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ABSTRACT 

An approach to the problem of approximating a continuous probability dis

tribution with a series in orthogonal polynomials is presented. The approach is 

first motivated with a discussion of theoretical distributions which are inherently 

difficult to evaluate. Additionally, a practical application which involves such a dis

tribution is developed. The three families of orthogonal polynomials that pertain 

to the methodology - the Hermite, Laguerre, and Jacobi - are then introduced. Im

portant properties and characterizations of these polynomials are given to lay the 

mathematical framework for the orthogonal polynomial series representation of the 

probability density function of a continuous random variable. This representation 

leads to a similar series for the cumulative distribution function; which is of more 

practical use for computing probabilities associated with the random variable. It 

is demonstrated that the representations require only the moments and the do

main of the random variable to be known. Relationships of the Hermite, Laguerre, 

and Jacobi series approximations to the normal, gamma, and beta probability dis

tributions, respectively, are also formally established. Examples and applications 

of the series are given with appropriate analyses to validate the accuracy of the 

approximation. 
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CHAPTER 1 

INTRODUCTION 

1.0 Introduction 

The subject of probability encompasses a multitude of topics ranging from the 

simple combinatorial analysis of coin tossing and lottery prizes to the complex 

philosophical arguments between the different factions of frequentists and Bayesians 

over the definition of probability itself. Within this vast framework of probability, 

the concept of a random variable is a cornerstone in both theory and applications. 

The ability to evaluate the probability density function or cumulative dis

tribution function of a random variable allows us to compute desired probabilities 

and draw quantitative conclusions about the matter at hand. This has led to 

widespread use of random variables which have probability density and cumulative 

distribution functions which are mathematically convenient. Unfortunately, many 

common random variables do not have convenient formulas, especially in the case 

of the cumulative distribution function, which is typically of more practical value 

than is the probability density function or the probability mass function. 

In the past, tables have been· published for some of these distributions. For 

example, the literature contains extensive tables of the incomplete gamma and 

beta functions, which can be used to compute probabilities associated with gamma 

and beta random variables. The availability of modern computers has made the 

use of tables obsolete in many cases, but even today elementary probability and 

statistics textbooks contain tables for the standard normal, student-t, chi-square, 

and F distributions. 

Nevertheless, there remains a large class of random variables which are not 

convenient to work with and have no available tables. Various techniques have been 

developed for these cases. It is the aim of this dissertation to discuss and apply 

one such technique. A method of approximating probability density and cumulative 

distribution functions with orthogonal polynomial series is presented. We develop 

the existing techniques more fully, explaining the relationships of the series to com

mon probability distributions. To motivate the need for the technique, we discuss 
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two examples. We restrict the discussion to continuous random variables. Hereafter 

any reference to random variables assumes the random variable is continuous unless 

otherwise stated. 

1.1 Motivational Example 

It is not difficult to construct random variables whose probability density function or 

cumulative distribution function is computationally intractable. Such variables can 

arise from simple algebraic functions of other random variables. For example, given 

two independent random variables X and Y with respective probability density 

functions ft(x) and J2(y), it can be shown (see, e.g., Hoel, Port, and Stone [1971]) 

that the probability density function h(z) of the random variable defined by 

is given by 

z= y 
X 

h(z) = I: Ixlft(x)J2(xz) dx, -00 < z < 00. 

[1.1] 

[1.2] 

While special cases of this integral are known, in general the integral is difficult to 

evaluate. Consider the case where X '" gamma( a,,B) and Y '" beta( c, d). Using 

the known density functions 

yC-l(1_ y)d-l 
h(y) = B(c, d) ,O<y<l, [1.3] 

the expression becomes 

h(z) = xc+Ct - 2e-.BX (1 - xz)d-1dx, 
,BCt zc-l loo 

r(a)B(c,d) 0 
0< z < 00, [1.4] 

an unwieldy form to evaluate. Although X and Y both have well-studied distri-

butions, the probability density function of the random variable defined by their 

quotient is neither commonly known nor easily found. Similar random variables 

are easily constructed using combinations of sums, differences, quotients, products, 

and powers of common random variables. While theoretical results exist to find 

the probability density function, in practice the required computations are often 

impractical. Further difficulties are encountered when attempting to determine the 

cumulative distribution function. 
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Probability density functions from Bayesian probability models also can be 

inordinately cumbersome to evaluate. Berger [1985] states that in general the pos

terior probability density function is not easily calculable and gives an example 

requiring numerical integration. He notes that, a large part of the Bayesian liter

ature is devoted to finding conjugate priors because their posterior distributions 

have convenient forms. The next section introduces a Bayesian traffic model which 

incorporates distributions from conjugate families, but requires evaluating the dis

tribution of their product, which proves to be as difficult as the case of quotients 

given above. This model will be described in further detail in Chapter 5, where a 

specific example is solved using a series in orthogonal polynomials. 

1.2 A Bayesian Traffic Conflicts Model 

The probabilistic model we describe is designed to approach the general problem 

of evaluating the accident rate at a given traffic site or intersection. Specifically, it 

addresses the problem of attempting to evaluate a change in the accident rate after 

modifications have been made to the intersection in order to improve its safety. 

Thus, it is assumed throughout that the original accident rate is known to be 

dangerously high. To determine whether or not the improvements were successful, 

we wish to quantify the degree of success of the efforts made. 

Current techn:'lues for undertaking such a 'before and after' study require a 

minimum of two years worth of accident data before an accurate assessment of any 

change in the accident rate can be made. In an effort to decrease this lengthy time 

requirement, researchers have proposed using traffic conflict information. Glauz, 

Bauer, and Migletz [1985] note that there is no generally accepted definition of 

a traffic conflict, but give one developed by the Institute of Transport Economics 

[1977]: 

A traffic conflict is an observable situation in which two 

or more road users approach each other in space and 

time to such an extent that there is a risk of collision if 

their movements remain unchanged. 
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Traffic conflicts and their potential uses have been studied in the literature for 

more than twenty years. The potential advantage of using conflict information lies 

in the frequency of conflicts relative to accidents. While accidents occur only rarely, 

conflicts can be observed on a daily basis. Once a relationship between conflicts 

and accidents is established, it is possible to discover information about the accident 

rate through the study of conflicts. 

Such a relationship is implied by the above conflict definition. If every conflict 

is associated with a 'risk of collision,' then every conflict has a positive probability 

of becoming an accident. This forms the basis of the model - the link between 

conflicts and accidents is contained in the assumption that accidents arise from 

conflicts. Formally, we let P represent the probability that a conflict becomes an 

accident. Often this is called the accident-to-conflict ratio in the literature. Rather 

than determine a point estimate of this probability, we model it as a random variable 

and seek its distribution. 

We also require information about the number of conflicts that occur. We 

let .xc represent the conflict rate at the site, and as with P, we model it as a random 

variable. In the Bayesian structure of the model, we construct distributions for 

P and .xc before any improvements are made. These are the prior distributions. 

The method of constructing these priors is given in Chapter 5, where we discuss the 

theoretical and practical merits of modeling P and .xc with beta and gamma random 

variables, respectively. One advantage of these choices lies in the fact that beta and 

gamma distributions belong to conjugate families, which allows easy computation 

of the posterior distributions from post-improvement conflict and accident data. 

To make probabilistic inferences about the post-improvement accident rate 

.xo, we need a formal relationship among the random variables .xc, P, and .xo. 
Assuming for an instant the degenerate case where .xc and P are constants, say ..xc 
and P (in the model, a - over a letter indicates the variable is a random variable), 

we know the post-improvement accident rate can be found as the product p..xc of the 

post-improvement accident-to-conflict ratio and the post-improvement conflict rate. 

In the more general case where these variables are no longer constants, but rather 

take on probability distributions, it is clear that for any realization of P and .xc the 
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product relationship will still hold. Thus, the relationship of the post-improvement 

accident rate .xa to these random variables is expressed as 

[1.5] 

It is reasonable to assume that the proportion of conflicts that become accidents 

does not affect the conflict occurrence rate and vice-versa. Formally, this becomes 

an assumption of independence of the random variables P and .xc. The task we face 

is that of finding the probability density function of the product random variable 

.xa when the probability density functions of P and .xc are known. Although both 

of the distributions have the advantage of belonging to conjugate families and have 

convenient posterior formulas, the evaluation of the distribution of their product 

is difficult. The problems associated with finding the probability density function 

of this product random variable are discussed in more detail in the next chapter, 

which reviews several potential approaches. 
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1.3 Description of Dissertation 

Techniques for evaluating the probability density and cumulative distribution func

tions of the random variables from the last two sections are presented in a literature 

review in Chapter 2. The requirements, advantages, and disadvantages of these 

techniques are discussed in order to give perspective to an orthogonal polynomial 

series approach, which is developed as the body of the dissertation. 

The orthogonal polynomial series approach is outlined in Chapter 3. Defini

tions and basic properties of orthogonal polynomials are given, and series represen

tations for probability density and cumulative distribution functions of a random 

variable are provided in a general framework. 

The mathematical framework of Chapter 3 is specialized in Chapter 4 for 

each particular orthogonal family - the Hermite, the Laguerre, an~ the Jacobi poly

nomials. Individual orthogonality relations, norms, weighting functions, and series 

representations are given in each case, and the relationship of each family to a 

common probability distribution is formally established. 

Chapter 5 discusses the applications of the theory presented in Chapter 4. 

The traffic model introduced earlier is developed in further detail and used as an 

example for the extended Laguerre series. Examples for Hermite and Jacobi series 

are also given. 

Chapter 6 summarizes the conclusions of the work and discusses future re

search. Technical material which would disrupt the continuity of the development 

is contained in appendices. 
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1.4 Summary of Contribution 

Throughout the text of the dissertation, results not prefaced with references from 

the literature represent original work. These contributions are summarized as fol

lows. The general representation of the cumulative distribution function of a random 

variable X provided in Chapter 3 in terms of the weighting function and Rodriguez' 

formula of the classical orthogonal polynomials and the moments of X is new. The 

specific representatiC"as of the probability density and cumulative distribution func

tions of X given ir. Chapter 4 for the extended Laguerre and Jacobi polynomials 

are also original. The Hermite polynomial series expansions are available in the 

literature, as are expansions in the generalized Laguerre polynomials and the Leg

endre polynomials, which are special cases of the extended Laguerre and Jacobi 

polynomials, respectively. The parallel development of the three polynomial fami

lies, their series expansions as applied to probability, and their formal relationships 

to the normal, gamma, and beta distributions represents a more comprehensive and 

complete view of the role of orthogonal polynomials in the field of applied proba

bility than has previously been presented. Additionally, the traffic conflict model 

introduced in Chapter 1 and used in Chapter 5 as an application extends models 

from the current literature of traffi~ engineering. The consideration of the entire 

distribution of the mean accident rate generalizes previous work, which considers 

only the first two moments of the mean accident rate. 
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CHAPTER 2 

LITERATURE REVIEW 

2.0 Probability Density Function Evaluation 

Many techniques exist for evaluating the probability density function of a random 

variable. We review the prevalent methods in the literature, with particular em

phasis on those applicable to the traffic conflict problem from Chapter 1. Because 

this problem involves a random variable defined as a function of other random vari

'ables, much of the review is focused on techniques pertaining to this special case. 

Advantages and limitations of the techniques are discussed both to give a broad 

perspective and to motivate the use of orthogonal polynomials. Additionally, a 

review of the traffic conflict literature is included as background material for the 

application in Chapter 5. 
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2.1 Direct Methods 

One method available for the evaluation of the probability density function of a ran

dom variable defined by a sum, difference, product, quotient, or power of a given 

random variable is by direct integration. The most commonly encountered case is 

the convolution integral for the sum of two random variables. Given two indepen

dent random variables X and Y with respective probability density functions h (x) 

and h(y), the probability density function h( z) of the random variable defined by 

Z = X + Y is given by 

h(z) = I: h(x)h(z - x)dx = I: h(z - y)h(y)dy, -00 < Z < 00. [2.1] 

It is possible to compute this integral in many cases, especially when X and Y 

are identically distributed. Results for sums of normal, chi-square, Cauchy, and 

gamma (with identical scale parameters) random variables can be derived from 

their convolution integrals. 

These cases suggest the possibility of an analogous integral for products of 

independent random variables. Indeed, such an integral exists. The probability 

density function h(z) of the random variable Z = XY is 

h( ) 
_jOO h(~) hey) d 

z - I I y 
-00 y 

_jOO hex) h(~) d 
- I I x. 

-00 x 
[2.2] 

Unfortunately, as with the quotient case of Chapter 1, convenient forms of this 

integral do not exist except in trivial cases. For the traffic application, if we let 

h(Aa), h(Ac), and h(P) be the probability density functions for, respectively, ~a, ~c, 

and P, [2.2] becomes 

[2.3] 

where hand h are the probability density functions for gamma and beta random 

variables, respectively. The difficulties of evaluating this integral lead us to consider 

other approaches. 
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2.2 Mellin Transforms for Products and Quotients 

Epstein [1948] pioneered the use of the Mellin transform for finding probability den

sity functions of products and quotients of independent random variables. Because 

the Mellin transform is central to the study of products and quotients of random 

variables in the literature, we discuss it at some length here. The Mellin transform 

of a function f( x) is defined as 

M[J(x)j s] = 100 

xs
-

1 f(x) dx = 1*(s). [2.4] 

In general, s is allowed to be complex. Churchill [1972] notes that if f(x) is sec-

tionally continuous over each bounded interval of the positive axis and (j is the real 

part of s, then the transform exists if f(x) is O(x-m ) and 0 < (j < m. The inverse 

Mellin transform exists under these conditions as the complex inversion integral 

1 l k
+

ioo 

f(x) = -. x-s 1*(s) ds. 
27rz k-ioo 

[2.5] 

Two properties are needed to derive the Mellin convolution formula for the Mellin 

transform of the distribution of the product of two independent random variables. 

The first follows from the definition as 

and the second by letting x = I in the defining integral: 

100 

xs
-

1 f(kx}dx = k- S 100 

us
-

1 f(u)du, 

which we write as 

M[J(kx)js] = k-S1*(s). 

Using both properties [2.6] and [2.8], we can write 

M[l°O yaft(~)h(Y)dyjS] = 100 

zS-l(l°O yaft(~)h(Y)dY) dz 

[2.6] 

[2.7] 

[2.8] 

= 100 

ya h(y)dy 100 

zS-1 ft (~)dz [2.9] 

= 100 

ya+s h(y)dy 100 

wS-1ft(w)dw, 
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or 

M[ 100 
ya!l(~)f2(Y)dYjS] =f;(a+s+1)fi(s). [2.10] 

For the special case a = -1, this reduces to 

M [
[000 !l(i)yf2 (Y) dy ] 10 = fi(s)f2(s). [2.11] 

This is usually used in the inverse form 

M-1(fi(s)f;(s)j y] = [00 !lei) hey) dy. 
10 y 

[2.12] 

Comparing this to the integral in [2.2], we see it is equivalent for functions defined 

on the positive axis and therefore 

M[h(z)j s] = res) = M[!l(x)j s] M[f2(y)j s] = Ii(s) f2(s). [2.13] 

Thus, the Mellin transform of the density function of the product of two indepen

dent nonnegative random variables is the product of the Mellin transforms of each 

component density. 

It is possible to derive an analogous expression for the case Z = X/Y, where 

X and Yare both nonnegative, by writing Z = X(l/Y) and applying the product 

property. Epstein [1948] presents this case, showing that 

M[h(z)js] = res) = M[!l(x); s]M[f2(y); -s + 2] = fi(x)f2( -8 + 2). [2.14] 

As with Laplace transforms, tables are available for transforms of common functions. 

Unfortunately, Mellin transforms are not as fully tabulated as Laplace transforms 

and can be difficult to invert in practice. For example, for the traffic conflict model, 

the Mellin transforms of the probability density functions of >:c and P are found to 

be, for a gamma(a,,8) and a beta(c,d) random variable, respectively, 

• ,8(1-a) r(a - 1 + s) 
hJs) = rea) [2.15] 

and 
res) = r(c+d) r(c+s -1). 

p r(c+d+s-1)r(c) 
[2.16] 
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Applying the product property [2.13], we find the transform of .\a to be 

f'! (8) = ,B(l-s)r(a -1 + 8) r(c + d) rcc + 8 - 1) 
,\" rea) r(c + d + 8 -1) rcc) 

[2.17] 

While each component transform is well-known, this last transform is not directly 

available in, for example, Oberhettinger [1974], and is difficult to. .invert using the 

complex inversion integral. We will discuss another method of inverting this trans

form in the next section. 

Several special cases of products and quotients of independent random vari

ables are available in the literature. Jambunathan [1954] presents examples for the 

product of n independent beta distributions and relates specialized gamma distri

butions to a beta distribution as well. Wells, Andersen, and Cell [1962] consider 

the product of two central or non-central chi-square variates and apply the result 

to the product of two complex random variables. Springer and Thompson [1964] 

construct tables of both the density and cumulative functions for the product of 

two, three, and six independent standard normal random variables. Rider [1965] 

derives the density for the product and quotient of two independent Cauchy ran

dom variables with a direct approach, while Springer and Thompson [1966] use the 

Mellin transform to confirm that result. Additionally, they produce a formula for 

the density of the product of n independent specialized beta variables and consider 

products of up to ten Cauchy factors and standard normal distributions up to seven 

factors, confirming previous results. 

Lomnicki [1967] refines Springer and Thompson's research by simplifying 

their formulas for standard normal products. He develops the relationship be

tween their work and other distributions, including the exponential, gamma, and 

Weibull. Finally, he demonstrates how Mellin transforms can be applied to prod

ucts of random variables with identical distributions but differing scale parameters 

with specific examples for the exponential and centralized normal distributions. 

