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ABSTRACT 

The purpose of this study was to determine whether 

fourth-, sixth-, and eighth-grade students used rational 

number reasoning to solve comparison of area tasks, and 

whether the tendency to use such reasoning increased with 

grade level. The areas to be compared were not similar 

and therefore, could not directly be compared in a 

straightforward manner. 

The most viable solution involved comparing the part

whole relationships inherent in the tasks. Rational 

numbers in the form of fractional terms could be used to 

express the part-whole relationships. The use of 

fractional terms provided a means for students to express 

the areas to be compared in an abstract manner and thus 

free themselves from the perceptual aspects of the tasks. 

The study examined how students solve unique 

problems in a familiar context where rational number 

knowledge could be applied. It also noted the effect of 

introducing fraction symbols into the tasks after students 

had indicated how they would solve the problems without 

any reference to fractions. 

Data were gathered through individual task-based 

interviews which consisted of 21 tasks, conducted with 36 

elementary and junior high school students (12 students 
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each in the fourth, sixth, and eighth grades). Each 

interview was video and audio taped to provide a record of 

the students' behavioral and verbal responses. 

The student responses were analyzed to determine the 

strategies the students used to solve the comparison of 

area tasks. The student responses were classified into 11 

categories of strategies. There were four Part-Whole 

Categories, one Part-Whole/Direct Comparison Combination 

category and six Direct Comparison categories. 

The results of the study indicate that the 

development of rational number instruction should include: 

learning sequences which take students beyond the learning 

of a set of fraction concepts and skills, attention to the 

interaction of learning" and the visual aspects of 

instructional models, and the careful inclusion of 

different types of fractions and other rational number 

task variables. This study supports the current national 

developments in curriculum and evaluation standards for 

mathematics instruction which stress the ability of 

students to problem solve, communicate, and reason. 
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CHAPTER 1 

THE PROBLEM 

The acquisition of mathematical knowledge and the 

development of mathematical skills are among the 

educational goals included in the study of mathematics in 

the elementary school. The achievement of these goals 

does not measure the success of a mathematics program, 

however. There are important goals which are more 

difficult to evaluate. One such goal of the mathematics 

program is that students develop mathematical reasoning-

that they apply their content knowledge and skill~ to 

novel problem solving situations (National Council of 

Teachers of Mathematics, 1980). 

A major content strand in the mathematics curriculum 

is the rational number strand. The study of rational 

numbers begins as early as kindergarten and continues 

through the eighth grade. As a result of this extensive 

instruction one would hope that students would not only 

acquire rational number concepts and skills, but that they 

would know when and how to use what they have learned. 

The purpose of this study was to examine whether 

intermediate and junior high school students could 

recognize the need for and apply rational number concepts 

and skills to new problem solving situations i.e., use 



rational number reasoning. This was done by presenting 

the students with unique problems in a familiar context. 

A common type of concrete model for rational numbers was 

used to present the problems. 

15 

In the classroom, concrete and semi-concrete models 

are used to facilitate students' thinking about rational 

number concepts. However, little is known about how the 

properties of the models themselves interfere with the 

students' ability to associate rational number ideas with 

them. 

Kraus (1977) set up a task-based study with area 

models in order to see if first- and second-grade students 

could compare fractional parts without the interference of 

fraction symbols and terminology. However, the students 

based their comparison judgments on the salient perceptual 

f~atures of the models instead of using rational number 

ideas to solve the tasks. Kraus proposed that a follow-up 

study be done with older elementary students in order to 

see if they were more successful on these types of tasks. 

He felt that with the benefit of more instruction the 

older students would be able to apply rational number 

knowledge and skills to the tasks and thus solve them 

successfully. 

Konsin (1977) in a related study presented fifth 

graders with area comparison tasks on which they were 
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successful. However, the perceptual aspects of the tasks 

aided the students in solving the tasks and rational 

number ideas and fractional terms were associated with the 

models in the initial questions about each task. The 

question remained to be answered whether older students 

would recognize and use rational number knowledge and 

skills to solve comparison of area tasks where the 

perceptual aspects do not aid in the solution and where no 

reference is made to fractional terms. 

conceptual Framework 

In this study students were asked to compare 

partitions of regions and to explain the reasoning behind 

their comparison decision. Responses to such tasks could 

be based on the salient perceptual features of the models 

similar to the responses made by the first- and second

grade students in Kraus' study (1977). However, since 

the students in this study were at intermediate and junior 

high school grade levels, it was expected that some 

students would compare the partitions by expressing the 

part-whole relationships inherent in the tasks as 

rational numbers. In order to do this with some measure 

of confidence they would have to call upon their 

conceptual knowledge of rational number as it relates to 

area. This section describes the kind of conceptual 
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knowledge the students must have had and used in order to 

solve the tasks. 

Rational Number Concepts 

For students, the construction of a rational number 

concept is prerequisite to their application of that 

concept to unique rational number problem solving 

situations. An examination and analysis of the structure 

of the rational number concept (Kieren, 1980; Novillis, 

1976; Rappaport, 1962; Reiss, 1964; Usiskin, 1979) reveals 

its complexity. However, most research on rational number 

concepts utilizes Kieren's framework which identifies five 

major interpretations or sub-constructs for rational 

numbers: ratio, measure, quotient, operators, and part

whole relationship. 

It is generally agreed that the development of the 

part-whole relationship sub-construct undergirds the 

development of the other four sub-constructs (Behr, Lesh, 

Post & Silver, 1983; Kieren, 1980). without an 

understanding of part-whole relationships, the student 

cannot understand the other four sUb-constructs. The 

teaching of rational numbers in the elementary school 

focuses on these part-whole relationships. 

The subconcept of part-whole relationships has 

several unique components which the student must 
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understand and remember while solving problems. The 

student must understand the concept of a unit or whole and 

know the importance of identifying the unit from which any 

parts will be derived. The relationship between the unit 

and its parts is based upon the parts being equivalent, 

the number of parts in all (denominator), and the number 

of parts in question (numerator). The relationship of the 

part to the whole must be maintained in the student's mind 

in order to perform any logical operations upon it. This 

study investigated whether students would apply their 

knowledge of the part-whole sUb-construct to a novel 

problem solving situation, i.e., use rational number 

reasoning. 

In the elementary school rational numbers are 

expressed as fractions both orally (one-half) and 

symbolically (1/2). Through part-whole relationships 

students are taught how to name and symbolize rational 

numbers as fractions i.e., 1/4 means one of four 

equivalent parts. 

There is evidence that some primary grade students 

are more familiar with written fraction symbols than they 

are with fractional terms (Larson, 1986). The heavy 

emphasis on the use of textbooks and other paper and 

pencil tasks in the elementary school might promote 
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student ability to associate models with fraction symbols 

rather than with oral terms. 

The limited use of fractional terms in society also 

contributes to a lack of language development for those 

oral terms. The fractional term "one-half" is a unique 

exception. Most students know this term when they start 

school and have a well-developed concept of one-half. 

Three basic types of models are used to embody 

fraction concepts in the elementary school. Each is 

perceptually different. The area model is two-dimensional 

and as such can take a great many shapes. Area models 

commonly used at the elementary level are: rectangular, 

square, circular, and triangular regions. The set model 

is composed of discrete objects. In this case the set is 

the whole and an equivalent subset is a part or fraction 

of the whole. The number line is a linear model with an 

imposed scale. 

Part-whole relationships as expressed with fractions 

are developed through the use of area and set models; with 

the area model being the one most commonly used. As would 

be expected it is also the model with which students are ..... 

most successful in associating fraction symbols (Armstrong 

& Larson, 1985; Novillis, 1976). Concepts developed with 

one or two types of models do not necessarily transfer to 

other models. students who can associate fractions with 
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area models cannot necessarily do so with set or number 

line models (Armstrong & Larson, 1985; Lesh, Behr, & Post, 

1987; Novillis, 1976). This indicates the instability of 

the students' rational number concepts between different 

models. 

Research indicates that students' rational number 

thinking can be influenced by the visual aspects or 

"perceptual distractors" of models (Behr, Lesh, Post, & 

Silver, 1983; Kieren, Nelson, & smith, 1985; Post, Behr, 

Lesh, & Wachsmuth, 1985). For researchers and mathematics 

educators who advocate the use of concrete models to teach 

mathematics to students it is important to understand how 

the visual aspects of the models can distract students 

from using rational number logic to solve problems. Behr, 

Lesh, Post, & Silver, 1983 write, "Perceptual dis tractors 

represent one class of instructional conditions that make 

some types of problems more difficult for children to 

solve. Knowledge of their impact will be helpful in the 

design of more effective instructional sequences for 

children" (p. 119, 120). 

In this study, the area model was used because it is 

the one with which students are most familiar. It also 

provides the opportunity to explore the effect of visual 

distractors on students' rational number reasoning. The 

type of area model to be used was the rectangUlar region 
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which when partitioned along the vertical axis presents 

qualitatively different partitions than when partitioned 

along the hor.izontal axis. The idea that quantities of a 

region which although equal in area are different in 

appearance is apparently a difficult notion for students. 

To further understand the perceptual distractions which 

may occur with area models it is important to analyze area 

concepts. 

Area concepts 

The results of research by Piaget, Inhelder, and 

Szeminska (1948/60) indicate that area concepts are 

difficult for children and develop over time. They have 

outlined the basic components of the area construct. 

Students must understand that a given amount of area 

remains invariant under transformation. That is, an 

amount of two-dimensional space may be formed into an 

infinite number of different shapes. As the shapes change 

so do the dimensions. The same amount of area can, 

therefore, have many perimeter measurements. For example, 

the area quantity 24 cm2 may form rectangles whose whole 

number perimeters vary from 20 cm (4 cm by 6 cm) to 26 cm 

(1 cm by 24 cm). If the given amount of space were not 

limited to a rectangular shape, and/or if the outside 

dimensions were not limited to whole number measurements 
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the given area could take an infinite number of shapes and 

the perimeter would vary accordingly. 

The development of the area concept implies the 

application of logical mathematical thinking to two

dimensional space. The ability to see that a given amount 

of area is conserved under transformation is a major step 

toward developing a concept of area. One type of 

transformation is the partitioning of a given space. Once 

a space has been partitioned in some way, either by action 

or thought, number ideas can be applied to that space. 

The application of logical number ideas to two-dimensional 

space is the other major step toward devel0pment of an 

area concept. Whole number and rational number ideas can 

be applied to two-dimensional space. Kraus, (1977) found 

that first and second grade students based comparison 

judgments of area model partitions on the perceptual 

qualities of the partitions rather than on any knowledge 

or understanding of part-whole relationships. A focus of 

this study was to discover the kind of number ideas that 

students apply to two-dimensional space in the context of 

a comparison problem. 

The Application of Rational Number concepts to Area 

It is well-documented that the use of concrete and 

semi-concrete models aids in the learning of mathematics 

---- ---------------
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(Driscoll, 1981; Suydam, 1986). However, due to their 

varying perceptual properties, the interaction is unclear 

between the models themselves and the mathematical 

concepts students are to abstract from them. The area 

model is used in the earliest stages of rational number 

instruction. Yet students do not understand the concept 

of area until the age of eight or nine. Does confusion 

associated with the concept of area affect a student's 

ability to associate fraction concepts with area models? 

Owens (1980) reports that students who could conserve 

area were more successful in learning beginning fraction 

concepts taught with area models. Area concepts have been 

the focus of study for a number of researchers (Anderson & 

Cuneo, 1978; Beilin, 1964; Hirstein, Lamb, & Osborne, 

1978; Piaget, Inhelder, & Szeminska, 1948/1960; Wilkening, 

1980). They have reported that the concept of area is 

complex and develops slowly over time. Based on the 

research that has been done on area concepts there is 

reason to believe that misconceptions about area could 

interfere with a student's ability to associate rational 

number concepts with area models. 

Comparison problems invoke student use of 

mathematical ideas and reveal their beliefs about number 

relationships. Behr, Wachsmuth, & Post (1985) studied 

student quantitative notions of fractions. Noelting 
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(1980a, 1980b) and Karplus, Pulos, and stage (1983) 

studied student proportional reasoning strategies used to 

determine the equivalence or nonequivalence of mixtures of 

juice concentrate and water. Behr, Wachsmuth, Post, and 

Lesh (1984) and Post, Wachsmuth, Lesh, and Behr (1985) 

asked students to compare fractions at the abstract level, 

then used embodiments which students had been using in 

instruction to further explore student ideas about 

fraction size. Thus the association of fractions with 

familiar models was made by the researchers from the 

beginning. The tasks designed for the proportional 

reasoning studies had numbers imbedded in the tasks i.e., 

three parts of orange to four parts of water. Students 

were led by the task to apply number as part of their 

solution strategy. 

A number of studies have been done to discover the 

extent of student knowledge of rational numbers (Behr, 

Lesh, Post, & Silver, 1983; Carpenter, Corbitt, Kepner, 

Lindquist, & Reys, 1981; Post, Behr, Lesh, & Wachsmuth, 

1985). Fractional numbers were included as part of the 

design of those studies and the students' attention was 

focused on their fractional knowledge. This study 

replicates what might be a real life situation which could 

be solved by the application of fraction knowledge i.e., 

rational number reasoning, but where the decision to use 
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fraction knowledge is left up to the student. Little 

research has been done to find out whether students can 

call upon the fraction knowledge they have and apply it to 

a real-life problem. 

Theoretical Framework 

Information structured by experience and stored in 

memory has been termed differently depending upon the 

writer. Davis (1984) uses the term "frame" to refer to 

stored information of a certain category. It is of 

importance to educators to understand how information is 

stored, what information is stored, and whether it is 

accessed to solve problems. The student learns to 

conceptualize fractions through work with concrete and 

pictorial representations, develops language associated 

with fractions, and learns to represent and recognize 

fraction symbols. When the student is confronted with a 

problem whose basic structure should be familiar because 

it resembles a familiar model, or can be associated with a 

familiar term or symbol, does the student recognize the 

need for accessing the rational number information he/she 

has learned in order to solve the problem? When the 

student needs to call upon fraction information which has 

been stored, a familiar model, term, or symbol should 

trigger the calling up of the memory storage frame for 
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fractions. However, more immediate perceptual information 

may prevent the recall and use of appropriate knowledge, 

and therefore interfere with the use of rational number 

reasoning to solve a problem. 

As students progress through school, it is hoped that 

their mathematical l'easoning abilities will become more 

extensive and sophisticated. In order to promote the use 

of reasoning by students, educational experiences must be 

provided which prepare students to assess a problem 

logically and then to acce9s and apply appropriate memory 

frames to reach a solution without being distracted by 

salient perceptual features in the task. 

Purpose of the study 

The purpose of this study was to determine whether 

students used rational number reasoning to solve 

comparison of area tasks and whether the tendency to use 

such reasoning increased with grade level. students' 

responses to area comparison tasks in individual clinical 

interviews comprised the data to be used in answering the 

following questions: 



1. What types of strategies and responses do 

students exhibit in their attempts to solve 

comparison tasks with area models whose 

solutions can be arrived at through rational 

number reasoning? 
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2. To what extent do students use rational number 

reasoning when comparing the indicated parts of 

two areas? 

3. Is there a difference in fourth-, sixth-, and 

eighth-grade students' frequency of use of 

rational number reasoning to solve comparison of 

area tasks? 

4. Does the introduction of fraction symbols affect 

the frequency of use of rational number 

reasoning by fourth-, sixth, and eighth-grade 

students when solving the comparison tasks? 

5. How do the following variables which are 

imbedded in the tasks relate to the students' 

use of rational num~er reasoning? 

a) unit vs. multiple fractions 

b) Same vs. different unit 

c) Same vs. different numerator when the 

denominators are the same. 

d) Same vs. different denominator when 

the numerators are the same. 
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Significance of the Study 

The study is significant because it provides 

educators with information about when and how students 

apply their knowledge of rational numbers. The strategies 

students used to solve these tasks also provide insight 

into their conceptions and misconceptions of fractions and 

information about the interaction of students' area and 

fraction concepts in the context of a problem solving 

situation. Information such as this is important to 

curriculum planners who are striving to build meaningful 

learning sequences for students. 

Education does have a profound effect on the 

student's ability to reason (Luria, 1974/1976; Saunders & 

Shepardson, 1987). An analysis of the kinds of reasoning 

strategies students use at different grade levels gives 

information and direction to educators whose goal is the 

continued development of students' reasoning ability. 

Assumptions 

For this study, it was assumed that the students had 

received instruction on the various fraction concepts and 

skills commonly taught at each grade level up to the 

point in their education at which they were interviewed. 

It was also assumed that they had used a mathematics 

textbook published by one of the major textbook publishing 
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companies. since most elementary and junior high school 

students have had some instructional experiences with area 

models and the writing and naming of fraction symbols, the 

assumption was made that the sample of students in this 

study had 'had similar experiences. The researcher also 

went on the assumption that the students freely and 

honestly explained their thinking during the interview. 

Limitations 

The sample for the study was small and was drawn from 

the fourth and sixth grades of one elementary school and 

the eighth grade of one junior high school. The 

elementary school is in the same attendance area and is a 

feeder school to the junior high school. The students who 

scored below the 25th percentile on the Iowa Test of Basic 

Skills were eliminated from the sample, thereby limiting 

its representation of a totally heterogeneous group of 

public school students. Student participation was also 

'dependent upon the return of parent permission slips. The 

researcher had no input into or control over the 

mathematics background of the students involved in the 

study. 

-- ----------- ----- ------------
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Definition of Terms 

The terms which follow are defined as they pertain to 

this study. 

Area model. A two dimensional region used to model 

mathematical ideas. It is the most common model for 

fractions in the elementary school. In this study the 

area model is a rect.angular region which represents the 

unit or whole. The r~!0'ion is partitioned equally into 

parts such that each part derives its identity by its 

relationship to the whole e.g., a rectangular region is 

partitioned into four equivalent parts, one part is one

fourth of the whole region. 

Area conservation. The notion that area remains 

constant under transformation. The same amount of two

dimensional space can take any number of two-dimensional 

shapes. 

Fraction symbol. The following form of notation for 

rational numbers, alb where a and b are whole numbers and 

b :f:. o. 
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Rational number. A number which can be written in 

the form alb, where a and b are integers and b ~ o. The 

study of rational numbers at the elementary school level 

is concerned only with positive rational numbers or those 

of the form alb where a is any whole number and b is any 

counting number (Dubisch, 1981; National Council of 

Teachers of Mathematics, 1984). 

Rational number reasoning. The ability to perceive 

the logical mathematical structure of a problem which can 

be solved by the application of rational number knowledge. 

Partitioning. The subdivision of a discrete or 

continuous quantity into equivalent parts (Pothier, 1981, 

p.51). 
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CHAPTER 2 

REVIEW OF THE LITERATURE 

The review of the literature covers related research 

in three areas. The first section includes research on 

the development and use of reasoning. The second section 

includes research on area concepts and area measurement. 

The third section includes research on rational number 

concepts. 

Reasoning 

The studies on reasoning which are covered in this 

section include examples of those which 1) document the 

impact of formal education on the individual's ability to 

reason, 2) trace the development of reasoning within the 

individual, and 3) specifically look at the individual's 

use of mathematical reasoning. 

In order to understand the use of reasoning in the 

very specific sense of this study, it is important to 

examine results of some of the studies which provide 

information in a broader sense. Does formal education 

have an affect on an individual's ability to reason? 

Luria (1974/1976) examined the effects of formal education 

on the reasoning ability of Russian peasants. He had the 

unique opportunity to study the influence of the vast 



social changes which occurred in Russia after the 

revolution on the development of reasoning in a large 

group of people. Many Russian peasants who were 

illiterate and isolated in villages were to suddenly 

33 

receive the benefits of formal education. Luria's studies 

answered several important questions about reasoning, 

1) that the ability to reason does not develop naturally 

for most people without the benefit of formal education, 

and 2) that adults who do not use formal reasoning can 

learn to do so given a very rudimentary formal education. 

The adults Luria studied learned to reason after only a 

year of formal schooling. The introduction of formal 

education to the lives of these peasants wrought profound 

changes in their lives. As Luria expresses it, 

The facts show convincingly that the structure of 
cognitive activity does not remain static during 
different stages of historical development and that 
the most important forms of cognitive processes-
perception, generalization, deduction, reasoning, 
imagination, and analysis of one's own inner life-
vary as the conditions of social life change and the 
rudiments of knowledge are mastered (p. 161). 

Luria found that before exposure to formal education 

the subjects in his study could not attend to the 

information necessary to solve problems, but were instead 

distracted by the little contextual details given as part 

of the problem statement. They could not use the 

conditions of the problems to solve them, but instead they 
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relied upon personal experiences and guesswork. For 

example, a twenty-four-year-old illiterate woman is given 

the following problem: "It takes thirty minutes to walk 

to village X, and it is five times faster on a bicycle. 

How long will it take on a bicycle?" (p. 121). The woman 

replies to the problem in terms of her own experience 

which does not lead to findi.1g the solution, "My brother 

in Szhizak has a bicycle, and he goes much faster than a 

horse or a person" (p. 121). In contrast a subject who had 

several months of schooling responded to the question in 

this way, "Thirty minutes and six times faster ..• that 

means one-sixth of thirty minutes, or five minutes" 

(p.132) 

Luria's findings reveal the effects of the 

introduction of formal education on the reasoning 

abilities of adults. Piaget and his students had for 

many years been interested in the developmental aspects of 

reasoning within individuals. The subjects which the 

Piagetians studied were European students who had the 

benefit of formal education from the age of about six and 

who were surrounded by a literate society from birth. 

Through their studies they found that children pass 

through stages of cognitive development moving from 

primitive sensor-motor reactions to the environment in 

infancy to the ability to reason abstractly in order to 

. --~--------



solve complex tasks as adolescents (Inhelder & Piaget, 

1958; Inhelder, & Piaget, 1964). 
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Many of the experiments performed by Piaget and his 

students examined the use of mathematical logic by 

children to solve tasks which had been carefully designed 

to answer specific research questions (Piaget, 1941/1952; 

Piaget, Inhelder, & szeminska, 1948/1960). Piaget 

designed tasks through which he could observe what kinds 

of strategies his subjects used in order to solve the 

tasks. By analyzing the data collected through many types 

of task-based interviews with different children of 

various ages, Piaget and his students developed theories 

about the individual's construction of knowledge. The 

Piagetians observed that children do not become truly 

abstract thinkers until adolescence (Inhelder & Piaget, 

1958). The research work of the Piagetians along with 

findings of Luria indicate that the ability to reason 

develops over time within the individual as long as that 

individual has the advantage of a formal education. 

Mathematics is a part of all elementary and junior 

high school curriculums. Various researchers have studied 

the use of mathematical reasoning by students. 

Proportional reasoning has been the focus of a great many 

of these studies (Gruen, Offenbach, & Keane, 1986; 

Karplus, Adi, & Lawson, 1980; Karplus, Pulos, & stage, 
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1983; Lawson, & Bealer, 1984; Lawson, Lawson, & Lawson, 

1984; Linn, & Pulos, 1983; Noelting, 1980a, 1980b). 

Proportional reasoning involves the understanding of 

relationships between the given conditions of a problem. 

The relationships can be expressed as rational' numbers in 

the form of ratios or as fractions. Most of the 

proportional reasoning research has been task based 

allowing the researchers to observe and interview the 

students as they solve the tasks. The proportional 

reasoning tasks are presented in a familiar context such 

as comparing two ratios of orange concentrate to water to 

determine whether the degree of orange flavor will be the 

same or different. All of the conditions are present for 

the students to deduce the answer, but no reference is 

made to mathematical terms or relationships by the 

interviewer. The students' attention to the conditions 

and relationships inherent in the tasks as well as the 

strategies they employ when solving the tasks have 

provided researchers and educators with valuable 

information on how students reason. Results of this 

research indicate that the development of proportional 

reasoning occurs over time. It is not until adolescence 

that sophisticated proportional reasoning strategies are 

used on a consistent basis and then not by all 

adolescents. 
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The ability to solve difficult proportional reasoning 

problems requires a level of abstract thinking which Case 

(1985) calls "elaborated coordination" in his description 

of the development of abstract control structures. His 

research findings indicate that the full development of 

this level of reasoning does not occur until between the 

ages of 15 and 18 years. 

Given weight and balance tasks where the ratio 

between the distance 6f pegs from the fulcrum must be 

compared to the ratio between the number of weights placed 

on the pegs, students between 15 and 18 years solve 

problems where the quantities are not presented in unit 

form. For example, students at this level can solve a 

problem where the weights are 7 and 3 and they are placed 

at distances of 5 and 2 respectively. In a problem like 

this neither ratio is comparable to the other in its 

present form, and the student must therefore find a new 

form for each ratio. The student reasons that 3 weights 

for seven is the same as 1 for 2 1/3, and 2 distance pegs 

for 5 is 1 for 2 1/2. Therefore the distance should 

predominate. Case (1985) stated, " ••• neither of the 

entities that the children end up comparing has any direct 

visual counterpart in the real world, yet one of these 

entities can be pitted against or seen as reversing the 

effect of the other" (p.112). 

