction of selection is periodically reversed as 

each behavior alternately becomes more fit than the other. We saw before that with a one

locus system, and some restrictions on the strength of frequency-dependence, convergence 

to an ESS always occurs. We undoubtedly need to make similar restrictions on the 

phenotypic game for the two-locus case, but we have already done this with our 

assumption that all payoffs are greater than zero. 

I performed a total of over 50,000 simulations with a number of different linear 

games incorporating very strong selection, mostly with randomly chosen parameters, but 

also many that were specifically constructed to test a variety of possibilities that seemed 

most likely to produce overshoots of the ESS. For all these simulations, the ESS value 

was within the genetically possible range. In every case where the population approached 

the ESS, it converged without overshoots (at least, not by more than 10-5). The reason for 

this appears to be the same as in the one-locus case - as the population approaches the 

ESS, the force of selection becomes progressively weaker, so the rate of approach slows 

down. The only complicating factor in the two-locus case is recombination, but so many 

generations elapse in the approach to the ESS that any significant linkage disequilibrium 

built up by initial strong selection has long since dissipated. 

Summary 

In· summary, our conclusions for the evolutionary modification of a non-ESS one

locus genetic equilibrium in a two-strategy game are as follows: 

(1) If the modifier allele is at the same locus, then it will increase if and only if it moves 

the population closer to an ESS (Eshel 1982, Michod 1984). Furthermore, the new 
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equilibrium achieved will be closer to the ESS (Lessard 1984). This follows from 

the fact that a one-locus system is locally adaptive, for any number of alleles. 

(2) If the modifier allele is introduced at a second locus, a necessary and sufficient 

condition for its initial increase is that, at the time the gamete frequencies come into 

proportions corresponding to the eigenvalues of the linearized recurrence equations 

(which they will do within a small enough neighborhood of the original equilibrium 

that the linear approximation is still valid, provided we start close enough to the 

equilibrium), the population will be closer to the ESS (Eshel and Feldman 1984). 

(3) There are a few examples where subsequent evolution takes the population farther 

from the ESS than it began, although they are probably of little evolutionary 

importance, being of small effect and depending on special relationships among the 

p's and r. 

MULTIPLE-STRATEGY MODELS 

The discussion so far has been confined to phenotypic models that can be 

represented as a frequency-dependent fitness contest with just two behaviors (more 

generally, two phenotypic classes.) When there are more than two behaviors in the game 

(e.g., Hawk - Dove - Bully - Retaliator) the situation is significantly more complicated. 

Much of this complexity is already present in dynamical models for ESS theory that 

incorporate, effectively, asexual reproduction (i.e., each individual strategy breeds true.) 

Naturally, adding an underlying layer of constraints imposed hy the genetic reshuffling of 

sexual reproduction only increases the potential for complex dynamics or unexpected 

equilibria. I will first briefly review the results from asexual dynamics (see also Hines 
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sexual reproduction. 

There have been two distinct approaches to an asexual dynamic for ESS theory. 
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They can be considered to model asexual reproduction because each individual transmits its 

strategy directly to its offspring, the number of which is proportional to the fitness (payoff) 

of the parent strategy. One version, which I will refer to as the "pme-strategy dynamic", 

has been analyzed by Taylor and Jonker (1978), Zeeman (1979, 1981), Hofbauer et al. 

(1979), Schuster et al. (1981), and Rowe et al. (1985). Here it is assumed that every 

individual plays a strategy consisting of only one of the behaviors (a pure strategy), so we 

can imagine the behaviors themselves as isolated entities, competing directly with each 

other. We briefly mentioned this dynamic in the two-strategy game case, and we saw that 

for the continuous-time equations, all ESSs are attractors and vice versa. Further, the 

population was always moving toward an ESS. This pleasing result is due somewhat to 

the one-dimensionality of the strategy state space, P. There are only two directions for the 

dynamical flow on P: either directly toward or away from the ESS. When there are three or 

more behaviors, the P space has extra dimensions in which the flows can twist and spiral 

around an attractor. It is still the case (with continuous time) that all ESSs are attractors. 

However, the trajectory of the population mean strategy may temporarily move farther (in 

Euclidean norm) from the ESS, despite being on a spiral course that eventually converges 

to the ESS. The converse is not true: there may be point attractors that are not ESSs. It 

should be noted that at any such stable non-ESS point all represented behaviors have equal 

fitness, although the ESS conditions are not satisfied. Limit cycles and other complex 

dynamics are also possible if there are four or more behaviors (Hofbauer et al. 1982). 

There may even be no ESS at all in a game with three or more behaviors. 
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If discrete-time equations are used for the dynamic, it is possible that some ESSs 

may not be attractors, a result we have already seen in two-strategy games. It can be 

shown (Hines 1980b, Rowe et al. 1985) that adding a positive constant to all entries in the 

game payoff matrix will convert such non-attracting ESSs into attractors. This has the 

effect of making selection weaker, showing once again that the discrepancy between the 

discrete- and continuous-time fonnulations occurs only in the case of strong selection 

leading to large single-generation fluctuations. We will not consider the discrete-time 

version any further. 

The result from the pure-strategy dynamic that there are stable states that are not 

ESSs is very undesirable. Hines (1980a, 1980b, 1987) presents a second version of an 

asexual dynamic, which allows individuals to have mixed strategies (I call this the "mixed

strategy dynamic"). Further, it is assumed that all possible mixed strategies are initially 

present. The conclusion from the continuous-time version of this dynamic is that all ESSs 

are point attractors and all point attractors are ESSs. Hines shows that the existence of 

stable non-ESS points in the pure-strategy dynamic is due to a restriction on strategy 

diversity; in this case that pure strategies only are allowed. In the mixed-strategy dynamic, 

the population mean strategy must be stable against the introduction of any mixed strategy 

or combination of mixed strategies, and this stronger condition ensures that it must be an 

ESS. 

The equivalence ofESSs and point attractors in the mixed-strategy dynamic is 

pleasing from an ESS-theoretical standpoint, but it only follows when there are no 

restrictions on strategy diversity. Of course, one effect of any genetic system is a 

restriction on strategy diversity. The other effect is a deflection of the evolutionary 

trajectory of the popUlation mean strategy, due to the genetic covariance structure among 

the behaviors. 
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Given these possible genetic constraints, we would expect that few general ESS

supportive principles will survive the jump to multiple-strategy games, and this appears to 

be the case even for a one-locus genetic system. For example, as discussed earlier, even 

with asexual reproduction, the population mean strategy may temporarily evolve away from 

an ESS. We have seen that one effect of genetic constraints is that they may cause 

phenotypic evolution to halt unexpectedly. Therefore we can reason that there are likely to 

be one-locus genetic systems that actually cause the population to evolve farther from a 

specific ESS, and then stop. . 

The work of Hofbauer et al. (1982), Brown (1983), and Cressman (1988b) 

demonstrates, with specific examples, some of the complexity that can occur with multiple 

strategies. Evolution is particularly unpredictable if there are more behaviors than alleles; 

apparently, almost any outcome is possible. To see this, consider, as does Brown (1983), 

a three-strategy game and a one-locus, two-allele genetic system, where each of the three 

genotypes plays a different pure strategy. Even if the behavior the heterozygote uses is 

totally unfit, it could be maintained simply because the two homozygote behaviors are 

maintaint!d by selection favoring a phenotypic polymorphism. 

Another consequence of genetic constraints, pointed out by Rowe et al. (1985), is 

that the order in which a set of individual strategies is introduced (by mutation) can affect 

the stable outcome achieved by that set of strategies. This type of historical effect could 

make observed polymorphisms especially difficult to understand. 

Eshel and Feldman (1984) allowed multiple strategies, and showed that their initial 

increase condition for modifiers (as given earlier), which hinges on whether the allele will 

initially move the popUlation toward the ESS, applies only if the initial state is already close 

to an ESS. With multiple strategies, far from an ESS, the direction of "toward" the ESS is 

not very well-defined. This result is an initial increase condition, and (as we have already 
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seen with only two strategies) does not imply that the entire or eventual course of evolution 

will be toward an ESS. 

Thomas (1985b) discusses the relationship between one-locus genetic equilibria and 

ESSs with multiple strategies. He concludes, with Charlesworth (1977), Slatkin (1979), 

and Taylor (1984), that only if there are at least as many alleles as phenotypes is it likely 

that there will be sufficient genetic flexibility to achieve an ESS. Thomas' (1985b) method 

is to treat the alleles as if they were behaviors participating in a genetical analogue to a 

phenotypic game, so that an encounter between two behaviors corresponds to the pairing of 

alleles in a diploid genotype. He shows that any gene pool state that determines a 

phenotypic ESS is also a "genetical-ESS" in the induced game among the alleles. In other 

words, the gene pool state satisfies the analogous ESS definition at the level of gene pool 

states, rather than population strategies. This result does not prove that multiple-strategy 

ESSs are genetically stable. Cressman (1988a) proves the strongest stability theorem to 

date. He shows, among other results, that under a continuous-time dynamic an ESS will 

be stable in a one-locus genetic system, provided that the dimension of the eigenspace 

associated with all the eigenValues of the stability matrix with zero real part is no larger than 

the dimension of the genetic equilibrium surface. This result does not address the more 

serious problem of the existence of stable states (or limit cycles) that are not ESSs. 

Hines and co-workers (Hines 1982, Hines and Bishop 1983, 1984a, 1984b, 

Cressman and Hines 1984, Hines 1987) have extensively studied one-locus diploid sexual 

inheritance with a multiple-strategy linear game. Their results demonstrate many of the 

possibilities we have seen in specific detail in the two-strategy case. For example, they 

point out that it is possible for the population to be "trapped" away from an ESS that is 

attainable from other initial conditions. As before, this is due to over- or underdominance 

among the alleles. With two strategies, it is possible to characterize stable non-ESS 
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equilibria as being locally as close as the genetic system allows; this is not generally the 

case for multiple strategies. A complete classification of results appears to be impossible 

due to the vastly increased complexity, deriving both from the number of possible types of 

games and from genetic constraints. 

It is clear that in multiple-strategy games it is difficult to generalize about the 

direction of evolution, and therefore difficult to characterize long-term evolution of modifier 

alleles. However, we can at least remark about the stability ofESS vs. non-ESS equilibria 

to future modifying alleles. At an ESS equilibrium, each of the behaviors has equal fitness, 

and therefore so does each individual strategy present, and likewise any new strategy 

introduced by mutation (provided no new behaviors are introduced into the game). At a 

non-ESS equilibrium at which the behaviors do not enjoy equal fitness, there is a fitness 

difference waiting to be exploited by new modifier alleles that (initially) cause their carriers 

to use more of the higher-fitness behavior(s). Therefore such non-ESS equilibria, arising 

from genetic constraints, are not expected to possess long-term stability. 

DISCUSSION 

Lloyd (1977), Charlesworth (1977), and Slatkin (1978, 1979) sought general 

principles governing the kinds of genetic equilibria achieved under frequency-dependent 

selection. They concluded that if there is a sufficient number of genetic degrees of freedom 

(specifically, if the number of alleles at a locus is greater than the number of behaviors), 

then all polymorphic genetic equilibria are likely to correspond to equilibration of the 

fitnesses of the different behaviors. Obviously, all such phenotypic equilibria will give 

genetic equilibria. The analysis of Charlesworth and Lloyd reveals another possible genetic 

equilibrium, however, which can be interpreted as occurring when, for any pair of 



45 

behaviors whose fitnesses are not equal, the frequency of each allele among those using 

one behavior is the same as its frequency among those using the other behavior. These 

authors correctly point out that for such an equilibrium to exist requires special 

relationships among the p's, but state that this would be a very unlikely situation. Actually, 

this equilibrium is precisely the one that occurs in two-strategy games at an interior 

extremum (critical point) ofP(u), and requires only that there be overdominance among the 

alleles, with a sufficient number of heterozygotes being more one-sided in their expression 

of whichever strategy is more fit at the time. When there is overdominance, it is thus 

possible to maintain any number of alleles, still with the fitnesses of the strategies not being 

equal. As we have seen, though, at such a state, further evolution of new alleles should 

eventually allow the fitnesses to be equalized. 

The principle that all phenotypic fitnesses should be equalized can be recognized in 

the Bishop-Cannings Theorem from the more explicit concept of ESS. The value of adding 

a game-theoretic formulation is that it gives a method of determining which strategy 

compositions are expected to be stable, out of a possibly large pool having all represented 

strategies with equal fitness. Unfortunately, when there are more than two strategies, the 

concept ofESS is not exactly equivalent to stability in a dynamical system, as, of course, 

all evolving systems are. It is not known what proportion of games exhibit this capricious 

dynamical behavior. 

Eshel and Feldman (1982) used the phrase evolutionary genetic stability (EGS) to 

describe any average population strategy such that all modifiers of the genetic system are 

selected if they act initially to move the population closer to the EGS strategy. The idea is 

that states that have EGS will be achieved eventually by long-term evolution of modifiers, 

although this does not follow necessarily from the definition. Lessard (1984) proved that 

in a one-locus system and a two-strategy model where all payoffs are positive, any new 
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modifier equilibrium will always be closer to an ESS. This is a stronger result, and he 

called it "evolutionary attractiveness". It answers our original question, at least for one 

locus and two strategies: the only expected outcomes from long-term evolution are ESSs, 

derived solely from phenotypic reasoning. Eshel and Feldman's (1984) results, presented 

earlier, show that ESSs are EGS in a two-locus system. I attempted to determine whether 

there w~e cases where the eventual modifier equilibrium was actually farther from the 

ESS, which, if not rare, would seriously question the relevance of ESS in viability models. 

Considering only two-strategy games, it was found that in almost all cases the two-locus 

modifier equilibrium was closer to the ESS than the original one-locus eqUilibrium. I 

conclude, then, that even with two loci, evolutionary modification of the genetic system is 

expected to eventually allow the realization of an ESS. 



CHAPTER 2 

APPUCATION OF TIIE MODEL: TIIE EVOLUTION OF SOCIAL BEHAVIOR 

BY RECIPROCATION 
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The previous chapter set out a general popUlation-genetic framework for dealing 

with a specific, but common, type of phenotypic model. The value of such a general 

theory is that its theorems and results can be applied immediately to many specific 

examples, without having to redo the same basic analysis in every case. In this chapter, I 

show how the framework developed in Chapter 1 can be applied to a model for the 

evolution of cooperative behavior. The model I discuss is the one presented by Brown, 

Sanderson, and Michod (1982) for the evolution of social behavior through reciprocal 

altruism. This reanalysis is more than just an academic exercise; it will be shown that 

Brown et al. made an unnecessarily restrictive assumption about the types of genetic 

systems that support their model. It is precisely this type of error that it is hoped a general 

analysis will help to prevent. 