Springer and Thompson [1970] find that in many cases, the probability den

sity function for products of random variables can be put in the form of a Meijer-G 
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function (a generalization of the hypergeometric functions a Fb) multiplied by a nor

malizing constant. As the Meijer-G function is not well known, we provide the 

definition in the form of the following contour integral: 

G;:t (z I al,a2,···, ap ) = 
bl, b2 , •• • ,bg 

1 l W+iOO 
-8 IlT=1 res + bj) IIi=l r(1 - aj - s) 

-. . z IIP ( .) IIg (b.) ds, 
27l'Z W-IOO j=n+l r s + a] j=m+l r 1 - ] - s 

[2.18] 

where the poles of the integrand must be simple, w is a real constant defining a 

Bromwich path separating the poles of res + bj) from the poles of r(1 - ak - s), 

and any empty product IIi:: is defined to be one. Springer and Thompson use 

the Meijer-G function to extend their previous work on products of specialized beta 

variates to the general case, and consider other densities including the centralized 

normal, specialized gamma, and a mixture of M betas and M -N gammas. A closed 

form solution resulting from a simplification of the Meijer-G function is presented for 

the case of iid beta random variables. This confirms an earlier result by Lomnicki. 

In general, one disadvantage of the Mellin transform is that by its very 

definition it is limited to nonnegative random variables. We note that extensions 

of it to include random variables defined on a negative support are found in the 

literature (see e.g., Epstein [1948] and Springer and Thompson [1966]), but these 

methods do not appear to have come into wide use. An advantage of the Mellin 

transform is derived from the fact that the moments of a random variable are easily 

found from it. From [2.4], we note that the rth moment of a nonnegative random 

variable Z with Mellin transform r(·) is given by 

[2.19] 

Thus, the mean and variance of Z can be found from 

E[Z] = 1*(2) , Var[Z] = 1*(3) - U*(2»2. [2.20] 
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2.3 Laplace Transforms 

The use of Laplace transforms for finding distributions is most convenient in the 

case of sums of independent random variables. From the convolution formula in 

[2.1], one can easily show that the Laplace transform of the probability density 

function h( z) of the sum of two independent random variables X and Y is given 

by the product of the Laplace transforms of the probability density functions of X 

and Y. We write this property as 

C{h(z)} = C{!I(x)}C{h(y)}, [2.21] 

where the Laplace transform of a function f( x) has the conventional definition 

C{f(x)} = f(s) = 10
00 

e-sx f(x)dx. [2.22] 

Because Laplace transforms are extensively tabulated in the literature, the trans

form of h( z) can often be inverted, yielding the desired result. It is also possible to 

find probabilities associated with the random variable Z directly from the Laplace 

transform itselfj for recent work in this area, see Platzman, Ammons, and Bartholdi 

[1988]. 

The Laplace transform is less applicable for the product case Z = XY. 

However, Lew [1975] shows that under certain conditions, the following relationship 

exists between Mellin and Laplace transforms: 

r(1 - s)M[h(z)j s] = M[C{h(z)}j 1 - s]. [2.23] 

Thus it is theoretically possible to find the Mellin transform of h( z ), use the above 

relation to find the Laplace transform of h( z), and invert using tables of Laplace 

transforms or the method of residues to find the probability density function h( z) 

itself. Applying this method to the traffic conflict model, we find the Laplace 

transform of the probability density function of the random variable Xa to be 

r d 00 r(a+n) r(c+n)(5f)n 
C(f(Aa)] = (c + ) En=Q r(c+d+n)n! 

rea) r(c) 
-s 

= 2F l(aj Cj C + dj 73)' [2.24] 
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where 2Fl represents Gauss' hypergeometric function. To invert this, we use the 

extensive tables of Roberts and Kaufman [1966] and find the density of ~a is 

[2.25] 

where 

a+c-5 a+c-3 
Tl = T2 -2 ' - 2 

a - c - 2d + 1 a - c 
T3 = 2 ' and T4 = -2- [2.26] 

and W is the Whittaker function, which is defined in terms of the Kummer function, 

another hypergeometric function. The Kummer function can be approximated by 

rational functions, but the requirements are lengthy. As before, the difficulties 

associated with this undertaking lead us to consider other approaches. 

2.4 H-Function Distributions 

Fox [1961] introduced the H-function, an extremely generalized function which con

tains Gauss' hypergeometric, the confluent hypergeometric, and Bessel functions as 

special cases. By multiplying the function by a normalizing constant, the H-function 

produces probability distributions. Using Mellin and Laplace transforms along with 

the H-function, Carter and Springer [1977] generalize most previous work for many 

of the common distributions. They demonstrate that any product of independent 

random variables with densities that can be expressed as H-functions has a density 

that can also be put into the form of an H-function. As with the Meijer-G function, 

the H-function has a contour integral form. The definition Carter and Springer use 

IS 

[2.27] 

where 

o ~ m ~ q, 0 ~ n ~ p, 

ai > 0 JOT j = 1,2, ... ,p, f3i > 0 JOT j = 1,2, ... ,q, 
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and aj (j = 1,2, ... ,p) and bj (j = 1,2, ... , q) are complex numbers such that no 

pole of r(bj - f3js) for j = 1,2, ... , m coincides with any pole of r(l - aj + (Xjs) 

for j = 1,2, ... , n. C is a contour in the complex s-plane running from w - ioo to 

w + ioo such that the points 

for j = 1,2, ... , m and k = 0,1, ... and the points 

for j = 1,2, ... , nand k = 0,1, ... lie to the right and left of C, respectively. Carter 

and Springer note that the Meijer-G function is in fact a special case of the H

function (with (Xi = f3j = 1,i = 1,2, ... ,p,j = 1,2, ... ,q). The probability density 

functions that can be described using an H-function are numerous. They include 

the exponential, chi-square, gamma, beta, Wei bull, half-normal, Rayleigh, half

Cauchy, Maxwell, and the generalized hypergeometric. Carter and Springer further 

demonstrate that the same closure property of the H-function holds for quotients 

and rational powers of these densities. Eldred [1979] provides a technique and 

computer code to evaluate H-function distributions using the method of residues, 

and Cook [1981] refines the technique. Nevertheless, practical use of the H-function 

is tedious and involved because of its complexity. 
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2.5 Fitted Distributions 

The difficulties of evaluating the probability density or cumulative distribution func

tion of a given random variable may lead one to consider an approximation. The 

general idea is to find a distribution that is mathematically convenient and which 

closely 'fits' the desired distribution in some manner. Several techniques are de

scribed in the literature. 

Among the simplest and most often-used such techniques is analogous to the 

method of moments in statistical parameter estimation. Matching a given number 

of moments of the approximating random variable and the desired random variable 

is not difficult and can work well in practice for some purposes. The approximation 

is generally good for rough estimates, but because it is limited to using only the 

first few moments, information in the tails of the distribution is rarely captured. 

The Pearson and Johnson systems are similar in purpose to the method of 

moments, using as many as four of the moments of the desired random variable to 

determine an approximating distribution. Hill [1969] points out that the Pearson 

system is based on thirteen types of frequency curves, the first seven of which are in 

Pearson [1895]. The Johnson system is divided into three subsystems, which Kendall 

[1987] develops, citing Johnson [1949] as its main source. However, these systems 

are traditionally used to represent observational data, and neither is well-suited to 

computation of the cumulative distribution function. References and examples for 

these techniques and their extensions as well as other similar methods can be found 

in Kendall [1987]. 

Phase distributions represent another possible approximation. Neuts [1981] 

notes that the set of phase distributions is dense on the set of all probability dis

tributions on [0,00), which indicates the potential for approximation. While phase 

distributions exhibit a variety of shapes and have the advantage of being computa

tionally tractable, Neuts [1981] states no general approximation results are known. 
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2.6 Orthogonal Polynomial Series Expansions 

The earliest literature concerning orthogonal polynomial series expansions as they 

relate to probability appears to be centered on the Hermite (sometimes referred to 

as the Chebyshev-Hermite) polynomials. Kendall [1987] cites Charlier [1931] for 

investigating the roots of the Hermite polynomials, and mentions Charlier devel

oped (sometime in the early 1900's) a series utilizing these polynomials and the 

moments of a random variable to represent the probability density function. The 

series appears in the work of several authors, including, as Kendall [1987] notes, 

Chebyshev, Opperman, Gram, Thiele, and Charlier. The name now attributed to 

the series is the Gram-Charlier Type A series. (Charlier later developed a series 

expansion based on the Poisson-Charlier polynomials which is referred to as the 

Gram-Charlier Type B series.) Edgeworth [1904] approaches the problem from the 

viewpoint of elementary errors and derives a series equivalent to the Gram-Charlier 

Type A series using the cumulants of the random variable, which are easily related 

to the moments. Kendall [1987] restates Edgeworth's claim that for a finite trun

cation of the series his version gives a better representation of a probability density 

function because of the ordering of the terms. Cornish and Fisher [1937] also de

velop the series using cumulants, and by making the additional assumption that 

the rth cumulant is of order n 1- r proceed to derive a truncation using terms up to 

order n-2• Fisher and Cornish [1960] extend the series to more terms and apply the 

method to find percentile points of the X2 , Student-t, and F distributions. Draper 

and Tierney [1973] present further terms of the Cornish-Fisher series. 

The Laguerre polynomials, which Szego [1975] notes appear in Chebyshev 

[1859], can also be used to represent certain functio!ls with an infinite series. Ro

manovsky [1924] is cited by Hill [1969] for using the Laguerre polynomials in re

lation to the subject of probability. Hille [1926a] discusses the summability of 

Laguerre series, while Hille [1926b] and [1926c] proceeds to consider convergence 

properties of the series for special cases. Uspensky [1927] produces more general 

results than Hille. Szego [1975] (originally published in 1937) provides many the

orems, inequalities, and bounds concerning several different types of orthogonal 

polynomials, including the Laguerre family. Ralston [1965] suggests a more general 
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definition of the Laguerre polynomials. Hill [1969] develops a series representa

tion in these generalized Laguerre polynomials, but uses a more restrictive series 

in applications. Sumita [1984] uses Laguerre transforms (functions related to La

guerre polynomials) to determine the elements of the transition probability matrix 

of a linear growth birth-death process. He notes several applications of the proce

dure to applied probability and statistics, including the work of Keilson and Nunn 

[1979], Sumita [1979], Keilson and Sumita [1981]' Sumita [1981], Keilson, Nunn, 

and Sumita [1981], Sumita [1983], Keilson, Petrondas, Sumita, and Wellner [1983], 

and Keilson and Sumita [1983]. 

An early reference to the Jacobi polynomials is given by Szego [1975], who 

cites Jacobi [1859] for considering a special case of the Jacobi polynomials. The 

Jacobi polynomials have several special cases, the most notable being the Legendre 

polynomials. Shohat and Tamarkin [1943] present a Legendre series for the cumula

tive distribution function of a random variable defined on [0,1] when the moments 

are known, a result which they attribute to Hausdorff [1923]. Sansone [1959] gives 

a variety of properties and theorems associated with Legendre polynomials, and 

Szego [1975] develops the theory of the more general Jacobi family, noting their 

applicability for representation of a function defined on any finite interval. 



30 

2.7 Conflict Literature Review 

We now turn to the traffic conflict problem presented in §1.2. This section sum

marizes the literature pertaining to traffic conflicts. Traffic conflicts were first 

considered by Perkins and Harris [1968J, who define a conflict as "any potential 

accident situation" and suggest using conflicts as measures of accident potentials. 

They describe five main categories of traffic conflicts (left-turn, weave, cross-traffic, 

red-light violation, and rear-end) and several subcategories amounting to twenty 

different conflict situations in all. They outline a systematic method called the 

Traffic Conflicts Technique (TCT) for collecting conflict information and discuss 

data from thirty intersections. However, no statistical analysis is performed. They 

conclude that conflicts give insight into the basic causes of accidents and that 'be

fore and after' conflict counts can be used as a quick test of the effectiveness of 

engineering improvements. Baker [1972J reviews data from three Federal Highway 

Administration conflict studies performed in cooperation with the state highway 

departments of Washington, Ohio, and Virginia. Perkins and Harris' [1968J results 

are reinforced by Baker's conclusions that the studies support the idea that conflicts 

and accidents are associated and that conflict analysis can be used to evaluate spot 

improvements shortly after completion. Another conclusion is that the TCT is a 

faster and more reliable technique for the identification of safety deficiencies than 

conventional (accident-based) methods and thus should lead to low-cost improve

ments. 

Hayward [1972J points out one deficiency of previous conflict studies - the 

lack of a precise, quantitative definition of a conflict. Hayward supplies the needed 

definition through the "time-measured-to-collision" (TMTC), which is defined as 

the "time required for two vehicles to collide if they continue at their present speeds 

and on the same path." Filmed sequences from an intersection in Washington, D.C. 

are used to compute and study TMTC values. The conclusion is that a situation 

where the TMTC value is one second or less should be declared as a traffic conflict. 

Hayward suggests that observers could be trained to count these conflicts so that 

the extensive video equipment used in this study would be unnecessary. 
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Glennon et al. [1977] critique several conflict studies. They argue that many 

have claimed conflict information can be beneficial in connection with accident 

prediction, but no one has quantitatively shown any strong relationship between 

the two. As does Hayward [1972], they decry the lack of a precise definition of a 

conflict and place some of the blame for difficulties with conflict studies on this 

deficiency. They present three uses of a reliable traffic conflict measure: (1) to 

identify and rank locations for safety improvements, (2) to diagnose specific safety 

deficiencies at a location for the purpose of determining specific countermeasures, 

and (3) to measure the safety effectiveness of implemented countermeasures by 

using the before-and-after study technique. The first possibility is eliminated as 

not being a realistic use of conflict information - they claim traffic volume will 

suffice. Potential sample sizes for all three alternatives are computed and they 

conclude that none of the applications allow practical sample sizes. 

Zegeer and Deen [1978] find, in direct opposition to Glennon et al. 's [1977] 

claim, that traffic volumes accounted for only thirty percent of the variation in the 

number of conflicts. In a study of five intersections, the TCT method developed 

by Perkins and Harris is used in a modified form to evaluate the effectiveness of 

improvements. They advocate the use of conflict data as a base for choosing what 

improvements to implement and also as a follow-up measure to evaluate those im

provements. Hauer [1978] also refutes Glennon et. al. 's [1977] arguments by using 

data from a Canadian study to cast doubt on some of the assumptions on which 

Glennon et al. [1977] base their conclusions. This is one of the first papers to for

mulate a probabilistic model of conflicts. Hauer assumes conflicts occur according 

to a Poisson process with rate A, but A is modeled as a gamma random variable 

whose value changes daily. Appropriate confidence intervals and error probabilities 

are developed. 

Glauz and Migletz [1980] provide a conflict study for twenty-eight intersec

tions using thirteen basic types of conflicts. Their theoretical model has the true 

mean accident rate proportional to the true mean conflict rate (as in the model 

of §1.2). The main conclusions of the study are that the TCT is best suited "for 

diagnosis, improvement evaluation, and confirmation or denial of the presence of 
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safety hazards or operational problems at suspect locations," and that unless there 

are many observer errors, the use of conflict data is superior to the use of accident 

data when predicting the mean accident rate at a location. 

Williams [1981] discusses the inconsistencies among several conflict studies, 

including Perkins and Harris [1968], Baker [1972], Hayward [1972]' Glennon et al. 

[1977], and Zegeer and Deen [1978], and attributes these inconsistencies to the lack 

of a consistent definition of a conflict and widely varying methods of collecting 

conflict data. He suggests the possibility of predicting accidents from conflicts is 

limited even if standard definitions of accidents and conflicts can be adopted. On a 

positive note, Williams [1981] does state that the common claim that conflicts can 

be used to evaluate site improvements may hold some promise if an objective form 

of the TCT (like Hayward's TMTA approach) is used. 

Hauer [1982] attempts to refine the definition of a conflict, as well as def

initions for exposure and risk. A probabilistic model where every conflict has a 

probability P of becoming an accident is introduced, where P is unknown but con

stant. Thus the expected number of accidents at a site is formulated to be the 

product of P and the number of conflicts at the site. However, no method for using 

this relationship in an actual study is developed. 

Glauz, Bauer, and Migletz [1985] provide a study of forty-six intersections 

with twelve types of conflicts and a model in which the conflict rate follows a gamma 

distribution. Conflicts are compared with accident history to see which is better at 

predicting future accidents. Out of thirteen data sets, the accident-based measure is 

more precise in eight cases and the conflict-based measure is better in the remaining 

five cases. This difference is not statistically significant. The overall conclusion is 

that certain types of traffic conflicts are a useful source of data when estimating the 

mean accident rate at an intersection. 

Hauer and Garder [1986] consider the validity of the traffic conflicts tech

nique. The probabilistic model of Hauer [1982] is used and a technique for esti

mating the accident rate is deemed valid if it is unbiased and has "satisfactory" 

variance. The sources of variance are investigated; the variance of the accident-to

conflict ratio (P, the probability of a conflict becoming an accident) is found to 
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be the main contributor to the variance in estimating the accident rate. Examples 

using the method of moments and maximum likelihood are presented and tested 

with simulation. The method of moments is extremely simple to use but sometimes 

results in a negative variance which is then set to zero. The maximum likelihood 

estimator is found to be superior although it requires the use of a computer. The 

question of the validity of either method is left open as Hauer and Garder claim 

the "simulation experiments lead to the conclusions that both estimators appear 

unbiased," but never substantiate the statement analytically. 

Much of past work has been statistical in nature, but Hauer [1982] is one 

of the few to construct a probabilistic traffic conflicts model. In Chapter 5 we 

present a similar model which is more comprehensive in that the problems to which 

it can be applied are more general, and potential conclusions from the model are 

stronger. For example, our model can provide probability statements about the 

post-improvement accident rate based on its entire distribution. Previous models 

(such as Hauer [1982]) generally consider only the mean, or at most the mean and 

variance, of the post-improvement accident rate. 
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CHAPTER 3 

INTRODUCTION TO ORTHOGONAL POLYNOMIALS 

3.0 Overview of the Orthogonal Approach 

This chapter introduces orthogonal polynomials in a general manner, presenting the 

basic tools needed for the specific applications developed in the next chapter. The 

following sections define and explain the notation, properties, and functions associ

ated with orthogonal polynomials and their use in the representation of functions. 

Ultimately, we will use the polynomials to approximate the probability density func

tion or cumulative distribution function of a given random variable using a finite 

number of moments of the random variable. 

