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ABSTRACT 

The uses of the bispectrum for recovering the images of one-dimensional infrared astronom

ical speckle data are examined in detail. 

A analytic model for the bispectral transfer function, and the variance and the covariance 

of the bispectrum are developed. The models are evaluated by Monte Carlo integration and 

the results are compared to sample estimates of the same quantities obtained from simulated 

data. For comparison, the same sample quantities are computed from observed data. 

The bispectrum is shown to be useful for determining estimates of the object phase. A 

recursive method which is used to obtain the object phase estimates is introduced. Since 

the bispectrum provides multiple estimates of each object phase, a number of methods for 

combining the multiple estimates are developed and compared. 

Many techniques have been proposed to determine the phase of images which have been 

atmosperically distorted. Among these techniques are the Knox-Thompson, and the Simple 

Shift-and-Add algorithms. These methods are compared to the bipsectrum via an objective 

measure which is developed. 

Optimization techniques are used to great success. A model for the bispectrum of 

a binary star is developed and fit to the image bispectrum by the Levenberg-Marquardt 

algortihm for non-linear least squares. The ability of the algorithm to determine binary star 

parameters from the bispectrum is tested with both simulated and observed data. Since 
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the bispectrum is may not always be available, a method is developed which determines 

binary star parameters from the image Fourier transform. 

The full set of object phases and moduli are determined by use of the conjugate gra

dient and conjugate direction algorithms in the last section. Two starting points for each 

algorithm are employed. The first starting point uses the estimates of the object phases 

obtained from the recursive bispectrum technique. The second assumes no information 

is known about the object. The speed of convergence of each algorithm is analyzed and 

recommendations are made for future use. 
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CHAPTER 1 

Introduction to Speckle Imaging 

1.1 Introduction 

This first chapter will introduce the reader to some aspects of interferometric imaging which 

are relevant to the analysis of one-dimensional infrared astronomical speckle data. A very 

brief history of some important developments in the field will be given. This is followed 

by a short presentation of some of the more popular current approaches to the handling 

of astronomical speckle data. The review illustrates the need for bispectrum analysis, the 

technique that is examined in detail in this dissertation. A brief description of the infrared 

data is also included. The introduction leads into a preview of the original work presented 

in this volume. 

1.2 Basic Speckle Interferometry 

Speckle interferometric imaging is a set of techniques which astronomers use to attempt 

to overcome the blurring of astronomical images due to atmospheric turbulence. These 

techniques often consist of the averaging of functions of short exposure images. When 

the exposure time of the images is short enough, the blurring effects of the atmospheric 

turbulence are substantially reduced. The normal video frame rate of 30 Hz is usually 
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considered to be acceptable for visible wavelengths. In the infrared a somewhat shorter 

exposure time of 50 to 100 milliseconds can be acceptable. 

Attempts to overcome the effects of atmospheric distortion of astronomical images are 

scattered throughout the history of the nineteenth and twentieth centuries (Roddier, 1981). 

An essential boost was given to the field in 1970 at the suggestion of the French optical 

scientist Antoine Labeyrie (1970). Labeyrie proposed that averaged power spectra of short 

exposure images might retain much high resolution information lost in conventional long 

exposure imaging. This technique, borrowed from laser optics, is now commonly known as 

speckle interferometry. The term speckle is used because the interference fringes seen in 

the short exposure images appear as bright speckles of light. The basic idea behind speckle 

interferometry works like this. J(f) is the discrete Fourier transform of a short exposure 

image, where f represents spatial frequency. The ensemble average power spectrum (II(fW) 

of a series of short exposure images is then assumed to equal the square modulus of the 

object IO(fW multiplied by the speckle transfer function (IT(f)12). 

It is now well documented by experimental and theoretical evidence that the speckle 

transfer function (STF) is non-zero up to much higher spatial frequencies than the long 

exposure transfer function (eg. Roddier, 1988). A convenient way to quantify this is through 

use of the seeing parameter TO introduced by Fried (1965). This parameter represents 

the diameter of the disk over which the distortions introduced by the atmosphere remain 

constant over some coherence time TO. If the diameter D of the telescope is smaller than TO 

then the long exposure transfer function (T(f)) is limited by D / >. in frequency space where 
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Figure 1.1: Long Exposure Transfer Function Versus the Speckle Transfer Function: (a) 
the speckle transfer function, (b) the long exposure transfer function and, (c) the telescope 
transfer function computed for D=4 meters, TO = 15 centimeters and>' = 550 nanometers. 
After Christou (1986a). 

>. represents the wavelength of the light. If D is larger than TO then (T(J) is limited by 

TO/ >. in frequency space. In contrast, the STF is limited in frequency space by D / >.. Figure 

1.1 gives a nice illustration of an example of this situation. 

An estimate of the speckle transfer function is obtained by observing a point source 

under the same conditions as the image. This is usually done by pointing the telescope 

at an unresolved star in an adjacent field both before and after the image observation. 

To obtain an estimate of 10(1)12 , (11(1)1 2) is divided by the average power spectrum of 
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the unresolved star which is assumed to be similar to (/T(JW). This simple technique 

has proved fruitful to many observers (eg. McAlister,1987) although it has a number of 

essential drawbacks. The most important of these are the fact that an accurate estimate 

of the transfer function may be difficult to obtain, and the fact that the method provides 

only an estimate of the object modulus. 

1.3 Object Reconstruction from Modulus Information 

Because basic speckle interferometry provides only an estimate of the object modulus, 

algorithms which attempt to reconstruct the phase from the modulus have been the object 

of intense scrutiny. The most widely used of these is a variant of the Gerchberg-Saxton 

algorithm (Gerchberg, 1972). (These algorithms are often called Fienup techniques in 

astronomical speckle after their earliest and strongest sponsor.) The techniques all work 

basically like this . 

• A good estimate of the object modulus is assumed to be known. This modulus is 

kept constant throughout the algorithm. The inverse discrete Fourier transform of 

this modulus is determined and a number of a priori constraints are applied to the 

result. The most widely used constraints include those of non-negativity and spatial 

extent (i.e. object support). 

• The Fourier transform of the constrained image is determined and the phase of the 

transform is combined with the assumed modulus to form the new estimate. 
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• The process continues until some desired convergence has been obtained or, as in some 

situations, the method fails. 

The algorithm has been used in two related forms. The first is called the error-reduction 

algorithm (Fienup, 1978) and proceeds exactly in the manner described above. Fienup 

has offered a proof showing that the error at each step either decreases or remains the 

same hence the name of the algorithm (Fienup, 1982). A variant of the error-reduction 

algorithm called the hybrid input-output algorithm (Fienup, 1982) combines information 

at the current iteration with information from previous iterations. 

Despite the wide success of the algorithm, the iterative restoration routines described 

above do have a number of shortcomings both practical and theoretical. In the case of 

reconstructions of one-dimensional images the method cannot guarantee a unique solution. 

This non-uniqueness problem is due to the fact that the object Fourier transform, a poly

nomial in a single variable, can always be factored into a product of first-order polynomials 

(Mostowski, 1964). The zeroes of the squared modulus of the object Fourier transform 

then come in conjugate pairs. The observer is then left with the problem of distinguishing 

between the zeroes of the Fourier transform and the zeroes of its complex conjugate. As 

a result, the object is not uniquely defined by the modulus of its Fourier transform. The 

problem may be further compounded if the modulus has been multiplied by a polynomial 

with conjugate reciprocal pairs(for example, a symmetric transfer function). In this case 

the problem of zero-flipping results. It should be noted in passing that the question of 

uniqueness here refers to the situation for which the object is to be reconstructed from 
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the modulus of its Fourier transform. When information about the phase of the Fourier 

transform is possessed the same arguments do not apply. This distinction is sometimes a 

source of confusion. 

For two-dimensional images the situation is quite different. In this case the polynomial 

which represents the square modulus of the Fourier transfrom is almost never factorizable 

(Bruck, 1984). (The set of factorizable polynomials of dimension greater than one is a set 

of measure zero.) Thus, in most cases, the retrieval of the phase from the modulus can be 

expected. 

Clearly, it would be preferrable if an estimate of the object phase could be obtained by 

some means. Towards this end a number of methods have been proposed. The most popular 

of these are shift-and-add techniques, the Knox-Thompson cross-spectrum technique and, 

more recently, the bispectrum or triple correlation technique. 

1.4 Shift-and-Add Techniques 

One of the earliest methods proposed to retain high spatial frequency information in as

tronomical images is simple shift-and-add (SSA). The technique works just as might be 

expected 

• The brightest point in each of a series of short exposure images is located 

• The brightest point is relocated to a reference point 

• The shifted image is added to the summed shifted images 
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This technique is based on the assumption that a speckle image can be modelled as the 

convolution of a set of delta functions with the object o(x). The idea is due to Lynds et 

al. (1976) and has been used with notable success over the years. A similar technique, 

called weighted shift-and-add, locates a number of maxima in each image. This technique 

has met with even greater success than simple shift-and-add (Christou et ai.,1985,1986b). 

As might be expected, the shift-and-add techniques have a number of drawbacks. The 

most serious of these is the fact that shift-and-add seems to produce a object dependent 

point spread function. This clearly would make accurate reconstruction of the object very 

difficult. However, as will be seen in this dissertation, SSA does retain a good measure of 

phase information. 

1.5 Knox-Thompson 

Suppose now that the cross-spectrum (/(1) . /*(1 + 6.J)) of the short exposure images is 

formed. This quantity, unlike the power spectrum, is complex and retains phase informa

tion (Knox and Thompson, 1974). The shift term 6.f is some integer number of spatial 

frequencies and * indicates the complex conjugate. Similar to the power spectrum, this 

cross-spectrum is equal to the transfer function cross-spectrum multipled by the object 

cross-spectrum. 

(/(1) . J*(I + 6./)) = (T(I) . T*(I + 6.J)) . 0(1)0*(1 + D.J) (1.1 ) 

When the shift 6.f is smaller than rol >., then the cross-spectrum is significant and an 

estimate for the object phase can be constructed. If a number of shift arrays are computed 
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by using more than one I::1j, then more than one estimate for each object phase can be 

obtained. This modification of the Knox-Thompson method is generally known as Extended 

Knox-Thompson although this terminology is not standard. 

1.6 The Bispectrum 

The bispectrum is the averaged triple product of the Fourier transform of speckle images. 

(I3(p, q)) = (I(p) . I(q) . r(p + q)) (1.2) 

Like the Knox-Thompson cross-spectrum, the bispectrum contains phase information. The 

use of the bispectrum in astronomical speckle was first suggested by Weigelt (1977). It 

first came into prominence in the speckle community buoyed by claims that the bispectrum 

might be insensitive to atmospheric and telescope distortions. This has been since refuted 

(eg. Freeman, 1988). (It is true however that linear distortions of the phase will identically 

cancel in the bispectrum.) Nevertheless, interest in the bispectrum has since remained at 

a very high level. Much of this interest is attributable to the fact that the bispectrum is 

similar to ~he phase closure methods of radio astronomy. The group based in Erlangen, 

West Germany has continued to employ the technique extensively (Baier, 1988). Like many 

experimenters, this group has concentrated on the use of the bispectrum for photon statistics 

limited (very faint) data. The bispectrum has also been applied to observations of the solar 

surface (von der Luhe, 1988). This application pres"ents a special set of problems as the 

extent of the object greatly exceeds the extent of the image. Nevertheless, that experiment 

yielded some impressive high-resolution images of the fine structure of the solar surface. 
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surface. Since the bispectrum of two-dimensional images is a four dimensional function 

considerable effort has been expended in reducing the amount of computation involved. 

A detailed examination of this problem is given by Gorham (1988). Another group has 

presented a detailed examination of the bispectrum transfer function for low light levels 

(Ayers el al., 1988). Included in their analysis is a look at the effects of additive noise on 

the bispectrum as well as a comparison with the Knox-Thompson algorithm. A companion 

paper deals with the problem of image reconstruction from the bispectrum (Northcott et 

al.,1988). The application of the bispectrum to one-dimensional infrared speckle data also 

has proved very fruitful as will be seen in this dissertation. 

1. 7 Observed One-Dimensional Infrared Data 

The following is a very brief description of the methods used to acquire the data used in 

this dissertation. The one-dimensional infrared scans are obtained by scanning the speckle 

cloud across a narrow slit. This is done by tilting the secondary mirror under servo control. 

Each scan is digitized into 128 pixels. This scanning technique was first proposed by Sibille 

et al. (1979). The particulars of the system used to obtain the data are described in greater 

detail by Howell et al. (1980,1981) and McCarthy et al. (1982). 

The observed data which will be used consist of two parts. The first is a set of 5120 

scans of Ross 614AB, a binary star. The second is a set of 5120 scans of SAO 133312 

which is used for point source calibration. A set of scans of adjacent empty sky is used 

to calibrate for additive noise. The scans were obtained at the Steward Observatory 2.3 
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meter telescope. The standard photometric K band p. = 2.2 microns, 6.), = 0.6 microns) 

was used for both observations. Each pixel has a resolution of 76 milliarcsecjpixel. The 

scanning rate was 75 arcsecjsec. The seeing parameter ro for each data set was estimated 

to be ~ 55cm (Christou, 1987). 

1.8 Simulated One-Dimensional Infrared Data 

Considerable use will be made of simulated data in this dissertation. The use of simulated 

data is desirable because almost complete control can be exercised over its creation. The 

simulation algorithm was written by Stuart Shaklan (1989). The program first creates an 

array of uncorrelated random numbers with circular-Gaussian statistics of unit variance. 

This array is multiplied by the square root of the function W.p(!) where 

w (/-) = 0.023 
.p ~ - II 

r8/fI T 
(1.3) 

and where fis a pair of spatial frequency coordinates. The real and imaginary parts of the 

Fourier transform of this new random array each provide an independent wavefront ¢( x) 

where x is a pair of spatial coordinates. The power spectrum of the wavefronts are then 

assured to follow Kolmolgorov's law for energy dissipation in a viscous medium (Roddier, 

1981). Next, the complex wavefront 7/J(x), 

7/J(x) = exp(i¢>(x)), (1.4) 

is multiplied by the pupil transmittance function. The squared Fourier transform of this 

array provides the atmospherically degraded image of a point source. One dimensional 
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scans are obtained by summing along one of the axis. 

1.9 Overview 

The first section of this dissertation is a derivation of an integral expression for the bispectral 

transfer function. The formula is a multi-dimensional integral which is evaluated by Monte 

Carlo integration. The result is compared to the corresponding sample BTF computed 

from both simulated and observed data. The next section continues with a derivation of 

similar integral expressions for both the variance and covariance of the bispectrum. The 

cumbersome nature of the calculation explains to some extent why these quantities have 

not been derived previously. Once again the integrals are evaluated and compared to the 

results obtained from simulated and observed data. 

The next chapter addresses the problem of obtaining estimates of the object phase from 

the bispectrum. As the bispectrum provides multiple estimates of each object phase, this 

is clearly a matter which must be approached with some care. The chapter which follows 

provides an objective comparison of the performance of bispectrum phase measurement 

techniques against the extended Knox-Thompson and simple shift-and-add algorithms. 

The remainder of the dissertation deals with algorithms which involve optimization 

techniques. A short review chapter provides an introduction to the methods which are 

used. The next chapter investigates the problem of determining the parameters of a binary 

star from the bispectrum. A model for the bispectrum is developed and fit to the data by 

the Levenberg-Marquardt non-linear least squares algorithm. Both simulated and observed 
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data are used in this study. The problem of how to obtain binary star parameters when 

only estimates of the modulus and phase are available is also treated. 

The final chapter then considers the more general problem of determining the entire 

set of object phases and moduli by non-linear least squares optimization techniques. The 

conjugate direction and conjugate gradient algorithms are both employed with considerable 

success. 
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CHAPTER 2 

Analysis of the Bispectrum for Infrared Speckle Data 

The following chapter derives analytical models for the bispectral transfer function (BTF) 

as well as expressions for the variance and covariance of the bispectrum. These quantities 

are evaluated for a specific case by Monte Carlo integration. The results are compared 

to the corresponding sample quantities computed from simulated data. A comparison to 

observed data is also offered. 

Analysis of the bispectral transfer function has already received some attention in the 

literature. A model has been developed and evaluated numerically for a selection of sample 

cases by Barakat and Ebstein (1987) using a zero mean, finite-variance Gaussian random 

process model for the atmospherically distorted wavefront. In that paper, the authors 

also examined the effects of optical system aberrations on the average bispectrum as well 

as the many symmetries inherent in the bispectrum. A structure function dependent on 

Fried's seeing parameter TO was the basis for the model of the speckle masking transfer 

function (here named the DTF) developed by von der Luhe (1985). This model is the most 

general, has the strongest experimental justification, and has been used as the model for 

the atmospheric statistics in this paper. 