---- -- ----- ------ ~--------------
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The "elaborated coordination" displayed by the 15-18 

year-old students builds upon the previous type of 

reasoning displayed by students who are 13-15 years of age 

which Case terms "bifocal coordination". At this stage 

the students are able to use ratio to reason about 

opposing dimensions (e.g., weights and distances). They 

can perform complex computations in order to put one of 

the ratios in a form to be compared with the other ratio 

which is already in unit form. For example, a student at 

this stage can solve the balance beam problem where the 

ratio of distances is 5 to 2 and the ratio of weights is 2 

to 1. The student divides 5 by 2 to get 2 with a 

remainder of 1. The student then divides the 1 by 2 to 

get 1/2 which is then added to the quotient 2 obtained in 

the first division. The student then compares the ratio 

of distances (2 1/2 : 1) to the ratio of weights (2 : 1) 

to determine that in this case the distance dimension is 

more potent. 

students of 11-13 years of age are at the stage which 

Case terms "operational coordination." This is the stage 

in which students first use abstract reasoning to solve 

problems. At this stage the students use ratio to reason 

about two opposing dimensions (distance and weight on the 

balance beam) as long as one ratio is presented in unit 

form and the other can be expressed in unit form after one 
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simple division. For example, if the distances are 4 on 

the right of the beam and 2 on the left, and the weights 

are 1 on the right and 2 on the left, 11- to 13-year-olds 

can reason that given these conditions the beam would 

balance. The difference between the thought of students 

at this stage and the one which comes before is that they 

are freed from making judgments based on what they can 

see, such as the 4 weights on one side will make the beam 

go down, and instead consider the relationships between 

the conditions, something younger students cannot do. 

Students who are 9 to 11 years old can perform simple 

operations on single dimension problems. They cannot 

coordinate two dimensions, however. Case (1985) presents 

the following example as the type of problem 9- to 11 

year-old students can do: 'For two dollars you get eight 

francs. How many francs will you get for one dollar?' 

(p.109) . 

While Case (1985) attended to the ages at which 

studen~s were successful in solving reasoning tasks with 

particular types of conditions, other researchers have 

looked at the strategies cross-aged groups of students use 

when they are faced with the same sets of conditions. 

Karplus, Adi, and Lawson (1980) studied the ability 

of students in grades six, ten, twelve, and college to 

solve proportional reasoning tasks. Like Case (1985) they 
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found a definite developmental trend in the growth of 

proportional reasoning from sixth grade through college. 

Other cross-grade studies show the same results (Gruen, 

Offenbach, & Keane, 1986; Karplus & Peterson, 1970; Lawson 

& Bealer, 1984; Noelting, 1980a, 1980b). Besides noting 

differences in the frequency of use of proportional 

reasoning at different grade levels, Karplus et al. (1980) 

also focused on categorizing the types of responses 

students made when solving the tasks. 

The proportional reasoning task presented to the 

students in the study by Karplus et al. (1980) was the 

Cylinder Task designed by Suarez and Rhonheimer (1974). 

Two transparent cylinders of different diameters and equal 

gradations were used. The wider cylinder was filled to 

four units with water which when poured into the narrow 

cylinder filled it to six units. The wider cylinder was 

then filled with six units and the students were to tell 

how many units this would fill the narrow cylinder. 

Karplus et al. (1980) found that the students' responses 

to the proportional reasoning task fell into the following 

four categories: 1) category I (Intuitive) included no 

responses as well as those based on illogical computation 

or guesses; 2) Category A (Additive) included student use 

of the difference between the levels in the cylinders as a 

constant which they always added to the level in the wide 
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cylinder in order to predict the level of the narrow 

cylinder; 3) category Tr (Transitional) included responses 

which were additive but corresponded to the amount of 

water e.g., "9, if the water rose 2 when the marking in 

the wide cylinder was 4, so for each two marks the water 

goes up 1. So from 6 it will go up 3 to 9" (p. 675); 4) 

category R (Ratio) included student use of a constant 

ratio or the conversion of units between the different 

sized cylinders. 

The response categories were used by Karplus et ale 

(1980) to determine the level of reasoning the students 

used. The levels of reasoning were concrete, 

transitional, and formal. Students who gave additive 

responses were classified as concrete reasoners, those who 

gave transitional responses were classified as 

transitional reasoners, and those who gave ratio responses 

were classified as formal reasoners. The percentage of 

students whose responses classified them as formal 

reasoners increased with grade level. Three per cent of 

the sixth graders used formal reasoning on the proportions 

tasks while 10% of the eighth graders, 55% of the tenth 

graders, 63% of the twelfth graders ,,:td 74% of the college 

students did so. In contrast, percentages of the use of 

concrete reasoning decreased as grade level increased. It 

is interesting to note that the large increase in formal 

------------ - -------- ---------
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reasoners occurred between the eighth and tenth grades. 

Students in those grades are in the 13-15 year age group 

which Case (1980) identified as the age at which "bifocal 

coordination" occurs. This is the ability to coordinate 

two dimensions which would be necessary for the students 

to solve the cylinder task. They had to cQordinate or 

find a relationship between the levels of water in the two 

cylinders and the difference in water level between the 

two cylinders. 

Lawson, Lawson, and Lawson (1984) found a correlation 

between the linguistic ability of adolescents and their 

success with proportional reasoning tasks. They found 

that high levels of linguistic ability must be present but 

are not sUfficient to predict success on proportional 

reasoning tasks. 

Area 

Area research falls into two main categories. One 

category includes studies of two-dimensional space without 

the association of number (non-metric two-dimensional 

space). The other category includes those studies in 

which number ideas are associated with two-dimensional 

space. 
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studies of Non-metric Two-dimensional Space 

Studies of students' ideas about area reveal that 

this concept develops over a period of time. Piaget, 

Inhelder, and Szeminska, (1948/1960) found that children 

below the age of 6 or 7 did not realize that area is 

invariant under transformation or rearrangement of a given 

amount of space. Given two congruent Euclidean figures, 

all the children who were able to understand the task 

thought that both figures had the same area. However, 

when one of the figures was cut into parts, and the parts 

rearranged to form a figure different in appearance, but 

the same in area, children 4-6 years old said the figures 

were no longer the same size. The difference in 

appearance of the figures which resulted from the 

transformation led the younger children to believe that 

the figures no longer had the same area. Piaget et ale 

(1948/1960) state the problem for the child and the 

researcher in this way: 

... when we study the conservation of area as such, we 
are faced with the fact that every re-arrangement of 
parts implies a figure which is qualitatively new 
(although its quantitative value remains 
unaltered) •..• Moreover, by altering the form of an 
area we automatically extend or reduce its perimeter, 
and this in turn affects the topological intuitions 
which form the starting-point for children's thinking 
in the realm of space (p. 279). 

By the age of 9 most children realize that a given 

amount of area remains constant under transformation 
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(Piaget et ale 1948/1960). They reach the point in their 

intellectual development where they can simultaneously 

coordinate different bits of information. This allows 

them to believe that two regions whose appearance differs 

can have the same area. For example as Mar (8;3)1 points 

out, "It's the same. That one (AI) is put out in a square 

while that one (A2) is made long. What's lost here (in 

height) is gained there (in length)" (po 291). In the 

area conservation studies done by Piaget et al. 

(1948/1960) the children always saw the transformations 

take place. Once the children learned that cutting and 

rearranging a given figure did not alter the amount of 

area, they ignored the appearance of the final figures and 

did not try to compare the sizes, but focused instead on 

their understanding of the transformation. 

Research has been done to discover how children who 

do not have a fully developed concept of area make 

judgments about area. Success with area measurement 

depends upon the child's ability to see both dimensions of 

a figure as equally important in making a quantitative 

judgement. The child's ability to attend to both 

1 This is the type of notation Piaget and his 
students used to identify their subjects. The three 
letters are used in place of the child's name and the 
numbers separated by a ; record the age in years and months. 



dimensions of a figure has been the focus of a number of 

studies. 
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Researchers differ in their conclusions about how 

children use the features of two-dimensional figures to 

judge area. In separate studies Anderson and Cuneo 

(1978), and wilkening (1979) found that young children 

used both the height and width dimensions of rectangles to 

form rules when solving area problems. Wilkening, in the 

first of two experiments, tested a group of adults and a 

group of 5- and 6-year-old children. The subjects were 

shown nine stimulus rectangles the sizes of which were a 

combination of heights and widths of 6, 12, or 18 cm. On 

a long board the subjects were to create comparison 

rectangles of the same area as those of the stimuli. The 

width of each comparison rectangle was established at 2 

cm, the subject was to indicate the length. Wilkening 

found that the young children used an adding rule, height 

+ width, while the adults used a multiplying rule, height 

x width, in making their judgments of area. 

In his second experiment Wilkening (1979) presented 

16 tasks similar to those in the first experiment to a 

group of adults and to groups of 5-, 8-, and 11-year-old 

children. He found a developmental progression across the 

ages from using an adding rule at age 5 to using a 

multiplying rule in adulthood. Based on the results of 
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his experiments, Wilkening concluded that young children 

pay attentior. to both height and width dimensions of a 

rectangle, but that they add the dimensions instead of 

multiplying. The results from the 8- and ll-year-olds' 

area judgments show a progression across ages from using 

an adding rule to using a multiplying rule. More 8-year

olds added dimensions while more 11-year-olds multiplied 

dimensions. Anderson and Cuneo (1978) and Wilkening 

(1980) reached the same conclusions. Cuneo (1980) found 

that 3- and 4-year-olds also added dimensions when judging 

area. 

Silverman, York, and Zuidema (1984) challenged the 

finding by Wilkening (1980) that young children use a 

"height + width rule" to make area judgments. In the 

first of three experiments Wilkening's study wa~ 

replicated. As in Wilkening's study,-responses from 

previous trials were not removed before subsequent 

stimulus rectangles were presented, and as expected, the 

statistical results of Silverman et ale (1984) were 

similar to Wilkening's. In the next two experiments 

Silverman et ale (1984) removed the previous responses 

before presenting the next trial stimulus. The results 

were significantly different. Analysis of the results 

indicated that the children were jUdging area by centering 

on one dimension (length or width). In analyzing the 



results of the three studies, Silverman et ale (1984) 

argue that the task procedure used by wilkening caused a 

carry-over effect, and that the children were responding 

by adding or subtracting to the height or width of the 

previous rectangle they had made in order to compensate 

for an increase in height or width of the stimulus 

rectangle, not by adding the dimensions. 
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Leon (1982) found that the younger children in his 

study also centered on one dimension, but he concluded 

that the dimension they used as an index of area was 

linear extent, which is the diagonal measure of a 

rectangular figure. He feels that hi~ results and 

conclusions differ from those of Anderson and Cuneo (1978) 

because the range of rectangle dimensions they used was 

narrower (7 to 11 cm). The dimensions used in the study 

by Leon ranged from 3 to 12 cm. Within the 7 to 11 cm 

range, Leon achieved similar results with his subjects to 

those of Anderson and Cuneo (1978). 

It is interesting to note that the analysis of the 

data by Anderson and Cuneo (1979), Wilkening (1979; 1980), 

Leon (1982), and Silverman et ale (1984) was based on 

different statistical interpretations of very similar 

data. The graphic presentations are all very similar in 

appearance, but the conclusions regarding the children's 

strategies differed depending upon the type of analysis 
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used and the interpretation of the results. Although each 

study consisted of a series of tasks performed on an 

individual basis by the subjects, no attempt was made to 

directly ask the subjects how they made their decisions 

about rectangular size. 

Kempler (1971) presented students from the first, 

third, fifth, and seventh grades with a series of 100 

rectangles generated from all possible combinations of 10 

heights and 10 widths. The students were to judge each 

rectangle as large or small rather ~han compare it to 

another figure. Kempler states, "comparison of individual 

means showed a decrease with age in the discriminant 

weight for the height and a corresponding increase in the 

discriminant weight for width" (p. 161). Kempler found 

that the three younger groups (first, third, and fifth 

graders) weighted the height dimension more heavily than 

the width dimension. The first graders showed '~he 

greatest over-emphasis on height, a ratio of height to 

width of about 7:2, while the seventh graders weighted 

each dimension almost equally. The third and fifth 

graders weighted height to width with a ratio of about 

3:2. 

Verge and Bogartz (1978) also found a progression 

across grade levels from total centration on one dimension 

by the youngest students to total decentration or equal 

- -------------------- ---- ----------------
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weighting of dimensions by the older students. 

Kindergarten, second-, fourth-, and sixth-grade students 

matched in total area a stimulus rectangle to an 

adjustable square stimulus. Unlike the findings by 

Kempler (1971), however, the students in Verge and 

Bogartz' study who centered on one dimension did not 

center exclusively on height, but centered instead on the 

dimension (height or width) which lay on the same spatial 

axis on which the compared-objects were placed. When this 

frame of reference effect was controlled the students 

centered on the longest dimension (height or width). 

studies Where Whole Number Ideas Are Associated 

with Two-dimensional Space 

By the age of 9 years, most students know that area 

remains constant under transformation (if they witness the 

transformation) and that area is the result of the 

multiplicative relationship of two dimensions. When 

number ideas are applied to area, however, earlier 

misconceptions about area reappear. 

Given the kinds of misconceptions many students have 

about two-dimensional space when number is not involved, 

the question arises as to how the association of number 

ideas with two-dimensional space affects students' 

thinking about two-dimensional space. 

------- ----------------
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Piaget, Inhelder, and Szeminska (1948/1960) found 

that children below the age of 5 make qualitative 

judgments based on perceptual clues when comparing 

rectangular regions which have been partially covered by 

different arrangements but equal numbers of smaller 

regions. Two green rectangles representing meadows were 

placed side by side in front of each child in the study. 

The same number of congruent little houses was placed on 

each of the meadows along with a plastic cow. The houses 

on one meadow were placed ~ext to each other along one 

side. The houses on the other meadow were scattered. The 

children were then asked if one cow had more grass to eat 

than the other or if they both had the same amount. This 

task resembled those Piaget (1952) had done on 

conservation of number, where he found that children 

judged equal amounts of counters to be more or less 

depending upon the perceptual appearance of the counters 

i.e., whether they were spread out or bunched together 

with sides touching. 

Tha results of the studies on area by Piaget, 

Inhelder, and Szeminska (1948/1960) reveal the 

interactions of perception and number logic in the child's 

thinking. Those children who were able to understand the 

task were identified by the authors as belonging to 

certain stages of development based upon their responses 

-~~---~-... ---.. --------. 
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and actions in the interviews. At stage IIA (below age 5 

1/2) the children relied on how the green background 

looked to decide whether there was more green or not. 

Even though they agreed that the number of houses was the 

same, their perceptual bias was strong enough to override 

their number logic. At stage lIB (age 5 1/2 to 6) the 

children would state that the amount of grass not covered 

by houses was the same as long as the number of houses was 

small enough. However, the children at this stage would 

revert back to using perceptual information once a 

critical number of houses was placed on each rectangle. 

That critical number varied from child to child. 

Children at stage IlIA (age 7 1/2 to 8) solved the task 

successfully on a consistent basis. 

Wagman (1975) found that older children were not 100% 

successful Ylhen she presented the Piagetian "cows in the 

pasture" area task described in the preceding paragraph to 

8-, 10-, and 11-year-olds. She found a progression in age 

of the children's ability to conserve, 8-year-olds, 69%; 

10-year-olds, 83%; and 11-year-olds 90%. 

In order to solve the "cows in the pasture" task the 

children had to use logical ideas about space and number. 

They had to recognize that given two congruent green 

. rectangles each covered by an equal number of congruent 



houses that the remaining green areas had to be equal 

regardless of the differences in their appearance. 
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Reports from National Assessments of Educational 

Progress (Carpenter, Coburn, Reys, and Wilson, 1978; 

Carpenter, Corbitt, Kepner, Lindquist, and Reys, 1981; 

Hirstein, 1981; Lindquist, Carpenter, Silver, & Matthews, 

1983) reveal that students of all ages tested, 9-, 13-, 

and 17-year-olds, had difficulty with test items on area. 

Carpenter et al. (1978) reported that over half of the 9-

year-olds demonstrated little comprehension of the basic 

area concept of covering with unit squares. Lindquist et 

al. (1983) found that over half of the 13-year-olds could 

not calculate the area of a rectangle when given the 

dimensions. One third of the 13-year-olds could not give 

the area of a rectangle which was covered by a grid of 

square units. As would be expected, the 9-year-olds had 

even greater difficulty with these tasks. Three fourths 

of the 9-year-olds could not give the area of a rectangle 

which was covered by unit squares, and only 8% could 

calculate the area of a rectangle when given the 

dimensions of the sides. 

Lack of a well developed concept of area affected 

performance for· all age groups. This was especially true 

when more than one type of measurement was involved in a 

problem. Thirteen- and 17-year-olds were confused by the 
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concepts of volume and surface area. Thirteen- and 17-

year-olds and adults had difficulty using the perimeter of 

a square to calculate its area. Given the perimeter of a 

square, only 7% of the 13-year-olds, 28% of the 17-year

olds, and 27% of the adults correctly figured the area. 

Twenty-five percent of the adults squared the perimeter. 

Hirstein (1981) attributed the difficulties with area 

problems to lack of area concepts rather than weakness in 

computation. 

In a cross-grade study designed to examine how 

students incorporate numbers in their judgement of area, 

Hirstein, Lamb, and Osborne (1979) identified 

misconceptions that the students had about area. Number 

associations were part of each task. The figures used 

were either covered with full grids, had indicated grids 

on each side, or had no grids, but showed dimensions. 

Hirstein et al. (1978} found that some students as high as 

the sixth grade made area judgments based on one dimension 

of a figure. When faced with finding the area of an 

irregular figure many of the fifth- and sixth-grade 

students in the study failed to partition and recombine 

the figure in order to find the area. These results 

indicate the lack of an invariant area concept. The 

results also indicate a lack of ability to use number to 

logically solve problems and a reliance on misleading 

- --------
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perceptual appearances to make judgments. For example, 

students did not necessarily use the number of squares on 

the figures which were covered with full grids to help 

them make area comparisons. 

Piaget, Inhelder, and Szeminska (1948/1960) asked 

children to compare two irregular shapes by covering each 

with square units. Young children made judgments based 

upon perceptual clues even though they were helped in 

covering the areas with squares. They would acknowledge 

the fact that the same number of squares covered each 

area, but they based their decisions of comparison on how 

the shapes looked rather than on the logic that two shapes 

covered by the same number of equal-sized squares must be 

equal in area. It was not until between the ages of 7 and 

9 that most children were willing to accept the number of 

square units as a true measure of the area. 

Wagman (1975) had similar results when she presented 

the same type of tasks to 8-, 10-, and 11-year-olds. Over 

70% of the children successfully compared regions by 

relying on the logical information they gained from 

covering the regions with square units. However, it is 

interesting to note that 30% of the 8-year-olds and 10% of 

the 10- and 11-year-olds based their judgments on 

perception rather than the number of units which covered 

the regions. 

----- --- --- ------------ - -------- ---------
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In a similar study Piaget, Inhelder, and Szeminska 

(1948/1960) asked children to compare the areas of two 

differently shaped figures by tracing the outlines of a 

unit of measure directly onto the figure. The child was 

given the choice of measuring with a square, a rectangle, 

or a triangle and was provided with a pencil for tracing. 

In order to measure the area the measuring unit had to be 

used over and over in a process called unit iteration. 

The child was shown how to trace on the figure in order to 

mark off each unit. After tracing the unit of choice on 

each figure, young children between the ages of 5 and 7 

ignored the traced units and made judgments about size 

based on perceptual information. Pel (age 5;6), a subject 

in the study provides an example of the young children's 

responses. He is comparing two figures labeled A and B. 

The experimenter asks after the tracing, "Does that help 

you to tell which is bigger?--NO--Well, did you count 

them?--(He counts them, but fails to understand how the 

number can be compared with that in A)" (p.297). 

Beilin (1964) presented stUdents in kindergarten 

through fourth grade with figures which differed in shape 

but which were covered with equal numbers of square units. 

In this case the students did not see a transformation 

take place, but, instead, were presented with each figure 

separately. Beilin calls these "quasiconservation" tasks. 
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Less than 50% of the fourth-grade students said that the 

variations of a 3 X 3 in. grid were equal even though each 

variation was made up of 9 square units. All of the 

students were able to count the units, but they did not 

use number to logically conclude that the regions had to 

cover the same amount of space. Beilin did not conduct 

his experiment with older children so it is unknown at 

what age students would consistently solve the task 

correctly. 

One problem may be the way students think of the area 

units as they count them. Hirstein, Lamb, and Osborne 

(1978) in their stuqy of third, fourth, fifth, and sixth 

graders found students at all grade levels who registered 

each square unit they counted as a point to be counted 

rather than a space-covering unit. This was evident when 

in some tasks the students were required to halve some of 

the units to produce a comparison figure equal in area to 

the stimulus. They refused to partition a unit, because 

they did not believe that the partial units could be 

recombined and counted. This lack of flexibility in 

conceiving the units as space-covering squares was shared 

by many of the students who had difficulty s01ving many of 

the tasks. 

Wagman (1975) found that the students in her study 

were unable to use the properties of the space-covering 
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units to solve area measurement problems. She gave 8-, 

10-, and 11-year-olds three figures each of which could be 

tiled by a whole number of two-inch squares. Two regions 

were covered by the same number of tiles, the third region 

was covered by a different number of tiles. After the 

student tiled each region, the tiles were left in a pile 

by each region to serve as a reminder of the number used 

to cover. (Note: The number of tiles to cover is small, 

4 for two figures and 5 for another, so as not to 

introduce a computation problem.) The student was then 

given triangular tiles, 1/2 the size of the square tiles 

and· asked how many it would take to cover each figure. 

Only 20% of the 8-year-olds, 28% of the 10-year-olds, and 

42% of the 11-year-olds reasoned without tiling that 

double the number of square tiles was needed to cover the 

regions with triangles. 

Maher and Beattys (1986) found that 82% of the fifth, 

sixth, and seventh graders in their study used valid 

schemes to find the area of rectangular or composite 

rectangular figures. They either used unit iteration 

(usually with square units) or a length x width estimation 

scheme. These schemes did not transfer to irregular 

figures. For figures with angles other than 90 degrees 

60% of the fifth and sixth graders, and 70% of the seventh 

graders used irregular shaped units or a combination of 
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different shaped units to cover. Only one of the 47 

students in the study successfully compared two irregular 

figures which had the same area. The reasons given by the 

students for choosing one figure over the other indicate 

their reliance on perceptual clues as the basis for their 

decision. 

Hirstein, Lamb, and Osborne (1978) found that many 

students did not understand the multiplicative 

relationship between the dimensions of a rectangle and its 

area. A number of students counted around the corner of a 

full grid figure, and it was the most common error made in 

dealing with indicated-grid figures. The authors report: 

"Children, for example, would examine a display of a 4-by-

7 rectangle and count around the corner to arrive at a 

total of 11 units on the vertical and horizontal edges" 

(p. 15). The students would then repeat the process on a 

comparison strip which had a width of two units already 

established. counting those 2 units, then continuing 

around the corner to end up with a total of 11, the 

student produced a comparison rectangle of 2-by-9 units to 

match the area of a 4-by-7 unit rectangle, in this case 

ignoring the obvious perceptual differences in size 

between the two rectangles. Lacking a well-developed 

concept of area the student has thus confused perimeter 



and area, and the inappropriate use of number by the 

student reinforces the error pattern. 
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Woodward (1982) reports his observations of a bright 

seventh-grade student who believed that rectangles with 

the same perimeter must have the same area. Woodward and 

Byrd (L983) did a study to follow up and further explore 

the extent of this misconception among eighth graders and 

college students. They designed a test to determine if 

their subjects realized that regions with equal 

perimeters, but different lengths and widths had different 

areas. The subjects were asked to compare the areas of 

regions all of which had perimeters of 60 ft. The test 

was given to two groups of eighth graders (n = 129 for 

each group) and to students in two sections of a 

mathematics course for prospective elementary teachers. 

About one fifth of the students at both levels answered 

the test item correctly. Almost two thirds of all the 

subjects thought that because the perimeters were the same 

all the regions had the same area even though the areas 

ranged from 52 square feet to 225 square feet and were 

pictured to scale on the test. 

Schnaps (1984) validated a hierarchy of area skills 

based on rules, representations, and shapes. He found 

that nonstandard shaped area problems were the most 

difficult for the 6th-9th graders in his study. Through 
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an analysis of the processes used by the students to 

determine area, he found that the most frequent incorrect 

procedure was the addition of the numbers available as 

part of the task. Multiplication without regard to area 

concepts was the second most frequent incorrect procedure. 

The research that has been done on the ability of 

students to associate whole number ideas· with two

dimensional space reveals that students do not immediately 

accept the logic of number ideas when those ideas conflict 

with perceptual information. There is no conflict for 

some students when they state that although two regions 

are covered by the same number of identical unit squares, 

one region is larger because it looks larger. other 

students will change their perception-based opinions that 

two regions differ in area when they reason that if the 

two regions are covered by the same number of unit squares 

they must be equal in area. still other students will 

forego perceptual information altogether in order to 

produce a numerical answer based, albeit, on the incorrect 

or incomplete use of numerical data supplied as part of 

the task. 