3.1 Orthogonality and Weighting Functions 

One of the more well-known techniques for function approximation involves the rep

resentation of the function using a Fourier series (Le., a linear combination of 8ine 

and cosine functions). In a similar fashion, one can approximate a function using 

linear combinations of orthogonal polynomi?.l functions. Such polynomial approx

imations are attractive because the polynomials retain some of the advantages of 

Fourier series (because of their orthogonality) and yet are computationally simple. 

The orthogonality of functions is based on a generalization of the dot product 

used in vector algebra. Whereas two vectors are said to be orthogonal if their dot 

product is zero, two functions are said to be orthogonal if the integral of their 

product is zero. Formally, we use the following definition. 

Definition (Beckmann [1973]) Let {Qo(x), Ql(X), Q2(X), ... } be a countable 

set of real-valued functions defined on [a, b]. The system {Qi}~o is said to 

be orthogonal over the interval [a, b] if 

for m =1= nj 

for m = n , 
[3.1] 

where tn is referred to as the norm of Qn(x) on [a, b]. 
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Additionally, we offer the following generalized notion of orthogonality, which will 

prove useful in our development of approximations of probability density functions. 

Definition (Beckmann [1973]) Let {PO(X),Pl(X),P2(X), ... } be a countable 

set of functions defined on [a, b]. The system of functions is said to be 

orthogonal over the interval [a, b] with respect to the weighting function 

w(x) if 
b· {O 1 w(x)Pm(x)Pn(x)dx = ' 

a h; # 0, 

for m # nj 

for m = n. 
[3.2] 

Clearly the definitions [3.1] and [3.2] are equivalent since a set offunctions satisfying 

[3.2] also satisfies [3.1] when 

[3.3] 

Formally, the notion of a weighting function is thus a matter of convenience. 

Nonetheless, certain restrictions are imposed on the weighting function. For ex

ample, since {Qil~o are real valued, [3.3J implies that 

w(x) ~ 0, for a ~ x ~ b. [3.4] 

Additionally, as Beckmann [1973J notes, for infinite limits it is necessary that 

lim w(x) = 0 
x--oo 

if a=-oo 

lim w(x) = 0 if b = 00 [3.5] x-oo 

lim w(x) = 0 if - a = b = 00. 
x-±oo 

Although there is a diversity of orthogonal functions and weighting functions, we 

consider the case when the elements of the set {Pil~o are polynomial functions. 
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3.2 The Classical Orthogonal Polynomials 

In our approximation of probability functions, we focus specifically on a few well

studied collections of polynomials known as the "classical polynomials." The clas

sical polynomials have a long and rich history in the literature of mathematics, 

physics, and probability, and their formulas, properties, and relationships are avail

able in standard references. For the purpose of completeness, we will develop them 

in some detail. There are two commonly used forms for the classical polynomials. 

The first, a direct expression, is 

N 

Pk(X) = rk I:: CiVi(X), [3.6] 
i=O 

which is found, for example, in Abramowitz and Stegun [1964]. The coefficient rk 

is typically a simple function of k, Ci is a combinatorial coefficient, Vi a polynomial 

function, and N takes on only two values, either k or [~], depending on the specific 

classical polynomial. We note that by convention, the polynomial Po(x) is always 

defined to be unity. 

An equivalent expression is called "Rodriguez' formula" after Rodriguez 

[1816], who as Sansone [1959] notes, derived it for the special case of Legendre 

polynomials. Rodriguez' formula involves successive differentiation: 

[3.7] 

where lk is a function of k, q(x) is l-x2, x, or 1, and w(x) is the weighting function. 

The form [3.6] is useful for determining the polynomials. However, in §3.5, we will 

see that Rodriguez' formula is more beneficial to our development. Explicit results 

based on both representations will be given in the next chapter for the classical 

orthogonal polynomials. In order to establish the relationships between the classical 

polynomials and probability density functions, we require a formal definition of the 

former. The definition below refines that of Beckmann [1973]. 
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Definition For a given interval [a, b], a system of orthogonal polynomials is 

said to be "classical" if, in addition to satisfying conditions [3.4] and [3.5], 

the weighting function w( x) satisfies the differential equation 

w'(x) I(x) 10 + IIX 10 + IIX 
w(x) = /3(x) = /30 + /3Ix + /32x2 = (x _ a)6(a)(b _ x)6(b) ' [3.8] 

where 

{

I, for lui < 00; 

6(u) = 
0, for lui = 00. 

and 11 + k/32 =I: 0 for any positive integer k. 

[3.9] 

The classical polynomials prove especially useful in approximating probabil

ity functions because their weighting functions are directly related to well-known 

probability density functions. The following theorem, based on Beckmann [1973], 

suggests these relationships. 

Theorem 3.1. If {Pd~o is a classical system of orthogonal polynomials, the as

sociated weighting function must have one of the following forms: 

{ 

A(x - a)l!(b - x)" with lal < 00, Ibl < 00; 

w(x) = A(x - a)l!e-Bx with lal < oo,b = 00; 

Ae-B(x-C)2 with -a = b = 00, 

[3.10aJ 

[3.lObJ 

[3.10cJ 

where [a, b] is the interval of orthogonality and Il, v, A, B, and C are real numbers 

with the restrictions Il, v > -1, A, B > O. 

Proof. 

From the definition of a "classical" system, we see that there are four cases to be 

considered, depending on the magnitudes of a and b. 

(i) First, consider the case when lal < 00 and Ibl < 00. From [3.8] and [3.9], we 

have 6(a) = 6(b) = 1, and thus 

w'(x) _ 10 + IIX Il v 
w(x) - (x - a)(b - x) = -x---a - -b ---x' [3.11J 

where Il and v are constants. Integrating with respect to x yields 

In w( x) + K = Illn( x - a) + v In( b - x) [3.12J 



or 

w(x) = A(x - a)ll(b - X)II with A = e-K > o. 

The norm 

h~ = lb w(x)P;(x)dx ::j:. 0 

must exist for all n. When n = 0, Pn = 1, yielding 

h5 = A l b

(X - a)ll(b - x)lIdx. 
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[3.13] 

[3.14] 

[3.15] 

We make the linear transformation to the interval [0,1] with the substitution y = 

b=:. The integral becomes 

[3.16] 

which is a standard beta integral (see [3.21]) requiring Il, v > -1. For higher values 

of n, the restrictions are less stringent. 

(ii) Second, consider the case lal < 00 and b = 00. 

that o(a) = 1 and o(b) = 0, and thus 

From [3.8] and [3.9] it follows 

w'(x) ,0 + ,IX 

w(x) = (X - a) . 

Solving for w(x) in the same manner as above, we find 

w(x) = A(x - a)l-'e- Bx . 

[3.17] 

[3.18] 

It is again necessary that A> 0, Il > -1, and from [3.5] it follows that B > o. 
(iii) The case in which a = -00 and Ibl < 00 follows the argument of (ii) with the 

substitution of -x for x. 

(iv) Finally, if a = -00 and b = 00, o(a) = o(b) = 0 and thus 

w'(x) 
w(x) = ,0 + ,IX, 

which leads to 

w(x) = Ae-B(x-C)2 

where A, B,and C are constants with A, B > o ... 

[3.19] 

[3.20] 
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It is interesting to note that the weighting functions specified in Theorem 3.1 

agree with the functional forms of certain well-known probability density functions. 

To see this, suppose the weighting function in [3.10aJ is determined by a = 0, b = 1, 

J.I. = c - 1, v = d - 1, and the constant A = ~, where B( c, d) is the beta function 
U\c,UJ 

defined by the integral 

B(r,s) = 101 

t T
-

l(l_ tl-ldt, for r,S > O. [3.21J 

Then we have 
x C- l (l _ x)d-l 

w(x) = B(c, d) ,0 < x < 1, c,d> 0, [3.22J 

which is the probability density function for a beta random variable with parameters 

c and d. Similarly, if in [3.lObJ we let a = 0, J.I. = a-I, B = (3, and A = 1(:), where 

r(z) = 100 

tZ-1e-tdt, z > 0 [3.23J 

is the generalized factorial or gamma function, then the weighting function is the 

density function for a gamma random variable with parameters a and (3. Finally, 

in [3.10cJ let A = $' B = !, and C = O. Then w(x) is the density function for a 

standard normal random variable. 

The above result suggests a.convenient classification of orthogonal polyno

mials based on their interval of orthogonality. The families of classical polynomials 

.are naturally subdivided into three categories: the Jacobi polynomials, which are 

orthogonal over the finite interval [-1,1], the Laguerre polynomials, orthogonal on 

the semi-infinite interval [0,00], and the Hermite polynomials, orthogonal on the 

infinite interval [-oo,ooJ. Thus, we have three sets of orthogonal polynomials that 

can be paired with common probability density functions as weighting functions. 

We will make extensive use of these particular polynomials when approximating the 

distribution of a random variable; Chapter 4 presents a detailed development for 

each of these polynomials. The correspondence of the weighting functions of the 

Jacobi, Laguerre, and Hermite polynomials to the probability density functions of 

random variables defined over finite, semi-infinite, and infinite intervals will play 

a key role in the choice of the appropriate orthogonal polynomial with which to 

approximate. 
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3.3 Series Representation 

Before we construct orthogonal polynomial series expansions to represent probabil

ity density or cumulative distribution functions of random variables, we must intro

duce the basic concepts of square integrability, orthonormality, and completeness. 

These properties will be essential when using an orthogonal system to represent a 

function f( x) with a series of the type 

00 

f(x) = L dkPk(X)W(X). [3.24] 
k=O 

Not all functions f( x) can be represented by such a series, and the restrictions we 

must place on f( x) require formal definitions. Our development follows Sansone 

[1959]. 

Definition If f( x) is a function defined almost everywhere in the interval 

[a, b] and J: f2( x )dx < 00, then f( x) is said to be square integrable over 

[a, b]. When it is clear what the interval [a, b] is, we will say f(x) is square 

integrable. 

Definition A function f(x) that is square integrable over an interval [a, b] 

is said to be normal over [a, b] if J: f2(x)dx = 1, i.e., if f(x) has unit norm. 

Definition A system of functions {Pk} ~o which are orthogonal and normal 

over [a, b] is said to be an orthonormal system. The functions themselves are 

called orthonormal. 

Completeness is now defined using the above definitions. 

Definition A system of functions {Pd~o orthonormal over [a, b] is said 

to be complete over [a, b] when the only square integrable function which is 

orthogonal over [a, b] to all functions of the system is a function which is zero 

almost everywhere with respect to Lebesgue measure. 

One of the desirable characteristics of the classical polynomials is their completeness, 

as established by the following theorem. 
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Theorem 3.2. The orthonormal versions of the Jacobi, Laguerre, and Hermite 

polynomials are complete over the intervals [-1,1], [0,00), and (-00,00), respec

tively. 

Proof. For the Jacobi polynomials, see Szego [1975]. The Laguerre and Hermite 

cases can be found in Sansone [1959]. 

In Chapter 4 we introduce a generalization of the Laguerre polynomials called the 

extended Laguerre polynomials. Proof of the completeness of the extended Laguerre 

polynomials over the interval [0,00) is given in Appendix A. Completeness of an 

orthogonal system is important when we wish to represent a function with a series 

such as [3.24]. The properties of a complete system are contained in the following 

theorems. 

Theorem 3.3. If {Pdf:o is a complete system of orthonormal functions and f(x) 

is any square integrable function over [a, b] then the sequence fn(x), where 

with 

dk = ~b f(X)Pk(X)dx 

converges in the mean to f(x), i.e., 

lim [b [!(x) _ fn(X)]2 dx = 0. 
n-oo Ja 

Proof. See Sansone [1959]. 

[3.25] 

[3.26] 

[3.27] 

Theorem 3.4. If {Pk }f:o is a complete system of orthonormal functions over [a, b] 

and f( x) is any square integrable function over [a, b] then there exist partial sums 

of the series 
81 82 8n 

L dkPk(X), L dkPk(X), ... , L dkPk(X) [3.28] 
k=1 k=1 k=1 

which converge almost everywhere to f(x) as n -t 00. 

Proof. See Sansone [1959]. 
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Together, the completeness and orthogonality of the classical polynomials combine 

to provide us with a reasonable and computationally feasible technique for function 

approximation. The theorem below defines the coefficients {ddr:o that appear in 

the representation [3.24]. The corollary specializes the result for probability density 

functions. 

Theorem 3.5. Iff: [a, b] ~ ~ is a square integrable function over [a, b], {Pd~o 

is a sequence of polynomials orthogonal over [a, b] with respect to the weight

ing function w(x), f(x) = Lk:o dkPk(X)W(X) for all x E [a, b], and hk = 
1 

(J:[Pk(X)]2w(x)dx)!!, then for all k 

1 (b 
dk = h~ Ja f(X)Pk(X)dx. [3.29] 

Proof. 

Multiplying [3.24] by Pk( x) and integrating over the interval of orthogonality, we 

have 
b b 00 1 f(X)Pk(X)dx = 1 L dmPm(X)Pk(X)W(x)dx 

a a m=O 

00 b 

= .2: dm 1 Pm(x)Pk(x)w(x)dx. 
m=O a 

[3.30] 

From [3.2], the orthogonality of {Pd~o with respect to w(x) on [a,b] ensures that 

the integrals on the right hand side vanish whenever m =1= k. Thus, 

~b f(X)Pk(X)dx = dkh~, [3.31] 

and the result follows. 1'1 

Because Pk(x) is a polynomial function for all k, Theorem 3.5 immediately leads to 

the following corollary for probability density functions. 

Corollary 3.6. Let f : [a, b] ~ ~ be a probability density function for a random 

variable X that is square integrable over [a, b], and let {Pk}~o be a sequence 

of polynomials orthogonal on [a, b] with respect to a weighting function w(x). If 
1 

f(x) = Lk:o dkPk(X)W(X) for all x E [a,b] and hk = (J:[Pk(X)]2w(x)dx) ~, then 

dk can be expressed as a linear combination of the moments of X, for all k. 
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3.4 Weighted Mean Square Error Minimization 

Any practical implementation of the polynomial representation in [3.24] will require 

a truncation of the infinite sum, which induces an error in the approximation. If n 

polynomials are used, the series may be written as 
n 

f(x) = LdkPk(X)W(X) + E(n,x), [3.32] 

k=O 

where E( n, x) represents the resulting error in the approximation. The following 

theorem shows that the coefficents dk as determined by equation [3.29] minimize the 

weighted mean square error of the truncated series over the interval. An equivalent 

result is given by Jackson [1941]; however, we use a method of proof found in 

Beckmann [1973]. 

Theorem 3.7. Let f : [a, b] -t ~ be a probability density function for a ran

dom variable X that is ·square integrable over [a, b], {Pk }k:O be a system of poly

nomials orthogonal on [a, b] with respect to the weighting function w(x), and 
1 

hk = [J:[Pk(X)]2w(x)dx]~. 
Then the coefficients dk = ~E[Pk(X)] minimize the quantity 

k 

t/J( dI, d2 , • •• , dn ) = lb [~ -';w(x) t djPj(x )]2 dx. 
a W(X) j=O 

Proof. 

By setting the first partial derivatives equal to zero, we obtain 

:: = -21b [~ - ';w(x) tdjPj(X)] Jw(x) Pk(x)dx = O. 
k a w(x) j=O 

which yields 
b b n 

1 f(X)Pk(X)dx = 1 w(x) L djPj(X)Pk(X)dx 
a a j=O 

n b 

=> E[P.(X)] = ~dj 1. w(x)Pj(x)P.(x)dx = d.hi 

1 
=> dk = h2 E[Pk(X)]. 

k 

[3.33] 

[3.34] 

[3.35] 



We calculate the second partial derivatives from [3.34] to be 

a2'l/J lb acE = 2 w(x)[Pk(x)J2dx = 2h~ > 0, 
k a 
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[3.36] 

where the last term follows from [3.2]. Orthogonality of the polynomials ensures 

that all off-diagonal elements of the Hessian matrix are zero (corresponding to the 

mixed partial derivatives), and thus the Hessian is positive definite. This implies 

that 'l/J is convex, and thus the coefficients from [3.35] must minimize [3.33]. III 

Theorem 3.7 shows that for orthogonal polynomials the dk can be calculated 

independent of n, the number of polynomials used in the truncated series. Thus the 

coefficients minimizing the weighted mean square error for the finite series [3.32] 

are identical to those determined by the infinite series [3.24]. This property does 

not hold in general for non-orthogonal functions, as Beckmann [1973] notes. 

Some insight as to why the minimization property of Theorem 3.7 might be 

advantageous in the representation of probability density functions may be gained 

by writing the integral in [3.33] as 

[ 
12 [ ]2 b I() n bIn r ~_ - y'w(x) 2: dkPk(X)J dx = r -(-) I(x) - w(x) 2: dkPk(X) dx Ja w(x) 1.=0 Ja W x 1.=0 

= rb
[E(n,x)J2 dx , 

Ja w(x) 
[3.37] 

where E(n,x) is the error of the truncated series from [3.32]. As discussed in §3.2, 

the weighting functions for the classical orthogonal polynomials can be written as 

the probability density functions for gamma, beta, and standard normal random 

variables. In the case of a standard normal weighting function, the 'bell' shape of the 

standard normal probability density function suggests the integral in [3.37] above 

will be more heavily 'weighted' for large Ixl since it is inversely proportional to w(x). 

Because the function I(x) that we wish to represent is itself a probability density 

function, this further suggests that the truncated series approximation to I( x) may 

have small errors in the tails (large Ix!), a desirable attribute. For gamma and 

beta weighting functions, there is no fixed 'bell' shape, and the matter is unclear. 

However, in these cases, it is possible to select the weighting function parameters 
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and thus determine the shape of the weighting function. This is discussed further 

in the implementation of the approximating series in Chapter 5. 

3.5 Cumulative Distribution Function 

Knowledge of the probability density function, cumulative distribution function, 

or characteristic function of a continuous random variable X is sufficient to de

scribe X. However, in many applications, such as those described in Chapter 1, a 

tractable form for the cumulative distribution function is of the utmost importance. 

For example, evaluations of certain tail probabilities are most easily obtained from 

the cumulative distribution function. In the following theorem, we show that the 

orthogonal representation of the probability density function offers a convenient 

representation of the cumulative distribution function as well. 

