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ABSTRACT 

The equation for the conservation of momentum in the 

mushy zone during solidification is derived using the volume 

averaging technique. The conditions under which the momentum 

equation reduces to Darcy's law are elucidated. 

Permeabilities for flow of interdendritic liquid in 

AI-Cu alloys with equiaxial structures are measured using a 

simple, cost-effective permeameter. Center-to-center distance 

between grains (180 ~m to 450 ~m), specific surface (3.21 x 

10-2 ~m-l to 3.095 X 10-1 ~m-1), and volume fraction liquid 

(0.166 to 0.434) are the structural parameters studied in this 

investigation. Permeability in AI-Cu alloys with equiaxial 

grains is structure sensitive. For example, permeabilities 

for globular structures (nondendritic) are approximately one 

order of magnitude greater than permeabilities for the 

dendritic-globular structures, when the volume fraction liquid 

is approximately 0.3. To bette~ understand the dependence of 

permeability on structure morphology, structure evolution 

during the permeability testing was studied in isothermal 

coarsening experiments. Dimensionless permeabilities based 

on specific surface, and center-to-center distance between 

grains are presented along with the theoretical results for 

flow through different arrays (simple cubic, body-centered 

cubic and face-centered cubic) of uniform spheres. Wi th 
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dimensionless permeability defined as KS!, where Sv is the 

specific surface of the solid, the empirical data compare 

reasonably well with theoretical curves for flow through 

arrays of uniform spheres. 

Numerical experiments are performed to obtain 

permeabilities for flow parallel to primary dendrites in 

columnar structures with high volume-fraction liquid where 

physical experiments may fail. The results of numerical 

experiments are presented along with the analytical results 

for flow parallel to cylinders arranged in square and 

triangular packing, analytical results for flow through 

periodically constricted tubes and the available empirical 

data. The results indicate that there is a transition in the 

behavior of permeability in the neighborhood of volume 

fraction liquid equal to 0.65. 
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CHAPTER ONE 

INTRODUCTION 

Metallurgists continually deal with macrosegregation 

problems that arise in casting processes, e.g. vacuum arc 

refining (VAR) , electroslag remelting (ESR) , direct chill (DC) 

and continuous casting. It is not uncommon to observe one or 

more types of macrosegregation in a casting or an ingot. Some 

types of segregation are "center-line segregation," 

"A-segregation," "V-segregation," "inverse segregation," 

"negative-cone segregation," and so forth. The cause of 

macrosegregation in castings and ingots is now pnderstood to 

be the movement of liquid and/or solid during solidification. 

One way in which this movement occurs is by the floating or 

settling of precipitated phases during the early stages of 

solidification. Equiaxial grains form early in solidifica

tion, and because they are not attached to other grains, they 

may float or settle. Inclusions may also float or settle. 

There is also the movement of liquid within the mushy zone as 

a result of thermal contractions, volume changes, force of 

gravity acting on a liquid of variable density and the 

penetration of bulk liquid flow from the fully liquid region 

in front of the liquidus isotherm into the mushy zone. This 

liquid movement is responsible for most types of 
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macrosegregation [1-14], and in order to quantify the liquid 

movement within the mushy zone the permeability for flow of 

the interdendritic liquid is needed. The measurement and/or 

prediction of permeability are the major concerns of this 

dissertation. First, however, a discussion of 

macrosegregation phenomena is given. 

1.1 Macrosegregation Theory 

1.1.1 Local Solute Redistribution 

One of the earliest attempts to quantify macro

segregation was made by Flemings and Nereo [2]. They derived 

an equation for the conservation of the solute in the mushy 

zone, which is known as the local solute redistribution 

equation; it is 

8gL 
--= - [ 

PL ] [ V' 'IT) gL 
P s (1 - k) 1 + € CL 

(1. 1) 

In Eq. (1.1), gL is the volume fraction liquid, Ps is the 

density of local solid, PL is the density of the inter

dendritic liquid, CL is the liquid composition, k is the 

equilibrium partition ratio, V is the average velocity of the 

interdendritic liquid, 'IT is the temperature gradient, and € 

is the local cooling rate. The derivation of Eq. (1.1) is 

based on the following assumptions: (a) solidification occurs 

with negligible undercooling of the interdendritic liquid; 

(b) equilibrium is maintained at the liquid-solid interface; 

(c) solute diffusion is complete in the interdendritic liquid 
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at fixed isotherms; (d) there is no diffusion in the solid; 

(e) the density of the solid is constant; and (f) no pores 

form. 

According to macrosegregation theory [2,6], the 

important dimensionless parameter affecting macrosegregation 

is (V . VT)/€, which appears in Eq. (1.1). It can be shown 

that 

V VT = _ ::,:n,--_v,..:... 
€ n U' (1. 2) 

where U is the isotherm velocity and n is the unit vector 

normal to the isotherm. Macrosegregation criteria can then 

be established as [11] 

1 - n 
v > Ps gL + gE(PSE - Ps) 

--= -U < 

n 
(1. 3) 

where PSE is the density of eutectic solid and gE is the 

eutectic liquid fraction. 

If the equality in Eq. (1.3) applies during all of 

solidification and if Ps = PSE' then Eq. (1.1) reduces to the 

differential form of the nonequilibrium segregation equation 

and no macrosegregation results. When the left-hand side of 

Eq. (1.3) is larger than the right-hand side, then there is 

flow of liquid from the hotter to the cooler isotherms within 

the mushy zone, which results in negative segregation. When 

the opposite is true, however, the segregation is positive. 
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It is to be noted that in all of the above cases, 

1 - .::n,--_v~ > 0 
n U (1. 4) 

Hence for these cases, Eq. (1. 4) when combined with Eq. (1. 1) , 

results in solidification; that is, the volume fraction liquid 

decreases with a decreasing temperature. When this is the 

case, flow is termed as "stable" [6]. 

An interesting and important effect occurs when 

(1. 5) 

In this case, interdendritic liquid flows in the same direc-

tion as the isotherms and faster than the isotherms; thus flow 

is from cooler to hotter isotherms wi thin the mushy zone. 

This type of flow results not in solidification but in 

remelting; that is, gL increases with decreasing temperature. 

This is coincident with the formation of channel-type 

segregates, including "freckles" [6-8,11-13]. 

It can be seen, from Eqs. (1.1)-(1.5), that the type 

and severity of macrosegregation are closely related to the 

behavior of the interdendritic liquid flow. This aspect is 

considered in some detail in the next section. 

1.1.2 Permeability and Interdendritic Liquid Flow 

Figures 1.1 and 1.2, taken from a review by Mehrabian 

[15], illustrate the configuration of a mushy zone typically 

observed in continuous casting and the possible flow patterns 

of interdendritic liquid, respectively. 
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Consider Fig. 1.2. When dpx./dT or dpx./dCL = 0, then 

gravity does not playa role in driving the liquid and liquid 

only flows to satisfy continuity (i.e., solidification 

shrinkage) • The result is that the flow lines must be 

perpendicular to the isotherms, so they are fanned outward. 

Because a small amount of the solute rich interdendritic 

liquid flows away from the center, the completely solidified 

ingot exhibits slightly negative macrosegregation at the 

center. On the other hand in Fig. 1.2b, the imposed density 

gradients (and hence gravity force) bend ~he flow lines inward 

toward center and, in extreme cases (e.g., when there is a low 

solidification rate and a relatively large mushy zone depth) 

reverse the flow lines, resulting in positive segregation at 

centerline. The opposite is true for the case illustrated by 

Fig. 1.2c. 

The above is a qualitative description of the effect 

of gravity on the motion of interdendritic liquid with a 

variable density. In order to analyze the situation quantita

tively, one must deal with flow of the interdendritic liquid 

through the tortuous interdendritic paths within the mushy 

zone. The quantitative measure of the conductivity for the 

flow of the interdendritic liquid is the permeability. The 

permeability is related to the morphology of the solid (e.g., 

the dendritic arm spacing, volume fraction solid (gs>, and 

grain structure). These morphological parameters, in turn, 



Fig. 1.1 Schematic illustration of solidification 
in continuous casting. 

dPL dPL dPL 
dT =0 Tr<O Tr>O 

(a) t. 
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Fig. 1.2 Schematic illustration of possible interdendritic 
liquid flow in axisymmetric ingots. (a) flow 
resulting in negative segregation at ingot center 
line, (b) flow resulting in positive segregation, 
(c) flow resulting in enhanced negative segregation. 
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are functions of the temperature field in the mushy zone and, 

hence, of the positions in the mushy zone. This dissertation 

embodies this very important aspect. 

1.2 The Momentum Equation for Flow in a Mushy Zone 

As we have seen in the previous section, the motion 

of interdendritic liquid during solidification is often the 

primary cause of macrosegregation. Recognizing this fact, 

Flemings et al. [2-4] analyzed macrosegregation caused by the 

flow of solute rich interdendritic liquid because of the 

volume changes during solidification. Mehrabian et al. [6] 

were the first to consider the effect of buoyancy, as well as 

volume changes, on the flow of interdendritic liquid during 

solidification. In that work, as well as in some that 

followed [11-14], all of the investigators viewed the mushy 

zone as a porous medium and determined the velocities of 

interdendritic liquid using Darcy's law. As will be apparent 

later in this chapter, Darcy's law represents the flow of 

interdendritic liquid in some limited situations, and hence 

the results based solely on Darcy's law are also restricted. 

Szekely and Jassal [16] developed a model for 

dendritic solidification in which they also viewed the mushy 

zone as a porous medium. They represented the flow of inter

dendritic liquid with a modified Navier-Stokes equation, in 

which they replaced the viscous term by the resistance term 

in Darcy's equation. More recently, Bennon and Incropera [17] 
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developed a continuum model to represent the transport 

processes in the mushy zone during solidification. Their 

model is based on mixture theory, in which the mushy zone is 

viewed as an overlapping continuum. 

the mushy zone can be occupied 

That is, any location in 

by solid and liquid, 

simultaneously. On this premise, they derived the conserva

tion equations for the mushy zone. With their approach, one 

has to intuitively include the interactions between phases. 

For example, they represented the forces resulting from 

liquid-solid interactions in the momen~um equation by the 

Darcy term. 

Recently, Beckermann [18] and Beckermann and Viskanta 

[19], used the volume averaging technique, which will be 

explained in the following section, to derive the momentum 

equation for the mushy zone. Unfortunately, the explicit 

details and some underlying assumptions are not given in their 

derivations, although Beckermann provides reference to 

appropriate volume averaging literature [18]. In the review 

of literature for an acceptable momentum conservation equation 

for the flow of interdendritic liquid in the mushy zone, seven 

different representations [16-23] were found. This demon

strated the need for a rigorous derivation of the conservation 

of momentum in the mushy zone. In the following sections, the 

concept of volume averaging technique, the assumptions and the 

resul ting momentum equations for the mushy zone are dealt 
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with. The complete details of the derivation can be found in 

the work of Ganesan and Poirier [24]. 

1.2.1 Volume Averaging Technique 

Ganesan and Poirier [24] used volume averaging to 

derive the momentum equation in the mushy zone during 

solidification. The mushy zone comprises two interpenetrating 

phases; each phase is described "microscopically" with the 

usual field quantities, which are continuous in that phase but 

discontinuous over the entire space. On the "microscopic" 

scale, the usual conservation equations along with the 

appropriate interfacial boundary conditions describe the state 

of the system. The solution of these equations in the 

"microscopic" scale is not practical, because of the highly 

complex interfacial geometries in the mushy zone. Thus the 

scale at which the system is described is altered by averaging 

the "microscopic" equation over some representative elementary 

volume. This results in a set of "macroscopic" equations that 

can be used to solve practical problems. For example, such 

equations have been applied to flow in porous media [25-27], 

fluidized beds [28,29], solid-fluid mixtures [30], flow of 

immiscible fluids [31] and drying [32]. 

Consider a mushy zone during solidification. In the 

macroscopic field, every unit element in the mushy zone has 

a centroid within an averaging volume, dV, and an averaging 

area, dA, which bounds the averaging volume. Based on 



continuum hypothesis, the average quantities 

continuous functions of space and time and 

independent of the size of the averaging volume. 

should 

should 
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be 

be 

In Fig. 1.3, the mass average density of the 

interdendritic liquid is plotted as a function of the charac-

teristic size of the averaging volume at a particular time. 