Rational Numbers 

The rational number research which pertains to this 

study is reported in this section. Included are studies 

--.~~.---



which examine students': concepts of part-whole 

relationships, ability to compare fractions, and ability 

to associate fractions with area models. 

studies of students' Concepts 

of Part-Whole Relationships 
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Kieren (1976) sees a student's ability to understand 

par.t-whole relationships as bas~c to the development of an 

understanding of rational number. Research reveals that 

the development of an understanding of part-whole 

relationships is a complex process. 

The ability to partition a continuous whole into 

equivalent parts reflects a student's understanding of 

part-whole relationships. Through task-based interviews 

in which young students partitioned geometric regions into 

given numbers of parts, Pothier and Sawada (1983) found 

that the students advanced through a series of related 

levels of partitioning abilities. Students in Level I, 

the Sharing Level of partitioning, knew that the whole is 

broken into a given number of parts. They did not know 

that the parts must be equivalent. The ~"ord they most 

often used for one of the parts (one of any number of 

parts) was half. At Level II, the Algorithmic Halving 

Level, students could partition a region into two parts 

and extend the idea to repeated halving of parts to crea'te 



number.s of partitions which are powers of two. However, 

at this stage students were still not concerned with 

creating equivalent parts. 
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The creation of equivalent parts was the focus of 

Level III, the Evenness Level. Students demonstrated the 

ability to partition a whole into an even number of 

equivalent parts. At Level IV, the Oddness Level, an 

important step was taken toward recognizing part-whole 

relationships. As students sought to make a first move to 

partition a region into an odd number of parts, they had 

to think about the whole and visualize the arrangement of 

odd numbered parts before making the first partitioning 

move. 

In another study on partitioning, Pothier and Sawada 

(1984) found that first- through third-grade students 

ignored both number and the geometric properties of shapes 

when partitioning regions. The partitioning mechanism 

itself dominated their attention. The shape of the figure 

was ignored, the partitions were not congruent, and the 

number of partitions displayed often differed from the 

number sought through the task. Pothier and Sawada state, 

" •.. rather than focus on shape to decide the number of 

partitions into ·which a given object would be easily 

partitioned, children have a number of procedures which 

dominate their partitioning" (p. 4). 
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lCie~en, Nelson, and smith (1985) studied the thinking 

processes used by students in grades 6, 7, and 8 when 

presented with partitioning tasks. They found that 

eighth-grade students tended to approach the problems 

differently than the younger students. The graphic 

responses indicated a more concrete approach by the 

younger students and a more abstract approach by the older 

students. When asked to share three chocolate bars evenly 

among four people, the younger students tended to identify 

each chocolate bar as the unit and proceeded to divide 

each into four parts. Their symbolic notation of each 

person's share reflected their additive approach to the 

partitioning task. An example of this type of notation 

would be 1/4 + 1/4 + 1/4. The eighth grade students 

tended to approach the same task by considering the group 

of bars as the unit and using a multiplicative strategy to 

decide how much each would get. They divided 3 by 4 and 

expressed the result as 3/4. They then partitioned the 

bars to reflect the numerical solution at which they had 

arrived. Differences in the students' approaches lead 

Kieren et al. to conclude, "The ability to move from a 

physical to a numerical unit for partitioning is 

apparently a developmental phenomenon" (p. 34). 

Students in the elementary school are introduced to 

fractions as expressions of part-whole relationships. 
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LeFevre (1986) found evidence of a positive relationship 

between fourth-grade students' conceptual development of 

part-whole relationships and high achievement in work with 

fractions. She identified an expert and novice fractions 

student and performed in-depth interviews to gain insight 

into the way they solved various fraction tasks. Only the 

expert student's responses to the tasks were given in the 

form of part-whole relationships. 

The expert fractions student used various 

representational systems (symbols, words, pictures, and 

manipulatives) with ease to explain her thinking, the 

novice, on the other hand, was unstable" and inflexible in 

her ability to represent fractions and to use the 

fractional symbol. The modeling mechanism processes were 

not well-developed for either student, but the expert was 

able to use a "part-whole model geometric modeling 

mechanism" to solve one of the interview problems, "What 

would 3/4 of 6 disks be?" (p. 35). The expert fractions 

student arranged the 6 disks in a circle and then used the 

circular structure to help her figure out that 3/4 of 6 

disks is 4 1/2 disks. 

The expert fractions student used a part-whole scheme 

to define fractions, to compare fractions to whole 

numbers, and to explain the syntax and semantics of the 

fraction symbol. She was also successful in partitioning 



a square, circle, rhombus, and hexagon to show the 

fractions 1/2, 1/3, and 3/4. The novice by comparison 

partitioned the shapes to show 1/2, but did not respond 

when asked to partition the shapes into thirds and 

fourths. 

65 

The novice later folded paper to show thirds, but 

because she used a fold-up rather than a halving strategy 

to produce fourths, she was unable to do so successfully. 

She did realize that the parts should be equal and that it 

should take three folds to produce fourths w~en using a 

fold-up procedure. However, in a ribbon folding task 

which followed she made three folds when asked to show 

thirds and four folds when asked to show fourths. The 

expert was able to generate folded paper and folded ribbon 

models for the three fractions. 

While LeFevre's study is an in-depth look at two 

fourth-grade students, other studies involved interviewing 

larger numbers of students across more grade levels. The 

Rational Number project, funded by the National Science 

Foundation (Behr, Lesh, Post, and Silver, 1983), had as 

one of its goals the study of the development of rational 

number ideas by students in grades 2 through 8. It also 

aimed to provide a description of the various 

representational systems which play a role in the 

development of rational number concepts. The Project 

----------------- --
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consisted of three main components; a) a teaching 

component which involved 16-18 weeks of small group 

instruction using instructional materials produced as part 

of the project, b) an evaluation component which consisted 

of written tests, instruction mediated tests, and clinical 

interviews, and c) a diagnosis and remediation component 

which aimed to guide the on-going instructional 

development and to test the remedial capacity of the 

instructional routines. 

The clinical interviews which were done as part of 

the Rational Number Project reaffirmed the validity of 

this data-gathering method for studying children's 

thinking and learning processes. The data gathered 

through the interviews provided information in 

... several separate but not mutually exclusive data 
strands that reflect children's ability to 

a. deal with visual perceptual distractors, 
b. deal with questions related to the 

equivalence and ordering of fractions, 
c. deal with the basic fraction concept, 
d. understand the concept of unit in rational 

number situations, 
e. perform on tasks that require proportional 

reasoning, 
f. perform within and between mode 

translations and the relationship between 
this ability and performance on other 
rational number tasks, and 

g. accomplish problem-solving tasks involving 
rational numbers" (Behr et al., 1983 p. 
106) • 
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studies of comparison and Ordering of Fractions 

As part of the Rational Number Project, Behr, 

Wachsmuth, Post, and Lesh (1984) interviewed fourth

graders at two sites as they performed order and 

equivalence tasks with fractional symbols. students 

compared fractions and explained their strategies as part 

of the order and equivalence tasks. Based upon analyses 

of student explanations for their responses to the 

interview tasks, the researchers identified a set of 

solution strategies the students used to solve the tasks. 

Some of the strategies were valid, others were invalid. 

Behr et al. (1984) found that when the fourth-grade 

students in their study were asked to compare unit 

fractions such as 1/3 and 1/4, some of the students used 

an invalid strategy which was based on their understanding 

of whole numbers. The students stated that 1/4 was larger 

than 1/3 because four is bigger than three. The 

researchers found that the dominance of whole number ideas 

diminished for most students in the face of the carefully 

designed rational number instruction they provided. 

However, one student persisted in reverting to whole

number-dominance strategies whenever a new task was 

introduced. The regression to whole-number-dominance 

strategies reveals a student's lack of understanding of 

--------- - _._----



part-whole relationships and the fractional term and 

symbol as an expression of that relationship. 
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Some students in the study by Behr et al. (1984) used 

mental images of manipulative aids or actual concrete 

materials or drawings to think about the ordering and 

equivalence tasks. Their ability to associate the 

abstract symbols and terms with an embodiment assured them 

a means of portraying their thinking. Other students used 

a strategy which was not taught as part of the teaching 

study. The strategy, that of using a third number as a 

referent, indicated a quantitative understanding of 

rational numbers by the students ~l1ho used the strategy. 

comparing and ordering fractions is much more complex 

than comparing and ordering whole numbers. Different 

strategies are necessary depending upon the type of 

fraction being considered. For example, comparing 1/4 and 

1/3 requires different strategies than comparing 2/5 and 

4/5, while comparing 5/6 and 13/16 requires still other 

strategies (Post & Kramer, 1987). Students get confused 

between the type of fraction they are to compare and the 

appropriate strategy they are to use (Post, Behr, & Lesh, 

1986) . 

Lesh, Behr, and Post (1987) found that a number of 

different factors influenced the difficulty of the paper 

and pencil rational-number-comparison tasks performed by 
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the fourth- through eighth-grade students in their study. 

Numerical variation was one factor. For example, tasks 

which involved comparisons of fractions which differed by 

either denominator or numerator, but not both were less 

difficult than tasks where the two fractions had both 

different numerators and different denominators. 

Results from the National Assessment of Educational 

Progress (Carpenter, Corbitt, Kepner, Lindquist, & Reys, 

1981; Carpenter, Corbitt, Reys, & Wilson, 1978;) reveal 

that comparing and ordering fractions remains difficult 

for 17-year-olds and even adults. When asked, "Which 

number is CLOSEST to 3/16?" and given the fraction choices 

5/32, 1/4, 5/16, and 3/8, 19% of the 13-year-olds, 39% of 

the 17-year-olds, and 36% of the adults answered correctly 

(Carpenter et al., 1978, p. 40). When asked "Which 

fraction is the GREATEST?" and given the choices 2/3, 3/4, 

4/5, and 3/8, 3% of the 9-year-olds, 26% of the 13-year

olds, and 49% of the 17-year-olds responded correctly 

(Carpenter et al., 1978, p.40). Ordering the fractions 

5/8, 3/10, 3/5, 1/4, 2/3, and 1/2 was done successfully by 

none of the 9-year-olds, 2% of the 13-year-olds, and 12% 

of the 17-year-olds (Carpenter et al., 1981). 

Ordering fractions depends upon students 

understanding them as numbers. Liebeck (1985) asked 48 

children between the ages of 9 and 11 the following 

.. -~ ----- -----
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question, "How many numbers are there between 1 and 2?" 

(p.32). Thirty three of the children said there were no 

numbers between 1 and 2. Liebeck thought the children 

might be more familiar with fractions between 0 and 1 and 

so she asked the same children how many numbers were 

between 0 and 1. There was no significant difference 

between their responses to this question and to the 

original one. 

The language used in comparison tasks is difficult 

for students and is an important consideration in setting 

up clinical interview tasks. Post et al. (1986) found 

that students have difficulty with the words 'more' and 

'greater' when they are used in the context of a 

comparison task. The students may interpret 'more' and 

'greater' to refer to the number of pieces in a 

partitioned whole or the amount of area included in each 

partition. The confusion of students with relative terms 

such as 'more' and 'greater' is further enhanced in a 

comparison of fractions task given students' tendency to 

rely on whole number ideas when dealing with fractions 

(Behr, Wachsmuth, Post, & Lesh, 1984; Post & Kramer, 

1987), their confusion over the inverse relationship of 

number of parts to size of parts (Post, Wachsmuth, Lesh, 

& Behr, 1985) and the difficulty they have with comparison 

of fraction tasks (Behr et al., 1984). 



studies Where Rational Number Ideas Are Associated 

with Two-dimensional Space 
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When rational number ideas are introduced into an 

area problem, the problem becomes more difficult. The 

idea of applying rational number ideas to compare the 

partitions of rectangular regions which were not congruent 

did not occur to the first and second graders in a study 

done by Kraus (1977). They judged the size of the 

partitions solely on how they looked rather than on their 

relationship to the whole. The students used measurement 

relational terms such as "bigger, wider, longer, fatter" 

to explain their thinking which indicated that they were 

not using part-whole relationships to solve the tasks. 

In a related study Konsin (1977) found that fifth 

graders were able to judge the partitions of rectangles as 

being equivalent even though they were not congruent. 

Konsin, however, used materials which were more apt to aid 

the students in their comparison judgments than those used 

by Kraus. She also introduced the tasks with fractional 

terms and called attention to the part-whole 

relationships. 

Both of these studies had small samples, but 

responses by the students especially in Kraus' study lead 

to further questions about how older students would 

approach his tasks. In a study by Bergeron and Herscovics 
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(1987) which was similar to that of Konsin, students in 

grades 3 through 6 were asked to compare 1/4 of one square 

with 1/4 of an equal sized square. The fractional parts 

were not congruent, but could visually be partitioned and 

mentally made to be congruent. The students verified that 

the unit squares were the same size to begin with, and 

then the students were asked to count the fractional parts 

and to tell what part of the square each piece would be. 

The researcher then posed the following interview question 

to the students, 

If I take one quarter of this biscuit (coloring it in 
front of the child) and you take one quarter of the 
other biscuit (coloring it in front of the child), do 
you think that we will have the same amount of 
biscuit, or that one of us will have more than the 
other, cr less than the other? (p. 363) 

Most of the fourth, fifth, and sixth graders perceived the 

quarters as equal, however, 39% of those who did so used 

visual compensation to justi~y their answers instead of 

reasoning that 1/4 of a whole must equal 1/4 of a same-

sized whole even though the parts are not congruent. 

Kraus (1977) also included a conservation of area 

task in his study. One of two congruent rectangles was 

cut and its parts rearranged to form a parallelogram. One 

paper was brown, the other was orange. The students were 

then asked, "Is there more orange paper, more brown paper 

or are they both the same?" (p.290). Two students 

--------------
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referred to the transformation and judged the regions as 

being the same, "because they started the same, you just 

cut one in half" (p. 290). One student judged the amount 

of paper by the number of pieces, "brown, because there's 

two pieces here (pointing to brown) and one piece here 

(pointing to orange)" (p. 290). Kraus suggests that the 

word "more" may have lead the student to make this 

judgement. 

The idea that fraction instruction based on the use 

of area models may be more effective for students who can 

conserve area was studied by Owens (1980). He found that 

the third- and fourth-grade students who did best on an 

area conservation test also made the most gains in 

learning fraction concepts after instruction with area 

models. He found no difference in age groups in relation 

to area concepts known or the ability to learn fraction 

concepts. 

Associating fractional terms and symbols with area 

models provides a means of numerically expressing the 

part-whole relationship between an indicated area and the 

whole area. Students are normally introduced to the idea 

of associating fractional terms and symbols with area 

models by the third grade. Novillis (1973) found that 

associating a fraction with area models with congruent 

parts was easier for the fourth-, fifth-, and sixth-grade 



students in her study than any other symbol/embodiment 

association task. 
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Armstrong and Larson (1985) found that fifth-grade 

students were more successful in associating fraction 

symbols with area models than with number line models. 

They found that students are equally successful in 

associating symbols with unit fraction models as they are 

in associating symbols with multiple fraction models. 

Lesh, Landau, and Hamilton (1983) found that symbolic 

expressions were easier to process than pictorial 

expressions except in the case of an item involving the 

fraction 1/2. Except for that case, students found it 

easier to select one of four fraction symbols when given 

the pictorial model than to select one of four pictorial 

models when given a fraction symbol. 

Often students must recognize or partition models to 

associate with given fractions when the models already 

have indicated parts. The indicated parts may help or 

hinder the students' attempts to associate them with 

fractions depending upon whether the indicated parts are 

visually distracting or not. Behr, Lesh, Post, & silver 

(1983) studied the effect that different types of visual 

distractors have on students' ability to overcome those 

distractors and approach given rational number tasks in a 

logical-mathematical way. Two general types of visual-
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perceptual cues were included--those consistent with the 

task and those inconsistent with the task. There were 

three categories of consistent cues--complete, incomplete, 

and irrelevant. 

Complete cues contained all necessary components to 

complete the task, such as a picture of a rectangle 

partitioned into fourths for the task, shade 3/4 of the 

rectangle. Incomplete cues contained some of the 

components necessary to complete the task, but the student 

had to supply more visual information before the task 

could be successfully completed, such as a picture of a 

rectangle partitioned into halves for the task, shade 3/4 

of the rectangle. Irrelevant cues contained too much 

information, and they were not inconsistent with the task, 

such as a rectangle partitioned into eighths for the task, 

shade 3/4 of the rectangle. Inconsistent cues included 

information which conflicted with the task, such as a 

rectangle partitioned into thirds for the task, shade 3/4 

of the rectangle. Most errors were made on tasks which 

included inconsistent cues for continuous (area) models. 

The ability to ignore perceptual features which 

detract from perceiving the models as embodiments for 

rational numbers is something students can do who are 

_successful with rational number work. Bezuk (1984) found 

a positive correlation between rational number achievement 



and performance on a test of rational number tasks which 

contained various perceptual distractors. 
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Geometric regions which are not divided into 

congruent parts may also provide a type of visual 

distraction to students especially if their concepts of 

area and rational numbers are not firm. A student may not 

believe that the non-congruent but equivalent parts of a 

region are equal in area if they do not believe that the 

same amount of area can have different dimensions. Also 

if a student believes that fourfhs of a given area must 

look alike, the student may not believe that noncongruent 

parts may be represented by the same fraction. 

The fourth-, fifth-, and sixth-graders in Novillis' 

study were more successful in associating fractions with 

area models which were partitioned into congruent parts 

than those which were partitioned into non-congruent parts 

(1976). Since all other variables were held constant the 

effect of perceptual distractors on the stability of 

student ideas about rational numbers was revealed through 

this study. 

Summary 

Research which is related to this study has been 

reported in this chapter. The research on reasoning 

provides evidence of the developmental and educational 
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influences on an individual's ability to reason. The 

studies on students' development of proportional reasoning 

provide an in-depth look at their strategies and 

abilities to deal with increasing task difficulty. 

The research on area concepts and area measurement 

shows that ideas about area develop over time and earlier 

misconceptions about area often reappear for older 

students with the introduction of more complex task 

variables. One of the variables which can complicate an 

area task is the introduction of number into the task. 

The research on rational numbers shows them to be 

complex and difficult for students to fully understand. 

Although the research on rational number concepts is 

extensive, other than for ratios and proportions, little 

is known about whether students can use rational number 

reasoning in a comparison of area problem solving 

situation. 
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CHAPTER :3 

DESIGN OF THE STUDY 

This Gtudy was designed to determine whether 

elementary and junior high school students used rational 

number reasoning to solve simple area comparison tasks. 

The tasks were presented to each student in a clinical 

interview. The explanations and actions of the students 

were analyzed in order to ascertain the type of reasoning 

they used to solve the tasks. 

pilot Studies 

Two pilot studies were done in order to provide 

preliminary information for the study. Types of tasks 

were tested with students at various grade levels, 

materials were developed, and interview questions were 

refined as a result of conducting the pilot studies. 

pilot Study I 

A preliminary pilot study was conducted with a group 

of eleven elementary school students enrolled in grades 

four, five, and six. The purpose of the preliminary pilot 

study was to determine whether: 1) the types of tasks 

were appropriate for intermediate students, 2) the task 

variables being considered would elicit different 



responses from students, and 3) the sixth-grade students 

would solve all of the tasks successfully. 
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Kraus (1977) had presented similar types of tasks to 

first and second graders and found that the young students 

did not attend to the part-whole aspects of the tasks at 

all. c. N. Larson (personal communication, January, 1986) 

developed tasks similar to Kraus', but included more task 

variables for the second and third grade students she 

interviewed. 

Five tasks were developed for pilot I which extended 

the ideas developed by Kraus (1977) and C. N. Larson 

(personal communication, January, 1988), and these tasks 

were presented to intermediate level students. When each 

of the five tasks was presented to the students, no 

mention of fractions was made by the interviewer. 

The question arose as to whether students might be 

more successful on the tasks if fraction symbols and terms 

were associated with the models. Two students, a sixth 

grader and a fourth grader, were then interviewed as 

before, but in addition a second part was added to the 

interview, where the students were asked to name and write 

fractions which could be associated with the shaded areas 

of the models. 

As a result of pilot I, the researcher decided to 

include students from the fourth, sixth, and eighth grades 
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in the study, and to introduce fractional terms and 

symbols into a portion of the interview. The decision was 

also made to include inverses of the tasks to control for 

those students who might favor one direction of 

partitioning over another. 

pilot study II 

A second pilot study was conducted with two fourth 

grade and two eighth grade students. As in the sample 

used in this study, no students who scored below the 25th 

percentile on the mathematics section of the previous 

year's Iowa Test of Basic Skills CITBS) were included in 

the pilot study. 

The purposes of the second pilot study were: 1) to 

determine if the students understood the directions for 

the tasks, 2) to ascertain the amount of time necessary to 

complete an interview, 3) to give the researcher the 

opportunity to standardize the interview questions and 

procedures, 4) to explore various probing questions as to 

their effectiveness, and 5) to test recording equipment 

and the procedures that ensured its most effective use. 

Method 

Subjects 

The study included elementary and junior high school 

students. Twelve students each, from grades 4, 6, and 8 
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were selected to participate in the study. Each student 

was identified with a code number. An example of a code 

number is: 6-9. The first number in the code is the grade 

level and the second number identifies one of the twelve 

students at that grade level. Half of the sample at each 

grade level was male and half was female. The fourth and 

sixth graders were selected from the population of one 

elementary school. The eighth graders were selected from 

the junior high school which the elementary school 

children in the study would eventually attend. Students 

who scored below the 25th percentile on the comprehensive 

mathematics score of last year's (1987) ITBS were not 

included in the pool from which the sample was randomly 

drawn. 

Data were collected through clinical interviews 

conducted individually with each of the students in the 

sample. 

The Clinical Interview Technique 

The clinical interview technique was used in order 

to discover whether or not students applied rational 

number reasoning to solve the area comparison tasks in 

this study. In order to study the student's reasoning in 

depth, the researcher individually interviewed each 

student in the study. The interview was designed to 
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elicit language from the student during and after his or 

her work on each task. It was also designed to allow 

close observation of the student's behavior during his or 

her work on the tasks. Given the language and behavior of 

a particular student for each task the researcher had the 

opportunity to follow up with questions to the student 

about the reasons behind the statements and actions he or 

she made while solving the task. 

Each task began with a standardized question, and 

every effort was made to control as many extraneous 

variables as possible. The interview format allowed the 

researcher to probe further with questions which helped to 

clarify the student's thinking. 

The Interview 

Each student was interviewed once by the researcher. 

The interview lasted less than one hour. The students 

were each presented with 21 area comparison tasks. Each 

task required the students to compare two partitioned 

rectangular regions in which one or more of the parts were 

shaded. The students were asked to decide which of the 

shaded areas of the regions was larger or whether they 

were both the same. 



The following aspects of each task mayor may not 

have been varied: 

1) the number of parts that were shaded in each 

region could be the same or different 

(numerator) , 

2). the total number of parts in each region could 

be the same or different (denominator), 
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3) the size of the two regions (unit) could be the 

same or different, 

4) the partitioning direction could be the same or 

different (partitioning). Perceptual 

distractors were purposely imbedded in the 21 

tasks. This was done in 19 of the tasks by 

partitioning the regions in different directions 

so that the partitions were not similar in 

shape. One region was partitioned parallel to 

the width and the other region was partitioned 

parallel to the length. The partitions were 

congruent on the two remaining tasks, but 

perceptual distractors were imbedded in them by 

scattering the shaded partitions on one region 

and clustering them on the other. 

In 8 of the 21 tasks the student wrote a fraction 

symbol for the shaded amounts of each of the two regions 

that were compared. After writing a symbol for each 

... ~.~---.---~ -------



model and saying the appropriate fractional term, the 

student was asked to compare the shaded regions. 

The rectangular regions were constructed from 

rectangular pieces of white posterboard which were 

partitioned and shaded. The pieces were each 7 in. by 11 

in. except for the tasks where the size of the unit 

varied. In those cases one of the pieces of posterboard 

was 7 in. by 10 1/4 in. Partitions were indicated by 

black lines drawn on the regions. 

Each task required two partitioned rectangular 

regions, therefore two different colors were used to shade 

the regions. Shadings of the same intensity were used in 

order to prevent a shaded amount from appearing larger due 

to a brighter color. For those tasks where the student 

was required to write the fraction symbols, a 3 in. by 3 

in. yellow Post-it Note Pad was provided. Each Post-it 

sheet was then attached to the shaded part for which the 

student wrote the fraction. 

The tasks were put into a context which was familiar 

to students. The cardboard regions were referred to as 

cakes cut into pieces. The shaded parts lITere referred to 

as frosted pieces of cake. 

Illustrations of the models used in the interview are 

presented in Figure 1 for each Task type (A-H). As can be 

seen in the figure, Task types A, B, and C were unit 

-----------



Without Symbols '.rask 
'.rype Fraction(s) original (I) Inverse (II) 

A 1/4 1 

B 1/2 2 

c 1/3, 1/4 3 

D 3/5 4 

3/5, 2/5 5 

F 4/6 6 

G 3/4, 3/5 7 

H 7/16 

Orange =. Green = It@lA 
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With Symbols 
(III) 

14 

Same as I 

15 

Same as I 

16 

Same as II 

17 

Same as I 

18 

Same as I 

19 

Same as I 

20 

Same as I 

21 

Same as II 

Figure 1. Area tasks grouped by type and ordered as 
presented to fourth-, sixth-, and eighth-grade students. 



fraction tasks, and Task types D-H were multiple fraction 

tasks. The whole numbers in the body of the figure refer 

to the order in which each task was presented. For 

example, the inverse of Task type F was task number 11 in 

the interview. 
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Tasks 14-21 were a repetition of tasks 1, 2, 8, 4, 5, 

6, 7, and 13 except that students were first asked to give 

the fractional term and to write a fraction symbol for the 

shaded part of each region prior to making the comparison. 

