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ABSTRACT 

Two new analysis methods for solar seismology are developed. 

Called the continuous orthonormalization (CON) and adjoint methods, 

their use enables both solar eigenfrequencies and eigenfrequency 

sensitivities (partial derivatives with respect to solar model 

parameters) to be computed more accurately and efficiently than with 

existing methods. The CON method integrates an eighth-order nonlinear 

system of ordinary differential equations (ODEs) which defines the 

linear adiabatic nonradial oscillation modes of the Sun. (The Cowling 

approximation is not used.) All normal modes of oscillation are 

treated identically, regardless of their type (pressure, gravity or 

fundamental) or their predominant location inside the Sun. The adjoint 

method integrates a related eighth-order linear inhomogeneous system of 

ODEs. From the resultant solution, an eigenfrequency's partial 

derivatives with respect to an extensive set of solar model parameters 

may be computed simultaneously. 

Extensive numerical tests confirm the validity of the two new 

methods. Eigenfrequencies obtained via the CON method have seven 

significant digits and match within 1% the eigenfrequencies obtained 

via finite difference or mesh approaches. (Exact agreement is neither 

expected nor attainable because differently defined solar models are 

analyzed. The CON method analyzes models which are functionally 

specified on a continuum of radial points; the other methods analyze 

models defined on discrete sets of radial points.) Eigenfrequency 

sensitivities obtained via the adjoint method match within 2% the 
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results obtained by explicitly perturbing the solar model parameters 

and recomputing the eigenfrequencies. 

The usefulness and power of the two new methods are 

demonstrated by applying them to the solution of an elementary solar 

inversion problem. A sample solar model's f-mode frequencies (obtained 

via the CON method) are iteratively driven into agreement with an 

observed set of f-mode frequencies. Adjoint sensitivity results are 

used to alter solar model parameters within hundreds of radial bins. 

The frequency movement is large, comparable to the frequency separation 

between adjacent degree f-modes. Model changes are also large; the 

density near the base of the convection zone is roughly doubled, while 

slightly further out it is halved. 

Future applications of adjoint sensitivity analysis and the CON 

method abound in helioseismology, astrophysics and other scientific 

disciplines. 
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CHAPTER 1 

INTRODUCTION 

The Sun, one of the most analyzed and observed of all celestial 

objects, .remains both a source of new discoveries and an important 

astrophysical laboratory or proving ground for current physical 

theories. This fact is attested to by the current status of solar 

neutrino astronomy and solar seismology. These are two areas of active 

research yielding controversial results. 

Solar neutrino astronomy attempts to measure subatomic 

particles called neutrinos. These particles, according to conventional 

theory, are created in the nuclear-burning, energy-liberating central 

regions of the Sun. Due to their extremely low cross section for 

interaction with matter, the vast majority of neutrinos depart the Sun 

directly, traversing the solar core and outer solar regions without 

interaction and then continuing on into space. It is a goal of solar 

neutrino astronomy to infer solar core properties such as tempe!ature 

and density from earth-based neutrino flux measurements. 

These flux measurements are important because neutrino fluxes 

directly reflect the conditions in the solar core and provide an 

independent test of solar evolutionary models. As Roxburgh (1987) 

points out, "standard" solar models of a given mass and age have been 

constrained by only two observable parameters (the solar luminosity and 

radius) which are matched by adjusting the initial solar helium 

abundance and the mixing-length parameter of convection theory. This 

procedure of fitting two observables by adjusting two free parameters I 
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obviously is not a stringent test of solar evolutionary models. Solar 

neutrino measurements provided the first three parameter test of solar 

models. 

The results have come to be known as the "solar neutrino 

paradox" or the "solar neutrino problem." The measured 1 8 neutrino 

flux from the Sun (Davis, Cleveland and Rowley 1983) is about a factor 

of three lower than the theoretically predicted flux from standard 

solar models (Bahcall and Ulrich 1988; Bahcall et al. 1985). New 

experiments to measure neutrino flux rates from other nuclear reactions 

are being designed or are in progress (Mufson and Heinz 1988; Kirsten 

1986). The eagerly anticipated results from these and other 

experiments will impose further constraints on solar models; it is 

hoped that these new constraints will help to solve the solar neutrino 

problem. A book edited by Cherry, Lande and Fowler (1985) and articles 
, 

by »ahcall, Davis and Wolfenstein (1988), Sienkiewicz, Paczynski and 

Ratcliff (1988), and Thomsen (1988) present comprehensive and recent 

information on the solar neutrino paradox and other concerns of 

neutrino astrophysics. In spite of this massive research effort, 

however, it is possible that the resolution of the paradox lies not in 

solar neutrino astronomy but elsewhere. Neutrinos are not the only 

carriers of information regarding the solar core. 

Another approach for obtaining information about the solar 

interior is through global oscillations of the Sun. These oscillations 

are also called free oscillations or solar normal modes. At the 

introductory level, global solar oscillations and their properties are 

best understood by comparing them to the behavior of analogous, simpler 

mechanical systems. Two such systems are the well-known vibrating 
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string and vibrating circular drumhead problems of applied physics 

(Morse and Feshbach 1953; Sokolnikoff and Redheffer 1966). After 

plucking a taut string or striking the membrane of a drum, these 

systems exhibit departures from their equilibrium positions. These 

departures, although simpler to analyze than oscillations in the Sun, 

are analogous to the behavior of solar normal modes. In all three of 

the above cases only a discrete set of vibration frequencies, rather 

than a continuum of frequencies, are predicted by the mathematical 

equations which describe the oscillations. Furthermore, when the 

systems are observed they all display a discrete spectrum of 

frequencies, in agreement with the above prediction. As Gough (1978) 

stated in his introductory sentence, "The principal point I wish to 

make this afternoon is that the spectrum of solar oscillations is 

largely discrete." 

The following scenario describes how global solar oscillations 

may be used to obtain information about the solar interior. First one 

must develop, using physical assumptions and approximations, the 

mathematical equations which model or describe oscillations in the Sun. 

These equations are then temporarily accepted as "the truth"; they 

relate or connect properties of the static Sun with properties of the 

oscillating Sun. Using the equations, it is a straightforward exercise 

to compute model properties of the oscillating Sun (for example, the 

discrete set of normal mode frequencies) from model properties of the 

static Sun. The idea immediately occurs that it may be possible to 

invert or reverse this process, allowing one to compute model 

properties of the static Sun (such as solar core temperature and 

density) from model properties of the oscillating Sun. In applying 



18 

this approach to obtain internal solar parameters, observed values for 

normal mode frequencies would be used as the model properties of the 

oscillating Sun. Herein lies a great advantage of this approach over 

solar neutrino astronomy: The data concerning solar oscillation 

frequencies are orders of magnitude more plentiful, more accurate and 

cheaper to obtain than neutrino flux data. Of course, the above 

analysis approach critically depends on the validity (or closeness to 

physical reality) of the mathematical equations used for modeling the 

solar oscillations. This matter and other concerns about solution 

uniqueness and the effects of noisy data are scrutinized in the field 

of solar seismology. 

Solar seismology (or helioseismology) is the study of global 

solar oscillations with the purpose of inferring internal solar 

properties such as rotation rate and the spatial and temporal 

dependences of thermodynamic variables. This goal is a prodigious one 

and often gives pause to those attempting the task. Nevertheless, a 

rapidly growing number of helioseismologists have entered the field 

during the last 15 years, producing roughly one thousand research 

papers. 

Perhaps the most significant factors in this growth are several 

major drawing cards which solar seismology possesses. First, roughly 

ten million oscillation modes are potentially available for study 

(Leibacher et al. 1985). Second, high precision frequencies are known 

for many of these modes. Some frequencies have relative accuracies 

which are already better than parts per ten thousand (Rabaey, Hill and 

Barry 1988; Duvall et al. 1988; Kotov, Severny and Tsap 1984). In 

several years, various groups employing ground-based observational 
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networks and space-based observational platforms should be obtaining 

measured frequencies with accuracies approaching parts per million. 

Mullan and Ulrich (1988) and Shipman (1988) expect frequency 

measurements from GONG which are precise to O.OlpHz. GONG (Global 

Oscillation Network Group), SCLERA (Santa Catalina Laboratory for 

Experimental Relativity by Astrometry, a facility operated by the 

University of Arizona), IRIS (International Research on the Interior of 

the Sun, a group led by Fossat and Grec at Nice), and the Birmingham 

group (led by Isaak and van der Raay; see Isaak (1981) for a 

description of the program) are involved with ground-based networks; 

SOHO (Solar and Heliospheric Observatory; reviewed by Domingo (1988) 

and Huber and Malinovsky-Arduini (1984)) is a space-based project. 

A third drawing card of helioseismology is its potential for 

producing new results and methods which will have a major impact on 

virtually all areas of astrophysics. These new contributions may be 

grouped into two classes physical and mathematical. E. Parker 

(1978) states their importance from a physical viewpoint: " ... it looks 

as though solar physics will continue as the principal cutting edge of 

the hard science that can be accomplished with astrophysical research" 

and " ... solar physics is the mother of astrophysics ... " From the 

mathematical viewpoint, the techniques for performing sensitivity 

analyses (like the one developed in this dissertation) are readily 

adaptable and applicable to many astrophysical problems. Finally, 

another factor also attracts practitioners to the field, it involves a 

sense of urgency and the element of controversy; this fourth factor is 

described next. 
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like solar neutrino astronomy, is at a 

development. Significant discrepancies exist 

between certain measured properties of the Sun, namely the oscillation 

frequencies of its normal modes, and their corresponding theoretical 

values obtained from computer models of the Sun. It is the size of 

these discrepancies which makes them statistically significant; the 

discrepancies are often much larger than both the observational errors 

in the measured frequencies and the numerical errors in the theoretical 

frequencies. In spite of efforts by many researchers examining a wide 

variety of solar models, no one has yet produced a solar model which 

yields theoretical eigenfrequencies in close agreement with all of the 

measured eigenfrequencies (Iben and Mahaffy 1976; Deubner 1983; 

Shibahashi and Osaki 1983; Knalker and Stix 1984; Christensen-Dalsgaard 

1984b,l986a; Christensen-Dalsgaard and Gough 1984b; Christensen

Dalsgaard, Gough and Toomre 1985; Frandsen 1988). ("Close agreement" 

means that deviations are less than the observational error bars of the 

measured eigenfrequencies.) 

The words of various researchers produce a litany which drives 

home this message. Ulrich and Rhodes (1983): "Even with these 

additional factors, no standard model yet computed is in agreement with 

the observations." Noyes and Rhodes (1984): "the differences ... 

between theory and observation are significant and unresolved." 

Rhodes, Ulrich and Brunish (1984): " ... no single model that we have 

yet computed fits all of the observations." Gough (1985): " ... no 

theoretical model has yet been constructed from stellar evolution 

theory whose eigenfrequencies agree with observation." Stix and 

Knalker (1986): " ... but minor discrepancies, of order lOpHz, between 
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observed and calculated frequencies remain." Libbrecht (1988): 

" •.. indeed none of the calculations was able to reproduce the low 1 

observations to within experimental error." Guenther and Sarajedini 

(1988): "Even our best standard solar models (Ulrich and Rhodes 1983) 

do not give the correct p-mode frequencies to better than 1% of their 

observed values." Gelly et al. (1988): "However, to-date, it has not 

been possible to adjust the parameters of the model to reproduce all 

the helioseismic data." 

Examples of some of the many kinds of solar models which were 

investigated in this search for agreement are presented next. 

Christensen-Dalsgaard and Gough (1981), Shibahashi, Noels and Gabriel 

(1984), and Scuflaire, Gabriel and Noels (1984) examined the effects of 

varying the solar metallicity (Z). Cox, Guzik and Kidman (1988), 

Demarque and Guenther (1988a), and Gabriel (1984b) considered the 

effects of diffusion or mixing processes. Christensen-Dalsgaard and 

Gough (1980) and Guenther and Sarajedini (1988) considered the effects 

of altering the He abundance. Shibahashi, Noels and Gabriel (1983), 

Kaisig, Knolker and Stix (1984), and Ulrich and Rhodes (1984b) examined 

the impact of various alterations to the equation of state, such as 

electrostatic corrections and modifications of the partition functions. 

Gabriel, Noels and Scuflaire (1984) and Ulrich and Rhodes (1983) 

examined the role of opacity. Noels, Scuflaire and Gabriel (1984) and 

Rosenwald and Hill (1980) examined the effect of the dynamical or 

mechanical outer boundary condition on the oscillations. Ulrich and 

Rhodes (1977) and Lubow, Rhodes and Ulrich (1980) considered the 

effects of changing the mixing-length convection treatment. Even 
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high-Z solar core models were examined by Rouse (1986abc,l987) and 

Vorontsov and Marchenkov (1983). 

Obviously, something is amiss with either the measured 

frequencies or with the solar models which produce the theoretical 

frequencies; it is even p~ssible that mistakes in both the measured and 

theoretical frequency valutas may be causing the discrepancies. Until 

this situation is resol,red, no one can legitimately claim to have a 

fundamental understanding or knowledge of solar structure beyond the 

Sun's directly visible fea1:ures. Nor can one reap any of the extensive 

benefits or spin-offs whicll a detailed knowledge of the internal solar 

structure will bring t:o such related astrophysical topics as: 

convection theory, dynamo theory, stellar structure, stellar evolution, 

neutrino properties, stellar opacities, nuclear reaction rates, 

elemental abundances, general relativity and many others. 

This dissertation attempts to alleviate the current impasse in 

solar seismology by focusing on computer modeling aspects of particular 

helioseismological problems. Two new mathematical approaches or 

techniques are developed in this dissertation; they fill voids which 

currently exist in solar seismology. One of these methods, called 

continuous orthonormalization, enables precise eigenfrequencies (normal 

mode frequencies) to be computed from a given static solar model. 

Relative accuracies of parts per hundred million are achieved. The 

second new method, called adjoint sensitivity analysis, computes solar 

eigenfrequency sensitivities. These are simply changes in eigen

frequencies that result from small changes in the static solar model; 

or, equivalently, these sensitivities are partial derivatives of 

eigenfrequencies with respect to solar model parameters. For every 
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eigenfrequency being examined, a whole set of partial derivatives needs 

to be computed one partial derivative for each parameter in the 

solar model. The adjoint method enables all of these partial 

derivatives (sensitivities) to be systematically, accurately and 

efficiently computed. In a sample application, it is shown how data 

from the sensitivity analysis may be used to modify a solar model's 

parameters so that the model's theoretical (computed) eigenfrequencies 

are driven into agreement with a set of measured or targeted 

frequencies. 

It should be noted here that the correctness or incorrectness 

of measured solar eigenfrequencies by the various observing groups is 

not addressed in this dissertation. The new methods developed here are 

simply tools for generating precise eigenfrequencies and eigenfrequency 

sensitivities for a particular kind of solar or stellar model (for 

example, one that is spherically symmetric, nonrotating, nonmagnetic 

and inviscid). Possession of this information is the key which enables 

a solar model to be manipulated so that its theoretical eigen

frequencies satisfy specified properties. 

An adjoint sensitivity analysis, like the type presented in 

this dissertation's treatment of a particular solar seismology problem, 

should ideally be performed on the solution behavior of all 

astrophysical modeling problems. (Fiacco (1983) extends this notion 

even further, stating in his book's opening words that: "A methodology 

for conducting a local perturbation (sensitivity) analysis and finite 

perturbation (stability) analysis of solution behavior with respect to 

problem changes is a well established requirement of any scientific 

discipline. A sensitivity and stability analysis should be an integral 



24 

part of any solution methodology.") The adjoint approach to 

sensitivity analysis is highly efficient and has widespread 

applicability for analyzing astrophysical models. The sensitivities 

(or partial derivatives) obtained via this method are important for 

diagnostic purposes in general and also for solving inverse (or model 

adjustment) problems. Based on the method's rapid spread across the 

boundaries of other scientific disciplines, it is anticipated that 

additional applications of the adjoint sensitivity method will soon 

arise in many areas of astrophysics besides helioseismology. 

Some additional editorial comments on the present state of 

solar seismology are appropriate at this point. Controversy exists at 

all stages in solar seismology: Collecting the observations, analyzing 

the observations, making theoretical interpretations from the data and 

ultimately, determining the global ramifications which the solar 

results will have on physics at large. It is the latter factor, 

perhaps, which most fuels the omnipresent controversy. As noted by 

Toomre (1984), questions in "big physics" are at stake. Some of these 

questions follow: Are neutrinos massless? Are they oscillating?. What 

was the primordial helium abundance? Are there weakly interacting 

massive particles (WIMPs)? Is Einstein's general theory of relativity 

enrrect? If these controversies have at times appeared to be the bane 

of solar seismology, generating cliques espousing certain views, a boon 

also exists. The scientific world is coming to realize the crucial 

role which the Sun will play in answering many questions of fundamental 

physics. In spite of blinders, eventually the Sun will shine through 

and will give the answers to those with open eyes. 
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This introduction concludes with brief descriptions of the 

remaining chapters; these descriptions provide a rough outline or 

summary of the dissertation. A synopsis of solar seismology is given 

in chapter 2; it includes historical background and preparatory 

information about the field. Chapter 3 covers the basics of solar 

oscillations from both mathematical and physical viewpoints. Next, 

chapter 4 introduces and discusses the metadiscipline known as "systems 

and control," which provides a context or framework for solar 

seismology problems and their solution methods. Chapter 5 addresses 

the need for new approaches to be made in solar seismology, justifying 

the development of the continuous orthonormalization and adjoint 

methods and presenting some of their general details. Chapter 6 

demonstrates some of the nomenclature, procedures and specific details 

of the two new methods. They are separately applied to and verified 

against simple "toy" problems, variants of the classic simple harmonic 

oscillator problem whose solutions are analytically known by standard 

methods. In chapter 7, the continuous orthonormalization and adjoint 

methods are combined and are specifically tailored to the computation 

of solar eigenfrequencies and eigenfrequency sensitivities for a 

nonrotating spherical solar model. Chapter 8 describes approaches for 

solving a particular two-dimensional solar inverse problem and shows 

how results from eigenfrequency sensitivity analysis may be utilized 

for solving this parameter estimation problem. Chapter 9 presents test 

results which confirm the validity of the continuous orthonormalization 

and adjoint methods for computing solar eigenfrequencies and 

eigenfrequency sensitivities. A sample solar inversion problem then 

demonstrates the accuracy and feasibility of using the two new methods 
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in the context of an actual inversion procedure. Chapter 10 summarizes 

this dissertation work and considers its future extensions and 

applications in solar seismology, other areas of astrophysics and 

science in general. The appendix gives explicit details for 

implementing the continuous orthonormalization and adjoint sensitivity 

algorithms on a computer; the more compact earlier notation is expanded 

and clarified here. Yith these tools in hand, it is hoped that new 

insights and solutions will be found to existing and future problems of 

solar seismology. 
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CHAPTER 2 

A SYNOPSIS OF SOLAR SEISMOLOGY 

The terms "solar seismology" and "helioseismology" are used 

interchangeably in this dissertation; they are both intended to have 

the same meaning. Semantic arguments about which term is better to use 

are left for others to debate. 

Solar seismology is a relatively new branch of astrophysics 

which has evolved from the interplay and combination of several 

scientific fields. Its name, of course, is derived from the original 

seismology, a branch of geophysics. Whereas seismology involves the 

study of planet Earth's measurable features with the intent of 

determining the Earth's internal structure and properties, solar 

seismology is, by analogy, concerned with studying the Sun and 

extracting information about its internal properties. Although helio

seismology derives its name (together with some jargon, numerical 

techniques and methods) from terrestrial seismology, the dominant 

influence or "taproot" of helioseismology lies in stellar pulsation 

theory, a branch of astrophysics. It is the theory of stellar 

pulsation which considers the physics involved and then derives the 

mathematical 

properties. 

information 

of state. 

descriptions used for modeling a star and its pulsational 

Atomic physics and thermodynamics contribute auxiliary 

such as nuclear reaction rates, opacities and the equation 

Mathematics also contributes significantly to helio-

seismology; it has brought analysis methods and solution approaches for 

attacking the difficult inverse problems of helioseismology. 
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Many excellent review articles on helioseismology exist in the 

literature. A reference source for locating these and other articles 

on helioseismology comes from the Global Oscillation Network Group 

(GONG). Their "Report Number 2: A Selected Bibliography on 

Helioseismology" prepared by Leibacher (1985, with updates) contains 

roughly two thousand entries. The Scientific American article on 

helioseismology by Leibacher et al. (1985) provides a nice introduction 

to the field; so also do the works of Mullan (1984) and Frazier (1982). 

Other reviews and descriptive articles on solar seismology by 

Christensen-Dalsgaard and Gough (1976); Hill (1978); Deubner and Gough 

(1984); Toomre (1984); Christenscn-Dalsgaard, Gough and Toomre (1985); 

Brown, Mihalas and Rhodes (1986); Christensen-Dalsgaard (1986ab,l988a); 

Hudson (1987); Cox (1988); and Libbrecht (1988) are more technical and 

delve more deeply into the physics, mathematics and subtleties of the 

field. 

This chapter presents another brief review, or synopsis, of 

helioseismology. In comparison to the earlier-cited review articles, 

some aspects of the field are summarized here in a more cursory fashion 

(or are even omitted entirely). Other aspects of solar seismology, 

however, are given more emphasis in this work or are discussed below 

for the first time. 

Helioseismology can be conveniently subdivided into four 

functionally distinct, but interrelated phases. These phases are: 

(1) the collection of solar data, (2) analysis of this data to obtain 

so-called measured or observed frequencies, (3) development of physical 

and mathematical modeling formalisms for obtaining computed or 

theoretical mode properties (such as eigenfrequencies) from given 
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hypothetical models of the Sun, and (4) the resolution phase, where 

attempts are made to reconcile the observed froquencies of phase two 

with their corresponding computed or theoretical values obtained from 

phase three modeling. Sections 2.1 through 2.4 discuss the above four 

phases. Since this dissertation has a theoretical orientation (and is 

therefore concerned almost entirely with phases three and four), 

relatively little space is devoted to descriptions of the first two 

phases. Section 2.5 summarizes research work in related astrophysical 

areas with close ties to solar seismology. The physical theories and 

phenomena discussed share a common feature, namely: they all depend 

critically on inferences and conclusions drawn from helioseismology. 

Section 2.6 ends the synopsis of solar seismology with an examination 

of its relationship to earth seismology. 

2.1 Collecting the Solar Seismological Data 

This section briefly describes the 

seismology obtaining the observational 

first phase of solar 

data. This phase is the 

essential heart of solar seismology, since without data the remaining 

phases would be rendered moot and purely hypothetical or theoretical in 

nature. The controversial nature of observational solar seismology is 

exemplified by the wide range of measurement approaches taken by 

different research teams. At least eight different kinds of data have 

been collected: Doppler shifts of whole disk sunlight (Brookes, Isaak 

and van der Raay 1976; Claverie et al. 1979,198lab; Grec, Fossat and 

Pomerantz 1980,1983), Doppler shifts of two different regions on the 

Sun (Severny, Kotov and Tsap 1976,1988; Scherrer and Yilcox 1983; 

Henning and Scherrer 1986), one-dimensional Doppler images (Deubner 
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1975; Harvey and Duvall 1984), two-dimensional Doppler images (Brown 

1984,1986; Libbrecht and Zirin 1986; Libbrecht and Kaufman 1988; Duvall 

et al. 1988), total irradiance measurements (Willson and Hudson 1981; 

Woodard and Hudson 1983,1984; Fr6hlich 1987,1988; Andersen and Domingo 

1988), radiative intensity measurements of a patch at the solar disk 

center (Oglesby 1987), apparent diameter measurements (Hill and 

Stebbins 1975; Caudell 1980), and differential radius measurements (Bos 

and Hill 1983; Hill 1984a,l985a). The procedures and techniques for 

collecting the data are best understood by consulting the original 

publications. Various pros and cons exist for each of these 

measurement approaches but they all share the basic property that the 

quantity measured is recorded as a function of time and, to a less 

explicit degree, as a function of solar geometry. (Some methods 

produce no spatial information.) 

2.2 Obtainin~ Global Oscillation Frequencies from the Solar Data 

The second phase of solar seismology is the analysis of the 

observational data to obtain a set of global oscillation frequencies. 

When solar 5-min oscillations were first discovered (Leighton, Noyes 

and Simon 1962), they were widely interpreted as a local phenomenon of 

the solar atmosphere. The first discovery of global solar oscillation 

modes was made in 1974 by H. A. Hill and R. T. Stebbins; results were 

published shortly thereafter in Hill and Stebbins (1975). They found 

periodic fluctuations in their solar diameter measurements with periods 

ranging between 10 min and 1 hr. As they put it, "Judging from the 

observed periods and lifetimes (~3 days), these oscillations are 

consistent with theoretical predictions for normal modes of the Sun." 
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For the 5-min oscillations, Ulrich (1970) and Leibacher and Stein 

(1971) independently hypothesized their global nature; then Deubner 

(1975) observed frequency-wavenumber relationships which generally 

agreed with the theoretically predicted properties of normal modes. 

There still remained doubts, however, as to the global nature of the 

5-min oscillations. Gough (1980) considered whether the 5-min modes 

were global or local. It has now become almost uniformly accepted that 

the longer period oscillations and many of the 5-min oscillations are 

global in character and the oscillation frequencies are eigen

frequencies of certain normal modes (or free oscillations) of the 

entire Sun. 

Analysis of the observational data to obtain the eigen

frequencies is not as straightforward as one might expect. Gaps in 

the data, variable seeing conditions, instrumental factors and an 

inherently detailed solar structure and behavior all combine to produce 

the net result of complicated and dense power spectra which are 

difficult to interpret. A particular team within GONG is specifically 

oriented toward this second phase of data analysis and reduction. 

Brown (1988a) reviews some of the data reduction techniques. As two 

examples of the various approaches used, Frandsen (1986a) utilizes 

phase information when analyzing the 5-min mode observations, while 

Brown (1988b) and Morrow and Brown (1988) describe a sophisticated 

Bayesian approach for automating the mode identification process. New 

techniques for solar data analysis have also been developed at SCLERA 

(Hill 1984a). Further progress in solar seismology beyond the 

possession of a list of oscillation eigenfrequencies obtained from 

analyzing the observations requires additional phases. 
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2.3 Computing Theoretical Eigenfreguency Properties from Solar Models 

The third phase of solar seismology involves the development of 

a mathematical model or formalism for quantitatively describing and 

labeling the individual normal modes. Since normal modes are observed 

as perturbations from the present-day equilibrium configuration of the 

Sun, certain preliminary steps must be taken before one can numerically 

analyze the normal modes. First, a mathematical formalism for 

describing the equilibrium Sun of today must be established and, 

second, such a model must actually be constructed. The formalism for 

describing the equilibrium Sun is intuitively simple; all of the 

relevant thermodynamic quantities in the Sun may be represented by 

mathematical functions of spatial position. The process of building 

such a solar model, however, is difficult to accomplish both in theory 

and in practice. Numbers must be obtained which approximate the above 

functions with reasonable accuracy; this task or procedure is known as 

generating a solar model. 

To accomplish this task, most investigators have followed an 

evolutionary approach. They believe that the best and most ac~urate 

picture of today's Sun is obtained by evolving in time a primitive Sun 

which presumably has simpler physics (such as chemical homogeneity and 

n~ convection) and is thus less susceptible to erroneous preconcep

tions. Throughout the time evolution process the Sun is assumed to be 

a spherically symmetric, nonrotating, inviscid and nonmagnetic ball of 

gas. These simplifying assumptions have been chiefly dictated by 

pragmatic reasons more physically realistic solar models are much 

more difficult to describe mathematically and model numerically. (The 

difficulties encountered in the general case are comparable to those 
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encountered when trying to model the condensation of a star out of the 

interstellar medium; three-dimensional motions and magnetic fields must 

be considered.) Fortunately, even with the above restrictive physical 

assumptions imposed on the solar model, most of the interesting and 

essential physics is still retained; much can be learned by studying 

this simpler problem. 

Using conservation laws, partial differential equations 

describing solar evolution have been derived (Cox and Giuli 1968; 

Clayton 1968) and calculation procedures have been established (Henyey, 

Forbes and Gould 1964; Kippenhahn, Weigert and Hofmeister 1967). A 

spherically symmetric solar model allows three-dimensional spatial 

dependences to be parameterized by a single one-dimensional scalar 

quantity, r, the distance to the solar center, or alternatively, by m, 

the mass interior to this radial point. In these evolutionary models 

thermodynamic quantities in the Sun depend not only on the spatial 

location, r (or m), but also on time. A great deal of complicated 

physics is implicitly contained in the conservation equations. Before 

the system of partial differential equations may be numerically solved, 

additional explicit formulas for opacity, nuclear energy generation 

rates and the equation of state must be supplied, together with a 

method for treating convection in an approximate way. 

Finally, after the partial differential equations have been 

suitably approximated by difference formulas and stable algorithms for 

evolving the solar model from one time epoch to the next have been 

implemented, an initial solar model must be supplied as a starting 

point' before the solution process can begin. This initial solar model 

is usually taken to be compositionally homogeneous and represents the 
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Sun as a zero-age main sequence star. Starting from this initial 

condition the solar model is evolved to its current age of approxi

mately 4.6 Gyr. (As discussed by Guenther (1988) at the annual GONG 

meeting, even this value for the Sun's age has a substantial spread, 

depending on the assumed properties of the early solar system. See 

Guenther (1989) for a complete discussion.) Then, in an iterative 

procedure, the initial solar helium abundance and mixing-length 

parameter of convection theory are adjusted so that the computed radius 

and luminosity of today's Sun match their observed values. 

The net result of this tortuous procedure is that a mathe

matical description of the equilibrium structure of the current Sun is 

obtained. In this so-called standard solar model, thermodynamic 

variables such as pressure and density are explicitly given as 

functions of the independent variable r (or m). Due to using a finite 

differences solution approach all of these functions are usually given 

in tabular form, with values for the dependent thermodynamic variables 

being listed at a finite number of r (or m) values. Depending upon the 

degree of detail in the standard solar model, the tables may extend for 

several thousand r (or m) values and up to several dozen thermodynamic 

variables may be tabulated. In this whole process a rather elaborate 

"house of cards" has been built and one is inclined to ponder how 

closely this construction of a 

reality. The search for an 

standard solar model corresponds to 

answer to this question is a primary 

motivation for studying solar seismology. 

Regardless of a standard solar model's closeness to physical 

reality, the existence of an equilibrium solar model allows the third 

phase of solar seismology to be executed, namely, a mathematical 



35 

description for the individual normal modes may be derived and 

numerical properties of the modes may be calculated. Two simplifying 

assumptions are usually made regarding the nature of the solar normal 

modes they are .assumed to be both linear and adiabatic. These 

constraints are physically reasonable ones, since the observed global 

solar oscillations (perturbations to the equilibrium Sun) have small 

amplitudes at the solar surface and are known to persist for many 

oscillation periods. Ledoux and Walraven (1958) derived mathematical 

equations for modeling such linear adiabatic oscillations of stars. 

Dziembowski (1971) converted the equations to a form which uses 

dimensionless variables. Other derivations have been performed several 

different times by several different authors (Unno et al. 1979; Cox 

1980) and a widespread consensus exists (Osaki and Hansen 1973; Boury 

et al. 1975; !ben and Mahaffy 1976; Aizenman, Smeyers and Weigert 1977; 

Vorontsov and Zharkov 1978) for the 

normal modes of a star which 

oscillations. 

mathematical description of the 

is undergoing linear adiabatic 

This class of oscillations may be further subdivided into two 

additional categories. Radial oscillations are those in which the 

displacements of the oscillating fluid (or gas) elements occur only in 

the radial direction, while nonradial oscillations allow more general 

displacements. The methods presented in this dissertation are applied 

only to the more complicated nonradial oscillations, although radial 

oscillations are an immediate secondary application. The decision to 

analyze the nonradial modes first instead of the simpler radial modes 

was a utilitarian one, based on a crude cost/benefit analysis. Both in 

theory and in practice, nonradial oscillation modes are more efficient 
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and comprehensive than radial oscillation modes for diagnosing and 

probing conditions in the solar interior. 

The linear adiabatic nonradial normal modes are representable 

as eigenfunction solutions of a specific fourth order linear system of 

ordinary differential equations which satisfy particular boundary 

conditions. (Radial normal modes are solutions of a second order 

system.) The explicit equations and variables are presented in chapter 

3, but for now a brief "English" description will suffice to qualita

tively introduce certain facts. 

The four dependent variables in this system of differential 

equations which describe linear adiabatic nonradial normal modes are 

related to perturbations in the radial distance, the pressure, the 

gravitational potential and the gravitational potential gradient; the 

independent variable is related to r. The common frequency at which 

these dependent variables exhibit temporal periodic oscillations is the 

eigenfrequency of the not~al mode. Terms appearing in the coefficients 

of the four linear homogeneous ordinary differential equations are 

functions of thermodynamic variables in the standard solar model and 

hence are position dependent. Although four different thermodynamic 

variables appear in the coefficients of the differential equations, two 

additional independent identities or equations exist which relate these 

four variables. Hence, only two independent thermodynamic variables 

are needed to uniquely specify the ordinary differential equations 

which define the normal mode properties. 

Confirming this, Unno et al. (1979) state in their introduction 

that the "variations of L~ and N with the radial distance r from the 

center determine the nature of a star as a musical instrument." These 



37 

two local parameters, L1 and N, are the Lamb and Brunt-V4is414 

frequencies, respectively; they are defined and described in section 

3.1. Brown, Mihalas and Rhodes (1986) select an equivalent, different 

pair of variables, using p and r 1 (density and first adiabatic 

exponent) as the two thermodynamic variables which specify the normal 

mode properties; Denis and Denis (1984) select density and adiabatic 

bulk modulus (density times squared sound speed) as the two variables. 

(The actual situation is slightly more complicated than this, since the 

outer or surface boundary conditions also play a role in determining 

the normal mode eigenfrequencies; see Hill, Caudell and Rosenwald 

(1976), Hill, Rosenwald and Caudell (1978ab), and Rosenwald and Hill 

(1980) for discussions of this.) 

In addition to calculating a normal mode's eigenfrequency, 

modeling of another type of normal mode property is possible for a 

rotating Sun. When a spatially defined internal rotation is introduced 

to make a solar model more physically realistic, the Sun's spherical 

symmetry is broken. Hansen, Cox and Van Horn (1977) point out that 

when the Sun rotates slowly, a degeneracy in the normal mode spectrum 

is lifted and equally spaced Zeeman-like frequency splittings occur. A 

mathematical formula for computing eigenfrequency separations between 

previously degenerate normal modes may be derived; in magnitude, these 

splittings are proportional to a weighted integral of the rotation rate 

inside the Sun. The weighting term in the integrand (which is 

nonnegative) is known as a splitting kernel and it depends on the 

normal mode eigenfunctions of the nonrotating solar model (Gough 

1981a,l982; Lee and Shibahashi 1986). The net result is that frequency 

splittings, which are observable quantities, may be computed from a 
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given internal solar rotation function and a specified nonrotating 

solar model. 

This concludes the description of the third phase of helio-

seismology. It was shown that two different kinds of normal mode 

properties may be obtained from solar models. First, for a nonrotating 

spherically symmetric Sun, eigenfrequencies (and eigenfunctions) may be 

computed from only two independent thermodynamic quantities which are 

functions of the distance to the solar center. Second, when rotation 

is present in the solar model, eigenfrequency splittings may be 

computed from the specified internal rotation and the normal mode 

eigenfunctions of the nonrotating solar model. These two procedures of 

computing normal mode properties (eigenfrequencies and eigenfrequency 

splittings) from a given solar model are called solving direct or 

forward problems. 

2.4 Resolving Differences Between Observational and 
Theoretical Results 

The fourth and final phase of helioseismology is the most 

difficult but also most rewarding phase. Called the resolution phase, 

it attempts to reconcile the observational and theoretical results 

obtained in phases two and three, respectively. Skepticism character-

izes this resolution phase, with intense circumspection accorded to 

every aspect of the particular problem being considered. Little is 

held inviolable or beyond question here; hypotheses can be rejected, 

models thrown out, and even the observational data can be discredited. 

This is the arena where the true mettle of helioseismology has been 

tested and will continue to be tested. 



39 

Inverse methods are the tools of choice for resolving the 

discrepancies between observational and theoretical results. Using 

inverse methods, one works backwards from the observations, deductively 

inferring how a given solar model should be altered to yield 

theoretical or computed answers which are in agreement with the 

observations. Unfortunately, inverse methods are not always available 

and a make-do approach is then necessary. 

Employing the direct (or forward) methods described in section 

2.3, it is possible to select solar models which are better than others 

at matching the observations. Using a multitude of trial solar models 

as input cases, normal mode properties for each solar model are 

computed by solving direct problems. Then, after the computed results 

for each trial solar model are compared to the observations, a "best" 

solar model, yielding the closest fit to the observations, is selected. 

This haphazard, shotgun approach has been called the direct approach to 

solving inverse problems; it is highly inefficient and nonrigorous 

compared to true inverse methods. 

The weakness of the above approach and the lack of an inversion 

procedure for solving a fundamental two-dimensional structural 

estimation problem of solar seismology were principal motivations for 

this dissertRtion work. The adjoint sensitivity analysis approach, 

developed in subsequent chapters, is the linchpin which enables the 

original application of inverse methods to certain structural 

estimation problems in solar seismology. 

Much of what helioseismology 

accomplishing remains either unfinished, 

contested. An area where some progress 

is reportedly capable of 

partially completed or 

has been made lies in the 
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generation of internal solar rotation curves from observed eigen

frequency splittings. Even here, though, various researchers have 

reported discrepant results. 

In a series of papers (Hill, Bos and Goode 1982; Hill et al. 

1983; Hill 1984b; Rosenwald, Hill and Yakowitz 1984; Hill et al. 1984; 

Hill 1985ab; Hill, Rosenwald and Rabaey 1985; Hill, Rabaey and 

Rosenwald 1986; Hill and Rosenwald 1986a; Hill et al. 1986) the group 

at SCLERA report their results for internal solar rotation. They infer 

a rapidly rotating solar core (spinning at about six times the surface 

rate) which extends out to roughly 0.7 solar radius. This result is 

marginally incompatible with Einstein's general theory of relativity. 

(A large solar gravitational quadrupole moment (J 2 ), due to the large 

rapidly rotating core, leads to a slight adjustment in the predicted 

value for Mercury's perihelion precession, thereby bringing the amount 

of precession predicted by general relativity out of agreement with the 

observed value.) 

Duvall et al. (1984), Duvall and Harvey (1984), Christensen

Dalsgaard (1984b), Christensen-Dalsgaard and Gough (1984a), Leibacher 

(1984), Brown (1986,1987), Brown and Morrow (1987ab), Morrow (1988), 

Goode (1986), Gabriel and Nemry (1986), Rhodes et al. (1987), F. Hill 

(1987), ~. Hill et al. (1988), and F. Hill, Rust and Appourchaux (1988) 

all report an absence of this large rapidly rotating core. They find 

instead a moderate solar rotation (comparable to the surface rate) 

extending downward to a depth only about one quarter solar radius from 

the center. Details of their rotation curves differ, but all of their 

results are compatible with general relativity. 
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The underlying cause for these discrepant results on internal 

solar rotation between SCLERA and others is almost certainly due to 

misidentified or misinterpreted frequency splittings in the observa

tions; this is certainly possible since different data analysis 

techniques were used to obtain the splitting amounts and different 

normal modes were analyzed. The comment by Roxburgh (1985) is still 

appropriate: "The innocent theoretician (if there be such) may be 

forgiven if he/she takes the position that the issue is not yet 

settled." 

The stakes in this "game" are high, and the SCLERA results 

should certainly not be dismissed out of hand simply because they are 

in slight disagreement with general relativity. Other independent 

researchers are also finding very interesting results. Guinan and 

Maloney (1988), in studying eclipsing binary star systems, find "about 

a dozen binary systems as candidate tests for general relativity." 

They observe apsidal motions which are in disagreement with general 

relativity. Furthermore, the disagreement increases with increasing 

mass of the system considered. Their results and SCLERA results, 

however, ~ compatible with a more general covariant form of general 

relativity developed by Moffat (1987) and called nonsymmetric 

gravitation theory (NGT). (His theory allows a nonsymmetric g metric 
pv 

tensor.) The resolution of the opposing views on internal solar 

rotation may lie in upcoming astrophysical tests of NGT or, much more 

likely, they may be resolved through future developments and 

improvements in helioseismology. 

Until a resolution occurs, it behooves the researchers who 

obtain internal solar rotation rates which mimic the surface rotation 
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rate to use the utmost care in their analyses. They must unequivocably 

rule out even the remotest possibility that the observed mode 

splittings may be due to surface phenomena on the Sun. Hill and 

Czarnowski (1986), for example, find harmonic structures in the 

observations analyzed by Delache and Scherrer (1983) which are 

consistent with a slowly rotating localized perturbation on the solar 

surface. This has a direct bearing upon the works of van der Raay, 
, ' 

Palle and Roca Cortes (1986), Rhodes et al. (1988a), and Tuominen and 

Virtanen (1987). 

The solar internal rotation rate is also a potentially 

important diagnostic of the Sun's evolutionary history. Gold (1984) 

and Sofia (1987) address some of these issues. Exotic possibilities 

are opened up by Bradstreet and Guinan (1988), who examine the 

phenomenon of stellar mergers from low mass binaries. They note that 

if the origin of the Sun is due to the merging of two K stars, it could 

imply a larger, more rapidly rotating solar core than would arise from 

the standard picture of single star origin. 

Attention is now turned to a second problem area where some 

progress has been made in the fourth, resolution phase of solar 

seismology. This concerns the extraction of information about the 

Sun's internal structure, in particular, the value of the speed of 

sound as a function of depth in the Sun. Christensen-Dalsgaard et al. 

(1985) obtained values for the sound speed cs(r) by a method which 

"relies only on a simple asymptotic description of the oscillations in 

terms of trapped acoustic waves." Brodsky and Vorontsov (1987,1988) 

and Gough (1986a) also used this analysis technique for obtaining 

cs(r), with the latter author inferring (based on a kink in the graph 
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of sound speed) that the base of the solar convection zone is near 0.7 

solar radius. Sekii and Shibahashi (1987) and Shibahashi (1988) made 

additional improvements to the integral equation inversion formalism. 

All of these asymptotic approaches to sound speed inversion are 

burdened with a severe handicap. Too many crude physical assumptions 

are implicit in asymptotic analysis approaches, leading to inaccurate 

computed values for cs(r). And truly accurate values for cs(r) are 

needed. For instance, Roxburgh (1986a) showed that for 4 quite 

different solar models (all with the same luminosity and radius) the 

computed values of the sound speed tracked each other to within 

percentage points outside of 0.2 solar radius. Nonetheless, these 

first asymptotic inversions yielding values for cs(r) point the way for 

more advanced techniques and provide useful benchmark comparisons for 

future, more comprehensive structural inversion results. 

Successful determinations of both the Sun's internal rotation 

rate and internal structure will have many astrophysical ramifications. 

In deciding which problem should be addressed first, certain facts must 

be recalled. Determining the Sun's internal rotation rate is "once 

removed" from the more basic problem of determining internal structure. 

Indeed, the computation of rotational splitting kernels is predicated 

on the existence of a given nonrotating solar model. Also, while the 

internal rotation problem is a linear problem (between the internal 

rotation curve O(r) and the observed frequency splittings), the 

structural problem is a nonlinear problem. As Toomre (1986) writes, 

" •.. for unlike in dealing with frequency splitting to study rotation, 

the inverse problem for composition and stratification is intrinsically 

nonlinear." For this reason, a desire to attack the more fundamental 
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and more difficult problem; this dissertation focuses attention and 

effort on developing methods for solving the helioseismological problem 

of determining internal solar structure. A brief description of this 

problem follows. 

Based on certain observed eigenfrequencies (those unaffected by 

rotation, the m-0 modes), one attempts to infer the radial behavior of 

two independent thermodynamic variables which partially define the 

internal solar structure. The run of these two variables (along with 

specified outer boundary conditions for the normal modes) are, in the 

context of linear adiabatic oscillation theory, the exclusive 

determiners of solar eigenfrequencies. 

The course of solving this problem should provide a textbook 

example of how observational and theoretical results can closely 

interact with each other, leading to significant improvements in the 

complementary area. This interaction process between theory and 

observations is a dynamical, synergetic one that operates in both 

directions. Predictions based on the theory of solar oscillations 

enable more information to be gleaned from the raw observational . data, 

while improved observations of the Sun (both in quality and quantity) 

lead to improvements in the theory. Just as phase sensitive detection 

or Kalman filtering techniques enable extremely weak spacecraft signals 

to be detected against a noisy background (by incorporating prior 

knowledge of what is expected); so too may expected frequencies (based 

on theoretical predictions) be sought and discovered in the solar 

observational data. These newly discovered eigenfrequencies, in turn, 

may enable further improvements or adjustments to be made in the 

theoretical model of the Sun. 
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A terminology has developed regarding the above two types of 

interaction between theory and observations. The first type of 

interaction, obtaining a predicted normal mode property based on 

theory, is simply an application of the third phase of helioseismology. 

Two previously considered examples of this are: (1) computing a normal 

mode's eigenfrequency from a given solar model and (2) computing 

frequency splittings from a given rotation curve plus a solar model. 

This process has been called solving forward or direct problems. The 

second type of interaction between theory and observations is more 

complicated. It involves inverse type methods, where observed 

eigenfrequency properties are used to modify the theory so that 

theoretically predicted (or calculated) eigenfrequency properties come 

into agreement with observed properties. 

Some clarification is required here on what "modifying the 

theory" means. In almost all work on helioseismology, including this 

work, the phrase simply means that the parameter values which define 

the theoretical solar model are adjusted in an attempt to yield 

computed frequencies in agreement with the observed eigenfrequency 

values. In other words, a linear adiabatic treatment of solar 

oscillations still remains linear and adiabatic; only parameter values 

in the solar model are altered. 

A more general meaning for "modifying the theory" is also 

possible. For example, changing the way in which convection is 

handled, or switching from an adiabatic to a nonadiabatic description 

of the oscillations, or incorporating a more physically realistic 

treatment of solar atmospheric radiative transfer are three ways of 

modifying the theory. These kinds of modifications can have more 
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drastic consequences for the numerical modeling process than simple 

changes made to parameter values. Any of the following complications 

are possible: (1) changing the coefficients or order of the linear 

differential system which models the oscillations, (2) introducing 

complex variables to handle arbitrary phase shifts, or (3) writing the 

oscillation modeling equations in integra-differential form. Some of 

the above changes will ultimately have to be made to correctly address 

such issues as growth rates or damping rates of the oscillation modes 

and proper handling (by a nonlocal treatment) of the atmospheric 

radiative transfer equation. 

The core purpose of this dissertation is to introduce two new 

analysis methods for helioseismology and to demonstrate some of their 

applications. For this reason, a choice was made to analyze nonradial 

linear adiabatic oscillations in a reasonably simple context. The 

equilibrium solar model is assumed to be nonrotating, nonmagnetic, 

inviscid and spherically symmetric (one must learn how to walk before 

running). Also, "wild" modifications of the theory are not allowed 

here. This choice of analyzing a sufficiently difficult, physically 

significant problem represents a balance in problem selection between 

oversimplified problems (such as treatments which employ the Cowling 

approximation) and overly difficult problems which have some of the 

above-listed complicating factors that cloud the analysis picture. 

This simplified application scenario linear adiabatic 

oscillations of a perfectly round equilibrium Sun does not imply 

that the two new analysis methods are restricted to the analysis of 

linear adiabatic oscillations. On the contrary, the adjoint method for 

the sensitivity analysis of linear adiabatic oscillations is applicable 
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and generalizable to other, more complicated modeling situations such 

as nonlinear and nonadiabatic oscillations, nonlocal treatments of 

radiative transfer, and even to the case of a nonspherical equilibrium 

Sun. Similarly, the continuous orthonormalization method may be 

applied to nonadiabatic linear oscillations. 

The basic nonrotating, nonmagnetic spherical version of the Sun 

and its concomitant set of linear adiabatic oscillation modes are 

obviously simpler than the real Sun and its actual oscillation modes. 

Nevertheless, this physical model or picture of the Sun is still very 

rich in subtleties and provides a challenging environment for 

developing and testing analysis methods. One realizes, after all, that 

even for this simple solar model which is undergoing linear adiabatic 

oscillations, the solution to the two-dimensional structural inversion 

problem of solar seismology has proven to be elusive. 

In some sense the current situation in helioseismology is a 

worse paradox than the solar neutrino problem. A whole set of numbers, 

the observed solar oscillation eigenspectrum, exhibits significant 

departures from the corresponding theoretical or computed ~igen

spectrum obtained from trial solar models. To date, all attempts at 

solving the structural inversion problem -- finding a theoretical solar 

model consistent with the oscillation frequency measurements have 

been unsuccessful or have had limited success (producing models that 

match only some of the frequencies). This negative result has, from my 

viewpoint, been substantially attributable to weaknesses and 

insufficiencies in the numerical modeling techniques and approaches 

which have previously been used. 
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This dissertation attempts to rectify this untenable situation 

by introducing two powerful new techniques for attacking the structural 

inverse problem of solar seismology. The continuous orthonormalization 

method is used for accurately computing nonradial linear adiabatic 

eigenfrequencies in the direct problem. The adjoint method is used for 

computing eigenfrequency sensitivities with respect to model parameter 

changes; these partial derivatives are key elements required for 

solving a series of inverse problems, ultimately leading to a 

determination of the Sun's internal structure. The nonlinear character 

of the structural inversion problem means that the solution process is 

an iterative one, requiring a sequence of solar models to be computed 

and evaluated. Optimization schemes (which utilize the eigenfrequency 

sensitivities) can be employed to systematically modify the trial solar 

models until theory and observation are in agreement. 

2.5 Closely Related Areas of Astrophysical Research 

Helioseismology is intimately connected with many more astro-

physical topics and issues than just the ones described above. Brief 

descriptions of some of these other research areas, together with 

recent references, are given in the following paragraphs. Earlier, 

more extensive reference lists can be found in the review articles on 

helioseismology cited near the beginning of this chapter. 

Magnetic fields can significantly influence solar oscillations. 

Some of their possible effects are considered by Weiss (1986); Roxburgh 

' (1986b); Dziembowski, Paterno and Ventura (1986b); Gough and Thompson 

(1988ab); Belvedere (1988); Campbell 

Dziembowski and Goode (1988). 

and Roberts (1988); and 
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Weakly interacting massive particles (WIMPs) have been proposed 

by Faulkner and Gilliland (1985) as a mechanism to resolve the solar 

neutrino paradox. The efficiency of WIMPs at removing energy from the 

Sun can allow a lower core temperature to exist, thereby removing the 

discrepancy between observed and theoretical neutrino flux rates. 

Further research along these lines, particularly in regard to 

measurable effects of WIMPs on eigenfrequencies, is being pursued by 

Ulrich (1986c), Schatzman and Ribes (1987), Faulkrier (1987,1988), Ellis 

and Gough (1988), Faulkner and Swenson (1988), Fireman, Cleveland and 

Uberall (1988), and Gilliland and D~ppen (1988). 

Possible temporal variations in solar eigenfrequency values, 

the solar quadrupole moment J 2 , and the solar diameter have also come 

under study. These variations and/or their possible existence are 

examined by White (1977), Johnson et al. (1980), Delache (1986), 

Oglesby (1986), Oglesby, Hill and Rabaey (1988), Beardsley (1987), 

Woodard and Noyes (1986,1988), Henning and Scherrer (1988), Isaak et 
, 

al. (1988a), Jimenez et al. (1988), and Rhodes et al. (1988b). 

More sophisticated treatments of radiative transfer than the 

diffusion approximation exist. The Eddington approximation (Unno and 

Spiegel 1966; Ando and Osaki 1975) and various other anisotropic and 

nonlocal types of radiative transfer analyses (Hill, Rosenwald and 

Robinson 1980; Logan and Hill 1980; Logan et al. 1980; Hill and Logan 

1984; Logan 1984) have been made. Christensen-Dalsgaard and Frandsen 

(1983) review this topic of how radiative transfer relates to solar 

oscillations. 

The effects of diffusion and/or mixing processes on oscillation 

properties have been analyzed by Christensen-Dalsgaard, Gough and 
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Horgan (1979), Berthomieu, Provost and Schatzman (1984), Cox and Kidman 

(1984), Cox, Guzik and Kidman (1988), Lebreton (1986), Lebreton, 

Berthomieu and Provost (1988), and Demarque and Guenther (1988a). 

Modeling of nonadiabatic pulsations (Castor 1971; Saio and Cox 

1980) is essential for obtaining accurate information on the energetics 

of oscillation modes. Ando and Osaki (1977), Antia, Chitre and Gough 

(1988), Chitre (1988), and Kumar, Franklin and Goldreich (1988) address 

the issue of excitation and damping mechanisms of solar oscillations. 

Many facets of the relationship between the convection zone and 

solar oscillation properties have been looked into. Christensen

Dalsgaard, Dziembowski and Gough (1980) and Gabriel (1986) considered 

ways of determining the depth of the convection zone; Schatten (1988) 

examined the efficiency of convective energy transport; Ulrich (1986b) 

analyzed the effect of convection theory uncertainties on sound speed 

determinations; Nesis (1988) studied the impact of convective over

shooting on the upper boundary conditions for the oscillations; 

Dziembowski, Kosovichev and Kozlowski (1988) investigated inertial 

modes trapped in the convection zone; and Ulrich and Rhodes (1984a) and 

Pamyatnykh (1988) addressed the question of how eigenfrequencies depend 

on assumptions of convection theory. In spite of all the research work 

in this area, however, the surface has hardly been scratched on the 

difficult problem of time-dependent convection -- or how oscillations 

and convection couple. 

The possibility of determining the solar helium abundance by 

using properties of solar oscillations has been researched by 

Christensen-Dalsgaard and Gough (1980), Isaak (1983), and DAppen and 

Gough (1984,1986). 
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The influence of nonlinear effects on 5-min mode oscillation 

frequencies was considered by Rosenwald and Hill (1980) and Belvedere, 

' Gough and Paterno (1983). Other nonlinear effects, involving the 

coupling of g-modes, were studied by Wentzel (1986); later, Wentzel 

(1987) examined solar oscillations as a method for deriving nonlinear 

effects. 

A nonspherical solar temperature structure was inferred by Kuhn 

(1988a) based on solar eigenfrequency splitting measurements. Kuhn 

(1988b) also performed a sensitivity analysis to determine the degree 

to which a hypothetical non-Newtonian gravitational force would perturb 

' the observed solar oscillation spectrum. Dziembowski, Paterno and 

Ventura (1986a) treated the internal rotation of the Sun as a 

consequence of instabilities in the radiative interior. 

Helioseismology will certainly continue to play a growing role 

in virtually all areas of solar physics; it is a superb diagnostic tool 

for analyzing phenomena which are difficult to measure directly. As an 

additional example of its future potential, many of the hydrodynamic 

and hydromagnetic phenomena in the deep solar interior (Press 1986) may 

eventually be probed and studied using techniques from solar 

seismology. 

2.6 Relationship of Solar Seismology to Earth Seismology 

To hasten the future development of helioseismology, much can 

be learned from a selective examination of the related field of earth 

seismology. In case after case one sees correspondences between the 

methods of seismology (particularly with regard to inversion techniques 

and modeling of the Earth's free oscillations) and the methods of 
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helioseismology. Even similar mode detection controversies have arisen 

in the respective fields. (See Crossley (1984), Melchior and Ducarme 

(1986), and ~urn et al. (1987) regarding the possible detection of 

inertial gravity mode oscillations in the Earth's liquid core.) 

The most striking feature of the comparison between earth 

seismology and solar seismology is the fact that earth seismology is 

much more advanced. This may be partly attributable to the wide 

variety and sheer quantity of earth observations that are available for 

analysis, but it is also due to the multi-decade head start which the 

theory of earth seismology has enjoyed. 

In addition to the normal mode oscillation periods of the 

Earth, traveltime data have been available for analysis (Bessonova et 

al. 1974; Jarosch 1980; Goldin 1986) together with Q values or damping 

time information. Figures 13 and 14 of Dziewonski and Hales (1972) 

show a recording of earthquake seismic waves and their power spectrum. 

These figures vividly demonstrate how clean, sharp and readily 

interpretable the earth data can be. The books by Stacey (1977), Aki 

and Richards (1980), and Bullen and Bolt (1985) review seismology, 

addressing the above and additional topics, including the inverse 

problem of how internal earth structure may be inferred from the 

observational data. 

On the theoretical side, the classic work by Alterman, Jarosch 

and Pekeris (1959) derived the 2nd and 6th order differential equations 

which respectively define the torsional and spheroidal free oscillation 

modes of the Earth. Other treatments of the Earth's free oscillations 

are found in Schwab and Knopoff (1972), Takeuchi and Saito (1972), 
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Burridge (1976), and W. Smith (1980); Lapwood and Usami (1981) devote 

an entire book to the subject. 

Techniques for solving normal mode inverse problems are 

described in Reid (1971) and Keilis-Borok (1972). Gilbert (1971) and 

Keilis-Borok and Yanovskaya (1972) review some of these approaches, 

including the trial-and-error (Monte Carlo) method and the "direct" 

inversion method. Jordan and Anderson (1974) utilize combined free 

oscillation and traveltime data in their approach to obtain earth 

structure. New, more recent approaches to retrieving information about 

the Earth's structure are found in Luan (1986) and Morelli and 

Dziewonski (1987). 

Using these and other techniques, many researchers have 

obtained models of the Earth's internal structure. Gilbert, Dziewonski 

and Brune (1973) utilized toroidal and spheroidal normal mode periods 

and traveltimes to obtain their model. Gilbert and Dziewonski (1975), 

using improved data sets, obtained Earth models "1066A" and "1066B." 

