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8.1.1 Incremental Stress - Strain Relation for Interface

The incremental form of elasto-plastic constitutive relation for interface is

dozz 0 0 ;
doyy p = | Cnn Chs { . } (4.20a)
Con Cas | L

dozy

given by

or

[6] = [C*P*] [U] (4.20b)

In Eq.(4.20), the incremental stress and incremental displacement are related
through elasto-plastic matrix [C*?*]. Assuming simple shear strain condition, the

incremental displacement-incremental strain are related via

dezz 0 0 .
deyy $ =1/t 0 |<? 8.4
{} [é w}{u} 5

dezy

where t is the thickness of interface element. Combining Eqs.(8.4) and (4.20);

do, 0 0 0 dez;
doyy p = |0 tCan tChrs deyy (8.5a)
dozy 0 tCeyn tCss dzy

[do] = [C?*] [de] (8.5b)

or

Because of two dimensional idealization of the interface, the yielding characteristics
of the interface is independent of do,,, thus zero value is assigned for do,,. As
seen from Eq.(8.5a), the incremental normal stress on the interface (do’) is given by
doy, and the incremental shear stress on the interface (d7) is given by do,,. The
elasto-plastic matrix [C*?*] in Eq.(8.5) is used in the finite element formulation to

compute stiffness matrix (Eq.7.3e) of the interface element.
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8.1.2 Transformation from Global Space to Local Space and Vice Versa

Very often an interface element can be inclined to global axis (X,Y), Fig
(8.1a), in many boundary value problems. The interface behavior (Eq.4.20) is
originally defined as the constitutive relation between incremental traction force
vector and incremental displacement vector refered to axes parallel and normal
to the interface plane (z,y) in Fig.(8.1a). Subsequently, Eq.(4.20) is conveniently
inverted into incremental stress-strain form given by Eq.(8.5) which can be readily
used in the finite element formulation of interface. Since the traction forces (or
stress) and displacements (or strain) of interface plane depends on the orientation
of interface plane (z,y), for an inclined interface element, transformation of stress
and strain from local system (z,y) to global system (X, Y') or vice versa is necessary.
The transformation is required at two instances; (1) calculation of global stiffness
matrix of interface element, and (2) calculation of unbalanced load vector during
iteration for convergency. The steps involed in the transformation is explained
below.

The transformation of strain vector and stress vector from local to global
description is given by;

[dE] = [6][de] (8.6a)
[dS] = [#'][de] (8.60)

Similarly the transformation from global to local description is given by

[de] = [O][dE] (8.7a)
[do] = [©'][dS] (8.7b)
where
0 ecs —cs ] [0 cs —2cs
Bl=]0 ¢ es ; [B1=10 & 2 (8.8a)
0 —2cs c?2-3s2 [0 —cs -t

0 0 0 0 0 0
O=( s ¢ —cs ; [O]=| s® & —2cs (8.8b)
—2cs 2cs c?-s? | —cs s c2—s®
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and the vectors in global description is given by

< dET > = < dExx,dEyy,dExy > (8.9a)
< dST > = < dSxx,dSyy,dSxy > (8.9b)

and local description is given by

<dT>=«< degz, deyy, dvzy > (8.10a)

< doT > = < doys,doyy,dogy > (8.100)

Also ¢ = cosf and s = sinf and 6 is the inclination of (z,y) with the respect to
(X,Y) as shown in Fig.(8.1a). Notice that the zeros in the first column of [3] and
[8'] and zeros in the first row of [@] and [@'] is due to de;; = 0 and do,; = 0,
respectively.

To establish global stiffness matrix for interface element, consider the incre-

mental force vector {P}, Eq.(7.3d), that opposes the displacement of the structure

{P} = / [B]T {dS }dV (7.3d)
v

Observe that Eq.(7.3d) is global description, and combining Eqs.(7.3d), (8.6b) and

(8.5b) one obtains:
(P} = / [B]T[C*?}{dE }dV (8.11a)
v

where

[C*?] = [Bl[C*™(B"T" (8.12)