Theorem 3.8. Let X be a random variable defined on [a, b] with probability den

sity function f(x), and let {Pk}k:O be orthogonal polynomials with respect to the 

weighting function w(x) on [a, b] satisfying Rodriguez' formula [3.7}. If f(x) is 

represented by the series expansion 
00 

f(x) = L dkPk(X)W(X) [3.38] 
k=O 

then the cumulative distribution function of X is given by 

F(x) = PIX :s x} = dolo i~ w(t)dt + ~ d,l, [;t:~ll [w(t)(q(t))' 1 [J, [3.39[ 

where lk and q( t) are determined from [3.7} for the specific family of polynomials. 

Proof. 

By definition, 

F(x) = l~ f(t)dt. [3.40] 

From the representation [3.38], 

[3.41] 
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Using Rodriguez' formula for Pk(t), we write 

[3.42] 

Finally, by separating the summation into two parts and integrating the last sum 

we obtain [3.39]. II 

In Chapter 4 we show that for a given random variable X, weighting function 

w( x), interval [a, b], and set of polynomials orthogonal with respect to the weighting 

function over the interval, the computation of the series [3.42] for F( x) (as in the 

case of the probability density function) requires that only the moments of X be 

known. Further simplifications are possible once the specific family of orthogonal 

polynomials has been determined. 
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CHAPTER 4 

THE THREE ORTHOGONAL POLYNOMIAL FAMILIES 

4.0 Introduction 

The use of the Hermite, Laguerre, and Jacobi polynomials in the approximation of 

probability distributions is presented in this chapter. Based on the general theory 

developed in Chapter 3, series expansions for the probability density function and 

cumulative distribution function of a continuous random variable are specialized for 

these polynomials, and the relationships of the polynomials to the normal, gamma, 

and beta distributions are formalized. In addition, we suggest a method for selecting 

the appropriate orthogonal system to apply in approximating a continuous random 

variable. 

4.1 The Hermite Polynomials 

Historically, the use of orthogonal polynomials in the approximation of random vari

ables originated with the Hermite polynomials. The series representation developed 

here is called the Gram-Charlier Type A series after J.P. Gram and C.V.L. Char

lier, although Kendall [1987] notes that others, including Chebyshev, had previously 

derived the series. 
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4.1.1 Definition and Rodriguez' Formula 

The Hermite polynomials {Hdf:o have two different definitions in the literature, 

one used primarily in mathematics and one used in probability theory. We require 

the probabilistic definition and use the following characterization from Abramowitz 

and Stegun [1964]. 

Definition The kth degree Hermite polynomial is defined by 

[4.1] 

where L . J is the greatest integer function. The conventional weighting function for 
2 

the Hermite polynomials is w(x) = e=f-. However, to emphasize the relationship 

of the Hermite polynomials to the standard normal density function, we use the 
2 

weighting function w(x) = keTo The introduction of the constant k is for 

convenience only; it does not affect the definition of the polynomials or the property 

of orthogonality. 

Rodriguez' formula [3.7] for Hermite polynomials is found from Abramowitz 

and Stegun [1964] to be 

lk dk [ k] (_1)k dk [1 _r
2

] 

Hk(X) = w(x) dxk w(x)(q(x)) = 1 e=F dxk J21re-r , 
v:;; 

k = 0,1, ... [4.2] 

Although [4.2] can be used as an alternate definition, its practical use in defining the 

polynomials is limited. We will use Rodriguez' formula when finding an expression 

for the cumulative distribution function of a random variable. We note for future 

reference that lk = ( _1)k and q( x) = 1 for all X. 
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4.1.2 Orthogonality and Norm 

As previously noted, the interval of orthogonality for Hermite polynomials is 

( -00,00). The orthogonality relation is relatively simple and can be found in several 

references (see, e.g., Kendall [1987] or Jackson [1941]). 
2 

Theorem 4.1. Ifw(x) = -b-eT and Hn(x) is defined as in [4.2J, then 
V 211" 

100 { 0, for m f= n; 
h~,n = -00 w(x)Hm(x)Hn(x)dx -

n!, form = n. 

Proof. See Kendall [1987]. 

[4.3] 

Comparing [3.2] and [4.3], we see that h; n = n! for the Hermite polynomials. The 
I 

construction of the series representation for a probability density function can now 

be undertaken. 

4.1.3 Probability Density Function Series Representation 

From Corollary 3.6, we know for a given random variable X whose density func

tion f(x) is square integrable over an interval [a,b], the sequence of coefficients 

required to define the series representation of the probability density function can 

be constructed from the moments of X. For a representation based on the Hermite 

polynomials, the series is 

00 

j(x) = 2::= dkHk(x)w(x). 
k=O 

Theorem [3.5] and [4.1] provide the coefficients 

1 
dk = k!E[Hk(X)] 

l~J (_1)m 
= ]; m!2m(k _ 2m)!J.lk-2m, k = 0, 1, ... 

[4.4J 

[4.5] 
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where J-li = E[Xi] is the ith moment of X. As an example, the first seven coefficients 

are tabulated below: 

k dk 
0 1 
1 J-l1 
2 ~( J-l2 - 1) 
3 1 J-l3 - 31l 1) 3! 
4 1 J-l4 - 6J-l2 + 3) 
5 f J-ls - 10J-l3 + 15J-lI) 51 
6 1 J-l6 - 15J-l4 + 45J-l2 - 15) 6! [4.6] 

Note that for odd k, dk is a function of the odd moments of X, and correspondingly 

for even k, dk is a function of the even moments of X. Thus, for a distribution sym

metric about zero, if the odd moments exist, they are zero and the odd coefficients 

dk are zero also. This is one representation of the Type A Gram-Charlier series. 

Alternative representations express the coefficients dk with the moments about the 

mean J-l~ = E[(X - J-ld i ], or using the cumulants of X, which can be related to 

either set of moments, or for a standardized random variable with zero mean and 

unit variance. See Kendall [1987] for these forms. 
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4.1.4 Cumulative Distribution Function 

In §3.5 we provide the general expression for the cumulative distribution function 

of X. The theorem below specializes that form for the Hermite polynomials and is 

equivalent to the representation provided in Kendall [1987]. 

Theorem 4.2. If the probability density function f( x) of a continuous random 

variable X has the Hermite polynomial representation 
00 

f(x) = w(x) L dkHk(X), [4.7] 
k=O 

where w(x) is the probability density function for a standard normal random vari-

able and 
1 

dk = k!E[Hk(X)], [4.8] 

then the cumulative distribution function of X is determined by 
00 

F(x) = <I>(x) - w(x) L dk Hk_l(X), [4.9] 
k=l 

where 
1 jX _t2 

<I>(x)= rn::: e2"dt, 
V 271" -00 

[4.10] 

the cumulative distribution function for a standard normal random variable. 

Proof. 

From Theorem 3.8, 

F(x) = lodo jX w(t)dt + f dklk [:kk~ll [w(t)(q(t)l][ ]. 
-00 k=l t 00 

[4.11] 

We previously noted lk = (_l)k, q(t) = 1 for all t, and do = 1. Since wet) is the 

standard normal density function, it follows that 

F(x) = <I>(x) + f dk( _l)k [~:~ll [w(t)] [00] . 
k=l 

Thus, from [4.2] 

and it follows that 
00 x 

F(x) = <I>(x) - Ldk [Hk_l(t)W(t)] 1-00' 
k=l 

Evaluating the argument in brackets yields [4.9] ... 

[4.12] 

[4.13] 

[4.14] 
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4.1.5 Relationship to Standard Normal Distribution 

From its form alone, [4.14] is clearly related to the standard normal distribution. 

The following theorem and corollary describe this relationship. 

Theorem 4.3. If X is a standard normal random variable, then each coefficient 

dk, k = 1,2, ... , n in the representation 
n 

F(x) ~ <p(x) - w(x) L dkHk-l(X) [4.15] 
k=l 

is zero, and the approximation is exact for all x. 

Proof. 

From [4.5], we have 

l~J (_I)m 
dk = L m!2m(k _ 2m)!J.lk-2m, k = 0,1, ... 

m=O 

[4.16] 

Since the standard normal distribution is symmetric about zero, its odd moments 

are zero and dk = 0 for odd k. Thus we need only consider even k. It can be shown 

(see Kendall [1987]' for example) the even moments of a N(O, 1) distribution are 

(2r)! 
J.l2r = -2r " r = 0,1, ... , r. 

which, when rewritten in the form 

(k - 2m)! 
J.lk-2m = I: k ' k - 2m = 0,2, ... , 

2"7-m ( 2 - m)! 

yields 
k/2 (_l)m 

dk = L I: k ' k = 2,4, ... 
m=O m! 2"2" (2 - m)! 

[4.17] 

[4.18] 

[4.19] 

We make the substitution j = ! and use the identity (~) = m!d~m)!' which yields 

d2j = ~ t(-I)m(j), j = 1,2, ... 
21). m=O m 

[4.20] 

The binomial summation is zero, establishing dk = 0 for all k . .. 

The normal distribution has the convenient property that if X '" N(J.l, (12), then 

Z = X;;/f ,..." N(O, 1). This leads immediately to the following result. 
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Corollary 4.4. If X is a normally distributed random variable with mean f.l and 

variance 0'2, then the approximation 

n 

F(z) = <p(z) - w(z) :E dkHk-l(Z) [4.21] 
k=l 

to the cumulative distribution function of the random variable Z = X;I' is exact 

for all z. 

4.2 The Laguerre Polynomials 

The Hermite polynomial series representation of a probability density function or 

cumulative distribution function is the one commonly found in the literature. How

ever, similar representations using the Laguerre or Jacobi polynomials can also be 

developed. This section describes such a development for the Laguerre polynomials. 

Although Chebyshev [1859] is the earliest appearance of the Laguerre poly

nomials in the literature, they are named after Edmond Laguerre, who, as Sansone 

[1959] notes, discusses them in Laguerre [1879]. We develop an extension of Hill 

[1969], who uses the conventional generalized Laguerre polynomials. 
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4.2.1 Definition and Rodriguez' Formula 

Two systems of orthogonal polynomials from the Laguerre family are found in the 

literature. The first, usually called the Laguerre polynomials, is a special case 

of the second, which are the generalized Laguerre polynomials. In order to fully 

understand the relationship of the Laguerre family to the gamma distribution, we 

further generalize the polynomials with the addition of a parameter. We call these 

polynomials the extended Laguerre polynomials. Ralston [1965] and Hill [1969] 

both allude to the extended Laguerre polynomials, but no full treatment is given. 

We define them as follows. 

Definition. The kth degree extended Laguerre polynomial with parameters a > 
-1 and (3 > 0 is given by 

L(a,{3)(x) = ~ (k)(-1)mr(a+1+k)({3x)k_m k ~ , k = 0,1,2, ... 
m=O m r( a + 1 + k - m) 

[4.22] 

If {3 = 1, the extended Laguerre polynomials collapse to the generalized Laguerre 

polynomials, and if a = 0 and {3 = 1 they collapse to the Laguerre polynomials. 

From [3.10b], the weighting function for the extended Laguerre polynomials may 

be wri tten as 

[4.23] 

where a and {3 are the parameters in [4.22]. Qualitatively, the extended Laguerre 

polynomials differ from the Hermite polynomials in that the Hermite have no param

eters. The relationship of the weighting function to a probability density function 

aids in understanding this difference. The Hermite polynomials are related to the 

standard normal density function, which has fixed parameters, while, as is clear 

from [4.23], the extended Laguerre polynomials are related to a gamma distribution 

with shape parameter a + 1 and scale parameter {3. This relationship is formalized 

in §4.2.5. 

Although Rodriguez' formula for the extended Laguerre polynomials is a 

natural extension of the form for the generalized Laguerre polynomials, it is not 

readily available in the literature. We therefore present it formally with the following 

theorem. 
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Theorem 4.5. Rodriguez' formula for the extended Laguerre polynomials (defined 

by [4.22]) is given by 

(Ct fJ) lk dk (-I)kr(a + 1) dk [/3Ct+l xCt e-fJX ] 
Lk' (x) = w(x) dxk [w(x)(q(x))k] = /3Ct+1 xCte-fJx dxk rea + 1) xk 

= (_I)k d
k 

[xCt+ke-fJX]. 
xCt e-fJx dxk 

Proof. (method of Sansone [1959]) 

From [4.22] it follows that 

(_I)k xCt e-fJx L(Ct,fJ)(x) = ~ (k) (-I)k-mr(a + 1 + k) /3k-m xCt+k-me-fJx 
k ~ m r(a+l+k-m) 

[4.24] 

= to (!) [<a + 1 + k - m)m x·+k- m][< _f3)k-me-Pz] 

[4.25] 

where the Pochhammer notation (a)n is defined for a > 0 as 

{

I, 
(a)n = 

(a)(a + 1)··· (a + n - 1) = r}(!), 

for n = OJ 

for n = 1,2, ... 
[4.26] 

and we have used the fact that (_1)m = (_I)-m. Writing the terms in brackets as 

derivatives yields 

Applying Leibniz' rule for differentiation of products (see Appendix C) gives the 

last part of [4.24]. III 

Thus, from the general form [3.7] of Rodriguez' formula, we have lk = (_I)k and 

q( x) = x for the extended Laguerre polynomials. 
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4.2.2 Orthogonality and Norm 

The orthogonality relations for the Laguerre and generalized Laguerre polynomials 

are available in standard references such as Abramowitz and Stegun [1964] and 

Beyer [1987]. However, as this is not true for the extended Laguerre polynomials, 

we provide the following. 

rr+lxQe-P:Z: Theorem 4.6. If w(x) = r(a+I) ,then the extended Laguerre polynomials 

satisfy 

for m f= nj 

for m = n . 
[4.28] 

Proof. (method of Hill [1969]) 

We assume without loss of generality that m :5 n and let ,( x) = w( X )xn. Rodriguez' 

formula [4.24] is then 

[4.29] 

We thus have 

[4.30] 

To evaluate [4.30] we successively in~egrate by parts, letting 

dk
- 1 (a (3) [ (a (3) ] (k-l) . u = dxk-

1 
Lm' (x) = Lm' (x) , dv = ,(n-k+I)(x)dx [4.31] 

for the kth step. For example, in the first step, let 

[4.32] 

Then the uv term is zero at both infinity and zero, leaving 

[4.33] 

Continuing this process leads to 

[4.34] 
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after the second step, and at the mth step, 

[4.35] 

For the case m < n, one more integration will show hm,n = 0 since the (m + 1 )st 

derivative of the mth order polynomial L~'.8) (x) must be zero. For the case m = n, 

[4.35] simplifies to 
(Xl [ ] (n) h~,n = 10 i(X) L~a,.8)(x) dx. [4.36] 

The coefficient of xn in the nth degree extended Laguerre polynomial is found from 

[4.22] to be {3n, so 

[4.37] 

which yields 

h;" n = n!{3n roo i( J'; )dx , 10 

100 {3a+! xa+n e-.8x 
- '(3n dx 
- n. 0 r(a + 1) [4.38] 

= n! roo (3n+a+l x a+n e-.8xdx. 
r(a + 1) 10 

For {3 > 0 it is known (see Burington[1973], p. 105) that 

100 

(3n+a+l x a+n e-.8xdx = r(a + 1 + n), [4.39] 

and thus, 
h2 _ n!r(a+1+n) 
m,n- r(a+1) . [4.40] 

U sing the Pochhammer notation [4.26] yields the required expression. III 
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4.2.3 Probability Density Function Series Representation 

For random variables defined on [0,00), a series expansion based on the gamma 

probability density function may be more appropriate than one based on the normal 

density. We develop such an expansion as an extension to Hill [1969], who uses the 

gamma density function, but limits the parameters. For a nonnegative random 

variable X with probability density function f( x), the series is 

00 

f(x) = LdkL~a.fJ)(x)w(x). [4.41J 
k=O 

From Theorem 3.5, 

dk = 1 E[L(a . .8)(X)], 
k!(a + l)k k 

[4.42J 

which, upon using [4.22J, becomes 

d 1 ~ (k) ( _l)m r( a + 1 + k) ,8k-m [J 
k = k!(a + l)k ~ m rea + 1 + k _ m) J1.k-m 4.43 

The first few coefficients are 

do = 1 
,8J1.1 - a-I 

d1 =----
a+1 

d _ ,82/.l2 - 2(a + 2),8J1.1 + (a + l)(a + 2) 
2- 2(a+1)(a+2) . 

[4.44J 

When ,8 = 1 and a = 0 or 1, these correspond to the Laguerre series of Hill[1969J. 
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4.2.4 Cumulative Distribution Function 

From §3.5 we have the following for the extended Laguerre polynomials. 

Theorem 4.7. If the probability density function f( x) of a nonnegative continuous 

random variable X has the extended Laguerre polynomial representation 

00 

f(x) = w(x) L dkLia,P)(x) [4.45] 
k=O 

almost everywhere in [0,00) where w( x) is the probability density function for a 

gamma (a + 1,,8) random variable and 

[4.46] 

then the cumulative distribution function of X is determined by 

(,8x)a+1 e- Px ~ (a+1,p) 
F(x) = P(a + 1,,8x) - r( ) L....J dk Lk_1 (x), [4.47] 

a + 1 k=l 

where the incomplete gamma function P(a + 1,,8x) is defined for a + 1,,8x > 0 as 

[4.48] 

Proof. 

Since X is nonnegative, Theorem 3.8 yields 

r 00 [ d
k

-
1 

IX] F(x) = lodo Jo w(t)dt + t; dklk dtk-1 [w(t)(q(t»k] 0 • [4.49] 

We have do = 1 from [4.44] and from Rodriguez' formula we know lk = (-I)k and 

q(t) = t. Substituting the full expression for w(t) then leads to 

[4.50] 

It is apparent from Rodriguez' formula [4.24] that 

[4.51] 
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Using this in [4.50] gives 

[4.52] 

We make the substitution w = f3t in the first integral: 

[4.53] 

The required formula [4.47] then follows .• 

4.2.5 Relationship to Gamma Distribution 

In Theorem 4.3, we show that the Hermite polynomial series is exact for a stan

dard normal random variable. The analogous property for the extended Laguerre 

polynomial series is given below. 