(These were the end results of their nonlinear iterative inversion 

scheme operating on two different starting models for the Earth.) A 

major advance was made by Dziewonski and Anderson (1981) (see also 

Woodhouse (1981) and Anderson and Dziewonski (1982)) when they 

presented the PREM or Preliminary Reference Earth Model. After showing 

that anisotropies and anelastic dispersion were necessary complications 

required to adequately describe the observed data, they solved a five

dimensional inversion problem (the radial dependences of 5 independent 

elastic parameters inside the Earth). Their model produced "satis

factory agreement" with the data set of roughly 1000 normal mode 

periods, 500 traveltimes and 100 normal mode Q values. Since then, 
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researchers have considered the additional complicating factors of 

aspherical earth structure (Masters et al. 1982; Ritzwoller, Masters 

and Gilbert 1986), laterally heterogeneous Earth models (Morris et al. 

1987), and fully 3-dimensional geometrical effects (Anderson 1984; 

Dziewonski and Woodhouse 1987). Barker and Langston (1982) presented a 

moment tensor inversion method for studying complex earthquakes and 

Moritz and Mueller (1988) examined the relationship between normal 

modes and earth rotational parameters. 

The level of sophistication of the above Earth models has 

tended to increase with time. The driving force in this evolutionary 

process has always been the desire to remove discrepancies between 

theoretical (modeled) values and observed values. When existing models 

were found to 

developed. The 

be inadequate at explaining the facts, new models were 

trend toward ever more complicated models is an 

expected one, since the Earth is indeed a complicated object. 

One gets the definite impression, after perusing the literature 

on earth seismology, that helioseismology is in many ways primitive 

compared to earth seismology. This impression is a correct one. In 

the areas of computational methods, inversion algorithms, and 

especially in the area of obtaining solutions to inverse structural 

problems, earth seismology is far ahead of solar seismology. This is a 

fortunate situation from the standpoint of helioseismology, since an 

enhanced probability for rapid advancement of the field exists. 

Because of the close relationship which exists between the two fields, 

frequent references are made throughout this work to the earth 

seismology literature. 
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Previously, helioseismology has borrowed many concepts and 

tools from earth seismology; many more of them should be borrowed. In 

some areas, however, the exchange of information between earth 

seismology and solar seismology will become less of a one-way affair. 

Neither of the two methods developed in this dissertation for solving 

helioseismological problems have been applied to earth seismological 

problems. The future application of continuous orthonormalization and 

adjoint sensitivity analysis methods to problems of earth seismology 

should help repay the debt which helioseismology owes to seismology for 

the extensive borrowing of its methods and ideas. 



56 

CHAPTER 3 

BASICS OF SOLAR OSCILLATIONS 

Like other physical systems, the Sun may be considered from a 

black box point of view. The task of specifying or understanding the 

inner workings of this black box involves the generation of a sequence 

of hypothetical models. These models gradually rise in their level of 

physical and mathematical sophistication as they attempt to account for 

more and more of the observations. The principle of Ockham's razor -

which selects the most simple of equally plausible explanations of the 

observed data helps weed out theoretical models which are too 

complicated. Gross physical properties like size and energy output are 

usually fitted to the model first. These are often the easiest 

properties to measure and to model and, being least subject to 

controversy or disagreement, provide the foundation on which more 

complicated models rest. A particularly vexing situation holds for the 

Sun, however, with the generation of improved solar models. being 

impeded at the foundation level. The imposition of one additional 

constraint the observed neutrino flux from the Sun has not yet 

been consistently modeled. This situation is called the solar neutrino 

paradox. 

Many models in astrophysics come to similar sticking points at 

various phases in their development, explaining only a subset of the 

observed features before reaching contradictions. Further progress in 

quantifying additional physical parameters or in removing free 
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parameters or in resolving dichotomies is difficult, since a "hands

off" approach must be taken. Perturbations to the black box cannot be 

made. For example, it cannot be "flipped over" or "kicked," with its 

subsequent response being measured and used to infer more information 

about the system. A possible way out of this dilemma, taken by most 

astrophysicists, is to perturb the mathematical or computer model which 

represents the system under study. Then the response of the perturbed 

system is analyzed, looking for possible new properties or effects 

which may be observable. In this situation, however, there always 

remains the question: "What has been left out?"; or as Johnson (1976) 

puts it, "Precisely what range of physics is or is not represented?" 

Fortunately, the situation with the Sun is different and an 

alternate approach may be taken. Solar neutrino astronomy and 

observations of neutrino flux rates are not the only means available 

for determining internal solar properties. The Sun manages to perturb 

itself, in effect performing a kind of "hands-on" experiment for us. 

The random boiling action of the solar convection zone and other 

physical driving mechanisms excite regions of the Sun. Due to this 

driving action, and in analogy with forced simple harmonic oscillators, 

some frequencies (resonances) are driven to larger amplitudes than 

others. A similar situation happens in the Earth whenever earthquakes 

occur. In both cases free oscillations are set up in the body being 

perturbed. This set of natural frequencies, or spectrum, is an 

important diagnostic tool for determining a body's physical properties. 

Just as information about the mass, stiffness and damping terms of 

forced simple harmonic oscillators may be derived from the observed 
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frequency spectrum, so too may interior solar and earth properties be 

inferred from their free oscillation spectra. 

This chapter introduces some of the physical and mathematical 

properties of solar normal mode oscillations. There are many review 

articles on this subject and on stellar oscillations, with a 

substantial overlap existing with review articles on helioseismology 

(see chapter 2). The following review articles place somewhat more 

attention on the normal modes themselves rather than on their 

seismology aspects: Ledoux (1974,1984), A. Cox (1974), J. Cox (1976), 

Hill (1980), Gough (198lb,l986b), Christensen-Dalsgaard (1984ab), and 

Smeyers (1984). A review of waves in the solar atmosphere is given by 

Priest (1984). 

It is important to examine a wide variety of such review 

articles to obtain a full, accurate picture of the field. Sometimes a 

single review article does not cover certain ideas and sometimes errant 

statements are made. In the review by Gough (1986b), for instance, the 

rotational inversion work of SCLERA has been ignored when he states 

(p.291): "But the slow rotation of the outer part of the radiative 

envelope is found by all observers." (The radiative envelope he is 

referring to is the solar region located immediately beneath the 

convection zone, not the region near the photosphere.) 

As in the synopsis of solar seismology, the ~iscussion of solar 

oscillations given here varies widely in both the range of subtopics 

covered and their depth of treatment. Section 3.1 presents the 

equations of linear adiabatic nonradial oscillations, together with 

definitions and relationships of the physical variables. Section 3.2 

describes some methods for computing the normal mode eigenfrequencies. 
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The labeling and classification of normal modes is explained in section 

3.3 and asymptotic theory is reviewed in section 3.4. Solotones, or 

quasi-periodic deviations from asymptotic theory, are discussed in 

section 3.5. 

3.1 Equations of Linear Adiabatic Nonradial Oscillations 

A mathematical model of the solar normal mode oscillations is 

required so that a quantitative relationship between the Sun's physical 

nature and its normal mode or eigenfrequency spectrum may be estab

lished. Treating the Sun as a fluid, conservation equations for mass, 

energy and momentum are imposed. More equations are added to this 

preliminary model to describe other important physical processes and a 

whole sequence of approximations is made. The treatment of fully 

turbulent convection is perhaps the weakest link in the chain of steps 

used to derive the basic macroscopic equations of solar equilibrium. 

Unno et al. (1979) give details of this derivation and then proceed to 

analyze linear perturbations of these equations, thereby obtaining 

"microscopic" or linearized equations which define the normal modes and 

their oscillatory behavior. 

Their result for a mathematical description of the fluid's 

perturbed physical parameters is a set of partial differential 

equations. Under a host of simplifying assumptions (spherical 

symmetry, no rotation, no magnetic fields, harmonic time dependence, 

adiabaticity, linearity and others), these equations may be separated 

and reduced to a set of four linear, homogeneous, ordinary differential 

equations with solar radius as the independent variable. The four 

dependent variables are related to the fluid's radial displacement and 
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to Eulerian perturbations of the pressure, the gravitational potential, 

and the gravitational potential gradient. 

Reproducing equations (17.14-17.17) of Unno et al. (1979) in 

slightly different form, the four differential equations which govern 

linear adiabatic nonradial oscillations are the following: 

dyl ( ..e<1+1) ) 
d.Rnr - < vg - 3 )yl + 2 - vg Y2 + v~3 

cw g-
1 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

Definitions or explanations of the variables in equations (3.1-

3.4), along with additional auxiliary variables, are given next. The 

distance to the solar center is r; it ranges in value from zero at the 

center of the Sun to R at the solar surface. M is the total mass of 

the Sun and Mr is the mass interior to radial distance r. The variable 

U is defined by 

where p is the density at radius r. Correcting the typographical error 

in equation (17.19) of Unno et al. (1979), 



A dimensionless frequency w is defined by 

2 u2
R

3 

w - GM 
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(3.6) 

(3.7) 

where G is the gravitational constant and u is the temporal frequency 

of oscillation. The local acceleration of gravity, g, is given by 

GMr 
g- -2-

r 
(3.8) 

The first adiabatic exponent rl is the logarithmic partial derivative 

of pressure (P) with respect to density (p) at constant entropy and the 

speed of sound cs is related to it by 

c2 - r .E. 
s 1 p 

V and V are defined by the series of identities g 

V V .L. d.2nP _ ,u 
g- rl - - rl d.2nr c2 

s 

* A , which is defined by 

A*_ .L.d.enP 
rl d.2nr 

d1np 
d.2nr 

(3.9) 

(3.10) 

(3.11) 
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is closely related to the Brunt-VAisAlA frequency N by the equation 

* .t: 2 A - ·N g (3.12) 

N is the frequency at which a cell of gas oscillates vertically under 

the restoring force of gravity. * In regions where A <0, this motion is 

unstable against convection; * places where A is negative define the 

convection zone(s) of a star. 

The dependent variables appearing in equations (3.1-3.4) are 

those originally formulated by Dziembowski (1971): 

y _u. 
1 r (3.13) 

y2 1 ( P' 
- gr" P + ~· ) (3.14) 

1 
y3 - -.~· gr (3.15) 

, 
1 d~ 

y4 --.--g dr (3.16) 

they are functions of r alone. The temporal dependence and all but the 

radial spatial dependence have been removed from these variables by the 

separation process alluded to earlier. The common multiplicative 

factor of 

S(O,~,t)- ~(O,~)·exp(-iut) (3.17) 
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can be applied to the yi(r) to reconstruct the full space-time behavior 

of the normal mode oscillations: 

i-1,2,3,4 (3.18) 

~(8,~) is the spherical surface harmonic function. In equations 

(3.13-3.16), 6r, P' and~· are small, linearized perturbations: 6r is 

the radial displacement of the fluid element from its equilibrium 

position, P' is the (Eulerian) perturbation in pressure at a given 

position, and ~· is the (Eulerian) perturbation in gravitational 

potential at a given position. The expression for the three-

dimensional displacement vector is 

6r- ( 6r, 6h·~, 6h·sino·~ )·S(O,~,t) (3.19) 

where 

(3.20) 

In equations (3.1-3.4) there are only six variables or 

parameters which appear in the coefficients of the yi on the right-hand 

sides; two of them are scalars and the remaining four are functions of 

the radial distance r. One scalar, w, is a proposed or trial solution 

frequency for the system (3.1-3.4) which, under appropriate circum-

stances, is an eigenfrequency. These circumstances are the satis-

faction of two boundary conditions on the yi at the solar center and 
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two boundary conditions on the yi at the Sun's surface. (Details on 

setting up this eigenvalue problem as a two-point boundary value 

problem are given presently.) 

The other scalar, l, is the spherical harmonic degree number. 

The absence of the spherical harmonic order number, m, from equations 

(3.1-3.4) ·leads to a degeneracy in the eigenfrequency spectrum. For a 

given l, there are (2l+l) possible m values (m--l,-l+l, •.. ,l-l,l) which 

yield the same eigenfrequency. This degeneracy in the spectrum is 

lifted by the presence of rotation in the Sun. The m-0 eigenfrequency 

value, however, is the same (to first order) with or without rotation. 

The four functions of radial dis·tance appearing on the right-

hand sides of * equations (3.1-3.4) are U(r), c1(r), Vg(r), and A (r). 

There are two additional relationships amongst these functions, 

however, which reduce the number of independent radial functions to 

only two. Differentiating equation (3.6), the following equation is 

found which relates U(r) and c1(r): 

dlnc1 
U - 3 - dlnr (3.21) 

The constant of integration is uniquely determined by the initial 

condition identity c1(r-R)-l. The second relationship combines all 

four functions; using equations (3.5,3.6,3.10,3.11) the following 

equation is obtained: 

* dlnc1 
A + Vg - dlnr 

dJ!nU 
dlnr (3.22) 
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Employing equation (3.21), 

A* + V - 3 - U - dlnU 
g dlnr (3.23) 

The constant of integration for this equation is uniquely determined by 

the initial condition identity U(r-0)-3. Thus, specification of any 

* pair of the functions U(r), c1 (r), Vg(r), and A (r) (except for the 

pair U(r) and ·c1 (r)) allows the remaining two functions to be uniquely 

determined. 

The Brunt-V4is41A frequency has previously been defined and 

described (see equation (3.12)). Another characteristic frequency is 

the Lamb frequency, L1 . The spherical harmonic degree 1 can be used to 

define a horizontal wavelength scale for the oscillatory motion: 

rh i - r/[1(1+1)]
112 

or z (3.24) 

The Lamb frequency is the local sound speed divided by the horizontal 

wavelength scale, or, 

L 0 - c (r)/rh i 
.t s or z (3.25) 

This is the frequency at which a cell of gas oscillates horizontally 

under the restoring force of pressure. The squares of the Brunt-

VAisAlA and Lamb frequencies may be written as follows: 

* A GM 
cl·R3 

(3.26) 



and 

L2 _ £.1<1+1) 
1 r V g 
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(3.27) 

In light of equations (3.26,3.27), the two functions N2(r) and L~(r) 

contain enough information to reconstruct (using equations (3.21,3.23)) 

* all four of U(r), c
1
(r), Vg(r), and A (r). This verifies the statement 

on page 5 of Unno et al. (1979): "The variations of L1 and N with the 

radial distance r from the center determine the nature of a star as a 

musical instrument." The variables L1 and N, however, are not the 

variables of choice when studying equations (3.1-3.4). The two 

* variables A and V are a more preferable pair. 
g 

This is because of 

their explicit occurrence as coefficients in equations (3.1-3.4) plus 

the fact that they (unlike U and c
1

) are not differentiated in 

equations (3.21-3.23). 

The differential equations (3.1-3.4) are converted to an 

eigenvalue problem in the variable w through the imposition of boundary 

conditions on the normal modes at the Sun's center and surface. Only 

particular, discrete w values allow a nontrivial solution of the 

differential equations to exist while all four of the boundary 

conditions are simultaneously satisfied. The solutions for the yi 

which accomplish this joint task are called eigenfunctions. The two 

central boundary conditions (from Unno et al. (1979), equations 

(17.29,17.30)) are 

(3.28) 
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and 

ly3 - y4 - 0 (3.29) 

They are obtained from the requirement that the eigenfunctions yi must 

be physically reasonable as r approaches zero, not growing too rapidly. 

One of the surface boundary conditions is 

(3.30) 

It is obtained from the constraint that the gravitational potential 

perturbation y3 damps out as r approaches R from the interior. The 

second surface boundary condition is the mechanical (or dynamical) 

boundary condition. It is obtained from the constraint that the 

kinetic energy density of the oscillations damps out as r approaches R 

from the interior. For this boundary condition, an expression 

involving a linear combination of y1 , y2 , and y3 can be derived and set 

equal to zero. Details are too lengthy and involved to give here, but 

the boundary condition is presented in the appendix, starting at 

equation (A.l4). 

3.2 Methods for Computing Normal Mode Eigenfreguencies 

Next, several procedures are described for obtaining the eigen

frequencies of this system of equations which models the normal modes. 

In one such procedure, two linearly independent starting vectors 

(yl,y2,y3,y4) 

(3.28,3.29) 

which satisfy the two central boundary conditions 

are integrated from r-0 tor-R using equations (3.1-3.4); 
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that is, two different initial value problems are solved. An example 

pair of mutually orthogonal starting vectors which satisfy the above 

requirements is given here: 

2 ( 1, c1w /l, 0, 0 ) and ( 0, 0, 1, l ) 

A tentative or trial value for the eigenfrequency w needs to be chosen 

by educated guesswork, but the value for c1(r-O) is predetermined by 

the solar equilibrium model. Selection of a positive integral value 

for l is at the investigator's disposal. One of the two surface 

boundary conditions can always be met by simply taking an appropriate 

linear combination of the two solutions to the two initial value 

problems. But then, in general, the remaining surface boundary 

condition will not be satisfied its linear combination of the yi's 

(analogous to the left-hand sides of equations (3.28-3.30)) will not be 

zero, but some known quantity. This means that the trial w which was 

used above was not an eigenfrequency. 

The next step in this eigenfrequency computation procedure is 

to select a different value for w and repeat the above process. Again, 

the second surface boundary condition will probably not be satisfied 

and its mismatch from zero will be known. Many trial values for w can 

be analyzed in this fashion, until the mismatch in the second surface 

boundary condition becomes negligible; when this occurs w is an 

eigenfrequency. This search for an eigenfrequency can obviously be 

speeded up by systematically selecting new values for the trial w. 

Interpolation in w can be used when previously attempted w values have 
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yielded mismatches in the second surface boundary condition which are 

of opposite sign. 

Due to numerical difficulties which crop up when the above 

solution approach is taken, other techniques have been developed and 

utilized for computing solar oscillation eigenfrequencies. Unno et al. 

(1979) use a "Henyey-type" relaxation method; Christensen-Dalsgaard 

(1980,1982) integrates the set of equations (3.1-3.4) from both the 

solar center and the solar surface toward some common radius, or 

fitting point, where the yi solutions are subsequently matched; and 

Pesnell (see Kidman and Cox 1987) uses a Lagrangian-based eigensolution 

program. Christensen-Dalsgaard (1980) makes the key observation on the 

cause of the numerical trouble which plagues all of the current 

solution methods: 

For values of l larger than about 15 the solution of the full 
fourth order system of equations encounters increasing numer
ical difficulties; these are caused by the fact that the two 
solutions integrated through the evanescent region, although 
formally linearly independent, are both dominated by the 
increasing exponential and are therefore numerically very 
nearly linearly dependent. 

In the mathematical literature this condition is usually referred to as 

"stiffness." (For the solar problem, stiffness also occurs whenever 

sufficiently small eigenfrequencies are being sought, regardless of the 

l value.) 

Several texts and review articles have been written on 

stiffness in ordinary differential eq~tions and possible cures to this 

problem (Childs et al. 1979; Gladwell and Sayers 1980; Gupta, Sacks-

Davis and Tischer 1985; and Mohamed and Walsh 1986). Some additional 



informative articles on this topic are by Scott and Yatts 

Lambert (1980) and Shampine (1980,1984). 
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(1979), 

In the numerical work on solar oscillations, one step which 

almost everyone has taken is to approximate the differential equations 

(3.1-3.4) by finite difference equations. (An alternative to this step 

was suggested by Gabriel and Noels (1976); theirs was a kind of finite 

element approach: "A much better method is to consider that in each 

(radial) shell the system is one with constant coefficients whose 

analytic solution is known. Solutions in adjacent shells can then be 

fitted at the common junction point." Hill and Rosenwald (1986b) used 

this method to compute eigenfrequencies.) Finite difference equations 

are still widely used, despite the two facts that: (1) "There is no 

unique prescription for preparing a difference equation from a 

differential equation." (Clayton 1968, p.458) and (2) stiffness is not 

transformed away or lessened by this approximation. 

Christensen-Dalsgaard (1982), for example, used a second-order 

centered difference scheme for computing derivatives and then, after 

solving the difference equations and matching the boundary conditions, 

obtained values for the eigenfrequencies and tabular approximations to 

their corresponding eigenfunctions on a grid of radial mesh points. 

Next, he used variational properties of the eigenfrequencies and their 

eigenfunctions to get improved values for the eigenfrequencies. These 

"improvements," however, were later found to be suspect (Christensen

Dalsgaard 1986a), since they were highly dependent on errors in the 

equilibrium solar model. As he concluded: "Given this difficulty with 

the variational method, its utility for computing accurate frequencies 

may be questioned." (A second problem with the variational method 
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arises from its too simplistic treatment of one of the outer boundary 

conditions -- the Lagrangian pressure perturbation is assumed to vanish 

at the surface.) 

Henyey methods have been developed that are correct to fourth 

order (Budge 1987) and that can handle critical points (Nobili and 

Turolla 1988), but these and other difference-type methods still suffer 

from the consequences of one stubborn fact: solutions to difference 

equations are being generated, not solutions to differential equations. 

One could argue that this is a moot point, however, since all of the 

computer subroutines which numerically solve ordinary differential 

equations (such as RKF45 by Forsythe, Malcolm and Moler (1977) and STEP 

and DE by Shampine and Gordon (1975)) do so by advancing the solution 

in discrete, finite steps of the independent variable, and hence these 

routines are ultimately solving difference equations too! This 

argument is a valid one, insofar as it applies. The point being made 

here, though, is that the degree of mesh fineness (radial spacing) 

which has been commonly used in the solar oscillation difference 

equations is incompatible with the accuracy level which is being sought 
8 

(parts in 10 ). The difference equation approach, as it has been 

applied previously, yields inaccurate answers for the computed solar 

eigenfrequencies; usage of the differential equation approach gives 

correct answers (to the specified error tolerance). 

The author has observed at least two explanatory factors behind 

the widespread use of finite differences solution approaches for 

studying solar oscillations: (1) they are relatively easy to program 

and (2) the yi coefficients appearing on the right-hand sides of 

equations (3.1-3.4) are usually immediately available on a grid of 
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radial points. This grid of points is the basis for setting up a 

somewhat finer grid that one "hangs" the difference equations on. 

By taking this easy path, however, one is needlessly handicapping the 

effort to obtain accurate eigenfrequencies. 

The proper course of action is to set up the problem so that 

the differential equations (3.1-3.4) are solved by well established and 

thoroughly tested computer subroutines that are specifically designed 

for this purpose. A fundamental requirement of these numerical 

algorithms is the capability for evaluating derivatives at any value of 

the independent variable on the integration interval, not just at the 

finite set of radial grid points on which the solar model is tabulated. 

The burden of determining the location and frequency of derivative 

evaluations is placed on the integration algorithm. These placement 

decisions are based on the subroutine input values for the relative 

error and absolute error tolerances that are desired in the solution. 

In general, the smaller the error tolerances, the more frequently 

derivative evaluations have to be made. This automated approach 

contrasts with the situation in the difference equation approach, where 

some helioseismologist predetermines the location of radial mesh points 

where the derivatives are to be evaluated. 

The remedial step required to numerically solve the system 

(3.1-3.4) as a set of differential equations, instead of difference 

equations, is a simple one. Spline polynomial approximations for U(r), 

* c1(r), Vg(r), and A (r) provide values of these functions at all 

internal solar radii from zero to R. These smooth curves are 

constructed so that they pass through the tabulated function values on 

the model's given set of discrete radial points. Near the center of 
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the Sun, the polynomials are expanded in powers of r, while it is more 

appropriate to use powers of lnr elsewhere. This fulfills the standard 

requirement of most computer subroutines that are used for numerically 

solving ordinary differential equations the ability to compute 

derivatives for any value of the independent variable. 

The continuous orthonormalization method for computing eigen-

frequencies also requires the explicit specification of U, c1 , Vg, and 

* A as functions or r; tabular representations (even with thousands of 

entries) are simply not good enough to yield the desired accuracy. 

"Off the shelf" subroutines, with their error tolerance parameters set 

for the desired solution accuracy, can be used for integrating the 

differential equations. With the continuous orthonormalization method, 

however, the linear 4th-order system (3.1-3.4) is not integrated; a 

nonlinear 8th-order system is integrated instead. Details of this 

method are presented later, but the rationale behind it is to totally 

remove all of the difficulties caused by the "stiffness" in the 

original 4th-order system of differential equations. 

Several other paths have been taken to relieve the difficulties 

inherent in the •numerical solution of equations (3.1-3.4). Quoting 

Dziembowski (1971), " .•• we are forced to resign from using the finite 

differences method for solution of the equations for oscillations, as 

it would require an enormous number of mesh points." His solution 

approach involved rewriting the system as two 2nd-order linear ordinary 

differential equations; asymptotic solutions were then obtained by 

invoking a WKBJ-type of approximation (variables were grouped and 

treated according to their respective length scales for significant 

change). 



74 

A much more commonly applied simplification is to invoke the 

Cowling approximation (Cowling 1941). In this approximation the 

perturbations in the gravitational potential are ignored; that is, y3 

and y4 are identically set equal to zero and only a linear 2nd-order 

system (3.1-3.2) needs to be solved. Kn6lker and Stix (1983,1984) and 

Mullan and Ulrich (1988) used this approximation to compute eigen

frequencies. The latter authors confirmed the high precision (one part 

in 500,000) of their numerically computed eigenfrequencies by directly 

comparing them to the theoretical results obtained from asymptotic 

analyses of polytropic solar models. Although the correctness of their 

work is confirmed within its range of applicability (for polytropes and 

no gravity perturbations), their method does little to address and 

solve the problem of calculating solar eigenfrequencies for normal 

modes that are governed by equations (3.1-3.4). At the current state 

of helioseismology, it is the solution to this latter problem which is 

the "name of the game." 

When researchers like Saio and Cox (1980) go through the 

trouble of deriving a sixth-order linear system of ordinary differ

ential equations for modeling linear nonradial nonadiabatic stellar 

oscillations, they do it for a good reason. They expect solutions of 

this problem to yield new information on the properties of nonadiabatic 

oscillations (such as growth or damping rates and the location of 

possible driving regions for the oscillations). Previous attempts at 

extracting this information by using only adiabatic solution results to 

estimate work integrals and damping times have not been very success

ful. (See Unno et al. (1979) and Cox (1980) for reviews of this work.) 

A full treatment of nonadiabaticity, built-in from scratch and carried 
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throughout the analysis, is required to adequately explain some of 

these phenomena. 

By a similar argument, the full set of equations (3.1-3.4) 

should certainly be used when analyzing linear nonradial adiabatic 

oscillations of the Sun. Important qualitative changes can occur in 

the physics when the equations are simplified by using the Cowling 

approximation (setting y 3-y4-0) 2 -2 and by neglecting w compared to w 

(or vice versa). When these approximations are made, equations (3.1-

3.2) become a Sturm-Liouville system of equations, having an ordered 

set of distinct eigenvalue solutions which can be labeled. With the 

full set of equations (3.1-3.4), however, the analysis picture is more 

complicated. As Cox (1980,p.234) states: " .•• there exists no simple 

and unique method of ordering the eigenvalues." 

Although important physics is lost by simplifying the 

equations, some insight is gained in the matter of labeling and 

classifying the eigenfrequencies and interpreting the normal modes. 

Various asymptotic regimes or limits involving w and 1 can be defined. 

-2 2 If the w term in equation (3.1) is negligible compared to the w term 

in equation (3.2), pressure tends to be the dominant restoring force of 

the oscillations and (in the appropriate limit) the eigenfrequencies 

tend to be equally spaced for a fixed l. These are called pressure, or 

2 p-modes. On the other hand, if the w term is negligible compared to 

-2 the w term, gravity (or buoyancy) tends to be the dominant restoring 

force of the oscillations and (again in the appropriate limit) the 

eigenperiods tend to be equally spaced for a fixed 1. These modes are 

called gravity, or g-modes. More details on mode labeling and 

asymptotic theory are given below. 
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3.3 tabeling and Classification of Normal Modes 

When discussing the labeling and classification of solar normal 

modes, it is useful to have a picture of the relationship between a 

normal mode's eigenfrequency w and its spherical harmonic degree number 

l. Figure 3.1 provides such a picture. Plotted above each value of 

the abscissa l are a number of different frequency values. These 

values are the solar eigenfrequencies (in mHz) of various p-(pressure) 

modes, g-(gravity) modes, and £-(fundamental) modes. These modes are 

indexed by an integer n, the radial order number of the normal mode. 

Pressure modes have positive n values, gravity modes have negative n 

values, and fundamental modes have ann value of zero. The quantity 

JnJ is usually identical to the number of zeros (or nodes) that the 

eigenfunction y1 has between the solar center (r-0) and the solar 

surface (r-R). In one scheme of labeling the gravity and pressure 

modes, the n values are replaced by thei£ absolute values, with the 

"sign" of n implicitly contained in the p or g label. For example, a 

g-mode with 1-2 and having 3 radial nodes is labeled g3 ,l-2, while a 

p-mode with l-3 and having 2 radial nodes is labeled p2 ,l-3. In 

labeling the f-modes, the n subscript is dropped since it always equals 

zero; these modes do not have nodal points between the Sun's center and 

surface. Sometimes f-modes are labeled as p0 -modes. 

Several additional features of figure 3.1 should be pointed 

out. The plotted dimensional frequency v may be converted to the 

dimensionless frequency w by using equation (3.7) and the fact that 

u-2~v. The following approximate conversion relationship holds: 

1 dimensionless unit of w ~ 0.100 mHz of v (3.31) 



Figure 3.1 The theoretical eigenfrequency spectrum computed from the 
standard solar model of Saio (1982). The curves represent 
eigenfrequencies of constant radial order n. The boxed-in 
areas are regions of the eigenfrequency spectrum previously 
or currently under study at SCLERA. 
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At a given 1 value, p-modes always have higher frequencies than 

g-modes. An upper limit (which is slightly less than 5mHz) exists for 

the allowed frequencies of p-modes. Above this critical frequency, the 

wave energy of p-modes is dissipated and total reflection is not 

possible at the solar surface. The only possible radial modes (those 

with 1-0) are the p-modes. For the nonradial modes (those with 1>0), 

both p-modes and g-modes can exist. If 1 is larger than -2500, 

however, the only nondissipative modes are g-modes. When 1 is this 

large, the frequency of the f-mode approaches the limiting frequency 

near 5mHz and by then all of the p-modes have already exceeded this 

critical frequency value. 

Fundamental modes are physically possible only for 1~2. For 

any fixed 1 value satisfying 1~2. the eigenfrequency of the f-mode lies 

between the respective eigenfrequencies of the p 1 - and g1 -modes. In 

figure 3.1, the f-modes lie along a gently sloping curve (labeled by 0) 

from 1-2 to 1-11. Near 1-18 an abrupt change in slope occurs, and for 

1~19 the curve becomes very close to a straight line having a positive 

slope of 1/2, or an angle of =27 degrees. (This line intersects the 

ordinate value of 5mHz when 1=2500.) On the left portion of the f-mode 

curve (1~17) the f-modes closely mimic the qualitative behavior of 

g-modes, having their largest y1 and y2 eigenfunction amplitudes near 

or beneath the base of the solar convection zone. For 1~19, however, 

the f-modes resemble p-modes in their qualitative behavior. Their 

largest eigenfunction amplitudes occur within the convection zone, at a 

radial location which is closer to the solar surface the larger that 1 

is. 
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Although it is possible for normal modes to physically exist 

only when l is a tlon-negative integer, figure 3.1 shows continuous 

curves connecting the adjacent, integral-l eigenfrequency values that 

have the same radial order number. These curves make it easier to see 

the relationship between v and l values for the normal modes. From a 

mathematical viewpoint, the variable l which appears in equations (3.1-

3.4) (and also in the boundary condition equations) can be treated as 

any of the other variables: it can have for its domain the set of real 

numbers, instead of only the set of non-negative integers. Aizenman, 

Smeyers and Weigert (1977), Roth and Weigert (1979), and Christensen

Dalsgaard (1980,1981) confirm this fact. A real number may be 

substituted for l in the appropriate equations and a set of eigen

frequencies can be computed in the same fashion as when l is restricted 

to integral values. This property is very useful for analyzing what 

happens when, for a given l, two eigenfrequencies are close in value 

(such as the region near n•O, l-18). It also allows many additional 

numerical tests of computational methods to be made. 

Certain asymptotic properties of the eigenfrequency spectrum 

are displayed in figure 3.1. In the upper portion of the figure, one 

sees that the eigenfrequency spacings between adjacent order p-modes 

(at the same l value) are approximately constant. (This property is 

easier to see when the vertical axis is on a linear scale.) In the 

lower portion of the figure a crowding effect exists between eigen

frequency values, eigenperiod spacings between adjacent order g-modes 

are approximately constant in this region. An asymptotic upper limit 

exists for the g-mode eigenfrequencies. The right-hand middle portion 

of the figure shows the approach of g-modes toward this limiting 
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frequency of -0.45mHz. This frequency corresponds to the maximum value 

of the Brunt-VAis414 frequency beneath the solar convection zone. 

The five boxed-in areas of figure 3.1 show the regions of the 

solar eigenfrequency spectrum which have been studied at SCLERA. 

Observed frequencies in these regions have been useful for diagnosing 

solar properties at locations ranging from the deep solar core to the 

solar surface. 

The solar equilibrium model which was used for calculating 

the theoretical eigenfrequencies of figure 3.1 was obtained from Saio 

(1982). Two relevant model parameters, N2 and log10Vg, which are 

sufficient for determining the oscillation frequencies, are plotted in 

figures 3.2 and 3.3, respectively. These quantities are displayed as 

functions of the fractional radius, or normalized distance from the 

solar center, r/R. 

Recalling that in convective regions N2 is less than zero (see 

equations (3.11,3.12)), an examination of figure 3.2 shows that in 

Saio's solar model the base of the convection zone is very near 0.72 

solar radius. Beneath the convection zone the square of the Brunt-

2 V4is414 frequency (N ) attains a maximum value of -20.3, corresponding 

to N~4.5. Using equation (3.31), this dimensionless frequency may be 

converted to -0.45mHz, which is in good agreement (as expected) with 

the observed upper limit for g-mode eigenfrequencies found in figure 

3.1. 

Both N2 and Vg are zero at the solar center (r/R-0). Values 

for N2 and Vg between the solar center and the first plotted point 

shown in figures 3.2 and 3.3 (near r/R-0.013) may be obtained from 

interpolation formulas. Since N2 and Vg are even functions of r, 
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2 single-term interpolation formulas of the form (ar ) are sufficient for 

matching the known function values at r~O.Ol3. For more accuracy, 

two-term interpolation formulas of the form (ar2+br4) enable the 

function values and their slopes to be matched at rfR~O.Ol3. 

3.4 A Brief Summaty of Asymptotic Ibeoty 

First, the term "asymptotic" should be clarified. In general, 

it refers to the behavior of physical systems or mathematical equations 

under certain limiting situations. For the Sun, these limiting 

situations have typically been the imposition of a series of simplifi-

cations and approximations made to equations (3.1-3.4), which govern 

linear adiabatic nonradial oscillations. The Cowling approximation is 

invariably made -- perturbations of the gravitational potential and its 

radial gradient are ignored by setting y3-y4-o in equations (3.1,3.2) 

and dropping equations (3.3,3.4). Then, depending if one is examining 

the asymptotic behavior of p-modes or g-modes, one respectively ignores 

either the w-
2 term in equation (3.1) or the w

2 term in equation (3.2). 

Readily analyzable Sturm-Liouville systems are the result. In essence, 

the study of these reduced systems is the asymptotic theory of solar 

oscillations. 

The usefulness of an asymptotic approach to a particular 

problem in mathematical physics was beautifully demonstrated in a paper 

by Kac (1966) which was entitled: "Can one hear the shape of a drum?" 

Under the two assumptions of perfect hearing and a homogeneous drum 

membrane, he concluded that by using the drum's observed spectrum of 

vibration eigenfrequencies one could infer the area of the drum, the 

perimeter of the drum, and the number of holes in the drum. High-order 
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vibration modes, well-approximated by asymptotic theory, were used to 

make these inferences. 

Asymptotic analyses of the oscillation equations (3.1-3.4) 

yield correspondingly significant information about the Sun. Certain 

connections can be made between the eigenfrequencies of solar normal 

modes obtained from an asymptotic analysis and the physical properties 

of the solar equilibrium model. Christensen-Dalsgaard et al. (1985) 

and Gough (1986a) used asymptotic methods to infer the sound speed 

cs(r) inside the Sun while Duvall et al. (1984) and Gough (1984b) used 

asymptotic methods to infer the rotation rate O(r) within the Sun. 

Gough (1984c,l985) developed some of these asymptotic approaches for 

obtaining c
8
(r) and O(r). The first comp~ehensive work on the 

asymptotic theory of stellar oscillations was done by Vandakurov 

(1967); Tassoul (1980) and Smeyers and Tassoul (1987) made significant 

extensions to it. The basic results of their work, analytic 

expressions for the eigenfrequencies of p-modes and the eigenperiods of 

g-modes, are given next. 

For the p-modes, Tassoul (1980) obtained the following 

asymptotic formula for the eigenfrequencies vn1 : 

2 

Vnl - ( n + f + E )-v0 - ( a1(1+1) - fJ r:: (3.32) 

where 

R ( I dr ) -1 
vo - 2 0 cs(r) (3.33) 
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The constants a and p are comparable to unity in size. The parameter E 

is also of this magnitude, but it is weakly dependent on n and £. 

(Christensen-Dalsgaard and Gough (1982) write equation (3.32) in a 

slightly different form.) The first term on the right-hand side of 

equation (3.32), the result from first-order asymptotic theory, 

manifestly displays the property of equally spaced p-mode frequencies. 

The frequency spacing between consecutive order p-modes or consecutive 

degree p-modes is roughly constant. A unit increment of the radial 

order n, however, has roughly twice the effect on vn£ compared to 

incrementing the degree 1 by one. The two p-mode eigenfrequencies vn£ 

and vn-l, 1+2 are approximately equal. Christensen-Dalsgaard et al. 

(1985) used eigenfrequency spacing observations (information about v0) 

to infer cs(r). 

For g-modes, the results of Tassoul (1980) for second-order 

asymptotic theory are given by 

(3.34) 

where T0 , 6, v1 , and v2 are constants. Tn£ is the eigenperiod of the 

g-mode having radial order n and degree £. The term T0 is related to 

the Brunt-VAisAlA frequency N by the equation 

(3.35) 
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where rc is the radial distance from the solar center to the base of 

the convection zone. The constant & depends on the solar structure 

just below the base of the convection zone. Expressions for v1 and v2 

are quite complicated; reference is made to Tassoul (1980) for these 

details (and also for details about the p-mode parameters c, p, and£). 

The first term on the right-hand side of equation (3.34), corresponding 

to first-order asymptotic theory (V1-v2-0), manifestly displays the 

property of equally spaced g-mode periods. For a fixed degree 1, the 

period spacing between consecutive order g-modes is roughly constant. 

For high-degree (large 1) f-modes, the first-order asymptotic 

formula which expresses the f-mode eigenfrequencies is particularly 

simple: 

4 
w - 1(1+1) (3.36) 

The elongated box in the extreme-right, middle portion of figure 3.1 

contains f-modes which roughly obey this equation. 

Papers on asymptotic theory by Ellis (1986,1988), Berthomieu 

and Provost (1988), and Gilliland and D4ppen (1988) address the 

following respective topics: improved formulas for solar gravity-mode 

periods, low-degree gravity modes, and oscillations in solar models 

with WIMPs. These and most other papers on asymptotic properties of 

solar oscillations are always faced with one basic question which can 

be phrased in several different ways: "How valid are the assumptions 

which have gone into the analysis?", or "How closely do the properties 
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of the solar interior meet the conditions required for the applica

bility of the theory?", or "How well do the actual solar normal modes 

agree with the predictions of asymptotic theory?" 

There is a divergence of opinions on this matter, but many 

researchers now have a lowered estimation for asymptotic theory's 

usefulness in obtaining new information on internal solar properties. 

According to Christensen-Dalsgaard et al. (1985), "The asymptotic 

analysis is valid if the scale of variation of the background state is 

much greater than all oscillation wavelengths considered, and that 

condition is indeed satisfied throughout most.of the interior of any 

traditional theoretical model of the Sun." On the other hand, Bahcall 

and Ulrich (1988) find that " .•. the predictions of the asymptotic 

formula of Eq.(36), as represented by Eqs.(47) and (48), are not well 

met by either the observed or theoretical fits. The pattern of results 

seems to be different for the chemically inhomogeneous models, and we 

anticipate that the presence of such an inhomogeneity could well 

invalidate the asymptotic assumptions." Cox, Guzik and Kidman (1988) 

also report some difficulties with applying asymptotic theory: 

"Measurement of the period spacing of the g-modes has been expected to 

reveal details of the central solar structure, but this work shows that 

the spacing is not as simple as asymptotic theory Tassoul (1980) 

predicts." 

The group at SCLERA has also been involved in this research. 

After analyzing the eigenfrequencies of g-modes found in the lower left 

boxed-in region of figure 3.1, Rosenwald and Hill (1986) concluded that 

first-order asymptotic theory for 

utility for mode identification or 

low-degree g-modes was of limited 

classification purposes. Later 
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analysis work on these same g-modes by Rosenwald, Hill and Gu (1987), 

Barry et al. (1987), and Gu, Hill and Rosenwald (1988) showed that 

second-order asymptotic theory for g-modes was much more successful at 

approximating the observed g-mode eigenfrequencies. The most recent 

values for the asymptotic parameters are: T0-36.31 ± 0.12 min, 

6--0.43 ± 0.13, v1-0.35, and v2-4.76. 

In all of this work, the research team at SCLERA has 

consistently found discrepancies between the asymptotic and observed 

g-mode frequencies; these discrepancies are not random, but exhibit 

systematic effects. For fixed l values, plots of the quantity 

(Tnl>obs - (Tnl>asymp versus n exhibit quasi-periodic structure as n is 

varied. Based on the properties of these deviations, Rosenwald, Hill 

and Gu (1987) concluded that the conditions for applicability of 

asymptotic theory were not being met near 0.2 solar radius. This could 

possibly be attributable to a "break" or discontinuity in the mean 

molecular weight at this location. The presence of quasi-periodic 

deviations of g-mode eigenfrequencies from their asymptotic values was 

not an unexpected event, since a similar phenomenon had been detected 

earlier in another context. 

The pioneering work by Hill and Rosenwald (1986b) was the first 

to show the existence of quasi-periodic deviations of solar eigen

frequencies from their values predicted by asymptotic theory. The 

modes studied were low-degree p-modes located in the upper left boxed-

in region of figure 3.1. The deviations, (vnl)obs - (vnl)asymp' were 

found to exhibit quasi-periodic structure as the radial order n was 

varied. Numerical experiments suggested that some sort of discon-

tinuity in the solar model located at 0.757 ± 0.002 solar radius could 
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account for the observed quasi-periodic structure. This location is 

suspiciously close to the commonly accepted location for the base of 

the solar convection zone: 0.70-0.72 solar radius. Future work on the 

two-dimensional structural inversion problem of solar seismology will 

decide this issue. 

Asymptotic theory is certainly not the "last word" on solar 

oscillations, but it is important and has played a key role in the 

development of solar seismology. As Gough (1986b) has commented, 

" ... asymptotic descriptions of the oscillations have proved to be 

extremely useful in several respects for guiding investigations." 

Future work on solar oscillations, however, leads away from 

asymptotic theory. Gough (1984a) notes that " ... the asymptotic 

approximations are not always reliable." And, according to Gelly et 

al. (1988), the science has reached a new level of sophistication: 

"This is where the asymptotic approximation reaches its limit of 

validity. The measurements have now reached a level of precision which 

requires a more refined analysis than the Tassoul's approximation." 

3.5 Solotones: Quasi-periodic Deviations from Asymptotic Theory 

Solotones were first detected in the Sun by Hill and Rosenwald 

(1986b). They referred to solotones as quasi-periodic departures or 

deviations from asymptotic theory. The authors were unaware that 

geophysicists had previously coined a term -- the solotone effect 

for a similar type of phenomenon exhibited by the Earth. The name is 

derived from the words "solo" and "tone" (roughly meaning "single 

frequency") because the Earth's quasi-periodic deviations from 

asymptotic theory had this qualitative characteristic of being 
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dominated by one apparent frequency. (Incidentally, solotones should 

not be confused 

phenomenon. See 

solitons.) 

with solitons, an entirely different, nonlinear wave 

Newell (1985) for a mathematical discussion of 

The largest difference in modeling the Earth's normal modes 

versus modeling the Sun's normal modes is due to the fact that the 

Earth is mainly a solid body, and hence is able to support strains. 

Alterman, Jarosch and Pekeris (1959) derived the 2nd-order and 6th

order systems of differential equations for modeling the Earth's 

torsional and spheroidal normal modes, respectively. They are 

analogous to the 4th-order system of differential equations for 

modeling the Sun's nonradial adiabatic normal modes. Asymptotic 

theories have been developed for all of these systems. 

Anderssen and Cleary (1974) and Anderssen, Osborne and Cleary 

(1974) computed normal mode eigenfrequencies for an Earth model and 

then compared them to the predicted frequency values based on 

asymptotic theory. They found quasi-periodic differences between the 

computed eigenfrequencies and their corresponding asymptotic values. 

As the radial order number of the normal mode varied, the difference 

between the above two frequencies behaved qualitatively like a sine 

wave. This was called the solotone effect. The phase, amplitude, and 

wavelength of these departures from asymptotic theory were found to be 

critically dependent on the existence, location, and magnitude of 

discontinuities in the parameters which defined the Earth model (such 

as density). 

The texts by Lapwood and Usami (1981) and Bullen and Bolt 

(1985) discuss the solotone effect in detail. The relationship between 
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solotones and discontinuities in the model's internal parameters is a 

straightforward one. The existence of solotones in the free 

oscillation eigenspectrum implies the existence of discontinuities in 

the parameters which define the planetary or solar model. Conversely, 

the existence of a continuous planetary or solar model implies that no 

solotone effect will be present in the eigenspectrum. (See the 

confirmatory statement by Lapwood and Usami (198l,p.l56): "The model 

has smoothly varying material constants, and no solotone appears.") A 

short digression is made in the next paragraph to clarify the meanings 

of continuity and discontinuity as they are used here. 

Parameters are considered to be any of the spatially dependent 

coefficients on the right-hand sides of the normal mode differential 

* equations (such as A , Vg, c1 , and U in equations (3.1-3.4) for the 

Sun). In models of the Earth, density is a parameter. Density varies 

smoothly over large radial distances within the Earth, but it does have 

sharp discontinuities at certain boundary layers. None of the above 

four solar parameters has such sharp discontinuities -- graphs of the 

parameters can be drawn without lifting pen from paper. Instead, the 

* 2 solar parameter A (or N ) has at least one discontinuity in its first 

derivative with respect to r. The archetypal example of this is the 

2 sharp bend inN at rfR~0.72 in figure 3.2. This location is the base 

of the solar convection zone. To be considered continuous in the sense 

of the preceeding paragraph, parameters and their derivatives up to 

second order must all be continuous according to the usual mathematical 

definition. If parameters are not continuous in this more restrictive 

sense, they are considered to be discontinuous (and hence they generate 

a solotone effect in the eigenfrequency spectrum). 
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Because some Earth parameters (like density) are discontinuous 

in their "zeroth" derivatives while the "strongest" discontinuity of 

solar parameters occurs in their first derivatives, the solotone effect 

should be larger and easier to detect in the Earth's normal modes 

compared to solar normal modes (all other factors being equal). This 

is indeed the case; the relative amplitudes of the earth solotones are 

much larger than the solar solotones. If one were to draw the 

superimposed ripples (the solotone effect) on the curves of figure 3.1, 

their amplitudes would be less than the thickness of the ink lines. 

The work by Mullan and Ulrich (1988) on the computation and 

verification of high accuracy solar model eigenfrequencies is 

impressive, but lacking somewhat in its applicability to the real Sun. 

This is because they used smoothly varying polytropes for their example 

solar models and hence, predictably, obtained excellent agreement with 

asymptotic theory results. A key test of any computation scheme is to 

check how well it handles discontinuities in the solar models. The 

proposed future work by Mullan and Ulrich on "dual" polytrope models 

(having a discontinuity in the polytropic index) will be a more 

comprehensive test of their computation procedure -- solotone effects 

should be seen, and they should be relatable to the location and 

magnitude of the polytropic discontinuity. 

Much of the early geophysical work on solotones was concerned 

with understanding the theoretical and computational aspects of 

solotones; actual observations of earth solotones occurred in the mid 

1970's (Jobert and Roult 1976), a decade before the observation of 

solotones in the Sun. The theoretical significance and usefulness of 

solotones was recognized by Lapwood and Usami (198l,p.l5): "But, given 
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any proposed Earth-model with prescribed surfaces of discontinuity, it 

is possible to predict the corresponding solotone pattern. In due 

course this may form one of the ways of discriminating between models." 

His statement obviously applies to solar models also. 

As mentioned earlier, Hill and Rosenwald (1986b) used the 

solotone effect in combination with numerical experimentation to infer 

an apparent solar Giscontinuity at 0.757 ± 0.002 solar radius, possibly 

affiliated with the base of the solar convection zone. Hill, Gao and 

Rosenwald (1988) used a similar type of procedure for analyzing low

degree solar g-modes to find two potential sites for a discontinuity 

deep within the Sun: 0.06 and 0.23 solar radii. (The latter radius 

value is more firmly established.) These discontinuities could be 

solar evolutionary relics or "fossils" indicating the time history of 

solar core mixing. 

The remainder of this section describes additional selected 

papers which are connected in some fashion to the solotone effect. 

Tsuboi (1984) nicely demonstrated the properties of solotones for a 

simple physical system. He computed the vibrational eigenfrequencies 

of heterogeneous "hula-hoops" or circular rings of matter. They were 

composed of two homogeneous arcs, distinguished by their two distinct 

densities and their respective angular sizes (which naturally totalled 

2~). His plotted calculation results manifestly revealed solotone 

effects, eigenfrequencies deviated in an oscillatory fashion from their 

expected, asymptotic values if the rings were homogeneous. Once again, 

the introduction of a discontinuity into a physical system was found to 

produce a solotone effect. 
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A number of investigators have detected solotones in the Earth. 

Jobert and Roult (1976) found solotone effects in the plotted values 

for the Earth's normal mode frequencies that were excited by 

earthquakes. Silver and Jordan (1981), Roult and Romanowicz (1984), 

Davis and Henson (1986), Romanowicz and Roult (1986), Roult, Romanowicz 

and Jobert (1986), and Jobert (1987) also have observed solotones in 

the Earth's normal mode eigenspectrum. 

Once one knows where to look and what to look for, it seems as 

though solotones or solotone effects are quite pervasive, appearing in 

many astrophysical systems. They should be expected whenever 

discontinuities are present. For example, when Vorontsov (1984) 

analyzed phase boundaries in the planet Jupiter, his results contained 

the distinctive solotone signature. In solar and stellar systems, 

solotones and solotone effects have regularly appeared under many 

different guises 

incarnations they 

and in many different contexts. In these previous 

certainly have not been called solotones, and 

oftentimes the phenomena simply have not been recognized or perceived 

as significant. 

In figure 6 of Libbrecht and Kaufman (1988), for example, 

quasi-periodic deviations of the f-mode eigenfrequencies from their 

asymptotic values can be seen. Figures 4 and 5 of Gavryusev and 

Gavryuseva (1988) show similar signatures for incremental energy 

generation rates and the spacing of g-mode periods for various stellar 

models. In Berthomieu and Provost (1988), figures 2 and 3 show the 

solotone effect in the modeling of g-modes for a 10 solar mass star. 

Figure 1 of Vorontsov (1988) is yet another example of the solotone 
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effect; magnetic field effects are shown. Vandakurov (1988) should 

also expect solotones to be present. 

A major point to be drawn from all of this work on solotones is 

that one must not be satisfied with asymptotic descriptions of physical 

systems as complicated as the Sun. Ideally, all of the observed 

deviations from asymptotic theory must be explained. Failing that, one 

should at least explain the dominant characteristics of any quasi

periodic deviations; in other words, one should answer the question: 

"Where and how large are the discontinuities in the physical system?" 

The numerical modeling of solotone effects is an efficient means for 

locating discontinuities or sharp transition regions within a system. 

After solotone effects have been adequately accounted for by 

discontinuities in the model, one is not necessarily finished with the 

modeling process. Some statistically significant deviations between 

observed model properties (such as eigenfrequencies) and their 

corresponding values obtained from computer models will probably still 

remain. This leads to another major point. 

Just as a handful of parameters for describing asymptotic 

theory is usually not sufficient for adequately matching the 

observations, an additional handful of solotone parameters (which 

describe one or two model discontinuities) will probably also not be 

sufficient for completely matching the observations. The fit would 

certainly be a better one, but it would probably not be good enough. 

A solar model should reproduce (within the statistical error 

bars) every 

display in 

twist or turn which the observed solar eigenfrequencies 

the eigenspectrum diagram. Phrased differently, the 

computer generated eigenfrequency values (such as those drawn in figure 
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3.1) should match the observed values. A model may produce discrep

ancies which are very small, thinner than the lines of figure 3.1, but 

if the differences are statistically significant they should not be 

ignored. Only by using literally hundreds of data points (observed 

eigenfrequencies) can one begin to have an honest expectation of 

accurately inferring the radial dependences of internal solar 

parameters. As seen earlier, the radial dependences of these 

parameters is poorly determined by fitting observed eigenfrequencies to 

asymptotic theory. Substantial improvements are made by using solotone 

effects. At this level of approximation, extremely important physical 

information about model discontinuities is obtainable (such as the 

location of the solar convection zone's base). 

To further improve the solar model (so that all of the observed 

and computed eigenfrequencies agree within the statistical noise 

level), inverse methods are required. The adjoint sensitivity analysis 

developed in this dissertation enables a practical algorithm to be 

constructed for solving the nonlinear, two-dimensional structural 

inversion problem of helioseismology computing the runs of two 

structural parameters versus depth in the Sun. A solution to this 

problem should yield, among other things, values of presoure and 

density throughout the solar convection zone. These values would be 

obtained in a manner which is totally independent of any assumptions 

from mixing-length theory. 



CHAPTER 4 

SYSTEMS AND CONTROL: A CONTEXT FOR SOlAR SEISMOLOGY PROBLEMS 
AND THEIR SOLUTION METHODS 
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In attempting to solve problems which arise in solar 

seismology, it is important to keep one's eye on the "big picture." 

The selection and synthesis of numerical techniques occurs more easily 

with this policy because the tunnel vision and inbreeding which are 

endemic to many specialized branches of science are avoided. Progress 

is usually quicker and easier when an existing, more general and 

powerful method is used to attack "too simple" a problem than when 

specific methods are developed or invented for the solution of a 

particular problem. Recent solution approaches to Fermat's last 

theorem (Peterson 1988a) make this point well. Cross-pollination of 

ideas across disciplinary boundaries is also good; oftentimes a fresh 

look from outside a field may be instrumental in removing oneself from 

a rut. 

An excellent eight volume Systems and Control Encyclopedia has 

recently been published. This is an appropriate context in which to 

place the field of solar seismology so that some of the above benefits 

may be harvested. Editor M. G. Singh (1987) succinctly describes this 

broad subject in the encyclopedia's introduction: 

Systems and Control constitutes a metadiscipline which has 
applications to virtually all areas of human activity. 

Systems and Control, as it is understood today, is still 
relatively new as compared to other metadisciplines like 
mathematics and physics. Furthermore, systems and control is 



not yet widely understood by scientists, engineers and 
decision makers, and even workers in the field may not have a 
full grasp of its scope, extent and history. 

Systems and Control is a multidisciplinary field which extends 
in a continuous spectrum from scientific fundamentals through 
technology to various applications. 
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The nwcltanschauung" (world view) taken by this metadiscipline 

is so wide and the subject is so vast that systems and control has 

mainly been presented and studied in ~ piecemeal fashion. It contains 

major fields in their own right, for example, sensitivity analysis, 

optimal control theory, nonlinear least squares analysis and parameter 

estimation. The two-dimensional structural inversion problem of solar 

seismology -- determining the behavior of two thermodynamic variables 

as functions of radius within the Sun (based upon measured eigen-

frequencies) -- can be approached with advantage from two different, 

yet fundamentally related, branches of systems and control. In one 

approach, the structural inversion problem can be treated as one 

instance of an exceedingly general class of problems known as 

distributed system parameter identification problems (DSPIP's). In the 

second approach, the structural inversion problem can be treated as a 

problem in optimal control theory. Background information on these two 

approaches is described next. 

A distributed system has parameters which are in some sense 

"distributed" over the system; these distributed parameters typically 

depend on time or space variables. This type of system contrasts with 

lumped systems, which have parameters that define certain macroscopic 

or "lumped" properties of the system. Spatially varying density and 

temperature within the Sun are examples of distributed parameters, 
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while the R, L, and C values of discrete resistors, inductors, and 

capacitors in electric circuits are examples of lumped parameters. A 

DSPIP is a problem in which the values of the distributed parameters 

need to be determined as functions of position or time. 

Polis (1983) surveyed recent results in the field of 

distributed system parameter estimation (or identification) problems 

and described eight steps involved in treating DSPIP's. All of these 

steps are examined in greater detail in chapter 8, with the nonlinear, 

two-dimensional structural inversion problem of solar seismology as the 

particular application. Some of the more difficult steps are the 

following: selecting a solution method for the direct problem, 

performing a sensitivity analysis, and choosing an optimization scheme. 

The continuous orthonormalization method developed in this 

dissertation is the new, better way to solve the direct problem of 

eigenfrequency computation. The adjoint method, as proposed in a 

general mathematical context by Chavent (1971) and developed here for 

the Sun, performs the eigenfrequency sensitivity analysis, an essential 

requirement for solving the structural inversion problem of solar 

seismology. The Chow-Yorke algorithm (discovered in a literature 

search by the author in 1988) is a very powerful algorithm which should 

be used as part of the optimization scheme. Developed in the 1970's 

(see Chow, Mallet-Paret and Yorke 1978), the algorithm is based on 

Sard's theorem of algebraic topology and has globally convergent 

properties. Although this dissertation does not apply the Chow-Yorke 

algorithm to the structural inversion·problem, it is anticipated that 

usage of this algorithm will be required for matching a certain subset 

of computed eigenfrequencies to their observed values. These 
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troublesome eigenfrequencies lie in the region of figure 3.1 which is 

most difficult to handle: the pathological, mode-bumping region which 

includes and extends downward and leftward from the f-mode "crossover" 

point near n-0, l-18. This region is an extrapolation of the boxed-in, 

straight portion (~19) of the f-mode curve shown in figure 3.1. The 

leftmost extent of the mode-bumping region is located at about l-10. 