In this context, the mass average density of the liquid is 

defined as the mass of the liquid in the averaging volume 

divided by the entire volume of the averaging volume. From 

Fig. 1.3, we can see that when dV is very small, the average 

mass density of the interdendritic liquid varies discon

tinuously depending on whether the centroid of dV lies in the 

1 iquid or sol id. This region is represented oy the dotted 

lines. As the size of dV increases, the average density 

fluctuates continuously because portions of liquid or solid 

phases may become included in dV. Eventually, these fluctua

tions diminish as the size of dV increases, and within a 

certain characteristic size of dV, the density or any other 

average quantities become independent of dV. This region is 

represented by the horizontal portion of the curve in 

Fig. 1.3. However, if the characteristic length of dV is too 

large, then the global variations in these properties of the 

system (mushy zone) appear, as indicated schematically in 

Fig. 1.3 for a characteristic length greater than d. 
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Fig. 1. 3 computed density as a function of the characteristic 
length of averaging volume (from Ref. 24). 

Based on the above argument, the characteristic length 

of dV or dA should satisfy the following restriction 

.e « d « L 

where 1. = microscopic characteristic length; 

(1. 6) 

d = 

characteristic length of the averaging volume (e.g., several 

dendrite arm spacings) ; L = characteristic length of the mushy 

zone (e.g., width of the mushy zone). From Eg. (1.6), we see 

that the averaging volume, dV, represents a physical point in 

the macroscopic field (mushy zone). Sometimes dV is called 
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the representative elementary volume (REV); similarly the 

averaging area, dA, is sometimes called the representative 

elementary area (REA) [33]. In the next section, the assump

tions and the resulting momentum equations for the mushy zone 

are discussed. 

1.2.2 Assumptions and Resulting Momentum Equations 

Here, the assumptions made in deriving the momentum 

equation for the mushy zone are as follows: 

(i) the densities of the dendritic solid and 

interdendritic liquid are uniform within the 

averaging volume, dV; 

(ii) the momentum exchange, because of the volume 

changes during solidification, is negligible; 

(iii) the momentum dispersion is neglected; 

(iv) the solid is stationary; and 

(v) the interdendritic liquid is Newtonian. 

These assumptions result in the following momentum equation 

for the mushy zone [24] 

. \lV] = -gd\lpi] + PLgLg 

+ \l . [J.L\l(gLV) + J.L{\l(gLV)}T 

- (2J.L/3) {\l' (gLV) }I(2)] 

- J.L[g£[K(2)]-1 . V + C(3) : (V) (V)] (1. 7) 
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Further, if the densities of the interdendritic liquid and the 

dendritic solid are equal and nonvarying and the viscosity of 

the liquid is nonvarying, then Eq. (1.7) becomes 

PL9L[:~ + V . \1 V] = -gd\1pi] + PLgLg + J.L\12(gLV) 

"- J.L[9~[K(2)]-1 . V + C(3) : (V) (V)] (1.8) 

In Eqs. (1. 7) and (1. 8), the subscript and superscript 1 

represents liquid, V is the average velocity of interdendritic 

liquid, gL is the volume fraction of liquid, pi is the 

pressure, K(2) is the permeability (a secopd order tensor), C(3) 

is the second order resistance coefficient (a third order 

tensor), J.L is the dynamic viscosity of the interdendritic 

liquid and PL is the mass density of the i.nterdendritic 

liquid. 

Some explanation of different terms in Eqs. (1.7) and 

(1.8) are in order. Consider Eq. (1.8). The first term on 

the L.H.S. is the transient term. The second term on the 

L.H.S. is the inertial term. On the R.H.S., the first term 

represents the pressure gradient, the second term represents 

the body force because of gravity, the third term represents 

the viscous forces of the liquid-liquid interactions, and the 

last term contains the forces resulting from liquid-solid 

interactions. Notice that the permeability and second order 

resistance coefficients are associated with the resistive 

force offered by the dendritic solid to the motion of the 
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interdendritic liquid, and hence they are functions of the 

morphology of the dendritic solid. In the next section, we 

shall see under what situations Eq. (1.8) reduces to Darcy's 

law. This is important because Darcy's law is applied in the 

determination of permeability, both experimentally or 

analytically, in the later chapters of this dissertation. 

1.2.3 Darcy's Law 

Let us analyze the following conditions: 

(i) Slow flow; Le. V -+ o. Because of this, we 

can neglect the inertial 'term and the second 

order resistance term (involving C(3». 

(ii) The flow is steady so that the transient term 

vanishes. 

(iii) The volume fraction of liquid is uniform; 

therefore, gL can be taken out of the gradient 

operators. 

(iv) The forces of the liquid-liquid interactions 

are negligibly small; consequently, the third 

term on the R.H.S. of Eqs. (1.7) and (1.8) 

vanishes. 

with these conditions, Eq. (1.7) or (1.8) reduce to Darcy's 

law. Specifically 

(1. 9) 
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1.2.4 Permeability 

Assume that the permeability tensor for the solidifi

cation of a dendritic single crystal (i.e., an anisotropic 

medium) is symmetric so that it can be diagonalized [34-35J. 

That is, a set of three orthogonal directions (principal 

directions) exists for the medium along which the driving 

force (vpi - PLg) and the response (V) have the same direction. 

In the mushy zone that exists during directional solidifica

tion of the single crystal, such preferred directions 

(principal directions) are along and perp~ndicular to the axes 

of the primary dendrites. Then, the permeability tensor has 

three components (instead of six). 

A further simplification of the permeability tensor 

can be made for a columnar dendritic structure that is 

polycrystalline. Then, there will be only two components of 

the permeability tensor, namely a permeability parallel to the 

primary dendrites and a permeability normal to the primary 

dendrites. Finally, for equiaxial structures (fine grained), 

we can assume that the structure is isotropic, and, hence, the 

permeability tensor reduces to a simple scalar quantity, which 

is independent of direction of flow. In the following 

se.ctions, the literature is discussed in the context of 

measurement and modeling of permeability coefficient in 

partially solidified alloys. 
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1.3 Permeability for Partially Solidified Alloys 

As we have seen, in the modeling of the convection of 

interdendritic liquid in solidifying alloys, the permeability 

is a 1cey parameter in predicting macrosegregation; yet there 

are relatively few data available. 

Permeabilities in equiaxial dendritic structures were 

reported by Piwonka and Flemings [36], Apelian et al. [37], 

Streat and Weinberg [38], Takahashi et al. [39], and Murakami 

and Okamoto [40]. Permeabilities in columnar dendritic 

structures have been reported by Strea~ and Weinberg [38], 

Murakami et al. [41,42], Nasser-Rafi et al. [43], and Poirier 

[44] • 

1.3.1 Permeability in Columnar Structures 

In the most recent study, Poirier [44] summarized the 

available data for columnar dendritic structures in Pb-Sn and 

borneol-paraffin alloys. The data were used in regression 

analyses and simple flow models to arrive at relationships 

between permeability and the morphology of the columnar 

dendrites. When flow is parallel to the primary dendrite 

arms, the important morphological aspects are the volume 

fraction liquid (gd and the primary dendrite arm spacing (d l ). 

When flow is normal to the primary dendrite arms, the permea

bility depends upon the secondary dendrite arm spacing (dz), 

as well as d 1 and gL. For extrapolations, models based upon 
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the Blake-Kozeny equation for flow through porous media were 

recommended. 

In the above analyses [44], the models were based upon 

regression analyses on the empirical data range (0. 1 ~ gL 

~ 0.67), and, hence, they may be suspect for extrapolations. 

This particular aspect of modeling the permeability in 

columnar structures is analyzed and discussed in Chapter Four 

of this dissertation. Because it is felt that accurate 

measurement of permeability in structures with high values of 

gL (gL ~ 0.7) may not be practical, "numerical experiments" in 

Chapter Four are used to obtain permeabilities for flow 

parallel to primary dendrites. 

1.3.2 Permeability in Equiaxial structures 

For equiaxial structures, there has not been a study 

that is comprehensive enough in relating permeability to the 

morphology of the dendritic solid. Perhaps the first workers 

to measure permeabilities in equiaxial dendritic structures 

were Piwonka and Flemings [36], who reported permeabilities 

in Al-4.5 wt. pct. cu alloys with equiaxial dendritic 

structures. The permeability in equiaxial AI-Si alloys was 

also measured by Apelian et al. [37]. The major criticisms 

of the work of Piwonka and Flemings, and of Apelian et al. 

are that in the process of displacing the interdendritic 

liquid from the partially solidified alloys, the dendritic 

networks were probably distorted, and the fluid which flowed 
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through the dendritic solid was not the interdendritic liquid 

of the alloy. 

Streat and Weinberg [38] used a design for a permeame

ter in which the interdendritic liquid flowed by gravity. 

Thus, the experimental difficulties associated with the works 

of Piwonka and Flemings [36] and Apelian et ale [37] were 

overcome. The permeameters used for permeability measurements 

in Pb-Sn alloys [43,44] and in this dissertation are similar 

in principle to the permeameter of Streat and Weinberg [38]. 

Most of the data for Pb-Sn alloy~ reported by Streat 

and Weinberg [38] are for columnar structures. However, 

included in their data are five permeability measurements for 

equiaxial structures. They found that the permeabilities of 

the equiaxial structures ".:ere substantially lower than the 

permeabilities of the columnar structures, but apparently they 

doubted the results because they stated that "the significance 

of the lower values is uncertain." For their experiments, 

Streat and Weinberg [38] did not vary the size of the equi

axial grains as a parameter to relate to permeability; instead 

they reported values of the primary and secondary dendrite arm 

spacings. It would seem, however, that grain size is probably 

the most important parameter. 

Murakami and Okamoto [40] give data for permeability 

in a mushy zone comprised of globular grains. In their work, 

they used borneol-paraffin alloys and only varied volume 
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fraction of liquid. The mean grain diameter was approximately 

155 ~m. By a least squares regression, they determined that 

K = 1.6 X 10-10 g~.3 (1.10) 

where K is the permeability in m2
, gL is the volume fraction 

of liquid, and 0.27 ~ gL ~ 0.48. Because Eg. (1.10) is based 

upon a limited scope of gL' extrapolations may be suspect. 

The permeability of an AI-Si alloy was investigated 

by Takahashi et al. [39]. Permeabilities in equiaxial 

structures were examined as a function of volume fraction 

solid, and the cooling rate from the liquid state to the test 

temperature. They found that the permeability decreased with 

increasing volume fraction of solid and cooling rate. 

However, they reported neither the dendrite arm spacings nor 

the grain size in their samples, and consequently their 

results are not readily interpreted in terms of the morphology 

of the dendritic structure of the alloy. Furthermore, 

undefined capillary forces were important in their experi

mental set-up, so the interpretation of their results in terms 

of applying Darcy's law is in doubt. 

Collectively, none of these works can be used to 

estimate the permeability in a partially solidified alloy with 

a dendritic equiaxial structure. For this reason, a major 

part of the research involved in this dissertation was 

undertaken. 
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CHAPTER TWO 

EXPERIMENTAL DESIGN AND PROCEDURES 

2.1 Permeability Experiments 

2.1.1 Permeameter Design and Specimen Preparation 

The permeameter which was used to measure the flow of 

interdendritic liquid in Al-Cu alloys is shown in Fig. 2.1. 

The permeameter was fabricated out of quartz and it did not 

contain any seams. First, the two verticql legs (15 rom ID and 

17 mm 00) were fused to·the horizontal tube (9 rom ID and 11 mm 

00), which was open and extended at one end. The two vertical 

legs, with the constrictions (constriction .diameter is 

approximately 10 mm) shown in Fig. 2.1, were identical. These 

constrictions supported the solid Al-32. 7 wt. pct. CU eutectic 

pieces, while the permeameter and its contents were heated to 

the test temperature. During heating, the flux melts first, 

and when the test temperature is achieved, the eutectic pieces 

melt and displace the less dense molten flux. The test 

temperature was slightly above the eutectic temperature, so 

that the composition of the interdendritic liquid closely 

approximated the composition of the mol ten eutectic in the two 

vertical legs. 
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Fig. 2.1 Permeameter for Al-eu alloys. 

with the above configuration, the inside surfaces of 

the quartz fabrication were coated with boron nitride. This 

was essential to prevent the reduction of the quartz (Sioz) by 

aluminum. The uniform coating is accomplished by pouring a 

proprietary suspension of boron nitride into the quartz 

permeameter. When the permeameter is completely filled, the 
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If the suspension is held for a 

relatively long time in the permeameter, the boron nitride 

particles segregate by settling, and this results in a coating 

with a nonuniform thickness. An optimum time was one minute. 

After draining the boron nitride suspension, the quartz tube 

was manually rotated in order to remove excess suspension 

sticking onto the walls. Then, the coating was allowed to dry 

in ambient air for approximately 6 hours. After air drying, 

the coating was very soft and not resistant to any abrasion. 

Hence, to make the coating hard, the empt~ quartz permeameter 

with the coating was heated to 475°C, maintained at that 

temperature for 2 hours, and then furnace-cooled. 