A payoff matrix that is commonly used in game-theoretic approaches to the 

evolution of cooperation is the so-called Prisoner's Dilemma. The two behaviors are 

"Cooperate" (C) and "Defect" (0), and the payoff matrix is defined by WDe > wee> WDD > 

WeD (as before, the subscript notation gives the payoff to an individual playing the first 

behavior against one playing the second.) This type of payoff matrix has the following 

essential features: (1) in any given interaction, it pays to defect, regardless of what your 
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opponent does; (2) a pair of cooperators each do better for themselves than a pair of 

defectors. Thus, everyone is better off if cooperation is fIxed than if defection is fixed, but 

it always pays to "cheat" and defect The behavior Cooperate can be considered altruistic 

because choosing it over defection leads to a decrease in one's own fitness and an increase 

in one's partner's. 

It is clear that the only ESS in such a game is pure defection. However, if it is 

assumed that individuals play more than one round of the game with the same partner, and 

if they can remember what their partner did in the past, then it may pay an individual to 

cooperate, in the hopes that this will lead its partner to do the same in the future. This is the 

idea behind the theory of reciprocal altruism (Trivers 1971). 

Axelrod (1981) and Axelrod and Hamilton (1981) conducted a series of computer 

tournaments pitting a set of "behavioral rules" against each other in a long series of repeated 

contests of the Prisoner's Dilemma game. They found that the rule that did the best against 

the widest range of opponents was "tit-for-tat" (TFf): with an unrecognized opponent, 

cooperate; with a recognized opponent, do whatever it did to you on the previous 

encounter. As a consequence, this behavioral rule has been the focus of many attempts to 

explain the evolution of cooperation. 

Brown et al. (1982) modelled the evolution of social behavior by reciprocation by 

examining the conditions under which the behavioral rule TFf would be favored over the 

rule "always defect." They envisioned a population of individuals interacting repeatedly in 

random pairwise encounters, with each interaction corresponding to a play of the 

Prisoner's Dilemma game. They defined the parameters a and f3 to be, respectively, the 

total number of interactions each individual engages in, and the number of interactions 

where the partner is perceived as a stranger. They found that the fitness of the social 

strategy (TFf) will be greater than the nonsocial strategy (all-D) if the ratio aJ f3 is large 
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enough. It is easy to see why: when socials interact with each other they each reap the 

benefits of mutual cooperation, which are greater than for mutual defection. The advantage 

to the nonsocials is that they sucker the socials into cooperating, but only on the first 

encounter, when they are not recognized. Socials lose on their first encounter with 

nonsocials, but only on their first encounter, and this loss can be made up by a series of 

mutual cooperations with recognized socials. Obviously, the larger the frequency of 

socials, the easier it is to have the fitness of the social strategy (Ws) greater than the fitness 

of the nonsocial strategy (WNS), but Brown et al. find that the critical value of the 

" frequency of socials, call it P, above which Ws> WNS, approaches 0 as aJ f3 approaches 

infinity. Therefore it is possible for TFI' to invade a population of all-D if aJ f3 is large 

enough. 

This model fits neatly into the two-strategy framework developed in Chapter 1, and 

therefore the popUlation-genetic results given there can be applied directly. Note, however, 

that the two elementary behaviors are S (TFI') and NS (all-D), not Cooperate and Defect. 

Each individual encounter accrues a payoff based on a play of the Prisoner's Dilemma, but 

this is not the level of the two-strategy game that will now be considered. The payoffs 

from the Prisoner's Dilemma game will therefore be part of the expressions for Ws and 

WNS, but for the moment it is best to ignore this lower-level game and consider only the 

behavioral fitness functions Ws (P) and WNS (P), without regard to how they are 

determined. An individual strategy, denoted as usual by ap, is therefore a probability of 

playing TFI' rather than all-D in an interaction. The distinction between these two levels of 

two-strategy game is very important, and will be returned to much later, in the discussion 

of the concept of behavioral structure (Chapter 3). 

Note that if we want to allow mixed strategies, so that an individual may sometimes 

play TFI' and sometimes all-D, then it must be assumed that the partners encountered while 
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playing one behavior are not recognized if met while playing the other behavior. This is 

necessary to preserve the fundamental requirement that the fitness of an individual be an 

additive combination of the behavioral fitnesses, i.e. equation (1.5). It is a rather artificial 

assumption, but then this model was not designed to accommodate mixed strategies, and 

they are certainly not necessary to its biological value. If it were desired to incorporate a 

"partial TFf" strategy, then a much more reasonable approach would be to change the 

phenotypic model, perhaps incorporating a continuous parameter reflecting an individual's 

likelihood of reciprocating a cooperative act. 

A new 2 X 2 matrix can be defined for the social vs. nonsocial game, as is done by 

Brown et al. The fitness functions Ws(l') and WNS(l') can be derived in the usual way 

(Le., equation 1.1 of Chapter 1), and a standard ESS-type analysis can be performed, 
A 

which of course leads to exactly the same conclusions concerning a, f3 and P as previously 

stated. 

Now consider a genetic framework underpinning the determination of social vs. 

nonsocial strategy. For simplicity, I use a one-locus, two-allele system, but the results for 

all genetic systems discussed in Chapter 1 apply here. From equation (1.3) we have 

immediately: 

~u = u(1 - u) (W _ W ) dP 
2W s NS du . (2.1) 

The classification of equilibria and dynamics of this equation have already been 

extensively discussed in Chapter 1. Rather than solve for the genetic equilibria (this is 

done for a special case in Brown et al.), I will simply note the (somewhat simplified) 

conclusion from Chapter 1: this genetic system, and all other locally adaptive ones, 
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imposes no constraints on the evolution of the social strategy other than by possibly 

creating genetic equilibria locally as close as possible to the predicted ESS. This 

conclusion holds regardless of the fonn of dominance among the alleles. Brown et al., in 

their discussion of the identical two-allele model, emphasize that for a genetic system to 

support the strategy dynamics suggested by ESS reasoning, it is required that the 

frequencies of the two behaviors in the next generation be monotonically related to their 

fitnesses in the previous generation. In other words, the behavior that is fittest mnst 

increase in frequency. They state that a two-allele genetic system meets this criterion only 

if the heterozygote strategy is intennediate between the two homozygotes (i.e. no over- or 

underdominance.) However, as seen in Chapter 1, this is not true. The strategy that is 

fittest always increases, unless there is no change in strategy frequency. There is no 

fundamental difference with over- or underdominance. The only added feature is the 

possible existence of an internal equilibrium where Ws :t: WNS; elsewhere, the strategy 

frequency dynamics behave as required. 

It is true that with over- or underdominance the frequency of each genotype in the 

next generation is not monotonically related to its fitness in the previous generation. This is 

due to the "masking" of genotypic adaptedness that results from recombination (Michod 

1983). However, at the level of behavioral frequencies, this masking no longer exists, or 

more precisely, it never works to reverse the expectations based on behavioral fitnesses. 
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CHAPTER 3 

EXTENSION OF TIlE BASIC MODEL: NON-DEGENERATING GAMES AND TIlE 

EVOLUTION OF ALTRUISM 

INTRODUCTION 

The evolution of altruistic (or "social") behavior is a central theoretical issue in 

evolutionary biology. There has developed a huge literature on the subject, ranging from 

treatments based on purely phenotypic reasoning, for example game theory, to treatments 

emphasizing rigorous analysis of gene frequency dynamics. Many of these models have an 

underlying simple two-phenotype structure, as in "be altruistic" vs. "be selfish", 

"cooperate" vs. "defect", or "social" vs. "non-social." It would therefore be valuable to 

look at the assumptions of some of these models and see to what extent they do or do not 

fit those required for the general treatment of Chapter 1. We have already seen, in Chapter 

2, an example of a model that does fit the general framework, at least at one level (the 

contest between TFf and all-D). 

Altruistic behavior is by definition at least momentarily disadvantageous to the 

individual practicing it, so models generally require certain special assumptions to 

overcome this loss. Often, this distinctive feature is that individuals interact nonrandomly, 

or bestow their altruistic behaviors on others nonrandomly. This is the case with kin 

selection, most models of group selection, and reciprocation. This will usually violate the 

fundamental assumption of Chapter 1, embodied in equations (1.5), that individual strategy 
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fitness be decomposable into a weighted sum of the behavioral fitnesses. What happens is 

that altruistic behavior X, as performed by one type of individual, has different fitness 

consequences than behavior X, as performed by another type of individual. Consequently, 

the overall behavioral fitness function Wx is a meaningless average over both types of 

individual. For example, in a group selection model where the population is structured into 

demes, an altruist in a deme with a high frequency of altruists has a very different fitness 

than an altruist in a deme with no other altruists. The population-average fitness of altruism 

is not a relevant quality to either individual's fitness. Thomas (1984) refers to phenotypic 

models that violate equations (1.5) as "non-degenerating games", because they do not 

"degenerate" to an analysis based only on the behavioral fitnesses. 

This chapter deals with two classes of models for the evolution of altruistic 

behavior, both of which have a non-degenerating game structure and therefore do not fit 

neatly into the standard model. These analyses demonstrate the value of the general 

treatment in Chapter 1, even in cases where it does not apply exactly. The first part is a 

complete, exact analysis of diploid sib-sib kin selection. I will show how this type of kin 

selection can be cast into a framework similar to the standard model, but using inclusive 

fitness effects instead of true fitnesses. This derivation allows some of the results and 

insights learned from the standard model to be applied, and also clarifies the limitations of 

the inclusive fitness approach. Sib-sib kin selection has been the subject of a number of 

theoretical analyses, and the methods and results of many of these studies will be reviewed 

and integrated into the presentation. 

The second part deals with a class of disparate models that have been united using 

the theme of "behavioral structure" (Michod and Sanderson 1985). I show that this 

concept is flawed as a general principle in the evolution of altruism, because it fails to 

account for the fact that the situations in which it is to be applied are non-degenerating 



games and therefore not generally amenable to an analysis at the level of elementary 

behaviors. The examples where behavioral structure has been shown to be adequate are 

special cases, due either to extremely simple genetic assumptions or special choices of 

individual behavioral rules. 

DIPLOID SIB-SIB KIN SELECTION 
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Most theoretical treatments of kin selection that explicitly incorporate mendelian 

genetics use one of two approaches, either (1) a derivation, often approximate, using 

concepts like relatedness, kinship, and identity by descent to construct "individual inclusive 

fitness" as the fundamental unit (Hamilton 1964, Harpending 1978, Charlesworth 1980), 

or (2) an exact analysis based on gene frequencies, where relatedness appears only as a by

product of the model and not as an elementary quantity (Orlove 1975, Chamov 1977, 

Cavalli-Sforza and Feldman 1978, Michod and Abugov 1980, Uyenoyama and Feldman 

1980, 1981, Uyenoyama et al. 1981, Toro et al. 1982, Michod 1982). I will use the 

second approach, but then shift the focus to the elementary behaviors themselves, so as to 

exploit comparisons and contrasts to the standard two-phenotype model. It is not my 

intention here to review the popUlation genetics of kin selection theory (see Michod 1982). 

However, I hope to present a relatively complete, integrated overview of diploid sib-sib kin 

selection. I will begin with the case of two alleles at one locus, and then expand to multiple 

alleles. 

Consider a family-structured population with the potential for behavioral interaction 

between sibs. Assume that sibs interact in one or a series of pairwise encounters in which 



there are two alternative behaviors, altruism (A) and defection (D). The payoff matrix is 

shown in Figure 2. 

A D 

A l+b-c l-c 

D l+b 1 

Figure 2. The additive Prisoner's Dilemma payoff matrix. Payoffs 
shown are to an individual playing the row behavior against a partner 
playing the column behavior. 

55 

Note that when payoffs are additive, as above, it is hardly worth using payoff matrix 

notation, because the behavior chosen by an individual has the same effect on that 

individual's total payoff regardless of what their partner does. As a result, it is possible to 

assign constant fitness effects to behaviors: in this case, if you cooperate, then you get-c 

compared to if you chose to defect, and if you defect there is no effect on either you or your 

partner. If your partner cooperates, then you get +b. This is the usual (additive) 

fonnulation for fitnesses in kin-selection models, which are often described in tenns of 

only one behavior, "altruism", which gives you -c and your partner +b. Another thing to 

note is that if b > c (as will be true in any interesting case), the payoffs correspond to a 

Prisoner's Dilemma game. All such games have the characteristic (obvious, in this trivial, 

additive case) that it always pays to defect. Thus, the dilemma of altruism. 
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Two alleles 

Now consider a random-mating diploid sexual population, with two alleles, G and 

g, at one locus controlling propensity to be altruistic. Each genotype has a constant 

probability of being altruistic: PII, P12, P22 for the genotypes GG, Gg and gg, 

respectively. The Price (1970) covariance fonnulation of selection is particularly well

suited to the development of kin selection models because a quantity of interest, 

"relatedness", is expressed as a ratio of covariances. Price's equation has been used, in 

one way or another, in many kin-selection models (Hamilton 1970, Uyenoyama et al. 

1981, Seger 1981, Taylor 1988). 

First, I introduce some notation that will be used throughout the rest of this chapter. 

Let G be a random variable that takes on the values 0,1/2, or 1 depending on whether an 

individual has 0,1 or 2 copies of allele G. It will be simplest to use the same name for the 

allele itself and this random variable; conceptually, these uses are very similar and context 

should make it clear which is being referred to. The variable G can be thought of as 

"individual gene frequency" of allele G, or the probability that a random allele drawn from 

the individual in question is G. Let P be a random variable that takes on value 0 or 1 

depending on whether an individual defects or is altruistic, respectively, in any given 

interaction. G' and P' denote these values in an individual's partner. Let W stand for 

fitness. Usual notational conventions will apply to these variables, so that for example 

E(G) == G == frequency of allele G. Expectations and covariances of these variables are 

taken over all individuals in all interactions. Therefore, each individual is counted twice for 

every interaction, once for themselves and once as someone's partner. 