The second approach to solving the solar structural inversion 

problem is via optimal control theory. The gist of this approach is to 

treat the 

by the four 

computed eigenfrequencies as being controlled or determined 

* radial functions U(r), Vg(r), A (r), and c1(r) inside the 

Sun. The domain of the independent variable r, from zero at the solar 

center to R at the solar surface, may be subdivided into literally 

hundreds or even thousands of radial bins. The control parameters in 

this "optimal control" approach to the problem can be defined as the 

radially binned offsets or deviations of the above four functions from 

their equilibrium solar model values. 

Since equations (3.21,3.23) must also be satisfied, constraint 

equations exist for the control parameters and deviations in only two 

functions (for example, A* and Vg) are sufficient to determine the 

deviations in the other two functions. Solar structure, insofar as it 

is determinable by adiabatic eigenfrequencies, is therefore linked to 

the numerical values of only two sets of control parameters 

* deviations in A and deviations in V for all of the radial bins. g 

The control parameters should be chosen so that computed 

eigenfrequency values and their corresponding observed values are in 

good agreement. This requirement is in actuality a request to solve a 

nonlinear least squares type of optimization problem. The goal is to 
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minimize the sum of the squares of differences between observed and 

computed eigenfrequencies (or some other related figure of merit). 

This is accomplished by properly selecting the control parameters. If 

one succeeds at this task, one will have solved the inverse structural 

problem of the Sun specifying the runs of two thermodynamic 

variables inside the Sun so that computed eigenfrequencies match the 

observed eigenfrequencies. 

Whether one is solving the structural inversion problem of 

solar seismology as a DSPIP or as an optimal control problem, partial 

derivatives (sensitivities) of the eigenfrequencies with respect to 

parameter changes need to be computed. The adjoint method is ideal for 

performing this job in either scenario. The low-level computational 

requirements are essentially identical in both of the above approaches; 

only the high-level, general philosophical outlook differs. The chief 

advantage of investigating more than one solution approach to a problem 

lies in the enhanced probability of finding the most recent and 

advanced numerical algorithms, methods which may exist in only one 

research field. By looking at several research areas, one is casting a 

larger net, thereby increasing the chances of coming up with previously 

untried, better techniques for solving problems in solar seismology. 

Dissatisfaction with the status quo and a desire to investigate 

new ideas are two driving forces which lead to the development of new 

solution methods in helioseismology. 

the development of the continuous 

These factors were operative in 

orthonormalization and adjoint 

sensitivity methods; in the future they will be motivating factors for 

the adaptation of the Chow-Yorke algorithm to solar seismology's 

structural inversion problem. 
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The following sections contain surveys and reviews of various 

areas of systems and control which are currently or potentially useful 

for solving problems in helioseismology. These branches of systems and 

control are not restricted in their applicability to the field of solar 

seismology, but are applicable to a host of additional astrophysical 

research topics as well. Section 4.1 discusses the topic of 

sensitivity analysis. Optimal control theory and various optimization 

techniques are briefly reviewed in section 4.2. Lastly, section 4.3 

surveys a miscellaneous assortment of other topics and concepts from 

systems and control theory. A series of problems from a variety of 

scientific fields are examined; they are conceptually related to the 

structural inversion problem of solar seismology, but , in comparison, 

many of them possess added mathematical difficulties. The approaches 

used for these other problems are potentially applicable to the solar 

problem. Also, since many of these problems have already been solved, 

they garner one's confidence and reinforce one's belief that the Sun's 

internal structure will ultimately be obtained through the efforts of 

helioseismological research. Another general approach to problem 

solving, called the "separation of concerns" (see Dijkstra 1982), is 

also addressed in this section. Its application to the structural 

inversion problem of solar seismology is discussed. 

4.1 Sensitivity Analysis: A Key Element of Any Scientific Field 

In a general way sensitivity analysis may be described as the 

study of how changes in the "output" of a problem are related to 

changes in the "input." Or, alternatively, it is the differential 

study of "cause and effect" relationships. 
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It is an interesting historical fact that one of the earliest 

applications of sensitivity analysis was carried out for an astro

nomical problem, and a nontrivial one at thatl Jacobi (1846) used a 

sensitivity analysis approach to infer improved values for planetary 

masses from observed secular perturbations in planetary orbital 

elements. The problem was a nonlinear one and required 10 iterations 

before a solution was obtained. Each iteration produced adjustments in 

planetary mass values. In this work Jacobi acknowledged a student of 

his, Ludwig Seidel (of Gauss-Seidel algorithm fame), for his kindness 

in executing the numerical calculations. Seidel later went on to make 

the first true "photometric measurements of fixed stars and planets" 

(Gillispie 1975). 

A long-standing approach to sensitivity analysis has been the 

direct one; a single input or initial parameter in a model is perturbed 

from its original value and then the problem is re-solved. The 

solution process may be numerical or analytical, but a set of output 

parameter sensitivities is obtained by solving this perturbed input 

problem. These sensitivities are all with respect to one variable, the 

particular input parameter which was modified. Depending on how the 

solution is carried out, the sensitivity results may be exact partial 

derivatives (obtained from an analytic solution) or they may be 

approximations. 

ratios of two 

The approximate partial derivatives are given by the 

presumably small quantities: the differences between 

output parameter values in the original and perturbed problems, divided 

by the size of the input parameter's perturbation. To obtain 

sensitivities due to changes in other input parameters, additional 

problems must be re-solved, repeating the above process for each input 
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parameter. Until now, this direct, repetitious approach for generating 

eigenfrequency sensitivities has been the only one taken by prac

titioners in solar seismology. 

The adjoint method is another way to perform a sensitivity 

analysis. The earliest reference to this method is in the Journal of 

U.S. ArtillehY, where Bliss (1919) used adjoint systems in the problem 

of differential corrections for trajectories. (In 1919 the war was 

over and it was presumably safe to publish!) This research work is 

more accessible in Bliss (1920ab,l944). 

In a sense, the adjoint sensitivity analysis method accom

plishes its job in an opposite or "inverse" fashion than the direct 

approach. Instead of simultaneously computing the set of partial 

derivatives of all output parameters with respect to a single input 

parameter, the adjoint method simultaneously computes the set of 

partial derivatives of a single output parameter with respect to all 

input parameters. Hall, Cacuci and Schlesinger (1982) state this 

property as follows: " ... the adjoint method gives the sensitivity of a 

functional of the variables to all the parameters, while the direct 

method gives the sensitivity of all the variables to a single 

parameter." The existence of a method with this property is reasonable 

and perhaps should not be unexpected since one could mathematically 

define an "inverse" problem similar to the original problem, but with 

the roles of input and output parameters reversed. Similar "backward" 

approaches have often proven useful in solving other problems; 

Wilkinson (1965) used it to great advantage in his backward error 

analysis of the algebraic eigenvalue problem. 
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Although adjoint methods have been in existence for at least 

seventy years, they are just now reaching paradigm status in the sense 

of Kuhn (1962): they have "attract(ed) an enduring group of adherents 

away from competing modes of scientific activity" and they are 

"sufficiently open-ended to leave all sorts of problems for the 

redefined group of practitioners to resolve." A sampling of adjoint 

sensitivity applications throughout the years is given next; the 

applications are arranged in rough chronological order. 

Adjoint methods were used in the 1940's and 1950's for 

designing nuclear reactors. Many members of the scientific community 

have been under the mistaken impression that this was the original 

application of adjoint methods to sensitivity analysis. Quoting Cacuci 

et al. (1980), "The development of a sensitivity analysis theory based 

on the use of adjoint functions has progressed significantly from its 

original inception in the fields of reactor physics and shielding," and 

Wacholder and Dayan (1984), " ... the adjoint sensitivity method, which 

has been developed originally for problems associated with nuclear 

reactor physics, is, in fact, generally applicable to many different 

analytical models in different areas of pure and applied science and 

engineering." The early history of the adjoint method was discussed by 

Kelley (1962). In a book on neutron transport problems, Lewins (1964) 

refers to the variable "adjoint intensity" as the "importance 

function." More recent work on the application of adjoint methods to 

problems arising in nuclear reactor theory was done by Oblow 

(1976,1978), Williams (1979), Cacuci et al. (1980), and Marchuk and 

Lebedev (1986); these authors cite many of the earlier research papers 

which used adjoint sensitivity methods. 
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More mathematically oriented treatments of adjoint sensitivity 

analysis are given in other references, for example, appendix F of 
, 

Laning and Battin (1956) and section 3.5 of Tomovic (1963). Kopp 

(1962) and Eveleigh (1967) examine the relationship of the Pontryagin 

maximum principle to adjoint analysis, dynamic programming, and the 

calculus Qf variations. Roberts and Shipman (1972) discuss the method 

of adjoints in two-point boundary value problems and Golberg (1979) 

applies "a method of adjoints for solving some ill-posed (Fredholm) 

equations of the first kind." Adjoint methods are even used to compute 

second order eigenvalue design sensitivities in Haug, Choi and Komkov 

(1986); their book has a strong mathematical orientation. 

The 1960's saw the application of adjoint methods to an 

assortment of problems arising in astrodynamics and electricity and 

magnetism. Leitmann (1962), Kelley, Kopp and Moyer (1964), and 

Campbell, Moore and Wolf (1966) developed aerospace and trajectory 

applications. Several applications of adjoint methods to E&M problems 

and to the computation of electric network sensitivities are found in 

Cairo and Kahan (1965), Hachtel and Rohrer (1967), Director and Rohrer 

(1969), and Ho (1971). 

Applications of adjoint methods to structures and mechanical 

systems became prevalent in the late 1970's. Haug and Arora (1978, 
, 

1979), Haug and Rousselet (1980ab), Dems and Mroz (1983,1984), 

Belegundu and Arora (1985), and Al-Saadoun and Arora (1987) computed 

design derivatives via adjoint methods. Some of these algorithms have 

already reached the marketplace; quoting Haug, Choi and Komkov 

(1986,pg.xiv), " .•. as of Sept. 1983, the MacNeal-Schwendler Corporation 

introduced one of the design sensitivity analysis methods presented in 
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Chapter 1 in (the) NASTRAN finite element code." (Numerous commer

cially available integrated circuit analysis packages (SPICE programs) 

also contain options for computing electric network partial derivatives 

via an adjoint sensitivity analysis.) 

Groundwater flow and hydrologic research are other fields which 

have recently embraced adjoint sensitivity methods. Carrera and Neuman 

(1984), Sykes and Wilson (1984), Wilson and Metcalfe (1985), Li et al. 

(1986), Samper and Neuman (1986), and Thomson and Sykes (1986) have all 

used adjoint sensitivity methods. Finite elements, not finite 

differences, are used as the basic modeling approach in many of these 

research papers. According to Sykes, Wilson and Andrews (1985), 

"Adjoint sensitivity theory is currently being considered as a 

potential method for calculating the sensitivity of nuclear waste 

repository performance measures to the parameters of the system." As 

with the solar normal modes analyzed in this dissertation (see appendix 

section A.2), the preceding authors also found it necessary to 

calculate sensitivities to boundary conditions in their problem. 

Hall, Cacuci and Schlesinger (1982), Hall and Cacuci (1983), 

and Hall (1986) used adjoint methods to compute sensitivities in an 

increasingly sophisticated series of earth atmospheric models, 

ultimately computing climate sensitivities of three-dimensional general 

circulation models. The paper by Hall (1986), entitled "Application of 

Adjoint Sensitivity Theory to an Atmospheric General Circulation 

Model," illustrates most dramatically the effectiveness and efficiency 

of the adjoint method. Using older methods a separate 30 hr Cray run 

would have been required for computing each of the 100 climate 

sensitivities (for a total time expenditure of four months); the 
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adjoint method enabled all 100 sensitivities to be simultaneously 

computed in only 30 hours of Cray time. 

A veritable flood of new adjoint sensitivity applications has 

inundated many disciplines during the last dozen years. Dogru and 

Seinfeld (1981) and Ramirez (1987) found oil industry applications, 

modeling petroleum reservoirs and performing history matching. Brooks 

and Sharp (1987) and Sharp and Brooks (1987) found applications in the 

field of acoustics. Simonson, Christensen and Ballinger (1987) applied 

adjoint sensitivity analysis to a model of irradiation assisted 

degradation of metals. (This topic has recently gained much notoriety, 

since it addresses certain physical aspects of palladium catalyzed cold 

fusion.) Gerstl (1982) applied the adjoint method to compute the 

transfer of solar radiation through the Earth's atmosphere. In his 

approach the solution of only one adjoint problem allowed downward 

fluxes at the Earth's surface to be computed for all solar zenith 

angles. Mantell and Lasdon (1978) and Alsmiller et al. (1983) have 

even applied adjoint methods to economics problems. 

The paper entitled "Application of the Adjoint Sensitivity 

Method to the Analysis of a Supersonic Ejector" by Yacholder and Dayan 

(1984) illustrates a phenomenon which has occurred repeatedly in the 

spread of the adjoint method. In many scientific fields, researchers 

have previously "gotten by" without using adjoint sensitivity analysis. 

Once it is introduced to a field, however, the method is so powerful 

and provides such a quantum leap in improved computational efficiency 

that researchers immediately get "hooked" on the new method; from that 

moment on, the adjoint sensitivity method invariably becomes an 

ittdispensable tool within that scientific field. A passage in 
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Wacholder and Dayan (1984) exemplifies the typical transition situation 

when adjoint sensitivity analysis first encounters "virgin" territory. 

Although the concepts of various types of ejectors have been 
thoroughly discussed in the literature during the past sixty 
years, a rigorous sensitivity analysis of the ejector's 
performance has never been presented. In the present work a 
sensitivity analysis method, based on the use of adjoint 
functions, is introduced and applied to the one-dimensional 
model of a supersonic ejector. The advantage of the proposed 
method over all other possible techniques is that a single 
computer run can provide the response function sensitivities 
with respect to all input parameters. The usefulness of the 
sensitivity coefficients in predicting the ejector's perfor
mance and the uncertainty involved, as well as in the 
determination of manufacturing tolerances, is demonstrated and 
proven to be a powerful tool in the design. 

In the introduction of Pierre (1969), a quotation by Lord Rayleigh also 

describes what typically happens when adjoint sensitivity analysis is 

first introduced to a field: 

A new method, or a new mode of conception, easily grasped when 
once presented to the mind, may supersede at a stroke the 
results of years of labor, making clear what was before 
obscure, and binding what was fragmentary into a coherent 
whole. 

Since this dissertation develops an adjoint sensitivity 

analysis method for solar seismology, an emphasis has been placed on 

discussing previous instances of adjoint methods in the scientific 

literature. The topic of sensitivity analysis is, however, much 

broader than the range of papers cited thus far; sensitivity analysis 

can obviously be accomplished without resorting to adjoint methods. 

Many additional papers on sensitivity analysis are described next; most 

of them do not use adjoint techniques, but several of them do. This 
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added survey of research papers is intended to indicate the wide scope 

of sensitivity analysis and to fill in certain gaps in its coverage 

thus far, particularly with regard to astrophysical topics. 

Many books have been written which touch on various aspects of 
, 

sensitivity analysis (Radanovic 1966; Cruz 1973; Director 1973; Eykhoff 

1974; Frank 1978; Brayton and Spence 1980; Haug and Cea 1980; Chang, 

Hajj and Sussman-Fort 1983; Fitzgibbon 1986; McCuen and Snyder 1986; 

Chatterjee and Hadi 1988; Edgar and Himmelblau 1988; and Tsay, Shieh 

and Barnett 1988). Some of these books are entirely devoted to 

sensitivity analysis, while others have only a few chapters or sections 

on the topic. 
, 

Kokotovic and Rutman (1965) and Ngo (1971) wrote survey papers 

on the sensitivity of automatic control systems. Deuflhard and Bader 

(1983) and Zimoch (1987) did sensitivity analyses for boundary value 

problems and vibrating (mechanical) systems, respectively. Bingulac, 

Chow and Winkelman (1987) used an input-output transfer function 

approach to simultaneously compute sensitivities. These and many other 

papers were investigated because they contained potentially useful 

tools for attacking the solar structural inversion problem. 

Two papers, one by DeBrunner and Beex (1988) on the sensitivity 

analysis of digital filter structures, and the second by Chapman (1985) 

on continuous convolution of hydrologic data, contain ideas which might 

lead to improvements in the data reduction phase of solar seismology. 

Second-order sensitivity analysis has been addressed by several 

authors. The key elements of this field are the second partial 

derivatives of various "output" parameters with respect to "input" 

parameters. Breakwell, Speyer and Bryson (1963) used a second-order 



111 

analysis for solving orbital re-entry problems and Bingulac (1966) 

discussed the simultaneous generation of the second-order sensitivity 

functions. Fiacco (1980) applied second derivatives to the solution of 

nonlinear programming problems and McKeown (1980) used them for 

optimizing dynamical systems. Wanxie and Gengdong (1986) used second

order sensitivity analysis of multimodal (repeated) eigenvalues for 

structural optimization algorithms. Eno, Beumee and Rabitz (1985) 

wrote an excellent, highly recommended paper on the general topic of 

sensitivity analysis of experimental data. They showed that second

order partial derivatives are required to quantify model parameter 

uncertainties. Kalaba and Spingarn (1980) also addressed sensitivities 

of parameter estimates. 

Sensitivity analyses have been performed on a wide class of 

astrophysical topics, but the research papers discussed below deal only 

with stars and their various observable properties. Hill, Caudell and 

Rosenwald (1977), Hill, Livingston and Caudell (1977), and Caudell, 

Rosenwald and Hill (1977) dealt with theoretical and observational 

aspects of spectral line sensitivities to temperature changes in 

oscillating systems. To help interpret solar limb measurements, Hill 

et al. (1979) considered certain properties of phase-sensitive 

detection. Brute force sensitivity analyses (perturbing various 

parameters and then re-computing the answers) were performed for solar 

eigenfrequencies by Hill and Rosenwald (1978) and Berthomieu et al. 

(1980). Loiacono et al. (1984) used the same approach to examine 

sensitivities of stellar eigenfrequencies to model structure. 

Epstein, Gudmundsson and Pethick (1983) performed a sensitivity 

analysis on neutron star envelopes; they determined that the greatest 
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uncertainties in observables were due to the conductive opacity. (They 

did not use an adjoint method, however, and required "N additional 

integrations" instead of the required ~ additional integration if 

they had been using an adjoint approach.) In his dissertation, 

Fristrom (1985) applied sensitivity analysis to degenerate dwarf star 

models, ~etermining the sensitivity of cooling times to uncertainties 

in the input physics. A sensitivity analysis of the equation of state 

' for nuclear and neutron matter was performed by Marti et al. (1988); 

they analyzed radial oscillations of warm cores in neutron stars. Many 

other research papers have been written on solar eigenfrequency 

sensitivities than have been mentioned here; most of these other papers 

have been referred to earlier, in chapters 2 and 3. 

This section on sensitivity analysis closes with an alternative 

opinion or viewpoint on the subject's general usefulness and necessity. 

Burns (1987) developed a structural shape optimization algorithm in 

which "the method does not require a sensitivity analysis." Later in 

the paper he understatedly admitted that, "However, in some instances, 

sensitivity analysis information is desirable." In helioseismology, 

sensitivity analysis is not only desirable, it is the very lifeblood of 

the subject. 

4.2 Optimal Control TheobY and Optimization Techniques 

Optimal control theory arose about 30 years ago as a kind of 

extension to the calculus of variations. The restrictive "smoothness" 

conditions appearing in many theorems of the calculus of variations 

were systematically relaxed, thereby making the theorems applicable to 

many more problems, especially problems in such fields as applied 
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physics and engineering. Problems in these fields are often typified 

by the presence of constraint equalities and/or inequalities, together 

with variables which can legitimately be discontinuous. Optimal 

control theory can handle such problems, whereas the calculus of 

variations can not. A classic book on optimal control theory was 

written by Pontryagin et al. (1962); for this work they received the 

1962 Lenin Prize for Science and Technology. Bliss (1946), Elsgolc 

(1962), and Gelfand and Fomin (1963) authored books on the calculus of 

variations. The relationship between optimal control theory and the 

calculus of variations was thoroughly examined in several textbooks 

(Hestenes 1966; Prime 1969; Sagan 1969; Young 1969; and Leitmann 

1981). 

This dissertation section was written because the two-

dimensional structural inversion problem of solar seismology can be 

formulated as a problem in optimal control theory. Solar eigen-

frequencies may be thought of as being controlled by certain parameters 

* within the Sun, such as A (r) and Vg(r). The solar structural 

inversion problem is solved by selecting the preceding radial functions 

in such a manner that computed eigenfrequencies agree with observed 

eigenfrequencies. Fletcher (1983) studied a similarly formulated 

problem in his paper entitled, "An Inverse Eigenvalue Problem from 

Control Theory." Aral (1986) used an "Optimization Approach to the 

Identification of Aquifer Parameters in Multilayer Systems" for his 

hydrologic problem. Jeffrey (1988) and Jeffrey and Rosner (1988) also 

used optimization approaches for solving a different solar inversion 

problem, determining the Sun's internal rotation rate, O(r). These are 

all prime examples of optimal control solution approaches to 
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identification or parameter estimation problems. (Chapter IV of Gould 

(1966), "Vibration of Systems with Infinitely Many Degrees of Freedom," 

describes some variational approaches.) 

The field of optimal control theory has a sizable literature. 

Older books on the subject by Athans and Falb (1966), Leitmann (1966), 

Koppel (1968), Plant (1968), and Naslin (1969) are good introductions 

to the field and are still very topical. Munick (1966) studied 

nonlinear optimal control problems in astrodynamics. Sensitivity in 

optimal control systems was analyzed by Sobral (1968); Casti (1979) 

reviewed computer codes and optimal control theory. The books by 

Alekseev, Tikhomirov and Fomin (1987), Ahmed (1988), El Jai and 

Pritchard (1988), and Naidu (1988) are comprehensive and describe 
0 

recent developments. The article by Demmel and Kagstrom (1988) 

discusses "accurate solutions of ill-posed problems in control theory." 

In his preface, Denn (1969) observed that: 

The development of a systematic theory of optimization since 
the mid-1950s has not been followed by widespread application 
to the design and control problems of the process industries. 
This surprising and disappointing fact is largely a conse
quence of the absence of effective communication between 
theorists and process engineers ... 

The ensuing years have seen applications of optimal control theory 

to invariant imbedding (Golberg 1975), electric power systems 

(Christensen, El-Hawary and Soliman 1987), and enhanced oil recovery 

(Ramirez 1987). The latter author is, in spite of the intervening 

years, still making a plea or comment similar to the one made by Denn: 

"It is time to start broadening the applications of optimal control 
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theory." This dissertation helps accomplish this task, applying 

optimal control theory to helioseismology. 

In their book entitled Foundations of Optimization, Beightler, 

Phillips and Wilde (1979) state in general terms why optimization has 

helped spur new developments in helioseismology: "Unless a project is 

to be optimized, there is little advantage in describing the system 

carefully. But as soon as optimization enters the picture, everybody 

must become quantitative, and consequently more meticulous, rigorous, 

and scientific." Ideally, the many optimization approaches employed in 

all scientific fields should be examined for their potential usefulness 

in helping to solve helioseismological problems; that is, "one should 

not reinvent the wheel." 

To avoid a possible duplication of effort in solving the above 

solar problem, much of the literature on optimization was searched; a 

brief sampling of "finds" is given next. Leitmann (1967) edited a book 

which covered a variety of optimization topics. Geophysical 

applications were the focus of Jordan and Franklin (1971), who wrote 

about optimal solutions to linear inversion problems. Junkins (1972) 

found that two different techniques used for optimizing trajectories 

were equivalent. Nonlinear optimization was the subject of Wismer and 

Chattergy's (1978) book. Applications of optimization techniques to 

structures (Chenais and Rousselet 1988), hydrology networks (Lansey and 

Mays 1985), and automatic control (Moerder and Calise 1985) have also 

been invented. An excellent survey of optimization techniques for 

designing integrated-circuits was given by Brayton, Hachtel and 

Sangiovanni-Vincentelli (1981). More recent optimization techniques 

are listed in Bandler and Zhang (1988). 
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There appears to be a dichotomous or "schizophrenic" view 

regarding the automation of optimization algorithms. On the one hand, 

Arora (1987) states that "designer interaction during the optimization 

process is highly desirable and recommended for practical applica

tions," while, on the other hand, Arora and Baenziger (1987) are 

concerned-with building a nonlinear optimization expert system, one 

which requires minimal human intervention. Perhaps their aim is to 

automate as many "low-level" functions as possible, while still 

maintaining human control over the "high-level," monitorial decisions 

concerning the overall progress toward a solution. At the current 

developmental stage of solar seismology, however, discussions of this 

nature are premature. Any type of optimization algorithm, automated or 

not, would be a welcome tool for helping to solve the solar structural 

inversion problem. 

4.3 Other Apropos Topics from Systems and Control 

There are many problems in the field of systems and control 

which are similar to, but of comparable or greater difficulty than 

helioseismology's structural inversion problem. This section examines 

several of these problems; they appear in such wide-ranging subjects as 

robotics, large space structures, hydrology, electric networks, 

geophysics, chemistry, and others. As will be seen, the literature 

contains many useful approaches to these problems, some of which are 

applicable to helioseismology. 

In robotics, structures and actuators are the key 

elements that require optimization and/or identification. 

(1988) describes the basic problem in robotics: 

component 

Gautier 



The motion of a robotic mechanical system is described by a 
set of highly coupled and nonlinear equations. Dynamic 
control techniques have been proposed to take into account the 
exact equations of motion. A major problem to implement these 
algorithms on real robots is that they need accurate 
identification of parameters of the dynamical model. 
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Schiehlen and Kallenbach (1988) and Gradinarov (1988) have worked on 

the identification of robot system parameters; the latter author also 

considered a sensitivity analysis for determining the optimal placement 

of actuators. (When they are optimally placed, unwanted oscillations 

are damped out as quickly as possible.) Chedmail, Gautier and Khalil 

(1988) obtained dynamical models of robots and Chedmail (1988) set up 

nonlinear optimization formulations to achieve desired robot behavior. 

The topic of large space structures has many applications to 

the strategic defense initiative, or SDI. The following papers are all 

involved with various aspects of controlling large space structures; 

techniques are described which have potential helioseismological 

applications. Partially motivated by precision pointing requirements 

at the nano-radian level, Crocker et al. (1988) and Hyland (1988) 

investigated active vibration control for large space systems. Kosut 

et al. (1988) investigated minimum-time control aspects of these 

structures, which sometimes have rapid slewing and pointing require-

ments. The papers by Bodden and Junkins (1985), Junkins andRew 

(1985), and Junkins, Bodden and Turner (1986) and the book by Junkins 

and Turner (1986) all address similar optimization problems. They have 

studied unified approaches to the simultaneous, iterative optimization 

of both structural and control system parameters. Many of the methods 

found in the above papers are also applicable to controlling the large 

space telescope. 
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Difficult hydrologic modeling problems involving groundwater 

flow have also been approached. Carrera and Neuman (1984) looked at an 

aquifer parameter estimation problem under transient conditions; and 

Kool, Parker and van Genuchten (1986) studied an inverse problem for 

hysteretic unsaturated flow. Jones, Willis and Yeh (1987) analyzed 

the optimal control of nonlinear groundwater hydraulics using 

differential dynamic programming and Woodbury and Smith (1987) 

considered the simultaneous inversion of hydrogeologic and thermal 

data. (Incidentally, this latter paper could possibly be applied to 

the problem of jointly modeling both electrical and thermal properties 

of integrated circuits, a problem which has not yet been adequately 

solved.) A paper on hydrologic modeling by Yakowitz and Duckstein 

(1980) found an instability in the solutions to aquifer identification 

problems, due mainly to the presence of noisy data. The potential for 

similar difficulties cropping up in the solar structural inversion 

problem should be investigated. (By coincidence, their hydrologic case 

study involved a plot of land on which this author currently resides!) 

Identification techniques have also been used for solving 

chemical problems; the techniques may be transferred and applied, in 

whole or in part, to problems in solar seismology. Schloder and Bock 

(1983) wrote a paper on the identification of rate constants in 

bistable chemical reactions and Nowak and Deuflhard (1983) did work 

"Towards Parameter Identification for Large Chemical Reaction Systems." 

• General survey papers were written by Niederlinski and 
• 

Hajdasinski (1980) on multivariable system verification and by Stadler 

(1986) on multicriteria optimization in mechanics. Many of the ideas 
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referred to are also relevant to the solar structural inversion 

problem. 

The field of structures and mechanical systems has seen many 

sophisticated treatments of optimization problems. A structure's 

shape and composition, together with its possible active controls 

(actuators), are often designed simultaneously (Haug, Choi and Komkov 

1986; Cheng and Pantelides 1987; Soeiro and Hoit 1987; and Soong and 

Pitarresi 1987). Choi, Haug and Seong (1983) introduced an iterative 

method for finite dimensional structural optimization problems with 

repeated eigenvalues, "The method treats nondifferentiable repeated· 

eigenvalues that have been shown to systematically arise in structural 

optimization. " In Kramer and Grierson (1987), "Constraints are placed 

on dynamic displacements, dynamic stresses, natural frequencies and 

member sizes." Szefer (1987) studied the sensitivity and optimal 

control of elastic structures with distributed parameters, a problem 

which is conceptually and mathematically quite similar to the solar 

structural inversion problem. Gupta (1980) discussed automated 

computational procedures of optimal control theory, with vibration 

control in helicopters as one example. Eigenfrequency sensitivity 

theory was used by Sharp and Brooks (1987) to improve the design of a 

linear dynamic system. In their test problem, a truck was described by 

an eighth order linear system having 32 nonlinear design parameters; 

they successfully adjusted the parameters to improve the truck's 

vibrational behavior. Perhaps the most offbeat (but sporting) 

application of optimal control theory to structures was that suggested 

by De Wilde and Sol (1985). By using a modal analysis of mechanical 

structures, a sensitivity analysis, and optimization techniques to 
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improve dynamic behavior, they proposed to optimize the dynamical 

behavior of a tennis racket! 

Optimal control theory provides many means for "shoving" a 

system's eigenvalues into desired locations. Choudhry (1987) used 

eigenvalue sensitivities to design optimal modulation controllers. 

Singer (1969) and Howze and Cavin (1974) were not only concerned about 

the proper placement of eigenvalues, they also worried about minimizing 

the eigenvalue sensitivities to other factors. (Reducing the 

temperature dependence of an integrated-circuit's performance is a 

sample application of their work.) 

Geophysics is another field which has developed many advanced 

applications of optimal control theory. Chapter 13 of Nolet (1987b) 

addressed waveform tomography, optimization techniques, and fitting 

observed spectra. Shahriar, Hron and Cumming (1987) performed a 

"computer-aided inversion of ray amplitudes and travel times." In the 

famous paper by Dziewonski and Anderson (1981), they solved a five-

dimensional earth structural inversion problem. Their solution 

approach serves as a model for solving the mathematically very similar 

two-dimensional solar structural inversion problem. 

The continuous orthonormalization (CON) method is another 

numerical algorithm which fits into the context of systems and control. 

Developed to its current state by Davey (1983) and Meyer (1986), it is 

a recent major development in the field of numerical techniques which 

has had only limited exposure in the scientific literature. (The 

review article by Gupta, Sacks-Davis and Tischer (1985) and the book by 

Mohamed and Walsh (1986) do not even mention it.) 
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Designed for integrating systems of ordinary differential 

equations that are "stiff," that is, unable to adequately maintain 

linear independences of originally orthogonal solutions, the CON method 

is perfectly suited to the computation of solar eigenfrequencies. As 

stated earlier, Henyey-type relaxation methods such as those developed 

by Henyey, Forbes and Gould (1964) and higher order extensions of the 

method like the one developed by Budge (1987) are sometimes totally 

inadequate for accurately computing solar eigenfrequencies. These 

earlier methods are finite difference schemes which give results that 

are strongly dependent on the selection of mesh points. Depending on 

the given eigenfunction, the required density of mesh points may be 

highly variable and somewhat unpredictable. Without an adequate set of 

mesh points, eigenfrequencies 

are often meaningless. The CON 

obtained via finite difference methods 

method, however, selects its "mesh 

points" automatically, as they are needed. 

The continuous orthonormalization method is capable of truly 

remarkable numerical feats. For example, the eigenfrequency of a high

degree p-mode (with l-200) was obtained by integrating an "ortho

normalized," nonlinear set of differential equations which are closely 

related to equations (3.1-3.4). The new equations define oscillation 

modes from very near the solar center (65 microns away) to the solar 

surface. For the above high-degree p-mode, almost 30,000 integration 

steps were required (on the above radial interval) to compute the 

p-mode's eigenfrequency to the desired 7 significant digits. As an 

additional benefit of the CON method, a massively parallel version of 

the integration algorithm may readily be developed for generating solar 

eigenfrequencies of many oscillation modes simultaneously. 
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The Chow-Yorke algorithm is another new optimization tool which 

has recently been developed for systems and control problems. 

Mentioned earlier, it takes as its input an appropriate set of 

sensitivities (efficiently generated by the adjoint sensitivity method) 

and produces globally optimal solutions to parameter estimation 

problems.. Applying such a tool to the solar structural inversion 

problem, eigenfrequency sensitivities obtained by the adjoint method 

can be used to generate a new solar model which yields computed 

eigenfrequencies that match a set of observed eigenfrequencies. 

Finally, this section closes with a personal philosophical 

viewpoint on how the solar structural inversion problem should be 

approached. The essay by Dijkstra (1982) on the role of scientific 

thought introduces a concept called "the separation of concerns." 

~t ~ try 
istic for all 
to study in 
isolation for 
knowing that 
aspects. 

to explain to you what to my taste is character
intelligent thinking. It is that one is willing 
depth an aspect of one's subject matter in 

the sake of its own consistency, all the time 
one is occupying oneself only with one of the 

But nothing is gained -- on the contrary! -- by tackling these 
various aspects simultaneously. It is what I sometimes have 
called "the separation of concerns", which, even if not 
perfectly possible, is yet the only available technique for 
effectively ordering one's thoughts that I know of. This is 
what I mean by "focussing one's attention upon some aspect": 
it does not mean ignoring the other aspects, it is just doing 
justice to the fact that from this aspect's point of view, the 
other is irrelevant. It is being one- and multiple-track 
minded simultaneously. 

Scientific thought includes "intelligent thinking" as 
described above. A scientific discipline emerges with the 
usually rather slow! discovery of which aspects can be 
meaningfully "studied in isolation for the sake of their own 
consistency" in other words, with the discovery of useful 
and helpful concepts. 
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This concept "the separation of concerns" -- should be 

applied to helioseismology, especially to one particular aspect of the 

field. This particular aspect is the research community's general 

insistence on introducing evolutionary treatments of the Sun, even when 

one is only interested in obtaining a "snapshot" picture of today's 

Sun. At GONG's recent annual conference meeting (April 1989), I was 

the lone voice arguing for the decoupling of evolutionary calculations 

from the solar structural inversion problem. As in the case of earth 

seismology, where the Earth's internal structure was determined without 

resorting to any kind of evolutionary theory, I believe that solar 

seismology is equally capable of determining the Sun's internal 

structure by utilizing only eigenfrequency measurements (and not 

relying on evolutionary theory). All of the uncertainties and built-in 

biases of solar evolution theory can be avoided by taking my approach 

and simply asking the question: "What do contemporary solar measure

ments tell us about the Sun's present-day internal structure?" Of 

course, some knowledge from solar evolution theory would still be 

utilized and modeling information would not be ignored. For instance, 

evolution theory does provide reasonable models for today's Sun. These 

"first guess" models could then be adjusted, using systems and control 

techniques, to 

eigenfrequencies. 

produce agreement between observed and computed 

The concept of "separation of concerns" has been applied on 

seismology. Mullan and Ulrich numerous previous occasions to solar 

(1988) noted that 

eigenfrequencies: 

evolution theory) 

there are two error sources in modeling solar 

errors in the current solar models (obtained from 

and numerical errors introduced by the (computer) 
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codes. 

(1986a) 

They analyzed only the latter errors 

was likewise cognizant of this 

in 

need 

their paper. Rouse 

for a "separation of 

concerns" when he stated: "Two sources of error are addressed, viz., 

the solar model calculations and the solutions of the solar oscillation 

equations." Shibahashi and Osaki (1981), who were DQ! operating under 

the notion of "separation of concerns," concluded: "Thus, major 

improvement in stellar evolution codes to achieve very high accuracy 

has to be made in the first place ... [to study eigenfrequencies]." 

I thoroughly disagree with the notion that evolution codes (of any 

quality) are a prerequisite to the study of helioseismology problems. 

Gough (1984b) decoupled evolutionary effects from his analysis of the 

Sun's internal rotation rate: "The inversion of the data does not 

refer to any specific model of the Sun, and therefore does not depend 

on the theory of stellar evolution." 

Brown, Mihalas and Rhodes (1986) were also aware of the 

benefits obtainable by "separating the concerns" and attacking smaller, 

more manageable problems: "Although mixing-length theory is essential 

for stellar evolution calculations, full dynamical calculations should 

be possible in the future for studying the present behavior of the 

convection zone, to learn more about the structure of the region and 

about the interaction between convection and pulsations." (I used 

underlines; they used italics.) In describing difficulties with the 

"direct" inversion method to obtain solar structure, they also 

described many of the drawbacks of using evolution theory in helio-

seismology: 

accuracy of 

the opacity, 

" ••. one must specify all the underlying physics, hence the 

the computed frequencies is limited by uncertainties in 

equation of state, modeling of convection, boundary 
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conditions, composition gradients in the core and nonadiabatic effects, 

particularly radiative transfer effects." 

In my formulation of the two-dimensional solar structural 

inversion problem, many of the above complicating factors are absent; 

these factors are purposefully separated or removed from the "full" 

problem and placed in the context of one or more other problems for 

later solution. This breaks up a large, very difficult problem into 

smaller, more readily solvable pieces. In my opinion, one should 

commence work on the more difficult problem of deciphering solar 

evolution only after one has obtained a solution to the basic solar 

structural inversion problem. A well-established constraint, the 

helioseismologically determined internal structure of today's Sun, 

would then provide a solid jumping-off point for this exercise. 

Summarizing, this chapter has presented a large menagerie of 

tools and approaches for solving systems and control problems. This 

dissertation selects some of these methods and assembles them into 

powerful new algorithms for solving some long-standing problems of 

helioseismology. 
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CHAPTER 5 

AVOIDING NUMERICAL DIFFICULTIES: COMPUTING SOLAR EIGENFREQUENCIES 
AND THEIR SENSITIVITIES VIA NOVEL APPLICATIONS OF EXISTING ALGORITHMS 

The astrophysical literature contains many instances where 

inefficient numerical methods are used to solve physical problems. The 

ultimate goal of obtaining greater physical insight into a problem is 

rarely compromised, however, by an author's choice of numerical 

solution technique. A computer may not be optimally utilized when the 

"best" algorithm is not employed, but the added work required to 

formulate, test, and implement a new solution procedure is often 

unjustifiable. The law of diminishing returns comes into play. 

Some astrophysical problems do exist, however, where switching 

from commonly used algorithms to new algorithms is justified. Two 

scenarios, in particular, mandate such a change. The first situation 

is when observational data of much higher precision become available 

and the standard numerical methods are incapable of generating at least 

equally precise theoretical predictions for comparison purposes. 

Outright failure to produce needed numerical quantities is a second 

reason to change algqrithms. When previously used recipes are either 

unable to generate sufficiently accurate results or cannot generate 

needed quantities to any precision, the old ways should be abandoned 

and new methods sought. 

The computation of solar eigenfrequencies and their sensi-

tivities are cases in point. The task of computing solar eigen-

frequencies is defined as follows: given an equilibrium model of the 
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Sun, compute the normal mode spectrum of eigenfrequencies. The task of 

computing solar eigenfrequency sensitivities is an extension of the 

above problem; it involves determining the behavior of eigenfrequencies 

with respect to changes in the solar equilibrium model. These changes, 

or sensitivities, may be thought of as partial derivatives, awe/8ll, 

where we is an eigenfrequency and n is some equilibrium model 

parameter. 

In his introductory report on "Solar Oscillations," 

Christensen-Dalsgaard (1984a) describes well the two scenarios 

mentioned above (where switching to new algorithms is justified): 

and 

... the great precision of the observed frequencies has led to 
careful considerations of the accuracy of the theoretical 
results, considerably beyond what has previously been required 
in stellar pulsation theory. 

Furthermore, despite the numerical work, we still lack a 
deeper understanding of the way the frequencies change when 
the models are modified. 

Two years earlier, Christensen-Dalsgaard (1982) had voiced a similar 

message: "Further improvements in the accuracy of the computed 

periods .•. are warranted by the precision of the observed periods." and 

"A more systematic investigation than has been attempted here of the 

sensitivities of oscillation periods to changes in the equilibrium 

model is needed before the potentials for hello-seismology can be fully 

assessed." Two years after the 1984 report his central message was 

essentially unchanged, quoting Christensen-Dalsgaard (1986a): "The 

main difficulty in seismological calculations is the need for very high 

numerical accuracy." 



In the case of the sun we are beginning to get an indication 
of how the oscillation frequencies are affected by changes in 
the solar models. • .. we are still far from a genuine 
understanding of the relationships. Further numerical work, 
together with more careful asymptotic analysis, are needed. 
The procedures used here, viz. the computation and comparison 
of models calculated with different parameters, is clearly a 
step in that direction; but an exhaustive study of all 
possible modifications would clearly be prohibitively time 
consuming. 
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(The introduction of an adjoint sensitivity analysis approach to solar 

seismology invalidates his last clause; an exhaustive study can be done 

in reasonable time.) 

Other voices have also joined in this "chorus." Reviewing 

"Solar Inverse Theory," Gough (1984a) said: 

It is certainly evident, therefore, that a systematic 
procedure is required for analyzing the eigenfrequencies to 
measure the equilibrium structure on a relatively small scale. 
In the present state of development of the theory, it is 
probably necessary to use such a procedure for much of the 
large-scale structure too, since the asymptotic approximations 
are not always reliable. 

Shipman (1988) reported that "Theoretical modeling of the sun with such 

precision (sO.OlpHz) is not currently available ... "; and Dziembowski, 

' Paterno and Ventura (1988) made the suggestion "that theoreticians 

construct very accurate equilibrium and pulsation codes to be ready to 

compare their results with the very accurate oscillation data which 

will come out from GONG observatories." (I believe that equilibrium 

codes -- used for computing current solar models via stellar evolution 

theory are not needed at this stage of helioseismology. Very 

accurate pulsation codes are sufficient for now; and the continuous 
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orthonormalization (CON) method beautifully fulfills this requirement 

of accurately computing solar eigenfrequencies.) 

~e naive approach of computing eigenfrequency partial 

derivatives (sensitivities) as the difference between equilibrium model 

results and perturbed model results is fraught with numerical 

difficulties. ~ere is, for example, the ever present problem which 

occurs when two nearly equal quantities are subtracted -- the numerical 

errors in the separate quantities may dominate the result. Further-

more, when perturbations are increased to the point where differences 

are larger than the individual numerical errors, the situation has 

often become nonlinear, and second order effects are significant. 

Oblow (1978) made this very point when he stated that "current 

sensitivity methods ... still rely on approximate methods for calculating 

sensitivities whose accuracy may be questionable if the changes in the 

data produce changes in the response that are either too large or too 

small." 

Takeuchi and Saito (1972), writing about seismic surface waves 

on the Earth, also addressed the difficulties encountered when 

approximating derivatives with numerical differentiations: 

It has been customary to compute group velocities by numerical 
differentiations of the dispersion curve, but as Jeffreys 
(1961) pointed out, significant figures are lost in the 
differentiation. A method suggested by Meissner (see Jeffreys 
1959, p.llO) avoids this difficulty and is now used widely in 
surface wave computation. 

Dorman and Ewing (1962) and Brune and Dorman (1963) proposed a 
least squares inversion method to derive the Earth model from 
observed data. ~eir method consists of computing partial 
derivatives of phase velocities with respect to layer 
parameters. An apparent shortcoming in their method is the 



numerical differentiations involved in the computation of 
partial derivatives. 
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Fortunately, the difficulties associated with numerical 

differentiations can be avoided. Polis (1983) addressed this issue in 

the context of distributed system parameter identification problems 

(DSPIPs): 

We now come to the crucial question of how to calculate the 
derivative. An obvious approach is to make "small" variations 
successively for each of the parameters. This approach may or 
may not work (it is always computationally expensive) the 
important point however is that this approach is not really 
necessary since a better method exists. Chavent's Method, 
first proposed in 1971, (see Chavent 1980) is based on an 
optimal control formulation of the problem and this method has 
now been employed in a variety of DSPIPs. This method allows 
definition of the adjoint equations and only required that the 
equations be solved twice. 

Earlier, a similar issue had been addressed by Oblow (1976). 

Using an adjoint approach, he obtained partial derivatives without 

resorting to numerical differentiation. Quoting his paper: 

It is valuable to have a sensitivity theory available for 
these problem areas, since it is difficult to repeatedly solve 
complex nonlinear equations to discover the effects of 
alternative input assumptions or the uncertainties associated 
with predictions of system behavior . 

... all the derivatives needed to evaluate sensitivity 
coefficients can be reduced to a procedure for solving a 
single linear adjoint equation for each response of interest. 

(In solar seismology, each "response of interest" is the particular 

eigenfrequency that one is ~n~lyzing.) Subsequent to this work, Oblow 

(1978) applied his sensitivity theory to nuclear reactor thermal-

hydraulics problems. He concluded that: 



This theory has the advantage of (a) being global in nature, 
in that the sensitivity to all data used in a calculation can 
be studied without a priori choices being made and (b) being 
fast and efficient, since only one additional set of equations 
needs to be solved for each response studied. 
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He did point out a possible drawback of the method the sensitivities 

need to be calculated repeatedly, for each current design point. (For 

example, when solving solar structural inversion problems by 

iteratively adjusting the solar equilibrium model, the eigenfrequency 

sensitivities to model changes must be re-computed at each iteration 

step.) But, continuing to quote Oblow (1978), 

... this is not a serious problem, and the theory has been 
successfully applied in many fields of engineering and 
physics. With all the experience that has been acquired using 
this theory, the advantages of the approach seem to far 
outweigh the disadvantages even for problems that are 
inherently nonlinear in nature. 

This tremendous savings in computer time compared with 
currently used response surface methods is a strong incentive 
to apply the adjoint approach whenever possible. Second, the 
adjoint functions offer strong physical insight into the 
processes that occur in any particular problem ... 

Returning to the topic at hand, helioseismology; the state of 

the art of solar (structural) inverse theory is still exemplified by 

the following partial abstract of Gough (1984a): 

Helioseismological inversion, as with the inversion of any 
other data, is divided into three phases. The first is the 
solution of the so-called forward problem: namely, the calcu
lation of the eigenfrequencies of a theoretical equilibrium 
state. The second is an attempt to understand the results, 
either empirically by determining how those frequencies vary 
as chosen parameters defining the equilibrium model are 
varied, or analytically from asymptotic expansions in limiting 
cases of high order or degree. A familiarity with at least 
the qualitative dependence of the eigenfrequencies on various 



properties of the solar model is necessary not only for 
personal enlightenment but also for arming oneself to inter
pret the rather more abstract third phase. That phase is to 
pose and solve an inverse problem, which seeks to find a 
plausible equilibrium model of the Sun whose eigenfrequencies 
are consistent with observation. 

132 

Based on earlier remarks and the findings of other researchers 

in many fields, there is a glaring deficiency in the "second phase" of 

the theory, namely: the importance of obtaining accurate values for 

the eigenfrequency sensitivities with respect to parameters of the 

solar equilibrium model is vastly underemphasized. Empirical, 

asymptotic, and qualitative approaches for obtaining sensitivities are 

poor substitutes for the proper quantitative tools; the "third phase" 

(posing and solving an inverse problem) is difficult enough to perform 

even when given exact sensitivities. 

This matter of how to compute the sensitivities is not one to 

be taken lightly, since the accuracy of the sensitivities can be the 

decisive factor in the ultimate success or failure of later analysis 

stages (such as inversion). According to Bandler and Zhang (1988), 

"The use of exact gradient information au;a~ significantly improves the 

effectiveness of an optimization algorithm." and Polis (1983) states 

that " ... it is extremely important to be able to correctly calculate 

these derivatives.• 

The remainder of this chapter outlines a "cure" for the current 

unsatisfactory situation in helioseismology. Existing numerical 

techniques are applied in new ways to the computation of two sets of 

basic quantities solar eigenfrequencies and their sensitivities with 

respect to changes in the solar equilibrium model. General details of 
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the new methods are presented in this chapter; full, specific details 

are given in chapter 7 and appendix A. 

In earth seismology, certain computer programs have moved to 

the forefront and become standards of the field. For example, quoting 

Suetsugu and Nakanishi (1987a), "For the calculations of eigenperiods 

and partial derivatives, we used the computer program EOS written by 

Adam Dziewonski." Hopefully, this dissertation will become the role 

model for a similar class of computer programs in helioseismology, 

with solar eigenfrequencies and eigenfrequency sensitivities being 

computed via the continuous orthonormalization and adjoint methods, 

respectively. 

5.1 The Continuous Orthonormalization Method for Solving Stiff 
Systems of Ordinary Differential Equations 

According to Meyer (1987a), "Continuous orthonormalization is 

not new but still quite unexplored." Abramov (1962) considered the 

problem first, writing a paper entitled "On the transfer of boundary 

conditions for systems of ordinary linear differential equations." The 

CON method is also mentioned in a textbook (Bakhvalov 1973), where 

(quoting Meyer 1987a) "it is contrasted to the closure of the well

known discrete (Godunov-Conte) orthonormalization method." (Abramov 

(1962) and Bakhvalov (1973), however, did not present numerical 

examples of the method, presumably because some of the numerical 

subtleties were still not being correctly handled by them.) 

The standard approach to solving stiff systems of ordinary 

differential equations, the discrete orthonormalization method 

(abbreviated DON), is also known as parallel shooting; see Conte (1966) 
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for details. Discussions with Ferguson (1980) led me to the DON method 

for computing solar eigenfrequencies; he pointed out the key work by 

Keller (1976) which described the method and also described how to 

convert eigenvalue problems into two-point boundary value problems and 

thence into initial-value problems. (As described in section 3.2, the 

calculation of solar eigenfrequencies may be reduced to the solution of 

a series of two-point boundary value problems.) From the beginning, 

I was concerned with a major difficulty of the discrete ortho-

normalization method. 

in certain steps of 

chosen ... " This is 

There was a lack of rigor (according to Keller) 

the method, for example: "Somehow nodes are 

exactly the same problem faced by solar 

seismologists when they are selecting a mesh of radial points on which 

to "hang" the solar oscillation difference equations. 

My earlier approach to computing solar eigenfrequencies (using 

the DON method) was essentially a "souped up" version of the method 

suggested by Gabriel and Noels (1976). (When I developed the approach, 

however, I had no prior knowledge of their work.) Instead of solving 

differential equations (3.1-3.4) as a series of constant coefficient 

problems across the radial zones and then piecing the results together, 

I used polynomial splines to better approximate the slowly varying 

coefficients within the radial zones, thereby yielding more accurate 

numerical integrations of the ODEs across the zones. (Also, I followed 

a technique from Hochstadt's (1964) book and used Euler's equation to 

handle the special case of the central radial zone, where the 

singularity at r-0 occurs.) 

The mesh selection problem (choosing the size of the radial 

zones) was handled in the following way. A "once and for all" grid was 
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set up to handle a specific region of the v-l eigenfrequency spectrum 

(see figure 3.1). All normal modes (whether p-, g-, or £-modes) could 

then be analyzed by using only one grid of radial mesh points. The 

lower and upper limits on l were 1 and 30, respectively. The upper 

limit on v was fixed at =SmHz but the lower limit on v varied with l, 

becoming larger as l increased; high-order g-modes were outside of the 

chosen v-l region. The following requirement was imposed on the mesh 

spacing: for any v or l in the above v-l region, and for any radial 

mesh point ri inside the Sun, the condition ~max·((ri+l-ri)/ri)s0.2 

was enforced. If the condition was not met, additional radial mesh 

points were inserted. The maximum magnitude eigenvalue, ~max' was 

defined by ~max-max(1~1 1.1~2 1,1~3 1,1~4 1), where the four ~'s were the 

eigenvalues of the coefficient matrix in equations (3.1-3.4) at radius 

ri. The ~'s were computed using the EISPACK subroutines of Garbow et 

al. (1977). Finally, the value of 0.2 was chosen in the above 

inequality criterion because, for a diagonal matrix, it roughly 

corresponds to a solution growing or damping by about 20% across a 

radial zone. This criterion, combined with a third degree spline 

polynomial approximation to the differential equation coefficients, 

yielded eigenfrequencies correct to about 4 significant digits 

(comparison tests were run using finer meshes). To meet this 

criterion, about 1400 additional radial points were added to the 

original 282 tabulated points of Saio's (1982) solar equilibrium model. 

With this type of approach, as with all other previously 

attempted approaches in the literature, there was no cost-effective way 

to significantly improve the accuracy of the computed eigenfrequencies. 
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(Mullan and Ulrich's (1988) approach for computing high accuracy 

eigenfrequencies has been tested only for polytropes and with the 

Cowling approximation imposed. It remains to be seen whether their 

approach can be applied under less restrictive assumptions.) Expanding 

the v-l region, so that high-degree (1>30) normal modes and high-order 

g-modes could be analyzed, was also out of the question; enormous 

numbers of additional mesh points would be required. Under these 

circumstances, you can imagine my delight when, while browsing through 

volumes of a "new" journal which I had recently discovered, a title 

caught my attention -- Continuous Orthonormalization for Boundary Value 

Problems (Meyer 1986) and, upon glancing at the paper's abstract, I 

knew in an instant that I had found the solution to all of the above 

computational difficulties. 

The continuous orthonormalization (CON) method has been 

published in very few papers. As of September 1987, Meyer (1986) and 

Davey (1983) were the only two papers seen by this author which 

actually used and tested the method on particular problems. In a 

private communication with Meyer (1987b), he pointed out the existence 

of two additional papers on continuous orthonormalization: one by van 

Loon and Mattheij (1985) and a forthcoming paper by himself (Meyer 

1987a). 

The abstract of Davey (1983) gives an excellent overview of the 

CON method: 

A new initial-value method is described, based on a remark 
by Drury, for solving stiff linear differential two-point 
eigenvalue and boundary-value problems. The method is 
extremely reliable, it is especially suitable for high-order 
differential systems, and it is capable of accommodating 



realms of stiffness which other methods cannot reach. The key 
idea behind the method is to decompose the stiff differential 
operator into ~ non-stiff operators, one of which is 
nonlinear. The nonlinear one is specially chosen so that it 
advances an orthonormal frame, indeed the method is 
essentially a kind of automatic orthonormalization; the second 
is auxiliary but it is needed to determine the required 
function. The usefulness of the method is demonstrated by 
calculating some eigenfunctions for an Orr-Sommerfeld problem 
when the Reynolds number is as large as 10°. 
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The above "remark by Drury," refers to Drury (1980), where he 

suggested, but did not use the method for solving the Orr-Sommerfeld 

equation. (Orr-Sommerfeld eigenvalue problems are problems which deal 

with the most unstable mode in the linear stability analysis of plane 

Poiseuille flow. They can be extremely difficult to solve and hence 

they are often used to severely test various solution algorithms, such 

as computer codes which are particularly designed to solve stiff 

systems of equations. See England (1983) for an example of an Orr

Sommerfeld problem.) 

The term "stiff," as .used by Davey (1983), has its usual 

meaning in the mathematical literature of differential equations: when 

two linearly independent solutions become nearly linearly dependent 

upon integration over a short interval, the system is said to be stiff. 

Another way to state this is that the local eigenvalues of the 

differential equation are widely separated. The usual formulation of 

the solar eigenvalue problem is an example of a stiff system. 

Porter and Crossley (1972) quote a passage from Lord Rayleigh's 

book, the Theoty of Sound: "but there is one system of coordinates 

which is especially suitable ... " This statement is very descriptive of 

continuous orthonormalization, since the CON method defines and 



138 

advances an orthonormal basis set, thereby effectively avoiding the 

numerical pitfalls of "stiffness." 

As discussed earlier, using the CON method removes a major 

procedural difficulty which occurs in standard approaches to the solar 

eigenvalue problem: how to select the set of mesh points on which the 

solution is placed. The mesh must be capable of accurately 

representing extremely rapid changes in high-order modes. Typically, 

1000 to 2000 points are used (Scuflaire, Gabriel and Noels 1981; 

Shibahashi and Osaki 1981; and Kidman and Cox 1987); in some instances 

Mullan and Ulrich (1988) used almost 10,000 points. As Christensen

Dalsgaard (1984a) states, "The importance of the distribution of mesh 

points used in the calculation should also be stressed; different 

meshes are required for p and g modes, and these meshes in turn 

generally differ from the mesh used to calculate the equilibrium 

model." Even the technique of Gabriel and Noels (1976), which finds 

analytic solutions of constant coefficient differential equations over 

the mesh intervals and then pieces them together for a global solution, 

is saddled with the mesh selection problem. The fact that the solar 

eigenvalue problem is a stiff problem manifests itself in this fashion. 

The CON method avoids these difficulties in mesh selection by 

transforming the problem to a non-stiff one, so that eigenvalues may be 

found by using standard integration routines operating on the known 

derivative functions. Step sizes are generated internally by the 

integration algorithm, based on input parameters which specify the 

desired solution accuracy. Due to the nature of the CON method, the 

step sizes required by it are much larger than the corresponding mesh 

spacings needed by finite difference methods (to produce comparably 
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accurate eigenfrequencies). The expressions for the derivatives are 

given by equations (3.1-3.4) and depend only on l, * w, and A (r), U(r), 

Vg(r), and c1(r); these quantities are defined in section 3.1. The 

four functions dependent on the solar radius, r, are approximated by 

suitable polynomials on the equilibrium model's mesh of tabulated 

radial points. 