After the abrasion resistant boron nitride coating was 

obtained, the inside diameter of the horizontal tube was 

measured to within 0.001 inches, by using a set of cylindrical 

gauges. Accordingly, the mushy zone piece was machined, 

taking into account the thermal expansions of the Al-cu alloy 

and the quartz. Wi th the mushy zone piece in place, the 

horizontal tube was closed by fusion, which finally resulted 

in the simple configuration shown in Fig. 2.1. 

Just before the tube was completely closed by fusing, 

the torch was adjusted so that the flame deposited soot on the 

otherwise uncoated small area of the quartz. After the fusion 

operation, the permeameter, wi th the mushy zone piece in 

place, was allowed to cool to ambient temperature. Then the 
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flux and pieces of eutectic composition were loaded into the 

vertical legs. 

A fixture made of 304SS is designed to hold the 

permeameter in place in the furnace (Fig. 2.2). 

Fig. 2.2 Fixture to hold the permeameter in place in the 
furnace. 

The samples for the mushy zone pieces were cut from 

the ingots supplied by Alcoa Laboratories. These ingots were 

made in a bottom-chilled mold, that effects directional 

solidification. 

In Fig. 2.3, a "reference" sample is shown. This was 

used to characterize the structure before the test. Both the 

reference and test sample were machined from the same distance 
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Fig. 2.3 Typical location of mushy zone sample prepared from 
the ingot. Arrows on the test sample indicate the 
direction of flow used in the permeameter. 
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from the chill surface, thus exhibiting identical structures. 

To confirm that there was no variation of structure in a mushy 

zone sample at a particular distance from the chill, the 

structures of the reference samples were characterized. It 

was found that the structure was very nearly uniform with a 

maximum deviation of 7 pct. in secondary dendrite arm spacings 

(d2 ) , 8 pct. in center-to-center to distance between grains 

(A), and essentially no variation in the volume fraction of 

the eutectic constituent. Measurements of d 2 and A were 

performed using a linear intercept method, and the volume 

fraction of the eutectic was measured using an image analyzer. 

The measurements were made for 10 sections across the 

reference sample. 

The AI-32 • 7 wt. pct. eu eutectic alloy was first 

melted in large amounts (10 lbs) in a gas fired furnace, using 

a clay-graphite crucible, coated with graphite, or boron 

nitride, to prevent the pickup of silicon from the crucible. 

The aluminum and copper used for the preparation of this alloy 

were of 99.9 pct. purity. The liquid eutectic alloy was cast 

into "pigs." From these alloy pigs, small amounts (100 gms) 

were cut and remelted in a clay-graphite crucible coated with 

boron nitride. This small melt was poured into a stainless 

steel mold to obtain cylinders of approximately 1.27 cm in 

diameter. 
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2.1.2 Permeability Testing Procedures 

Before placing the AI-Cu alloy pieces in the 

permeameter, they were chemically cleaned with a caustic etch 

(KOH) , followed by rinsing with nitric acid and distilled 

water. with the mushy zone piece in place, equal amounts 

(16 grams) of eutectic LicI-KCI flux were placed on both sides 

of the mushy zone alloy. Then, pieces of the eutectic AI-Cu 

alloy were weighed and placed in each vertical leg of the 

permeameter. Also, some flux was placed on the top surfaces 

of the eutectic AI-Cu alloy pieces. 

The permeameter and its contents were placed 

muffle furnace and heated to 544°C (6° below the 

temperature) at a rate of approximately 6° per 'minute. 

in a 

test 

The 

temperature of the inlet eutectic alloy was measured by a 

chromel-alumel thermocouple. The thermocouple assembly 

comprised the wires in a two-hole mullite insulator, which was 

inside a quartz tube (5 mm ID). The quartz tube was coated 

with boron nitride in order to protect it from the very 

aggressive flux. This thermocouple assembly touched the top 

surface of the contents of the inlet leg. When the eutectic 

alloy in the inlet leg melted, the thermocouple fell into the 

liquid and indicated when there was complete melting of the 

eutectic alloy. 

The furnace temperature control was monitored by two 

chromel-alumel thermocouples placed close to the permeameter 
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in the furnace with one connected to the temperature 

controller of the furnace and the other to a digital 

millivoltmeter and a chart recorder. The output from the 

thermocouple in the inlet leg was also connected to the chart 

recorder and digital millivoltmeter. 

After reaching the temperature of 544°C (as indicated 

by the inlet thermocouple), the furnace temperature was held 

for approximately 3/4 hour to achieve thermal equilibrium 

between the permeameter and the furnace. Then the furnace 

temperature was raised to 550 ° C (1.5 ° C above the eutectic 

Al-Cu temperature) and peld consant. During heating, the flux 

melted first (at approximately 350°C), and then at 550°C (the 

test temperature) the "liquid" portions (Al.-Cu eutectic 

composition) melted and displaced the less dense flux. In 

this way, wetting of the "liquid" to the mushy zone was 

effected, and the flow of the interdendritic liquid commenced. 

Liquid flows through the "mushy zone" because of the 

metallostatic height difference between the vertical legs. 

In the outlet side, a stainless steel threaded rod, 

with a graphite tip at the end, acted as a height sensor. As 

soon as melting was completed (before the flow commenced), the 

liquid height in the outlet was tracked and noted. Then the 

height sensor was raised by two rotations (1.59 rom). When the 

liquid rose and touched the graphite tip, this position was 

taken as a starting point of the height-versus-time 



40 

measurements. During flow, temperatures of the inlet side of 

the permeameter and of the furnace were monitored and 

controlled to within 0.25·C. 

When the flow ceased, the experiment was completed by 

shutting off the power to the furnace and opening its door. 

The permeameter and its contents were removed from the furnace 

and ~llowed to cool in air, just below 350·C (the melting 

temperature of flux). After the flux solidified (this was 

visually apparent), the permeameter was broken so that the 

flux could be collected while it was hot. The flux in each 

leg was weighed accurately, while hot, in order to prevent any 

absorption of moisture. After cool ing , the mushy zone 

interfaces were visually inspected for the complete welding 

of the Al-Cueutectic alloys to both sides of the mushy zone. 

2.1.3 Validity of Darcy's Law for Permeability Measurements 

Darcy's law was used to deduce the permeability from 

the height-versus-time measurements. This section deals with 

the validation of Darcy's law in the context of the test for 

permeability. 

First, consider whether the term J.''V2(gLV), in the 

momentum equation, may be neglected. This term is known as 

the "Brinkman's term" [ 4 5 ] • Its effect is to distort the 

velocity profile near the container wall of a porous medium, 

normally referred to as the "wall effect." This arises from 

the fact that, when the interdendritic liquid flows through 
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the mushy zone, the "microscopic" velocity of the liquid has 

to satisfy the no-slip condition on the container wall. The 

overall effect is that the volume flow rate through the mushy 

zone is reduced somewhat, as compared to that predicted by 

Darcy's law. 

Consider a horizontal tube of radius R and length L 

filled with the mushy zone of uniform permeability. The 

"macroscopic" flow is unidirectional and steady, and the 

pressure gradient is uniform. Then Eq. (1. 9), written in 

cylindrical coordinates, reduces to 

(2.1) 

where PL and Po are the pressures at x = L and x = 0, 

respectively. Vo is the "superficial velocity" defined as 

(2.2) 

where Vx is average velocity of the interdendritic liquid in 

the x direction (flow direction). Note that, when K -. 00, 

Vo -. v (microscopic velocity), and Eq. (2.1) reduces to the 

familiar equation for fully developed flow through circular 

tubes (the Hagen-Poisenille law). 

The solution to Eq. (2.1) is given in Appendix A for 

the following boundary conditions: 

r = 0, Vo = finite (2.3) 

and 

r = R, Vo = 0 (2.4) 
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The second boundary condition, Eg. (2.4), is not rigorous, 

because Va is not defined at r = R; this comes from the fact 

that Va is really an average velocity within the averaging 

volume. Precisely, Va near the tube surface is defined at the 

centroid of the ?veraging volume closest to the wall, which 

in turn lies inside the tube. Nevertheless, the solution of 

Egs. (2.1), (2.3) and (2.4) gives a conservative estimate of 

the wall effect, in that the volume flow rate predicted by 

this solution is less than that in the actual situation. 

Finally, it is convenient to define a correction 

factor, Cf , as follows: 

(2.5) 

where Q is the volume flow rate with the "wall effect" and Qo 

is the volume flow rate as predicted by Darcy's law. 

Appendix A, Cf is 

Il (R/ l:y:;g;:) 
Ia(R/JK/gd 

From 

(2.6) 

where Il (R/ JK/gd and Ia (R/ JK/gd are the modified Bessel 

function of the first kind of first and zeroth order, respec-

tively. These functions can be evaluated using Reference 46. 

Table 2.1 gives the values of Cf as a function of K/gL for a 

tube with R = 0.5 cm. 

For the range of variables studied in this work, K/gL 

is of the order of 10-8 cm2
• Thus, the assumption of Darcy's 
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Table 2.1 

correction Factor for "Wall Effect" 

K/gL , cm2 Cf 

1 X 10-2 0.6426 

1 x 10-4 0.9604 

1 x 10-8 0.9996 

law for deducing the permeability from experiments is valid. 

In these calculations, it was assumed that the structure of 

the mushy zone is uniform, and, hence, permeability is also 

uniform. This may not be true near the tube. walls, where 

there could be a more open structure. If such is the case, 

its effect is very local and only slightly increases the 

values of Cf given in Table 2.1. 

The selection of the test temperature for measuring 

the permeability can influence the uniformity of the volume 

fraction liquid in the mushy zone. The following analysis is 

given by Flemings [47]. For the sake of completeness, it is 

repeated here. 

In metal alloys, where the liquid-solid interface is 

at equilibrium, the composition within the interdendritic 

liquid is uniform and uniquely defined by the liquidus line 
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of the phase diagram. Thus, for a phase diagram of constant 

liquidus slope mL, 

(2.7) 

where T* is the temperature of interdendritic liquid and Tm is 

the melting point of the pure solvent. Fractions of liquid 

and solid at this temperature are now also uniquelY defined, 

depending on assumptions made regarding the extent of dif-

fusion in the solid. For no diffusion of solute in the solid, 

(2.8) 

where Co is the nominal composition of the alloy, fL is the 

weight fraction liquid, and k is the equilibrium partition 

ratio. Then by combining Eqs. (2.7) and (2.8), one obtains 

fL = ¢-l/l-k (2.9) 

where ¢ is defined as ¢ = (Tm - T*) / (Tm - Td and TL is the 

liquidus temperature of the alloy. 

The form of Eq. (2.9) is such that, in dilute alloys, 

a preponderant portion of the solidification occurs very near 

the liquidus temperature, with a small amount of liquid 

solidifying over a relatively large temperature range. In 

alloys of richer composition, solidification of the primary 

phase is spread more evenly over the temperature range, and 

the percentage of eutectic constituent gradually increases as 

eutectic composition is reached. 

Figure 2.4 is a plot of fraction solid versus tempera

ture for AI-Cu alloys, which was calculated from Eq. (2.9). 
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Fig. 2.4 Curves of fraction solid versus temperature for 
AI-Cu alloys ,Cfrom ref. 47). 

As can be seen from Fig. 3.4, dfs/dT is relatively small near 

the eutectic temperature. Thus, by selecting the test 

temperature close to eutectic temperature, the variations in 

fraction solid, attributable to temporal and/or spatial 

variations in temperature during the experiments, are 

minimized. 

Now consider condition (i) in section 1.2.3; that is 

the flow is slow. The strength of the flow can be charac-

terized with the Reynolds number, Re. It is defined as 

VOO 
Re = - (2.10) v 

where Vo is the superficial velocity through the mushy zone, 

o is a characteristic dimension of the solid within the mushy 

zone, and v is the kinematic viscosity of the liquid. For the 
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permeability experiments reported herein, Vo ranges from 

approximately 10-2 cm's-1 to 10-3 cm·s-1
• with the center

center to distance between the grains as the characteristic 

length of the equiaxial dendritic structure, a typical value 

of 0 studied in this work is 210 ~m. The kinematic viscosity 

is 7.5 X 10-3 cm' S-l, so that the Reynolds number ranges from 

2.8 X 10-2 to 2.8 X 10-3
• These Reynolds numbers are very much 

less than unity [48,49J, indicating that flow is indeed very 

slow. Hence, neglecting inertial effects in the deduction of 

Darcy's law for the experiments is justified. 

In order to apply Darcy's law to deduce permeability, 

it is important to ensure that permeability is constant during 

some period of the flow. This is accomplishe~ by analyzing 

the height-versus-time data in the light of Darcy's law. This 

is discussed in detail in the next chapter. In all of the 

experiments performed in this work, there was an initial flow 

period during which permeability was constant. 