The variance and covariance of the bispectrum have been the subject of a number of 

previous papers. Using a simple heuristic model, Roddier and Christou (1988) developed 
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a method for predicting the variance of bispectrum phases. Although the phase variance 

model predicted the measured bispectrum phase variances well, it was unable to predict 

the behavior of the bispectrum at frequencies below the seeing cutoff as defined by the 

Fried seeing parameter TO. The signal-to-noise ratio of the bispectrum for photon limited 

data was computed by Nakajima (1988). The necessary quantities, the nTF and bispectrum 

variance, were computed experimentally from a simulated data set. In that paper, Nakajima 

stopped short of computing the variance and covariance from an analytic standpoint. The 

treatment offered in this chapter represents a substantial extension of the work referenced 

above. 

2.1 The Basic Imaging Model 

As described above, the data consist of a series of short exposure images with discrete 

Fourier transform I( fs) where fs denotes discrete spatial frequency. The spatial frequencies 

fs are non-dimensional and are often expressed in cycles per radian. Since the image is a 

convolution of an object with a point spread function, then in frequency space 

(2.1) 

where GUs) equals the spatial spectrum of the object intensity and TUs) the instantaneous 

optical transfer function. The above equation holds when IUs) is observed over a small 

portion of the sky so that isoplanicity conditions hold. (That is, the point spread function 

is spatially invariant.) This analysis is restricted to situations for which G(/s) may be 

considered constant. 
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The instantaneous optical transfer function T(fs) is expressed as the integral (RoddieI', 

1981), 

where the variable rs is used as shorthand notation for a set of pupil coordinates Is, Ys' The 

pupil coordinates Is, Ys are spatial coordinates usually expresed in meters or centimeters. 

The term). designates the wavelength of the light (assumed quasi-monochromatic) and is 

often expressed in microns. The functions A( r) and W( r) are discussed in what follows as 

is the variable cp( r s). 

W(rs) denotes the pupil function. It is usually assumed to be a one-zero function but 

may contain deterministic wave-front aberrations. Here it will be assumed that 

where 

and 

if II r sll ~ 11 

if II rsll > 11 

The division by the constant AT ensures that T(O) = 1. From the definition of the pupil it 

is clear that 

T(fs) = a for Is > Id = If· 
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The values of 1s which are larger than !d are typically said to be beyond the diffraction 

limit. In summary then, TUs) is a random quantity with 

T(O) = 1 

TUs) = 0 if 1s > 1d 

It will greatly simplify much of the work which follows if a new set of spatial frequency 

coordinates 1 is introduced in which the spatial frequency is measured as a fraction of the 

cutoff frequency !d. The new set of frequency variables are then expressed as 1 where 

1 1s 
= 

1d 
1s . ). 

= 
D 

= Is . ). 

and where the last line follows by letting D = 1. In the same manner, the pupil coordinates 

are redefined as a fraction of the telescope diameter. In the new coordinates then 

TU)= J J A(r)A(r-J)lV(r)W*(r-J)exp[i(cp(r)-cp(r-J)]dr (2.3) 

where r represents the new shorthand notation for the new pupil coordinates x, y. 

A(r) represents the amplitude distribution of a point source wavefront over the pupil. 

Here A( r) will be assumed to be constant over the pupil so that 

A(r) = 1 for all r. 
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This assumption corresponds to the case of no scintillation. 

From the above discussion, the instantaneous optical transfer function can be rewitten 

as 

T(J) = J Jp exp[i(cp(r) - cp(r - J))]dr (2.4) 

where subscript P indicates that the pupil functions have been absorbed for the moment 

into the limits of integration. This is done for typographical clarity. 

2.2 Statistics of the Phase and the Structure Function in Astronomical 

Speckle 

The variable cp( r) represents the random wavefront distortions caused by the atmosphere. It 

will be assumed that the phases are a zero mean normal random variable. Thus (<p( r )) = 0 

and ((cp(r))2) = var[cp(r)] where (-) denotes expectation and where var[cp(r)] represents the 

variance of cp( r). This assumption is common in the field (eg. Blackman and Barakat, 19i9) 

and is well supported by experimental evidence (Roddier, 1981). In speckle interferometry, 

the variance and covariance properties of the phases <p( r) are almost always expressed in 

terms of the structure function D( ra - rb) where ra and rb represent two normalized pupil 

locations and where 

(2.5) 

Experimental evidence indicates that 

(2.6) 
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where TO represents the Fried seeing parameter. It should be noted that the form of the 

structure function is similar to the famous 'five-thirds' law of Kolmogorov (1941). Kol

mogorov used arguments based on dimensional analysis to derive this expression. Part of 

the derivation included the assumption that in fully developed turbulence kinetic energy is 

transfered from large to small scale motions. The same arguments are valid for tempera

ture and humidity fluctuations as demonstrated by experimental evidence. An exhaustive 

review of the relevant observations and theory is given by Roddier (1981). 

Using the fact that (cpU)) equals zero, a little algebraic manipulation reveals that 

(2.7) 

where var[cp(ra)], var[cp(Tb)], and COV[CP(Ta), cp(Tb)] represent the variance and covariance 

of CP(Ta), and cp(Tb). The use of equation 2.7 in place of equation 2.6 is rare although not 

unheard of (Barakat and Ebstein, 1987). Here, equation 2.6 will be used primarily because 

it is convenient. 

2.3 The Bispectral Transfer Function 

The bispectrum is defined as the product of the short exposure image transforms at three 

spatial frequencies 

I(3)(p, q) = I(p). I(q). r(p + q) (2.8) 
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where p and q are two spatial frequency coordinates and where * denotes the complex 

conjugate. Using equation 2.1 

I(3)(p, q) = O(p). O(q). O*(p + q). T(p). T(q)· T*(p + q). (2.9) 

The bispectrum averaged over many short exposures is then 

(2.10) 

where O(3)(p, q) represents the object bispectrum (the object is time invariant), and (T(3)(p, q») 

represents the bispectral transfer function. Thus the bispectrum transfer function is the 

random quantity and the item of interest here. 

The balance of this section will be concerned with obtaining an expression for (T(3)(p, q)) 

in terms of the structure function. Using the equation 2.4, the bispectral transfer function 

can be rewritten as 

(T(3)(p,q») = (J ... L [expi(cp(r) - cp(r - p) + cp(r') 

-cp(r.l - q) - <p(r") + cp(r" - p - q)] drdr'dr") 

where the subscript again indicates the dependence on the pupil functions. As will be seen, 

phase terms will proliferate in the DTF so the simplified notation 

4> = 4>(r,r',r",p,q) = cp(r)-cp(r-p) 

+ cp(r') - cp(r.l - q) 

- cp( 7''') + cp( 7''' - q - p) 
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is introduced. From the definition for q" it is clear that q, can be rewritten as 

6 

q, = I::Cj¢(Zj) (2.11) 
j=l 

where are Zj the coordinates of the random phases ¢( Zj) and Cj the constant multiplying 

each random phase (here positive or negative one). The values for Zj and Cj are then easily 

found to be 

Zl = r C1 = 1 

Z2 = r - p C2 = -1 

Z3 = r' C3 = 1 

Z4 = r' - q C4 = -1 

Zs = r" Cs = -1 

Z6 = r" - p - q C6 = 1 

The first appendix evaluates the expectation of a complex number which has a phase that 

is the sum of a number of normal random variables. The reader is encouraged to consult 

that section for further details. Thus, using the results of the appendix 

(T(3)(p, q)} = (J ... J exp(iq, )drd7"dr") 

= J ... j(eXP(iq,)}drdr'dr" 

= J ... j exp( _~(q,2) )drdr'dr" 
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The average quantity (cI>2) is found to be 

6 6 

(cI>2) = - I: I: CkCjD(Zj - Zk) (2.12) 
j=l k=j+l 

where D( Zj - Zk) again represents the structure function. The full expansion of the exponent 

sum, which contains fifteen terms, can be found in the second appendix. Note that the 

expression for the BTF is a real quantity. 

2.4 Variance and Covariance of the Bispectrum 

Since the bispectrum is a complex number, the variance and covariance must be computed 

as such. If Z is a complex random variable, then its variance var[Z] is defined as the 

quantity (Miller,1974; Papoulis,1965) 

var[Z] = (IZ - (Z)12) 

= ((Z - (Z) )(Z - (Z))*) 

= ((Z. Z .. + (Z) . (Z) .. - Z· (Z) .. - (Z) . Z .. )) 

= (Z. Z .. ) - (Z) . (Z"). 

If Zj and Zk are two complex random variables, then their covariance cov[Zj, Zk] is defined 

in a similar manner and 

(2.13) 

Since the variance of a bispectrum point is a special case of the covariance, the covariance 

of the bispectrum will be derived first. 
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Following from the definitions, the covariance between two bispectrum points is then 

found to equal 

(T(3)(Ph qt}(T(3)(p2, q2))*) 

_(T(3)(Pl, ql ))(T(3)(P2, q2))* 

From inspection of equation 2.14, the two terms required for the covariance and variance 

calculation are 

(2.14) 

and 

(2.15) 

Evaluation of the second term is addressed first. In the previous section it was seen that 

the BTF is real so that 

(2.16) 

Thus the quantity to be computed follows easily from the final expression for the BTF 

(2.1 i) 

where for clarity the simplified notation dR 1 = drl dr~ dr~' and dR2 = dr2 dr~ drq is used. 

As the expression for the covariance will contain even more phase terms than the BTF, the 

simplifying notation 
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+ cp( r~) - cp( r~ - PI) 

and 

+ cp( r~) - cp( r~ - P2) 

- cp(r~) + cp(r~ - q2 - P2) 

is introduced. In a similar manner the second term to be computed (T(3)(PI, qt).(T(3)(p2' q2) )*) 

can be determined using the results of the appendix so that 

(T(3)(Pb qd . (T(3)(p2, q2))*) = (J ... k exp(icI>l)dRI . J ... k exp( -icI>2)dR2) 

= J ... k (exp[i( cI>1 - <I>2)])dR1dR2 

= J ... k exp[-~((cI>l - <I>2)2))]dR1dR2 

results. 

Again using the results of the appendix, the averaged phase sums are written in terms 

of the structure functions 

6 6 

(<I>i) = - 2::: 2::: CjCkD(Zj - Zk) (2.18) 
j=1 k=j+l 

and 
12 12 

(<I>~) = - 2::: 2::: CjCkD(Zj - Zk) (2.19) 
j=7 k=j+l 



and 
12 12 

((cI>1 - <P2)2) = - L L CjCkD(Zj - Zk). 

j=lk=j+l 

The set of coordinates Zi and multiplicative constants Ci are 

ZI = rl 

Z2 = rl - PI 

Z3 = rl 

~ - r' q "'4 - 1 - I 

II 
Zs = r 1 

~ r" "'6 = 1 - PI - ql 

Z7 = r2 

~ r" .:.11 = 2 

Cl = 1 

C2 = -1 

C3 = 1 

C4 =-1 

Cs =-1 

C6 = 1 

C7 =-1 

Cs = 1 

Cg = -1 

ClO = 1 

Cll = 1 

CI2 = -1 

36 

(2.20) 

The change in signs in constants Cj through C12 is done solely so that equation 2.20 can be 

written as a single sum. 

Combining the two integrals yields 
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-J ... k {exp [-~( (il>r) + (il>~))]} dR I dR2 

= J ... k {exp [-~(((il>I - il>2?))] 

-exp [-~((il>i) + (il>~))]} dR I dR2 • 

The full expansion of the exponent sums, which contain seventy-six terms, can once again 

be found in the second appendix. 

When PI = P2 and qI = q2 the expression for the covariance collapses to the formula 

for the variance of a bispectrum point. The variance of the complex bispectrum is then the 

quantity 

2.5 Calculation of the Bispectrum Transfer Function, Variance, and Co-

variance by Monte Carlo Integration 

Monte Carlo integration determines the approximate value of an integral by randomly 

sampling the integrand over the limits of integration. Thus if f( u) is some function then it 

can be shown that 

[ 
1 N. 1 1 lb lim N Lf(Ui) =-b- f(u)du 

N.-oo 3 i=I - a a 
(2.21) 

where the f( Ui) are the integrand values evaluated at the N3 points Uj randomly sampled 

over [a, b). Given a reasonably well behaved function, the Monte Carlo estimate is a consis-
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tent, unbiased estimator of the true value of the integral. It can be shown that the estimate 

is asymptotically normally distributed. Following equation 2.21 it is seen that 

l
b [1 N. 1 

a f(u)du~(b-a) Nst;f(ud . (2.22) 

The sample standard deviation arne of the estimator is 

(2.23 ) 

It will be noted that the expression for the Monte Carlo evaluation of the one-dimensional 

integral is easily extendable to multi-dimensional problems. In this case u would represent 

a multi-dimension vector and (b - a) would be replaced by a multi-dimension volume. This 

is important as the expressions for the bispectrum variance and covariance are integrals 

over twelve dimensions. For multi-dimensional integrations, Monte Carlo integration holds 

a number of advantages over numerical quadrature. Although numerical quadrature rules 

for one dimensional integrations always converge faster than Monte Carlo techniques, the 

same does not hold true for integrations in higher dimensions. In fact, whereas Monte 

Carlo converges independent of dimensionality, the convergence rate for quadrature rules 

slows exponentially with the increase in dimensions (James,1980). Another advantage of 

Monte Carlo integration is the ease in which it handles complicated limits of integration. A 

multi-dimensional integration over complex integration boundaries with a given quadrature 

rule may be quite difficult. 

For the computation in question, two tasks must be performed to accurately compute 

the integral. These two tasks are the computation of the multidimensional volume and the 
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expectation of the integrand. By writing explicitly the dependence of the BTF on the pupil 

functions, then from equation 2.3 it is seen that 

(T(3)(p,q)) = J ... Jexp(-~(ip2)) 

W(r)W*(r - p)W(r')W*(l" - q)W(r")fV"'(r" - P - q)drdr'dr". 

The integrand 

(2.24) 

is thus evaluated at randomly selected sample points, averaged, and multiplied by the 

multidimensional volume R(p, q). 

R(p,q) = J ... J W(r)W*(r - p)W(r')W*(r' - q)W(r")W*(r" - p - q)drdr'dr" C2.25) 

Of course R(p, q) is separable in r, r' and r", and can vary greatly as a function of p and q. 

For the variance and covariance volume integrals calculations the integrand is 

(2.26) 

while the six two-pupil overlap is simply R(Pl, qt} x R(p2, q2) where 

RCPllqd = J ... J W(r)W*(r - pd1V(r')W*(r' - qdW(r")W*(r" - PI - qddrIdr~dr~ 

(2.27) 

and 

R(p2,q2) = J ... J fV(r)W*Cr - P2)W(r')W*Cr' - q2)W(r")W"'(1." - P2 - q2)dr2dr~dr~. 

(2.28) 
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The task then is to find random points which fall within the limits of integration. To 

do this a set of normalized pupil coordinates (x,y) is selected where 

x = ran -.5 (2.29) 

y = ran - .5 (2.30) 

where 0.0 ::; ran::; 1.0 is a random number selected from a uniform distribution. If for the 

randomly selected pupil coordinates 

(2.31) 

then the process continues. If not, then random numbers are selected until the above 

inequality is satisfied. Next, for each bispectrum point, the sets of coordinates are checked 

to determine if the point is within the limits of integration as defined by the pupil. 

Using this process, the value of the multi-dimensional volume is easily calculated. Sup-

pose that out of N pairs of coordinates, n are found to lie in the two-pupil overlap area, 

then n/ N is the percentage of the pupil which the overlap represents. The value of the 

integal of the two-pupil overlap is then 

(2.32) 

The value of R(p, q) is found from the product of the three two-pupil overlap values. For 

those sets of coordinates which are within the limits of the two pupil overlap for each 

coordinate, the sample value of the integrand can be computed. This, however, can be a 

somewhat inefficient way of finding suitable random points especially for large p and q. 



41 

30 

20 

10 

o ~~~~~~~~~~-L~~~~~~~-U~~~-L~~~ 
o 10 20 30 40 50 60 

Figure 2.1: The log of the average bispectrum calculated by Monte Carlo integration. Ten 
contours equally spaced between -5 and zero. Units explained in text. 

A more efficient method exists however for finding suitable random points for the es-

timation of the expected value of the integrand, the second task in the integration. The 

technique is to choose random points which fall in the smallest rectangle containing the 

area of each of the two pupil overlaps. By simple trigonometry, if p represents the distance 

separating the centers of the two pupils and 0.0 ::; ran::; 1.0 is a random number selected 

from a uniform distribution, then points (x,y) selected by the relations 

x=H·(ran-.5) (2.33) 

and 

y = (1 - p). (ran - .5) + ~ (2.34) 

will fall in that smallest rectangle. 

