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ABSTRACf 

A model for the Josephson junction is constructed based on 

two macroscopic angular momentum vectors. These vectors, which inter-

act via a Heisenberg-like Hamiltonian, are defined using Anderson's 

pseudospin concept in superconductivity. Along with this, a new state 

vector, which affords a more complete description of the constant-charge-
\ 

imbalance mode of the junction, is explicitly constructed. The result-

ing equations of motion lead directly to the basic Josephson results 

and at the same time provide a simple physical picture for the dynamical 

behavior of the junction. Both the Anderson en ,et» and Feynman two-

state models of- the junction are shown to be equivalent to a restricted 

form of the angular momentum approach. The process of formulating the 

junction problem in terms of pseudo-angufar-momentum together with the 

above identification constitutes a microscopic derivation of the Feynman 

method. A perturbation theory calculation is carried out within the 

full pseudo-angular-momentum equations of motion to determine how 

this approach differs from the earlier ones. 

vi 



CHAPTER 1 

INTRODUCTION 

The theory of superconductivity, as first proposed by Bardeen, 

Cooper, and Schrieffer [1], represents one of the most significant 

achievements of theoretical physics. The BCS theory successfully 

accounts for many unusual and unexpected phenomena, of which the 

Josephson effect [2] is perhaps the most surprising. The idea that a 

dc current can spontaneously flow between two weakly coupled super

conductors, or that a constant voltage placed across such a junction 

wi 11 induce an alternating current, are certainly counter to our 

physicRl intuition. For this reason a simple model for the dynamics 

of a Josephson junction can prove quite valuable as an aid in under

standing this otherwise unusual behavior. 

Among such models presently used, the two most popular are the 

(n,¢) theory first developed by Anderson [3] and the two state (two

level atom) model developed by Feynman [4]. The frequent quotation of 

the latter reference, in journals concerned with original research 

publications, serves to indicate the utility of simplified models, even 

for the experts. 

In this dissertation, an alternative model for the junction is 

proposed. This new model involves: (i) an explicit construction of a 

state vector to represent the constant-charge-imbalance mode of the 

1 
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junction, and (ii) a description of junction dynamics using the coupling 

of two macroscopic angular momentum vectors. 

Our model is based on Anderson's reformulation of the BCS theory 

in terms of pseudo-angular-momentum operators [5]. Starting from a 

microscopic Hamiltonian, a careful use of this approach yields a 

description of the Josephson junction in terms of two coupled macro

scopic angular momentum vectors. Thus the dynamics of a junction may 

be understood in terms of the classical equations of motion for two 

interacting angular momenta. (It should be pointed out that there is 

at least one other pseudo-angular-momentum model of the Josephson 

junction l6]. Even though both models start with Anderson's pseudo

spin concept, and are therefore by necessity similar, they are not 

equivalent.) As we will show, our model reproduces all the well-known 

Josephson results and, within certain clearly defined approximations, 

is equivalent to both Anderson's (n,¢) theory and Feynman's two-state 

model. (The process of making this latter identification effectively 

constitutes a derivation of the Feynman model from a microscopic 

description of the junction.) 

The remainder of the dissertation is organized as follows: 

In Chapter 2 we give a brief description of the BCS ground state using 

the pseudo-angular-momentum formulation, and introduce the operators 

which characterize the macroscopic angular momentum variables to be 

used in the later calculations. This chapter also includes the con

struction of a state vector to represent a charged superconductor. 

Chapter 3 introduces the tunneling Hamiltonian model of the Josephson 

junction and summarizes the central results of Anderson's (n,¢) and 



Feynman's two-state theories. In Chapter 4, we reformulate the tunnel

ing Hamiltonian in terms of our macroscopic angular momentum variables. 

We obtain the equations of motion for the angular momentum variables 

3 

and solve them within a particular approximation to get the Josephson 

current. We then go on to show that the (n,~) and two-state theories 

are identical to this restricted form of the angular momentum approach. 

Chapter 5 gives a perturbation theory solution to the exact angular 

momentum equations of motion. Finally, Chapter 6 summarizes the results. 



CHAPTER 2 

PRELIMINARIES 

A. BCS Ground State and Pseudospin 

In 1957 Bardeen, Cooper, and Schrieffer [1] proposed that the 

superconducting properties of a metal may be understood by assuming 

that, at T = 0 K, the electrons in a metal are described by the highly 

specialized state vector 

I<P) = -+ -+ i<P 1 t U rUCk) + VCk) e Ckt C_k~] 10) 
k 

(2. I) 

t 
where C-+ is the fermion creation operator for an electron with wave ks 

vector k and spin s. The coefficient U(k) and V(k) (assumed real) 

satisfy the const raint U2 (k) + V2 (k) = 1. The state I <P) is constructed 

in such a way as to emphasize the central role of pairing [7] in super-

conductivity and yields a groundstate energy which is independent of 

the phase angle <P. 

The strong pairing correlation is nicely illustrated by using 

a pseudospin model to describe I<P). As Anderson [5] first observed, 

each momentum subspace factor of I<P) could be viewed as a state vector 

for an imaginary two-level system, i.e., 

(2.2) 

4 
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with 

(2.3) 

Thus Ix)! is a linear superposition of two states: IO}k' in which both 

the kt and -k} single electron states are empty, and Cit C~k}IO)k' in 

which both of these single electron states are occupied. In Eq. (2.3) 

~ icf> ~ 
U(k) and e V(k) are the respective amplitudes for these two basic 

states. The analogy to a spin-~ system is made obvious if we introduce 

the following notation: 

= 

a~ = 
k 

a~ 
kz = 

+ 

-creates a pair: raises spin 

-destroys a pair: Iml1ers spin 

(2.4) 

-acts like a number operator for 
electron pairs or equivalently is 
the z-component of the angular 
momentum operator 
~ t 
ak • tnks = ~s ~s) 

As Anderson has pointed out, (1, ak , ak , aitz) forms a complete set of 
~ 

operators for the k-subspace. (Note: The definitions given here differ 

slightly from those given by Anderson but are completely equivalent to 

them. ) 

Using the fermion anticommutation rules 

[Cks ' 
t ott, <5 <1t,s']+ = ss' 

.;. t 
[ct ~'s']+ = 0 s, 
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one can show that the a's satisfy the angular momentum commutation 

relations 

+ 
[ak , ak' ] = 2 akz ott, 

+ ± 
(2.5) 

[a+ kz' at, ] = ± a+ 
k ott, 

Thus Eq. (2.3) may be \oJritten as 

IX)k U(k) 10)t + 
+ 

ei<l> ailo)k = V(k) 

(2.6) 

U(k) l-t)k + VCk) 
i<l> It}k = e 

where l-t}k and It)k are the basis states for our pseudospin system. 