The matrix [C®?] can can be conveniently incorporated as the constitutive matrix
of the inclined interface in gobal description and Eq.(8.12) gives the transformation
rule. The global stiffness matrix for an inclined interface element can be computed
using the [C¢?] given by the Eq.(8.12). Hence, for an inclined interface element,
mass, damping and stiffness matrices [M], [C] and [K] are calculated and assembled

in global system (X, Y') and the solution of Eq.(7.9) is obtained in the same system.
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‘ In the case of a material non-linear problem, it is necessary to compute the
unbalanced load vector f,[B]7{dS }dV in all the elements of the mesh during iter-
ation in order to equilibrate the externally applied loads. During the calculation of
unbalanced load, for the calculated global incremental strain {dE}, the correspond-
ing change in global stress {dS} is to be computed using the constitutive relation.
For the inclined interface element it is achieved by transforming global incremen-
tal strain {dE} to local incremental strain {de} using Eq.(8.7a) then applying the
constitutive relation given by Eq.(8.5), the local {do} is calculated. Finaly, the
local {do} is transformed to global {dS} using Eq.(8.6b). Now the {dS} is used to
compute the unbalanced load in the global system.

8.2 Dynamics of Axially Loaded Pile

Performance of the proposed interface model in boundary value problems
is demonstrated by applying it to dynamic analysis of an axially loaded pile. The
suitability of this problem is due to the fact that the load transfer, relative motions,
and coupling of shear and normal behavior is predominant due to the interface
mechanism. Thus, the importance of the interface behavior can be identified.

Earth Technology Corporation (ERTEC) of Long Beach, California and
Houston, Texas, performed field tests on instrumented steel pile segments (Fig.8.2a)
in saturated marine clay, near Sabine Pass, Texas (ERTEC, 1986). The aim of this
test was to evaluate the performance of a pile during cyclic loading, the pore water
pressure variation during and after instalation of the pile. The pile segment was in-
strumented (Fig.8.2a) in order to measure shear load transfer from pile to soil, total
normal load on pile and pore water pressure at pile-soil interface. Cyclic and quasi-
static load tests on two pile segments of 0.0762m (3.0inch) and 0.0437m (1.72inch)
diameter, were performed. A bore hole of 0.152m (6.0¢nch) diameter was drilled
up to 15.4m (50ft.) deep from the ground level (Fig.8.2b). It was cased before pile
segment was installed at 15.4m deep by pushing. Cyclic loading was applied to
pile segment through the connecting rod in the form of a prescribed displacement

amplitude of 0.001m with very small frequency (quasi-static). The reading of
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load cell (7), total pressure cell (o) and pore water pressure cell were taken while
applying the cyclic displacement on the pile segment.

The above model pile test program is modified, as explained below, in order
to utilize the proposed interface model for the solution of this problem. It is
assumed the foundation soil is made up of dry dense Toyoura sand insted of marine
clay. Analysis is carried out herein for the pile of 0.0437m (1.72inch) diameter and
1.19m (46.85inch) length, and the pile is installed at 15.4m (50f¢.) deep as shown
in Fig.(8.2b). Notice that, except the assumption of foundation soil, every other

conditions used for the finite element analysis is same as the original test program.

8.2.1 Finite Element Discretization and Detail of Mesh

Figure (8.2b) shows the detail of the configuration of pile installation used
for the finite element analysis. The axisymmetric condition of the applied cyclic
displacement and geometric configuration of the zone (Fig.8.2b) allows the use of
axisymmetrical finite element analysis. The origin of the axisymmetric axis (r, z)
is located 24m below the ground surface and on the centre line passing through
the longitudinal direction of the pile. The shaded portion in Fig.(8.2b), with a
dimension of 3.2m radious and 9.85m height (all measurments are from the origin
of the axis (r, z)) is discretized into finite element mesh as shown in Fig.(8.3a). The
overburden pressure due to the sand above 9.85m line is replaced by equivalent
insitu stress (initial stress) in all the elements. The finite element mesh (Fig.8.3a)
consists of total of 89 elements and 299 nodes. Eight noded isoparameteric elements
are used for soil, pile segment and soil anchor, and six noded interface elements are
used for the interface. Six interface elements (Fig.8.3b), 2 elements for soil anchor, 4
elements for pile segment and 77 elements for soil is used. Notice that the interface
elements are located within soil zone having a thickness equal to 0.003156m. The

thickness of interface is approximately 14% of the radious of the pile.

8.2.2 Type of Loading and Boundary Condition

Displacement of a sinusoidal form (a Sin(wt) ) with amplitude 0.001m and
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frequency of 1/6 Hz is applied to the pile segment. Notice that the chosen fre-
quency of displacement is much higher than the value used in the test. The applied
displacement on the pile is described as prescribed displacement on the nodes which
are common nodes for pile and interface elements. The calculated values of dis-
placements on all the nodes in the pile elements are found to be equal to the applied
displacement. This shows that the pile segment moves as a rigid body, and the
applied pile displacement need not to be described as prescribed displacement on
all the nodes those belong to the pile elements.