With this notation, we can take the following steps, starting from Price's basic 

equation: 



W!J.G = cov(G, W) 

= cov(G, l-c P + bP') 

= - c cov(G, P) + b cov(G, P'). (3.1) 

Solving for !J.G > 0, we have 

- c cov(G, P) + b cov(G, P') > 0 (3.2a) 

cov(G, P') c 
cov(G, P) > Ii (if cov(G, P) > 0). (3.2b) 

This is a slightly modified version of a derivation given by Queller (1985). The final 
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result, or variations of it, has been obtained in other ways, under various assumptions, by 

several others (Michod and Anderson 1979, Michod and Hamilton 1980, Seger 1981, 

Michod 1982, Taylor 1988). This derivation is by far the simplest and most general. 

Seger (1981) is incorrect to claim that this version requires equality of expected individual 

gene frequencies among actors and recipients: the covariances count every individual as 

both an actor and a recipient, so equality of expected individual gene frequencies follows 

by definition. 

The first thing to note is that inequality (3.2) is much more general than the present 

two-allele model. It inherits all the generality of Price's equation, with only the assumption 

of additivity of payoffs. This means it holds for, among other things, any number of 

alleles at one locus or any additive function of any number of alleles at any number of loci, 

non-random mating including any pattern of inbreeding, any ploidy or set of ploidies, and 

any scheme of non-random interactions including ones that have nothing to do with 



kinship, as in group selection or a model of the "Green beard Effect" (i.e. be altruistic 

toward carriers of a certain marker gene [Dawkins 1976]). 
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Inequality (3.2b) bears an obvious relation to Hamilton's Rule for the increase of a 

gene for altruism, r> c/b (Hamilton 1964). We could simply define r to be 

cov(G, P')/cov(G, P), but this quantity bears no obvious interpretation as "relatedness". 

Rather than take this approach in an attempt to extend the scope of Hamilton's Rule (while 

generalizing it almost to the point of triviality), I think it is best to only use the word 

"relatedness" in special cases where cov(G, P,)/cov(G, P) reduces to a quantity 

recognizable as a true coefficient of relatedness. 

The case under consideration at present is one where this ratio reduces to a more 

familiar quantity. The steps that follow require the assumptions given earlier (sib-sib, two 

alleles, random mating, constant probabilities of being altruistic for each genotype). Let u 

be the frequency of allele G (= G) and k be the frequency of Gg parents in the previous 

generation (after selection). We have, for reference, 

var(G) 
u(1 - u) 

= 2 

cov(G,G') = u(1 - u) - k/4 
2 

cov(G, P) 
u(1 - u) dP 

= 2 du 

dP 
= var(G) du 

Cov(G, P') can almost as easily be worked out from a table of interactions, but it is more 

informative to go through the following derivation. Earlier, P was given as a random 

variable taking on values 0 or 1. In this specific model, where each genotype has a 

constant probability of behaving altruistically, it is equivalent to let P be an individual's 
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phenotypic value, that is, its strategy, expressed as a probability of being altruistic. Using 

this interpretation of P, introduce the variables A and D, the familiar "additive" and 

"dominance" decomposition of phenotypic value (not to be confused with the behaviors 

Altruism and Defection). Thus, 

P = A +D. 

(It is important not to confuse my use of the variable G with its common use as "genotypic 

value" in quantitative-genetic equations like G = A + D and P = G + E. Here, there is no 

environmental component, so phenotypic value is the same as genotypic value. My use of 

G as "individual gene frequency" is different). Therefore, 

cov(G,P1 = cov(G, A' +D') 

= cov(G, A') + cov(G, D') . 

However, cov(G, D 1 = O. This can be understood as follows. As a result of random 

mating, there is no correlation (Le., a path in a path diagram) between genes derived from 

separate parents. Hence, the identity of a single random allele from one sib can only 

provide information about one of the alleles in another sib, that being the allele derived 

from the same parent, whereas an individual's dominance value arises as a result of 

interaction between the allelic contributions of both parents. 

Now define PI and P2 to be the marginal effects of alleles G and g, and al and a2 

to be the usual "additive effect of a gene" from quantitative-genetic notation (e.g., Falconer 

1981, p. 105). That is, 



al = Pl-P 

a2 = P2-P, 

Then the following transformation between G and A holds: 

Therefore, 

But 

so 

Dividing through gives 

cov(G, P') = cov(G, A') 

cov(G, P') 
cov(G, P) 

= 2(al - a2) cov(G,G'). 

dP 
= du = 

cov(G, P) 
var(G) , 

= 
cov(G,G') 

var(G) . 

The ratio cov(G, P')/cov(G, P) is not defined at cov(G, P) = 0, but it can be shown that 
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lim 
cov(G,p) -iO 

cov(G,P') 
cov(G,P) 

= 
cov(G,G') 

var(G) 

Thus we have proved that in this 2-allele case, cov(G, P,)/cov(G, P) reduces to 

cov(G,G')/var(G), which is the correlation between genotypic values of sibs. 
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There has been considerable debate over the proper measure of relatedness in kin 

selection models. I will not review this debate (see Michod and Anderson 1979, Seger 

1981), but a brief discussion is necessary here in order to clarify my use of some terms. 

Probably the most commonly used principle for generating or justifying relatedness 

measures is that of "identity by descent" of alleles (Malecot 1966). Two alleles are identical 

by descent if they are replicas of the same allele in an ancestor. Basically, identity by 

descent is just a way of expressing the fact that two alleles from an indivi~ual, or two 

separate individuals, may be more likely to be the same due to a recent shared ancestor than 

alleles drawn at random from the population. Mathematically, quantities like correlation, 

regression and covariance similarly express the idea of similarity over and above 

randomness. Identity by descent can usually be replaced by correlation or regression 

wherever it appears. For example, in this two-allele diploid sib-sib case, the probability 

that random alleles drawn from sibs are identical by descent is equal to (one-half times) the 

correlation between random alleles drawn from sibs (which is equal to the correlation 

between genotypic values of sibs), with one caveat: by definition, identity by descent picks 

out only the correlation due to common ancestry. In fact, identity by descent reasoning is 

probably best thought of as a simple method for determining genic correlations by tracing 

through pedigrees. However, there are correlations among alleles that arise for reasons 

other than common ancestry. In the example at hand, the fact that selection takes parents 

out of Hardy-Weinberg proportions affects the correlation among sibs. 
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Wright's correlation coefficient of relatedness, r, is often taken to be (in a 

randomly-mated population) equal to twice the coefficient of kinship, which, in turn, is the 

probability that two random alleles drawn from relatives are identical by descent (e.g., 

Crow and Kimura 1970, p. 69). This definition, as in Wright's (1922) original derivation, 

implicitly makes r a measure only of correlation due to common descent. Some workers 

have equated the genotypic correlation between relatives with r, defined using identity by 

descent, and then concluded that the correlation is valid only as an approximation, when 

selection is weak (Hamilton 1972, Michod and Anderson 1979, Michod and Hamilton 

1980). Others (Uyenoyama and Feldman 1980, 1981, Seger 1981) have used r as the true 

genotypic correlation, regardless of its cause. We will see that this r serves in an exact 

description of selection. Therefore, I will use this approach, defining the coefficient of 

relatedness as follows: 

= cov(G,G') 
r var(G) 

This r is not strictly a measure of identity by descent, and it cannot be deduced from 

pedigree considerations. However, it is the true genetic correlation and, at least in 

principle, measurable, for example from electrophoretic data. It should be noted that r 

concerns only the locus of interest, and not the genome as a whole. 

Substituting the expressions for cov(G,G,) and var(G) into equation (3.1), we get 

AU u(1 - u) ( b ) dP 
Ll = -c+ r -d 

2W u 
(3.3) 

where W = 1 +P(-c+b). 
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This looks exactly like equation (1.3) of Chapter 1, with - c + br instead of Wx- Wy. If 

we could fmd some WA and W D such that - c + br = WA - W D then we would have 

succeeded in our goal of casting this kin-selection model in a framework analogous to 

Chapter 1. Without going through the mathematical details, suffice it to say that the true 

average fitnesses of the two behaviors, WA and WD, do not work. There is an obvious 

choice that will work: the inclusive fitness effects of the two behaviors. These are defined 

to be the effect of the behavior on one's self, plus its effect on one's partner, discounted by 

the relatedness of that partner. Using a - to denote an inclusive fitness effect, this 

definition gives 

WA = 1- c + br, 

WD = 1 , 

WA-WD = -c + br, (3.4) 

-""'-
W = mean inclusive fitness effect 

= PWA + (l-P)WD 

= 1 +P(-c+br). 

It follows from equation (3.3) that if WA > WD, !lu has the same sign as dP/du. 

Therefore, we have the following conclusion in analogy with Chapter 1: the response to 

selection is to increase the frequency of the behavior that has the highest inclusive fitness 

effect at the time. As before, the exception to this rule is that there may be genetic equilibria 

where W A ::I; W D. These can occur where one allele is fixed, or at dP/du = 0, the critical 

point in the quadratic P(u), which is produced by over- or underdominance (u, given by 

equation [1.4], is the gene frequency at which the critical point occurs). Actually, since r is 



64 

not defined when one allele is fixed, WA and WD are not defmed either, however, they are 

defined in the limit as one allele goes to fixation. 

This result about the response to selection is very important, and will be helpful for 

the discussion of genetic equilibria that follows, but unfortunately this is where the analogy 

with the standard model ends. The main reason for this is that it takes two variables, not 

one, to fully describe this genetic system. The relatedness r changes over time, so we need 

the I1r equation as well: 

W W12 
&- = l-r- 2WIW2. (3.5) 

Here, Wi and wij are marginal allelic- and genotypic fitnesses, respectively. The fact that 

this is a 2-dimensional system m~es a complete accounting of the selection dynamics and 

equilibria extremely difficult, if not impossible. We shall return to this analysis later, but 

for now it will be helpful to consider the where r is assumed to be constant. In the case of 

sib-sib altruism, r = 1/2. 

Case of constant r 

A great many, if not most, models of kin selection incorporate the assumption, 

either explicitly or implicitly, that r is constant during evolution (Hamilton 1964, 

Harpending 1978, Charlesworth 1980, Michod and Abugov 1980, Treisman 1981, 

Michod 1982). These simple values for r (1/2 for sib-sib and parent-offspring, 3/4 for 

haplodiploid sisters, etc.), are the relatednesses for neutral genes in an outbred population, 

and can be derived entirely from pedigree considerations. They have been referred to as 

"Crozier's coefficients" (Crozier 1970, Uyenoyama and Feldman 1980) to distinguish them 
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from the true genetic correlation between relatives for the gene of interest The models that 

use these constant values acknowledge that they are approximations, but they are probably 

the only values that can be determined in natural populations. Many of the most widely 

disseminated and popularly held views about kin selection stem from models of this kind. 

Letting r == 1/2 and substituting into equation (3.3), the following equation becomes 

a complete description of selection: 

l1u = u(l - u) (_ + b/2) dP 
2W 

c du ' (3.6) 

with WA = l-c+b/2 

WD = 1 

WA-WD = -c +b/2. 

This fits exactly into the standard model, but selection here is even simpler because WA and 

WD are constant functions. Either WA > WD (r> c/b) always, or vice-versa. Therefore the 

behavior with the highest inclusive fitness effect always increases, except at the usual 

fixation or overdominant eqUilibria. This implies that mean inclusive fitness is non

decreasing, and in fact behaves exactly like mean fitness in a constant-selection model. 

This can be proved mathematically as follows: from equation (3.6) above, 

l1u = u(1 - u) d[(- c + b/2)P] 
du 2W 

u(1 - u) d[l + (- c + b/2)P] 
= du 2W 



But 1 + (- C + b/2)p is just the mean inclusive fitness effect, so 

....t:::!.. 

&t u(1- u) dW 
= 2W du' 

Mean inclusive fitness therefore functions as an "adaptive topography" for selection 

(Hamilton 1964, Harpending 1978, Charlesworth 1980, Michod and Abugov 1981). 

It is interesting to compare the P surface to the P surface in the standard model of 

Chapter 1. Here, the population moves a/ways up or down the P surface, depending on 

the values of the fIXed parameters c, b, and r.· There is no possibility for internal "ESS

like" equilibria where WA = W"D: if altruism is favored, it is always favored. 
_ -<:L 
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Consequently, the only equilibria are at local maxima of P (minima if r < c/b). W is very 

simply related to P, being a constant linear function ofP, but is slightly more elegant to use 

because it adjusts for the sign of - c + br, so movement is always up its surface. 

Non-constallt r 

The previous section considered the case where r was assumed to be a constant, but 

in reality its value changes with selection (equation [3.5]). In the sib-sib case, it equals 1/2 

only if the adults after selection in the previous generation were in Hardy-Weinberg 

proportions. If there was an excess of homozygotes, r will be greater than 1/2; if there was 

an excess of heterozygotes, r will be less than 1/2. The complication introduced in this 2-

variable system is considerable, but the results from the r == 1/2 case will provide 

comparison. 
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As noted earlier, the response to selection is to increase the frequency of the 

behavior that has the highest inclusive fitness effect at the time. This follows from simple 

sign considerations in equation (3.3). This does not mean, however, that mean inclusive 

fitness effect is maximized locally, nor does it even mean that mean inclusive fitness effect 

is non-decreasing. This is because the mean inclusive fitness effect is a function of both P 

andr: 

W = PWA + (l-P)WD 

= 1 + P( -c + br) . 

...L>L 

Figure 3a shows a graph of the W(r, u) function for the following set of 

parameters: c = 1, b = 2.1, Pll = 0.5, P12 = 1, P22 = O. Figure 3b shows a contour plot of 

the same function. The overdominance in the P values produces the characteristic hump (a 

valley, where r < clb). 

Assume for the moment that c and b are such that r always remains greater (or less) 

than clb. This may be true in many, if not most, natural situations, because r virtually 

never varies by more than a few percent from 1/2 (this will be documented later). It 

follows that WA will always remain greater (or less) than WD. This means that at least as 

far as gene frequency change is concerned, the dynamics and equilibria in this case are like 

the case with r = 1/2. That is, if r > clb, then equilibria are local maxima of P and P is non

decreasing. 

The trajectory in Figure 3b shows such a case. The population is initially fixed for 

allele 2, so that P = 0, and allele 1 is introduced. When the new allele is rare, r is nearly 

1/2. The ratio c/b equals 0.4762, and it so happens that r will never fall below this value 

during the trajectory. Therefore, altruism always has higher inclusive fitness consequences 
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than defection, so its frequency always increases, if possible. The equilibrium achieved is 

at ii, the global maximum ofP(u), given by equation (1.4) (= 0.6667). The equilibrium r 

is 0.5377. 