Theorem 4.8. If X is a gamma (a + 1,(3) random variable, then each coefficient 

1 ~ (k) (-l)mr(a + 1 + k) k-m 
dk= k!(a+1)k~o m r(a+1+k-m) 13 J1.k-m, k=1,2, ... ,n [4.54] 

in the representation 

n 

F(x) ~ P(a + 1,f3x) - w(x) LdkLi~ill.8)(x) [4.55] 
k=l 

is zero, and the approximation is exact for all x. 

Proof. 

The moments of a gamma (a + 1, (3) random variable are found from Larsen and 

Marx [1985] to be 

r(a + 1 + k - m) (a + l)k-m 
J1.k-m = f3k-mr(a + 1) = f3k-m [4.56] 
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Using this in [4.54] gives 

[4.57] 

Converting the Pochhammer notation into gamma functions and taking the result

ing constant out of the summation yields 

k d _ 1 " (k) 1 m r( a + 1 + k )r( a + 1 + k - m) 
k - k!(a + 1)k ~ m (-) r(a + 1 + k - m)r(a + 1) 

k d 1" (k) m r( a + 1 + k) 
k=k!(a+1)k~ m (-1) r(a+1) [4.58] 

k 

= ~ " (k)(_1)m. k!~ m 
m=O 

The binomial sum is zero, the sum in [4.55] vanishes, and the approximation is 

exact .• 

4.3 The Jacobi Polynomials 

The Jacobi polynomials are a generalization of many better-known orthogonal poly

nomials, including the Legendre, Chebyshev Types I and II, and the ultraspherical 

or Gegenbauer polynomials. Although the J e.cobi polynomials are orthogonal on 

[-1,1], they are often used to represent functions on any finite interval through the 

use of a linear transformation. We use such a transformation to the interval [0,1]' 

an important special case for probabilistic applications. Jacobi [1859] appears to 

be the earliest publication concerning this case. 
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4.3.1 Definition and Rodriguez' Formula 

The Jacobi polynomials are defined in several references; we use a<definition that 

differs from that of Abramowitz and Stegun [1964] only by a constant factor. 

Definition. The kth degree Jacobi polynomial with parameters j3 and a is given 

by 

Although the conventional weighting function for the Jacobi polynomials is 

[4.60] 

a weighting function for the transformed Jacobi polynomials is of more use to our 

development. The parameters in [4.59] and [4.60] are identical, and from Theorem 

3.1 we have the constraints a,j3 > -l. 
While most of the classical results for the Jacobi polynomials are derived 

for the interval [-1,1], our development favors the interval [0,1]. Consequently, 

Rodriguez' formula for the interval [-1,1] is presented in Theorem 4.9 and our 

adaptation for the interval [0,1] foll.ows as Corollary 4.10. 

Theorem 4.9. Rodriguez' formula for the Jacobi polynomials on the interval 

[-1,1] (see [4.59]) is given by 

(fl ) Ik qk 
Jk ,a (x) = w(x) dxk [w(x)(q(x»k] 

= (_I)k jk! d
k [(1 _ x)fl(1 + x)a(1 _ x2l] [4.61] 

(1 - x)fl(1 + x)a dxk 

= (-I)kjk! d
k 

[(I_X)k+fl(I+X)k+a]. 
(1 - x)fl(1 + x)a dxk 



Proof. 

Using the Pochhanuner notation [4.26], it follows from [4.59] that 

(1 - x).8 (1 + x)a Ji.8,a)( x) 
k 

= ~o (k :(1) (: ~ :)( _l)k-m(l_ x)k-m+.8(l + x)m+a 

= (_l)k t r(k -I- (1 + l)r(k + a + 1)( -l)m(l- x)k-m+.8(l + x)m+a 
m=O r(m + l)r(k + (1- m + l)r(k - m + l)r(m + a + 1) 
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= (-kti;o (!)(k + P - m +l)m(l - x)'-m+p( -l)m(m + lHl)'_m(l+ x)m+a 

= (_l)k ~ (k) d
m 

[(l_x)k+.8] d
k
-

m 
[(l+X)k+a]. 

k! L....J m dxm dxk- m 
m=O 

[4.62] 

Applying Leibniz' rule for differentiation of a product (see Appendix C) leads to 

the last equation of [4.61] ... 

To adapt this result to the interval [0,1], we use the linear transformation 

x+l 
Y=-2-' 

This change of variable leads to the following corollary. 

Corollary 4.10. IfO $ y $ 1, the Jacobi polynomials satisfy 

Proof. 

[4.63] 

[4.64] 

With the change of variable given by [4.63], we have * = !. By repeatedly applying 

the chain rule to [4.61], 

J(.8,a)(2y -1) = (-l)kjk! d
k 

[(1- y)k+fJyk+a22k+a+fJ] (!)k [4.65] 
k (1 - y)fJ ya2a+fJ dyk 2 

Collecting the factors of two then yields [4.64] ... 
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4.3.2 Orthogonality and Norm 

As discussed in Szego [1975], the orthogonality relation for the Jacobi polynomials 

IS 

0, 

2a +.B+1r(a + I)rCB + 1) 
rea +,B + 2) 

22n+a+.B+1r(n +,B + l)r(n + a + 1~ 
(2n+a+/f+l)n!r(n+a+IB+1 ' 

for m f:. n; 
[4.66] 

for m = n = 0; 

for m = n 2:: 1. 

To relate the Jacobi polynomials to the beta distribution requires the previously 

discussed transformation to the interval [0,1]. The theorem below supplies the 

corresponding orthogonality relation. 

Theorem 4.11. Upon transformation from [-1,1] to [0,1]' the Jacobi polynomials 

satisfy 

k2 = t rea +,B + 2) ya(1 _ y)fJ J(.B,a)(2y _ I)J(.B,a)(2y _ 1) dy 
m,n Jo r(a+l)r(,B+l) m n 

0, for m f:. n; [4.67] 

1, form = n = 0; 

(2n + a + (3 + l)n!(a + IB + 2)n-l' 
for m = n 2:: 1. 

Proof. 

We again make the linear transformation from [-1,1] to [0,1] with the substitution 

defined by [4.63]. The integral in [4.66] then becomes 

h; n = t 2a+.B+1 ya(1 - y).B J!!,a)(2y - I)J~.B,a)(2y - l)dy , Jo 
0, for m f:. n; 

2a+.B+1 r( a + 1 )r(,B + 1) 

rea +,B + 2) 
22n+a+.B+1r(n +,B + 1)r(n + a + 1) 
(2n + a + ,B + 1 )n!r( n + a + ,B + 1) , 

for m = n = 0; 

for m = n 2:: 1. 

[4.68] 
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It · I f h b . al h k2 r{Q+.8+2) (1 )Q+.8+1 h2 d h IS C ear rom tea ove mtegr t at m,n = f(Q+I)f(:a+l) 2' m,n' an t e 

first two cases of [4.67] follow easily from those of [4.68]. Thus, we consider the case 

m = n ~ 1. We introduce the beta function constant and divide by 2Q+.8+1 to yield 

t rea + {3 + 2) yQ(l _ y).8 J(.8,Q)(2y _ I)J(.8,Q)(2y _ l)dy 
10 rea + l)r({3 + 1) m n 

22nr(n + {3 + l)r(n + a + l)r(a + {3 + 2) 
= (2n + a + {3 + l)n!r(n + a + {3 + l)r(a + l)r({3 + 1)' 

22n(a + l)n({3 + l)n = , 
(2n + a + {3 + l)n!(a + {3 + 2)n-l 

[4.69] 

where the last part follows from three applications of the Pochhammer identity 

[4.26] .• 

From examining [4.69], we see that the weighting function for the Jacobi polynomials 

transformed to [0,1] is given by 

w - r(a+{3+2) 1Q 1- .8_ yQ(I-y).8 
(y)- r(a+l)r({3+1) y ( y) - B(a+l,{3+1)' [4.70] 

which we recognize as the probability density function of a beta( Q + 1, {3 + 1) random 

variable. 
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4.3.3 Probability Density Function Series Representation 

The Jacobi polynomial series expansion for a probability density function is more 

complicated than the Hermite or Laguerre cases because the transformation to the 

interval [0,1] is required in order to retain the beta probability density function as 

the weighting function. That is, to use the Jacobi polynomials in a series expansion 

with the beta weighting function for a continuous random variable Z defined on a 

finite interval [a, b], we must transform Z to the interval [0,1]. This is accomplished 

by defining the random variable Y as 

Y= 7.-a. 
b- a 

[4.71] 

Using the beta weighting function given above, the series representation of a prob

ability density function f(y) is 

00 

f(y) = L dkJ~{3,Ct)(2y - 1)w(y). [4.72] 
k=O 

From Theorem [3.5], [4.67], and the transformation to [0,1], 

d = (2k + a +,B + 1)k!(a +,B + 2)k-l E[J({3,Ct)(2Y _ 1)] k 0 1 [4.73] 
k 22k(a+1)k(,B+1)k k ' '= , , ... , 

which involves the moments of Y, and consequently those of Z. From a practical 

standpoint, this formula is inconvenient to evaluate when used within the definition 

[4.59] of the Jacobi polynomials because of the presence of a product of powers of 

Y and Y - 1 after the transformation. Fortunately, there is an alternate form of 

the Jacobi polynomials based on powers of x - 1 which, when transformed, is in 

powers of Y - 1. The following equivalent form of the Jacobi polynomials is from 

Abramowitz and Stegun [1964]: 

J(f3,Ct)(x) = 2
k
r(,B + k + 1) t (k) r(a +,B + k + m + 1) (x _ 1)m. [4.74] 

k k!r(a +,B + k + 1) m=O m 2mr(,B + m + 1) 

The transformation to [0,1] with the substitution [4.63] yields 

J(f3,Ct)(2 -1)= 2
k
r(,B+k+1) ~ (k)r(a+,B+k+m+1)( _1)m. 

k y k!r( a + ,B + k + 1) ~O m r(,B + m + 1) Y 

[4.75] 
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Using the Pochhammer notation, we find from [4.73] and [4.75] an expression for 

the coefficients d" in terms of the moments of Y - 1, where JL-:n = E[(Y - l)m]: 

" d = (2k+ a +.8 +1)(a+.8 +2)"_lr (.8+ k +1) '" (k) rea +.8 + k + m + 1) • 
" 2"(a+l),,(.8+1)1;r(a+.8+k+l) ~ m r(.8+m+l) JLm 

" = (2k+a+.8+1)(a+.8+2)"_1 '" (k)r(a+.8+k+m+1)r(.8+1) • 
2"(a + 1)" ~ m rea +.8 + k + l)r(.8 + m + I)JLm 

" _ (2k+a+.8+1)(a+.8+2),,_1 '" (k)(a+.8+k+1)m • 
- 2"(a + 1)" ~ m (.8 + l)m JLm· 

[4.76] 

The moments of Y - 1 can be determined from the moments of Y, and the series 

[4.72] can be computed for as many terms as desired. 

4.3.4 Cumulative Distribution Function 

The determination of the coefficients d" and the transformed weighting function 

w(y) given by [4.70] allow us to find an expression for the cumulative distribution 

function of a continuous random variable defined on [0,1]. This is formalized in the 

following theorem. 

Theorem 4.12. If the probability density function fey) of a continuous random 

variable Y defined almost everywhere in [0,1] has the Jacobi polynomial series 

representation 
00 

fey) = w(y) L d"J~{3,a)(2y - 1), [4.77] 

"=0 
where w( y) is the probability density function for a beta (a + 1,.8 + 1) random 

variable and 

d = (2k + a +.8 + l)k!(a +.8 + 2)"-1 E[J({3,a)(2Y _ 1)] k 
" 22"(a+l)"(.8+1),, " ' '=0,1, ... , [4.781 

then the cumulative distribution function of Y is determined by 
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where the standard definition of the incomplete beta function ly( a + 1, f3 + 1) is 

given by Abramowitz and Stegun [1964] for a,f3 > -1 as 

Proof. 

Since Y is defined on [0,1], Theorem 3.8 yields 

r 00 [ d
k

-
1 

I
Y

] F(y) = lodo 10 w(t)dt + t; dkh dtk- 1 [w(t)(q(t))k] 0 . [4.81] 

We have do = 1 from [4.76] and from the transformed Rodriguez' formula [4.64] we 

have lk = (_k~)k and q(t) = t(l- t). Using the beta weighting function we thus have 

r r(a+f3+2) cx fl 
F(y) = 10 rea + l)r(f3 + l)y (1 - y) dy 

+ ~ dk( _2)k [d
k
-

1 
rea + f3 + 2) tCX(1 _ t)fltk(1 _ t)kI Y

] • 
~ k! dtk - l rea + l)r(f3 + 1) 0 

[4.82] 

Again referring to Rodriguez' formula [4.64] for the transformed system, it is ap

parent that 

[4.83] 

Using this in [4.82] along with the incomplete beta notation yields 

which, when evaluated, agrees with [4.79]. III 
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4.3.5 Relationship to Beta Distribution 

We have seen that the weighting function for the transformed Jacobi polynomials 

is the beta probability density function. Thus, the relationships of the Hermite 

polynomials to the normal distribution and the extended Laguerre polynomials to 

the gamma distribution suggest the Jacobi polynomials may have a corresponding 

relationship to the beta distribution. The following theorem verifies this conjecture. 

Theorem 4.13. If Y is a beta (a + 1,(3 + 1) random variable with probability 

density function f(y), then each coefHcient 

d = (2k + a + (3 + l)k!(a + (3 + 2h- IE[J({3,cr)C2Y _ 1)] k 1 2 [485] 
k 22k(a+1)k«(3+1)k k ' =, , ... ,n . 

in the representation 

is zero, and the approximation is exact for all y. 

Proof. 

From [4.85], we have 

d = (2k + a + (3 + l)k!(a + (3 + 2h-I (I f(t )J({3,cr)(2 _ l)d . 
k 22k(a+1)k«(3+1)k 10 y k Y Y 

[4.87J 

Using the transformation [4.63], the definition [4.59] of Jacobi polynomials becomes 

Letting Ck be the constant factor from [4.87], 

d. = C.1.' fCy) [t. e~.B) (:~:)2'(_1).-m(1_y)'-mym] dy 

= C.2' t. e ~.B) (; ~ :)( _l)·-m 1.' f(y)(l - y)'-mymdy, 

[4.89] 
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Because Y has a beta(a + 1,f3 + 1) distribution, 

f( ) 1 ( . f3 Ci' 

Y = B(a + 1,f3 + 1) 1 - y) Y , [4.90] 

and the integral from [4.89] is a beta function: 

t 1 (1- y)k+P-mym+ady = B(m + a + 1, k + f3 - m + 1) 
Jo B(a+1,f3+1) B(a+1,f3+1) 

r( m + a + 1)r( k + f3 - m + 1) 
= B(a+1,f3+1)r(a+k+f3+2)' 

[4.91] 

where the last expression comes from the identity 

B( 1 f.l 1) = rea + l)r(f3 + 1) 
a+ ,/-'+ r(a+f3+2). [4.92] 

Fr~m the combinatorial identity 

(n) r(n + 1) 
r - r(r + l)r(n - r + 1) , 

[4.93] 

we convert the binomial coefficient terms from [4.89] into gamma functions, yielding 

d _ ek ( -2)kr(k + f3 + l)r(k + a + 1) ~ (_l)-m 
k- B(a+1,f3+1)r(a+k+f3+2) ~r(m+1)r(k-m+1)· [4.94] 

By absorbing the constant factors and changing the inner gamma terms back to a 

binomial coefficient, 

[4.95] 

The binomial sum is zero, and hence the result. &II 
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CHAPTER 5 

IMPLEMENTATION 

5.0 Introduction 

In this chapter, we illustrate the mechanics of the proposed method and present ev

idence that the approximations can work well in practice, while providing practical 

insight into the general accuracy of the approximations. We make no claim that 

this is an exhaustive study of the orthogonal polynomial series approximations, but 

rather present the applications as empirical support for their use. 

The random variables we consider are simple functions of independent ran

dom variables. While the individual component random variables are simple, well

known, and often used in probabilistic models, the resulting random variable is 

difficult to evaluate. We begin with the presentation of a procedure that can be 

used to estimate the cumulative distribution function of a general random variable 

using orthogonal polynomials. Following this presentation, we return to the traffic 

conflict model of Chapter 1. The model is fully described, and the extended La

guerre series is used to develop a procedure for estimating the effectiveness of an 

improvement. Following the traffic conflict results, we use our method to estimate 

the distributions of functions of various random variables. 
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5.1 Procedure for Applying an Orthogonal Polynomial Series 

In order to use the proposed methodology, one must decide which set of orthogonal 

polynomials to use and which parameter values to use in the weighting function. 

In the selection of the polynomials, we suggest the use of a simple and natural 

correspondence between the domain of the random variable and the interval of 

orthogonality of the orthogonal polynomial family. In what follows, we assume that 

the domain of the random variable is known and that its moments exist and can be 

computed. 

For a random variable which can assume values in the interval (-00,00), 

we are constrained to choose the Hermite polynomials because the coefficients dk 

that define the series approximation are determined by the integral in [3.29], which 

will not be known in general, but can be evaluated (by Corollary 3.6) from the 

moments if the interval of orthogonality is ( -00,00), as is the case for the Hermite 

polynomials. 

When the random variable has the domain [a, 00) or (-00, a], it can be easily 

transformed to a random variable on the interval [0,00). Although the coefficients 

in [3.29] can then be determined for either the Hermite or the extended Laguerre 

polynomials, we suggest the choice of the extended Laguerre polynomials, since 

their interval of orthogonality is also [0,00). As supporting evidence for this case, 

consider the special case of approximating the cumulative distribution function of a 

gamma random variable. From Theorem 4.8, we know the extended Laguerre series 

approximation is exact, while the Hermite series will in general have some error. 

Finally, a random variable defined on a finite interval [a, b] can be approxi

mated using any of the three orthogonal polynomial families. Of course the Jacobi 

polynomials are orthogonal on a finite interval and thus yield a choice consistent 

with the above discussion. 

