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ABSTRACT 

Throughout this work, conditional failure rates for discrete positive integer-valued 

random variables and some of their applications are considered in some detail. 

Conditional failure rates are of fundamental importance in the study of lifetime 

distributions and many of their properties. All the notions introduced and the 

results derived here can be used in reliability theory, operations research, inventory 

theory, biometry, etc. 

Chapter 1 begins with the concept of conditional failure rate of a discrete ran

dom variable. Then, it is shown how to obtain explicit expressions for probability 

densities and survival distributions in terms of this notion. Next, extensions of the 

univariate results are discussed for bivariate discrete random vectors. Finally, some 

multivariate concepts and results are outlined. 

One of the fundamental applications of conditional failure rates is the mathemat

ical representation of ageing. In Chapter 2, several univariate notions of ageing are 

given for discrete random variables. Such notions constitute the starting point for 

the classification and study of lifetime distributions that have significant importance 

in reliability theory, biometry, and several other areas. 

In Chapter 3, three important ordering relations, and a chain of implications 

among them, are discussed; the likelihood ratio ordering, the failure rate order

ing, and the stochastic ordering. These orderings are useful in applied probabil

ity, stochastic processes, statistics, etc. In particular, they are an essential tool 

in the study and analysis of systems with dependent components, specially when 

the components are associated. No attempt is made, however, to consider specific 
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applications of these orderings here. 

Finally, Chapter 4 contains an application of conditional failure rates in the anal

ysis of repairable systems. A random mechanism of repair of failed units, called 

imperfect repair, is introduced and some simplified models are considered in some 

detail. These models can be used in the analysis and design of maintenance policies. 
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This work is about disr-rete failure rates and some of their applications. Fail

ure rates are important in the study of lifetime distributions and some of their 

properties. Up to now most of the research has considered on continuous lifetime 

distributions, neglecting discrete lifetime distributions. However, clock time is not 

always the best scale on which to describe lifetime. This is the case in the following 

examples. 

(a) In weapons reliability, the number of rounds fired until failure is more impor

tant than age at failure. 

(b) A device is monitored only once per time period (e.g. an hour, a day), and 

the observation is the number of time periods successfully completed prior to failure 

of the device. 

(c) A piece of equipment operates in cycles and the experimenter observes the 

number of cycles successfully completed prior to failure. 

Chapters 1,3, and 4 begin with a review of univariate concepts and some results 

that are already given in the literature. Then, analogous extensions are described 

or obtained for the bivariate or multivariate case. Chapter 2 refers exclusively to 

some univariate concepts. 

In Chapter 1, discrete failure rates are discussed in some detail. First, the no

tion of a univariate discrete failure rate is defined. Some properties and related 

elementary results are shown. Next, bivariate discrete failure rates are defined as 
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an analogous extension of the univariate case. A characterization is shown and 

extensions of the univariate results are obtained. Finally, the chapter concludeds 

with a discussion of multivariate discrete failure rates. 

Ageing is the subject of Chapter 2. The concept of ageing plays a fundamental 

role in areas such as biometry, inventory theory, actuarial science, and reliability 

theory. Several notions are defined, for univariate discrete lifetime random variables, 

in terms of discrete failure rates and survival probabilities. 

Chapter 3 concentrates on three notions of ordering. These orderings are impor

tant in applied probability, stochastic processes, and reliability theory. Some of the 

ideas developed here are the starting point for results that deal with comparison 

of two discrete vectors of random lifetimes. In particular, they can be used in the 

area of positive dependence and association of discrete random vectors. 

Finally, Chapter 4 illustrates how some of the ideas of Chapters 1, 2, and 3 can 

be applied to analyze some stochastic models. In particular, a random mechanism 

of repair of failed units, called imperfect repair, is considered for units with discrete 

lifetimes. The results obtained can be used in the study and design of maintenance 

policies as well as in some other areas. 
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CHAPTER 1 

DISCRETE FAILURE RATES 

This chapter presents the definition of conditional failure rates for discrete ran

dom variables. This definition is of fundamental importance in reliability theory, 

biometry, and several other areas. 

In section L1 we discuss the conditional failure rate function of a discrete random 

variable T taking on positive integer values. Such a random variable may be thought 

of as the lifetime of some unit subjected to possible failures at discrete cycles. It 

is well-known that the failure rate function uniquely determines the probability 

function of T and vice versa. We give here necessary and sufficient conditions for 

a function to be the failure rate of some discrete random variable with support 

N+ = {I, 2, ... }. We conclude this section with two examples that illustrate Borne 

of the results obtained. 

Section 1.2 presents, in detail, conditional failure rates for bivariate discrete ran

dom vectors. We begin by considering the random vector (Tb T2 ) with support 

N+ X N+ , which is to be thought of as the lifetimes of two units subjected to possi

ble failures at discrete cycles. First, conditional failure rates arc defined for (Tl' T2 ) 

as an extension analogous to the univariate case. Then, explicit expressions for the 

joint probability function and the joint survival probabilities of (Tl' T2) are obtained 

in terms of failure rates. A characterization of the failure rates of (Til T2) is given, 

and the section is concluded with a bivariate example that illustrates some of the 

results. 

Section 1.3 introduces conditional failure rates for n-dimensional discrete random 
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vectors with support N;t = N+ X N+ X ••• X N+, the nth cartesian product of 

N+ with itself. Results analogous to those obtained in Section 1.2 are computa

tionally involved. Only an analog of Lemma 2.1 is shown. Additional discussion of 

multivariate discrete failure rates is found in Chapters 3 and 4. 

1.1 UNIVARIATE FAILURE RATES 

Consider a unit (a living organism, a mechanical component, etc.) for which 

exposure to failure occurs in discrete cycles. The lifetime of the unit is defined 

as the time for which the unit carries out its appointed functions satisfactorily, 

and thereafter pas~~s into the 'failed' state. The age of a working unit is the time 

for which it has already been working satisfactorily, without failure. Let T be a 

positive discrete random variable representing the lifetime of the unit. Without loss 

of generality we will assume that N+ is the support of T. The probability density 

function (p.dJ.) and the survival probabilities of T are, respectively, defined by 

p(n) = P(T = n) 

and 

P(n) = P(T > n) 
00 

= L p(k), n ~ 1 (1.1) 
k=n+l 

with P(O) = 1. 
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With this definition P satisfies: 

(i) P(O) = 1. 

(ii) pen) ~ 0, n ~ o. 

(iii) pen) ~ pen + 1), n ~ O. 

(iv) lim pen) = O. (1.2) 
n-+oo 

The following concept plays a fundamental role in reliability theory, life testing, 

inventory theory, and biometry. It is one of the most widely used mathematical 

ways of describing ageing. 

Definition 1.1 

The conditional failure rate function of an integer-valued discrete random variable 

T, at time n, is defined by 

>.(n) = peT = niT> n -1) 

pen) = , n~1. 
pen -1) 

(1.3) 

Alternat,e names for the function >'(n) defined in (1.3) are hazard rate, force of 

mortality, etc. From now on we will refer to >'(n) as a failure rate. 

Observe that, for n ~ 1, 

peT = n) = peT > n -1) - peT > n). 

Thus, 

>. n _ peT = n) 
( ) - peT > n - 1) 

= 1- P(T> n) 
P(T> n-l)" 



Therefore, 

P(T> n) = 1 _ >.(n). 
P(T> n -1) 

Now, since P(T > 0) = 1, we have 

Thus, 

- P(T > n) 
P(n) = P(T > n) = P(T > 0) 

rrn P(T> i) 
=. P(T> i-I) 

1=1 
n 

= rr (1 - >.(i)). 
i=1 

P(n) = { lJl (1- >.(i)), n ~ 1 

1 n=O 
o 
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(1.4) 

In all that follows we take the empty product II (1 - >.(i)) = 1. From (1.3), we 
i=1 

n-l 
have that p(n) = >.(n)· II (1- >.(i)). i.e. The p.d.f. of T can be explicitely written 

i=1 

in terms of the failure rate function. 

The following useful lemma from the theory of infinite products will be frequently 

used in the proofs of later results. A general version of it is proved in Theorem 7, 

page 96, of Knopp, K. (1956). 

Lemma 1.1 

n 
Suppose that for n ~ 1,0::; >'(n) < 1. Then, lim II (1 - >.(i)) = 0 if and only 

n-++ooi=1 
00 

if l: >.(i) = +00. 
i=1 

Next, we establish a characterization of the failure rate function of a discrete 

random variable with support N+. An equivalent result is given in Theorem 1 of 

Bollinger and ~alvia (1982). 
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Theorem 1.1 

A function A, A : N+ ~ [0,1), is the failure rate of some discrete random variable 
00 

T with support N+, if and only if, L: A(i) = +00. 
i=1 

Proof. 

Assume A is the failure rate of some discrete random variable T with support N+. 

Let Pen), n ? 0, denote the survival probabilities of T. Then, since 
n 

Pen) = II (1- A(i)), n? 0, 
i=1 

we have that 
n 

lim II(1 - A(i)) = lim Pen) = O. 
n-+oo n-+oo 

1=1 
00 

Hence, by Lemma 1.1, L: A(i) = +00. 
i=1 

00 n 
Conversely, assume A satisfies L: A(i) = +00. Define Pen) = IT (I-A(i)),n? 1; 

i=1 i=1 

with P(O) = 1. We shall show that Pen) defines the survival probabilities of some 

discrete random variable. Le.; 

(i) P(O) = 1 

(ii) Pen) ? 0, n? 1 

(iii) Pen) ? Pen + 1), n? 1 

(iv) lim Pen) = O. 
n_+oo 

Now, P(O) = 1 by definition. 
n 

Pen) = II (1 - A(i)) ? 0 is obvious. 
i=1 

n n+l 

Pen) = II (1 - A(i)) ? II (1- A(i)) = Pen + 1). 
i=1 i=1 
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and 

n 

lim P(n) = lim II(1 - A(i)) = ° by Lemma 1.1. 
n-+oo n-+oo 

;=1 

n 

Thus, P(n) = n (1 - A(i)), n ~ 0, defines the survival probabilities of some 
;=1 

discrete random variable, T say, with support N+. Since the failure rate uniquely 

determines P, A is the failure rate function of some discrete random variable. II 

The following elementary examples provide applications of Theorem 1.1. 

Example 1. 

00 00 

For i ~ 1, let A(i) = p,O < p < 1. Then, clearly, E A(i) = E p = +00 holds. By 
;=1 ;=1 

Theorem 1.1, A is the failure rate of some discrete random variable T with support 

N+. In particular, we have that 

n-l n-l 
p(n) = A(n)· IT (1- A(i)) = p' II (1- p) 

;=1 ;=1 

= p(l- p)n-l ,n ~ 1. 

T is called the geometric random variable with parameter p, and it denotes the 

number of independent Bernoulli trials required to obtain the first success. 

Example 2. 

The following parametric model is proposed in Padgett and Spurrier (1985). 

Let A (i) = 1 - e-a (i+l)P, i = 1,2, ... ,0: > 0, and -00 < (3 < 00. Observe that 
00 

0< A(i) < 1 for i ~ 1, and since ,lim A(i) = 1, E A(i) = +00. Thus, by Theorem 
'-+00 ;=1 

1.1, A is the failure rate of some discrete random variable, T say, with support N+. 
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In particular, we have 

n-l 

p(n) = .\(n) . II (1 - .\(i)) 
i=l 

i=l 

They call T the discrete Weibull random variable with parameters a and p. 

1.2 BIVARIATE CONDITIONAL FAILURE RATES. 

Throughout this section we assume that the discrete random vector (Tl, T2 ) takes 

values on N+ X N+. 

The joint probability function of (Tl' T2 ), ph .), is defined by 

p(j, k) = P(T1 = j, T2 = k) 

for j,k;::: 1. 

The joint survival probabilities of (TI, T2 ), Ph .), are defined by 

P(j,k) = P(TI > j,T2 > k) 
00 00 

= L L p(m,n). 
m=j+l n=k+l 

for j, k ;::: 1 and P(O,O) = 1. 
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With this definition Ph') satisfies 

(i) P{o,O) = 1 

(ii) Ph') is monotone nonincreasing in each argument. 

(iii) P(j + l,k + 1) - P(j + l,k) - P(j,k + 1) + P(j,k) ~ 0 for i, k ~ O. 

(iv) .lim P(j, k) = lim P(j, k) = 0 
' ..... +00 k ..... +oo 

(1.5) 

Definition 1.2 

The conditional failure rate functions of the discrete random vector (Tl, T2) 

are defined by 

(1) >'1(j) = P(T1 = j,T2 > jlTI > j -1,T2 > j -1) 

(2) >'2(3') = P{T1 > j,T2 = jlTI > j -1,T2 > j -1) 

(3) >'12(3') = P{T1 = i,T2 = ilTI > i -1,T2 > i-I) 

(4) >'1(3'lk) = P{TI = ilTI > i-I, T2 = k) if j > k 

(5) >'2{kli) = P{T2 = klTI = i, T2 > k - 1) if i < k. (1.6) 

for all j,k ~ 1. 