2.2 Isothermal Coarsening Experiments 

The dendritic structure undergoes ripening during a 

test for permeability. To quantify this aspect, a separate 

series of experiments was conducted to study the ripening in 

AI-Cu alloys as a function of time. 

The specimens for these experiments were prepared from 

the ingot shown in Fig. 2.3. The specimens were divided into 

two sets, with one set close to the bottom chill surface and 
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the other set farther (approximately 12.5 cm) from the bottom 

chill surface. The specimens were heated in a salt bath at 

553°C for times varying from I min. to 1 hour. The tempera-

ture of the salt bath was monitored and controlled by a 

chromel-alumel thermocouple immersed in the bath. The output 

of the thermocouple was connected to a digital millivoltmeter. 

An important consideration is the specimen size. In 

this regard, the objective was that the specimens should 

attain thermal equilibrium as quickly as possible, preferably 

in less than 2 seconds. The important parameters which 

influence the heat transfer from the bath to the sample are 

the Biot number, Bi, and the Fourier number, Fo. They are 

defined as follows: 

Bi = hL/k (2.11) 

and 

Fo = Qt/L2 (2.12) 

In Eqs. (2.11) and (2.12), h is the heat transfer coefficient, 

L is the semithickness of the sample (sample is assumed to be 

a slab), k is the thermal conductivity of the sample, Q is the 

thermal diffusivity of the sample and t is time. 

The heat transfer into the sample from the salt bath 

is modeled by the following equations 

aT a2T 
at = Q axz, ° s x S L (2.13) 

T(x,O) = Ti (uniform) (2.14) 
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(2.15 ) 

(2.16) 

In Eg. (2.16), Tf is the salt bath temperature, and Ti is the 

initial temperature of the sample. The solution to this set 

of equations is well known and is given in a graphical form 

in Geiger and Poirier [50]. Because there is no way of 

know ing h, two I imi ting cases, Bi -. 00 and Bi -. 0, were 

considered. The thermophysical properties for aluminum were 

obtained from Brandes [51] and used in the calculations. The 

calculated times to reach 552 DC at the center of the specimen, 

whose thickness was 0.3 cm (employed in the experiments) , were 

1.8 sand O. 07 s for Bi -. 0 and Bi -. 00, respect·i vely . 

The above calculations demonstrate that the thickness 

of the specimen employed in the experiments is a good choice 

because thermal equilibrium was attained very quickly. 

The microstructures of these two series of samples, 

in the as-cast condition, were completely characterized. That 

is, the secondary dendrite arm spacings, center-center to 

distance between grains, and the specific surface area of the 

primary phase were measured. The same dimensions were also 

measured in the specimens after isothermal treatment at 553 DC. 

Care was taken to ascertain that the structures corresponded 

to the same plane of polish, before and after heat treatment. 
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2.3 Metallographic Procedures 

For permeability experiments, structures before and 

after the tests were characterized. The structures before the 

test were obtained from the reference samples shown in 

Fig. 2.3. Care was taken to assure that the planes of polish 

in the samples before and after the tests corresponded to the 

same locations from the ingot chill surface shown in Fig. 2.3. 

All samples were mounted in epoxy. The following 

grinding and polishing conditions were consistently used for 

preparing the samples for metallographic, examination. 

(i) Equipment: Buehler Data Met. 

(ii) Platten Speed: 

( iii) 

(iv) 

(a) 240 rpm for abrasive papers.of gr~t sizes 

180, 240, 320, 400 and 600. 

(b) 120 rpm for coarse and final polishing 

with "Chemomet." 

Force: 5 lbs per specimen. 

Grinding and Polishing Times: 

(a) Approximately 2~ min. for abrasive papers. 

(b) 5 min. for coarse polishing with 1 J..Lm 

a-alumina slurry. 

(c) 10 min. for coarse polishing with 0.3 J..Lm 

a-alumina slurry. 

(d) 5 min. for final polishing with Buehler 

"Mastermet" (colloidal silica suspension) . 
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(v) Etching: Etching was effected by immersion for 

4-5 min. in 10% phosphoric acid (10 ml conc. 

phosphoric acid + 90 ml water); this preferen

tially etched the eutectic constituent. 

2.4 Quantitative Characterization of structures 

Microstructures were characterized before and after 

permeability testing. Dendrite arm spacings, d, average 

center-to-center distances between grains, A, specific surface 

area (surface area to volume ratio of the solid), Sv, and the 

volume fraction of liquid, gL' were measured. 

Dendrite arm spacings, d, and the center-to-center 

distances between the grains, A, were measured from photo

micrographs. . To obtain a value of d, a line was drawn 

perpendicular to the arms in a set within a grain, and the 

number of arms in a given length was recorded. This was 

repeated for typically 75-100 grains, and the value of d was 

simply the total length of all the lines divided by the total 

number of arms counted. 

To obtain A, the equiaxial grains with a dendritic 

morphology were outlined, and then the number of intersections 

between the grain "outlines" and random lines was counted. 

This is the so-called intercept method, and it yields the mean 

linear intercept, I. From I, the average grain diameter, or 

more precisely, the average center-to-center distance between 

grains was calculated. The same procedure was followed when 
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the grains had a globular, or nondendritic morphology, except 

that it was not necessary to outline the grains. 

The method of calculating A from the mean linear 

intercept, I, is given in Appendix B. From Appendix B, the 

following result was used: 

A = 1.5 r (2.17) 

Following the statistical relations given in Dehoff and Rhines 

[52], it was found that the standard error in A, with 95 pct. 

confidence interval, is less than 2 pct. if the number of 

grains counted exceeds 150. Thus, tQe number of grains 

counted always exceeded 150 in determining A. 

The volume fraction of liquid, gL' was measured by 

using an automated image analyzer. To use this instrument, 

the specimens were carefully prepared so that good contrast 

between the primary aluminum-rich phase and the eutectic 

constituent (i.e., quenched liquid) was obtained. 

After the solid-liquid mixture had ripened, sometimes 

a portion of the liquid appeared as islands within the primary 

phase. This structural feature will be referred to as "liquid 

inclusions" in this work. Presumably, these "liquid 

inclusions" do not participate in the flow during permeability 

testing. Therefore, using a feature of the image analyzer, 

these "liquid inclusions" were excluded, and the "modified" 

gL could also be determined. 
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The specific surface area, Sv, was determined using 

the image analyzer. In a two-dimensional image, this quantity 

is characterized simply by the ratio of perimeter of the 

primary solid to the area of the primary solid. These 

parameters (i.e., perimeter and area of the primary solid) 

were measured for seven fields of view at a magnification of 

100X. Seven fields of view comprised more than 300 grains. 

It was found that the means of both parameters remained 

constant after seven fields of view. Finally, these parame-

ters were measured with and without "liquid inclusions." 
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CHAPTER THREE 

PERMEABILITY IN EQUIAXIAL STRUCTURES 

3.1 Deduction of Permeability from Flow Data 

As explained in section 2.1.2, during permeability 

testing, height vs. time is measured. Permeability is 

obtained from these data, by using Darcy's law. Figure 3.1 

is a schematic of the flow configuration during an experiment. 

For this flow configuration, an appropriate integrated 

expression is derived in Appendix C. The final equation is 

1 [1 - (SjR) h~] = K (sa3 ) t 
n 1 - (SjR) h2 ~La2 (3.1) 

where 

S pg (a2 1) = -+ a l 

R = pgB + D 

B = (:~) h~ + h~ 

D = Pfg (hn - h f2 ) 

In the above representations, P is the density of the 

interdendritic liquid; ~ is the dynamic viscosity of the 

interdendritic liquid; Pf is the density of the flux (LiCl 

+ KCl eutectic mixture); a l , a 2 and a 3 are the cross sectional 

areas of the inlet leg, outlet leg and mushy zone, 
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Figure 3.1 Flow configuration. 
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respectively; L is the length of the mushy zone; hfl and hi2 

are the heights of flux in the inlet and outlet legs, respec

tively; h~ and h~ are the heights of interdendritic liquid in 

the inlet leg and outlet leg, respectively, at the start of 

the measurement; hl and h2 are the heights of the inter

dendritic liquid in the inlet leg and the outlet leg at any 

time during flow, respectively; g is the gravitational 

acceleration; and K is the permeability. 

The determination of the constant B deserves some 

explanation. In this work, two series of experiments were 

performed. In the first series of experiments (Experiments 1 

through 8), the height-versus-time data were obtained until 

the flow stopped "almost." The qualification, "almost," is 

used because it takes an infinitely long time for the flow to 

stop completely. For all practical purposes, this condition 

was achieved when the rate of rise of liquid in the outlet leg 

was less than 1.6 x 10-4 cm-s-1 (i.e., if more than 500 s 

elapsed while the liquid rose a distance of 0.08 cm in the 

outlet leg). Assuming the driving force for the flow is zero 

at the end of the flow period, one can back calculate h~ and 

h~ because the volume of interdendritic liquid that flowed 

through the mushy zone, as well as the flux heights in both 

the legs, are known. 

For the second series of experiments, the permeability 

test was interrupted by quenching the permeameter during flow. 
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In this manner, the dendritic structure in the mushy zone 

could be revealed and quantified at the time of the quenching. 

For these quenched experiments, the inlet and outlet legs were 

cut across the uniform section of the legs just above the 

constrictions, with a diamond saw. By measuring the weights 

of metal and flux in the outlet and inlet legs, the volume of 

metal that flowed through the mushy zone was determined. Then 

h~ and h~ were calculated. 

The density and viscosity of the interdendritic liquid 

were taken from Ganesan and Poirier [53J and Ganesan et al. 

[54J, respectively. The density of the flux mixture was from 

the data given in Brandes [55]. 

In Eq. (3.1), K is an average value. But the struc

ture and, hence, permeability change continuously during a 

test. This transient behavior for the permeability is not 

known a priori. Thus, it is necessary to identify a period 

during the flow, for which the average value of permeability 

(as in Eq. (3.1» applies best. For this purpose, a linear 

regression was done on the data plotted in the form of 

Eq. (3.1). 

In the case of the first series of experiments, data 

were obtained until the flow almost ceased. In these experi

ments, there was an initial linear period. This is shown in 

Fig. 3.2 for Experiments 2, 3 and 8. From the slope of the 
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straight line (obtained by the regression analysis), the 

permeability was determined according to Eq. (3.1). 

Notice that the data for Experiment 8 exhibit a later 

period when the permeability increases. In Experiment 8 and 

also in Experiments 1 and 4, flow started when the structure 

was dendritic, but these experiments exhibit two periods: the 

initial linear period and the later period. Hence, each of 

these experiments resulted in two permeabilities. 

In some experiments, there was segregation of liquid, 

associated with preferential flow along a portion of the outer 

surface of the specimen. This could be seen on metallographic 

surfaces prepared after the tests. Apparently the coarsening 

of the mushy zone structure was in an advanced stage in which 

some consolidation of the solid had occurred, as in liquid

phase sintering. When this happened, the mushy zone shrunk, 

and, of course, the permeability measurement was suspect and 

discounted. 

3.2 Results of Isothermal Coarsening Experiments 

Microstructures of the mushy zone in Experiment 2 of 

the first series of experiments are shown in Figs. (3.3) and 

(3.4). Figure (3.3) is the microstructure before the test, 

where the individual grains are obviously dendritic. But, 

after the test (Fig. 3.4), the morphology is nondendritic or 

"globular." Similar structures were observed in all specimens 

at the conclusion of the tests in the first series of 
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at the conclusion of the tests in the first series of 

experiments. 

To understand the dependence of permeability on the 

morphology of the structure , it is essential to know the 

changes in the structure during a permeability test. To 

establish this dependence, isothermal coarsening studies were 

undertaken on material removed from the same ingot that was 

used for the first series of permeability experiments. 



Figure 3.3 Morphology of grains in s'pecimen from 
Experiment 2 before permeability testing. 
Magnification 50X. 

Figure 3.4 Morphology of grains in specimen from 
Experiment 2 after permeability testing. 
Magnification 50X. 
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Figures 3.5 through 3.8 are micrographs that show the 

change in structure as a function of time. These samples had 

an original structure with do = 18 ~m, AO = 177 ~m and 

Svo = 1. 824 X 105 m-1
• The structure at t = 0 (original 

structure) is similar to that shown in Fig. 3.3. After only 

60 s, Fig. 3.5, the structure shows obvious ripening, and 

there are some liquid inclusions. By following Figs. 3.6 

through Fig. 3.8, it can be seen that the structure changes 

to "dendritic globular" and then to "globular," which has no 

dendritic appearance, whatsoever. 