Table 1 shows whether the variables for each Task Type were 

the same or different for the two models. For example, for 

Task Type A the variables for unit, fraction, numerator, and 

denominator were the same. The partitioning direction 

variable remained the same. Table 2 shows the order in 

which the comparison of area tasks were presented to the 

fourth-, sixth-, and eighth-grade students during the 

interview. 

An area conservation task was included to determine 

whether students in the study believed that the shaded 

areas of two regions were equal when all variables were 

held constant except the arrangement of shaded parts (Tasks 

13 and 21). The types of strategies students used to solve 

this type of task were also of interest. 
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Table 1: Same/Different for Each Task Type Variable 

Task Variables 
Type unit Fraction Numerator Denominator Partitioning 

A Same Same Same Same oiff. 

B Diff. Same Same Same Diff. 

C Same Diff. Same Diff. Diff. 

D Same Same Same Same Diff. 

E Same Diff. Diff. Same Diff. 

F Diff. Same Same Same Diff. 

G Same Diff. Same Diff. Diff. 

H Same Same Same Same Same 

Table 2: Comparison of Area Tasks Grouped by Type of Task 
and Design and Numbered to Show Order in Which They Were 
Presented 

unit Fraction Multiple Fraction 
Tasks Tasks 

A B C D E F G H 

Task Numbers 

without Symbols 

Original 1 2 3 4 5 6 7 

Inverse 8 9 10 11 12 13 

with Symbols 14 15 16 17 18 19 20 21 
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The Clinical setting 

At each school the interviews took place in a quiet 

room containing a table and chairs. The student to be 

interviewed sat at the adjacent side of the table to the 

researcher's left. Materials were placed on the table in 

front of the student for each interview task. A chair was 

placed to the right of the researcher. All materials were 

arranged on the chair in the order that the interview 

tasks were presented. As each task was completed those 

materials were removed from the table before the next task 

was presented to the student. 

An audio tape recorder was placed on the interview 

table to the researcher's right. A supply of prenumbered 

audio tapes was kept next to the tape recorder. 

The interviews were also taped with a video tape 

recorder. The video camera was placed in front of the 

interview table to record the actions and words of each 

student. The video recorder was set up where the 

researcher could monitor its operation. A supply of 

prenumbered video tapes was kept adjacent to the video 

recorder. 
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The Clinical Session 

The researcher took a few moments to talk with each 

student before starting the interview. Mention was made 

of the audio and video equipment, and the fact that the 

student would be taped during the interview. If the 

student had any questions, the researcher answered as best 

she could without influencing the student's thinking about 

the interview tasks. 

The student was asked to sit in the designated chair 

and the camera was checked and adjusted if neQessary. The 

audio tape recorder and the video tape recorders were 

started. 

The interview tasks were presented to the students 

one at a time. The materials for each task were removed 

before another task was presented. Each task began with a 

standardized question. After the student responded, the 

interviewer further questioned the student for the 

reasoning upon which the response was based. 

Care was taken with the language used in the 

interview. Terms with which the students were not 

familiar were carefully avoided. The researcher avoided 

language or terms which may have influenced the students' 

thinking about the tasks. 

Each of the first 13 tasks began with the following 

standardized question: "Look at these two cakes, are they 
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the same size?" If the student did not know how to 

directly compare the area of the two rectangular regions 

by overlapping them, the researcher demonstrated the 

measurement method for the student. Each student was then 

asked, "If you ate the frosted part from these cakes, 

would the orange part give you more cake, would the green 

part give you more cake, or would they both be the same 

amount of cake?" The comparison question lead the student 

to apply some type of measurement idea to the materials. 

No other mathematical terms or information were included 

in the first 13 questions of the interview. 

After the student responded to each standardized 

interview question, the researcher followed up with 

probing questions in order to determine the student's 

rationale behind his or her response. The first probing 

question was a "Why" question '~lhich asked the students to 

explain why they answered as they did. "Why do you think 

so?" The researcher probed further until the student's 

explanation of his or her reasoning was as clear as the 

student could make it. 

For the last eight tasks of the interview the 

students were again asked to compare the whole cakes. The 

researcher then asked, "How much of this cake is frosted 

green?" If the student responded with the correct 

fraction the researcher then said, "Can you write that 
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number?" If the student wrote the correct fraction, the 

researcher attached it to the edge of the corresponding 

shaded area. It was expected that students would be able 

to associate fractional terms and symbols with the given 

models, but if a student did not respond with the correct 

fractional term, the researcher provided it and then asked 

the student to write the symbol. If the student was 

unsuccessful, the correct symbol was provided. 

Once the fraction symbols were attached to the shaded 

parts of the regions, the researcher asked the student the 

same comparison question as she did in the previous part 

of the interview. The question was as follows, "If you 

ate the frosted part from these cakes, would the orange 

part give you more cake, would the green part give you 

more cake, or would they both be the same amount of cake?" 

After the student answered, the researcher again probed 

with the following question to find the reasoning behind 

the answer: "Why do you think so?" 

In addition to the audio and video records of the 

interview, the researcher took notes of pertinent comments 

or actions, and anything that may have had an effect on 

the student's performance. The researcher's notes were 

kept on protocol sheets numbered to correspond to the 

interview tasks. 
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Data 

Data for the s'tudy consisted of students' responses, 

behaviors, and explanations. The student behaviors which 

were noted were actions they performed on the rectangular 

regions. In particular the counting of parts or the 

measurement of parts with the hands or by overlapping were 

noted. 

student explanations were used to clarify their 

actions and to determine the kind of reasoning they used 

to complete the task. Particular attention was paid to 

any fraction, measurement, or comparison terms students 

used, their descriptions of the materials, and the 

language they used to explain the reasons behind their 

responses. 

The students' written responses also comprised part 

of the data. The written responses for the last eight 

tasks were attached to the corresponding ·task number on 

the protocol sheet. Any corrections made by the 

researcher, due to a student writing a fraction 

incorrectly, were noted on the protocol sheet. 

Pertinent data about each student in the study were 

gathered from school records with permission of the 

parents and school officials. That data consisted of the 

student's age, his or her mathematics scores from the Iowa 

Test of Basic Skills, grades in mathematics, retentions, 

.- ---.---
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and number of schools attended. The student's sex and 

grade level were noted on the protocol. 

Data Analysis 

The student responses were analyzed in order to 

answer the questions of the study. Responses were 

categorized by the types of strategies the students used 

to solve the tasks. The percentages of responses in each 

category were tabulated in order to show the proportion of 

each type of response to the total sample. percentages of 

Rational Number Reasoning responses were tabulated to show 

variances by task type and grade level. 

Question 1: What types of strategies and responses 
do students exhibit in their attempts to solve 
comparison tasks with area models whose solutions can 
be arrived at through rational number reasoning? 

To answer this question, the researcher looked for 

categories of solution strategies within the student 

responses. In other studies where data have been 

gathered through clinical interviews, researchers found 

that student responses fell into categories which were 

deliberately not predetermined. The categories were 

formed after the similarities in the student actions and 

responses which revealed their thinking strategies were 

noted by the researchers (Behr, Wachsmuth, Post, & Lesh, 

1984; Lesh, Landau, & Hamilton, 1983; Pothier & Sawada, 

-------------. 
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1983;). For this study, responses were classified and 

categories identified. It was expected that a portion of 

the responses would be based on rational number reasoning. 

It was expected that another portion of the responses 

would be based on estimating the area of the shaded 

partitions without regard to the part-whole relationship 

between the shaded partitions and the rectangular region. 

It was not known whether other categories would emerge 

from the data. 

Question 2: To what extent do students use rational 
number reasoning when comparing the indicated parts 
of two areas? 

The total percentage of instances in which the 

comparison tasks in the study were solved with rational 

number reasoning by the students within each grade level 

is reported. 

Question 3: Is there a difference in fourth-, 
sixth-, and eighth-grade students' frequency of use 
of rational number reasoning? 

Differences in the percentage of use of rational 

number reasoning at the different grade levels is 

presented and discussed. 

---------
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Question 4: Does the introduction of fraction 
symbols affect the frequency of use of rational 
number reasoning by fourth-, sixth-, and eighth-grade 
students when solving the comparison tasks? 

Eight of the first thirteen tasks in the study were 

repeated in order to test whether asking a student to 

associate fraction symbols with the shaded parts of the 

regions before comparing them triggered the use of 

rational number reasoning by the student. The percentage 

of instances were compared in which the three groups of 

students used rational number reasoning to solve the 

comparison tasks with and without fraction symbols. 

Question 5: How do the following. variables that are 
imbedded in the tasks relate to the students' use of 
rational number reasoning: a) unit vs. multiple 
fractions? b) same vs. different unit? c) Same vs. 
different numerator when the denominators are the 
same? d) Same vs. different denominator when the 
numerators are the same? 

For each of the variables listed above, the 

percentages of students using rational number reasoning 

are shown for each grade level of students, and for tasks 

without symbols and for tasks with symbols. 

--~----~-~--~------------~---- -~- -----------. 
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Summary 

The design of the study provided the framework in 

which the research questions were to be answered. Through 

the individual task based interviews the students' 

language and actions were observed and recorded. Probing 

follow-up questions were asked in order to clarify the 

students' rationale for using particular strategies to 

solve the tasks. The reasoning strategies the students 

used were identified based upon their observable actions 

and the students' explanations for their actions . 

. . _--------_._---_.----_._---------
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CHAPTER 4 

RESULTS OF THE STUDY 

The purpose of this study was to determine whether 

the 36 fourth-, sixth-, and eighth-grade students in the 

sample used rational number reasoning to solve comparison 

of area tasks and whether the tendency to use such 

reasoning increased with grade level. Another important 

purpose of the study was to determine whether the 

introduction of fraction symbols into the tasks would 

trigger the students' use of rational number reasoning. 

The study was designed to answer five specific questions. 

Each question is addressed in this chapter and the 

results are presented in tabular form. The data are 

comprised of student responses to 21 tasks which are 

summarized in Figure 1, page 85. The students' responses 

to these tasks were categorized by the types of 

strategies the students used to solve the tasks. 

Students exhibited some common types of behaviors as 

they solved the tasks. Their behaviors, responses and 

explanations were analyzed to determine the kind of 

thinking they used to solve the tasks. This analysis led 

to the categorization of the types of strategies they 

used. The next section details the types of behavior~ 

students used. It is followed by a section in which the 



types of strategies they used are categorized and 

described. 

Types of Behaviors 
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The students exhibited different behaviors as they 

responded to the tasks. All students replied verbally and 

many accompanied their verbal responses with one or more 

manual behaviors. 

Verbal Responses 

Due to the interview format and the direct, forced

choice structure of the questions, all students responded 

verbally. The nature of the explanations and the specific 

explanations used by the students reflected their thinking 

about each task. Responses varied in length and content. 

Brief responses could be very complete and concise or very 

vague. Lengthy responses often resulted for those 

students who were trying to explain details about the 

models or their actions on the models. students varied in 

their ability or willingness to "think out loud". 

Students usually elaborated on their initial reasoning as 

a result of the probing questions posed by the researcher, 

but in some cases they would simply shrug or repeat what 

they had previously said. 
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Manual Behaviors 

Some students only responded verbally to a task, 

while others exhibited manual behaviors as well. These 

were: 1) behaviors without measurement which included 

gestures, drawing imaginary lines, relocating imaginary 

parts, and counting behaviors, and 2) measuring behaviors 

which included direct and indirect comparisons of the 

models' properties. 

Manual Behaviors Without Measurement 

Manual behaviors of the nonmeasuring type enhanced 

the students' verbal explanations, but did not include 

physical attempts at making comparisons between the 

models. 

Gestures. Students gestured with their hands to add 

emphasis to what they were saying. Gestures included such 

actions as indicating the width or length of an area with 

the fingers, pointing to parts, and running a finger along 

a line of partition. The gestures enhanced the 

verbalization, but did not contradict it or provide 

additional insight into the students' thinking. 

Drawing imaginary lines. Some students drew 

imaginary lines or figures as part of their responses. 

These were similar to gestures in that they did not 

contradict or give additional insight into the students' 

thinking. Drawing was a much more deliberate behavior 
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than gesturing, however. The drawings provided a look at 

what the students were visualizing. The students "drew" 

new imaginary lines on the models to show different 

partitioning or drew different models. 

Relocating imaginary parts. These behaviors gave 

insight into what a student "saw" as he or she imagined 

rearranging part of an area to change its shape or moving 

part of one area to overlap part of another. This 

behavior often followed the drawing of imaginary lines 

which defined the part to be moved. 

counting parts. In a number of the responses, 

students counted all or a subset of the parts indicated in 

a region. Some responses included the subdivision by 

students of the indicated parts in a region. Once the 

subdivisions had been imagined by the students they 

exhibited counting behaviors which indicated that the 

students were "seeing" the imaginary parts. Students 

exhibited counting behaviors by pointing to the parts as 

they counted orally or silently. 

Manual Behaviors with Measurement 

Measurement behaviors were the most common types of 

behaviors exhibited by the students. Since the students 

were presented with comparison of area problems to solve, 

it is not surprising that many responded with measurement 

--------- ---------------- ---------
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behaviors. The following types of measurement behaviors 

were identified: 1) indirect comparison of length or 

width with the fingers, 2) direct comparison of whole 

areas or parts by overlapping, and 3) direct comparison of 

length or width. 

Indirect comparison of length or width. students 

made indirect comparisons by using their fingers to 

represent the size of a dimension of one shaded area in 

order to compare it to the same dimension on the other 

shaded area. For example, a student would spread his/her 

thumb and forefinger to the width of a shaded area and 

maintain the spread as he/she held it against the width of 

the other shaded area. No students used their hands to 

cover an area. 

Direct comparison of whole areas or parts. students 

directly compared the areas of the whole rectangular 

regions by overlapping the whole regions. Every student 

was instructed to compare the whole rectangles at the 

beginning of each task. Some students compared the wholes 

again during their response to the task. 

Students directly compared the areas of parts of the 

rectangular regions by rotating one whole region and 

overlapping one shaded (or unshaded) area with the other 

as illustrated in Figure 2. This measurement strategy 



Task Type A Task Type F 

Figure 2. Methods used by students to directly compare 
dissimilarly shaped partitions of regions. 

102 
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allowed the students to see the areas which overlapped and 

how much of each shaded part was left. 

Direct comparisons of length or width. students 

directly compared one dimension of an area with one 

dimension of the other area by lining up the regions side 

by side or by overlapping them and focusing on the 

dimensions. In the case of the unit fraction tasks the 

students would focus on the dimensions of the shaded 

partition on each rectangular region. In the case of the 

proper multiple fraction tasks the students would focus on 

the dimensions of one partition on each region or the 

dimensions of the entire shaded or unshaded areas on each· 

region. 

Types of strategies 

Each student's response to each task was recorded on 

a separate sheet of paper which was color-coded by grade 

level. Behaviors were noted and were illustrated when 

necessary for clarity. student strategies were determined 

by analyzing their verbal responses and the behaviors they 

exhibited as they solved the tasks. There were 36 

students in the study each of which responded to 21 tasks 

for a total of 756 responses. 

Question 1: What types of strategies and responses 
do students exhibit in their attempts to solve 
comparison tasks with area models whose solutions can 
be arrived at through rational number reasoning? 
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The students' explanations and behaviors indicated 

that they used different types of strategies to solve the 

tasks. Two broad groups of comparison strategies emerged, 

those in which students noted and used the part-whole 

relationships inherent in the tasks and those in which the 

students focused on directly comparing properties of the 

models. 

Four categories of reasoning were identified in which 

students formed or partially formed part-whole 

relationships. The Part-Whole categories are: 

1) Rational Number Reasoning (RNR), 2) Partial Rational 

Number Reasoning (PRNR), 3) Area Part-Whole (APW) , and 

4) Partial Area Part-Whole (PAPW). 

six categories of Direct Comparison (DC) strategies 

were identified. The Direct Comparison categories are: 

1) Area of Part(s)-Coordinate Dimensions (AP-CD), 2) Area 

of Parts-Decompose/Recompose (AP-DR), 3) Length of One 

Dimension of Partes) (L), 4) Number of Parts (N), 

5) Combination of Properties (DCCombo), and 6) Other 

(DCOther). 

One other group of responses, Part-Whole/Direct 

(PW/DC) Comparison Combination, contained a combination of 

both Part-Whole and Direct Comparison strategies. The 

responses in this group indicated that the students' 
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thinking switched back and forth between focusing on the 

formation of part-whole relationships inherent in the 

tasks and focusing on the salient perceptual qualities 

which compelled the students to make direct comparisons 

between perceptual aspects of the models. 

Part-Whole Categories 

All responses in the Part-Whole categories indicated 

that the students thought about the shaded or unshaded 

parts of the rectangular regions in relation to the total 

number of parts and/or the area of the whole region. Each 

category of response was defined and sample responses 

identified. The definitions and examples of each category 

are included in this section. 

Rational Number Reasoning (RNR) 

Those responses in which the students used Rational 

Number Reasoning (RNR) contained deductive statements by 

the students. The students attended to the combination of 

conditions and relationships with which they could deduce 

the correct response to the task. The comparison strategy 

was complete and conditions necessary to form part-whole 

relationships were accounted for. Fractional terms were 

used to express and compare the relationship between the 

number of shaded parts and the number of parts in all in 

each region except in four cases. In those four cases the 
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students did not use specific fractional terms, but they 

used the following phrases which the researcher assumed 

replaced the fractional terms: the ratios, the fraction, 

the same part, the same amount. 

RNR responses included a comparison of the size of 

the wholes in relationship to a comparison of the size of 

the parts. A typical correct response follows where 

Student 8-6 includes a phrase in which the parts were 

compared and a phrase in which the wholes were compared: 

"You get the same amount." ["OK, and why do you think 

so?,,]2 "Because they both take up three-fifths of the cake 

and the cakes are the same size" (Task 17). 

In one case the wholes were compared by comparing the 

size of the partitions \'lhich on this task were congruent. 

Student 6-5 responded to Task 21 by first directly 

comparing the pieces. Then the student said, "It looks 

like, oh I think they'd give you the same because the 

squares (partitions on each region) are equal size and 

they're both seven-sixteenths." Here the student reasoned 

that since the congruent pieces (the sixteenths) were 

equal and seven-sixteenths was shaded on each region, then 

the same amount of area must be shaded on each region. It 

is interesting to note that the student started to base 

2The researcher is quoted in brackets. 



his reasoning on how the models looked, but then caught 

himself and followed a line of deductive reasoning. 
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Most of the RNR responses were elegant in their 

simplicity. The responses were generally very short and 

were mainly verbal. Except in two cases, any direct 

comparisons which students made were between wholes in 

order to recheck or to emphasize the size relationship 

between the wholes. In one of those exceptions, student 

8-4 directly compared parts to emphasize his point for 

Task 12 (with equivalent units) that one could prove 

concretely that three-fourths is more than three-fifths, 

and in the other case Student 6-5 directly compared the 

parts of Task 21 (as mentioned above) to make sure they 

were congruent. No other RNR responses included direct 

comparison of parts and none of the RNR responses included 

reference to the dimensions of the parts. 

There were 69 RNR responses which represented 9% of 

the total responses. All of the RNR responses were 

correct. Overall the introduction of symbols into the 

tasks greatly increased the use of RNR. As can be seen in 

Table 3 the largest difference between RNR responses to 

each type of task occurred for the 8th-grade students. 

The percentage of eighth graders' RNR responses to tasks 

with symbols introduced was seven times that for tasks 

- --_. ------------



Table 3 

Percentage of Rational Number Reasoning Responses by 
students in Grades 4, 6, and 8 on Area comparison Tasks 

Task type 
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Grade without with TotalC 

symbolsa symbolsb 

4 1.1 2.8 1.7 

6 2.1 4.5 3.0 

8 1.3 9.4 4.4 

Total 4.5 16.7 9.1 

apercentage of 468 responses to tasks without symbols. 
bpercentage of 288 responses to tasks with symbols. 
cPercentage of 756 total responses to all tasks. 

without symbols introduced. There was a steady increase 

in the use of RNR with an increase in grade level. 

Partial Rational Number Reasoning (PRNR) 

Responses in the Partial Rational Number Reasoning 

(PRNR) category indicated that students were using part

whole relationships as part of their comparison strategy, 

but these responses had one or more omissions which kept 

them from fitting into the RNR category. In all cases the 

unit was ignored, but the parts were compared. A typical 

response in this category was made to Task 14 where the 

regions were the s~me size: "You'd get the same amount." 
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[OK, and why do you think so?"] "Well, because both of 

them there is one-fourth of the cake is frosted, so it's 

the same amount." ["OK, and you're ;;lure? Is there a way 

that you're sure they're the same?"] "Well, OK, when I 

look at it and I see there's one-fourth and there's one-

fourth here, there's one-fourth there (The Student3 was 

looking at the fraction symbols.) it's exactly the same, 

so it would be the same" (Student 8-7, correct response). 

In this response the student omitted comparing the sizes 

of the wholes as part of the rationale for her decision. 

Two students' responses in this category indicated 

that they were using a rule for comparing fractions which 

they had learned in school. For Task 20, where Student 4-

4 compared the shaded part of two congruent regions (one 

3/4 shaded orange, the other 3/5 shaded green) and 

responded correctly as follows: "The orange cake would 

give you more." ["Why do you think so?"] "Because 

fourths are bigger than fifths, so you'd have the same 

number shaded in, but the fourths are bigger, this one 

(orange) would be more." ["How do you know that fourths 

are bigger than fifths?"] "Because I learned it in math." 

["What did you learn?"] "That the parts of the fourths 

are bigger than the fifths because the numbers are lower, 

3The word Student will be capitalized when referring 
to an specific student. 
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like halves are bigger than fifths." ["Why is that?"] "I 

don't know." ["Are you sure of that?"] "Yes." ["I just 

wondered why you seemed so sure."] "I learned that in 

second grade at (name of school)." 

None of the PRNR response behaviors included any 

direct comparison of wholes or parts. Fractional terms or 

partial fractional terms were used to name shaded parts. 

In the responses in this category, partial fractional 

terms were denominator terms such as thirds which were 

used to compare the quantities of cake. For example, 

Student 4-4 responded correctly to Task 9, which involved 

comparing 1/3 (orange) to 1/4 (green) of regions that were 

tbe same size, by saying: "The orange one would give you 

more." ["Why do you think so?"] "Because there's more 

orange part shaded in than there is green, so you'd eat 

more of that and thirds are bigger than fourths." 

There were 36 PRNR responses and they made up 4.8% of 

the total responses to all of the tasks. Since errors 

occurred in this category, percentages of correct and 

incorrect PRNR responses at each grade level without and 

with symbols are shown in Table 4. The eighth graders in 

this sample tended not to use this type of strategy. 

Fou~th graders used PRNR three times as often after 

symbols were introduced and sixth graders increased their 

use of PRNR 1 1/2 times. 
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Table 4 

Percentages of Partial Rational Number Reasoning Responses 
by Students in Grades 4. 6. and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cpercentage of 756 

without 
symbolsa 

.6 

.4 

1.7 

.2 

.0 

.0 

2.3 

.6 

2.9 

Task type 

with 
symbolsb 

3.8 

.0 

2.8 

.3 

.7 

.0 

7.3 

.3 

7.6 

TotalC 

1.9 

.3 

2.1 

.3 

.3 

.0 

4.3 

.6 

4.9 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 

------ -- ------------
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Four of the PRNR responses to the comparison question 

were incorrect. Two fourth grade responses to tasks 

without symbols were incorrect and one sixth grade 

response was incorrect for each task type. In each of the 

cases where incorrect responses occurred, the effect of 

the difference in the size of the two wholes on the size 

of the parts was ignored. A typical incorrect response 

follows: "The same amount." ["Why do you think so?"] 

"Because they're both divided into sixths and they both 

have four-sixths of the cake frosted" (Student 6-7, Task 

11). Students were successful using the PRNR strategy as 

long as the wholes were the same size. ·In those cases 

they could focus solely on comparing the fractional parts 

and succeed as long as they knew how to compare fractions. 

Area Part-Whole (APW) 

Area Part-Whole (APR) responses were similar to RNR 

responses, in that the comparison strategy was complete 

and all conditions necessary to form part-whole 

relationships were accounted for. The main 

difference between responses in the APW category and those 

in the RNR category was that fractional terms which 

included both the numerator and denominator were used in 

RNR, but not in APW responses. Three-fifths is an example 

of the type of fractional term included in RNR responses. 

-------- ... _-------



113 

In APW responses the students coordinated the number 

of parts shaded with the number of parts in all instead of 

expressing the relationship as a fraction. This type of 

response included comparison of the whole rectangular 

regions either by a) direct reference to the whole or by 

b) comparing congruent parts (Tasks 13 and 21 only) and 

then establishing that the total number was the same as 

well as the amount shaded. In APW responses students 

focused more on describing the conditions of the area 

models. They described and compared the total number of 

partitions on the models, and then compared the number of 

shaded parts on each region. 