One principle that is clear from this example is that the mean inclusive fitness effect 

is not maximized by evolution. Looking at the equilibrium achieved in Figure 3b, it can be 

seen that any increase in r would lead to a further increase in mean inclusive fitness effect. 

However, the maximum (or minimum) r that can be achieved is tightly regulated by the 
-Ol.. 

strength of selection: to reach and remain at the highest point on the W surface (where r = 

1) would require that all heterozygotes die every generation. 
~ 

The failure of W to be maximized in the variable-r case, in contrast to the constant-r 

case, is not surprising, given that we have suddenly introduced a continuum of r values 

over which the function is defined, most of which are totally outside the reasonable bounds 

of selection. However, it follows from equation (3.3) that there is a weaker theorem 

regarding maximization of mean inclusive fitness effect that captures the spirit of the 

principle as embodied in the constant-r case, for which it was originally postulated 

(Hamilton 1964). This result is the following: any stable eqUilibrium has the property that, 
....ot.. 

if we restrict attention to the cross-section of the W surface through the equilibrium point 

made by the plane r = req, then the equilibrium will be either a local maximum of this 
-Ol.. 

reduced W(u) curve, or the curve will be flat everywhere (Le., a stable equilibrium will 

never be a local minimum). Another way of stating this is simply that at any stable 

equilibrium, it will be impossible to raise the mean inclusive fitness effect by changing gene 

frequency alone. This result also follows from the analysis presented by Uyenoyama and 

Feldman (1981), although it is not stated explicitly. 

The proof is straightforward, and most parts of it follow by inspection of equation 

(3.3). An outline is as follows. The 6u equation (3.3) can be written as follows: 
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...r:=.. 

Au u(1- u) aw 
= 2W au' 

....t:::t.. 

where a/au is standard partial differentiation, i.e. it is the derivative of W in the direction 

that holds r constant, which is to say parallel to the u axis. By using partial differentiation, 

-""-
we restrict our consideration af the W function to a 2-dimensional slice having r = req. It 

....t:::t.. ...ee.. 

will be convenient to refer to this reduced W function as W(u), to emphasize its 

dependence only on u. From the equation above, it follows that any interior eqUilibrium 
-""- ....ot... 

must have aW fc)u = O. This only occurs when W (u) has a local minimum or maximum, or 

is flat everywhere. A simple linear stability analysis shows that it is never stable if it is a 

local minimum. Likewise, linear stability analyses show that no fixation equilibria are 

-=-
stable if they are local minima of W(u). This completes the proof. 

The trajectory in Figure 3b shows a case where r is initially greater than c/b and 

always remains so. The maximization result just proved dictates that any stable equilibrium 

in this case must occur either at fixation of one allele, or at the overdo min ant equilibrium a, 
if it exists. In Figure 3b there is overdominance, and so the equilibrium achieved is at U 

(shown by a heavy dotted line). It is also possible, for some values of the various 

parameters, that r comes to equal c/b during evolution. When this occurs, gene frequency 

will necessarily be in equilibrium, although r may not be. Solving Ar = 0 subject to the 

condition r = c/b gives a quadratic in u that mayor may not have solutions (see Uyenoyama 

and Feldman [1981] eq. 55, and Toro et al. [1982] eq. 23). The exact form of this 

equation and the conditions for its solution are not very relevant here; it should be noted 

that, unlike the r ::t: c/b equilibria, they depend on the choice of "base fitness" (1, in this 

-=-
model). The theorem proved above is not violated at these equilibria, because W is flat 
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everywhere in the direction of constant r. Figure 4 shows an example of such an 
..J::L. 

equilibrium. As in Figure 3b, shown is a contour plot of the W function, but for the 

following P values: Pn =1, P12 = 0.41, P22 = 0.40. Notice that P12 is between Pn and 

P22, hence there is no critical point in P(u). (foro et al. show that if c/b > 1/2, then there 

can be no r = c/b equilibria when there is overdominance). After the introduction of the 

altruistic allele 2, r begins to decrease from its asymptotic value of 1/2, eventually reaching 

equilibrium at 0.4762 (Le. at c/b). This is an example where altruism is initially favored, 

but although we might expect it to, it does not increase to fixation: as its frequency 

increases, r falls, causing the advantage of altruism over defection to decrease until it 

vanishes altogether. 

We know, therefore, that there may be equilibria where r = c/b. The presence of 

such equilibria is a new feature in the exact model, where r is treated as a variable. These 

equilibria have the undesirable property that their location, in terms of the population 

frequency of altruism, cannot be predicted from an examination of the mean inclusive 

fitness effect surface, but instead requires an exact knowledge of the relatedness at the 

locus in question, which is probably impossible to obtain in most situations. However, 

their existence is unlikely in most situations for a reason given earlier: r values virtually 

never vary much from 1/2. For example, in thousands of simulations of a newly 

introduced allele, with base fitness and c equal to 1 and letting b vary from 1 to 10, there 

were only a few times where r left the range of 0.45 to 0.55. This means that only c/b 

ratios in this range will even admit the possibility of an r = c/b equilibrium. Furthermore, 

there are strict conditions on the p values to allow such equilibria. For example, Toro et al. 

(1982) found that if c/b > 1/2 (as it must be for altruism to invade a non-altruistic 

population), then these equilibria are impossible with overdominance, and even with the 

most permissive set of P values, b must be less than 2.25 (with c = 1). 
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To detennine the frequency with which such equilibria might be expected to occur, 

I conducted a series of computer simulations that modeled the introduction of a new allele 

into a population fIxed for another allele. The initial frequency of the new allele was 0.001, 

and the initial r was 0.5 (as would be expected at the introduction of a new allele by 

mutation). The three p values were chosen randomly for each run, with sets of 2500 

simulations being performed for each choice of c and b, which were chosen so that c/b > 

1/2 so as to favor initial increases in altruism. As expected, in each set of runs, the new 

allele was successful (i.e. was not lost) approximately one-half of the time, these being the 

cases where the heterozygote had a higher p value than the original homozygote. 

Table 1 shows the results of these simulations, giving the percentage of runs where 

an r = c/b equilibrium was reached, among only those runs where the new allele was 

successful. It can be seen that the closer c/b gets to 1/2, the greater the probability of 

achieving an r = c/b equilibrium. Increasing b increases the strength of selection and 

allows for greater deviation of r from 0.5, but this effect on r does not keep pace with the 

ratio c/b itself, and it becomes increasingly unlikely that r will ever drop low enough to 

reach c/b. As mentioned earlier, Toro et al. (1982) found that with c = 1 there were no 

such equilibria for b > 2.25, and this is borne out by my simulation results. Another thing 

to note is the effect of the magnitude of c and b versus the value of their ratio alone. The 

last column in Table 1 shows that there were no equilibria for c = 0.1 and b = 0.21, 

compared to 2.7% for c =1 and b = 2.1. Selection in this case is far too weak to cause r to 

drop to 0.4762 (= 0.1/0.21). In fact, for these parameters, r apparently always remains in 

the range of 0.49 to 0.51. Toro et al. show that for c = 0.1, b cannot be larger than 0.2025 

for r = c/b equilibria to exist. The largest value in the table is 6.6%, indicating that for 

some special sets of c and b values, there is a significant probability that an r = c/b 

equilibrium will be reached. 



Table 1 

Percentage of successful invasions by a new allele 
that led to an r = c/b equilibrium 

percentage out of 2500 
bvalue simulations 

2.05 6.6 

2.1 2.7 

2.5 0 

5 0 

10 0 

c = 1 in all simulations. 
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We have seen that the mean inclusive fitness effect is not locally maximized at 

equilibrium, although a weaker form of "maximization" does occur. Another property of 

an "adaptive topography" is that it be non-decreasing. The existence of the stable r = c/b 

equilibria just discussed demonstrates that this property also does not hold for the mean 
...tX. 

inclusive fitness effect. For example, in the trajectory in Figure 4, W is approximately 

1.02 after the introduction of the new allele, but falls to 1 at the equilibrium. In fact, it is 
...tX. 

obvious that all stable r = c/b equilibria produce a locally decreasing W, given that all 
.....ot... .....ot... 

nearby points in the set r> c/b have a higher W. Usually, however, W is non-decreasing 
_ ...tX. 

because changes in u and hence P (which always act to move up the W surface) are much 
...tX. 

larger than changes in r (the only force that can cause a decrease in W). Counterexamples 
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to this generalization are easily obtained, however, by starting the population with an 

unrealistically high or low r which will then change drastically over the next few 

generations, swamping out the effect of changes in P. For example, using the parameters 
-Ot... 

of Figure 3, a population starting with r = 1 and u = 0.5 (W = 1.6875) will in the next 
...oL. -t:!L. 

generation have r = 0.3736, u = 0.4593 (W = 0.8615), then r = 0.5762, u = 0.4652 (W = 

1.1345), with the oscillations in r quickly settling down, leaving a slow, steady approach 
...oL. 

to the equilibrium given in the Figure, where W = 1.0861. 
-t:!L. 

The property of decreasing W in kin selection is not unlike the property of 

decreasing W in two-locus constant selection in that it is easy to show the effect by starting 

the population in a state which it would probably never reach by selection alone: a very 

high or low relatedness in kin selection, or a very high linkage disequilibrium in two-locus 

selection. From such a starting point, large changes in r or D occur in the first few 

generations, changes which are not directly related to the shape of the respective adaptive 
_ -t:!L. 

functions. A more relevant question in how often and how substantially W or W decrease 

starting from realistic initial conditions, such as the introduction of a new allele. This 

question was already addressed for W in two-locus selection in Chapter 1. The results 
...oL. ...oL. 

presented above for W are similar: W may reach an equilibrium value lower than its 

previous value, but this event is unlikely for a random set of parameters. The amount of 

decrease will generally be quite small, as well. In an exhaustive trial-and-error search, the 

largest drop I was able to generate is the one shown in Figure 4, from 1.02 to 1. 

Hamilton's rule 

Hamilton's Rule is certainly the most famous result in kin selection theory, and 

therefore it is important to consider its relationship to the exact treatment of 2-allele sib-sib 
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kin selection being presented here. The rule is often stated in the following simple way: an 

allele causing an increase in the frequency of altruistic behavior will increase if and only if r 

> c/b, where r is the genetic relatedness between interactants. Of course this simple form 

leaves out references to some basic assumptions that are necessary, such as additive costs 

and benefits, and it also is ambiguous about the precise meaning of "relatedness." In this 

section, I will review some of the ways in which Hamilton's Rule has been interpreted and 

the resulting conclusions about its validity, as well as show that, given an appropriate (but 

obvious) choice of meanings of relatedness, the rule is a precise description of gene

frequency change. 

Michod and Hamilton (1980) showed that the many different formulations of 

"relatedness" for use in Hamilton's Rule are equivalent, and can be expressed in the same 

way as in inequality (3.2b): cov(G, P')/cov(G, P). The derivation I give (originally due to 

Queller [1985]) is preferable because it is much more general. Michod and Hamilton 

reduce cov(G, P,)/cov(G, P) "downward" to a form that involves identity coefficients, 

which are correct only if selection is very weak. Their treatment, and their emphasis on 

weak selection, may be misleading because cov(G, P')/cov(G, P) is exact and completely 

general for any kind of selection. It is really just a simple restatement, using covariance 

notation, of the condition that one allele have higher fitness than the other. What makes it 

so elegant for use in kin selection is that it often reduces to a traditional coefficient of 

relatedness, or at least an approximation thereof. 

Many who have discussed Hamilton's Rule have used the pedigree-derived, 

constant values for relatedness (Crozier's coefficients). Thus, for the sib-sib case, we 

would have c/b> 1/2 as the condition for the increase of an altruistic allele. We have seen 

that this condition is not always correct: the stable r = c/b equilibria are the 

counterexamples, because although c/b > 1/2 and for one allele cov(G, P) > 0, the system 
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is in equilibrium. For this reason, these equilibria have been referred to as "violating 

Hamilton's Rule" (Uyenoyama and Feldman 1981, Michod 1982, Toro et al. 1982,Orlove 

1975). Hamilton's Rule is thus often referred to as only an approximation, or an initial 

increase condition, or valid only for weak selection. These conclusion are, of course, 

correct under the assumption of constant r. 

Toro et al. (1982) note that it is possible to redefine r to account for the effects of 

selection and hence rescue Hamilton's Rule, but state that the relatedness coefficients 

derived in this way are generally complicated functions that defeat the simplicity and clarity 

of Hamilton's original formulation. It is true that cov(G, P')/cov(G, P) can get ugly in 

some situations, but in the diploid sib-sib case we have seen that it reduces to 

cov(G,G')/var(G), the true genetic relatedness at the altruism locus. This value may not be 

as measurable as the overall, pedigree-derived relatedness, but it does maintain the 

theoretical elegance of the classical inclusive fitness formulation. 

To see that Hamilton's Rule predicts all gene frequency equilibria and dynamics, 

we need only recall one step in its derivation, that from inequality (3.2a) to (3.2b). That 

step requires that cov(G, P) > 0, which is the condition that the allele of interest, G, causes 

an increase in the frequency of altruism. This may not hold globally: if there is over- or 

underdominance then at some gene frequencies, cov(G, P) > 0, at others cov(G, P)< 0, 

and at u, cov(G, P) = O. If cov(G, P)< 0 then one merely switches attention to the other 

allele, g, for which cov(g, P) > O. If cov(G, P) = 0, which occurs at u, it can be shown 

that cov(G, P') = 0 also. Therefore, from inequality (3.2b), u is a gene frequency 

eqUilibrium (although not necessarily a stable one). The point of this is that the form r > 

c/b bears no trace of this potential division by 0, but this is taken care of in the verbal 

statement of the rule, which requires that the allele cause an increase in altruism. At u, 
although r is defined, neither allele is associated with increased altruism. This may seem 



like a trivial point to emphasize, but many models of kin selection (Charnov 1977, Wade 

1978, 1979), included some that use cov(G, P')/cov(G, P) (Seger 1981, Queller 1985), 

have explicitly ruled out overdominance, possibly for just this small mathematical 

complication. 

Summary of results for two alleles 

The following are the major results regarding equilibria in the two-allele system. 

1) Selection acts so as to increase the frequency of the behavior that has the 

highest inclusive fitness effect at the time, if possible. 