Quantitative characterizations of the structures 

obtained in the isothermal experiments was performed. These 

results are presented in Figs. 3.9 through 3.11. Figure 3.9 

is a plot of the secondary dendritic arm spacing, normalized 

with respect to the initial values: do = 18 ~m and 35 ~m for 

the two sets. After 900 s for the finer structure, the 

dendrite arms are no longer discernible and the structure is 

"globular." For the coarser structure, the structure becomes 

globular after 1500 s. In both cases, this happens when d/A 

is approximately 0.4. 

Figure 3.10 shows the variations of A with time. 

Ini tially, A decreases because there appears to be some 

fragmentation and quick spheroidization of dendrite arms in 

the early stages of coarsening. This is consistent with the 

photomicrographs shown in Figs. 3.5 and 3.6. After 400 s, 



Figure 3.5 Dendritic microstructure after isothermal 
coarsening for 60 s. Magnification 100X. 

Figure 3.6 Dendritic-globular microstructure 
after isothermal coarsening for 300 s. 
Magnification 100X. 
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Figure 3.7 Globular microstructures after isothermal 
coarsening for 900 s. Magnification 100X. 
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Figure 3.8 Globular microstructure after isothermal 
coarsening for 3600 s. Magnification 100X. 
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~ increases at a slow rate. This fragmentation process was 

also observed by Wilson et ale [56]. 

That there is an initial decrease of ~ appears to be 

contrary to the decrease in interfacial area that accompanies 

coarsening, in general. Such is not the case, however, as 

shown by Fig. 3.11. In Fig. 3.11, Sv is seen to decrease 

continuously, as expected. Sv in this . figure includes 

interface between the solid and the "liquid inclusions," as 

observed in Figs. 3.5 through 3.8. 

3.3 Results of the First series of Permeability Experiments 

Table 3.1 gives the permeabilities and structural 

parameters for the'first series of experiments. For each of 

Experiments 1, 4 and 8, two permeability v?lues were obtained 

from the height-verslls-time data. In these experiments, the 
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flow started when the structure was dendritic. 
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During the 

initial period the structure is dendritic-globular, and during 

the later period the structure is globular. The fact that 

permeabil i ty changes with the morphological change can be seen 

from the plot for Experiment 8 in Fig. (3.2). The total time 

(time in the solid plus liquid condition) associated with 

these experiments is given in the column headed by tr in 

Table 3.1. The column headed by tm in Table 3.1 corresponds 

to the times associated with the period over which the 

permeability data apply. It is these times that are used to 

characterize the struQtural parameters for correlating the 

permeability. This is discussed in more detail in 

section 3.5. The last column in Table 3.1, headed by 

IImorphology," is determined using the values of tm and the 

results from the isothermal coarsening experiments. 

As can be seen from Table 3.1, permeability varies by 

an order of magnitude from 1. 92 x 10-8 cm2 to 1. 99 X 10-7 cm2
, 

depending upon whether the morphology is dendritic-globular 

or globular. At this stage, attributing this behavior for the 

permeability with morphology is a hypothesis. To sUbstantiate 

this hypothesis, subsequent tests for permeability were 

interrupted by quenching, so that the actual structure during 

the test could be revealed and quantified. These results are 

discussed in the next section. 



bpt. _ , 
1(.) 

1(b) 

2 

3 

4CI) 

4Cb) 

5 

6 

7 

IlCI) 

IlCb) 

Table 3.1 

Perrneabilities and structural Parameters for First series 
of Permeability Experiments 

Structurel P.rameters Before Test Structural Parameters After lost 

Sy(1Il1l1 

Sva' .... ·1 
Vl Vl 

Sy(lJOlI) 
IC, cml 

1, ,.. d, "'" gl 1, ,.. (Ln!IOd It lid) (modified) tT' I til'S pm·1 IIIOrphology 

7.704 x 10·l 263 45 0.32 225 0.2958 0.289 223a 399 4.4 x 10.2 

4.115 x 10.2 
2.ll2 II 10·a dendritic vlobullr 

7.704 x 10.2 263 45 0.32 228 0.2958 0.289 2235 1392 4.4 II 10.2 
4.115 x 10.2 

5.52 II 10·a dendritic vlobullr 

1l.7~ x 10.2 244 40 0.35n 259 0.3356 0.3347 3365 1092 ·2 4.996 II 10.8 dendrltfc vlobullr 4.52 II 10.
2 4.21 x 10 

1.217 x 10.1 231 25 0.3965 189 0.3699 0.3551 2973 1944 4.89 II IO:~ 1.215 II 10.7 globullr 
4.36 II 10 

1.521 x 10.1 181 17 0.3116 162 0.3191 0.294 11111 289 6.66 II IO:~ 2.257 II 10.8 dendrltfc globullr 
5.29 x 10 

1.521 x 10.1 lal 17 0.3116 162 0.319 0.294 11111 aeo 6.66 II IO:~ 1.99 II 10.7 globull. 
5.29" 10 

7.5" 10.2 227 40 0.3198 226 0.322 0.297 4680 3411 ·2 1.21 II 10.7 vlob.ollr 5.4 " 10 .2 
3.98 II 10 

9.2 II 10.2 209 35 0.3D61l 201 0.2816 0.2n 3256 1348 ·2 1.21 II 10.7 globullr 4.69 " 10;2 
4.24 II 10 

l.a5 " 10.2 185 15 0.3127 211 0.315 0.305 2657 1522 ·2 1.53 II 10.7 globullr 6.23 II 10.2 4.75 " 10 

1.531 x ,0.
' 

193 " 0.3219 189 0.3" 0.252 179a 517 6.42 " IO:~ 1.92 II 10.5 dendrltfc Vlobullr 
4.95 " 10 

1.531 " 10.1 193 14 0.3219 159 0.315 0.252 179a 1416 6.42 " IO:~ 1.55 " 10.7 Vlobullr 
4.95 II 10 

0'1 
-...J 
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3.4 Results of the Interrupted Permeability Experiments 

In an interrupted flow experiment, the test was 

quenched during the ini tial period of flow. For these 

experiments, Sv and gL were determined, in each quenched 

specimen, with and without "liquid inclusions." The same 

structural parameters were determined for the specimen before 

the test, except that in the specimen before the test there 

were no "liquid inclusions." 

The data from the interrupted experiments are given 

in Table 3.2. The first four experiments were done on the 

samples with starting grain diameters of 300 to 400 ~m. The 

last experiment was on a sample with a starting grain diameter 

of approximately 220 ~m. Figures 3.12 and 3.13 are the micro

structures obtained, after quenching, in Experiments 1 and 5. 

As can be seen, they both exhibit the dendritic-globular 

morphology. There are many more liquid inclusions in the 

structure shown in Fig. 3.12 (larger grain size) than in the 

structure shown in Fig. 3.13. That more liquid inclusions 

appear in larger grains (with comparable secondary dendrite 

arm spacings) during coarsening is generally true. 

3.5 Analyses and Discussions 

In this section, the permeability in equiaxial 

structures is discussed. In this presentation, analytical 

results for flow through various arrays of spheres [57-59] 

were consulted. The analytical results provide a basis of 



Expt. 
# 

1 

2 

3 

4 

5 

6 

Table 3.2 

Permeabilities and structural Parameters 
for the Interrupted Quenching Experiments 

Structural Parameters 
Before Test Structural Parameters After Test 

Sy(IlLI )/ 
Sy(IlOLI ) gL gL 

-1 1UIl- 1 (modified) (urrnodified) K cm2 
SvO' lUll gL , 

1.185 x 10-1 0.3092 -2 0.229 0.308 3.07 x 10-8 4.613 x 10_
2 2.897 x 10 

3.095 x 10-1 0.3475 -2 0.166 0.3031 7.152 x 10-8 6.302 x 1~2 
2.57 x 10 

9.441 x 10-2 0.279 -2 0.2016 0.2752 1.62 x 10-8 4.23 x 10_
2 2.74 x 10 

7.23 x 10-2 0.352 -2 0.2428 0.2988 2.02 x 10-8 4.53 x 10_
2 2.95 x 10 

8.11 x 10-2 0.338 4.74 x 10-2 0.2666 0.2835 2.75 x 10-8 

-2 0.434 0.444 4.74 x 10-7 -- -- 3.54 x 10_
2 3.21 x 10 

Note: Sy(IlLI) = specific surface with liquid inclusions. 
Sy(IlOLI) = specific surface without liquid inclusions. 

morphology 

dendritic globular 

globular 

dendritic globular 

dendritic globular 

dendritic globular 

dendritic globular 

I 

I 

0'1 
\0 
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Figure 3.12 Dendritic-globular microstructure obtained 
by quenching during a permeability test. This 
sample has a relatively large number of liquid 
inclusions. Mag. 50X. 

Figure 3.13 Dendritic-globular microstructure obtained 
by quenching during a permeability test. 
Mag. 50X. 
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extrapolation of permeability data to the region of high 

volume fraction of liquid. 

Zick and Homsy [59] give their theoretical results in 

terms of a pressure drop through a porous medium consisting 

of uniform-size spheres: 

~p 

L 
= -~ l!. g k V 2 r2 s d 0 

(3.2) 

In Eq. (3.2), ~p is the pressure drop, L is the length of the 

porous medium, ~ is the dynamic viscosity of the liquid, r is 

the radius of the spheres, gs is the volume fraction of solid 

(spheres), kd is the drag coefficient, and Vo is the 

superficial velocity. 

Darcy's law can be written for the same flow situation 

as 

~p - _l! V 
L - K 0 

(3.3) 

In Eq. (3.3), K is the permeability. By combining Eqs. (3.2) 

and (3.3), it can be seen that the permeability is related to 

the drag coefficient by 

(3.4) 

Because zick and Homsy give kd for various values of g5' then 

Eq. (3.4) can be used to evaluate the permeability as a 

function of sphere radius and volume fraction of solid. 

Specifically, Fig. 1 of zick and Homsy gives 

kd = f[g!/3/(1 - g5)] (3.5) 
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In order to model the permeability in partially 

solidified alloys, one has to make a choice for the charac

teristic length of the microstructure of the solid. In this 

analysis, A (center-to-center distance between grains) 1 Sv 

(the solid-liquid interfacial area/volume of the solid) and 

S (the solid-liquid interfacial area/volume of the solid

liquid zone) are considered for expressing the permeability. 

For the porous medium comprising spheres, the sphere 

radius can be written as 

(3.6) 

In Eg. (3.6), a is a constant that depends on the type of 

packing of the spheres: 

a = (3/ 47T) 2/3 = 0.384835, simple cubic (SC); 

a = (1/J37T) = 0.323241, body-centered cubic (BCC); 

a = (3/4 J"2 7T) 2/3 = 0.305444, face-centered cubic (FCC). 

Sv is related to the sphere radius as 

Sv = 3/r (3.7) 

and S is 

(3.8) 

Thus, a dimensionless permeability based on A, S~l, or 

S-l as a chracteristic length can be defined and used to 

quantify the flow through arrays of spheres by combining 

Eg. (3 .4) wi th Eg. (3 • 6) , Eg. (3.7) or Eg. (3.8), 

respectively. 
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Now consider the permeabili ties and the structural 

parameters for equiaxial structures presented in the previous 

sections. In the first series of experiments, the permea

bility tests were not interrupted. The structural parameters 

after the test (A and Sv), presented in Table 3.1, correspond 

to the total time (tT in Table 3.1). On the other hand, 

permeabilities were obtained for some intermediate time 

intervals, when the morphologies obviously differed from those 

determined at the conclusions of the tests. Thus, to corre

late the permeability to the structural parameters, inter

polations were used' in these experiments. This was 

accomplished by using the times presented in the column headed 

by tm in Table 3.1 and the data from isothermal coarsening 

experiments. This is an acceptable procedure because the 

samples for both the permeability testing and the isothermal 

experiments were obtained from the same ingot. Also, all of 

the original structures of these samples exhibited values of 

Ao and Svo, similar to those of the samples used in the 

isothermal coarsening experiments. 

Figure (3.10) indicates that A/Ao changes very slowly 

after about 800 s. Thus, when the time tm in Table 3.1 

exceeded 800 s, the value of A reported in Table 3.1 was used, 

as such, for correlating the permeability. When tm < 800 s, 

values of A were interpolated using Fig. 3.10 depending upon 

Ao reported in Table 3.1. Specifically, for Experiment l(a) 
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in Table 3.1, the value of ~/~o was interpolated using the 

lower curve in Fig. (3.10), and for Experiments 4 (a) and 8 (a) , 

values of ~/~o were interpolated using the upper curve. 

Before carrying out interpolations for Sv, the 

following simple analysis was performed on the data from the 

isothermal experiments, plotted in Fig. (3.11). The analysis 

is based on Sv, determined without "liquid inclusions," 

because it is assumed that the "liquid inclusions" in the 

primary solid do not participate in the flow. 