Observe that the soil anchor rests in the soil, and its displacement is not
equal to the displacement of the pile segment as the coupling between soil anchor
and pile segment does not permit the movement of pile segment to soil anchor.
Therefore, the nodal displacement of soil anchor elements are treated as unknows
like nodal displacements of soil and interface elements. The vertical sides of the
boundary of the mesh (Fig.8.32) is restrained in the direction of r and free in the
direction of z; the bottom boundary is restrained in the direction of z, but free in

the direction of r and the top boundary is free in both the directions r and z.

8.2.3 Constitutive Parameters

Pile and soil anchor elements are assumed to be elastic with E = 8 x
105k Pa, v = 0.3 and dynamic density p = 20M g/m?®. The soil is assumed as dense
Toyoura sand. Triaxial compression and triaxial extension test results reported by
Matsuoka and Sakakibara (1987) are used to evaluate §; model (Appendix A) pa-
rameters. The parameters used in the analysis are;

E =8 x 10*kPa, v=0.3,p=2Mg/m®*, m = -0.5, n = 2.5,

B = 0.6457, v = 0.06467, a = 0.000128, b= 0.99, « = 0.37.

The proposed interface model is implemented in the finite element code. The strain
softening behavior is not considered in the implementation of the interface model.
Thus, the implemented model has non-associated behavior and cyclic character-

istics. The cyclic parameters presented in Table 5.1 are employed for the finite

element analysis.
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In the absence of strain softening behavior, the computed dilation would
continiously increase as the ultimate state is approached. In order to partially
circumvent this problem, a higher value of {5, = 0.35 is used for all roughness
range. Since the cyclic volumetric behavior is related to the dilation during the

first cycle, the cyclic parameters are reduced by 10% and used in the finite element

computation.

8.2.4 Results

The finite element mesh, loading condition and boundary condition de-
scribed in the previous sections are utilized for the dynamic finite element analysis
of pile segment. The sinusoidal type displacement with amplitude 0.001m and fre-
quency 1/6 Hz is applied to the pile segment, and the analysis is carried out for
15 cycles with time step At = 0.5s of total 180 time steps. Though the chosen At
is high, due to low frequency of loading, the time integration scheme found to be
stable throughout the computation. The finite element program named SSTIN
(Desai, 1989) is employed for the solution of the problem. The proposed interface
model is incorporated in this program with initial debugging and verification is ac-
complished on VAX 11/790 computer. The final runs of the program are executed
on JvNCC, Cyber 205 super computer.

The following three cases are considered in order to demonstrate the effect
of interface response in boundary value problems:

Case (1):

Without Interface: 8 noded solid element is used as interface element with

soil (Toyoura sand) properties assigned to it through 6; model. The finite

element mesh remains the same with 89 elements, and due to 8 noded in-
terface elements, total of 306 nodes are used. This case is hereafter reffered
to as ‘without interface’.

Case (2):
With Interface (or Rough Interface): 6 noded interface element (Section
8.1) is used for the interface and the proposed interface model is assigned

to it. The same finite element mesh is used with 89 elements and, due to 6
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noded interface elements, total of 299 nodes are used. This case is hereafter

reffered to as ‘with interface’. In this analysis, roughness of steel-Toyoura

sand interface is chosen as R, = 0.167 (or R = 0.902); thus this represents

‘Rough Interface’ condition.

Case (3):

Smooth Interface: 6 noded interface element is used for the interface and

the proposed interface model is assigned to it. This case is same as that

of Case (2) except the value of steel-Toyoura sand interface roughness used
here is R, = 0.057 (or R = 0.309). Hence this case represents ‘Smooth

Interface’ condition.

The without interface case represents conventional finite element analysis of soil-
structure interaction problems where interface elements or interface properties are
not employed. The with interface (or rough interface) and smooth interface cases
represent occurance of typical rough and smooth interfaces in the actual field con-
dition, and these two cases provide the range of solutions as interface roughness
varies from smooth to rough.