After the polynomial family has been chosen, the parameters for the corre

sponding weighting function must be determined. This applies only to the extended 

Laguerre and Jacobi polynomials, which, as can be seen from their respective defini

tions [4.22] and [4.59], each require two parameters, while the Hermite polynomials 

(see [4.1]) do not require any. 
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There is a choice for these parameters that is consistent with the literature 

when appropriately interpreted. When applying the Cornish-Fisher series (see Ap

pendix B for a derivation of this variant of the Gram-Charlier Type A series) to a 

random variable Y with mean J.l and variance (72, it is convenient to standardize 

Y by defining the rando~ variable X = Y;;e and apply the series approximation 

to X, which has a mean of zero and a variance of one. These correspond to the 

first two moments of the random variable associated with the weighting function for 

the Hermite polynomials, which is a standard normal random variable with a mean 

of zero and a variance of one. When approximating the distribution of a random 

variable X with mean J.l and variance (72 with the extended Laguerre polynomial 

series, an analogous procedure is to choose the parameters Cl' and f3 so that the 

gamma random variable associated with the extended Laguerre weighting function 

has mean J.l and variance (72. Similarly, for the Jacobi polynomial series, we choose 

the Jacobi parameters Cl' and f3 so that the beta random variable associated with the 

Jacobi weighting function has the same mean and variance as the random variable 

X which we wish to approximate. 

There is an intuitive appeal to this procedure. Referring to the cumula

tive distribution function representations [4.9], [4.47], and [4.79] of the Hermite, 

extended Laguerre, and Jacobi polynomials, we note that each is the difference of 

two terms. The first term is the cumulative distribution function of an associated 

random variable as discussed above, and the second is a sum of the terms of a series 

involving the product of the coefficients {dk } and the orthogonal polynomials. Thus, 

we can think of our approximation of the cumulative distribution function of the 

random variable X as a series of 'adjustments' (based on the moments of X, since 

the dk are determined by the moments) from the cumulative distribution function 

of a standard normal, gamma, or beta random variable in the Hermite, extended 

Laguerre, or Jacobi cases, respectively, which has mean and variance identical to 

those of X. This is reinforced by Theorems 4.3, 4.8, 4.13, and Corollary 4.4, which 

reveal that no adjustments are required (dk = 0 for all k) if X is a normal, gamma, 

or beta random variable. 
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Once the polynomial family and weighting function parameter values have 

been determined, the approximation of the cumulative distribution function of X 

requires the evaluation of the first term of [4.9], [4.47], or [4.79], and a truncation of 

the corresponding series. The computation of the first term is easily accomplished . 
using either existing code or algorithms. The cumulative distribution function for a 

standard normal random variable can be computed to nine decimal places for x =5 7 

with a simple formula provided by Kendall [1987], who attributes the result to 

Moran [1980]. Accurate FORTRAN routines for computing the incomplete gamma 

and incomplete beta functions are given in Press et al. [1989]. 

Determining the number of moments to use in the summation term is a 

difficult matter. The literature gives few clues as to this choice. Hill [1969] uses 

eight moments for the Laguerre series expansion, but no formal justification is 

provided. Kendall [1987] demonstrates the use of the Gram-Charlier Type A series 

with four, five, and six moments, and derives the Cornish-Fisher series up to the 

sixth cumulant. Additionally, Kendall [1987] (citing Barton and Dennis [1952] and 

Draper and Tierney [1973]) indicates that the Gram-Charlier Type A series and 

the Edgeworth form of the Type A series (see Appendix B) can result in negative 

values when the fifth and higher moments are ignored. Hill [1969] provides an 

example in which the Laguerre series (using eight moments) yields values greater 

than one. These problems can also occur with the Cornish-Fisher and extended 

Laguerre series. Such a case can be seen graphically in Figure 2 of §5.3.1. 
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5.2 The Traffic Conflicts Model 

Recalling the traffic conflict model of Chapter 1, we now turn to developing a proce

dure for estimating probabilities associated with the accident rate at an intersection 

both before and after improvements have been made to the intersection. The eval

uation of the effectiveness of an improvement program based on such a 'before and 

after' scenario necessarily requires two sets of information. The first set of informa

tion provides an understanding of the accident rate before the improvement, and 

the second set provides an understanding of the accident rate after the improve

ment. The evaluation technique described here is built around the procedure for 

identifying hazardous locations proposed by Higle and Witkowski [1988]. In this 

paper, the authors describe a procedure for identifying a so called 'refined estimate' 

of the distribution of the accident rate before the improvements are implemented. 

This distribution is then used to assess the safety of the intersection by calculat

ing the probability that the pre-improvement accident rate exceeds some bound 

deemed appropriate for the particular intersection. For details on two such bounds, 

see Higle and Witkowski [1988]. If this probability is greater than some specified 

value 8 (typical values of 8 are 0.90 or 0.95), then the site is identified as hazardous. 

For the purposes of the example to be presented, a complete conflict model 

for a region of sites is unnecessary. We therefore concentrate on a one-site case, 

where the goal is to determine whether improvements made to increase the safety 

of the intersection are effective. We assume the pre-improvement accident rate 

distribution is known (e.g., by the method of Higle and Witkowski [1988]) and that 

the intersection was originally identified as hazardous. We also assume that by 

use of a similar technique using conflict data collected before the improvements 

are made, the conflict rate distribution and the distribution of the probability P 
are known. These distributions are the prior distributions of the model. After the 

improvements are completed, posterior distributions will be found from these priors 

using conflict and accident data from the site. This process is described below. 

We model the conflict rate.xc with a gamma distribution. From a theoretical 

standpoint, there are precedents with accident models (as well as the conflict model 

of Hauer [1978]) to support this choice. From a practical viewpoint, the gamma 
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distribution is convenient because it belongs to a conjugate family. In the Bayesian 

framework this allows us to easily compute the posterior distribution. For example, 

if conflicts occur according to a Poisson distribution with mean .xc Vi, where .xc has 

a gamma ( a, b) prior distribution and Vi is the traffic volume of the intersection, , 
then it is known that the posterior distribution of .xc is also a gamma distribution 

with parameters a' and b' determined by 

a' = a + C 
[5.1] 

where C is the number of post-improvement conflicts and V2 IS the new traffic 

volume. 

An analogous result is applicable to the random variable P, which represents 

the (unknown) probability that a conflict results in an accident. If P has a beta 

prior distribution with parameters c and d and the number of post-improvement 

accidents is N, the posterior distribution of P is a beta distribution with parameters 

c' and d' given by 
c' = c+N 

d' = d+C-N. 

We have the following quantities in the model: 

Xa = accident rate (a gamma random variable) 

Xc = conflict rate (a gamma random variable) 

[5.2] 

P = the probability that a conflict becomes an accident (a beta random variable) 

N = the numDer of accidents occurring after improvements are made 

C = the number of conflicts occurring after improvements are made 

Vi = the traffic volume before improvements are made 

V2 = the traffic volume after improvements are made 

>. = the upper bound on the 'safe' accident rate 

To assess the post-improvement accident rate of the site, we use the equation .xa = 
i'Xc which relates conflicts to accidents. Using Mellin transforms, we can find the 

moments of .xa and then apply an orthogonal polynomial series to approximate 

[5.3] 
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If this probability falls below 8 the site can be deemed nonhazardous and if it exceeds 

8 the site is still identified as hazardous. 

5.2.1 Application of the Model 

We now consider a hypothetical application of the conflict model. We consider an 

intersection whose pre-improvement accident rate follows a gamma(a,,8) distribu

tion with a = 56.8 and ,8 = 44.0. The expected value of this random variable is 

1.29, which represents the mean accident rate per million vehicles. The value of >: 
is 1.0 accidents per million vehicles entering the intersection, and using the above 

gamma distribution, we compute 

P{);a > >: = 1.O} = 0.9641, [5.4] 

which identifies the intersection as hazardous for the commonly used values of 8 = 
0.90 and 8 = 0.95. 

From a conflict study and the accident history of the site, we presume that 

the prior distributions for );c and P are known to be gamma( 400.0,0.210) and 

beta( 46.0,43000.0), respectively. After the modifications are implemented and all 

transient effects to the intersection have decayed, the intersection is again studied. 

Suppose in a ten-day study traffic volume is 52,000 vehicles daily, no accidents 

occur, and daily conflict counts for the site are 25, 32, 19, 37, 34, 19, 41, 22, 30, 

and 38. Using this data, we update the distribution of );c by applying [5.1]: 

a' = 400.0 + (25 + 32 + ... + 38) = 697.0 

b' = 0.210 + (52000)(10)(1.Oe - 6) = 0.730, 
[5.5] 

where the factor of 1.Oe-6 normalizes the ten-day volume in terms of millions of vehi

cles. Similarly, we find from [5.2] that the posterior distribution of P is determined 

by 
c' = 46.0 + 0 = 46.0 

d' = 43000.0 + (25 + 32 + ... + 38) - 0 = 43297.0 
[5.6] 

To approximate the post-improvement accident rate distribution, we must choose 

an orthogonal system. We choose the extended Laguerre polynomials for the or

thogonal family since the domain of );a is the semi-infinite interval [0,00). To find 
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the moments of );a needed for the series, we rewrite the Mellin transform [2.15] of 

);c and the corresponding transform [2.16] of P in the Pochhammer notation. This 

results in 

[5.7] 

and 
1* (8) = (C')s-l 

P (c' + d')s-l 
[5.8] 

To find the Mellin transform of );Il = P );c, we apply the Mellin transform product 

property [2.13]. This yields 

b,l-s(,) (') 1* (8) = a s-l C s-l. 
Aa (c'+d')s-l 

[5.9] 

The moments of );a are then determined from the transform using the Mellin mo

ment formula [2.19]: 

[-n] (a')n(c')n 
E Aa = J.ln = b'n(c' + d')n' [5.10] 

Actual computation of the moments can be simplified using the property 

(a')n = (a' + n - l)(a')n-l, [5.11] 

which leads to the recursive formula 

(a' + n - l)(c' + n - 1) 
J.ln = b'(c' + d' + n -1) J.ln-l· [5.12] 

From [5.12], the first seven moments of );a are calculated and given in Table 5.1 

below. 
Table 5.1 - Moments of );a 

n J.ln 
1 1.0133 
2 1.0506 
3 1.1140 
4 1.2076 
5 1.3376 
6 1.5134 
7 1.7482 
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Employing these moments in the truncated version of the extended Laguerre series 

[4.47] for the cumulative distribution function, we estimate the post-improvement 

probability to be 

pl);a = p);c > X = 1.0} = 0.5127, [5.13] 

which, when compared to the prior probability of 0.9641 (see [5.4]), indicates the 

improvements have been successful. This probability is smaller than any of the 

commonly used values of 6, and thus the intersection is no longer identified as 

hazardous under this criterion. Other probability statements are possible. For 

example, the Bayesian analog to the classical confidence interval is a credible set, 

which represents an actual probability rather than a statement of confidence. The 

computation of a credible set can be accomplished using the identical extended 

Laguerre series from above. Some experimentation is needed to find two points 

such that the interval is symmetric, but this is not difficult. From the extended 

Laguerre series, we find a 95 % credible set on the post-improvement accident rate: 

P{0.736 < );a = p);c < 1.338} = 0.95 [5.14] 

Compare this to the pre-improvement statement using the prior distribution for );a: 

P{0.977 < );a < 1.647} = 0.95 [5.15] 

Again, the clear indication of a probable drop in the accident rate is evident. 
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5.2.2 Validation of the Approximation 

Because the probabilities found above were calculated from a truncated extended 

Laguerre series for the cumulative distribution function, there is necessarily some 

error included in them. Our main concern is the maximum error of the approxima-
• 

tion, and we concentrate on its quantification. An empirical distribution function 

obtained from simulated observations forms the basis of this effort. 

If we let Xl, X2, ... ,Xn be the order statistics for n independent realizations 

of the random variable .xu (i.e., Xl $ X2 $ '" $ xn), then the empirical distribution 

function Sn(x) is defined as 

{ 

0, X < Xli 

Sn(x) = ~, xi $ X < XHli 

1, . Xn < X. 

[5.16] 

We expect that as n increases, the empirical distribution function will tend to more 

closely approximate the true distribution function, say Fo(x). To formally quantify 

the difference between Sn(x) and Fo(x), we introduce the Kolmogorov-Smirnov 

statistic Dn , defined as 

Dn = sup ISn(x) - Fo(x)l. [5.17] 
x 

The Kolmogorov-Smirnov statistic is intuitively appealing because it represents the 

largest absolute difference between the empirical distribution function and the true 

distribution function. It also has the property that its distribution is independent 

of the distribution of .xa, and the Glivenko-Cantelli theorem (see Billingsley [1979]) 

assures us that Dn -t 0 with probability 1 as n -t 00. Kendall and Stuart [1979] 

describe how it is possible, using critical values of Dn , to make a confidence state

ment about the entire cumulative distribution function Fo( x). If de is the critical 

value of Dn for a test of significance f, i.e., 

P{Dn = sup ISn(x) - Fo(x)1 > de} = f, [5.18] 
x 

then it follows that the confidence statement for Fo(x) is given by 

P{Sn(X) - de $ Fo(x) $ Sn(x) + dc, for all x} = 1 - f. [5.19] 
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Using the known critical value do.os = 1.3581/ Vn from Kendall and Stuart [1979], 

we find for a sample of n = 100,000 variates that we can be 95 % confident that the 

resulting empirical distribution function Sn(x) is within 4.295 x 10-3 of the true 

distribution function Fo( :Ii). 

To describe the error of the cumulative distribution function approximation 

from the extended Laguerre series, which we denote by FL(X), we use the following 

procedure. First we generate 100,000 observations of );a = p);c using the known 

distributions for P and );c' Comparing the empirical distribution function thus 

created with the cumulative distribution function approximation FL(X) over the 

observations, we find the maximum absolute deviation between the two, say .6.n . 

Formally, we have 

[5.20] 

which combines with the confidence statement [5.19] to yield 

P{FL(X) - (do.os + .6.n ) ::; Fo(x) ::; FL(X) + (do.os + .6.n ), for all x} = 0.95. [5.21] 

Thus we can say with 95 % confidence that our extended Laguerre polynomiCll series 

approximation does not deviate from Fo(x) by more than 4.295 x 10-3 + .6.n . 

The experimental result for the example in §5.2.2 for 100,000 simulated vari

ates is .6.n = 0.0026, which gives a probable maximum absolute difference from the 

true cumulative distribution function of 0.0069. In applied problems such as the 

traffic conflicts model, this is generally a reasonable error, although for probabilities 

close to 0, an error less than 0.005 would be desirable. A check on the accuracy of 

the approximation in the upper tail (95-100%) reveals a maximum difference from 

the empirical distribution function of 6.245 x 10-4 , which, when added to 4.295 

x 10-3 gives 0.0049, just under the desirable limit. It is prudent to keep in mind 

that this is a worst case analysis and the actual error is often smaller. We can 

compute an estimate of the mean error of the extended Laguerre approximation by 

calculating the average absolute deviation between Sn(x) and FL(X). We define this 

average error as 

[5.22J 
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For the experimental run described above, this average is 1.069 x 10-3 • We note 

this is less than half of the maximum absolute deviation given by the Kolmogorov

Smirnov statistic. A fuller appreciation of the accuracy of the approximation is 

provided in Figure 5.1 below with a graph presenting both the empirical distribution 

function Sn(x) and the extended Laguerre series approximation FL(X), As can be 

seen from the figure, there is little discernible difference between the two functions 

within the limits of resolution. 

Figure 5.1 - Graphical Comparison of Sn(X) and FL(X) 
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5.3 Empirical Results 

The following subsections contain empirical results from the application of the or

thogonal polynomial series expansions to functions of commonly used random vari

ables. These examples further demonstrate the implementation of the three families 

of orthogonal polynomials, and provide insights as to the nature of the approxima

tions. Error analyses are given in the form of tables and graphs. 

5.3.1 The Difference of Two lID Exponential Random Variables 

We first consider the task of approximating the distribution of Z = X - Y, where 

X and Y are independent and identically distributed exponential random variables. 

Since the domain of Z is the entire real line, we choose the Hermite polynomials and 

apply the series in the Cornish-Fisher form (see Appendix B) for the approximation. 

The error in the approximation can be quantified easily in this case because an exact 

formula is available for the cumulative distribution function of Z. If X rv expo(,8) 

and Y rv expo(,8), then Z is known to have a Laplace or double exponential (see 

Kendall [1987]) distribution with parameter,8. The probability density function for 

Z is 

fez) = !,8e-llIz /, -00 < z < 00, 

and the cumulative distribution function is 

{ 
lef3z 

Fo(z) = ~ , 
1 - ~e-f3z , 

z < OJ 
z ~ o. 

[5.23] 

[5.24] 

Thus, the need for simulation to validate the accuracy of the approximation can be 

eliminated for this special case. 

Table 5.2 summarizes the results of an experiment with ,8 varying from 0.1 

to 10,000. In each case, the Cornish-Fisher series approximation to Fo(z) using 

the first eight moments of Z is calculated. As in the previous example, we consider 

both the maximum error and the average error of the approximation. The maximum 

absolute deviation is defined by 

[5.25] 
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where FH(Z) is the Cornish-Fisher approximation, and the average absolute devia

tion is defined by 

[5.26] 

The values given in Table 5.2 were computed over n = 120 values of Z for uniformly 

spaced intervals from J.l - 30' to J.l + 30'. 

Table 5.2 - Performance of Cornish-Fisher Approximation 

(3 D 6n 

0.1 0.0411 0.0195 
1.0 0.0411 0.0195 
10.0 0.0411 0.0195 
100.0 0.0411 0.0195 
1000.0 0.0411 0.0195 
10000.0 0.0411 0.0195 

From the table, we see that the series seems to approximate every Laplace distri

bution with equal precision. This insensitivity to the choice of (3 can be explained 

through an analysis of the structure of the series approximation for the Laplace 

distribution. The Cornish-Fisher series is based on the standardized cumulants of 

the random variable in question (see Appendix B), which can be computed from 

the moments. For the Laplace distribution we calculate the appropriate moments 

using the probability density function from [5.23] and find: 

{ 

0, 

J.li = E[Zi] = i!. 
(3i' 

i odd; 

[5.27] 
z even. 