Let us assume the following growth kinetics: 

(3.9) 

In Eg. (3.9), n is a constant, t is time, and f(t) is some 

function of time. l/Sv has the unit of length, and is assumed 

to be the characteristic length in the growth kinetics. 

Integrating Eg. (3.9), from t = 0 to t = t, and 

Sv = Svo to Sv = Sv one obtains the following equation: 

s~(l+n) _ S~~l+n) = CF (t) (3.10) 

In Eg. (3.10), Svo is the specific surface area at t = 0 

(original structure), C is some positive constant, and F(t) 

is a function of time. In obtaining Eg. (3.10), it is also 

assumed that FCO) = o. 

The constant n was determined by an iteration scheme 

so that both sets of data (Svo = 1. 824 X 10-1 JLm- 1
, Svo = 

8.938 X 10-2 JLm-1
) from the isothermal coarsening experiments 
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collapsed to form one set with the minimum scatter. In this 

way, the best value of n was found to be 0.8. Thus 

(S~1.8 - S~~·8) vs. t is plotted in Fig. 3.14. For the data 

represented as circles and triangles in Fig. 3.14, a 

regression analysis was performed. The equation of the curve 

in Fig. 3.14 is 

S~1.8 - S~~·8 = -1.1798 + 3.8738 e·6 

-1.702 x 10-2 t1.2 (3.11) 

The standard error for the regression is 11.79 J,Lm1
•
8

, and the 

regression coefficient is 0.986. Also, values of Sv (without 

liquid inclusions) in the specimens (after test) of the first 

series of flow experiments, and their corresponding total 

times (tT) are shown as the xs in Fig. 3.14. It can be seen 

that the x-data fall within the standard error of the regres

sion. This demonstrates the validity of interpolating Sv for 

the first series of permeability experiments. The times (in 

the solid plus liquid condition) associated with the permea

bility (tm) in Table 3.1 and the corresponding interpolated 

values for Sv (from Eq. (3.11» and interpolations for >. 

(based on Fig. 3.10) are presented in Table 3.3. 

In the case of an interrupted experiment, the inter

polation with respect to time and morphology is not necessary. 

For these experiments, Sv and gL were determined, in each 

quenched specimen, with and without "liquid inclusions." 
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Table 3.3 

Interpolated Values for Sv in the First Series 

of Permeability Experiments 

Sv, J,Lm-1 

(interpolated 
t m, s using Eq. (3.11» A, J,Lm 

399 5.02 x 10-2 203* 

1392 4.23 x 10-2 --

1092 4.53 x 10-2 --

1944 4.58 x 10-2 --
289 6.96 x 10-2 153* 

880 5.44 x 10-2 --

3411 4.06 x 10-2 --

1348 4.48 x 10-2 --

1522 4.97 x 10-2 --

517 6.09 x 10-2 169* 

1416 5.02 x 10-2 --

*Interpolated values from Fig. (3.10). 
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These data were presented in Table 3.2, and used to correlate 

the permeability. 

The dimensionless permeability (based on A) is plotted 

as In (K/A 2
) vs. In (gJgs) in Fig. 3.15. In Fig. 3.15 

modified values of gL (without liquid inclusions) are plotted. 

Figure 3.15 also includes the theoretical results for the flow 
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through arrays of spheres (SC, BCC and FCC). In Fig. 3.15, 

the empirical data are from the first series of experiments 

and also data from the work of Murakami and Okamoto [40]. 

The dimensionless permeability data (based on Sv) are 

plotted as In (KS!) vs. In (g~gs) in Fig. 3.16. Again, the 

modified values of gL are plotted. The theoretical results 

are shown as solid curves in Fig. 3.16. This figure also 

includes the data from both series of flow experiments. 

It appears that the dimensionless permeability defined 

as KS! is better than the dimensionless permeability defined 

as K/A 2
, because, in using the former, theoretical results for 

the three different arrays of spheres are almost indistin

guishable. This suggests that S~l is the better selection for 

the characteristic length scale of the microstructure. In 

addition, there is good agreement between the theoretical and 

empirical results, in the region where there is overlap; this 

suggests that the theoretical results can be used for 

extrapolating the permeability to high values of gL. 

Physically, S~l is a suitable choice for the 

characteristic length, because the reciprocal of permeability 

represents the resistance offered by the solid to the motion 

of the interdendritic liquid, which in turn depends on the 

liquid-solid interfacial area. The third characteristic 
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Figure 3.15 Dimensionless permeability (based on A) for 
flow in equiaxial structures. Also shown are 
analytical curves for flow through arrays of 
spheres. SC, BCC and FCC represent simple 
cubic, body-centered cubic and face-centered 
cubic arrays, respectively. 

length, S-1, was also tried, but it showed no improvement in 

the representation of dimensionless permeability. 
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CHAPTER FOUR 

PERMEABILITY IN COLUMNAR STRUCTURES 

As explained in Section 1.3.1, there are no data for 

permeability for flow parallel to primary dendrite arms in 

columnar structures for gL > 0.607. This region is important 

in the context of modeling convection during solidification 

because near the dendrite tips the liquid motion, induced by 

the thermal and solutal buoyancy forces, is much greater than 

the motion induced by volume change during solidification [8). 

Although the regressions given by Poirier [44] are good for 

the scope of the empirical data (0.1 S gL S 0.607), they are 

not suitable for extrapolations when gL > 0.607. Therefore, 

there is a need to measure and/or predict permeability data 

for this region. 

To measure permeability when gL > 0.607 may not be 

practical, because the dendritic structure may not remain 

coherent during the permeability testing. To overcome this 

difficul ty, "numerical experiments" 

metallographic structures obtained from 

tionally solidified columnar structures. 

"numerical experiment" is explained below. 

were done on 

quenched, direc

The concept of a 

The motion of the interdendritic liquid is described 

"microscopically" with the Navier-Stokes equations. The 
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solid-liquid interfacial geometry is described with the aid 

of a photomicrograph, and the equations can be solved, using 

appropriate boundary conditions, for the motion of the 

interdendritic liquid. This quantifies the liquid-solid 

interactions, which in the context of "macroscopic" equations, 

give the permeability for the flow of interdendritic liquid. 

4.1 Numerical Experiments 

Consider a transverse section across the primary 

dendrite arms in a columnar structure. The alloy is heated 

to a uniform temperature where the dendritic solid and the 

interdendritic liquid coexist. By imposing a pressure 

gradient, there will be flow of the interdendritic liquid. 

The object of a so-called "numerical experiment" is to 

calculate the flow "microscopically" and to relate that flow 

to the permeability for the flow of interdendritic liquid. 

The following assumptions apply: 

(i) the flow is steady and fully developed and 

parallel to the primary dendrite arms; i.e., 

the interdendritic liquid flows in response to 

a constant and uniform pressure gradient in the 

flow direction: 

(ii) the physical properties of the interdendritic 

liquid are constant and uniform; 

(iii) the interdendritic liquid is Newtonian; 

(iv) the dendritic solid is stationary; and 
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(v) the structure is uniform along the flow 

direction. 

The "microscopic" momentum equation and boundary 

conditions for the flow of interdendritic liquid are 

~ [~:~ + ~] .t.P in region n (4.1) = --ay L 

u = 0 on r 1 (4.2) 

au = 0 on r 2 (4.3) an 

In Eqs. (4.1) through (4.3), L is the length of the solid-

plus-liq-uid mixture, .t.P is Po - PLt where PL and Po are the 

terminal pressures at z = Land z = 0, respectively, u is the 

z-component (flow direction) of the "microscopic" velocity of 

the interdendritic liquid, ~ is the dynamic viscosity of the 

interdendritic liquid, r 1 represents the liquid-solid inter

face within the region n, r 2 represents the part of the total 

boundary of the region n that cuts through interdendritic 

liquid, and n is the local outward unit normal to r 2 • The 

total boundary of the region n for the flow of the inter-

dendritic liquid is drawn for a "unit cell" of the structure 

under consideration. The "unit cell" is obtained from a 

transverse section of a quenched microstructure; this will be 

explained in detail in Section 4.2 of this chapter. 

Equation (4.2) is the usual no-slip condition applied 

to a solid surface. The boundary condition, Eq. (4.3), is 

exact only if there is perfect symmetry of the "unit cell" 
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with respect to the overall columnar structure. In reality 

this is an approximation for the structures employed in this 

analysis. If one has to relax this assumption, the solution 

of Eg. (4.1) requires consideration of many unit cells and, 

consequently, an impractical computational effort. Analytical 

solutions can be obtained for Egs. (4.1) through (4.3), 

provided the flow domain has a simple geometry. The solution 

was obtained numerically using the boundary element method 

(BEM). 

To solve Eg. (4.1), it is convenient to define 

nondimensional variables: 

(4.4) 

and 

u = u/ (~~) d~ (4.5) 

where x and X are the dimensional and nondimensional space 

coordinates, respectively, d 1 is a characteristic length of 

the microstructure of the solid (measured for the particular 

unit cell from the microstructure), and U is the z-component 

of the nondimensional "microscopic" velocity. with Egs. (4.4) 

and (4.5) , Egs. (4.1) through (4.3) become: 

a2u + a2u = -1 in region n (4.6) ax2 ay2 

U = 0 on r 1 (4.7) 

ill! = 0 on r 2 (4.8) an 
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Because Eqs. (4.1)-(4.3) and (4.6)-(4.8) are linear, 

the principle of superposition applies. Thus, 

U = Uh + Up ( 4 • 9 ) 

where Uh is the homogeneous part of the solution that 

satisfies 

in region n (4.10) 

on r 1 (4.11) 

aUh = _ aup 

an an (4.12 ) 

The particular solutio~, Up satisfies 

a2u a2u 
p + p 1 ax2 ayr = - (4 • 13) 

The solution to Eq. (4.13) does not involve any arbitrary 

constants, and there are many possible solutions. The only 

requirement is that the same solution should be used consis

tently throughout the solution procedure, so that the final 

solution obtained is consistent with Eqs. (4.6) through 

(4.13) • 

A satisfactory solution to Eq. (4.13) is 

Up = -n) (X2 + y2) (4.14 ) 

with Up so specified, the R.H.S. of Eqs. (4.11) and (4.12) are 

known for the particular "unit cell," and Eq. (4.10) is 

solved. The procedure involves the determination of the 

appropriate free space Green's function or fundamental 

solution to the Laplace equation, Eq. (4.10). Essential 
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elements of this approach are given here; details are provided 

in reference 60. 

An integral equation, equivalent to Eqs. (4.10) 

through (4.13), can be derived [61], and reads 

Uh(a) = J q(B) U*(a,B)dr(B) - J Uh(B) q*(a,B)dr(B) (4.14 ) 
r r 

In Eq. (4.14), q = aUt/an and the function U· is the free space 

Green's function that represents the solution to Eq. (4.10) 

with a discrete singularity in the form 

a2u* a2u· - + = -1:1(a b) (4.15) ax2 ay2 , 

where 1:1 is the Dirac delta function, and a and b are the 

source and field points in the flow domain , respectively. 

Also, A represents the source point and B represents the field 

point, on the boundary. The function q* in Eq. (4.14) is the 

outward-drawn normal derivative of U* along the entire contour 

r, with respect to the field point; i.e., 

where 

q*Ca,b) = aU*(a,b)/anCb) 

For two-dimensional problems, U* and q* are of the form 

U* = C1/2~) In Cl/r) 

q* = - C 1/2~r) rn 

r = (R~ + R~)''' 
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and 

i = 1 corresponds to X and i = 2 corresponds to Y: Xn and Yn 

are the direction cosines of the outward normal at B. 

Equation (4.14) is used to compute the potential value 

(Uh ) at all internal points (within the flow domain), after 

all values of Uh and aUhI an are known along the contour r. 

This is accomplished by obtaining the boundary integral 

equation. 

consider the limiting process as a tends to A in 

Eq. (4.14); the result is the boundary integral equation: 

C(A)Uh(A) = J q(B)U*(A,B)dr(B) - J Uh(B)q*(A,B)dr(B) (4.16) 
r r 

The coefficient C depends on the local geometry at A and can 

be calculated analytically [61]. 

The discretization and computer algorithm for the 

solution of Eqs. (4.14) through (4.16) are given in 

Reference 60. The important steps to be followed in using the 

computer algorithm are given below: 

(i) Identify a unit cell in the microstructure. 

(ii) set up the coordinate system. 

(iii) Discretize the boundary contour (r1 + r 2 ) and 

find the coordinates of the boundary points; 

this should be done in a counterclockwise 

fashion for the closed boundary. In the cases 
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where the boundary is highly curved, it is 

important to use very fine elements to 

represent the boundary as accurately as 

possible. 

