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ABSTRACT 

The electromagnetic response of infinitely long, thin wires over a flat earth 

is presented for two different applications: the shielding properties of an ensemble 

of parallel wires excited by a plane wave and the electromagnetic coupling of two 

perpendicular wires excited by a dipole. 

The shielding study begins with the formulation of the boundary value 

problem for N wires over a bssy half space. A suitable axial impedance operator 

is applied to obtain a system of equations whose unknowns are the currents flowing 

on each wire. Once the currents are determined, the aggregate field produced 

by the ensemble can be computed by summing N Fourier type integrals. For 

the specialized case of the infinite planar grid, Floquet's Theorem and Poisr'ion's 

Summation Formula are invoked, transforming the linear system of equations into 

a closed form expression for the current flowing on each wire. We show that 

the electromagnetic response of the planar grid of finite extent and the grid of 

infinite extent are similar. For non-planar configurations, such as the semi-circular 

shell, shielding values of 60 dB are possible when the structure is of non-resonant 

dimensions; otherwise, the performance can degrade to 20 dB. 

In the case of the crossed wire configuration, the starting point is the devel

opment of the integral equations that govern the coupling between wires and the 

source; the unknowns are the spectral currents flowing in each wire. The equations 

are given in terms of generalized impedance functions for the situation where the 
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wires are over a stratified earth. However, for the numerical work, only the case 

where the wires are in an unbounded, homogeneous medium is considered. Two 

numerical methods, with overlapping regions of validity, are applied: the method of 

moments and the method of multiple scatterers. By using the method of moments, 

we can obtain a matrix equation that will determine the spectral currents for any 

wire spacing. The multiple scatterer method leads to a more convenient matrix 

series solution and shows that the coupling strength is proportional to 1/ d2 , where 

d is the wire separation, plus higher order inverse terms. 



CHAPTER 1 

INTRODUCTION 
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Thin wire systems have been a subject of electromagnetic research for many 

years. The application of such wires is found in everyday use: overhead power ca

bles, microwave ovens, antenna reflectors, and transmission lines. Starting as far 

back as Lamb [18981 and continuing through the present, prominent and notewor

thy investigations have considered propagation, induction, scattering and transient 

effects. A concise review of the seminal papers follows in the next section. In this 

dissertation we will primarily focus our attention, with a few minor diversions, on 

two different yet important thin wire problems; both have practical and immediate 

application. 

First to be considered are the electromagnetic shielding properties of an 

ensemble of parallel wires in the shape of a semi-circular cage (see Figure 3-17) 

over an homogeneous earth. From an engineering point of view, such a configu

ration is attractive since wire ensembles are lighter in weight than their metallic 

sheet counterpart. Also, the construction of a wire shield in an existing electro

magnetic facility (e.g. an electromagnetic compatibility lab) can be accomplished 

with minimal effort. From a design perspective, shielding behavior of the ensemble 

will be quantified in terIIlB of overall size, wire radii, mutual wire separation, and 

earth electrical parameters. This quantification process will deal primarily with 

numerical results. 
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Second, the electromagnetic response of two crossing, perpendicular wires 

will be investigated. There are two particular and relevant cases for this study. The 

first is found in beacon navigational systems. For instance, with such ship-borne 

systems, the environs of a radiating antenna are comprised of crossing guy-wires 

and communication cable links. The former may cause navigational errors, the 

latter may hinder, obstruct or interfere wii,~, c(lmmunications. An initial study of 

this kind was performed by Hill and Wait [1977], who investigated such concerns 

for the single wire case. The second application appears in buried cables and long 

conductors in tunnels. Hill [1988], in a single wire study, noted that electromagnetic 

earth probing can be influenced by the presence of the wire. Hence, crossing cables 

are the next obvious extension for research. 

1.1 Background 

A modern, introductory treatment regarding the fundamental electromag

netic properties of a single wire can be found in a recent book by Wait [1986a, eh. 

7]. Since much of this dissertation is founded on his development of induction and 

scattering effects, the reader may look therein for background. 

For more advanced topics, individual publications have been consulted. As 

the scope of thin wire study is so vast, we will arbitarily classify many of these 

results into four groups: over-head wire propagation, infinite grid configurations, 

ensembles of a finite number of wires, and crossed wire configurations. 
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1.1.1 Over-Head Wire Propagation 

The modal properties of the over-head power cable have received consider

able attention in the literature. Even though the continuous modal spectrum may 

eventually dominate the discrete components, the discrete modes are usually ade

quate for finite length structures [Kuester, Chang and Olsen, 1978]. Such modes 

may be excited, provided that the appropriate aperture field has been selected. 

With this in mind, we proceed to examine many of the significant contributions 

that deal with the discrete modal solutions. 

The first demonstrative analytical investigation towards the understand

ing of propagation effects of overhead wire lines was performed by Carson [1926]. 

Basing his initial assumptions on quasi-static principles, he was able to derive an 

approximated expression for the propagation constant. Although other investiga

tions furthered Carson's work [Wise, 1934, 1948j, it was Wait [1972aj who recon

firmed Carson's results by considering the general electromagnetic boundary value 

problem. Once establishing the general modal equation, Wait showed more clearly 

that the Carson mode was a perturbation solution to the idealized transmission 

line modal equation. 

Other approximations to this modal equation have been studied. For in

stance, Coleman [1950] obtained a solution for the specialized case where the wire 

is located in the air-earth interface. (These results were also confirmed by Wait 

[1972aj.) Starting with Coleman's remarkably simple solution, Chang and Wait 

[1974] examined the ELF (extremely low frequency) problem in which the wire is 

slightly elevated. They found that the propagation constant can change dramati

cally as the wire is elevated from the interface. 
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Many other investigators [e.g. dos Santos, 1972] have shown the existence of 

another modal solution through numerical experimentation. This surface attached 

mode [Kuester et a1., 1978] may have a lower attenuation rate than the transmission 

line mode. Kikuchi [1978] studied the high frequency effects of coated wires (par-

. ticularly, numerical attenuation rates) and showed that, in the higher frequency 

range, there exists an attenuation minimum for the propagating current. 

A paper of significant importance, which will be needed in Chapter Four, 

is that of Hill and Wait [1D77]. Starting with a dipole and an infinite cable over 

an ideal ground plane, they were able to obtain far field radiation patterns. Par

ticularly, they concluded that the wire plays a significant role in producing a cross 

polarization component that could effect navigational systems. On the other hand, 

for a dipole near a leaky coaxial cable, the source can couple very strongly to the 

monofilar mode. 

Finally, the radiation from a semi-infinite wire above ground has been 

recently investigated [Dudley and Casey, 1989]. Using the classical results of Carson 

[1926] and Wait [1972a], they used steepest descent to obtain a time history of the 

far-zone fields. 

1.1.2 Infinite Grid Characteristics 

Although Fraunhofer is credited with the discovery of the basic optical 

properties of diffraction gratings (i.e. the grating will decompose the visible white 

light spectrum into an array of colored spectral lines), it was Lamb [1898] who 

placed these findings on a firm mathemetical foundation. He demonstrated that, 

when the electric field vector is parallel to the wires, the strength of the reflected 
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wave is inversely proportional to the factor (d/)..) In(d/21ra) , where d is the distance 

between mutual wires, ).. is the operating wavelength, and a is the wire radius. 

Unfortunately, Lamb's method was limited in application since static conditions 

were assumed. 

Later investigators [Ignatowsky, 1914; Gans, 1920; Wessel, 1939] refined 

Lamb's work, but it was MacFarlane [1946] who demonstrated that a grid in free 

space can be represented by a shunt impedance across an infinite transmission 

line. Wait [1954a, 1954b, 1957, 1962] showed for a variety of polarizations and 

configurations that if the grid were parallel to an homogeneous half space, it could 

be represented by a shunt impedance in a two-segment transmission line. In each of 

the above cases, the leading and dominating term of the shunt impedance was the 

aforementioned static expression first developed by Lamb, but with an important 

correction factor to account for the interaction of the evanescent field with the 

interface. For numerical results regarding this shunt impedance term, the reader 

may consult Larsen [1962a] and Young and Wait [1989a] (see also Chapter Three). 

The transient effects of an infinite wire grid have been studied by Quintenz 

and Dudley [1974]. By assuming the input signal to be a double exponential pulse, 

they showed the high pass filtering characteristics of the grid numerically. 

For an encompassing review of wire grid analysis prior to 1962, the reader 

may refer to Larsen [1962b]. Although wire mesh analysis is not covered in this 

dissertation, the reader may consult the extensive review by Wait [1978a] and 

recent paper by Casey [1989]. 
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1.1.3 Thin Wire Ensembles 

In this section we begin with Row [1955], since his work exemplifies the 

foundational principles pertaining to multiple cylindrical scatterers. Considering 

the two cylinder case (no initial constraints were place on the radii), he obtained an 

integral equation formulation for the individual currents flowing on the perfectly 

conducting cylinders. H(; then expanded the unknowns in the integral equation 

in terms of their complex Fourier series, thus transforming the integral equation 

into an infinite set of linear equations with an infinite number of unknowns. Even 

though his analytical results were completely general, the numerical results were 

limited to cylinders on the order of a ~ >../2 (a is the cylinders' radii and>" is 

the operating wavelength). Such a size restriction was necessary to justify the 

truncation of the infinite set of equations. 

Thin wire analysis is, in effect, an approximation to the general cylindrical 

scattering problem where only the first term of the harmonic expansion is used. 

With this observation in mind, Richmond [1965] analyzed the scattering properties 

of an arbitrary array of parallel wires. Confining the problem for wires in free space, 

he demonstrated numerically that the array of wires have scattering properties 

similar to those of the perfectly conducting counterpart. If the wire configuration 

is that ot a circulaT shell, a closed {mm analytical solution is obtainable lWilson, 

1974]. The case of the continuous spherical shell has been exhaustively studied in 

the frequency domain by Chu, Dud.ley and Bristol [1969] and in the time domain 

by Dudley and Quintenz [1975]. The numerical shielding results of a semi-circular 

cage have also been recently published [Young and Wait, 1989b] (this paper will 

be expanded on in Chapter Three). 
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Hitherto, the excitation waveform has been a plane wave. If the wires 

were excited by a localized source, such as a vertical electric dipole, then the 

solutions to the wave equation for the field constituents would be given in terms 

of a double spectral integral representation as demonstrated by Wait [1977b]. The 

formulation, which is similar to that outlined in Chapter Two, can be formally 

obtained. However, from a numerical point of view, the problem is formidable, 

since such a solution would require N2 X M /2 Sommerfeld evaluations to describe 

the currents flowing in each wire. Here N is the number of wires and M is the 

number of sampling points in the discretization process of one of the spectral 

variables. 

1.1.4 Crossed Wire Configurations 

Although the complete electromagetic problem concerning crossing, infinite 

wires has not been addressed in the literature, a few investigations have dealt with 

crossing earth-return circuits. For instance, Krakowski [1967] investigated the 

mutual impedance of such circuits when one wire is finite and the other is infinite. 

(It was assumed that the former was carrying a constant current.) Bannister [1973] 

expanded on this work by considering image effects at the outset and was able to 

obtain analytical approximations that correlate well with the more complicated 

results of Krakowski. 

Another set of investigations concentrated on the problem of crossing, non

touching pairs of transmission lines. Giri, Chang and Tesche [1980], formulated the 

problem by considering a lumped circuit model representation. Such an approxi

mation precludes the possibility of higher order modal coupling and assumes that 
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all coupling effects are localized near the intersection. The approximation does, 

however, lead to a tractable solution for the inductive and capacitive coupling co

efficients. Kami and Sato [1986] used the same lumped element approximation 

and provided coupling coefficient curves. Particularly useful in their paper is the 

confirmation of analytical models with experimental measurement. 

From a scattering perspective, King [1975, 1977] obtained an analytical 

solution for the currents and charges on a perfectly conducting, mutually perpen

dicular, crossed dipole antenna for a normally incident plane wave. This analysis 

involved the process of decoupling two Hallen-type integral equations through the 

iteration technique of multiple scatterers. Numerical solutions, which utilized the 

moment method technique, were earlier obtained by Taylor et al. [1970] and Butler 

[1972]. 

1.2 Dissertation Structure 

The design of this dissertation is to give a progressive, but not necessarily 

all encompassing, theory of thin wire analysis. By starting with first principles 

(in effect Maxwellian theory) we will present self-contained and complete analyti

cal formulations. The mathematical and numerical results of this dissertation are 

found in Chapters Two, Three and Four; the numerical analysis is found in Ap

pendix A. This format was chosen to provide continuity of analytical thought from 

chapter to chapter without interrupting the logical flow for numerical considera

tions; yet as the appendix shows, the latter are far from trivial. 

Chapter Two provides and defines the necessary laws and assumptions 

pertaining to thin wire analysis (i.e. an expansion of Wait's work [1986aj). A 
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terse treatment of Maxwellian field theory and Hertzian vector potentials is used 

to derive the fields of a thin wire (in free space or over a lossy half space). From 

this, the interior problem is investigated to provide the fundamental definition 

of the axial impedance operator. A brief definition and justification of thin wire 

analysis is then given to outline the implicit assumptions thereof. With these minor 

derivations in place, the fields scattered from a single wire can be calculated. In 

general, Chapter Two will set the precedent for Chapters Three and Four. 

Chapter Three extends the theory of Chapter Two by considering an en

semble of thin wires parallel to each other and an interface. The excitation is 

assumed to be a plane wave of arbitrary polarization. From this, a general matrix 

equation is obt.ained that completely characterizes the currents on each wire; the 

fields emanating from the overall wire configuration are then easily determined. 

This general analysis can be directly extended to include the special case of the 

infinite grid. Several plots are provided that correlate the current and field data 

for the planar grid of finite extent to the infinite grid case. We also provide several 

plots that quantify the shielding effectiveness of a given structure for various system 

parameters such as earth conductivity, number of wires, cage size and incidence 

angle. 

Chapter Four looks at a topic that seems to have received little atten

tion in the literature - namely the electromagnetic response of two perpendicular, 

infinitely long wires. The general equations will be derived first using Fourier tech

niques, for the case where the wires are over a stratified earth. This leads to a 

coupled set of Fredholm integral equations, the unknowns being the spectral cur

rents flowing in each wire. At this time no formal, complete, analytical solution 

to these equations is available. However, a simplified numerical solution can be 



25 

obtained for the case where the wires are in an homogeneous medium (or over an 

ideal ground plane), using either moment method theory or multiple scattering 

approximations; both rely on spectral sampling techniques. Once the spectral cur

rents are known, the total field can be calculated at any point. We note that the 

integral operator is not bounded when the wires are in free space. For this reason, 

the numerical results will concentrate on the detection problem when the wires 

are in a lossy, homogeneous earth. The moment method solution and the multiple 

scatterer solution are compared to point out the salient features of each method. 

Chapter Five presents the fundamental conclusions and results of the disser

tation. Future research topics are briefly discussed for those who wish to continue 

in this area of investigation. 

Appendix A contains the numerical computation algorithms used to derive 

the shielding results presented in Chapter Three. Along with these, analytical ap

proximations for the Sommerfeld type integrals are given to validate the numerical 

test data. The consideration of the quasi-static response of the 2-dimensional Som

merfeld integral introduces a new method for extracting the asymptotic behavior, 

which expedites the numerical convergence rate for real axis integration. 

Appendix B proves that the integral operator, derived in the crossed wire 

problem, is bounded under certain constraints. Also, for easy reference a glos

sary is appended at the end which tabulates many of the variables, symbols and 

nomenclatures peculiar to this dissertation. 
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CHAPTER 2 

PRELIMINARY THIN WIRE CONCEPTS AND EQUATIONS 

2.1 Field Theory 

At the inception of any electromagnetic problem, a presentation of the 

fundamental electromagnetic laws for macroscopic quanities, as first compiled by 

Maxwell [18911, should be given. For an assumed eiwt time dependency, the dif

ferential form of the four equations in source-free, isotropic, homogeneous media 

are 

v x E = -iwJLH 

'\l x H = (q + iWE)E 

V·E=O 

V·H=O 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

where E is the electric field vector and H is the magnetic field vector. The three 

electrical parameters, E, JL and q are the permittivity, permeability and conductivity 

of the medium, respectively. In later developments, the results are given in the 

frequency domain. and hence the eiwt time factor is suppressed in the antecedent 

equations and in all subsequent calculations. 