* The four functions, A (r), U(r), Vg(r), and c1 (r), together 

with the imposed boundary conditions and other input physics (such as 

the assumptions of spherical symmetry and decoupled convection and 

oscillations) may be thought of as the fixed, or given, solar 

equilibrium model. The Saio (1982) equilibrium solar model defines the 

above four radial functions in tabular fashion. Figures 3.2 and 3.3 

display the functions N2(r) and log10 

values and 

Using these graphical 

* the equations found in section 3.1, A (r), U(r), Vg(r), and 

c1(r) may all be obtained. Valid arguments can be made concerning how 

closely this equilibrium solar model corresponds to the real Sun; 

however, that is not of concern here. The important point is to simply 

have a solar equilibrium model which is explicitly defined on the 

continuum of all radial points between the Sun's center and surface. 

Then the CON method can be employed, generating a set of very accurate 
_1 

eigenfrequencies (relative errors less than 10 ) for that particular 

solar model. The CON method efficiently solves the forward problem, or 

"first phase" of Gough (1984a), to this accuracy. 

To develop the notation and elucidate the CON method in the 

context of an easy problem, a modified simple harmonic oscillator 

problem is examined in section 6.2. Chapter 7 presents many more 

details of computing solar eigenfrequencies with the CON method. 
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5.2 Tbe Adjoint Method for Computin~ Ei~enfrequency Sensitivities 

This method bas been used extensively in the areas of optimal 

processes and optimal control theory (see section 4.1). Pontryagin et 

al. (1962), Leitmann (1962), Athans and Falb (1966), and Young (1969) 

are excellent sources which cover this field from theory to 

applications. In typical problems arising in this field, one is given 

an integral scalar performance functional (for example, some calculable 

figure of merit which is to be optimized), then the variational 

calculus is used to derive an equation for its vector sensitivity with 

respect to a vector of designable parameters. Finally, using this 

information, the scalar performance measure is driven to an extreme 

value. 

In Hachtel and Rohrer (1967), which is reproduced in Director 

(1973) as a "benchmark" paper in Computer-Aided Circuit Desi~n, they 

use the above type of approach for optimal switching-circuit design. 

They show "that the variational approach retains, typically, an M-fold 

computational advantage over conventional step-and-repeat methods in 

determining the sensitivity of a scalar performance function to M 

design parameters." Their work is closely followed here, with suitable 

changes made to their terminology. Their switching-circuit design 

language becomes translated, or converted, to the application of 

computing solar eigenfrequency sensitivities. Also, since the solar 

application requires some special handling regarding the matter of 

boundary conditions, these changes will also be addressed. 

Translating the method of Hachtel and Rohrer (1967) so that it 

can be applied to the calculation of solar eigenfrequency sensitivities 

is somewhat lengthy and involved. To aid in this process, a dual 
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equation labeling scheme will be temporarily followed in this section: 

immediately after my number for the equation, their equation number 

follows, prefaced with the letters "HR." Much of what follows is a 

paraphrasing of their brilliant work (which won an IEEE paper of the 

year award); this paraphrasing was done so that the transition from 

their circuit analysis to the solar sensitivity analysis of this 

dissertation would be easier to follow. 

The oscillating "state of the Sun" at a given radius is assumed 

to be characterized by a state vector of N components 

, (S.l,HR-1) 

where superscript "T" indicates transpose and N (-4) is the number of 

independent degrees of freedom. These are the same y variables found 

in Unno et al. (1979) and Dziembowski (1971); they are defined by 

equations (3.13-3.16). The state vector y is constrained to satisfy 

the set of N first-order ordinary differential equations 

y - F(y,p,lnx) , (5.2,HR-2) 

which will be referred to as the state equations. These equations 

correspond to equations (17.14-17.17) of Unno et al. (1979) and are a 

shorthand notation for my equations (3.1-3.4). The "dot," appearing' on 

the left-hand side, is defined as total differentiation with respect to 

lnx, where x is the fractional solar radius, x-r/R. (Differentiation 

with 

.lnr.) 

respect to lnx is identical to differentiation with respect to 

The variable .lnx ranges from 0 at the solar surface to -30 (or 
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some other suitable large negative number), which represents a radial 

point very near the solar center. In fact, lnx--30 corresponds to a 

point only 65 microns away from the solar center. Note that the 

independent variable for this application is lnx, a quantity related to 

distance. This definition of the independent variable is in marked 

contrast with the vast majority of control and optimization research 

papers appearing in the literature. They most frequently have time as 

the independent variable. 

The symbol p represents a vector of M designable parameters: 

. (5.3,HR-3) 

The vector p is bounded by parameter bounding vectors pu and p2, so 

that for each component of the vector 

. (5.4,HR-4) 

The bounds are determined by reasonable physical limitations on the 

parameters (for example, positivity of density and temperature), but 

their actual values are of no further concern in the computation of 

eigenfrequency sensitivities. (The bounds are mainly introduced to 

avoid mathematical difficulties when parameters approach±~.) 

The components of p are regarded as the "design" or adjustable 

parameters of the solar equilibrium model. These parameters can 

represent many different quantities; for example, they could be the 

values of w and 2 (the trial eigenfrequency and spherical harmonic 

degree number) or they could be perturbations or changes in the w and 1 
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values. Similarly, they could represent small perturbations in the 

four radial functions * A (x), U(x), V (x), g and c1 (x) at literally 

hundreds of radial zones or bins between the solar center (x-0) and the 

solar surface (x-1). 

It is this extensive parameter usage which makes the adjoint 

method so powerful and useful for sensitivity and inversion analyses. 

When M equals 100 to 1000, the adjoint method enables all 100 to 1000 

of an eigenfrequency's sensitivities to be accurately computed at a 

cost which is comparable to that of computing a single eigenfrequency. 

Aside from this benefit of great efficiency, another benefit results 

from the great freedom which one has in choosing the model "design" 

parameters. A "picket fence" set of parameters representing deviations 

* away from the functions A , U, Vg, and c1 is the natural choice for 

inversion analyses. Compared to the historical usage of eigenfunctions 

as the sampling functions in inversion problems, a "picket fence" set 

of sampling functions can approximate the desired delta function 

responses much more accurately and efficiently. (Teo et al. 1987 used 

a similar parameterization piecewise constant functions -- to solve 

the optimal control problem of maximizing the range of an aircraft-like 

projectile.) 

To further illustrate the benefits of the adjoint method in 

solar structural inversion problems, two examples of previous 

approaches are presented next. They are given by equation (3.3.3) of 

Brown, Mihalas, and Rhodes (1986) and equation (4.4) of Gough (1984a), 

respectively reproduced here as: 
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(5.5) 

and 

(5.6) 

The functions f and S depend in complicated ways on the solar 

equilibrium model (X0 ), the eigenfunctions <e 0 ), and the value of r 

within the Sun. In the usual formulation of an inversion problem, one 

is given a set of values for 6w, the differences between theoretical 

(computed) eigenfrequencies and observed eigenfrequencies. Equations 

(5.5) or (5.6) are then solved for 6p(r) and/or srl(r). In 

mathematical parlance, equations (5.5) and (5.6) are Fredholm integral 

equations of the first kind, equations which are known to be 

notoriously difficult to solve (Baker 1977 and Delves and Walsh 1974). 

The above situation is contrasted with that of the adjoint 

method. * Partial derivatives 8w/8A , 8wjac1 , 8w/8U, and 8w/8Vg are all 

computed very efficiently and explicitly as functions of r and do not 

depend on the eigenfunctions eo; instead, they depend on the adjoint 

solution l(lnx), obtained as a solution of equation (5.20) (which 

follows). Using the identity p-(U/c1)·p/3, 6p(r) may be estimated in a 

fairly straightforward manner from the known 6w values and the above 

8w/8p(r) sensitivity values (in particular, 8w/8U(r) and aw;ac1(r)). A 

conceptually simple matrix equation is solved for the equilibrium model 

changes, 6p: (6w) - (8w/8p) · (c5p). Instead of "c5w" and "c5p" being 
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related via a complicated Fredholm integral equation of the first kind, 

as in equations (5.5-5.6), the quantities 8w/8p are explicitly 

obtainable from the adjoint solutions. 

By definition, the components of p (the parameter vector) are 

constrained to remain constant as a function of position. That is, 

p- 0 . (5.7,HR-5) 

Parameters representing radially binned perturbations of the functions 

* A , U, Vg, and c1 satisfy this constraint. At first glance it might 

appear that radially binned perturbation parameters depend on position 

and thus, in general, p~O. This is not the case, however, as may be 

seen by a simple physical analogy. The temperature inside an oven 

depends on position, but the temperature at a given location inside the 

oven does not depend on position. The latter description is analogous 

to radially binned perturbation parameters, and hence p-0. 

Continuing the paraphrasing of Hachtel and Rohrer (1967), 

the design vector p is chosen so that the integral scalar performance 

functional 

J
..tnx-o, surface 

P(p)- h(y[p,.lnx],p,.lnx) d.lnx 
.lnx--30, center 

(5.8,HR-15) 

of the instantaneous performance function h is minimal. The adjoint 

technique, described more fully below, generates values for the vector 

8P/8p very efficiently. This is the key property needed to generate 

all of the solar eigenfrequency sensitivities. Unlike the situation in 
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the circuit design problem, however, the quantity P(p) need not be 

driven to an extremum for the solar application, only the 8P/8p are of 

interest for computing eigenfrequency sensitivities. 

The proper selection of h for use in the solar eigenfrequency 

sensitivity problem was ~ critical step in the adjoint method's 

application, requiring much thought. For determining eigenfrequencies, 

a quantity called the discriminant is defined: 

~ - det( B t ·y(surface) J ou er (5.9) 

where B t is a matrix representing the outer boundary conditions and ou er 

y(surface) is a matrix of solution vectors at the surface. The 

discriminant ~ equals zero if and only if a trial w is an eigen-

frequency. (Alterman, Jarosch and Pekeris (1959), Takeuchi and Saito 

(1972), Burridge (1976), and Bullen and Bolt (1985) all used this 

discriminant approach to compute eigenfrequencies.) To cast the solar 

eigenfrequency sensitivity problem into a form which can also make use 

of this discriminant approach, the function h is defined by 

h- d~nx·det( Bouter·y(1nx) J (5.10) 

Thus, substituting equation (5.10) into equation (5.8) and using 

equation (5.9), 

P(p) - ~ - det( B t ·y(center) J ou er (5.11) 
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Hence, a combined knowledge of both 8P/8p (from the adjoint method) and 

Q_a ·det( B t ·y(center) ), which can be evaluated explicitly, enables 
p ou er 

86/8p to be computed. 

Recalling that p may represent the parameter w as well as any 

* radially binned variation pi in, for example, A , the discriminant ~ 

may be expanded in a Taylor series as 

When one is at an eigenfrequency (call 

2M_ 
a ·dp. 

. pi 1 
1 

it w ), 
e 

(5.12) 

the right-hand side 

quantities ~O' dpi' and dw are all zero, resulting in ~-0. To maintain 

~-0 (the property of being at an eigenfrequency), the eigenfrequency 

sensitivity is given by 

--[M-);(M) api aw (5.13) 

(See Mantey (1968), who also used this approach to compute eigenvalue 

sensitivities.) The two quantities on the right-hand side of equation 

(5.13) are available from the 8P/8p vector. A question arises about 

equation (5.13) concerning what happens when the denominator a~;aw 

equals zero at an eigenfrequency. This corresponds to the case of a 

multiple eigenvalue or a mode "crossing." This topic is taken up 

later, but it suffices to state here that for the Saio (1982) 

equilibrium solar model all of the eigenfrequencies are isolated, that 

is, the quantity 86/8w is nonzero at all eigenfrequencies. 
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Returning to the developmental details of the adjoint method 

and quoting directly from Hachtel and Rohrer's (1967) Section IV (with 

some modifications to variable names), the difficulty in obtaining the 

gradient of equation (5.8), 

Qf L J..enx-0, surface 
a - a h(y[p,lnx] ,p,lnx) dlnx ' 

P P ..tnx--30 center , 
(5.14) 

is that the value of the state vector y at location 1nx depends on p. 

However, ay[p,1nx]/8p may not be obtained analytically because the 

functional dependence of y on p and lnx is known only through solution 

of the state differential equations (5.2). This difficulty is overcome 

by the introduction of a Lagrangian function. 

At this point, the development of Hachtel and Rohrer (1967) is 

no longer followed. In several discussions with Rund (1987), he noted 

that their equations (HR-22) and (HR-23) were in error, leading to a 

faulty proof of equation (HR-40). Their final expression for 8P/8p 

was, however, correct. It was confirmed both by the development below 

and also by chapter 6's simple test cases involving two example simple 

harmonic oscillator problems. 

A Lagrangian function, L, is introduced with the equation 

L(y,y,p,AT,lnx)- h(y,p,lnx) +AT·( y- F(y,p,lnx) ) , (5.15) 

where 

(5.16) 
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is a Lagrangian multiplier. The A-vector is the adjoint state vector; 

superscript "T" indicates transpose. 

Since equation (5.2) holds, equation (5.8) may be rewritten as 

_ Jlnx-0, surface 
P(p) L(y,y,p,AT,lnx) dlnx 

lnx--30, center 
(5.17) 

P(p) is thus a functional of the Lagrangian function L(y,y,p,AT,lnx). 

To evaluate 8P/8p, take the variation of P with respect to the 

T arguments y, y, p, and A . The variation 6P reads 

J

lnx-0, surface ( ) 
6P ~L · oy + ~-oy + ~·op + BLT·OAT dlnx . (5.18) 

- lnx--30, center Y 8y P 8A 

Applying integration by parts to the second term, evaluating the 

partial derivatives, and using (5.2) to simplify 8L/8AT, equation 

(5.18) reduces to 

Ilnx-0, surface [ ( Qhahy _ AT.QE dAT ) 
oP - a - dlnx · oy 

lnx--30, center Y 

(5.19) 

+ ( Qh - AT· Ql ) · op ] dlnx + ap ap 
T llnx-0, surface 

A ·6y 
lnx--30, center 

Because P(p) is a function of p alone, 6P must depend only on p and op, 

and consideration must therefore be limited to trajectories for which 

(5.20) 
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This is identical to the Euler-Lagrange equation 

.21 _d_(Q1)-o 
8y - d.tnx" ay (5.21) 

and is called the adjoint state equation. Equation (5.19) may thus be 

rewritten as 

J.tnx-0, surface ( ) 
oP Qh - AT.al ·op d.tnx 

- .tnx--30 center ap ap , 

(5.22) 

T T +A (surface)·oy(surface) -A (center)·oy(center) 

The surface transversality condition is imposed as 

T A (surface) - 0 (5.23) 

since oy(surface) is unconstrained. 

Account must finally be taken of the fact that the central 

state of the system is constrained. The central state constraint may 

be written as 

(5.24) 

This equation establishes a relationship between 6y(center) and op, 

called the central transversality condition. This condition reads 
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6y(center)-- ( 8Gcenter )-1·( 8Gcenter )·6p 
8Ycenter ap 

(5.25) 

Using equations (5.23) and (5.25) in equation (5.22) and the fact that 

p is independent of lnx, one finally arrives at the gradient equation 

( 
8G ) -1 ( P T center ~- +~ (center)· a . 

P Ycenter 

aGcenter ) 
ap 

Qh - ~T.H dlnx J
lnx-0, surface ( ) 

+ lnx--30, center ap ap 

(5.26) 

Equation (5.26) is identical to the Hachtel and Rohrer result given by 

their equation (HR-40). It is the key equation for the eigenfrequency 

sensitivity computation. The adjoint state equation (5.20) with initial 

C'ondition (5. 23) is integrated from ..enx-0 (surface) to ..enx--30 (very 

near the center), making available ~T(lnx) for use in equation (5.26). 

For all of the radially binned parameters, the partial derivatives 

8h/8p and 8F/8p in equation (5.26) are zero everywhere, except within 

the radial bin where the parameter is defined. 

To further elucidate the adjoint method for computing 

eigenfrequency sensitivities, an example simple harmonic oscillator 

problem is examined in section 6.1. In chapter 7, the CON method is 

applied to the computation of solar eigenfrequencies and, secondly, a 

combination of the CON method and the adjoint method are applied to the 

computation of eigenfrequency sensitivities. Appendix A collects all 

of these procedural details in one place; it should be followed when 

programming these methods for implementation on a computer. 



CHAPTER 6 

SOLUTIONS OF TWO EXAMPLE SIMPLE HARMONIC OSCILLATOR PROBLEMS 
USING THE ADJOINT AND CONTINUOUS ORTHONORMALIZATION METHODS 
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To demonstrate the usage and to verify the correctness of the 

adjoint and continuous orthonormalization (CON) methods, two different 

contrived simple harmonic oscillator problems are posed and solved. 

In the first problem the adjoint method is used to compute discriminant 

sensitivities (which are closely related to eigenfrequency partial 

derivatives). The second problem shows how the CON method may be used 

to compute eigenfrequencies. The solutions for each of these two 

problems are also computed by standard approaches, with the ensuing 

results shown to be equivalent or identical to the results obtained via 

the more exotic approaches. 

The two sample problems are constructed to illustrate subtle 

points of the adjoint and CON methods. These points include the 

following: the relationship between the discriminant 6 and the 

functional P (see equation (5.11)), the proper handling of boundary 

conditions, and the manner in which splitting up the independent 

variable's domain (also called "binning") affects the computational 

procedure. 

Some variables used in this chapter have a different meaning 

than in other chapters. For example, here the independent variable is 

x, while in chapter 5 it was 1nx. These differences are irrelevant to 

the demonstration purposes of this chapter. The meaning of variables 
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both here and elsewhere is either locally defined or is immediately 

apparent from the context. 

6.1 Ihe Adjoint Method for Solving a Simple Harmonic 
Oscillator Problem 

The example problem considered here is that of computing 

discriminant sensitivities for a simple harmonic oscillator. These 

quantities are very useful, since eigenfrequency sensitivities may be 

computed from them (as in equation (5.13)). · For this problem, the 

given domain of the independent variable xis the interval [0,1]. To 

demonstrate the procedure and effects of "binning," this interval is 

subdivided into two equal pieces or bins. (When solving actual 

problems in helioseismology, the radial interval inside the Sun between 

its center and surface is split into hundreds or even thousands of 

bins. To reduce the complexity of hand calculations in the example 

problem treated here, only two bins are used. This simplification, 

however, still reproduces all of the qualitative features which appear 

in large, multiple-bin problems.) Matrix notation is used to display 

the differential equations governing this particular simple harmonic 

oscillator: 

0 

( - (k+p)2 
for X£[0,1/2] (6.1) 

and 

1 ) . ( y,) for X£ [ 1/2 , 1] . 
0 y 

(6.2) 
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Primes denote differentiation with respect to the independent variable 

x. There is a relatively simple physical interpretation of this 

system, namely, it describes oscillations which occur in a medium 

composed of two distinct parts. One half of the medium, located in the 

first bin, has a "stiffness" k which is slightly perturbed by an amount 

p. Similarly, the second half of the medium has "stiffness" k1 which 

is slightly perturbed by an amount p1 . The variable y represents some 

sort of displacement or perturbation in a physical quantity. 

Next, the boundary conditions 

, 
a 0 (k)·y(O) + b0(k)·y (0)- 0 (6.3) 

and 

, 
a1 (k)·y(l) + b1 (k)·y (1)- 0 (6.4) 

are imposed on the system of equations (6.1-6.2). (Usually, if this 

represented an actual physical problem, the functions a1 and b1 would 

depend on k1 , not k. Here the functions a1 and b1 are chosen to depend 

on k because it illustrates a complication which arises in the solar 

problem. This complication is the appearance of a parameter (like k) 

in both boundary conditions and also in the coefficients of the 

differential equations.) 

For this problem, k is treated as the parameter (or trial 

eigenvalue) which is adjusted until equations (6.1-6.4) are satisfied. 

When this happens, k is an eigenvalue. Variations of k and k1 within 

the two respective bins are described by the small parameters p and p1 . 
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With no loss of generality, the equilibrium values for p and p1 may be 

set to zero by simply redefining the values of k and k1 . To 

demonstrate the adjoint sensitivity method, partial derivatives of the 

discriminant ~ (see equation (5.9)) with respect to the three 

parameters p, p1 , and k will be computed. But first an explicit, more 

conventional method is used to compute the same three partial 

derivatives. The results are subsequently shown to be in agreement 

with those produced by the adjoint method. (A comparison of 

discriminant partial derivatives with respect to k1 need not be 

performed since those derivatives are identical to the partial 

derivatives with respect to p
1

.) 

The solution of equation (6.1) subject to boundary condition 

(6.3) is 

y(x) 
ao . 

- (k+p)s1n(k+p)x - b0cos(k+p)x 

(6.5) 
, 

y (x) - aocos(k+p)x + bo(k+p)sin(k+p)x 

, 
for X£[0,1/2]. Imposing a continuity condition, values for y and y 

are matched at the boundary between adjacent bins (x-1/2). The 

solution of equation (6.2) is then given by 

(6.6) 
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for x£[1/2,1]. 

The discriminant for satisfaction of the remaining boundary 

condition at x-1 is obtained by equating A with the left-hand side of 

equation (6.4): 

[ ( 
ao k+p k+p ) kl+pl 

6 - a1 (k+p)sin( 2 ) - b0cos( 2 ) cos(---2---) 

(6.7) 

where a0 , b0 , a1 , h1 are all known functions of k. When the discrim

inant 6 equals zero, k is an eigenvalue. 

The three partial derivatives of 6 evaluated at p-p
1
-o may be 

obtained explicitly from equation (6.7); they are given by the 

following three equations: 

(6.8) 
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(6.9) 

[ )[ ~k a k ~k1 ) 
+ a

0
cosk

2 
+ b

0
ksink

2 
· -

2
sin:l

2 
+ :l_

2
k cos:l2 - 2sin----2 k 1 

1 

and 

Equations (6.8-6.10) are the known results for the discriminant partial 

derivatives against which the adjoint formalism results must be 

checked. 

The adjoint method is now used to compute the discriminant 

partial derivatives. First, the function h is defined in a manner 

analogous to equation (5.10): 
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h- ~·( B·y(x)) (6.11) 

where, from equation (6.4), B- ( a 1 b 1 ). 

6.2), his explicitly given by 

Using equations (6.1-

) . ( 0 
1 ) . ( y~x) ) 

h - ( a 1 bl 2 
-(k+p) 0 y (x) 

(6.12) 

b1 >·( 
0 

1 ) . ( y~x) ) or ( al 2 
-(kl+pl) 0 y (x) 

The two different values for h given in equation (6.12) correspond to 

the situations when xe[O,l/2] and xe[l/2,1], respectively. This 

convention is repeated in equations (6.13-6.21): The "or" on the 

right-hand side of the equations separates the results for the two 

respective x intervals or bins. 

derivatives of h at p-p
1
-o, one obtains: 

Qh 
ay 

Qh ( 0 ap- < al bl )· 
-2k 

Qh 
ak 

or 

~ ) 

After evaluating the partial 

~ ) (6.13) 

(6.14) 

(6.15) 



( aa1 ah1 ) . ( 0 1 ) . ( y~x) ) 
+ ak ak -k2 0 y (x) 

( aa1 ::1 ) . ( 
0 1 ) . ( y~x) ) or ak -k2 

1 0 y (x) 

The function F, from equation (5.2), is given by 

F - ( 
0 

1 ) . ( y~x) ) 
2 - (k+p) 0 y (x) 

( 
0 

1 ) . ( y~x) ) or 2 
-(kl+pl) 0 y (x) 

The partial derivatives of F (evaluated at p-p1-0) are given by 

aF 
ay 

Ql. 
ap ( 

0 

-2k 

Ql._ ( 00 ) apl -

H- [ o 
ak -2k 

~ ) or ~ ) 

or 
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(6.16) 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

Rearranging equation (5.20) and modifying the independent variable from 

lnx to x, the adjoint state equation is given by 



d.XT _ Qh _ .xT . .dl 
dx ay ay 
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(6.22) 

where .XT(x) is a Lagrangian multiplier called the adjoint state vector. 

Using the initial condition .XT(x-1)-0 (the surface transversality 

condition, corresponding to equation (5.23)) and equations (6.13,6.18), 

an integration away from x-1 toward x-0 yields the following results 

T for the components of .X : 

(6.23) 

for Xf[l/2,1] and 

(6.24) 

for Xf[O,l/2]. 
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The initial state (x-0) transversality condition corresponding 

to equation (5.24) is 

(6.25) 

The first row in equation (6.25) is simply a restatement of boundary 

condition (6.3) and the second row is a statement that y0--b0 and 

y0-+a0 at x-1 (as seen from equation (6.5) by substitution). From 

equation (6.25) one obtains 

QQ._ - [ ao bo) 
ayo -bo ao 

(6.26) 

(QQ._) -1 _ ( ao -bo ) 
I 

2 2 
8Yo b 

(ao+bo) 
0 ao 

(6.27) 

QQ 8G [ : ) 8p 8p1 
(6.28) 

8G [ aaof8k ab0;ak ) . ( y ~ ) 
8k -ab0;ak aa0/8k Yo 

(6.29) 

- [ 0 
) 

2(a0 -aa0;ak + b0 -ab0;ak) 

Substituting y0--b0 , y0-+a0 , equation (6.29) reduces to 
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(6.30) 

Equations (6.5-6.6, 6.14-6.16, 6.19-6.21, 6.23-6.24, 6.27-6.28 

and 6.30) enable the requisite partial derivatives with respect to 

parameters to be computed via the adjoint method. Starting with a 

modified form of equation (5.26) (using independent variable x instead 

of lnx), the following result is obtained for the partial derivative of 

functional P with respect to parameter p: 

Q!' - I 1 
ap o (ill! - AT(x) .Qf) dx ap ap 

-I 
1/2 

[ ( al bl ) . ( 
0 

0 ) . ( y~x) ) 
0 -2k 0 y (x) 

0 
0 ) . ( y~x) ) J - ( .\1 A ) . [ dx (6.31) 2 -2k 0 y (x) 

-I 
1/2 0 

0 ) . ( y~x) ) dx ( .\1-al ,\2-bl ) . [ 
0 2k 0 y (x) 

-I 
1/2 

0 
( .x2(x) - b1 )·2k·y(x) dx 

Using equation (6.5) with p-0 and equation (6.24), 

!! - 2k I 1~2 {- (=~sink~+ b1cosk~ )·cosk(x-1/2) + 

(6.32) 
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+ ( a1cosk~- b1k1sink~ )·tsink(x-1/2) }·( a~sinkx- b0coskx) dx, 

which reduces to the right-hand side of equation (6.8). Similarly, the 

partial derivative of functional P with respect to parameter p1 is 

given by 

(6.33) 

1 -J (A (x) - b )·2k ·y(x) dx 
1/2 2 1 1 

Using equation (6.6) with p-0 and equation (6.23), 

(6.34) 

which reduces to the right-hand side of equation (6.9). 

To continue the comparison of adjoint sensitivity results 

versus the explicit results, the difference term ~-P (see equation 

(5.11)) must be included. It is given by 

(6.35) 
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where the values Bouter - ( a1 b1 ) and y(center) - ( -b0 
T 

ao ) have 

been used. (For this simple harmonic oscillator problem the matrix 

reduces to a scalar and the determinant is trivially evaluated. For 

linear adiabatic nonradial solar oscillations, however, the matrix is 

rank 2 and the determinant is more complicated.) Taking the partial 

derivatives of the determinant in equation (6.35) with respect to p and 

p1 , they are found to be zero. Hence equation (6.34) for computing 

a~jap1 agrees with equation (6.9) and equation (6.32) for computing 

a~jap agrees with equation (6.8). 

The last comparison of partial derivatives (those with respect 

to the variable k) is more involved; using equation (6.35), 

(6.36) 

Again employing equation (5.26) to get the partial derivative of P with 

respect to k via the adjoint method, one obtains 

Qh _ >.T.H dx + J 01 [ ) ak ak 

+ J1;
0
2 ( aa1 ~ ) . ( o 

ak ak -k2 
(6.37) 
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I 1 ( aa1 ab1 ) . ( o 
+ 112 ak ak -k~ 

+ [ aa1 8b1 ) . [ y(1) -y(O) ) 

ak ak y' (l)-y' (O) 

where 8P/8p, given by equation (6.32), has been used to shorten the 

above expressions. Then, using equation (6.36) and the fact that 

8P/8p - 8~/8p, one finally obtains 

~ - ~ + ( ~1(0) ak ap 

- a~ + 
8p 

~2(0) ) . [ 8bo/8k ) + [ aal 8bl ) . [ y(l) + bo ) 

-aaofak ak ak y' (1)- ao 

(6.38) 
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This is identical to equation (6.10). It has thus been verified that 

for this particular problem the partial derivatives obtained via the 

adjoint sensitivity method yield the same answers as those obtained 

using the more conventional, explicit method. 

6.2 The Continuous Orthonormalization Method for Solving a Simple 
Harmonic Oscillator Problem 

The example problem considered here is that of computing 

eigenvalues for a simple harmonic oscillator. Only the expression for 

the discriminant is checked for correctness against a known solution; 

discriminant partial derivatives with respect to parameters are not 

computed in this problem, nor is the added complication of "binning" 

introduced. The main intent of this section is to provide initial 

exposure to the continuous orthonormalization (CON) method in the 

co·ntext of an easy problem. Some finer details are presented in 

chapter 7, where the CON method is applied to a solar eigenfrequency 

problem. 

The simple harmonic oscillator problem can be stated as 

follows: Solve the differential equation 

for XE[O,l] (6.39) 

subject to the boundary conditions 

, 
a0 ·z(0) + b0 ·z (0) - 0 (6.40) 

and 
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, 

a1 ·z(l) + b1 ·z (1) - 0 (6.41) 

Primes again denote differentiation with respect to x. Using the 

definition for the discriminant (equation (5.9)), the outer boundary 

condition (6.41), and the solution to equation (6.39) at x-1, the 

standard discriminant for this simple harmonic oscillator problem is: 

(6.42) 

The discriminant is zero if and only if k is an eigenvalue. The CON 

method should reproduce this result for ~ to within a constant of 
s 

proportionality. 

The work of Davey (1983) and Meyer (1986) is followed in 

setting up the system of equations (6.39-6.41) for solution by the CON 

method. Defining a new transformed variable by 

(6.43) 

the new differential equation corresponding to equation (6.39) is 

1 + k2b~/a~ 
2 k b

0
;a

0 

and the new orthonormal starting condition (or 

(6.44) 

inner boundary 

condition) which corresponds to equation (6.40) is w(x-0)-0. Defining 
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(6.45) 

and 

A - [ (6.46) 

the CON method for this problem reduces to solving the equation 

(6.47) 

where g11 is given by 

(6.48) 

The superscript "+" indicates complex conjugate transpose. (As dwelt 

+ on by Davey (1983) and Meyer (1986), in actual numerical work y1y1 must 

not be replaced by its theoretical value of unity but instead should 

always be computed from the actual value of y1 . This is essential for 

numerical stability and is perhaps the reason why the earlier works of 

Abramov (1962) and Bakhvalov (1973) did not present numerical results.) 

Written out in full detail, equation (6.47) is 

(6.49) 



where 

2 
B21 - -k 
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. (6. 50) 

(6.51) 

(6.52) 

(6.53) 

Equation (6.49) is nonlinear in Ya and yb. In order to analytically 

compare the discriminant of the CON method with the standard 

discriminant given by equation (6.42), a re-parameterization of 
I I 

variables is required. Since ya(0)-0, yb(0)-1, YaYa + ybyb - 0, and 

2 2 
Ya + yb - 1, y 1 may be parameterized by 8 as follows: 

(6.54) 
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2 2 (Note that the substitution Ya + yb - 1 must not performed in actual 
, , 

numerical work, for stability reasons.) Both the Ya and yb equations 
, 

(rows 1 and 2 of equation 6.49) give the same equation for 9 : 

(6.55) 

Using equation (2.559-3) of Gradshteyn and Ryzhik (1965) to perform the 

integration, and the fact that 9-0 when x-0, 

(6.56) 

is obtained after much algebra. 

Now use equations (6.43,6.45) to write the old outer boundary 

condition (6.41) in terms of the new CON variables ya and yb' obtaining 

(6.57) 

or 

(6.58) 

The coefficients of Ya and yb in equation (6.58) define the new vector 

B t , representing the outer boundary condition of the CON method. ou er 

Equations (5.9,6.58) allow the CON discriminant to be written as 

follows: 
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(6.59) 

Applying equation (6.54), 

(6.60) 

It may easily be verified whether or not the standard discriminant ~ s 

of equation (6.42) is proportional to the CON discriminant ~ of 
c 

equation (6.60) by examining the ratios of their respective a1 and b1 

coefficients terms. The test for the equivalency of ~ and ~ is c s 

whether the equation 

sin9 - b0;a0 ·cos9 

cos9 

ao/k·sink - bocosk 

aocosk + kbosink 
(6.61) 

is true (9 is evaluated at x-1). The left-hand side of equation (6.61) 

is the a1 to b1 coefficient ratio from equation (6.60) and the right-

hand side is the similar ratio from equation (6.42). Simplifying 

equation (6.61), 

(6.62) 

By setting x-1 in equation (6.56) for tan9(x), it is seen that 

equations (6.56) and (6.62) are identical. 

I 
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It has thus been confirmed that for this section's example 

problem the analysis of a modified version of the classic simple 

harmonic oscillator the discriminants obtained via the CON method 

and via the standard method are equivalent, with both methods 

ultimately yielding the same set of eigenvalues. 



CHAPTER 7 

APPLICATION OF THE CONTINUOUS ORTHONORMALIZATION 
AND ADJOINT METHODS TO THE COMPUTATION OF 

SOLAR EIGENFREQUENCIES AND EIGENFREQUENCY SENSITIVITIES 
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As seen in chapter 6, the application of the continuous 

orthonormalization (CON) and adjoint methods to simple harmonic 

oscillator problems is tantamount to crushing a bug with a sledge-

hammer. The tasks of computing solar eigenfrequencies and their 

sensitivities are more appropriate challenges for these powerful 

methods. The two sections of this chapter develop mathematical 

formulations for (1) the computation of solar eigenfrequencies via the 

continuous orthonormalization method and (2) the computation of solar 

eigenfrequency sensitivities via a synthesis of the CON and adjoint 

methods. Several equations which appear in earlier chapters are 

repeated here for the convenience of the reader. 

7.1 Computation of Solar Eigenfreguencies Via the Continuous 
Orthonormalization Method 

The starting point for the computation of solar eigen-

frequencies is the set of equations (3.1-3.4) which model linear, 

adiabatic, nonradial oscillations of stars. Written in slightly 

different form, they are identical to equations (17.14-17.17) of Unno 

et al. (1979). Chapter III of the same reference gives details of the 

equation derivations and describes the assumptions made regarding 

convection. With the usual summation convention that doubly appearing 
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subscripts are to be summed over the numbers one through four, these 

ordinary differential equations may be written in shorthand notation as 

(1 ~ i,j ~ 4) (7.1) 

where the prime denotes differentiation with respect to lnx (the 

natural logarithm of the fractional radius). 

elements are given by 

a11 - vg - 3 

2 
al2 - l(l+l)/(clw ) - vg 

al3 - vg 

al4 - 0 

2 * a21 - c1w - A 

* a 22 - A - U + 1 

* a23 - -A 

a24 - 0 

a31- 0 

a32 - 0 

a33 - 1 - u 

a34 - 1 

* a41 - UA 

a42 -uv g 

The individual aij 

(7.2) 

(7.3) 

(7.4) 

(7.5) 



a43 - l(l+l) - uvg 

a44 - -u 

Six quantities appear in the above 
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definitions of the 

elements. Two are scalars and four are functions of the independent 

variable lnx (or the solar radius). The two scalars are: w, the trial 

dimensionless eigenfrequency, and l, the spherical harmonic degree 

number. For legitimate physical interpretations of the nonradial 

oscillations, l is restricted to positive integers, but for mathe-

matical purposes, such as checking partial derivatives with respect to 

l and investigating avoided crossing of modes, l may take on positive 

real values (Christensen-Dalsgaard 1980). 

The * four functions of solar radius are U, c1 , Vg, and A ; they 

are defined by 

L.d..l!nP _ ~ 
rl d..l!nr c2 

s 

(7.6) 

(7.7) 

(7.8) 

(7.9) 

As can be seen from the above definitions, the four functions are not 

independent, but satisfy the equations 



and 

d..l!nc1 
U - 3 - d..l!nr 
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(7.10) 

(7.11) 

These last two equations have important ramifications for setting up 

the inversion algorithm, since there are only two independent radial 

functions, not four, which determine the solar eigenfrequencies. 

To implement the required orthonormal starting conditions for 

the CON method, two new variables are defined: 

(7.12) 

and 

(7.13) 

where c10 is the value of c1 at the stellar or solar center. (Note 

the difference between upper-case and lower-case variable names.) 

Equations (7.12) and (7.13) correspond to the two inner boundary 

conditions (17.29) and (17.30) of Unno et al. (1979). These new 

variables were selected because they have central boundary conditions 

Y1-o and Y3-o, a requirement of orthonormal starting conditions. The 

new variables satisfy the following differential equations: 
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(7.14) 

and 

(7.15) 

Defining 

(7.16) 

equation (7.1) may be rewritten as: 

(1 ~ i,j ~ 4) (7.17) 

where 

(7.18) 

2 2 2 
b21 - 1 a31/(c10w ) - 1a41/(c10w ) 

b22 - a33 - a43/1 (7.19) 

2 2 2 
b23 - 1a41/(c10w ) + a42 - 1 a31/(c10w ) - 1a32 

b24 - -a33 + a44 + a43/1 - 1a34 
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b31 
2 

-1a21/(c10w ) 

b32 -a23/1 (7 .-20) 

b33 
2 1a21/(c10w ) + a22 

b34 - a2311 + a24 

b41 
2 

-1a41/(c10w ) 

b42 -a43/1 (7.21) 

b43 
2 

- 1a41/(c10w ) + a42 

b44 a43/1 + a44 

Repeating some boundary condition information, the two variables q1 and 

q2 vanish identically at the solar center, due to the two inner 

boundary conditions (17.29) and (17.30) of Unno et al. (1979). In 

other words, interspersing some parenthesized solar terminology into a 

quotation from Davey's (1983) paper, (y1 ,y2 ,y3 ,y4) have "already been 

by a 

nonsingular transformation so that the known initial conditions on 

(q1 ,q2 ,q3 ,q4) at (the solar center) simply become that the first (two) 

components of (q1 ,q2 ,q3 ,q4 ) are zero." 

Continuing a loose paraphrasing of Davey (1983), let z1 and z2 

be a T T set of two column vectors ( (q1 ,q2 ,q3 ,q4) 1 and (q1 ,q2 ,q3 ,q4)2 ) 

which are orthonormal at the center and such that each of them 

satisfies the known initial conditions. (Superscript "T" indicates 

transpose.) The following choices are made for the central values of 



T T z1 - (0,0,1,0) and z2 - (0,0,0,1) 
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(7 .22) 

they satisfy the above requirements. Given an estimate for w (the 

eigenfrequency which is being sought), z1 and z2 are calculated for 

radii throughout the Sun by integrating from the center to the surface 
, , 

not the pair of stiff equations z1 - bz1 and z2 - bz2 , but instead the 

non-stiff, larger system of differential equations 

(1 ~ i,j ~ 2) (7.23) 

where the summation convention applies to j. In equation (7.23), the 

scalar quantities gij are specially chosen so that the remain 

orthonormal, in other words, 

(1 ~ i,k~ 2) (7.24) 

The superscript "+" denotes complex conjugate transpose and 6 is the 

Kronecker delta. A stronger condition, 

(1 ~ i,k ~ 2) (7.25) 

is also imposed so that the gij are uniquely determined by 

(1 ~ i,j ,k ~ 2) (7.26) 

where the summation convention again applies to j. Guessing a trial 
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eigenfrequency w, the following nonlinear eighth-order system is 

integrated: 

, 
zl - bzl + gllzl + gl2z2 

(7.27) 
, 

z2 - bz2 + g2lzl + g22z2 

The gij are determined from 

(7.28) 

and 

Initial conditions for equations (7.27) are given by equations (7.22). 

The integration determines the values of z1 and z2 at the solar 

surface, based on the initial estimate of the trial eigenvalue w. A 

general solution z to the above initial value problem is expressible as 

a linear combination of z1 and z2 , so that one may write 
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(7.30) 

There are two outer (surface) boundary conditions to be imposed; they 

may be generically written as 

(7 .31) 

Substituting z from equation (7.30) into equations (7.31), the 

following matrix equation is the result: 

(7.32) 

If A1-o and A2-o is the only solution of this equation, then the trial 

~ which was used in the integration of system (7.27) was not an 

eigenfrequency and z is not an eigenfunction. If nonzero values for A1 

or A2 satisfy equation (7.32), then the trial w is an eigenfrequency 

and z is an eigenfunction. The determinant of the matrix in equation 

(7.32) discriminates between the above two cases: w is an 

eigenfrequency if and only if the determinant is zero. An explicit 

formula for this determinant is 

(7.33) 

The procedure for finding solar eigenfrequencies involves 

adjusting trial w's until the resulting value for 6 is zero. For each 

trial w, the nonlinear eighth-order system of equations (7.27) with 
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initial conditions (7.22) is integrated from near the center of the Sun 

to the surface of the Sun, thereby obtaining surface values for z1 ~nd 

z2 • (One cannot start the numerical integration exactly at the solar 

center because lnx, the independent variable, is -~ there. Instead, a 

value of lnx--30 is used; this corresponds to a distance of about 65 

microns from the center of the Sun. Numerical comparisons of solutions 

starting at lnx--35 versus those starting at lnx--30 showed that the 

latter was an adequate starting point.) 

Finite difference approximations to the differential equations 

(7.27) do not produce sufficiently accurate solutions. For this 

reason, it is better to use a standard integration algorithm or 

subroutine to solve the nonlinear system (7.27). The algorithm decides 

where and how often derivatives need to be evaluated, based on 

specified tolerances for absolute and relative errors. Implementation 

of this approach requires that values for the differential equation 

coefficients must be available or computable as functions of solar 

radius. This is a relatively easy undertaking and well worth the 

effort, since the gaps and ambiguities inherent in "mesh" descriptions 

of the solar model are removed by explicitly specifying the model 

parameters as functions of the fractional solar radius. 

After performing the integration, the known values for B1 and 

B2 enable A to be computed using equation (7.33). By observing when 

sign changes occur in A (or "det") as w is varied, the eigenfrequency 

may be bracketed between known w values. Then another standard 

subroutine for finding roots can be employed to find an eigenfrequency 

w, within the known bracketing range, which yields a zero value for the 

determinant (at least to within machine accuracy). This completes the 
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description of how to compute a solar eigenfrequency using the 

continuous orthonormalization method. 

7.2 Computation of Solar Eigenfreguency Sensitivities Via a Synthesis 
of the Adjoint and Continuous Orthonormalization Methods 

The sensitivity portion of the eigenfrequency analysis is a 

natural extension of the above procedure for computing eigen-

frequencies. To compute solar eigenfrequency sensitivities (partial 

derivatives of eigenfrequencies with respect to changes in solar model 

parameters), the general formalism of the CON method is maintained and 

incorporated in the adjoint sensitivity method described in section 

5.2. Individual steps of this synthetic process and the resulting 

computational algorithm for obtaining solar eigenfrequency sensi

tivities are described here. A summary of all the specific details is 

also given in appendix A. 

The rather general development of the adjoint sensitivity 

method which was presented in section 5.2 is narrowed here to the 

particular application of computing eigenfrequency sensitivities of 

linear, adiabatic, nonradial solar oscillations. Using the same 

nomenclature as in section 7.1, the function h corresponding to 

equation (5.10) is: 

(7.34) 

Simplifying this expression by using equations (7.27), 
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(7.35) 

The function F is defined by 

(7.36) 

allowing equations (7.27) to be written in compact notation as 

z - F(z,p,..enx) (7.37) 

where 

(7.38) 

To implement the adjoint sensitivity method, explicit formulas for the 

partial derivatives 

.ah 
8p ' 

H .ah 
ap ' az ' and H az 
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need to be determined; they are expressible in terms of the partial 

derivatives 

8B1 
ap 

8B2 
ap 
~ 
ap 
~ 
az 

n ap • 

and additional terms. Details concerning the evaluation of all these 

quantities are given in appendix A. Once all of the necessary partial 

derivatives are explicitly determined, the linear inhomogeneous eighth-

order system (5.20), 

d~T _ .2h _ ~T.U 
dlnx az az (7.39) 

is integrated from the solar surface to the center, generating the 

solution ~T(lnx). The initial value for the above integration is: 

~T(lnx-O,surface)-0. 

The CON method has distinctive properties which simplify many 

of the special boundary terms appearing in the adjoint sensitivity 

method. The leading term on the right-hand side of equation (5.26) 

reduces to zero, since 

and hence 

T 
G t - I·z0 - (0010, 0001) - o cen 

8G cent 0 ap -

(7.40) 

(7.41) 
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Thus equation (5.26) simplifies to 

H J..enx-0, surface ( illi _ >. T. R.l. ) d.inx 
ap - ..enx--30, center ap ap 

(7.42) 

Using equation (5.11) and values for z1 and z2 at the solar center, the 

discriminant sensitivity is given by 

(7.43) 

where B13 , B14 are the third and fourth elements of B1 and B23 , B24 are 

the third and fourth elements of B2 , respectively. As shown in 

appendix A, B1 may be chosen so that B13-o and B14-l; and B2 may be 

chosen so that B23-1 and B24-o. With these selections, the last term 

in equation (7.43) vanishes and the discriminant sensitivity is finally 

given by 

t~ A _ J..enx-0, surface ( t~'hh T t~vp ) 
~ lU.! - >. .~ d..e 
ap ap ap nx ..enx--30, center 

(7 .44) 

where >.T is obtained by integrating equation (7.39) with initial 

condition >.T(..enx-O,surface)-0 and sto~ing the solution. 

There is great freedom in the choice of the model parameters p. 

For example, w and ..e may be treated as parameters. When w is chosen as 
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the parameter, the integrand in equation (7.44) contributes at all 

solar radii (values for lnx). This is also true when l is the 

parameter. There are other choices for the parameters p which are 

particularly useful for solving inverse problems of helioseismology. 

The parameters p may represent the differences between the perturbed 

* values for U, c1 , Vg• or A and their unperturbed or equilibrium values 

which occur in narrow radial bins within the Sun. In these cases the 

integrand in equation (7.44) is nonzero only in the specific bin where 

the parameter is defined. 

Eigenfrequency sensitivities may be computed from the 

discriminant sensitivities by using the following equation from partial 

differential calculus. It relates the various partial derivatives of 

an implicit function ~(p,w)-0: 

(7.45) 

This completes the description of how to compute solar 

eigenfrequency sensitivities using a synthesis of the adjoint and 

continuous orthonormalization methods. The application of these 

partial derivatives to the solution of helioseismological structural 

inversion problems is discussed in the next chapter. 
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CHAPTER 8 

A PARAMETER ESTIMATION APPROACH TO THE 
TWO-DIMENSIONAL SOLAR STRUCTURAL INVERSION PROBLEM 

As discussed in chapter 4, it is possible to approach the two-

dimensional solar structural inversion problem in more than one way. 

An initially obvious, and perhaps the most seemingly straightforward 

approach, is to explicitly set up the problem as a formal mathematical 

inversion problem. 

structural parameters 

The two unknown radial functions specifying solar 

* (for example, A (r) and V (r)) can hypothetically 
g 

be solved for, based on observed (and correctly identified) solar 

normal mode eigenfrequencies. A trouble with this "straightforward" 

approach is that too many of the difficult solution details are hidden 

or glossed over and it is hard to reduce the solution procedure to a 

series of orderly steps; this manner of attacking the problem is too 

nebulous and global. (For instance, how is it possible that a finite 

number of observed frequencies are capable of specifying two functions, 

which have infinitely many degrees of freedom?) 

Another approach to this type of problem, wherein computed 

eigenfrequencies of a given structural model are moved to desired 

values by appropriately modifying the model, is called "inverse 

perturbation" analysis. Stetson, Harrison and Palma (1978) referred to 

this analysis approach in their paper's title, "Redesigning Structural 

Vibration Modes by Inverse Perturbation Subject to Minimal Change 

Theory." The method itself was presented earlier by Stetson (1975) and 

Stetson and Palma (1976); they developed a perturbation theory for 
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vibration modes of a structure, plus an inversion formalism (based on 

their perturbation theory) for application to structural redesign. 

As a physical illustration of their approach, they used the 

conceptually simple (but exceedingly difficult in practice!) example of 

trying to perturb or adjust the shape, density, and composition of a 

cheap fiddle so that its modes of vibration would duplicate the 

vibration modes of a Stradivarius. Their example is obviously an 

extreme case, due to the many degrees of freedom in the problem, but 

simpler problems of a similar nature have been solved. Stetson, 

Harrison and Palma (1978) applied the inverse perturbation method to a 

plate design problem in which the plate's thickness varied with 

position, and Sandstrom (1980) applied it to a gear-flywheel shaft 

problem in which the material's stiffness depended on position; both 

solutions were successfully obtained via the inverse perturbation 

method. 

The solar structural inversion problem is considerably more 

difficult than the "plate" and "flywheel" problems, but it is much 

easier than the "Stradivarius" problem. Since it is such a large 

undertaking, it is useful to break the problem up into smaller, more 

manageable and well-defined subproblems. These subproblems can then be 

solved individually, with the separate solution pieces later integrated 

into a coherent whole. In this fashion a solution to the full 

parameter estimation problem may be obtained (specifying the runs of 

two structural parameters inside the Sun). 

Several review articles and books have been published which 
-

cover the topic of parameter estimation; the book by Lee (1964) 

provides an early introduction to the field. Polis and Goodson (1976), 
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Chavent (1980), Strejc (1980), Young (1980), Bock (1983), Polis (1983), 

Kravaris and Seinfeld (1985), Unbehauen and Rao (1987), and Kozin 

(1988) are a series of works which review or survey the field of 

parameter estimation (also called parameter identification). Chu and 

Strecker (1985) and Sun and Yeh (1985) authored papers on parameter 

identification in hydrologic systems. Another article particularly 

relevant to solar structural inversion was written by Meirovitch and 

Baruh (1983); their paper was titled "Identification of Distributed-

Parameter Vibrating Systems." 

The remainder of this chapter is modeled on the survey paper by 

Polis (1983) "The Distributed System Parameter Identification 

Problem: A Survey of Recent Results." In his article, "The DSPIP is 

broken down into a number of largely independent subproblems, each of 

which should be considered in any attempt to treat the DSPIP in 

applications." Based on his canonical decomposition of the generic 

DSPIP into eight steps, the solar structural inversion problem is also 

decomposed into eight subproblems, corresponding to each of Polis's 

subdivisions. Quoting Polis (1983), the eight subproblems are as 

follows: 

1) Write the mathematical description containing unknown 
parameters of the physical system under consideration. 

2) Choose a method to solve the mathematical description. 

3) Choose a performance criterion. 

4) Decide on measurement type and location in the spatial 
domain. 

5) Perform a sensitivity analysis. 

6) Perform the physical experiment to obtain data. 



7) Choose an optimization scheme. 

8) Perform an error analysis. 

As could be expected, most recent work on the DSPIP addresses 
principally one (or perhaps several) of the above subproblems 
without necessarily treating all of them. 
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In the sections below, however, each of these eight subproblems, as it 

relates to the solar structural inversion problem, is defined and then 

described in varying amounts of detail. In p~rticular, the places 

are noted where the newly developed methods of this dissertation, 

continuous orthonormalization (CON) and adjoint sensitivity analysis, 

fit into the general scheme of these subproblems. 

The adjoint sensitivity method developed in this dissertation 

is the first application of an adjoint method in the field of helio-

seismology. And, according to Meyer (1987b), my application of the CON 

method to the computation of solar eigenfrequencies is the method's 

first application (as of late 1987) to any practical problem (besides 

the handful of test problems (see section 5.1) originally analyzed by 

the mathematicians who developed the method). 

Finally, the Chow-Yorke algorithm (see Chow, Mallet-Paret and 

Yorke 1978) is also briefly mentioned. Theoretically, this algorithm 

enables the development of globally convergent optimization algorithms; 

it too is described in the context of the above subproblems. In terms 

of future importance, I rank this algorithm as being comparable to the 

CON and adjoint methods. The detailed application of the Chow-Yorke 

algorithm to various helioseismological inversion problems is not 

discussed here, however, but is left to forthcoming research papers. 

Only sketches of its anticipated role are outlined below. 
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8.1 the Mathematical Description of the Physical System 

The Sun is the physical system under investigation here. A 

mathematical description or model for this distributed system, 

containing unknown parameters, needs to be hypothesized. For the 

purpose of solving the two-dimensional solar structural inversion 

problem, a quite simple model of the Sun is chosen. Two independent 

* radial functions (any pair of A (r), Vg(r), U(r), and c1(r), but 

not the pair U(r) and c1(r)) are the unknown "parameters" which specify 

the solar equilibrium model. As far as computing the Sun's adiabatic 

nonradial normal mode eigenfrequencies, this pair of functions, 

together with boundary conditions for the normal modes, is sufficient 

to uniquely determine the solar normal mode eigenspectrum. 

The above definition of the solar model's unknown parameters 

differs substantially from the more commonly used definitions. These 

other definitions usually incorporate many more parameters, such as the 

opacity, ~(r), the nuclear energy generation rate, E(r), the equation 

of state, and information about the Sun's composition all folded 

into the context of stellar evolution theory. In my formulation of the 

solar structural inversion problem, however, all of these latter 

parameters are deemed irrelevant to the purpose at hand which is to 

determine the internal structure of today's Sun based on current 

observations and the assumption that equations (3.1-3.4) hold true. 

Denis and Denis (1984) also took a similar approach when inverting 

solar oscillation data; their work differs from mine, however, in that 

they selected a different pair of independent radial functions for 

defining the solar model (and determining the eigenfrequencies). The 

tasks of determining additional internal solar structural parameters 
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(such as ~(r), E(r), composition, and so on) are considered to be 

separate, totally independent parameter identification problems. And, 

in my opinion, these latter problems should be approached only after 

the more fundamental, two-dimensional structural inversion problem is 

adequately solved. 

Philosophically, my approach to the structural inversion 

problem of solar seismology is quite similar to that taken by earth 

seismologists when they attempt to infer the Earth's internal 

structure. Since there is no evolutionary theory of the Earth (at 

least no theory which is even remotely comparable to the sophistication 

or developmental level of stellar evolution theory), seismologists have 

been limited or restricted solely to the analysis of earth seismic data 

when determining the internal structure of the Earth. This limitation 

has certainly not impeded the progress of earth seismology to any 

serious degree, nor is a similar limitation expected to impede progress 

in helioseismology. 

In spite of the lesser role played by stellar evolution theory 

in my approach, information and hints from the above field are 

certainly not disregarded or ignored when analyzing the solar struc

tural inversion problem. The greatest usefulness of stellar evolution 

theory lies in its ability to construct fairly accurate equilibrium 

models of today's Sun. (The plural of model is used because different 

physical assumptions in the evolution theory lead to different end 

results for the Sun.) These evolved solar models are excellent 

starting points for the nonlinear inversion process of obtaining better 

solar equilibrium models -- models which, when analyzed, yield computed 

eigenfrequencies that more closely match the observed eigenfrequencies. 
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Having chosen the solar parameters which are to be determined 

in the DSPIP (two radial functions related to the solar structure), a 

discussion is warranted concerning the parameter space which contains 

the above parameters. Polis (1983) lists the following three parameter 

spaces considered in the literature: constant parameters, assumed 

functional forms, and general functions. In this dissertation the 

simplest, first type of parameter space is mainly used: constant 

variations of the solar structural functions within radial bins; Teo et 

al. (1987) also used this type of approximation when optimizing 

trajectories. Alekseev, Tikhomirov and Fomin (1987) give a different 

name to the above constant variations within bins, calling them 

"elementary needlelike variations." 

Near the solar center, however, it is necessary to use the 

second type of parameter space -- assumed functional forms. For the 

innermost (central) radial bin, the functions representing solar 

structure are approximated by equations of the form A + Br2 and the 

parameters represent small changes in the coefficients A and B. In the 

future, when more accurate and realistic solar structural inversions 

are actually attempted, functional forms should be employed for all of 

the radial bins, not just the central one. Along similar lines, !ben 

and Mahaffy (1976) were well aware of the advantages of avoiding crude 

approximations (like the first type of parameter space) when 

• .•• instead of using Cox-Stewart opacity tables, [they] used analytic 

fits to these tables." 

This section closes with a short discourse on the importance of 

utilizing proper parameterizations whenever one is solving DSPIPs or, 

for that matter, problems in general. In their review article, Chave 
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"The interpretation of 

be parameterized in 

some substantially different way." A series of examples are presented 

below which further illustrate and emphasize the importance of 

parameterizing and/or formulating problems in the most appropriate way. 

In the context of integral eqdation methods in potential 

theory, Jaswon (1963) observed that "Very general existence theorems 

have been established for Fredholm's second equation, but much less has 

been done with his first equation, as can be seen from the fact that 

Kellogg, Courant & Hilbert, and Sternberg & Smith, avoid formulations 

of potential theory in terms of the latter." 

Anticipating that some approaches could produce much better 

results than others, Valyus (1972) analyzed various parameterizations 

and their impact on determining seismic profiles. McDonald, Friedman 

and Wexler (1974) found that it was critically important to correctly 

parameterize the singularity in a variational solution to a problem 

which involved an electrically charged plate. Based on observed data, 

Anderson and Dziewonski (1982) were forced to switch from an isotropic 

description of the Earth to an anisotropic description; the former 

description was found to be fundamentally lacking in its ability to 

reproduce the data. 

studied the impact 

equations. 