The first eight cumulants "'i of the Laplace distribution are then found using the 



following formulas from Kendall [1987]: 

Kl = J..ll = 0 

K2 = J..l2 

K3 = J..l3 = 0 

K4 = J..l4 - 3J..l~ 

KS = J..ls - 10J..l3J..l2 = 0 

K6 = J..l6 - 15J..l4J..l2 - 10J..l~ + 30J..l~ 
K7 = J..l7 - 21J..lsJ..l2 - 35J..l4J..l3 + 210Jl3Jl~ = 0 
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[5.28] 

KS = J..ls - 28/16J..l2 - 56/1SJ..l3 - 35J..l~ + 420J..l4J..l~ + 560J..l~Jl2 - 630J..l~ 

The results are summarized as 

{ 

0, 

Ki= 2(i-1)! 

f3i ' 

i = 1,3,5,7; 

i = 2,4,6,8 . 

The ith standardized cumulant Ksi IS defined to be Ksi 

distribution, (j = 4, and thus 

i = 1,3,5,7; 

i = 2,4,6,8, 

[5.29] 

For the Laplace 

[5.30] 

which are independent of 13. Since the Ksi are the coefficients for the Cornish-Fisher 

series, the series will always produce the results given in the table for any Laplace 

distribution. A graphical display of the Cornish-Fisher series approximation is dis

played below in Figure 5.2 for 13 = 10.0. Note the symmetry of the approximation 

about zero - this is not unexpected in light of the nature of the Hermite polyno

mials and the cumulants of the Laplace distribution. No odd Hermite polynomials 

contribute to the approximation since the odd cumulants are zero, and the Her

mite polynomials of even degree are even functions since they contain only terms 

of even powers (correspondingly, the Hermite polynomials of odd degree are odd 

functions). Thus, the Cornish-Fisher series approximation returns the same value 
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for x and -x. In fact, this property of the Cornish-Fisher series will hold when

ever the random variable to be approximated has a symmetric probability density 

function. Note also that the series approximation can result in negative values and 

values greater than one. These inadequacies have been artificially adjusted here, 

and will be further discussed in the next chapter. 

Figure 5.2 Cornish-Fisher Approximation and Exact CDF of Laplace Distribution 
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5.3.2 Difference of Two lID Gamma Random Variables 

In this section we generalize the above example to the case of gamma( 0', f3) random 

variables. No general analytic result for the probability density function is available, 

so we rely on simulation to check the accuracy of the approximation. 

It is known that a gamma random variable approaches a normal random 

variable as the shape parameter, 0', increases indefinitely. Since the difference of 

two normal random variables is also a normal random variable, the distribution of 

Z = X - Y where X and Y are independent and identically distributed gamma 

random variables can be expected to approach normality as 0' is increased. From 

Theorem 4.3, we know the Hermite series is exact for a normal random variable. 

Therefore, we expect the approximation of the cumulative distribution function of 

Z to improve as 0' increases. Furthermore, as with the special case in §5.3.1 above, 

the cumulants of the random variable Z can be shown to be independent of the 

parameter f3. Therefore, for this study we fix f3 = 1. We vary 0' from 1.0 to 5.0 

in increments of 0.5. Because the exponential distribution is a gamma distribution 

with 0' = 1.0, we expect the results for this first case to be similar to those presented 

in Table 5.2. Table 5.3 provides the statistics D.n and dn, which are defined in an 

analogous manner to those in §5.2.3 as 

D.n = sup ISn(x) - Fn(x)l, [5.31] 
x 

As with the traffic conflict example, n = 100,000 observations of Z are generated. 

The Cornish-Fisher series approximation utilizes the first eight moments. 

Table 5.3 - Deviations of Cornish-Fisher Approximation from Sn(z) 

0' D.n dn 

1.0 0.04217 0.01179 
1.5 0.01044 0.00346 
2.0 0.00516 0.00148 
2.5 0.00329 0.00152 
3.0 0.00295 0.00102 
3.5 0.00269 0.00070 
4.0 0.00238 0.00075 
4.5 0.00237 0.00065 
5.0 0.00185 0.00048 
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The results agree with the theory, as the maximum and average differences do follow 

the general trend of decreasing as a increases. The deviations for the Laplace case 

a = 1 differ slightly from those of Table 5.2 due to the use of simulated observa

tions in this experiment. This also explains the aberrations in the average deviation 

column, which are of relatively small magnitude. Note that a does not need to be 

very large before the approximation becomes extremely accurate. Graphical com

parisons of the approximation and the empirical distribution function are provided 

in Figure 5.3 for a = 1.5 and Figure 5.4 for a = 3.0. 

Figure 5.3 - Comparison of Cornish-Fisher Approximation and Sn(z) for a = 1.5 
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Figure 5.4 - Comparison of Cornish-Fisher Approximation and Sn(z) for a = 3.0 
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As expected, the approximation is symmetric about zero. Figure 5.3 shows the 

accuracy to be much better for Q = 1.5 as compared to the Laplace case Q = 1.0 

of §5.3.1. When Q reaches 3.0, it is apparent from Figure 5.4 the approximation 

'hugs' the empirical distribution function so closely that the two curves are barely 

discernible from each other. 
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5.3.3 Product of a Gamma and a Beta using H-Function for Verification 

As alluded to previously, the H-Function distribution can be used to evaluate many 

distributions which are defined using functions of two or more random variables. 

Cook [1981] provides FORTRAN code for the evaluation of the probability density 

function and cumulative distribution function of H-function variates. Using this 

program, it is possible to validate the extended Laguerre series approximation to the 

product of a gamma( G', (3) random variable and an independent beta( c, d) random 

variable. Unfortunately, overflow errors were encountered for relatively small values 

of the parameters and the study is thus limited. 

The parameters (3, c, and d were tested at two values, and G' was varied over 3 

values. Table 5.4 presents results of comparing the cumulative distribution function 

approximation FL(X) using the extended Laguerre series (with seven moments) to 

the cumulative distribution function approximation Fc(x) as computed by Cook's 

program. For comparative statistics, we define En and en to correspond with our 

previous definitions of ~n and an, i.e., 

En = max IFc(x) - FL(X)I, 
x 

1 n 

en = - L IFc(x) - FL(X)I· 
n. 

1=1 

[5.32] 

The results of Table 5.4 were computed over 100 points evenly spaced between 

Il- 30- and Il + 30- (or 100 points evenly spaced between 0 and Il + 30- if Il- 30- < 0). 
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Table 5.4 - Performance of Laguerre Approximation versus H-Function Evaluation 

a {3 c d En en 
1 1 1 1 0.0219 0.0029 
1 1 1 '2 0.0388 0.0049 
1 1 2 1 0.0116 0.0021 
1 1 2 2 0.0199 0.0033 
1 2 1 1 0.0219 0.0029 
1 2 1 2 0.0388 0.0049 
1 2 2 1 0.0116 0.0021 
1 2 2 2 0.0199 0.0033 
2 1 1 1 0.0000 0.0000 
2 1 1 2 0.0116 0.0021 
2 1 2 1 0.0034 0.0010 
2 1 2 2 0.0074 0.0021 
2 2 1 1 0.0000 0.0000 
2 2 1 2 0.0116 0.0021 
2 2 2 1 0.0034 0.0010 
2 2 2 2 0.0074 0.0021 
3 1 1 1 0.0089 0.0023 
3 1 1 2 0.0000 0.0000 
3 1 2 1 0.0002 0.0000 
3 1 2 2 0.0025 0.0009 
3 2 1 1 0.0089 0.0023 
3 2 1 2 0.0000 0.0000 
3 2 2 1 0.0002 0.0000 
3 2 2 2 0.0025 0.0009 

From the table, we conclude the extended Laguerre series approximation performs 

well for a = 2 or 3 (exact to 4 decimal places in 4 of these 16 cases), and reason

ably well with some errors of large magnitude when a = 1. Both the maximum 

absolute deviation and the average absolute deviation are strongly correlated with 

the parameters c and d of the beta distribution. The recurrent cycles of identical 

errors (both maximum and average) over sets of four combinations of c and d persist 

over all 24 cases. The interpretation of this effect is unclear, but it is possible (as 

occurred with Cornish-Fisher approximation in §5.3.2) that the extended Laguerre 

approximation is independent of the parameter {3. Figure 5.5 depicts the extended 

Laguerre and Cook's approximation in one of the poorest cases in the study, when 

a = {3 = c = 1.0 and d = 2.0. The maximum difference of En = 0.0388 occurs at 

z = 0.02. Figure 5.6 provides a graph of the more typical case a = 2.0, {3 = 1.0, 
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c = 1.0, and d = 2.0, where En = 0.0116 and the average absolute deviation is 

en = 0.0021. 

Figure 5.5 - Extended Laguerre and Cook Approximations (1) 
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Figure 5.6 - Extended Laguerre and Cook Approximations (2) 
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5.3.4 Difference of Two lID Beta Random Variables 

Let X '" beta( a, b), Y '" beta( a, b) and independent of X. Define Z = X - Y. In 

this case we have a random variable whose domain is finite. The Jacobi polynomial 

series can be used to approximate the cumulative distribution function. We let 

the parameters a and b vary over 5 values from the set {I, 2, 3, 4, 5} and use the 

performance statistics of §5.3.2 for 10,000 observations. Additionally, to investigate 

the accuracy of the series in the tails of the distributions, we define the statistics 

nO.OS = max ISn(x) - FJ(x)l, 
n:5S00 

[5.33] 

which represent the maximum absolute deviations of the Jacobi series approxima

tion FJ(x) from the empirical distribution function Sn(x) in the lower and upper 5 

% tails of Sn(x), respectively. The results are given below in Table 5.5 for a Jacobi 

series using the first six moments of Z. 
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Table 5.5 - Jacobi Approximation for Difference of Beta Distributions 

a b ~n dn nO.05 nO.95 

1 1 0.0096 0.0033 0.0041 0.0016 
1 2 0.0144 0.0046 0.0028 0.0041 
1 3 0.0108 0.0041 0.0027 0.0024 
1 4 0.0157 0.0069 0.U027 0.0024 
1 5 0.0169 0.0077 0.0038 0.0043 
2 1 0.0086 0.0029 0.0035 0.0043 
2 2 0.0122 0.0054 0.0013 0.0026 
2 3 0.0086 0.0023 0.0044 0.0013 
2 4 0.0140 0.0052 0.0025 0.0019 
2 5 0.0092 0.0028 0.0027 0.0037 
3 1 0.0107 0.0034 0.0024 0.0022 
3 2 0.0060 0.0022 0.0034 0.0018 
3 3 0.0062 0.0021 0.0017 0.0028 
3 4 0.0077 0.0029 0.0031 0.0022 
3 5 0.0080 0.0033 0.0026 0.0016 
4 1 0.0140 0.0051 0.0021 0.0027 
4 2 0.0061 0.0017 0.0045 0.0020 
4 3 0.0100 0.0038 0.0049 0.0021 
4 4 0.0066 0.0017 0.0017 0.0015 
4 5 0.0047 0.0015 0.0013 0.0019 
5 1 0.0218 0.0074 0.0028 0.0044 
5 2 0.0071 0.0019 0.0028 0.0026 
5 3 0.0069 0.0024 0.0044 0.0021 
5 4 0.0125 0.0052 0.0028 0.0020 
5 5 0.0081 0.0024 0.0026 0.0020 

While the statistic ~n demonstrates the approximation has relatively large errors (> 

0.01) in some cases, the statistic (In, representing the average error, indicates much 

better performance. The accuracy in the tails is excellent, especially considering 

this is the area of crucial importance for many tests and a troublesome one for many 

approximation methods. The maximum observed error in both the upper and lower 

tails over all 25 test cases never exceeds 0.0050. Figure 5.7 presents a comparison of 

the Jacobi approximation to the empirical distribution function for the case a = 5, 

b = 1. 
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Figure 5.7 - Jacobi Approximation for Difference of Beta(5.0,1.0) Distributions 
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5.3.5 Product of n liD Uniform[O,lJ Random Variables 

Let Xi '" UfO, 1], where the Xi are mutually independent, and let 
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[5.34] 

Using Mellin transforms, Springer [1979] finds the probability density function of Y 

to be 

{ 

(In1/y)n-l 

f(y) = (n - I)! 
0, 

for ° < y ~ 1, 

otherwise. 
[5.35] 

To find the cumulative distribution function from this, we start from the definition 

F(y) = (n ~ I)! loy (In 1/tt-
1 

dt. [5.36] 

By use of the substitution x = In l/t and conversion of the factorial to the more 

general gamma function, the integral becomes 

1 100 

F(y) = r( ) xn-1e-Xdx, 
n In l/y 

[5.37J 

which is now recognizable as the complement of the incomplete gamma function. 

We have previously noted that the incomplete gamma function can be accurately 

computed. In the notation of §4.2.5, we have 

F(y) = 1- P(n, -lny). [5.38] 

We use the Jacobi series expansion to approximate this cumulative distribution 

function for n = 1,2, ... ,10, and compile the statistics D and On defined in §5.3.1. 

The results for 100 values of y evenly spaced in the interval from J.I. - 3u to J.I. + 3u 

are provided in Table 5.6. below. 
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Table 5.6 Jacobi Approximation for Product of n Uniform Distributions 

n D cn 
DO.os Do.9s 

1 0.0000 0.0000 0.0000 0.0000 
2 0.0035 0.0008 0.0028 0.0007 
3 0.0140 0.0019 0.0102 0.0011 
4 0.0313 0.0034 0.0257 0.0050 
5 0.0530 0.0045 0.0530 0.0056 
6 0.0952 0.0056 0.0952 0.0049 
7 0.1530 0.0064 0.1530 0.0038 
8 0.2253 0.0071 0.2253 0.0045 
9 0.3093 0.0088 0.3093 0.0116 
10 0.4037 0.0135 0.4037 0.0143 

The approximation is initially exact, as is expected since a uniform distribu

tion is a special case of the beta distribution, and we know from Theorem 4.13 the 

Jacobi series is exact for a beta distribution. However, the accuracy deteriorates 

rapidly, becoming unacceptable in the lower tail as early as n = 4, while remaining 

fairly good in the upper tail as far as n = 8. The difficulties in approximating lower 

tail probabilities can be easily understood by examining the graph in Figure 5.8 

for n = 6. While the perpendicular distance between the Jacobi series approxima

tion and the exact cumulative distribution function is relatively small, the extreme 

slope of the cumulative distribution function causes a relatively large difference in 

the vertical distance between the two curves. 
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Figure 5.8 - Jacobi Approximation for Product of 6 Uniform [0,1] Distributions 
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5.3.6 Quotient of a Weibull and Uniform[1,2] Random Variable 

We consider the quotient Z = X/Y, where X has a two parameter Weibull distri

bution with probability density function 

for x > OJ 
[5.39] 

otherwise, 

where a > 0 is the shape parameter and f3 > 0 is the scale parameter, and Y '" 

U[l, 2], independent of X. As with the product functions of earlier sections, Mellin 

transforms are of considerable use in computing the moments of Z. The Mellin 

transform of the probability density function of a Weibull random variable is known 

to be 

fx( 8) = f3 8
-

1 r ( 8 + : - 1) . [5.40] 

From the definition [2.4] of the Mellin transform, we find the transform of the 

probability density function of Y: 

28 -1 
fY(8) = --. 

8 
[5.41] 

Applying the Mellin transform quotient property [2.14] and simplifying yields the 

transform of Z: 
* W-1r (8±~-1) (1 _ (!r-2

) 
fZ(8) = . 

8-2 
[5.42] 

The moments of Z are provided by [2.19], which leads to 

{ 

~ r (~) In 2, n = 1 j 

E[zn] = (....l!....-) (2n-1_1) pnr(~) 
n-l 2n-1 Of' n = 2,3, ... , 

[5.43] 

where the case n = 1 is found from an application of L'Hopital's rule. 

Using the first seven moments in an extended Laguerre series, we consider 

choosing 01. and f3 from the set {0.5, 1.0,5.0,10.0, 50.0}. Table 5.7 summarizes the 

statistics ~n, (in, no.os , and nO.9S over all twenty-five test cases. 
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Table 5.7 - Performance of Extended Laguerre Approximation in Quotient Case 

a f3 ~n dn nO.os nO.9S 

0.5 0.5 0.0954 0.0558 0.0917 0.0490 
0.5 1.0 0.0908 0.0540 0.0905 0.0491 
0.5 5.0 0.0901 0.0537 0.0893 0.0493 
0.5 10.0 0.0948 0.0552 0.0884 0.0493 
0.5 50.0 0.0942 0.0554 0.0885 0.0489 
1.0 0.5 0.0064 0.0029 0.0064 0.0033 
1.0 1.0 0.0093 0.0036 0.0048 0.0027 
1.0 5.0 0.0079 0.0030 0.0039 0.0018 
1.0 10.0 0.0106 0.0027 0.0040 0.0014 
1.0 50.0 0.0062 0.0029 0.0029 0.0034 
5.0 0.5 0.0063 0.0019 0.0029 0.0013 
5.0 1.0 0.0108 0.0047 0.0026 0.0032 
5.0 5.0 0.0052 0.0018 0.0033 0.0027 
5.0 10.0 0.0080 0.0026 0.0028 0.0023 
5.0 50.0 0.0049 0.0014 0.0027 0.0013 
10.0 0.5 0.0074 0.0029 0.0059 0.0026 
10.0 1.0 0.0164 0.0058 0.0023 0.0045 
10.0 5.0 0.0087 0.0029 0.0038 0.0023 
10.0 10.0 0.0113 0.0044 0.0048 0.0039 
10.0 50.0 0.0104 0.0036 0.0044 0.0019 
50.0 0.5 0.0334 0.0102 0.0334 0.0122 
50.0 1.0 0.0357 0.0118 0.0261 0.0078 
50.0 5.0 0.0295 0.0109 0.0295 0.0074 
50.0 10.0 0.0279 0.0096 0.0279 0.0077 
50.0 50.0 0.0307 0.0110 0.0303 0.0091 

It is evident from the table that the quality of the approximation is closely 

tied to the a parameter of the Weibull distribution. The approximation performs 

well for the intermediate values of a, but poorly for a = 0.5 and a = 50.0. Some 

general remarks concerning the problems encountered with the orthogonal polyno

mial approximations which are typified by this example are discussed in the next 

chapter. Figure 5.9 displays the case a = 0.5, f3 = 0.5, which is the poorest result 

of this experiment. Figure 5.10 presents the case a = 1.0, f3 = 0.5, which shows a 

marked improvement in the approximation. 
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Figure 5.9 - Extended Laguerre Approximation for Weibull(0.5,0.5) Quotient Case 
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Figure 5.10 - Extended Laguerre Approximation for Weibull(1.0,0.5) Quotient Case 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

6.0 Discussion 

The technique developed in this dissertation offers practitioners a methodology 

for approximating the probability density functions and cumulative distribution 

functions of random variables which previously were difficult to evaluate. In this 

chapter we discuss the advantages and disadvantages of the technique as well as 

suggestions for future research. Theoretical and empirical aspects are considered. 