This enables us to view 14» as a product of two-level state vectors, 

i. e. , 

1<1» 
+ + iCP + 

= ~ [U(k) + V(k) e ak] 10) (2.7a) 

I CP) (2.7b) 

Consequently we have replaced the superconductor with an ensemble of 

+ 
imaginary spin-~ systems (one spin system for each k-vector), the 

+ + 
orientation of each spin being determined by U(k), V(k), and CP. 

[Note: In terms of our pseudospin picture of a superconductor, 

cP takes on the meaning of a rotation in pseudospin space. To see this 

consider the situation where all the spins are in the xz-plane. The 

state representing this is 
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(2.7c) 

If each of these spins is now. rotated clockwise through an angle ¢ about 

the z-axis, the state describing the system becomes I¢> of Eq. (2.7b). 

This convention is discussed more fully following Eq. (2.14).] 

B. Macroscopic Angular Momentum 

Now that our pseudospin system has been defined we will evaluate 

its total angular momentum. To do this it is necessary to give the form 

of U(k) and V(k) explicitly. 

In general, for a neutral superconductor at T = 0 K, the ampli

tudes U(t) and V(k) have the dependence Ikl shown in Fig. 1. However, 

-+ 
for purposes of computational simplicity, we shall assume that U(k) and 

VCr) are given by the functions shown in Fig. 2. To be specific, the 

probability amplitudes in the BCS theory will be approximated by step 

functions in a region about kF' the Fermi momentum. The energy region 

over which U(k) and V(k) deviate from their values in a normal metal is 

taken to be 26, where 6 is the energy gap parameter. This model 

corresponds to the strong-coupling model of a superconductor [8]. 

Finally, it will be convenient for future calculations to define 

a maximum magnitude K, such that the product IT in Eq. (2.7) is under-
k 

stood to be over all k with Ikl ~ K. The value of K is chosen such 

that, for a neutral superconductor at T = 0 K, the total number of 

+ k-vectors (denoted by No) with energy Eit < EF-6 is equal to the total 

-+ • number of k-vectors w1th Ek > EF+6. Further details on this procedure 

are given in Appendix A. 
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Figure 1. BCS occupation distribution. 

The BCS occupation distributions are shO\'Jn for a neutral 
superconductor at T = 0 K. 
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Figure 2. Occupation distributions in the strong-coupling limit. 

The BCS occupation distributions for a neutral superconcutor 
in the strong coupling limit are shown. There are N pseudo
spin systems (k-vectors) in regions (1) and (3), whi?e there 
are m such systems in region (2). 
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With these conventions we now turn our attention to the macro-

scopic angular momentum operators defined by 

" " ,,+ l a; J = J + iJ = (2.8a) x y k k 

" ... " l J = J iJ = Ok (2.8b) 
x Y -+ 

k 
" l Jz = akz (2.8c) -+ 

k 

where It means sum over all k with Ikl S K. These operators clearly 

obey the angular momentum commutation rules and, since the number of 

allowed k-vectors is ~ 1018 for 1 mm 3 of metal, represent the total 

angular momentum for a large spin system. 

At T = 0 K, the state of the superconductor is distinguished 

from that of a normal metal by the fact that there is a non-zero gap 

energy and a well-defined phase ~. These underlying superconducting 
" -+ 

properties of our system are reflected in the expectation value of J, 
" 

i. e., once!::' and ~ are known, then (j) is determined. To see this 
" 

consider calculating the expectation value of j with respect to I~). 

This calculation is facilitated by writing 

" l (1) l(2) l (3) -+ -+ -+ -+ 
J = ok + ok + Ok 

it k 
-+ 
k (2.9) 

" " " j(l) -+(2) -+(3) = + J + J 

where lei) implies the sum is only taken over the k-vectors lying in 
it 

the region i (i = 1, 2, 3) as shown in Fig. 2. Similarly we write 
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I~) = rr CI ) Ix)+ • rr(2) Ix)+ • rr(3) IX)+k 
k k t k t (2.10) 

Referring to Fig. 2 and Eq. (2.6) we see that: 

e i~ I t)t (1) (2.11a) 

Ix)t = J:..- 1"')+ + J:..- ei~ It)t (2) 
12 k 12 

(2.11b) 

I"')k (3) (2.lIc) 

+ for the respective regions of k-space. Calculating the expectation 

+ . 
value of at 1n each of the three regions gives: 

(~) 
+ 
ez (1) (2.12a) 

t<xlcrtlx)t (~) cos ~ 
+ 

- (~) sin ~ 
+ 

(2) (2.12b) = e e x y 

-(~) 
+ 

(3) (2.12c) e 
z 

+ + +. h' where e , e , and e are un1t vectors along t e coord1nate axes. x y z 
. + 

Remember1ng that there are No k-vectors in regions (1) and (3), and 

. + lett1ng m be the number of k-vectors in region (2), gives 

(2.13a) 

(2.13b) 

(2.13c) 
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"-

Finally we combine these to obtain the expectation value of j: 

= Cr) cos et> ~x '" ~e sin 'f' y (2.14 ) 

Thus we see that, since m is directly related to ~, the magnitude of 
"- "-
~ ~ 

(J) is determined by the gap energy, while the direction of (J) in the 

xy-plane is given by et>. Alternately we could say that the ground state 

of a superconductor is characterized by a macroscopic value (m ~ 1012 

for 1 mm3 of metal) of the x and y components of the angular momentum 

with the direction of this vector determining the phase angle of the 

BCS ground state. It is important to note at this point that the state 

let» characterizes our pseudospin system, initially described by Eq. 

(2. 7c), after it has been rotated in pseudospin space by an angle ct> 

~ 

about ez . Our sign convention is that we have called a rotation about 

~ 

e in the clockwise direction positive (Fig. 3). z 

One last note on this subj ect : From Eq. (2.14) we see that 

{3 } = 0, for a neutral superconductor at T = 0 K. This is directly 
z 

"-
related to our choice of K and the relationship of J to the total pair z 

number operator. To see this, consider the following. 