In all but three responses the students used whole 

number words or fraction denominator terms to talk about 

the partitioning. The use of denominator terms differed 

in these responses from those in PRNR in that here the 

students related the terms to the action of partitioning 

the models. 

In PRNR responses where denominator terms were used, 

they were spoken of as numbers that were not tied to these 

models e.g., thirds are bigger than fourths. In APW 

responses, the students linked their comparison statements 

directly to the models and the cake context rather than 

making generalized statements about relationships between 

fractions. In the following response, for example, 
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Student 6-7 used the fraction denominator term fifths when 

comparing the shaded parts of different size units: "The 

orange part would give me more cake because the whole cake 

is the same size and they're both divided into fifths, 

except for the orange has three of them frosted and the 

green only has two" (Task 18). Student 6-2·used the whole 

number word five instead of a denominator term in the 

following response to Task 4. "You'd get the same." 

["OK, and why do you think so?"] "Because you see they're 

both divided into five separate pieces and they're both 

the same size (cakes), so you know that the three separate 

pieces have to be the same, because they're the same 

size." 

In two of the responses where the students did not 

use whole number words or fraction denominator terms they 

implied that the pieces were the same size. The first 

response, where Student 8-4 compared 3/5 (orange) to 2/5 

(green) of the same size regions, was as follows: "The 

orange would give you more because they're both the same 

size (cakes) and the pieces of cake would have the same 

amount of cake, but in this pie you would only get two 

pieces, but in this pie you would get three" (Task 18). 

The second response, where Student 8-7 compared 3/5 of two 

same size regions, was as follows: "You'd get the same 

amount of cake." ["OK, and why do you thinJc so?"] "Well, 
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the cakes are both the same size, and the pieces are 

different sizes, but they still cover the same amount of 

area, so they are the same." ["When you say the pieces 

are different sizes, what do you mean by that?"] "Well, 

these pieces are cut skinny and these pieces are cut 

fatter, so they're, the way they're cut they're not the 

same, but the frosting covers the same amount of area" 

(Task 17). 

One particular type of task lent itself to a 

variation of the Area Part-Whole strategy. In response to 

Task 10 where the students were to compare 3/5 of one 

region to 2/5 of a same-sized region, student 4-7 noted 

that the area was shaded more than halfway on the cake 

with 3/5 shaded. The student used the term halfway which 

indicated that his thinking was still concrete as he 

focused on comparing the shaded area on these particular 

models to an estimated location of a halfway point. This 

concrete thinking differs from, but may lead to abstract 

thinking where the fraction 1/2 is used as a reference 

point to which the fractions 3/5 and 2/5 are compared, a 

strategy students used in a study by Behr, Wachsmuth, & 

Post (1985). Student 4-7 used his estimate of half the 

area of each region as a reference amount against which he 

compared the shaded areas. The student also noted that 

the cakes were the same size. His response was: "The 
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green part would give you more cake because they're 

(cakes) supposed to be the same size and this (green 

shaded area) takes up more halfway and if you put it like 

this (Student rotated and overlapped green shaded area 

onto orange shaded area.) it's more than halfway (more 

than half of the length) and you still have a whole bunch 

more (leftover green shaded area)." 

The 39 APW responses represent 5.2% of the total 

responses to all of the tasks, and all of the APW 

responses were correct. APW responses were about 5% of 

responses to tasks both without and with symbols. As can 

De seen in Table 5 fourth-grade students seldom used this 

strategy. Overall sixth- and eighth-grade students used 

the strategy about the same percentage of time, but sixth 

graders used it more often for tasks without symbols 

while eighth graders responded this way more often when 

symbols were introduced. 

Partial Area Part-Whole (PAPW) 

The Partial Area Part-Whole (PAPW) responses were 

similar to the APW responses, but one or more omissions 

were made of the conditions necessary to complete the 

part-whole reasoning. The similarities and differences 

between the APW and the PAPW categories paralleled those 

between the RNR and the PRNR categories. Student 



Table 5 

Percentage of Area Part-Whole Responses by Students in 
Grades 4, 6, and 8 on Area Comparison Tasks 

Grade Without 
symbolsa 

Task type 

with 
symbolsb 
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4 1.1 .0 .7 

6 2.4 1.4 2.0 

8 1.7 3.8 2.5 

Total 5.1 5.2 5.2 

apercentage of 468 responses to tasks without symbols. 
bpercentage of 288 responses to tasks with symbols. 
cPercentage of 756 total responses to all tasks. 

responses in the Partial categories did not account for 

all of the conditions necessary to complete the reasoning. 

However, the responses included enough of the conditions 

to establish that they were attending to part-whole 

relationships. 

All but 26 of the responses contained reference to 

how the whole was divided. The students either noted the 

number of parts or described the partitioning. For 

exampl~, in the following response to Task 3, Student 8-2 

correctly compared 1/3 (green) to 1/4 (orange) of the same 
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size regions and mentioned the number of parts in each 

cake and how that affected the size of the pieces, but she 

neither compared the sizes of the whole cakes nor the 

number of pieces shaded on each: "The green would give 

you more." ["OK, and why do you say that?"] "Because 

this is cut in threes, which means that the pieces must be 

bigger, because this one's cut in fours." 

Just over half of the PAPW responses (55%) contained 

no comparison of the wholes and half of the responses 

contained no reference to the amount of shaded area. In 

the following example Student 6-7 included the comparison 

of the different size wholes and the total number of parts 

on each, but not the number of shaded parts (Orange is 

partitioned vertically on the longer region and 4/6 of 

each region is shaded.). When making this comparison, the 

student stated: "The orange part would give you more 

cake." ["Why do you think so?"] "Because this cake is 

larger than this cake and they're both divided into sixths 

and so this (orange shaded area) would be more" (Task 19. 

response was correct.). 

In 12 of the 26 responses which did not specifically 

include references to how the whole was divided, students 

did refer to the whole and how it affected the size of the 

pieces. For example, in Task 11 where the student 

compared 4/6 of two different size regions (Orange is 
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partitioned vertically on the shorter cake.), Student 8-1 

responded correctly as follows: "You'd get more from this 

one (green)." ["OK, why do you think so?"] "Cause the 

whole cake is bigger and the slices again are a little bit 

bigger than these (student indicated widths of shaded 

partitions on each region with fingers). Just the whole 

cake by itself is bigger." In these responses, however, 

no mention was made of the amount frosted. In the other 

14 responses, students focused on the frosted amount in 

relation to the whole. For example, Student 8-2 compared 

the different sizes of the whole cakes and the number 

frosted on each, but did not mention the total number of 

parts on each cake (vertical partitions were shaded orange 

on the larger region and 4/6 of each region was shaded). 

The Student said: "I think the orange part would give you 

more." ["OK, and why do you think so?"] "Because there's 

not much--OK, they're not the same size (cakes) and even 

though you only have--you know they have four shaded in 

here and four shaded in here, but if you put this with 

this (Student slid green shaded area over orange shaded 

area.) eh, we11--it just--and these pieces (orange) are 

longer and they're not as wide as this, but they're close" 

(Task 6). 

Some responses did not include the specific number of 

parts shaded, but gave indication that the students were 
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visually estimating whether one whole area was shaded more 

than another. The following example, where Student 8-2 

correctly compared 3/5 (orange) to 3/4 (green) of the same 

size regions, illustrates: "I think the green would give 

you more." ["OK, and why do you think so?"] "Because 

you're eating more of the cake on the green one than you 

are on the orange one and since they're both the same 

size" (Task 12). 

In three of the PAPW responses students were more 

systematic in using estimation to compare the frosted 

amounts of the wholes. In response to Task 5 where the 

students were to compare 3/5 (orange) of a region with 2/5 

(green) of the same-sized region, 3 students noted that 

one region (3/5) was more than half covered while the 

other (2/5) was not. These responses were similar to the 

one described in APW (Student 4-7, Task 10), in that these 

students also used their estimate of half the area as a 

reference point. However, the responses in this category 

did not include a comparison of the two wholes. A sample 

of this type of response, as stated by Student 8-4 when 

comparing 3/5 (orange) to 2/5 (green) of the same size 

region, follows: "The orange would give you more." ["OK, 

and why do you think so?"] "Because the frosted part of 

this is a lot bigger. This (the orange shaded area) is 



more than half the cake and this (green) isn't. This 

(green shaded area) is just hardly half" (Task 5). 
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Many of the responses in the PAPW category contained 

descriptive words about shape. A typical response as 

demonstrated by Student 8-2 when comparing 1/4 of two same 

size regions follows: IIyou probably get the same amount." 

["0K, and why do you say so?] "Because this is cut this 

way and here you have bigger pieces, but they're shorter 

and they're wider and here you have thinner pieces, but 

they're longer and since it's the same--it's the same 

piece of--they're the same basically altogether, you know 

they're the same--I don't know--." ["That's OK, take your 

time,. just explain what you're thinking about and 

that's what I'm interested in. II ] "0K, since they're the 

same size I think that this (piece) would probably be the 

same as this one." ["0K, when you say they're the same 

size-- II ] "--the cakes." [liThe cakes, OK."] (Task 1). 

This attention to shape indicates that perceptual features 

were still very prominent to these students. 

There were 107 PAPW responses which made up 14.2% of 

the total number of responses as can be seen in Table 6. 

This was the largest category of Part-Whole responses. 

The eighth-grade stud~~ts responded with twice as many 

PAPW responses as the fourth- or sixth-grade students ~id. 

While the introduction of symbols did not affect the 
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Table 6 

Percentage of Partial Area Part-Whole Responses by 
Students in Grades 4, 6, and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cPercentage of 756 

Without 
symbolsa 

2.6 

.2 

2.8 

.0 

6.4 

.6 

11.8 

.8 

12.6 

Task type 

with 
symbolsb 

2.4 

.7 

3.1 

.3 

8.3 

1.7 

13.8 

2.7 

16.7 

TotalC 

2.5 

.4 

2.9 

.1 

7.1 

1.1 

12.6 

1.6 

14.1 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 

------------ ------ ---------
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percentage of fourth- and sixth-grade student responses 

to any great degree, the eighth-grade students responded 1 

1/2 times as often with PAPW strategies after symbols were 

introduced into the tasks. 

There were 12 incorrect responses made in the PAPW 

category. Four of the incorrect responses were given for 

tasks without symbols and eight were given for tasks with 

symbols. That both of the Partial categories, PRNR and 

PAPW, contained errors is partly due to the fact that not 

all necessary conditions to complete the reasoning were 

accounted for in these responses. Seven of the twelve 

incorrect PAPW responses occurred for tasks where the 

wholes were different in size. In three of the seven 

errors made in the PAPW category due to differences in the 

size of the whole, students did not forget to compare the 

sizes of the wholes, but stated that the size of the whole 

did not necessarily affect the size of the part. An 

example of that type of response which demonstrates that 

type of reasoning was given by Student 6-6 when comparing 

4/6 of two different size regions when he stated: "I 

think these would be the same." ["Why do you think So?"] 

"Well, because um--this (region with orange shading) is 

bigger and there's the same amount of pieces shaded in, 

~here would be the equal amount right here (He pointed to 

part of the unfrosted area on the region with orange 



124 

shading.) to shade in on this (He pointed to part of the 

unshaded area on the region with green shading.)" (Student 

6-6, Task 19). 

Eighth-grade responses fell into the PAPW more than 

twice as often as fourth- and sixth-grade responses and 

the percentage of errors by eighth graders was 

correspondingly higher. The percentage of errors more 

than doubled for eighth graders after symbols were 

introduced. 

Direct Comparison Categories 

Responses which fell into the Direct Comparison (DC) 

categories were similar in that the students directly 

compared some property of the models. They made the 

comparisons in one or more of the following ways: 1) by 

manipulating the materials, 2) by measuring with their 

fingers, and 3) by visualizing and describing the 

comparison. The students demonstrated very concrete 

approaches to solving the tasks in these responses. They 

focused on comparing some measurable property of the 

shaded or un shaded areas such as area, length, number, or 

a combination of all three. The students did not consider 

the relationship between the parts and the wholes in these 

responses. 

"--~------
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Area of Parts CAP) 

In the responses which were classified into the Area 

of Parts (AP) category, students solved the tasks by 

directly comparing the shaded or un shaded areas of each 

region. Direct comparison of the areas was carried out by 

action, by thought, or by a combination of both. 

The differences in the dimensions of the shaded or 

unshaded parts on all but Tasks 13 and 21 prevented simple 

direct comparison of the areas. The AP responses to Tasks 

13 and 21 are discussed later in this section. For all of 

the other tasks the stUdents used a strategy which allowed 

them to account for all of the area to be compared. Their 

responses revealed their use of two different strategies 

for directly comparing the area of the parts; 1) they 

coordinated the dimensions and/or 2) they 

decomposed/recomposed the area of the shaded or unshaded 

parts. Each of these AP strategies will be discussed 

separately following the description of cornmon 

characteristics of all responses in the AP category. In 

all AP cases the students mentally separated the partes) 

to be compared from the whole regions. The students 

referred to the parts as if they were the wholes and the 

part-whole relationship between the shaded or unshaded 

portions and the rectangular region was not a necessary 

consideration for these strategies. Therefore, very few 

-------~-----
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students mentioned the size of the units at all. On the 

couple of occasions where students mentioned the wholes 

(units) they either stated that the size relationship of 

the wholes did not matter or they used it as reinforcement 

~or their Direct Comparison strategy, but not as an 

essential part of it. This was similar to the situation 

in some of the Part-Whole responses where students only 

compared parts to reinforce their Part-Whole strategy. 

There was a total of 345 responses in the AP 

category, .which represents almost half of the total number 

of responses. As can be seen in Table 7, fourth-grade 

students had the highest incidence of this type of 

response overall. The introduction of symbols accounted 

for a 25% drop in AP responses by the 4th-grade students 

and a 60% drop in AP responses by 8th-grade students, 

while the percentage of 6th-grade student AP responses was 

affected very little by the introduction of symbols. 

The percentage of incorrect responses for these 

strategies was much higher than for those Part-Whole 

categories where errors occurred. Overall, students 

responded incorrectly 32.7% of the time that they used AP 

strategies. The errors occurred because the students had 

to rely on their visual memory of the areas they had 

already compared and/or on estimation, since the areas in 

all tasks except 13 and 21 could not be directly compared 
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Table 7 

Percentage of Area of Parts Responses by Students in 
Grades 4. 6. and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cPercentage of 756 

without 
symbolsa 

14.3 

6.2 

9.8 

5.6 

10.7 

4.9 

34.8 

16.7 

51.5 

Task type 

with 
symbo'lsb 

10.1 

5.2 

10.1 

4.5 

4.2 

2.1 

24.4 

11.8 

36.2 

TotalC 

12.7 

5.8 

9.9 

5.2 

8.2 

3.8 

30.8 

14.8 

45.6 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 
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in one step. The percentage of the total of incorrect AP 

responses decreases at a steady rate for 4th- through 8th

grade students. 

Area of Parts--Coordinate Dimensions CAP-CD) 

In the 76 responses where students used the Coor

dinate Dimensions CAP-CD) strategy, they either described 

the areas changing and becoming more similar in shape in 

one coordinated step so that they might directly compare 

them, or they ~xplicitly described how dimensions 

coordinated with each other within a region and how the 

same dimensions compared between regions. When they 

described the areas changing in shape they used words like 

squish or scrunch to show that as one dimension of the 

shape was shortened the other dimension lengthened in a 

coordinated fashion. These types of responses revealed 

the students' understanding of the multiplicative 

relationship between the dimensions of an area. 

The students often accompanied this response with a 

gesture where the hands were held apart, palms facing each 

other, then moved toward each other a few inches to 

demonstrate their visualizing the area shrinking in one 

dimension and expanding in the other. They almost always 

imagined the area that was more elongated changing to 

resemble the area whose shape approached that of a 
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square. In doing this they were not only visualizing 

similar areas which could be compared more easily, but 

were also decreasing the difference in dimensions for each 

area. A sample (incorrect) response to Task 6 where the 

different size regions had 4/6 shaded and the orange one 

was partitioned vertically and the green one was 

partitioned horizontally is as follows: "Maybe the green 

one." ["OK, why do you think so?"] "Well, like I said, 

scrunch these guys up (orange partitions), this one guy 

(orange partition), stick him in here, you're still going 

to have leftover space, and I think even if you scrunched 

all these guys up (orange partitions) and put them in here 

(on green partitions) you'd still have some leftover room, 

even if these (orange partitions) are longer than these" 

(Student 8-8). 

In the following response the student correctly 

responded after comparing the vertically partitioned 

orange area (1/3) to the horizontally partitioned green 

area (1/4) on the same size regions by explicitly 

compensating for the different dimensions: (Student 

rotated orange part and lined up widths of shaded areas, 

then overlapped the orange part onto the green part.) "I 

think the orange part would give you more cake. 1I ["OK, 

and why do you think so? You were pretty careful there 

about that."] "Because the orange cake is fatter and the 
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green cake is longer and skinnier and the orange cake just 

has I think it has more cake on it" (Student 6-10, Task 

9). In the above response, the Student referred to the 

orange and green shaded areas as if they were separate 

whole cakes instead of parts of bigger wholes. 

Student responses in which dimensions of parts were 

coordinated represented 10.6% of the total responses and 

30.2% of the AP responses. Table 8 shows percentages of 

responses where students coordinated the dimensions of 

parts for each type of task at each grade level. Students 

at each grade level reduced their use of this strategy by 

about the same percentage when symbols were introduced. 

The total percentages of errors for the AP-CD 

strategy were very stable across grade levels. However, 

within grade levels, eighth graders made almost as many 

incorrect responses overall as they did correct ones while 

fourth and sixth graders' percentages of errors were about 

half that of their correct responses. The higher error 

rates for this relationship between the dimensions to 

visualize and compare two-dimensional figures without the 

benefit of category can be accounted for by the strategy 

the students were using. They were trying to use the 

multiplicative relationship between the dimensions to 

visualize and compare two-dimensional figures without the 

benefit of numbers. The fact that they understand that 



Table 8 

Percentage of Area of Parts-Coordinate Dimensions 
Responses by Students in Grades 4. 6. and 8 on Area 
Comparison Tasks 

Task type 

Grade without with 
symbolsa symbolsb 

4 
Correct 3.8 1.4 

Incorrect 1.5 1.0 

6 
Correct 3.2 .7 

Incorrect 1.5 1.0 

8 
Correct 2.1 .7 

Incorrect 1.5 .7 

Total correct 9.1 2.8 

Total incorrect 4.5 2.7 

Total 13.6 5.5 
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TotalC 

2.9 

1.3 

2.2 

1.3 

1.6 

1.2 

6.7 

3.8 

10.5 

apercentage 
bpercentage 

of 468 responses to tasks without symbols. 
of 288 responses to tasks with symbols. 

cPercentage of 756 total responses to all tasks. 



multiplicative relationship however, is important to 

developing a concept of area measurement and to 

understanding the area measurement formula. 

132 

Area of Parts--Decompose/Recompose CAP-DR) 

Coordinating the dimensions of the area to be 

compared was a more abstract approach than the 

Decompose/Recompose strategy which was used 265 times by 

students in the sample. This was by far the most popular 

strategy for solving the tasks. 

When the students. responded with the 

Decompose/Recompose strategy, their main goal was to 

directly compare the areas by decomposing one area and 

rearranging it to fit onto the other area. The students 

did this in several ways. Some directly compared as much 

of the shaded areas as possible and then focused on the 

leftover areas. This gave them more manageable areas to 

compare either visually or by methods of direct and 

indirect comparison. A sample response follows: (Student 

6-1 overlapped as much of the green shaded part (3/5) of 

one cake with as much as possible of the orange shaded 

part (3/4) of the other cake, then rotated and overlapped 

the orange shaded part onto the green shaded part and then 

measured the leftover area with her fingers.) "I think 

they're about the same." ["0K, and why do you think 
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they're about the same?"] "Because when I put this one 

over here (orange shaded area over green shaded area) it 

was like--I took the extra part from here (orange shaded 

area) and put it with (measured with fingers) here (She 

compared widths of leftover shaded areas, but ignored 

difference in lengths.) and it's about the same" (Task 7). 

In other responses the students mentally partitioned 

one whole area and then carefully described and indicated 

exactly how they envisioned it covering the other area. A 

sample response follows: "The orange pieces." ["Why do 

you think so?"] "Because in my mind I was thinking that 

if you put these horizontally like I've been doing with my 

hands (She rotated the larger region with orange shading 

(4/6) and lined up the widths of the partitions with the 

widths of the partitions on the region with green shading 

(4/6).) these pieces would take less than two pieces 

(widths of orange partitions) to make one whole piece of 

this (width of green partition), so once again if you chop 

these (orange partitions) in half--just to fit this length 

(of green partitions) right here, it would take more 

pieces" (Student 6-3, Task 19). 

Many students who used this strategy used halving and 

rearranging of halves as a way of decomposing and 

recomposing the area. The term half was the only fraction 

denominator term used in responses in this category. It 



was always used to indicate partitioning of a shaded or 

un shaded area or of a dimension. 
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For many of these responses the behaviors were 

critical to understanding the students' thinking. Often 

the verbal responses made no sense by themselves. The 

types of behaviors most often exhibited in these responses 

were measurement behaviors such as: directly comparing 

dimensions or area and measuring with their fingers, 

drawing imaginary lines, and behaviors where the students 

imagined rearranging partes) of an area in order to more 

easily visualize the direct comparison. 

Some students responded with a modified 

Decompose/Recompose strategy on Tasks 13 and 21 where the 

pieces were congruent. Since the parts were all congruent 

the students did not decompose the shaded areas further, 

but rather described recomposing the scattered partitions 

on one region to replicate the arrangement of the 

clustered partitions on the other region. Most students 

made a general statement about how the areas would be the 

same because one arrangement could be moved to look 

exactly like the other but in the following example a 

student described literally moving the scattered pieces on 

one region so that they would look exactly like the 

arrangement on the. other: (Student studied the model for 

a few moments.) "They'd give you the same." ["How do you 

-----_ .... - ._-----
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know, why do you think SO?II] III was just thinking if you 

took that one and put it there, move these two up to 

there--wait a minute--whoops, I think the green would give 

you more then, because it would like move this one up 

there, this one to right here, this one to right here, and 

then these two to right-- and that would already fill up 

this space and then you'd have this one and you'd move it 

right there. I think, yeah, the green would give you 

more. II (He then described moving the scattered green 

partitions one by one again to match the arrangement of 

the orange partitions after which he changed his mind.) 

IIMaybe it would be the same. Oops, I think it would be 

the same. Whenever you just start stacking them (green 

partitions) they'd be like this (arrangement of orange 

partitions)1I (Student 6-5, Task 13). As the student's 

response revealed, he almost answered the task incorrectly 

because he lost track of which parts he had mentally 

moved. 

A much more efficient strategy for directly comparing 

the congruent parts on Tasks 13 and 21 was to combine 

direct comparison of the parts to be sure that they were 

equal, and then to count the shaded parts to make sure 

there was an equal number. It was not necessary to form 

part-whole relationships between the parts and the whole 

in order to successfully complete these two tasks with 



this method. The congruent parts can be separated from 

the whole in the student's mind and become individual 

units to be counted. 
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The 265 responses in the AP-DC category represent 

76.8% of the AP responses and' 35.1% of all the responses 

in the study as shown in Table 9. The large percentage of 

responses in this category revealed how concretely the 

students thought about the tasks. Overall, incorrect 

responses occurred 31% of the time that the AP-DC strategy 

was used. As in the AP-CD category student made errors 

because they had to rely on estimation and mental 

visualization for all tasks except 13 and 21 as they tried 

to directly compare the parts by decomposing and 

recomposing the areas. 

Length (Ll 

In this category students based their response on 

the comparison of only one dimension on each region, 

length or width.4 For unit fraction tasks the students 

compared one 

dimension of the shaded part of each region. For proper 

multiple fraction tasks the students compared the widths 

of one shaded part on each region and then correlated that 

comparison with a comparison of the number of shaded 

4In the descriptions in this section, length refers 
to the longest side and width refers to the shortest side 
of the area in question. 

-------------------- -----------------
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Table 9 

Percentage of Area of Parts--Decompose/Recompose Responses 
by Students in Grades 4. 6. and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

without 
symbolsa 

10.5 

4.7 

6.6 

4.1 

8.5 

3.4 

25.6 

12.2 

37.8 

Task type 

with 
symbolsb 

8.7 

4.2 

9.4 

3.5 

3.5 

1.4 

21.6 

9.1 

30.1 

TotalC 

9.8 

4.5 

7.7 

3.8 

6.6 

2.6 

24.1 

10.9 

35.1 

apercentage of 468 responses to tasks without symbols. 
bpercentage of 288 responses to tasks with symbols. 
cPercentage of 756 total responses to all tasks. 

-------.---
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parts, or they ignored the partitions and compared one 

dimension of each shaded region. The dimension they most 

often chose to compare varied with grade level. The 4th

grade students compared the widths of the areas in 3 of 

their 7 responses, the 6th-grade students compared widths 

in 10 of their 15 responses, and 8th-grade students 

compared widths in 14 of their 15 responses. 