More recently, Freedman, Navidi and Peters (1988) 

of variable selection in fitting regression 

Another example of the importance of using a correct 

parameterization is found in the author's work performed at Burr-Brown 

Corp. Instead of using "brute-force" finite differences or finite 

element approaches, Laplace's equation (for modeling thin-film 
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resistors) was formulated and solved via a coupled boundary integral 

equation approach. The electric potential and its normal derivative 

were parameterized only on the resistor's boundary, using carefully 

chosen assumed functional forms. This approach was taken because, for 

the purpose of computing the resistance, the electric potential in a 

resistor's interior is totally irrelevant to the problem. Compared to 

previous methods, my approach was three orders of magnitude faster and 

it yielded answers that were more accurate, having two additional 

significant digits. 

The importance of choosing a good 

physical problem has also been demonstrated 

parameterization 

in the field of 

for a 

solar 

seismology. When inferring the internal solar rotation rate, Durney, 

F. Hill and Goode (1988) showed that parameterization is important in 

the expansion of rotational eigenfrequencies in terms of Legendre 

polynomials. Lay's (1987) comment -- "An open mind with regard to the 

nature of the earth's structure ... is important in these modeling 

efforts." -- is equally applicable to helioseismology. When fitting 

the internal solar rotation rate by polynomial functions of radius, 

Gabriel and Nemry (1986) were not being sufficiently open minded in 

their choice of fitting functions. They found that "Again the 

programme refuses to make fittings with polynomials of degree higher 

than 2." A possible explanation for this behavior could be simply that 

a poor parameterization of the internal solar rotation rate was made. 

For instance, if the actual rotation rate behaves like a step function, 

then polynomial fits would not be expected to perform very well and it 

is conceivable that a second degree polynomial (with only three free 

parameters) would produce the best fit among all polynomials. With an 
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open mind, step functions having only a single step would also be 

considered as possible models for the internal solar rotation rate. 

These functions also have only three free parameters -- two for 

specifying the different rotation rates on each side of the step and 

one for specifying the radial location of the transition point. With 

this type of trial function for the internal rotation rate, the fit to 

the observations could possibly be much better; such an analysis is 

worth pursuing. 

8.2 A Method to Solve the Mathematical Description 

Given a mathematical description of the physical system under 

study (equations (3.1-3.4) for solar normal mode oscillations), the 

next step is to select a method for computing the eigenfrequencies. 

Polis (1983) brings up several important concerns regarding this 

subproblem, they are: 

(i) At what point in the solution procedure should approxi
mations be introduced? 

(ii) The choice of an approximation method. 

(iii) The validity of the approximate solutions. 

Polis (1983) very directly states his feelings about item (i): 

"I believe that the answer that is emerging is to approximate early." 

He then gives five detailed reasons in support of his belief (which are 

not reiterated here). 

His preferred approach is exactly the approach which I have 

attempted to follow in my analysis of the solar structural inversion 

problem. From the beginning, the effects of evolution are decoupled 
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from the problem, thereby removing all the •excess baggage" of solar 

parameters which are not absolutely essential to the basic structural 

estimation problem. The only radial functions which are relevant to 

* the problem are A (r), Vg(r), U(r), and c1(r). (And, as was shown in 

section 3.1, the number of independent radial functions is actually 

only two.) After making all of the necessary approximations, the 

idealized solar model is then analyzed on a computer. The calculations 

are performed with the highest precision and accuracy levels that are 

compatible with the practical physical limitations of the problem. 

Eigenfrequencies with 7 significant digits are sought. 

Point (ii) above, which deals with the choice of an 

approximation method, really involves a multitude of decisions on many 

different procedural matters. For example, one such decision concerns 

the way to approximate the above four radial functions. This decision 

and various other decisions are best described contextually, as they 

appear in the formulations of the various computational procedures. 

As the many approximations are introduced, reasons for their selection 

are given, together with possible alternative choices. 

The two constraint relationships (equations (7.10) and (7.11)) 

between the four structural radial functions may be rewritten as 

and 

.Qy_ 
d.enx (8.1) 

(8.2) 
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where two new variables have been defined: 

(8.3) 

and 

u - .en U (8.4) 

Logarithmic variables are used because they simplify the constraint 

equations somewhat and because they do not have such a wide dynamic 

range. Taking perturbations of equations (8.1) and (8.2), the 

following constraint equations are obtained for the perturbed parameter 

values: 

(8.5) 

and 

(8.6) 

A good starting point for understanding the solar structural 

inversion problem is the general formula which expresses how changes in 

an eigenfrequency are related to changes in solar model parameters and 

other quantities: 

6w - ~·6l + l 
rB~Ji~l 

( ~ * .2!L ~ ~ ) *·SA + av ·6V + ac ·6c1 + 8 ·6u . 
8A g g 1 u 

(8.7) 
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This equation is useful because solving the inversion problem entails 

the driving of computed eigenfrequencies toward ~heir observed values. 

By suitably choosing values for the radially binned model parameters 

* &A , &Vg, &c1 , and &u, the solar equilibrium model may be altered so 

that the deviations between observed and computed eigenfrequencies (the 

&w values) are driven to zero. 

Ideally, when one is performing an inversion, the lead term on 

the right-hand side of equation (8.7) never contributes to 6w. This is 

due to the fact that if a mode has been correctly identified, the mode 

identification constraint 

61 - 0 (8.8) 

is automatically satisfied. Before starting an inversion procedure, 

one assumes that the observed eigenfrequencies are correctly classified 

according to their 1 values. This does not mean that questionable 

modes may not be reclassified at a later stage by altering their 1 

values; it simply means that, for a given iterative step and for a 

given mode, 1 is not allowed to change. In the least squares analysis 

phase of the solution procedure (described in section 8.7) indications 

arise as to whether questionable modes are correctly identified or not. 

It is through this type of examination process that 1 values may be 

allowed to change, and then by integer amounts only. 

The partial derivatives Bw/81 (which are multiplied by 61 in 

equation (8.7)) are not totally useless, however, since they do provide 

useful numerical checks on the accuracy of the continuous ortho-

normalization and adjoint sensitivity algorithms. The slope of the 
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curves in figure 3.1 may be approximated by computing the ratio ~~~i 

from two neighboring eigenfrequencies (having the same radial order 

number, but differing l values). This number can then be compared to 

8wf8l, which is explicitly obtained from the adjoint method. 

Because the radial functions u, * A, and V are even g 

functions of x near the solar center (and recalling that x-r/R), these 

functions may be approximated by the following equations in the 

central, innermost radial bin of the Sun: 

(8.9) 

(8.10) 

(8.11) 

(8.12) 

The variable c10 is defined by: 

(8.13) 

Appropriate limiting values for these parameters at the solar center 

(x-0) have already been incorporated in equations (8.9-8.12). For the 

* central radial bin the quantities u2 , c10 , c2 , A2 , and v2 are the model 

parameters which may be perturbed. Applying equation (8.5) to this 

central region of the Sun gives the following constraint relationship 

between these parameters: 
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(8.14) 

Equation (8.6) yields the constraint relationship 

(8.15) 

For all of the non-central radial bins in the Sun, which are 

indexed by subscript i, constraint equation (8.5) may be approximated 

by 

(8.16) 

and equation (8.6) may be approximated by 

surface 

~ t·Ui·6ui(~~nx)i + l Uj·6uj(~~nx)j 
j-i+l 

(8.17) 

The Ei, Fi, and Gi coefficients in equation (8.16) are known 

constants. They approximate equation (8.5)'s derivative of 6u with 

respect to ~nx by a three-point linear combination of adjacent function 

values. Two "boundary" points require special handling. At the 

outermost radial bin Gi is set equal to zero, while at the innermost 
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non-central radial bin the coefficient Ei is set equal to zero; two

point linear combinations of function values are used to approximate 

the derivative of 6u with respect to 1nx at these locations. 

In equation (8.17) the boundary condition 6C1(1nx•O,surface)-O 

has been imposed and the (~lnx)i terms, which are equal to ln(xi+l/xi)' 

are all positive. The label "exterior" under the first summation sign 

means that the summation index j ranges only over radial bin i and 

those bins which are exterior to it. The numbering scheme for the 

radial bins is such that the higher the index number of the bin, the 

further away it is from the Sun's center. Finally, the factor of 1/2 

appears in equation (8.17) because only half of a radial bin is 

"exterior" to itself. 

Taking into account the special parameters which model the 

central radial bin, equation (8.7) becomes 

6w -

+ (8.18) 

The summation index i refers only to the non-central radial bins. Both 

"global" and "local" effects contribute to 8wjac10 . Due to the change 

of dependent variables given by equation (7.12), "global" contributions 

to 8wjac10 arise from all of the radial bins (as is evident from the 
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presence of c10 in equations (7.18-7.21)). The "local" effect on 

8wjac10 is due to the presence of c10 in equation (8.10), which applies 

only to the central region. Collecting the constraint information 

expressed by equations (8.8) and (8.14-8.17), the variation in w is 

given by 

(8.19) 

+ L { aw*·6A~ + ~~ ·( -6A~- Ui·6ui- Ei·6ui-1- Fi·6ui- Gi·6ui+l) 
i 8Ai g,i 

) } . 

Upon reversing the order of the double summation in equation (8.19) and 

collecting like terms, 

E • ->:-aw,._ __ 
i+l avg,i+l 

aw 
Fi· av 

g,i 

(8.20) 
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The central radial bin is labeled as bin number one, while the 

innermost non-central radial bin is labeled bin number two. This is 

the reason why the last summation appearing in equation 

at j-2, the central bin is handled as a special case. 

the outer summation indexed by i also starts at bin 2; 

inner summation over j is ignored. 

(8.20) starts 

Incidentally, 

when i-2, the 

For a given solar equilibrium model, all of the quantities 

appearing within the sets of parentheses on the right-hand side of 

equation (8.20) are calculable for each eigenfrequency (or solar normal 

mode) that is being analyzed. The adjoint sensitivity approach 

presented in chapter 7 enables all of the partial derivatives to be 

efficiently and accurately computed. 

To obtain realistic estimates of internal solar parameters, a 

large set of observed (and identified) solar normal mode frequencies 

should be available. Then, for each of these modes, one instance of 

equation (8.20) is set up, with all of the appropriate coefficients 

being computed by the methods of chapter 7 and appendix A. Finally, 

these many individual equations are assembled into a single matrix 

equation which, in shorthand notation, may be written as 

(8.21) 

The index k runs from 1 to K, where K is the total number of normal 

mode eigenfrequencies being analyzed; and index j runs from 1 to J, 

where J is the total number of perturbed solar model parameters. The 

usual summation convention applies to this equation; that is, the 

repeated index j on the right-hand side of equation (8.21) is summed 
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from 1 to J. Each matrix element Mkj is the appropriate term appearing 

in the k-th instance of equation (8.20), which is assembled from 

partial derivatives and other known quantities. The variable &xj is 

the j-th component of the vector of perturbed parameters. Lastly, &wk 

is the k-th observed eigenfrequency minus the k-th theoretical 

eigenfrequency (which is computed from the given solar equilibrium 

model by using the CON method). In equation (8.21) all of the 

quantities &wk and Mkj are known by direct computation; the unknown 

quantities are the values for the parameter perturbations &xj. It is 

these latter quantities which must be determined in order to estimate 

internal solar parameters. 

By inspecting equation (8.20), the unknown vector of &xj values 

consists of the following elements: central radial bin parameter 

* perturbations &c10 , &A2 , and &u2 , together with all of the non-central 

* radial bin perturbations 6Ai and Sui. The other unknown parameter 

perturbations, sv2 and &c2 for the central radial bin, and &V i and g, 

scl,i for the non-central radial bins, are evaluated by using equations 

(8.14-8.15) and (8.16-8.17), respectively. 

After solving equation (8.21) for the vector the 

* equilibrium solar model parameters Vg, u, c1 , and A are modified to 

reflect these changes. This constitutes one iterative step in solving 

the solar structural inversion problem -- finding an equilibrium solar 

model which has theoretical (computed) eigenfrequencies that match the 

observed eigenfrequencies. Hopefully, after the equilibrium solar 

model is perturbed to its new configuration and the eigenfrequencies of 

that equilibrium model are computed, the newly computed frequencies 

will be substantially closer to their corresponding observed values. 
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The situation is a nonlinear one, however, and hence there are no 

guarantees; the number of equilibrium model iterations required to 

reach satisfactory agreement may or may not be excessively large. 

Also, because the problem is nonlinear, all of the eigenfrequency 

sensitivities must be computed afresh for each current solar 

equilibrium model in the iteration process. The sensitivities cannot 

be computed "once and for all" based on the initial solar equilibrium 

model because their values are capable of changing quite radically, 

even when the equilibrium model is only slightly modified. 

The equilibrium solar model used for the computational work of 

this dissertation was provided by Saio (1982); see figures 3.2 and 3.3 

for the model's essential features. Due to some numerical irregu

larities in several parameters at the outermost radial point of his 

model, number 282, this tabulated radial point was simply dropped, 

thereby leaving 281 points to define a total of 280 radial bins. By 

removing the outer radial point, about 20 km were removed from the 

solar radius, or, stated in another way, the solar radius was reduced 

by about 1 part in 35,000. 

For the demonstration and test purposes of chapter 9, which put 

the continuous orthonormalization and adjoint methods through their 

paces. these modifications are irrelevant. When performing an actual, 

"for real" estimation of internal solar structural parameters, however, 

these details must be handled with great care. The selection of a 

radius R for the solar model plays a critical role in determining the 

conversion factor (see equations (3.7) and (3.31)) between the 

calculated dimensionless eigenfrequencies (w's) 

dimensional eigenfrequencies (v's). Individual 

and the observed 

values for the 
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gravitational constant G and the solar mass M are not known to very 

many significant digits (-4 or 5), but the value of their product, GM, 

is known to at least 9 significant digits from celestial mechanics: 
26 

1.32712438xl0 cgs units. This value should be used in equation 

(3.7). Differing decisions on these matters (regarding the selection 

of G, M, and R values) account for the slightly different w to v 

conversion factors obtained by various researchers. 

Returning to some other details of the Saio (1982) model, the 

central radial bin extends out to a distance of about 0.013 solar 

radius. Within this bin, equations (8.9-8.12) explicitly define the 

solar structural parameters as functions of x. For the non-central 

radial bins, the structural parameters u(x), c1(x), * A (x), and V (x) g 

are explicitly defined for all ~ values (0.013sxsl) in a "connect the 

dots" fashion. That is, lines are drawn which connect the tabulated 

values of the above parameters on Saio's grid of 281 radial points. 

The interpolations, however, are done in terms of lnx instead of x. 

The structural parameters within the non-central radial bins are thus 

given generically by linear functions of the following form: C + Dlnx. 

The corresponding generic functional form for the central radial bin, 

2 displayed in equations (8.9-8.12), is the following: A + Bx . The 

spacing or density of the 281 radial points in Saio's model is quite 

variable; many more points are positioned where the structural 

parameters are changing on a short distance scale, such as near the 

solar surface and near the base of the solar convection zone. 

A useful scalar descriptor of the Saio (1982) model is the 

value of c1 at the center of the Sun: The reciprocal 

of this number corresponds to the Sun's central condensation factor, 
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Pcenter/Paverage (or Pc/p), of about 105. It is interesting to repeat 

a comment made by Guinan (1988) in his oral presentation. Regarding a 

particular eclipsing binary system, he stated: "We know PciP for 

Vll43 Cyg but we don't know it for the Sunl" A successful solution to 

the solar parameter· estimation (or structural inversion) problem will 

provide a good value of pc/P for the Sun. 

The more "complete" solar equilibrium model described above, 

Saio's tabulated solar model plus formulas for interpolating structural 

parameters at intermediate radial points, admittedly is not the most 

physically realistic equilibrium model of the Sun, but it is perfectly 

adequate for testing and evaluating the adjoint and continuous 

orthonormalization algorithms. It should also be noted that this solar 

model certainly exemplifies Polis's (1983) advice to "approximate 

early." Faced with Takeuchi and Saito's (1972) dilemma for the Earth 

(which also holds for the Sun) "We are thus faced with an alter-

native; an exact solution to an approximate Earth model, or an 

approximate solution to an exact Earth model." -- Polis most definitely 

recommends the former option. I too prefer this option and attempt to 

implement this approach in helioseismology, so that an "exact" solution 

may be obtained based upon an approximate solar model. 

From the start, time and effort are spent on filling in the 

gaps of Saio's tabulated solar model. A "closure" of his model is 

created by defining the solar structural parameters on a continuum of 

radial values; this is the key step which enables very accurate 

eigenfrequencies to be computed. From the standpoints of the adjoint 

and CON methods, it is irrelevant whether a continuously defined 

approximation to the Sun is a "good" one or a "bad" one, any such 
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description is perfectly acceptable as a hypothetical solar model. (In 

fact, the solar model described above could arguably be called a "bad" 

one, since it is not very smooth.) The main point is that, after one 

accepts a solar equilibrium model which is defined on the continuum of 

radial points from the Sun's center to its surface, subsequent 

calculational steps can be taken which yield highly accurate values for 

the eigenfrequencies and their partial derivatives. The commonly used 

tabular specifications of solar models fail in this regard, they simply 

do not allow high precision work to be accomplished (for example, 

computing eigenfrequencies to 7 significant digits). Attempts to 

improve the numerical accuracy of eigenfrequencies to this level by 

using high order finite difference methods or by drastically increasing 

the density of tabulated model points are examples of "approximating 

later"; these attempts are woefully inadequate and inefficient. 

When setting up the solar model parameters for the structural 

inversion problem, that is, when progressing from equation (8.18) to 

(8.20), several other "forks in the road" could have been traveled. 

For example, Kosovichev (1986,1988) ended up with 6w being expressed in 

terms of only one radially binned quantity, 6pjp. Some nonobvious, 

rather strong assumptions were made on his part to eliminate the 

dependence of 6w on a second structural parameter. If one insists on 

keeping two independent radial parameters in the problem, as equations 

(3.1-3.4) dictate, different pairs of "primary" unknowns may be 

obtained for each radial bin. Instead of ending up with the primary 

unknowns being * 6Ai and 6ui, as in equation (8.20), different 

manipulations lead to different results, with 

* optionally ending up as 6Vg,i and 6ui, or 6Ai 

the primary unknowns 

and 6V i' or even some g, 
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other combination of two unknowns (but not the pair 6ui and 6Cl,i). 

Several of these "alternate routes" have been tentatively investigated 

by the author. 

Based on this preliminary research work, it appears that the 

best results for actual inversion procedures will be obtained by 

selecting the two primary radially binned variables to be 6Ui and 

* either 6Ai or 6Vg,i· These variables are defined as prespecified 

functions of x which depend on additional sets of parameters. 

Me-irovitch and Baruh (1983) used this latter approach the 

"approximation of continuous functions in terms of known functions with 

undetermined coefficients" to identify distributed-parameter 

vibrating systems. The fundamental task of the solar inversion or 

parameter identification problem in this type of formulation is to 

properly adjust the new undetermined coefficients. Using this more 

soph-isticated approach to parameter estimation, a serious shortcoming 

of the earlier outlined procedure is removed, namely: functional forms 

* for both the "macroscopic" radial structural parameters, such as A (x), 

Vg(x), u(x), and c1(x), together with * their perturbations 6A (x), 

6Vg(x), 6u(x), and 6C1(x), are defined in such a manner that equations 

(8.1-8.2) and (8.5-8.6) are satisfied identically. 

{With the current "connect the dots" approach to approximating 

* the functions A (x), Vg(x), u(x), and c1(x), equations (8.1-8.2) are 

not satisfied identically, but are merely approximate relationships. A 

similar statement can be made regarding the radially binned perturbed 

* quantities 6A (x), 6Vg(x), 6u(x), and 6C1(x), and the non-satisfaction 

of equations (8.5-8.6). For the purpose of performing the delicate 

numerical work required in the structural inversion procedure, it is 
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much better if equations (8.1-8.2) and (8.5-8.6) are satisfied 

automatically.) 

The more sophisticated parameterization of the solar structural 

inversion problem suggested above is not without precedent; Banks, 

Crowley and Kunisch (1983) had previously suggested similar cubic 

spline approximation techniques for parameter estimation in distributed 

systems. Their research, plus Barsky's (1988) recent work on the 

latest spline techniques, can be applied when setting up good 

functional parameterizations of equations (8.1-8.2) and (8.5-8.6). 

(Incidentally, no matter what parameters are chosen to represent the 

solar model, the partial derivatives of eigenfrequencies with respect 

to those parameters can always be computed via the adjoint method. It 

is this trait which makes the adjoint sensitivity method such a 

wonderful tool to work with.) Reiterating the advantages of this 

"enhanced parameterization" approach to the structural estimation 

problem, smooth changes in the Sun's structural parameters are obtained 

across radial bins. Secondly, perturbations of the model parameters, 

which are obtained by solving an equation analogous to (8.21), are more 

readily incorporated as changes in the macroscopic model parameters. 

The implementation of an "ideal" parameterization scheme is a 

major research project in its own right; for this reason, such work is 

not pursued in this dissertation, but is left for a future research 

paper. Instead, only the "crude" formulation of the structural 

inversion problem, given by equations (8.1-8.21), is examined below. 

Essential features of the solution algorithm are demonstrated in 

chapter 9, where an example, very simple inversion problem is set up 

and solved several instances of equation (8.20) are collected in 
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matrix form and then solved as equation (8.21). In spite of 

simplistic, ad hoc solutions to such procedural questions as: "How 

* should constant changes 6Ai' 6Vg,i' 6ui' and 6Cl,i within radial bins 

* be used to modify the piecewise linear functions A (x), Vg(x), u(x), 

and c1(x)?", the solution to the contrived inversion problem of chapter 

9 proceeds quite well. This success augurs well for the usefulness of 

this "crude" inversion formalism; it is potentially capable of 

producing solutions to much larger problems. 

The last several pages of descriptions and procedures for 

solving the solar parameter estimation problem have been presented 

somewhat prematurely, straddling some of the boundaries which normally 

separate Polis's eight subproblems. (These boundaries are somewhat 

blurry, however, and artificially drawn. Pereyra, Keller and Lee 

(1980), for example, decompose the parameter estimation problem into 

only three •modules•.) This section's merging of equations, some of 

which more rightfully belong in Polis's other subproblem areas, was 

done intentionally, to outline in a unified fashion the overall 

parameter estimation solution approach. When appropriate, later 

sections of this chapter refer to the equations given here. 

Before ending this section, item (iii) of Polis (1983) is 

briefly considered. This item addresses the validity of the 

approximate solutions. Polis comments that "At the present state of 

the art, ... most authors use numerical experiments to 'show' that the 

results (converge)." Due to a general lack of independently obtained 

exact answers to solar eigenfrequency problems, this approach is also 

the approach which I have used in this dissertation. Chapter 9 

presents the numerical evidence for the correctness of the adjoint and 
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continuous orthonormalization algorithms. (Forthcoming research work 

which actually attempts to solve the solar structural estimation 

problem will be even more detailed, attempting to follow more closely 

the guidelines suggested by Crowder, Dembo and Mulvey (1978) for 

reporting computational experiments in mathematical programming.) 

8.3 Selection of a Perfopmance Criterion 

Compared to most distributed system parameter estimation 

problems, the selection of a performance criterion for the Sun is quite 

simple. It involves the definition of some measure of the deviations 

between observed normal mode eigenfrequencies and their corresponding 

theoretical (or computed) values. The first definition which naturally 

comes to mind is the following obvious one: 

K 

PC - 2 ( "'k,obs 
k-1 

- w k,theory )
2 

(8.22) 

where K is the total number of normal mode eigenfrequencies being 

analyzed and PC is the performance criterion which is to be minimized 

or optimized. 

Upon further reflection, some potential problems and weaknesses 

of the above definition become apparent. First, the normal modes 

having large eigenfrequencies, such as the 5 min p-modes, are given 

much more weight in the summation than modes which have lower eigen-

frequencies (such as the g-modes). To counteract this effect, it is 

much better to define PC as follows: 
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\ ( w - w ) 2 \ ( &w ) 2 PC_ L k.obs k.theoiY _ L k 

k-l ~.obs k-l ~,obs 
(8.23) 

In this equation for the performance criterion, it is the relative 

changes or deviations between the observed and computed eigen-

frequencies which are given equal weight. There still remains, 

however, a second potential difficulty with this definition of the 

performance criterion. No account has been taken of the noise levels 

which are present in the observed eigenfrequency measurements. A 

possible way to correct for this situation is to multiply each term in 

the above summations by a factor which is inversely proportional to the 

relative noise in each measured value of Then the observed 

eigenfrequencies with large error bars (high relative noise) will not 

contribute very much to the performance criterion. 

As in Chavent (1980), this type of performance criterion is 

called the "Output Least Square Error" (OLSE) criterion. 

In the sample inversion problem considered in chapter 9, the 

normal mode eigenfrequencies that are analyzed are all comparably sized 

and have similar amounts of measurement error. Therefore, since 

neither of the above-mentioned complicating factors is present, 

equation (8.22) is legitimately used to define the performance 

criterion-- the "OLSE." 

8.4 Decide on Measurement Iypes 

Of the three kinds of measurement types listed by Polis (1983) 

for analyzing distributed system parameter identification problems --

point measurements, distributed measurements, and boundary measurements 
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only point measurements are utilized in solar seismology. These 

"point" measurements are simply the finite set of observed eigen-

frequencies of various solar normal modes. The decision on measurement 

types is thus a very easy, forced one. Were it not for the fact that 

Polis also discusses the issue of identifiability in this subproblem 

area, this section would end here. 

Identifiability addresses the matter of the uniqueness of model 

parameter estimates. In Polis's words: 

In practice identifi-ability boils down to determining whether 
it is possible that the parameter estimates are close to the 
true unknown parameters and whether the estimates are stable 
with respect to small changes in the data. 

In helioseismology a quite pessimistic attitude has developed 

regarding the uniqueness of solar structural parameters which may be 

inferred from the data. For example, Christensen-Dalsgaard (1986a) 

writes: "In fact, even if we were to produce a model that fitted all 

the available data to within their stated accuracy, this would not 

teach us very much, unless we knew the level of confidence to assign to 

the result." And, in his paper on inverting helioseismic data, Gough 

(1985) remarks " ... once a model that does reproduce the data is found, 

it will then be possible to construct an infinite number of other data-

reproducing models." Their comments belittle the importance of finding 

a solution to the structural inversion problem, something which has not 

yet been accomplished. One should not be overly concerned about a 

solution's potential nonuniqueness before one has handled the 

"existence" portion of the problem -- producing a solution. Things 

just might work out better than expected. In fact, based on 
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developments in earth seismology, the expected impediments due to the 

nonuniqueness of the solar structural parameters may be quite 

minuscule. 

The review article by Parker (1977), entitled "Understanding 

Inverse Theory," is a widely referenced piece of research. This work 

has applications in many fields, but it particularly emphasizes 

applications in geophysics and seismology. He too addresses solution 

uniqueness in inversion problems, but from a "terrestrial" point of 

view: 

Uniqueness has been established for a number of geophysical 
inverse problems. Perhaps the most important exception is in 
the normal-mode inverse problem: the frequencies of free 
oscillation of the Earth have in the past five years yielded a 
precise, detailed picture of the mechanical structure of the 
deep interior, but there is no proof that the totality of such 
frequencies actually defines only one Earth model. 

His general mood or tone regarding difficulties due to solution 

nonuniqueness in normal-mode inversion problems is optimistic, in 

contrast with the impression left by Christensen-Dalsgaard and Gough 

above. 

A concrete example from seismology shows that, in practice, the 

nonuniqueness of an Earth model is not necessarily a serious problem. 

The PREM (for Preliminary Reference Earth Hodel) was developed by 

Dziewonski and Anderson (1981). Okal and Jo (1987) produced a 

quintessential verification of the PREM by performing "Stacking 

investigations of the dispersion of higher order mantle Rayleigh waves 

and normal modes." According to their abstract, "Using data from six 

major events recorded on the Global Digital Seismological Network, we 
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have extracted more than 100 normal modes ..• ; our results are generally 

in excellent agreement with values computed from available models of 

the Earth ... " In their conclusion, the extreme usefulness of the PREM 

was demonstrated by its predictive power: " ••• the present study shows 

that an independent dataset, not used in obtaining PREM, is indeed 

better fit by PREM than by 1066A, and thus confirms the generally 

improved character of PRE~ over its predecessor." At least for the 

structural inversion problem of earth seismology, Gough's (1985) 

"infinite number of other data-reproducing models" do not rear their 

Hydra-like heads. 

This section, which has mainly been concerned with the issue of 

parameter identifiability, closes with an optimistic message from Polis 

(1983): 

In general all of the identifiability results currently 
available require some rather strong assumptions in order to 
prove identifiability. On the other hand, "numerical 
identifiability" which loosely speaking means the ability to 
calculate satisfactory (at least to the investigators and some 
of their colleagues) parameter estimates on the computer has 
been obtained in the majority of papers in the reference list. 

Based on his remarks about "numerical identifiability," the structural 

parameters for the Sun (once they are obtained) should have a fighting 

chance of behaving as nicely as the Earth's internal structural 

parameters, even possessing predictive capabilities. 

In this whole problem of trying to obtain the Sun's internal 

structural parameters, there is one overarching point which should 

always be kept foremost in mind. That point is the following: "There 

is only one Sun." To me this is a comforting thought, guiding one's 
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research to a common goal, but Hald (1983), in the context of earth 

seismology, voiced a similar statement as a warning: "There is only 

one Earth." 

8.5 Perform a Sensitivity Analysis 

The need for performing a sensitivity analysis of any "systems 

and control" type of problem has previously been well-established in 

section 4.1. This need is re-emphasized here by quoting from several 

additional papers which describe the benefits of such an analysis. 

Some of these papers are quite comprehensive in their outlook, while 

others deal with specific scientific fields. Many theoretical papers 

on solar oscillations mention the desirability of doing a sensitivity 

analysis 

of them 

to obtain a greater physical insight of the Sun, but only one 

is cited here. Finally, this section discusses several 

subordinate issues concerning sensitivity analysis (particularly those 

which relate to solar seismology). These issues include the general 

lack of nonlinear sensitivity analyses in science (there are not many 

examples for solar seismology to follow), the proper way of computing 

the sensitivities (via the adjoint method), and the matter of "avoided 

crossings" -- whether or not two different normal modes can have the 

same eigenfrequency. 

In Ordinary Differential Equations, Pontryagin (1962) devotes a 

section of his book to the analysis of ODE's which have coefficients 

that are dependent on parameters; Zadunaisky's (1983) review article 

considers the estimation of small perturbations in such ODE's. Their 

work addresses the exact situation presented by the system of 

differential equations (3.1-3.4). These equations model solar normal 
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mode oscillations and intimately relate eigenfrequency values to 

structural parameters. The fundamental quantities required for 

analyzing this situation (and for obtaining good estimates of the Sun's 

internal parameters) are partial derivatives, otherwise known as 

sensitivities. 

In their preface, Deuflhard and Hairer (1983) note the 

importance of a sensitivity analysis in the numerical treatment of 

inverse problems: " ... these (sensitivity) coefficients are needed 

(a) to ensure (local) uniqueness of the solution, (b) to estimate the 

accuracy of the obtained approximation of the solution, (c) to speed up 

the iterative solution of nonlinear problems." 

Howes and Anderson (1988) enumerate many fine characteristics 

and usages of a sensitivity analysis in their chapter on "computer 

simulation in geomorphology": 

A very important diagnostic procedure which may be utilized 
during computerized model verification is a sensitivity 
analysis. This can be used to examine the effect of 
variations in model input and parameter values upon model 
behaviour or output. 

In the context of model evaluation, a sensitivity analysis can 
be used to: 
1. Demonstrate that in response to representative variation of 

model input and parameter values, theoretically realistic 
model behaviour is experienced. 

2. Illustrate the model to be sufficiently sensitive to 
represent actual variation in the prototype system. 

3. Identify those model parameters or inputs to which the 
model is most sensitive. 

Several authors have recently stressed the importance of 
applying a sensitivity analysis at a very early stage during 
model formulation. 

One final point with respect to the sensi~ivity analysis 
should be made ... The importance of research design in the 
implementation of the sensitivity analysis must be stressed. 
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In this dissertation's development, implementation, and testing of the 

adjoint sensitivity method, I have consistently tried to follow their 

points of advice. 

Nguyen and Niu (1987) also give an impressive summary of the 

benefits acquired by performing a sensitivity analysis: 

The field of design sensitivity analysis, however, is emerging 
as one of the more fruitful areas of engineering research. 
The reason for this is the recognition of the many practical 
uses for design sensitivity information, such as assessing 
design trends,. analytical model improvement, determining the 
effects of parameter uncertainties, in addition to the 
historical use of sensitivity information in conjunction with 
formal mathematical optimization techniques. 

Looking at two specific fields, the role played by sensitivity 

analysis is deemed important in each one. Vemuri et al. (1969) find 

that "Sensitivity analysis should be an integral part of nearly every 

hydrologic study." Szefer (1987) makes the following blanket 

endorsement: "The development of structural design and optimal control 

shows that the sensitivity analysis constitutes an important part of 

investigations in this field." 

In helioseismology, Guenther and Sarajedini (1988) recommend 

performing a sensitivity analysis at an early stage: "Before trying to 

produce an exotic solar model which is accurate enough to reproduce the 

observed p-mode oscillation spectrum, it seems prudent to understand 

well the behavior of existing solar models to small changes in the 

basic input parameters." 

A distinctive aspect of this dissertation's adjoint sensitivity 

method is illustrated by the comments of several authors. In general, 

they note the rarity of methods and approaches which are capable of 
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handling nonlinear problems. For instance, Becker (1964) states that 

"Much work has been done in recent years .•• in attempting to understand 

the adjoint functions. Relatively little work has been done, however, 

outside the context of reactor physics or in connection with nonlinear 

problems." Much more recently, Junkins, Bodden and Turner (1986) made 

a similar observation: 

Due to the potentially high dimensionality and the non
linearity of (for example) the closed loop eigenvalues to 
variation of design variables, one must anticipate a high 
dimensioned nonlinear optimization problem even for a linear 
elastic structural model. Indeed, if our recent paper is 
excluded, there is virtually no research literature wherein 
successful structure/controller design iterations of this type 
have achieved numerical solutions for even moderate dimen
sioned (>10 design variables) systems. 

Szefer (1987) summed up the situation this way: "There [are] a lot of 

results of optimization and sensitivity obtained in the last years for 

linear systems. Few results only are known up to now for nonlinear 

structu~es." In terms of solving the nonlinear solar structural 

estimation problem, the adjoint sensitivity method is a very novel and 

timely tool. 

By using an adjoint method to compute the sensitivities, one is 

following Polis's (1983) advice and computing the derivatives 

"exactly." That is, one is evaluating the sensitivities as ay;ax (the 

"discrete derivative") instead of ~y/Ax (the "discretized derivative"). 

Chavent (1980) had previously used this type of terminology in his 

description of the analysis procedure: 

The discrete derivative always gives the exact derivative 
of the discretized criterion once the discretization of the 



state equation has been chosen, whereas the discretized 
derivative generally gives only an approximation of the 
derivative. Further, the discretized derivative requires some 
nonobvious choices for the discretization of the continuous 
relations. 
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Reiterating, the adjoint sensitivity method for computing numerical 

derivatives is a direct implementation of Polis's philosophy to 

"approximate early." After the initial step of settling on a 

hypothetical solar model, all subsequent quantities (such as eigen

frequencies and their derivatives) are then computed as accurately as 

possible. 

Next, a somewhat controversial subject which is intimately 

related to sensitivity analysis is introduced. This subject has 

variously been referred to as "avoided crossing of modes," repeated 

eigenvalues, or multiple eigenvalues. (The first description above is 

the opposite of the latter two descriptions.) For a given physical 

system, the controversy is about whether or not the eigenvalues of two 

different eigenfunctions can be identical under some circumstances. In 

other words, do the eigenvalues attain genuine equality (degeneracy), 

or do they only get very close and then "repel" away from each other. 

These two alternative situations can be better visualized by 

referring to figure 3.1 and considering a concrete example. The 

neighborhood of the point (l-18, v-0.44mHz) is a potential site for a 

mode crossing; the line of £-modes coming in from the upper-right 

appears to be on a collision course with the line of g1-modes coming in 

from the right. If these lines do indeed cross, a magnified view of 

the interaction region of the l-v plane would show two intersecting 

straight lines. If, instead, the modes exhibit an avoided crossing, 
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then the magnified view would show two branches of a hyperbola (they 

never intersect, but are asymptotic to two intersecting lines). 

If a repeated eigenvalue (mode crossing) is present, the 

sensitivity analysis for it is substantially more complicated than for 

the single eigenvalue situation. A straightforward implementation of 

equation (5.13) is impossible, since the denominator on the right-hand 

side is zero. Directional (Gateaux) derivatives of the discriminant ~ 

are required to obtain the desired eigenfrequency sensitivity. (A 

direction must be provided to specify which of the two intersecting 

"lines" one is traveling along.) This dissertation does not perform 

an analysis of this kind; the adjoint sensitivity method presented here 
, 

only computes the standard, Frechet derivative for single eigenvalues. 

' The Frechet derivative and the Gateaux directional derivative 

are defined in many application-type papers on sensitivity analysis; 

more thorough, rigorous definitions of these objects are found in the 

mathematically oriented books by Ahmed (1988) and Ciarlet (1988). The 

original research work on these two kinds of derivatives is found in 
, 

Frechet (1925) and Gateaux (1922). 

In the field of structures, the question of whether modes can 

cross has been definitively answered in the affirmative: the modal 

eigenvalues ~ and do cross. Several papers by Choi and Haug 

(1980ab), Claudon and Sunakawa (1980), and Rousselet (1980) deal with 

the problem of optimizing structures with repeated eigenvalues. 

Elishakoff (1988) analyzes random vibrations in a system with equal 

natural frequencies. (Incidentally, this paper also provides useful 

ideas for analyzing the stochastic driving of solar oscillations by 

convective motions.) The buckling of structures is addressed by 
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Chenais and Rousselet (1988) and Mroz and Haftka (1988); it so happens 

that the buckling phenomenon often occurs when multiple eigenvalues 

are present. Wanxie and Gengdong (1986) developed a second-order 

sensitivity analysis of multimodal eigenvalues (in addition to related 

optimization techniques) for studying various structural problems. 

In Chao's (1981) paper on symmetry and terrestrial spectroscopy 

there is a section dealing with "symmetry and degeneracy of eigenvalue 

problems." A portion of this section reads: 

Here we shall distinguish between two types of accidental 
degeneracies. The first type, not so much of an accident 
after all, is the consequence of some "hidden" symmetry ..•. 
The other type of accidental degeneracy, however, does arise 
from the geometry of the system. Thus, conceivably, two 
nearby eigenvalues may approach each other and finally 
coincide when we continuously vary the physical parameters of 
our earth model. Although this indeed may happen, the 
resultant degeneracy is truly 'accidental', and cannot be 
predicted based on symmetry considerations alone. 

His statement clearly portends well for the possibility that 

modes may cross "accidentally" in the Sun. (The nonrotating spherical 

Sun exhibits a degeneracy in eigenfrequencies with respect to m values, 

but this degeneracy is due to symmetry alone and hence of little 

physical consequence.) The truly "accidental" degeneracy referred to 

above is the kind which can show up in figure 3.1 as curves which cross 

over each other. This type of occurrence, if it exists, would arise 

from some chance property of the geometry or structure of the Sun. 

In terms of diagnosing internal solar structure, knowledge of such 

crossover point locations in the l-v plane would be extremely useful 

and informative. 
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There are other physical systems, however, where eigenvalues do 

exhibit (or appear to exhibit) avoided crossings. For example, Morse 

and Feshbach (1953) used a particular problem in mathematical physics 

to analyze a mode interaction or resonance phenomenon; under rigorous, 

well-defined assumptions, they proved that the modes did indeed "avoid" 

each other. As another example, Brickmann and Levine (1985) also found 

avoided crossings when analyzing quantum eigenvalues of bound systems. 

Returning to the specific field of interest here, namely 

stellar oscillations, Aizenman, Smeyers and Weigert (1977) found that a 

similar mode avoidance behavior was exhibited by non-radial stellar 

oscillations. As their stellar models evolved in time, they observed a 

"mode bumping" phenomenon in which different oscillation modes never 

did attain equal eigenfrequencies; the modes would approach each other 

to within some minimum distance, and then "repel" away from each other. 

Roth and Weigert (1979) also confirmed this effect. Christensen

Dalsgaard (1980) performed a detailed analysis of another, closely 

related avoided crossing situation in non-radial stellar oscillations. 

He followed an avoided crossing not as it developed as a function of 

time, but rather as a function of l, where l was allowed to vary 

continuously. This work was extended by Christensen-Dalsgaard (1981) 

when he studied the effects of nonadiabaticity on the avoided crossing 

of oscillation modes. Clement (1986) and Lee and Saio (1989) included 

rotation effects in the stellar oscillation problem and found that 

the ensuing oscillatory modes also exhibited avoided crossings. 

The "true" answer to the question of whether stellar oscil

lation modes cross or not is critically dependent on how the p~ysical 

system is actually implemented or defined as a set of mathematical 
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equations. The imposition of approximations which would seemingly have 

negligible impact on the properties of certain modes (such as the 

Cowling approximation for high-l modes) can nevertheless have enormous 

qualitative ramifications for the mode crossing situation. One gets a 

sense of this from the several caveats and caution-evincing statements 

which are.made by some of the authors favoring "avoided crossing." 

Aizenman, Smeyers and Weigert (1977) noted that "It is clear that any 

approximation to the full equations must influence the results to a 

certain degree." And Christensen-Dalsgaard (1980), regarding one 

detail in his argument for avoided crossing, commented: "When the 

Cowling approximation is not made this argument is no longer valid (in 

fact Eisenfeld (1969) used essentially the same reasoning to show that 

the eigenvalues of the full problem are at most double)." Later in 

this same paper, Christensen-Dalsgaard even admitted: " ... but it is 

also possible, although perhaps unlikely, that the behaviour of the 

frequencies for the full fourth-order problem is drastically different 

from that found here, possibly even exhibiting crossings." 

Other researchers have found that it is possible for stellar 

oscillation modes to cross. After performing a careful variational 

analysis of oscillations in a rotating star, Schutz (1979) found that a 

special case could arise, one with double roots present. When Gabriel 

(1980) analyzed nonrotating stars, he too found a similar result. In 

his own words, "We have shown that eigenvalues of adiabatic nonradial 

stellar oscillations are at most double and we have given the 

conditions for degeneracy." (This confirmed Eisenfeld's (1969) result 

that " ... there can be at most two linearly independent eigenvectors 

corresponding to an eigenvalue.") 
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Finally, for interpreting computer analysis results, Gabriel 

(1980) made the important observation that " ••• degeneracy will not 

easily be distinguished numerically from an avoided crossing ••. " 

Almost invariably, true mode-crossing situations will not manifest 

themselves as such, but instead will masquerade as avoided crossings. 

(Two branches of one hyperbola, not intersecting lines, will show up in 

the plots of numerical results.) 

The difficulties of analyzing degenerate eigenfrequencies are 

quite analogous to the numerical difficulties of finding zeros of 

multiple root polynomials -- due to roundoff errors, the chances are 

nil for obtaining repeated polynomial roots exactly. Multiple roots 

almost always lie near each other in the complex plane, at distances 

dependent on factors like the computer's word length and various error 

tolerances in the solution algorithm. This rough correlation between 

solution properties and numerical errors also holds true for degenerate 

eigenfrequency calculations: if two eigenmodes are truly degenerate, 

the numerical separation between their computed eigenfrequencies is a 

good measure of an algorithm's numerical accuracy. An example from 

chapter 9 gives one indication of the continuous orthonormalization 

method's high precision by showing how closely two eigenfrequencies may 

approach each other in Saio's (1982) solar equilibrium model. 

8.6 Perform the Physical Experiment to Obtain Data 

As Polis (1983) states, "In real applications this step is 

generally the most costly. It is essential to plan carefully the 

experiments which will be carried out to obtain data; instrumentation 

knowledge, use of engineering judgment and experience and familiarity 
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with the process are essential." His comments most definitely apply to 

solar seismology. Sections 2.1 and 2.2 contain many references to (and 

more complete descriptions of) the respective topics of (1) collecting 

the raw solar data and (2) analyzing it to obtain eigenfrequencies. 

This experimental side of helioseismology is not dwelt on in this 

dissertation, but a few relevant statements are appropriate here. 

The research work at SCLERA has provided literally hundreds of 

identified solar oscillation modes as basic input data to the solar 

parameter estimation problem. (See Hill (1984a,l985ab), Gu and Hill 

(1987), and Rabaey, Hill and Barry (1987,1988) for many of these 

classified m-0 modes.) Duvall, Harvey and Pomerantz (1988) have also 

classified many intermediate degree (l-20-98) solar oscillation modes. 

These, plus additional modes classified by other research teams, 

provide a "critical mass" of requisite input data for solving the solar 

structural inversion problem. This set of modes is sufficiently large 

to yield good solar . parameter estimates; anticipated modes from 

existing and planned observing programs should contribute to solar 

model refinements. All classified m-0 modes are readily incorporated 

into the parameter estimation scheme outlined in this chapter. 

8.7 Choose an Optimization Scheme 

According to Polis (1983), "Once the previous subproblems have 

been successfully treated the DSPIP has been converted into an 

optimization problem." This section surveys several broad subtopics 

within the enormous field of optimization. Then the minimization of a 

particular performance criterion for the solar parameter estimation 

problem (equation (8.22)) is examined in detail. 
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the In general, the 

performance criterion 

requires regularization. 

PC is an ill-posed inversion problem, one which 

These terms and phrases are clarified in the 

paragraphs below, with many references cited on the respective topics. 

According to the dictionary, to "optimize" 

perfect, effective, or functional as possible. 

mathematical context, this usually translates 

means to make as 

In a physical or 

into quantitative 

statements about certain parameters achieving maximum or minimum 

values. The main difficulty of achieving these extreme values in 

practice is that local extrema are often present, making it very hard 

to tell if one has found the elusive global extremum or not. 

As evidenced by two recent dissertations "Charge-Coupled 

Device Optimizations for Astronomy" by Lesser (1988), and "Optical 

Design Optimization: A Preliminary Search for the Global Extremum" by 

Johnston (1988) -- optimization is an extremely relevant and current 

topic within astronomy. Section 4.2 contains many other references on 

the subject of optimization. These references examine the role of 

optimization in a wide variety of scientific fields, exploring both 

theoretical and practical viewpoints. Two relatively new approaches to 

optimization, not mentioned in section 4.2, are the "simulated 

annealing" approach of Kirkpatrick, Gelatt and Vecchi (1983) and the 

"neural computation" approach used by Hopfield and Tank (1985) to make 

optimal decisions. 

Next, the concept of an inverse problem is described. The very 

act of defining an "inverse" or "inversion" problem implies that 

another kind of problem exists; this latter kind of problem is called 

the "forward" or "direct" problem. The distinction between direct and 
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inverse problems is somewhat arbitrary and artificial, but historically 

speaking, the simpler of the two computational problems has most often 

been called the direct problem. After making this straightforward 

labeling decision, one is then able to distinguish an inverse problem 

from its corresponding "forward" or "direct" problem. 

The two different problem types (inverse and direct) are in 

some sense two complementary aspects of a more fundamental entity; to 

use a colloquial expression, they are two opposing faces of the same 

coin. This is clarified by giving an abstract example. The following 

two problems (1) "given A, compute B" and (2) "given B, compute A" 

are instances of two complementary problems; one is an inverse 

problem and one is a direct problem. Tying together problems (1) and 

(2), however, is an underlying, deeper concept (analogous to the coin) 

which is the unifying relationship that connects the "A" properties and 

the "B" properties. This is the holistic interpretation of the 

physical system under study, and it is chiefly at this representational 

level where the physics resides. Contrasting with the holistic view of 

the system are the reductionistic or analytical views, namely: the two 

separate inverse and direct problems, (1) and (2), which are listed 

above. Although physics is used to define and describe the system 

mainly at the holistic level, mathematics is used pervasively at both 

the holistic and reductionistic levels to describe the system's 

behavior. 

The rather abstract example given above (which employs terms 

like "A," "B," and "coin") can be made more concrete by considering 

particular instantiations of these terms. For the solar structural 

inversion problem, the following analogies hold. Physical properties 
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"A" are the solar oscillation eigenfrequencies and physical properties 

"B" are quantities which specify the solar equilibrium model. The 

"coin," or underlying relationship which connects "A" and "B," is the 

set of differential equations (3.1-3.4) which defines linear adiabatic 

nonradial solar oscillations. Following historical precedent and the 

11omenclature of helioseismology, problem (2) of the preceding paragraph 

is the direct problem and it may be stated: "given a solar equilibrium 

model, compute the solar eigenfrequencies." Problem (1) of the same 

paragraph is the inverse problem and it may be stated: "given a set of 

solar eigenfrequencies, compute the solar equilibrium model." (This 

latter problem is also called the solar parameter estimation problem.) 

The above structural inversion problem for the Sun is an ill

posed problem. This is intuitively apparent from the fact that only a 

finite number of observed eigenfrequencies are given the "task" of 

determining the solar equilibrium model a construct which has 

infinitely many degrees of freedom. Another way to see the ill-posed 

nature of the inversion problem is to note that there are infinitely 

many solar models that can reproduce (are consistent with) a finite set 

of measured eigenfrequencies. Therefore, there definitely is a 

potential difficulty with nonuniqueness (or ill-posedness) when one 

attempts to solve the solar structural inversion problem. The 

successes achieved in solving structural inversion problems in the 

field of earth seismology are hopeful indications that nonuniqueness 

will only be a minor impediment to successful helioseismological 

inversions. Nevertheless, the key question still remains: Just how 

bad is the nonuniqueness problem? Pedersen and Hermance (1986) 

realized the importance of finding an answer to this question when they 
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wrote: "For a complete interpretation we require that, along with the 

determination of an 'optimal' model, we are able to quantitatively 

assess the nonuniqueness inherent in any of the model parameters." 

Regularization is the name of the method or process by which 

the infinite number of possible solutions to an ill-posed inversion 

problem is reduced to one unique solution. This process is usually 

accomplished by imposing additional (physically reasonable) constraints 

on the inversion problem until a unique solution may be obtained. When 

this happens, the inversion problem is said to have become "well

posed." In the solar structural inversion approach formulated in 

section 8.2, regularization occurs when the solar equilibrium model is 

specified in terms of only a finite number of adjustable parameters, J. 

This is the number of columns in matrix equation (8.21), which 

certainly is not infinite. Some further regularizing assumptions may 

be required when solving matrix equation (8.21) for the equilibrium 

model adjustments 6xj, especially if the number of identified 

eigenfrequencies is less than the number of model parameters, that is, 

if K<J. But even if this is not the case, regularization may still be 

required; as noted by Jackson (1972), matrix equations "may be 

simultaneously overconstrained and underconstrained." Barcilon (1974) 

capsulizes the difficulties as follows: "One of the obstacles to the 

solution of such inverse eigenvalue problems is our lack of under

standing of what constitutes a well-posed problem." 

There are many excellent articles, reviews, and books dealing 

with the topics of inversion and regularization; those references 

deemed particularly relevant to the solar parameter estimation problem 

are listed here. Most of the general aspects of inversion problems are 
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addressed in the following works: Parker (1977), Kautsky et al. 

(1983), Devaney (1985), Kim (1987), Sabatier (1987), Tarantola (1987b), 

Kirsch (1988), and Radoslav (1988). Several of the typical 

controversies in performing inversions are discussed by fYmat 

(1975,1979) and Ueno (1980), who researched the problem of remotely 

monitoring atmospheric pollutants. Menke's (1984) book on geophysical 

discrete inverse theory is especially relevant to the solar inversion 

problem. The books by Craig and Brown (1986) and Carrion (1987) 

discuss numerous inversion strategies; the former book is exclusively 

concerned with astronomical inversion problems and is "must reading" 

for astronomers. An interesting geometric approach to nonlinear 

inverse problems is presented by Chavent (1987). 

Several papers giving examples of various inversion methods in 

earth seismology are: Worthington, Cleary and Anderssen (1974), Lu and 

Yeh (1985), Tarantola (1987a), and Wason, Black and King (1984). The 

latter authors point out the numerous applications of seismic modeling 

and inversion by stating that "Today, such diverse fields as submarine 

detection, medical tomography, and nondestructive testing, in various 

ways, utilize similar methods." 

Inverse methods are also used extensively in hydrologic 

modeling. As with earth seismology, it is worth studying these 

approaches because some of the specialized techniques developed for 

particular hydrologic applications may be transferable to the solar 

inversion problem. A series of three papers by Neuman and Yakowitz 

(1979), Neuman, Fogg and Jacobson (1980), and Neuman (1980) analyzed a 

statistical approach to the inverse problem of aquifer hydrology. 

Cooley (1985) developed a conceptual framework for regression modeling 
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of groundwater flow and Kitanidis (1985) examined the role of prior 

information in these types of hydrology problems. 

Regularization techniques for inverse problems are reviewed by 

Lukas (1980) and Anderssen, de Hoog and Lukas (1980). Extensive 

references to the Russian literature are found in Tikhonov and 

Arsenin (1977), along with many descriptions of regularization 

techniques. Some additional subtleties were handled by Davies and 

Hassan (1987), who considered optimality in the regularization of ill-

posed inverse problems. Recent approaches to ill-posed problems in 
0 

control theory are introduced in the analysis by Demmel and Kagstr6m 

(1988), who noted that "The paradigm used in this paper, projecting an 

ill-conditioned problem onto a surface of problems with a fixed 

structure to improve the conditioning, is a regularization technique 

common in numerical analysis." 

Another common regularization technique involves the selection 

of parameters so that they all have a comparable weight in the 

inversion procedure; the review by Pedersen and Hermance (1986) of 

approaches used at Brown University emphasizes this point. This 

regularization step was implemented by Barker and Langston (1982), who 

used weighting factors to equalize the importance of their two types of 

parameters. Cara and ~v~que (1987) also implemented a similar step; 

according to them, "To have non-dimensional equations in the multi-

parameter inversion scheme, relative perturbations of the model 

parameters were used." 

The study by Krappe, Massmann and Rossner (1987) on "Some Non

Linear, Ill-Posed Problems in Nuclear Physics from a Practitioner's 

Point of View" contains another collection of useful hints for 
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regularizing inversion problems, some of which are applicable to the 

solar structural inversion problem. Yet another perspective on 

regularization is provided in the paper by Lefkopoulos et al. (1988); 

they examined the ill-conditioned medical problem of administering 

stereotaxic irradiation doses. 

A central theme of regularization is the usage of "a priori" 

information. Two examples of a priori information in the Sun are: 

(1) positivity of temperature (from thermodynamics) and (2) mono

tonically increasing pressure as a function of depth (from the 

condition of hydrostatic equilibrium). These two kinds of a priori 

constraints, positivity and monotonicity, are recommended by Craig and 

Brown (1986) for solving many astronomical inversion problems. 

A sampling of quotations from the scientific literature shows 

how important such information can be. According to Hirata and 

Matsu'ura (1987), "Jackson (1979) demonstrated that the explicit use of 

prior information always reduces the ill-posed linear system to a well

posed linear system. Jackson's approach was extended to the nonlinear 

case by Tarantola and Valette (1982b) and Jackson and Matsu'ura 

(1985)." Quoting Suetsugu and Nakanishi (1987b), "To solve eq. 4 we 

use the Tarantola-Valette inversion method (Tarantola and Valette 

1982b) by which we can incorporate a priori constraints for the purpose 

of stabilizing the inversion." Matsu'ura and Hasegawa (1987) resolved 

nonuniqueness in their maximum likelihood approach to constrained 

nonlinear inversion by incorporating prior information: "The explicit 

use of the prior estimates is essential, since any solution inevitably 

depends on the initial values of model parameters when the problem is 

substantially under-determined." In their paper entitled "Inverse 
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Problems - Quest for Information," Tarantola and Valette (1982a) 

" ..• emphasize that inverse problems cannot be correctly stated until 

the tbree density functions p(x) (data and a priori information about 

parameters), B(x) (theory and theoretical errors), and p(x) (null 

information) have been precisely defined." Analyzing inversion 

problems in molecular biology, Provencher und Vogel (1983) place the 

need for simplicity on an equal footing with the usage of a priori 

information: "Common to all of the approaches are two general 

strategies, the principle of parsimony and the use of prior knowledge." 

This concludes the discussion on regularization; a powerful and general 

technique for solving matrix equations is discussed next. 

As shown in sections 8.2 and 8.3, the problem of estimating 

internal solar structural parameters reduces to the minimization of 

performance criterion PC (see equation (8.22)), where the 6wk values 

are given by equation (8.21). This is a nonlinear least-squares 

inversion problem. (It is nonlinear because the matrix ~j depends 

sensitively and nonlinearly on parameters of the solar equilibrium 

model.) The tutorial review by Lines and Treitel (1984) is an 

excellent source of information regarding such problems. They find 

that in performing least-squares inversions of geophysical problems, 

"Singular Value Decomposition (SVD) produces significant improvements 

in computational precision when applied to the same system of normal 

equations." This statement also applies to inversions performed in 

scientific fields other than geophysics. Press et al. (1986) confirm 

this by making such statements as: "SVD is also the method of choice 

for solving most linear least squares . problems" and "SVD can be 

significantly slower than solving the normal equations; however, its 
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great advantage, that it (theoretically) cannot fail, more than makes 

up for the speed disadvantage." VanderSluis and van der Vorst (1987) 

and Defrise and de Mol (1987) are two instances where SVD is used to 

regularize inversion problems. The latter two authors find that "For 

ill-posed problems, a compromise has to be found between accuracy and 

stability ..• ," and "In the case of compact operators, truncated SVD's 

can also be used for obtaining regularized solutions ... " De Moor et 

al. (1988) applied singular value decomposition to the identification 

of linear state space models. Denis and Denis (1984) and Gabriel and 

Nemry (1984) are two instances where the SVD algorithm has been applied 

to problems in helioseismology. It should be noted that the SVD 

approach is not the only means available (aside from the usual normal 

equation approach) for solving least squares problems. Olson (1987) 

described a "Chebyshev condition" for accelerating convergence of 

iterative large least squares problems; and Abushagur et al. (1987) 

developed a 

finding that 

solution algorithm for use on bimodal optical computers, 

" ... it works best for singular, underdetermined, or 

overdetermined systems." 