Notice that >'1(3'), (>'2(3')), denotes the conditional probability that unit 1 (unit 

2) fails at time i leaving unit 2 (unit 1) alive, given that both units have survived 

post-time i. >'12(3') denotes the conditional probability that both units fail at the 

time i. >'1(jlk), (>'2{klj)) denotes the conditional probability that unit 1 (unit 2) 

fails at time i > k (at time k > i), given that it has survived post-time i (post-time 

k) and that unit 2 (unit 1) has failed earlier at time k (at time i). 

We have shown that if T is a discrete random variable with support N+, its 
;-1 

probability density function can be written as p(j) = >.U) IT (1- >'(i)), where >'U) 
i=1 



is the conditional failure rate of T at time i. The following lemma shows that the 

joint probability function of the discrete random vector (Tb T2) can also be written 

explicitly in terms of the conditional failure rate functions given in (1.6). 

Lemma 1.2 -

Let (Tl' T2) be a discrete random vector. The joint probability function of (Tl' T2) 

is given \>y 

k-l i-I 
(1) p(i,k) = A2(k)Al(ilk) II (1- A*(i)) II (1- Al (ilk)) 

if i > k 
i-I k-l 

(2) p(j,k) = Al(i)A2(kli) II (1 - A*(i)) II (1- A2(ili)) 
i=1 i=i+l 

if j < k 
i-I 

(3) p(j,j) = AI2(i) II (1- A*(i)) 
i=1 

if i = k (1.7) 

where Al (.), A2(·), AI2(·), Al (·Ik), and A2(·li) are the conditional failure rate func

tions of (T!,T2) as defined in Definition 1.2, and A*(·) = Al(-) + A2(·) + AI2(·). 

Proof. 

Assume j > k. Then, 

p(j,k) = P(TI =j,T2 = k) 

= P(min«T!, T2) > k - 1)) . P(TI > k, T2 = kl min(T!, T2) > k - 1) 

. P(TI > j -llTl > k,T2 = k). P(T1 = ilTI > i -1,T2 = k). 

------- ------- ---------------------



Let T = min{T1 , T2). The failure rate of T is 

Therefore, 

Also, 

P{T = ilT > i-I) = P{TI = i, T2 >- ilTl > i-I, T2 > i-I) 

+ P{T1 > i, T2 = ilTl > i-I, T2 > i-I) 

+ P(T = i,T2 = ilTl > i -1,T2 > i-I) 

= A*{i), i ~ 1. 

k-l 

P(min(Tl,T2) > k -1) = P(T > k -1) = II (1- >'*(i)). 
i=l 

P(T1 > k,T2 = klmin(TbT2) > k -1) 

= P(TI > k,T2 = klTl > k -1,T2 > k -1) 

= A2(k). 

20 

Recall, from (1.6), that Al(ilk) = P(T1 = ilTl > i - 1,T2 = k) for i > k. Thus, 

1- Al(ilk) = P(T1 > ilTl > i -1,T2 = k) and 

. P(T1 >;"-1,T2 =k) J'>k 
P(TI > J -llTl > k,T2 = k) = P(TI > k,T2 = k) , 

= IT P(T1 ~ i,T2 = k) 
'k P(T1 >,-1,T2 =k) 
1= +1 
i-I 

= II P(TI > ilTl > i-I, T2 = k) 
i=k+l 
i-I 

= II (1 - Al(ilk)). 
i=k+l 



Finally 

Hence 
k-l ;-1 

p(j,k) = IT (1- '\*(i)) . .\2(k). II (1- Al(ilk)).\I(jlk), 
i=1 i=k+l 

which shows (1). 

The proof of part (2) is analogous to the proof of part (1). 

Assume j = k. Then, 

p(j,j) = P(T1 = j, T2 = j) 

= P(min(T1,T2) > j -1)· P(T1 = j,T2 = jl minTbT2 > j -1) 
;-1 

= II (1- '\*(i))· .\12(j) 
i=l 

which proves (3). 

21 

The following lemma is a technical result that we shall use on several occasions. 

Lemma 1.3 

IT 0 $ .\U) < 1,j ~ 1, then the following identity holds: 

00 m-l ; 

L .\(m)· IT (1 - '\(i)) = II (1 - '\(i)), 
m=;+l i=l 

o 
with the convention II (1 - '\(i)) = 1. 

i=1 

Proof. 

i=1 

00 m-l 00 m-l 

L .\(m)· II (1 - .\(i)) = L [1- (1 - .\(m»]. II (1 - .\(i)) 
m=;+1 i=1 m=;+1 i=1 

(1.8) 
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00 m-l 00 m 

= I: II (1 - >.(i)) - L: II (1 - >.(i)) 
m=j+l i=l m=j+l i=l 

j 00 m-l 00 m 

= II (1- >.(i)) + L: II (1 - >.(i)) - I: II (1 - >.(i)). 
i=l m=j+2 i=1 m=j+li=l 

The last two terms, in the last line, correspond to the same sum. Hence, (1.8) 

fe'lows. 

III. 

If we think of >'U),j ~ 1, as conditional probabilities, then the right-hand side of 

(1.8) denotes the survival probability, at time j, of some discrete random variable as 

given in (1.4). Similarly, the left-hand side of (1.8) denotes the survival probability, 

at time j, as defined in (1.1), with probability function, 

m-l 

p(m) = >.(m) II (1 - >.(i)) , m ~ 1. 
i=l 

Next, we show that the joint survival probabilities of (Tll T2) can be uniquely 

expressed in terms of the conditional failure rates given in Definition 1.2. 

Theorem 1.2 

Let (T1 ,T2) be a discrete random vector. The joint survival probabilities of 

(Tlt T2 ) are given by 

(1) P(j, k) = mt.+1 {-'2(m)' TI' (1 - -" (i)) . ,~:Q)l - -', (ilm)) } 

j 

+ II(l->.·(i)) 
i=l 

if j ~ k, 
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and 

k 

+ II(l- A*(i)) if j :5 k (1.9) 
i=l 

for all j,k ~ o. AI(·),A2(·),A12(·),Al(·lk), and A2(·li) are the conditional failure 
rates associated with (Tt,T2), and A*(·) = AI(·) + A2(-) + AI2(·). 

Proof. 

(1) Assume j ~ k. Then, 

00 00 

P(j,k) = L E p(m,n) 
m=;+ln=k+l 

00 m-l 00 00 00 

= E E p(m,n) + L p(m,m) + L E p(m,n). 
m=;+l n=k+l m=j+l m=j+l n=m+l 

By Expressions (1.7) in Lemma 1.2, 

pC;. k) = m~l n~l { A, (n)A1 (min) . 'IT (1 - A' (i)) . JI (1 - A (iln)) } 

00 m-l 

+ E AI2(m). II (1 - A*(i» 

Now, let 

A = m~l n~l {A,(n)A1 (min) ll. (1 - A' ('1) . ,l1y -Al (iln)) } 

= mt+1 n~l { A,(n)11 - (1 -Al (min))] ll. (1 -A' ('1) . .11/1 -Al (iln)) } 
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Next, we decompose the first double sum as follows: 

First, evaluate the outer sum at m = j + 1. Then, in the remaining double sum, 

evaluate the inner sum at n = m - 1. Thus, the expression for A becomes 

A ~ .J+t {A,(n) . »: (1- A'(i)) . ;~~+t (1 - At (iln)) } 

+ mE+2 {A2(m - 1) . :tr (1 - A*(i)) . ~~~ (1 - Al(ilm - 1)) } 

+ mE+2n:~~1 {A2(n}' )1:(1- A*(i)). i:g:l(l- Al (iln)) } 

- mE+l nE:l {A2(n) . )X(I- A*(i» . i=~+l (1- Al (iln)) }. 

Letting m' = m - 1 in the second and third terms and observing that 

m-l 
IT (1- Al(ilm -1» = 1, we obtain 

i=m 

A ~ .J+t { A,(n). »: (1- A'(i)). ;~~)1- At (iln)) } 

+ m'~+t {A,(m') . :ir.\I- A'(i))} 

+ m'~+t .:t {A,(n) ·l( (1 - A' ('1) . ;~~)1 - At (iln)) } 

- mE+l n:~:1 { A2(n) . :!J: (1- A *(i» . i=fi+l (1 - Al (iln» } 
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which reduces to 

00 m-l 

+ L "2(m). n (1 - "·(i)). 
m=j+l ;=1 

Similarly, it can be shown that 

00 00 m-l n-l r: L "1(m)·"2(n/m). n (1-"'"(i)). n (1-"2(i/m)) 
m=j+l n=m+l ;=1 i=m+l 

00 m-l 

= L "1(m)· n (1- "·(i)). 
m=.i+l ;=1 

Finally, changing n by m in the first sum of the last expression for A, we have 

00 m-l 

+ L "2(m). II (1 - "·(i)) 
m=j+l i=1 

00 m-l 00 m-l 

+ L "l~(m). II (1- "·(i)) + L "1(m). II (1- "·(i)) 
m=j+l i=1 m=j+l i=1 

~ mt,+1 {A2(m) -11\1- A'(i)) -J!.y -A.(i1m))} 

00 m-l 

+ L "·(m). II (1- "·(i)), since "'"(m) = "1(m) + "2(m) + "12(m). 
m=j+l i=1 

Hence, for j ~ k, 

P(j,k) ~ mt,+1 {A2(m) -11\1- A'(i)) -,-6+1 (1- A.(ilm)) } 

j 

+ II (1 - "·(i)) , by (1.8). 
i=1 
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The proof for i ~ k is similar. 

Let Ad')' A2(')' AI2('), Al(·lk), and A2(·li) be functions with domain N+ and range 

[0,1), such that Al (ilk) = A2(ili) = 0 for i ~ k and i ~ i, respectively. The 

theorem below provides necessary and sufficient conditions for these functions to be 

the failure rates, associated with some discrete random vector, as given in (1.6) of 

Definition 1.2. 

Theorem 1.3 

are the failure rates of some discrete random vector (Tl' T2 ), if and only if, they 

satisfy the conditions. 

;=1 
00 

(c) L Al(ilk) = +00 
;=1 
00 

(d) L A2(ili) = +00 (1.10) 
;=1 

- --- ----------- ------------------------------ ---



Proof. 

Then, for i ~ 1, 

Thus, (a) holds. 

= P(Tl = i,T2 > ilTl > i - I,T2 > i-I) 

+ P(Tl > i, T2 = ilTl > i-I, T2 > i-I) 

+ P(Tl = i, T2 = ilTl > i-I, T2 > i-I) 

Let P(j,k),i,k ~ 1; be the joint survival probabilities of (TbT2)' Then, 

j 

P(j,i) = IT (1 - A ·(i)). 
i=l 
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_ j 00 
Since ,lim P(j,i) = 0, ,lim IT (I-A·(i)) = O. Hence, by Lemma 1.1, E A·(i) = 

,-+00 ,-+00 i=l i=l 

+00. Thus, (b) is satisfied. 

Now, assume i > k, k ~ 1. The conditional marginal survival probability of Tl 

at time i, given that Tl > k and T2 = k, is given by 

Pl(jlk) = P(Tl > ilTl > k,T2 = k) 
j 

= IT (1- Al{ilk)). 
i=k+l 

j -
Therefore, . lim IT (I - Al{ilk)) = . lim Pl(jlk) = O. Thus, by Lemma 1.1, 

,-+00 i=k+l J-+OO 
00 
E Al{ilk) = +00 and Condition (e) holds. 

i=k+l 
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Condition (d) can be proved in a similar fashion as Condition (c). 

Conversely, assume the functions Al(·),A2(·),A12(·),Al(·lk), and A2(·li) satisfy 

(1.10). Define the function P : N+ X N+ -lo [O,IJ by 

; {m-l ; } 
mE+l A2(m)· III (1- A"'(i))· i=!J+1 (1- At (ilm)) 

PU,k) = 

mE+l {Al(m) . ~gll (1- A·(i))· i=fll (1 - A2(i1m»} 

k 
+ II (1 - A· (i)), if i 5: k. 

i=l 

We need to show that P(i,k) defines the survival probabilities of some discrete 

random vector (Tb T2). i.e. PU, k) satisfies Conditions (i) - (iv) of (1.5). 

Condition (i). 

P(O,O) = t, {A,(m)' 'D:> -A'(i)) . ,iIY -A,(ilm)) } + 1l.(1- A'(i)) 

= 0 + 1 ,by convention. 

=1. 

Condition (ii). 

Fix k, k ~ 1; and let i ~ k. Then 

P(j, k) = m'f., { A,(m) . TI' (1 - A '( .)) • ,i~:+Y -A, (ilm)) } + II (1 - A' (i)) 

= mt.+, { A,(m) . g'c1 - A '(.)) • ,~:{r+1 (1 - A, (ilm)) } 

00 m-l 
+ E A·(m). II (1 - A·(i», by (1.8). 

m=;+l i=l 

-- ---.-----~ 



Next, we take the first term in the second sum. 