Figures 2.1, 2.3 and 2.5 show the results when 100,000 iterations of the Monte Carlo 
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Figure 2.2: The log of the sample average bispectrum calculated from a simulated data set. 
Ten contours equally spaced between -5 and zero. Units explained in text. 
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Figure 2.3: The log of the bispectrum variance calculated by Monte Carlo integration. Ten 
contours equally spaced between -5 and zero. Units explained in text. 
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Figure 2.4: The log of the sample bispectrum variance calculated from a simulated data 
set. Ten contours equally spaced between -5 and zero. Units explained in text. 
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Figure 2.5: The log of the bispectrum covariance calculated by Ivlonte Carlo integration. 
Ten contours equally spaced between -5 and zero. Units explained in text. 
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Figure 2.6: The log of the sample bispectrum covariance calculated from a simulated data 
set. Ten contours equally spaced between -5 and zero. Units explained in text. 

integration algorithm are performed. A typical value for infrared speckle of TO = 50 cm was 

chosen. The telescope was chosen to be 2.3 meters. Thus 

TO 
D :::::: .217. 

The points used in the calculation were randomly selected uniformly over the pupil in the 

first manner described above. The pupil was free of aberrations or obscurations. (Of course, 

anyone of a number of pupils could have been selected without extensive reworking of the 

integration program. The same would not be true for numerical quadrature.) Figure 2.1 

represents the bispectral transfer function (T(3)(p, q)). Figure 2.5 illustrates the covari-

ance cov [T(3)(Pl' qt}, T(3)(P2, q2)] when P2 = .3125 and q2 = .104 while figure 2.3 is the 

bispectrum variance vaT [T(3)(Pl' ql)]. In all plots only the non-redundant portion of the 

bispectrum, a triangle in this application, is displayed. (The bispectrum is symmetric, for 
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example, across the line p = q.) The scaling on the plot is different from the frequency 

units used up to this point. The diffraction limit corresponds to a tick mark of 48 while 

frequencies p and q correspond to tick marks 15 and 5 respectively. For display purposes 

each plot was normalized to maximum value one. Ten equal spaced contour levels on a log 

scale between -5 and 0 are displayed. The BTF plot contains a peak at p, q = 0 which is 

not displayed due to the contours assigned. The strong contours along the borders of the 

triangles are an artifact of the plotting routine. 

2.6 Comparison to Simulated Data 

For comparison a simulated data set with the same parameters (TO/ D ~ .217) was created 

and the sample average, covariance, and variance was computed. The simulated data cor

responds to a point source data set. (Thus, (I(3)(p, q)) = (T(3)(p, q)).) The algorithm used 

for the creation of the simulated data set is briefly described in the introduction (Shaklan, 

1989). The results of these computations are illustrated in figures 2.2, 2.4, and 2.6. The 

display format for the plots is identical. Generally good agreement is found in all three 

plots. The favorable comparison, however, tends to degenerate at the higher frequencies. 

This is because the number of randomly selected pupil coordinate candidates found to be 

acceptable for the Monte Carlo integration falls off rapidly with p + q constant. Unfor

tunately, the Monte Carlo integrations appear somewhat noisier than the same quantities 

computed for the simulations. This is probably because an insufficient amount of sampling 

was performed. The fact that the calculations consumed over nineteen hours of CPU time 
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tends to discourage further sampling. 

The plots of the variance and the covariance can be displayed in a manner which more 

clearly illustrates the correlation between bispectrum points. For this reason a correlation 

coefficient C(Pb ql; P2, q2) is defined where 

cov [T(3)(Pll ql), T(3)(P2, q2)] 
C(Pb ql; P2, q2) = 1 

[var [T(3)(Pb qd] . var [T(3)(P2, q2)]] 2" 

(2.35 ) 

This correlation coefficient for both the integration and the simulation are displayed in 

figures 2.7 and 2.8. Ten contours equally spaced between zero and one are used. Inspection 

of the plot clearly reveals that the points of the bispectrum are significantly correlated. 

The plot shows that the correlation coefficient falls off with level curves that are somewhat 

elliptical. Interestingly, the contour where C(Pb ql; P2, q2) ~ .5 corresponds roughly to a 

circle of radius TO drawn on the plot of C(Pb ql; P2, q2). 

2.7 Comparison to Measured Data 

To provide a comparison, the sample average bispectrum, variance, and covariance are 

computed for SAO 133312, the Ross 614AB standard. The ratio of 1'0 to the telescope 

diameter is roughly the same as in the cases examined above (Tal D ~ .250). The results 

of these computations are seen in figures 2.9,2.10,2.11, and 2.12. The contour levels have 

been altered to bring out detail in the plots. Since this data set contains additive noise, the 

comparison is somewhat limited. Nevertheless, the plots contain most of the features seen 

in the plots of the previous section. In the plot of the correlation coefficient for SAO 133312, 

it is interesting to note that the values fall off much faster away from P = .3125, q = .104 
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Figure 2.7: The the bispectrum correlation coefficient calculated by Monte Carlo integra
tion. Ten contours equally spaced between zero and one. Units explained in text. 
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Figure 2.8: The the bispectrum correlation coefficient calculated from simulated data. Ten 
contours equally spaced between zero and one. Units explained in text. 
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Figure 2.9: The log of the sample average bispectrum calculated for SAO 133312. Ten 
contours equally spaced between -9 and zero. Units explained in text. 

than in the previous results. This is perhaps due to additional randomness due to the 

additive noise. 

2.8 Conclusions 

Analytic expressions for the bispectral transfer function, and the bispectrum variance and 

covariance were derived and calculated by Monte Carlo integration. These results were com-

pared to similar quantities computed from measured and simulated data. The bispectrum 

was shown to be correlated to a significant extent as a function of frequency. Nevertheless, 

this correlation will be ignored for the rest of this dissertation. The reason for this is sim-

pIe. Inclusion of the bispectrum correlation would nearly square the number of calculations 

involved in the computation of the bispectrum. Since at present the speckle community is 



49 

30 

20 

10 

10 20 30 40 50 60 

Figure 2.10: The log of the sample bispectrum variance calculated for SAO 133312. Ten 
contours equally spaced between -9 and zero. Units explained in text. 
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Figure 2.11: The log of the sample bispectrum covariance calculated for SAO 133312. Ten 
contours equally spaced between -9 and zero. Units explained in text. 
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Figure 2.12: The the bispectrum correlation coefficient calculated for SAO 133312. Ten 
contours equally spaced between zero and one. Units explained in text. 

still discussing whether or not to compute even the entire bispectrum, the choice to ignore 

the correlation is entirely reasonable. 



51 

CHAPTER 3 

Determination of the Phase from the Bispectrum 

The preceding chapter examined theoretical aspects of the bispectrum. In contrast, the 

following chapter will examine methods used to obtain an estimate for the set of object 

Fourier phases {</1(/) , f = 1,2, ... , nd} where nd represents the diffraction limit cutoff fre

quency. For the data examined here nd = 48. It will be noted that the spatial frequencies 

are numbered as integers. This is a convenient scheme which follows from the fact that 

the discrete Fourier transform of a one-dimensional image of 128 pixels possesses 65 spatial 

frequencies. 

It will be assumed that an estimate of the average image bispectrum j(3)(h, h) as 

well as an estimate of the image bispectrum variance var[j(3)(h, h)] are available. In 

addition an estimate of the point source bispectrum t(3)(/h h) with its variance estimate 

var[t(3)(fI, h)] are assumed to exist. Doth bispectra are assumed to be calibrated for 

additive noise (Freeman et al.,1988a ;Christou,1988). As stated, the correlation between 

bispectrum points examined in the last chapter will be ignored. 

The first section of this chapter introduces the recursive relation which is used to deter

mine the object phase estimates from the bispectrum. This is followed by a discussion of 

how to obtain the errors in the object phase estimates. As the bispectrum provides multiple 

estimates of each object phase, it is necessary to combine these estimates in some optimal 
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manner. This topic is addressed in the next section. The methods developed are applied 

to the recovery of the phases of Ross 614AB. Finally, a similar development is offered when 

the phases are to be recovered from an extended Knox-Thompson array. 

It will be important in what follows to have an estimate of the variance var[,81(p, q)] in 

the phase of the bispectrum ,81 (p, q). The appendix offers one method for computing this 

quantity. If the assumptions made in that derivation are violated, the variance estimate 

could be in error. Consequently, a second method based on the propagation of errors is 

adopted (eg. Bevington, 1969). From propagation of errors it is determined that 

var[,81 ( )] = Im(i(3) ( ft, h))2var[Re(i(3)(ft, ~2))] + Re(j(3)(ft, h))2var[I m(i(3)(ft, 12))] 
p, q III(3)(ft,h)II 4 

(3.1) 

where var[Re(j(3)(ft, h))] and var[Im(i(3)(ft, h))] are the variance in the real and imag-

inary parts of j(3)(Jb h) and are contained in var[j(3)(ft, h)]. 

One the most interesting aspects of the bispectrum is that it provides multiple estimates 

¢(J) of each object phase ¢(J). Combination of these estimates can prove to be one of the 

more problematic aspects of bispectral analysis. The problem of multiple phase estimates 

was addressed in Freeman et al (1988a). The following repeats and expands upon much of 

that development. 

From the definition of the bispectrum, 

it is clear that 

(3.2) 
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where rJl (II, h) represents the phase of the average image bispectrum and rF (Jl, h) repre-

sents the phase of the bispectral transfer function. It has been stated in the literature that 

f3T (II, h) is very small if not equal to zero (Weigelt, 1983). While this is certainly true for 

the theoretical bispectrum transfer function, it is apparently not true for measured data (eg. 

Freeman et aI., 1988a). For the discussion which follows though, it will be assumed that 

the {3T(Jl' h) phase terms can be removed by an appropriate calibration. Generally, this 

would be accomplished by dividing a point source bispectrum into the image bispectrum. 

(This could be thought of as the bispectrum counterpart to deconvolution.) Thus, from the 

above discussion, 

. ···0 
¢(ll + h) = ¢(fI) + ¢(h) - f3 (fI, h) (3.3) 

where ¢(J) represents an estimate of the object phase ¢(I) at frequency f. In addition, 

(30 (11,12) represents the phase of the quotient of 

and 

j(3)(fr, h) 

t(3)(II,h) 

·0 -I ·T var[f3 (II, h)] = var[,8 (II, h)] + var[f3 (fI, h)] 

where var[(3T(II, h)] and var[(3I(Jb h)] represents respectively the variance in the phase of 

t(3)(II, h) and j(3)(Jb h). The variance expression follows from the fact that j(3)(Jl, h) 

and t(3)(Jr, h) are independent. (They are observed separately.) 

Using equation 3.3, estimates of higher object phases can be built up from estimates 

of lower object phases by a recursive scheme. Since ¢(O) equals zero for a real object and 
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4>(1) defines the phase slope and is free to be chosen, the recursive scheme can always be 

started. 

3.1 Calculating the Error in the Estimated Object Phases 

The following section develops formulas to determine the error in the estimated object 

phases in terms of the estimated object bispectrum phases 6(3)(fI, h). A recursive set up 

would indicate that 

¢(JI) = LQk,I,l' /Jo(k,/) (3.4) 
k,l 

and 

¢(h) = L Qk,I,2' /Jo(k,l) (3.5) 
k,l 

where Qk,l,l and Qk,l,2 represent constants determined through the recursive process. If the 

correlation between bispectrum points is ignored then 

and 

var[4>CfI)] = L a~,l,l . var[/Jo(k, I)] 
k,l 

A " 2 AO var[¢(h)] = L. ak,I,2 . var[,8 (k, I)]. 
k,l 

(3.6) 

(3.7) 

The correlation between two phase estimates cov[¢(Jd, 4>(12)] is represented by a similar 

expression. 

cov[¢(fI), 4>(12)] = LQk,l,l . Qk,I,2' var[/Jo(k, I)] (3.8) 
k,l 
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The phase estimate ¢(ll + h) determined by the recursive relation can be written as the 

sum 

(3.9) 

(3.10) 

where the fik,l represents a new set of constants determined from the addition of phase 

estimates. The expression for the variance easily follows. 

var[¢(ll + h)] = L fik~l . varLBo(k, I)] (3.11) 
k,l 

3.2 Combination of Object Phase Estimates 

Suppose now that n estimates {~i(l), i = 1, n} of object phase 1;(1) have been obtained. 

The covariance matrix of the phase estimates is defined to be a matrix Al which has for its 

ijth element the term COV[¢i(l), ¢j{J)]. 

Further, suppose that the phase estimates are to be combined in a way such that the 

result ¢m(l) posseses minimum variance among all combinations. The problem is then to 

find a n X 1 matrix of weights W such that 

(3.12) 

is a minimum-variance estimate of 1;(1) where 

(3.13) 
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It is also desirable that the estimate is an unbiased one so that 

E[¢m(J)] = ¢(J) (3.14) 

It can be shown (Miller, 1974) that the minimum variance unbiased estimate is achieved 

if the set of weights 

(3.15) 

are used. The matrix U is n X 1 and has the value one for each element. 

UT = [1,1, ... ,1] 

Thus, the desired estimate is 

(3.16) 

and the variance 

(3.17) 

results. The above estimate is equal to the maximum likelihood estimator if normality 

conditions hold. An assumption of normality may not, in fact, be farfetched. As discussed 

in the appendix, the phases of the bispectrum may belong to a normal distribution. In 

;:Lddition, due to the fact that for the higher frequencies a large number of estimates are 

averaged together, it is possible that normality might be proved by application of a central 

limit theorem. If the condition of normality does not apply, then the generalized Gauss-

Markoff Theorem guarantees that the estimate is of minimum variance among all linear 

unbiased estimators. 
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As seen above, the minimum-variance technique requires the inversion of a matrix for 

each set of phase estimates. For the higher spatial frequencies, these matrices may be-

come quite large. For this reason it may be desirable in some circumstances to employ a 

simpler method. This method, outlined below, retains some weighting of the phase esti-

mates while requiring no matrix inversions. This is done by ignoring the covariance terms 

COV[~i(f), ¢j(f)). Suppose then that the covariance matrix IvI is approximated by the di-

agonal matrix Mw where the iith element is var[¢i(f)). All the off diagonal elements are 

assumed to equal zero. Then M-l is a diagonal matrix with iith element (var[<Pi(f)])-l. 

Using the non-optimized set of weights W~ the combined estimate <Pw(f) is found by the 

expression 

(3.18) 

and 
n 

var[<pw(f)] = var(L Wi' <Pi(f)) (3.19) 
i=l 

where the sum is performed over the n estimates of <p( J) at frequency f and where the Wi 

are the elements of }I' w' The method will be refered to here as standard weighting. Another 

method for combining the phase estimates~ which will be called straight averaging, employs 

no weighting of the estimates. The set of phase estimates is simply summed and the average 

taken for the final estimate. 
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Figure 3.1: Phase of the bispectrum of Ross 614AB. Ten equal contours plotted between 
-7r and 7r. The binary nature of Ross 614AB is apparent at p + q < 30. 

3.3 Application to the Ross 614AB Data Set 

The following section illustrates the results when the three recursive methods are applied to 

the Ross 614AB observation. It will be remembered that the Ross data set consists of 5120 

scans of Ross 614AB. The same number of scans of SAO 133312 are used as a reference 

observation. Both bispectra are calibrated for additive noise effects by the appropriate set 

of sky scans. After calibration, the bispectrum of Ross 614AB is divided by the bispectrum 

of SAO 133312 to remove the effects of the telescope and seeing from the phase. 

The phase map of the estimate of the object bispectrum of Ross 614AB is displayed in 

Figure 3.1. Ten equal contours are assigned between -7r and ii. At values of ]J + q < 30 

the binary nature of Ross 614All is already apparent in the oscillation of the bispectrum 

phases. Also note that the noisier portions of the bispectruIl1, judged by inspection of the 
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Figure 3.2: Log (base 10) of the variance of the phase of Ross 614AB. Ten equal contours 
plotted between -2 and 0 

phases, are at p + q large. This trend is especially visible at p + q large with p ~ q. 

The variance of the Ross 614AB bispectrum phases are seen in figure 3.2. The log of 

the variance is displayed to illustrate detail and ten equal contours are assigned between 

-2 and O. The level contours which become nearly parallel to the axis for small q values is 

characteristic of the phase variance. This behavior will be reflected in the weighting plots 

discussed below. 

The results of applying the three recursive techniques are seen in figure 3.3. A small 

phase slope has been removed for display purposes. The error bars are determined by using 

the formulas developed in the previous two sections. Each of the methods seems to have 

found nearly the same phase estimate for each frequency up to about frequency 30. After 

that point the standard and minimum variance techniques nearly coincide while the straight 
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Figure 3.3: Ross 614AB phase estimate from the three bispectrum recursive techniques, 
top to bottom: minimum variance, standard weighting, straight averaging. (phases are 
displaced from origin for viewing) 

averaging technique appears to diverge. Close inspection of the error bars reveals that 

the minimum variance technique has indeed found estimates with lower variance than the 

standard weighting technique. Clearly the straight averaging method arrives at estimates 

with higher variance. This is most apparent at high spatial frequencies. 