For certain geometries, Maxwell's equations do not lend themselves to di

rect application. For this reason, it is more convenient to introduce some auxiliary 

vector potential functions which will aid in mathematical analysis. The vector 
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functions nand n* will be denoted as the electric and magnetic Hertz potentials, 

respectively. They are related to the field constituents through the rules 

E = -iwJ.t'1 x n* (2.5) 

and 

H = (u + iwe)'1 x n (2.6) 

The manipulations of the vector functions into a usable mathematical form have 

been treated in many excellent texts [e.g. Collin, 1960, §1.6], and will not be dupli

cated here. It has been found that the potentials are solutions to the homogeneous 

vector Helmholz equation. For example, 

where the Laplacian V2 in curvilinear coordinates is defined explicitly by 

'12 = grad div - curl curl 

(2.7) 

(2.8) 

With usual convention, k is defined as the wave number of the medium through the 

relationship k = J-iwJ.t(u + iwe). Under the assumed time dependence, Im[k] < 

o. 

If we were treating specific electromagnetic sources in the problem, we 

would discover that the electric Hertz vector is associated with electric sources, 

just as the magnetic Hertz vector is associated with magnetic sources. In general, 

when both sources are present, the superposition of the fields resulting from each 

source leads to the following relationship between the field constituents and the 

potential constituents: 

E = (!~2 + grad div)n - iwJ.t curlI1* (2.9) 
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H = (k2 + grad div)I1* + (0' + iwJ.L) curln (2.10) 

Although physically there are no magnetic sources suchlike, the postula

tion of the magnetic vector potential will prove in later developments its utility by 

obtaining an expedient solution for the field constituents. Jux~aposing the forms 

of (2.9) and (2.10) with the study of wave propagation along thin wires, we ob

serve that the TE (transverse electric) modes are derived from the longitudinal 

component of n* and the TM (transverse magnetic) modes are computed from 

the longitudinal component of n. 

2.2 Thin Wire Analysis 

The focus of this monograph is on the electrical characteristics of thin wires 

which may be located in free space or over a lossy half space. A brief overview of 

the analytical properties of these wires will set the precedent for ensuing chapters. 

The dialectical method is similar to Wait's [1986a, Ch. 7], and consequently only 

the salient features of the analysis are exhibited. 

2.2.1 Thin Wire in Free Space 

The derivation of the fields emanating from a single wire of radius a in 

free space resulting from an arbitary current distribution, is considered (see Figure 

2-1). The application of Fourier transform methods is utilized to reduce the linear 

Helmholtz equation into a beneficial algebraic form. The current function iy (y) is 

defined as the total spatial current flowing in the y-directed wire. It is presupposed 

that the current is axially directed without azimuthal variation so that a / aa = O. 
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Figure 2-1 A thin wire located in an homogeneous, isotropic medium. 
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(The basis of such an assumption will be discussed in Section 2.4.) As restricted 

by Ampere's Law [Wait, 1977aj, the Fourier pairs are 

(2.11) 

and 

[,,(.8) = - i,,(y)e'P"dy 1 100 

. 

211" -00 

(2.12) 

where [,,(.8) is the current in the spectral domain. 

The foregoing definitions are valid, provided that i,,{y) is absolutely inte

grable in the open region (-oo,oo) [Churchill, 1972, §131j. These transforms will 

also be applied to both the field functions and the potential functions. 

As seen from the geometry, only the y-component of the electric Hertz 

vector is required to determine completely the field constituents. Applying the 

transform definition to (2.7), solving the remaining equation in closed form, and 

finally, taking the inverse transform of the resultant equation, yields the following 

external solution (i.e. pzz > a) for the Hertz potential: 

(2.13) 

where v" = v.82 - k2 and pzz = vx2 + z2. The multiple-valued function is ren

dered single-valued by the stipulation Re[v"j > O. The coefficient A" will be 

determined below from Ampere's Law. The function Ko, known as the modified 

Bessel function of the second kind or the MacDonald function, has been chosen 
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because it exponentially decays as pzz increases, thus assuring the radiation con-

dition. The other independent solution, Io(vypzz), exponentially grows without 

bound as pzz -. 00. 

The azimuthal magnetic field, exterior to the wire, can be computed by 

applying (2.10) to (2.13) to give 

(2.14) 

For a. circular path about the wire, Ampere's law relates the total axial current to 

the azimuthal magnetic field. In the limit as pzz -. 0 [Wait, 1986a, §7.2j, 

(2.15) 

Taking the transform of (2.15) and equating the integrand with (2.14) yields 

(2.16) 

The fundamental difficulty associated with the limit of (2.16) is that Vy is a function 

of Pi wherefore, this limit does not exist for all p. This difficulty can be circum

vented by considering basic properties of Fourier transform theory. Recall, for the 

transform of iy(Y) to exist, the current function must be absolutly integrable. That 

is, 

i: liy(y)ldy < 00 (2.17) 

By requiring the current to be a botmded function and assuming it is spatially 

distributed over much of the wire, we surmise that the spectral distribution will 
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be closely packed near its origin. Consequently, the limit of (2.16) is obtainable 

for all significant values of f3. From the small argument approximation for the 

MacDonald function, namely, Kl(Z) ~ liz for Izi « 1, it follows that 

A (f3) = Iy(f3) 
y 211"(a+iw€) 

(2.18) 

Thus, for a thin wire, the integral representation for the electric vector potential 

(which has been previously derived by Hill and Wait [1977]) is 

(2.19) 

If the integral representation for Ko [Gradshtein and Ryzhik, 1980, # 

3.961.2] is employed, namely, 

1100 
e-

UZ 
-i>.z Ko(vyPzz) = -2 --e d>' 

-00 u 
(2.20) 

where, u = V>.2 + v~, with the proper Riemann sheet specified by Re[u] > 0, an 

alternate representation for (2.19) is obtained: 

IIy = . Iy(f3)e- iPY _e-e- i >'Zd>.df3 1 100 100 
-uz 

411"(a + Zw€) -00 -00 u 
(2.21 ) 

The electric field component, longitudinal to the wire, is obtained by the 

application of (2.9) to (2.19). This results in the following expression for the electric 

field component in the y-direction: 

(2.22) 
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2.2.2 Thin Wire over a Lossy Half Space 

A more involved calculation arises when the wire is located in a heteroge

neou::l medium. The case of a y-directed thin wire of radius a par ,:lIel to a lossy 

half space at a height h from the interface is now considered. Again, it is assumed 

that the wire is carrying an arbitrary current distribution, iy(y). The region for 

which z > 0 is characterized by the electrical parameters fl and ILl j for z < 0, the 

subscript "one" is replaced with the subscript "two". The situation is depicted in 

Figure 2-2. In general, f and IL may be complex to account for dissipative losses. 

As with any scattering problem, the total electric potential may be de-

composed into a primary part, IT~, and a secondary part, n~. In particular, for 

z> 0, 

IT = ITP + ITa 11 !I !I (2.23) 

The primary part is similar to (2.21), with the exception that a height dependency 

in the integrand must be included: 

(2.24) 

where UI = V>..2 + {32 - kr and kl = W.JILlfl with ReluI] > 0 and ImlkI] < O. The 

secondary part is constructed from the form of (2.24), but modified to account for 

the lower half space as follows: 

(2.25) 
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Figure 2-2 A thin wire located over an homogeneous half space. 
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where Ry is to be determined. The transmitted potential, n~, valid for z < 0, is 

also constructed from these same forms to yield 

(2.26) 

A quick check can be executed to demonstrate that there is a deficiency 

in the number of coefficients (i.e. Ry and Ty) necessary to satisfy the continuity 

relations of the tangential fields at the interface. For this reason we introduce the 

magnetic Hertz potentials, which are also constructed from the form of (2.24). In 

particular for z > 0, 

(2.27) 

and for z < 0, 

(2.28) 

From (2.9) and (2.10), the horizontal field constituents are given explicitly 

when z > 0 by 

(2.29) 

H 82 n- . 8 n 
z = 8x8y 11 - lWEI 8z y (2.30) 

(2.31) 
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(2.32) 

The forms for z < 0 can be obtained by replacing the subscript "one" with the 

subscript "two". Application of these definitions to the potential functions and 

the match of like field components at the interface yields the following equations 

of four unknowns: 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

By solving for Ry and My, we obtain the following expressions [Wait, 1972a]: 

Ry = ).2,82(1- Ky)2 + W2(fltLl - f2 tL2K y)(ILIUl + IL2tLzKy) (2.37) 
_).2,82(1- Ky)2 + W2(fltLl + f2tL2Ky)(ILIUl + ILZtL2Ky) 

and 

where 

(2.39) 

The results herein, for the external fields, can also be extended for a stratified 

earth. The only difference lies in the form of the coefficients, such as Ry and My. 
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The total electric field in the y-direction is computable by applying (2.31) 

to (2.23) which gives 

(2.40) 

where 

(2.41) 

and 

(2.42) 

The geometrical optical distance Pzz is given by Pzz = Jx2 + (z - h)2. Also, 

Equations (2.41) and (2.42) represent· a continuous summation of plane 

waves over real and complex angles [Wait, 1985, §4.14]. These forms will be needed 

in the analysis presented in Chapter 4. For the plane wave shielding problem, which 

will be discussed in Chapter 3, only a single spatial frequency term is excited. This 

is illustrated by letting iy(y) = Iweiklly where Iw is a constant and ky is some 

specified wave number. Recognising that the transform of this current excitation 

is the Dirac delta function, we find that (2.41) and (2.42) reduce to 

(2.43) 

and 

(2.44) 
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Here Va = Vk~ - kr, Ua = J>..2 + v~ and Ub = V>..2 + k~ - k~. The reflection 

term is obtained by replacing Ul with U a and U2 with Ub in (2.37). Again, the 

proper Riemann sheet is specified by the requirements Re[va! > 0, Re[ua! > 0 

and Re[ubl > O. (The integration contour of (2.44) must bypass the branch point 

singularities on the real axis, for kl entirely real, according to the branch cut 

definitions. ) 

For the case where ky = 0 (i.e. no longitudinal phase variation), the final 

results are similar, within a multiplicative constant, to the classic 2-D Green's 

function problem. Particularly, when ILl = IL2 [Wait, 1985, §4.14!, 

E p -iWILll U ('k A ) 

y = --- WHO t IPzz 
211" 

(2.45) 

and 

(2.46) 

2.3 Axial Impedance Operator 

In this section the internal problem of an homogeneous wire, whose electri-

cal parameters are Ew , ILw and Uw , is addressed. As before, the current is assumed 

to be axially directed so that 0/ oa = O. In general, if the wire is close to some other 

structure, sayan adjacent wire or a half space, the azimuthal variance may have 

appreciable effect. Again, these concerns will be addressed more fully in Section 

2.4. 
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For the case where P:r.z < a, IIII is a solution of 

(2.4 7) 

where "Yw = JiwJLw((1w + iWEw) with Rebw] > o. The only non-singular solution 

to (2.47) is 

(2.48) 

where 10 is the modified Bessel function of the first kind, Vw = J(32 + "Y~ (Re[vwl > 

0) and By is to be determined. The resulting axial electric field and the azimuthal 

magnetic field, as computed from (2.9) and (2.10), with k 2 replaced by -"Y~, are 

(2.49) 

and 

Again, noting that the total current flowing in the wire is 27raHa l pxz=a, requires 

(2.51 ) 

The insertion of (2.51) into (2.49) yields the formal definition for the axial impedance 

operator [Wait, 1977a]: 

(2.52) 
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where 

(2.53) 

The function Zw is defined as the spatially dispersive axial impedance of a thin, 

bare wire. 

For the particular case where iy = Iweikyy, the axial impedance operator is 

[Schelkunoff, 1943, Ch. 8], 

E y\ = IwZw(ky)eikyy 
p:t:=a 

(2.54) 

where 

(2.55) 

with qw = Jk~ + "Y~ (Re[qw] > 0). For the usual case where the wires are highly 

conducting (i.e. Uw > WEw) along with hwl » Ikyl and Iqwal » 1, (2.55) is well 

approximated by 

(2.56) 

Hence, under these constraints, the axial impedance is independent of the wave 

number, kyo 
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2.4 The Validity of the Thin Wire Approximation 

To quantify what is meant by a thin wire, a modal analysis ('Yhich includes 

all of the azimuthal modes) of a general homogeneous cylinder in free space should 

be considered. We present the case where a/ay = o. If Ikda « 1, Wait [1986a, 

§7.6j showed that the general expression does indeed collapse into the solution 

given in the preceding sections. The amplitude ratio of the zero order mode Ao to 

the mth order mode Am for a highly conducting wire, is [Wait, 1986a] 

I 
AD I (ka)2m I 1 I 
Am = m!(m - 1)!22m-1 In(ka/2) + .5773 

(2.57) 

For example, if ka = .01 then lAo/Ali ~ 1 X 10-5 • 

When the wire is placed over a lossy interface, the complexity of the prob

lem is significantly increased. The general problem was addressed for propagating 

currents of the form eikv!I by Pogorzelski and Chang [1977]. They compared the 

first-order azimuthal current components to the zero order or axially directed cur

rents. If Ao, Al and MI are defined as the amplitude of the zero-order electric, 

first-order electric and first-order magnetic multipoles, respectively, then 

(2.58) 

and 

(2.59) 

where K2 = kVk~ and Vb = .Jki - k~. The above expressions are valid when 

IVahl « 1 and Ik2hl « 1. 
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Although (2.58) and (2.59) were derived under specific conditions, they will 

nevertheless be used as a general rule of thumb for all remaining analysis in this 

treatise. 

2.5 Scattering From a Single Wire 

An example pertaining to the wave scattering from a single thin wire over 

a lossy half space will now be given. The geometry of the problem is depicted in 

Figure 2-3. The current induced on the wire is calculated from the impedance 

operator given by (2.54); knowing this current, we can determined the fields at 

any location. Although almost any source can be used to excite a current on the 

wire, it is prudent at this juncture to choose one which will expeditiously lead to 

a closed-form solution. Without any loss of generality, the upper half space is 

assumed lossless; the lower may be dissipative. 

For this reason, a plane wave is chosen that includes both polarizations: 

parallel (vertical) and perpendicular (horizontal). Parallel polarization denotes 

that the electrical field is parallel to the plane of incidence; similarly, perpendicular 

polarization signifies that the electrical field is perpendicular to this same plane. 

For all remaining discussions, the plane of incidence will be defined as the plane 

which is perpendicular to the wire and parallel to the interfacial normal vector. 

The incident field will originate from the upper medium with energy flow directed 

opposite to the spherical radial vector. In Cartesian coordinates, the y-component 

of the incident electric field is given by 

(2.60) 
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Figure 2-3 A thin wire located over an homogeneous half space when excited 
by a plane wave of arbitrary incidence and polarization. 
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where k:r, = kl sin 00 cos ¢o and kll = kl sin 00 sin ¢o. We denote EIJ and Eh as 

the amplitudes of the vertical and horizontal components which are related by 

E~+E; = 1. This last criteria is given to insure that the power density transmitted 

by the wave is constant for any polarization. Standard spherical notation has been 

used so that the zenith angle 00 is measured from the z-axis and the azimuthal 

angle ¢o is referenced from the x-axis. 

The reflected wave is of the same form as (2.60), but modified to account 

for its outgoing nature and weighted in strength so that the interfacial boundary 

conditions are satisfied. Hence, 

(2.61) 

where the Fresnel reflection coefficients are given by [Jordan and Balmain, 1968, 

§5.12] 

and 

R 
cos 00 - y'K2 - sin 00 

h = ---~====== 
cos 00 + y'K2 - sin 00 

RIJ = K2 cos 00 - y' K2 - sin 00 

K2 cos 00 + y' K2 - sin 00 

(2.62) 

(2.63) 

The complex index ofrefraction K is again given by K = k2/kl • For later chapters, 

an alternative definition for K2, valid only when ILl = IL2, is K2 = Nl(l- itanbz), 

where tanb2 is the loss tangent given by U2/(Wf.2) and Nd is the dielectrical index 

of refraction given by Nd = y'f.2/f.1' 

The current induced on the wire can be readily computed from (2.54). Be

fore applying this operator to the problem, we note from the source excitation that 
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the current must be of the form Iweikllfl, where Iw is a constant to be determined. 

Since it is assumed that there is negligible azimuthal variation around the wire, the 

matching points for the impedance operator are chosen to be x = 0 and z = h + a. 

From this, the impedance operator becomes 

(2.64) 

where E;' is given by (2.40), along with (2.43) and (2.44). Application of Ohm's 

law from circuit theory yields an alternative representation for E;' in terms of an 

external impedance function and the induced current. At the matching points, 

(2.65) 

where the external impedance function, Ze, is given explicitly by the aggregation 

of the primary and secondary terms: 

(2.66) 

where 

(2.67) 

and 

(2.68) 

From (2.60) and (2.61) the current Iw is thus found to be [Olsen and Chang, 

1974], 

(2.69) 
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Equation (2.69) is similar to the equation representing a series circuit with two 

impedance elements, where the circuit is driven by a voltage source. Thus, the 

current induced on a single wire is inversely proportional to the sum of the exter

nal and series impedances. The scattered field, longitudinal to the wire, may be 

computed by substituting (2.65) into (2.43) and (2.44). 