Initially, with interface and without interface cases are compared, and finally
the behavior of rough and smooth interfaces are compared. Interface element
number 59 (Fig.8.3b) is chosen to compare stress and volumetric behavior of the
interface. Among the four gauss points of vertically oriented element 59, the stresses
and strains on the gauss point which is lowest and closest to the pile face is utilized
for comparison. The value of stresses and strains are found to be virtually equal
at all four gauss points in an interface element when interface element (6 noded
element assigned to interface model) is used. However, values of stresses and strains
on the gauss points closer to the pile face represent better the behavior when 8

noded solid element is used for the interface.

8.2.4.1 Comparison of Pile Behavior: With and Without Interface

Shear transfer, normal behavior and deformation mechanism of the pile are

considered here in order to evaluate the effect of using the interface model. In
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this context, results are compared from the analysis performed with interface and
without interface.

Variation of shear stress with time (or number of loading cycle) and hys-
terises loop are shown in Fig.(8.4a) and (8.4b), respectively for both cases namely
with and without interface. In the case of with interface, the ultimate shear stress
decreases initially the reaches steady value with the progress of loading cycle. On
the other hand, the ultimate shear stress essentially remains constant with cyclic
loading for the without interface case. Notice that the forward direction shear
stress is apparently higher than the backward shear stress for the without interface
case, whereas forward and backward shear stresses are equal in the case of with
interface. Figure (8.4) also indicates that the without interface case over estimates
the shear stress in comparison with the with interface case. In reality, the inter-
face zone is weaker than the mating bodies that constitutes the interface; and this
characteristics is very well modeled by the with interface case as shown in Fig.(8.4).

The normal stress and volumetric strain characteristics are depicted in
Fig.(8.5). In the case of with interface, the normal stress increases initially then
decreases and finally reaches a steady value. Meanwhile, the volumetric strain (di-
lation) increases initially then decreases by becoming contractive and finally the
compaction reaches a steady value. However, in the case of without interface, the
steady state volumetric strain is dilational, and the normal stress is larger than
the initial normal stress and oscillatory in nature with cyclic loading. Figure (8.6)
shows the variation of volumetric strain with shear strain 4. The cyclic compaction
observed in the experiments on the interface is very well reflected in the case of
with interf_'ace, whereas the volumetric behavior in the case of without interface
is contradictory to the laboratory observation. This observation also validate the
use of the interface model to appropriately model volumetric behavior. The 6,
model used in the case of without interface is essentially isotropic hardening and

non-associative. The cyclic behavior, especially cyclic compaction, is not built in
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this model. More over, this model is developed for dense sands thus exhibits
dilational behavior even during cyclic loading. This explains the failure of without
interface case to capture some of the essential ingredients of the cyclic behavior

such as cyclic compaction.
Figure (8.7) shows the vertical displacement along radial direction A — A

(Fig.8.3b) of the pile at various time intervals during the cyclic loading for with
(rough) and without interfaces. The Fig.(8.7) is enlarged and shown in Fig.(8.8).
These figures clearly show the concentration of vertical displacement (or relative
slip) within the interface zone for the case of with interface. Such localized effect
is not dominent in the case of without interface, where the vertical displacement
gradually damped out in radial direction. Hence, the localized shear effect in the
interface zone is very well captured by the with interface case.

Based on the comparison between with and without interface cases, it is
observed that the use of interface model is essential in order to properly model shear

transfer, volumetric behavior and localized relative slip (shear effect) in interface

zone.

8.2.4.2 Comparison of Pile Behavior: Rough and Smooth Interfaces

The effect of roughness of interface on the response of pile is demonstrated
in this section by comparing pile behavior with rough interface (R, = 0.167 or
R = 0.902) and smooth interface (R, = 0.057 or R = 0.309). Figures (8.9a) and
(8.9b) show variation of shear stress with time (or number of loading cycle) and
hysteresis loop, respectively for rough and smooth interface cases. It is observed,
for the case of rough interface, the ultimate shear stress gradually decreases with
the increase of loading cycle and finally a steady state is reached approximately
after 11th cycle. In the case of smooth interface, however, the ultimate shear stress
virtually remains the same with the increase of loading cycle. Notice that the shear

stress for rough interface is always higher than that of smooth interface during the