Figures 3.4 and 3.5 plot the individual phase estimates found by the weighting methods 

at each frequency. It is interesting to note the the set of phase estimates are nearly identical 

at each frequency. 

Figure 3.S shows the images obtained when each of the phase estimates are combined 

with an estimate of the object modulus from the bispectrum multiplied by a transfer fune-

tion. The transfer function corresponds to a two-pupil overlap function and has cutoff at 

frequency 48. This transfer function serves to reduce the ringing in the images. It will 
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Figure 3.4: Sets of estimates of the phase of Ross 614AB from standard weighting. 
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be noted that the images are nearly indistinguishable in the plot. Based on inspection, it 

would difficult to decide which of the recursive methods has worked better. Each seems 

to have produced an acceptable result. This issue is given a fuller treatment in the next 

chapter. (The similarity is due in part to the transfer function which tends decrease the 

contribution of the high frequency components.) 

Figures 3.6, and 3.7 are a convenient way to illustrate how the minimum variance and 

standard weighting techniques distribute the weights assigned to the phase estimates at 

each point. The weights are summed along constant p + q starting at p = O. Thus, the 

cumulative weight is zero at ]J = 0 and increases to one at ]J = q. 
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Figure 3.5: Sets of estimates of the phase of Ross 614AB from minimum variance weighting. 

3.4 Application to Extended Knox-Thompson 

The extended Knox-Thompson algorithm (EKT) will be compared in the next chapter to 

the bispectrum. As will be seen, the handling of the object phase estimates obtained from 

EKT is actually very similar to the processes used with the bispectrum. From the definition 

of EKT, the average image EKT cross-spectrum (J(TI (ft, h)) is 

(3.20) 

= (T(fd· T"(fl + h)) . O(fJ)O"(ft + h) (3.21 ) 

(3.22) 

for ft = 1,2, ... , nd, and 12 = 1,2 .... , nr where 7Ld represents the diffraction limit cutoff 

and nr the seeing cutoff. In addition, (](T1'(ft, h)), and ](TO(ft, h) represent the EKT 

transfer function and object cross-spectra. Thus. if lI.;T
1 
(fl, h) represents the estimated 
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Figure 3.6: Cumulative weights of bispectrum usage for Ross 614AB from using standard 
weighting. The contour levels are at 10 percent intervals 

image EKT cross-spectrum and ](TT (fb h) the estimated point source couterpart, then 

the phase -t°(h, h) of the quotient 

yields the recursive relation 

Like for the bispectrum, the error in the estimated object phases -t°(h, h) are the sum of 

the errors in the phase of ]{r
l 
(/1,12), and ]{r

T 
(/1,/2)' It is clear that the entire discussion 

on obtaining the errors in the estimated object phases from the bispectrum as well as the 

discussion on the combination of phase estimates can be applied to EKT with little effort. 

The EKT resul ts reported ill the next chapter will be based on the standard weighting 
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technique adapted for EKT. 
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CHAPTER 4 

Quantitive Comparison of Phase Measurement Techniques 

4.1 Introduction 

As discussed in the introductory chapter, a number of techniques have been proposed to 

measure the phase of the Fourier transform of the images of astronomical objects. The bis

pectrum, Knox-Thompson and shift-and-add techniques are all good candidates for phase 

measurement. Because of this proliferation of phase measurement techniques, it would be 

quite useful to obtain some quantitative comparison of the performance of each. Such a 

measure would help decide in some situations which algorithm would best serve needs of 

the observer. For example. the arrays needed for the Knox-Thompson algorithm require 

somewhat less computation than those needed for the bispectrum. The possible computa

tional savings however might be offset by the fact that the bispectrum can be immune to 

some observational problems. 

4.2 Outline of the Phase Comparison Experiment 

It is fairly straightforward to devise an experiment which would compare phase measurement 

performance. A description of an experiment which measures the effect of additive noise 

on the algorithms follows. 
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• A simulated data set with a typical seeing parameter TO is created. 

• Zero mean additive noise is added to the scans before processing. 

• Using each of the algorithms~ an estimate of the object phase cPo is determined. 

• The image phase estimate is combined with the known true modulus 0/. The inverse 

Fourier transform of the result defines the observed image io • 

• The observed image is compared by an objective measure € to the known true image 

it. The true image it is defined as the inverse Fourier transform of the true modulus 

Tt combined with the true phase cPt 

• The process is repeated with the same simulated set of scans while the additive noise 

is changed to a different SN'R. Here, the signal to noise ratio is defined by signal peak 

to background root mean square. This definition of SNR is by no means unique (Hege, 

1989). 

The true modulus is defined as the true object modulus combined with an appropriate 

transfer function. The transfer function could be chosen to be the autocorrelation of a 

circular pupil. 

The experiment described above is not necessarily limited to analyzing the effects of 

additive noise. For example, to measure the seeing dependent effects the experiment could 

be repeated with another set of scans created with a different seeing parameter 1'0. The 

set of scans can also be convolved with different objects before processing to stud~· possible 
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object dependent effects. Another experiment would have 1'0 unequal for the image and 

point source observation. 

Another more complicated experiment could combine the observed phase with a ob-

served modulus obtained from some method. The results of the experiment could be 

valuable although it would tend to obscure the performance of the phase measurement 

techniques. Indeed. large errors in the modulus could entirely dominate the variation of the 

error metric Eo (See, however, the error metric used in chapter 7.) 

4.3 The Error Metric 

Some care must be exercised in the choice of the objective measure (; used in the experiment. 

One choice for the error metric is the summed absolute difference between the true image 

it and observed image io 
N 

{ = L lIitU) - ioU)1I 
j=1 

where the sum is over the N pixels of the image. In addition 

N 

LitU)=l 
j=1 

(4.1 ) 

The choice of the measure is, of course, somewhat arbitrary, For example the summed 

squared error could be used. That error metric would be somewhat less desirable because 

it would tend to emphasize the contribution of a single bad pixel. Interestingly, Bates and 

McDonnell (1986) have proposed the summed absolute value as the best image metric 

An important feature of the use of the error metric. image registration, has not been 

mentioned yet. For this experiment, image registration simply means that the true and 
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observed images have the same image centroid; that they are lined up together. Due to 

the random nature of the phase measurement process there is no guarantee that this will 

happen automatically. Luckily though this problem is easily solved. The first step is to 

move each image center close to the central pixel of the image domain. This can be done 

by su btracting from each phase set a linear fit a . f to the first few frequencies. In this way. 

image registration on approximately pixel level will be accomplished. Next a series of small 

linear phase slope perturbations a' are applied to the observed phases. The error metric £: 

is then defined as 

£: = min { £:( a') : a' = n . 6a, n = -50,50} (4.2) 

where 6a is some small number and where £:( a') is the value of the image metric as a function 

of the slope of the observed phases. 

4.4 Previous Publications Dealing 'Vith Similar Phase Measurement Com-

parlsons 

The Knox-Thompson and bispectrum algorithms were compared in the paper which intro

duced the weighting techniques illustrated above (Freeman et al., 1988a). No error metric 

was used although it was clear that the bispectrum outperformed the Knox-Thompson. 

The failure of the Knox-Thompson algorithm in that presentation was due to the fact that 

only one frequency shift was used instead of any inherent flaw in the algorithm. When only 

one shift is used with Knox-Thompson and the phases are determined recursively, error 

propagation becomes a serious problem. 
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The experiment outlined above was used to compare the bispectrum, the Knox-Thompson, 

the SSA and the phase gradient technique (Freeman et ai., 1987). (The phase gradient tech-

nique (Aitken et aI., 1985), which is not used elsewhere in this dissertation, computes the 

array 

(Im(I'(f) . J*(f») 
(1'(1) . J*(f») 

where 1'( f) is the derivative Fourier transform. The array can be shown to equal the 

gradient of the phases. The image phases are determined by integrating out from the 

origin. ) 

In that study the ability of the algorithms to retrieve the phase of a point source was 

investigated. The seeing parameter TO of the simulated data set was alternately set to 50cm 

and 30cm. To simulate a binary star observation the 50cm seeing scans were convolved 

with a pair of points with ratio 5:1. Once again the KT algorithm performed poorly due 

to error propagation. The phase gradient algorithm also was shown to be very sensitive 

to additive noise calibration. To some extent this is a problem with the application to IR 

data as the noise tends to be better known with photon limited data. In this light it was 

apparent that the phase gradient algorithm is not well suited for use with one-dimensional 

IR data. 

The third published experiment was improved by the addition of EKT. Five frequency 

shifts were used providing a fairer comparison to the bispectrum (Freeman, 1988b). 

Another author has offered a comparison of the Knox-Thompson and bispectrum algo-

rithms for the photon limited domain (Belatic.1987). 
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4.5 New Results 

The following section presents the results of a more detailed experiment than the ones 

outlined above. The experiment has been expanded in two ways. A brief outline of the 

experiment follows 

• .A set of scans with TO = 50 cm is created. The scans are convolved with all object 

composed of two delta functions separated by 14 pixels and with respective intensity 

.8 and .2. 

• Zero mean additive noise with a given signal to noise ratio is added to the scans before 

processing 

• A second independent set of scans is created to serve as the point source calibration. 

These scans are also corrupted with additive noise before processing 

• The necessary quantities for the bispectrum, extended Knox-Thompson, and shift

and-add are computed for both sets of scans. All quantities are calibrated by inde

pendent sets of noise scans. 

• The bispectrum and extended Knox-Thompson arrays for the simulated binary star 

are deconvolved by the same quantities computed for the simulated point source 

• The object phases are determined by each of the five methods and the performance 

is measured by the error metric described above. 
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Figure 4.1: The phases obtained by the five methods when SNR = 22, Top to bottom: 
extended Knox-Thompson, SSA, minimum variance, standard weighting, straight weighting 

• The experiment is repeated five times with the same simulated scans. Each time, 

however the corrupting additive noise is at a different level. In addition the reduced 

scans are calibrated by a independent set of noise scans 

• The above process is repeated for five pairs of binary and point source scans. Each 

set of scans is independent from all the others 

The most important change that has been made from the previous experiments is that the 

experiment is repeated five times. 

4.6 Results of the Experinlent 

In figures 4.1 through 4.3 are displayed the recovered phases for one of the observation scan 

pairs. The plots display the results for the signal-to-noise ratios of 22,13.2 and 9.i. Each 
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Figure 4.2: The phases obtained by the five methods when SNR = 13.2, Top to bottom: 
extended Knox-Thompson, SSA, minimum variance, standard weighting, straight weighting 
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Figure 4.3: The phases obtained by the five methods when SNR = 9.7, Top to bottom: 
extended I{nox-Thompson. SSA. minimum variance. standard weighting, straight weighting 
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Figure 4.4: The mean error metric for each of the five methods at each SNR, A = extended 
Knox-Thompson, .6. = SSA, + = minimum variance, 0 = standard weighting, + = straight 
weighting. Many symbols are hidden by overlap . 
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Figure 4.5: The standard deviation of the error metric for each of the five methods at each 
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of the methods appears to work quite well at the lower spatial frequencies. In the plots 

for which SNR = 9.7 the breakdown of the extended Knox-Thompson and SSA algorithms 

becomes clear at the higher spatial frequencies. 

A plot of all the mean error metrics for each of the methods and for each of the signal

to-noise ratios is given in figure 4.'1. The standard deviation of the error metics is plotted 

in figure 4.5. Interestingly. the results for all of the bispectrum methods are nearly indistin

guishable. The extended Knox-Thompson method clearly diverges at low SNR. Surprisingly, 

SSA stays with the other algorithms for most of the experiment and even performs better 

than EKT at the lowest SNR. 

4.7 Conclusions 

A few conclusions can be drawn from the experiment above. First, the bispectrum methods 

have performed better in general than EKT and SSA. Bispectrum methods will be employed 

for the rest of this dissertation. Second, it appears that no significant gain over the standard 

weighting technique has been made by employing the minimum variance method. Since 

minimum variance requires far more computation, it appears that standard weighting should 

be the method of choice. The final chapter on optimization will add more weight to this 

view. 
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CHAPTER 5 

A Brief Review of Optimization 

5.1 Introduction 

The following section is a brief summary of some of the concepts and algorithms of op

timization which are used in the following chapters. The reader who is familiar with the 

material contained in this section may wish to skip to the next chapter with no loss of 

continuity. The optimization routines used in this dissertation are all from the Numerical 

Recipes mathematical subroutine library. Many of the same optimization algorithms are 

also available through IM8L. The IM8L routines can come with an added problem as the 

source code for the algorithms is purchased separately from the program library. Without 

the source code the routines are strictly a black box, a situation which the debugging pro

grammer may find intolerable. (As this one did!) The Numerical Recipes text contains a 

very readable overview of optimization (Press et aI., 1985). A more detailed review is found 

in the series of articles edited by Murray (1972). 

Optimization is the branch of mathematics which attempts to find the maximum or min

imum of a function. These extrema may be either local or global with global extremization 

being the more difficult of the tasks. The optimizations considered here will be restricted to 

finding the minima of a function. Optimization. in general attacks the problem of finding 
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the extrema of any given function. For the applications considered here however the class 

of functions will be restricted to ones composed of sums of squares. Specifically, if F(x) is 

the function to be minimized then 

m 

F(x) = L [fi(X)]2 (5.1) 
i=l 

where the sum is over the m data points where the function is evaluated. The function 

F(x) is dependent on n variables Xj which are represented by the n-dimensional vector x. 

In addition, all the functions considered will be non-linearly dependent on the variables Xj. 

Proofs for the convergence of optimization algorithms are often based on an assumption 

that the function to be optimized can be approximated by a quadratic form. Quadratic 

form means that the function F( x) can be represented by 

(5.2) 

where b is a n X 1 vector and A is a n X n symmetric matrix. The representation of F( x) as 

a Taylor series is an important example of a quadratic form. The approximation to F( x) 

is then written as 

1 
F( x) ~ c + gT x + _xT Gx 

2 

In this case the elements gi of g are the first partial derivatives 

Likewise, the elements gij of G are the second partial derivatives 

(5.3) 

(5.4 ) 

(5.5 ) 
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The matrix G is often refered to as the Hessian in the literature. When the function to be 

minimized is the sum of squares (as it is here) then a useful approximation to the Hessian 

may be derived. The approximation is found by differentiating the function with respect 

to each of the Xi. The result is a sum composed of first and second derivatives. The second 

derivative terms can be neglected because the terms are small (Sadler.1975) or because the 

second derivative terms tend to cancel out (Press et al.,1986). In either case, the Hessian 

then is approximated by the matrix JI where 

(5.6) 

Another important concept in optimization is that of conjugacy. A set of vectors 

p(l), •• . p(n) is said to be conjugate with respect to a postive definite matrix A if for all 

if;j 

(5.7) 

Conjugacy implies that all the vectors {p(i)} are mutually independent. 

It is doubtful that any optimization method would be useful without a technique for 

minimization along a given direction. That is, given a starting point x(k), and a direction 

p(k), a scalar a(k) is determined such that F( x(k) + ap(k)) is minimized with respect to a(k). 

The starting point for the next step 

(5.8) 

is thus determined and a new search direction can be determined. A number of methods 

have been suggested to accomplish minimization along a given direction. All can be clas-
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sHied into two general groups, line minimization by function comparison and by function 

approximation (Murray,1972j Press et al.,1986). Function comparison methods attempt to 

bracket a minimum by evaluating the function along the search direction. Such procedures 

generally require an initial large bracket coupled with the knowledge that a minimum along 

the line lies in the interval. The convergence towards the minimun is linear (Press et a/.. 

1986). Popular algorithms in this category include Fibonacci. Disection and Golden Section. 

The second class of line search algorithms involve approximating the function by another 

simple function. This second class of methods will have the advantage of superlinear con-

vergence. Once again a number of procedures exist. The method of Brent (1973) is the one 

suggested for use in Numerical Recipes and will be used here in conjunction with conjugate 

direction and conjugate gradient optimization. Brent's method works like this 

• A starting triplet of points which bracket the minimum is given. A minimum is 

brackted when three points a. b, and c are known such that F(a) > F(b) and F(c) > 

F(b). 

• The minimum of the parabola x determined by the triplet of points is determined. 

The formula for finding the new minimum is 

x = b + ~ [(b - a)2(F(b) - F(c)) - (0 - c)2(F(b) - F(a))] (5.9) 
2 (b - a)(F(o) - F(c)) - (0 - c)(F(o) - F(a)) 

• If the new minumum is within the bounding interval then the new value is taken. The 

new point must also be a step that is less than half the movement of the step before 

last. This is to a.void non-convergent cycles. 
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• In the case of failure of parabolic method, a golden section is taken as the min-

imum.This means that the function is evaluated at a point the fractional amount 

.38197 into the larger of the two intervals (a,b) or (b,c). 