The pair number operator for the k-th pair is 

(2.15) 

From Eq. (2.4) we see that 

(2.16) 



z 

y 

" 
Figure 3. The expectation value of j. 

" 
The expectation value of j with respect to 1<1» is shm'lfl. 
The clockwise rotation, shm'lfl above, corresponds to 
<1> positive. 

13 
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Consequently the total pair number operator for our superconductor is 

A 

I Nk N = 
k 

= I (~) (nkt + n -k"') (2. l7a) 

k 

= I (O"kz + ~) 

k 
(2.17b) 

~ 

Technically the range of k in the above sums is unbounded. But since 

we will only be dealing with superconductors at T = 0 K, we can cut off 

the sums at any convenient wave vector (as long as there are no filled 

states above it) and not affect (N). In order to make contact with our 

pseudospin operators we choose K as the cutoff. Then Eqs. (2. 8c) and 

(2.17b) give 

A " + I N = Jz (~)k 

k 
A 

+ ~ (2.18) = Jz (2N + m) 
0 

where the last equality follows from Fig. 2. 

Now a straightforward calculation of (N) using I (I» and 

Eq. (2.17a) yields <N> = No + (m/2). Comparing this to the value 

of <N) obtained by using Eq. (2.18) we see that our choice of K has 

fixed the value of <3 ), for a neutral superconductor at T = 0 K, at 
z 

zero. Note finally. that once K has been chosen for a particular super-

conductor it remains fixed regardless of how the physical state of the 
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system changes. In other words, K defines the pseudospin system we are 

dealing with. 

C. The Charged Superconductor 

As was shown above, a neutral superconductor may be charac-
"-

terized by a macroscopic angular momentum vector, ($Ijl$), lying in the 

xy-plane. The fact that ($13 1$) = 0 is due to our particular choice of z 

cut off K. Since an analysis of the Josephson junction will, of neces-

sity, include the possibility of excess charge on a superconductor, we 

must incorporate a description of the charge imbalance state into our 

angular momentum formalism. The natural way to do this is to require 

the expectation value of 3 to be nonzero for a charged superconductor. z 

In particular, we shall characterize a superconductor with n excess 

electron pairs by the state 1$) (to be described below) such that 
n 

"-

< $1 J 1 $) = n n z n 

and 
"-

($Ijl $) (~) cos $ 
-+ m sin $ -+ -+ 

= e - ('2) e + n e n n x y z 

(2.19) 

(2.20) 

The macroscopic angular momentum is thereby able to simultaneously 

describe the superconducting properties (through m and $) and the amount 

of charge imbalance (through n). 

From our discussion at the end of the last section, it is easy 

to see that if a state 1$) exists, then J will have the expectation 
n z 

value given in Eq. (2.19) since 
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(2.21) 

Therefore our goal in this section is to obtain such a state. 

To motivate Eq. (2.20) and provide a concrete model for I~} 
n 

we first consider a neutral, nearly-free-electron metal, at T = 0 K. 

If n extra electron pairs are deposited on this metal one can, in 

principle, solve for the self-consistent one electron eigenstates. 

Filling these states with electron up to a Fermi energy £nF (Fermi 

momentum knF) would then produce the electronic charge density inside 

the metal. The resulting charge density would correspond to having the 

excess charge -2leln localized near the surface. This excess charge 

density need not, however, be associated with single electrons localized 

near the surface. Rather, it can be thought of as being due to a large 

number of itinerant bulk electrons whose weakly perturbed self-consistent 

wave functions result in excess charge density near the surface. 

NO\oJ imagine turning on the electron-phonon interaction in this 

charged metal. Since all electron states are delocalized we may take 

as one model for I~) the expression [9] 
n 

I ~) n = 

-+ -+ where U (k) and V (k) have the same step function shape as in the n n 

(2.22) 

neutral metal but are now centered about the new Fermi momentum knF 

(Fig. 4). This model treats all electrons 'as being in Cooper pairs. 

(Note: If n pairs have been removed from a neutral superconductor, Fig. 

S, then the state I~>-n is obtained in a similar fashion to I~)n)' 
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Figure 4. Charge-excess state occupation distributions. 
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Figure 5. Charge-depleted state occupation distributions. 



19 

This shift in Fermi momentum to knF results in an increase by n 

-+ 
in the number of k-states in region (1), a decrease by n in region (3), 

and the number of states in region (2) remains constant. Repeating 

the analysis followed in Eqs. (2.9) - (2.13) we find that 

= = (2.23a) 

= = -C02-n~ ~z (2.23b) 

" 
while <<1>11(2) 1 <1» has the same value as for the uncharged metal. Thus 

n n 
" 

n<<I>11I<1»n is given by Eq. (2.20). It is this equation together with 

Eq. (2.8) that allows us to represent a superconductor by an angular 

momentum operator whose expectation value reflects both the super-

conducting properties and the charge imbalance. 



CHAPTER 3 

THE JOSEPHSON JUNCTION: PREVIOUS THEORIES 

We now turn our attention ~o the description of two weakly 

coupled superconductors to which we apply a const~_t voltage. This 

arrangement is shown in Fig. 6. In our discussion of this problem 

we shall assume the battery to be ideal so that the potential V is 

independent of the current flowing in the circuit (i.e., the battery 

maintains a constant charge imbalance between the sides of the junction). 

In addition we shall assume that the !\o/O superconductors forming the 

junction are identical in size and material. This considerably simpli-

fies the algebra without sacrificing the essential physics. 

To describe the coupling of the two superconductors, due to the 

possibility that electrons may tunnel through the thin insulating 

barrier, we use the tunneling Hamiltonian [10] 

L 
-+-+ 
k,qs 

+ + 
~kq (C+ C+ + C+ c..+s ) 
01.':' ks qs qS-k 

-+-+ 
where the k(q) subscript refers to the left(right) superconductor. 