; 00 m-1 
+ A·U + 1) 11(1- A·(i)) + E A·(m)· II (1- A·(i)). 

i=l m=;+2 i=l 

By (1.8) and since A2(j + 1) ~ A·(j + 1), we have that 

; {m-1 ; } 
P(j,k) ~ m~+1 A2(m) Ell (1- A·(i» i=!J+1(1- A1(ilm» 

; ';+1 
+A2(j + 1) n (1- A·(i» + n (1- A·(i». 

i=l i=l 

;+1 
By convention, n (1 - A1(ilm» = 1, for j ~ k. Thus, 

i=;+2 

; ;+1 i+1 
+A2(j + 1) n (1- A·(i»· n (1- A1(ilm» + n (1- A·(i», 

i=l i=;+2 i=l 

Collecting the first two terms, we obtain 

= P(j + l,k). 
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Thus, we have proved that P(j,k) ;::: P(j + l,k). For j < k, the monotonicity 

follows trivially. 

The monotonicity on k can be shown in a similar way. 
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Condition (iii). 

Suppose i = k and consider the following values of Ph .), 

P(i + l,k + 1) - P(i + l,k) - P(i,k + 1) + P(i,k) 

i i+l 
= (1 - '\1(i + 1) - '\2(i + 1)) IT (1- '\·(i)) - IT (1- '\·(i)) 

i=1 i=1 

Hence P(i + l,k + 1) - P(i + l,k) - P(i,k + 1) + P(i,k) ~ O. 

Now, assume i < k. Then i < i + 1 :5 k < k + 1 and 

P(i + l,k + 1) - P(i + l,k) - P(i,k + 1) + P(i,k) 

Simplifying and collecting terms, we obtain 
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P(j + I,k + 1) - P(j + I,k) - P(j,k + 1) + P(j,k) 

k+l 
. IT (I-"2(ili+I)) 
i=i+2 

i k 

= "l(j + 1)· "2(k + Iii + 1). IT (1- "*(i))· IT (1 - "(iii + 1)) 
i=l i=i+2 

~o. 

Thus, for i ::; k 

P(j + I,k + 1) - P(j + I,k) - P(j,k + 1) + P(j,k) ~ o. 

The case i > k can be shown by a similar argument. 

Condition (iv). 

For i ~ k, consider the limit 

00 m-l 00 00 

= L "2(m) II (1- "*(i)) II (1- "l(ilm)) + 11(1- "*(i)). 
m=k+l i=l i=m+l i=l 

00 00 

By Lemma 1.1, IT (1- "*(i)) = 0 and IT (1- "1 (ilm)) = 0 for each m ~ k + 1. 
i=l i=m+l 

Hence, we conclude that. lim P(j,k) = O. 
J-++OO 
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The case i s k can be obtained in a similar way. 

Hence, we have shown that (1.11) defines the survival probabilities of some dis

crete random vector (Tt,T2), say. By Theorem 1.2, Al(·),A2(·),A12(·),Al(·lk), and 

A2 (·Ii) are the failure rates of (Tt, T2). II 

Example 3. 

Let T1 , T2, and T3 be independent geometric random variables with parameters 

Pl,P2, and P3, respectively, with 0 < Pi < l,i = 1,2,3. Let X = min(TbT3) and 

Y = min(T2, T3)' We shall find the joint survival probabilities of (X, Y). 

Let Ad')' A2(')' A12( .), Al ('Ii), and A2(·lk) denote the failure rates associated with 

(X, Y). For i ~ 1, we have 

Al(i) = P(X = i, Y > ilX > i-I, Y > i-I) 

= P(T1 = i,T2 > i,T3 > ilTl > i -1,T2 > i -1,T3 > j - 1). 

By the independence of Tt, T2 , and T3 , it follows that 

Al(i) = P(T1 = ilTl > i-I)· P(T2 > ilT2 > i-I) . P(T3 > ilT3 > i-I) 

= PI (1 - P2)(1 - P3) 

independently of i. 

Similarly, we can obtain 

A2(i) = P(X > i,Y = ilX > i -1,Y > i-I) 

= (I - Pl)P2{1 - P3)' 



Also 

AI2(i) = P(X = i, Y = ilx > i-I, Y > i-I) 

= P(T1 = i, T2 = i, Ta = il7'1 > i-I, T2 > i-I, Ta > j - 1) 

+P(T1 = i,T2 = i,Ta > ilTI > i -1,T2 > i -l,Ta > i-I) 

+P(T1 = i,T2 > j,Ta =jlTI > j -1,T2 > j -l,Ta > j -1) 

+P(T1 > i,T2 = i,Ta =ilTI > i -1,T2 > i -l,Ta > j -1) 

+ P(T1 > i,T2 > j,Ta = jlTI > i -1,T2 > j -l,Ta > j -1) 

By the independence of T1,T2, and Ta, we have 

which reduces to 

AI2(i) = Pa + PIP2 - PIP2Pa = Pa + PIP2(1 - Pa) 

Now, for j > k ~ 1, 

Al(ilk) = P(X = jlX > j -l,Y = k) 

= P(T1 = j,Ta = jlTI > j -1,T2 = k,Ta > j -1) 

+ P(T1 = j, Ta > jlTI > j - 1, T2 = k, Ta > j - 1) 

+ P(T1 > j,Ta =jlTI > j -1,T2 = k,Ta > j -1) 

Again, by the independence of Th T2, and Ta we have 

AI(ilk) = PIPa + PI(l- Pa) + (1- PdPa 

= PI + Pa - PIPa = 1 - (1 - pd (1 - Pa) 
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Similarly, for 1 5 j < k, we obtain 

A2(klj) = P(Y = klX = j, Y > k - 1) 

= P2 + Pa - P2Pa = 1 - (1 - P2)(1 - Pa) 

Observe that 0 < AI(j) < 1,0 < A2(j) < 1,0 < AI2(j) < 1,0 < Al(jlk) < 1, and 

0< A2(klj) < 1. 

Also, 

Thus, 

A· (j) = Al (j) + A2 (j) + AI2 (j) 

= PI(1 - P2)(1 - Pa) + (1 - pdp2(1 - pa) + Pa + PIP2(1- P3) 

= PI + P2 + P3 - PIP2 - PIPa - P2Pa + PIP2Pa· 

1- A·(j) = 1- PI - P2 - Pa + PIP2 + PIPa + P2P3 - PIP2Pa 

= (1 - Pl)(1 - P2)(1 - Pal. 

Hence, 0 < 1 - A·(j) < 1, and 0 < A·(j) < 1. 

~~ -- -~ ----- - --- ---~---- ----------
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Now for i :::; k, (1.9) becomes 

k m-l 

P(j,k) = L Pl(l- P2)(1 - P3)· II (1- pd(l - P2)(1 - P3) 
m=j+l i=l 

k k 

. IT (1 - P2)(1 - P3) + II (1 - pd (1 - P2)(I - P3) 
i=m+l i=l 

k 

= L Pl(l- pdm - 1(1- p2)k(1- P3)k + [(1 - PI)(l - P2)(1- P3)]k 
m=j+l 

= (1 - p2)k(1- pa)k [(1 - pd k + t Pl(l- PI)m-l] 

m=j+l 

= (1- v,)'(I- va)' [(1- Vl)' + mtp - (1- Vl)!(I- Vl)m_l] 

~ (1- v,)'(I- Ps)' [(1- Vl)' + mtl (1- v.)m-l - mt+1 (1- v.)m] 

= (1 - p2)k(1 - P3)k [(1 - pt)k + (1 - pdj 
- (1 - pd k] 

Therefore 

- . k k PU, k) = (1 - PI)' (1 - P2) (1 - P3) . 

Similarly, for i ~ k, we can obtain from (1.9) that 

Hence, the survival probabilities of (X, Y) can be written as 

Equation (1.12) is equivalent to Equation (2.1), in page 3, of Esary and Marshall 

(1973). In particular, they called (1.12) the bivariate geometric survival distribution 

in the narrow sense. 
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1.3 MULTIVARIATE FAILURE RATES 

We present here the conditional failure rate functions for multidimensional dis

crete random vectors. Let T = (Tit T2, ... , Tn) be a positive integer valued discrete 

random vector to be thought of as a vector of lifetimes of n units subjected to 

possible failure at discrete cycles. We define the joint probability function of T by 

and the joint survival probabilities of T by 

00 00 00 

= L E E p(k1 ,k2 , ••• ,kn ) 

Before failure rate functions associated with T are given, some new notation is 

needed. For J = {illi2, ... ,ik} C {1,2, ... ,n}, let TJ denote (Tj"Tj:p ... ,Tj,.,). 

The complement of J will be denoted by J = {1,2, ... ,n} - J, and if J = 

{i1, ... ,in-k} then TJ == (Ti"Ti:n ... ,Tin _.'). Also we let LJ == (li1,lh, ... ,ljJ, 

where lit, lh' ... , ljle ~ 1. Finally, we let e == (1,1, ... , 1). The length of' the vector 

e will vary from one formula to another, but it will be always possible to determine 

it from the expression in which e appears. 

Definition 1.3 

For any nonempty subset I C J we define 

.\r(lITJ = LJ, TJ > (l - l)e) 

= P(Tr = le, TJ-r > lelTJ = LJ , T J > (l - l)e) (1.13) 
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to be the conditional failure rate function of the discrete random vector T I at time 

Extensions analogous to Lemma 1.2, Theorem 1.2, and Theorem 1.3 can be ob

tained for the multivariate case. However, the proofs aTe computationally involved 

and only a particular extension of Lemma 1.2 is shown. 

Theorem 1.4 

Let T = (Til T2 , • •• ,Tn) be a discrete random vector taking values on Nt. As

sume there are no simultaneous occurrences of the T/s. Then, the joint probability 

function of T is given by 

(1.14) 

where 1 ~ il < i 2, < ... < in, Jk = {I, ... ,kh Jo = ifJ, and io = o. A similar 

expression holds for any permutation (11"(1),11"(2), ••• , 1I"(n)) of {I, 2, ... , n}. 

Proof. 

We use induction on n. 



(1) For n = 1 we have 
ll-1 

p(l!) = II [1- A{I} (mlTJo = LJo' Tj"o > (m -l)e)] . 
m=lo+1 

ll-1 

= II [1- A{I}(mITl > (m -l)e)] A{I}(lIITl > (ll - l)e) 
m=1 

ll-1 

= A{I}(lIITl > 11 -1)· II (1- A{I} (mlTI > m - 1)). 
m=1 

which is the expression obtained for the univariate case with Ad·) = A{I}(·). 
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(2) Next, we assume that (1.14) holds for every n-1-dimensional discrete random 

vector S = (SbS2, •.. , 5'n-d. i.e. for n > 2 the expression p(lbl2' ••• ,in-I) 

n-l lk-l [ n-l ] 
= IT II 1 - ?= A{j} (mISJk_l = L Jk _ll Sj"k_l > (m - l)e) 

k=1 m=lk-l +1 J=k 

. A{k}(lkISJk _ 1 = LJ"_l' Sj"k_l > (lk - l)e) 

is the probability function of Sat (It,h, ... ,In-d. 

(3) We waI show that the expression (1.14) holds for n. Let 

A = Ii 1f [1-t A{j}(mITJk_l = L Jk_1 , TJk_1 > (m - l)e)] 
k=1 m=lk_l +1 J=k 

A{k}(lkITJk_l = LJk_ll TJ"_l > (lk -l)e) 

= 1f [1-t A{i}(mITJo = LJo' Tj"o > (m - l)e)] 
m=lo+1 ;=1 

A{I}(lIITJo = LJo' Tj"o > (ll -l)e) 

. IT 1f [1-t A{j}(mITJk_l = LJk_ll Tj"k_l > (m - l)e)] 
k=2 m=lk-l +1 J=k 

. A{k} (lkITJk_l = LJk_ll Tj"k_l > (lk -l)e) 
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or, 

Now, let r = k - 1 in B to obtain 

B = IT l'iyl [1- .t A{j}(mITJr = LJr, T.rr > (m -1)e)] 
r=l m=lr+l J=r+l 

• A{r+1} (l,.+l ITJr = L Jr , T.rr > (lr+l - l)e). 

By the induction hypothesis, B can be written as 

Also, 

A{l)(llJT> (ll -1)0). n: [1- t,A{;)(mJT > (m -1)0)] 

= P(T1 = lb T2 > lb.·.,Tn > lllTl > ll-I,T2 > ll-I, ... ,Tn > £1 -1) 

Hence 



CHAPTER 2 

AGEING 
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We now discuss one of the most fundamental notions in reliability theory, age

ing. This concept is basic in the characterization of random variables (and their 

distributions), representing the lifetime of devices, according to the effect of age on 

the lifetime of these devices. An adverse effect of age has been regarded as positive 

ageing and a beneficial effect of age as negative ageing. 

Several classes of discrete lifetime random variables are reviewed in Section 2.1. 

Their intuitive meaning and origin is briefly described. Some important departures 

from the continuous case are shown for some of the classes. An account of the 

interrelations among the classes completes the section. 