2) If r is assumed to be constant (= 1/2), then mean inclusive fitness effect 
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functions as an adaptive topography for selection. All stable equilibria are 
--"'<- -

local maxima of W. They are also local maxima of P if r > clb or minima if 

r> c/b. 

3) If r is allowed to vary with selection, then: 
--"'<-

- W is neither non-decreasing nor locally maximized. 

- stable equilibria are such that it is impossible to raise W by changing 

gene frequency alone. Therefore. if WA > WD at equilibrium, then 

the equilibrium is a local maximum (minimum) ofF if r > clb (r < 

c/b). There may be stable equilibria where WA = WD (i.e., where r = 

clb). 



77 

o u 

...eL. 

Figure 3a. Graph of the mean inclusive fitness effect, W(r,u), for the 
following parameters: c = 1, b = 2.1 (c/b = 0.4762), Pll = 0.5, P12 = 1.0, P22 
= 0 (u is the frequency of allele 1). See Figure 3b caption for discussion. 
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Figure 3b. Contour plot of the mean inclusive fitness effect, 
~ 

1. 

W (r,u), for the following parameters: c = 1, b = 2.1 (c/b = 0.4762), 

PII = 0.5, PI2 = 1.0, P22 = 0 (u is the frequency of allele 1). U occurs 
...r::L 

at 0.667. (3a) A representation of W as a surface. Note that in 
reality not all values of r are possible for a given u, so the surface is 
not defined over the entire (r,u)-space (see (3b». (3b) A contour plot 
of the surface in (3a). The gray regions delineate impossible 
combinations of r and u. The + and .- signs indicate peaks and 
troughs in the surface. The dotted line shows the evolutionary 
trajectory starting from r = 0.5, u = 0.01. Note that the trajectory 

~ 

climbs the W surface, and the equilibrium gene frequency is at U, the 

global maximum of? 
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Figure 4. Contour plot of the W surface for the following 
parameter values: Pn = 1.0, P12 = 0.41, P22 = 0.40. See Figure 3 
caption for further explanation. The dotted line shows the trajectory 

-r:o<... 

starting from r = 0.5, U = 0.01. Note that W decreases along the 
trajectory. 
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Three or more alleles 

Very few exact population-genetic models of kin selection with more than two 

alleles have been done (the exception is Uyenoyama et al. 1981), although several have 

used quanititative-genetic methods (Yokoyama and Felsenstein 1978, Aoki 1983). It is 

important to investigate multiple-allele models because, as we shall see, some of the central 

concepts of kin selection that have arisen from two-allele studies break down when there 

are three or more alleles. For example, the genotypic correlation among sibs is no longer 

sufficient. 

This section will deal only with an exact treatment of selection. It is simple to show 

that if the parents are assumed to be in Hardy-Weinberg proportions then the results for 

multiple alleles are identical to the "constant r" results for two alleles (Hamilton 1964, 

Harpending 1978, Charlesworth 1980, Michod 1982). Just as in the standard model of 

Chapter 1, and in constant selection models, no real complication is introduced with the 

addition of more alleles. 

Let there be 3 alleles, GhG2, and G3, and let the frequency of the ith allele be Uj. 

All the results of this section can readily be generalized to more than three alleles, but for 

simplicity, and to avoid the use of clumsy summation notation, it is convenient to restrict 

attention to only three alleles. As before, let Gi also stand for a random variable that takes 

on values 0, 1/2, or 1, depending on whether an individual has 0, 1, or 2 copies of allele i. 

The ~i equations are derived in the same way as in the two-allele case, giving 

W /)"Uj = - c cov(Gj, P) + b COV(Gi, P'). (3.7) 



81 

Introduce the following notation: 

Ri = cov(G;, P') 
COV(Gi, P)' 

r; = COV(Gi, GO 
Var(Gi) 

Capital R is used to indicate that the expression functions in a way analogous to a 

coefficient ofrelatedness, but may not have the same form. Small r has the form of a 

traditional coefficient of relatedness, and is the correlation between individual gene 

frequency of allele i of sibs. The Ri and r; need to be subscripted when there are more than 

two alleles to denote which allele they apply to. This is a new feature of multiple-allele 

models, and is the root cause of the collapse of genotypic correlation measures: each allele 

needs its own "relatedness," the values of which will generally not be the same. In the 

two-allele case, G = 1 - g, giving 

cov(G,G,) 
var(G) = 

cov(g,g') 
var(g) , 

so the relatednesses for the two alleles are the same. 

Substituting and rearranging in equation (3.7) above gives 

= Ui (1- Ui) (-c+hRi) a*p 
2W alii 

(provided COV(Gi, P) '# 0), 

(3.8) 
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in comparison to the two-allele version, equation (3.3). Here, 'iJ* fr)ui denotes the usual 

convention on differentiation in multiple-allele models, this being differentiation in the 

direction that maintains the other alleles in their respective ratios. This is to be compared to 

the ~Ui equation for constant selection: 

Ui (1 - Ui ) 'iJ*W 
= 2W dlii 

Another, simpler way to write the ~Ui equations is 

= 
Ui (Pi - P)(- c + bRj) 

W 
Ui ai (- c + bR i) 

(3.9) = 
W 

to be compared to the equivalent form for constant selection: 

= 
Ui (Wi - W) 

W 

In the two-allele case we went on to define behavioral inclusive fitness effects, WA 

and W D, so that W A - W D = - C + br. Here, since there is no common r for all alleles, the 

best that can be done is to define WA and WD separately for each allele: 

WA· .' = 1- c + bRi, 

WD· .' = 1, 

WA.i- WD.i = -c+bRi. 



What do the Rj look like? We have 

cov(Gj, P) d*P 
= var(Gj) dlii 

= Uj (Pj-P) 

= Uj aj. 

Cov(Gj, P') can be obtained by brute force from a table of interactions (the following 

derivation was checked this way), but it is much easier to get it in the same way as with 

two alleles, by decomposing P' into additive and dominance components: P' =A' +D'. 

This gives 

cov(Gj, P') = cov(Gj, A') + cov(Gj, D '). 

For the same reason as in the two-allele case, cov(Gj, D') = 0, so 

cov(Gj, P') = cov(Gj, A') 

= E(Gj A') - E(Gj) E(A '), 
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where EO stands for expectation over all individuals in all interactions. But E(A') = E(A) = 

o by defmition, so the second term drops out. To evaluate E(Gj A '), note that its only non

zero terms come from cases where a randomly drawn allele from an individual is allele i. It 

follows that 
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E(Gi A ') 
(prob. that a random 1( expected additive genetic value of sib, 1 

= l allele is i Jl given a random allele from you is i ) . 

The "expected additive genetic value of your sibs, given that a random allele from you is i" 

can be deduced from the following reasoning. Consider the parent that gave you the Gi 

allele that was sampled. Only this parent can give any infonnation about the expected 

additive genetic value of your sibs: as a result of random mating, the allele (and its additive 

genetic contribution) from the other parent is a random draw from the population. We can 

therefore rephrase the quantity of interest as "given that a parent has a copy of allele Gi, 

what is the expected genotypic value that she donates to her offspring?" For allele Gt. this 

is given by 

where In is the frequency of Gl Gt individuals among parents'/t2 is the frequency of 

Gt G2, and/t3 is the frequency of Gt G3. Substituting this back into the expression for 

E(Gi A ') gives the [mal result: 

Therefore, 

Rt = cov(Gt. P') 
cov(Gt, P) 

f It 2 (at + a2 ) III (at + a3 ) 
11 at + 2 2 + 2 2 

= 
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In contrast to 'i, which depends only on the identities of alleles from sibs, Rj clearly 

depends on the Pij values, as well as the frequencies of the other alleles. With two alleles, 

it was shown that R reduced to r, but with multiple alleles, Rj will generally not equal r;, 

and r; is immaterial. The structure of rj with mUltiple alleles is the same as for two alleles: 

cov(Gj, Gj') 
rj = var(Gj) 

heti 
uj(1 - Uj) - 4 

= uj(1 - Uj) 

where hetj is the frequency of heterozygotes of allele i among parents (called k in the two-

allele discussion). Under some special conditions, Rj does equal rj. For three alleles, the 

only possibilities can be shown to be as follows: 

(1) If the parents are in Hardy-Weinberg ratios, then Rj = rj = 112 for all 

alleles. 

(2) If the ai's are equal for two of the alleles, then Rj = n for the third. This is 

because the two other alleles behave the same, so there are effectively only 

two alleles. 

(3) If the heterozygotes of one of the alleles (among parents) are in proportion 

to their Hardy-Weinberg ratios, then Rj = rj for that allele. For example, if 

il'lii13 = UyU3, then Rl = ri. This is a weaker requirement than (1) above. 

It should be noted that not even if allelic effects are totally additive will Rj = n-

One consequence of the fact that r is a sufficient parameter in the two-allele case is 

that r can be thought of as applying to whole genotypes, rather than specific alleles. It is 



possible to defme the inclusive fitness of an individual, obtained from if A and W D as 

usual: 

Wij = Pij WA + (1-Pij)WD 

= 1 + Pij(- C + br). 
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This is a common approach in kin selection models, to first define the inclusive fitness of 

an individual and then show that you can derive the correct gene frequency change 

equations by using the equations of constant selection and substituting inclusive fitnesses 

wherever a true fitness is called for (Hamilton 1964, Harpending 1978, Charlesworth 

1980). This method works in the two-allele case because relatedness is independent of 

genotype: regardless of your genotype, you have the same ability to predict the genotypic 

constitution of your sibs. This is not true when there are more than two alleles, because 

each genotype may have a set of parents that is more or less out of Hardy-Weinberg 

proportions than other genotypes' parents. 

Is there an analog to genotypic inclusive fitness in the multiple-allele case? That is, 

is there an Rij that can be used in 

that gives the correct fluj equations when ~ij is treated like a standard constant individual 

fitness? This requires finding an Rij that satisfies the following set of equations: 
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It is clear from inspection of this set of equations that there is no single overall R that will 

work. One seemingly likely choice that does not work is Rij = (Ri + Rj)/2. I say this is a 

likely choice because it is analogous to the probability that a random allele drawn from an ij 

individual is identical by descent to one drawn from a sib, but with the correct Ri 

substituting for the per-allelic probabilities of identity by descent. 

What does work (and there may be others) is 

aiRj + ajR; 
Pij 

(3.11) 

This is the sum of the true allelic relatednesses, weighted by the additive contribution of 

each allele to the total propensity for altruism for that genotype. This post hoc construction 

of what turns out to be a rather unwieldy Rij only serves to demonstrate more clearly that 

"relatednesses", as they are used in exact models of kin selection, are best thought of as 

applying to alleles, not genotypes. 

As in the two-allele case, the ~Uj equations are not a complete description of 

selection: there are n(n + 1)/2 genotypes, so there are n(n - 1)/2 other equations needed, 

essentially the Mi equations (with 4 or more alleles, some of these remaining equations are 

even more complicated, representing higher-order covariances). This quickly becomes 

hopelessly complicated to analyze for equilibria and dynamics, so it is necessary to shift 

attention to the mean frequency of altruism, P, which may be all that we are interested in 

anyway. With two alleles, we saw that r > c/b was the condition for increase in the mean 

frequency of altruism when there is sufficient genetic variability, which is to say that this 

condition alone does not pick out the so-called overdominant equilibria, where the additive 

genetic variance for altruism is zero, yet r > c/b. Is there an overall R that controls & in 

the same way as r in the two-allele case? Consider the linearized version of &, obtained in 
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the usual way from &> = pt+l - pt by substituting Pi t+l = Pi t+ Ilpi and throwing out terms 

of order Ilpt. This gives 

&> "" 2~ AUi Pi. , 

Using Aui from equation (3.9) gives 

w &> "" 2~ Ui Pi (Pi - P)(- c + bRi) , 
"" 2~ Ui (Pi - P)2(_ C + bRi). , 

This last step follows from the fact that 0 = ~Aui = ~ Ui (Pi - P)(- c + bRi). Using CXi , , 
notation: 

w &> "" 2~ Ui CXi2 (- C + bRi) , 
"" 2[- C ~Ui CXi2 + b ~ Ui CXi2Ri] • 

Therefore, the condition for &> > 0 is 

c 
b < (provided l:ui CXi2 > 0). , (3.12) 

Thus the term on the right functions as an "overall" R, controlling the evolution of the mean 

phenotype. Examining this expression closely reveals that it has a simple, even 

predictable, form. The denominator is recognizable as one-half the additive genetic 

variance, and the numerator, although it is not obvious from looking at it, is one-half the 
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additive genetic covariance among sibs (i.e., it is half of the covariance of additive genetic 

values of sibs). Therefore R is the additive genetic correlation among sibs. This result was 

also obtained by Uyenoyama et al. (1981), using a different method, although they only 

showed its relevance to equilibrium conditions. The additive genetic correlation also 

appears in the R > c/b result of Yokoyama and Felsenstein (1978) in their quantitative

genetic model. The derivation above has the advantage of applying to any number of 

alleles with any distribution of allelic effects. 

It is clear from the 8Uj equations (3.9) that there are two potential types of 

equilibria, analogous to the two types in the two-allele case. The fIrst type has Cli = 0 for 

all i. This is just the multiple-allele version of the "overdominant equilibrium", which 

occurs at interior local minima and maxima ofP. At such points the additive genetic 

variance is 0, so the division through by this quantity to yield the R > c/b condition for the 

increase in frequency of altruism (to get ineqUality [3.12]) is not allowed. This is why this 

condition fails to account for the possibility of such equilibria. Uyenoyarna et al. (1981) 

refer to such equilibria as "viability-analogous" because the gene frequencies are the same 

as they would be if the Pij values were viabilities in a constant selection model. This is just 

another way of saying that they are the interior local extrema of P. The other class of 

equilibria has Ri = c/b for all i. This also implies that R = c/b. This class of equilibria has 

been called "structural" by Uyenoyama et al. (1981) to indicate that they depend on the 

parameters of the model. 