entire loading cycle.
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The variation of normal stress and volumetric strain are illustrated in
Figs.(8.10a) and (8.10b), respectively for both rough and smooth interface cases.
The magnitude of normal stress increases in the initial stage for both the cases, and
during this stage the volumetric strain (dilation) also increases. While o decreases
subsequently and reaches a steady value, the volumetric strain changes from dila-
tion to compaction and finally reaches a steady state. Notice that the steady state
is reached quickly in the case of smooth interface compared to rough interface. The
reduction in the magnitude of normal stress at the end of 15th cycle is approxi-
mately 40% for the case of rough interface and this quantity is 14% for smooth
interface. Observe that both ¢ and volumetric strain oscilate during the process of
loading cycle, but oscilation is stronger for the case of rough interface. Interestingly,
the observation of the increase of o associated with dilation and decrease of o as-
sociated with compaction in Fig.(8.10), is similar to the characteristics observed in
the behavior of soil mass. Volumetric behavior is again depicted in Fig.(8.11) with
shear strain 7. The compaction observed at the end of 15 cycle for rough interface
is more than that for the smooth interface. The shear stress loop (Fig.8.9b) and
volumetric behavior (Fig.8.11) are similar to that of experimental data on cyclic
behavior of the interface.

Figure (8.12) shows the stress path for smooth and rough interface in (o, 7)
space during the loading cycle. Observe that the stress path in both the cases
oscilates within the envelope formed by the failure line. This indicates that the
interface, for both rough and smooth, reaches failure from the begining of cyclic
loading. The steady state reached during the process of cyclic loading is very well
demonstrated in the Fig.(8.12).

The vertical (or relative) displacement along the radial direction 4 — A
(Fig.8.3b) of the pile is shown in Figs.(8.7) and (8.13) at various time intervals dur-
ing the cyclic loading. Enlarged figures of (8.7) and (8.13) are shown in Figs.(8.8)
and (8.14), respectively for rough and smooth interfaces. The displacement is lo-
calized more in the interface zone for the case of smooth interface. In the case of
rough interface, the soil is dragged down vertically with the pile, whereas this effect

is not significant in the case of smooth interface. Figure (8.15) shows variation of
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shear stress on the gauss points, which lie just above line A — A (Fig.8.3b), along
radial direction. Here, acute variation of shear stress in the interface zone can be
observed clearly.

Apparently a decrease in shear stress (or softening behavior) is observed
during cyclic loading. This behavior is dominent for rough interface. The soften-
ing shear behavior of interface is due to the normal stress-volumetric behavior of
interface. The cyclic volumetric compaction causes the interface normal stress to
decrease, which during failure state causes the shear stress to decrease. This ex-

plains how normal stress-volumetric behavior of interface is coupled with the shear

stress transfer of pile-soil system.
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CHAPTER 9
SUMMARY AND CONCLUSIONS

v It has been identified in Chapter 1 that the nature and behavior of the
interface is an important phenomenon in the soil-structure interaction problems.
In order to obtain improved and reliable solution, use of proper interface model in
the solution method is essential. To this end, a constitutive model to describe the
essential features of the interface behavior is proposed. The model is implemented
in a finite element program to solve a boundary value problem. This chapter
summarizes the work described in the previous chapters, and presents conclusions

based on the findings from this study.
9.1 Summary

(1) A constitutive model based on elasto plasticity theory is proposed (Chapter
4) herein to describe the behavior of the interfaces under static and cyclic
loading conditions. The proposed model considers associative, nonassocia-
tive and strain-softening behavior in the hierarchical manner. The model
is a specialization of the generalized model developed for geologic (solid)
materials. A parameter called “interface roughness ratio, R” is defined in
order to model the interface behavior under different interface roughness.
Similarly, a cyclic parameter §2 is introduced to simulate the cyclic volu-
metric behavior of the interfaces. Altogether ten parameters are required
to represent static loading. And an additional parameter (2) is required to
define cyclic behavior of the interfaces.

(2) Model parameters are determined (Chapter 5) using data from laboratory
test on the interfaces. Verification of the proposed model is performed by

comparing the model predictions with the experimental values of shear stress
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ratio (7/0) and volumetric behavior of sand-steel and sand-concrete inter-
faces under various roughnesses, normal stresses and initial densities of sand.
Analysis of the model characteristics related to the volumetric and strain-
softening behavior are presented. The model prediction at constant volume
condition and the effect of the displacement amplitude during cyclic loading
are discussed.

A new algorithm for the drift correction is proposed (Chapter 6) and used
for the integration of elasto plastic constitutive relation of the interfaces to
perform back predictions. Performance of the algorithm is compared with
the existing algorithms. Using Lyapunov’s Stability Theorem, it is proved
that the proposed algorithm is stable.