2.1 NOTIONS OF AGEING 

In this section we review several notions of ageing that are current in reliability 

theory. By ageing we mean the effects of age on the random residual lifetime of a 

unit. Various aspects of this concept are described in terms of survival probabilities, 

conditional failure rates, equilibrium distributions, etc. For an account of these 

definitions, in the discrete case, see, e.g., Klefsjo (1983). 

We discuss ageing here in terms of survival probabilities and conditional failure 

rates. The equivalence of some definitions is shown and, in some cases, the dif

ferences are illustrated by counterexamples. We assume that the positive integer

valued discrete random variable T denotes the lifetime of a unit exposed to possible 

failures at discrete cycles. P and .\ represent the survival probabilities and the 

conditional failure rate of T, respectively. In all that follows, increasing means 
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nondecreasing and decreasing means nonincreasing. 

One of the first, and more important, notions of aging found in the literature is 

presented below. 

Definition 2.1. 

T is an increasing failure rate (IFR) random variable if 

P U) > _P (:::-j ,.....,..+ ....:.,.1) -----; ,J._>1. 
PU -1) - P(j) 

or, equivalently (see Lemma 2.1 below), 

A(j) ~ AU + 1), j ~ 1. 

(2.1) 

(2.2) 

Inequality (2.1) states that the unit ages in the sense that the conditional sur

vival probability is a decreasing function of age. Inequality (2.2) means that the 

conditional probability of failure of the unit increases with age. In each case, ageing 

has an adverse effect on the lifetime of the unit. The older the unit the greater its 

chance of failure. 

Lemma 2.1 

(2.1) {:} (2.2) 

Proof. 

Assume (2.1) holds. Then, for i ~ 1, 

=> I-AU) ~ 1-A(i+1). 

=> AU) ~ AU + 1). 



Thus, A is increasing in i. Hence (2.2) holds. 

Conversely, assume (2.2) holds. Then, for i ~ 1, 

A(j) :$ AU + 1) => 1 - A(j) ~ 1 - A(j + 1) 

Hence, (2.1) holds 

; ;+1 
II (1 - A(i)) II (1 - A(i)) 

=> i=l > i=l 
;-1 - j 

II (1 - A(i)) II (1 - A(i)) 
i=l i=l 

P(j) > P(j + 1) 
=> P(j - 1) - P(j) . 
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The dual class of the IFR random variables is the class of decreasing failure rate 

(DFR) random variables. 

Definition 2.2. 

T is a decreasing failure rate (DFR) random variable if 

P(j) < P(j + 1) 
P(j - 1) - P(j) , 

or, equivalently (see Lemma 2.2 below), 

A(j) ~ A(j + 1), i ~ 1 

(2.3) 

(2.4) 

The class of DFR random varia.bles may arise in a variety of ways. Devices 

displaying "infant mortality" have a decreasing failure rate over the early part of 

their lifetimes. For example, certain metals increase in strength as they are work

hardened. Thus, the older the unit, the smaller its chance of failure. i.e. ageing has 

a beneficial effect on the lifetime of the unit. DFR discrete random variables and 

----------- --" ----------
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some of their properties are discussed in Langberg et al., (1980). In particular, they 

showed that the class of distributions of DFR discrete random variabl-es is a convex 

set. They also obtained the discrete extreme points of this class, and showed how 

to represent any DFR life distribution as a mixture of these extreme points. 

Lemma 2.2 

(2.3) {:> (2.4). 

Proof. 

We only need to reverse the order of the inequalities in the proof of Lemma 2.1. 

The following two classes playa distinguished role in !"c!iabiHty theory. In partic-

ular, the IFRA random variables form the smallest class of lifetime discrete random 

variables, containing the geometric random variables, which is closed under the 

formation of coherent systems and limits in distribution. 

Definition 2.3 

(a) T is a star-shaped log survival function (SSLSF) random variable if 

[PUll} ~ [P(j + l)]m, j ~ 1. (2.5) 

(b) T is an increasing failure rate in the average (IFRA) random variable if 

j HI 
~ L .\(i) ::; -. 1_ L .\(i) , j ~ 1. 
J i=l J + 1 i=l 

(2.6) 

--------_ .. _--------
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The following lemma is given in Ross et al., (1980). 

Lemma 2.3 

(2.5) => (2.6). 

Proof. 

First, 

Now, by the geometric - arithmetic mean inequality 

1 i [i ]1 J t;(1 - '\(i)) ~ g (1 - .\(i)) ~ 1 -.\U + 1), 

or, 
i 

~ L '\(i) ~ AU + 1). 
J i=l 



i 
[PU)]i ;::: [PU + 1)]A1 => ~ L '\(i) ~ .\U + 1). 

J i=1 

Second, 

1 i 1 i+l [1 1] i 1 -; L '\(i) ~ -. -1 L '\(i) <=} -; - -. -1 L '\(i) ~ -. -l.\U + 1) 
J i=1 J + i=1 J J + i=1 J + 

i 

<=} .(. ~ 1) L'\(i) ~ . +1 1.\U + 1) 
J J i=1 J 

i 
¢:=> ~ L '\(i) ~ .\U + 1). 

J i=1 

Hence 
i i+l 

[PU)]t ;::: [PU + l)]m => ~ L .\(i) ~ -. 1_ L .\(i) 
J i=1 J + 1 i=1 

Lemma 2.4 

(2.6) :;t} (2.5). 

Proof. 

Let T be a discrete random variable with failure rate given by 

Then, 

.\(1) = .1 .\(i) = .6, i;::: 3 . 

.\(2) = .9 

.\(1) ~ .\(2) 

.\(1) + .\(2) ~ 2.\(3) 

.\(1) + .\(2) + .\(3) ~ 3.\(4) = 3.\(3), etc. 

45 



46 

Thus, (2.6) holds. However, 

(1 - '\(1))(1- '\(2)) = (.9)(.1) 

= .09 

< .16 

Thus, 

[(1 - '\(1))(1 - '\(2))]t < 1 - '\(3) 

Hence, (2.5) does not hold. 

The dual classes of SSLSF and IFRA random variables arise in some models and 

real-life examples. Langberg et aI., (1982) provide a couple of real-life examples 

of DFRA discrete distributions. They also discuss some of their properties. In 

particular, they show that the class of DFRA distributions is a convex set, obtain 

the discrete extreme points of this class, and show how to represent any DFRA life 

distribution as a mixture of these extreme points. 

Definition 2.4 

(a) T is an anti-star-shaped log survival function (ASSLSF) random variable if 

[P(J')]t :5 [PU + 1)]J~I, j ~ 1 (2.7) 

(b) T is a decreasing failure rate in the average (DFRA) random variable if 

; ;+1 
! ~ '\(i) > _1_~ '\(i) . > 1 .L.J - ·+1L.J ,J_ 
J i=l J i=l 

(2.8) 

The following lemma show that (2.7) and (2.8) are not equivalent. 



Lemma 2.5 

(2.7) :;t} (2.8). 

Proof. 

Let T be a discrete random variable with failure rate 

A(I) = .9 

A(2) =.6 

A(3) =.5 

A(4) = .5 

A(i) = .63, i ~ 5. 
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; 
Inequality (2.7) is equivalent to (1 - AU + 1)); ~ IT (1 - A(i)) for j ~ 1. Simple 

i=l 

computations show that this inequality holds. However, for j = 4 we have 

>.u + 1) = >'(5) = .63 

and 
1 ; 1 4 -; L >'(i) = - L >.(i) = .625 
J i=l 4 i=l 

; 
i.e. >.U + 1) > t E >.(i). 

i=l 

; 
From the proof of Lemma 2.3, we have that (2.8) {:> >.u + 1) ::; ! E >.(i). Hence 

J i=l 

Inequality (2.8) does not hold. II 

Lemma 2.6 

(2.8) => (2.7) 
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Proof. 

Assume (2.8) holds. Then, for i ~ 1 

j 

A(i + 1) $ ~ LA(i). 
J i=l 

Thus, 

1 j [j ]t 
1- A(i + 1) ~ J tr(l- A(i)) ~ g(l- A(i)) 

by the geometric-arithmetic mean inequality. 

The following classes of discrete random variables are important in the study of 

replacement policies and shock models. 

Definition 2.5 

(a) T is a new better than used (NBU) random variable if 

P(i)· P(k) ~ P(i + k), i,k ~ o. (2.9) 

(b) T is a new better than used in the cumulative failure rate (NBUCFR) random 

variable if 
k j+k 

LA(i) $ L A(i), i, k ~ o. (2.10) 
i=l i=j+l 

Definition 2.6 

(a) T is a new worse than used (NWU) random variable if 

P(i)· P(k) $ P(i + k), i,k ~ OJ (2.11) 

---------- --- ------------ ----
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(b) T is a new worse than used in the cumulative failure rate (NWUCFR) random 

variable if 
k i+k 

LA(i) ~ L A(i), j,k ~ O. (2.12) 
i=l i=j+l 

Inequality (2.9), ((2.11)), is equivalent to stating that the conditional survival 

probability P(j + k)/ P(j) of a unit of age j is less (greater) than the corresponding 

survival probability P(k) of a new unit. 

Inequality (2.10), ((2.12)), states that the cumulative failure rate of a new unit 

up to time k is less (greater) than the cumulative failure rate, of a unit of age j, 

from time j up to time j + k. In each case, the unit deteriorates (improves) with 

age. Inequality (2.10) can be motivated as follows: 

Let T be a nonnegative continuous random variable with density f, survival 

function F(t) = P(T > t), and failure rate A(t) = ~~~~. It is well-known that 

F(x) = exp[- f; A(t)dt]. Now, assume that T is a NBU random variable. Then 

F(x) . F(y) ~ F(x + y) for x ~ 0 and y ~ o. 

Thus, 

F(y) > F(x + y) {:} exp[- f" A(t)dt] > exp[- f;+" A(t)dt] 
- F(x) Jo - exp[- foX A(t)dt] 

f" fX+" {:} exp[- Jo A(t)dt] ~ exp[- Jx A(t)dt] 

f" f X+" {:} Jo '\(t)dt ~ Jx A(t)dt. 

Hence, T is a NBU random variable if and only if 

f" f X+" Jo A(t)dt ~ Jx A(t)dt. 
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Similarly, if T is a NWU random variable, 

This motivates Inequality (2.12). 

Lemma 2.7 

(2.9) <;t> (2.10) 

Proof. 

Let T be a discrete random variable with failure rate 

),(1) =.5 ),(5) = .9 

>.(2) = .8 ),(6) = .6 

),(3) =.8 ),(i) = .99, i? 7. 

),(4) = .5 

k Hk 
Inequality (2.9) is equivalent to IT (1 - )'(i))? IT (1 - ),(i)) for all j,k ? O. 

i=l i=;+l 
Straightforward computations show that the inequality holds. However, for j = 3 

and k = 3 
k 3 

L)'(i) = L)'(i) = 2.1 
i=l i=l 

and 
Hk 6 

L )'(i) = E )'(i) = 2.0 
i=;+l i=4 

k ;+k 
i.e. E > E . Therefore Inequality (2.10) does not hold. 

i=l i=j+l 



Now, consider a discrete random variable T with failure rate 

"\(1) = .4 

>'(2) = .6 

"\(3) =.5 

"\(4) = .5 

"\(i) = .99, i;::: 5. 
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Again, straightforward computations show that Inequality (2.10) holds. However, 

for i = 2 and k = 2, we have 
k 2 

II (1 - "\(i)) = II (1 - "\(i)) = .24 
;=1 i=1 

and 
;+k 4 
II (1 - "\(i)) = II (1 - "\(i)) = .25 

i=;+1 i=3 

k ;+k 
i.e. IT (1 - "\(i)) < IT (1 - "\(i)). Therefore, Inequality (2.9) does not hold. 

i=1 i=;+1 

Lemma 2.8 

(2.11) ~ (2.12) 

Proof, 

Let T be a discrete random variable with failure rate 

"\(1) = .9 "\(5) = .8 

"\(2) = .6 "\(6) =.8 

"\(3) = .5 "\(i) = .4, i;::: 7. 

"\(4) = .5 
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Inequality (2.11) is equivalent to 11 (1 - ~(i)) ~ I1 (1 - ~(i)) for all i, k ~ O. 

;=1 ;=;+1 
Straightforward computations show that this inequality holds. However, for i = 4 

and k = 2, 
k 2 

L ~(i) = L ~(i) = 1.5 
;=1 ;=1 

and 
Hk 6 

L ~(i) = L ~(i) = 1.6 
;=;+1 ;=5 

k ;+k 
i.e. E ~(i) < E ~(i). Therefore, Inequality (2.12) does not hold. 

;=1 ;=;+1 

Now consider the discrete random variable T with failure rate 

~(1) =.6 ~(4) = .6 

~(2) =.3 ~(5) = .2 

~(3) = .3 ~(i) = .4, i ~ 6. 