• The process is repeated until the minimum is bracketed to within some previously 

determined tolerance. 1\ umcrical Recipes advises that this tolerance be no smaller 

than the square root of the floating point precision. 

Optimization is a large field of mathematics and hundreds of algorithms exist for the 

extremization of functions. A few of these algorithms have gained somewhat larger useage. 

Three of these algorithms were adopted for the optimization problems encountered in this 

volume. These algorithms, Levenberg-M&rquardt, the conjugate gradient, and conjugate 

directions, are descibed briefly below. 

5.2 Levenberg-Marquardt 

The algorithm described below was proposed separately by Levenberg (1944) and Mar-

quardt (1963). It has become one of the most sucessful and widely used algorithms for 

non-linear optimization. The algorithm is actually a clever combination of two other op-

timization schemes. The first scheme, steepest descent, is one of the oldest methods in 

existence and was first suggested by Cauchy in 1847. Suppose g is the n X 1 gradient vector 

of F(x) which has as ith element 

DF(x) 
9j=--· 

aXj 
(5.10) 
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Suppose further that F( x) is well approximated by the quadratic form. Then the steepest 

descent iteration is defined as 

X(k+I) = x(k) - h . 9 (5.11) 

where x(k) represents the values of the variables at the kth step and where h is some 

constant. The second algorithm combincd in Lcvenbcrg-:'larquardt is often refercd to as 

Newton-Raphson. The method is generated by differentiation of the n-dimensional Taylor 

series approximating F( x). The procedure which results is the i terati ve step 

(5.12) 

where a-I is the inverse of the Hessian matrix. Combining these two algorithms, the 

Levenberg-Marquardt algorithm is thus defined as the iterative step 

(5.13) 

The constant). defines the form of the algorithm at each step. Thus when). is large, the 

algorithm behaves more like steepest descent. \\Then). is small the algorithm resembles 

Newton-Raphson. In the form of the algorithm implemented here the Hessian is replaced 

by the approximation to the Hessian described above. The constant). is initially set to a 

small value (like .001). If during the iteration, the function value increases, ). is increased 

by a factor of 10. If the function value decreases, then). is decreased by a factor of 10. 

When the function to be minimized is a sum of squares. then it is fairly easy to show 

(Press ct a/"1986) that an approxima.tion to the error in the estimated parameters Xi is 
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given by 

(5.14) 

where the Cjj are the diagonal elements of the matrix C = A-I where the elements aij of A 

are 

(5.15) 

5.3 Conjugate Directions 

The conjugate directions algorithm is an important optimization technique that will be used 

extensively in this work. Conjugate direction methods do not require the evaluation of the 

set of first partial derivatives, and are especially useful when those quantities are difficult 

to find. In the special case where F( x) is of quadratic form then a conjugate direction 

algorithm is guaranteed to terminate in a finite number of iterations. 

:Many forms of the conjugate direction algorithm exist although all work in a similar 

fashion. At each iteration, a set of directions is determined and the function is minimized 

in turn along each. The basic algorithm iteration proceeds like this 

1. A set of n directions p(i) is determined. Each direction p(i) is a n X 1 vector. The 

initial set of directions can be chosen as the set of unit vectors. 

2. The function F( x) is minimized by direct line search along each of the directions 

p(i) sequentially. (The line search methods were described earlier in this chapter.) 

That is find a such that F( x(i-I) + ap(i») is a minimum along p(i). Set x(i) equal to 

.1~(i-l) + ap(i). Repeat the line search for each of the n directions. 
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3. Set x(N) to be xeD) for the start of the next iteration. 

This minimization can be repeated until the desired convergence is achieved. For many 

functions this may be an inefficient method for determining the minimum. For this reason a 

number of modifications have been proposed. The method used in this dissertation employs 

a number of changes. The first change is to replace the direction pCb) that contributed to the 

largest functional change by the new direction x(N) - X(D). The next iteration continues with 

this new set of directions. The thought behind discarding the direction of largest decrease 

is that the minimization is probably played out along p(b). Under two circumstances pCb) is 

not replaced. Defining 

then the two criteria are met when 

(5.16) 

or when 

(5.17) 

where .6.F is the magnitude of the largest decrease. Since FE is the function value extrap-

olated along the proposed new direction. the first criterion indicates that the new direction 

would not be a wise choice. The minimization appears to be played out already along 
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X(N) - x(D). According to Press et ai., the second criterion means that either (i) the de-

crease along the average direction was not primarily due to any single direction's decrease, 

or (ii) there is a substantial second derivative along the average direction and x(N) is near 

it. 

5.4 Conjugate Gradient 

The method of conjugate gradients assumes that it is possible to explicitly evaluate the 

function as well as the set of first partial derivatives. The algorithm can be thought of as a 

combination of steepest descent with conjugacy properties (Fletcher, 1972). For a quadratic 

function the method can be shown to converge in O{ n) evaluations of the function plus 

gradient vector (Fletcher, 1972). 

The basic algorithm iteration proceeds as follows (Press, 1986) 

1. On the first step the downhill gradient _g(1) at the starting point x(1) is evaluated. 

Set pel) = _gel). IvIinimize the function F(X(l) + ap(l)) with with repect to a. 

2. For i = 1,2, .. ·n let 

(5.18) 

where 

(5.19) 

3. Minimize the function F( xCi) + ap(i) with with repect to 0:. 

4. Then x(i+l) = xCi) + o:(i)p(i) where Q.(i) is the value of 0: which minimizes F along p(i). 
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The iterations are continued until the desired convergence is achieved. The term (J(i) which 

determines the direction vectors also guaranteees that the directions are conjugate. The 

derivation is quite straightforward (Fletcher, 1972) although it is not repeated here. 

It has been suggested that the set of directions be reset p(i) to _g(i) every n iterations 

(Fletcher et af .• 1964). For the optimization applications considered in this dissertation, 

this variation will not be necessary as convergence will generally be achieved before or soon 

after n iterations. 
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CHAPTER 6 

Binary Star Parameter Estimation 

6.1 Introduction 

Observations of binary stars have long been a subject of interest to speckle observers. The 

following is a novel use of the bispectrum and optimization techniques to determine the 

parameters of a binary star. In this chapter a parametric model of the object bispectrum of a 

binary star is developed. The Levenberg-Marquardt algorithm, which was briefly described 

in the last chapter, is used to estimate the binary star parameters from the bispectrum by the 

minimization of an appropriate function. The fit is applied to simulated and observed data 

(Ross 614AB). Errors in the parameters are determined and some convergence properties 

of the algorithm are analyzed. The entire exercise is repeated using the image Fourier 

transform in place of the bispectrum. Once again both simulated and observed data are 

used. 

It is assumed throughout the chapter that estimates are available for the image and 

point source bispectrum j3(p, q), and T3(p, q) as well as an estimate of the image variance 

var[j3(p, q)]. Again, the correlation between bispectrum points is ignored. 
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6.2 The Object Bispectrum Model 

Suppose a binary star is modeled as a pair of point sources separated by some pixel distance. 

The object function o( x) can then be represented by the equation 

o(X) = a· 6(x - xa) + b· 6(x - Xb) (6.1 ) 

where a and b are the intensities of the point sources at Xa and Xb respectively. The Fourier 

transform of the object O(J) is easily found to be 

from which the object bispectrum 03(p, q) follows 

03(p, q) = O(p)O(q)O*(p + q) 

= [a. exp( -i27rxaP) + b. exp( -i27rXbP)] X 

[a. exp( -i27rxaq) + b· exp( -i27rXbq)] X 

[a . exp( i27rxa(p + q» + b . exp( i27rXb(P + q»] . 

After multiplication this yields 

03(p, q) = a3 + b3 + a2b . [exp( -i27rp(Xb - xa» 

+ exp( -i27r(p + q)( Xa - Xb» + exp( -i27rq( Xb - xa»] 

(6.2) 

+ab2 
• [exp( -i27rp(xa - Xb» + exp( -i27r(p + q)(Xb - xa» + exp( -i27rq(xa - Xb»]. 

If the shorthand notation .6. = Xa - Xb is used, then the simplified result 



is produced 

+ exp{ -i21r{p+ q)~) + exp{ -i21rq~)] 

+ab2 
• [exp( -i21rp~) + exp( -i21r(p + q)~) 

+ exp( -i21rq~)] 
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Observed one-dimensional infrared data suffer from an effect which is commonly called 

damping in the field. The damping effect is caused by non-linearity in the movement of 

the secondary mirror which focuses the light on the single detector element. The model 

which follows is based on a heuristic argument developed through experience with operating 

the scanning system (McCarthy and Cobb, 1987; McCarthy, private communication 1989). 

Suppose the object is a widely separated binary. Then the image in the focal plane (still two

dimensional) consists of two widely separated speckle clouds. When the image is scanned 

along the orientation of the binaries into a one-dimensional image, the speckle clouds will be 

separated by some pixel distance. On the next scan, the pixel distance will be separated by 

some different pixel distance due to the non-linearity in the scanning velocity. Tests on the 

motion of the secondary indicate that the randomness in the separation should be modelled 

by a normal random variable (I\IcCarthy and Cobb, 1987). Consequently, in the binary 

star model derived above the constant ~ is considered to be a normal random variable with 

distribution N (~, ax). using the results of the appendix which investigates the expectation 

of a complex number with normally distributed phase, the new object model is found to be 



+ exp( -i21i(p+ q)~ - 21i2(p + q)20',;) + exp( -i21iq~ - 21i2q20',;)] 

+ab2 . [exp( -i21ip.6. - 21i2p20',;) + exp( -i21i(p + q).6. - 21i2(p + q)20',;) 

+ exp( -i21iq.6. - 21i2q20';)] . 
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It should be noted that the phase of object model is now non-linearly dependent on the 

frequency. The effects of damping would therefore be seen more strongly at higher frequn-

des. This result is consistent with experimental evidence (McCarthy and Cobb, 1987). In 

addition, it should be noted that this modeling of the damping has added a new fitting 

parameter 0';. 

The object bispectrum 03(p, q, 0) then is a function offour parameters 0 = (a, b,.6., 0';) 

where 0 represents parameter set. The problem is to find parameters Om such that the 

figure of merit functional S(O), a sum over the independent variables p and q which range 

over the non-redundant portion of the bispectrum, 

(6.3) 

is minimized as a function of O. The weighting term in the denominator var[j3(p, q)] is very 

important since the variance can vary greatly with p, q as illustrated in previous chapters. 

It is clear that the equation for the object bispectrum is non-linear in the binary star 

parameters. Linearization of the object bispectrum by taking the logarithm, for example, 

would introduce mod(21i) ambiguities into the problem. As reviewed in the last chapter, 

many algorithms exist for the optimization problem at hand. The Levenberg-lvlarquardt 

algorithm for non-linear least squares is a common choice and will be employed here. 
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Two types of errors will be reported in the sections which follow. The first are the 

sample errors on the parameters which are determined by running the optimizations on 

a number of independent data sets The sample errors will be reported only in connection 

with optimizations run on the simulated data sets. The second set of errors reported are 

those returned by the algorithm. For details on the errors refer to the section in the last 

chapter which discusses Levenberg-Marquardt. The standard errors which are returned by 

the algorithm are reported with some qualification. According to Press et al. (1986), the 

errors are meaningful based on the assumption of independent, normally distibuted errors. 

In Iigh t the correlation between bispectrum points and the fact that the errors are not 

known to be normally distributed, these formal errors should be relied upon with caution. 

6.3 Determining the Parameters of Ross 614AB 

In this section the fitting technique described above is used to determine the parameters of 

the binary star Ross 614AB. The bispectrum for Ross 614AB and its reference observation 

SAO 133312 is calculated and each corrected for additive detector noise (Freeman et ai., 

1988a). For the first test of the algorithm the initial guesses for the parameters are 

a = .80 

b = .20 

.6. 14.0 

(72 = .80. x 
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This starting point was chosen to roughly correspond to what will be seen to be the 'answers' 

to the problem. The choice is based on experience with running the algorithm. 

The problem of how many iterations to perform is of some importance. Since the 

algorithm will iterate for some time after the function value S(O) has ceased to change, 

some stopping criterion should be used. The criterion tha.t will be employed here is based 

on the fractional change of the function values between iterations. Thus if S( OJ) is the 

function value at the ith iteration, then if 

S(O·) - S(0'+1) 
0.0 ::; I. S( OJ) 1 ::; 1. X 10-4 (6.4) 

the iterations are halted. The stopping criterion of 1. X 10-4 is somewhat arbitraily chosen 

since it is based on experience with running the fitting routine. In the absence of a more 

rigorous method, the criterion appears to be entirely sufficient. 

Three iterations of this algorithm were needed to minimize S(6') for the Ross 614AB 

observation. The fractional change in the function at that point was 2.2 X 10-5, well below 

the stopping point. The final function value was about 3.8 X 103 down from about 1.0 X 104 

at the starting point. The solution set 

a = .81122 ± .00023 

b = .184li ± .00045 

~ = 13.636 ± .008 

0';' = .83056 ± .02<1 

was obtained. The errors reported are the standard errors returned by the algorithm. 
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Figure 6.1: The real part of the bispectrum of Ross 614AB. Plotted on a log scale with 10 
contours between -5 and O. 
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Figure 6.2: The real part of the fit to the bispectrum of Ross 614AB. Plotted on a log scale 
with 10 contours between ·5 and O. 
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Figure 6.3: The imaginary part of the bispectrum of Ross 614AB. Plotted on a log scale 
with 10 contours between -5 and O. 
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Figure 604: The imaginary part of the fit to the bispectrum of Ross 614AB. Plotted on a 
log scale with 10 contours between -5 and O. 
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Figure 6.5: The real part of the bispectrum of SAO 133312. Plotted on a log scale with 10 
contours between -5 and o. Contrast with Ross 614AB 
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Figure 6.6: The imaginary part of the bispectrum of SAO 133312. Plotted on a log scale 
with 10 contours between -5 and o. Contrast with Ross 614AB 
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Figure 6.7: The residue of function minimized. The contibution from the real part is 
displayed. Plotted on a log scale with 10 contours between -5 and O. 
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Figure 6.8: The residue of function minimized. The contibution from the imaginary part is 
displayed. Plotted on a log scale with 10 contours between -5 and O. 
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Figure 6.1 displays the real part of the image bispectrum while figure 6.2 shows the model 

bispectum that was fit to it. The contours are on a log scale with a gradation every half 

decade. The strong contours which are often seen in middle of the plots are points where 

the logarithm is not defined. Figures 6.3 and 6.4 illustrate the corresponding imaginary 

components. The real and imaginary parts of the point source bispectrum are found in 

figures 6.5 and 6.G. Clearly the bispectrum of the point source does differ considerably 

from the bispectrum of Ross 614AB. The final S(O) values are plotted as a function of 

the two bispectrum frequencies in figures 6.7 and 6.8. The contributions from the real 

components in figure 6.7, the imaginary in 6.8. 

Note that the model bispectrum agress excellently with the image bispectrum for both 

real and imaginary parts. At the lower bispectral frequencies, where the bispectrum takes it 

greatest values, the fit is especially good. Inspection of the plots of S( 0) apparently reveals 

no systematic errors. Based on this it is probably safe to say the the value of the function 

S(O) is mostly due to random experimental error. 

When dealing with non-linear least squares, an important question to ask is how sensitive 

are the results to the starting point. Happily, for the Ross 614AB data set the answer will 

turn out to be not very. Suppose now the initial guesses for the parameters are 

a = .50 

b = .50 
~ . .. 

~ = 10.0 

(J2 
x .80. 
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Note that this initial parameter guesses contain no information about the orientation of 

the components. The value for the separation is also not very good assuming now that the 

parameter set determined above is accurate. After seven iterations of the algorithm the 

function has decreased from about 1 X 105 to about 3.8 X 103 . The fractional change was 

2.44 X 10-6 , an even smaller value than in the preceeding case. The solution set, remarkably, 

is very close to the previous one 

a = .81122 ± .00023 

b = .18416 ± .00045 

Ll = 13.636 ± .008 

(12 = .83041 ± .024 x 

with variations seen only in the fourth and fifth decimal place. 

A similar result is obtained when the initial parameter set is 

a = .50 

b = .50 

Ll = 18.0 

(12 
x = .80. 

Once again the initial guess contains no information about the orientation of the compo-

nents. The separation errs again but this time on the high side. The functional value 

decreases from about 5 X 105 to about 3.8 X 103 after seven iterations. The fractional 
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function change over the last step was 1.2 x 10-6 • The solution set was 

a .81122 ± .00023 

b = .18416 ± .00045 

~ = 13.626 ± .008 

.., 
a; .83039 ± .024. 

Again changes are seen only in the fourth and fifth decimal places. To this point the 

algorithm would appear to be remarkably robust. 