It is desirable to plot graphically the functional dependency of the current 

on the zenith angle 00 and on the earth's conductivity 0"2. In Figures 2-4 and 

2-5, we plot the magnitude of the current function for horizontal polarization (i.e 

CPo = 0) and vertical polarization (i.e. CPo = 900
), respectively. The following 

parameters are chosen: h = 6 meters, a = 0.01 meters, 102 = 10, f = 500 kHz, 

and O"w = 5.8 x 107; all other electrical parameters are set to the free space values. 

For horizontal polarization, the current function decreases monotonically as ()o is 

increased. For vertical polarization, a maximium occurs for large 00 ; this maximum 

tends to 00 = 900 as 0"2 is increased. These results and conclusions were previously 

made by Yatom and Ruppin [1983]. (The reader may refer to Appendix A, for the 

numerical approach used to obtain these results.) 
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LEGEND 
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Figure 2-4 Induced current on a thin bare wire over a lossy interface for 
horizontal polarization. The relevant parameters are: h = 6 m, a = 0.01 m, 
E2 = 10EO, / = 500 kHz, and (Jw = 5.8 X 107 Simi all other electrical parameters 
are set to the free space values. 
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LEGEND 
II 0'.=.001 
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Figure 2·5 Induced current on a thin bare wire over a lossy interface for 
vertical polarization. The relevant parameters are: h = 6 ID, a = 0.01 ID, £2 = lOco, 
f = 500 kHz, and Uw = 5.8 X 107 Simi all other electrical parameters are set to 
the free space values. 



49 

CHAPTER 3 

SHIELDING PROPERTIES OF AN ENSEMBLE OF THIN WIRES 

In this chapter, the electromagnetic properties of an array of parallel wires 

in the presence of a half space are examined. The focus of this investigation is on 

the interior problem: the shielding of unwanted electromagnetic signals by the use 

of wire structures. Using Chapter Two as the starting point, we derive the complete 

analytical expressions that determine the induced currents flowing in each wire and 

the field scattered from the ensemble. 

The analysis in which Wait [1954b, 1962] presented a rigorous solution to 

the boundary value problem, using Floquet's Theorem for the infinite grid struc

ture, is confirmed in this chapter by the employment of an independent method. 

We begin with the solution for the finite grid (given in terms of a Fourier spectral 

integral), extend the results to the infinite grid case, and apply Poisson's Summa

tion Formula to show explicitly how the infinite wire grid discretizes the continuous 

spectrum. Through numerical experimentation, an equivalent physical optics in

terpretation for the wire grid structure is formulated by comparing the infinite grid 

to the finitely extended grid. 

Many of the results presented in this chapter have been documented in the 

literature and, consequently, appropriate references will be given. Such derivations 

are presented with the fundamental intent of bringing the multiplicity of publica

tions and books into a single, concise document. The primary contribution of this 

work, however, is with numerical results - that is, a detailed examination of the 



50 

electromagnetic mechanisms and parameters that govern the shielding response of 

thin wire ensembles, through the use of numerical experimentation. 

3.1 Ensemble of Thin Wire Scatterers 

In Chapter 2, the problem of the single wire over a lossy half space was 

addressed. That analysis is now extended to included multiple wire configurations. 

In general, N wires are located at (xn, zn) (n = 1,2, ... ,N) with a radius a and an 

axial impedance Zw; this situation is depicted Figure 3-1. The restriction Zn > 0 

will be made; the Zn < 0 case will immediately follow. The ensemble is excited 

by a plane wave of arbitrary incidence with arbitrary polarization, as diagrammed 

earlier in Figure 2-3. Although unnecessary, it will be analytically economical to 

assume that the electrical parameters of each wire, fw, /-Lw and CTw , are identical. 

The objective is to determine the individual currents on each wire and the total 

resulting field, namely, the shielding of the source wave inside the ensemble. Ex

cept for the thin wire approximation, no other assumptions are requisite. That 

is, the complete boundary value problem will be presented which includes all in-

teractions between the mutual wires and the interface. The subsequent analytical 

presentation is similar to that provided in Chapter 2. 

To solve this scattering problem, the total electric field is decomposed for 

the region Z > 0 into three parts: an incident wave, a reflective wave and a scattered 

field: 

N 
E tot = Einc + E,e!l + ~ E Bcat 

II II II L- Yn (3.1) 
n=l 
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x 

Figure 3-1 An ensemble of N wires over an homogeneous half space. 
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The summation term represents the aggregate of the fields scattered from the 

individual wires. As before, the incident wave and the reflected wave are given 

by (2.60) and (2.61), respectively. The field contribution of the nth wire E~~at is 

a composite of the primary component ECn and the secondary component E~n' 

The corresponding expressions are given by (2.43) and (2.44), but with minor 

substitutions: Iw is replaced by In, h is replaced by Zn and x is replaced by x - Xn. 

From this, the primary and scattered fields, in integral form, are 

(3.2) 

and 

(3.3) 

where, from the source excitation, kg = kl sin 00 sin <Po. Implicit in these forms 

for the incident, reflected and scattered fields are the satisfaction of the continuity 

conditions of tangential fields at the interface. 

The last boundary condition to invoke is the relationship between the total 

field present at the surface of the wire and the induced current flowing in the wire. 

When the axial impedance operator given by (2.54) is applied, the total current 

flowing in the nth wire is 

(3.4) 

where Pn = v(x - xn)2 + (z - zn)2, E~ot is given by (3.1), and Zw is given by 

(2.55). The matching points will be chosen such that x = Xn and Z = Zn + a. 
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Applying (3.4) at the surface of each wire (Le. including all self and mutual 

wire interactions) yields the following equation, which is similar to Wait's [1977b]: 

N 

Einc(x y z ) + Erefl(x y z ) - "" I Z e+ikyy - Z 1 e+ikyy (3.5) y m" m y m" m L- n n,m - w m 
n=l 

Here m = 1,2, ... , N. Once again, the impedance notation is used such that 

Zn,m = Z~,m + Z~,m (3.6) 

with 

(3.7) 

and 

(3.8) 

Since the wires are assumed thin, the a dependency has been neglected for n =1= m; 

as a result, the linear system of equations is symmetric. 

Equation (3.5) may be viewed from the circuit interpretation of generalized 

impedances, currents and voltages [Harrington, 1968, §5-1]. The impedance term, 

which includes the axial impedance expression and the summation term, are geo-

metrically and frequency dependent, but independent of the applied source. The 

zeros of the determinant of the impedance matrix are the natural frequencies of the 

system. Thus, the entire time domain response to a unit impulse is buried in (3.5). 

The impressed field determines the voltage excitation from which the currents in 

each wire can be obtained. 
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Since (3.5) represents a system of N equations with N unknowns, the in

duced currents on each wire can be obtained. Unfortunately, regardless of the 

difficulty in loading the Zn,m matrix, this system must be solved by numerical ma

trix methods for a generalized wire configuration. In the next section, the infinite 

grid will be analyzed; this will yield a closed-form expression for the individual cur

rents. Nevertheless, once the currents are known, the total field can be determined 

at any point from (3.1). 

3.2 Infinite Grid 

With respect to a Cartesian coordinate system, the wire grid is contained in 

the plane z = h and is parallel to a plane interface at z = 0, as shown in Figure 3-2. 

The grid is composed of an array of infinite wires parallel to the y axis and spaced 

a distance d between centers. Again, the wires are taken to be of circular cross 

section and the diameter 2a is assumed to be small compared to d and h. The media 

in both half spaces are homogeneous and lossless, with permittivity 1:1, for x > 0 

and permittivity 1:2, for x < o. The magnetic permeability is assumed to be the 

free space value J,Lo, everywhere. The non-dissipative assumptions are consistent 

with frequency selective surface theory; without any loss of generality, the results 

can include dissipation effects by making the permittivity and the permeability 

complex. All other definitions and constraints are the "arne as in the previous 

section. 

For this geometry, Xn = nd and Zn = h so that (3.5) becomes 

00 

L I Z e+ikll!l - Z I e+ikll!l n n,m - w m (3.9) 
n=-oo 
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Figure 3-2 A planar grid of parallel wires over an homogeneous half space. 
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A closed form solution is obtainable for (3.9) by the invocation of Floquet's Theo

rem. Due to the periodicity of the grid, the current is invariant in amplitude from 

wire to wire, whereas the phase is linearly progressive by the amount associated 

with the wire separation, d, and the propagation delay along x (i.e. kx ). For this 

reason, the equality In = Iweindk% is justifiable (recall from Chapter Two that 

kx = kl sin 80 cos ¢o). Hence, 

+iky!l _ E~nc(md,y,h) + E~efl(md,y,h) 
Iw

e - Z e+imk%d + ~oo Z e+indk% 
w L..tn=-oo n,m 

(3.10) 

The above equation is valid for all m so that, without any loss of generality, it is 

convenient to set m = O. The result is 

(3.11) 

where 

00 

So = """ Z e+indk
% ~ n,O (3.12) 

n=-oo 

From (3.7) and (3.8), the above summation may be written as the composition of 

two other series, say, 81 and 82 (i.e. 80 = 81 + 82) where 

(3.13) 

and 

(3.14) 
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In theory, (3.11) is the closed form solution for the current amplitudes in 

each wire. The infinite summation involves the computation of Sommerfeld type 

integrals, which is undesireable. However, by following a similar development as 

Bremmer [1949 §9.3] and applying the Cesaro series, we find that for some arbitrary, 

yet piecewise smooth, bounded function, say F(>'), the following identity holds true: 

(3.15) 

Equation (3.15) is an extension of the Poisson Summation Formula. The validity 

of (3.15) is guaranteed provided that F(>.) is piecewise continuous, vanishes at 

>. = ±oo and the integral, f~oo IFld>' is finite [Stakgold, 1979]. 

The application of (3.15) and the performance of some basic algebraic steps, 

yields an alternative representation for 81 and 82 [Wait, 1954b, 1962]: 

and 

When ILl = 1L2, 

Rn = (n - k:r. d/(21i))2 k;(l - Ka)2 + (klUn - k~U~Ka)(Un + U~Ka) 
- (n - k:r.d/(21i))2 k~(l- Ka)2 + (klUn + k~U~Ka)(Un + U~Ka) 

where Ka = Va/Vb with 

Un = .J n2 - 2nDl sin Bo cos CPo - D~ cos2 Bo 

(3.16) 

(3.17) 

(3.18) 

(3.19) 
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and 

U~ = V n 2 - 2nDl sin 00 cos <Po + D~ sin2 00 - Di (3.20) 

The factors Dl,2 are normalized dimensions with respect to wavelength, for lossless 

media, such that Dl,2 = d/Al,2, or equivalently, Dl,2 = kl,2d/(27r). Equation 

(3.11), in conjunction with (3.16) and (3.17), is an alternative closed form solution 

for the current amplitude. 

The final step is to extract the quasi-static behavior from the series 8 1 and 

8 2; this will improve their convergence rate. First, it is noted that 

lim Un = lim Inl 
n-->oo n-->oo 

lim U~ = lim Inl 
n-->oo n-->oo 

lim Rn = R(O) 
n-->oo 

where R(O) = Rn when d = 0. Explicitly, 

R(O) = k~(1- Ka)2 + (k~ - k~Ka)(1 + Ka) 

-k~(1 - Ka)2 + (k~ + k~Ka)(1 + Ka) 

(3.21) 

(3.22) 

Recalling that (a/d) « 1 and using the information of (3.21), we may write the 

series of (3.16) and (3.17) in the form 

(3.23) 
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and 

v~ { 00 [e-4rr(h/d)Un (0) e-4rrlnl(h/d)] } 
+ 4' Sb + L Rn u - R I I 

'1nW€l ../. n n 
n=-oo,n,O 

where 

and 

~ e-2rrn(a/d) 
Sa = 2 L-

n=l n 

() 
00 e-4rrn(h/ d) 

Sb = 2R 0 L n 
n=l 

The series of (3.25) and (3.26) are summable [Wheelon, 1968]: 

.00 -am L _e - = -In (1- e-a ) 

n=l m 

~ -In(a) fOT a« 1 

N ow since a < < d, the quasi-static leading term is 

Similarly, 

Sb = -2R(O) In (1 - e-4rr(h/d») 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 
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With these previous derivations in place, the final expression for the current 

can be written in the following compact form [Wait, 1962]: 

(3.30) 

where 

(3.31) 

The quantity ll. is defined as the correction factor to the logarithmic terms and is 

given by 

ll. = ! f: [1 + Rne-41Tlh/dlUn __ 1_+_R_(O~)e:---:-411"_lh_/d_ll_nll 
2 Un Inl n=-oo,n:f0 

(3.32) 

If the grid were placed below the interface, the shunt impedance expression would 

still be given by (3.31) and (3.32) with sUbscripts one and two interchanged; this 

accounts for the magnitude signs around the h. Wait [1962] has shown that the 

impedance term Zg acts as a shunt impedance in an equivalent., two-segment trans

mission line. 

Once the current is known, the primary and scatttered fields are com

putable from (3.2) and (3.3). Summing over all n, and again applying the Sum

mation Formula of (3.15), yields (for z > 0), 

(3.33) 
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and 
00 

l: 
-i(2tm/d):z: 

Rne-(21T/d)(z+h)Un_e ___ _ 
Un 

(3.34) 
n=-oo 

Therefore, for an infinite grid, the total field is 

(3.35) 

Inherent in (3.33) and (3.34) is the re-radiation of wave types from the grid. For 

values of n for which Un is entirely imaginary, the re-radiation wavefronts are 

simple plane waves corresponding to real angles of reflectance. As n increases, Un 

will become entirely real so that the re-radiated wavefronts are evanescent. For 

these values of n, the grating produces an inductive storage field in its vicinity 

[MacFarlane, 1946]. 

The preceeding analysis illuminates the important physical concepts that 

underlie wire grid structures. The method given herein has general applicability 

to more complex periodic structures. For example, if the grid were in or over a 

stratified earth, then the only analytical task would be to derive an expression for 

the wave function (for the single wire) in terms of a continuous spectral integral. 

The application of Poisson's Summation Formula would give directly the solution 

for the grid. Thus, a whole class of problems of this type can be solved with little 

effort. 
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3.2.1 Parallel Incidence 

If the plane of incidence is defined as the yz plane, then for parallel (or 

vertical) polarization (i.e tPo = 7r /2), kz = 0 and ky = kl sin 00 , with Un = 

.j n2 - Dr cos2 00 and U~ = .j n2 - Dr sin2 00 - D~. As a result, the expressions 

in the previous section collapse into those of Wait [1962]: 

(3.36) 

where RfJ is given by (2.63) and 

Z~ = dZw + iWJ.Ld
2
:s2

0o (In 2:a - R(O) In (1 - e-41Tlh/dl) + A fJ) (3.37) 

with 

(3.38) 

and 

(3.39) 

In (3.36), we defined the intrinsic impedance of region one 111 by 111 = VJ.LI!€I' 

From (3.33) and (3.34), the primary and scattered fields are then 

. 20 00 -(21T/d)lz-hIVnLD2cos2/Jo 
E p - -tWJ.Ll cos 0 1 ikyy ~ e 1 -i(2n1T/d)z 

y - 4 we L- e 
7r n=-oo V n2 - Dr cos2 00 

(3.40) 

and 

. d 20 00 e-(2l1"/d)(z+h)vn2-D~c082/Jo 
EB - -IWJ.Ll cos °Iweikyy L R fJ e-i(2n1T/d)z (3.41) 

y - 47r n=-oo n .j n2 - Dr cos2 00 
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3.2.2 Perpendicular Incidence 

If the plane of incidence is defined as the xz plane, then for perpendicular 

(or horizontal) polarization (i.e <Po = 0), ky = 0, and kz = kl sin 00 • From this, the 

general results derived in Section 3.2 reduce those of Wait [1957]: 

(3.42) 

where Rh is given by (2.62) and 

(3.43) 

Here 

fl'~! f [1 + R:exp[-4w lhjdlv(n - Dl sin 90)' - Dr[ 

. 2 n=l V(n - Dl sin 00)2 - Dr 
(3.44) 

+ 1 + R~n eXP[-47rlhjdIV(n + Dl sin 00)2 - Dr] _ ~] 
V(n + Dl sin 00)2 - Dr n 

and 

where R~n is obtained by replacing n with -no For this polarization, R(O) is 

identically zero. 
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Finally, the resulting primary and secondary electric fields are 

(3.46) 

and 

Before investigating the numerical characteristics of D.. h, we will look at 

a limiting case. The quantities D.. 00 and /),.-00 are denoted as the value of the 

correction factor, /),."', when h -I- ±oo, respectively. When 00 = 0, (3.44) reduces 

to 

(3.48) 

and 

D..-oo _ ~ 1 1 
- ~ y'n2 - (KDI)2 - ;; 

(3.49) 

( 

Now let Dt « 1 and IKDll4 « Ij the difference of (3.48) from (3.49) is well 

approximated by 

(3.50) 

But, Z:~=11/n3 = 1.20206 ... [Wheelon, 1968] so that 

D.. 00 - D.. -00 ~ 0.601D~ (1 - K2) (3.51) 

Equation (3.51) is consistent with a similar formula given by Wait [1957]. 
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3.3 Numerical Results 

The multiplicity of parameters that governs the electromagnetic response 

of thin wire sytems prevents a thorough numerical investigation into every possible 

case. In order to avoid a profusion of plots, the following results have been chosen 

to explicate the important electromagnetic features and phenomena. 