(3.1) 

Since Hg contains only sIngle electron tunneling terms the tunneling 

" of paired electrons will occur in second order in Hg. As shown by 

Anderson [3] and Wallace and Stavn [11], the effective second order 

tunneling Hamiltonian, which gives rise to the Josephson effect, may 

be written as 

20 
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Figure 6. Josephson junction with ideal battery. 
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+ - + H:; = l Tt ~ (at a~q + ak a~q) ~ ~ ,q 
(3.2) 

k,q 

where Ttq is the effective second order matrix element for pair tunnel

ing. To further simplify the problem we may set Ttq = T (a constant). 

This may be justified [9] by noting that for state vectors of the form 

I$>n the important terms in H~ are for those values of k and q which 

lie in the 26-region (Fig. 4), tunneling into other states being pro-

hibited by the exclusion principle. We may thus set Ttq equal to its 

value at ~F' and obtain 

(3.3) 

To include the electrostatic effects of the battery potential V, 

we use the Hamiltonian 

t3.4) 

where q is the charge of a pair of electrons (q = -21 e I) and NL - NR is 

the difference in the number of pairs on the left and right supercon-

ductors. Note that if one pair moves from right to left,NR decreases 

by one, NL increases by one, and the total change in energy is 2(qV/2) 

as expected. The total Hamiltonian for the junction is then given by 

= (3.5) 
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A. (n ,cp) Approximation 

Anderson's approach [3] to the solution of a quantum mechanical 

system defined by Eqs. (3.3)-(3.5) proceeds by first noting that a pair 

correlated superconducting state IN>, with definite pair number N, may 

be obtained from the BCS type state Icp>, Eq. (2.1), by the transfor-

mation 

l3.6) 

Equation (3.6) suggests that Nand cp may be taken to be canonically 

conjugate variables with 

[N ,~] = -i (3.7a) 

or 
A a N = -i 

dCP 
(3.7b) 

Since I¢> in Eq. (2.1) is a linear superposition of fixed particle 

number states, and every state with N' pairs is multiplied by exp(iN'¢), 

the representation N = -i 3/dcp is indeed valid. 

We may now write the Schrodinger equation 

(3.8) 

for the junction using the set of product states 

(3.9) 
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as our restricted basis set, where n indicates the number of excess 

pairs on the left side of the junction. Equation (3.8) then becomes 

(3.10) 

If we now assume that only the diagonal matrix elements of the Hamil-

tonian are important, ,~e obtain an effective Hamiltonian of the form 

(3.11) 

where NL = -i d/d$L' NR = -i d/d$R' A is ~ constant, and n is fixed 

by the voltage of the battery and the capacitance of the junction 

through the relation 

n = cv 
zrer (3.12) 

(Here, and throughout this dissertation, when an ideal battery is placed 

across a junction, the pair difference between the sides is taken to be 

a constant, i.e., neither voltage fluctuations nor charge build up are 

being considered.) 

We may now define the operators 

(3.13a) 
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and 
A 

<I> = (3.13bJ 

Using these operators we obtain the (n,~) Hamiltonian for the junction 

in the form 

H = q V n + A cos ~ 
n,~ 

(3.14) 

with 

[n,¢] = -i (3.15) 

The Heisenberg equations of motion for ~ and ~ may be determined 

from Eq. (3.14) with the result 

dfl (if) [n ,H ~] (~) " 
crt = = sin <I> n, 

(3.16) 

d$ (if) [$,H ~] qV 
dt = = 11 n, 

Using the fact that the current operator is given by 

A dn 
I = -q -dt (3.17) 

(current is taken as positive when positive charge moves from left to 

right), Eq. (3.16) yields the well-known Josephson relation 

(3.18) 
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with w = l2Ielv)/n. It should be noted that Eq. (3.16) determines only 

the change in n due to the tunneling Hamiltonian; our calculation 

assumes that in actual fact dn/dt = 0 with the ideal battery providing 

the necessary current to keep the total charge on each side of the 

junction a constant. Thus, the current given by Eq. (3.18) is the 

current whi ch £1O\"s in the ci rcui t. 

B. Two-state Approximation 

The procedure developed by Feynman [4] to solve the Schrodinger 

equation for the Josephson junction involves much more intuitive agru-

ments than the (n,~) approach. Note that 

-+- -+-
and referring to Eq. (2.5), with k :f k', we see that the pair creation 

and annihilation operators obey Bose-Einstein commutation relations. 

Thus we can consider the electron pairs to be bosons with the result 

that at T = 0 K all pairs will be in the ground state~. The probabil-

ity of finding a pair at a given point in the superconductor is ~*~ and 

we expect this product to be proportional to the density of pairs. Thus 

Feynman assumes that each superconductor may be described by a macro-

scopic wavefunction of the form 

(3.19) 

~R = 
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where PL(R)' the charge density, is assumed to be spatially uniform. 

The diagonal matrix representing HV' Eq. (3.4), in the two-state basis 

defined by Eq. (3.19) is given by 

" [q:/2 
-q:/2] H = v 

since 

qNL = In t/J~ t/J L dT 

qN R = In t/J~ t/JR dT 

and n is the volume of each of the identical superconductors. The 

Hamil toni an HT, Eq. (3.3), allows pairs to tunne 1 and may thus be 

represented by the off diagonal matrix 

[
0 K] 
K 0 

The time dependent Schrodinger equation assumes the form 

',. 

which, using Eq. (3.19), may be \,'Titten as 

(3.20) 

t3.21) 

(3.22) 

(3.23) 
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dP L dP R (~) K/PLP R sin (8 R - 8L) Cit = - dt = (3.24a) 

deL (fl~ cos (8 R - 8L) - (~) Cit = (3.24b) 

de R l~l ~ cos (aR - aLl + (~l Cit = (3.24c) 

These equations may be integrated to yield 

(3.25) 

With the current I defined as -S1(dP L/dt), Eqs. (3.24a) and (3.25) can 

be used to obtain 

I = (
2S2K) 

- 11) IPLPR 

(3.26) 

= (
2S1K) 
-fl-] v'qPR 

Here again we have assumed that, due to the presence of the perfect 

battery, PL and PR may be considered constant on the right hand side of 

Eq. (3.24). Equation (3.26) has the same structure as Eq. (3.18) and 

thus gives rise to the Josephson effect. The two equations are in fact 

identical if we make the identifications 

8L = -cj>L 

8R = -cj> (3.27) R 

qA = 2S1K IPLPR 
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In the following chapter we shall, in the course of solving the 
. 

junction problem using the angular momentum formalism, obtain an alter-

native derivation of Eq. (3.26). 