6.4 Fitting the Bispectrum of Simulated Data 

Unlike the case for observed data, when simulations are used, the parameters are known a 

priori. Consequently, an objective examination of the performance of the algorithm which 

obtains the parameter estimates can be made. The experimental set up which will provide 

the objective comparison is outlined below. 

• A set of scans is created. (These are in fact the same scans used in the previous 

chapter.) Each scan is convolved with a simulated binary star before processing. In 

addition, each scan is distorted by zero mean additive noise before processing. 

• The binary star bispectrum is calculated and calibrated for additive noise 

• A calibrated point source bispectrum is created in the same way with the exception 

that the scans are not convolved with a simulated object. 
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• The two bispcctra are combined to form the fitting function. An initial guess for the 

parameters is decided upon. The fitting is minimized as a function of the parameters 

by the Levenberg-Marquardt algorithm 

• The process is repeated five times with independent additive noise of different levels 

• The entire above procecdurc is repeated for five observation pairs 

Each realization of the additive noise is independent from all the others. Once again, 

the value for TO is 50cm. The sigal-to-noise ratios, defined as peak to background RMS, 

are 100,66,22,13.2 and 9.7. The simulated binary star was chosen to have components of 

intensity .8 and .2. The separation of the components is set to be 14 pixels. It will be 

noted that the parameter values are chosen to roughly correspond to the parameters for 

Ross 614AB. Damping effects are not modeled into the simulated scans. Thus, the damping 

parameter 0'; is held fixed at zero since ~ is no longer a random variable. Once again the 

stopping criterion is chosen to be 1. X 10-4 

As seen above, a good test of a fitting routine is determining the sensitivity of the 

algorithm to the starting point. For this trial, five different starting points were chosen. 

These starting points are summarized in table 6.1 

The first starting point, of course, represents the best of the initial guesses. Both a, b, 

and the separation are close to the true parameters. Note that for all the other starting 

points a and b are initially set equal. Starting points (3) and (5) have particularly bad 

initial guesses for the separation. 
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Starting point a b ~ 

1 .7 .3 13 
2 .5 .5 13 
3 .5 .5 10 
4 .5 .5 15 
5 .5 .5 18 

Table G.l: The starting points for the binary star parameter fit to the bispectra of simulated 
data. 
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Figure 6.9: The average fitted value for a, the first component intensity estimated from the 
bispectrum. Starting points: (1) +, (2) 0, (3) +, (4) ~, (5) A.. Some symbols hidden by 
overlap. 
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Figure 6.10: The log of the sample standard deviation for a, the first component intensity. 
Starting points: (1) +, (2) 0, (3) +, (4) D., (5) A. Some symbols hidden by overlap . 
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Figure 6.11: The average fitted value for b, the second component intensity estimated from 
the bispectrum. Starting points: (1) +, (2) 0, (3) +, (4) D., (5) A. Some symbols hidden 
by overlap. 
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Figure 6.13: The average fitted value for .6., the component separation estimated from the 
bispectrum. Starting points: (1) +, (2) 0, (3) +, (4) 6, (5) A. Some symbols hidden by 
overlap. 
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Figure 6.14: The log of the sample standard deviation for ~, the separation of the com
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Figure 6.15: The log of the average of the standard errors returned by the algorithm for a, 
the first component intensity. Starting points: (1) +, (2) 0, (3) +, (4) D., (5) 4. Some 
symbols hidden by overlap. 
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Figure 6.16: The log of the averaged standard errors returned by the algorithm for b, the 
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Figure 6.17: The log of the average standard errors returned by the algorithm for ~. the 
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The Levenberg-1Iarquardt algorithm is applied to each of the data sets described in the 

experimental set up above. The algorithm is allowed to iterate until the stopping criterion 

is achieved. The average values found for the parameter set are plotted in figures 6.9, 6.11 

and 6.13. The log of the sample standard deviation for the fitted parameters is plotted in 

figures 6.10,6.126.14. The log of the averaged estimated errors returned by the algorithm 

for each of the parameters are displayed in figures 6.15 to 6.17 . 

Examination of the figures reveals some interesting results. The most remarkable of 

these is that for starting points (3) and (5) the algorithm has failed at high SNR and 

suceeded at low SNR! This somewhat counter intuitive phenomena probably has a simple 

explanation. At high SNR the parameter space must be well defined with a number of false 

global minima (local minima) that the algorithm can become trapped inside. At lower SNR 

these false minima, shallower than the true mimimum, are probably smoothed out by the 

noise. 

For starting points (1), (2), and (4), the results obtained are nearly identical. In many 

cases the average parameter values obtained are indistinguishable in the plot. For these 

starting points the log sigma values for a and b also overlap in the plots. This would seem to 

indicate that for the 'good' starting points the algorithm has converged to identical points 

for each observation pair. For all the starting points the sample error in the brightness 

components hovers around one percent of the parameter value. This would seem to be an 

entirely reasonable result. 
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It is interesting to compare the standard errors returned by Levenberg-Marquardt to 

the computed sample standard deviations. For many of starting points, the shape of the 

curves roughly corresponds while the values may be off by and order of magnitude! This 

difference is probably attributable to the small sample size. 

The average number of iterations required by the algorithm is found in figure 6.19. The 

number of iterations for starting points (1), (2). and (4) are nearly equal, each requiring 

an average of six iterations at each SNR. The 'poor' starting points (3) and (5) require 

somewhat more iterations, averaging generally in the range of ten to fifteen. 

Figure 6.18 displays the log of the final function value obtained. It is not at all surprising 

that the points which failed to find adequate values for the parameters would all finish with 

large function values. 

6.5 Parameter Estimation from the Image Fourier Transform 

For some applications the image and point bispectra may not be available. For example, 

the phases may have been obtained from the I\nox-Thompson algorithm while the modulus 

may have been estimated from the power spectrum. Or, alternately, the phases may have 

been determined from the modulus through the error-reduction algorithm. In any case, if 

an estimate of the Fourier transform of the image and point source have been obtained a 

similar fitting can be performed. Following from above the binary star model used above, 

the object Fourier transform 0(1) is rewritten as 

(6.5) 
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Because of the phase closure properties of the bispectrum, all first order phase effects 

cancel. This is not true however for the Fourier transform of the object. Thus O(J) must 

be rewritten as 

(6.6) 

where s represents an arbitrary phase slope term into which .1: a has been incorporated. The 

phase slope relates to the centering of the image in image space. When the damping effects 

are again take into account the result 

(6.7) 

is obtained. The damping term appears in the second term only because the model is 

parameterized as a function of .6. and not the positions Xa and Xb. (The model assumes 

something is known about the variability in .6..) If instead Xb was incorporated into s, 

then the damping term would appear in the first term. The fact that the damping factor 

appears only in one term suggests that a better model might be developed. For example, 

both components might be assumed to move as a random variable with respect to the object 

center. 

Once again an objective functional S'(O') is selected for minimization. In this case 

the functional is dependent on the estimate of the image Fourier transform j(J) and the 

estimate of the point source T(f). As above, the functional is minimized as a function of 

the parameter set where 0' = (a,b • .6.,ax ,s) and 

Ij(f) - t(f) . O(f, 0')1 2 

S'(O') = ')' _ 
f Va1'[I(f)] 

(6.8) 
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The Levenberg-Marquardt algorithm is again used to perform the minimization. As before, 

the stopping cd terion is 1 X 10-4• The first starting poin t chosen is similar to the first 

starting point chosen for the bispectrum fit 

a = .80 

b = .20 

A = 14.0 

(J2 
x = .80 

s = .000. 

Three iterations of the algorithm were necessary before the stopping criterion was realized. 

Interestingly, the difference between the function values was less than the accuracy of the 

floating point precision used causing the fractional change to be reported as zero. The 

solution set obtained was 

a = .81627 ± .00082 

b = .18776 ± .00084 

A = 13.568 ± .026 

(J2 
x = .899 ± .089 

s = .0249 ± .0049. 

The parameter set arrived at generally agrees to a few percentage points with the parameter 

set derived from the bispectrum fitting. In figure 6.20 the log modulus of the image Fourier 
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Figure 6.20: The log of the modulus Ross 614AB image compared to the log of the modulus 
of the Levenberg-Marquardt fit. Symbols:(.) log modulus Ross 614AB, and (x) log fit to 
Ross 614AB. 

transform of Ross 614AB is plotted against the fit obtained by the algorithm. The fit is 

very good with significant divergence appearing only at the higher spatial frequencies. The 

phase of the image Fourier transform of Ross 614AB is plotted against the fit phase in figure 

6.21. The phase fit is somewhat less impressive especially at high frequencies. 

Once again the algorithm must be tested against the effects of the starting points. The 

four additional starting points which were tested are listed in table 6.2 

From the estimates arrived at by the previous parameter fits to Ross 614AB it would 

appear that starting points 2, 4. and 5 begin with poor estimates for component intensities. 

Starting points 2, 3~ and 4 have poor estimates for the separation. Starting point 3 is the 

only point \vhich begins \vith a good estimate for the components. 

Each starting point required three iterations of the algorithm to reach the stopping 
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Figure 6.21: The phase of the Ross 614AB image compared to the phase of the Levenberg
Marquardt fit.Symbols:(e) log modulus Ross 614AB, and (x) log fit to Ross 614AB. 

Start a b .6- s 0''" x 

2 .5 .5 18.0 0.0 .8 
3 .8 .2 10.0 0.0 .8 
4 .5 .5 18.0 0.0 .8 
5 .5 .5 14.0 0.0 .8 

Table 6.2: The starting points for the binary star parameter fit to the image Fourier trans
form of Ross 614AB. 
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Starting point 2 3 4 5 
component a .8254 ± .0010 .8082 ± .00097 .8006 ± .0011 .81959 ± .00082 
component b .1786± .0011 .1888 ± .0014 .1940 ± .0012 .18851 ± .00084 

~ 14.218 ± .057 13.742 ± .046 12.903 ± .051 13.570 ± .026 
s .05685 ± .00498 .0219 ± .0050 .0108 ± .0051 .0245 ± .0049 

cr; 12.31 ± .59 7.78164 ± .37 10.57 ±.48 .900 ± .089 
final 5'(0') 2930 1438 1829 229 

Table 6.3: The binary star parameters determined from the image Fourier transform of 
Ross 614AB. 

criterion except for starting point 5 which required four. The parameter sets obtained as 

well as the final function values are summarized in table 6.3 

Once again for the purpose of discussion we will accept the parameter set arrived at 

from starting point 1 as the 'right' parameter set. Starting point 2 finds then an adequate 

estimate for binary star components and separation at the expense of obtaining a poor 

estimate for the damping term. The same situation seems to apply for starting point 

3. Starting point four appears to have underestimated the separation while providing 

acceptable estimate of the component intensities. Starting point 5 would appear to have 

obtained good estimates for all parameters. 

6.6 Fitting the Image Fourier Transform of Simulated Data 

Previously in this chapter, the results of applying the Levenberg-Marquardt algorithm to 

the bispectrum of simulated data sets were analyzed. This same experiment was repeated 

with the substitution of the image Fourier transform for the bispectrum. One more variable, 

the phase slope, is added to the parameter set. Of course, the damping constant is again 
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Start a b .D. s 
1 .7 .3 13.0 0.0 
2 .5 .5 13.0 0.0 
3 .5 .5 10.0 0.0 
4 .5 .5 15.0 0.0 
5 .5 .5 18.0 0.0 
6 .8 .2 14.0 0.0 

Table 6.4: The starting points for the binary star parameter fit to the image Fourier trans
form of simulated data. 

held constant at zero. An identical set of starting points was used with the addition of a 

sixth point. The starting points are summarized in table 6.4 Note that starting point 6 

represents the true parameter set. 

It is immediately clear from the plots of the averaged parameter values (figures 6.22, 

6.24, 6.26 and 6.28) that the algorithm has not performed nearly as well with the image 

Fourier transform. Interestingly, at low SNR the points which start with a poor estimate 

for the separation (Le. 3 and 5) finish with poor estimates of the components and good 

estimates of .D.! The starting points with closer starting estimates for the separation fare 

considerably better. 

Figures 6.23, 6.25, 6.27, and 6.29 display the calculated sample standard deviations for 

the parameters. The sample standard deviation values, like in the case of the bispectrum, 

are about one percent of the parameter value for the starting points which converged. 

When the sample standard deviations are compared to the standard errors returned by 

the algorithm, an even more striking resemblance is seen than with the bispectrum fits. 

The order of magnitude difference still appears to hold. Once again the highest SNR case 



114 

C/l .8 

~ 
(:.J 

:J 
....J 
~ 
> 
~ 
(:.J .75 E-
(:.J 
:; 

~ 
~ 
0-

~ .7 

.65~~~~~~~~-L~.....l-J-~~~~~~~~ 

40 60 20 
SIGNAL-TO-NOISE 

Figure 6.22: The average fitted value for a, the first component intensity estimated from 
image Fourier transform. Starting points: (1) +, (2) 0, (3) +, (4) 6, (5) ... (6) x. Some 
symbols hidden by overlap. 
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Figure 6.23: The log of the sample standard deviation for a, the first component intensity. 
Starting points: (1) +, (2) 0, (3) +, (4) 6, (5)A, (6) x. Some symbols hidden by overlap. 
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Figure 6.24: The average fitted value for b, the second component intensity estimated from 
the image Fourier transform. Starting points: (1) +, (2) 0, (3) +, (4) D., (5) A, (6) x. 
Some symbols hidden by overlap. 

Figure 6.25: The log of the sample standard deviation for b, the second component intensity. 
Starting points: (1) +, (2) 0, (3) •. (4) D.. (5) A, (6) X. Some s~'mbols hidden by overlap. 
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Figure 6.26: The average fitted value for Do, the component separation estimated from the 
image Fourier transform. Starting points: (1) +, (2) 0, (3) +, (4) D., (5) A, (6) x. Some 
symbols hidden by overlap. 
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Figure 6.27: The log of the sample standard deviation for .6., the separation of the compo
nents. Starting points: (1) +, (2) 0, (3) +, (4) D., (5) A, (6) x. Some symbols hidden by 
overlap. 
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Figure 6.28: The average fitted value for s, the phase slope of the image Fourier transform. 
Starting points: (1) +, (2) 0, (3) +, (4) 6, (5) A, (6) x. Some symbols hidden by overlap. 
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Figure 6.29: The log of the sample standard deviation for s. the phase slope of the image 
Fourier transform. Starting points: (1) +, (2) 0, (3) +, (4) 6, (5) A, (6) x. Some symbols 

hidden by overlap. 



118 

o • 

0 -1 c:: 
:2 
<: 
t:l 
en -2 
t:l 
0 
-l 

-3 

20 40 60 80 100 
SIGNAL-TO-NOISE 

Figure 6.30: The log of the average of the standard errors returned by the algorithm for a, 
the first component intensity. Starting points: (1) +, (2) 0, (3) +, (4) 6, (5) A, (6) x. 
Some symbols hidden by overlap. 
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Figure 6.31: The log of the averaged standard errors returned by the algorithm for b, the 
second component intensity. Starting points: (1) +, (2) 0, (3) +, (4) 6, (5) A, (6) x. 
Some symbols hidden b~' overlap. 
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Figure 6.32: The log of the average standard errors returned by the algorithm for Do, the 
component separation. Starting points: (1) +, (2) 0, (3) +, (4) D., (5) A, (6) x. Some 
symbols hidden by overlap. 
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Figure 6.33: The average final function value for each of the five starting points. Starting 
points: (1) +, (2) 0, (3) +, (4) D.. (5) A, (6) x. Some symbols hidden by overlap. 
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Figure 6.34: The average number of iterations till convergence for each of the starting 
points. Starting points: (1) +, (2) 0, (3) +, (4) ~, (5) A, (6) x. Some symbols hidden by 
overlap. 

confounds the algorithm. For some of the starting points the algorithm attempted to lower 

the function value by wildly altering the slope parameter (figure 6.28). Happily, this same 

behavior is not seen in the lower SNR cases. 

6.7 Discussion 

The figures quoted below are based on the parameter set obtained for Ross 614AB when 

the first ("best") starting point was used. The errors reported are determined by simple 

propagation of errors. Using the appropriate image scale for the Ross 614AB data set of 

.076 arc-seconds per pixel a separation of 1.03634 ± .00061 arc-seconds with brightness ratio 

4.405± .0107 is obtained for the bispectrul11 fit. The fit of the image Fourier transform yields 

1.03117 ± .001976 arc-seconds separation and brightness ratio 4.347 ± 0.019. This Ross 
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614AB data set has been independently reduced and analyzed in previous publications. A 

somewhat less sophisticated least squares fit was used by Christou et ai. (1987) to obtain 

a separation of 1.04 arc-seconds and brightness ratio 4.37. A novel technique combining 

shift-and-add with some properties of the complex zeroes of speckle images was used by to 

obtain a separation of 1.04 arc-seconds and a brightness ratio of 3.9 (Davey et at. 1989). 