The explanations and/or actions the students used 

gave evidence that they were focusing on one dimension to 

make their comparison decision. An example of this type 

of response follows for Task 9 where the student compared 

1/3 (orange) to 1/4 (green) of the same size regions: "I 

think you'd probably get more if you ate the orange." 

["OK, why do you say so?"] "Because it's wider and this 

one's a lot thinner" (Student compared the widths of the 

shaded areas with her fingers.) (Student 8-2). 

In some of the responses students set up ratios 

between like dimensions on the two areas, usually width. 

A student did so, for example, in this response where the 

student compared 1/3 (orange) to 1/4 (green) of same size 

regions: "I think you'd get more from this one" (Student 

pointed to orange partition). ["Why do you think that?"] 

"Two of these pieces (partitions on region with green 

shading) would probably fit in one of these (Student 

showed with fingers how two widths of partitions from 
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region with green shading fit onto the width of the orange 

partition.). since there's two of these and only one 

there, I think the orange would be more" (Student 8-1, 

Task 9). The student spoke of a two to one ratio between 

the widths of the pieces when he said, "two of these would 

probably fit in one of these," but only one piece was 

shaded on each region. So when he said, "since there's 

two of these and only one there," he was doing so while 

observing that only one of the two pieces was shaded. 

One eighth-, and four fourth-grade students referred 

to the number of parts in their responses. This 

information was only coordinated in one case with the 

comparison of one dimension as part of the students' 

reasoning. That response follows where the Student 

compared 4/6 (orange) of a larger region to 4/6 (green) of 

a smaller region: "Green would give you more." ["Green 

would give you more? Why would that give you more?"] 

"Because they have thicker lines than these. (Student 

indicated the width of a partition on each region with her 

fingers.) And they both have the same amount--they have 

four on each of these and if this one (orange partition) 

gives you more--it probably wouldn't--because this (green 

partition) is probably the size of one of these plus a 

half of one of the strips (orange partition), so I think 

the green" (Student 4-3, Task 6). 
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The student answered that task incorrectly because 

she did not account for the differences in length of the 

pieces or the fact that the regions were different sizes. 

The others referred to number in passing, but they based 

their comparison decisions on the comparison of one 

dimension. An example of that kind of response follows 

where the Student 3/5 (orange) to 2/5 (green) of same size 

regions: "The green part because it has bigger pieces-

they're both cut in five pieces, but these are bigger 

(Student used fingers to indicate only the width of the 

shaded partitions.) than these." ["Tell me a little more 

about that--you think that two of those pieces would give 

you more cake?"] "Yeah" (Student 4-8, Task 18). 

The student's response was incorrect. He thought 

that two-fifths of the region was more because the widths 

of the partitions were larger than those on the region 

which had three-fifths shaded. He did note that both 

regions were divided into the same number, but at that 

point in time he relied on the perceptual difference in 

the widths rather than the logic of two same-size wholes 

with the same number of partitions. 

In one response a student mentioned the difference in 

the sizes of the units, but considered it insignificant. 

As can be seen in the response, which follows, the 

student's answer was incorrect because she focused only on 

-~--------.--------
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the width of the partitions when she compared 1/2 of a 

larger region (green, vertically partitioned) to 1/2 of a 

smaller region (orange, horizontally partitioned): 

"Orange, because it's way fatter than this one and even 

though it's shorter (region with orange shading), but I 

just think this one will give you a little bit more" 

(Student 4-10, Task 15). 

The total number of Length responses was 55 which 

was 7.3% of the total responses as shown in Table 10. 

About the same number of eighth grade responses to tasks 

without symbols fell into this category as 4th-grade 

responses. After symbols were introduced almost all 

eighth-grade students abandoned this way of thinking. 

Overall, students who used this strategy were likely to 

answer incorrectly 35% of the time to tasks without 

symbols and 57% of the time to tasks with symbols. The 

eighth graders who used this strategy were most likely to 

make incorrect responses. 

Number (N) 

In a small group of responses students focused mostly 

on direct comparisons of the number of shaded or unshaded 

parts in the models and usually completely disregarded the 

size of the wholes and of the parts. When they did 

attend to size, they focused on one or both dimensions, 
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Table 10 

Percentage of Length Responses by Students in Grades 4. 6. 
and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cPercentage of 756 

-----------

without 
symbolsa 

1.7 

.6 

2.4 

1.3 

1.9 

1.3 

6.0 

3.2 

9.2 

Task type 

with 
symbolsb 

.3 

1.0 

1.4 

.7 

.0 

.7 

1.7 

2.4 

4.2 

TotalC 

1.2 

.8 

2.0 

1.1 

1.2 

1.2 

4.4 

3.1 

7.5 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 

------- -- ----- ---- ------------
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but only to support their number comparison. The 

students whose responses were classified into the N 

category only compared the number of shaded parts on each 

region in 15 of the 17 responses. In the other two 

responses students compared the number pairs made up of 

shaded and un shaded parts on each region. 

The students who reinforced their number comparisons 

by attending to other properties did so with references to 

one dimension in three cases and coordinated dimensions in 

one case. A typical response foilows where the student 

only compared numbers of shaded parts to solve Task 18 in 

which 3/5 (orange) was compared to 2/5 (green) of same 

size regions: "Well I'd say that this piece (orange 

shaded area) would have more cake--more slices of cake 

than this piece of cake, because there's three slices of 

cake here and there's only two slices of cake there and 

so I'd say that this cake" (region with orange shading) 

would have more" (Student 4-12, Task 18). This strategy 

was only used on proper multiple fraction tasks. 

As can be seen in Table 11, the 17 responses in the 

N category represented only 2.2% of the total number of 

responses. sixth-grade students used the N strategy more 

often than those at the other grade levels. Few errors 

were made with this strategy indicating that students may 

have chosen to use it when it would be most effective. 

-------------- ---
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Table 11 

Percentage of Number Responses by Students in Grades 4, 6, 
and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cpercentage of 756 

without 
symbolsa 

.6 

.0 

1.5 

.2 

.2 

.0 

2.3 

.2 

2.5 

Task type 

with 
symbolsb 

.3 

.3 

.7 

.0 

.3 

.0 

1.3 

.3 

1.6 

TotalC 

.5 

.1 

1.2 

.1 

.3 

.0 

2.0 

.2 

2.2 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 

--------- ------ ----
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For example, students used the N strategy 8 of the 17 

times on tasks where they were to compare 3/5 and 2/5 of 

the same-sized units. since the size of the wholes was 

the same and the denominators were the same, the strategy 

of comparing numbers of shaded parts worked in these 

cases. The strategy was also successful for those tasks 

where the fraction and size of each unit were the same. 

The two errors that were made occurred for tasks where the 

fractions were the same, but the size of the unit was 

different. 

Combination of Direct Comparisons CDCCombo) 

students whose responses fell into the Combination of 

Direct Comparisons (DCCombo) category reported directly 

comparing more than one property of the models as part of 

their reason for their comparison choice. The students 

did not coordinate the comparisons, but rather strung them 

together as a list. 

In the following example, the regions were the same 

and 3/5 of one was shaded orange, and 3/4 of the other was 

shaded green, the student compared the sizes of the cakes, 

directly compared the un shaded areas, compared the widths 

of the pieces, and described decomposing and recomposing 

the area of the orange shaded part to directly compare it 

to the green shaded part: (Student 8-12 rotated the 
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region with orange shading and overlapped the un shaded 

part onto the unshaded part of the region with green 

shading.) "I'd say the green." ["OK, and why do you 

think so?"] "Because there's less--they're both the same 

size (cakes), but there's less leftover that isn't frosted 

(on region with green shading), and because the pieces 

here (on orange shaded region) are wider than those and if 

you like cut the pieces off and cut them like that (She 

indicated separating the unshaded 2/5 from the rest of the 

region, cutting that area in half along the partitioning 

line, and then rearranging the two pieces end to end.) and 

put them on there (She indicated placing the rearranged 

2/5 area onto the 1/4 unshaded area.) they would go 

longer" (Task 12). 

There were 37 DCCombo responses and as can be seen in 

Table 12, this was 4:9% of the total responses. Eighth 

graders tended to use the strategy more often than fourth 

and sixth graders for tasks without symbols. The reverse 

is true for tasks with symbols. There was no pattern to 

the incorrect responses. Errors occurred for tasks with 

and without symbols, for unit and proper multiple fraction 

tasks, and for tasks where the units were the same or 

different in size. 
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Table 12 

Percentage of Combination of Direct Comparison Responses 
by 4, 6, and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cPercentage of 756 

without 
symbolsa 

.9 

.4 

.4 

.4 

3.4 

.4 

4.7 

1.2 

5.9 

Task type 

with 
symbolsb 

1.4 

.0 

1.4 

.0 

.7 

.0 

3.5 

.0 

3.5 

TotalC 

1.1 

.3 

.8 

.3 

2.2 

.3 

4.1 

.9 

4.9 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 
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other Direct comparison Responses (DCOther) 

The Other Direct comparison (DCOther) responses 

included Direct Comparison responses which were either too 

vague to classify or were too small in number to justify a 

separate category. An example of a vague response follows 

where the student compared 1/2 of a larger region (orange, 

horizontally partitioned) to 1/2 of a smaller region 

(green, vertically partitioned): "Orange would give you 

more." ["Why do you think so?"] "Because it's bigger and 

the green is smaller." ["Are you talking about the 

piece?"] "Yes" (student 6-11, Task 8). 

In six of the responses in this category, students 

approached the idea of using a unit of measure to compare 

the shaded areas. The idea seemed to grow for one of the 

students out of the cake context. Five of the six 

responses were from student 4-6. She described cutting 

the shaded parts into smaller pieces and then counting and 

comparing the number of pieces she could get from each 

one. A sample response follows where the student compared 

1/3 orange to 1/4 green of the same size regions: 

"Green." [OK, why do you think the green?"] "Because I 

thought about the kids coming over and this time I divided 

it (green partition) like one, two, three (Student 

indicated making two cuts and getting three parts from the 
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green shaded partition.). I only invited two kids over 

and so we got pretty long pieces, and it's pretty fair, 

and on this one (orange partition) all I got was two 

(Student indicates halving the orange partition.). Well, 

I could go like that (Student indicated partitioning the 

orange part into smaller parts.), but they'd be even 

thinner than this one (imaginary pieces cut on green 

partition) (Task 9). 

'I'he Student's response was incorrect because she did 

not imagine cutting the frosted parts into equal size 

pieces and then comparing the number of pieces on each. 

In all of these responses the size of the unit of measure 

appeared to depend upon the width of the shaded part. The 

unit of measure differed in size for each shaded part 

because the student formed square units whose sides 

corresponded to the width of each shaded partition. 

In the one other unit of measure type response, 

Student 6-9, also determined the size of the unit by the 

width of the pieces on each cake and based his answer on 

the difference in the size of the unit he created on each. 

He did not use the cake context, however. The response to 

Task 20 where the Student compared 3/5 (orange) to 3/4 

(green) of the same size units was as follows: "Orange 

will give you more, because these li~es are bigger than 

those--these lines (green partitions) are skinnier and 
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those (orange) lines are bigger than these lines." ["Is 

there a way to know for sure these lines are bigger or are 

you just looking at them?"] "You can just tell, because 

you can put it like a square and that (each orange 

partition) would take a big square like that (He 

indicated drawing squares on the orange shaded region 

whose sides were equal to the width of a partition.) and 

that (each green partition) would be like a baby square" 

(Student drew imaginary lines to create squares whose 

sides equal the width of one partition on each region, but 

he did not account for differences in the length of the 

pieces.) (Task 20). 

There were 17 DCOther responses which made up 2.2% of 

the total responses to all tasks as shown in Table 13. 

Some student responses at each grade level were put into 

this category because they were vague or did not fit other 

categories. six incorrect responses were given to the 

comparison question. Three of responses were from the 

fourth-grade student who attempted to use a unit of 

measure. 

The other three incorrect responses were made by 

students whose vague responses indicated that they were 

estimating that some condition of one shaded area was 

larger than the other. Student 6-12 provided an example 

when she compared 1/2 of a larger region (green, 

------- -----~ ----
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Table 13 

Percentage of Direct Comparison-Other Responses by 
Students in Grades 4. 6. and 8 on Area Comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cpercentage of 756 

without 
symbolsa 

.4 

.9 

.6 

.2 

.2 

.0 

1.2 

1.1 

2.3 

Task type 

with 
symbolsb 

1.0 

.0 

.3 

.0 

.3 

.3 

1.6 

.3 

1.9 

TotalC 

.7 

.5 

.5 

.1 

.3 

.1 

1.5 

.7 

2.2 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. those 
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vertically partitioned) to 1/2 of a smaller region 

(orange, horizontally partitioned): "You mean the 

frosting?" ["Yes, if you ate the frosted part."] "This 

(orange)." ["Why do you think the orange piece?"] It 

looks like more." ["It looks like more? OK, why does it 

look like more?"] "It's about like the whole half. It 

would be like larger" (Task 2). 

Part-Whole/Direct comparison Combination category (PW/DC) 

Responses .in the Part-whole/Direct Comparison 

Combination (PW/DC) category contained elements from both 

the Part-Whole categories and the Direct comparison 

categories. The students whose responses fell into this 

category switched their attention from forming logical 

relationships to directly comparing perceptual features. 

An example follows where Student 4-6 compared 1/4 of two 

same size regions: "Same amount." ["Why do you think 

so?"] Well, they're both one-fourth and also this one's 

pretty thin (green) this one's pretty thick, but you'd 

probably get the same amount because even though it's 

longer (green) if you just put it down to size it would be 

the same amount. [When you said they were both one

fourth, what did you mean by that?] Well, the shape, you 

asked how many are shaded in, well, I thought there's one 

shaded in out of four, so it must be one-fourth. [Then I 
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asked you if one was bigger than the other or if they were 

the same and you said they're both one-fourth. What does 

that mean in terms of telling whether they're the same 

size or not?] Well not really the same size. You could 

have like this (student indicated partitioning the green 

frosted cake horizontally.) and four and probably be 

smaller--I'm thinking like--this one's long and when you 

get a longer piece you probably get the same size of a 

smaller piece that's thick--unless this was half (Task 

14) . 

In this response the student used the fractions she 

had named and written, but she also relied on perceptual 

information about the area to explain her reasoning. 

There were 34 PW\CD responses which was 4.5% of the 

total responses as can be seen in Table 14. Responses by 

fourth- and sixth-grade students fell into this category 

more often than those of eighth-grade students. The large 

increase in percentage of responses by fourth-grade 

students after symbols were introduced may be due in part 

to their recent study of fractions in school, combined 

with their reluctance to give up the use of Direct 

Comparison strategies. 
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Table 14 

Percentage of Part-Whole/Direct Comparison Responses by 
Students in Grades 4, 6, and 8 on Area comparison Tasks 

Grade 

4 
Correct 

Incorrect 

6 
Correct 

Incorrect 

8 
Correct 

Incorrect 

Total correct 

Total incorrect 

Total 

apercentage of 468 
bpercentage of 288 
cpercentage of 756 

without 
symbolsa 

.9 

.4 

1.7 

.0 

.4 

.0 

3.0 

.4 

3.4 

Task type 

with 
symbolsb 

2.8 

1.0 

1.7 

.0 

.3 

.3 

4.8 

1.3 

6.1 

TotalC 

1.6 

.7 

1.7 

.0 

.4 

.1 

3.7 

.8 

4.5 

responses to tasks without symbols. 
responses to tasks with symbols. 
total responses to all tasks. 
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In this sample response Student 4-7 indicated that he 

had two reasons for his correct answer, one was based on 

part-whole relationships the other on direct comparison of 

the areas of the shaded partitions: (The student rotated 

the region with the orange shaded part (1/4) and 

overlapped the green shaded part (1/4) with as much of the 

orange shaded area as possible. The regions were the same 

size.) "They would probably give you the same amount." 

["Why do you think so?] For one reason they're both one

fourth, and when you put this one (green shaded area) on 

top of this one (orange shaded area), you have this much 

(leftover orange shaded area) and that's probably--you 

could cut it in half and put the two pieces right here." 

(He indicated covering leftover green with leftover 

orange.) ["When you first said, 'for one reason, they're 

both one-fourth,' how did that help you decide if they 

were the same?"] "Because usually on a cake that has the 

same amount cut off, it's usually the same unless there 

was like a big cake and other big cake and or a little 

cake and this is one and this is a bigger piece. But 

they're [the orange and green shaded regions in front of 

him] both the same size (Task 14). 
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summary 

Student responses fell into three major clusters of 

categories, Part-Whole (PW) responses, Direct comparison 

(DC) responses, and Combination of Part-Whole and Direct 

Comparison (PW/DC) responses. Most of the responses fell 

into the Direct comparison categories as can be seen in 

Figure 3. 

The introduction of symbols had an effect on the 

total percentage of responses in all categories as can be 

seen in Table 15. After symbols were introduced the 

percentages of students' PW/DC responses increased and the 

percentage of DC responses decreased. After symbols were 

introduced the error rates stayed exactly the same for the 

DC categories and increased only slightly for the PW 

categories. A larger increase in error rate occurred for 

the PW/DC category. 

This pattern was reflected in the percentages of PW 

and DC responses for each grade level as can be seen in 

Table 16. The eighth-grade students were influenced 

especially by the introduction of symbols. Their use of 

Part-Whole strategies more than doubled after symbols were 

introduced. 

Higher percentages of incorrect responses occurred 

in the DC categories than in the PW or PW/DC categories. 

About 1/3 of the DC responses were incorrect to tasks both 

without and with symbols introduced. This was due to the 
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Table 15 

Percentage of Responses and Error Rates for the Eleven 
Categories by the Total Sample 

Task Type Error Rate 

Response Withouta Withb without with 
Category Symbols SymbolsC 

Direct Comparison 

AP-CD 13.6 5.5 32.8 50.0 

AP-DR 37.8 30.1 32.2 29.5 

Length 9.2 4.2 34.9 58.3 

Number 2.5 1.6 8.3 20.0 

DC-Combo 5.9 3.5 22.2 0.0 

DC-Other 2.3 1.9 45.5 16.7 

Total 71.411 47.6 31.4 31.4 

Part-Whole/ 
Direct comparison 3.4 6.1 12.5 22.2 

Part-Whole 

RNR 4.5 16.7 0.0 0.0 

PRNR 2.4 7.3 21.4 4.5 

APW 5.1 5.2 0.0 0.0 

PAPW 11.8 13.9 6.8 16.7 

Total 25.2 46.2 5.9 6.8 

apercentage of 468 responses to tasks without symbols. 
bpercentage of 288 responses to tasks with symbols. 
cPercentage of num~er of errors out of number of 
responses to each type of task for each type of strategy. 

----------~--
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Table 16 

Percentage of Correct and Incorrect Resoonses in Three 
Major categories by Students in Grades 4. 6. and 8 on 
Comparison of Area Tasks without CWO) and with CW) Symbols 
Introduced 

PW PW/DC DC 

WO W WO w TotalC 

Grade 4 

Correct 5.5 9.0 .9 2.7 17.9 13.2 24.5 

Incorrect .4 .7 .4 1.0 8.1 6.6 9.0 

Total 5.9 9.7 1.3 3.7 26.0 19.8 33.5 

Grade 6 

Correct 9.0 11.8 1.7 1.7 14.7 13.9 26.2 

Incorrect .2 .7 .0 .0 7.7 5.2 7.1 

Total 9.2 12.~ 1.7 1.7 22.4 19.1 33.3 

Grade 8 

Correct 9.4 22.6 .4 .3 16.2 5.6 26.9 

Incorrect .6 1.4 .0 .3 6.6 3.1 6.5 

Total 10.0 24.0 .4 .6 22.8 8.7 33.4 

Total C 23.9 43.4 3.0 4.7 48.8 32.7 77.6 

Total X 1.2 2.8 .4 1.3 22.4 14.9 22.6 

Total 25.1 46.2 3.4 6.0 71.2 47.6 100.0 

apercentage of 468 responses to tasks without symbols. 
bpercentage of 288 responses to tasks with symbols. 
cPercentage of 756 responses to all tasks. 



fact that students had to rely on visual estimations or 

on direct comparisons which omitted other important 

conditions. 
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The percentages of incorrect responses for the PW 

categories were substantially ' lower, ranging from 2% to 

8% of the correct responses at each grade level for each 

type of task. Errors were mainly due to ignoring the 

difference in the sizes of the units on certain tasks or 

overgeneralizing fraction concepts to situations where 

they did not apply. 

Although there were only small percentages of PW/DC 

responses at each grade level, this category was 

important because the responses clearly portrayed the 

struggle in which some students were engaged between 

focusing on perceptual clues and trusting the logic of 

part-whole relationships. student 6-4 provided an example 

of this in her response to Task 17 where the Student 

compared 3/5 of two same size regions. When asked whether 

she based her comparison decision on the numbers she had 

written and used as part of her response or because of the 

direct comparisons she had made, she replied, "Both." 

When asked which was most important to her, which was she 

surest of, she replied, "Moving it around" (her way of 

describing directly comparing the frosted areas by 

overlapping them). 
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When asked what she used the numbers for, she replied, "To 

show how many pieces are frosted out of five." 

Fourth graders tripled their use of the PW/DC 

strategy after symbols were introduced. Many had just 

studied fractions in school. Those recent instructional 

experiences may have contributed to their attempts to use 

the fractions in their responses, but their faith clearly 

lay in backing up the use of fractions by making direct 

comparisons with the actual models. Evidence of the 

influence of school experience was found in some of the 

responses where students quoted their teachers regarding 

comparison of fraction rules. The symbols definitely 

seemed to trigger memories of these experiences at least 

for some students on some tasks. 

student Use of Rational Number-Reasoning 

Questions 2-4 of the study addressed student use of 

Rational Number Reasoning by grade level and without and 

with symbols introduced into the tasks. However, because 

the students' responses revealed that Rational Number 

Reasoning, as it was defined for this study, was only one 

of four strategies in which the students attended to the 

part-whole relationships in the tasks, all of the Part

Whole strategies were considered in light of these three 

questions. 
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students whose responses were classified into the 

Part-Whole category all attended to the part-whole 

relationships inherent in the tasks, but there were two 

major differences in approach. Fraction terms were used 

in two of the types of Part-Whole response strategies, 

Rational Number Reasoning and Partial Rational Number 

Reasoning, and they were not used in Area Part-Whole and 

Partial Area Part-Whole responses. 

For the Rational Number Reasoning and Partial 

Rational Number Reasoning strategies students noted the 

part-whole relationships between the areas to be compared 

and the total area of each region. They then expressed 

the relationships as fractions, and compared the areas by 

comparing the fractions. 

The main difference between the Rational Number 

Reasoning and the Partial Rational Number Reasoning 

strategies was one of attention to all conditions 

necessary to successfully solve the tasks. Student 

responses which were classified as Rational Number 

Reasoning alluded to all conditions necessary to 

successfully deduce the correct answer to the comparison 

question, while at least one important condition was 

omitted in Partial Rational Number Reasoning responses. 

In the other two types of Part-Whole responses, Area 

Part-Whole and Partial Area Part-Whole, students focused 
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on describing the part-whole relationship in terms of how 

the area to be compared related to the total area in each 

region. These responses contained descriptions of how the 

areas were partitioned and how the shaded area related to 

the total number of parts. No fractional terms were used 

to express the part-whole relationships in the Area Part

Whole and Partial Area Part-Whole responses. 

The Area Part-Whole strategy differed from the 

Partial Area Part-Whole strategy as did the Rational 

Number Reasoning strategy from the Partial Rational Number 

Reasoning strategy. Area Part-Whole responses were 

complete in that the students noted and coordinated all 

conditions necessary to successfully solve the tasks. In 

the Partial Area Part-Whole responses some condition was 

omitted which was necessary to ensure the establishment of 

the part-whole relationship and the successful solution of 

the task. 

Rational Number Reasoning and Area Part-Whole 

responses were all correct. Students having considered 

all necessary conditions and having formed part-whole 

relationships between the area to be compared and the 

total area in the region successfully compared the 

established relationships in every case. Although some 

errors did occur, the percentage of errors was very low 

for both the Partial Rational Number Reasoning and the 
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Partial Area Part-Whole strategies. The total percentage 

of responses for each Part-Whole strategy was analyzed in 

order to answer Question 2 of the study. 

Question 2: To what extent do students use rational 
number reasoning when comparing the indicated parts 
of two areas? 

students noted and used part-whole relationships to 

solve the comparison of area tasks in this study in 33.2% 

of their responses. The biggest portion of the responses 

involved the students' describing and coordinating the 

part-whole relationships in terms of how the area was 

partitioned and shaded. Partial Area Part-Whole and Area 

Part-Whole responses accounted for 19.4% of the Part-Whole 

responses. As can be seen in Table 17 the largest 

percentage of these were Partial Area Part-Whole 

responses. 