QIAPTER 4 

THE JOSEPHSON JUNCTION: 
ANGULAR MO~1ENTUM APPROACH 

We begin this chapter by refonnu1ating the junction problem in 

tenns of our macroscopic angular momentum operators [Eq. (2.8), with 
" . -r 

one angular momentum vector for each slde, JL(R)]' The equations of 
" . -r 

motl0n for JL(R) now determine the dynamics of the junction, and their 

solution leads directly to the Josephson current. Finally we show that 

under a specific approximation the angular momentum fonna1ism reduces to 

the (n,¢) and two-state methods. 

A. Angular Momentum Fonnalism 

Using the definitions of 3+ and 3- given by Eq. (2.8), the 

tunneling Hamiltonian, Eq. (3.3), may be written in the simple form 

"'+ "'- ,,- "'+ 
HT = T(J L J R + J L J R) 

" " 
(4.1) 

-r -r 
= 2T J

L1 
• JR.L 

where 
" -r " -r " -r 
J1 = J e + J e x x y y (4.2) 

is the perpendicular (to the z-axis) component of the angular momentum 

operator. HT thus assumes the fonn identified with the commonly used 

" xy-mode1 of magnetism. To rewrite HV in tenns of our angular momentum 

operators we need only substitute the appropriate fonn of Eq. (2.18) 

30 
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for NL and NR (remembering that the superconductors have been assumed 

identical), into Eq. (3.4). This gives 

(4.3) 

and the total Hamiltonian then becomes 

A A 

= (qV/2) (J Lz - .JRZ ) + 2T jLl • jRl (4.4) 

Using the standard angular momentum commutation rules, the 

Heisenberg equations of motion yield 

" + 
dJ

L (*) " ( il-) 
A A 

+ " + + 
Cit = [JL,H] = J

L 
x BR 

" (4.5) + 
dJ R (~li J 

A 

[il-) 
A A 

[JR,HJ 
+ + 

Cit = = J R x BL 

where 

(4.6) 

and b = qV/2. When written as above, the dynamics of a Josephson 

junction may be vie\oJed in terms of t\oJO coupled angular momenta which 

have equal but opposite, external "magnetic" fields applied along the 

z-axis 
A A 

+ + + + 
(BL • e z = - BR • ez)' 

" . + 
By uSlng JL(R).l the equations of motion may be written in a 

more transparent fashion as 



32 

(4.7a) 

(4.7b) 

(4.7c) 

(4.7d) 

We shall now proceed to obtain solutions to the above set of 

equations. It is important to note that Eqs. (4.7) are operator equa-

tions. We can, however, take the expectation value of both sides of 

these equations and thereby obtain equations which determine the time 

evolution of the expectation value of the opcrators. In that case the 

expectation values will be taken with respect to the state 1C1L'C1R>n' 

= where is given by Eg. (2.22) 

\'1ith the phase angle now labeled as C1
L

. 

Our notation in \'1hat follows will be 

= 

JL(R) = = 

-+ 
with JL(R) and JL(R) considered as classical objects. 



33 

B. The Rotating Vector Solution 

As will be shown later, the term containing T in Eqs. (4.7c) and 

(4.7d) is in general much smaller than the term proportional to b. If 

we drop the former term and take expectation values, the equations of 

motion become 

dJ Lz dJ Rz (:¥] -+ -+ -+ 

crt = CIt = [e • (JL1 • JRJ] z l4. Ba) 

-+ 
dJL1 (#] -+ -+ 

CIt = (JLl. x e z) (4.Bb) 

-+ 
dJ R1 
CIt = (*) 

-+ -+ 
(J

R1 
x ez) (4. Bc) 

To understand these equations we first note that the expectation 
-+ -+ 

values (JLl and J R1) of our Heisenberg operators, at t = 0, can be 

obtained by repeating the steps leading to Eq. (2.14) but now using 

the state laL,aR)n. Doing so gives 

-+ (~] cos a L (0) 
-+ (~] -+ 

J Ll (0) = e sin aL(O) e x y 

-+ (~) cos a R (0) 
-+ 

- (~) -+ 
JR1(0) = e sin aR(O) e x y 

with the angles a L and a R defined in Fig. 7. (It is important to 

remember that aL(R) are defined so that a clockwise rotation corresponds 

to increasing aL(R).) Thus j Ll (0) and jRl (0) are two vectors lying in 

the xy-plane. The form of Eqs. (4.Bb) and (4.Bc) then immediately 

shows that J L1 and J Rl are constant and that jLJ. rotates in a 
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z 

Figure 7. Rotation of vectors ju and jR.1.: 



clockwise direction while jRl rotates in a counterc10cwise sense, 

that is 

= 

= 

This allows us to write 

= 

= ttx - (;) sin 

which we can substitute into Eq. (4.8a) to obtain 

The current operator is defined as 

" 
" 

dNL I = -q-dt 

,.. 
dJ Lz = -q --dt 
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(4.9) 

(4.10) 

(4.11) 

where the last equality follows from Eq. (2.18). Noting that b = qV/2 

and J
L1 

= J R1 = m/2 gives 
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I = -q [iI (~rJ sin [[it)t -I' aRlO) - aL(o)] 

(4.12) 

= q [~T (~rJ sin [wt + aL(O) - aR(O)] 

by substituting Eq. (4.10) into (4.11). Thus, by using our macroscopic 

angular momenta we have been able to derive the Josephson current 

relationship. 

The above method of solution provides us with the follOl<ling 

concrete picture of the dynamics of the Josephson junction: The 

Josephson current, Eg. (4.12), is the result of taking the cross product 

of two, constant magnitude, macroscopic pseudo-angu1ar-momentum vectors 

which lie in the xy-plane. These vectors in turn precess about the 

z-axis in opposite directions each with frequency lelv/r1 (Fig. 7). 

Finally, a comparison of Eq. (4.12) to Eqs. (3.18) and (3.26) 

allows the following identifications: 

l4.13a) 

a = -c/> = R R (4.13b) 

(4.13c) 

c. The (n,c/» Approximation Revisited 

In this section we will obtain the (n,c/» theory from the angular 

momentum approach. To do this we will only need the approximated form 

of the angular momentum equations of motion given in section B. One 
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-+ -+ 

result of this approximation is that the magnitudes of JL.L and JRJ. are 

constant. 