Now a short discourse is given on a relatively new algorithm 

which will almost certainly play a key role in future approaches to 

optimization. It is called the Chow-Yorke algorithm and has been 

mentioned earlier. An extensive analysis of this powerful algorithm is 

a worthy dissertation topic in itself, so only a brief outline of its 

basic properties and anticipated applications will be given here. 

The pioneering work on this so-called homotopy or continuation 

algorithm was done by Alexander and Yorke (1978) and Chow, Mallet-Paret 

and Yorke (1978). Essentially, the idea behind the algorithm is to 
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transform a problem whose solution is known into a different problem, 

one whose solution is desired. In the process of transforming the 

former problem into the latter problem, the solution to the former 

problem is transformed into the desired solution. A simple equation 

helps to clarify what is going on: 

(1-~)·f(x) + ~·F(x)- 0 (8.24) 

In this equation, x is the vector of parameters. The two functions 

f(x)-0 and F(x)-0 respectively represent the problem whose solution is 

known and the problem whose solution is sought. The continuation 

variable is ~; as its value changes from zero to unity, the original 

problem f(x)-0 (whose solution x is known) becomes transformed into the 

problem of solving F(x)-0 for x. By changing ~ very slowly from 0 to 

1, the solution x also changes, presumably in such a way that it can be 

monitored. The "motion" of the point (~.x) traces out a curve in the 

product space of continuation and parameter values. When ~-1, the 

corresponding value for x is the solution of F(x)-0. This is the 

essence of continuation methods. (All of the above statements can 

easily be generalized to the case where f and F are vector functions of 

x, instead of scalar functions.) 

Solving equation (8.24) for x is an inversion problem. If 

typical approaches are used to find x (such as the Newton-Raphson 

method or other quasi-Newton methods), numerical difficulties can arise 

when partial derivatives of f(x) and F(x) become either too large or 

too small. As witnessed by the rather poor (non-robust) performance of 

quasi-Newton algorithms in practice, these difficulties crop up all too 
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frequently. Muller and Alsop {1974) describe this phenomenon from 

another perspective: "The essential condition for the use of partial 

derivatives is that the inversion problem can be linearized ••• " {For 

the solar structural inversion problem, this condition is not met when 

solar eigenfrequencies approach degeneracy. Partial derivatives of the 

eigenfrequencies become very large and the linearization condition 

fails.) The Chow-Yorke algorithm circumvents this difficulty as 

Junkins and Rew {1985) state: "In any event, the use of adaptive 

continuation and homotopy algorithms to enhance convergence is a very 

important device; it insures that failure of the optimization algorithm 

will DQ! be due to a failed local linearity assumption." 

Most continuation methods in the literature set up equation 

(8.24) as an ordinary differential equation with ~ as the independent 

variable. Dunyak, Junkins and Watson {1984) show why this is not 

necessarily a very good idea {turning points and bifurcation points can 

halt the solution process). Then they describe the "cure" which is 

provided by the Chow-Yorke algorithm: the arc length of the combined 

set of variables ~ and x is chosen as the independent variable. 

According to Dunyak, Junkins and Watson (1984), "Considering arc length 

as the independent variable avoids the numerical difficulty at turning 

points if~ is chosen as the independent variable •.• " Their other 

comments indicate that the Chow-Yorke algorithm may be very useful or 

even essential in solving the solar parameter estimation problem: 

... the homotopy methods as a group {and the Chow-Yorke 
algorithm in particular) are relatively expensive vis-a-vis 
computer run time compared to, for example, a successful 
solution using a Gauss-Newton algorithm. Of course, an 
expensive solution is vastly preferred to no solution at all. 



Robustness measures "stability with respect to initial 
ignorance"; a high degree of such stability is most important 
when seeking iterative solutions of problems having both high 
dimension and nonlinearity. 
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The solar structural inversion problem is certainly of high dimension 

and it is also nonlinear. 

Watson has figured extensively in the development of the Chow-

Yorke algorithm. His several "solo" papers on the subject (Watson 

1979,1980,1981) cover all aspects of the algorithm, ranging from its 

theoretical properties to numerous explicit examples of scientific and 

engineering applications. Extensive portions of his papers are quoted 

below to give the reader a better awareness and sense of respect for 

this powerful algorithm. Quoting from Watson (1979), 

The algorithm is of interest because it is quite different 
from other fixed point algorithms in several important 
respects, and is computationally feasible for any small 
problem (less than 200 variables) and any large problem 
(several thousand variables) which is sparse in some sense . 

... the fixed point is computed by following a curve. 

The curve should not be followed too closely, since this 
requires more function evaluations than are really necessary. 
If the curve is followed too loosely, though, one can end up 
on an adjacent curve heading backwards toward ~-0. 

The Chow-Yorke algorithm is similar in spirit to well-known 
continuation methods, but differs in the use of the parameter 
~. the effect of which is that the continuation never breaks 
down and has to be restarted. 

Continuation methods fail if the curve turns back ... This 
problem is avoided in our algorithm by making ~ a dependent 
variable. An obvious choice for the independent variable is 
arc length . 

•.. a good strategy is to follow the zero curve of p (~,x) 
rather loosely, except near turns, where it should be foflowed 
almost as closely as machine precision permits. 
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The title of Watson (1980) is: "Computational Experience with the 

Chow-Yorke Algorithm." In this paper examples are given on how to 

formulate problems so that they may be solved via the Chow-Yorke 

algorithm. Tables of information on execution times and the frequency 

of Jacobian evaluations are provided. Engineering applications of the 

Chow-Yorke algorithm are the focus of Watson (1981). These applica-

tions range from "optimal structural design" to "convex unconstrained 

optimization" to "optimization with nonnegativity constraints." 

Certain negative aspects of the Chow-Yorke algorithm are 

addressed: 

... developing a homotopy map whose zero curves are bounded is 
very difficult and, at present, an art. Finally, homotopy 
methods are computationally expensive (at least an order of 
magnitude worse than quasi-Newton methods), and there is 
general agreement that they should be used as a last resort. 

also 

The joint paper by Watson, Holzer and Hansen (1983) tracks 

"nonlinear equilibrium paths by a homotopy method." The contorted 

paths which the Chow-Yorke algorithm follows in some of their examples 

are truly remarkable. Current research papers on this phenomenal 

algorithm may readily be found by consulting Physics Abstracts, since a 

subject category on the Chow-Yorke algorithm has been established. 

Aside from several brief references to this algorithm which appear 

below, the discourse on this topic concludes here. 

Attention is now focused on optimization and inversion 

techniques as they relate to helioseismology. Several research papers 

are summarized and then the details of solving matrix equation (8.21) 
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and minimizing the performance criterion of equation (8.22) are 

discussed. 

Gough (1984a) is one of many researchers who register a need 

for inversion techniques in solar seismology: " •.• we have a strong 

indication of where the models are incorrect (Christensen-Dalsgaard and 

Gough 1984b), but the nature of the error is yet to be found. Perhaps 

we must await an inverse calculation before we know the answer." 

Responding to this need, Jeffrey and Rosner (1985,1986a) analyzed five 

strategies for inverting remote sensing data: the Phillips-Twomey 

method, modified Chahine nonlinear iterative inversion, the maximum

entropy method, Backus-Gilbert inversion, and spectral synthesis. The 

solar inversion problem they used as their test case was the linear 

problem of inferring the Sun's internal rotation rate from sets of 

given mode-splittings. In Jeffrey and Rosner (1986b), they analyzed 

two optimization algorithms -- simulated annealing and neural network 

processing. More recently, in their paper entitled "An Optimal 

Approach to the Inverse Problem," Jeffrey and Rosner (1988) looked at 

three methods for finding global minima: conjugate gradient, modified 

future, comparison tests of 

certainly include the Chow-Yorke 

its highly touted capabilities 

annealing, and neural networks. In the 

global minimization methods should 

algorithm, particularly 

(Watson 1981). 

because of 

Several exploratory attempts have been made at solving some 

nonlinear structural inversion problems presented by the Sun. (See 

chapter 2 for many of these references; additional references to the 

rotational inversion problem are also found there.) Most of these 

attempts have been one-dimensional inversions, where only one 
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structural parameter is determined as a function of depth in the Sun. 

(The work by Denis and Denis (1984) is an exception, they set up an 

inversion scheme for obtaining two radial structural functions.) 

All of the one-dimensional inversions have 

built-in flaw. Extensive physical assumptions 

explicitly imposed on the solar equilibrium model to 

a very serious, 

are implicitly or 

reduce the two-

dimensional inversion problem to a one-dimensional problem. (For 

example, an equation of state may be imposed or approximations from 

asymptotic theory may be introduced.) It is perfectly fine to make use 

of "a priori" information to a certain extent, but using it to the 

point of reducing the dimensionality of the problem is going too far. 

Prior information should not be used to convert what is fundamentally a 

two-dimensional structural inversion problem into a one-dimensional 

inversion problem -- that is overstepping reasonable bounds. Besides, 

the whole point of helioseismology is to let the Sun (via its 

eigenfrequencies) tell us to the maximum degree possible what is going 

on inside itself. 

In addition to the research work reported in chapter 2, some 

interesting facts have also been discovered regarding the effects of 

adjusting the Sun's internal opacity. The results serve mainly to 

reaffirm the current "stalemate" situation in solar seismology -- the 

solar model has not yet been found which can produce computed 

eigenfrequencies in agreement with the observed eigenfrequencies. 

According to Korzennik, Yaari and Ulrich (1986), "We show that the 

opacity variations within acceptable limits can not alone resolve the 

discrepancies." In the first of several planned "inversion type" 
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papers (whose goal is to find a better solar model), Korzennik and 

Ulrich (1989) conclude: 

The figures of merit show that the improvement in the model 
from the opacity inversion process is able to resolve only a 
portion of the discrepancy between the standard model and the 
observations .•. There is no way of distinguishing between the 
three improved models, even though they differ from each other 
considerably. This result is discouraging ••. 

Significant improvements in their results would probably be achieved by 

formulating the solar structural inversion as a two-dimensional problem 

through the introduction of some other physical parameter. Also, a 

more appropriate pair of structural parameters should be selected. The 

opacity~ does not even appear in any of the equations (3.1-3.4), which 

define linear adiabatic nonradial oscillations. The opacity is related 

to solar eigenfrequencies in a very indirect, implicit fashion. Radial 

* variables such as A (r) and Vg(r) are much more intimately bound to 

solar eigenfrequencies, and hence they (or similar types of variables), 

are the natural choice of parameters to be used when setting up 

structural inversion procedures. 

Now some of the most basic, nitty-gritty details of solving 

matrix equation (8.21) and minimizing equation (8.22) are covered. As 

mentioned earlier, a better technique than the least squares method is 

available for solving an equation like (8.21) -- this better method is 

called the singular value decomposition (SVD) algorithm. Ideally, to 

obtain the best results for solar structural inversions, the matrix 

equation (8.21) should be overdetermined, that is, there should be more 

equations (rows) than there are unknowns (columns). Given 6wk and ~j 

under these circumstances, singular value decomposition provides a 
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straightforward, reliable means of obtaining the unknowns 6xj. (The 

SVD algorithm also works well in the underdetermined situation, 

selecting the smallest solution 6xj which satisfies equation (8.21)). 

The values for 6xj represent adjustments to be made in the solar 

equilibrium model. After making these adjustments, the theoretical 

(computed) eigenfrequencies of the new solar equilibrium model should 

be in better agreement with the observed eigenfrequencies. 

Reiterating some advantages of the SVD algorithm, it has great 

flexibility along with many diagnostic capabilities. Standard computer 

subroutines already exist (Forsythe, Malcolm and Moler 1977; Garbow et 

al. 1977; and Press et al. 1986) for computing the singular value 

decomposition of the ~j matrix, along with solutions to the matrix 

equation (8.21). Residuals in the 6wk's may be used to check the 

accuracy of equation (8.2l)'s solution. These residuals are defined to 

be the differences between the original 6wk values, which are input to 

the matrix equation, and those values obtained by first solving 

equation (8.21) for 6xj and then using the product ~j6xj to 

recalculate new 6wk's. (If the matrix equation is underdetermined, all 

of these "residuals" will be zero.) 

By monitoring the residuals in the 6wk values in an over

determined situation (where they are not zero), important information 

may be garnered about possible mode misidentifications, allowing 

appropriate action to be taken. For example, those rows in equation 

(8.21) which have excessively high residuals in 6wk may be eliminated. 

Similarly, other rows of equation (8.21) which represent eigen-

frequencies near crossing situations may have to be temporarily dropped 

from the analysis; certain sensitivities (values for ~j) may become 
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very high near a mode crossing, thereby skewing the results for both 

the 6xj values and the residual 6~ values. 

After the reduced or "doctored" system of equations (8.21) has 

been iterated so that the residuals in 6~ are very small (which 

presumably indicates that the iterated solar equilibrium model is now a 

fairly decent approximation to the actual Sun), some of the previously 

dropped eigenfrequency equations (rows of equation (8.21)) may be re

introduced to the system. Nearly degenerate eigenfrequencies (those 

near a crossing situation) may then yield acceptable residuals in 6wk, 

despite the presence of large Hkj values. In fact, having pairs of 

eigenfrequencies that are close in value is a desirable feature at this 

final stage of the inversion analysis; equilibrium model parameter 

values may be nailed down very precisely when solar eigenfrequencies 

have high sensitivities (a situation synonymous with proximate 

eigenfrequencies). 

Attempts may also be made to include the other previously 

dropped eigenfrequency equations (rows of equation (8.21)), those 

suspected of being misidentifications. To do this, a table of 

theoretical (computed) eigenfrequencies obtained from the iterated, 

"more correct" equilibrium solar model is generated. This table is 

then searched with the intent of finding new match-ups between its 

theoretical eigenfrequencies and the set of observed, but as yet 

unidentified, eigenfrequencies. Some of the eigenfrequency equations 

which were dropped at an earlier stage of the analysis (due to their 

having high residual 6wk's when they were wrongly identified) may now 

be tentatively reclassified. Adjusting the l and n (spherical harmonic 

degree number and radial order number) of a previously misidentified 
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mode to new values can, if the new classification is correct, certainly 

reduce the residual errors in 6~ to acceptable levels. When this 

happens, an enlarged system of equations (8.21) (with the reclassified 

modes added in as additional rows) may be solved again to "fine-tune" 

or further improve the solar equilibrium model via new parameter 

adjustments 6xj. 

Some troublesome or anomalous cases with high residual errors 

will probably still remain. The eigenfrequency equations (rows) with 

this property should be permanently left out of matrix equation (8.21). 

Also, the observations or procedures which labeled or classified the 

anomalous frequencies as being eigenfrequencies of particular 

oscillation modes should be considered suspect or in error. One must, 

however, proceed with extreme caution in this "throwing out" process. 

Anomalous. "nonfitting" eigenfrequencies may contain important new 

information about solar physics. (Recall that similar anomalous 

eigenfrequencies in the Earth forced Dziewonski and Anderson (1981) to 

switch from an isotropic model of the Earth to an anisotropic model!) 

The above interaction process between theory and observations 

is not a "one-way street," with the theory relegated to the passive 

role of pronouncing positive or negative judgments on the validity of 

identified eigenfrequencies. The interaction also proceeds in the 

other direction, with the theory playing an active role, having a 

significant positive impact on the observational program. For example, 

the theory can predict where to look for and find other, heretofore 

unidentified. eigenfrequencies in very dense portions of the observed 

frequency spectrum. In a kind of bootstrap process, trial identifi

cations of observed frequencies are made. The corresponding equations 
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for these tentative eigenfrequencies are then included as additional 

rows in the matrix equation (8.21). After analysis, the singular value 

decomposition results for this extended set of equations can be tested 

for a kind of two-part self-consistency. First, the larger set of 6wk 

residuals should remain at acceptable low levels and, second, the new 

equilibrium solar model should be fairly close to the previous one. If 

not, the candidate mode's identification as a normal mode with a 

specific pair of i and n values is rejected and a new identification 

may be sought. 

The procedure described above is a new mode identification 

technique. It is in the same class as, but orthogonal to, the five 

mode identification criteria described in Hill (1984a). In this new 

technique it is the solar equilibrium model itself which, in effect, 

becomes the final arbiter of the mode identification question. 

The initial requirement to start the structural inversion or 

parameter estimation process for the Sun is the possession of a certain 

minimum number of mode identifications. That is, there must be at 

least a small set of observed frequencies that are "guaranteed" or 

assumed to be eigenfrequencies of specific normal modes. As an 

example of this minimum requirement, a crude first attempt to obtain an 

improved model of internal solar structure might use only 10 radial 

bins to represent perturbations in the solar equilibrium model. This 

corresponds to about 20 unknown values of 6xj to be solved for (two 

* parameters like 6Aj and 6uj for each bin, plus 6c10). Thus, for this 

example situation, more than 21 properly identified eigenfrequencies 

are required before matrix equation (8.21) may be overdetermined. The 

research papers listed in the last paragraph of section 8.6 contain 
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more than 200 mode identifications, encompassing a broad range of 

p-modes, g-modes, and f-modes. With this larger set of identified 

modes, solar model adjustments in up to 100 radial bins (with two 

parameter perturbations in each bin) may theoretically be determined. 

Matrices of this size (200 by 200) are easily analyzed by the SVD 

algorithm in a reasonable amount of computer time. 

The advantages of using the SVD algorithm for the optimization 

phase of the solar parameter estimation problem are twofold, 

expressible in the words "control" and "flexibility ... At every stage 

of the iterative process of solving equation (8.21) and optimizing 

(minimizing) the performance criterion (8.22), the situation can be 

diagnosed. The matrix ~j and residuals in the Gwk vector are 

explicitly available. One always knows exactly where and by how much 

things are going wrong. Then, depending on the type of trouble, many 

courses of action are possible. The number, size, and location of the 

radial bins may be adjusted. Individual rows may be removed from or 

added to the matrix equation (8.21). By selecting particular subsets 

of identified normal modes for analysis, smaller subproblems which 

focus on limited radial regions inside the Sun may be set up and solved 

separately. The justification for breaking the "full" problem into 

subproblems is obtainable via the matrix ~j's singular value 

decomposition, since the SVD measures, among other things, linear 

dependences. Once the semi-independent subproblems are solved, they 

may be pieced together and rechecked for global consistency by solving 

the entire problem as a unit. This "divide and conquer" approach is 

advocated by Anderssen and Cleary (1974), who state: "the stepwise 
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determination of subsets of parameters in a model is in general more 

efficient and robust than a direct global determination." 

Finally, and perhaps most importantly, the SVD analysis 

approach may lead to an awareness of entirely new problems or paradoxes 

in the field of solar seismology. It is conceivable that several 

observed solar eigenfrequencies (which by all rights appear to be 

correctly identified) may stubbornly refuse to match the computed 

eigenfrequencies of an otherwise "perfect" solar model (an equilibrium 

model which accurately reproduces values for all other observed 

eigenfrequencies). In this case, attention is directed to other 

hypotheses or physical mechanisms which might explain the recalcitrant 

discrepancies. Some possible physical causes for the discrepancies lie 

in the following areas: interactions between solar convection and the 

normal mode oscillations, non-standard boundary conditions at the Sun's 

surface, or even time-dependent variations in the solar equilibrium 

model (leuding to time-dependent eigenfrequencies). These are only 

some of the most likely and obvious places where the existing theory of 

solar oscillations may be inadequate. 

Resolution of such potential problem areas could eventually 

lead to a better understanding of solar physics, stellar physics, and 

astrophysics. For example, in Toomre's (1984) overview paper he 

discusses the possibility of time-dependent eigenfrequency behavior and 

points out the potential diagnostic usefulness of such a phenomenon. 

Oglesby (1987) presents results indicating that secular changes in 

certain solar eigenfrequencies are indeed occurring. Using the methods 

of this chapter, a time sequence of solar equilibrium models can be 

generated. Each model in the sequence would be derived from the set of 



252 

identified eigenfrequencies which were observed at the differing time 

epochs. It would be most interesting and informative to see how solar 

structure is modulated as a function of time. 

8.8 Perform an Error Analysis 

The last of the eight steps suggested by Polis (1983) for 

solving parameter estimation problems is to perform an error analysis. 

This provides a means of judging the significance and/or relevance of 

the resultant parameter estimates. A very cursory review of papers on 

the topic of error analysis is given below, with the emphasis placed 

mainly on geophysical application papers. 

In the context of orbit and trajectory determinations, Anderson 

(1963,1966) presented various error analysis techniques. The Schmidt

Kalman approach to estimation utilizes a kind of "on-the-fly" error 

analysis to provide a continual updating of orbital parameter 

estimates. Closer to solar seismology applications, the research by 

Backus and Gilbert (1967,1968) developed "techniques for extracting 

rigorous and geophysically useful conclusions about the internal 

structure of the Earth from a finite set of measured gross Earth 

data ... " The effects of observational errors on this type of analysis 

were incorporated in the papers by Backus and Gilbert (1970) and Backus 

(1971). These papers respectively studied "Uniqueness in the Inversion 

of Inaccurate Gross Earth Data" and "Inference from Inadequate and 

Inaccurate Data." 

Other geophysical papers considering the effects of noisy data 

soon followed. Jackson (1972) studied the interpretation of 

inaccurate, insufficient and inconsistent data. He found that, 
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"Moreover, simple perturbation theory allows one to calculate easily 

the improvement in resolution and information density provided by 

taking more data or increasing the number of unknown parameters." 

Wiggins (1972) concurred: " ••• computation of parameter and information 

resolution is such a simple extension of any inversion procedure based 

on perturbation parameters that such inversion studies are incomplete 

without considering resolution." 

In analyzing hydrologic modeling solutions, researchers have 

also had to quantify (via error analyses) the degree of uncertainty in 

their model parameter estimates. Yakowitz and Duckstein (1980) found 

that, due to noisy data, identification of aquifer parameters can be 

very unstable numerically. Yeh and Yoon (1981) noted a "trade-off 

between the modeling error and the error associated with the parameter 

uncertainty." Dettinger and Wilson (1981) performed a first order 

analysis of uncertainty in numerical models of groundwater flow. Many 

of the error analysis techniques used in these papers are directly 

applicable to the analysis of solar structural inversions. 

One of the best papers which delves into the essence of error 

analysis is by Eno, Beumee and Rabitz (1985); their work is entitled: 

"Sensitivity Analysis of Experimental Data." They show how error 

analysis and sensitivity analysis are intimately related; in their own 

words: 

Ye have shown .•• that the power of addressing sensitivity 
questions through derivatives is fully realized only when the 
elementary sensitivities are further manipulated to obtain 
so-called derived sensitivity coefficients. These new 
coefficients enable us to examine, for example, how pairs of 
parameters interrelate when model observables are held fixed. 



... a particular type of derived sensitivity coefficient has 
been shown to be useful in relating uncertainties in 
observables to deviations in input parameters. 
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Their work suggests further applications of the adjoint sensitivity 

method. By efficiently and accurately computing second order 

sensitivities (partial derivatives) via the adjoint method, it will be 

possible to determine which particular solar normal modes should be 

added to the structural inversion analysis to maximally increase 

resolution and information content. 

Finally, a refreshing new perspective on error analysis is 

given in De Moor and Vandewalle's (1988) paper on "The Uncertainty 

Principle of Mathematical Modeling." A sample of their writing conveys 

a sense of their rather unique approach: "The following statement is 

fundamental in that it really defines what is meant by noise (in any 

application!): Noise - what is not explained by the model." 



CHAPTER 9 

NUMERICAL VERIFICATION OF THE CONTINUOUS ORTHONORMALIZATION 
AND ADJOINT SENSITIVITY METHODS FOR COMPUTING 

SOlAR EIGENFREQUENCIES AND THEIR PARTIAL DERIVATIVES 
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Procedural details of the two new analysis techniques developed 

in chapter 7 the continuous orthonormalization (CON) and adjoint 

sensitivity methods -- are summarized in appendix A. The algorithms 

have been specifically designed for computing two types of quantities: 

(1) eigenfrequencies of linear adiabatic nonradial solar normal modes, 

and (2) partial derivatives (sensitivities) of these eigenfrequencies 

with respect to solar model parameters. A Fortran 77 computer program 

was written to implement the CON and adjoint algorithms on a Celerity 

1200 computer system. The two algorithms were then subjected to a 

battery of tests to confirm and verify the accuracy of the numerical 

results; these numerous and varied tests are the subject of this 

chapter. 

Basically, three different kinds of tests were carried out. 

The first group of tests involved the computation of solar eigen-

frequencies. Results from using the CON algorithm were compared to 

both observed and computed eigenfrequencies obtained by many 

independent researchers. The second group of tests addressed the 

computation of eigenfrequency partial derivatives with respect to 

changes in the solar model. Differences between eigenfrequencies 

obtained from a "base" solar model versus those obtained from various 

perturbed solar models were compared against the corresponding 

frequency changes predicted by adjoint sensitivity analyses. Finally, 
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the third kind of test was a sort of "road test" -- designed to show 

how well both the CON and adjoint algorithms would perform in the 

context of an actual inversion procedure. It confirmed that specific 

solar eigenfrequencies could successfully be moved in a controlled, 

predictable fashion over "large distances" (relative frequency changes 

of -2%) by iteratively perturbing the solar equilibrium model. 

9.1 Verifying the Eigenfreguency Computations 

The essential prerequisite for numerically testing an 

eigenfrequency computation algorithm is to have a solar equilibrium 

model. The model of the Sun provided by Saio (1982) fulfills this 

requirement, but any number of alternative solar models generated by 

other researchers would have served equally well for the verification 

purposes of this chapter. For comparison purposes, however, it is best 

to use a reasonable "middle of the road" model like Saio's, since the 

eigenfrequencies for it will be fairly close to the results of other 

mainstream models. 

As discussed in section 8.2, the Saio (1982) model is not the 

most sophisticated or physically accurate model, having only 281 radial 

grid points, but it provides a sufficiently good starting point for the 

task at hand. To take full advantage of the CON method's capacity for 

computing high precision eigenfrequencies, a solar model defined on a 

continuum of radial points is necessary. This is attributable to the 

fact that when differential equations such as (3.1-3.4) or (7.27) or 

(A.41) are integrated using standard .computer subroutines, derivatives 

need to be evaluated at potentially any value of the independent 

variable (radial location x). Finite difference schemes for solving 
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the differential equations are much less accurate than the above 

approach, and hence they are not employed. 

A more complete, "filled-in" version of the Saio (1982) model 

is created by using interpolation formulas to define the relevant solar 

model parameters between the radial points where the parameter values 

are tabulated. Except for the central region of the Sun, all of the 

interpolation formulas for the model parameters are linear in lnx 

(having the form A+B·1nx). In the special case of the central region, 

2 quadratic functions of the form C+D·x are used to define the parameter 

values. (No term appears which is linear in x because, based on 

physical arguments, these functions must be even functions of x at the 

solar center.) 

Several preliminary and elementary tests of the CON algorithm 

for computing eigenfrequencies were conducted first. Two different 

published sets of computer routines for integrating ordinary differ-

ential equations were applied to equations (A.41) and the results were 

compared. The two subroutine packages tested were RKF45 by Forsythe, 

Malcolm and Moler (1977) and subroutine DE (plus auxiliary routines) 

listed in Shampine and Gordon (1975). It was found that (based on 

identical input values for absolute and relative error tolerances) the 

two different subroutine packages were both acceptable, producing 

results which agreed with each other to within the specified tolerance 

levels. Since the less sophisticated subroutine RKF45 consistently had 

a faster execution time and required fewer derivative evaluations than 

subroutine DE (which was better tailored for stiff problems), the 

former routine was chosen over subroutine DE for performing the "non-

stiff" integrations required in the CON algorithm. This ability to get 
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by with a simpler integration method is consistent with Meyer's (1986) 

experience: When using continuous orthonormalization techniques, he 

found that even the most basic of integration routines (Runge-Kutta) 

could efficiently solve his difficult test problems to the desired 

accuracy level. 

Aside from a handful of test cases, relative and absolute error 

tolerances of lO_a were chosen as the input parameters in subroutine 

RKF45 for all of this dissertation's "production" work of computing 

solar eigenfrequencies. This choice represented a compromise between 
_12 

extremely low error tolerances of 10 (the practical lower limit of 

RKF45) and other tolerances which were orders of magnitude greater than 
_a 

10 The computer run times associated with the error tolerances of 
_12 

10 were much longer than the computer runs utilizing larger error 

tolerances. The answer to the question "How much larger 
_12 

than 10 

should the tolerances be?• had the relatively simple answer: "Make the 

tolerances as large as possible, within physically reasonable limits." 

Thus, to remain slightly better than the anticipated error tolerances 

(parts per million) of eigenfrequency observations expected in the 
_a 

1990's, 10 was settled on as the error tolerance for RKF45. As 

Christensen-Dalsgaard (1986a) pointed out: 

The main difficulty in seismological calculations is the need 
for very high numerical accuracy. Present observations of 
solar p mode frequencies have relative precisions as high as -" , , 
10 (van der Raay, Palle and Roca Cortes 1986), and one would 
obviously like the numerical accuracy of the ~omputed 
frequencies to match this precision; in fact significant 
changes in the assumed physics generally result in fairly 
small changes in the frequencies, so that the high accuracy is 
needed to draw meaningful conclusions on the basis of the 
observed frequencies. 
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Using 10-
8 

as the absolute and relative error tolerances in the 

"RKF45 portion" of the CON algorithm yields a dramatic improvement in 

eigenfrequency accuracies over existing computational methods. This 

enhanced accuracy level is not a premature step in the field of 

helioseismology. Based on recent trends in the accuracies of observed 

oscillation frequencies, such tolerance levels will soon be required if 

one legitimately expects to achieve computed eigenfrequencies with more 

precision (6 or 7 significant digits) than observed eigenfrequencies 

(5 or 6 significant digits). 

Another elementary check of the CON algorithm was also 

performed; this test determined the sensitivity of computed eigen-

frequencies to the location of the solar "center." Since equation 

(A.41) utilizes the variable lnx as the independent variable, the true 

center of the Sun (x-0) must be approximated by a large negative value 

for lnx. Two different values representing the solar "center," Inx--30 

and Inx--35, were used as the starting points for the integrations. 

These two values for lnx correspond respectively to distances of about 

65 microns and 440 nm from the actual solar center. As could 

reasonably be expected, computed eigenfrequencies were found to be 

independent of this binary choice for the center (to at least 8 

significant digits). Therefore, the value of Inx--30 was chosen to 

represent the center in all subsequent computational work. (Mullan and 

-· Ulrich (1988) started their integrations at x-1.8·10 (Inx~-8.62), or 

about 126 km from the solar center. When computing high-order or high-

degree g-mode eigenfrequencies, this starting value for x is simply too 

large to produce results with 6 significant digits.) 
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The CON algorithm, as outlined in appendix A, contains numerous 

instances of partial derivatives of gij (for example, see equation 

(A.48)). Even though many of these derivatives are negligible and 

justifiably could have been ignored (according to Meyer 1987b), all 

occurrences of the derivatives were explicitly kept in my work. 

This conservative action was taken to avoid any potential trouble spots 

having a similar nature as the numerical pitfalls mentioned by Davey 

(1983) and Meyer (1986). As they pointed out, there are many products 

in the CON algorithm which formally, in theory, are identically equal 

to unity or zero. Usage of calculated values for these quantities, 

however, is absolutely critical to the stability of the CON algorithm. 

Substitution of calculated values l+E and E for the scalar products in 

equation (A.SO), instead of their theoretical values of 1 and 0, 

insures numerical stability when integrating equations (A.41). (In 
_5 

some diagnostic computer runs, values for E as large as -10 were 

noted.) 

A very important practical test of the continuous ortho-

normalization method involves comparing its results for solar 

eigenfrequencies against the frequencies obtained by completely 

independent means. Table 9.1 presents some comparison results for 

assorted solar normal modes. Two different "types" of frequencies are 

listed in the table: "calc" and "obs." These two categories 

respectively represent frequencies calculated from computer models of 

the Sun and frequencies that were deduced from observed solar 

oscillation data. Aside from several listed observations of the p17 , 

1-1 normal mode, table 9.1 only contains the former type of calculated 

frequencies. 
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The first column in table 9.1 identifies the particular normal 

mode under consideration; in no case does information about any of the 

10 different normal modes presented in the table extend across page 

boundaries. The second and third columns, w and v, are the dimension

less and dimensional eigenfrequencies of the mode, respectively. As 

can be seen, most rows in the table list only one entry for this 

frequency information; when available, both frequencies are listed. In 

these latter situations, conversion factors between w and v may be 

computed. For all of my work based on the Saio (1982) model, labeled 

by "DON" and "CON," this conversion factor is 100.13619pHz. Mullan and 

Ulrich (1988) and Mullan (1989) (references 24 and 25) both used a 

conversion factor of 99.778pHz. As noted in section 8.2, this 

discrepancy in conversion factors 

slightly different G, M, and 

is attributable 

R values in the 

to the usage of 

two solar models. 

Christensen-Dalsgaard (1979) (referred to as "JCD" in the table) has an 

apparent range of conversion factors between 99.727pHz and 99.866pHz. 

This somewhat mysterious feature has the following simple exp~anation: 

His original v values (obtained from w through the constant conversion 

factor of 99.8633pHz) were improved upon by using a variational method. 

It is these latter, modified values for v which appear in table 9.1, 

thereby accounting for the variable conversion factor. 

The initials "DON," standing for discrete orthonormalization, 

refer to the calculational approach used in Hill and Rosenwald (1986b) 

to compute eigenfrequencies. In this work, an expanded version of the 

Saio (1982) model was used, one having -1600 radial points. Spline 

interpolations were used to fill in the solar parameter values between 

all of these radial points; then the fourth order, linear stiff system 
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of equations (3.1-3.4) was integrated from one radial point to the 

next. Using the parallel shooting approach described in Keller (1976), 

a whole series of integrations was performed. Orthonormal starting 

conditions were imposed at every radial point and then the complete 

solution was pieced together by appropriately matching solutions at all 

-1600 orthonormalization points. The system of equations (3.1-3.4) was 

sufficiently stiff that analyzing certain oscillation modes did indeed 

require this large number (-1600) of discrete orthonormalization 

points. 

The initials "CON," standing for continuous orthonormalization, 

refer to the computational algorithm developed in this dissertation. 

Saio's basic model (with 281 radial points) was the starting point for 

this work. Simpler, mainly linear interpolations were used to define 

the solar model on a continuum of radial points; then the eighth order, 

nonlinear non-stiff system of equations (A.41) was integrated. 

The fifth column of table 9.1 contains reference abbreviations 

which are explained on the last page of the table, in the reference 

key. Comments in column six are self-explanatory to a limited degree, 

but the original papers contain full explanations of the terminology. 

One comment that is particularly worth noting refers to a result for 

the p1 , i-4 mode obtained by Shibahashi and Osaki (1981) (reference 

11). Their result for this mode's calculated eigenfrequency has a high 

probability of being incorrect. This conclusion is based on the 

observation that for the following modes: (1) p2 , i-4, (2) p3 , i-4, 

(3) p3 , i-3, (4) p2 , i-3, and (5) p2 , i-4, their eigenfrequencies are 

quite close to the values obtained independently by "CON" and "JCD." 

Offhand, there is no plausible physical explanation or reason why 
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Table 9.1. Calculated and observed eigenfrequencies for assorted 
solar normal modes. 

Mode II (pHz) Type Ref. Comments 

g2, .e-1 1.853295 185.58187 calc DON 
1.854296 185.68215 calc CON 
1.890643 188.812 calc .JCD 

185.68 calc 2 

190.91* calc 3 model 4, *typographical 
error in the exponent 
has been corrected 

182.2 calc 4 

179.7 calc 5 Z-0.01 
197.5 calc 5 z-0.02 
220.2 calc 5 Z-0.03 

183.6 calc 6 model A 
171.0 calc 6 model B 
164.9 calc 6 model C 

296.38 calc 7 model 6 

110.4 calc 9 model 1, ~/H-1.5 
129.4 calc 9 model 2, ~/H-1.5 
150.5 calc 9 model 3, ~/H-1.5 
210.1 calc 9 model 4, ~/H-1.5 
210.8 calc 9 ~/H-2.5 

173.0 calc 15 model 1 
181.4 calc 15 model 2 
188.7 calc 15 model 3 
178.4 calc 15 model 4 

190.66 calc 17 

190.23 calc 18 standard, z-0.02 
192.81 calc 18 diffusion, Z-0.018 

185.7 calc 19 model A 
163.0 calc 19 model C, low Z 

1.688773 168.5024 calc 25 n -3 polytrope p 
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Table 9.1. -- continued. 

Mode (c) II (pHz) Type Ref. Comments 

p17 • ..e-1 25.465732 2550.0414 calc DON 
25.390665 2542.5245 calc CON 
25.591171 2552.140 calc JCD 

2521. calc 5 z-0.01 
2576. calc 5 z-0.02 
2612. calc 5 z-0.03 

2548.0 calc 10 model 1 
2553.4 calc 10 model 5 

2560.5 obs 14 

2548.9 obs 16 

2559.2±0.3 obs 20 

2558.2 obs* 21 *quadratic extrapolation 
of n-14,15,16 
observations 

2559.4 obs 22. K line 
2559.3 obs 22 Na line 

2558.9±0.2 obs 23 

23.73195 2367.927 calc 24 table 5, n-3 polytrope 
26.48612 2642.732 calc 24 table 6, n-1.5 polytrope 

pl • ..e-4 4.428338 443.437 calc DON 
4.421808 442.783 calc CON 
4.426478 441.460 calc JCD 

436.8 calc 5 z-0.01 
443.5 calc 5 z-0.02 
481.0 calc 5 z-o.o3 

443.1 calc 6 model A 
438.2 calc 6 model B 
455.6 calc 6 model C 

597. calc 7 model 6 

465.47* calc 11 *Probably erroneous 

439. calc 13 
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Table 9.1. -- continued. 

Mode w II (pHz) Type Ref. Comments 

p2, J.-4 6.015657 602.385 calc CON 
6.033667 601.856 calc JCD 

592.7 calc 5 z-0.01 
603.4 calc .5 z-0.02 
610.7 calc 5 z-0.03 

600.0 calc 6 model A 
591.2 calc 6 model·B 
565.6 calc 6 model C 

747. calc 7 model 6 

601.29 calc 11 

569. calc 13 

p3, J.-4 7.568363 757.867 calc CON 
7.602125 758.334 calc JCD 

738.8 calc 5 z-0.01 
760.3 calc 5 z-0.02 
770.2 calc 5 Z-0.03 

754.2 calc 6 model A 
735.8 calc 6 model B 
691.8 calc 6 model C 

901. calc 7 model 6 

758.17 calc 11 

712. calc 13 

p3, J.-3 7.148325 715.806 calc CON 
7.176897 715.930 calc JCD 

697.1 calc 5 z-0.01 
718.1 calc 5 z-0.02 
727.5 calc 5 Z-0.03 

712.2 calc 6 model A 
696.2 calc 6 model B 
660.3 calc 6 model C 

684.5 calc 8 scaled 

716.71 calc 11 
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Table 9.1. -- continued. 

Mode w v (pHz) Type Ref. Comments 

p2, .e-3 5.634277 564.195 calc CON 
5.649180 563.491 calc JCD 

556.5 calc 5 z-o.Ol 
566.5 calc 5 z-o.02 
571.6 calc 5 z-0.03 

563.2 calc 6 model A 
557.0 calc 6 model B 
539.9 calc 6 model C 

577.1 calc 8 scaled 

563.63 calc 11 

559.7 calc 15 model 1 
563.6 calc 15 model 2 
564.2 calc 15 model 3 
561.2 calc 15 model 4 

p3, .e-2 6.61531 662.432 calc CON 
6.63778 662.174 calc JCD 

6.545 calc 1 n-1 polytrope 
6.374 calc 1 n-2 polytrope 
6.440 calc 1 n-3 polytrope 
6.497 calc 1 n-3.25 polytrope 
6.589 calc 1 n-3.50 polytrope 
7.929 calc 1 n-4 polytrope 

651.0 calc 5 z-0.01 
664.3 calc 5 z-0.02 
673.7 calc 5 Z-0.03 

659.3 calc 6 model A 
647.8 calc 6 model B 
618.9 calc 6 model C 

801. calc 7 model 6 

649.5 calc 8 scaled 

664.40 calc 11 

624. calc 13 
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Table 9.1. -- continued. 

Mode w 11 (pHz) Type Ref. Comments 

g5 , .e-1 1.051644 105.30760 calc DON 
1.055679 105.71165 calc CON 
1.076807 107.534 calc JCD 

101.3 calc 5 z-0.01 
111.7 calc 5 z-0.02 
125.0 calc 5 z-0.03 

103.86 calc 6 model A 
96.56 calc 6 model B 
92.08 calc 6 model C 

188.6 calc 7 model 6 

118.1 calc 9 model 4, >./H-1.5 

107.53 calc 12 model 1 
105.71 calc 12 model 4 

99.05 calc 15 model 1 
104.00 calc 15 model 2 
108.04 calc 15 model 3 
102.13 calc 15 model 4 

108.03 calc 17 

108.01 calc 18 standard, Z-0.02 
109.33 calc 18 diffusion, Z-0.018 

0.726495 72.48826 calc 25 np-3 polytrope 

f, l-20 4.745493 475.19558 calc DON 
4.745112 475.15743 calc CON 
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Table 9.1. -- continued. 

Reference Key 

Abbreviated 
Reference 

DON 

CON 

JCD 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

Complete 
Reference 

Discrete Orthonormalization, Saio (1982) model 

Continuous Orthonormalization, Saio (1982) model 

Christensen-Dalsgaard (1979) model 

Robe (1968) 

Christensen-Dalsgaard, Dilke and Gough (1974) 

Boury et al. (1975) 

Shibahashi, Osaki and Unno (1975) 

!ben and Mahaffy (1976) 

Christensen-Dalsgaard, Gough and Morgan (1979) 

Boury et al. (1980) 

Johnson et al. (1980) 

Saio (1980) 

Scuflaire, Gabriel and Noels (1981) 

Shibahashi and Osaki (1981) 

Christensen-Dalsgaard (1982) 

Christensen-Dalsgaard and Frandsen (1983) 

Grec, Fossat and Pomerantz (1983) 

Kuzurman and Pamyatnykh (1983) 

Ulrich and Rhodes (1983) 

Gabriel (1984a) 

Gabriel (1984b) 

Kosovichev and Severny (1984a) 

Woodard (1984) 

Isaak (1986) 

Isaak et al. (1988b) , 
Jimenez et al. (1988) 

Mullan and Ulrich (1988) 

Mullan (1989) 
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Shibahashi and Osaki's results exhibit a significant deviation from the 

CON and JCD eigenfrequencies only for the p1 , l-4 mode. Either a 

typographical error or a computational mistake in their reported 

eigenfrequency for the aberrant mode is the most likely explanation for 

this behavior. 

A · cursory examination of table 9 .1 sho\.rs that computed 

eigenfrequencies for normal modes can be quite dependent on the solar 

equilibrium model which is being analyzed. This is particularly 

evident from the data on the two gravity modes listed in the table: 

Calculated values for the g2 , 1-1 mode's eigenfrequency range between 

110.4~Hz and 296.38~Hz, while the corresponding frequency range for the 

g5 , l-1 mode is 72.48826~Hz to 188.6~Hz. The oft repeated maxim which 

appears in the literature that g-modes will be extremely useful in 

distinguishing between solar models and in diagnosing the Sun's 

interior -- is most definitely true. 

Perhaps the best circumstantial evidence which shows that the 

CON method produces correct values for computed eigenfrequencies comes 

from comparisons with the results obtained using the DON method and the 

other independent results obtained by JCD (Christensen-Dalsgaard 1979). 

Of the five available frequency comparisons between the CON and DON 

methods in table 9.1, the greatest difference (about 4 parts per 1000) 

occurs for the g5 , l-1 mode. This close agreement is expected, since 

both methods are applied to the Saio (1982) equilibrium model of the 

Sun. The results of JCD, however, are based on a different solar 

model and provide an even more stringent test of the CON method. Of 

the 9 available comparisons between JCD and the CON method, the two 

g-mode frequencies differ the most; both of the JCD g-mode frequencies 
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are slightly less than 2% higher than the corresponding CON eigen

frequencies. For all 7 of the remaining comparisons, the relative 

separations between the JCD frequencies and the CON frequencies are no 

greater than 4 parts per 1000 (which occurs for the p17 , l-1 mode). 

Tables 9.2, 9.3, and 9.4 display results for observed and 

calculated eigenfrequencies of approximately 70 solar normal modes. 

(All of the modes have an m value of zero, and hence the reported 

frequencies are theoretically uninfluenced by the effects of solar 

rotation.) The three tables respectively list the frequencies of low

order p-modes, intermediate-degree f-modes, and low-degree g-modes. 

All of the observed results were obtained by various members of SCLERA. 

Calculated eigenfrequencies in all three tables were obtained with the 

CON algorithm applied to the Saio (1982) solar model; tables 9.2 and 

9.4 also show calculated eigenfrequencies obtained by Christensen

Dalsgaard (1979). (His results, however, extend only up to degree 

l-10.) To make comparisons easier, calculated and observed eigen

frequencies for each mode are listed on the same line. 

Table 9.2 shows some results for low-order solar p-modes. For 

these oscillation modes the two independent sets of calculated 

frequencies are closer to each other than they are to the observed 

frequencies. Also, the calculated frequency values are consistently 

less than the observed frequencies. This agrees with the comment about 

solar p-modes made by Shibahashi, Noels and Gabriel (1984): "the 

theoretical frequencies of oscillations with low l are slightly lower 

than the observed ones while those with high l are slightly higher than 

the observations." (High l values are considered to start at about 

100, and range upward into the thousands.) 
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Table 9.2. Some observed and calculated low-order solar p-mode 
eigenfrequencies, vnl(~Hz). 

vnl(~Hz) vnl(~Hz) vn..e<~Hz) 

..e * Calculatedt Calculated, n Observed 

1 4 449.883 ± .021 442.783 441.460 
1 5 475.784 ± .017 468.658 467.430 
1 6 500.868 ± .018 493.675 492.562 
1 7 525.253 ± .015 517.525 516.546 
1 8 548.451 ± .017 540.208 539.378 
1 9 570.466 ± .014 561.824 561.155 
1 10 591.511 ± .016 582.490 581.991 
1 11 611.591 ± .016 602.310 
1 12 630.931 ± .018 621.374 
1 13 649.452 ± .017 639.757 
1 14 667.415 ± .011 657.523 
1 15 684.933 ± .014 674.724 
1 16 701.826 ± .011 691.407 
1 17 718.301 ± .014 707.612 
1 18 734.348 ± .012 723.373 
1 19 749.897 ± .013 738.721 
1 20 765.178 ± .010 753.684 
1 21 780.018 ± .016 768.289 
1 22 794.475 ± .011 782.548 

2 3 574.306 ± .021 564.195 563.491 
2 4 613.795 ± .023 602.385 601.856 
2 5 648.801 ± .025 636.552 636.188 
2 6 681.073 ± .017 668.314 668.131 
2 7 711.472 ± .021 698.025 698.045 
2 8 739.772 ± .019 725.878 726.121 
2 9 766.665 ± .020 752.084 752.566 
2 10 791.845 ± .016 776.867 777.602 

3 2 674.893 ± .060 662.432 662.174 
3 3 729.701 ± .031 715.806 715.930 
3 4 773.304 ± .031 757.867 758.334 

*Results from Hill (1984a). 

f CON method applied to Saio (1982). model. 

, Results from Christensen-Dalsgaard (1979), or JCD. 
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Table 9.3 presents results for intermediate-degree solar 

f-modes. Here also, as with the low-order p-modes, the calculated 

frequency values are consistently less than the observed frequencies. 

In fact, the calculated values are so much lower than the observed 

values that at first glance it appears that the observed f-mode 

frequencies may be misidentified. Observed frequencies v 01 are very 

close to calculated frequencies vO,l+l" The possibility of shifting 

the degrees of the observed frequencies upward by one unit to obtain 

excellent agreement with the computed frequencies is ruled out, 

however, by extensive mode identification tests made by Rabaey, Hill 

and Barry (1988). As in Hill (1984a), they performed numerous parity 

checks of the candidate modes, finally arriving at the tabulated f-mode 

classifications listed in table 9.3. (The observed power spectra were 

examined for various symmetry and antisymmetry properties which depend 

on the evenness or oddness of a mode's l and m values. If the f-modes 

of table 9.3 were misidentified, they would have to be shifted by an 

even number of l units.) 

Table 9.4 gives some results for low-degree solar g-modes. 

For almost every row in the table which has entries in all three 

frequency columns, the two calculated eigenfrequencies (obtained from 

different solar equilibrium models) closely bracket the observed 

eigenfrequency. (The lone exception to this rule is the g7 , l-4 mode.) 

In addition to the observed frequencies listed in table 9.4, Hill and 

Gu (1989) provide observed eigenfrequencies for 29 more solar g-modes. 

These 29 modes range in order from n-12 to n-20 for degrees l-3 and 

l-4, and from n-16 to n-26 for degree l-5. 
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Table 9.3. Some observed and calculated intermediate-degree solar 
f-mode eigenfrequencies, vnJ(pHz). 

vnJ(pHz) vnJ(pHz) 

* Calculatedf n Observed 

0 18 465.832 ± .024 453.179 

0 19 476.350 ± .012 464.301 

0 20 486.701 ± .020 475.157 

0 21 496.828 ± .011 485.765 

0 22 506.943 ± .014 496.141 

0 23 516.932 ± .014 506.300 

0 24 526.683 ± .022 516.256 

0 25 536.316 ± .018 526.019 

0 26 545.747 ± .016 535.601 

0 27 555.077 ± .018 545.011 

0 28 564.265 ± .017 554.259 

0 29 573.385 ± .021 563.352 

0 30 582.330 ± .011 572.299 

0 31 591.130 ± .014 581.105 

0 32 599.735 ± .020 589.778 

0 33 608.202 ± .017 598.324 

0 34 616.468 ± .014 606.747 

0 35 624.662 ± .016 615.053 

0 36 632.795 ± .013 623.246 

* Results from Rabaey, Hill and Barry (1988). 

t CON method applied to Saio (1982) model. 
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Table 9.4. Some observed and calculated low-degree solar g-mode 
eigenfrequencies, vnl(~Hz). 

vnl(~Hz) vnl(pHz) vnl(pHz) 

* Calculatedf Calculated, n Observed 

4 1 124.825 ± .057 123.491 125.520 
5 1 106.660 ± .057 105.712 107.534 
6 1 93.597 ± .017 92.255 93.812 
7 1 83.180 ± .057 81.714 

6 2 147.871 ± .018 146.826 149.311 
7 2 132.145 ± .015 131.436 133.623 
8 2 119.562 ± .021 118.741 120.799 
9 2 109.394 ± .014 108.172 110.084 

10 2 100.160 ± .020 99.214 100.886 
11 2 92.134 ± .019 91.599 93.199 
12 2 85.552 ± .033 84.972 86.402 
13 2 80.095 ± .018 79.231 80.581 
14 2 74.155 75.388 
15 2 70.124 ± .015 69.680 
16 2 65.961 ± .024 65.687 

7 3 174.238 ± .021 172.265 175.126 
8 3 158.555 ± .026 156.833 159.589 
9 3 145.764 ± .015 143.807 146.347 

10 3 134.166 ± .016 132.557 134.947 
11 3 123.965 ± .013 122.992 125.231 

7 4 209.521 ± .014 205.872 209.280 
8 4 191.350 ± .016 188.881 192.199 
9 4 176.723 ± .018 174.312 177.291 

10 4 164.210 ± .024 161.559 164.497 
11 4 152.110 ± .016 150.542 153.288 

*Results from Hill and Gu (1989). 

t CON method applied to Saio (1982) model. 

, Results from Christensen-Dalsgaard (1979), or JCD. 
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Results for high-degree solar f-modes and p-modes are shown in 

table 9.5. The observed values of four l-99 p-mode eigenfrequencies 

were taken from Duvall et al. (1988); literally hundreds of other 

observed solar normal mode eigenfrequencies with lower l values are 

available in their paper. Twelve of Libbrecht and Kaufman's (1988) 

observed eigenfrequencies at l-200 and l-1000 are also listed in table 

9.5; their paper, too, lists hundreds of other observed (high-degree) 

normal mode eigenfrequencies. 

The last two columns of table 9.5 pertain to the calculated 

frequencies obtained with the CON method. Values for these high-degree 

normal mode eigenfrequencies were computed for the "filled-in" Saio 

(1982) model. The last column, "derivative evaluations," refers to the 

number of radial locations between the Sun's center (lnx--30, only 65 

microns from the true center) and the solar surface (lnx-0) at which 

subroutine RKF45 computed the coefficients in equation (A.41). 

Relative and absolute error tolerances of 
_a 

10 were used as input 

parameters to RKF45 for all of the CON computations in tables 9.2-9.5. 

As is apparent from table 9.5, many more derivative evaluations 

are required as the degree l becomes larger. (For most of the lower 

degree normal modes, such as those listed in tables 9.2-9.4, only about 

4,000 to 10,000 derivative evaluations were necessary for each center 

to surface integration.) Although 100,000 may seem like a large number 

of points at which to evaluate derivatives (for the l-1000 modes), it 

is not that unreasonable when a computer is doing the work. 

For the case of large l values, standard numerical computation 

methods (such as finite difference methods) are completely inadequate 

and impractical for integrating equations (3.1-3.4) over the entire 
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Table 9.5. Some observed and calculated high-degree solar f-mode and 
p-mode eigenfrequencies, vnl(pHz). 

n 

6 

7 

8 

9 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

1 

2 

99 

99 

99 

99 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

1000 

1000 

1000 

vnl(pHz) 

Observed 

2917.8 ± 0.3t 

3155.7 ± 0.2 

3385.4 ± 0.3 

3610.6 ± 0.6 

1973.5 ± 3.5, 

2399.3 ± 1.6 

2770.7 ± 1.5 

3140.2 ± 1. 7 

3483.6 ± 1.5 

3810.2 ± 1.6 

4131.1 ± 3.8 

4419.6 ± 5.0 

4722.8 ± 3.2 

3152. ± 35, 

3921. ± 38 

4635. ± 52 

vnl(pHz) 

* Calculated 

2897.203 

3142.083 

3380.219 

3611.993 

1428.939 

1917.242 

2350.927 

2735.009 

3110.718 

3468.987 

3810.382 

4135.516 

4446.385 

4743.434 

3170.305 

3967.190 

4756.165 

* CON method applied to Saio (1982) model. 

* Derivative 
Evaluations 

20071 

20773 

21463 

22074 

27360 

27778 

28407 

29058 

29749 

30395 

31109 

31732 

32389 

33088 

106961 

107365 

107808 

t Results from Duvall et al. (1988), the l-99 observations. 

Cf Results from Libbrecht and Kaufman (1988), the l-200 and l-1000 

observations. 
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solar interior, from near the solar center all the way to the surface. 

In fact, close to the solar center (where x-0) the eigenfunctions 

y1 through y4 for J-1000 modes behave qualitatively like the monomial 
1000 

X Hence, if one wishes to integrate equations (3.1-3.4) via a 

finite difference method while maintaining 7 or 8 significant digits, 

an enormously large number of radial mesh points would be required. 

Previously developed methods of solar seismology employ several 

different techniques to circumvent the above difficulty which crops up 

when computing precise high-J eigenfrequencies. Some methods take a 

"head in the sand" approach, simply ignoring or dropping the high 

accuracy requirement and proceeding as usual. In light of both the 

current and the anticipated accuracies of observed eigenfrequencies, 

this is an unproductive approach and should not be taken. 

Other methods employ analytic approaches to obtain values for 

the eigenfrequencies. The main difficulty here is that physically 

realistic solar models tend to have one or more radial locations inside 

the Sun (for example, at the base of the convection zone) where some 

physical parameters (or their derivatives) are discontinuous. (The 

boundaries of other possible mixing regions deep within the Sun, which 

may or may not have existed during some phase of solar evolution, are 

also potential sites for discontinuities.) In contrast to the 

situation of analyzing a smooth solar model (such as a polytrope), the 

presence of discontinuities makes it much harder to obtain analytic 

expressions for the eigenfrequencies, especially if the values must be 

accurate to 6 or more digits. (The example problem treated in section 

6.1 has discontinuities in physical parameters at only one location -

the middle of the integration region. The lengthy equations of that 
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section give an inkling of the complications which may arise while 

maintaining an analytic approach in problems that have 

discontinuity locations.) 

several 

Another fairly common approach to computing accurate high

degree eigenfrequencies is to start the integration of equations 

(3.1-3.4) far from the solar center, close to the place where the 

eigenfunctions grow to a reasonable size. This approach suffers from 

the following weakness: When starting the integration at a radial 

location not at the solar center (or within its immediate vicinity), 

one does not necessarily have a good handle on the initial conditions 

for the equations. As is the case with outer boundary conditions, not 

using the appropriate inner boundary conditions modifies the calculated 

eigenfrequencies, easily affecting them at the level of parts per 

million. 

All of the above-described special techniques for computing 

extremely accurate high-degree solar normal mode eigenfrequencies have 

serious drawbacks. The CON method, however, is singularly lacking in 

these flaws. It can be applied with no special adjustments to compute 

either high-degree or low-degree eigenfrequencies; the algorithm treats 

all normal modes in a like manner. In comparison to the analysis of 

low-degree oscillation modes, though, there is an immediately notice

able but unavoidable drawback when high-degree normal modes are 

analyzed, namely: Computer execution times are ten to twenty times 

longer when the high-degree eigenfrequencies are calculated. 

Finally, some additional compelling circumstantial evidence 

helps confirm the validity of the CON method for computing precise 

solar eigenfrequencies. The evidence comes from an analysis of two 
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proximate normal modes, the f-mode and the g1-mode. (I purposely do 

not refer to this situation as an "avoided crossing" because there are 

indications that certain pairs of linear adiabatic nonradial solar 

oscillation modes, such as the pair cited above, may in fact actually 

cross each other.) Using the Saio (1982) equilibrium model of the Sun, 

the behavior off-mode and g1-mode eigenfrequencies are followed as 1 

varies continuously between 16 and 17. The results from performing 

many numerical experiments show that there is a special 1 value, called 
, , 

1 , at which the g1 , 1-1 mode attains a minimum frequency separation 
, 

from the f, 1-1 mode. 