For all calculations, an operating frequency of 1 MHz, an incident field 

strength of 1 V 1m and a lossless free space for region one are assumed. The copper 

wires are chosen to be identical with the following parameters: fw = fO, J.Lw = J.Lo, 

(lw = 5.8 X 107 Sim and k1a = 10-2. (For all practical purposes, the wire is 

essentially perfectly conducting for these wire parameters.) The lower half space 

will be characterized by the complex index of refraction K2 so that the parameters 

w, J.L2 (the permeability will assume the free space value), f2 and (l2 will be given 

by a single number, K2. As an example, for a 1 MHz signal with f2 = 8fO and 

(l2 = 10-3 Slm, K2 = 8.00 - i17.98. Thus, the specification of k1a and K renders 

the results more general. 

Our numerical field results were first tested against previously published 

scattering results [Richmond, 1965; Wait, 1986a; Ragheb and Hamid, 1988]. How

ever, stronger validation tests can be established by comparing the responses of 

the infinitely extended grid with the finitely extended grid; these results are given 

in a later section. 

To avoid confusion, the term parallel (or vertical) polarization is used to 

denote that the electric field is entirely parallel to the yz plane. Perpendicular (or 

horizontal) polarization will denote that electric field vector is perpendicular to the 
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xz plane. The former will excite travelling currents on the wires (i.e. t" =f 0); the 

latter will excite only stationary currents (i.e. t" = 0). 

For later discussions, it is convenient to define a. shielding figure of merit 

or shielding efficiency expression in dB as follows: 

E" S = 20log10 Ere! 

" 
where E" is the computed field with the shielding structure present and E~ef is 

the reference field at the same location without the shielding structure. 

The numerical method for the computation of the Sommerfeld type inte

grals is given in detail in Appendix A. This method is similar to that proposed by 

Johnson and Dudley [1983]. 

3.3.1 Impedance Correction Factor: Perpendicular Polarization 

Before proceeding to the general results, we may gain some insight by 

examining at a few plots of the correction factor for perpendicular polarization 

when the lower half space is loss less or perfectly conducting. (The case for parallel 

polarization has already been investigated in detail [Larsen, 1962a].) Although 

the infinite grid equations are completely general for all values of D 1 , its value in 

subsequent computations will be restricted such that the relations, Dl < (1/(1 + 

sin 1801) and Dl < (1INd(1 + sin 1801) are satisfied. That is, grating lobes will not 

be allowed to occur for all values of d and h. 
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For a perfectly conducting lower half space, the correction factor I:l II, is 

plotted in Figures 3-3 and 3-4 as a function of H (here H = h/ >"d for various 

values of Dl when 00 = 0 and 45 degrees, respectively; the results are in general 

agreement with those sketched in an earlier study [Wait, 1954al. As expected, 

when H ~ 1, b..h approaches the value for the case where the wires are in free 

space [MacFarlane, 19461. 

Similar results are shown in Figures 3-5 and 3-6 when Nj = 1.57. Figure 

3-7 shows the correction factor when region one is the denser medium (i.e. NJ = 

1/1.57) and 00 = O. The general shape of the curves shown in Figures 3-5, 3-6 

and 3-7 is predicted by (3.51). The numerical data in Figure 3-7 supersedes and 

extends an earlier investigation [Wait, 19571. 

3.3.2 Infinite Grid vs. Finitely Extended Grid 

At thiR point it iR dCRirahlc to compare the clcctromngll(,t.ir. propl'rti(,R or 

the the finite grid with the infinite grid. The results will prove useful for two 

reasons. First, they will verify the numerical programming of each of the equations 

in this chapter. That is, by starting with two different analytical solutions (one 

containing infinite sums, the other containing infinite integrals) we may test the 

numerical implementations against each other. Second, they will delineate and 

correlate the indigenous electromagnetic response of each structure. 

In this numerical example, both structures will have the same characteristic 

dimensions: Dl = 0.1 and h = 0.2>"1' The finite grid is centered at the origin with 

a total of 41 wires, so that its overall length is 4>"1. The fields wiII be computed 

along a horizontal plane at a height of 0.1>... 
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Figure 3-3 The impedance correction factor, Ah, as a function of the normal
ized distance H (H = hl>"l) for various values of Dl (Dl = dl>..J). Here we assume 
an incident plane wave with horizontal polarization and let 00 = 0, ¢o = 0 and 
U2 ~ 00. 
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ized distance H (H = h/>"d for various values of Dl (Dl = d/>...). Here we assume 
an incident plane wave with horizontal polarization and let 00 = 45°, 4>0 = 0 and 
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Figure 3-5 The impedance correction factor, l:l. h, as a function of the normal
ized distance H (H = h/ >'1) for various values of Dl (Dl = d/ >.J). Here we assume 
an incident plane wave with horizontal polarization and let 80 = 0, ¢o = 0 and 
Nd = 1.57. 
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Figures 3-8 through 3-11 superimpose the total field response data, for per

pendicular polarization, calculated from (3.1) and (3.35). The following parameters 

have been chosen: for Figure 3-8 region two is free space and 01 = OJ Figure 3-9 is 

the same, but 00 = 30°; for Figure 3-10,00 = 0 and 1(2 = 8.00 - i17.98j for Figure 

3-11, the same earth parameters are kept, but 00 = 30°. In all four figures there 

are good correlations between field responses in the shadow region. The field re

sponse in the transition region is similar to phenomena observed for the continuous 

finite metalic strip resulting from the current edge singularity. The earth appears 

to smooth much of the oscillations observed in the free space case. 

The former numerical experiment is repeated, but with parallel polariza

tion. For Figures 3-12 and 3-13, the grid is in free space, with 00 = 300 and 

00 = 450
, respectivelYj Figures 3-14 and 3-15 assume that the grid is over a lossy 

earth (K2 = 8.00 - i17.98), with the same aforementioned zenith parameters. In 

general, there are no new phenomena observed for this polarization. 

For the data shown in Figure 3-16, for the finitely extended grid, we assume 

that In = Iwexp(-inkldsinOo), where Iw is the computed value determined from 

(3.30). Such an approximation is equivalent to the physical optics approximation 

for the continuous conducting strip. The corresponding field response is plotted 

and then compared with the exact solution when 00 = 0 and 1(2 = 8.00 - i17.98. 

Except for the overshoot in the transition region, this approximation seems to 

give a good estimate for determining the field response in the shadow region. The 

advantage of such an approximation is the prediction of In without having to load 

and invert large matrices. It is found, for typical values of d and h, that the 

expression for ll. converges after the summation of about 100 terms. In contrast, 

the numerical evaluation of Zn,m can be on the order of 100 to 1000 terms, if the 
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Figure 3-8 The electric field response below the finite and infinite wire grid in 
free space as a function of the horizontal distance x (x is normalized to free space 
wavelength) for a normally incident plane wave when 00 = 0, ¢o = 0, h = 0.2,\1. 
d = .1>.1, Z = .1>.1 and Eo = 1 V 1m. 
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Figure 3-9 The electric field response below the finite and infinite wire grid in 
free space as a function of the horizontal distance x (x is normalized to free space 
wavelength) for perpendicular polarization when 80 = 300

, 4Jo = 0, h = 0.2>'b 
d = .1,,\1, z = .1,,\1 and Eo = IV/ro. 
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over a lossy half space as a function of the horizontal distance x (x is normalized 
to free space wavelength) for a normally incident plane wave when 00 = 0, tPo = 0, 
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Figure 3-11 The electric field response below the finite and infinite wire grid 
over a lossy half space as a function of the horizontal distance x (x is normalized 
to free space wavelength) for perpendicular polarization when 00 = 300
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Figure 3-12 The electric field response below the finite and infinite wire grid 
in free space as a function of the horizontal distance x (x is normalized to free 
space wavelength) for parallel polarization when 00 = 30°, rPo = 90°, h = O.2>'1l 
d = .!AI, Z = .!AI and Eo = IV/m. 
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Figure 3-13 The electric field response below the finite and infinite wire grid 
in free space as a function of the horizontal distance :z; (:z; is normalized to free 
space wavelength) for parallel polarization when (}o = 45°, cPo = 90°, h = 0.2Al, 

d = .1>.1, z = .1~1 and Eo = lV/ro. 
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Figure 3-14 The electric field response below the finite and infinite wire grid 
over a lossy half space as a function of the horizontal distance x (x is normalized to 
free space wavelength) for parallel polarization when 00 = 300

, <Po = 900
, h = 0.2>'1, 

d = .lAb Z = .lAb K2 = 8.00 - i17.S9 and Eo = 1V jm. 
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Figure 3-15 The electric field response below the finite and infinite wire grid 
over a lossy half space as a function of the horizontal distance x (x is normalized to 
free space wavelength) for parallel polarization when ()o = 45°, <Po = 90°, h = 0.2),1, 
d = .1>.1, Z = .1>.., K2 = 8.00 - i17.89 and Eo = 1V 1m. 
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Figure 3-16 The electric field response produced by the finite grid over a lossy 
half space using two different current distributions for normal incidence. The solid 
curve represents the exact value computed from (3.5) i the dashed curve assumes 
a constant current distribution whose value is given fom (3.30). The relevant 
parameters are: 00 = 0, rPo = 90°, h = O.2,xlt d = .1,xl, z = .1,xb K2 = 8.00-i17.89 
and Eo = 1V 1m. 
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approach outlined in Appendix A is used. Thus, an estimation can be obtained 

for the total current distribution of the grid by using (3.30) in the same time that 

(or time less than) it would take to load one matrix element given in (3.5). For N 

wires, this corresponds to a savings of roughly N 2/2 evaluations of (3.7) and (3.8). 

3.3.3 Shielding Studies: Perpendicular Polarization 

The semi-circular cage of radius b with equally spaced wires was chosen for 

the structure under investigation as indicated in Figure 3-17. The cage is centered 

at x = 0 and a height of h = 0.02>'1' Our primary concern is the functional 

dependency of a, b, N, 0"2 and 00 on S when the incident field is perpendicularly 

polarized; all other parameters not mentioned will be kept constant. The fields 

will be numerically observed along a horizontal cut at a height of 0.1>'1, unless 

otherwise noted. 

A family of curves demonstrating the functional dependency of S on the 

distance x in wavelengths is shown in Figure 3-18 for various numbers of wires 

N with 00 = 0, b = 0.25>', K2 = 8.00 - i17.98, and k 1a = .01. As expected, 

the shielding effectiveness improves as N increases. At x = 0, S decreases from 

-26 dB for N = 25 (i.e 32 wires per wavelength) to -42 dB for N = 50 (Le. 64 

wires per wavelength) to -67 dB for N = 75 (i.e 96 wires per wavelength). The 

discontinuities at the transition regions result from probing close to the wire. For 

all practical purposes, the wire's axial impedance is near zero at this frequency, 

causing the E-field to vanish at its surface. Figure 3-19 shows the logarithmic 

electric field contour plot when N = 75 for this same structure; the contours are 
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Figure 3-17 A semi-circular cage of radius b at a height h from the interface. 
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Figure 3-18 A plot of the shielding efficiency, S, as a function of x when 
varying N for the semi-circular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1>.1 above the half space; x is measured 
in wavelengths. The relevant parameters are h = .02'\11 b = .25'\., Eo = 1 V fm, 
K2 = 8.00 - iI7.98, k1a = 0.01,00 = 0 and CPo = O. 
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Figure 3-19 A contour plot of the logarithm of the E-field (i.e. logiO IEtot I) on 
the xz-plane for the semi-circular cage; x and z are measured in wavelengths. The 
relevant parameters are h = .02)q, b = .25>'11 Eo = 1 V 1m, K2 = 8.00 - i17.98, 
~la = 0.01,00 = 0 and <Po = O. 
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the constant values of loglO IE~otl. In general, the internal variation of the E

field is minimal throughout the cage; in contrast, a rapid spatial rate-of-change 

in the field occurs as the numerical probe passes from the internal region to the 

external. Other than the leakage that occurs between the interface and the cage, 

the structure shields very well. It was designed not to support any internal field 

resonances; Figure 3-19 confirms that this is indeed the case. 

The foregoing calculations are repeated for oblique incidence with 00 = 
45°; Figure 3-20 confirms that S is no longer constant inside the structure. A 

close comparison of Figure 3-20 with Figure 3-18 shows that the fields at x = 0 

are modified slightly. Figure 3-21 exhibits the functional dependency of 00 on 

S. Particularly, the shielding improves as x increases and the E-field gradient is 

effectively in the direction of the incident plane wave. As expected for this angle 

of incidence, resonances are not excited. 

The presence of the half space modifies the shielding characteristics for 

various values of N as seen in Figures 3-22 through 3-27. The three special cases 

of interest are when K2 = 1, K2 -+ 00 and K2 = 8. In all three cases, normal 

incidence is assumed. The results in Figures 3-22 and 3-23 (K2 = 1) demonstrate 

that the interface is necessary if any shielding is to be accomplished, regardless of 

the number of wires used. Yet, whether the lower half space is lossless, as seen 

in Figures 3-26 and 3-27, or perfectly conducting, as seen Figures 3-24 and 3-25, 

the shielding effectiveness is left virtually unaffected. The contour plots of Figures 

3-25 and 3-27 demonstrate that the earth's conductivity' plays an important role in 

smoothing the shielding distribution inside the cage, particUlarly when N is large. 

This same phenonmenon was observed for the planar grid cases. 
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Figure 3-20 A plot of the shielding efficiency, S, as a function of x when 
varying N for the semi-drcular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1.\1 above the half spacej x is measured 
in wavelengths. The relevant parameters are h = .02.\lt b = .25.\1, Eo = 1 V 1m, 
K2 = 8.00 - i17.98, klB = 0.01,80 = 450 and tPo = o. 
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Figure 3-21 A contour plot of the logarithm of the E-field (Le. loglO IE~ot I) on 
the xz-plane for the semi-circular cage; x and z are measured in wavelengths. The 
relevant parameters are h = .02..\., b = .25..\ .. Eo = 1 V 1m, K2 = 8.00 - i17.98, 
kla = 0.01,00 = 450 and tPo = o. 
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Figure 3·22 A plot of the shielding efficiency, S, as a function of x when vary· 
ing N for the semi-circular cage. The shielding effectiveness is measured along a 
horizontal cut at a height of 0.1~1 above the half space; x is measured in wave· 
lengths. The relevant parameters are h = .02"\1, b = .25"\., Eo = 1 V 1m, K2 = 1, 
kla = 0.01 00 = 0 and <Po = o. 
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Figure 3-23 A contour plot of the logarithm of the E-field (Le. loglo IE~ot I) on 
the xz-plane for the semi-circular cage; x and z are measured in wavelengths. The 
relevant parameters are h = .02'\1, b = .25,\}, Eo = 1 V 1m, K2 = 1, k1a = 0.01, 
00 = 0 and <Po = o. 
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Figure 3-24 A plot of the shielding efficiency, S, as a function of x when vary
ing N for the semi-circular cage. The shielding effectiveness is measured along a 
horizontal cut at a height of 0.1..\1 above the half space; x is measured in wave
lengths. The relevant parameters are h = .02..\}, b = .25>.}, Eo = 1 V 1m, [(2 -+ 00, 

kla = 0.01, 00 = 0 and tPo = o. 
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Figure 3-25 A contour plot of the logarithm of the E-field (i.e. logIO I Etot I) on 
the xz-plane for the semi-circular cage; x and z are measured in wavelengths. The 
relevant parameters are h = .02>'1, b = .25>'., Eo = 1 V 1m, K2 -+ 00, kIa = 0.01, 
eo = 0 and tPo = o. 
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Figure 3-26 A plot of the shielding efficiency, S, as a function of x when vary
ing N for the semi-circular cage. The shielding effectiveness is measured along a 
horizontal cut at a height of 0.1..\1 above the half space; x is measured in wave
lengths. The relevant parameters are h = .02>'1, b = .25>'., Eo = 1 V 1m, K2 = 8, 
k1a = 0.01, 80 = 0 and ¢o = o. 
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Figure 3-27 A contour plot of the logarithm of the E-field (i.e. loglo IE~ot I) on 
the xz-plane for the semi-circular cage; x and z are measured in wavelengths. The 
relevant parameters are h = .02,\11 b = .25,\1, Eo = 1 V 1m, K2 = 8, kla = 0.01, 
00 = 0 and cPo = O. 
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The preceeding conclusion is exemplified in Figures 3-28 and 3-29 when 

00 = 0 and 00 = 45, respectively. For this case, N = 50 and the loss tangent, tan 02, 

is varied from 0.1 (i.e. low loss) to 10.0 (i.e. high loss) in 0.5 base ten logarithmic 

steps. For 00 = 0, the shielding distribution becomes flatter as the conductivity of 

the lower medium is increased. This can be understood from the electromagnetic 

imaging effect. For large values of conductivity, the wires above the ground are 

imaged well by the half space. That is, the image currents are almost equal in 

magnitude and opposite in phase to the primary current. Since, from geometrical 

considerations, the computational cut is almost along a plane of symmetry, the 

corresponding shielding distribution tends to be flat. However, when 00 = 450
, this 

cut is not along such a symmetrical plane, and consequently, the distribution is 

less even. 