We start by writing our Hilbert space Hamiltonian, Eq. (4.4), 

in the {/aL,aR n} basis. Following the same procedures as in Chapter 3, 

section A gives for Ar 

(4. 14) 

Using Eqs. (3.13) and (2.18) we may also write 

(4.15) 

so that our total Hamiltonian assumes the form 

(4.16 ) 

To determine the relationship between fl and (aL - a R) ''Ie require that 

the equations of motion for (fl) and (~(JLZ - J
Rz

) be identical. This 

implies, by referring to Eq. (4.8a), that 

(dn ) 1 
<In,HJ) = i£1 dt 

(4.17) 

-2T (I) 2 sin (a
L 

- a
R

) = f1 



'" Defining a = a L - aR and inserting H into (4.7) we find that 

Consequently 

.. i [n, cos a] = 

" n = i a 
aa 

is an operator of n in terms of Ct, and 

[~,a] = i 

sin a 
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(4.18) 

(4.19) 

Equation (4.19) is identical to the commutator [n,~] = -i used in the 

(n,cp) theory since Eq. (4.13) gives a = -~. 

Thus, the (n ,CP) theory is equivalent to the approximated form of 

the pseudo-angu1ar-momentum theory given in section B, i. e., the pseudo-

angular-momentum theory with 

taken as time dependent. 

D. The Two-state Approximation Revisited 

In this section we show that Feynman's two-state method of 

handling the Josephson problem can be derived from the restricted form 

of the pseudo-angu1ar-momentum theory of section B. Our demonstration 

starts by taking the Feynman variables PL and PR, and identifying them 

with their angular momentum counterparts. These then are used to 
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rewrite the angular momentum equations of motion, Eq. (4.8), in terms 

of the Feynman variables and thereby obtain the two-state equations of 

motion. To carry out this program it is convenient to go to a frame of 

reference which rotates about the z-axis with angular velocity vet) 

(i.e., the angle of rotation is f vet) dt). In this rotating frame 

Eqs. (4.8) become 

dJ Lz dJ Rz (~tJ JL.l J R1 sin (a'-a') Cit = - Cit = R L (4.20a) 

da' 

(i~] L v It) -crt = (4.20b) 

da' 
vet) + (~) R 

crt = (4.20c) 

According to Feynman, PL is the electron density in the metal. 

Consequently nP L is the total electronic charge. This quantity can be 

written in terms of our angular momentum variables by using the expecta-

tion value of Eq. (2.18) 

(4.21) 

where J L = J R = m/2. As a consequence of these we have 

dP L dN L dJ Lz 
n(it = q dt = q Cit 

(4.22) 
dP R dNR dJ Rz 

n dt = q (it = q Cit 



At this point we place the same conditions on PL and PR that Feynman 

does. To begin with; the time derivatives in Eq. (4.22) only refer to 
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the changes due to tunneling. These densities are in fact constant due 

to the action of the ideal battery. Furthermore, the densities are 

approximated as being equal, PL = PRo This is equivalent to saying that 

(4.23) 

Substituting Eqs. (4.22) and (4.23) into (4.20a) gives 

(4.24a) 

if \.,re define K as 

Continuing, we define our rotating coordinate system such that the 

angular velocity is 

,,(t) = (K) ENo + J L ~~ cos Ctv' tv') 
v flJ [CN 0 + J R ~ "'R - "'L 

= 
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Substituting this into Eqs. (4.20b) and (4.20c) gives 

da~ [~~ , , 
(~) Cit = cos (aR - aL) - (4.24b) 

da~ 
[KJ §. "(QVJ dt = 11 P

R 
cos (aR - aL) + 2fi (4.24c) 

where we have used the fact that PL = PRo Noting that 

= 

we see that Eqs. (4.24) are identical to Eqs. (3.24). Consequently, we 

have converted the angular momentum equations of motion into the equa-

tions for Feynman's coupled two-state system. 

Finally, the above derivation allows us to write Feynman's 

macroscopic wavefunctions, Eq. (3.19), as 

t (JLz + ~o + JLJir 
. , 

t/lL 

l.aL = e 

t(JRZ + ~o + JR.Jf 
. , (4.25 ) 

t/lR 

l.aR = e 

Thus, the pseudo-angu1ar-momentum formulation (sections A and B), 

along \'1ith the work of this section, effectively constitute a microscopic 

derivation of Feynman's two-state model for the Josephson junction, and 

provide a microscopic interpretation of t/lL'~' and K. 
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E. Some Numerical Values 

In order to maintain the train of thought, we have, in the 

previous sections, often made approximations which at the time were 

not completely justified. In this section \oJe shall provide some order 

of magnitude numbers which may be used to confirm our approximations. 

To estimate the value of m, (jL.L = J R1 = m/2), we set 

(4.26) 

where II (e: F) is the density of states per unit energy at the Fermi 

energy and f1 is the BCS energy gap parameter at T = 0 K. For a metal 

with a volume ::! 10- 6 cm3 and EF :::: 5 X 104 K, we have II (E F) ::::6 X lOll 

states;oK. Taking b. ::! 5 K,this implies that 

(4.27) 

To estimate IJLzl = n (n = number of excess pairs), \oJe may write 

(4.28) 

Taking C ::! 10- 6 F, V::! 10- 4 Volts, and q = -21el yields 

IJLZI :::: 3 X 108 

and 
IJLzl 

I J L.1.1 

:::: 10-4 (4.29) 

Equation (4.29) justifies the approximat ion 

J Lz + No + JL.l :::: No + JL.l 

used in deriving the Feynman model of the junction. 
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Finally, in all the solutions discussed so far we have assumed 

that 

(4.30) 

so that Eqs. (4.7) are to a good approximation, equivalent to Eqs. (4.8) . 

To determine the validity of (4.30) we use Eq. (4.12) to write 

ITI 
2h jl 

= (4.31) 
Iql m2 

where j1 is the amplitude of the ac Josephson current. Using Eq. (4.28) 

we may \~ri te 

= 
4j1h 

2 q m 

Then taking j1 ~ 10- 3 amperes, together \~ith our previous results, gives 

1

2TbJLZ I ~ 10- 11 (4.32) 

Equations (4.8) thus represent an excellent approximation to the junction 

problem. 