It must be emphasized that either of these two conditions are necessary, but by no 

means suffIcient, for total equilibrium. On this point, the analysis by Uyenoyama et al. is 

potentially misleading. They say that R = c/b "describes" structural equilibria, but do not 

make clear that this is far from a sufficient condition for equilibrium. This condition merely 

assures that the mean frequency of altruism will not increase in one generation. A slightly 
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more informative condition for structural equilibrium was shown above to be Rj = c/b, for 

all i. This condition assures that no gene frequencies will change in one generation, but as 

in the two-allele case, even this is not enough - the Mj must be 0 as well. Uyenoyama et 

al. (1981) claim that structural equilibria do exist in this model, but this does not follow 

from their analysis, nor from mine. Without an analysis of all (n-l)(n +2)/2 dynamical 

equations, it is not possible to say that such equilibria can exist at all, for any set of Pij 

values. I have found 3-allele and 4-allele structural equilibria in simulations, however. 

To test the evolutionary importance of the r = c/b eqUilibrium in the two-allele case, 

I performed a series of simulations to see how often it was achieved for randomly

generated Pij values (Table 1), discussed earlier. Unfortunately, this type of simulation 

takes an impractical amount of computer time when there are more than three or four 

alleles. An alternative approach is suggested by the fact that regardless of the number of 

alleles, R must deviate from 1/2 as greatly as c/b to even admit the possibility of a structural 

equilibrium. With two alleles, it was shown earlier that r remains in the range of about 

0.45 to 0.55, so only c/b ratios in this range can show eqUilibria. It may be that with a 

larger number of alleles, the constraints on R are even greater, narrowing the range of c and 

b values that will accommodate structural equilibria. 

To test this possibility, I performed a series of simulations that measured the 

average and maximum deviations of R from 1/2 for 2, 3, 4, 5, and 6 alleles at a locus. The 

Pij values were chosen randomly for each simulation, with c and b equal to 1 and 2.1, 

respectively. For each number of alleles, 1000 simulations were run, starting with all 

alleles in equal frequency and all parents in Hardy-Weinberg proportions (R = Rj = 0.5). 

Every 20 generations R was calculated and its (unsigned) deviation from 1/2 was recorded. 

At the end of each simulation the mean (unsigned) deviation as well as the single maximum 

deviation were calculated. A simulation was terminated when one of three things occurred: 
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(a) any allele frequency fell below 0.01; (b) the additive genetic variance fell below 

0.00001; (c) 5000 generations elapsed. The justification for (a) is that I am only interested 

in R values achieved when the originally specified number of alleles are present. Mter an 

allele is lost, the results belong to the n - 1 allele case. The justification for (b) is that if the 

additive genetic variance is extremely small, then the population is probably very near, and 

very slowly approaching, a viability-analogous equilibrium and R is likely approaching its 

equilibrium value; further sampling of R will probably not yield any significant changes. 

Three kinds of results were calculated for each number of alleles: the mean deviation per 

simulation; the mean, over all 1000 simulations, of the maximum deviation achieved per 

simulation; and the overall single largest deviation achieved. 

The results are shown it Table 2. There is a clear trend in each category toward 

decreasing deviations of R from 1/2 as the number of alleles increases. This same pattern 

appeared in a smaller set of simulations with c = 1 and b = 2.25. Probably the most 

relevant result is the mean maximum deviation. For three or more alleles, Table 2 shows 

that this "expected maximum deviation in a single simulation" is not large enough to reach 

to the actual c/b ratio of 0.4762. These results do not say anything about the actual 

proportion of times an r = c/b equilibrium will exist or how often it will be stable, but but 

they do show that the greater the number of alleles, the smaller the changes in R, so there is 

a smaller chance that any given set of Pij values will even have a chance of producing such 

an equilibrium. 



92 

Table 2 

Multiple allele simulation results: deviations of r from 0.5. 

3 alleles 3 alleles 4 alleles 5 alleles 6 alleles 
mean 

deviation 0.0187 0.0111 0.0090 0.0083 0.0080 

mean 
maximum 0.0227 0.0185 0.0157 0.0138 0.0120 
deviation 

overall 
maximum 0.0923 0.0721 0.0571 0.0530 0.0357 
deviation 

See text for discussion 

Summary of the relation between kin selection and the standard model 

In the frequency-dependent selection models that are the subject of this dissertation, 

the fitness of an individual is affected not only by its own behavior, but also by that of the 

individuals it encounters. If interactions are at random, as assumed in Chapter 1, then 

everyone experiences the same background of partners, so it is possible to construct 

behavioral fitness functions that assign all fitness effects back to the actor and its choice of 

strategy: Wx is the actual fitness consequence you will receive if you play behavior X. It 

is frequency-dependent, but it applies to every performance of X, regardless of the 

individual. The ability to define and use behavioral fitness functions in this way is at the 
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heart of the simple results, generalizable to a variety of genetic systems, that were obtained 

in Chapter 1. In kin selection, different genotypes receive altruism back from their sibs 

more often than others, so there is no overall fitness consequence that can be assigned to 

each performance of altruism. Kin selection therefore satisfies the definition of a "non

degenerating game" (Thomas 1984), and the traditional behavioral fitnesses cannot be 

used. 

Turning to the two-allele case, we saw that there is a substitute for the true 

behavioral fitness functions that plays a similar role in the description of selection: the 

behavioral inclusive fitness functions (equations [3.4]). This works because there is a 

consistent effect that can be assigned to every perfonnance of altruism, although it is not 

the actual fitness received. The use of the relatedness, r, in this effect is the device that 

allows us to treat all acts of altruism as if they had equal consequences. 

The analogy to the standard model is not complete, however, because now there are 

two variables, u and r. We still have the simple result that the frequency of the behavior 

with the highest inclusive fitness effect increases (if possible), but the WA = WD (r = c/b) 

equilibria are of a totally different character than the Wx = Wy (ESS) equilibria of the 

standard model. In standard game theory, Wx and Wy respond to changes in P as 

determined by the payoff matrix, which predicts the P location of ESS equilibria. In kin 

selection, WA and WD have nothing to do with P, and instead respond only to changes in r, 

the dynamics of which are a complicated result of the genetics. 

The assumption of two alleles is necessary for the validity of the behavioral 

inclusive fitness analysis. With two alleles, only one r value is necessary to describe the 

relatedness structure of the population. When there are more than two alleles, it becomes 

clear that relatednesses are allele-specific, and there is no single R value that can be used to 

construct a WA and WD that will apply to every act of altruism. This mirrors the fact that 



94 

there is no single parameter that can completely describe the deviation of the parents from 

Hardy-Weinberg proportions. When I say that there is no overall R, I mean that there is 

none that is sufficient to generate the gene frequency change equations. If we are interested 

only in changes in the mean frequency of altruism, the additive genetic correlation among 

sibs is the appropriate R. Using this R in the definition of WA and WD, we have the same 

result as with two alleles: the frequency of the behavior with the highest inclusive fitness 

effect at the moment will increase (unless the population is at a local extremum of P). 
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BEHAVIORAL SmUCTURE 

The concept of "behavioral structure" has been proposed by Michod and Sanderson 

(1985) (hereafter referred to as MS) as a unifying principle in diverse models for the 

evolution of cooperative, or altruistic, behavior. They point out that it is not necessary to 

have genetic population structure, in the sense that genotypes interact nonrandomly, for 

cooperative behavior to evolve; rather, it is only necessary to have an association between 

the behaviors themselves. They propose to replace the requirement for genetic structure 

with a more general one of behavioral structure, meaning that individual behaviors are 

encountered in frequencies different from their overall frequencies in the population. 

Behavioral structure will be defined more rigorously below, but the essential idea is that for 

cooperative behavior to evolve, the altruistic benefits of cooperation must be rebounded to 

the cooperators themselves, so that acts of cooperation more often than average receive 

cooperation in return (i.e., UCIC> uc). 

The basic phenotypic model is assumed to be the standard Prisoner's Dilemma 

game, with additive payoffs (see Figure 2). This payoff matrix was used in Chapter 2, and 

in Chapter 3 in the section on kin selection. The two elementary behaviors will be referred 

to as Cooperate (C) and Defect (D), with the payoffs expressed in terms of the additive 

effects c and b, identical to the payoff matrix in the kin selection section. To conform to the 

notation used by MS, I use C and D as the names of the two behaviors, rather than A and D 

from kin selection. Let Ujlj be the probability that your partner plays behavior i, given that 

you play behavior j, and let Uj stand for the population frequency of behavior i. Here, i 

andj stand for C or D. Again, I deviate from my former notation to maintain consistency 

with MS: previously, U was used for gene frequency. MS define behavioral structure as 



In particular, they are concerned with UCIC and the extent from which it differs from UC. 

MS consider simple models for kin selection, group selection, assortment of 

encounters, and reciprocation, and show that the condition for increase of cooperative 

behavior can be expressed in every case as 
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c 
k UCIC > b (3.13) 

K is defmed operationally as whatever expression is required to make this condition hold, 

but MS show that it always admits an interpretation as the "directed component" of the 

behavioral structure. That is, it turns out to be the fraction of UCIC that is due to the 

proximate mechanisms under study, such as kin structure, group structure, assortment, or 

reciprocation. They propose that this common framework can be profitably used to unite a 

variety of models for the evolution of cooperation. 

Condition (3.13) is expressed entirely in terms of relations among the elementary 

behaviors themselves. However, we expect (and we have already seen in the case of kin 

selection) that the models to which this condition is applied will have a "non-degenerating" 

structure (Thomas 1984), given that they all incorporate nonrandom interactions between 

behaviors. To review, a phenotypic model is non-degenerating when the following 

relationship between the fitness of an individual strategy and the behavioral fitness 

functions does not hold: 

fitness of strategy p = p Wx + (1 - p)Wy. (3.14) 
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This is just a restatement of equation (1.5), which was the fundamental requirement for the 

analysis of Chapter 1. If this equality does not hold, then the phenotypic model does not 

"degenerate" to an analysis based only on the behavioral fitness functions. As discussed 

earlier, what happens in non-degenerating phenotypic models is that the fitness 

consequences of playing behavior X may be different for different individuals. 

Consequently, Wx is an average over all types of individuals that does not necessarily 

specify the actual fitness effects experienced by anyone of them. Because models for the 

evolution of cooperative behavior will generally be non-degenerating, we would not expect 

a condition that is based entirely on the elementary behaviors to be generally applicable. 

In what follows, I show that behavioral structure is flawed as a general principle in 

the evolution of cooperative behavior, precisely because such models are non-degenerating, 

and therefore not generally amenable to an analysis at the level of the elementary behaviors 

themselves. The examples MS give, with the exception of reciprocation, work only 

because of the extremely simple genetic assumptions (i.e., haploidy). The principle is valid 

for their example of reciprocation only because of their particular choice of behavioral rules 

(tit-for-tat vs. always defect). 

My method of analysis will be similar to that used in the kin selection section, so I 

introduce similar notation. Let C be a random variable that takes on the value 0 or 1, 

depending on whether an individual defects or cooperates, respectively, in a given 

interaction. It is convenient to use the same name for the behavior "cooperate" and this 

random variable. C' stands for the value of this variable in an individual's partner (C and 

C'are equivalent to my earlier use of P and P'). The behavioral fitness functions We and 

WD can be derived from the payoff matrix as follows (MS' equation [AI], but note the 

correction of their typographical error): 



W C = UcIC (1 + b - c) + UDIC (1- c) 

WD = UcID (1 + b) + UDID (1) . 

Simplification of the above expressions gives 

W C = 1 - c + b UcIC 

W D = 1 + b uCID • 

Now, solve for the condition W C > W D: 

We > WD 

l-c+bUclc > 1 +buCiD 
C 

UCIC - UCID > b . 

Conditional probabilities are mathematically related to covariances, and it will be 

helpful to switch back and forth, to illuminate parallels between the models under 

consideration here and the earlier treatment of kin selection. The following relationships 

follow from the definition of cov(C, C'): 

cov(C, C') 
UCIC = uc+ UC 

cov(C, C') > 0 <=> UCIC > Uc . 
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The second relation shows that cov(C, C') is an equivalent measure of behavioral structure: 

its sign tells whether UCIC is greater or less than UC. Using these relations along with 
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var(C) = UC(l- UC) and UDUcID = UcUDIC, it is a simple matter to show the equivalence of 

the following three conditions: 

Wc > WD 
c (3.1Sa) UCIC - Uclf) >-b 

cov{C, C') c (3.1Sb) var(C) > fj. 

These conditions point out that the conditional probability 'distribution of interactions, or 

equivalently the covariance structure of interactions, tells us about the average fitnesses of 

the behaviors. 

Kin selection, group selection, and assortment of encounters 

For the moment, I restrict attention to three of MS' four models, which share a 

common structure. The fourth, reciprocation, is somewhat different so I defer discussion 

of it until later. In the cases of kin selection, assortment, and group selection, it can be 

shown that MS' k values, which they constructed separately for each case, actually have 

the same mathematical form: 

so that 

k = UCIC - uCID 

UCIC 

k UCIC = UCIC - Uclf) , 

(3.16) 



which is just inequality (3.15a). Therefore, their kUCle > c/b condition is just a way of 

expressing, using conditional probability notation, that We > W D. 
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But when is We > WD relevant to the increase of uc? In the standard model of 

Chapter 1 it was. However, that model required that there be random encounters between 

individuals. Therefore every individual experiences the same background of opponents' 

strategies, so every perfonnance of C accrues the same fitness consequences regardless of 

the individual. This is what allows the fitness of an individual to be derived from the 

behavioral fitness functions (equation [1.5] and also [3.14 D. We have already seen, earlier 

in this Chapter, that with diploid kin selection WA > WD is not relevant to increases in 

altruism (although WA > WD is). The reason is that, due to the nonrandom nature of 

interactions, some altruists are more likely to receive altruism back from their partners than 

others. WA is an average over all individuals, and cannot necessarily be used to detennine 

the fitness of any particular individual. 

It is immediately obvious, though, that there is one type of genetic system for 

which We> W D is relevant to changes in uc: a system where the behaviors themselves are 

the replicating entities. An example of such a genetic system is haploidy with two alleles, 

each allele producing individuals that always C or always D, respectively. This is precisely 

the genetic system used by MS in the three models under consideration. When the 

phenotypes themselves are effectively the the replicating entities, concerns about 

nonrandom encounters are irrelevant. By definition, We > W D is the condition for increase 

in uc. In fact, it is possible to immediately generalize the conclusions of MS to any scheme 

of interactions with the haploid genetic system described above, as long as there is an 

additive Prisoner's Dilemma payoff matrix. 

However, since the scenarios discussed by MS incorporate nonrandom 

interactions, we know that in general We and WD will not be relevant to changes in the 



101 

frequency of cooperation. More complex genetic systems, for example diploidy, will 

invalidate any conclusions based on behavioral structure. Such models will require an 

analysis that is explicitly genetic. This has already been seen in the jump to diploid kin 

selection. There may well be complicated models that reduce to W C > W D, but they will be 

special cases; there can be no general rule based entirely on overall behavioral fitnesses. 