Simple computations show that Inequality (2.12) holds. However, for j = 3 and 

k = 3, we have 
k 3 

II (1- ~(i)) = IT (1- ~(i)) = .196, 
;=1 ;=1 

and 
Hk 6 

II (1 - ~(i)) = IT (1 - ~(i)) = .192, 
;=;+1 ;=4 

i.e. 
k Hk 
II (1 - ~(i)) > II (1 - ~(i)). 
i=1 ;=j+l 

Therefore, Inequality (2.11) does not hold. 
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For the sake of completeness, some other important notions of ageing are given 
00 

below. It is assumed that the expected value of T, J.L = L P(i), is finite. 
i=O 

Definition 2. 'T 

(a) T is a decreasing (increasing) mean remaining life, DMRL (IMRL), random 

variable if 
00 > 00 

_1_" P( .)(<:) 1 "P(·) 
P(k) ~ J - P(k + 1) ;~1 J. 

(2.13) 

for all k ~ o. 

(b) T is a new better (worse) than used in expectation, NBUE (NWUE), random 

variable if 

(2.14) 

for all k ~ o. 

(c) T is a harmonic new better (worse) than used in expectation, HNBUE (HN

BUE), random variable if 

00 _ ~ ( l)k L P(j) (~)J.L 1 - -
;=k J.L 

(2.15) 

for all k ~ o. 

00 - • 

Note that ~ ;«i» represents the conditional mean remaining life of a unit of 
J=k 

age k. Thus, the meaning of (2.13) is clear. Inequality (2.14) implies that a used 

unit of age k has smaller (greater) mean remaining life than a new unit when 

T is a NBUE (NWUE) random variable. (2.15) is equivalent to the inequality 
00 < 00 

L P(j)(~) L Q(j), where Q(j) are the survival probabilities of a geometric ran-
;=k ;=k 

00 00 

dom variable with mean J.L = L P(j) = L Q(j). 
;=0 ;=0 
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It is well known that among all the positive ageing classes given above the fol

lowing, and only the following, implications hold. 

IFR ==> SSLSF ==> IFRA ==> NBU 

DM RL ===================> N BU E ===> H N BU E 

Similarly, for negative ageing the following implications hold. 

DFR => ASSLSF => DFRA => NWU 

IMRL ===================> NWUE ===> HNWUE 

Further notions of ageing, in the continuous case, based on stochastic dominance 

of first and higher orders are given by Deshpande, Kochar, and Singh (1986). We 

shall not pursue those notions here. 



CHAPTER 3 

STOCHASTIC ORDER RELATIONS 
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Stochastic ordering relations have many applications in applied probability, stochas

tic processes, and reliability theory. See, for example, Ross (1983) Chapter 6, and 

Shaked and Shanthikumar (1987). In this chapter we consider three orderings for 

discrete random variables that play an important role in reliability theory. These are 

the likelihood ratio ordering, the failure rate ordering, and the stochastic ordering. 

In Section 3.1 we review the univariate orderings and show a chain of implications 

among them. Section 3.2 contains the multivariate analogs of the orderings defined 

in Section 3.1. Some notation is also introduced here. Section 3.3 is devoted to a 

multivariate analog of Lemma 3.1. The main result of this section is established 

by a sequence of simple lemmas. An important algorithm is described in Section 

3.4. Such an algorithm is a basic tool in the proof of the second main result of thi.!: 

chapter. Finally, in Section 3.5, we present the multivariate analog of Lemma 3.2. 

3.1 UNIVARIATE STOCHASTIC ORDER RELATIONS. 

Assume that X and Yare discrete random variables with support N+ and prob-

ability functions given by px(i) = P(X = i) and py(i) = P(Y = i), respectively. 

Furthermore, let -'x (i) and -' y (i), i ~ 1, denote the conditional failure rates of X 

nad Y respectively. The following stochastic orderings are discussed. 

Definition 3.1 

X is less than Y in the likelihood ratio ordering sense, denoted by X ~ Y, if for 
t.r 



i;::: 1, 

Definition 3.2 

px(i) 
-- is decreasing in i. 
py(i) 
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(3.1) 

X is less than Y in the failure rate ordering sense, denoted by X :s Y, if for i ;::: 1, 
h 

AX( i) ;::: Ay (i) (3.2) 

Definition 3.3 

X is less than Y in the stochastic ordering sense, denoted by X :s Y, if for i ;::: 1, 
at 

P(X> i) :s P(Y > i), (3.3) 

or, equivalently, if 

(3.4) 

where Px and Py denote the survival probabilities of X and Y respectively. 

The following lemmas are shown in Ross (1983) for continuous random variables. 

Lemma 3.1 

X<Y=>X<Y. 
lr Ii: 

Proof. 

Assume X:S Y. Then for i;::: j;::: 1, 
lr 

px(i) < px(j) 
py(i) - py(j) 
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Thus, 

..\ (') = px(j) 
x J Px(j -1) 

= 
px(j) 

00 

E px(i) 
i=i 

= py(j) = py(j) =..\ (') 
00 Py(j-1) yJ E py(i) 
i=i 

Hence, 

Lemma 3.2 

x<y=>x<y, 
h at 

Proof. 

Assume X :5 Y. Then "\x(i) ;::: ..\y(i),i ;::: 1. Thus, 1 - ..\x(i) :5 1 - ..\y(i), and 
h 

for j ;::: 1, 
; ; 

Px(j) = II (1 - ..\x(i)) :5 II (1 - ..\y(i)) = Py(j) 
i=l i=l 
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The following chain of implications has been established. 

X<Y=>X<Y=>X<Y. 
t; h at 

(3.5) 

3.2 MULTIVARIATE STOCHASTIC ORDER RELATIONS 

The aim of this section is to establish the discrete multivariate analogs of the 

univariate orderings defined in Section 3.1. A multivariate analog of '~' has been 
ir 

introduced and studied in Karlin and Rinott (1980) and Whitt (1982). A multi-

variate analog of '~' has been introduced and widely studied and analyzed in the 
at 

literature; Kamae, Krengel, and O'Brien (1977), and Shaked and Shanthikumar 

(1987). A multivariate analog of '~' will be introduced in Definition 3.5 below. 
h 

Before we define the multivariate ordering notions mentioned above, some nota

tion will be introduced: 

(1) X = (Xl. X 2 , ... , Xn) and Y = (Yl. Y2 , ... , Yn) are positive-integer-valued 

discrete random vectors with common support Nt and joint probability functions 

Px and py, respectively. 

x ~ y to mean Xi ~ Yi,i = 1,2, ... ,n. 

(3) The following lattice operations in Nt will be considered 

and 
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(4) The expression X = Y means that X and Y are identically distributed 
at 

(stochastically equal). 

(5) For any subset A c N;t, IAI will denote the cardinality of A. 

Definition 3.4 

X is less than Y in the likelihood ratio ordering sense, denoted by X ::; Y, if 
lr 

Px(X) . py(y) ::; Px(x 1\ y) . py(x V y) (3.6) 

for all x ~ e, and y ~ e. 

Definition 3.5 

X is less than Y in the failure rate ordering sense, denoted by X ::; Y, if for all 
h 

disjoint sets I, J c {1,2, ... ,n} such that 1 U J f. <p, and for all fixed XJ ~ e, the 

following holds: 

ILA(iIXI = XI,XJ = XJ,XIUJ > (i - l)e) 

~ L '1AUB(iIY 1= YI, Y7 > (i - l)e) (3.7) 
VBCJ 

whenever YI ~ xI,i ~ 1, and A C 1 U J (lor J may be empty). ILA(iIX1 = 
XI,XJ = XJ, X IUJ > (i - l}e) denotes the conditional failure rate of XA at time 

i, given that XI = XI, XJ = XJ, and XlUJ > (i - l)e. '7AUB(iIY I = YI, Y7 > 

(i -l)e) denotes the conditional failure rate of Y AuB at time i given that Y I = Y I, 

and Y7 > (i - l)e. In the case of no simultaneous occurrences in X and Y, (3.7) 

reduces to 
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for all {k} C I u J. 

The intuitive meaning of the failure rate ordering can be explained as follows: 

Let X denote the lifetimes of n components in a given system, and Y denote the 

lifetimes of n components in a second system. Also let I C {I, 2, ... , n} denote a 

subset of corresponding components that have failed in each system at certain times 

Xl and Yl,Xl :5 Yl, respectively. Finally, let J C {1,2, ... ,n} denote a subset of 

components that have failed in the first system at times XJ, but whose corresponding 

components in the second system have not yet failed. Then, condition (3.7) says 

that, given earlier and more numerous failures in the first system, the conditional 

probability of failure of the components, from the first system, in the subset A C 

I u J is greater than the conditional probability of failure of the components I from 

the second system, in the set Au B, where B C J. 

Remark 1 

To save space we will sometimes suppress the conditions X lUJ > (£ - I)e and 

Y7 > (t-I)e and just write /LA(tlxl = Xl,XJ = xJ,') and '1AUB(tIYl = Yl,')' 

We should keep in mind that '.' means X lUJ > (i - I)e or Y7 > (l. - I)e with t 

being the same as the first argument of /LA or '1AUB. We will also call/LA(tlxl = 

Xl,XJ =xJ,') the failure rate ofXA at time t. Similarly, '1AUB(tIYl = y[,.) the 

failure rate of Y AUB at time t. 

Definition 3.6 

X is less than Y in the stochastic ordering sense, denoted by X :5 Y, if 
at 

Eg(X) 5 Eg(Y) (3.8) 

for every increasing Borel measurable real function g for which the expectations 
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exist. 

3.3 THE IMPLICATION X < Y => X < Y. 
b- h 

We proceed now to show a multivariate analog of Lemma 3.1. First, we need 

some preliminary results: 

Lemma 3.3 

Let U and V be ~dimensional discrete random vectors, p ~ 1. If U :::; V, then 
lr 

[(U +c)laj < Uj:::; bjji = 1,2, ... ,pj 

:::; [(V + C)lai < Vi:::; biji = 1,2, ... ,pj 
t.r 

(3.9) 

where ai, a2, ••• , ap , b}, b2, • •• , bp , Cl, C2, •• • , cp are any constants such that aj < 

bij i = 1,2, ... ,p. 

Proof. 

Let pu,Pv'Pu' and P" denote the joint probability functions ofU, V, iJ = U +c, 

and V = V + c, respectively. Then, 

Similarly, 

pu(ii) = P(U = ii) 

= P(U +c =ii) 

= P(U = ii -c) 

= Pu(ii - c). 

p,,(v) = Pv(v - c). 

(3.10) 

(3.11) 

. --.--------------.-~ .. - -------



Now, since U ~ V, we have that 
/.,. 
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pu(ii - e) . pv(v - e) ~ pu((ii - e) A (v - e)) . pv((ii - e) V (v - e)). (3.12) 

But, 

(ii - e) A (v - e) = (ii A v) - e, 

and 

(ii - e) V (v - e) = (ii V v) - e. 

Thus, (3.12) implies 

pu(ii - e)pv(v - c) ~ pu((ii A v) - e) . pv((ii V v) - e). 

Hence, by (3.10) and (3.11) we conclude that 

i.e. iJ < v. r,: 

Next, 

piJ(ii) • Py(v) ~ PiJ(ii A v) . py(ii V v), 

P[(U +e) = iilai < Ui ~ biji = 1,2, ... ,pj 

= P[U = ii - elai < Ui ~ biji = 1,2, ... ,pj 

_ P[U = ii - e,ai < Ui ~ biji = 1,2, ... ,pj 
- P[ai < Ui ~ biji= 1,2, ... ,pj 

if ai < Ui - Ci ~ bij i = 1,2, ... , P 

otherwise 

{ 

p~(ii) 
= p[a;~u;s ;i'-1.2 ..... PJ if ai + Ci < Ui ~ bi + Cij i = 1,2, ..• , P 

otherwise 

----~ --~ --

(3.13) 



Similarly, we can find that 

P [(V + c) = via; < V; ~ b;ji = 1,2, ... ,pJ 

if ai + Ci < Vi ~ bi + Ciji = 1,2, ... ,p 

otherwise 

Now, by (3.13) we obtain 

Pu(u) py(v) 
Pta; < U; ~ bi; i = 1,2, ... , pJ . Pta; < Vi ~ b;; i = 1,2, ... , pJ 

Pu(u /\ v) py(u V v) 
~ Pta; < Ui ~ bi; i = 1,2, ... , pJ Pta; < Vi ~ bij i = 1,2, ... , pJ 

Hence, (3.9) holds. 

Lemma 3.4 
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Let I, J, L be disjoint subsets of {I, 2, ... , n} such that L = I u J. If the discrete 

random vectors X and Y satisfy X ~ Y, then for £ ~ 1, 
tr 

[XLIXI = XI,XJ = xJJ 

~ [Y LIY 1= YI, Y J > (£ - l)eJ 
tr 

(3.14) 

whenever XI ~ YI ~ (£ - l)e and XJ ~ (£ - l)e. 

Proof. 

Denote the probability functions of (XI,XJ,XL) and of (Y I, Y J, Y L) by px 

and py respectively. The probability function of [XLIXI = XI,XJ = xJj, with 

argument XL, is 
PX(XI,XJ,XL) 

PxI ,XJ (XI ,XJ ) 
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where Pxr ,XJ denotes the marginal probability function of (XI, XJ ). Similarly, the 

probability function of [Y LIYI = YI, Y J > (l - l)e]; with argument YL, is 

E PY(YI,YJ.YL) 
YJ>(l-l)e 

E PYr,YJ(Yr,YJ) 
YJ>(l-l)e 

where PYr,Y J denotes the marginal probability function of (Y 1, Y J). 