For use in the next section we define the variable a as 

2T J Lz -T J Lz 
a = fiw = b 

l4.33) 

lal ~ 0.5 x 10- 11 



CHAPTER S 

SOLlITION TO THE EXACT EQUATIONS OF MOTION: 
PERTURBATION THEORY 

In spite of the small value obtained in Eq. (4.32), it is 

worthwhile to explore a more exact solution of Eqs. (4.7). Taking 

expectation values, these equations become 

dJ Lz (:¥) + + + 
Cit = [e • (JU x JRl.) 1 z (S.la) 

+ 
dJ

L1 (#) + + 
+ (~lT] + + 

cit = (J L.l x ez) J Lz (J R.l. x e z) (S.lb) 

+ 
dJ R1 (b] + + (2T] + + 
cit = il (JRl. x ez) + 11 J Rz (JLl. x ez) (S.lc) 

Starting with Eqs. (S.lb) and (S.lc) we see that the simple 

analysis of Chapter 4, section B, is no longer possible because of terms 
+ + 

containing T. That is, even though JL~ and JRl. are still in the xy-

plane, their magnitudes are (in general) not constant, while ((L(t) and 

aR(t) are no longer given by Eq. (4.~). Consequently we write the 
+ + 

solution for JL.l.(t) and JR~(t) as 

+ 
JLj.(t) [cos aL (t) 

+ 
aL (t) ~ 1 J L (t) = e sin x y 

+ + + (S.2) 
J R (t) = JR.l.(t) [cos aR(t) e - sin aR(t) ey1 x 

with J L.1.(t), JR.l.(t), aL(t), and aR(t) to be determined. 

44 
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With the above information on jLl and jR.L' and for the purpose 

of simplifying our differential equations, we make the following 

identifications 

J~ - c-) J
L 

J - iJ
Ly J L.l.(t) 

iCX
L 

(t) 
= = e Lx 

(5.3) 

J~ - ('- ) J
R 

J - iJ
Ry J R.l..(t) 

icxR(t) 
= = e 

Rx 

Using Eqs. (5.2) and (5.3) we can rewrite the equations of motion as 

dJ Lz (¥) JL.L(t) JR~t) sin [CtR(t) - CtL (t)] (5.4a) at = 

dJ~ 
-i (~) J~ + . f2T) J Lz J~ (5.4b) crt = l. ll1 

dr 

(~) (¥) R i J~ + i J
Rz J~ (5.4c) crt = 

Equations (5.4b) and (5.4c) may be further simplified by writing 

J~ = J
L 
(t) e -ibt/h 

(5.5) 

J~ = JR(t) e +ibt/h 
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to obtain 

JL(t) i [¥] J Lz 
-iwt 

JR(t) = e 

(5.6) 

JR(t) = i (~;) J
Rz 

e +iwt J
L 
(t) 

with w = -2b/h = 2IeIV/h. Since we have assumed an ideal battery to be 

placed across the junction, we may take J Lz = - J Rz = constant in Egs. 

(5.6). [Remember that Eq. (5.4a) describes only the change in J LZ due 

to tunneling.] In this case Egs. (5.6) may be solved exactly. We shall, 

however, use a perturbation theory approach due to the size of our 

expansion parameter, which we choose as a of Eq. (4.33). 

To solve Eqs. (5.6) we fi rst assume that J L( R) can be \~ri tten 

in terms of a pO\~er series in a 

00 

JL(R) = ~ 
s=O 

(s) 
JL(R) (5. 7) 

where the superscript denotes the pO\ver to which a appears. Because a 

is so small, we restrict ourselves to first order corrections. Substi-

tuting into Eq. (5.6) gives 

• (1) (2T~LZJ -iwt (0) 
J

L 
(t) = i e J

R 
(t) 

(5.8) 
. (1) rT~RZJ +iwt 

(0) 
J

R 
(t) = i e J

L 
(t) 
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By replacing T with 

so that the perturbation is turned on adiabatically, we can define the 

zeroth order term as the solution to our differential equations when 

the perturbation is turned off [Eqs. (5.lb) and (5.lc) with T = 0]. 

These lVere given in Chapter 4, section B, and result in 

(0) 

(~) 
iC{O) (0) 

J L (t) = e 

(0) 

(~) 
. (0) (0) l.CX

R J
R 

(t) = e 

Finally, integrating Eq. (5.8) and taking lim £;-+0, gives for the first 

order corrections, 

(1) 
_ (2TJ LZ ) -iwt 

(0) 
J L 

(t) = f1w e J
R 

(5.9) 
(1) 

(2TJ LZ ) +iwt 
(0) 

J
R 

(t) = - r;w-- e J
L 

Consequently, the solutions to Eqs. (5.6) are, to first order, 

J
L 

(t) ~ 
J(O) [1 - a e-i(wt+o)] 

L 

(5.10) 

JR(t) ::: J(O) [1 - a e+i(wt+o)] 
R 

lVhere 0 = CX (0) (0) cx~O)(O). 
L 
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The above solutions can now be employed to evaluate dJLz/dt and 

therefore the Josephson current. We start by noting that, for a complex 

number f,with If I « 1, 

where f = fl + i f2. Defining f as 

f = -a e-i(wt+o) 

Eqs. (5.10) become 

3L(t) ~ 3~0) [(1+fd eif2 ] 

3
R

(t) ~ 3~0) [(1+fd e-if2 ] 

Substituting these into Eqs. (5.5) gives 

J~ (t) = 

J~(t) = 

JL.l. (t) = J R1 (t) = (r) (I+fd 

CtL(t) = _ ¥ + Ct~O) (0) + f2 

CtR(t) = ~t + Ct~O) (0) - f2 

(5.12) 



49 

by using Eq. (5.3). As mentioned above the magnitudes of our angular 

momentum vectors are now time dependent and the rotation angles are no 

longer given by Eq. (4.9). Continuing, we substitute from (5.12) into 

(5.4a) obtaining 

(5.13) 

Since f1 and f2 are both proportional to a, we can write 

- (¥) [Ir 

x [sin (wt+o) + 2f1 sin (wt+o) + 2f2 cos (wt+o)] 

to fi rst order in our expansion parameter. It is now obvious from the 

definitions of f1 and f2 that dJL/dt reduces to 

dJ Lz (~lT) (If sin (wt+o) (5.14 ) ---at = -

and the resulting Josephson current is identical to that given in 

Eq. (4.12). Thus ''Ie see that, to first order in a, the exact angular 

momentum equations of motion, Eqs. (5.1), have led to the same results 

as the approximated equations of motion, Eqs. (4.8). 