Up to this point, the structures under investigation did not support in

ternal resonances because of the relatively small overall dimensions in terms of 

wavelength. We next consider the resonant effects which become important for 

larger structural dimensions. For example, Figures 3-30, 3-31 and 3-32 show the 

shielding effects of the semi-circular cage with a wire distribution of 66 wires per 

wavelength for a highly conductive earth (K2 = 8.0 - i179.8). Each figure shows 

the logarithmic field contour lines as b is increased. The dimension b was chosen 

to either satisfy the 2-D ideal resonant cavity equation, Jm(klb) = 0, or some 

point in between resonances. (Jm denotes the Bessel function of the first kind.) 

For Figure 3-30, b corresponds to the first zero of JO(klb) (Le. b = 0.3827>.t); for 

Figure 3-32, b corresponds to the second zero of Jt{klb) (i.e. b = 0.6098>'d; for 

Figure 3-31, we arbitarily choose a point between the other two, say, b = 0.5>'1' 

Since the ground is highly conducting, the E-field will diminish in value as the 
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Figure 3-28 A plot of the shielding efficiency, S, as a function of x when 
varying tan 02 for the semi-circular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1>.1 above the half space; x is measured in 
wavelengths. The relevant parameters are h = .02> • ., b = .25..\., Eo = 1 V jm, 
k1a = 0.01, (}o = 0 and <Po = O. 
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Figure 3-29 A plot of the shielding efficiency, S, as a function of x when 
varying tan 62 for the semi-circular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1,\1 above the half space; x is measured in 
wavelengths. The relevant parameters are h = .02'\., b = .25'\., Eo = 1 V 1m, 
k1a = 0.01, 00 = 450 and cPo = O. 
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Figure 3-30 A contour plot of the logarithm of the E-field (Le. loglO IE~otl) 
on the xz-plane for the semi-circular cage; x and z are measured in wavelengths. 
The relevant parameters are h = .02'\}, b = .3827'\1, Eo = 1 V /m, N = 77 (Le. 66 
wires/,\d, K2 = 8.00 - i179.8, k 1a = 0.01,00 = 0 and tPo = o. 
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Figure 3-31 A contour plot of the logarithm of the E-field (i.e. loglO IE~ot I) 
on the xz-plane for the semi-circular cage; x and z are measured in wavelengths. 
The relevant parameters are h = .02).11 b = .5).11 Eo = 1 V /m, N = 100 {Le. 66 
wires/).d, K2 = S'.OO - i179.S, k1a = 0.01,80 = 0 and rPo = o. 



(0 

+---~----~----~--~----~---+ci 

0 
N 

- 0 , 

(0 U1 "<t t") N 
ci 0 ci 0 0 

Z 

a 0 
N ill 

--I I 

0 

~ 
0 

0 

C'J 
ci 
1 

"<t 
o 
1 

(0 

0 
01 

101 

~ 

Figure 3-32 A contour plot of the logarithm of the E-field (Le. loglO IE~ot D 
on the xz-plane for the semi-circular cage; x and z are measured in wavelengths. 
The relevant parameters are h = .02.\1, b = .6089.\11 Eo = 1 V 1m, N = 122 (Le. 
66 wires/.\I), K2 = 8.00 - i179.8, k1a = 0.01,00 = 0 and 4>0 = o. 
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numerical probe moves toward the interface, and consequently, the structure is not 

expected to support any T EO,k resonances; Figure 3-30 confirms this assertion. 

As the dimension b is increased, the resonant effects become more pronounced, as 

shown in Figure 3-31. If b is set such that the structure supports the TEll reso

nance, the fields become greatly enhanced at the center of the cage. The E-field 

distribution is predicted to compare closely to the perfectly conducting continuous 

case; that is to say, E" ,..., Jl(klPzz) coscp. (pzz and cp are the polar coordinates for 

the xz-plane.) Except for a slight shift in the peaking point, Figure 3-32 shows 

that the structure is resonating as predicted by this equation. Quantitatively, the 

field peaks to about 0.1 volt/meter, which implies that the shielding effectiveness 

has been degraded to about 20 dB. 

A rectangular structure is now investigated as depicted in Figure 3-33. The 

studies associated with Figures 3-18 and 3-20 are repeated for Figures 3-34 and 

3-35 when 00 = 0 and 00 = 450
, respectively; the wire density remains invariant. 

In general, it appears that the structural configuration has little overall effect on 

the shielding performance. 

Finally, the results obtained from the wire grid model are compared with 

a Method of Moments (MOM) solution for the perfectly conducting, continuous 

shell. Using a rectangular shell, as shown in Figure 3-33 (the continuous shell has 

the same geometry), we compare the results of Figure 3-34 with those furnished 

by Baertlein [1988] as shown in Figure 3-36. His method used pulse expansion 

functions with delta function weights to solve for the surface current in his integral 

equation. Figure 3-36 shows that the wire grid model, for a particular choice of 

N, will shield as well as the perfectly conducting continuous shell. 
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Figure 3-33 A rectangular cage of width b and height c displaced at a height 
h from the interface. 
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Figure 3-34 A plot of the shielding efficiency, S, as a function of x when vary
ing N for the rectangular cage. The shielding effectiveness is measured along a 
horizontal cut at a height of 0.1>'1 above the half space; x is measured in wave
lengths. The relevant parameters are h = .02>'}, C = .2S>'t, d = .S>'t, Eo = 1 V 1m, 
K2 = 8.00 - i17.98, k1a = 0.01,00 = 0 and cPo = o. 
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Figure 3-35 A plot of the shielding efficiency, S, as a function of x when 
varying N for the rectangular cage. The shielding effectiveness is measured along a 
horizontal cut at a height ofO.V. above the halfspacej x is measured in wavelengths. 
The relevant parameters are h = .02> • ., c = .25>'., d = .5>'., Eo = 1 V 1m, 
K2 = 8.00 - i17.98, k1a = 0.01, 00 = 450 and tPo = O. 
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Figure 3-36 A comparison of the wire grid model with the continuous shell 
model (i.e. MOM solution) for the rectangular cage. The shielding effectiveness 
is measured along a horizontal cut at a height of 0.1,.\ above the half space; x 
is measured in wavelengths. The relevant parameters are h = .02)11, C = .25>'1, 
d = .5>'1, Eo = 1 Vim, K2 = 8.00 - i17.98, kla = 0.01,00 = 0 and 4>0 = o. 
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3.3.4 Shielding Studies: Parallel Polarization 

Some of the results given for the perpendicular polarization case will now 

be repeated for the parallel case. Since vertical polarization yields symmetrical 

results with respect to the x-axis, only the interval x E [0, .5).1] is presented. 

Again, the semi-circular structure shown in Figure 3-17 is considered and 

the same parameters associated with Figure 3-18 will be used (i.e K2 = 8.00 -

i17.98). Figures 3-37, 3-38 and 3-39 show the shielding response when ()o = 30, 

00 = 45 and ()o = 60 degrees, respectively. The shielding distribution is affected by 

the zenit~ angle, but more importantly, the shielding response converges as N is 

increased. Unfortunately, increasing 00 degradates the shielding effectiveness. 

Figure 3-40 shows the shielding response for the rectangular cage when 

80 = 45°. The same parameters associated with Figure 3-31 are used here. Once 

again, the shielding configuration has little affect on the shielding performance. 
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Figure 3-37 A plot of the shielding efficiency, S, as a function of x when 
varying N for the semi-circular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1,\1 above the half space; x is measured 
in wavelengths. The relevant parameters are h = .02'\h b = .2S'\b Eo = 1 V fm, 
K2 = 8.00 - i17.98, kla = 0.01,80 = 30° and rPo = 90°. 
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Figure 3-38 A plot of the shielding efficiency, S, as a function of x when 
varying N for the semi-circular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1-\1 above the half space; x is measured 
in wavelengths. The relevant parameters are h = .02-\11 b = .25-\1, Eo = 1 V jm, 
K2 = 8.00 - iI7.98, k1a = 0.01,00 = 45° and l/Jo = 90°. 
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Figure 3-39 A plot of the shielding efficiency, S, as a function of x when 
varying N for the semi-circular cage. The shielding effectiveness is measured 
along a horizontal cut at a height of 0.1>'1 above the half space; x is measured 
in wavelengths. The relevant parameters are h = .02>'11 b = .25>'1, Eo = 1 V 1m, 
K2 = 8.00 - i17.98, k1a = 0.01,00 = 60° and rPo = 90°. 
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Figure 3-40 A plot of the shielding efficiency, S, as a function of x when vary
ing N for the rectangular cage. The shielding effectiveness is measured along a 
horizontal cut at a height of 0.1>.1 above the half space; x is measured in wave
lengths. The relevant parameters are h = .02>'1J C = .25>'b d = .5>'1J Eo = 1 V 1m , 
K2 = 8.00 - i17.98, k1a = 0.01,00 = 45° and l/Jo = 90°. 
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CHAPTER 4 

EM RESPONSE OF CROSSING WIRES 

The electromagnetic response of a crossed wire configuration will be ad

dressed in this chapter. We begin with the formulation of the general equations 

for two perpendicular wires over a lossy half space. These give rise to two cou

pled integral equations whose unknowns are the spectral currents flowing on each 

wire. The equations are given in terms of self and mutual impedance functions and 

generalized source functions in order to maintain analytic generality. 

Two methods, both numerical, are used to solve for the spectral currents. 

The first relies on collocation moment method techniques; the second employs the 

iterative method of multiple scatterers such that the zeroth order, first order and 

higher order terms are considered sequentially. Both cases are shown to yield the 

same results for the leading terms. In either case, upon numerical implementa

tion, the width of the sampling interval is determined from the Nyquist sampling 

theorem. Numerically computed curves are provided in order to compare the two 

solutions. Once the spectral currents are known, a fast Fourier transform (FFT) 

will be applied in order to obtain the spatial currents flowing on each wire. 

Our results will focus on the detection of buried wires in an homogeneous 

medium when excited by a vertical magnetic dipole. The application of these 

results leads to further understanding of buried wire detection and cross coupling 

of buried communication lines [Wait, 1972b, 1978bJ. 
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4.1 Integral Equation Formulation 

Two orthogonal, infinitely long, thin wires over a lossy half space, as shown 

in Figure 4-1, are considered. The wires are parallel to the xy-plane, and the 

surrounding medium is assumed to have the electrical parameters, 1:1 and ILl for 

z > 0, and 1:2 and IL2 for z < o. In general, I: and IL may be complex to account for 

dissipative losses. The y-directed wire is located at coordinates x = 0 and z = h 

and the x-directed wire is positioned at y = 0 and z = h + di the only restrictions 

are that h > 0, h + d > 0 and that the wires are non-touching. Again, the wires 

are assumed to be identical such that the radius, a, and the axial impedance, Zw, 

are the same. The source will remain unspecified until a particular problem is 

addressed. The primary objective is to determine the induced currents in both the 

x-directed and y-directed wires. 

As in Chapter 2, this problem is solved by Fourier transform methods. 

The transform pair for the y-directed wire is given by (2.11) and (2.12). A new 

transform pair is introduced for the x-directed wire. Defining ix(x) as the spatial 

current distribution on the x-directed wire, and Ix(>") as its spectral transform, we 

may state that 

(4.1) 

and 

(4.2) 

The single wire over a half space has already been considered in Chapter 

Two, so that the derivation of the Hertz potentials is not needed here. Recall from 

(2.24) and (2.25) that the y-component of the electric Hertz vector in region one, 
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Figure 4-1 Two perpendicular wires over a half-space excited by a dipole. 
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related to the y-directed wire, was the combination of a primary component and 

a secondary component. The primary part has two equivalent forms: 

(4.3) 

or using the Fourier integral relationship for the MacDonald function, 

(4.4) 

where VI = .)(32 - ki, UI = .)>..2 + vi and Pzz = y'x2 + (z - h)2. The unknown, 

Iy((3) is to be determined. (Note that in the double transform expressions, the order 

of integration is arbitrary, and thus may be interchanged.) The secondary part was 

shown in Chapter Two to involve both electric and magnetic Hertz vectors. For 

the electric Hertz potential, 

(4.5) 

where Ry is given by (2.37). The magnetic Hertz potential, as given in (2.27), is 

(4.6) 

where My is given by (2.38). 

The corresponding Hertz potentials for the x-directed wire are analogous 

to those for the y-directed wire. Particularly, the electric Hertz component, in 

region one, is a sum of a primary part and a secondary part: 

(4.7) 
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or 

(4.8) 

where /z(>,) is to be determined. Here WI = .J>.2 - kf (Re[wil > 0) and Pyz = 

y'y2 + (z - h - d)2. For the secondary part, 

(4.9) 

and 

(4.10) 

In (4.9) and (4.10), Rz and Mz can be determined from (2.37) and (2.38) (see also 

[Wait, 1972a]), but with y replaced with x and (3 replaced with >.. That is, 

Rz = >.2(32(1- K z )2 + W2(€ltLl - €2 tL2K z)(JLl tLl + JL2 tL2K z) (4.11) 
->.2(32(1- K z )2 + W2(€ltLl + €2tL2Kz)(JLltL2 + JL2 tL2K z) 

and 

where 

(4.13) 

and where tL2 = .J >.2 + (32 - ki with Re[tL21 > o. 
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From (2.9) the total horizontal electric fields produced by the wires, for 

z > 0, can be explicitly determined from 

E w (k2 8
2 

) IT 8
2 

IT . 8 IT· 
x = 1 + 8x2 x + 8x8y II + lWJ.Ll 8z II (4.14) 

and 

(4.15) 

The electric field components, produced by the currents in the wires, for z > 0 are 

then 

(4.16) 

and 

(4.17) 

where 171 = VJ.Ll/ f l' 
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The matching points for the thin wire operators of the x-directed wire are 

chosen, per our definition given in (2.52) to be y = 0 and z = h + d + aj for the 

y-directed wire, x = 0 and z = h + a. Consequently, the thin wire operators are 

then 

(4.18) 

and 

(4.19) 

Here E~ and E~ are the spatial representations (still unspecified) for the source 

distribution for the x and y components, respectively. Implicit in this procedure 

is that E~ and E~ must satisfy the continuity conditions at the interface. Also, in 

(4.18) and (4.19), Za and Zb are the spatially dispersive axial impedances for the 

x-directed and y-directed wires (see Equation 2.53). In the present context, 

(4.20) 

and 

Zb{{J) = Vw Io{vw a) 
211"a{uw + iWfw) II (vwa) 

(4.21) 

where Ww = J')'~ + ).2, Vw = J')'~ + (J2 and ')'w = JiwJ.Lw{uw + iWfw) (Re[ww, vwl > 

o and Rebwl > 0). 

Another cable structure that will be needed in future numerical results is 

the coated wire. For a metalic conductor of radius b coated with an insulating 

region of radius a, the spatially dispersive axial impedances are [Wait, 1986bl, 

(4.22) 
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and 

(4.23) 

where Ei is the insulator's permittivity and ki = WVJ-tOEi. When a = b, the axial 

impedance results degenerate to the case of a bare conductor. 

By applying the axial impedance operators at the surface of each wire and 

equating integrands for all x of (4.18), we obtain the following coupled integral 

relationship between Ix and Iy: 

where 

(4.25) 

and 

(4.26) 

Here E:(>') is the spectral representation for the source's x-component evaluated 

at the surface of the x-directed wire. 

By similar construction, the y-directed electric field components are matched 

at the surface of each wire using (4.19) to obtain 
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where 

(4.28) 

and 

(4.29) 

Here, E~ (.8) is the spectral representation for the y-component of the source field 

evaluated at the surface of the y-directed wire. 