The parameters obtained in this work compare favorably with these results. 

A few conclusions can be drawn from this chapter. For a number of reasons fitting the 

binary star model to the bispectrum should be the method of choice. Most importantly, 

the bispectrum fitting appears to be less sensitive to the initial starting point. In addition, 

with the bispectrum fitting there is no need to first obtain an estimate of the phase of 

the image and point source Fourier transform (for example, by the recursive methods of 

chapter 3 and 4). Nevertheless, the fit to the image Fourier transform was seen to work well 

in many cases. In fact, the method appeared to be most sensitive to a poor initial estimate 

of the separation. As initial separation estimates may often be obtained from the power 

spectrum, this in many cases may not be a serious drawback. 

A possible way out of the problem of determining a good starting poin t would be to 

randomly select a parameter set. Of course, a priori information could be incorporated 

to insure that the initial random guesses were not wildly out of line. The fact that the 

algorithm runs very quickly in batch mode (a few seconds of CPU per minimization), 

makes this an attractive alternative. 
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The binary star in this study was rather easy to fit. If the components were much 

closer together or if the components were not nearly equal (a ~ b), then greater problems 

would have been encountered. If the seeing conditions of the point source and image were 

different further difficulties would present themselves. Although it goes beyond the scope of 

this dissertation. an interesting test of the algorithms described above would be to slightly 

mismatch the seeing parameter of the image and point source scans. Such an experiment 

would be a good test of the robustness of the algorithm under 'real world' conditions. 

This chapter has been an examination of the use of optimization techniques when the 

object is known to be a binary star. The question of how to proceed with a general object 

is examined in the next chapter. 



CHAPTER 7 

Using Optimization Techniques to Determine the Object Phase and 

Modulus 

7.1 Introduction 
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Optimization techniques have been employed for some time in astronomical imaging. Their 

use in the radio astronomical community has long been widespread (Thompson, 1987). For 

example, Schwab et al (1983) used global optimization techniques to obtain the parameters 

of VLBI images. A similar method which used a conjugate gradient algorithm was suggested 

by Cornwell (1987). More recently, interest has been sparked by Lannes et al in a series of 

papers dealing in part with optimization techniques (Lannes et ai, 1987a-c). Optimization 

has found a natural home in maximum entropy imaging due to the inherent non-linearity 

of the equations. Gradient methods for ma.ximum entropy solutions have been employed by 

both Wernecke et al (197i) and Shevgaonkar (1986). An excellent review of maximum en

tropy including an overview of the relevant algorithms is given by Narayan and Nityananda 

(1986). Despite this rich history, optimization techniques have been somewhat slow making 

their entrance into optical speckle interferometric imaging. The work presented here moves 

to correct that defici t. 

The conjugate gradient and conjugate direction algorithms will be used to determine 
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the full set of object phases and moduli. The Levenberg-Marqurdt algorithm wiII not be 

used. Since that algorithm required an estimate of the second derivatives, it is probably 

better suited for smaller optimization problems. In addition, the object that is used in this 

study will once again be a binary star. Note however that the optimization is not dependent 

on that fact. 

7.2 Specifics of the Optimization 

In all the optimizations considered here a few particulars will be assumed. It will be 

assumed that an estimate of the average image bispectrum j(3)(p, q) and average bispectral 

transfer function j(3)(p, q) are available. An estimate of the variance of the average image 

bispectrum var [j(3)(p, q)] will also be assumed to be available. The bispectrum points are 

assumed to be uncorrelated. The optimization then wiII solve for the object bispectrum as a 

function of the set of object phases {¢U), f = 1, nd} and moduli {o(J),j = 1, nd} where nd 

represents the diffraction limit. For all the optimization problems considered the function 

F to be minimized as a function of the object phase and moduli is 

F = I: Ij(3)(p, q) - j(3)(p, q) . O(3)(p, q)1
2 

p,g var[j(3)(p,q)] 
(7.1 ) 

where the sum is over the non-redundant portion of the bispectrum for which p + q is less 

than the diffraction limit. The function is weighted by {var [j(3)(p, q)]} -1. Note that this 

weighting in some sense assumes that t(3) (p, q) is not a random variable. Another weighting 

scheme, for example. might include contributions from val' [t(3)(p,q)]. 

The derivatives, which are needed for the conjugate gradient algorithm are now derived, 
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The object bispectrum written as a function of the object phase ¢(J) and object moduli 

0(J) equals 

0(3)(p, q) = o(p)o( q)o(p + q) exp fi( ¢(p) + ¢(q) - ¢(p + q»] (7.2) 

The derivatives can be easily derived if the function is written as 

F = I: [1(3)(p,q) - t(3)(p,q)' O(3)(p,q)] [f(3)(p,q) - t(3)(p,q)' 0(3)(p,q)r 

p,q vaT [J(3)(p, q)] 
(7.3) 

which follows from expanding the squared modulus. Suppose now that a derivative with 

respect to ¢(J) is desired. Then 

~ = 2: {_(t(3)(p, q»* [1(3)(p, q) - t(:)(p, q) . 0(3)(p, q)] 8( 0(3)(p, q»* 

8¢(J) p,q vaT [I(3)(p,q)] 8¢(J) 

_1'(3)( ) [J(3)(p, q) - t(3)(p, q). 0(3)(p, q)r 80(3)(p, q»} 

p, q vaT [J(3)(p, q)] 8¢(J)' 

From the definition of the object bispectrum it is clear that 

80(3)(p, q) _ 8(0(3)(p, q»* 
8¢(J) - - 8¢(J) 

and that 

80(3)(p,q) = ± '0(3)( ) 
8¢(J) l p, q 

depending on whether f = p, f = q or f = p + q. The above equations reveal that each 

term of the sum is a complex number minus its complex conjugate. Consequently, each 

term can be rewritten as 



126 

when 1 = p or 1 = q and 

{ 
[J(3)(p,q)_t(3)(p,q).0(3)(p,q)] ( "(3)( )0(3)( »*} 

-2·1m ["] T p,q p,q 
var 1(3)(p, q) 

when 1 = p+ q. 

The derivatives with respect to the object moduli 0(J) are found in a similar manner. 

Following the above discussion 

8F ~ {"(3) * [J(3)(p, q) - t(3)(p, q). 0(3)(p, q)] 8(0(3)(p, q))* 
- = L.J -(T (p,q» ["] 80(/) p,q vaT 1(3)(p, q) 80(1) 

"(3) [J(3)(p, q) - t(3)(p, q) . 0(3)(p, q) r 80(3)(p, q»} 
-T (p,q) ["] 8 (I) . vaT 1(3)(p, q) 0 

In a similar manner 

Thus when 1 = p 

ao(3)(p q) 
80(J; = o( q )o(p + q) exp i( <p(p) + <p( q) - <p(p + q» 

so that when 1 = p the terms of the sum equal 

{ 

[J(3)(p, q) _ t(3)(p, q) . O(3)(p, q)] " } 
-2·Re ["] (T(3)(p,q»)*0(q)0(p+q)exp-i(¢(p)+dJ(q)-¢(P+IJ» . 

vaT 1(3)(p,q) 

7.3 Application to Simulated Data 

As seen in previous chapters, simulated data are very useful in determining the performance 

of algorithms. The same will be seen to be the case in the examination of the conjugate 

gradient and conjugate directions algorithms. An experimental set up, nearly identical to 
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the one in chapter 6 is used. For the convenience of the reader, the experiment is described 

below. 

• A set of scans is created. Zero-mean additive noise is applied to each scan before 

processing. The scans are convolved with a simulated binary star. 

• The bispectrum is calibrated for additive noise. 

• A point source bispectrum is created in the same manner excluding of course the 

convolution step. 

• The conguate direction and conguate gradient algorithms are employed to solve for 

the set of object phases and moduli. 

• For each algorithm, two starting points are used. The starting points are described 

in detail below. 

• An image error metric is computed using the phase and modulus determined by the 

optimization. The error metric here differs from the one used in a previous chapter 

and is described below. 

• The process is repeated five times with different levels of additive noise applied each 

time. 

• The entire procedure is repeated for five observation pairs. 

As mentioned above, two starting points are used with each algorithm. The first assumes 

no information about the object. That is. each object phase is initially set to zero and 
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each modulus to one. This starting point will be referred to as the point start. The second 

starting point uses the results of the recursive algorithms described in chapter 3. The 

starting phase is the set of phase estimates determined by the weighted average technique. 

The starting modulus is that found by using the bispectrum. This second starting point 

will be referred to as the recursive start. Although the power spectrum could be used to 

find a starting point for the modulus, using the bispectrum retains an aesthetic purity of 

algorithm. 

The object which is convolved with the scans is once again a binary star with components 

.8 and .2 separated by a pixel distance of 14. In contrast to the previous chapter on binary 

star parameter estimation, the object model is not dependent on the fact that the object 

is a binary star. The object, in fact, could be anyone of many. 

The error metric previously used in chapter 4 incorporated only the estimate of the 

phase, the modulus being assumed to be the true one. Since the optimization examined 

here solves for both the phase and modulus. it is appropriate that the error metric reflect 

the new situation. The new error metric f.opt is then the summed absolute value difference 

between the true image it and the observed image io as determined by the minimization. 

The true image is as before, the inverse Fourier transform of the true modulus combined 

with the true phase. The observed image now is defined as the inverse Fourier transform 

of the observed object phase combined with the observed object modulus multiplied by 

the true telescope transfer function. The entire discussion involving image registration and 

normalization applies once again. 
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The stopping criterion adopted was based on the fractional change in function values 

between iterations. For the conjugate direction algorithm, the stopping criterion was 1. X 

10-1 • The conjugate gradient criterion was 1. X 10-3 • Once again, these values are somewhat 

arbitarily chosen by experience with running the algorithms. As will be seen, however, the 

criterion will in general be satisfactory. 

7.4 Results of the Optimization 

Figure 7.1 plots the average error metric computed using the results from each starting 

point and each optimization technique. For comparison, the error metric is also computed 

for the starting point phase and modulus (the recursive start). Interestingly, each ofthe four 

optimizations produces practically the same image error metric. In all cases a substantial 

improvement has been made over the recursive start. This is an important result and argues 

very strongly for the use of optimization with the bispectrum. 

In figure 7.2 is plotted the log of the average final function value arrived at by each 

of the optimizations. The image and point source bispectra were rescaled before use so 

that the function value equaled one when the point start was used. The final function 

values are seen, not surprisingly, to be very similar. At high SNR the point source start for 

the conjugate gradient algorithm ends at a somewhat higher function value. The difference 

though is only about half a decade. Since the starting function value was one, the difference 

is probably not significant. 

In figures 7.3 through 7.6 are plotted the function values at the start of each iteration for 
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recursive start, 0 = Congugate gradient with point start, \1 = Recursive start alone. Many 
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Figure 7.6: Log of function value by iteration for conjugate gradient with point start for 
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Figure 7.7: Log of Average Number of Function Evaluations: + = Conjugate directions 
with recursive start, b. = Conjugate directions with point start, • = Conjugate gradient 
with recursive start, 0 = Congugate gradient with point start. 

three of the optimization experiments. In almost all of the cases, the greatest decrease in 

the function values is made in the first few iterations. The functional decrease then tends to 

level off. The only exception to this rule seems to be the conjugate gradient algorithm with 

point start at high SNR. The function values in this case began to level off around iteration 

90. (The algorithm in this case continued for another 30 iterations although this is not 

displayed in the plot.) For a given SNR and a given optimization set-up, the convergence is 

remarkably consistent between bispectrum observations. In many cases the function values 

overlap for long stretches. 

Figure 7.7 plots the log of the average number of function evaluations necessary to 

achieve the given convergence. The log of the average number of derivative evaluations for 

the gradient algorithms is plotted in figure 7.8. For each of the optimizations both the 
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Figure 7.8: Log of Average Number of Derivative Evaluations: + = Conjugate gradient 
with recursive start, 6 = Conjugate gradient with point start 

phase and modulus are fit up to the diffration limit which in this case is 48. Thus the total 

number of variables that are fit is approximately 100. The conjugate direction routines are 

thus seen to minimimize the function with about O(n2 ) function evaluations. The conjugate 

direction with point start of course requires more function evaluations. (In some cases about 

500 more evaluations.) The conjugate gradient with recursive start requires about O(n) 

function and O(n) derivative evaluations. As would be expected, the point start requires 

considerably more. In fact, the conjugate gradient with point start would seem to require 

3 3 

about O(n2") function and O(n2") derivative evaluations. 

In figures 7.9, and 7.10 are plotted the images obtained when the optimization algorithms 

art.: a.PIlUed to a data set when the SNR equaled 100 and 9.7 respectively. As might be 

expected from the average error metric plots, not much difference is seen between the 
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Figure 1.9: Recovered Images for SNR = 100, Top to Bottom: Recursive start alone, 
Congugate gradient with point start, Conjugate gradient with recursive start, Conjugate 
directions with recursive start, Congugate directions with point start. 
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Figure 1.10: Recovered Images for SNR = 9.7, Top to Bottom: Recursive start alone, 
Congugate gradient with point start, Conjugate gradient with recursive start, Conjugate 
directions with recursive start, Congugate directions with point start. 
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Figure 7.11: The average summed flux under the first component: + = Conjugate directions 
with recursive start, 6. = Conjugate directions with point start, • = Conjugate gradient 
with recursive start, 0 = Congugate gradient with point start. 

images obtained from the optimizations. The image obtained from the recursive start, 

however, does vary from the others at a low level. This is especially apparent in figure 7.9. 

Figures 7.11 and 7.12 show the results when the flux under each component is estimated. 

The flux is summed in each direction to a distance of five pixels, the radius where the point 

spread function becomes negligible. Note that the brightness of the first component has 

been consistently underestimated while the opposite holds for the second component. The 

variance in the summed flux is small and cannot account for the difference. A possible 

explaIr'ation for this error may be that the tail of the point spread function of the brighter 

component may overlap with the central portion of point spread function of the dimmer. 
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7.5 Application to Ross 614AB 

The following section discusses the results when the optimization techniques are applied to 

the Ross 614AB data set. The optimizations were run in an identical manner as with the 

simulations. The starting function value for the recursive start was about 2.2 X 10-3 • 

Figures 7.13 and 7.14 illustrate the phase and modulus of Ross 614AB as determined by 

the optimization routines. The object phase and modulus obtained for each optimization is 

very similar. Close inspection reveals a few differences from the recursive start. The same 

is true for the plots of the recovered images of Ross 614AD. (The object is multiplied by 

the same telescope transfer function used in other chapters.) 

Table 7.1 gives the values for the summed flux under each component, the number of 

function and derivative evaluations required, and the final function values achieved. When 
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Algorithm C. Dir., Rec C. Dir, Pt C. Grad, Rec C. Grad, Pt. 
component a .81058 .81011 .81G35 .81000 
component b .18942 .18989 . 18961:i .18999 
F evaluations 4075 7898 169 297 

\1 F evaluations 0 0 97 297 
final F 1.18 x 10 -J 1.18 X lO-J 1.19 X 10 .J 1.23 X lO-J 

Table 7.1: Optimization techniques applied to the Ross 614AB data set. 

compared to the results for the components of Ross 614AB obtained in the last chapter, it 

appears that the brightness of the first component has been slightly underestimated, the 

second overestimated. The same sorts of relationships between the algorithms concerning 

the number of function and derivative evaluations required seen with the simulations seems 

to hold. Once again the conjugate gradient optimization with recursive start seems to 

require the least work. 

7.6 Conclusions 

The conclusions of this study are clear. Based on the error metric plot the optimizations in 

all cases have made an improvement on the recursive start. Thus, optimization techniques 

are seen to be useful in obtaining object phase and modulus estimates from the bispectrum. 

It would appear that the conjugate gradient algorithm with recursive start should be 

the algorithm of choice in this application. This conclusion follows from a number of 

factors. First, the conjugate gradient with recursive start converges in about O(2n) function 

and derivative evaluations. This should be contrasted to the O( n2 ) function evaluations 

necessary for the conjugate direction algorithms. 
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Figure 7.13: Recovered phases for Ross 614AB, Top to Bottom: Recursive start alone, 
Congugate gradient with point start, Conjugate gradient with recursive start, Conjugate 
directions with recursive start, Congugate directions with point start. Phases offset from 
zero for display 
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Figure 7.14: Recovered modulus for Ross 614AB, Top to Bottom: Recursive start alone, 
Congugate gradient with point start, Conjugate gradient with recursive start, Conjugate 
directions with recursive start, Congugate directions with point start. Offset from zero for 
display 
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Figure 7.15: Recovered Images for Ross 614AB, Top to Bottom: Recursive start alone, 
Congugate gradient with point start, Conjugate gradient with recursive start, Conjugate 
directions with recursive start, Congugate directions with point start. 