(iv) Calculate the direction cosines for the outward 

normals to r 2 , with respect to the coordinate 

system. 

The above solution procedure gives the velocity of the 

interdendritic liquid at a point in the region o. In order 

to deduce the permeability, the average velocity of the 

interdendritic liquid in the flow domain is calculated 

according to 

U = t J J U dx dy (4.17) 

In Eq. (4.17), U is the average velocity of the interdendri tic 

liquid, and A is the area of the region o. If we consider a 

large number of uniformly distributed internal points for 

computing the average velocity (U), then U can be approximated 

as 

in region 0 (4.18 ) 

In Eq. (4.18), N is the total number of internal points. In 

this work, N was greater than 500. 
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4.2 Quantification of unit Cells 

Many of the structures studied in this analysis were 

obtained from a sample of a directionally solidified Pb-15 wt. 

pct. Sn alloy sample, provided by Wang [62]. In addition, 

some microstructures were from directionally solidified steel 

[63] and Ni-Al-Ta [64] dendritic monocrystals. 

Figure 4.1 shows a longitudinal section of the 

directionally solidified and quenched Pb-Sn alloy. The 

columnar dendrites with the quenched liquid (interdendritic 

liquid as well as the bulk liquid above the dendrite tips) can 

be seen. After photographing the longitudinal structure, the 

sample was recast in an epoxide resin, and polished 

progressively, perpendicular to the columnar dendrites, in 

order to reveal the transverse sections of the dendritic 

structures and the quenched interdendritic liquid at different 

levels from the dendrite tips. 

Figure 4.2 is a transverse microstructure; a unit cell 

selected for study is outlined in white. The unit cell is 

also shown in Fig. 4.3, at a higher magnification. The 

boundary of the unit cell is established by joining the 

centers of the dendritic solid (dark phase). Figures 4.4 and 

4.5 are transverse sections from directionally solidified 

steel [63] and from a Ni-Al-Ta dendritic monocrystal [64]. 

The unit cells with the boundaries are also shown. After the 

unit cells are outlined, the next issue at hand is the 
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Fig. 4.1 Longitudinal section of the quenched, directionally 
solidified Pb-15 wt. pct. Sn alloy. Mag. 25X. 

characterization of the unit cells. The unit cells, along 

with the contours r 1 and r 2 are traced on transparent graph 

paper. The coordinate system is drawn with the center of one 

of the primary dendrite arms as the origin. Then with respect 

to this coordinate system, discretized points along the 

contours (in a counterclockwise direction) are found. In 

addition, the direction cosines for the outward normals along 

r 2 are recorded. 

As previously mentioned, in the context of Eg. (4.5), 

the primary dendrite arm spacing, d 1 , is chosen as the 



Fig. 4.2 Transverse section showing a unit cell. 
Mag. 50X. 

Fig. 4.3 Transverse section showing the same unit cell 
of Fig. 4.2 at a magnification of 400X. 
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Fig. 4.4 Transverse section of the unidirectionally 
solidified steel (from Ref. 63). 
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Fig. 4.5 Transverse section of the directionally solidified 
Ni-Al-Ta dendritic monocrystal (from Ref. 64). 
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characteristic length; d 1 is chosen because it is consistent 

with the available experimental data for flow parallel to 

primary dendrite arms [44]. 

The primary dendrite arm spacing for the unit cell is 

determined in line with the measurement of primary dendrite 

arm spacings in columnar structures. That is, by counting the 

number of cruciforms per unit area. If the number of 

cruciforms counted and the area considered are large, this 

approach gives an average value for the primary dendrite arm 

spacing. On the other hand, the averaging procedure is not 

met for the unit cells employed in this analysis; hence some 

rationale has to be established to account for the shape of 

the unit cell. 

If the unit cell has four sides, then the effective 

number of dendrites is one because the total included angle 

is 360°. If the unit cell has three sides, then the effective 

dendrite is ~, because the total included angle is 180 0
• 

Then, by knowing the area of the unit cell, the primary 

dendrite arm spacing is calculated as 

d 1 = (A//3)\ (4.19) 

where A is the area of the unit cell and /3 is equal to unity 

for four-sided unit cells and ~ for three-sided unit cells. 

The volume fraction liquid is simply 

gL = AJA, (4.20) 
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where AL is the area of the quenched interdendritic liquid in 

the unit cell. 

4.3 Permeability 

The nondimensional average velocity is 

u = U/(~~) d~ (4.21) 

where u is the average velocity of the interdendritic liquid. 

For the same flow situation, Darcy's law can be written as 

(4.22) 

In Eq. (4.22) K is the permeability for flow parallel to the 

primary dendrite arms. By comparing Eqs. (4.21) and (4.22), 

the dimensionless permeability is obtained; hence 

K 
df = U gL (4.23) 

Because the R.H.S. in Eq. (4.23) is known from the procedures 

described in the previous section, K/d~ is obtained for each 

numerical experiment, and the results can be expressed in 

terms of gL. The results thus obtained are given in 

Table 4.1. 

The functional dependence for K/d~ cannot be 

rigorously derived from first principles, but simple reasoning 

suggests that K ~ 00 as gL ~ 1. This condition is consistent 

with the fact that the momentum equation for the mushy zone 

should reduce to the momentum equation for the single phase 
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Table 4.1 

Results of Numerical Experiments for 

Permeability for Flow Parallel to Primary Dendrite Arms 

Numerical 
Expt. No. gL K/d~ 

1 0.684 2.22 x 10-2 

2 0.730 2.61 x 10-2 

3 0.809 3.99 x 10-2 

4 0.908 7.85 x 10-2 

5 0.704 1.43 x 10-2 

6 0.863 5.99 x 10-2 

7 0.879 7.54 x 10-2 

8 0.826 4.69 x 10-2 

9 0.859 7.46 x 10-2 

10 0.774 2.66 x 10-2 

11 0.638 1.66 x 10-2 

12 0.344 1.37 x 10-3 

13 0.25 1. 00 X 10-3 

14 0.579 3.49 X 10-3 

15 0.240 8.94 x 10-4 

16 0.305 4.42 x 10-3 

17 0.32 1.98 x 10-3 

18 0.373 2.20 x 10-3 

19 0.491 3.87 x 10-3 

20 0.462 4.56 x 10-3 

21 0.23 1.06 x 10-3 

22 0.738 2.17 x 10-2 

23 0.695 2.04 x 10-2 

24 0.600 6.95 x 10-3 



96 

liquid at the dendrite tips. Hence, the following functional 

form is assumed: 

:~ = f (::J (4.24) 

The results of the numerical experiments are plotted as In 

(K/d~) vs. In (gu'gs) in Fig. 4.6. For comparisons, Fig. 4.6 

also includes curves for flow parallel to solid cylinders 

arranged in square and triangular arrays [65], curves for flow 

through constricted tubes, and the empirical data region (with 

95% confidence intervals). 

The curves for flow parallel to the solid cylinders 

were drawn using the drag coefficients given in Table 5 of 

Drummond and Tahir [65] for fully developed flow. 

The curves for flow through constricted tubes have 

been drawn according to an approximate expression that is 

derived in Appendix D. The curve with a = 0 is exact and 

corresponds to flow through straight tubes (Hagen-Poiseuille 

law). The increasing values of a correspond to an increase 

in the amplitude of the constriction in the periodically 

constricted tubes. The idea of modelling the flow as flow 

through periodically constricted tubes was obtained from the 

work of Lahbabi and Chang [49]. In these tubes, the tube 

radius varies as a cosine function along the flow direction 

as depicted in Fig. 4.7. Lahbabi and Chang used a rigorous, 

elaborate procedure to obtain the solution for the case of 
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Fig. 4.6 Permeability for flow parallel to primary dendrites 
in columnar structures. Data from numerical 
experiments are shown as circles, and empirical 
data are shown as a band. Also shown are 
analytical curves for flow parallel to cylinders, 
for flew through straight tubes (a = 0), and for 
flow through periodically constricted tubes with 
different tortuosities. 
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Ra 

z -,f/2 112 

Fig. 4.7 The configuration of the periodically constricted 
tube. 

a = 0.3. The overall effect of the periodically constricted 

tube on the flow is that it offers increased resistance to the 

liquid motion compared to the straight tubes. 

In Appendix D an approximate method for evaluating 

flow through constricted tubes is offered. It turns out that 

this simpler procedure yields a solution for a = 0.3 that is 

within 5% of the results of Lahbabi and Chang [49]. with the 

approximations employed in Appendix D, the dimensionless 

permeability is 

(~~) (1 
_ a2 ) 2 [1 + a2/2] -2 

P, [Jl ~ "z 1 
(4.25) 

In Eq. (4.25), a is h/Ro (shown in Fig. 4.7) and P3 (x) is the 

Legendere polynomial of first kind in x. When a = 0 I 

Eq. (4.25) reduces to the Hagen-Poiseuille law. 
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It is important to note the functional form for the 

dimensionless permeability in Eq. (4.25). According to 

Eq. (4.25), the permeability does not go to infinity when 

gL -. 1. This behavior for the permeability is drastically 

different from the behavior observed for the permeability 

obtained from numerical experiments, as well as for flow 

parallel to the cylinders. Qualitatively, this contrast in 

behavior can be explained on the basis of the differences in 

flow domain morphologies for the different models. 

In any tube model the flow domain is bounded by the 

solid-liquid interface only. On the other hand, the flow 

domains in the unit cells in the dendritic structures studied 

in the numerical experiments are bounded by both solid-liquid 

interfaces (i.e., along r 1 ) and liquid-liquid interfaces 

(i.e., along r 2). The ratio of the liquid-liquid interface to 

the liquid-solid interface increases as gL increases (and 

hence permeability), and eventually near the dendrite tips 

(Fig. 4.1) only a liquid-liquid interface exists, which 

results in an infinitely large permeability at gL = 1. This 

behavior is consistent with the physical situation for the 

flow of the interdendritic liquid in columnar dendritic 

structures. 

Tube models fail to represent the physical situation 

for the larger values of gL (typically gL > 0.65). But for 

smaller values of gL' \'lhen the adjacent dendrites touch, one 
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can imagine a tube with an irregular cross section, and the 

constricted tube model is physically meaningful. 

The value of gL at which adjacent dendrites touch to 

form tubes could not be conclusively determined from the 

results of the numerical experiments. There is conclusive 

evidence from the structures observed in the directionally 

solidified Pb-Sn alloy (Figs. 4.1-4.3) that adjacent primary 

dendrite arms do not touch to form tubes when gL > 0.65. As 

can be seen in Fig. 4.6, the tube model with a = 0.7 passes 

through the empirical data region. By "fitting" the empirical 

data to the tube mod~l, one should be able to obtain the 

appropriate value of a. By examining the results given by 

Poirier [44], the value of a is 0.792. 

Finally, a comment on the discrepancy between the data 

from the numerical experiments and the empirical data is in 

order. The discrepancy follows directly from the assumption 

that the flow is fully developed in the numerical experiments. 

For high values of gL (gL ~ 0.65), this is certainly valid in 

isothermal mushy zones. For lower values of gL (gL < 0.65), 

the flow paths for the interdendritic liquid are such that the 

flow is certainly not fully developed. Therefore, the 

constricted tube model is more appropriate. This argument 

suggests that there is a "transition" in the behavior of 

permeability in the neighborhood of gL = 0.65. 
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CHAPTER FIVE 

CONCLUSIONS 

The conclusions derived from this investigation are 

as follows: 

1. The equation for the conservation of momentum in 

the mushy zone can be derived by using the volume averaging 

technique. In this technique, the mushy zone is conceived to 

comprise two interpenetrating phases, solid and liquid. On 

the "microscopic" scale and within the interdendritic liquid, 

the usual conservation equation for momentum, along with 

interfacial boundary conditions, describes the state of the 

system. However, the solution of these equations in the 

"microscopic" scale is not generally practical, because of the 

highly complex interfacial geometries in the mushy zone. 

Thus, the scale at which the system is described is altered 

by averaging the "microscopic" equation over some representa

tive elementary volume. This results in the "macroscopic" 

equation for momentum that can be used to solve practical 

problems. The assumptions and the resulting momentum equation 

are given in section 1.2.2. 

2. The conditions under which the momentum equation 

reduces to Darcy's law are given in Section 1.2.3. This is 
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important because Darcy's law is applied in the determination 

of permeability, both experimentally or analytically. 

3. Permeabilities in AI-Cu alloys with equiaxial 

structures are measured using a simple permeameter. The 

ranges of structural parameters studied in this investigation 

are given below: 

center-to-center distance between grains (~) is 180 

tLm - 450 tLm; specific surface areas (Sv) are 3.21 X 10-2 tLm- 1 

- 3.095 X 10-1 tLm-1; volume fraction liquid (gd varies in the 

range 0.166 - 0.434. 