Clearly, (4.24) and (4.27) represent a coupled set of integral equations. The 

quantities Zxx and Zyy are the spectral self impedance terms for the x-directed 

and y-directed wires, respectively; they correspond to a single wire as derived 

in Chapter Two. The impedances Zxy and Zyx are the spectral mutual coupling 

impedances between wires which are integrated over the entire spectral space. The 

mutual coupling impedances are odd functions of the spectral variables. Hence, 

from (4.24) and (4.27), the inter-wire coupling is a function of the odd components 

of the spectral currents. 

When the ground is perfectly conducting, Rx,y = -1 and Mx,y = 0 so that 

the impedance functions reduce to 

(4.30) 

(4.31) 
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(4.32) 

and 

(4.33) 

For this special case, the mutual impedance functions are symmetric in {3 and Aj 

that is, Zxy = Zyx. 

When no interface is present, Rx,y = 0 and Mx,y = 0, and consequently, 

(4.34) 

(4.35) 

(4.36) 

and 

(4.37) 

Again, the mutual impedance functions are symmetric in {3 and A. 

Provided that the integral equations can be solved for the spectral currents, 

the electric field components can then be determined from (4.14) and (4.15) (a 

similar expression for the z-component can be computed from (2.9)). For the case 

where the conductors are buried in a lossy earth, the resulting magnetic fields are 
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of more interest. When the medium is entirely homogeneous (i.e R x•y = Mx•y = 0), 

(2.10) shows that H = iWfl V X II or 

and 

where 

and 

HW = (z - h) A 
x " y 

Pxz 

(z - h - d) H: = - " Ax 
Pyz 

4.2 Source Term: Dipole Excitation 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

(4.42) 

Hitherto, the source terms have been left unspecified. For sake of generality, 

the spectral electric field source terms, E:(,x) and E;({3), for the vertical electric 

dipole (VED) and the vertical magnetic dipole (VMD) are presented. Horizontal 

and tilted dipoles can also be used; the derivations are similar to those given below. 
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4.2.1 Vertical Electric Dipole 

From Wait [1985, §6.21, the electric Hertz potential for a VED, of moment 

I dl, located at Xd, Yd, Zd, in an homogeneous medium is 

(4.43) 

where Rd = Jp~ + (z - Zd)2 and Pd = J(x - Xd)2 + (y - Yd)2. By employing the 

Sommerfeld identity [Wait, 19591, we find that the Hertz potential can be expanded 

in a Fourier integral in either>' or p. That is, 

(4.44) 

or equivalently, 

(4.45) 

where T:z;z = J(x - Xd)2 + (z - Zd)2 and Tyz = J(y - Yd)2 + (z - ZdP. The elec

tric field, for the x and Y components, can be computed using (2.9): 

(4.46) 

and 

(4.47) 

so that 

E d _ Idl (z - Zd) 100
., K ( ) -iA(:Z;-:Z;d)d' 

:z; - 4 2' 'I\Wl 1 WlTI/Z e 1\ 
'Jr IWEl Tyz -00 

( 4.48) 
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and 

(4.49) 

The above forms are consistent with previously derived formulas [Hill and Wait, 

1977]. Therefore, from (4.48) and (4.49) , E~(>') and E;({3) in (4.24) and (4.27), at 

the surface of their respective wires, are then 

E 8(') _ Idl (h+d-zd)" K ( A) i>'Zd 
Z ,,- 2' A '''WI I WITyz e 

471" 'WEI ryz 
(4.50) 

and 

E 8(f.l) _ Idl {h - Zd).f.l K ( A ) i{JYd 
Y /J - 2' A '/JVI I VITzz e 

471" 'WEI T:z:z 
(4.51) 

The above field representations were necessary in order to match the bound

ary conditions at the surface of each wire. To determine the fields at any other 

location, the conventional approach [Wait, 1986a, §5.3] may be used. Starting 

with (2.9) and (2.10), and converting the Cartesian system into a spherical system 

referenced at the origin of the dipole, we obtain the following: 

(4.52) 

(4.53) 

and 

(4.54) 

where, from geometrical considerations, sinOd = Pd/Rd and COS(}d = {z - zd)/Rd. 

That is, (}d is measured from the vertical axis of the dipole. 
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4.2.2 Vertical Magnetic Dipole 

Again, from Wait [1985, §6.2], the magnetic Hertz potential for a VMD, of 

strength IdA, located at Xd, Yd, Zd in an homogeneous medium is 

(4.55) 

When the Sommerfeld identity is applied, the spectral representations for (4.55) 

are 

(4.56) 

or 

(4.57) 

The electric field vector is computable from (2.9). Particularly, E = -iWJ..Ll V' X fl*, 

or 

E d • a rr*d 
z = -IWJ..LI ay z (4.58) 

and 

E d • a rr*d y = IWJ..LI ax z (4.59) 

Therefore, 

E d _. IdA (y - Yd) 100 
K ( ) -i'\(Z-Zd)d' 

z - %WJ..LI 4 2 WI I Wiryz e 1\ 
7r Tyz -00 

(4.60) 

and 

(4.61) 
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At the surface of each of the wires, E:(>') and E;({3) in (4.24) and (4.27) are 

E B(') . IdA Yd K ( A) i>'Zd Z 1\ = -SWf..LI--2 -A-WI I WITy% e 
411" ryz 

(4.62) 

and 

(4.63) 

Alternate field representations will again be needed for later results. Adapt

ing Wait's analysis [1986a, §5.8] to our coordinate system yields 

E d • IdA ( 'k R ) -iklRd • () 
¢=-SWf..LI--2 1+s I de sm d 

411"Rd 
(4.64) 

(4.65) 

and 

H d IdA (1 'k R k2R2) -iklR.t • () 
(J = -R3 +, I d - Ide sm d 

411" d 
(4.66) 

The trignometric functions are the same as defined in the previous section. 

In later results, when using the VMD, the magnetic field Cartesian com

ponents will be of more interest. Applying standard geometrical identities, we 

find 

H: = Hi sin 0 cos <P + Hf cos () cos <P 

H: = Hi sin 0 sin <P + Hf cos () sin <P (4.67) 

H: = Hi cos 0 - Hfsin() 

where sinO = p/R, cosO = z/R, sin<p = yip and cos<p = x/p with R = Vp2 + z2 

and p = V x2 + y2. 
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4.3 Matrix Solution: Moment Method 

To solve for the current functions in (4.24) and (4.27), the even and odd 

properties of the current and field functions will be exploited. Let 

(4.68) 

where 

(4.69) 

and 

(4.70) 

In a similar fashion let 

(4.71) 

(4.72) 

and 

(4.73) 

By matching the even and odd parts in (4.24) and (4.27), we now have a 

system offour equations and four unknowns; two of which are immediately solvable: 

(4.74) 

and 

(4.75) 
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with 

(4.76) 

and 

(4.77) 

Note that only the odd portion of the current functions provide the electromagnetic 

coupling between wires; the even portions are not affected by the presence of 

another wire. 

Since no analytical solution is known for (4.76) and (4.77), the solution is 

to be given in terms of numerical approximations, viz. the method of moments. 

Although the integral operator is bounded for Im[kl] < 0 (see Appendix B), the 

numerical approximation is not mathematically established as a solution unless 1) 

the expansion functions and the weighting functions are identical, 2) the expansion 

sequence is complete in the Hilbert space of the operator and 3) the operator is 

positive [Dudley, 1985]; these conditions cannot be demonstrated for our situation. 

However, as Dudley points out, self and comparative checks can be devised that will 

numerically validate the results. This validation process will be addressed when a 

specific example is under consideration. 

For our purposes, collocation, a subset of moment theory, will be employed. 

For this method, the following staircase approximation is sufficient (for >.., f3 > 0): 

(4.78) 
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and 

(4.79) 

where Pn(a) = 1 if a E [en - 1/2)D., (n + 1/2)D.] and Pn(a) = 0 otherwise; 

the situation is depicted in Figure 4-2. Here ll. has been defined as the spectral 

sampling interval and an and bn are the sampled current values. Also, when dealing 

with odd functions, ao = bo = O. For subsequent analysis, the limit operator will 

be suppressed and implied. Of course, for numerical purposes some finite number 

(Le. N) of expansion functions must be assumed for the spectral representations, 

but this choice will be addressed in a later section. 

By inserting the forms of (4.78) and (4.79) into the coupled integral equa

tions of (4.76) and (4.77), we find that the integrals can be easily evaluated in 

close-form such that (4.76) and (4.77) reduce to 

~ P. (A) .\ ~ b [-~lldl _ -~2Idl] _ E~dd(A) 
~ an n + 21riwElldIlZa(A) _ Zzz(A)] ~ nee - Za(A) - Zzz(A) 

(4.80) 

and 
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N-1 n=N 

GIl • • I 

Figure 4-2 Pictorial description of the staircase expansion functions and the 
delta function weights used in the method of moment analysis. . 



where 

Al =V(n -1/2)2A2 +),2 - kr 

A2 =V(n + 1/2)2A2 +),2 - kr 

A3 =V(n -1/2)2A2 + f32 - kr 

A4 =V(n + 1/2)2A2 + f32 - kr 
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(4.82) 

Th . l'd . f' e-U1dd' e-
U1d d' h . I' Th e simp e I entity "til" = --d- was use In t e prevIOUS ana YSIS. e 

above equations are now sampled at the points mA. In effect, this is implemented 

by taking the inner product of equation (4.80) with 6(), - mAl and (4.81) with 

6(f3 - mA), for m = 1,2, ... , N. Doing thus, we obtain the following coupled 

matrix equations: 

a+Rb = s (4.83) 

and 

b+Ta=q (4.84) 

where the matrix elements of Rand T are given by 

mA 
Rm ", = . I I[ () ()] Om '" , 271"ZWEI d Za mA - Zxx mA ' 

(4.85) 

and 

mA 
Tm ,,,, = 271"iwElldI[Zb(mA) _ Z",,(mA)] Om,,,, 

(4.86) 

where 

Om,,,, =exp {-[(n -1/2)2A2 + (mA)2 - ki]!ldl} 
(4.87) 

- exp {-[(n + 1/2)2A2 + (mA)2 - ki]~ldl} 
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Since the wires are identical, R = T. The elements of source vectors q and s are 

also found to be 

(4.88) 

and 

(4.89) 

By applying standard matrix manipulations to (4.83) and (4.84), we find 

that the vectors a and b are given explicitly by 

a = [1- R2rl[s - Rqj (4.90) 

and 

(4.91) 

Here 1 represents the identity matrix. 

At this juncture we make a few key observations. First, the matrix R 

and the vectors s and q can be loaded numerically without much difficulty. Sec

ond, the system of equations can be easily solved using standard numerical matrix 

techniques. Third, for rna » Ik11, 8 m and qm rapidly tend toward zero. 

Our attention is now returned to the even parts of the spectral current 

functions. Again, from the sampling theorem, the functions may be represented 

using a similar staircase approximation as before. Let, (for A, f3 > 0) 

N 

I;ven(A) = L CnPn(A) (4.92) 
n=O 
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and 

N 

1;ven(fJ) = L: dnPn(fJ) (4.93) 
n=O 

Substituting these forms into (4.74) and (4.75) and taking the inner product of the 

resulting equations with the delta function, we easily deduce that 

(4.94) 

and 

(4.95) 

Now that the even and odd coefficients are known, the sample current 

expressions may be written using (4.68) and (4.71). For >., fJ ~ 0, 

N 

1z (>,) = coPo(>') + L:(cn + an)Pn(>.) (4.96) 
n=l 

and 

N 

111 (fJ) = doPo(fJ) + L:(dn + bn)Pn(fJ) (4.97) 
n=l 

Similarly, for >., fJ ::; 0, 

N 

1z (>') = coPo(>') + L:(cn - an)Pn(>.) (4.98) 
n=l 

and 

N 

111 (fJ) = doPo(fJ) + L:(dn - bn)Pn(fJ) (4.99) 
n=l 
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Since Hill and Wait [1977] have already dealt with the question of the dipole 

coupling to a single wire, our attention will be focused on the effect of the crossing 

wire on the current distribution. That is, if the current spectrum is decomposed 

into two components in the form Iz (.\) = I; (.\) + I: (.\), where I; (.\) is the spectral 

current induced by the dipole and 1:'(.\) is the spectral current induced by the y

directed wire, then 1:'(.\) = Iz(.\) - 1:('\), or 

N 

-':(.\) = L: enPn(.\)j .\>0 (4.100) 
n=1 

and 

N 

1;'({3) = L: InPn(.\) {3>0 (4.101) 
n=1 

where en = an - 8 n and In = bn - qn. (Recall, the coupling between wires is a 

function of only the odd components.) 

The coefficients of (4.100) and (4.101) are computed by taking a difference 

of two known coefficients. Unfortunately, from a numerical perspective these equa

tions can lead to errors when en ~ 0 and In ~ o. That is, the difference may yield 

only numerical noise. To circumvent this difficulty, an alternative definition for I'; 

and I;' is given from the original integral equations, as follows: 

(4.102) 

and 

(4.103) 
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Inserting (4.78) into (4.103) and (4.79) into (4.102), integrating the resultant equa

tion, sampling the equation at rnA and performing a few algebraic steps, we obtain 

the following matrix equation for the coefficients en and In: 

e=-Rb 

= R[l- R2rl[Rs - q] 
(4.104) 

and 

f=-Ra 
(4.105) 

= R[l- R 2r 1[Rq - s1 

Equations (4.104) and (4.105) can be used to calculate the coefficients en and 

In. However, for reasons that will become obvious in the next section, recall that 

a = s + e and b = q + f. Hence, a new definition may be established for a and b 

using (4.104) and (4.105): 

(4.106) 

and 

(4.107) 

The beginnings of a geometrical matrix sequence are observed by examining 

(4.106) and (4.107). This leads us to consider a new N x N matrix, say A, formed 

by the following powers of R: 

(4.108) 

A new matrix, AR 2, may also be formed: 

(4.109) 
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A closed form expression may be obtained, after a few matrix manipulations, by 

subtracting the two former equations. This yields, 

A =[1 - R 2(P+1)j[1 - R2r1 
(4.110) 

=[1- R 2r 1 - R 2(P+1)[I- R 2r 1 

Consequently, inserting the definition of A into (4.110), we obtain the following 

identity: 

P 

[1- R 2r1 = 1 + LR2P + R 2(P+l)[I_ R2r1 (4.111) 
p=l 

We may state a new definition for a and b by using (4.90) and (4.91) along with 

(4.111): 

P 

a= [1+LR2P][s-Rq]+a' (4.112) 
p=l 

and 

P 

b = [1 + L R 2P] [q - RS] + b' (4.113) 
p=l 

where the remainders are given by 

(4.114) 

and 

(4.115) 

The above matrix series may be interpreted from the perspective of multiple scat

terer theory. This discussion will be postponed until the close of the following 

section. 
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4.4 Multiple Scatterer Theory 

The method of multiple scatterers is an iterative approach to decouple the 

integral equations of (4.76) and (4.77). The zeroth order approximation assumes 

that no coupling exists between the crossing wires, which in effect considers the 

integral terms negligible. That is, 

(4.116) 

and 

(0)( _ Ey(.O) 
Iy (3) - Zb((3) - Zyy((3) (4.117) 

The first order results are then obtained by inserting the zeroth order equa

tions back into the integrals of (4.76) and (4.77). Doing so, we get 

(1) ( ) 2 roo (0») ( ) _ (0) ( ) 
Ix >. - Za(>') _ Zxx(>') 10 Iy ((3 Zxy >,,(3 d(3 - Ix >. (4.118) 

and 

(1) ( ) 2 roo (0) () ( ) _ (0) ( ) 
Iy (3 - Zb(f3) _ Zyy(f3) 10 Ix >. Zyx >,,(3 d>' - Iy (3 (4.119) 

The above integral equations are decoupled and hence, an expression exists for 

the first order forms, providing the integrals can be evaluated. The second order 

results are obtained by inserting the first order forms back into the integrals of 

(4.76) and (4.77): 

(2)( ) 2 roo (1)() () (0)( ) 
Ix >. - Za(>') _ Zxx(>') 10 Iy (3 Zxy >,,(3 d(3 = Ix >. (4.120) 
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and 

(2) 2 flO (I) _ (0) 
Iy (,6) - Zb(,6) _ ZIIII(,6) 10 Iz (A)ZIIZ(A,,6)dA - III (,6) (4.121) 

Higher order approximations may be obtained by continuing this iterative process. 