From (3.14), we need to show that 

E PY(YI,yJ,YL) 
PX(XI,XJ,XL) YJ>(l-l)e 

~~~~~--------
Pxr,XJ(xr,xJ) E PYr,YJ(Yr,YJ) 

YJ>(l-!)e 

_ E PY(YI,YJ,XL VYL) 
< Px (XI, XJ, XL 1\ Y L) . _Y J_>_(:......f.--;l;:::::)~e _-::-____ _ 

- Pxr,XJ(xr,x.J) E PYr,Y J(Yr,YJ) 
YJ>(l-l)e 

or, equivalently, we need to show that 

I: PX(XI,XJ,XL) • PY(YI,Y J,YL) 
YJ>(f.-l)e 

~ L PX(XI,XJ,XL 1\ YL)' PY(YI,YJ,XL VYL). (3.15) 
YJ>(l-l)e 

Fix a Y J > (l-l)e. Since YJ > (l-l)e and XJ ~ (l-l)e, it follows that XJ < YJ. 

Also, XI ~ YI. Hence, from the assumption that X ~ Y (see (3.6)) it follows that 
f.r 

Summing both sides of this inequal~ty over the set {YJ : YJ > (l -l)e} we obtain 

(3.15). 
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Lemma 3.5 

Let I, J, L be as in Lemma 3.4, and l ~ 1. Suppose that the discrete random 

vectors X and Y satisfy 

::; [(YL -le)IYI =YI,YJ > (l-l)e,YL > (l-l)e] (3.16) 
t.r 

whenever XI ::; YI ::; (l- l)e and XJ ::; (l- l)e. Then, for all {k} c L, 

~ '7{k} (llY 1= YI, Y I > (l-l)e). 

Proof. 

From (3.16) and Property (1.16), page 471, of Karlin and Rinott (1980), it follows 

that 

::; [Y{k} -flY 1= YI, Y J > (l- l)e, YL > (l- l)e] (3.17) 
t.r 

< 
for all {k} c L, where here l,. denotes the univariate order given in. (3.1). 

Now, if X::; Y, then from (3.6) 
t.r 

px(x) < px(xAy) 
py(x V y) - py(y) . 

Thus, if x ~ y and X ::; Y, then 
lr 

px(x) < px(y) 
py(x) - py(y) 
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i.e. the ratio ~~ H is decreasing on N+. From this we can easily check that the 

probability function of X at 0 is larger than the probability function of Y at O. 

In particular, the probability function of the random variable in the left hand side 

of (3.17) at 0 is larger than the probability function of the random variable in the 

right hand side of (3.17) at O. Furthermore, the probability function of the random 

variable in the left hand side of (3.17) at 0 is 

and the probability function of the random variable in the right hand side of (3.17) 

at 0 is 

Thus, 

P[Y{k} - i = 0IY1 = Yl, Y J > (i - l)e, Y L > (i -l)eJ 

=P[Y{k} =iIYI=YI,YJ > (i-1)e,YL > (i-1)eJ 

Now, we are ready to present the first main result of this chapter. 

~-~------~~------~--~ -----------
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Theorem 3.1 

If neither X nor Y has simultaneous occurrences, then 

X<Y=>X<Y. 
r,: h 

Proof. 

Let I, J, and L be as in Lemma 3.4. Let {k} eLand fix XI,XJ,YI, and t. 2:: 1; 

such that XI :::; Y I :::; (t. - l)e and XJ :::; (t. - l)e. Since X :::; Y, it follows from 
t.r 

Lemma 3.4 that 

From Lemma 3.3, we have that 

:::; [(YL -t.e)IYI =YI,YJ > (t.-l)e'YL > (t.-l)eJ (3.18) 
t.r 

Finally, by Lemma 3.5, (3.18) implies 

This is the particular case of (3.7). Hence, X :::; Y. 
h 
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3.4 THE DYNAMIC CONSTRUCTION. 

In this section we describe an algorithm which is fundamental to show the multi

variate analog of Lemma 3.2. The purpose of the algorithm is to generate a discrete 

random vector T = (Tb 1'2, ... ,Tn) such that T = T, for some given discrete 
at 

random vector T = (T1 ,T2, ... ,Tn ). 

The random variables T1 , ••• ,Tn are thought of as the lifetimes of n components 

numbered 1,2, ... , n. The dynamic point of view can be described as follows: Let 

i ~ 1 be an observed time of failure of one or more components. Assume that 

at that time i, it is known which components are still alive and the failure times 

of the components which failed before or at time i. Given this information, the 

dynamic construction considers the time of the next failures, l' say (i' > i), and 

the conditional probability that these next failures are of some components of those 

still alive at time i. The time i' is a new starting point at which the next failure 

time and the identities of 'i;he next failed components are considered. This is done 

inductively until all n components have failed. 

The dynamic construction 

Step 1. 

In this step we generate the time of first failure (or simultaneous failures) among 

the n components. Suppose that by time il ~ 1 no failure times have been gener

ated. Then, we order the 2n subsets Ai of {1, 2, ... ,n} in any arbitrary order such 

that the last set in that order is the empty set. Next, we divide the interval (0,1J 

---------------.-----'-.~~-~ 
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into 2R subintervals such that 

is the alth subinterval, 1 :5 al :5 2R - 1; where Ai C {I, ... ,n}, and >'A;{£IIT > 

(ll - l)e) is the failure rate of TA; at time ll. For al = 1, we define 

0<1-1 

L >'A;{lIIT > (ll -1)e) = O. 
i=1 

The last subinterval in the partition of {O, 1J is 

(3.20) 

Finally, let UI {it} be a uniform random variable defined on {O; 1J. For 1 :5 a1 ::; 

(I) If UI{lt} E (3.19); then we let TAol = lie and proceed to Step (m + 1), where 

m = IAO<II. 

(2) If UI (ld E (3.20), then we repeat Step lone unit of time later (i.e. with £1 + 1 

replacing lI) 

Remark 2. 

Since UI (it) is a uniform random variable on (0, IJ, it is clear from the description 

of Step 1 that the failure rate of the random vector, TAol say, is the same as the 

failure rate of the random vector TAol ' i.e. >'A01 ('IT > (. - l)e), for every AO<l' 

Of course the UI (ld's, for different ii's are assumed to be independent. 
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Step k +1, k = 1,2, ... ,n-1. 

We enter Step k + 1 at some time tk+l ~ 1. At this time, exactly k failure 

times have already been generated. It is given, for some J = {it, i2, ... ,ik} C 

{1,2, ... ,n} and some LJ = (t;pt;:W .. ,tik) ~ e, that TJ = (Th,'rh, ... ,Ti,.) = 

(t;pt;:.,. .. ,t;,,); where tk+l > max{t;, Iii E J}. Next, we order the 2n - k subsets 

Ai of J in any arbitrary order such that the last subset in that order is the empty 

set. Then, we divide the interval (O,IJ into 2n - k subintervals such that 

c'%r .l.A,(lk+lITJ = LJ.o)."t. .l.A,(lk+lITJ = LJ,O)] (3.21) 

is the ak+l th subinterval, 1 ~ ak+l ~ 2n - k -1, Ai C J, and AA, (tk+ll T J = LJ, .) is 
(lfltt.!--l 

thefailurerateofTA,attimeik+l' Forak+l = l,wedefine ~ AA,(tk+lITJ = 
i=l 

LJ,') = O. The last subinterval in this partition of (O,IJ is 

(3.22) 

Now, let Uk+l(ik+l) be a uniform random variable defined on (0, IJ, independent 

(1) if Uk+l(tk+t) E (3.21), let TAoHl = tk+le and enter Step m + 1, where 

m = IJ U A(lf"+l I. 

(2) if Uk+l(tk+d E (3.22), repeat Step k + lone unit of time later, (i.e. with 

tk+l + 1 replacing tk+d. 

Remark 3. 

Similarly, as in Remark 2, since Uk+l(tk+d is a uniform random variable on 

(O,IJ, the failure rate of the generated random vector, TAoHl say, is the same as 
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the failure rate of the random vector TAQk+l' i.e. AAQlc+l (·ITJ = L J ,·), for every 

AQlc+l' Again the Uk+l (ik+d's, for different ik+l'S, are assumed to be independent. 

Notice that a particular realization of the algorithm may consist of less than n 

consecutive steps. This is the case when simultaneous times of failures have been 

generated at the first or some intermediate step. Thus, the algorithm ends at that 

step where the n times of failure are generated. 

The verification that T ~ T follows from the representation of the joint proba

bility function of the random vector T = (Tb T2 , • •• , Tn), in terms of conditional 

failure rates. See, for example, Theorem 1.4 in Chapter 1. 

3.5 THE IMPLICATION X < Y => X < Y. 
Ii at 

We proceed now to establish the multivariate analog of Lemma 3.2. 

Theorem 3.2. 

X<Y=>X<Y. 
Ii at 

Proof. 

Assume X ~ Y. Then for all disjoint sets I, J c {1, 2, ... , n} such that I U J =f:. ¢, 
h 

and for all fixed LJ ~ ej the following holds: 

ILA(iIXI = LI,XJ = LJ,XIUJ > (i -l)e) 

~ L '1AUB(iIY 1= LI, Yy > (i -l)e) (3.23) 
BCJ 



72 

for t > (V li) V ( V tj ), whenever L[ ~ L[, A c I U J (lor J may be empty), 
iE[ jEJ 

where V (li) = max{4;i E I} and V (tj) = max{tj;j E J}. 
~[ ~J 

Two random vectors X and Y will be constructed on a common probability space, 

using the dynamic construction described above, such that 

and, with probability one, 

X=X, 
at 

Y=Y, 
at 

X~Y. 

Then, for every increasing Borel measurable function g, 

Eg(X) = Eg(X) ~ Eg(Y) = Eg(Y) 

(3.24) 

(3.25) 

(3.26) 

provided the expectations exist. The desired conclusion then follows from Definition 

3.6. 

The construction of X and Y will be described according to the steps of the 

construction of X. We may think of X and Y as denoting the lifetimes of two 

systems with n components respectively. 

Step 1. 

In this step we generate the time of first failure (or simultaneous failures) among 

the 2n components. Suppose that by time £1 ~ 1 no failures have been generated. 

Then, we order the 2n subsets At of {I, 2, ... , n} in any arbitrary order such that 

the last set in that order is the empty set. Next, the interval (O,IJ is partitioned 
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into 2n subintervals, such that 

is the alth subinterval, 1::; al ::; 2n-1j where, At C {1,2, ... ,n}, and J.£At(lIIX > 

(ll - l)e) is the conditional failure. rate of the random vector XAt at time ll' H 
0.1-1 

al = 1, we define L J.£At(lIIX > (ll - l)e) = O. The last subinterval in this 
t=1 

partition of (O,lJ is 

(3.27) 

Now, the al th subinterval is divided into two sub-subintervals as follows: 

The sub-subinterval 

(:~1 /LA. (ll IX > (ll _1)O),}.;;l /LA,(llIX > (ll -1)0) 

+ rlA o1 (lilY> (ll - l)e)] (3.28) 

and, the sub-subinterval 

(}.;;1 /LA,(llIX > (ll -1)0) + qA., (lllY > (ll -1)0) , 

t. /LA, (ldX > (ll - 1 )e) 1 (3.29) 

where 1'JA o1 (lilY> (ll - l)e) is the conditional failure rate of the random vector 

y AQI at time £1. The partitions are shown in figure 1 below 
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o 1 

( __________ ----;-,-'V~,--~:::::::::::::'V::::::::=:;;] 
ILAal 

,. 

Figure 1 

Remark 4. 

This partition of the al th subinterval is possible because 

according to (3.23). 

Now, let UI(tI) be a uniform random variable on (O,IJ. For some aI, 1 $ al $ 

(1) if UI(tI) E (3.28), then we let XAal = tIe, Y Aal = tIe, and go to Step 

(p + 1). (p + 1), where p = IACl<ll. 

(2) if UI(id E (3.29), then we let XAal = tIe, and go to Step (p + 1).1. where 

(3) if UI (tl ) E (3.27), then repeat Step lone unit of time later (i.e. with i l + 1 

replacing td. 
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Remark 5. 

(a) At the conclusion of Step 1, XA
al 

has been determined (and perhaps also 

Y A
al

)' So, clearly, 

(b) After Step 1, the next steps will be indexed by a pair m.B (8 ::; m). For 