4. The permeability in AI-Cu alloys with equiaxial 

grains is structure sensitive. For example, permeabilities 

for globular structures (nondendritic) are approximately one 

order of magnitude greater than permeabilities for dendritic

globular structures, when gL is approximately 0.3. 

5. structure evolution during the permeability 

testing was studied in isothermal coarsening experiments. 

This study revealed the following: 

a. In the early stages of coarsening the dendrite 

arms begin to spheroidize and the equiaxial 

dendritic structure undergoes some fragmenta

tion. After 400 s, the center-to-center 

distance between the grains increases at a 

slow rate. 
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b. After 900 s for the finer structure, the 

dendrite arms are no longer discernible and 

the structure is globular. For the coarser 

structure, the structure becomes globular 

after 1500 s. 

6. with dimensionless permeability defined as KS;, 

where Sv is the specific surface of the solid, the empirical 

data compare reasonably well to theoretical curves for flow 

through arrays of uniform spheres. 

7. Numerical experiments were performed to obtain 

permeabilities for flow parallel to primary dendrite arms in 

columnar structures with high volume fraction of inter

dendritic liquid (gL > 0.6). In this range, the structure may 

not remain coherent and hence physical experiments are not 

practical. 

8. The results of numerical experiments are presented 

along with analytical results for flow parallel to circular 

cylinders arranged in square packing and triangular packing, 

with analytical results for flow through perioaically con

stricted tubes, and with the available empirical data. The 

following conclusions can be made from these results: 

a. The results of numerical experiments for flow 

parallel to primary dendrite arms and the 

analytical results for flow parallel to 
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cylinders represent the physical situation 

very well for the larger values of gL' 

b. Tube models fail to represent the physical 

situation for the larger values of gL (i.e., 

as gL ~ 1, K does not go to infinity). 

c. In the empirical data range, 0.1 S gL S 0.61, 

the numerical experiments predict larger 

values of permeability compared to empirical 

data. This is because the assumption of 

unidirectional flow, used in the numerical 

experiments, is not valid in this range. 

d. For lower values of gL (gL < 0.65), neighboring 

dendri tes touch resulting in tortuous flow 

paths for the interdendritic liquid. In this 

situation, 

The tube 

the flow is not unidirectional. 

models are appropriate in this 

region. The empirical data are represented 

very well by the periodically constricted tube 

model with a = 0.825. 

e. There appears to be a transition in the 

behavior of permeability in the neighborhood 

of gL = 0.65. 



APPENDIX A 

EFFECT OF WALL ON PERMEABILITY MEASUREMENTS 

Let us define the following: 

f3 = r 
jK/gL 
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Then Eq. (2.1) and its associated boundary conditions can be 

written as 

f3 = 0, Vo = f ini te 

f3 = R/(jK/gd, Vo = 0 

. <, 

(A .1) 

(A. 2) 

(A. 3) 

Because Eq. (A.l) is linear, the principle of superposition 

applies, so that 

(A. 4) 

VOh is the homogeneous part of the solution that satisfies 

d2Voh 1 dVoh --+----V =0 
df32 f3 df3 Oh 

(A. 5) 

Equation (A.5) is the modified Bessel differential 

equation of zeroth order, and its solution is 

(A.6) 

where C1 and C2 are arbitrary constants, Io is the modified 

Bessel function of the first kind of order zero and Ko is the 

modified Bessel function of the second kind of order zero. 



The particular solution is 

VOP = (Po ~LPL) K 

Therefore, using Eq. (A.4), we get 

( PO J.L-LPL) K Vo ({3) = Cl Io ({3) + Cz Ko ({3) + 
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(A. 7) 

(A. 8) 

The boundary conditions, Eqs. (A.2) and (A.3), require 

Cz = 0 (because Ko(O) ~ 00) and 

C
l 

= _ (Po :L
PL

) K . 1 
Io(R/jK/gd 

Therefore, the superficial velocity is 

The volume flow rate, Q, is 

Q = J:n J: Vo rdr dO 

and after integration, Q is obtained as 

Il (R/ jY:79J] 
Io(R/jK/gd 

(A. 9) 

(A.10) 

(A .11) 

Note that the term which is outside the square brackets is the 

volume flow rate predicted by Darcy's law; that is, 

(A.12 ) 

Then, with the correction factor for the "wall effect" defined 

as 



Eqs. (A. 11) and (A.12) give 

2 -- Il (R/ jK/gd 
Cf = 1 - -(jK/gd 

R Io(R/ jK/gd 
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(A.13) 
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APPENDIX B 

PROCEDURE FOR AVERAGE CENTER-TO-CENTER DISTANCE 

AMONG GLOBULAR GRAINS 

Let 11 , 12 , • • • IN be the lengths of the individual 

cords made by a line, drawn across the photomicrograph of a 

two-phase structure, with the cords measured in the 

discontinuous phase. In this application, the cord lengths 

are in the dendritic or globular grains. The simple average 

of the cord lengths is 

(B .1) 

The quantity, T, is often referred to as the mean 1 inear 

intercept [1,2], but it is neither a mean nor an intercept, 

so here it is called the average cord length. 

The specific surface to volume ratio (Sv) of the 

discontinuous phase [3] (provided that it is convex) is 

S = ~ 
v T (B. 2) 

Gokhale [2] gives the diameter of the discontinuous phase as 

(B. 3) 

where gs is the volume fraction of the discontinuous phase and 

d is the "surface area averaged caliper diameter." This 

result is general with the provision that the discontinuous 
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is convex. By combining Eqs. (B.2) and (B.3), the result is 

d = 1.5 gs I (B. 4) 

Equation (B.4) is consistent with the result given by Fullman 

[3] for uniform size spheres, provided that I is defined by 

Eq. (B.1). 

For presenting permeability data, the average center-

to-center distance between the globular grains is required. 

This is, 

T = digs (B. 5) 

so that T is simply 

T = 1.5 I (B.6) 

References: 

1. A. w. Thompson: Metallography, 1972, vol. 5, 
pp. 366-369. 

2. A. M. Gokhale: Metal!. Trans. A, 1986, vol. 17A, 
pp. 742-745. 

3. R. L. Fullman: Trans. Met. Soc. AIME, 1953, vol. 197, 
p. 447. 



110 

APPENDIX C 

DEDUCTION OF PERMEABILITY FROM HEIGHT VS. TIME DATA 

Consider the flow configuration depicted in 

Fig. 3.1. Darcy's law for the flow situation can be written 

as 

v = _ ~ (912 - pg) 
a J.L dx x 

(C .1) 

In Eq. (C.l), Va is the superficial velocity in the x 

direction (flow direction), K is the permeability, J.L is the 

dynamic viscosity of the interdendritic liquid, dp/dx is the 

pressure gradient in the x direction, p is the density of the 

interdendritic liquid and gx is the gravitational acceleration 

in the x direction. 

For the flow configuration, gx = 0 and 

(C. 2) 

In Eq. (C.2), Pi is the density of the flux at the test 

temperature, L is the length of the mushy zone, hfl and h iz are 

the heights of flux in the inlet and outlet respectively, hl 

and h z are the heights of interdendritic liquid at some 

instant during the flow in the inlet and outlet, respectively, 

and g is the gravitational acceleration. 
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Conservation of mass requires that 

(C. 3) 

and 

(C. 4) 

In Eqs. (C. 3) and (C. 4), a 1 and a2 are the cross sectional 

areas of inlet and outlet legs, respectively, a 3 is the cross 

sectional area of the mushy zone and t is time. 

Because the temperature and composition of the 

interdendritic liquid are nonvarying in the permeameter, the 

density is nonvarying. Thus, in Eqs. (C.3) and (C.4), p gets 

cancelled. 

Integration of Eq. (C.3) yields 

( ~) h2 + hl = (~) hg + h~ = B (C. 5) 

In Eq. (C.4), h~ and hg are the heights of 

interdendritic liquid at the start of measurement in the inlet 

leg and outlet leg, respectively, and B is a constant. The 

method adopted for determining B is described in the text. 

Combining Eqs. (C.1), (C.2) and (C.4), we get 

[(pg(h1 - ~2) + D}] ~~2 = L~) (~) (C. 6) 

In Eq. (C. 6), D = Pfg (hfl - hf2 ) , which can be determined by 

knowing the weights of flux in the two legs after test, the 

densi ty of the flux at the test temperature and the cross 

sectional areas of the two legs. 
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NOw, using Eq. (C.5), hl can be eliminated in 

Eq. (C.G). This yields 

(R ~h;h2) = (JL~) (~) dt (C.7) 

In Eq. (C. 7), R = pgB + D and S = pg[ (az/a1 ) + 1], which are 

simply constants. Equation (C.7) can be integrated between 

the limits t = 0 to t = t and h~ to h2; with a constant 

permeability, the integration yields: 

1 (1 - (SjR) h~) = ~ sa3t 
n 1 - (SjR) h2 JLL a 2 

(C. 8) 

Eq. (C.S) suggests that a plot of the L.H.S. vs. t is 

linear, provided that ·K is constant during the flow period. 

Thus, the permeability can be calculated from the slope. 
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APPENDIX 0 

SIMPLE ANALYSIS FOR FLOW THROUGH 

PERIODICALLY CONSTRICTED TUBES 

Consider fully developed flow through a straight tube. 

The volume flow rate through the tube can be written as 

Q = 7rR4 (_ QE) 
8J.L dz (0.1) 

In Eq. (0.1), Q is the volume flow rate, R is the tube radius, 

J.L is the dynamic viscosity of the liquid, and dp/dz is the 

pressure gradient in the flow direction (z-direction). The 

negative sign is incorporated in the above equation so that 

flow is in the positive z-direction. When compared to Ohm's 

law, Q is the current, (- dp/dz) is the potential and 8J.L/7rR4 

is the resistance. 

For the periodically constricted tube, as depicted in 

Fig. 4.7, the resistance is a variable along the tube (in the 

flow direction), because R changes along the flow direction, 

i. e. , 

[ 27rZ] R = Ra 1 + a cos --!- (0.2) 

In Eq. (0.2), Ra is the average radius, a is the dimensionless 

amplitude and is equal to h/Ra' h is the dimensional 

amplitude, and! is the wavelength. using Eq. (D.2), we can 



114 

obtain the average resistance for the tube along one 

wavelength. That is 

IT = t (~~:J dz 
(D. 3) 

+ Q cos 2~Zr 

where IT is the average resistance. Because the tube is 

periodic, we need to consider just one wavelength for 

calculating the average resistance. The result of i:!1tegrating 

Eg. (D.3) is 

IT ~ (,,~:) • (1 ~ "')' P, [;1 1 ",] (D. 4) 

pJ(l//l - Q2)] is the Legendere polynomial of first kind, 

which can be evaluated using as follows: 

(D. 5) 

Note that when Q = 0, the average resistance reduces to that 

for flow through a straight circular tube. Thus, the volume 

flow rate through a periodically constricted tube is written 

as 

QpcT = 7TR: C (_ dP) 
8J.L f dz (D. 6) 

with 

Cf 

(1 _ Q2)2 
= 

[/1 ~ Q2 ] 
P3 (D. 7) 
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For application to flow of interdendritic liquid 

parallel to the dendrite arms, there is one flow channel per 

primary dendrite arm. Assume that the flow channels are 

periodically constricted tubes. Then the total volume flow 

rate through a mushy zone with the volume fraction liquid gL 

is given by Darcy's law as 

(0.8) 

In Eq. (0.10), K is the permeability parallel to the primary 

dendrites, and ~ is the cross sectional area of the mushy 

zone. Because the flow channels in the mushy zone are modeled 

as periodically constricted tubes, the volume flow rate 

through these channels can be written, using Eq. (0.6) as 

mrR
4 

~ (- ddPZ) Q = n QpcT = T Cf ,.. (0.9) 

where n is the total number of flow channels in the mushy 

zone. Equating Eqs. (0.8) and (0.9), we get 

(0.10) 

The primary dendrite arm spacing, d 1 , is 

where n is the number of primary dendrite arms. Also, the 

volume fraction liquid, gL' for the mushy zone is simply the 



116 

ratio of total liquid volume to the volume of the mushy zone; 

therefore, 

mrR~ (1 + a2/2) L 

~L 
(0.12) 

In Eq. (0.14), L is the total length of the mushy zone (and 

hence of periodically constricted tubes). By combining 

Eqs. (0.10) through (0.12), we get Eq. (4.25), which can also 

be written as 

(0.13) 

For the straight tube model, a = 0, Cf = 1. 
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