Unfortunately, the integrals of (4.118) and (4.119) cannot be evaluated in 

close form. However, the first order forms may approximated using the following 

staircase expansion: 

N 

I~O)(A) = L SnPn(A) (4.122) 
n=1 

and 

N 

I~O)(,6) = L qnPn(,6) (4.123) 
n=1 

where the pulse function is defined as before and the leading coefficients are given 

by (4.88) and (4.89). Recalling the expansion approximation for I~dd and I~dd, 

inserting (4.122) and (4.123) back into (4.119) and (4.118), respectively, evaluating 

the integrals, and sampling at every rnA, we obtain the following decoupled set of 

matrix equations: 

a=s-Rq (4.124) 

and 

b=q-Rs (4.125) 

Equations (4.124) and (4.125) are the first order sampled approximations. The 

second order approximations are obtained by inserting the first order forms back 
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into the original integral equations. This leads to a new matrix equation for the 

second order forms: 

(4.126) 

and 

(4.127) 

As this process is continued, the third order forms are 

(4.128) 

and 

(4.129) 

A striking similarity exists between (4.128) and (4.129) with (4.112) and 

(4.113). That is, the multiple scatterer results may be calculated from the moment 

method solution with the added bonus of knowing the higher order terms contained 

in the remainders. The moment method will yield the closed form result for any 

wire spacing at the numerical sacrifice of squaring and inverting larger matrices. 

If the wire spacing is large such that the remainder term may be neglected for 

scattering orders of two or more, then the leading coeficients are obtainable from 

simple operation of matrix multiplication and addition via (4.124) and (4.125). 

The multiple scatterer forms derived herein are very similar to those derived 

by Wait [1986a §7.9] for the parallel wire case. Each term in the series of (4.112) 

and (4.113) represents one round trip of the scatter wave between wires. That is, 

the source wave impinges against, say the x-directed wire, which then produces a 

scattered wave, which in turn interacts with the y-directed wire. The y-directed 
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wire will act as a secondary source and will scatter this wave back onto the x-

directed wire. However, there is one basic and crucial dissimilarity between the 

two cases. For the parallel wire case, the multiple scatterer series converges like 

1/ d. In contrast with the perpendicular wire case, the squaring of the R matrix 

produces series convergence like 1/ d2• Hence, as expected, higher order interactions 

effects may have negligible affect such that the first order forms might be sufficient. 

4.5 Numerical Considerations 

With either the moment method or the method of multiple scatterers, the 

sample values of the spectral currents can be determined. The spatial quantities 

are easily obtained through the use of an FFT package [Press, et al.,1986, §12.1]. 

However, before applying the FFT alogrithm, we must first consider the sampling 

range, N A, and second, the samplng interval A. 

The sampling range must be chosen such that for all numerical purposes 

the functions 1:1;(>') and 1y(fJ) are effectively band limited. That is, for all >. > N A 

and fJ > NA 

(4.130) 

and 

(4.131) 

where 1 specifies the numerical dynamic range (I ~ 3 usually sufficies). Unfor

tunately, there is no a priori knowledge that can be invoked to determine N A. 
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However, an adequate estimation can be obtained for N 6. by removing the cou

pling between wires. Then, by choosing some value for .6., we can find an N such 

that for all n > N, 

len + snl < 10-1 

lp.axn=l,2,,,.lcn + snl (4.132) 

and 

(4.133) 

The sampling interval in the spectral domain and the numerical support 

of iz(x) and iy(y) in the spatial domain, where x E [-xmaz,xmazl and y E 

[-Ymaz, Ymazl, are related through the rule Xmaz = Ymaz = 7r /.6.. Hence, for proper 

numerical representation of the spatial currents we must find an Xmaz and Ymaz 

such that for all x > Xmaz and Y > Ymaz 

(4.134) 

and 

(4.135) 

If Xmaz and Ymaz were known, which they are not, then .6. = 7r / Xmaz or 6. = 

7r/Ymaz, depending on which result is smaller. Now, if .6. has been incorrectly 

chosen too coarse, all the spatial current "density which lies outside the range 

-Xmaz < X < Xmaz is spuriously mapped into that range" [Press et al., 1986, 

§12.11. This is known as aliasing. Unfortunately, for the case of the bare wire, 

numerical experimentation is required. 
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The general spatial behavior of the current on the coated wire can be 

effectively postulated by considering its surface wave properties. For a single coated 

wire in an homogeneous medium the general exponential behavior for i:z:(x) is of 

the form [Hill, 19881, 

(4.136) 

where C is some function of >'p and 

(4.137) 

with 

(4.138) 

An implicit assumption for the previous forms is that the inner conductor is lossless. 

These formulas agree well with the curves given by Wait [1978bl. 

The imaginary part of >'p corresponds to the attenuation rate of the current 

function. By desiring the current function to be less than some small value, we 

may roughly determine Xma:z:, and consequently fj., through the simple relationship 

Again, I ;::: 3 should be sufficient. 

fj. = 1I"Im[>'p] 
2.31 

(4.139) 
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4.6 Numerical Results 

As mentioned earlier, we wish to address the coupling and the geophysical 

detection of buried conductors which are either bare or coated [Hill, 1988J. For 

this case, magnetic dipole excitation is a common source for borehole detection. 

However, there is no fundamental difficulty in extending these results for the VED. 

In both the bare and coated wire, the electromagnetic parameters, except 

for the dielectric coating, will be the same. A moist, nonmagnetic rock earth is 

assumed, such that Ul = 0.005 Slm, El = 10EO and J-Ll = J-Lo. The metallic wire will 

be copper, so that Uw = 5.8 X 107 Slm, El = EO and J-Ll = J-Lo, with a radius, a = 0.5 

cm. The dipole will operate at f = 100 kHz and with a dipole moment, [dA, of 1 

A-m2 • The geometrical settings are h = 0, d = 1 m, xd = -15 m, Yd = 15 m, and 

Zd = O. 

In Figures 4-3 and 4-4 respectively, the calculated spectral currents flowing 

on the x-directed and y-directed wires are plotted. Each figure shows the total 

current, [ (given by (4.96) - (4.99)); the odd-symetrical current, [Odd (given by 

(4.78) - (4.79)); the even-symmetrical current, [even (given by (4.92) - (4.93)); and 

the induced current resulting from the presence of the other conductor, [W (given 

by (4.100) - (4.101)). Through trial and error computations, we have found that 

A = .3/64 and N = 64 are sufficient to characterize the currents. Increasing the 

value for N produces no significant change in the results (a self check proposed 

by Dudley [1985J for validating the moment method solution). As seen from the 

figures, for these two values of N, the total spectral dynamic range is roughly on the 

order of 103 • The most striking characteristic of these two plots is that the induced 

current arising from the presence of the other wire is negligible. Although the 
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Figure 4-3 The spectral currents induced on the x-directed bare wire when 
excited by a magnetic dipole in a lossy homogeneous earth. The relevant parame
ters are: f = 100 kHz, IdA = 1 A_m2, 0'1 = 0.005 Slm, EI = 10EO, ILl = lLo, a = 0.5 
em, h = 0, d = 1 m, Xd = -15 m, Yd = 15 m, and Zd = O. 
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Figure 4-4 The spectral currents induced on the y-directed bare wire when 
excited by a magnetic dipole in a lossy homogeneous earth. The relevant parame
ters are: f = 100 kHz, IdA = 1 A_m2 , Ul = 0.005 Slm, El = 10EO, f..Ll = f..Lo, a = 0.5 
em, h = 0, d = 1 m, Xd = -15 m, Yd = 15 m, and Zd = o. 
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presence of the crossing wire affects higher spectral components, at these spectral 

frequencies, the over-all magnitude is down by several orders such that the crossing 

wire has little effect. 

For the next set of figures, the MOM solution is plotted against the zero 

and first order approximations as given in (4.120), (4.121), (4.124) and (4.125), 

respectively. As seen in Figures 4-5 and 4-6, the zero order solution approximates 

the MOM solution (i.e. I~dd and I;dd) quite well for the lower spectral frequencies. 

However, by adding a first order correction term, which accounts for one wave 

bounce from the other wire, we see that this approximation yields very good results 

for all spectral frequencies. 

The first order approximation is advantageous due to its numerical effi

ciency. The MOM solution requires the squaring and inverting of large matrices, 

whereas the first order approximation requires none. The computional savings is 

roughly a factor of N. That is, for this problem the first order approximation can 

be computed at least 64 times faster than the MOM solution. 

Figure 4-7 shows a plot of the spatial currents determined by the appli

cation of an inverse FFT [Press et al., 1986, §12.1]. The general behavior and 

attenuation rate along the wires' axes is similar to that observed in earlier stud

ies [Hill, 1988]. Such a rapid rate of decay is due to the bleeding of current from 

the wire into the conducting medium. The peaks correspond to the Cartesian 

coordinates of the dipole. 

Our study of bare wire detection concludes with plots of the magnetic field, 

as a function of z, produced by both the wires and dipole. Figures 4-8 and 4-9 

show the magnetic field strength for the x and y components, respectively. The 



-, 
r.n 
0.. 

S 
<t: ----... 
r< 
---~ ~ 

10-2 ±---------~~---------+----------~ 
i 

10-$ 

10-4 

10-5 

10-8 

10-7 

o 

i 
i : 
i 

I 
! 

------------------~---------i 

I 
i 

I 
i 

-----J---------

~\" 
~ . 

--------+-------~ · . · .. 

! 
i 
i 

I 
~i . : .' , 

• 
~ 
;t ° i: to 
, ° 

·--------+--------~r.-------: : .. 
i :~: 
I I I. 
i : ~: 
i : ~ · : ~ 
I ! 
; i 
i j 

0.1 0.2 0.3 

147 

LEGEND 

Figure 4-5 Comparison of the MOM solution to the zero and first order ap
proximations for the bare wire excited by a VMD. 
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x-component is solely a function of the current flowing on the y-directed wire; 

the y-component is a function of the current flowing on the x-directed wire; the 

z-component provides no unique information about either wire. The plots were 

calculated along the axis x = 15 and y = -15 for Z E [0,1001; all distances are 

in meters. As seen from the plots, the magnetic strength of the dipole and the 

magnetic strength of the wires are large enough for detection. Thus, a two axis 

magnetic probe will detect the presence of two crossing conductors. 

The foregoing computations for coated wires are repeated for our next set 

of figures. Here an inner wire radius of b = 0.5 cm and an outer wire radius of 

a = 0.1 cm are assumed. The insulating region is considered to be free-space so 

that the situation is analogous to two crossing tunnels with conductors in each. 

For this situation, we have found from (4.133) that b.. = .1/256 and N = 256 would 

suffice. 

Figures 4-10 and 4-11 show the total, the even and the odd spectral cur

rents along with the spectral current induced by the crossing conductor. Note, the 

presence of the other conductor has little affect on the over-all current distribu

tion. The induction effects from the other wire is on the order 103 less than the 

current induced by the dipole. The peaking behavior occurs in the vicinity of the 

real part of the surface wave pole as predicted by (4.137). Such little interaction 

between wires is to be expected for coated wires since the surface wave attached 

to the inner conductor is highly evanescent outside the insulation. 

In the next two series of plots, Figures 4-12 and 4-13, the MOM, zero and 

first order solutions are presented. Not too surprisingly, all three solutions yield 

the same result. Again, this is primarily due to the negligible coupling that exists 
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Figure 4-11 The spectral currents induced on the y-directed coated wire when 
excited by a magnetic dipole in a lossy homogeneous earth. The relevant parame
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Figure 4-12 Comparison of the MOM solution to the zero and first order 
approximations for the coated wire excited by a VMD. 
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between coated conductors. Hence, to a very good approximation, the coupling 

integrals can be neglected and this problem can be solved by superpositioning the 

independent solutions of each wire. 

Figure 4-14 shows the spatial behavior of the currents on each wire; a very 

slow decay exists for the spatial currents. Since no current can bleed off into the 

surrounding medium due to the presence of the insulator, the attenuation is a 

result of the wire re-radiating. Again, such phenonmena was observed by previous 

investigators [Hill, 19881. 

To complete the buried wire investigation, the magnetic field results are 

shown for the coated wire, as seen in Figures 4-15 and 4-16. Computations are 

done along the same axis as before for the bare conductor. Nothing new is observed 

for this case and again, the detection of crossing buried conductors should be no 

problem. 
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CHAPTER 5 

CONCLUSIONS AND RECOM:MENDATIONS 

In the previous chapters the electromagnetic response of thin, infinitely 

long wires was considered. Particularly, the geometrical configurations under in

vestigation were the ensemble of parallel wires, the infinitely extended planar grid 

and the perpendicular crossing wires. In each instance the formal analytical de

velopment was given and the final solutions were obtained employing numerical 

techniques. 

5.1 Shielding Studies 

We have shown numerically that a wire ensemble over a lossy half space 

can be used to shield unwanted electromagnetic signals from entering a structure. 

Typical results range from -25 dB to -65 dB of shielding depending on such factors 

as angle of incidence, earth conductivity, over-all structure size, incident wave 

polarization and wire density. Obviously, shielding effectiveness will be heavily 

dependent on wire density. Doubling the number of wires will produce an additional 

20 dB of shielding. Although not shown specifically (due to numerical precision 

limitations), we surmise that there should be an upper limit at which the increase 

in wire density will produce little effect on the shielding response. 

With regard to the secondary factors, the results show that the earth plays 

the next most important role in achieving adequate shielding effectiveness. It seems 

that the actual values of the electrical parameters of the earth are not as important 



162 

as the existence of an air-earth interface with a dielectric contrast of at least eight 

(i.e. Ik2/ k l l2 = 8). Polarization effects should also be considered in shielding 

design. For example, at grazing angles, the shielding effectiveness of the ensemble 

will degrade for an incident plane wave whose electric field vector is oblique to 

the wires. Most of the shielding results were obtained for objects of non-resonant 

dimensions. However, for structures of resonant, or near resonant dimensions, the 

shielding effectiveness can significantly diminish. 

One result of interest was the comparison of the wire cage response to that 

of the perfectly conducting continuous shell of similar dimensions. For a particular 

choice of wire spacing, the shielding effectiveness was shown to be essentially the 

same. Such an observation is attractive to those who must construct a shield for 

an existing electromagnetic facility, since the wire cage is lighter, more flexible 

and more manageable than a metallic sheet. Also, the electromagnetic response of 

the finitely extended planar grid was compared with the infinitely extended planar 

grid. In the shadow region, the results were shown to be equivalent. Using an 

infinitely extended planar grid model to approximate a finitely extended planar 

grid allowed us to obtain quick results without the need to load large matrices. 

Further work should primarily concentrate on two areas: source excitation 

and cross, non-planar meshes. We have considered only the shielding response 

of sources of infinite extent (i.e. plane waves). However, for practical situations, 

an electrical dipole may be more realistic. Even though the complete boundary 

value problem has been addressed in the literature [Wait, 1977bj, no numerical 

results have been generated. The numerical algorithms would be significantly more 

difficult, since two-dimensional Fourier integrals must be numerically computed. 
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If semi-circular crossing wires were included with the cage shown in Figure 

3-17, the structure would be virtually independent of polarization. The analytical 

solution would be an extension of the one presented in Chapter Three. In general 

the analysis would involve a Floquet expansion for each of the semi-circular wires, 

provided that the source was spatially periodic; otherwise, the procedure is the 

same as before, namely solving a system of N equations, where N is still the 

number of the straight parallel wires. 

5.2 Crossed Wire Geometry 

With respect to the crossed wire geometry, two methods were presented to 

solve for the spectral currents flowing on each wire. The first, a moment method 

technique, gave a numerical solution in terms of a linear combination of pulse func

tions. The second, based on the method of multiple scatterers, showed that the 

resulting matrix series is constructed of terms 1/ tPn , where d is the interwire spac

ing and n represents the nth. wave bounce. Through various matrix manipulations, 

we showed that the moment method solution can be expressed in terms of zero 

and first order multiple scatterer solutions plus all higher order corrections. 

In general, the coupling between wires is insignificant compared with the 

source-to-wire coupling, even for 8mall wire spacing. Although the exact numeri

cal solution can be obtained by moment method techniques, the first order multiple 

scatterer solution is an excellent approximation for bare wires. Furthermore, for 

coated wires, the zero order approximation is adequate for obtaining accurate re

sults. Such approximations are advantageous in obtaining fast solutions (i.e. a 
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factor of N, where N is the number of pulse functions) compared with the MOM 

solution. 

The cross-wire investigation given herein opens up numerous possibilities 

for further work. For instance, in our analysis we introduced the half-space at the 

outset, yet did not consider its effects numerically. In general, both the moment 

method and the multiple scatterer method may be implemented here by the tech

niques presented in Chapter Four. The coupling factor, 0, for this case will no 

longer be an expression of exponentials but an integral relationship. 

Touching or bonded wires is another possibility for future work. Although 

many of the same initial equations may result, a current junction condition must 

be introduced to account for the discontinuities in the current at such points. 

Also, the case of non-perpendicular wires is of practical interest, as might occur 

with power and communication lines which cross one another at an arbitrary angle. 

The resulting integral equations would couple both the even and odd current terms. 