Responses from the other two Part-Whole strategies, 

Rational Number Reasoning, and Partial Rational Number 

Reasoning made up 13.8% of the total responses. Students 

responded with Rational Number Reasoning about twice as 

often (9.1%) as they did with Partial Rational Number 

Reasoning (4.7%). Percentages of errors were quite small 

for both of the Partial strategies, making up only 2.1% of 

the total responses. When the percentage of errors was 

considered as a percentage of total responses for each 
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Table 17 
Percentage of Correct {Cl and Incorrect {Xl Part-Whole ResQonses Without 
and With Svmbols at Each Grade Level 

Task type 

Withouta With6 TotalC 

Response 
Category C X C X C X TotalC 

RNR 
4 3.2 .0 8.3 .0 5.2 .0 5.2 
6 6.4 .0 13.5 .0 9.1 .0 9.1 
8 3.8 .0 28.1 .0 13.1 .0 13.1 

M 4.5 .0 16.7 .0 9.1 .0 9.1 

PRNR 
4 1.9 1.3 11.5 .0 5.6 .8 6.4 
6 5.1 .6 8.3 1.0 6.3 .8 7.1 
8 .0 .0 2.0 .0 .8 .0 .8 
M 2.4 .6 7.3 .3 4.2 .5 4.7 

APW 
4 3.2 .0 .0 .0 2.0 .0 2.0 
6 7.1 .0 4.2 .0 6.0 .0 6.0 
8 5.1 .0 11. 5 .0 7.5 .0 7.5 
H 5.1 .0 5.2 .0 5.2 .0 5.2 

PAPW 
4 7.7 .6 7.3 2.1 7.5 1.2 8.7 
6 8.3 .0 9.4 1.0 8.7 .4 9.1 
8 19.2 1.9 25.0 5.2 21.4 3.2 24.6 
H 11.8 .9 13.9 2.8 12.6 1.6 14.2 

Totals 
4 16.0 1.9 27.1 2.1 20.2 2.0 22.2 
6 26.9 .6 35.4 2.1 30.2 1.2 31.4 
8 28.2 1.9 66.7 5.2 42.9 3.2 46.1 
H 23.7 1.5 43.1 3.1 31.1 2.1 33.2 

apercentage of 156 responses to tasks without symbols. 
bpercentage of 96 responses to tasks with symbols. 
cPercentage of 252 total responses to all tasks at each grade level. 
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Partial strategy, the resulting error rate was 10% for 

Partial Rational Number Reasoning and 11% for Partial Area 

Part-Whole responses. 

Student responses at each grade level varied for the 

Part-Whole strategies. That variance was analyzed in 

order to answer Question 3.of the study. 

Question 3: Is there a difference in fourth-, 
sixth-, and eighth-grade students' use of rational 
number reasoning to solve comparison of area tasks? 

Overall an increase in Part-Whole responses 

corresponded with an increase in grade level. The 11% 

difference between the percentages of fourth- and sixth-

grade responses was slightly less than the 15% difference 

between sixth- and eighth-grade responses. 

The increase across grade levels occurred for each 

response strategy except Partial Rational Number 

Reasoning. The percentage of eighth-grade responses was 

minimal for that strategy and there was less than one 

percent difference between the percentages of fourth-, and 

sixth-grade responses. The percentage of Area Part-Whole 

responses increased with grade level, but in that case 

there was only a small difference between the percentage 

of sixth- and eighth-grade responses. sixth-grade 

students used an Area Part-Whole strategy three times as 

often as fourth-grade students. 

------_._----_ .. ------
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Fourth and sixth graders showed little difference in 

the percentage of their Partial Area Part-Whole responses. 

However, eighth graders responded almost three times as 

often as either the fourth or sixth graders. The 

percentage of eighth-grade Partial Area Part-Whole 

responses was the largest overall percentage of responses 

for anyone strategy at anyone grade level, and 

represented one-fourth of all of the eighth-grade 

responses in the study. 

The percentage of Rational Number Reasoning responses 

reflects a constant increase across grade levels. The 

same difference occurred between percentages of Rational 

Number Reasoning responses at the fourth- and sixth-grade 

levels as between those at the sixth- and eighth-grade 

levels. 

The overall percentage of errors was very small for 

all grade levels and an increase in errors did not 

correspond with an increase in grade level. There was a 

larger percentage of errors for Partial Area Part-Whole 

responses than for Partial Rational Number Reasoning, and 

the largest percentage of errors occurred in eighth-grade 

Partial Area Part-Whole responses. This would be expected 

given the large percentage of eighth-gr~de responses of 

this type. 
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Symbols were introduced into the last eight interview 

tasks. The effect of the introduction of symbols on the 

students' recognition and use of part-whole relationships 

to solve the tasks was a major focus of this study. The 

effect of the introduction of symbols was analyzed for 

each type of Part-Whole strategy and for each grade level 

in order to answer Question 4. 

Question 4: Does the presence of fraction symbols 
affect the percentage of responses in which the 
students use rational number reasoning to solve the 
comparison tasks? 

Terms and symbols were introduced into the tasks by 

the researcher asking the students how much of each cake 

was frosted. All students except for one fourth grade boy 

were able to tell how much of each cake was frosted by 

using a fractional term. A couple of students asked if 

they should answer with a fraction and the researcher 

said, "Yes." Several students gave an incorrect fraction 

term for some tasks because they miscounted parts. They 

then self-corrected the error either because they caught 

it themselves or at the suggestion by the researcher that 

they double check their answer. 

The fourth grade boy who could not name and write 

fractions was taught by the researcher how to do so for 

the shaded area of a rectangular region. After receiving 

help on the first task where he had to name and write 
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fractions for one-fourth of a region, he successfully 

named and wrote fractions for the rest of the unit 

fraction tasks; one-half, one-third, and one-fourth. For 

the first proper multiple fraction task he expressed 

three-fifths of a shaded area as one-third. He was then 

taught by the researcher how to write a proper multiple 

fraction for a region with more than one part shaded. 

Once the researcher taught him how to give a fractional 

term and to write the symbol for the first proper multiple 

fraction task he was able to correctly name and write 

fractions for the rest of the tasks. He never did use the 

fractions to compare the shaded areas, however. 

One eighth-grade student (8-12) smiled slightly and 

rolled her eyes as soon as she was asked to tell and write 

the symbols for how much of the cake was frosted. This 

behavior may provide evidence that the introduction of the 

fractional terms and symbols triggered the recall of 

fraction knowledge that she had stored in her memory. Up 

until then for the 13 without-symbols tasks, 11 of her 

responses fell into Direct comparison categories and 2 

more were Partial Area Part-Whole responses. After 

symbols were introduced she used Rational Number 

Reasoning to solve the next 6 tasks and Area Part-Whole 

to solve the remaining 2 tasks. 
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Overall, the responses in the Part-Whole categories 

nearly doubled after symbols were introduced. The 

differences between grade levels were not constant. The 

difference between fourth- and sixth-grade student 

responses was 18% and the difference between sixth- and 

eighth-grade student responses was a much larger 31%. 

There was a large difference (39%) in eighth-grade 

students' Part-Whole responses before and after symbols 

were introduced. Eighth-grade students used some type of 

Part-Whole strategy 28% of the time before symbols were 

introduced, but after symbols were introduced 67% of their 

responses revealed the use of a Part-Whole strategy. 

For individual strategies, the greatest increases in 

percentages of responses occurred at the eighth-grade 

level in the Rational Number Reasoning and Area Part-Whole 

categories. The greatest increase in eighth-grade 

responses to tasks after symbols were introduced occurred 

for Rational Number Reasoning responses. Eighth-grade 

students responded seven times more often with Rational 

Number Reasoning after than they did before symbols were 

introduced into the tasks. Eighth-grade responses 

increased in the other two Part-Whole categories as well, 

but the increase was not as great. 

The percentages of fourth- and sixth-grade students' 

Rational Number Reasoning and Partial Rational Number 

-~-------- ~---~---~~ --------
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Reasoning responses increased after symbols were 

introduced. Their percentages of Rational Number 

Reasoning responses a little more than doubled after 

symbols were introduced, and the difference in percentages 

of responses stayed about the same between the two grade 

levels. 

Fourth-grade students used Partial Rational Number 

Reasoning more often after symbols were introduced than 

students at any other grade level for either task type. 

The percentage of fourth-grade students' Partial Rational 

Number Reasoning responses increased by five times after 

symbols were introduced while the percentage of sixth-

grade students' responses only increased by 50%. The 

percentage of fourth- and sixth-students' Area Part-Whole 

responses decreased after symbols were introduced. 

Fourth-grade students did not use the Area Part-Whole 

strategy at all after symbols were introduced and sixth

grade students decreased their use by a little less than 

50%. For the Partial Area Part-Whole strategy, the 

percentages of fourth- and sixth-grade responses remained 

basically the same after symbols were introduced. 

The final question of the study is answered in the 

following section. Only the Rational Number Reasoning 

responses were analyzed in the presence of other task 



172 

variables in order to answer the last question of the 

study. 

Presence of other Task Variables as Related to 

Rational Number Reasoning 

Question 5: How do the following variables that are 
imbedded in the tasks relate to the students' use of 
rational number reasoning: a) unit vs. multiple 
fractions? b) same vs. different unit? c) Same vs. 
different numerator when the denominators are the 
same? d) Same vs. different denominator when the 
numerators are the same? 

unit vs. Multiple Fractions 

When asked to compare the indicated areas of 

rectangular regions students used Rational Number 

Reasoning twice as often overall to solve tasks where only 

one part was shaded on each region. As can be seen in 

Table 18, students were four times more likely to use 

Rational Number Reasoning on unit fraction tasks as they 

were on multiple fraction tasks without symbols 

introduced. Before symbols were introduced very small 

percentages of RNR responses were made at each grade 

especially to multiple fraction tasks. After the 

introduction of symbols, RNR responses increased often, 

and for tasks with both types of fractions, but the 

biggest increase occurred for the multiple fraction tasks. 

After symbols were introduced in the multiple fraction 
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Table 18 

Percentage of Rational Number Reasoning Responses at Each 
Grade Level to Tasks with unit or Proper Multiple 
Fractions 

Fraction 

Grade unit Multiple 

4 
withouta 6.7 1.0 

withb 13.9 5.0 

6 
without 13.3 2.1 

with 16.7 11. 7 

8 
without 6.7 2.1 

with 30.6 26.7 

M without 8.9 1.7 

M with 20.4 14.4 

TotalC 13.2 6.6 

apercentage of 60 responses to unit fraction tasks and 96 
responses to multiple fraction tasks without symbols at 
each grade level. 
bpercentage of 36 responses to unit fraction tasks and 60 
responses to multiple fraction tasks with symbols at each 
grade level. 
cpercentage of total responses to 288 unit fraction tasks 
and 468 responses to multiple fraction tasks. 



tasks fourth- and sixth-grade students used RNR 5 times 

and eighth-grade students used RNR 12 times as often as 

they did before symbols were introduced . 

. Same vs. Different unit 
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The comparison of area tasks varied by the size of 

the units. In 6 of the 21 tasks the size of the two 

regions (units) differed by 3/4 of an inch. students were 

directed to compare the areas of the regions at the 

beginning of each task and to state whether the sizes were 

the same or different. As can be seen in Table 19 this 

variable was a factor in whether students used RNR to 

solve the tasks. Students at all three of the grade 

levels were more likely to use RNR to solve the comparison 

of area tasks when the unit sizes were different than they 

were when the unit sizes were the same both with and 

without symbols introduced. 

The same unit fraction tasks also varied as to 

whether the same or different fractional parts of the area 

were compared. As can be seen in Table 19, when the size 

of the regions was the same, students used RNR three times 

as often when they compared the same fractional parts of 

the regions as they did when they compared different 

fractional parts. 
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Table 19 

Percentage of Rational Number Reasoning ResQonses .to Tasks 
with Same or Different unit Size at Each Grade Level 

Task type 

Grade Same unit Different unit 

Same Different M Same 
fraction fraction fraction 

4 
without .0 (36) a .0 (72) .0 (lOS) 10.4 (4S) 

With 11.1 ( 36) .0 (36) 5.5 (72) 16.7 (24) 

6 
without 5.6 (36 ) 2.S (72) 3.7 (lOS) 12.5 (4S) 

with 22.2 (36 ) .0 (36) 11.1 (72) 20.S (24) 

S 
without .0 (36 ) 1.4 (72) .9 (lOS) 10.4 (4S) 

with 27.S (36) 19.4 (36) 23.6 (72) 41. 7 (24) 

M without 1.9 (lOS) 1.4 (216) 1.5 (324) 11.1 (144) 

M with 20.3 (lOS) 6.5 (lOS) 13.4 ( 216) 26.4 (72) 

Total 11.1 ( 216) 3.1 (324) 6.3 ( 540) 16.2 (216) 

aNumbers in parentheses denote those on which percentages 
were based for each type of task. 
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The introduction of symbols greatly affected the use 

of RNR for both same and different size units. The 

interaction of different size units with the introduction 

of symbols had a great impact on the use of RNR at all 

grade levels, but especially at the eighth-grade level~ 

About forty percent of the responses to these tasks by 

eighth graders were RNR responses. 

Same vs. Different Numerators 

The tasks in the study also varied by same and 

different numerators when the denominators were held 

constant. Numerators were different in 6 of the 21 tasks. 

As shown in Table 20, overall, students tended to use RNR 

less often when the numerators were different than when 

they were the same. 

Only eighth-grade students responded with RNR to 

different numerator tasks after the introduction of 

symbols and they did so to a greater degree than for same 

numerator tasks. In fact, RNR responses made up 1/3 of 

all the eighth graders' responses to different numerator 

tasks. 
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Table 20 

Percentage of Rational Number Reasoning Responses at Each 
Grade Level to Tasks with Same or Different Numerator When 
Denominators Are the Same 

Numerators 

Grade Same Different 

4 
Withouta 3.8 .0 

Withb 9.5 .0 

6 
Without 6.8 4.2 

with 15.5 .0 

8 
without 4.5 .0 

with 27.4 33.3 

11 without 5.1 1.4 

11 with 17.5 11.1 

TotalC 9.9 4.6 

apercentage of 132 responses to same numerator tasks and 
24 responses to different numerator tasks without symbols 
at each grade level. 
bpercentage of 84 responses to same numerator tasks and 12 
responses to different numerator tasks with symbols at 
each grade level. 
cPercentage of total responses to 648 same numerator tasks 
and 108 responses to different numerator tasks. 
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Percentages of RNR increased at all grade levels on 

same numerator tasks after symbols were introduced. 

Fourth and sixth graders doubled their use of RNR, but 

eighth graders used RNR six times as often after symbols 

were introduced. 

Same vs. Different Denominators 

The area comparison tasks varied by same and 

different denominators when the numerators were held 

constant. Students tended to used RNR six times more 

often on tasks where the denominators were the same than 

when they were different. As shown in Table 21, very few 

RNR responses occurred for tasks with different 

denominators until symbols were introduced to the tasks 

for eighth-grade students. Even then, only 8.3% of the 

responses were RNR responses. 

RNR responses increased at each grade level for tasks 

where the denominators were the same after symbols were 

introduced. Eighth graders showed the biggest increase in 

RNR responses for those types of tasks. This was almost 

twice the percentage of sixth-grade responses and three 

times the percentage of fourth-grade responses to the same 

tasks. 

-------~-~.~-. ~ -~~~ .. ~ 



179 

Table 21 

Percentage of Rational Number Reasoning Responses at Each 
Grade Level to Tasks with Same or Different Denominator 
When Numerators Are the Same 

Denominators 

Grade Same Different 

4 
Withouta 4.6 .0 

Withb 11.1 .0 

6 
without 8.3 2.1 

with 18.1 .0 

8 
without 5.6 2.1 

with 33.3 8.3 

M without 6.2 1.4 

M with 20.8 2.8 

TotalC 12.0 1.8 

apercentage of 108 responses to same denominator tasks and 
72 responses to different denominator tasks without 
symbols at each grade level. 
bpercentage of 48 responses to same denominator tasks and 
24 responses to different denominator tasks with symbols 
at each grade level. 
cPercentage of total responses to 540 same denominator 
tasks and 216 responses to different denominator tasks. 
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Summary 

In summary, it was found in answer to question five 

that the variables imbedded in the tasks affected the 

students' frequency of use of RNR, and that frequency 

varied further when analyzed by grade level and task type 

(without or with symbols introduced). Percentages of RNR 

responses varied for tasks where the unit sizes varied. 

The students were more likely to respond with RNR when the 

size of the units was different than when it was the same. 

Percentages of RNR responses also varied by the type of 

fraction that would name the shaded part of the region, 

unit or multiple. Students were twice as likely to use 

RNR on tasks with unit fractions than on those with 

multiple fractions. 

For tasks which varied by same or different numerator 

or denominator the percentage of RNR responses varied in a 

similar manner. There were few if any RNR responses to 

tasks where the numerators or denominators were different 

except for eighth graders on tasks with symbols 

introduced. Students used RNR to respond to tasks where 

the numerators or denominators were the same more often 

than when they were different. 



Summary of Results 

It was found in this study that: 
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1) Students used a variety of strategies to solve 

comparison of area tasks which could be solved 

by the use of Rational Number Reasoning. 

2) Fourth-, sixth-, and eighth-grade students did 

use Rational Number Reasoning 9% of the time to 

solve comparison of area tasks. 

3) The introduction of symbols did trigger the use 

of Rational Number Reasoning for some students 

especially eighth graders. 

4) The use of Rational Number Reasoning varied by 

grade level. 

5) The use of Rational Number Reasoning was 

affected by fraction variables imbedded in the 

tasks. 
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

It was the purpose of this study to determine whether 

fourth-, sixth-, and eighth-grade students used rational 

number reasoning to solve comparison of area tasks and 

whether the tendency to use such reasoning increased with 

grade level. The areas to be compared were not similar 

and therefore, could not be directly compared in a 

straightforward manner. The most viable solution involved 

comparing the part-whole relationships inherent in the 

tasks. Rational numbers in the form of fractional terms 

could be used to express the part-whole relationships. 

The use of fractional terms provided a means for students 

to express the areas to be compared in an abstract manner 

and thus free themselves from the perceptual aspects of 

the tasks. 

Summary of Review of Literature 

A review of the related literature revealed that the 

ability to reason abstractly may be the result of a 

combination of maturation and cognitive development, 

experience, and formal education (Inhelder & Piaget, 1958, 

1964; Luria, 1976). Students in early adolescence make a 



shift from concrete to abstract reasoning when solving 

mathematical tasks which require the formation of 

relationships between conditions in the tasks (Case, 

1985; Inhelder & Piaget, 1958; Kieren & Nelson, 1985). 
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The transition to abstract thinking occurs as a result of 

students gaining experience by interacting with the 

environment and observing the results, and the development 

of cognitive structures as a result of maturation. 

Hirstein, Lamb, and Osborne (1978) have also provided 

documentation that student misconceptions about area occur 

as late as the sixth grade and that difficulty with area 

measurement occurs through high school and into adulthood 

(Hirstein, 1981). 

Rational numbers are introduced to students in 

elementary school as fractions associated with part-whole 

models, the most common of which are area models similar 

to those used in the interview tasks. Understanding the 

idea of part-whole relationships is considered basic to 

understanding all other interpretations of rational 

numbers (Behr, Lesh, Post, & Silver, 1983). The 

development of a rational number concept is complex and 

the concept is not stable across differing task variables. 

Success on rational number tasks varies with the type of 

model, the type of fraction, and the type of context in 

which the task is set. Analyses of student responses to 

--- -- ---------- - -- - -------------
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task variations provides insight about the development of 

the rational number concept. 

Summary of Study and Results 

This study examined stude~ts' thinking about area 

comparison tasks which could be solved with rational 

number reasoning. 

Purpose 

The study provided the opportunity to discover how 

students solved unique problems in a familiar context. 

Fourth-, sixth-, and eighth-grade students' responses to 

area comparison tasks in individual clinical interviews 

comprised the data used in answering the following 

questions: 

1. What types of strategies and responses do 

students exhibit in their attempts to solve 

comparison tasks with area models whose 

solutions can be arrived at through rational 

number reasoning? 

2. To what extent do students use rational number 

reasoning when comparing the indicated parts of 

two areas? 



185 

3. Is there a difference in fourth-, sixth-, and 

eighth- grade students' use of rational number 

reasoning to solve comparison of area tasks? 

4. Does the introduction of fraction symbols 

affect the frequency of use of rational number 

reasoning by fourth-, sixth, and eighth-grade 

students when solving the comparison tasks? 

5. Hot., do the following variables which are 

imbedded in the tasks relate to the students' 

use of rational number reasoning? 

a) unit vs. multiple fractions 

b) Same vs. different unit 

c) Same vs. different numerator when the 

denominators are the same. 

d) Same vs. different-denominator when 

the numerators are the same. 

Design 

Data were gathered through individual task-based 

interviews. The interviews consisted of 21 tasks and were 

conducted with 36 elementary and junior high school 

students. In order to standardize the interviews and to 

reduce the effects of extraneous variables, the same 



researcher conducted each interview in the same manner 

with each student. 
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variation occurred in the length and type of response 

from each student to the probing questions asked by the 

researcher. The probing questions were asked in order to 

determine the kind of strategy(s) the students used to 

solve each task. Each interview was video and audio taped 

in order to provide a record of the students' behavioral 

and verbal responses. The students' responses to the 

comparison question and the probing questions constituted 

the data for the study. 

Transcriptions were made of the responses of each 

student for each task in the interview. The 756 responses 

were then analyzed in order to answer the questions of the 

study. 

Results 

There were five questions to be answered with the 

data gathered for the study. The results are presented 

for each question in this section. 

categories of Responses 

In order to answer question one of the study, the 

student responses were analyzed to determine the kinds of 

strategies the students used to solve the comparison of 

area tasks. The student responses were classified into 11 



categories of strategies as defined by this researcher. 

There were four Part-Whole Categories, one Part

Whole/Direct comparison Combination category and six 

Direct Comparison categories. 
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When students made comparison decisions based on the 

part-whole relationships inherent in the tasks, their 

responses were grouped into the Part-Whole categories. 

Those responses made up 33% of the total. For the most 

part, however, the students did not make comparisons based 

on part-whole relationships; they directly compared one or 

more task conditions (usually the area of the shaded 

parts), and those responses were classified as Direct 

Comparison responses. Direct comparison responses made up 

62% of the total. In a small, but interesting group of 

responses, students used a combination of strategies and 

made comparisons based on part-whole relationships as well 

as direct comparisons of task conditions. Those responses 

were classified as Part-Whole/Direct Comparison responses, 

and they made up 5% of the total. 

Questions 2-4 addressed the four Part-Whole 

categories. One of the Part-Whole categories, Rational 

Number Reasoning, was addressed in order to answer 

Question 5. Student responses were classified as Rational 

Number Reasoning when the students applied the following 

rational number knowledge: the recognition and 
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consideration of the size of the unit, and the expression 

of the part-whole relationship between the indicated area 

and the unit by the use of appropriate fractional number 

terms. 

Overall Use of Part-Whole Relationships 

student responses indicated that they used the part

whole relationships inherent in the tasks to make 33% of 

their comparison decisions. Rational Number Reasoning 

made up 9% and Partial Rational Number Reasoning made up 

5% of the responses to all of the tasks. Area Part-Whole 

responses totaled 5% and Partial Area Part-Whole responses 

totaled 14% of all r.esponses to all of the tasks. 

When students used part-whole relationships to solve 

the tasks their error rate was low (6%). No errors 

occurred in the Rational Number Reasoning or the Area 

Part-Whole categories. 

Variance of Use of Part-Whole Relationships 

with Variance in Grade Level 

Responses in the part-whole categories increased with 

grade level. Part-whole strategies were used by fourth

grade students in 22% of their responses, by sixth-grade 

students in 31% of their responses, and by eighth-grade 

students in 46% of their responses. The percentage of 

errors remained small overall and did not differ much for 
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tasks without or with symbols, but the error rates varied 

with grade level. The error rates reported here were the 

percentage of errors out of the total percentage of Part

Whole responses at each grade level. The error rates were 

as follows for each grade level: Fourth 10%, sixth 4%, 

and eighth 7%. 

The Effect of the Introduction of Fraction Symbols 

on the Use of Part-Whole Relationships 

If the students did not think to use the part-whole 

relationships to solve the comparison of area tasks, it 

was expected that the introduction of fractional terms and 

symbols would trigger their application of part-whole 

knowledge through the use of fraction knowledge. Question 

4 addressed this. 

When students were asked to write a fraction for each 

area model, all but one student in the current study 

answered with the correct terms and symbols. This 

demonstrated that these students knew how to associate 

fractional terms and symbols with area models. 

The percentage of Part-Whole responses increased from 

24% to 43% after symbols were introduced. The percentages 

of Part-Whole responses increased at each grade indicating 

that the introduction of symbols triggered the use of 

part-whole knowledge. Eighth-grade students were most 
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likely to use the part-whole relationships inherent in the 

tasks after symbols were introduced. 

After symbols were introduced a number of students, 

especially those at the eighth-grade level, were able to 

ignore the difference in appearance of the areas and to 

rely on the fractions they had generated. This is 

evidence of the shift in early adolescence to abstract 

thought. Once the students assigned numerical values to 

the partitions to be compared, they were free to compare 

quantities of space rather than the space itself. 

The introduction of fraction symbols as a task 

variable produced an increase in the percentage of use of 

Rational Number Reasoning at all grade levels. Mean 

percentages of Rational Number Reasoning responses 

increased from 4.5% for tasks without symbols to 16.7% for 

tasks where students first wrote fraction symbols for each 

area model to be compared. with the introduction of 

symbols, the percentage of Rational Number Reasoning 

responses by fourth and sixth graders doubled. However, 

eighth-grade students' use of Rational Number Reasoning 

increased sevenfold after symbols were introduced. 