By using a slightly different perturbation technique (Appendix ~ 

we have been able to determine higher order corrections. The lowest 

nonvanishing correction to the Josephson result occurs in second 

order in a. In particular the Josephson frequency w is replaced by 



Since a ~ 10- 12
, this correction is entirely negligible! 
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(5.15) 



a-IAPTER 6 

CONCLUDING REMARKS 

This dissertation describes the dynamics of the Josephson junc

tion in terms of the coupling of two macroscopic angular momentum 

vectors. We started by demonstrating how the BCS ground state could 

be viewed as a state describing a large spin system. We then showed 

that, for the purposes of Josephson tunneling at T = 0 K, each super

conductor could be represented by a single macroscopic angular momentum 

vector. These macroscopic angular momenta were then used to reformulate 

the Hamiltonian for the junction. The resulting equations of motion 

were seen to lead di rect ly to the Josephson current, while at the same 

time providing us with an extremely graphic picture of the dynamical 

behavior of a junction. We then went on to show how our formalism, 

under a particular approximation, reduces to the standard (n,¢) theory. 

~1ore significantly though, by writing our equations of motion in a 

rotating reference frame, we have been able to provide, starting with a 

microscopic Hamiltonian, a clear derivation of Feynman's two-state model. 

Finally, by solving the exact equations of motion in a perturbation 

theory we were able to say the following: Any anomalies which arise 

from using the angular Inomentum approach in conjunction with the basic 

Josephson problem are entirely negligible. In light of the above \.;e 

feel that the angular momentum model of the Josephson junction provides 

us with a viable alternative to the Anderson and Feynman methods. 
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APPENDIX A 

-+ 
THE k-SPACE CUTOFF 

In this appendix we consider, in somewhat more detail, the role 

of K in our pseudospin system and in the definition of the charge-

imbalance state. 

-+ 
The number of pseudospin systems in a given region of k-space 

is needed in many of our calculations. By definition this is equal to 

-+ 
the number of k-vectors in the given region. [From Eq. (2.7) we see 

that the k subscript is used to distinguish one spin~ subsystem from 

-+ 
another. ] Thus by choosing K and considering only those k's such that 

l'kl ~ K, we are specifying how many spin~ systems \oJe have and which 

ones they are. Consequently once K has been.chosen,it must remain 

fixed regardless of how the physical state of the superconductor may 

change. (If this is not done there is the possibility of iliadv.ertently 

allowing the total spin system \oJe are dealing with to change.) 

We begin by considering a charge neutral superconductor at 

T = 0 K. Within the strong-coupling model,the state of this system is 

described by the BCS ground state, Eq. (2.7), with U2 (k) and V2 (k) as 

shown in Fig. 8. To be specific, the occupation distributions of the 

BCS theory have been approximated as step functions in the region about 

k
F

. The region, in energy, over which this step occurs is of length 2~, 

where ~ is the energy-gap parameter. The boundaries of this region in 

-+ 
k-space are given by 
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S4 

kU = [[~) (E F + ~)J~ 
:::: kF + k~ 

(A. 1) 

kL = [[=tl (OF - ~)r 
:::: kF - k~ 

with 

k~ = ~ (:~et (~) 
CA.2) 

(~' = ~ -J k EF F 

-+ 
In the BCS ground state the allowed k-vectors technically run 

out to infinity. But since we will be doing all our calculations at 
-+ 

T = o K,we can restrict the range of k to be belmv some specific value, 

It I < K. This procedure is valid as long as there are no fi lIed states 

above K. 

In regard to Fig. 8, kL' kU' and K define three regions in 
-+ • -+ 
k-space. Nl , N2, and N3 are the number of pseudospln systems (k-vectors) 

in the respective regions. The following ansatz is notv made concerning 

these three regions and K: 

(i) For a given charge-neutral superconductor at T = 0 K, even 

though K can be chosen almost arbitrarily, choose it such that Nl = N3 

and relabel them as No' Then, once K has been defined, it remains fixed 

regardless of how the physical state of the superconductor changes. 
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-+ 

(ii) The three regions in k-space are always defined in the 

same way, that is, 

(1) 0 < k < kF - kl:l 

(2) (A.3) 

where it is understood that kF may change depending on the state of the 

system (Le., from Chapter 2, part C, if charge is added then kF is 

replaced by knF and Fig. 8 is replaced by Fig. 9). In terms of our 

~ 

spin-~ systems, all those whose k' s are in region (1) are pointing in 

the (+z)-direction, while those in region (3) are in the (-z)-direction. 

The ones in region (2) are in the xy-p1ane. 

If we now relabel N2 as m, the consequences of the above are 

the following: Regardless of how the physical state of the system may 

-+ 
change, the total number of k-vectors from 0 to K is fixed at 2N + m. o 



No+ n 

(I) 
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(2) 

I 1 

>J 
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• 
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Figure 9, Regions associated with knF' 
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APPENDIX B 

SECOND ORDER CORRECTIONS 
TO THE JOSEPHSON FREQUENCY 

To obtain the exact solution to Eqs. (5.6) we differentiate both 

with respect to time to get 

J
L 

+ iw J
L 

_ w2 a2 J = 0 
L 

(B. 1) 

J
R 

iw J
R - w2 a2 J = 0 

R 

These equations imply that we may write 

J
L 

= 
'(3+ 1+ l. t 

L e + 
- i(3-t 

IL e 

(B.2) 
+ - iy-t 

J
R 

1+ iy t = R e + IR e 

with, to lowest order in a 2 , 

(3+ = -y = -w (1_a 2 ) 

(B.3) 

(3 + _wa 2 = -y = 

Inserting Eqs. (B.3) and (B.2) into (5.6) gives us 
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B I~ = (2TtZ] I~ 
(8.4) 

B+ + [2T:LZ J 1+ 
IL = R 

Finally, by choosing 

I~ = . (;:) e 
ia

L 
(0) 

+ (~J 
iaR(O) 

IR = e 

we find that the Josephson current is given by 

I = jl sin (w't-o) (8.S) 

with W' defined in Eq. (5.15). 
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