1 ::; s < m ::; n, Step m.B produces one of the following: 

m-l 

(i) Generates XAam and YAamUBp, Aom C {1,2, .. . ,n} - U Ao; and 
i=l 

m-l 
Bp C U AOi (and the procedure enters Step (m+p+l).(s+p+q+l), 

i=l 
where p = IAom I and q = IBpl). Bp may be empty. 

A" m-l 
(ii) Generates XAam and Y Co, AOm C {I, 2, ... , n} - U AOi and Co C 

i=l 
m-l 
U AOi (and the procedure enters Step (m+ p+ 1).(s+q+ 1), where 

i=l 
p = IAom I and q = ICol). 

m-l 
(iii) Generates only XAa ,Aom C {1,2, ... ,n} - U A a , (and the pro-

m i=l 
cedure enters Step (m + p + 1).(s + 1), where p = IAom I). 

m-l 
(iv) Generates only Yco,Co C U Aai' (and the procedure enters Step 

i=l 
(m + 1).(8 + q + 1), where q = ICo/). 

For 8 = m, Step m.m produces either (i), with Bp = </>, or (iii). For s < m = n+l, 

Step (n+l).8 produces (iv). The procedure ends upon entrance to Step (n+l).(n+l) 

which is vacuous. 

We continue now with the proof of Theorem 3.2. 



76 

Step (m + 1).(s + 1),(s < m)js,m = 0,1, ... ,n-1. 

We enter this step at some time im+! > 1. At this time, exactly m of the X-failure 

times and s of the Y -failure times have already been generated. It is given, for some 

I = {it, ... , is} C {I, 2, ... , n} and some J = {it, ... ,im-s} C {I, 2, ... , n}, (such 

that In J = ¢», and for some fixed e ~ L[ ~ L[ < im+!e, and e ~ LJ < lm+!ej 

that X[ = L[, Y [ = L[,XJ = LJ,X[UJ > Me, and Yy > Mej where M = 

( V li) V ( V i j ). 
iE[ jEJ 

First, we order the 2n - m subsets of I U J in any arbitrary order such that the 

last set in the order is the empty set. Then, we divide the interval (0,1] into 2n - m 

subintervals such that 

is the am+l th subinterval, 1 ~ am+! ~ 2n- m - 1. Here, At C I U J and 

JLAt(im+!IX[ = L[,XJ = LJ,·) denotes the conditional failure rate of the ran
am~-l 

dom vector XAt at time i m+1 • If am+! = 1, we define ~ JLAt(im+1 IX[ = 
t=l 

L[,XJ = L J ,·) = 0. The last subinterval in this partition is 

(3.30) 

Next, we order the 2m - s subsets of J in any arbitrary order such that the last 

set in the order is the empty set. Then, we divide the am+! th subinterval, 1 ~ 

am+! ~ 2n - m -1, into 2m - s + 1 sub-subintervals such that 
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O<m+l- 1 {3 1 t; JlAt (lm+1IXI=LI,XJ=LJ,') + ~'7Aom+1UBu(lm+lIYI=LI") 

(3.31) 

is the ,Bth sub-subinterval, 1 ~ ,B ~ 2m- B
• Here, AO<m+l C I U J, Bu C J, and 

'7A
Om

+
1 
uBJlm+llY I = LI") denotes the conditional failure rate of the random 

vector YA UBu at time lm+l' IT ,B = 1, we define 
°m+l 

{3-1 

" 'lAo uBu (lm+1IY I = LI") = O. L.J m+l 
u=1 

The last sub-subinterval in this partition is 

(

o<m+l-1 2m-. 

t; JlAt (lm+1IXI=LI ,XJ=LJ,')+ ~ '7Aom+1UBJlm+lIYI=LI,')' 

O<fl JlAt(lm+1IXI = LI,XJ = LJ,')] ' (3.32) 
t=l 

which may be empty. The two partitions are shown below. 

o 1 

......... ~] 
:zn-m. 

,. 
v 'V 

Figure 2. 
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Remark 6. 

This splitting of the a m +1 th subinterval is possible because of (3.23). 

Now, for 1 :5 a m +l :5 2n - m - 1, let us denote (3.32) by A~m+l' and (3.30) by 

2,.-m 

A~,._m. Let D = U A~m+l and E = (O,dj, where d = length of D. Consider 
O<m+l=l 

the function I : D -+ E defined by 

I(x) = 
2,.-m_l 

E IttAe(im+1IXr = Lr,XJ = LJ, .)-
t=1 

if x E A~n-m. 

It is easy to check that I is a 1-1 and onto function from D to E. We say that I 

is a patching of D onto E. Now, we order the 2m - B subsets of J in any arbitrary 

order such that the last set in the order is the empty set, and divide the interval E 

into 2m - a subintervals; such that 

(3.33) 

denotes the 6th subinterval, 1 :5 6 :5 2m- B 
- 1. Here, Gv C J and '1c. (im+1IY r = 

ill,·) denotes the conditional failure rate of the random vector Y Co at time i m +1. 
8-1 

For 6 = 1 we define E '1Co(im+1IYr = i[,.) = o. The last subinterval in this 
11=1 

partition is 
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(3.34) 

The partition of the interval E = (0, dJ is shown in figure 3. 

o d 

~] 
Figure 3. 

Finally, let Um+1(lm+1) be a uniform random variable on (O,IJ, independent of 

U1(ll), ... ,Um(lm). Suppose Um+dlm+l) = x, for some x,O < x $1, 

(1) IT x E (3.31), then we let XAa = lm+1e, Y Aa UB" = lm+le, and go to m+l m+l ... 

Step (m + p + 1).(s + p + q + 1), where p = IActm+l1 and q = IBpl. 

(2) if x E (3.32) and I(x) E (3.33), then we let XAam+l = lm+1e , Y C9 = lm+le, 

and go to Step (m + p + 1).(s + r + 1); where p = IActm+ll and r = ICel. 

(3) if x E (3.32) and I{x) E (3.34), then we let XAam+l = lm+1e and go to 

Step (m + p + 1).(s + 1), where p = IActm+11. 

(4) if x E (3.30) and I(x) E (3.33), then we let Y Co = lm+1e and go to 

Step (m + 1).(s + r + 1); where r = ICel. 

(5) if x E (3.30) and I(x) E (3.34), then we repeat Step (m + 1).(s + 1) one unit of 

time later, (i.e. with lm+1 + 1 replacing lm+d. 
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If m ~ n - 1, then at the conclusion of Step m + 1, (i.e. just after the last step 

of the form (m + l).i, for some i E {I, 2, ... , m + I}, has been executed) one the 

following has been determined: 

(a) XIUJ, Y 1, and perhaps Y cs ' 

(b) XIUJ, Y 1, and perhaps Y Aa U Bp , 
m.+l 

or 

(c) XIUJ, XAam +
1

, and YI, for some AQm+l C IU J,Cp C J, and Co C J. 

Here, Bp may be empty. 

In addition to (* .1) we also have 

XAa < Y A UBI> with probability one. 
m+l - am+l I' 

Executing all the steps in increasing order (the last step must be the one before 

entrance to Step (n + l).(n + 1)) which is vacuous), we obtain (*.1), ... , (*.n). 

From this it follows that (3.26) holds. Also, the vectors X = (XII .. ' ,Xn ) and 

Y = (:VI,"" :Vn ) have been determined as described in the dynamic construction. 

Hence, we have that (3.24) and (3.25) follows by Remarks 2 and 3, and the last 

paragraph in the previous section (Section 3.4). 

We notice again that a particular realization of the algorithm, as described in the 

dynamic construction, may consist of less than n steps. For example, this can be 

the case when there are simulataneous occurrences in X = (XII X2 ,. •• ,X,,). III 
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This final chapter illustrates how some of the ideas developed in Chapters 1 and 

2 can be used to analyze some stochastic models. The results obtained can be used 

in the study and design of maintenance policies of some repairable systems. 

Section 4.1 introduces the concept of minimal repair of a unit at failure. A simple, 

but basic, random mechanism for repair of failed units is discussed. The preserva

tion, under this random mechanism, of several notions of ageing is considered. 

Finally, in Section 4.2, we extend the ideas of Section 4.1 for systems with several 

(possible) dependent components. In particular, two simplified models are consid

ered in some detail. 

4.1 UNIVARIATE IMPERFECT REPAm. 

A stochastic model is developed to describe the operation in time of a unit or piece 

of equipment that is possibly repaired at failure. We assume that the item fails at 

discrete times and, for convenience, those times are taken to be positive integers. 

Suppose the item fails at some time j ~ 1. The item is said to be minimally repaired 

if it is returned to a functioning state, but in a condition that is only as good as 

that of a functioning item of age j. 

In practice, it is not always possible to repair a failed device. This may be the case 

when the intended minimal repair is unsuccessful or more expensive than the cost 

of a new unit. The following random mechanism, called imperfect repair, has been 

studied, for continuous random lifetimes, by Brown and Proschan (1983), Cleroux, 
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Dubuc, and Tilquin (1979), and others. 

Modell. 

At failure an item undergoes a repair. With probability p, 0 < p < 1, the repair is 

unsuccessful and the item is scrapped (and usually replaced by a new item). With 

probability 1 - p the repair is minimal. We assume repair takes negligible time. 

IT T is a positive integer-valued discrete random variable with support N+, de-

noting the original lifetime of a new unit, then Ti will denote the lifetime following 

minimal repair after a failure of the unit at a.ge j,j ~ 1. The survival probability 

of Ti' at time k, is given by 

P(T. o k) = P(T > j + k) k 
3 > P(T > j)' ~ 1. 

The continuous version of Lemma 4.1 below is shown by Brown and Proschan 

(1983). Block, Borges, and Savits (1985) considered the case when p is allowed to 

depend on time. 

From now on, Tp,O < p < 1, will denote the waiting-time for an unsuccessful 

repair, starting with a new item. The following elementary lemma is used to show 

the preservation of some notions of ageing under imperfect repair. 

Lemma 4.1 

Let ~p and P p denote the failure rate and the survival probabilities of Tp , respec

tively. Then 
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- j 
(2) Pp(j) = n (1 - PA (i)) , j 2: 1. 

i=1 

where AU) is the failure rate of T (the original lifetime) at time j. 

Proof. 

(1) For i 2: 1, given no unsuccessful repairs up to time i, the item functioning at 

time i behaves as an item of age i. Its failure rate is thus A(i). After a failure occurs, 

repair is unsuccessful with probability p. Therefore, the conditional probability of 

an unsuccessful repair at time j 2: 1, given no unsuccessful repairs up to time j, is 

Thus, 

P(Tp = jlTp > j - 1) = p. P(T = jlT > j - 1) 

=p·A(j). 

- j 
(2) Since Pp(j) = n (1- Ap(i)), and Ap(i) = pA(i), we have that 

i=1 

j 

PpU) = II (1- pA(i)). 
i=1 

The following notions of ageing are preserved under imperfect repair. 

Theorem 4.2 

IT T is a IFR, DFR, IFRA, DFRA, NBUCFR, NWUCFR, IMRL, or DMRL 

discrete random variable, then Tp is in the same class. 
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Proof. 

For the first six classes, the conclusion follows directly from Lemma 4.1, where it 

is shown that .\p(i) = p'\(i), i ~ 1. For the last two classes the proof is analogous 

to the continuous case, as given in Theorem 2.2 of Brown and Proschan (1983). II 

The following theorems show some notions of aging that are not preserved under 

imperfect repair. 

Theorem 4.3 

T NBU~Tp NBU 

Proof. 

Let T have the failure rate function 

.\(1) = .5 .\(5) = .9 

.\(2) = .8 .\(6) = .6 

.\(3) =.8 '\(i) = .99, i ~ 7 . 

.\(4) =.5 

In Lemma 2.7, we showed that T is NBU. Take p = .5. Then for j = 3 and k = 3, 

we have 

3 3 

IT (1 - .\p(i» = IT (1 - p.\(i» = .27000, and 
;=1 ;=1 

6 6 

IT (1 - .\p(i» = IT (1 - p'\(i» = .28875 
;=4 ;=4 
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k j+k 