The proposed model for the interface is implemented in a nonlinear dynamic
finite element code to solve a boundary value problem involving dynamics
of an axially loaded pile (Chapter 8). The pile problem is solved for three
cases namely; (a) without interface, (b) with interface (or rough interface),

and (c) smooth interface.
Conclusions

Comparison of model prediction (Chapter 5) with the data obtained from
experiments on the interface indicates that the proposed model performs
well. Predicted stress ratio (7/¢) compares well with the observed behav-
ior, and the predicted volumetric behavior is satisfactory. The predicted
volumetric behavior shows general trend of the the observations such as
dominent dilational behavior of rough interfaces under monotonic loading,
and cyclic compaction. It is found that the proposed model can simulate
interface behavior under various roughnesses, normal stresses, initial densi-
ties of sand, interface materials such as concrete, steel and types of sand,

and the effect of displacement amplitude during cyclic loading.
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Model parameters are related to various physical states during the inter-
face deformation. The model prediction is found to be sensitive for the
parameters pp, lo, £, and Q.

The proposed drift correction algorithm (Chapter 6) for constraint condition
is efficient and stable. Due to the generality, the algorithm can be applied
for any type of constitutive models. The performance of the algorithm is
yet to be seen in a hybrid formulation based finite element solution for a
boundary value problem.

It is observed (Chapter 8) in the comparison between with and without
interface cases that the use of interface model is essential in order to properly
model shear transfer, volumetric behavior and localized relative slip in the
interface zone.

The rough and smooth interface cases (Chapter 8) indicate degradation
of shear transfer from pile to soil, and volumetric compaction during the
progress of cyclic loading of the pile. The shear stress and volumetric com-
paction reach a steady value during the process of cyclic loading. The stress
path of the interface for rough and smooth interface shows that the interface
reaches failure from the begining of the cyclic loading. The degradation of
shear stress on the interface is due to the coupling effect of the normal stress-
volumetric behavior with the shear behavior of the interface. In conventional
method, load capacity of the pile is calculated by using two quantities; ini-
tial normal stress on the pile and skin friction coefficient. This method does
not provide information on the load-displacement behavior of piles. The
method presented here offers clear understanding of the load transfer mech-
anism and gives improved solution procedure to compute load-displacement

behavior of piles over the conventional method.
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APPENDIX A
DETAIL OF NONASSOCIATIVE MODEL

Detail of nonassociative model (§,) for solids such as soils and concrete

(Desai et al., 1986) is briefly described here.
The yield and potential functions are defined as

F=Tlp—(~aJ? +4J2)(1 = BS,)™ = Jop — FsF, =0 (A.1)
Q= Jap — (—aQJ} +7J)(1 - BS,)™ #0 (4.2)

Here, J is the first invarient of stress tensor ¢;j;; Jop and Js3p are the second and
third invarients of deviatoric stress tensor, Si; = 0i; —3J16i;; 6i; is Kronecker delta;
Sy = (5@ YWsp/Ji5; 7,8 and m are material parameters related to ultimate or
failure state of material; n is a parameter related to phase change of the material

from contraction to dilation; hardening function « and growth function ag are

defined as

a= 5711 v (A.3)
ag = a+k(a, —a)(l- E?V (A.4)

where, a; and 7; are material parameters; « is a material parameter related to
the volumetric response; «, is the value of growth function at the end of (initial)
hydrostatic loading; £ and £y are trajectory of plastic strain increment and plastic

volumetric strain increment, respectively, and defined as
€= /(defjdegi)llz; v = /(def’,-de;-’j)ll2 (4.5)

The incremental plastic strain defj is given by (normality rule):

0Q
P \—t
dej; = '\60',-,' (A.6a)

where
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oF ..
\— P73 Cijki dext

(A.6b)
‘(%% tura%f"; -H
and
i OF 8a 8Q (A6¢)

= B0 9eP. Do
aa aeij 60’ 3]
Here, dey; is the incremental strain. The incremental stress-strain relation is given

by

doi; = Cly den (A.7a)
where .
oF
CeRy = Cijut - "’3"9’:0""'" 7D Crakt (A.75)
90,, Cturaﬁ,'—u - H

Here, C’fﬁ, and Cj; represent elastoplastic and elastic constitutive matrix of the
material, respectively. The Eq.(A.7a) can be used in the Eq.(7.3e) to formulate

stiffness matrix for elements representing soil.
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