Reciprocation 

The fourth model discussed by MS is the model for the evolution of cooperation by 

reciprocal altruism first presented by Brown et al. (1982). This model was the subject of 

Chapter 2, so I will not go into much detail here. The basic phenotypic model is of random 

interactions between individuals. each of whom plays an overall strategy (or "behavioral 

rule"), that includes the ability to recognize opponents and remember their past behavior. 

Each interaction consists of a single play of the C-D game. Brown et a1. assume a contest 

between two behavioral rules: a "social" one, represented by tit-for-tat (TFf), and a "non-

social" one, represented by always defect (all-D). They solved for the condition Ws> 

WNS, and for the case of an additive payoff matrix, they found that it takes the form 

. c 
expresslon > b 

For our purposes it is not relevant what this expression is, but MS show that it can be 

rewritten in the form 

C 
kUClc > b ' 
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such that k can be interpreted as the fraction of UCIC that is specifically due to reciprocation 

(hence it is the "directed component" of UCId. 

In Chapter 2, this contest was used as an example of the application of the standard 

model developed in Chapter 1. As was emphasized in Chapter, it fits into the standard 

model where the two behaviors are TFI' and all-D, not at the level oiC vs. D. This is 

because individuals (Le., 1FT strategists and all-D strategists) are assumed to interact at 

random. C and D encounters, however, will not occur at random (UCIC "# UC). At the level 

of C vs. D, it is a classic case of a non-degenerating game: when all-D strategists defect, 

they sometimes receive cooperation from their partner (when interacting with a 1FT 

strategist for the first time), whereas when 1FT strategists defect, they always receive 

defection from their partner (they only defect toward all-D strategists). Given that the 

contest is non-degenerating, we would not expect that W C and W D would generally be 

relevant for deriving Ws and WNS. Why does this model seem to fit so naturally into the 

behavioral structure framework? 

To answer this question, it is helpful to use the same covariance approach to 

selection as in the kin selection analysis. Let S be a random variable that takes on values 0 

or 1 depending on whether an individual is an all-D strategist or a 1FT strategist. As 

throughout this study, expectations and covariances of random variables are taken over all 

individuals in all interactions. By using S, it becomes possible to use Price's (1970) 

equation and a covariance formulation to express the condition that Ws > WNS. The 

development is exactly like that with G in kin selection (equation [3.1]). We have 

cov(S, W) = cov(S, 1 - c C + b C') 

= - c cov(S, C) + b cov(S, C1 . 



So for cov(S, W) > 0 (Ws > WNS), the condition is 

cov(S, C~) c 
cov(S, C) > b 
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(if cov(S, C) > 0). (3.17) 

This is not an explicitly genetic condition like inequality (3.2b), but merely expresses that 

S-using (TFf) strategists have a higher fitness than non S-using (all-D) strategists. The 

point of this derivation is that in any situation where payoffs correspond to an additive 

Prisoner's Dilemma game, the condition for one of two types, say type X (be they 

individuals, strategies, genes, or whatever), to have higher fitness than the other can be 

written as 

cov(X, C~) C 
-c'"-ov->:(=Xf-, ~C,-f-) > b 

This comes directly from the payoff matrix. Therefore, any model whatsoever can be put 

into a 

framework, simply by defming 

C 
kUClc> b 

1 cov(X, C~) 
k - UCIC cov(X, C) (3.18) 

The question, then, in the case ofTFf vs. all-D, is not 'Why can a relation based on UCIC 

be used to predict Ws > WNS?', but 'Why does k have such a natural interpretation (Le., as 



the fraction of UCIC that is due specifically to reciprocation), apparently identical to its 

interpretation in the three models above, where Wc > WD is relevant?' 
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The answer to this question, as I now show, is twofold. First, the k for the present 

model is of a different mathematical fonn than the k for the three models above (kin 

selection, group selection, and assortment). Therefore the analogy between reciprocation 

and the other three models is only conceptual, not mathematically rigorous. Second, the 

contest between 1Ff and all-D is a special case; it is easy to come up with pairs of 

behavioral rules that cannot be profitably analyzed using the concept of behavioral 

structure. 

MS defmed their k operationally, and separately for each case, and then showed 

that it could be interpreted in the same way for each model. Above, I stated that for the first 

three models, k actually has an identical mathematical fonn, given by equation (3.16). For 

the reciprocation model, k has the fonn of (3.18), which does not give the same value as 

(3.16) when the required covariances and conditional probabilities are calculated. 

Specifically, k calculated according to (3.16) gives 

k = a-,Bfl+ ,B 1. 
a l S(a-,8)+aJ 

whereas k calculated according to (3.18), the correct value, gives 

k = a-,B 
a 

which of course is MS' result. Here, S is the popUlation frequency of 1Ff strategists (MS 

use r for this quantity), and a and ,B have the same meanings as in Chapter 2. 
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To see why a contest between two arbitrary behavioral rules would not be expected 

to fit neatly into a kUClc framework, recall the verbal expression of the motivation behind 

the behavioral structure argument, which is that for cooperation to increase it must be that 

cooperative acts more often than average receive cooperation in return from their partner 

(UCIC > UC). But there is a flaw in this argument - it is not individual cooperative acts, but 

rather the strategies that are responsible for cooperation, that must receive cooperation from 

their partners. This is acknowledged implicitly by Brown et al. and MS when they solve 

Ws> WNS rather than Wc> WD. The covariance fonn of Ws > WNS (inequality [3.17], in 

comparison to the covariance form of Wc > WD, ineqUality [3.15bD, demonstrates this 

clearly. The numerator is the benefit to R strategists from cooperation by partners, over 

and above the population average, and the denominator is the cost to R strategists from 

their own cooperation, over and above the population average. 

An example will help to demonstrate the irrelevance of UCIC in general. Consider 

the contest between the following two behavioral rules, which is quite similar to the TFf 

vs. all-D contest, and very biologically reasonable. One rule is all-D; the other (call it R) is 

identical to TFf when interacting with unrecognized partners or recognized all-D strategists 

(who defected on the first encounter), but when interacting with a recognized R strategist, 

instead of always cooperating, go into a pattern of alternating cooperation and defection on 

successive interactions, such that first you cooperate while your partner defects, and then 

you defect while your partner cooperates. Such a strategy is actually better than TFf when 

the payoff matrix has WCD + Woe > 2wcc (this relation cannot be satisfied when the payoff 

matrix is an additive Prisoner's Dilemma, but this is not important to my use of the 

example). In this contest, the only C-C interactions are the first, unrecognized encounters 

between R strategists, although the frequency of C may be quite high. In fact, as the 

proportion of interactions where one's partner is recognized is made to increase, UCIC goes 
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to 0, while at the same time the conditions for the increase of cooperation become more 

favorable. The strategists who are doing the cooperating are receiving the benefits of 

returned cooperation from their partners, just not at the same time that they themselves are 

cooperating. 

The special feature of TFf vs. all-D that makes behavioral structure relevant is that 

all C-C interactions are TFf -TFf interactions, and vice-versa. Therefore, UCIC, which 

measures how often C encounters C, is also a measure of how often 1FT encounters C. 

TFf strategists cooperate indiscriminately with unrecognized partners; it is only in 

encounters with recognized partners that the benefits of cooperation are differentially 

bestowed on other 1FT strategists. MS' "directed component" of UCIC, k, which they 

show to be the proportion of encounters that are with recognized partners, is therefore also 

a measure of the extent that cooperation is differentially bestowed on TFf strategists. 



CHAPIER 4 

EXTENSION OF THE BASIC MODEL: AN APPLICATION TO 

SEX ALLOCATION EVOLUTION 
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The results and discussion in Chapter 1 do not apply to sex allocation models. As 

mentioned there, simple sex allocation models fit the basic two-strategy phenotypic 

framework under consideration, but the specific genetic results presented do not apply due 

to the violation of a fundamental assumption: mating is not random with respect to strategy. 

It is the purpose of this Chapter to show formally how sex allocation evolution can be 

placed in the same two-strategy phenotypic framework that is treated generally in Chapter 

1, and to derive some specific genetic results for a haploid one-locus genetic system. My 

analysis will re-derive several familiar equations from previous studies of sex allocation 

theory, which were arrived at using different reasoning. Finally, using a result from the 

Appendix, I will prove the following theorem about sex allocation evolution, which to my 

knowledge has never been expressly stated: When an individual's sex allocation is 

determined by a haploid genetic system of two alleles at one locus, and if a population

average sexual allocation (to male function) of 1/2 is genetically attainable, then this value 

will be achieved, and furthermore the approach to equilibrium will be monotonic. 

The basic sex allocation problem is to determine the optimum proportion of an 

individual's total reproductive effort to devote to male vs. female function. Alternatively, it 

may be a choice of the optimum sex ratio among an individual's offspring. The problem 

has been phrased as if the organisms are hermaphroditic (or monoecious) and able to 
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control relative allocation to the two sexual functions; if the organisms have separate sexes, 

then the problem reduces to one of "sex ratio". 

It will be important to distinguish among "allocation", "output", and "success". 

The term "allocation" will refer to the amount of some basic resource, say energy, that is 

devoted to a particular function. Throughout, I will assume that an individual's total 

reproductive allocation is constant, regardless of how it is partitioned between male and 

female function. "Output" will denote the actual amount of male or female function that is 

achieved by an individual (measured, perhaps, by the number of male and female gametes 

produced, or, if individuals control the sex ratio of their offspring, by the number of male 

and female offspring). If male and female function are not equally costly, then total output 

may vary depending on one's relative allocation to the two sexes. "Success" gives the 

realized fitness consequences of a strategy, measured in the next generation, or in the 

grandchild generation if individuals control their offspring sex ratio. 

Consider the following two behaviors: "allocate to male function" (alternatively, "be 

a male") and "allocate to female function." An individual strategy, denoted by the letter m 

(rather than p, as previously), expresses the proportion of an individual's total reproductive 

output that is devoted to male function. For the moment, I make the assumption that male 

and female function are equally costly, so the total amount of reproductive output is 

independent of m. Later, this assumption will be relaxed, allowing for an uneven tradeoff 

between male and female function. We want to derive functions WM(M) and WF(M) , 

analogous to Wx(P) and Wy(P), which give the "fitness" of a male and female, 

respectively, in a population with average sex ratio M. Here, fitness will be measured as 

relative reproductive success, rather than viability, but the distinction is unimportant. 

The fundamental property of sex allocation evolution, which has been the basis for 

every theory of sex allocation and sex ratio since Fisher's, is that the two classes "male 
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function" and "female function" each get exactly one half of the total reproductive success. 

This fact leads quite simply to the well-known prediction of an eqUilibrium sex ratio of 1/2. 

It also means that when computing the relative reproductive success of a member of one 

sex, say a male, we need only consider the number of males, with no regard to the number 

of females. Of course, the actual number of offspring fathered by anyone male will 

depend on the number of females, but the relative efficiency of a male in transmitting genes 

to the next generation, the quantity that is relevant in gene frequency change equations, is 

independent of the amount of female function. Therefore we have 

proportion of total reproductive proportion of total reproductive 
success that is achieved by 
male function 

= success that is achieved by = 

Breaking down these two proportions gives: 

female function 

1 
= 2-

Thus we have the following for the functions W M and W F: 

1 1 WF = ----
2(1 - M) 

- -' 2M 

Note also that 

W = MW M + (1 - M)W F = 1 

1 

2 

(4.1) 
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as expected, since we have measured male and female reproductive success as proportions 

of the total. This is an arbitrary choice; it would be possible to scale fitnesses so that W 

takes on any value. In treatments of sex allocation W is often scaled to be equal to 2, 

taking on an intuitive meaning of the average number of offspring produced by an 

individual. In this treatment, I set it equal to 1, giving the average number of offspring, 

weighted by their relatedness. In general, the fitness functions are specified only up to a 

multiplicative constant This is obvious because in the gene frequency change equation 

they will be divided by W, which will cancel out any constant factor. 

Figure 5 shows the graph of these two functions. They measure the relative 

success of a unit of male vs. female function in propagating genes into the next generation. 

Of course, they indicate an ESS population sex ratio of 1/2. 

I now make the assumption that individual fitness is obtained as an additive 

combination of fitnesses obtained through male and female function. Of course this 

assumption holds trivially whenever organisms are exclusively male or female, and it is 

commonly, if tacitly, invoked in sex allocation theory (e.g., Charnov 1982). Thus, 

individual fitness is given by the equivalent of equation (1.5): 

fitness of strategy m = m WM + (l-m )WF. 

Substituting the formulas for WM and WF gives 

fitness of strategy m = 
m 

2M 
+ 

I-m 

2(1- M) 
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which is the familiar Shaw-Mohler formula for sex ratio evolution (Shaw and Mohler 

1953, Charnov 1982). The condition for an individual to have higher-than-average fitness 

is simply 

m + 
2M 

1 - m 

2(1- !Vi) 
> w - 1 (4.2) 

Writing m as M + fun and! for 1 - m , and substituting in the above inequality, gives the 

following as the condition for higher fitness of a mutant individual: 

fun + ~ > 0, 
M F 

which is another common form in which sex allocation evolution is expressed (Charnov 

1982, Taylor 1985). 

So far, I have shown how a sex allocation model can be placed into a two-strategy 

phenotypic framework, and have used this method to derive some classical results. The 

next step is to consider the possible constraints imposed by a genetic system. However, as 

noted previously, we cannot use the diploid genetic results developed in Chapter 1. The 

added complication with diploidy is obviously that the genotypes are not in Hardy

Weinberg proportions at the start of each generation. Karlin and Lessard (1986) give the 

most detailed analysis yet of diploid sex allocation evolution. Unfortunately, due to the 

greatly increased complexity imposed by the non-random mating, their results do not 

approach the completeness of Lessard's (1984) global analysis of the general two-strategy 

case. One result can be shown simply, however: the Shaw-Mohler equation (4.2) gives the 

initial increase condition for new alleles, letting m denote the marginal sex allocation 
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induced by the new mutant when rare (Charnov 1982, Karlin and Lessard 1986). 