Table 9.6 summarizes the basic results of these numerical 

experiments. The first column lists the three different tolerance 

levels which were input to RKF45, the integration subroutine; both the 

absolute and relative error tolerance parameters were set to this 

value. The mode and eigenfrequency columns are self-explanatory; the 
, 

1 column lists the 1 value at which minimum frequency separation 

occurs. There are two important points to note about this table. 

First, by observing how the various table entries change with the 

specified error tolerance, one can see that the f-mode eigen-

' frequencies, the g1-mode eigenfrequencies, and the 1 values behave in 

an expected manner. They all have roughly 6, 8, or 9 significant 
_a _a _9 

digits, corresponding to RKF45 error tolerances of 10 , 10 , or 10 

The second important feature of table 9.6 is, at first glance, 

more difficult to account for. All three error tolerances in RKF45 

yield the same minimum separation distance between the f and g1 eigen-

frequencies a very small value of 1.6pHz. Both qualitatively and 

quantitatively, this behavior has the following logical explanation: 
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Table 9.6. Numerical experiment results for the situation of f and g1 normal modes with proximate eigenfrequencies. 

RKF45 Error Calculated , 
Tolerance Setting Mode Eigenfrequency (pHz) J. 

10-
6 

f 439.8581357 16.835063048 

g1 439.8581341 

10-
8 

f 439.8581576 16.835064886 

gl 439.8581560 

10-" f 439.8581578 16.835064876 

g1 439.8581562 

!he two eigenfreguencies are indeed degenerate (becoming identical at a 

certain J. value); the nonzero separation between the two numerically 

generated eigenfreguencies is merely an expected but misleading 

artifact which is directly attributable to the computer's architecture. 

This explanation is supported by the last paragraph on page 42 of 

Garbow et al. (1977), which discusses the relative accuracy of computed 

matrix eigenvalues: 

These statements about accuracy are further complicated in the 
presence of multiple eigenvalues. If ~j is a zero of 

det(A-~B) of multiplicity m or if it is an element of a 
cluster of m nearly equal zeros, and if e is the relative 
accuracy of the data, then aj and pj may have relative errors 

on the order of el/m. For example, if ~j is a double eigen-
_6 

value, then perturbations on the order of 10 in the data may 
_3 

cause perturbations on the order of 10 in the corresponding 
aj and pj. 
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Another simple example involving second degree polynomials also 

illustrates this "1/m" diminution property of significant digits. 

2 Using the standard quadratic formula for the roots of ax +bx+c•O, the 

separation between the polynomial's two roots is given by the formula 

o•(b2-4ac) 112;a. The selection of coefficients a•l, b•-2, and c-1 

corresponds to a double root at x-1. By direct substitution into the 

above equation foro, one may readily see that when any of the 

coefficients a, b, or c are perturbed by an amount E, the root 

separation amount o is approximated by the quantity 2E112 . Thus, even 

though a computer may be capable of expressing individual numbers to 16 
_18 

digits (E-10 ). the agreement between numerically calculated double 

roots (which are theoretically identical) will in general extend only 

to 8 digits (E 112-l0-
8
). 

The previous statements regarding the accuracies of multiple 

eigenvalues of matrices and repeated roots of polynomials also apply to 

the "repeated" eigenfrequencies found by the CON algorithm. The formu-

lation of the solar eigenfrequency computation problem as an iterative 

two-point boundary value problem does not alter the "1/m" rule. 

The numerical entries in table 9.6 (and all other computed 

quantities appearing in this dissertation) were obtained on a Celerity 
.16 

1200 computer having an E value of -10 This is the relative error 

of double precision words on most computer systems. Applying the above 

"1/m" rule to this E value, the relative errors and closest approach of 

two proximate eigenfrequencies ar~ expected to be about 10 
_a 

On an 

absolute scale of 440pHz, this amounts to a predicted separation 

distance of -4pHz, a number quite close to the observed separation of 

1.6pHz (the two figures certainly agree within an order of magnitude). 
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A surefire test of my interpretation of the proximate f and g1 

modes as a "crossing" phenomenon can easily be performed in the future 

when a Cray or Cyber computer (or any other machine with a word length 

greater than 64 bits) becomes available and my computer programs are 

executed on it. A quadruple-precision machine (with a typical 128 bit 
.s2 

word length, £-10 ) would be expected to produce eigenfrequencies 
.16 

which approach each other to within relative separations of 10 I If 

this does indeed happen, as I strongly suspect it will, the currently 

open question: "Does mode crossing occur?" can be considered answered 

in the affirmative. 

Although many people in the field of helioseismology are under 

the impression that oscillation modes never cross each other, their 

common belief may be wrong. For example, Vandervoort (1989) considers 

the possibility of degenerate characteristic frequencies in section III 

of his work entitled: "On Lagrangian Methods for the Study of Small 

Perturbations in Stellar Systems." After citing the work by Schutz 

(1979) regarding exceptions to variational principles, Vandervoort goes 

on to state: 

... the occurrence of such an exception in the case of the 
characteristic value problem for fluid systems implies the 
existence of a Jordan chain, that is, of modes having a 
dependence of the form (Polynomial in t)xexp(-iwt) on the 
time. Schutz shows that this exception occurs in a member of 
a sequence of equilibrium configurations at which two modes 
become degenerate and a state of marginal stability is 
reached. 

The existence of degenerate oscillation modes at earlier stages 

of solar evolution can have important ramifications for today's Sun. 

As the Sun changes its internal structure on an evolutionary time 
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scale, certain linear oscillation modes may become degenerate (having 

identical eigenfrequencies). When and if t~is happens, such modes can 

in principle grow in amplitude (recall the t•ei~t dependence on time) 

until nonlinear damping processes come into play, thereby limiting 

further growth. Under these circumstances, mixing may occur at 

spatially· localized regions inside the Sun where the radial displace-

ment eigenfunction of the degenerate modes is largest. After a 

sufficiently long period of time, the Sun evolves enough so that the 

temporarily degenerate modes become separated once again and the mode 

amplitudes "retreat" or shrink back to the smaller magnitudes of the 

purely linear regime. 

Physical consequences of such degeneracy-induced mixing 

episodes are potentially measurable in the Sun's internal structure 

through helioseismology. Discontinuities can exist (and they are 

expected) at the boundaries of mixing regions, where the mean molecular 

* weight (and hence A ) changes abruptly. The solotone effect mentioned 

in section 3.5 is particularly useful for locating such parameter 

discontinuity sites within the Sun. The modal-degeneracy scenario 

described above provides a possible mechanism for mixing the Sun's 

interior regions, an alternative to "The Solar Spoon" mechanism 

suggested by Dilke and Gough (1972). Their mechanism depends on the 

overstability of certain modes which are driven by nuclear reactions. 

9.2 Verifying the Eigenfrequency Sensitivity Computations 

A solar eigenfrequency sensitivity is simply the change that 

occurs in a normal mode's eigenfrequency when the equilibrium model of 

the Sun is perturbed or modified by a specified amount. In partial 
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derivative terminology, it is the limit of a differential change in 

eigenfrequency divided by a differentially small change in the model. 

There are at least two fundamentally different ways of 

calculating such eigenfrequency sensitivities. One way is to use the 

new adjoint method presented in this dissertation. Another way is to 

perturb the solar equilibrium model by a small amount and then see how 

much the eigenfrequencies actually change by explicitly recomputing 

their values for the altered model. The adjoint method effectively 

computes the sensitivities or partial derivatives as awjap, while the 

latter method approximates them as Aw/Ap. (Linnell (1989), recognizing 

the importance of computing "a" partial derivatives rather than "A" 

partial derivatives, developed a new method for calculating differ

ential corrections in a light synthesis program for binary stars.) 

The existence of a method (continuous orthonormalization) which 

is capable of computing highly accurate normal mode eigenfrequencies 

(w's) of solar models allows smaller solar model perturbations (Ap) to 

be used when approximating the frequency sensitivities by the ratio 

Aw/Ap. In general, the smaller that Ap can be made while still 

allowing Aw to be accurately computed, the closer Aw/Ap is to the 

"instantaneous" sensitivity awjap. Although usage of finite pertur

bation (Aw/Ap) sensitivities instead of adjoint (aw;ap) sensitivities 

can be a critical impediment to the solution of inversion problems 

(Polis 1983), the two types of sensitivities are usually close enough 

in value to provide a worthwhile test and convincing verification of 

the adjoint sensitivity method. 

Similar types of comparison tests have been made before, in the 

context of problems arising in other scientific fields. In all of the 
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cases mentioned below, the more exotic approaches for computing 

sensitivities were shown to be in reasonable agreement with sensitiv-

ities computed via the direct, "perturb and recalculate" approach. (As 

is shortly evidenced, this is also true for the solar eigenfrequency 

sensitivities computed by this dissertation's adjoint method.) Dogru 

and Seinfeld (1981) did a comparison of sensitivity coefficient 

calculation methods in automatic history matching of petroleum 

reservoirs. Vorontsov (1984) did comparisons of free oscillation 

eigenperiod corrections for the planet Jupiter using direct compu-

tations and using perturbation theory. Returning to geophysical 

applications, "(n)umerical tests of the accuracy of the partial 

derivatives are presented" in the paper authored by Tsuboi, Geller and 

Morris (1985): "Partial Derivatives of the Eigenfrequencies of a 

Laterally Heterogeneous Earth Model." In this work there are several 

comparisons "of the eigenfrequency change predicted by extrapolation 

using the partial derivatives to the actual change." Wilson and 

Metcalfe (1985), in their paper entitled "Illustration and Verification 

of Adjoint Sensitivity Theory for Steady State Groundwater Flow," 

performed many comparison checks. Quoting their paper: 

The one-dimensional flow problems provide a set of verifi
cation tests for the numerical code. The numerical code 
successfully reproduces both the analytically derived adjoint 
states, including those involving jump conditions, and the 
sensitivity coefficients for model output values that are 
nonlinear with respect to model parameters. 

In another hydrologic application, Li et al. (1986) did "A Comparative 

Study of Sensitivity Coefficient Calculation Methods in Groundwater 

Flow," also confirming the validity of the adjoint (variational) 
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method. Finally, as a last example of this type of research work on 

sensitivity computational techniques, Hall (1986), in his application 

of adjoint sensitivity theory to an atmospheric general circulation 

model, found that "(s)ensitivities estimated using the adjoint method 

agree within 20% to those calculated directly by rerunning." 

Before showing some comparison results for different ways of 

computing solar eigenfrequency sensitivities, it is enlightening to 

examine several intermediate results obtained with the adjoint 

algorithm. Adjoint variable solutions to equation (7.39), or to 

the equivalent coupled pair of equations (A.55), are plotted in figures 

9.1 to 9.12 as functions of the fractional solar radius x-r/R. The 8 

adjoint variables for each normal mode are labelled p1 , p2 , p3 , p4 , and 

v1 , v 2 , v 3 , v4 , according to the notational scheme of equation (A.55). 

T The p's and v's are the same as the 8 components of~ which appear on 

the left-hand side of equation (7.39), but the former variables 

represent an expanded, more explicit notation. Two adjoint variables 

are plotted in each figure; however, since results for three different 

normal modes are reported, 12 figures (not 4) are required to display 

all of the adjoint variable plots. 

The three particular normal modes whose solution properties are 

presented in detail are the following: the f, 1-18 mode, the p1 , 1-4 

mode, and the g7 , 1-1 mode. These modes were selected because they 

exhibit typical features of their parent classes of modes -- funda-

mental, pressure, and gravity. 

Fundamental modes generally exhibit the least amount of spatial 

structure for both the adjoint variable solutions and the eigen-

frequency partial derivative curves. Pressure modes tend to manifest 
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Figure 9.1 Adjoint variables p1 and p2 for the f, l-18 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.2 Adjoint variables ~3 and ~4 for the f, 1-18 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.3 Adjoint variables v 1 and v 2 for the f, l-18 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.4 Adjoint variables v3 and v4 for the f, l-18 normal mode. 

The horizontal axis is the normalized radius x-r/R. 



291 

0. 2 ....--r--r-"T""""""T--r---r--lr---w--r-r-r--r-,..-,--r--r-or--r--r-,.--r--r-,--,.--, 

N 

0.0 

-0.2 
::t 

-0.4 

-0.6 1=4 
-0.8 ~~~~~~~~~~~~~~~~~~~ 

0.0 0.2 0.4 0.6 0.8 1.0 

0.0 0.2 0.4 0.6 0.8 1.0 
r/R 

Figure 9.5 Adjoint variables ~l and ~2 for the p1 , l-4 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.6 Adjoint variables p3 and p4 for the p1 , £-4 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.7 Adjoint variables v 1 and v 2 for the p1 , 1-4 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.8 Adjoint variables v 3 and v4 for the p1 , l-4 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.9 Adjoint variables ~l ~nd ~2 for the g7 , I-1 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.10 Adjoint variables ~3 and ~4 for the g7 , l-1 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.11 Adjoint variables v 1 and v 2 for the g7 , l-1 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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Figure 9.12 Adjoint variables v 3 and v4 for the g7 , i-1 normal mode. 

The horizontal axis is the normalized radius x-r/R. 
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themselves in the outer half of the Sun (by radius), having their 

largest ~isplacement amplitudes fairly close to the solar surface. 

Some low-degree p-modes, though, can •penetrate" into the inner 

half of the Sun, with substantial amplitudes there. Gravity modes 

predominantly reside in the solar core, beneath the convection zone. 

In fact, all of the plotted information regarding the g7 , i-1 mode is 

limited to the innermost 25% of the Sun by radius. On the vertical 

scales of the plots for this normal mode, both the adjoint variables 

and the eigenfrequency sensitivities are negligibly small (compared to 

their peak internal values) outside the plotting cutoff point at 0.25R. 

(Adjoint variables for the g7 , i-1 mode, which are plotted in 

figures 9.9-9.12, plus a later series of partial derivatives for this 

mode, which are plotted in figures 9.21-9.24, do not appear to lie on 

very smooth curves. The explanation for this behavior is a simple one: 

The variables are plotted on the same grid of radial points used by 

Saio (1982) to define his solar model. Since this grid has a sparse 

density below one quarter solar radius and since the "curves" in the 

above figures are generated by connecting the data points with straight 

lines, the plots appear as shown. This minor defect can easily be 

corrected by simply increasing the density of radial points in future 

analyses.) 

For each of the three normal modes investigated here, figures 

9.13-9.24 show a series 

partial derivatives of 

(A.40)) with respect to a 

of additional plots. These plots display 

the discriminant ~ (see equation (7.33) or 

series of different parameters these 

partial derivatives are more closely related to the desired eigen

frequency sensitivities than are the adjoint variables plotted in 



300 

figures 9.1-9.12. In every plot shown in figures 9.13-9.24, the 

ordinate is the integrand appearing in equation (7.44) or (A.56) while 

the abscissa is the fractional solar radius x. The symbolic parameter 

p, which~ is differentiated with respect to in equations (7.44) and 

* (A.56), takes on the following 7 values: A, u, Vg, c1 and l, c10 , w. 

Quoting Denis and Denis (1984), these "differential kernels .•• 
, 

represent Frechet derivatives," and "(i)n the geophysical literature, 

they are often referred to as variational parameters, whereas in 

the applied mathematical literature they are called 'sensitivity 

functions'." 

These types of partial derivative or sensitivity plots are not 

new to the scientific literature. Figure 1 of Wiggins (1972) displays 

a partial derivative curve. Anderson and Dziewonski (1982) plot 

sensitivity curves which show what happens to a normal mode's period 

when hypothetical unit changes are made to parameters (such as shear 

velocity) within 1 km thick radial shells inside the Earth. In 

Yoshida's (1986) geophysical application, he called such plots sensi-

tivity curves; Thomson and Sykes (1986) termed them importance function 

plots. Figure 3 of Suetsugu and Nakanishi (1987a) also shows a similar 

partial derivative plot. In principle, all of the above-mentioned 

curves generated by these researchers are of the same type as the 

curves shown here in figures 9.13-9.24. 

The partial derivatives of the discriminant (or determinant) ~ 

* with respect to A , u, Vg, and c1 (plotted as curves in figures 9.13-

9.14, 9.17-9.18, and 9.21-9.22) contain numerical information regarding 

* what happens to ~when A , u, Vg, or c1 are altered anywhere inside the 

Sun, for example, when they are modified within a single radial zone. 
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Figure 9.13 Partial derivatives of A with respect to A* and u for the 
f, £-18 mode; r/R is the normalized solar radius x. 
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Figure 9.14 Partial derivatives of~ with respect to Vg and c1 for the 

f, !=18 mode; r/R is the normalized solar radius x. 
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Figure 9.15 Partial derivatives of~ with respect to 1 and c10 for the 

f, 1-18 mode; r/R is the normalized solar radius x. 
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Figure 9.16 Partial derivative of 6 with respect tow for the f, £-18 
mode; r/R is the normalized solar radius x. 
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Figure 9.17 Partial derivatives of A with respect to A* and u for the 
p1 , ~-4 mode; r/R is the normalized solar radius x. 
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Figure 9.18 Partial derivatives of A with respect to Vg and c1 for the 

p1 , £-4 mode; r/R is the normalized solar radius x. 
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Figure 9.19 Partial derivatives of a with respect to l and c10 for the 

p1 , £-4 mode; r/R is the normalized solar radius x. 
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Figure 9.20 Partial derivative of~ with respect to w for the p1 , l-4 

mode; r/R is the normalized solar radius x. 
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Figure 9.21 Partial derivatives of 8 with respect to A* and u for the 
g7 , £-1 mode; r/R is the normalized solar radius x. 
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Figure 9.22 Partial derivatives of A with respect to Vg and c1 for the 

g7 , l-1 mode; r/R is the normalized solar radius x. 
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Figure 9.23 Partial derivatives of~ with respect to i and c10 for the 
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Figure 9.24 Partial derivative of A with respect to w for the g
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Each of the above four sensitivity curves (8a/8p), after multiplication 

by the appropriate scale factor (-8a/8~)-l for the normal mode under 

consideration (f, 1-18 or p1 , 1-4 or g7 , 1-1), yields a new sensitivity 

curve, 8~/8p, which directly shows the effect on ~ of changing the 

* parameters A , u, Vg, and c1 at various solar radii. (See equations 

(7.45) and (A.57)). 

The remaining plots for each of the three normal modes (figures 

9.15-9.16, 9.19-9.20, and 9.23-9.24) show partial derivative curves for 

8a/81, 8a/8C10 , and 8a/8~. For these three parameter variables (1, c10 

and~). it makes little sense to split up their effects on a based upon 

radial location inside the Sun. It is the total impact on the 

discriminant a due to 11 global 11 changes in the variables 1, c10 , and~ 

which is important. These quantities are obtained by integrating under 
I 

the Frechet derivative curves, as indicated by equations (7.44) and 

(A.56). The three different integrands plotted for each normal mode 

are summed from the solar center to the solar surface, using the 

differential weight d1nx (or dx/x), not dx by itself. 

Of the above three 11 global" partial derivatives, the 88/8~ 

derivative is the most critical one to obtain accurately. It 

determines the * scale factor which, when applied to the 8a/8A , 8a/8u, 
, 

88/8Vg, and 8a/8C1 Frechet derivatives, yields the sought after 

eigenfrequency sensitivities * 8~/8A , 8~/8u, 

functions of radial position inside the Sun. 

8~/8V • 
g 

and 8~/8C1 as 

The 11 global 11 partial derivative 88/8~ is obtained most 

accurately when the integrand appearing in equation (7.44) or (A.56) 

maintains the same sign over the entire solar interior (that is, for 
, 

all values 0~~1). Figure 9.16, which plots the Frechet derivative 
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a~;aw for the f, l-18 normal mode, shows this ideal situation. The 

curve is always positive, and hence the "area" (recall that the 

integration variable is dlnx, not dx) under the curve is numerically 
, 

well-determined. On the other hand, the F~echet derivative 8~/8w for 

the 1-1 normal mode (plotted in figure 9.24) has several zero 

crossings and hence the numerically generated "area" under this curve 

can be expected to be rather poorly determined. Much cancellation 

occurs during the integration of equation (7.44) or (A.56) for this 

normal mode and the final integrated value for a~;aw may be quite 

uncertain -- even up to its sign! 
, 

Although a given normal mode's Frechet derivative a~;aw may 

exhibit several zero crossings on the interval Osxsl, it does not 

necessarily mean that the integrated value for a~;aw is poorly 

determined. Figure 9.20, which plots the derivative of 8~/8w for the 

p1 , l-4 mode, reveals a very minor zero crossing near x-0.95. The 

summed value for a~;aw here is a well-determined quantity, due to 

extremely small cancellation effects. (Higher degree p-modes behave 

more like the g7 , l-1 mode, with a~;aw exhibiting large positive and 

negative excursions as x varies. For these situations, there are 

genuine numerical difficulties in obtaining accurate values for a~;aw 

by a numerical integration process.) 

An important point regarding the scale factor a~;aw should be 

re-emphasized here. When one is at an eigenfrequency w, the condition 

~-0 is satisfied (by definition). If the condition a~;aw-o also 

happens to be satisfied, then the eigenfrequency has a multiplicity 

greater than one and the given w is a repeated eigenfrequency. In this 

event, equations (7.45) and (A.57) formally indicate that divisions by 
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zero should be performed. Once again, this serves to reconfirm earlier 

findings that numerical difficulties go hand in hand with the situation 

of proximate eigenfrequencies. 

In the case of certain normal modes (such as the g7 , 1-1 mode), 
, 

where the numerical integration of the Frechet derivative a~;aw with 

respect to dinx yields a number whose accuracy is suspect, it is wise 

and prudent to proceed with a single "perturb-and-recompute" analysis. 

By taking this extra step of solving one additional problem (analyzing 

a perturbed solar equilibrium model), the all-important scale factor 

a~;aw may be computed independently. This provides an excellent 

comparison check and test of the numerical integration result for 

a~;aw. (It was perhaps this type of scenario which prompted Simonson, 

Christensen and Ballinger (1987) to cite the need for "three computer 

runs" in their abstract on an adjoint sensitivity analysis. Thomson 

and Sykes {1986), adhering more closely to theoretical results rather 

than to practical numerical needs, state that such an analysis 

"requires the solution of only two ... [runs].") 

Table 9.7 presents a smattering of results for this type of 

"perturb-and-recompute" comparison test. The validity of the adjoint 

method for computing the table's rather limited set of eigenfrequency 

sensitivities is demonstrated by the close agreement between the pairs 

of differently computed frequency changes ~. "Direct" changes in 

* normal mode eigenfrequencies due to local changes in A , Vg, u, and c1 

within specified radial bins were explicitly determined in a straight-

forward "step-and-repeat" fashion. Based upon the original solar 

equilibrium model and a slightly perturbed version of it, two eigen-

frequencies (both representing the same normal mode) were computed 



316 

Table 9.7. A comparison of sensitivities obtained via two methods: 
the adjoint method and the "direct" method of perturbing 
the solar model and recomputing the eigenfrequency. 

Normal Direct - tw 
Mode Adjoint- (8CA>/8p) ·.6p Comments Bin 

f, 1-20 +2.0887 E-5 u-+u+l #100 

+2.085 E-5 (6.36214-6.39796)E+l0 em 

f, 1-20 -8.4377 E-4 c1 .... c1 + 0.01 #100 

-8.484 E-4 

f, 1-20 +5.3694 E-4 * * A -+A + 1 #100 

+5.356 E-4 

f, 1-20 +4.2508 E-4 v -+V + 1 #100 g g 
+4.245 E-4 

f, 1-4 +1.077 E-9 v g -+V g + 1 #200 

+1.088 E-9 (6.94107-6.94135)E+l0 em 

f, 1-4 +7.571 E-12 v -+V + 1 #279 g g 
+7.566 E-12 (6.94788-6.94800)E+l0 em 

pl. 1-4 +1. 0545 E-5 v -+V + 1 #130 g g 
+1.056 E-5 (6.84923-6.85425)E+l0 em 

pl. 1-4 +2.294 E-7 v -+V + 1 #200 g g 
+2.343 E-7 

pl. 1-4 +1.6501 E-9 v -+V g g + 1000 #279 

+1.666 E-9 
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using the CON method. The eigenfrequency sensitivity was then 

approximated by the following ratio: the difference between the two 

eigenfrequencies, divided by the "difference" between the two solar 

equilibrium models. This so-called direct result for the sensitivity 

was then compared to the value obtained via the adjoint method (using 

equation (A.SS) plus all of the other equations leading up to it). A 

glance at table 9.7 shows that there is excellent agreement between the 

two sets of frequency perturbations, numbers which were computed by 

completely different approaches. This is a very strong indicator that 

the various algorithms and computer subroutines are performing exactly 

as expected: The CON method is generating very precise eigen

frequencies and the adjoint sensitivity method is efficiently producing 

large sets of accurate partial derivatives. Both of these steps are 

essential elements for solving structural inversion problems of 

helioseismology. 

Another relatively easy but important numerical test was 

performed to investigate how w depends on l for an f-mode. With the 

degree l set equal to 19, the "adjoint" value of 8w/8l for this f-mode 

(given by the negative ratio of 86/81 to 86/8w) was found to be 

0.109702. This compares favorably with the value obtained using the 

"discretized derivative": 0.109742. 

(Please bear in mind that there are two distinct usages of the symbol 

"6" in this paragraph; in all cases, however, the intended meaning is 

readily understood from context.) 

Things do not always work out as beautifully as these tests 

seem to indicate. There were some trial comparisons of direct and 

adjoint sensitivities for other normal modes which did not match at 
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all, on occasion the two sensitivity estimates even had the opposite 

sign. In all of these trouble spots, however, the primary difficulty 

was traced back to numerical inaccuracies that cropped up when 

computing "global" derivatives such as a~jal and a~jaw. These numbers 

are evaluated as certain combinations of adjoint variables integrated 

over the whole Sun. Due to cancellation difficulties and large swings 

in the integrand value, problems are expected to arise in accurately 

determining these integrals. Repeating the method to avoid this kind 

of numerical difficulty, do a single "step-and-repeat" type of 

calculation to obtain one eigenfrequency sensitivity (8w/8p) directly. 

Then 8~/8w is determined from known values of 8w/8p and 8~/8p in 

equation (A.57). This makes 8~/8w available as a scale factor for 

dividing into all the other partial derivatives of ~. thereby yielding 

the eigenfrequency sensitivities. 

By systematically examining plots similar to those shown in 

figures 9.13-9.24, but for other normal modes, one can determine by 

simple inspection the range in solar radii where a given normal mode is 

most sensitive to changes in the physical model of the Sun. One can 

also evaluate or anticipate in advance the potential trouble spots, 

those cases where 8~/8w needs to be determined independently of the 

adjoint method (by perturbing the solar model and observing how the 

computed eigenfrequencies actually change). 

9.3 Moving Eigenfreguencies by "Large" Amounts 

The idea motivating this section is to see whether the adjoint 

and CON algorithms work as they are supposed to when they are exercised 

in the context of an actual inversion procedure. A test is set up to 
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check the feasibility of using adjoint-generated eigenfrequency 

sensitivities, substituted into several instances of equation (8.20), 

to "drive" calculated eigenfrequency values toward their observed 

values by altering the solar model. Three intermediate-degree f-modes 

were chosen as candidates for this test process, namely the 1-18, 1-21, 

and 1-36 f-modes listed in table 9.3. 

There are two reasons for choosing these ·particular modes. 

First, they are relatively simple in spatial structure and concentrated 

near the solar surface. This means that the special parameters related 

to the central radial bin can safely be ignored. Second, there is a 

wide gap between the observed and computed frequencies; this is a 

prerequisite if the frequencies are to be moved by large amounts. As 

table 9.3 indicates, the gap is indeed wide -- equivalent to a -2% 

relative change in the frequency, or the frequency separation between 

adjacent-degree modes. In frequency space this certainly does 

constitute a large distance. 

The nonlinear inversion algorithm for obtaining solar structure 

is straightforward, basically understandable in terms of only one 

equation, (8.21). The algorithm steps are as follows: First, 

calculate the eigenfrequencies of the proposed solar model (using the 

CON method). Second, compute the separation (Swk) between observed and 

computed eigenfrequencies. Third, fold in the adjoint sensitivity 

information into matrix ~· Fourth, solve equation (8.21) for Sxj. 

Fifth, using the Sxj values, change the solar model. Go back to step 

one! 

Other descriptions of this basic algorithm are given next, to 

provide additional perspectives on it. Stacey (1977) condenses his 
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thoughts on the procedure into one sentence: "Comparison of the 

periods computed for a particular Earth model with those of identified 

modes in the harmonic analysis of a free oscillation record .•• , allows 

the model to be refined by a succession of minor adjustments that bring 

its periods into closer agreement with those observed." Tsuboi, Geller 

and Morris (1985) are more elaborate: 

Numerical tests of the accuracy of the partial derivatives are 
presented. By means of the scheme presented ... it now is 
possible to apply linearized inverse theory to data ..• to 
obtain a new laterally heterogeneous model, recalculate the 
forward solution, determine a new set of partial derivatives 
and residuals, and repeat this cycle until convergence is 
obtained. It also becomes possible to use a variety of 
laterally heterogeneous starting models to eliminate possible 
artifacts due to the choice of the initial model. 

Sandstrom's (1980) discussion of the nonlinear fitting algorithm 

anticipates some of the difficulties which arise in the solar inversion 

problem. He even outlines some corrective steps which can be taken to 

counteract the difficulties: 

A more desirable approach to this problem of satisfying design 
specifications would be to specify the required vibratory 
characteristics and to solve directly for the changes in the 
stiffness and mass of the structure. 

A second benefit of the solution procedure is that it provides 
a direct indication as to which structural changes would be 
the most effective in controlling modal changes. 

The need exists to assess the potential and accuracy of this 
method for more complex problems. Preliminary investigations 
have indicated that the solution of some overconstrained 
problems has led to ridiculous results. Changes requiring 
mass and stiffness reductions greater than 100% are obviously 
impossible. Solution procedures that step or iterate toward a 
design goal appear to be the way to handle these over
constrained problems. This area requires further work. The 
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under-

Table 9.8 summarizes the solution progress of the nonlinear 

inversion algorithm which attempts to fit the above three solar f-mode 

frequencies. The top row in the table shows the starting frequency 

values and the bottom row shows the "goal" or observed values. Many 

iterative steps are taken because the individual steps toward the goal 

are purposely restricted in size. In some radial bins the indicated 

change in Su (if one wanted to reach the goal in one step) was found to 

be greater than 100% -- too radical of a change! To prevent this from 

happening, the step size in the direction of the "goal" was reduced. 

The * SA and Su solutions were scaled down by a constant factor so that 

the maximum size of 6u in any radial bin was 0.10. The other solar 

model variables, * and 6C1 , were obtained from SA and 6u by using 

equations (8.16-8.17). After each iteration, a new equilibrium model 

was generated to reflect these parameter changes. Then the process was 

repeated many times, forcing the eigenfrequencies toward the observed 

values. The success of individual iteration steps can be monitored by 

comparing the "expected" and "actual" frequency entries in table 9.8. 

These comparisons tell whether the integrated effects of simultaneous 

changes in all of the parameters behave as equation (8.21) says they 

should. 

* The solutions Sxj (6A (r) and 6u(r)) of the underdetermined 

equation (8.21) are obtained by using the singular value decomposition 

(SVD) technique. Only the solution piece with the largest singular 

value is kept. A unique solution is achieved by selecting that 

* solution vector (SA (r) and 6u(r)) which has the minimum "length." For 
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Table 9.8. Iterative solution behavior of f-mode frequencies for the 
three mode inversion problem. 

Iteration Number I, - 18 I, - 27 I, - 36 

Start 4.5256 5.4427 6.2240 

1 expect 4.5373 5.4520 6.2328 
actual 4.5349 5.4536 6.2326 

2 expect 4.5468 5.4626 6.2414 
actual 4.5436 5.4643 6.2414 

3 expect 4.5557 5.4731 6.2501 
actual 4.5517 5.4749 6.2502 

4 expect 4.5641 5.4834 6.2591 
actual 4.5591 5.4853 6.2591 

5 expect 4.5721 5.4934 6.2675 
actual 4.5660 5.4955 6.2680 

6 expect 4.5798 5.5032 6.2763 
actual 4.5723 5.5054 6.2770 

7 expect 4.5874 5.5126 6.2850 
actual 4.5780 5.5151 6.2859 

8 expect 4.5952 5.5216 6.2936 
actual 4.5834 5.5245 6.2948 

9 expect 4.6040 5.5302 6.3022 
actual 4.5882 5.5337 6.3036 

10 expect 4.6156 5.5378 6.3104 
actual 4.5927 5.5426 6.3124 

11 expect 4.6381 5.5431 6.3177 
actual 4.5967 5.5511 6.3211 

Goal 4.6520 5.5432 6.3193 
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Table 9.9. Iterative solution behavior of f-mode frequencies for the 
two mode inversion problem. 

Iteration Number I. - 27 I. - 36 

Start 5.4427 6.2240 

1 expect 5.4522 6.2330 
actual 5.4525 6.2329 

2 expect 5.4619 6.2418 
actual 5.4621 6.2417 

3 expect 5.4714 6.2506 
actual 5.4715 6.2506 

4 expect 5.4806 6.2593 
actual 5.4806 6.2594 

5 expect 5.4896 6.2680 
actual 5.4895 6.2682 

6 expect 5.4985 6.2767 
actual 5.4982 6.2769 

Goal 5.5432 6.3193 
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the * testing purposes of this section, the 6A (r) and 6u(r) components 

were given equal weight in the SVD algorithm. This is certainly not 

the correct way to perform a rigorous inversion, but making this 

implicit assumption for these validation exercises does not harm the 

test results. 

A cursory examination of table 9.8 indicates that something 

peculiar is going on with the l-18 £-mode. The 11-th iteration in the 

table indicates that the l-27 and l-36 £-mode eigenfrequencies have 

overshot their intended goals, while the l-18 f-mode is only about 

halfway to its goal. Perhaps the l-18 mode is too close to an "avoided 

crossing" situation. In the Saio (1982) model the f-g1 interaction 

occurs below l-17, but fig.3 of Brown, Mihalas and Rhodes (1986) shows 

the closest approach of these modes to be near l-18. The trouble with 

the l-18 f-mode in table 9.8 might be caused by a misidentified "goal" 

at the bottom of the column -- that frequency might belong to the l=l8 

g1-mode. 

To test whether the l-18 £-mode is the culprit, table 9.9 

summarizes the same quantities as table 9.8, but this inversion is 

based only on the l-27 and l-36 £-modes. This time there are no 

troubles. Both frequencies march in tandem toward their "goal," with 

very minute differences between actual and expected results. After 

iteration number 5, the solar equilibrium models in both tables 9.8 

and 9.9 become nonphysical at certain interior locations. It was for 

this reason, and not any trouble with convergence, that the results of 

table 9.9 were not carried all the way to the "goal." 

Figures 9.25 and 9.26 show the unsealed SVD solutions for 

&A*(r) and 6u(r) at iteration number one of the inversion involving two 
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f-modes. The derived solutions 6Vg(r)/Vg(r) and 6C1(r) are shown in 

figures 9.27 and 9.28. It is fairly apparent that 6C1(r) is an 

integral of the 6u(r) solution, but the identification of 6Vg(r) as 

predominantly a linear combination of 6u and 6u' (equation (8.16)) is 

harder to see. (The spikes appearing in figure 9.27 are due to the 

discrete ~pproximation of the derivative in equation (8.16).) 

In conclusion, this exercise shows that eigenfrequencies can 

indeed be finessed into new positions by perturbing the equilibrium 

model; also, the expected changes in eigenfrequencies (6w's) agree well 

with the values predicted by equation (8.21). 

It is tantalizing to see the apparent doubling of the density 

(which behaves like 6u, figure 9.26) in one portion of the convection 

zone and an approximate halving of the density at a location slightly 

further out. Without an adjoint sensitivity analysis it would be 

difficult to anticipate that this kind of change to the solar model 

would produce a net upward shift of -2% in intermediate-degree f-mode 

frequencies. 

The proper context for settling this issue -- what is really 

going on with these f-modes and the interior of the Sun? lies in 

setting up overdetermined systems of equations. Then the more advanced 

techniques and suggestions of chapter 8 can be "rolled out and test 

driven." This is a major undertaking. To do it correctly will require 

a better parameterized solar model than the Saio (1982) model. Also, a 

systematic study of adjoint sensitivity curves should be made for 

literally hundreds of normal modes before the serious attempt at 

solving the nonlinear structural inversion problem is made. 
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* Figure 9.25 Solution for 6A ; r/R is the normalized solar radius x. 
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Figure 9.27 Solution for 6Vg/Vg; r/R is the normalized solar radius x. 
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SUMMARY OF THIS WORK, FUTURE APPLICATIONS OF THE 
ADJOINT SENSITIVITY AND CONTINUOUS ORTHONORMALIZATION 

ALGORITHMS, AND SOME CLOSING PHILOSOPHICAL COMMENTS 
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The 9 preceding chapters have covered a wide range of material. 

First, the subject of solar seismology was introduced and discussed at 

some length; then attention was focused on one of this field's 

outstanding and currently unsolved problems: determining the Sun's 

internal structural parameters based upon an observed set of normal 

mode frequencies. 

The continuous orthonormalization (CON) and adjoint methods 

were developed for solving critical portions of this parameter 

estimation problem. Outperforming previous numerical methods, these 

two new algorithms accurately and efficiently compute the following 

sets of quantities: (1) the linear adiabatic nonradial oscillation 

eigenfrequencies of any specified theoretical solar model (with the 

proviso that the model is spherically symmetric, nonrotating, inviscid, 

and nonmagnetic), and (2) the sensitivities of these same frequencies 

to changes in the solar model parameters. (Of course, the above 

statement also applies to stellar models which satisfy the same set of 

general physical constraints.) 

In chapter 8 the structural parameter estimation problem for 

the Sun was formulated as a nonlinear inversion problem and a solution 

algorithm for this problem was briefly outlined. As any mathematician 

would state, there are no guarantees (such as existence and/or 

uniqueness) concerning the solution to an inversion problem of this 
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type. Nevertheless, this was the solution approach chosen for 

determining the Sun's internal structure. 

The rationale behind this decision was rooted in the following 

pragmatic reasons: (1) the nonlinear inversion algorithm is concep

tually simple, (2) numerical quantities needed for each step in the 

iterative procedure are either immediately available or are readily 

computable, and (3) diagnostic information allows one to always know 

where and by how much the solution is "going wrong." The "immediately 

available" quantities mentioned in the second reason refer to the set 

of observed (or desired) solar eigenfrequencies, while the "readily 

computable" quantities refer to the theoretical eigenfrequencies and 

their design sensitivities for each prospective solar model. These 

latter two classes of quantities are the "outputs" produced by the CON 

and adjoint algorithms, respectively. 

Based on the deviations of a prospective solar model's computed 

eigenfrequencies from the corresponding set of observed eigen

frequencies, together with a knowledge of eigenfrequency sensitivities 

to model parameter changes, a new prospective solar model may be 

computed (see equation (8.21)). Hopefully, this new solar model will 

yield a satisfactory (or at least an improved) match up between the 

observed and computed eigenfrequency spectra (that is, a smaller value 

of PC, the performance criterion, in equation (8.22)). If there is an 

improvement (or even if there is not), the iterative process may be 

continued indefinitely. Of course, in practice the algorithm will 

always be halted at some point. 

There are several indications for stopping the above-described 

nonlinear fitting algorithm: satisfactory agreement between observed 
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and computed frequencies may be achieved (P~O), or additional 

iterations may no longer decrease the value of PC, or model parameter 

changes computed by the algorithm may cause the solar model to become 

nonphysical in some sense (for example, having a negative density at 

some position within the Sun). The first indication for stopping 

achieving complete agreement between a solar model's computed 

eigenfrequencies and all of the Sun's observed and classified m-0 

(nonrotating) eigenfrequencies -- is obviously the best one. Albeit a 

highly unlikely situation, this outcome has a small but finite 

probability of occurrence. Thus far, though, no one has succeeded in 

finding this grail -- a theoretical solar model which matches all the 

relevant frequency observations. 

Failing to reach this 

algorithm will be halted for one 

latter two circumstances can 

elusive 

of the 

still be 

goal, 

other 

deemed 

the nonlinear fitting 

two reasons. These 

partial successes, 

however, since the nonlinear fitting algorithm does produce diagnos

tically useful numerical results. Using this information, one may be 

led to propose new hypotheses which are explicitly directed at removing 

or reducing the persistent discrepancies between observed and computed 

eigenfrequencies. Certain individual normal modes or even groups of 

normal modes will stick out as being more troublesome to fit than 

others, thereby drawing additional attention to their analysis. For 

example, the difficulties with the i-18 f-mode in section 9.3 lead to 

three courses of action: a re-examination of the phenomenon of 

"avoided crossing," a consideration of the possibility that the mode 

might actually be an incorrectly identified i-18 g1-mode, and a new 

look at nonadiabatic effects on eigenfrequency values. At the very 
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least, the adjoint sensitivity curves contain important clues to the 

future resolution of this problem. As evidenced by the examples in 

section 9.3, despite the fact that the nonlinear iteration procedure 

may be halted in an •unsuccessful" state (with PC~O), additional 

insights into solar physics are still achievable; one is not left 

"hanging," with no ideas on what to try next, or with no guidance in 

pursuing a new line of thought. 

This dissertation performed two fundamentally different 

verifications of both the adjoint and CON algorithms. In chapter 6 it 

was explicitly demonstrated, through the use of analytic formulas, that 

the two new algorithms produced correct results for contrived simple 

harmonic oscillator problems. In chapter 9, a series of comparison 

checks performed using realistic solar models served to numerically 

verify the two algorithms (at least for the case of linear adiabatic 

nonradial solar oscillation modes). The across-the-board enhancements 

in speed, accuracy, and robustness of my two new analysis techniques 

over other "state of the art" methods were also confirmed. 

Future applications of the adjoint sensitivity and CON 

algorithms are certainly not restricted to the particular solar 

seismology problem treated in this dissertation. Numerous examples of 

these anticipated future applications are presented in sections 10.1-

10.3, which respectively deal with applications in the following three 

subject areas: (1) solar seismology and asteroseismology, (2) 

astrophysics, and (3) science and technology. Some of the pending 

applications are fairly obvious, such as extensions of the adiabatic 

nonradial normal mode analysis to include nonadiabatic, nonlinear, or 

even nonlocal effects. (The extension to analyze radial modes is 
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Other obvious future applications of the CON and adjoint 

sensitivity methods lie in the study of variable stars. Entire classes 

of pulsating stars can be analyzed using the adjoint sensitivity method 

-- even such classes as RR Lyr stars, where nonlinear physical effects 

play dominant roles. (The adjoint method is not restricted to the 

analysis of linear-type problems, but can applied equally well to 

inherently nonlinear problems.) 

There are some future applications of the CON and adjoint 

algorithms, however, which are more obscure than these astrophysical 

applications and .not so readily perceived. These less obvious 

applications are spelled out in detail below, in the appropriate 

sections. Many of these proposed future applications are sufficiently 

general that they have been placed under the third applications 

category -- "science and technology." Several of the applications 

listed below could have been placed in either of the first two subject 

areas. This is because the boundary between astrophysics and the two 

seismologies (solar and stellar) is sometimes "fuzzy," and hence an 

application's classification may be somewhat arbitrary. In this 

chapter, priority has been placed on the presentation of new ideas, 

rather than on their "correct" classification. 

Finally, section 10.4 presents some closing philosophical 

comments about science, physics, computers, and the work accomplished 

here. 

10.1 Future Applications in Solar Seismology and Asteroseismology 

The continuous orthonormalization and adjoint sensitivity 

algorithms developed in this dissertation are specifically designed for 
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analyzing a pair of closely related helioseismological problems -

computing eigenfrequencies of linear adiabatic nonradial solar 

oscillation modes ~ computing their sensitivities to changes in the 

solar equilibrium model. The algorithms may readily be generalized, 

extended, or otherwise adapted to help solve a host of additional 

problems presented by solar seismology and asteroseismology. This 

section discusses many of these new applications or extensions, briefly 

outlining the various problems and then describing how the CON and 

adjoint methods fit into the picture. 

By following the procedures for the CON method outlined in 

Davey (1983) and Meyer (1986), eigenfunctions of the solar normal modes 

may also be computed, not just eigenfreguencies. This work entails 

solving another differential equation (similar to adjoint differential 

equation (7.39) or (A.SS)), followed by a transformation of the 8 CON 

variables into the commonly used y1 to y4 eigenfunction variables. 

Further work on the verification of my two algorithms (beyond 

that performed in chapter 9) may also be pursued. In addition to 

repeating the style of test used by Mullan and Ulrich (1988) and Mullan 

(1989) who numerically analyzed the oscillations of simple 

polytropes and then compared their eigenfrequency results against 

theoretically obtained asymptotic values -- their suggestion to analyze 

composite polytrope models can also be followed. Goossens and Smeyers 

(1974) discuss some properties of these composite models. (I did not 

pursue these comparison tests in chapter 9 because, unlike Mullan and 

Ulricht I did not choose to simplify the oscillation-defining equations 

(3.1-3.4).) 
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An area that is particularly ripe for investigation via the CON 

and adjoint algorithms is the topic of outer boundary conditions and 

their impact on the Sun's normal modes. Aside from some early work by 

members of SCLERA which emphasized the importance of this matter 

(Hill, Rosenwald and Caudell 1978b; Rosenwald and Hill 1980), several 

other researchers have attested to the importance of outer boundary 

conditions in determining solar eigenfrequencies. According to Ulrich 

and Rhodes (1983), "An important factor in our conclusion is the study 

of the effect of boundary conditions and radiative interactions on the 

eigenfrequencies. Both these processes are uncertain and could 

conceivably shift the frequencies or their spacing to agree with 

observation." Nesis (1988) concurs, stating that "Calculations of the 

frequency of solar oscillations are sensitive to the upper boundary 

' conditions of the model." Dziembowski, Paterno and Ventura (1988) also 

find the boundary conditions to be a topic worthy of investigation: 

The results of this preliminary analysis show that errors in 
the computed solar structure mainly arise from the treatment 
of the surface layers, though small errors in the innermost 
layers cannot be ruled out . 

•.. a significant part of the discrepancies depends on errors 
in the layers above 0.95R. These errors may not only be due 
to inadequate treatment of the structure but also to the 
oscillation theory. More specifically, one may question 
whether the adiabatic approximation and standard treatment of 
outer boundary conditions are correctly applicable to the real 
Sun or not. 

The CON and adjoint algorithms may be used with minimal changes to 

investigate the effects of new or modified outer boundary conditions on 

the solar eigenfrequencies. Papers by Lancaster (1964ab) and Plaut and 
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Huseyin (1973) contain useful information for generalizing appendix 

section A.2's treatment of boundary conditions. 

The stability of oscillation modes is another topic that awaits 

a more systematic examination by use of the CON and adjoint methods. 

The assumption of adiabaticity -- that the normal mode oscillations do 

not gain or lose 

analysis properly. 

energy with time must be dropped to do this 

In such a nonadiabatic modeling scenario, the 

eigenfrequencies are, in general, complex numbers; that is, the v's may 

have nonzero imaginary components. Since the time behavior of the 

eigenfunctions goes like exp(ivt), this means that a mode exhibits 

exponential growth or decay with time, depending on the sign of the 

imaginary part of v. Ando and Osaki (1975,1977) are early investi

gative works on this topic; they address the stability of near-surface 

p-modes and the influence of the chromosphere and the corona. 

Kosovichev and Severny (1984b) examine the stability of much deeper g

mode oscillations, but they use a quasi-adiabatic approximation instead 

of a full nonadiabatic treatment. 

As a personal recommendation, based upon extensive modeling 

experience, the work by Saio and Cox (1980) should be followed (with 

some slight modifications) when adapting the CON and adjoint methods to 

the analysis of linear nonadiabatic nonradial oscillation modes. With 

three central and three surface boundary conditions, their 6th-order 

system of ordinary differential equations (which describes the 

nonadiabatic oscillations) becomes a two-point boundary value problem 

and thence an eigenfrequency problem. By analogy with the CON 

development work in this dissertation, where a linear 4th-order system 

of differential equations (DE's) having two inner and two outer 
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boundary conditions is transformed into a nonlinear 8th-order (4x2) 

system of DE's, the nonadiabatic modeling scenario will yield a 

nonlinear 18th-order (6x3) system of DE's. (Since these variables are 

complex, however, this large system is equivalent to a 36th-order 

system of DE's in real variables.) 

Sqme preliminary work on estimating the size of nonadiabatic 

effects was done by Rosenwald, Hill and Czarnowski (1988); they 

obtained information on the nonadiabatic eigenfunctions related to 

perturbations in the entropy. Based upon Isaak's (1986) observations 

of normal mode linewidths (which are related to the imaginary component 

of v), plus other researcher's observations of different parameters 

related to mode damping times, there is a pressing need to obtain 

accurate theoretical values for nonadiabatic (complex-valued) eigen

frequencies from solar models. Then the observations may be compared 

against the values obtained from computer models. 

The analysis of convection is a weak spot not only in the field 

of solar seismology, but also in virtually all astrophysical systems, 

wherever convection exists. In fact, the problem of analyzing 

turbulent phenomena in general is a most difficult one in nearly every 

context. No one really knows how to determine the static (or time

properties of a turbulent region like the solar convection averaged) 

zone, let alone how to properly handle the interaction between 

convection and normal mode oscillations (time-dependent convection). 

Existing analysis methods are generally deemed to be inadequate, as can 

be seen from Roxburgh's (1985) comment: "this author is sceptical 

about any results that depend on using the mixing length theory." 
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The CON and adjoint algorithms, however, are powerful new tools 

which can "attack" this problem of studying the solar convection zone 

in a new way. Global solar oscillations provide an independent probe 

of this turbulent region the Sun's convection zone without 

resorting to any of the ad hoc assumptions introduced by mixing length 

theories. As outlined in chapter 8, the radial runs of two structural 

* parameters such as Vg(r) and A (r) can theoretically be determined from 

an appropriate set of measured normal mode frequencies by solving a 

two-dimensional nonlinear inversion problem. 

Hill (1988) made the suggestion that another closely related 

inversion problem could be formulated and possibly solved; an analysis 

of his suggested problem would shed light on the interaction between 

oscillations and convection. Certain coefficient terms appearing in 

equations (3.1-3.4), those having to do with momentum conservation, 

could be modified by the introduction of a hypothetical radial 

function. This new function (one which has the correct 1 and w 

dependences already built-in) would represent, for example, the 

contributive effects of turbulent pressure. It would be nonzero only 

within the solar convection zone. Unno et al.'s (1979) treatment of 

convection, plus the more general work on convection by Cebeci and 

Bradshaw (1984), provide starting points for this research aimed 

at studying the interaction between convection and oscillations. 

According to Hill's (1988) scenario, the new inversion problem would 

* be a 3-dimensional one, with the usual Vg and A radial functions 

providing two dimensions, and the new unknown function (parameterizing 

the hypothesized interaction of oscillations with convection) providing 
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the third dimension. This latter function of r, however, unlike Vg and 

* A , would be nonzero only within the convection zone. 

There are other ways, less radical and dramatic, of using the 

CON and adjoint methods to study convection. Pesnell (1986), in a 

paper dealing with semiconvection, considers the effects of employing a 

slightly different definition of N, the Brunt-V4is414 frequency. Gray 

and Nagel (1989) analyze the granulation boundary in the Hertzsprung-

Russell diagram, comparing it to the convection boundary. Both of 

their analyses could be handled more systematically and accurately by 

using adjoint sensitivity methods. 

Closely related to the many uncertainties regarding the solar 

convection zone are the uncertainties regarding the equation of state. 

Contrary to the belief of many astrophysicists, this seemingly clear-

cut problem does not yet have an adequate solution (at least to the 

accuracy which is desired). According to Christensen-Dalsgaard 

(1984a), "It is probably fair to say that, despite claims to the 

contrary (Ulrich and Rhodes 1983), no definite equation of state has so 

far emerged that should be preferred on physical grounds." Toomre's 

(1986) statement rings equally true today: "Still, there are aspects 

in stellar structure theory that probably need modification, whether 

they be with equations of state, or with opacities, or with elemental 

abundances and their distributions, or with possible intermittent 

mixing that modifies the stratification." ' Dziembowski, Paterno and 

Ventura (1988) join in this sentiment, stating that " ... the theoretical 

description of outer layers is far from being firmly admitted. This 

concerns in particular the treatment of turbulent pressure in 

convection theory and the equation of state." 
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All of these uncertain aspects in the theory of stellar 

structure can be studied to various extents through helioseismology and 

asteroseismology. A successful inversion of observed solar frequency 

data according to the precepts of chapter 8 would yield the runs of Vg 

* and A with depth in the Sun physical parameters which are 

intimately connected with the equation of state and properties of the 

convection zone. Further manipulation of these two functions (folding 

in varying amounts of astrophysical theory) is of course required 

before more explicit information on the equation of state, opacities, 

abundances, and so on, can be obtained. All of these additional 

parameter estimation problems cry out for their own sensitivity 

analyses, so that judgments can be made, hypotheses generated, and 

actions taken to bring theoretically predicted results of computer 

models into better agreement with any constraints imposed by the 

observations. 

Other problems presented by solar physics that are actively 

being researched at SCLERA are also prime candidates for adjoint 

sensitivity analyses. Hill (1986) and Rabaey (1989) investigate the 

coupling of solar g-modes and its relevance to the flux of solar 

neutrinos. The coupling is observed as a phase-locking of rotationally 

split g-modes within the same multiplet (the modes have different m 

values, but the same n and l values). As they discuss, a time 

modulation of neutrino flux rates is possible by this mechanism of 

coupled g-modes. Czarnowskl (1989), using a combined numerical and 

analytical approach, determines the nonlinear coupling strength between 

the relevant intermediate-degree g-modes. As all of these papers point 

out, the superposition of many g-mode oscillations can collectively 
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yield substantial nonlinear effects in, for instance, the local 

temperature. Due to gradual changes in the superposition of these 

modes, neutrino generation rates may vary on a time scale of months or 

years. Hill and Rosenwald (1989) address the issues solar oscilla

tions, the gravitational multipole field of the Sun, and the solar 

neutrino paradox. (It is uncertain whether the proceedings containing 

this last paper will be published, but the paper is available from 

SCLERA as a preprint.) 

Researchers outside of SCLERA are also analyzing nonlinear 

effects. Roxburgh (1986c) theorizes the existence of finite amplitude 

oscillations having typical temperature perturbations as large as 
3 

6T/T-0.1, but his modes are driven by the He burning instability. 

Christensen-Dalsgaard (1980) states that "Another problem meriting 

attention is the possibility of non-linear interaction between two 

modes engaged in an avoided crossing; because of the small frequency 

difference such interaction can be expected to be strong." If such an 

interaction does indeed occur, and if it is caused by gradual 

evolutionary changes, then both the duration of the "nonlinear" episode 

and the finite amplitudes of the ensuing oscillations can be analyzed 

with an adjoint sensitivity approach to determine their dependencies on 

various •controlling" factors. 

A major lesson to be drawn from this work on g-modes and 

nonlinear effects is that the list of potential explanations for the 

solar neutrino paradox which are rooted in "solar physics" is certainly 

not exhausted. Astrophysicists are far from being forced into a "new 

physics" type of explanation to account for the Sun's behavior (such as 

postulating the existence of WIMPS). It is a shame that Bahcall 
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(1989), in his synopsis of IAU Colloquium 121, "Inside the Sun," 

mentions not one word about solar g-modes. 

Near the solar surface, nonlocal effects can influence 

eigenfrequency values. These effects are due to nonlocal terms 

appearing in the radiative transfer equation. As Logan and Hill (1980) 

state, "The nonlocal character of the radiation field significantly 

modifies the radiative damping of perturbations in the solar 

photosphere." Hill and Logan (1984) develop a formalism for studying 

this effect; for numerical analysis purposes, general Gaussian 

quadrature formulas like those developed by Rosenwald, Hill and Logan 

(1984) can be used to approximate the definite integral portions of 

their integro-differential (nonlocal) equations. Even in this very 

complicated situation, an adjoint sensitivity analysis can be 

performed. (A system which has time delays (Bentsman et al. 1988) is 

another example of a system with nonlocal effects.) 

Oglesby, Hill and Rabaey (1988) present evidence of temporal 

variations in certain solar f-modes and p-modes. Their evidence is 

direct coming from analyses of data taken during different years. 

By solving nonlinear structural inversion problems based on the input 

data of observed frequencies in the various base years, one may be able 

to generate a crude time series of solutions to the solar structural 

inversion problem, a sort of movie representing the Sun at different 

times. Such information would be invaluable in helping to analyze the 

solar 11- or 22-yr cycles. At the current state of knowledge, even 

qualitative information of this nature would be highly prized. 

Processes having much longer time scales for change, such as 

mixing phenomena, may also be studied with the new seismological 
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analysis techniques. Dilke and Gough (1972) present one possible 

mechanism for a mixing phenomenon -- a "solar spoon" driven by a 

nuclear burning instability. Helioseismologically, the mixing would 

manifest itself as local discontinuities in mean molecular weight, 

* which in turn are reflected by kinks in the graph of A (r) versus r. 

Additional future applications of the CON and adjoint methods 

in helioseismology are suggested by research paths already taken in 

earth seismology. Dahlen (1974,1981) respectively analyzed the static 

deformation of an earth model having a liquid core and the free 

oscillations of an anelastic, aspherical earth model. Giardini, Li and 

Woodhouse (1987) obtained the "Three-dimensional structure of the Earth 

from splitting in free-oscillation spectra." Kennett (1987) also 

addressed 3-d effects, discussing observational and theoretical 

constraints on crustal and upper mantle heterogeneity. Bercovici, 

Schubert and Glatzmaier (1989) computed "Three-Dimensional Spherical 

Models of Convection in the Earth's Mantle," reproducing features of 

plate tectonics. Canadas et al. (1987) studied "Shape Interfaces in an 

Inverse Problem Related to the Wave Equation". Nolet (1987ab) analyzed 

seismic and waveform tomography of the Earth presenting and 

reviewing tools for determining the Earth's interior structure. 