i.e. n (1 - .\p(i)) < n (1 - .\p(i)). Hence, Tp is not NBU. 

i=l i=i+l 

Theorem 4.4 

T NWU :;t} Tp NWU. 

Proof. 

Let T have the failure rate function 

.\(1) = .9 .\(5) = .8 

.\(2) = .6 .\(6) = .8 

.\(3) = .5 '\(i) = .4, i? 7 . 

.\(4) = .5 

It was shown in Lemma 2.8 that T is NWU. Take p = .5. Then for j = 4 and 

k = 2, we have 

2 2 

II (1 - .\p(i)) = II (1 - .\p(i)) = .385 and 
;=1 ;=1 

6 6 

II (1 - .\p(i)) = II (1 - .\p(i)) = .360 
i=5 i=5 

i.e. 
k i+k 
II (1 - .\p(i» > II (1 -- .\p(i» 
i=1 

Hence, Tp is not NWU. 

--------------- -----------
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Theorem 4.5 

T NBUE :;t:} Tp NBUE. 

Proof. 

Tis NBUE if and only if f P-jl(~)k :::; f PU), k ~ 0, 
)=0 )=0 

or equivalently, if and only if 

00 ;+k 00 j 

L II (1 - .\(i)) :::; L II (1 - '\(i)) , k ~ o. 
;=Oi=k+l ;=OJ=O 

Let T have the failure rate function 

.\(1) = .1 .\(3) = .9 

.\(2) = .8 .\(i) =.5 ,i ~ 4. 

Then, 
00 j 

L II (1 - .\(i)) = 2.116. 
j=Oi=l 

Also, 
00 ; 

L II (1 - '\(i)) = 2.116, 
;=Oi=1 

00 ;+1 
L II (1 - '\(i)) = 1.240, 
j=Oi=2 

00 ;+2 
L IT (1 - .\(i)) = 1.200, 
;=Oi=3 

and, 
00 i+k 

L II (1 - .\(i)) = 2.000, for k ~ 3. 
i=Oi=k+l 
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Hence, 
00 ;+k 00 ; 

L II (1 - A(i)) ~ L II (1- Ap(i)) 
;=Oi=k+l ;=Oi=l 

i.e. T is NBUE. 

Now, take p = .1. Then 

00 ; 00 ; 

L II(l- Ap(i)) = L II(l- pA(i)) = 19.477. 
;=Oi=l ;=Oi=l 

However, for k = 3, 

00 ;+3 00 ;+3 
L II (1- Ap(i)) = L II (1 - pA(i)) = 20. 
;=Oi=4 ;=Oi=4 

Thus, 
00 i+3 00 i 
L II (1- Ap(i)) > L II (1 - Ap(i)) 
;=Oi=4 ;=Oi=l 

Hence, Tp is not NBUE 

Theorem 4.6 

T HNBUE :;t} Tp HNBUE. 

Proof. 

Tis HNBUE if and only if f P(j) ~ p. (1- ~)k ,k ;::: 0, and p. = ET, 
1=k 

00 ; ()k or equivalently, if and only if ~ ,n (1- A(i)) ~ p. 1 - ~ . Let T have the failure 
1=k,=1 

rate function 
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'\(1) = .1 '\(3) = .9 

'\(2) = .8 '\(i) = .55 ,i ~ 4. 

Then, 
00 00 ; 

Jl. = z: P(k) = z: II (1- '\(i)) = 2.1127 
k=O k=Oi=1 

00 ; ()k 
Straightforward computations show that for k ~ 0, ~ .n (1 - '\(i)) $ Jl. 1 - ~ 

)=k,=1 

holds. Thus, T is HNBUE. However, for p = .1 and k = 10 we have 

00 ; 00 ; z: II (1- '\p(i)) = I: II (1 - p,\(i)) = 10.1420 
;=0 i=1 ;=10 i=1 

and 

( 
1)10 

Jl. 1 - P, = 10.1368 

where 
00 ; 00 ; 

Jl. = z: II (1 - '\p(i)) = z: II (1 - p'\(i)) = 17.9704. 
;=Oi=1 ;=Oi=1 

Hence, 

00 ; ( 1) 10 z: II (1 - '\p(i)) > #L 1 - -
;=0 i=1 Jl. 

i.e. Tp is not HNBUE. 

4.2 MULTIVARIATE IMPERFECT REPAIR. 

We shall be concerned with modeling systems with dependent components (units) 

each of which is subjected to possible failures at discrete cycles. After failure, each 

component undergoes imperfect repairs. Since the units are stochastically depen

dent, a success or failure in minimally repairing one unit may influence stochastically 

------------
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the residual lives of the units that are still functioning. Thus, the effects of imper-

fect repairs may be very complex. The following two assumptions will simplify our 

analysis. 

(1) Each component is scrapped the first time it experiences an unsuccessful 

minimal repair. 

(2) If a unit fails and is successfully (minimally) repaired, the other functioning 

units "do not know" about the failure and repair. 

To characterize the model more explicitly, let T = (Tb T2 , .. • , Tn) be a discrete 

random vector, with support N;t, denoting the lifetimes of units 1,2, ... ,n when no 

repairs are made. Given that units iI, i2, ... , ik have already been scrapped at times 

iiI' ii2 , . , . , iik' respectively, that iim < io for m = 1, ... , k, that units iI, ... , ir are 

still functioning at time i o, and that unit io has just been successfully minimally 

repaired at time io (where {ibh, ... ,ik,io,i1, ... ,ir} = {I, ... ,n}), then the joint 

survival probabilities of the time to next failure of units io, iI, ... , i r are 

P(iio,iip ... ,ii.) = P(Tio > 40 , Til > iip ... ,Ti. > ii. 

ITio > £0, Til> £0, ...... , Ti. > £0, Til = iiI" .. , Tik = iik)' 

On the other hand, if the repair of unit io at time i.o has been unsuccessful, then 

the joint survival probabilities of the times to next failure of units ib"" ir are 

The following two models, among others, have been considered by Shaked and 

Shanthikumar (1986). 
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Model 2. 

n items start to function at the same time, o. Upon failure, an item undergoes 

a repair. With probability p, the repair is unsuccessful and the item is scrapped. 

With probability 1 - p, the repair is minimal. If two or more units fail at the 

same time then each of them, independently of the others, is successfully minimally 

repaired with probability 1 - p and is scrapped with probability p. 

Model 3. 

n items start to function at the same time, o. Upon failure, an item undergoes 

a repair. With probability p, the repair is unsuccessful and the item is scrapped. 

With probability 1 - P, the repair is minimal. If two or more items fail at the same 

time, then, with probability 1 - p, all the failed items are successfully minimally 

repaired and with probability p all the failed items are scrapped. 

Model 2 is applicable when each of the failed items undergoes imperfect repair 

independent of the others. Mode! 3 is applicable, for example, when a shock that 

potentially might kill several units simultaneously is effective only with probability 

p and ls ineffective with probability 1 - p. 

Even though Models 2 and 3 have been defined for n components, we will only 

discuss the bivariate case in detail. i.e. systems with two dependent components. 

The following notation will be used. If T = (Tl' T2) denotes the vector of lifelengths 

of units when the units do not undergo any kind of repair, then T = (1'11 1'2) will 

denote the times of scrapping the same units when they are subjected to imper

fect repair, as described in Models 2 and 3. Also, if Ph·) denotes the survival 
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probabilities of T, P(.,.) will denote the survival probabilities of T. 

The next two theorems describe the survival probabilities resulting from Models 

2 and 3. 

Theorem 4.7 

The survival probabilities of the vector T = (1\, 1'2) resulting from Model 2 are 

given by: 

j m-l 

(1) PU,k) = L (pA2(m) + p(l- p)A12(m)) . II (1- A·(i)) 
m=k+l i=l 

j j 

II (1- pAl (i/m)) + II(l- A·(i)) if i ~ k 
i=m+l i=l 

and 

k m-l 

(2) PU,k) = L (pAl(m) + p(l- p)A12(m))· II (1- A·(i)) 
m=j+l i=l 

k k 

II (1 - pA2(i/m)) + II (1 - A ·(i)) if j ~ k, 
i=m+l i=l 

where A(·),A2(·),A12(·),Al(·/12), and A2(i/j) are the failure rates of T = (Tl,T2) 

and 

A·(·) = PA1(·) + p(l- p)A12(·) + PA2(·) 

+ p(l- p)A12(·) + p2A12(·) 

= pAl(·) + PA2(·) + (1- (1- p)2)A12(·) 
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Proof. 

It is easy to see, from Lemma 4.1 in Section 4.1, that the failure rates of T = 
(Tl' T2 ) resulting from model 2 are given by 

and 

).lU) = PAl(j) + p(l- p)A12(J") 

).2U) = PA2(j) + p(l - p)A12U) 

).12U) = p2 A12U) ,for i ~ 1 

X1Ulk) = PAIUlk) ,for i> k 

X2 (kli) = PA2(kli) ,for k > i 

Now, by Theorem 1.2 Chapter 1, we obtain 

j m-l 

(1) PU,k) = L X2(m). II (1- X1(i) - X2(i) ~ X12 (i)) 
m=k+l i=l 

j j 

. II (1 - Xl (ilm)) + II (1 - ).1 (i) - X2(i) - X12(i)) if i ~ k. 
i=m+l i=l 

and 

k m-l 

(2) PU,k) = L )'t{m). II (1- X1(i) - ).2(i) - ).12(i)) 
m=j+l i=l 

k k 

. II (1- ).2(ilm) + II(l- X1(i) - X2(i) - X12 (i)) if i::; kj 
i=m+l i=l 

from which the conclusion follows. 

Theorem 4.8 

The survival probabilities of the vector T = (Tb T2 ) resulting from Model 3 are 

given by 
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j m-1 j 

(I)PU,k) = L pA2(m). II (1- pA*(i)). II(I- pA1(ilm)) 
m=k+1 ;=1 ;=1 

j 

+ II(I- pA*(i)) if j? k, 
i=l 

and 

k m-1 k 

(2)PU,k)= I: pA1(m)· II (l-pA*(i))·II(I-PA2(ilm)) 
m=j+1 i=l i=l 

k 

+ II(I- pA*(i)) if j $ k, 
;=1 

where A1(·),A2(·),A12(·),A1(·lk), and A2(·lj) are the failure rates associated with 

T = (Th T2), and A*(') = Al(') + A2(') + A12(')' 

Proof. 

By Lemma 4.1 in Section 4.1, the failure rates associated with the random vector 

T = (7\,1'2) resulting from Model 3 are given by 

Xl (j) = pAl (i) 

X2(i) = PA2(i) 

X12(i) = PA12 (i) if j ? 1, 

and 

X1(ilk) = PAl (ilk) if j ? k, 

X2(klj) = PA2(klj) if j $ k. 
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Thus, by Theorem 1.2 Chapter 1, we have that 

j m-l 

(1) P(3",k) = L X2(m). II (1- X1 (i) - X2(i) - X12 (i)) 
m=k+l i=l 

j j 

. IT (1- Xl (ilm)) + II (1- X1(i) - X2(i) - X12 (i)) if j ? k 
i=l 

and 

k m-l 

(2) P(3",k)= E X1 (m). II(1-Xl (i)-X2(i)-XI2 (i)) 
m=j+l i=l 

k k 

. II (1 - X2(ilm)) + II (1- X1 (i) - X2(i) - XI2 (i)) if j $ k 
i=m+l i=1 

from which the conclusion follows. 

Example 4. 

In Example 3 of Chapter 1 we found that if Tb T2, and Ta are independent 

geometric random variables with parameters PbP2, and Pa, respectively, 0 < Pi < 

1,i = 1,2,3; then X = min(Tl,Ta) and Y = min(T2,Ta) have the failure rates: 

..\1(3") = Pl(1- P2)(1- Pal, 

..\2(3") = (1- pI)p2(1- Pal, 

..\12(3") = Pa + PIP2(1 - Pal, 

..\1(.ilk) = 1- (1- pd(1- Pal, 

..\2(klj) = 1 - (1 - P2)(1 - Pal. 



Thus, the survival probabilities of (X, Y) resulting from Model 3 are given by 

P(j,k) ~ mt.+1 {P(1- Pl)p,(1- Pa) . I!' (1- p[Pl(1- p,)(1- Pal 

+ (1 - PI)P2(1 - Pa) + Pa + PIP2(1 - Pa)]) 

. ,it (1- p[1- (1- Pl)(1- pa)])} + 

i 
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II (1 - p[pd1 - P2)(1- Pa) + (1 - pdp2(1 - Pa) + Pa + PIP2(1 - Pa)]) 
i=l 

for j ~ k. 

Observe that 

= (1- p) + p[1- PI (1 - P2)(1- Pa) + (1- pI)p2(1 - Pa) + Pa + PIP2(1- Pa)1 

= (1 - p) + p(l - PI)(1 - P2)(1 - Pal. 

Thus, for j ~ k, 

; 
P(j,k) = L {p(1- pdp2(1- Pa)[(1- p) + p(1- pJ(1- P2)(1- Pa)]m-l 

Now, 

m=k+l 

·[(1 - p) + p(l - Pl)(1- pa)]i-m} + 

[(1 - p) + p(1- pd(l - P2)(1 - paW. 

p(1 - pI)P2(1- Pa) = p[l- (1- P2)J(1 - Pl)(1 - Pa) 

= p(1 - pd(1 - Pa) - p(1 - P2)(1 - Pl)(1 - Pa) 

= [(1- p) + p(l- pd(l- Pa)]-

[(1- p) + p(1- pd(1- P2)(1- Pall 



Then, 

; 
P(i,k) = L {[(1- p) + p(l- pd(l- P3)];-m+l 

which reduces to 

m=k+l 
. [(1 - p) + p(l - pd(l - P2)(1 - P3)]m-l} 

; 
- L {[(1- p) + p(l- pd(l- P3)Ji-m[(1 - p) 

m=k+l 
+ p(l - Pl)(l- P2)(1- P3)]m} 

+ [(1- p) + p(l- pd(l - P2)(1- P3W 

96 

- . k k P(i,k) = [(1- p) + p(l- pd(l- P3)j'- [(1- p) + p(l- pd(l - P2)(1- P3)] 

For j ~ k, we obtain 

P(i,k) = [(1- p) + p(l- P2)(1- P3)]k-;[(1- p) + p(l- pd(l- p:2)(l- P3)]k. 

--~ ----------
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