Therefore, it seems that the best we can do in the diploid case is an initial increase 

condition: new alleles succeed if and only if they act initially to move the population closer 

to the ESS (1/2, in this case). This is not the only parallel between Karlin and Lessard's 

results on sex ratio evolution and the results presented in this dissenation on general two

strategy evolution. They also find a class of stable one-locus equilibria that are as close as 

possible to the ESS sex ratio of 1/2. They call such equilibria, if they exist, "viability

analogous Hardy-Weinberg" (VAHW) equilibria. The name reflects that at equilibrium the 

genotypes are present in Hardy-Weinberg proportions, and their frequencies are the same 

as those determined by a two-sex viability-selection model with the m values treated as if 

they were male fitnesses (female fitnesses are given by 1 - m), rather than sex ratios. 

If the genetic system is haploid, one locus, however, the complications from 

nonrandom mating do not arise. In effect, individuals clone themselves, the relative 

success of which depending on their choice of sex allocation and the population average. 

Therefore, under a haploid genetic system, sex allocation evolution fits precisely into the 

genetic framework developed in Chapter 1 for viability evolution. I did not discuss haploid 

genetic systems in any detail, but the results of Eshel (1982) and Lessard (1984) apply 

fully. I will focus on the case where an individual's genotype determines their own sex 

allocation, rather than their offspring's. This bypasses complications arising if both 

parents' genotypes jointly control the offspring sex ratio. If the mother alone exens 

control, then the gene frequency change equations below hold, except a factor of 1/2 must 

be added because selection occurs only in females and therefore is half as strong. 

Letting Xi be the frequency of allele i, the classical haploid gene frequency change 

equation is: 



xi' Wi = x·, -
W 

Substituting the sex allocation fitness functions gives 
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Using the method outlined in the Appendix, we now want to detennine whether the 

haploid ESS equilibrium M = 1/2 is stable and whether the approach to equilibrium is 

monotonic or oscillating. To do this, we must detennine the tangent lines to the W M and 

W F functions at M = 1/2 and see whether these lines go below zero. The derivatives of 
..A 

W M and W F evaluated at M = 1/2, which will be called mM and mF following the notation 

of the Appendix, are simply mM =-2 and mF = 2. Therefore, the tangent lines to the WM 

and W F functions just reach the zero fitness point as their respective sexes reach fixation 

(Figure 5). By the result of the Appendix, we can conclude that in a haploid two-allele 

genetic system, this equilibrium is stable and the approach to eqUilibrium is monotonic . 
..A 

The M = 1/2 ESS is stable if it exists, but under what conditions will it exist? The 

answer to this question is simple, because with a one-locus haploid system, the M(x) 

function is a hyperplane (Le., it has no curvature, contrasting with the diploid case). From 

local adaptivity (EsheI1982), we know that the population is always moving along the 
_ ..A 

M(x) surface towards M = 1/2; from the stability of the ESS, proved above (although only 

for two alleles; Lessard [1984] proves the n-allele case), we know that the ESS is reached 

if it can be approached; and from the fact that M(x) has no curvature, we know that the 

population cannot be trapped in a dead end away from the ESS if it is genetically attainable. 

All this together implies that the ESS will be attained if it lies in the genetically possible 
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range, which is the M interval spanned by the (one-allele) genotypes. In other words, if 

the ESS is not achieved, then it must be outside the range of all genotypes, and the 

population will become fixed for the genotype that is closest to the ESS, or possibly a set 

of genotypes all specifying the same strategy. 

The results so far have assumed that male and female function are equally costly, so 

that an individual's total reproductive output is independent of m. It may be more realistic, 

however, to allow that male and female function have different costs (Fisher 1930), so that 

a unit of sexual allocation to male function may produce more or less output (measured as 

gametes, perhaps) than the same unit allocated to female function. I now generalize the 

results to allow for this possibility. 

Assume that there is a linear tradeoff between male and female function, i.e., female 

function costs C times as much as male function: 

total reproductive = k = allocation to male + allocation to female (4.3a) 
allocation function function 

k = male output· cost per unit + female output· cost per unit (4.3 b) 

K = male output + C· female output (4.3c) 

In this model, an individual strategy, m, will denote the proportion of an individual's total 

reproductive output that is male function. It will not denote the proportion of resources 

allocated to male function. For example, if we are describing an organism that controls the 

sex ratio of its offspring (which is probably the easiest case to understand), m would give 

the sex ratio of the offspring, which reflects both the relative allocation to sons and 

daughters and the costs of each. 

Note that an individual's total output is no longer constant: 



total reproductive output = m + C(l - m) 
K 

The following two quantities, both of which follow directly from the tradeoff equation 

(4.3c) above, will be useful: 

average male output = 

average female output = 

MK 

M + C(1 - M) 
(1 - M)K 

M+C(l-M) 

The earlier calculation of the behavioral fitness functions W M and W F was a 
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somewhat "quick and dirty" method that glossed over the assumption that all individuals 

have the same total reproductive output. As we have seen, this is not true for C '# 1, so for 

example doubling m does not double male output. We want W M to be a measure of the 

fitness of an individual that allocates entirely to male function. This is determined by such 

an individual's contribution to the total pool of male reproductive success, weighted by 1/2, 

which is the proportion of total reproductive success that goes to males. Rather than use 

the absolute contribution, it will be convenient to use the contribution relative to the average 

individual. All of the results are unaffected by this substitution, because as noted 

previously, the fitness functions are specified at most up to a multiplicative constant, which 

in this case is simply the population size. Therefore we have 

male output of an 
individual that allocates 

= ! entirely to male function = 
2 average individual 

male output 

K 

2( MK ) 
M + C(1 - M) 

= 
M+C(1-M) 

2M 
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Similarly, 

WF 
M+C(1-M) 

= 
2C(1 - M) 

Note that W is now no longer constant: 

W = 

These functions reduce to the ones given earlier in the case of C = 1. The ESS equilibrium, 
~ 

determined by the crossing point of W M and W F , is now M = C/(l + C), the familiar 

result for sex ratio with unequal cost of males and females, which has been derived many 

times in several different ways (Kolman 1960, MacArthur 1965, Leigh 1970, Charnov 

1982). This ESS sex ratio is the point where there is equal allocation to the two sexual 

functions, as predicted by Fisher (1930). To see this, recall from the tradeoff equation 

(4.3) that male allocation equals female allocation when male output equals C times female 
..4 ~ ..4..4 

output, that is to say M = C 0- M). Solving for M gives M = C/O + C). Note also that 
--""-
W=1. 

The (haploid, one locus) gene frequency change equation that results from these 

fitness functions is as follows: 

Examination of this equation points out that there are a number of different ways to derive 

WM and WF. The equation suggests that we could use the following simpler forms: 
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Of course, all conclusions made here about sex allocation evolution, including the stability 

arguments, hold equally well if these are taken as the behavioral fitnesses. This must be 

true for any fonnulation that gives the same gene frequency change equation. I chose my 

derivation because it appears to be the most natural and intuitive. 
-'" 

The derivatives of the behavioral fitness functions, evaluated at M, are 

= 
(1 + C)2 

2C 
(1 + C)2 

2C 

The conditions for these tangent lines to go below zero are simply C < 1 for the WM 

tangent, and C > 1 for the W p tangent. For the case of C = 1, both lines just reach zero 

fitness as their sex reaches fixation (Figure 5), whereas if C "# 1, then the tangent line of the 

sex that is more costly goes below zero. 

That one of the tangent lines goes below zero is a necessary, but not sufficient, 

condition for genetic instability of an ESS (Lessard 1984, and the Appendix). I will now 

show that, given a one-locus two-allele haploid genetic system, instability of the ESS sex 

allocation M = C/(1 + C) is impossible even if C"# 1. Following the argument of the 
....A.. 

Appendix, consider the quantity (mp - mM)/W: 

= --"-
W 

= 

(1 + C)2 
C 

1 
--"- -"-
M(1 - M) 
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--"-
But this value, as determined in the Appendix, is just the maximum value (mF - mM )/W 

can take and still rule out any overshoots of the ESS. Therefore, the ESS is stable and the 

approach to equilibrium is monotonic. 

I have perfonned a set of computer simulations to test these stability conclusions. 

The simulations assumed a haploid one-locus, two-allele genetic system. They verify the 

fact that the ESS is always attained if it is in the genetically possible range, and that there is 

never overshoot of the ESS. The analysis above only treats dynamical behavior near the 

ESS, but the simulations show that non-overshoot of the ESS is a global condition. If the 

two alleles have m values of 0 and 1, i.e. the two genotypes are "male" and "female", then 

the ESS is established in one generation; otherwise, it takes longer. 
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Figure 5. Graphs of WM = 1/(2M), WF = 1/(2(1- M». This is the case 
..... 

where the two sexes are equally costly (C = 1). The ESS is M = 1/2. Note 
that the tangent lines to the two functions at the equilibrium do not go below 
zero; in fact, they just reach zero fitness. 
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APPENDIX 

A PROOF OF TIIE STABILITY OF AN ESS EQUILffiRIUM 

IN A TWO-ALLELE GENETIC SYSTEM 
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In the text it was noted that a mixed ESS in a two-strategy game is always stable in a one

locus genetic system if a restriction is placed on the magnitude of frequency-dependent 

changes in fitness relative to average fitness. For a linear game, this restriction is that all 

payoffs be positive. An equivalent way of stating this is that the behavioral fitness 

functions never go below zero. In a nonlinear game, the requirement is that the linear 

approximations to the behavioral fitness functions at the ESS do not go below zero (Figure 

AI). These facts were proved by Lessard (1984). 

It is the purpose of this Appendix to present an alternative, simpler proof, that more 

clearly shows the importance of the aforementioned restriction on the strength of selection 

at the ESS equilibrium. The proof will be done separately for two-allele diploid and 

haploid genetic systems, assuming a two-strategy game having a mixed ESS that is 

genetically attainable. The same basic assumptions in the main text are assumed to hold 

here, for example individual fitness is given by equation (1.5), there is random mating, a 

large population size, and discrete generations. 

DIPLOID CASE 

From standard theory, the gene-frequency change equation is as follows: 
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where WI and W2 are the marginal allelic fitnesses (WI refers to the allele whose frequency 

is x.) Assume the population is at an ESS genetic equilibrium i. Taking the derivative with 

respect to x and evaluating at i gives: 

(AI) 

A standard result from stability theory is that if this derivative lies between 0 and 

-2, the equilibrium will be stable. If it lies between -1 and -2 the approach to equilibrium 

is by damped oscillations; if it is less than -2 instability occurs by increasing oscillations. 

In what follows, I show that this derivative always falls between 0 and -2, thus the 

equilibrium is stable, without increasing oscillations. 

From the chain rule we have, at equilibrium, 

dP A A d = dx (PI - P2) -= (Wx - Wy) , 
dP 

where PI and P2 are the marginal strategies of the two alleles and all derivatives are 

assumed to be evaluated ati. Now the derivatives of Wxand Wy with respect to Pare 

simply the slopes of these functions of P; call these slopes mx and my. In the case of 
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A 

nonlinear Wx and Wy, mx and my are only the slopes of tangent lines at P, but since we 
A 

are only concerned about the dynamics in a small neighborhood of P, they are sufficient. 

Simple analysis reveals that 

and substituting all this back into equation (AI) and rearranging gives: 

Now mx - my is always negative by the assumption that we have a mixed ESS 

equilibrium, therefore this derivative is always negative, proving the first half of the 

argument. This implies that near an ESS the response of the genetic system is to move the 

popUlation towards the ESS in anyone generation. In effect, we have proved that the 

genetic system is locally adaptive (EsheI1982), at least near the ESS. It remains to be 

shown that the population does not overshoot the ESS by an amount greater than the 

distance in the previous generation, which occurs if the derivative is less than -2. 

Multiplying through by -1, which switches the order of mx and my, gives the following 

condition for increasing oscillations: 

[
my - mx] A A 2.£(1 - i) -w (PI - P2)2 > 2. 

I will now show that this condition is impossible to achieve. 
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Consider the tenn in brackets in the above inequality. This tenn reflects the 

magnitude of frequency-dependent changes in fitness of the two behaviors, relative to the 

equilibrium mean fitness. A simple geometrical argument, outlined in Figure A2, shows 

that the maximum value this term can take, provided that the lines determined by these two 

" " slopes do not go below zero, is l/[P(1 - P)]. Substituting this maximum value gives 

With some algebra, this inequality reduces to 

This is easily seen to be impossible, because the second tenn on the right-hand side is 

positive, and since PI ~ 1, it follows that P12~ PI . 

HAPLOID CASE 

The proof for a haploid genetic system is similar, although in this case we can 

prove a stronger result: it will be shown that, given the same restriction on the magnitude of 

frequency-dependent changes in fitness, 

dt:.x 
-1 < -d I. < o. x x 

In other words, it will be shown that the approach to equilibrium is monotonic, without 

any overshoot at all. For a haploid system, the above derivative equals 
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[mx - my] 2 ,£(1 -.f) W (PI - P2) , 

where PI and P2 are the strategies of the two genotypes. The only difference is that a factor 

of two was present in the diploid case. The absence of the 2 here means that the same 

algebraic steps as in the diploid analysis lead to the conclusion that the derivative can never 

be less than -1, rather than -2 as previously. The p's here have a different meaning than 

for the diploid case, where they were marginal allelic strategies, but they only enter into the 

analysis as being required to be between zero and one, which they are in either case. 
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Figure At. Graphs of two hypothetical behavioral fitness functions, Wx 

and Wy. The dotted lines indicate the tangent lines to the functions at the 

equilibrium. These lines also represent the linear game that approximates 

the fitness functions near the equilibrium. The tangent line to Wx goes 

below zero, allowing for the possibility of genetic instability of this ESS. 
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Figure A2. A demonstration of the maximum value of (my - mx)/W. 
A A 

Pick any crossing point (I', W) for the behavioral fitness functions Wx 

and Wy (a linear game is shown, but the argument is identical for a 

nonlinear game, where the lines are the tangents to the fitness 

functions). Now draw the fitness functions so that they just reach zero 

fitness. Increased steepness always translates into increased gene 

frequency changes, so t.ltis represents the worst case for stability of the 

ESS without allowing the behavioral fitnesses to go below zero. Let mx 
A A 

and my be the slopes of Wx and Wy. It follows that mx = -W 1(1- P), 
A A A "'" A 

and my = W IP . Therefore, (my - mx)/W = 1/P(1 - P). This is the 
A 

maximum value that (my - mx)IW can take, as long as the behavioral 

fitness functions do not go below zero. 
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