The closest competitor to the conjugate gradient with recursive start is the same algo-

3 

rithm with the point start. That algorithm required about O(2n2") derivative and function 

evaluations. Each function or derivative evaluation virtually requires a bispectrum calcula-

tion. For two dimensional images this would be a large computational overhead. Thus, the 

wisest approach would be to obtain an acceptable starting point for the phase from some 

method. These methods would include the bispectrum recursive techniques and Knox-

Thompson phase estimates. 
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CHAPTERS 

Conclusions and Recommendations for Further Investigation 

The following chapter summarizes the main results presented in this dissertation and pro

vides recommendations for further research. 

In chapter two, integral expressions for the bispectral transfer function, the bispectrum 

variance and the bispectrum covariance were developed. The integrals were evaluated for 

seeing statistics typical for infrared speckle. Since the integral expressions for the variance 

and covariance were of a high dimensionality (twelve dimensions), Monte Carlo integration 

techniques were employed. The results were compared to the sample bispectral transfer 

function, variance and covariance estimated from a simulated one-dimensional infrared data 

set created with identical parameters. Generally good agreement was seen between the the

oretical and sample quantities. As expected, the calculations revealed that the bispectrum 

is significantly correlated as a function of spatial frequency. Despite this, the correlation 

between bispectrum points was ignored for the remainder of the dissertation due to the 

fact that inclusion of the correlation would square the number of calculations necessary for 

usage of the bispectrum. 

At high bispectrum frequencies, the Monte Carlo integrations of the bispectrum variance 

and covariance were less than acceptable. The cause of this was the fact that very few of the 

randomly selected coordinates fell within the limits of the integral as defined by the pupil. 



142 

As mentioned in the text, a second method of randomly s'<!lecting the samples exists. This 

second sampling technique is now used in conjunction with the first sampling method to 

evaluate the integrals derived in Chapter 2. Figures 8.1 and 8.2 illustrate the results when 

twenty thousand samples are chosen by each of the two sampling methods. Other than the 

sampling method, the integrals were evaluated using exactly the same setup as in Chapter 

2. Comparison of figures 8.1 and 8.2 with those of Chapter 2 reveals that the second 

sampling method has resolved the problem at high bispectrum frequencies. Regretfully, 

however, the calculations consumed over thirty hours of CPU time. In addition, the plot 

of the correlation coefficient (not reproduced here) is quite noisy. If the models developed 

in this dissertation are to be used with any regularity the sampling methods would ha.ve to 

be optimized. Possible uses of the model would include, for example, analysis of the effects 

of deterministic pupil aberrations on the bispectrum. 

The third chapter discussed the methods used to obtain estimates of the object phase 

from the bispectrum. Three techniques, minimum variance, standard weighting, and straight 

averaging, were developed and applied to the Ross 614AB data set. A few conclusions can 

be drawn from the results. First, the optimized minimum variance technique appears to 

offer no clear advantage over the standard weighting technique. This follows from the fact 

that estimated phases (figure 3.3), the sets of estimates at each frequency (figures 3.4 and 

3.5), and the weights assigned by each method (figures 3.6 and 3.i) are nearly identical. 

Since the minimum variance technique requires a matrix inversion at each step, the stan

dard weighting technique appears to be the clear choice for this application. The straight 
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Figure 8.1: Variance of the bispectrum using twenty thousand samples from each of the 
two sampling methods. Parameters same as used in Chapter 2. 
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averaging technique also was seen to perform quite well for this application. As the only 

added work required for use of the standard weighting technique compared to the straight 

averaging technique is obtaining an estimate of the phase variance, the standard weighting 

technique is preferred. The reason for this is that in some applications the phase variance 

of each estimate may vary greatly. 

Chapter four provided an objective comparison between the bispectrum phase retrieval 

techniques and the extended Knox-Thompson, and simple shift-and-add algorithms. As 

judged by the error metric (figure 4.4), all the methods performed adequately. At low SNR 

the bispectrum techniques were shown to be superior. Based on the evidence presented 

here, however, the judgement to use the bispectrum over extended Knox-Thompson can 

hardly be assumed to be final. 

Chapter six examined the use of the Levenberg-Marquardt technique to obtain binary 

star parameters from the bispectrum and from the image Fourier transf<:>rm. A model was 

developed for both the object bispectrum and object Fourier transform. The fitting tech

nique was applied to both simulated and observed binary star data. When the bispectrum 

was used to obtain the parameters of Ross 614AB, the method appeared to be remark

ably insensitive to the initial parameter set. When the bispectrum was used to obtain 

the parameters with simulated data, the initial starting point became more important. In 

general, obtaining the binary star parameters from image Fourier transform data was seen 

to be considerably more problematic. The initial parameter guess was seen to be particu

larly important. As mentioned in the text, further research into fitting the image Fourier 
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transform should include investigation into an alternate model for the damping factor. 

There are a large number of topics which could be investigated with respect to binary 

star parameter estimation as examined in this dissertation. For example, what would be 

the effects on the parameter fit when the seeing for image and point source was different. 

Throughout this dissertation the seeing parameter for both image and point source was set 

to the same value when simulated data was used. (For each set of scans, TO was set to 50 

cm.) Figures 8.3 to 8.5 plot the values obtained for the parameters when the poin t source 

data set has a seeing parameter TO equal to 45 cm. Except for the fact that only one data set 

was used and the fact that the seeing was deliberately mismatched, the experimental setup 

was identical to that used in section 6.4. From the figures it is seen that the parameter a 

is consistently overestimated, parameter b is underestimated and the separation is for the 

most part correct. Clearly, studies like this are of importance if the optimization techniques 

developed in chapter six are to be relied on with confidence. 

Chapter seven examined the use ofthe conjugate directions and conjugate gradient algo

rithms to obtain the full set of object phases and moduli. The optimization techniques were 

shown to make a clear improvement over the estimates of the object phase and modulus ob

tained from recursive techniques (figure 7.1). In addition, although the conjugate direction 

and conjugate gradient optimizations arrived at the same minimum, the conjugate gradient 

algorithms required far less function evaluations than the conjugate direction optimization. 

In addition~ when estimates of the phase and modulus from the recursive techniques were 

used as a starting point for the optimizations, a substantial saving in function evaluations 
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Figure 8.5: The value obtained from the bispectrum for the separation .6. when TO for the 
point source calibration was mismatched with the image. 

was realized; 

The phase estimates obtained from the optimizations are defined mod(27i). For this 

reason, it may be important in some applications to fit for the real and imaginary parts 

of the object Fourier transform to avoid phase wraparound errors. Figure 8.6 illustrates 

the error metric obtained for the four optimization techniques when the real and imaginary 

parts of the object Fourier transfrom are solved for. The experimental setup is identical to 

that in section 7.3 except that only one simulated data set pair is used. The results are 

remarkably similar to those obtained by fitting for the object modulus and phase. This 

clearly is a topic for further investigation. 

The following is a short summarizing list of recommendations to the user of bispectral 

data: 
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Figure 8.6: Average error metric for the optimizations with respect to the real and imaginary 
components of the object: + = Conjugate directions with recursive start, 6. = Conjugate 
directions with point start, • = Conjugate gradient with recursive start, 0 = Congugate 
gradient with point start, V' = Recursive start alone. Many symbols overlap. 

1. If at all possible, obtain an estimate of the variance of the data. The variance is 

needed for the combination of the multiple phase estimates as well as for the binary 

star parameter fit and optimization techniques. 

2. Combine the multiple object phase estimates from the bispectrum with the standard 

weighting technique. The minimum variance technique requires far more operations 

and offers no clear-cut advantage. 

3. For the binary star parameter determinations, fit the bispectrum instead of the im-

age Fourier transform. The image Fourier transform technique appears to be highly 

dependent on the starting point and requires obtaining an estimate of the phase and 

modulus for both the image and point source. 
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4. Use the conjugate gradient optimization with a nontrivial initial guess for the object 

phase and modulus (as described in Chapter 3). The nontrivial initial guess when 

used with the conjugate gradient algorithm saves a substantial number of function 

evaluations compared to the conjugate directions algorithm. 
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APPENDIX A 

Appendix I: Some Results About Random Phases 

This Appendix follows a derivation found in many references (eg. Wilks, 1963). Using the 

characteristic function of a multi-dimensional normal random variables, a relation will be 

found which is very useful in evaluating random quantities in speckle interferometry. 

Suppose the random variables x j, j = 1, m are from a m-dimensional normal distribution 

N[(pj),IIUjk/IJ. It can be shown that the characteristic function of that distribution is 

m 

CP(tI, t2, ••• ,tm ) - E[exp(iExj.tj)J 
j=l 

m 1 m m 

= exp[iE Pj . tj - - . E E Ujk . tjtkJ 
. 1 2 . k )= )=1 =1 

where i represents R. If the substitution tj = Cj . t is made, the above becomes the 

characteristic function for the linear combination Lj=l Cj • xj, 

If pj = 0 and t = 1 the useful result 

(A.l) 
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is obtained. This equation will be used extensively in the evalauation of the BTF, and the 

bispectrum variance and covariance. 

It will be supposed that Xj and Xk are members of the multi-dimensional normal distri-

bution. In addition, (Xj) = 0 and (Xk) = 0 for all j and k where (-) denotes expectation. It 

is clear from the definition of covariance that 

Since (Xj) equals zero. 

Atmospheric statistics are often defined in terms of the structure function D(zj - Zk) 

where 

where Zj and Zk represent the postions of the random variables Xj and Xk. The particular 

form of the structure function is discussed in the body of the text. 

The expectation value derived above will now be expressed in terms of the structure 

function. Substituting for (Jjk in the exponential sum yields 

1 m m 

-:; L L (Jjl.,CjCk = 
- j=l k=l 
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where the second equation follows from the addition and subtraction of identical terms. For 

all the quantities examined ill this paper, the number of Cj = 1 and the number of Cj = -1 

are identical. Furthermore, (x(Zj)2) = (X(Zk?) for all j, k. Thus the second sum in the 

above equation equals zero. Substituting in for the structure fiunction yields 

where the last equality follows from the symmetry of D(zj - Zk) and the fact that D(O) = o. 

The following will provide a convenient shorthand notation. Suppose that X = L:~l Cjx(Zj). 

Expanding the sum and using the the expressions for the covariance and the exponential 

sum yields 

m 

(X2) = (2)CjXj?) 
j=l 
m m 

= L 2: CjCk(1jk 
j=lk=l 

m m 

= - 2: L cjckD(zj - Zk) 
j=l k=j+l 
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APPENDIX B 

Appendix II: Full Expansions of Exponent Sums 

<<1>2> = D(q)+D(p)+D(q+p)-D(r-r') 

-D(r - r' + p - q) + D(r - r' + p) + D(r - r' - q) 

+D(r - r") + D(r - r" + p) - D(r - r" + q + p) - D(r - r" - q) 

+D(r' - r") + D(r'- r" + q) - D(r' - r" + q+ p) - D(r' - r" - p) 

From the text and the shorthand notation of the first appendix, it easily follows that 

COV[T(3)(Pl,ql),T(3)(P2,q2)] = J ... J exp- ~« <1>~ > + < <1>~ > - < <1>}. <1>2 »dR1dR2 

+ J ... J exp - ~« <1>~ > + < <1>~ > )dR1dR2 

= J ... J [exp {-~( < <1>~ > + < <1>~ > -2 < <1>1 • <1>2 »} 
+exp { -~( < <1>~ > + < <1>~ »}] dR1dR2 

The full expansion of the first phase term then equals 

+D( ,I ") + D( ,I ,II ) D(' II ) D(' II ) 1} - r} 1} - 1} + q} - 7'} - 1'} + q} + PI - 7'} - 1'} - PI 
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The second is similar 

< q)~ > = D(q2) + D(P2) + D(q2 + P2) - D(r2 - r~) 

-D(r2 - r~ + P2 - q2) + D(r2 - r~ + P2) + D(r2 - r~ - q2) 

+D(r2 - r~) + D(r2 - r~ + P2) - D(r2 - r~ + q2 + P2) - D(r2 - r~ - q2) 

+D(r~ - r~) + D(r~ - r~ + q2) - D(r~ - r~ + q2 + P2) - D(r~ - r~ - P2) 

And the exponent cross terms equal 

< <p} • q)2 > = [-D(r} - r2) - D(rt,q} - r2 + q2) + D(r} - r2 + q2) 

+D(r} - q},r2») 

+[-D(r} - r~) - D(r} - q} - r~ + P2) + D(r} - r~ + P2) 

+D( r} - q} - r~)] 

-[-D(r} - r~) - D(r} - q} - r~ + q2 + P2) + D(r} - r~ + q2 + P2) 

+D(r} - qI - r~)] 

+[-D(r~ - r2) - D(r~ - PI - r2 + q2) + D«r~ - r2 + q2) 

+D(r~ - PI - r2)] 

+[-D(r~ - r~) - D(r~ - PI - r~ + P2) + D(r~ - r~ + P2) 

+D(r~ - PI - r~)] 

-[-D(r~ - r~) - D(r~ - PI - r~ + P2 + q2) + D(r~ - r~ + P2 + q2) 

+D( T~ - ]11 - r~») 

-[D(r~' - 7'2) - D(T~ - qI - PI - r2 + q2) + D(7'~ - 7'2 + q2) 



+D(r~ - PI - qI - r2)] 

-[D(r~ - r~) - D(r~ - PI - qI - r~ + P2) + D(r~ - r2 + P2) 

+D(r~ - PI - ql - r~)] 
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+[-D(r~ - r~) - D(r~ - PI - qI - r~ + P2 + q2) + D(r~ - r~ + P2 + q2) 

+D(r~' - PI - qI - r~)] 
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APPENDIX C 

Appendix III: Computing the Variance of the Phase 

In this appendix, a method is developed which determines an approximate value for the 

error in the phase of the quantities which are used. The section summarizes a treatment by 

Goodman (1985). It will be assumed that the sample variance of the real and imaginary 

parts of the complex quantity are available. In this work, the complex quantity will mostly 

be the bispectrum although the method is developed more generally. 

The random complex Z in question is the sum of a large number N of random phasors. 

Thus Z is written as the sum 

Z = aexpiO 

1 N . 
= --r 2::: aj expltPj 

y'N' j=l 

where -dNaj and (Pi represent the magnitude and phase of the random phasors repectively. 

The magnitude and phase of each phasor are assumed to be mutually independent. The 

phases and magnitudes are also assumed to be independent of all the other magnitudes and 

phases. The aj are also assumed to be identically distributed. The phases are assumed to 

be uniformly distributed on (-7T',7T'). 

Under these asuumptions it can be easily shown that the real and imaginary parts r 

and i of Z are uncorrelated. In addition. the joint density p( r,'i) of rand i is the circularly 
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complex Gaussian 

. 1 {r2 + i2} 
p( r, z) = 211'0'2 exp - 20'2 (C.1) 

If Z is the sum of many random phasors and a constant real part s then the density is 

found to be 

1 {( T - s)2 + i 2 
} 

p( r, i) = 211'0'2 exp - 20'2 (C.2) 

The situation described is that of a constant phasor plus a random phasor sum. 

Suppose now that the sitation is modified slightly so that s ~ 0'. The case, a strong 

constant phasor plus a weak random phasor sum yields a particularly simple relation for 

the phase variance. Since s ~ 0' then 

2 o ~ tan(O) ~ -
s 

(C.3) 

The phase is very nearly dependent solely on the imaginary part of the vector sum. The 

density of the phase is then approximated by the marginal density of the imaginary part 

so that 

where 

p(O) ~ s x Pl(i = sO) 

p(O) ~ - exp --k {k202} 
211' 2 

s 
k= -

0' 

(C.4) 

(C.5) 

(C.6) 

Under these assumptions, the phase is seen to be a gaussian random variable N(O,Ojs). 
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A number of assumptions have been made to obtain the approximation for the phase 

variance. Consequntly, some attention should be paid to the question of whether they 

are valid for the case of the bispectrum (and by extension, Extended Knox-Thompson 

etc.) There are two sources of noise, atmospheric and, additive,which are relevant for this 

application, The random phasor sum may therefore be assumed to be affected by both noise 

sources. For infrared speckle the incoming wavefront may be significantly correlated across 

the pupil. Therefore, the assumption that the components of the phasors are uncorrelated 

may be violated. Conversely, for the case of additive noise it would seem that the assumption 

of independence could be justified. 

As far as the assumption that the bispectrum is a strong constant phasor plus a random 

phasor sum, a bit stronger argument can be advanced. Figure C.1 is the theoretical signal

to-noise ratio for the bispectrum for the case evaluated by Monte Carlo integration in 

Chapter 2. The signal-to-noise ratio is defined as the quotient of the average bispectrum to 

the root of the variance. The contours are based on a log scale with ten contours equally 

spaced between -1 and 2.5. It is apparent then that for the lower bispectrum frequncies the 

assumption is justified. Towards higher frequencies the result may break down. 
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