~erveny's (1987) work on ray tracing algorithms in 3-d laterally 

varying layered structures in the Earth is directly applicable to the 

Sun, particularly regarding the use of p-modes as probes for doing 

sunspot tomography. Perdang (1988) extended these "earth-type" 

analyses to the stars, analyzing "Stellar Acoustic Ray Patterns" for 

the case of globally deformed equilibrium figures. All of the above 
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works would be greatly enhanced if they were used in conjunction with 

adjoint sensitivity analyses. 

There is another aspect of earth seismology which is directly 

analogous to an aspect of solar seismology. This has to do with the 

solotone effect the quasi-periodic departure of eigenfrequencies 

from their predicted values according to asymptotic theory. Anders sen 

and Cleary (1974) found that there were two kinds of these overtone 

structures: one was in Pn1 - Pn-l, 1 for fixed 1 and variable n, and 

the second was in wn1 - wn, 1 _1 for fixed n and variable 1. The former 

difference contains information about shear waves reflected at the 

Earth's core-mantle boundary, while the latter difference contains 

information about the structure of surface waves. These two overtone 

structures in the Earth periods and frequencies seem very likely to be 

related to the two sources of "error" found by Christensen-Dalsgaard 

and Gough (1984b) in the observed frequencies of solar 5-min p-modes. 

According to them, one source of error (discrepancy) is at or beneath 

the base of the convection zone and one is concentrated near the 

surface of the model. Gough (1986b) reinforces this notion: "Thus 

there appears to be an error in the physics in either the radiative 

envelope or the convection zone, or both." 

It is precisely these areas of disagreement which afford the 

greatest opportunity for improving the solar model. The more stubborn 

or persistent that these problem areas remain, the more likely it is 

that real, substantial progress will be made when one finally discovers 

the key physical mechanism(s) which are operating, leading to a better 

understanding of the phenomena. To cite one example from earth 

seismology, Tajima and Garmany (1987) conducted an investigation 
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entitled: "Surface wave amplitude anomalies: is reciprocity valid?" 

A concept as fundamental as reciprocity was being challenged and their 

aim was to resolve the seeming paradox. The situation was resolved by 

their realization that some faulty basic assumptions were being made, 

assumptions which were not true of the actual Earth. As they put it: 

"This suggests that there must be substantial small scale structural 

variations." The same situation can easily arise in the Sun with 

regard to assumptions of solar physics. 

Based upon the current status of solar seismology, the most 

urgent application of the CON and adjoint algorithms is quite apparent. 

The highest priority should be placed on the generation of some sort 

of "canonical" solar model which reproduces the observations of 

nonrotating normal mode eigenfrequencies. It is the values of 

these normal modes, the nonrotating m-0 ones, that essentially all 

observers agree upon. (Frequently, however, only one research group 

may report values for a set of vn1 •s, causing those particular modes to 

come under greater scrutiny.) Rotating normal modes (those with ~0) 

are a different story; v n results from SCLERA are consistently more 
n~m 

separated from than are the values obtained by other 

researchers. History will ultimately show who was correct. 

The generation of the proposed canonical solar model should be 

done in the same spirit as the generation of both the HSRA (Harvard-

Smithsonian Reference Atmosphere) model of the Sun and the PREM 

(Preliminary Reference Earth Model). The former work was carried out 

by Gingerich et al. (1971); Dziewonski and Anderson (1981) performed 

the earth modeling work. The latter authors were charged with this 

task in 1977; it took them four years to complete it. A preamble 
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statement to their paper was written by E. R. Lapwood and R. 0. 

Vicente, of the Standard Earth Model CoMmittee; in part it reads: 

The objective of the working group was to set up a standard 
model for the structure of the Earth, from the center to the 
surface, defining the main parameters and principal dis
continuities in such a way that they could be adopted by the 
international scientific community in any studies that 
depended on the Earth's structure. 

It is in this spirit that I propose to generate, using the continuous 

orthonormalization and adjoint sensitivity algorithms developed here, a 

greliminary Reference Internal ~olar Model (or PRISM). Suetsugu and 

Nakanishi (1987a) is another "model" paper to draw upon while 

performing this work they solve an inversion problem involving 6 

unknown radial functions. 

The theoretical version of the Sun, or PRISM, would at first be 

expected to reproduce (within error bars) the observed eigenfrequencies 

of only the nonrotating solar normal modes. Later, some of the other 

complicating factors, such as rotation and magnetic fields, could 

gradually be introduced to specify the solar interior more correctly 

and completely. (This type of stepwise model refinement was used in 

earth seismology.) Research work on rotating stars by Papaloizou and 

Pringle (1978), Tassoul (1978), Clement (1986), Demarque (1987), and 

Geroyannis (1988) can be used as "jumping off" points for the 

application of either or both of my two new·algorithms. 

Emphasis is now switched from applications of the CON and 

adjoint methods in solar seismology to their many applications in 

asteroseismology. This is a more general field that studies various 

oscillations which may occur in all sorts of stars. The adjoint method 
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will play a prominent role in this subject. Since it is not limited to 

the analysis of linear problems, adjoint sensitivity methods can be 

melded with previously developed analysis methods by Christy (1967), 

Stellingwerf (1974), and Aikawa and Whitney (1988), all of which 

analyze nonlinear stellar oscillations. 

Numerous papers provide ready motivation for applying my new 

computational techniques to asteroseismology. Frandsen (1986b) asks 

the rhetorical question: "How well do we know stellar parameters?" and 

answers it: Not very well. Papers by Ulrich (1986a,l988) respectively 

point out how stellar ages and masses can be determined through 

asteroseismology. Gelly et al. (1988) discuss the solar calibration of 

asteroseismology. Christensen-Dalsgaard (1985) shows that for computed 

stellar models the effects of varying the mass and age are separated in 

a (Av0 ,D0 ) diagram. These two quantities are given by the expressions 

(10.1) 

and 

Do = ( vn,l - vn-l,l+2 )/( 4l + 6 ) (10.2) 

Christensen-Dalsgaard (1986b) goes over these definitions in more 

detail in his review of seismology of the Sun and other stars. Later, 

Christensen-Dalsgaard (1988b) displays a kind of "Hertzsprung-Russell" 

diagram for stellar oscillations; the two axes are Av0 and D0 • Roughly 

speaking, Avo measures the surface properties of a star, while 00 
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measures its core properties. The importance of obtaining an adjoint 

sensitivity analysis of the (Av0 ,D0 ) diagram is emphasized by 

Christensen-Dalsgaard's (1988b) comment: 8 Finally we must investigate 

the departure from the fit. We clearly want to learn more about the 

stars than their masses and ages." DAppen, Dziembowski and Sienkiewicz 

(1988) review many different practical applications of asteroseismology 

and how astrophysical information about stars can be inferred. 

There are many seismological research papers which focus 

attention on individual stars or particular classes of stars. Procyon 

and/or a Cen are the focus of Demarque, Guenther and van Altena (1986), 

Demarque and Guenther (1988b), Fossat, Gelly and Grec (1986), and 

Gelly, Grec and Fossat (1988). Dziembowski and Goode (1986) analyze 

certain Ap stars, while Matthews, Kurtz and Wehlau (1987) study the 

"rich p-mode spectrum of the rapidly oscillating peculiar A star 

HD60435." Winget (1988) reviews seismological investigations of 

compact stars. 

Before closing this section, reviews of helio- and astero

seismology by Parker (1985) and Cox (1988) should be mentioned. In 

just about all of the applications areas that they discuss, a great 

need exists for sensitivity analyses. The adjoint method is certainly 

capable of fulfilling this role; it is mainly up to individual 

scientists in these specific research areas to learn about and apply 

this tool. The difficulty lies mainly in educating scientists, making 

them aware of the method. Once this is accomplished, the biggest 

hurdle is past. Knowing ahead of time that a problem ~ be solved is 

by itself a major step in its solution. The confidence garnered by 

this knowledge tremendously aids the task of actually implementing the 
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procedure. (It certainly aided my drive to obtain an adjoint 

sensitivity method for solar eigenfrequencies.) 

An aspect of helioseismology that is not brought up .often 

enough is the widespread prevalence of dichotomous beliefs. The issues 

of rapid (versus slow) internal solar rotation, constant or time

varying p-mode frequencies, and the existence or nonexistence of 

detectable g-modes are several examples of these controversies. On the 

last topic, Kuhn (1986) wrote a paper on "Another reason to search for 

solar g-modes ... "; Korzennik (1988), however, was deliberately ignoring 

g-mode 

Gough. 

data in the 1988 GONG "hound and hare"_exercise orchestrated by 

(Korzennik took the position that g-modes would never be 

detected in the Sun, so why use them in an inversion exercise?) All of 

these controversies should be viewed from a positive light. They 

indicate that the field of solar seismology is active, vibrant, full of 

new ideas, evolving, and perhaps on the verge of a revolution. 

Finally, I leave this "future applications" se~tion on helio

and asteroseismology with two optimistic quotations. Roxburgh (1985) 

finds that " ... through helioseismology we now have a new and 

exceedingly powerful experimental tool for probing the interior, which 

gives us the hope that in the not too distant future we may be able to 

understand the interior of the Sun." Toomre's (1986) closing words on 

the state of helioseismology are still timely: " ... we know that we 

have just begun our work in helioseismology. We have made enough 

progress in the subject to be confident that it is a rich endeavor, but 

we have hardly begun to sort out the intricacies of this supposedly 

simple and nearby star." 
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10.2 Future Applications in Astrophysics 

This section addresses potential uses of the CON and adjoint 

methods for the analysis of more general astrophysical problems. In 

addition to those variable star applications mentioned in the latter 

part of the previous section, there are numerous other research papers 

on pulsating stars which could benefit from my new analysis procedures. 

Neutron star modeling and supernova modeling await the application of 

adjoint sensitivity methods. Certain problems arising in celestial 

mechanics will also benefit from applications of the CON and adjoint 

algorithms. In fact, after surveying the wide spectrum of applications 

listed in this section, it should be difficult for the reader to find 

an astrophysical modeling situation which will not benefit substan

tially from applications of the adjoint or CON algorithms. 

Sensitivity analyses of variable stars in general can be 

handled using the adjoint method. A sampling of research papers 

amenable to this "extra" analysis is given next. Cox and Cahn (1988) 

analyze the pulsational stability of Wolf-Rayet stars. Baade (1986b) 

studies mass loss in early-type stars. (See Bailey (1987) for a 

warning of the difficulties inherent in analyzing such a problem, one 

which has a "variable" or moving type of boundary condition.) Baade's 

(1986a,l987) papers on various kinds of 0 and B stars list many factors 

which affect their oscillations. Also addressing this topic, Percy 

(1986) comments that "The problem of the pulsation mechanism in Be 

stars (and all other B stars) remains unsolved; indeed, it is one of 

the major remaining problems in stellar pulsation theory." Beach, 

Willson and Bowen (1988) and Bowen (1988) model the dynamical effects 

of pulsations on long-period variable star atmospheres. Properties of 
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RR Lyr stars, such as their "blue edge" dependence in the H-R diagram 

are researched by Iben (1974); Dziembowski (1977) looks at nonadiabatic 
, 

effects in the modeling of RR Lyr and 6 Scu stars; and Kovacs and 

Buchler (1988) survey RR Lyr models, searching for steady multimode 

pulsations. The latter authors find that "Although the properties of 

the steady nonlinear pulsations of our model are qualitatively 

insensitive to the viscosity parameters, except near bifurcation 

points, they show a very uncomfortable quantitative sensitivity." (It 

is exactly this type of situation which the adjoint sensitivity method 

is most adept at resolving.) Saio and Wheeler (1985) analyzeR Cor Bor 

stars. PG1159 variables, studied by Cox (1986), could use a more 

systematic sensitivity analysis to yield a better understanding of 

their behavior. Saio, Wheeler and Cox (1984) and Saio and Jeffery 

(1988) analyze nonadiabatic radial pulsations of luminous hot He stars. 
, 

Paczynski (1974,1975) studies various properties of the He shell flash 

in Population I stars, in particular, he focuses on the relationship 

between the core mass and the interflash period. Again, a sensitivity 

analysis would be most desirable here. 

Many other research papers on variable stars treat the subject 

of Cepheid variables. These are very important objects since, due to 

their somewhat dependable period-luminosity relationships, they have 

long been used as fundamental "yardsticks" within the universe. Baker 

and Kippenhahn (1962) is a classic modeling paper on 6 Cephei stars. 

Osaki (1977) did a nonadiabatic analysis of Cepheid-type stars, trying 

to determine their stability properties. More recently, Cox and 

Proffitt (1988) made theoretical interpretations of anomalous Cepheid 

pulsations; their work, too, would be greatly aided by a sensitivity 
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analysis. Osaki's (1986a) review of p Cephei variables describes a bad 

situation: "The present state of theory for these variables is found 

unsatisfactory." 

Another subset of variable stars meriting special attention are 

the line profile variable stars. M. Smith (1980) attributes the cause 

of macroturbulence in late-type stars to be nonradial oscillations. 

Osaki (1986b) analyzes nonradial modes in line profile variable stars 

and Gies and Kullavanijaya (1988) find line profile variations of E Per 

to be evidence for multimode nonradial pulsations. 

Many rapid pulsations observed in white dwarf stars have been 

explainable in terms of nonradial g-modes. Winget (1986) reviews the 

progress and problems of studying these objects. O'Donoghue (1986), 

studying southern ZZ Ceti stars, finds that the variable luminosity 

of these DA white dwarf stars is "almost certainly due to non-radial 

g-mode pulsations." Papers on 6 Scu and rapidly oscillating Ap stars 

by Kurtz (1986ab), plus a review by Maeder (1986) of radial and 

nonradial pulsations in Wolf-Rayet stars and in supergiants, round out 

this "shotgun" survey of variable stars. 

By now the reader may have guessed what all of these suggested 

potential applications of the adjoint and/or CON methods are leading up 

to. I propose that an adjoint sensitivity analysis can and should be 

performed on the entire Hertzsprung-Russell diagram. There obviously 

is a great need for this to be done, as one can see by Mazzitelli's 

(1989) analysis of numerical and physical sensitivities in stellar 

evolutionary programs. With comprehensive adjoint sensitivity results 

for the entire H-R diagram in hand, one would be in an enormously 

better position to answer questions like: Why is the instability strip 
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located where it is in the H-R diagram? What is it most sensitive to? 

Why are ~ features of the H-R diagram the way that they are observed? 

Virtually any aspect of evolution could be factored into the adjoint 

analysis, such as rotational instabilities (Zahn 1974) or any of the 

other facets listed in !ben's (1983) essay on stellar oscillations and 

evolution. Heller and Kawaler (1988) claim to see evolutionary period 

changes in rapidly oscillating Ap stars. With a proper sensitivity 

analysis, it would be easier to distinguish whether temporal changes in 

p-mode frequencies are due to evolution effects or whether they are due 

to stellar cycle effects (analogous to the Sun's 22-yr cycle). 

It is nice to know ahead of time that an adjoint sensitivity 

analysis of the H-R diagram is an entirely feasible project. The 

problem is essentially 2-dimensional in nature one dimension for the 

space variable (radius or mass) and one for time. (By contrast, the 

sensitivity analysis project of this dissertation is only one

dimensional in nature -- that dimension being the radial variable.) 

Hall (1986) demonstrated that adjoint sensitivity analyses could be 

done for more complicated 4-dimensional problems -- three in space and 

one in time. Such advance knowledge, that a much more complicated 

problem is do-able, makes it easier to persist in setting up the 

adjoint sensitivity analysis for the H-R diagram. Ultimately, one will 

obtain the desired result any "partial derivative" of the H-R 

diagram that one would care to know about. 

More exotic applications of the adjoint and CON algorithms are 

considered next, they have to do with the modeling of supernova 

explosions, neutron stars, and the formation of black holes. Under the 

usual simplifying assumptions (such as spherical symmetry), many of 
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these problems also reduce to 2-dimensional problems -- one dimension 

for space and one for time. Buchler (1980) examines the role of a 

Rayleigh-Taylor instability in supernova explosions. In discussing his 

findings, the need for a sensitivity analysis is quite apparent: "For 

the overturn, you stop the collapse at the lower density. But it is 

extremely sensitive to lots of things. I don't know if it is the 

entropy or the equation of state that gives the difference." With my 

previous experience in modeling supernova explosions (Wheeler and 

Rosenwald 1973), plus my experience with the adjoint method, I know 

firsthand that it is possible to set up a supernova model which also 

computes adjoint sensitivity information. Then all sorts of questions 

like the one by Buchler can be answered with minimal additional 

computing expense. Poorly known factors such as the parameters in the 
12 

C nuclear resonance (May and Scheid 1987; Livio et al. 1989) may be 

probed, in addition to the parameters describing various neutrino 

interactions. Burrows (1987) discusses many of these additional 

factors, such as the initial isotopic abundance curves, which influence 

the course of the explosion. * Like the radial functions A (r) and Vg(r) 

in the Sun, these abundance curves are amenable to an adjoint 

sensitivity analysis. Arnett (1986), in his paper "Numerical 

Experiments and Neutron Star Formation," lists an assortment of the 

relevant factors in the explosion: efficiency of neutrino deposition, 

shock waves, diffusion, advection, and reaction rate parameters. All 

of these factors can be better analyzed and put in perspective with an 

adjoint sensitivity analysis. 

Like the Sun, a neutron star's eigenfrequencies can be computed 

with the CON method and the frequency sensitivities to neutron star 
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properties can be computed via the adjoint method. McDermott, Van Horn 

and Hansen (1988) thoroughly analyze linear adiabatic nonradial 

oscillations of neutron stars, treating even the shear and crustal 

modes. These latter modes are possible because there can be solid or 

crustal regions in a neutron star and hence shear and interfacial modes 

(which ar~ physically impossible in gaseous stars) may exist in this 

environment. The extensions of my methods to cover this type of star 

would be quite straightforward. 

In principle, much can be learned about a neutron star's 

~quation of state by comparing modeled and observed free oscillation 

frequencies. McDermott and Taam (1987) investigate nonradial g-mode 

oscillations in X-ray bursting neutron stars; they " ... discuss the 

possible relevance of nonradial g-mode pulsations to the recently 

discovered quasi-periodic oscillations observed in a number of X-ray 

sources." (The g1-modes they discuss have l values from one to three.) 

The CON method can also be applied to the generation of 

stellar equilibrium models. The commonly used technique of marching 

differential equation solutions simultaneously from the center and from 

the surface of a star can be avoided entirely. With the CON method, 

integrations need to be performed only in one direction preferably 

from the center all the way to the surface. Selecting the location of 

an internal matching point, as described by Novotny (1973), would not 

be necessary. 

Three other astrophysical systems or problems currently drawing 

research interest are also conducive to adjoint sensitivity analyses. 

One is a problem studied by Ruden, Papaloizou and Lin (1988) the 

analysis of axisymmetric perturbations of thin gaseous disks (their 



357 

unstable convective modes and the possible consequences for nebulas). 

Clayton's (1988) research on nuclear cosmochronology is another problem 

which cries out for an adjoint sensitivity analysis to be performed. 

The third astrophysical problem involves the estimation of binary star 

parameters; it is discussed more fully in the next paragraph. 

Barone et al. (1988) apply the Wilson-Devinney method to the 

particularly difficult case of determining the properties of the binary 

system CW Cas. The gist of the W-D method is to find the global 

minimum of some deviation measure which represents the goodness of fit 

of binary star parameters to the observational data. The variable 

domain is the multi-dimensional space of binary star parameters. 

CW Cas is a tough problem because it is extremely easy to "get caught" 

in a local minimum rather than finding the desired global minimum. It 

is in the optimization phase of the Wilson-Devinney method where an 

adjoint sensitivity analysis is beneficial. More importantly, it is 

also in this phase where the Chow-Yorke algorithm, described in chapter 

8, can be used in conjunction with the adjoint algorithm. In theory, 

since this method is globally convergent, it will always find the 

global minimum. It would be most instructive to apply the Chow-Yorke 

algorithm to this problem as a test case, to see how well it performs. 

This section closes with a look at future applications of the 

CON and adjoint methods in celestial mechanics. (It was this field 

which originally inspired my interest in astronomy and mathematics.) A 

quiet revolution is taking place in this field -- what was recently 

thought to be unheard of or impossible is now coming to the forefront 

of research in this field. Szebehely (1986) discusses some of these 

new ideas in his paper entitled "New Nondeterministic Celestial 



Mechanics." Wisdom (1987) presents 

phenomenon, otherwise known as chaos 

moons, is tumbling in a chaotic fashion. 
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a concrete example of this 

Hyperion, one of Saturn's 

Basically, chaos means that a 

problem's solution is highly dependent on, or sensitive to, the initial 

conditions (Kerr 1989). I believe that adjoint sensitivity analyses 

performed on the phase space of the dynamical parameters will readily 

delineate the boundaries between chaotic and nonchaotic motion. 

The "method of averaging" in celestial mechanics (Lorell, 

Anderson and Lass 1964) breaks the equations and variables of a problem 

into two pieces -- one part having a "long" time scale and the other 

part a "short" time scale. Nonlinear differential equations are the 

result. This approach seems functionally and qualitatively close to 

the CON method, particularly in its handling of stiffness (a wide ratio 

of time scales). This connection deserves further study. 

Lastly, an application of the CON method to the computation of 

orbits is proposed. The Cowell method explicitly integrates the 

equations of motion for multiple bodies orbiting about a massive 

central body. Encke's method, attempting to accomplish this task 

more efficiently, integrates the differences of a body's dynamical 

parameters relative to an osculating (or initially exact) elliptical 

orbit. Every so often, after these differences grow too large, the 

integration is "renormalized," that is, new osculating orbits are 

determined for each body and the integration proceeds again. I propose 

that the CON method should be implemented for this orbital integration 

problem. Then the orbital renormalizations that occur in Encke's 

method would be occurring continuously. In other words, one would 

always be working with osculating or "exact" orbits. 
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The number of adjoint applications within astrophysics is so 

great that a hypothetical "Adjoint Astrophysical Journal" would have no 

trouble in keeping well supplied with a steady stream of papers. 

Virtually all of the modeling-type papers appearing in the Astro

physical Journal, especially those involving computers, are suffi

ciently complicated that they could benefit from an adjoint sensitivity 

analysis; it is too bad that such analyses are so rarely performed. 

10.3 Future Applications in Science and Technology 

The scope of future applications for the continuous ortho

normalization (CON) and adjoint sensitivity methods is much wider than 

the seismological and astrophysical applications discussed in the 

previous two sections; it encompasses new applications throughout 

science in general. Some of these new applications, though, before 

they can come to fruition, require the use of another relatively new 

algorithm the Chow-Yorke algorithm (abbreviated C-Y). This 

algorithm was briefly described in chapter 8. Theoretically, it is a 

globally convergent method, a fact which has strong consequences for 

all sorts of analysis problems. 

Most of the anticipated applications of these three algorithms 

(CON, adjoint, and C-Y) are intimately tied to computers; they depend 

on the machines to perform the massive numerical processing that is 

usually required. Because all three of the algorithms are amenable to 

parallel (or concurrent) implementations, they possess great built-in 

advantages over competing algorithms which use serial implementations. 

There is a widespread movement to find new algorithms for the 

next generation of computing hardware. Nguyen and Niu (1987) describe 
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structural sensitivity analysis on a parallel computer, while Sikiotis 

and Saouma (1987) write about parallel structural optimization on a 

computer network, devoting their section 3.0 to the topic of "Inherent 

Parallelism in Constraint Gradient Computation." The book authored by 

Hockney and Jesshope (1988) and the bo9ks edited by Heath (1987) and 

Wilhelmson (1988) provide many application examples of parallel 

algorithms. Computational fluid dynamics (Noor 1986), simulated 

annealing (Ward, Geist and Butler 1987), and meteorological modeling 

(Hoffmann and Snelling 1988) are several instances of fields which can 

greatly benefit by the usage of CON and adjoint methods (and also the 

C-Y method). Fletcher (1983) writes about "An Inverse Eigenvalue 

Problem from Control Theory" and addresses several "state-of-the-art" 

unanswered questions; looked at abstractly, his problem is quite 

similar to the solar structural parameter identification problem. 

Adelman, Pritchard and Haftka (1989) analyze another problem quite 

similar to the solar one; they perform a "Sensitivity Analysis and 

Optimization of Nodal Point Placement for Vibration Reduction." 

Next, several applications which employ the Chow-Yorke 

algorithm are discussed. Morgan (1987), Morgan and Watson (1987), 

Dunyak, Junkins and Watson (1984), Gelaro (1987), Trubuil (1988), and 

Chavent (1988) all apply various homotopy continuation methods (Chow

Yorke type algorithms) to accomplish their desired tasks. I note here 

that many of these algorithms could be further improved by the 

incorporation of the CON algorithm. The "track-jumping" problem 

described by Gelaro can be avoided, or at least greatly reduced, by 

taking this step. Although Dunyak, Junkins and Watson (1984) do not 

mention it, this same "track-jumping" problem is what keeps their test 
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problem (which uses the C-Y algorithm) from achieving its globally 

convergent property. The domain of convergence is not infinite, but 

instead is a large "footprint"; initial values within this domain 

converge to the correct solution, while those outside of it diverge. I 

conjecture that the CON method would substantially increase this region 

of convergence. This conjecture is made after thinking about the above 

situation abstractly: The CON method is simply a way to follow a curve 

very closely in some appropriate space, without jumping off the correct 

path onto another adjacent one. All of the reference works on the C-Y 

algorithm cited earlier in this paragraph can also benefit from this 

"track-following" property of the CON method. I foresee various 

combinations of all three of the adjoint, CON, and C-Y algorithms which 

lead to some very robust optimization algorithms and multi-dimensional 

root-finding algorithms. 

Returning to more concrete and near term applications, the CON 

method will be important in the design, analysis, and implementation of 

electronic circuits. For example, due to the exponential growth and/or 

decay of voltages in analog computers, the range of these computers' 

usefulness in certain applications has sometimes been limited. By 

reformulating the mathematical description of the system being modeled, 

particularly if linear differential equations are involved, the 

resulting CON type variables are ideal candidates for representation by 

voltages in the analog computer. These variables (and hence the 

voltages) have the nice property that they are always bounded by plus 

or minus unity or, after scaling, by plus or minus whatever voltage is 

desired. 
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Another nice property of the CON method is its ability to 

handle stiff problems situations where change may occur on vastly 

different time scales. Many special purpose circuits are extremely 

stiff "objects," exhibiting quite different time scales for change. 

This makes the CON method potentially useful in modeling hybrid 

(combined_ analog and digital) circuits: analog portions of the 

circuit usually exhibit voltage changes on a smooth, relatively slow 

(continuous) time scale, while the digital portions of the hybrid 

circuit exhibit "spiky," rapidly changing voltages on a fast (almost 

discontinuous) time scale. Based on a discussion with Meyer (1987b), 

the CON method would be too time consuming to be used for modeling 

large circuits -- the number of auxiliary computations rises too 

quickly as the size of the system increases. There may, however, be a 

way to avoid this difficulty. The loophole involves the use of 

diakoptics a technique of "tearing" a circuit into smaller, more 

analyzable portions and then putting the pieces back together. These 

ideas and suggestions deserve further investigation, since the 

potential gains from them are enormous. 

The above digression on electronic circuits is really not that 

far afield from the solar structural parameter estimation problem. 

Frank (1978,p.312), for example, presents an analog circuit which is 

designed for the identification of parameters. Vemuri et al. (1969), 

in their paper entitled "Sensitivity Analysis Method of System 

Identification and its Potential in Hydrologic Research," find "The 

fact that sensitivity analysis leads to simple initial-value problems 

makes it ideal for mechanization on an analog computer." (At a basic 

level, the solar structural parameter estimation problem also consists 
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of numerous initial-value problems.) This type of analog analysis was 

actually performed by Vemuri and Karplus (1969) in their paper: 

"Identification of Nonlinear Parameters of Ground Water Basins by 
, 

Hybrid Computation." Tomovic (1963) is a useful source containing 

details of implementing algorithms in analog circuitry. 

By using the adjoint sensitivity method, it is possible to 

speed the design phase of modeling projects. Efficiency gains tend to 

be most impressive in those problems requiring the largest amounts of 

computer time. Several of these "big" problems are: nonlinear 

hydrodynamic modeling (Shirer 1987), Ab Initio Calculation of the 

Structures and Properties of Molecules (Dykstra 1988), and other 

quantum chemistry problems (Havriliak 1989). There are numerically 

intensive computer projects in medicine which would strongly benefit 

from the new analysis approaches: the optimization of radiation doses 

(Lefkopoulos et al. 1988) and the solution of inverse problems in 

cardiology (Franzone 1983). Due to the CON method's ability to laandle 

stiff systems of differential equations (those with large condition 

numbers), this method is potentially useful in the arena of electronics 

warfare, where, according to Abushagur et al. (1987), " ... the primary 

difficulty is the presence of jammers: malicious means to increase the 

condition number." 

(As is the case with most numerical analysis methods, the 

techniques themselves are morally neutral; oftentimes the same 

algorithm can be used to design advanced medical instruments or to 

design nuclear weapons.) 

Ultimately, second order adjoint sensitivity analyses should 

also be performed. This information is of immense practical importance 



364 

in the design of experiments. Eno, Beumee and Rabitz (1985) discuss 

how, using the second partial derivatives, the next set of experimental 

measurements should be optimally chosen. In the context of solving a 

solar parameter identification (estimation) problem, their algorithm 

would, for instance, explicitly determine the next set of normal 

mode(s) which should be added to the inversion analysis so as to 

"squeeze out" the most information. Bingulac's (1969) paper "On the 

Role of Orthonormality of Sensitivity Functions in Parameter Optimi

zation Problems" discusses the same basic idea, but from a different 

viewpoint. 

10.4 Some Closing Philosophical Comments 

Bullard (1965) succinctly states the optimistic viewpoint held. 

by most researchers in the physical sciences: "If the facts are 

correctly observed there must be some means of explaining and 

coordinating them ... " Although this sentiment is still widely held, 

the means and tools used to achieve this goal have changed 

substantially. In the past, a higher proportion of scientific 

investigations was carried out with paper and pencil only. Today, 

however, computers play a key role in the majority of scientific 

endeavors (at least in astrophysics); their most frequent applications 

lie in the areas of modeling and simulating physical systems, and in 

the analysis of observational or experimental data. In the preface of 

Atre's (1988) book, the following quotation is attributed to Isaac 

Asimov: "We are reaching the stage where the problems that we must 

solve are going to be insoluble without computers. I do not fear 

computers. I fear the lack of them." Quoting D. W. Hobill, Peterson 
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(1988b) conveys a similar message: "You really have to go to computer 

methods to explore interesting astrophysical systems." 

In the application of computers to the physical sciences, the 

raison d'Stre of computers is not merely to produce numbers, but to 

produce insight (so that the facts may be better understood and 

explained). Howes and Anderson (1988) describe two distinct approaches 

to computer simulations the realist and the functionalist 

approaches. These two approaches respectively correspond to using a 

physical theory versus using empirical relationships to analyze a 

system. The realist approach to simulations and modeling is obviously 

the one preferred by scientists, since it provides a clearer insight 

and deeper understanding of physical phenomena than does the 

functionalist approach. In the absence of a physical theory, however, 

one may be forced to use the latter approach. 

One of the hardest steps in the computer analysis of a physical 

system lies in selecting the relevant aspects of a physical theory, 

while ignoring those aspects which are not. Given that one has a 

physical theory, the balancing act of "mapping physics onto a computer" 

must be done in such a way that various physical phenomena which ~ 

present in the system are not, due to oversimplification, inadvertently 

left out of the analysis. Yet, at the same time, the implementation of 

the physical theory onto a computer must not be too complex; the 

problem should be solvable with sufficient accuracy and in a reasonable 

period of time. This is not always an easy task. Scadron (1978) 

capsulizes the situation in his statement that "physics is the art of 
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approximation." His statement is certainly also true of helio

seismology, since this field, like physics, is inextricably bound up 

with all sorts of approximation issues. 

From the moment when helioseismological problems are first 

posed and continuing until their solutions are finally obtained, a 

seemingly endless stream of approximation-related decisions must be 

made. The following list contains several typical examples of these 

decisions: What general approach should be taken to solve the problem? 

What physical properties or parameters must be computed and which ones 

can justifiably be ignored? What numerical techniques and further 

approximations should be implemented to solve the problem? 

Ideally, all of these approximation decisions should be 

considered afresh whenever one attempts to solve a parameter estimation 

problem as difficult as the structural inversion problem of solar 

seismology. Unfortunately, however, reality differs from the ideal 

and, in practice, the "tried and true" paths taken by previous 

researchers are usually followed repeatedly and blindly, almost by 

rote, without due consideration being paid to the possibility (or even 

the necessity) of improvements. 

This dissertation "rattles the cage" of existing helio

seismological doctrine and techniques, taking a well needed fresh look 

at previous and standing approaches to the solar structural inversion 

problem which have been "set in concrete" for too long. Major changes 

in both the general approach to this problem and in specific numerical 

techniques for its solution have been suggested and developed in detail 

in this work. 
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Although an evolutionary or "time-stepping" modeling approach 

is utilized by the large majority of helioseismologists when they 

attempt to infer the present Sun's internal structure from observed 

normal mode frequencies, I strongly argue against taking this commonly 

used approach to the problem. Aside from its appearance in the 

exp(ivt) factors, the introduction of a time variable t in the 

essentially static problem of estimating solar structural parameters is 

an unnecessary step. This harks back to Dijkstra's (1982) notion of a 

"separation of concerns," where extraneous complicating factors in 

problems are split off or removed whenever and wherever possible. 

(Incidentally, the absence of a time variable in earth 

seismology, other than its appearance in harmonic factors and travel

time data, has certainly not been a handicap. Witness the fact that 

this field has made excellent progress in determining the Earth's 

internal structure without resorting to any sort of . evolutionary or 

time-dependent theory. It is my belief that helioseismology can make 

equally substantial progress without depending too heavily upon the 

results from evolutionary models.) 

In this dissertation, two of solar seismology's "old standby's" 

are also tossed out. The finite-difference and step-and-repeat 

numerical methods for computing eigenfrequencies and their partial 

derivatives are respectively replaced by the more powerful and accurate 

continuous orthonormalization and adjoint algorithms. Just as "back of 

the envelope" approximations fall by the wayside when one is seeking 

answers correct to 6 or more digits, so too do many commonly used 

numerical algorithms become infeasible or fail outright when pressed 

into this level of service. The old computer methods are simply not 
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designed to yield answers at the accuracy level required by today's 

helioseismological research (~6 significant digits). 

In his book's introduction, Wetherbe (1988) writes on the 

subject of Theory vs. Technique: 

First it is very important to understand the difference 
between theory and technique. Theory is really nothing more 
than the notions or ideas about the way things work or the way 
things are. Techniques are just different methods or 
approaches to performing different tasks. Ideally, techniques 
should be based upon certain theories. 

Some people argue that the key to success is to have good 
technique, while others argue that the key is to have good 
theory. The two concepts, however, complement each other and 
both are necessary. 

There is strong circumstantial evidence from the field of 

computational fluid dynamics (CFD) that my approach to the solar 

parameter estimation problem is a correct one. CFD is pushing hard on 

the limits of computer technology. Quoting R. R. Barthelemy (National 

Aero-Space Plane project manager), Covault (1989) writes: "The 

program's extensive computational fluid dynamics work has begun to 

consume 60% of the nation's supercomputer capability on a daily basis." 

In an environment like that, efficient algorithms come at a great 

premium. Upon reading Jameson's (1989) article on "Computational 

Aerodynamics for Aircraft Design," I was heartened to read about two 

research paths he was taking. Quoting Jameson, "In a recent paper I 

suggested that there are benefits in regarding the design problem as a 

control problem in which the control is the shape of the boundary. A 

variety of alternative formulations of the design problem can then be 

treated systematically by using the mathematical theory for control of 
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systems governed by partial differential equations~" His use of a 

boundary as a control is completely analogous to my using the shape of 

* the A (r) and Vg(r) functions as control variables in solar seismology. 

Then Jameson espoused the merits of adjoint techniques: " ••• it is 

possible to search for the mapping function f that minimizes I by an 

iterative process, in which the flow equation and an adjoint equation 

of roughly equal complexity must be solved at each iteration." Both of 

our applications have a common goal -- manipulating systems to produce 

desired results. 

Dijkstra (1982) is outspoken on several topics which are, to 

varying degrees, relevant to helioseismology. On programming: 

Don't blame me for the fact that competent programming, as I 
view it as an intellectual possibility, will be too difficult 
for "the average programmer" -- you must not fall into the 
trap of rejecting a surgical technique because it is beyond 
the capabilities of the barber in his shop around the corner. 

But programming, when stripped of all its circumstantial 
irrelevancies, boils down to no more and no less than very 
effective thinking so as to avoid unmastered complexity, to 
very vigorous separation of your many different concerns. 

Also of interest are some excerpts from his essay (Dijkstra 1982) on 

"The Three Golden Rules for Successful Scientific Research." 

... this note is purely pragmatic. 

Raise your quality standards as high as you can live with, 
avoid wasting your time on routine problems, and always try to 
work as closely as possible at the boundary of your abilities. 
Do this because it is the only way of discovering how that 
boundary should be moved forward. 

We all like our work to be socially relevant and scientifi
cally sound. If we can find a topic satisfying both desires, 



we are lucky; if the two targets are in conflict with each 
other, let the requirement of scientific soundness prevail. 

Never tackle a problem of which you can be pretty sure that 
(now or in the near future) it will be tackled by others who 
are, in relation to that problem, at least as competent and 
well-equipped as you. 

A corollary of the third rule is that one should never compete 
with one's colleagues. '!he third rule ensures that your 
contributions -- if any! -- will be unique. 

The rules may strike you as a bit cruel .•. If so, they 
should, for the sooner you have discovered that the scientific 
world is not a soft place but -- like most other worlds, for 
that matter -- a fairly ruthless one, the better. 
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A somewhat complementary view is found in Washington and 

Parkinson (1986), where the work by Smagorinsky (1969) is quoted with 

regard to the topic of general circulation modeling of the Earth's 

atmosphere. Many of the sentiments expressed in the passage also apply 

to the field of solar seismology . 

... a scientist entering this field must have a capacity for 
deep involvement and a temperament of unrelenting commitment; 
also he must have or develop a multi-disciplinary conscious
ness and an ability to function as a member of a team. 

New advances will not come easily -- some may come to think 
that much of the cream has already been skimmed from the top. 
Although the apparently easy things have already been done, at 
the time of their accomplishment the difficulties seemed 
insurmountable. 

In solar seismology the challenge is there, the prize is a 

better understanding of the universe. 
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The purpose of this appendix is to summarize the calculation 

procedures for obtaining solar eigenfrequencies and their sensitiv-

ities. All of the relevant formulas of the text are gathered in one 

place and amplified. A slightly different notational system is 

introduced and used in a self-contained manner within this appendix. 

The more compact vector and matrix notation used earlier is expanded 

somewhat to display more explicitly such items as the two orthonormal 

solutions of the continuous orthonormalization (CON) method and the two 

outer boundary conditions. The three sections of the appendix address 

the following areas: (1) the differential equation coefficients bij 

and their partial derivatives, (2) the two outer boundary conditions 

and their partial derivatives, and (3) the computation of solar 

eigenfrequencies and their sensitivities. 

A.l The Differential Equation Coefficients and Their Partial 
Derivatives with Respect to Model Parameters 

As presented in chapter 7, the original differential equation 

coefficients aij must be transformed into bij coefficients to implement 

the initial (central) boundary conditions of the CON method. Using the 

values for aij given by equations (7.2-7.5) and the transformation 

formulas (7.12-7.16), equations (7.18-7.21) reduce to the following 

explicit expressions for the bij coefficients: 



* 2 b21 - -1UA /(c10w ) 
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(A.l) 

b22 - -U - 1 + UVg/1 (A.2) 

* 2 b23 - 1UA /(c10w ) + UVg 

b24 - -UVg/1 

* 2 b31 - -1c1Jc10 + 1A /(c10w ) 

* b32 -A /1 (A.3) 

* 2 * b33 - 1c1Jc10 - 2A /(c10w ) + A - U + 1 

* b34 - -A /1 

* 2 b41 - -1UA /(c10w ) 

b42 - -1 - 1 + UVg/1 (A.4) 

* 2 b43 - 1UA /(c10w ) + UVg 

b44 - 2 + 1 - UVg/2 - U 

Partial derivatives of the bij elements with respect to the relevant 

* variables for the non-central radial bins (Vg, A , c1 , u, 2, w, and 

c10> are given in tables A.l-A.S. 



Table A.l. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 
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* Partial derivatives of bij with respect to Vg and A 

for non-central radial bins. 

1 2 l/(c10w ) 

2 2 c10w /l 1/i. 
2 -1 + c10w /l 1 - 2 i./(c10w ) 

2 2 -c10w /l -1/i. 

0 2 -i.U/(c10w ) 

U/l 0 

u 2 i.U/(c10w ) 

-U/l 0 

0 2 l/(c10w ) 

0 1/i. 

0 2 1 - i./(c10w ) 

0 -1/i. 

0 2 -i.U/(c10w ) 

U/l 0 

u 2 i.U/(c10w ) 

-U/l 0 
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Table A.2. Partial derivatives of bij with respect to c1 and u 

for non-central radial bins. 

ij 

11 -...ecl/clO 0 

12 0 0 

13 (...l!+l)c10/c1 + ...ecl/clO -U 

14 0 0 

21 0 * 2 -...I!UA /(c10w ) 

22 0 -U + UV /...I! g 

23 0 * 2 UVg + ...I!UA /(c10w ) 

24 0 -UV /...I! g 

31 -.ecl/clO 0 

32 0 0 

33 .ecl/clO -U 

34 0 0 

41 0 * 2 -...I!UA /(c10w ) 

42 0 uvg;.e 

43 0 * 2 UVg + ...I!UA /(c10w ) 

44 0 -UV /...I! - U g 



Table A.3. Partial derivatives of bij with respect to l 

for non-central radial bins. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 
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Table A.4. Partial derivatives of bij with respect to ~ 

for non-central radial bins. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 

* 3 -2J.A /(c10~ ) 

2c10~Vg/J. 
2 

* 3 2c10wVg/J. + 2J.A /(c10~ ) 

-2c10~Vg/J. 
2 

* 3 2J.UA /(c10~ ) 

0 

* 3 -2J.UA /(c10w ) 

0 

* 3 -2J.A /(c10~ ) 

0 

* 3 2J.A /(c10~ ) 

0 

* 3' 2J.UA /(c10~ ) 

0 

* 3 -2J.UA /(c10~ ) 

0 
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Table A.S. Partial derivatives of bij with respect to c10 

for non-central radial bins. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 

.ecl/clO - * 2 .2A /(c10w ) 
2 2 

c10w vg;.e 
2 

-(.2~1)c10;c1 + c10w vg;.e - * 2 .2c1/c10 + .2A /(c10w ) 
2 2 -c10w vg;.e 

* 2 .2UA /(c10w ) 

0 

* 2 -.2UA /(c10w ) 

0 

* 2 .2c1/c10 - .2A /(c10w ) 

0 

* 2 -.2c1/c10 + .2A /(c10w ) 

0 

.2UA */(c10w2) · 

0 

* 2 -1UA /(c10w ) 

0 
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For the central radial bin, equations (8.9-8.12) apply and 

the bij coefficients are given by the following equations: 

(A.8) 

Partial derivatives of these bij elements with respect to the relevant 

variables for the central radial bin are given in tables A.6-A.l0. 



Table A.6. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

3'4 

41 

42 

43 

44 
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* Partial derivatives of bij with respect to v2 and A2 

for the central radial bin. 

2 2 2 
X .ex /(clO"' ) 

. 2 2 2 
clO"' x /1 x2;..e 

2 2 2 -x + c10w x /1 X 
2 2 2 

- .ex /(clO"' ) 
2 2 2 

-clO"' X /1 
2 -x ;..e 

0 2 2 2 -31·exp(u2x )x /(c10w ) 

2 2 3·exp(u2x )x /1 0 

2 2 3·exp(u2x )x 2 2 2 31·exp(u2x )x /(c10w ) 

2 2 -3·exp(u2x )x /J. 0 

0 2 2 
.ex /(clO"' ) 

0 x2/J. 

0 2 2 2 
X - .ex /(clO"' ) 

0 2 -x ;.e 

0 2 2 2 -3l·exp(u2x )x /(c10w ) 

2 2 3·exp(u2x )x ;.e 0 

2 2 3·exp(u2x )x 2 2 2 3l·exp(u2x )x /(c10w ) 

2 2 -3·exp(u2x )x /1 0 



Table A.7. Partial derivatives of bij with respect to c2 and u2 

for the central radial bin. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 

2 2 -.ex ·exp(C2x ) 

0 

2 2 (l+l)x •exp(-C2x ) 2 2 + .ex ·exp(C2x ) 

0 

0 

0 

0 

0 

2 2 -.ex ·exp(C2x ) 

0 

2 2 .ex ·exp(C2x ) 

0 

0 

0 

0 

0 

0 

0 

2 2 -3x ·exp(u2x ) 

0 

0 

0 

2 2 -3x ·exp(u2x ) 

0 
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Table A.B. Partial derivatives of bij with respect to 1 

for the central radial bin. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 

2 * 2 2 -exp(C2x ) + A2x /(c10w ) 

* 2 2 -A2x /1 

2 * 2 2 exp(C2x ) - A2x /(c10w ) 

A~x2;12 

2 * 2 . 2 -3·exp(u2x )A2x /(c10w ) 

-1 - 3·exp(u2x2
)v2x2;l2 

2 * 2 2 3·exp(u2x )A2x /(c10w ) 

2 2 2 1 + 3·exp(u2x )V2x /1 
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Table A.9. Partial derivatives of bij with respect to w 

for the central radial bin. 

ij 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 

* 2 3 -2.eA2x /(c10w ) 

2 2 2c10wv2x /J. 
2 * 2 3 2c10wv2x /J. + 2J.A2x /(c10w ) 

2 2 -2c10wv2x /J. 

2 * 2 3 6J.·exp(u2x )A2x /(c10w ) 

0 

2 * 2 3 -6J.·exp(u2x )A2x /(c10w ) 

0 

* 2 3 -2J.A2x /(c10w ) 

0 

* 2 3 2J.A2x /(c10w ) 

0 

2 * 2 3 6J.·exp(u2x )A2x /(c10w ) 

0 

2 * 2 3 -6J.·exp(u2x )A2x /(c10w ) 

0 

382 



Table A.lO. Partial derivatives of bij with respect to c10 

for the central radial bin. 

ij 

11 * 2 2 -J.A2x /(c10w ) 

12 2 2 2 c10w V2x /J. 

13 2 2 * 2 2 c10w v2x /J. + J.A2x /(c10w ) 

14 2 2 2 -c10w V2x /J. 

21 2 * 2 2 3J.·exp(u2x )A2x /(c10w ) 

22 0 

23 2 * 2 2 -3J.·exp(u2x )A2x /(c10w ) 

24 0 

31 * 2 2 -J.A2x /(c10w ) 

32 0 

33 * 2 2 J.A2x /(c10w ) 

34 0 

41 2 * 2 2 3J.·exp(u2x )A2x /(c10w ) 

42 0 

43 2 * 2 2 -3J.·exp(u2x )A2x /(c10w ) 

44 0 

383 



A.2 The Coefficients of the Outer Boundaxr Conditions and Their 
Partial Derivatives with Respect to Model Parameters 
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The two outer boundary conditions applied to the Sun are the 

standard potential and mechanical boundary conditions as given by 

equations (17.46) and (17.47), respectively, of Unno et al. (1979). 

Starting with their potential boundary condition (17.46): 

(A.9) 

equation (7.13) is used to derive 

(A.lO) 

(Under transformations such as (7.12-7.17), boundary conditions also. 

transform as equations (7.12-7.13).) Recalling the re-numbering of 

variables defined by equation (7.16), the potential boundary condition 

at the surface -- equation (A.lO) -- may be rewritten as 

where 

B1 - 0 

B2 - -(l+l)/(21+1) 

B3 - 0 

B4 - 1 

(A.ll) 

(A.l2) 
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(Variables B13 and B14 of equation (7.43) correspond to B3 and B4 

here.) The only nonzero partial derivative of Bj with respect to a 

model parameter is the following one: 

BB2 1 

aJ. - (2J.+l)2 
(A.l3) 

The mechanical boundary condition (equation (17.47) of Unno et al. 

1979) is 

It is more complicated than the potential boundary condition, having 

several auxiliary parameters present (which are defined below). One 

proceeds as before, substituting expressions for y1 and y3 obtained 

from equations (7.12-7.13) to obtain 

(A.l5) 

Using another form of the potential boundary condition (A.lO), 

(A.16) 

one obtains 
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(A.l7) 

or 

(A.l8) 

Again recalling the labeling of variables defined by equation (7.16), 

the above equation, which represents the mechanical boundary condition 

at the solar surface, may be written as 

(A.l9) 

where 

- 1 ) -1 

(A.20) 

(Variables B23 and B24 of equation (7.43) correspond to A3 and A4 

here.) The only nonzero 8A1/8p are 8A1/8p and aA2/8p, and the only p's 



which produce 

solar surface 

nonzero partial derivatives are w, 

* it is assumed that Vg, A , U, and c1 
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J., and c10 . At the 

are set to their 

theoretically inferred values from direct observations, and hence they 

are not free to be perturbed from these values in the inversion 

analysis. 

To evaluate the partial derivatives of A1 and A2 , partial 

derivatives of the auxiliary variables s11 , s12 , s13 , s 21 , s 22 , s 23 , 

a 1 , a 2 , ~. ~. and others need to be computed. Table A.ll gives results 

for the sij" 

Equation (17.35) of Unno et al. (1979) defines~: 

(A. 21) 

Its partial derivatives are given by the following equations: 

(A. 22) 

and 

(A.23) 

Equation (17.34) of Unno et al. (1979) defines~: 

1 ( * 1/2 ) ~ - 2" (Vg +A - 2) - ~ (A.24) 

(The ~ expression has been chosen, corresponding to the standard 
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Table A.ll. Expressions for the sij and their partial derivatives. 

ij 

11 v - 3 0 0 0 
g 

12 J. (J.+ll v 21.+1 2J.<.e+ll 0 2 g 2 3 w w w 

13 v 0 0 0 
g 

21 2 * 0 2w 0 w - A 

22 * 1 +A 0 0 0 

23 * 0 0 0 -A 

mechanical boundary condition.) The partial derivatives of~ are 

.2.! - _l_.h 
81. - 4-.,l/2 81. 

(A.25) 

and 

.2,! _L_.ib: (A.26) 
8w - - 4-.,l/2 8w 

The auxiliary variables a 1 and a 2 are given by equations 

(17.37-17.38) of Unno et al. (1979) and are written here as: 



where 

N 
a - ::.1 1 D and 

N 
a - :Z 2 D 
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(A. 27) 

(A.28) 

Using the results given in table A.ll, the nonzero partial derivatives 

of N1 , N2 , and Dare: 

8N1 as12 ----·s aw aw 23 

(A. 29) 

aN2 as21 ---·s aw aw 13 
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Using equations (A.28-A.29), the following quantities are computable: 

aal ( ~ m!) 2 81. - D·aJ. - N1·a1. /D 

aal 
( D· 8Nl - N .m! )/D2 

aw - aw 1 aw 
(A.30) 

aa2 ( . 8N2 . .@ ) 2 
aJ. - D 8J. - N2 8J. /D 

aa2 
( D· ::2 - N2 ·f )/D2 aw -

Defining auxiliary variable Q by 

(A. 31) 

the mechanical boundary condition coefficient A1 (from equation (A.20)) 

is given by 

(A.32) 

and its partial derivatives are 

(A.33) 

where p may be any one of the three variables w, J., or c10 . 
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The partial derivatives of Q are 

(A.34) 

Finally, the other mechanical boundary condition coefficient A2 is 

given by 

(A. 35) 

where 

(A.36) 

and 

(A. 37) 

The partial derivatives of N and H reduce to 
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as12 -a.-
2 a"' 

(A.38) 

~H 1 ( !!\ - s11 ) - 88sJ.12 ~ - • ~.J. + ~ aJ. 2 aJ. 
c10"' 

Thus the partial derivatives of A2 are given by 

8A2 - 2 .!:! + _1_, ( H·£!:! - N·Q!! )1H2 
aJ. - <21+1)2 H 21+1 a1 a1 (A. 39) . 

(Recall that -8 - - c ,I!_ , since c10 - 1nc10 . ) ac10 10 ac10 

A.3 Procedures for Computin& Ei&enfreguencies and Their Sensitivities 

The eigenfrequencies and their sensitivities may be computed by 

using equations (7.27, 7.33-7.39, and 7.44-7.45). As noted earlier in 

the appendix, the notation used here is an expanded version of that 

used in the text. The z1 and z2 components of z (see equations (7.27) 

and (7.38)) are called u and v here. Similarly, the first four and 
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last four components of the l vector are called p and v, respectively, 

and the first four and last four components ofF are called S and T, 

respectively. Using this expanded nomenclature and the boundary 

condition notation of section A.2, the determinant ~ given by equation 

(7.33) may be written as 

(A.40) 

where the indices i and j are summed from one to four and u and v are 

the two orthonormal solutions at the solar surface. The CON solutions 

are obtained by integrating the following differential equations: 

, 
ui - bijuj + gllui + gl2vi 

(A.41) 
, 

vi - bijvj + g2lui + g22vi 

The bij values are obtained from equations (A.l-A.4) or (A.5-A.8), the 

four g values are obtained from equations (A.49-A.50) below, and the 

primes denote differentiation with respect to lnx, the independent 

variable. The starting point of the integration is at the solar 

center, where the following initial conditions are imposed: 

T u1 - ( 0, 0, 1, 0 ) 

T vi - ( 0, 0, 0, 1 ) 

(A.42) 
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From this point, the integration is carried outward to the surface. 

(The solar center is approximated by lnx--30, about 65 microns from the 

actual center.) Subroutine RKF45 of Forsythe, Malcolm and Moler (1977) 

was used to perform the integrations. 

Eigenfrequencies are found by iterating or adjusting the trial 

~ until the discriminant A of equation (A.40) is zero, or sufficiently 

small. When this occurs, one is at an eigenfrequency ~. The technique 

used to find ~'s which satisfy this condition is a simple one. A group 

of closely spaced ~'s for a given l are used as trial eigenfrequencies, 

then their corresponding A values are monitored for possible zero 

crossings or sign changes. When such a zero crossing is found, the two 

bracketing values for ~ are input to the root-finding subroutine ZEROIN 

of Forsythe, Malcolm and Moler (1977). The root or eigenfrequency ~. 

corresponding to the situation of A-0 is found by an iterative method. 

To obtain additional eigenfrequencies, this whole process is repeated. 

Having found an eigenfrequency, the task of finding its 

sensitivities or partial derivatives with respect to various model 

parameters still remains. The adjoint method performs this task. The 

scalar h, given by equation (7.35), may be written as 

(A.43) 

Its relevant partial derivatives are given by the following equations: 
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(A.44) 

(A.45) 

and 

(A.46) 

The quantities Sj and Tj are given by 

(A.47) 

Their partial derivatives are given by 
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asj - ~. + ~·u + ~·v ap ap ~ ap j ap . j 

(A.48) 

The variables g11 , g12 , g21 , and g22 are defined as follows: 

(A.49) 

where 
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(A. 50) 

and 

(A. 51) 

Differentiating equations (A.49) with respect to u1 , v1 , and p, the 

following three sets of equations are obtained for evaluating the 

various partial derivatives of g11 , g12 , g21 , and g22 : 

QE_ agll 
au

1
·gll + E·au

1 
- vl(vjbjk~) + (uivi)(vjbjl) - (vivi)(blk~) 

- (v1vi)(ujbjl) 

~ agl2 
au

1
·gl2 + E·au

1 
- vl(ujbjk~) + (viui)(blk~) + (viui)(ujbjl) 

- 2u1 (vjbjk~) - (uiui) (vjbjl) 

(A. 52) 
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(A. 53) 

aL ~ av
1

·g21 + E·av
1 

- ul(vjbjkvk) + (uivi)(blkvk) + (uivi)(vjbjl) 

- 2v1(ujbjkvk) - (v1v1)(ujbjl) 

aL ag22 
av

1
·g22 + E·av

1 
- ul(ujbjkvk) + (viui)(ujbjl) - (uiui)(blkvk) 

- (u1u1)(vjbjl) 

and 

agn 8bjk abjk 
E·--- (uivi)(vj·ap ·~) - (v v )(u · ·~) ap i i j ap 

ag12 abjk ab.k 
E·--- (viui)(uj·ap ·~) - (u u )(v ·~·~) ap i i j ap 

(A. 54) 

ag21 8bjk abjk 
E·--- (uivi)(vj·ap ·vk) - (vivi)(uj·ap ·vk) ap 

ag22 8bjk abjk 
E·--- (viui)(uj·ap ·vk) - (uiui)(vj·ap ·vk) ap 

In expanded form, equation (7.39) for the adjoint variables 

becomes the following pair of equations: 
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dJS.e .2lL as 
II • aTj I' .:..:1 -d1nx - au.e - j au.e j au.e 

(A. 55) 

dv.e _.21L_ as aTj 
I' .:..:1 -

d1nx av.e 
II • 

j av.e j av.e 

As indicated before, this initial value problem is integrated from the 

solar surface (where 1'1-o and 111-0) to the solar center, storing ~'l and 

111 values on a grid of 1nx values. Then the discriminant partial 

derivatives are computed using 

£h - I' .:..:1 - 11 .:..:.1 d1nx 
£A - J.enx-0, surface ( h as aT ) 

ap ..enx--30, center ap j ap j ap 
(A. 56) 

thereby enabling eigenfrequency sensitivities to be computed from 

(A. 57) 

All of the expressions on the right-hand sides of equations (A.SS) and 

(A.56) are obtainable from earlier equations or tabulated expressions 

in this appendix. 
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