The Effect of Task Variables on the Use of 

Rational Number Reasoning 
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Analysis of the effect of other task variables on the 

use of Rational Number Reasoning by students in the study 

revealed that the percentage of Rational Number Reasoning 

varied with the different type of fractions and unit size 

conditions imbedded in the tasks. 

Unit and multiple fractions. Students used Rational 

Number Reasoning twice as often to solve comparison tasks 

with unit fractions as they did for multiple fractions. 

Eighth graders used Rational Number Reasoning more often 

for both types of fractions and their rate of use was 

especially effected by the introduction of symbols into 

multiple fraction tasks. 

Variation in size of unit. When the size of the 

units differed in the comparison tasks, students' 

percentage of use of Rational Number Reasoning was twice 

that when the units were the same size. The percentage of 

Rational Number Reasoning responses to tasks with symbols 

introduced more than doubled for different-size unit 

tasks, but increased six times for same-size unit tasks. 

Again, the eighth-grade students showed the biggest 

increase in percentages of Rational Number Reasoning for 

both same- and different-size units after symbols were 

introduced. 
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Variation in numerators when denominators were the 

~. When denominators were the same but the numerators 

were either the same or different for the fractional parts 

to be compared, students used Rational Number Reasoning 

twice as often overall when the numerators were the same 

as they did when the numerators were different. The 

greatest percentage of increase of Rational Number 

Reasoning responses (from 0 to 33.3%) occurred for eighth 

graders with the introduction of symbols into tasks where 

the numerators were different. 

Variation in denominators when numerators were the 

same. When numerators were the same but the denominators 

were either the same or different for the fractional parts 

to be compared, students used Rational Number Reasoning 

six times as often when denominators were the same. 

Students used Rational Number Reasoning less often when 

the denominators were different even after symbols had 

been introduced than for any other task variable. After 

symbols were introduced eighth-grade students used 

Rational Number Reasoning only 8.3% of the time on tasks 

with different denominators as compared to 33.3% on tasks 

with different numerators. 
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Summary 

The study revealed that students differed in the 

strategies they used to solve area comparison tasks which 

could be solved by Rational Number Reasoning. The 

percentage of time they used the Rational Number Reasoning 

strategy was affected by their grade level, the 

introduction of symbols into the tasks, the type of 

fraction compared, and whether the sizes of the units were 

the same or different. 

Conclusions and Discussion 

Question 1 focused on the types of strategies 

students used to solve area comparison tasks which could 

be solved by the use of Rational Number Reasoning. When 

presented with such tasks, most students directly compared 

the areas. Even though the models were of a familiar type 

and could have been associated with fraction experiences 

in dehaol, only a small percentage of students (9%) used 

Rational Number Reasoning to solve the tasks. 

Student responses were used to identify the 

strategies they used and those were grouped into the 

following main categories: part-Whole, Direct comparison, 

and Part-Whole/Direct Comparison. The strategies which 



were grouped together in each category had some 

characteristics in common. 

Direct Comparison 

Responses in which students focused on directly 

comparing one or more conditions of the models were 

grouped together in the Direct Comparison category. 

Responses in this category contained reference to 

comparison of: the number of shaded and/or unshaded 
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areas, the length of one dimension of an area, or the area 

of shaded and/or unshaded partitions. students who used 

direct comparison strategies did not perceive or 

acknowledge the part-whole relationships inherent in the 

tasks. They focused on one or more properties that could 

be directly compared. The most prevalent comparison 

strategy used by the students in this study was direct 

comparison of the shaded areas. 

When the students focused on the area in the 19 tasks 

with noncongruent partitions, they used the two area 

comparison methods, Area of Parts-Decompose/Recompose and 

Area of Parts-Coordinate Dimensions to directly compare 

the areas. In both methods the students' goal was to 

visualize the two areas as similar so that they could 

directly compare them. In doing so they accounted for all 
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of the area and obviously believed that the areas could be 

the same even though the dimensions were different. 

In all of the Area of Parts-Decompose/Recompose (AP

D/R) responses, except those to tasks 13 and 21, the 

students further partitioned the shaded areas beyond how 

they appeared on the models. The uniform appearance of 

the congruent partitions on Tasks 13 and 21 made it 

possible for the students to directly compare them without 

further partitioning. 

The students demonstrated their understanding of area 

as a covering of two-dimensional space by carefully 

attempting to account ·for all of the shaded area on each 

region as they made their comparisons. In the 

decompose/recompose strategy they imagined cutting up one 

area and fitting it like a puzzle onto the other. They 

demonstrated their ability to use the idea of half through 

this strategy, because they often used the term half and 

demonstrated halving the area as a first step in its 

decomposition. The students brought a well-developed 

understanding of half to the tasks and they were extremely 

competent in applying that understanding to these 

comparison problems. The students' highly developed 

notion of half did not extend to other unit fractions, 

however. They used no other fractional terms e.g., 

quarter or third, in this manner in any of the area 



explanations even though opportunities presented 

themselves to do so. 
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A possible explanation for their halving actions on 

these materials is the fact that of all fractions, half is 

the one they have most likely experienced outside of 

specific mathematics lessons on fractions. Half is the 

only fraction term widely used in society, and halving is 

the earliest mechanism children use when presented with 

partitioning problems (Pothier & Sawada, 1983). Ha~ving 

comes as a result of a sharing context, a situation common 

to most children. When something is shared between two 

people, each person's share is commonly called a half, 

therefore the term is linked to the action. However, when 

something such as a pizza is shared among more than two 

people, fraction terms are not used to denote each 

person's share. Rather than say "each of four people 

received one-fourth of the pizza", it is more common to 

note how many pieces each person received. Therefore, the 

piece becomes the unit and a person's share is expressed 

in whole numbers. 

In order to develop the kind of understanding for 

other fractions which students have for half, it is 

necessary for educators to provide opportunities where 

students can attach fraction language to experiences with 

other fractions besides half. It is also important to 



build on the well-developed knowledge of half that 

students bring to the classroom by encouraging them to 

apply it to estimation and reasoning situations. 

The mental process of directly comparing two 
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non congruent areas may have provided the arena in which 

the students could exhibit their knowledge of area. When 

the students focused on area in their comparisons, they 

accounted for all of the shaded sub-regions, knew that 

they could mentally decompose and recompose parts without 

affecting the amount of total area, and recognized that 

the differently-shaped partitions had to be compared with 

respect to the amount of two-dimensional space the 

partitions contained rather than anyone dimension on each 

area. 

It is important for educators to know that students 

at these grade levels do understand that the same amount 

of area can take many forms. However, for many of these 

students, comparison of the areas has to be done in a very 

direct way. 

In order to justify their comparison decisions, the 

students in this study had to visualize the areas forming 

similar shapes and overlapping each other. If this was 

the case, then the application of number ideas (whole 

number or rational number) to express.area quantities may 

~~--.---
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have to be developed much more carefully and deliberately 

than has been done in the past. 

Of interest were the two students who defined units 

of measure in order to compare the indicated parts of the 

regions. They did not attempt to compare the parts with 

the same size units, but instead were influenced by the 

widths of the partitions on each region in the creation of 

the units of measure. They then compared the numbers of 

different-size units to make their comparison of area 

decisions. Maher and Beattys (1986) found that the shape 

of the regions to be measured and compared influenced 

students in their choice of a covering unit, and the fact 

that regions to be compared were covered with 

differently-shaped units provided no conflict for the 

students. 

Instructional experiences need to be designed so that 

students cover differently shaped areas with same and 

different-sized units, and then discuss the results. An 

understanding of the logic of measuring area with a 

standard square unit must be developed sequentially over 

time as a result of many concrete area measuring 

experiences. 

Tasks 13 and 21 were included in the study to test 

the students' ability to conserve area. The partitions 

were congruent and equal in number on both regions, but on 
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one region they were scattered while on the second they 

were clustered. Ultimately all of the students in the 

study were able to solve the conservation of area tasks. 

Several students were mislead at first by the different 

arrangements, but they all self-corrected as they 

explained their reasoning in response to the probing 

questions of the researcher. 

When asked why they changed their decision in the 

course of their response some students stated that the 

different arrangements mislead them at first. Most 

changed their response after applying a simple 

mathematical procedure, that of counting the shaded 

partitions. Counting replaced the nonmathematical 

approach of simply relying on visual arrangements to make 

the comparison. 

However, there were some students that needed to make 

a visual one-to-one correspondence between the diagrams. 

The use of one-to-one correspondence was a primitive and 

very tedious procedure, often leading to mistakes as the 

students lost track of which shaded areas they had 

assigned where. The students sometimes seemed to 

"discover" the idea of applying counting to the tasks as 

they sough'~: to justify their answer. Reliance on 

differences in appearances was very compelling for 

students, even at these grade levels, to t.he point that 



200 

those differences blocked their application of 

mathematical solutions. A lack of experience in comparing 

visually different arrangements of congruent areas became 

apparent, causing students to "fall back" on a much more 

primitive process than would seem appropriate for 

students at these grade levels. 

It is notable that the interviews themselves caused 

learning to take place: some students "discovered" the 

idea of applying counting to the tasks as they sought to 

justify their co~parison decisions to the researcher. 

This result implies that providing problem solving 

experiences accompanied by the opportunity to verbalize 

the reasons for making decisions may be an important 

component of mathematics instruction. 

other direct comparison strategies used by the 

students gave evidence that they based their comparison 

decisions on properties other than area. In some cases 

the students compared the length of one dimension on each 

shaded region and ignored the other dimension. A number 

of students compared only one dimension on each of the 

whole regions when asked at the beginning of each task to 

determine if "the cakes were the same size." Some 

persisted even after being shown how to overlap the areas 

in order to compare them. Thus, the evidence seems to 

follow Hirstein, Lamb, and Osborne, 1978 findings that 
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some students as late as sixth grade based their 

comparison of area judgments on single linear comparisons. 

stUdents who compared area by comparing one dimension 

apparently did not apply an understanding of the covering 

nature of area or that area results from a multiplicative 

relationship between two linear dimensions. They seemed 

to demonstrate a lack of experience in conceptualizing 

area and in directly comparing two given areas by 

overlapping. stUdents who do not have a thorough 

understanding of area as a measure of two-dimensional 

space may be further confused by too early an introduction 

to the area formula which focuses on computing area by 

multiplying linear dimensions. Instructional experiences 

which focus on the development of area concepts are 

necessary to provide students with the basic 

understandings necessary for later work with area 

formulas. 

Part-Whole 

Student responses were placed in the Part-Whole 

categories if the students indicated that they had noted 

and used the part-whole relationships inherent in the 

tasks to solve the problems. The responses showed 

different degrees of abstraction and may indicate a 

progression from more concrete comparison strategies of 

part-whole relationships to more abstract approaches. 
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Responses in the Part-Whole categories, Rational 

Number Reasoning and Partial Rational Number Reasoning 

revealed the use of more abstract thinking by the 

students. As part of these responses, the students noted 

the part-whole relationships between the wholes and the 

part(s), abstracted the relationships from the models, 

expressed the relationships as fractions, and compared the 

fractions. 

Responses in the other two of the four Part-Whole 

categories, Area Part-Whole and Partial Area Part-Whole 

gave evidence of a more concrete approach to establishing 

and comparing part-whole relationships. The students 

focused on the models in a more concrete way when they 

used the Area Part-Whole and Partial Area Part-Whole 

strategies. They did not express the part-whole 

relationships inherent in the tasks as fractions. 

Instead they compared each of the following separately: 

the whole regions, how the regions were divided, and how 

much of each region was shaded. They did not free 

themselves from the models by expressing the part-whole 

relationships as fractions. 

Use of Rational Number Reasoning 

Although Questions 2-5 in this study specifically 

addressed the use of rational number reasoning, all of the 



203 

Part-Whole categories were analyzed when answering 

Questions 2-4. The Part-Whole category, Rational Number 

Reasoning, was the focus of Question 5. 

Overall Use of Part-Whole Relationships 

to Solve Comparison of Area Tasks 

'It is important to note that at least a percentage of 

responses at each grade level were based on the use of 

part-whole relationships to solve the tasks. When 

students used Part-Whole strategies, they often did so 

with an air of confidence about their reasoning. In these 

cases the students identified an efficient justifiable 

means of solving the tasks. Part-whole relationships, 

once established, freed the students from the perceptual 

differences of the models and allowed them to focus on 

comparing the quantitative differences of the areas. 

The understanding of part-whole relationships forms 

the basis for understanding all other interpretations of 

rational number. Instructional experiences which promote 

the understanding and recognition of part-whole 

relationships need to be strengthened in the elementary 

and junior high school. That instruction needs to 

carefully link the study of rational numbers to the 

understanding of part-whole relationships. 

--------
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Area models are commonly used to provide concrete 

rational number experiences for elementary stud~nts. The 

results of this study indicate that students need 

experiences with area models where the partitions are not 

always congruent or even similar. Experiences with models 

which push students to extend their understanding of part

whole relationships and of fraction terms and symbols as 

representations of those relationships need to be 

included in elementary mathematics programs. 

Errors occurred in the Partial Part-Whole (PRNR and 

PAP-W) categories when some condition was omitted or 

disr,egarded in the response which was necessary to the 

successful completion of the task and those errors provide 

insight into the development and application of the 

rational number concept. The students usually erred 

because they ignored the difference in unit sizes. 

Rational number instruction may focus too much on the 

numbering of parts in the numerator and denominator 

without enough attention to the unit from which the parts 

are derived. A more holistic instructional approach that 

includes attention to 1) the unit, 2) partitioning the 

unit, 3) the relationship between the size of the unit, 

number of partitions and quantity of each partition 

(denominator), and 4) the number of partitions 

(numerator) should begin in the primary grades and gain in 

._-- -~-------.. _._-- ._---_. __ ... _._ ... _-



sophistication and abstraction as it is continued into 

junior high school. 

205 

When considered overall, the increase in Part-Whole 

responses was constant with an increase in grade level. 

This was to be expected as a result of maturity and more 

instructional experiences with rational number for 

students at higher grade levels. It is important to note, 

however, that few students at any of the grade levels 

thought to apply knowledge of part-whole relationships 

when no fractions were introduced into the tasks. The 

fact that a greater percentage of the students attended to 

the part-whole relationships in the tasks after the 

fractions were introduced indicates that they were not 

using part-whole knowledge until reminded to do so. 

Opportunities to solve non-routine problems where part

whole knowledge can be applied need to be included in the 

elementary and junior high school mathematics curriculums. 

Symbols for fractions are introduced to students as 

early as the second grade. Those symbols are associated 

most often with area models. All of the students in this 

study except one demonstrated an ability to generate 

fraction symbols and terms to associate with area models 

which no doubt reflects school instruction. However, it 

was mainly the eighth-grade students who could use the 

fractions as a means to compare the quantities of area and 
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they did not do so all of the time. For many of the 

students, symbols seemed to serve as a way to identify or 

name the shaded part, but not to quantify it. If the 

students saw the fraction terms and symbols as names 

rather than quantities, then they would not have used 

fractions to compare quantities of area, but would have 

felt the need to directly compare the areas in order to 

solve the task. Thi3 may explain why so many of the 

students saw no connection between associating the 

fractions with the models and comparing the areas. In 

fact, some students saw the fraction symbols simply as a 

complication to solving the real task, that of directly 

comparing the areas. 

It may take many more years for fraction symbols to 

take on real meaning as expressions of number than was 

previously believed. Moving to work with fraction symbols 

too early may leave students with less than a complete 

understanding of what the symbols mean. The careful 

linking of fraction language and symbols to hands-on 

experiences with part-whole r~lationships should be a goal 

of rational number instruction in the elementary school. 

As students develop fraction concepts through work 

with models it is important that they learn to recognize 

situations in which. to apply those concepts to solve 

problems. Non-routine problems need to be designed which 

.~-.----------



207 

provide the opportunity for students to apply fraction 

knowledge that they have learned. Also opportunities to 

see the application of rational number concepts in real 

life and in other areas of the curriculum need to be 

pr0vided in order to ensure the fullest development of 

rational number ideas. 

The Effect of Task Variables on the Use of 

Rational Number Reasoning 

In one group of Part-Whole responses students used 

fractional terms to express and compare the part-whole 

relationships inherent in the tasks. Those responses were 

labeled Rational Number Reasoning (RNR). That type of 

response was the focus for Question 5 of the study. 

Task variables were intentionally imbedded in the 

comparison problems to note their effect on the percentage 

of RNR responses made by the students in the study. The 

results indicate that the students' ability to apply RNR 

to comparison of area tasks was affected by the type of 

task and whether or not symbols had been introduced. 

Rational Number Reasoning was used more often for 

1) unit fractions than multiple fractions, 2) different 

units than same units, and 3) same fractions than 

different fractions. When the fractions were different 

RNR was used more for comparisons of fractions with the 



same numerators than different numerators and for 

fractions with the same denominators than different 

denominators. 
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The rational number concept is complex and develops 

over time as it is extended for the student by instruction 

and experience. Identification of the components of the 

rational number concept which need to be specifically 

addressed through instruction is an important goal of 

rational number research. 

Previous research as well as the current study 

indicates that students have a better understanding of 

unit fractions than other types of fractions. The reasons 

for students' facility with unit fractions might lie in 

experience and/or in the nature of unit fractions. unit 

fractions are introduced in lower grades where more work 

with models is done in association with instruction. The 

fact that the numerator is always one may reduce the 

cognitive load when working with unit fractions as 

opposed to proper and improper multiple fractions where 

the numerator may be any whole number. One-half is a unit 

fraction and students may extend their understanding of 

one-half to other unit fractions. 

For whatever reason, understanding of one type of 

fraction does not generalize automatically to the 

understanding of others. This needs to be taken into 
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account when designing rational number instruction. It is 

important to provide work with models whenever new types 

of fractions are introduced. Careful extensions need to 

be made from the knowledge students already have about 

fractions to new experiences as students progress through 

the curriculum. New and unique applications of rational 

number concepts are probably best introduced with unit 

fractions, but extensions to other types of fractions need 

to be a conscious part of instructional design. 

students used Rational Number Reasoning (RNR), as it 

was defined in this study, more often when the unit sizes 

were different than when they were the same. One of the 

conditions the researcher used to categorize responses as 

RNR was whether the student mentioned the size of the 

unit. It is possible that when the units were the same 

the students assumed that their equality was understood 

and did not see the reason to mention unit size as part of 

the response. Further analysis of the individual 

students' responses is necessary to determine whether 

this might have been the case. 

Another explanation is that the fractional parts of 

the different-size units were always the same in order to 

maintain tasks that could be solved in a straightforward 

manner, and students were more apt to use RNR when the 

fractions were the same. Comparing same fractions seemed 
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to simplify the task for the students by reducing the 

number of different conditions they were trying to relate 

and compare. They therefore seemed more confident in 

applying fraction knowledge to tasks where the fractions 

were the same. 

Fraction instruction on comparison of different 

fractions too often proceeds to work with algorithms for 

finding equivalent fractions before students fully develop 

an understanding for direct comparison methods. Rational 

number instruction should include work on comparing 

different fractions at the concrete level especially with 

models where the comparison cannot be made by direct 

visualization. 

Recommendations for Instruction 

While the students in this study were able to 

associate fractions with the indicated areas of 

rectangular regions, they seldom thought to use the 

fractions to compare the indicated areas especially before 

symbols were introduced. The students did, however, apply 

their knowledge of the fraction one-half in a number of 

different ways. 

As part of the instructional sequence for fractions 

where area models are used, it is important to include the 

use of models with noncongruent parts. This instruction 
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would be most effective if it were integrated with work on 

area concepts. 

The results of this study coincide with those of 

others who have found that students do not attack all 

fraction problems in the same way. In this study the 

students' use of Rational Number Reasoning was affected by 

the size of the unit, whether they compared unit or 

multiple fractions, and whether numerators and 

denominators were the same or different. A well-designed 

instructional sequence on fractions must account for these 

variables. 

"Mathematics as communication" and "mathematics as 

reasoning" are two of the curriculum standards the 

National Council of Teachers of Mathematics has 

established for school mathematics (National Council of 

Teachers of Mathematics, 1989, p. 15). As the students in 

this study verbally rationalized their comparison 

decisions to the researcher, some changed their answers. 

This indicated that the act of explaining out loud may 

have caused the students to consider the problem again and 

the reasoning behind their decision. The use of 

cooperative groups where students verbalize their reasons 

for mathematical decisions with each other should be 

provided as part of mathematics instruction. 



students also need the language development 

experiences in mathematics which oral communication 

activities can provide. Several students in the study 

wanted to use the word width, for example, but did not 

know how to say it. The deliberate integration of 

language opportunities into mathematics instructional 

sequences will allow students to hear and use 

mathematical terms and expressions. 
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It is especially important to develop language for 

fractions through a variety of models and real-life 

experiences. Students need the opportunity to see how 

fraction concepts come from and apply to the world around 

them. Extensive experiences with unique problems in a 

familiar context need to be provided for students. Few 

nonroutine problems which involve the application of 

fraction knowledge are available to teachers; materials of 

this type need to be developed for teachers to use in the 

classroom. 

One of the goals of rational number instruction must 

be that students do more than exhibit an ability to 

respond to questions where they know a fraction answer is 

expected. They must be provided with opportunities to 

apply mathematical knowledge without being told before 

hand what knowledge to use in given situations. The 

experiences must include the time to reflect upon and 
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discuss with others the reasons behind their application 

of particular types of knowledge. Guidance in analyzing 

the structure of problems in order to determine the best 

mathematics knowledge to use is a key component toward the 

development of reasoning abilities. 

The ability to reason should be the goal of 

instructional curriculums in rational number. In order to 

meet this goal, instructional activities for rational 

number must be designed to develop reasoning. Instruction 

with manipulatives must be carefully considered and the 

use of manipulatives must be extended in the intermediate 

and junior high school grades. Given the students' 

tendency to rely on visual information and to mentally 

rearrange that visual information to more concretely solve 

problems, it is important to provide experiences where 

students see the need to interpret visual information 

mathematically. 

When area models are used in instruction, 

consideration must be given to students' concrete 

approaches to thinking about area. The mathematical ideas 

which are to be derived from the models may be tied to the 

models in ways we do not expect. 

Observations of the students in this study who used 

area comparison strategies help give insight into 

students' concepts of area. The students demonstrated a 

----------------
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well-developed holistic sense of area at the concrete 

level through their direct comparison of area responses. A 

sequence of area instruction needs to be integrated into 

the elementary mathematics curriculum which extends 

students' area sense and allows them to see the 

application of mathematics to two-dimensional space. This 

study and the research of others seems to support an 

approach to area measurement such as that outlined in 

cruikshank, Fitzgerald, and Jensen, 1980. In that 

sequence it is suggested that students move from direct 

and indirect comparisons of continuous quantities to the 

application of number through the use of nonstandard and 

standard units of measure. This sequence of area 

instruction should build on the developmental abilities of 

students and prepare them to extend and apply their 

concept of area to area measurement problems. 

In summary, recommendations for the development of 

rational number instruction include: activities in which 

students have the opportunity to go beyond just learning a 

set of fraction concepts and skills, attention to the 

interaction of learning and the visual aspects of 

instructional models, and the careful inclusion of 

different types of fractions and other task variables. 

The findings of this study support the current national 

developments in curriculum and evaluation standards for 

-----------
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mathematics instruction (National Council of Teachers of 

Mathematics, 1989). 

Recommendations for Further Research 

This study was designed to discover the types of 

strategies students in the fourth, sixth, and eighth 

grades would use in solving comparison of area tasks to 

which they could apply fraction knowledge. The study also 

sought to discover the effect of the introduction of 

fractional terms and symbols into 'the tasks. This study 

was conducted with one population of fourth- and eighth

grade students and it needs to be replicated with 

students from other parts of the country. 

Given the fact that eighth-grade students only used 

Rational Number Reasoning 13% of the time in this study, 

further research with these tasks needs to done with older 

popUlations. The study should be replicated with high 

school students to see whether the pattern of increase of 

Rational Number Reasoning with increase in grade level 

would continue. Data should also be gathered from an 

adult popUlation who had not had direct fraction 

instruction in recent years. 

The data used in this study needs to be further 

analyzed to discover the types of responses individual 

students made across a series of tasks without and with 



symbols introduced and in which the different fraction 

variables are imbedded. 
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Further research also needs to focus on the students' 

use of other types of strategies besides Rational Number 

Reasoning when analyzed across task variables. That 

research would be done in order to ascertain if there is a 

developmental sequence of the strategies identified in 

this study that are influenced by age and the fraction 

variables used in this study. 

Similar research to that in this study in which 

students make comparisons between fractional parts of 

other types of models, i.e. set part-set, and number line 

models would extend our understanding of how students 

establish relationships between those fractional parts. 

In addition, research which focuses on the ordering of the 

fractional parts of three or four models from least to 

most needs to be done to determine how students approach 

tasks where more than one comparison is done as a part of 

solving the problem. Also the relationship between 

standard measures of achievement and the students' ability 

to use Rational Number Reasoning needs to be determined 

through further research. 

The exploratory nature of this study provides the 

basis for further research. Many questions remain about 

the development of Rational Number Reasoning by elementary 

and junior high school students. 

-~--- ---- ----------
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