Analogous studies of crossed periodic wire meshes suggest useful approaches [Wait, 

1978a]. 

Finally, the analysis may be extended to the general case where there are 

M wires parallel to some interface but not necessarily parallel to each other. Such 

a configuration will produce M coupled integral equations, which in principle can 

be numerically solved using the methods presented herein. 
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APPENDIX A 

FOURIER INTEGRALS 

The following function of x and z is the focus of our numerical work: 

1
00 e-UOZ 

I(x,z) = Ry(A,ky)--cosAxdA 
o Ua 

(A.I) 

where 

with ky = klsinOosin4>o, Ua = v'A2+v~, Ub = JA2+v~, J(a = v~/v~, Va = 

Vk~ - kr, and Vi; = Vk~ - k~. All double-valued functions are chosen such that 

their real part is greater than zero. 

Before considering (A.l), we find that it is desireable to decompose the 

integrand into two factors. For the special case where J.Ll = J.L2, the expression for 

Ry is decomposed into the form [Wait, 1972al: 

(A.3) 

The insertion of (A.3) into (A.l) and the use of the integral representation for the 

MacDoanld function !Gradshteyn and Ryzhik, 1980, # 3.961.21, yields 

(AA) 
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where P~Z = v' X2 + z2 and the functions P and Q are defined by the relationships 

1
00 e-UaZ 

P = cos(Ax)dA 
o U a + Ub 

(A.5) 

and 

(A.6) 

The real axis integration path of (A.S) and (A.6) must bypass the branch point 

singularities, A = ±kI, when region one is lossless. For later analysis, we will need 

a new doubled-value function: Ita = Vki - k; so that U a = VA2 - Ita 

A.l Numerical Implementation 

The development of numerical methods associated with Fourier integrals 

that arise in electromagnetic diffraction type problems is an on going process. In 

general, there are two genre of methods that can be employed. The first involves 

real axis integration techniques along with various asymptotic extraction methods. 

The second involves various mapping functions that eventually transform a real 

axis integration into an integration along a steepest descent path (SDP). For large 

values of tJaP~z, this method is superior due to its rapidly decaying exponential 

integrand. On the other hand, for observation distances close to the wire, real 

axis integration may lead to more accurate results [Baertlein, 1988]. Also, care 

must be exercised when applying SDP integration to Q. For various parametric 

values, Q has a pole singularity that may lie near the SDP, which requires more 

delicate evaluation during the contour deformation [Tamir and Oliner, 1963]. For 
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these reasons, the two methods that will be employed herein are based on real axis 

evaluations. 

Before going into the numerical details and equations, we will discuss the 

convergence properties of P and Q. For large values of the integration variable 

>., the integrands converge like cos(>'x)e-~Z / >.. Obviously, for small values of z 

and large values of x, the integrand is slowly convergent and highly oscillatory; 

therefore, some asymptotic extraction technique must be employed if any useful, 

accurate and expedient results are to be obtained. For the case where x is small and 

z is large, the integral is highly convergent, which poses no numerical problems. 

Both techniques developed in subsequent sections are based on the method 

described by Johnson and Dudley [1983]. They observed that in a region close 

to the branch point, >. = Ka , the oscillations in the integrand become tightly 

packed. The integrand peaks near the branch point which adds further complexity 

to the situation. By dividing the open interval into three sections, with various 

transformations applied to the first two intervals, we can space these oscillations 

more evenly so that numerical quadrature can be applied. The differences between 

the two methods used in this appendix lies in the technique of extracting the 

asymptotic behavior. For lack of a better notation, the names of the these two 

methods will be identified as Method A and Method B. 
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A.!.! Method A 

In general, the mathematics applied to one integral, say P, can be easily 

translated to Q and hence, only the developement for P will be given. Consider 

the following integrals: 

(A.7) 

(A.8) 

(A.9) 

where P = PI + P2 + P3. 

For PI, the transformation ). = l'i.a sin 0 is applied. From this, the interval 

[0, l'i.aJ is mapped into the interval [0, 7f /2J. Also, d)' = l'i.a cos Od() and Ua = iK,a cos (). 

If ~ = vUv~, then 

l
1f/2 e-iltaZCOS8 

PI = -i cos (l'i.aX sin 0) cos()d() 
o cos () + y'~2 - sin2 0 

(A.lO) 

Quadrature is applied between successive nulls and peaks of the integrand which 

result from both the cosinusodial and exponential terms. The integration tracking 

points are defined by 

O • -1 [ n7f ] n = sin --
2K,a x 

(A.l1) 

and 

(A.!2) 
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where n = 1,2, ... ,nma:z: and m = 1,2, ... ,mma:z: with nma:z: = INT[2Kax/,1r] and 

mma:z: = INT[2Kaz/1I"]. Here the notation of the Fortran integer function is used to 

indicate that an integer value is obtain from a real value by truncating all remaining 

figures after the decimal point. The corresponding expresion for Q is 

l
1r/2 e-i/l;ozcos8 

Ql = -i COS(KaxsinO) cosOdO 
o k~ cos 0 + k~v' ~2 - sin:! 0 

(A.13) 

For the integral P2, the transformation >.. = Ka sec 0 is applied. This 

maps the interval [Ka,2Ka] into the interval [0,11"/3]. Hence, U a = Ka tan 0, d>" = 

Ka sec 0 tan Od(} and 

(A.14) 

The quadrature tracking points are specified by the peaks and nulls of the cosine 

term. That is, 

(} -1 [
2Ka

x
] n = cos --

n1l" 
(A.i5) 

where n = nmin.,"" nma:z: with nmin = INT[2Kax/1I"+1] and nma:z: = INT[4Kax/1I"]. 

The exponential term does not oscillate in this interval, but can rapidly decay for 

large KaZj this decay will also be tracked. It has been recommended [Johnson and 

Dudley, 1983] that the interval>" = [Ka,2Ka] be subdivided as follows: 

where A = min [ .411" / KaZ, lea]. In O-space this corresponds to 

O [ -1 ( lea) -1 ( lea) 11"] E 0, cos lea + A ' ... ,cos lea + mA ' ... , 3" (A.16) 
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for m = 1,2, ... ,mma:r: with mma:r: = INT[lta/LlJ. These tracking points given in 

(A.1S) and (A.16) are sorted and quadrature is applied between successive points. 

For Q it is found that 

1
7r/ 3 e-Itaztanll 

Q2 = cos (ltaX sec 0) sec 0 tan OdO 
o k~ tan 0 + krvsec2 0 - ~2 

(A.17) 

For the last interval we consider an asymptotic extraction and apply the 

change of variable>. = Itat: 

(A.1S) 

As discussed earlier, for large ltaX and smallltaz the above integral is poorly con-

vergent. For t » I~I and t » 1, the following approximations can be made: 

Jt2=1 "" t [1 - .-!...] 2t2 

v't2 - ~2 "" t [1 - ~] 2t2 
(A.19) 

Using the approximation that l/(z -1) ~ 1 + z for Izi « 1, retaining terms of no 

greater order than 1/t2, and applying (A.19) we obtain the following approximation 

for large t: 

(A.20) 
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where al = 1 and a2 = fi,azj2. The addition and subtraction of this approximation 

in the integrand of (A.18) gives 

(A.21) 

where 

(A.22) 

The exponential function of argument z, En(z), is defined by the relationship 

[Abramowitz and Stegun, 1970 §5.1], 

En(z) = _e -dt 1
00 -zt 

1 t n (A.23) 

Thus, the asymptotic extraction term is 

2 

ASYMI = ~ ;: Re{En[2fi,a(z - ix)]} 
n=l 

(A.24) 

where the property En(z*) = E~(z) [Abramowitz and Stegun 1970 §5.1] was applied 

in (A.24). Higher order terms can be included but these terms can reduce the 

accuracy of the result for large ~ [Baertlein, 1988]. 

As before, (A.21) is integrated by summing successive quadrature contri

butions between nulls and peaks. The truncation of the infinite interval is ac

complished by dividing each quadrature contribution by the total quadrature sum. 

When this ratio is less than 10-6, the integral is defined as numerically convergent. 
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Similar results can be obtain for Q, which are 

Q3 - r XJ 

[ e-lI:
a zy'i2.:1 _ e-lI:a

zt (o:i + o:~)l COS(IC xt)dt 
- 12 ki~ + krvt2 - ~2 2 t t2 a (A.25) 

+ASYM2 

where o:i = 2/(kr + ki) and o:~ ~ lCaz/(kr + ki). Also, 

2 , 

ASYM2 = L: ;: Re{En[2ICa(Z - ix)]} 
n=l 

(A.26) 

By improving the convergence rate of the Fourier integrals, we have intro-

duced a new function, En(z), given by (A.23). From Todd [1954], if z = x + iy 

(x, y, z are not to be confused with the spatial Cartesian coordinates) then, 

(A.27) 

where 

100 (x + p)e-P 
Rl = dp 

o (x+p)2+y2 
(A.28) 

and 

(A.29) 

These two new integrals can be computed using Laguerre quadrature. That is, 

from numerical analysis [Abramowitz and Stegun, 1970 §25.4], 

(A.30) 
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where t~k) are the zeros of the Laguerre polynomial, Lk(t), and a~k) are the corre

sponding Christoffel numbers. This approximation is highly accurate for large JzJ 

with a maximum error of [Todd, 1954] 

(JZJ2)(k+l/2) 

(k!)2 

for x> 0 

for x < 0 

(A.31) 

For smaller values of JzJ, the series expansion is sufficient [Abramowitz, 1970, §5.1]: 

(A.32) 

where "I = .5772156649 ... is Euler's constant. Higher orders of of En may be 

computed through the recursion relationship [Abramowitz, 1970, §5.1]: 

(A.33) 

where n = 1,2, .... 

After examining the error t~rms of (A.32), and recalling that the maximum 

value of tt is two, we find that if JzJ > 2 then Todd's [1954] method is superior to 

the series expansion. For JzJ ~ 2, the series expansion will suffice. 
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A.1.2 Method B 

The difficulty of the extraction technique in Method A is that ~2 can be 

become quite large with respect to the integration variable when ky ~ k1• For this 

case, the approximation used for Ub becomes invalid for much of the integration 

range; this will thus induce numerical errors. Second, ~ is a function of U2 so that 

for the highly conducting earth, the same difficulties arise. Third, the algebraic 

steps are involved which could lead to analytical and numerical implementation 

errors. 

To circumvent these difficulty, the results from quasi-static analysis [Wait, 

19611 are utilized. Consider the following whole domain asymptotic extraction for 

P: 

P = e _ {!-- cos >.xd>' + Pasym 100 [-uaz ->.z ] 

o Ua + Ub 1\ + Ub 
(A.34) 

where 

Pasym = {!-- cos >.xd>' 1
00 ->.z 

o 1\ + Ub 
(A.35) 

For>. » Ka but not necessarily>. > Ik21, the asymptotic approximation for the 

integrand of (A.34) is 

(A.36) 

(A.37) 
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Thus in the interval [Ita, Ik21], the integrand converges like 1/>.. and in the region 

[lk21,oo) the convergence is like 1/>..3, when z is small. Unlike the original integral 

for P, there is no convergence in the first interval and in the second, the rate is of 

the order 1/>... Hence for moderate values of Vb, this method will lead to a rapidly 

converging integral for all values of x and z. Unfortunately, at this time, no similar 

whole domain technique is found for Q. (Note, in Method A, the convergence rate 

is also of the order 1/>..3.) 

The integral of (A.35) can be computed in terms of Struve functions, HI, 

and Bessel functions of the second kind, Yl [Wait, 1961]: 

(A.38) 

where r = z + ix and r* is the complex conjugate of r. 

Quadrature is applied to (A.34) in the same way as done for Method A. 

The resulting expressions for each region can be seen by inspection so that no 

further discussion will be given. 

The numerical computation of the Bessel function, Y1, has been developed 

in many of the available numerical software packages [Amos, 1985]. The Struve 

function can be computed through the series expansion [Abramowitz and Stegun, 

1970, §12.1], 

(A.39) 

Since, our shielding numerical computations involve distances of less than a few 

wavelengths, the above series is quite efficient for our applications. 



176 

APPENDIXB 

BOUNDED INTEGRAL OPERATOR PROOF 

This section will prove that the integral operators of (4.76) and (4.77) are 

bounded. Reconsider these two coupled integral equations: 

(B.I) 

(B.2) 

Now let 

I:dd (>,) G:z;(>.) 
Za(>') - Z:z;:z;(>.) 

(B.3) 
I;dd(fJ) Gy(fJ) 

Zb (fJ) - Zyy (fJ) 

so that (B.I) and (B.2) become, 

(B.4) 

and 

(B.5) 

where 

(B.6) 
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Now the integral operators are bounded, provided that [Tricomi, 1985], 

1I = 100 100 

IKzII1
2
d>'d,8 < 00 

12 = 100 100 

IKllzI
2
d,8d>' < 00 

(B.7) 

Consider the case where the wires are in an homegeneous medium. Then for 

idenetical wires, KZII = K"z. Hence, only one of the integrals of (B. 7), say II, need 

be evaluated. By substituting the impedance expressions of (4.35) and (4.37) into 

(B.6) we obtain, 

(B.8) 

Since the term 211"iWfl Zb (,8) +Vr.KO(vla) does not have any real axis zeros [Hill and 

Wait, 1977], the estimation 

(B.9) 

is valid, where 

(B.lO) 

The integral of (B.9) may be evaluated more readily by considering polar 

coordinates. If >. = R cos 0 and ,8 = R sin 0 then R2 = >.2 +,82 and d>.d,8 = RdRd(). 

Hence, 

(B.n) 
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The 8-dependency may be evaluated in close form: 

(B.12) 

Since Im[klJ < 0, the above integral has no real axis singularities. Also, since 

ReJ R2 - k~ > 0, (B.12) converges like R3e-ldlR for large R. Hence with these 

two facts, we conclude that h is bounded. 

Mathematically, the integral operator is bounded, provided that the sur-

rounding medium contains an infinitesimal amount of loss and that the axial 

impedance is non-zero. However, such statements do not suffice for numerical 

applications. If 0"1 was an arbitrarily small number, and the wires were highly 

conducting (which is the usual case) then M{J -+ 0 as 0"1 -+ 0 and o"w -+ 00; 

consequently, II -+ 00. Such large numerical singularities will ill-condition the 

R matrix. Thus for dynamic applications, sufficiently lossy media or highly lossy 

wires are needed. 

For the static case (i.e. kl = 0) and lossy media, (B.12) can be evaluated 

in close form: 

where 

I < 3'11" 
1 - SMpd4 

Mp = min 12'11"0"1 Zb (,8) + ,82 Ko (,8a) I 
(JE[O,oo) 

(B.13) 

(B.14) 

However, from static theory, Zb(,8) = 1/('1I"aO"w). Hence, M{J = (2/a)(0"1/O"w) and 

consequently, 

I < 3'11" (~) (o"w) 
1 - 16 d4 0"1 (B.15) 
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Thus, for the static case, an upper bound for the operator's norm is a function of 

the square root of the contrasting conductivities and the distance squared between 

wires. 
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GLOSSARY OF SYMBOLS 
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This appendix will list and identify many of the symbols and variables 

peculiar to this dissertation. 

Electrical Parameters: 

krt = ki sin 00 cos tPo 

ki = V-iWJ.LI(O'I + iflW) 

"Iw = ViwJ.Lw(uw + ifwW) 

Doubled-Valued Functions: 

VI = V{32 - ki 

Va = Vk~ - ki 

WI = VA2 - ki 

Wa = Jki - ki 

Ww = VA2 + "I~ 

Pw = vki + "I~ 

~a = Jki - k~ 

ky = ki sin 00 sin tPo 

k2 = V -iw J.L2 (0'2 + if2W) 

V2 = V{32 - k~ 

Vb = Jk: - k~ 

w2 = VA2 -k~ 

wb = Jk'#, - k~ 

Vw = V{32 + "I~ 

qw = Vk: +"I~ 

~ = Vki - ki 



Ul = V>..2+{32_ki 

U a = V>..2 + k~ - ki 

Uc = V k;" + {32 - ki 

Geometrical Definitions: 

P:r.z = VX2 + Z2 

P:r.z = y'x2 + (z - h)2 

r:r.z = y'(x - Xd)2 + (z - Zd)2 

r:r.z = VX~ + (z - Zd)2 

Pd = y'(x - Xd)2 + (y - Yd)2 

U2 = V>" 2 + {32 - k~ 

Ub = V>..2 + k~ - k~ 

Ud = V k;" + {32 - k~ 

Pyz = y'y2 + z2 

Pyz = y'x2 + (z - h - d)2 

ryz = y'(y - Yd)2 + (z - ZdP 

ryz = VY~ + (z - Zd)2 

Rd = Vp3 + (z - Zd)2 

181 
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