Theoretically, the inverse weighted mean square error minimization property 

of Theorem 3.7 provides support for use of the orthogonal polynomial series expan

sions. When the weighting function has no poles and takes on a typical 'bell-shaped' 

form, the theorem suggests the approximation may be accurate in the tails, which 

is important in many applications. However, it is also possible for this property to 

be a disadvantage. For example, suppose the probability density function f( x) of 

a random variable X defined on (0,00) has a pole at x = 0, i.e., limx_of(x) = 00. 

If the gamma weighting function associated with the extended Laguerre series for 

f( x) has shape parameter a < 1, then this associated weighting function also has 

a pole at zero. Considering the inverse weighting relationship, this suggests almost 

no 'weight' will be given to the approximation in the region near x = O. The re

sult could be large approxi.nation errors in the lower tail. Empirically, such a case 

occurs in §5.3.5 for the Jacobi series. From [5.35], we see the probability density 

function f(y) for the random variable Y is unbounded as y -? O. For the associated 

beta( a,,8) weighting function, the method suggested in Chapter 5 for choosing the 

parameters results in a = 0.1975 and ,8 = 12.44. It is known that for a < 1, the 

probability density function of the beta is unbounded at zero. Thus, the relatively 

large error observed for this case (see Table 5.6 or Figure 5.8) is partially explained 

by this phenomenon. The possibility arises of determining the parameters of a 

weighting function that avoids this problem. Certainly this is an area worthy of 

future investigation. 
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Another advantage of the orthogonal polynomial series expansions is the 

requirement that only the moments and domain of the random variable be known. 

For many applications this is desirable, as the moments can be computed and the 

domain is generally known. Even functions of dependent random variables can be 

approximated if the moments are known. However, if the moments of the random 

variable of interest do not exist, the polynomial series cannot be applied. For the 

functions considered in Chapter 5, only the quotient case of §5.3.6 presents any 

difficulties (e.g., we could not approximate the quotient of a Weibull and a U[O, 1] 

random variable because the moments of the reciprocal uniform do not exist). This 

existence problem is mainly of theoretical importance, as applications do not tend 

to produce pathological cases. As noted in the literature review and some of the 

examples, actual computation of the moments can be greatly simplified by the use 

of Mellin transforms for product and quotient functions. 

Empirically, the results of Chapter 5 generally lend reinforcement to the 

orthogonal polynomial series expansion approach. The formerly cumbersome prod

uct case :\a = P:\c of the traffic conflict application is handled with ease, even 

though some of the parameters of the component distributions are relatively large. 

The accuracy of the approximation is maintained over the entire distribution, with 

a maximum difference from the empirical distribution function of 100,000 obser

vations of ~ = 0.0026 (using just seven moments). It is thus possible to make 

precise inferences and probability statements using the model. The graphs and ta

bles provided in Chapter 5 attest to the ability of the series expansions to closely 

approximate various types of distributions. A problem that occasiona~ly occurs can 

be seen in Figure 5.2. The approximations are not always monotonic, and values 

of the approximation to the cumulative distribution function can be negative or 

greater than one. The works of Barton and Dennis [1952] and Draper and Tierney 

[1972] cited by Kendall [1987] provide some insights for these anomalies, but general 

results for any of the polynomial series expansions do not seem to be available in the 

literature. The specification of necessary or sufficient conditions for monotonicity 

or requirements on the range should be considered for future research. 
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There are several other potential topics for future research. Bivariate and 

multivariate generalizations of the Hermite polynomials, Gram-Charlier and Edge

worth series exist, as Kendall [1987] mentions. Analogous expressions for the Jacobi 

and extended Laguerre polynomial series expansions should be investigated also. 

Although we have presented a natural method to determine the parameters in the 

Jacobi and extended Laguerre weighting functions, as mentioned above there is some 

flexibility in the choice of these parameters. Perhaps it is possible to determine the 

parameters in such a manner that the approximation is accurate in, for example, 

the upper tail only. If knowledge of the upper tail is all that is needed, this could 

be useful. A related question is the general accuracy of the approximation. Some 

theoretical analysis relating the number of moments used in the truncated series 

to the error of the approximation would be a great aid to the practitioner. The 

potential for reducing the order of the error of the extended Laguerre and Jacobi 

series expansions (as Cornish and Fisher did with the Hermite series) indicates this 

should also be investigated. 

The approximation of discrete distributions with orthogonal polynomials has 

not been discussed, but this could be attempted by introducing Lebesgue-Stieltjes 

integrals into the derivations of the series expansions. Coefficients of the approx

imating series could then be determined from the moments, as in the continuous 

case. While the prevalence of discrete random variables in stochastic modeling may 

not be as widespread as that of continuous random variables, the method could be 

of some use. 

In conclusion, we feel the orthogonal polynomial series expansions provide a 

straightforward and often extremely accurate approximation to the cumulative dis

tribution functions of random variables which previously required laborious efforts 

to evaluate. Theoretical concerns have been addressed, a natural methodology for 

applying the expansions has been described, empirical results which support the 

technique have been presented, and potential problems of the approximations have 

been discussed. The relationships of the orthogonal polynomial series expansions to 

common distributions have clarified and complemented the existing literature. We 
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feel the methodology provides a solid and more complete understanding of the uses 

of orthogonal polynomials in the approximation of probability distributions. 
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Appendix A 

Completeness of the Extended Laguerre Polynomials 

In Chapter 3 the three families of the Hermite, Jacobi, and Laguerre orthog

onal polynomials were introduced. It is well known that each family is complete. 

Here we demonstrate the completeness of the more general extended Laguerre poly

nomials defined in Chapter 4 and used in some applications in Chapter 5. From the 

definition of completeness given in Chapter 3, the system {Pn}~=o of functions in 

question is required to be orthonormal. Therefore, we first establish the orthonor

mal version of the extended Laguerre polynomials with the following lemma. 

Lemma A.I. The system of functions 
00 

f3cx+l X CX e-{Jx ({J) 1 
(a + l)nn!r(a + 1) Ln

cx
• (x) n=O ' 

[A.l] 

where L~cx·{J)(x) represents the extended Laguerre polynomials as defined by [4.22J, 

is orthonormal. 

Proof. 

Orthonormality requires orthogonality and normality. The system {Pn}~=o is easily 

shown to be orthogonal over [0,00): 

[A.2] 

= {O, ~f m f= nj 
1, Ifm = n, 
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where the last equation follows from the extended Laguerre polynomial orthogo

nality relation [4.28]. Since the norm of {Pn}~=o is unity, the orthonormality is 

apparent. II 

With this result, we now demonstrate completeness, following the method of San

sone [1959]. 

Theorem A.2. The system {Pn}~=o is complete. 

Proof. According to the definition of completeness, we must show that the only 

square integrable function which is orthogonal over [0,00) to all functions of the 

system {Pn}~=o is the function which is zero almost everywhere. Assume such a 

square integrable function J exists. By hypothesis, 

f3a+l 100 =¥- ~ (a,{3) _ 
( ) Ir( ) J(x)e x Ln (x)dx - 0, 
a + 1 nn. a + 1 ° n =0,1,2,... [A.3] 

Since the Lha
.{3) (x) are lJolynomials, this implies 

We make the substitution x = ~, yielding 

100 

J(7J)e-tt~tndt = 0, n = 0,1,2, ... , 

and let the function F( t) be defined by 

Then clearly 

and 

[AA] 

[A.5] 

[A.5] 

[A.7] 

[A.S] 

But F(t) is square integrable over [0,00) since tI+-!e-=? is bounded in [0,00). Since 

the LhO,l)(t) polynomials are known to be complete (see Sansone [1959]), F(t) and 

therefore J(t) is zero almost everywhere in [0,00) ... 
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Appendix B 

Edgeworth and Cornish-Fisher Series Expansions 

B.O Introduction 

The Gram-Charlier Type A series expansion presented in Chapter 4 is refined in 

Edgeworth [1904] and in Cornish and Fisher [1937]. We develop these expansions 

in detail, following Kendall [1987]. Since both the Edgeworth and Cornish-Fisher 

forms are developed in terms of the cumulants of the random variable of interest 

rather than the moments used in the Gram-Charlier version, we first introduce the 

necessary background matter. 

B.l Cumulants 

The concept of cumulants, as Kendall [1987] notes, originates in the literature in 

Thiele [1903]. While cumulants are not as prevalent as moments in the literature, 

they possess similarly useful properties. Fortunately for our purposes, they can be 

computed from the moments. If we define the rth moment of a random variable X 

with cumulative distribution function F( x) with the standard Stieltjes integral 

jjT = 1: xT dF(x), 

then the cumulants l\:i, K:2, . .. ,K:T are defined with the following identity in t: 

(
00 tT) 00 tT 
~ K:T ~_jjT 

exp L..t -,- = L..t ,. 
T=l r. T=O r. 

If t is complex, we substitute it for t to get 

(~ K:T(itf) = ~ jjT(itf 
exp L..t, L..t, 

T=l r. T=O r. 

= 100 

eitxdF, 
-00 

[B.1] 

[B.2] 

[B.3] 
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which is immediately recognized as the characteristic function, ¢>(t), of X. Thus, Kr 

is seen to be the coefficient of (itr Ir! in In ¢>(t), if the power series expansion can 

be put in this form. We call the function In ¢>(t) the cumulant generating function. 

If the random variable X is standardized by subtracting its mean J1.1 and dividing 

by its standard deviation u, the effect on the rth cumulant is a simple division by 

ur . Denoting the rth standardized cumulant by "'sr, we have 

"'r "'sr = -. 
u r 

[B.4] 

The cumulants of a random variable are not directly calculable unless the series 

form of the logarithm of the characteristic function can be found. However, as 

alluded to above, the cumulants can be related to the moments of the same and 

lesser orders. Differentiating [B.2] with respect to "'j gives 

(f J1.rtr) t.j = f 8J1.r t
r

, j ~ 1. 
r=O r! J! r=1 8"'j r! 

[B.5] 

By identifying powers of t we get in general 

8J1.r (r) 
8"'j = j J1.r-j, [B.6] 

and specifically for "'1, 
[B.7] 

Using this relation we can find the moments in terms of the cumulants and then 

solve explicitly for the cumulants in terms of the moments. The first ten of these 

equations are given by Kendall et al. [1987]; we include the first five here: 

"'1 = J1.1 

"'2 = J1.2 - J1.1
2 

"'3 = J1.3 - 3J1.2J1.1 + 2J1.1
3 [B.8] 

"'4 = J1.4 - 4J1.3J1.1 - 3J1.2 2 + 12J1.2J1.1
2 - 6J1.1

4 

"'5 = J1.5 - 5J1.4J1.1 - 10J1.3J1.2 + 20J1.3J1.12 + 30!.l22J1.1 - 60J1.2J1.1 3 + 24J1.15. 
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B.2 Edgeworth's version of the Type A Series 

The Gram-Charlier Type A series can behave poorly in that approximations of the 

cumulative distribution function using j terms in the summation may be a worse 

approximation than the sum of j - 1 terms. Edgeworth [1904] derives another Type 

A series as an improvement. In what follows, D is the symbol for differentiation, 

Hr( x) is the rth degree Hermite polynomial, and r( x) is the weighting function 

(i.e., the probability density function of a standard normal random variable). We 

start by finding the Fourier transformation of Hr(x)r(x). Because 

[B.9] 

it follows from Rodriguez' formula [4.2] and the differentiation property of Fourier 

transforms that 

[B.lO] 

Therefore, the transform of xr r( x) is ir..j27i Hr( t )r( t), and 

[B.ll] 

Now by interchanging the roles of x and t, 

[B.12] 

Finally, by changing the sign of t, the transform of Hr(x)r(x) IS seen to be 

y'2;ir tr r(t). Starting with the expression 

[B.13] 



we proceed to find its characteristic function: 

1
00 100 00 (",i Dri) eitx exp(KrDr)r(x)dx = eitx L: r ., r(x)dx -00 -00 . 0 J. }= 

00 i 100 = L: ~; eitxDrir(x)dx 
· 0 J. -00 }= 

00 j 100 
= L: ~; eitx( -Iri Hri(x)r(x)dx 

· 0 J. -00 }= 00 j 

= L: ~; ~(_iyitrir(t) 
· 0 J. }= 

= v'27rr(t) exp[Kr( -itt], 
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[B.14] 

where again we have used Rodriguez' formula in passing from the second line to the 

third. A similar process yields the characteristic function of 

[ 
Kl - a K2 - b 2 K3 3 K4 4 ] 

exp - ,D + ,D - -, D + -, D ... r( x) 1. 2. 3. 4. 

to be 

tn= ( ) [Kl - a . K2 - b(')2 K3 (.)3 K4 (. )4 ] v27l'r t exp , zt + 2' zt + -, zt + -, zt + .... 
1. . 3. 4. 

A more general expression uses the N(J.l, 0'2) density function 

1 _(:r_m)2 

v(x) = --e 2(72 = r[(x - m)jO'J/O'. 
0',j2i 

We then find the characteristic function of 

[ 
Kl - a K2 - b 2 K3 3 K4 4 ] 

exp - , D + ,D - -, D + -, D ... v( x) 
1. 2. 3. 4. 

as 

rn-'2 ()imt [Kl-a, K2- b(,)2 K3(,)3 K4(')4 ] 
V ~7l'r to' e exp , zt + , zt + -3' zt' + -4' zt + . .. . 

1. 2. . . 

[B.I5] 

[B.I6] 

[B.I7] 

[B.I8] 

[B.19] 

Assuming [B. IS] is a density function, we find its cumulant generating function by 

taking the logarithm of [B.19], which is 

(Kl-a+m)it K2-b+0'2(')2 K3(.)3 K4(')4 -'-----:-, -....:....- + , zt + -, zt + -, zt + ... 
1. 2. 3. 4. 

[B.20] 



114 

By definition, we know the cumulants must be Iq -1+m, K2-b+0'2, K3, K4, .•• , Kr , ••• 

If we set a = m and b = 0'2 we have a distribution whose cumulants are Kl, K2, .•• 

If the series [B.19] converges to a distribution which is uniquely determined by its 

moments, then the series will have the desired distribution. Standardizing will give 

Ksl = 0 and Ks2 = 1, and the Edgeworth series becomes 

[B.21] 

where vex) is replaced by rex) because the mean is zero and the variance is unity. 

Expanding [B.21] results in the more useful form 

f( ) - ~( ) [1 Ks3 H Ks4H Ks5 H Ks6 + 10K;3H ] 
x - I X + 6"" 3 + 24 4 + 120 5 + 720 6 + .... [B.22] 

B.3 Cornish-Fisher Series Expansion 

Cornish and Fisher [1937] derive another Hermite polynomial series expansion to 

approximate the cumulative distribution function of a random variable whose cu

mulants are known. They apply it to estimate values of the Student-t and F

distributions. We begin with the general Edgeworth expression [B. IS] wit.h a = m 

and b = 0'2: 

[ 
Kl - m K2 - 0'2 2 K3 3 K4 4 ] 

exp - , D + ,D - -, D + -, D ... vex). 
1. 2. 3. 4. 

[B.23] 

We suppose that a parameter n ~ 1 exists such that the rth cumulant is O(n1- r
). 

Then we choose II, 12, ••• such that 

Kl -m = itO' 

K2 - 0'2 = 120'2 

K3 = 130'3 

So since 0'2 = K2, it is of order n-1, and then 

[B.24] 

[B.25] 
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Now we write [B.23] as 

[B.26] 

where 
1 1 

11 = O(n-7 ), 13 - O(n-') 

12 = O(n-1 ), 14 - O(n-I) [B.27] 

3 
16 O(n-2). Is = O(n-'2'), -

Expanding the exponential part of [B.26] but including terms only up to order n-2, 

we get 

1 - llU n +F2U2 n2 -i13u3 n3 +i.r14u4 n4 -tin1sus n S +7h16u6 n6 +~(lru2 n2 

+F~u4 n4 +:k15u6 n6 +si'1l1~uB nB -11 12U3 n3 +F113U4 n4 -f.J11 14 Us nS 

+~111su6 n6 -t/213us nS +i.r1214u6 n6 -i'J1314u7 n7 +:Jk131suB nB) 

+H -lfu3 n3 -rtsl~u9 n9 +~lrI2u4n4 -Fr13uS nS -~lr14u6 n6 +~1514Ul0 n lO 

-f.J1115U7 n7 +i.r1215uB nB +Fl1213U6 n6 +i.rltlaI4uB nB) +.JI(ltu4 n4 

+~1~uI2 n12 +~lf13u6 n6 +Fr15uB nB +trll1~ulO n 10 ). 
[B.28] 

If we apply the above to v(x), arrange the result in terms of the Hermite polyno

mials, and integrate, then we have the following second-order approximation to the 

cumulative distribution function of a random variable X: 

F(x) ~ l~ r(t)dt + r(x)[ -(11 +l;l3H2) - (~lrHl +F2Hl +~1113H3 +.JI14H3 

+i'J15Hs) - OlfH2 +Fl12H2 +f.J1r13H4 +b1213H4 +.JI1114H4 +tin1sH4 

+i'Jlt15H6 +rh1314H6 +~l~HB) - (.JI 1tH3 +F~H3 +Fr12H3 +:k1?13 Hs 

+blt1213Hs +is1r14 Hs +is1214 Hs +tinltlsHs +ti-o l6Hs +rh1r15H7 

+rh1215H7 +rkl~H7 +rh111314H7 +7h131sH7 +~111~H9 +rhs1514H9 

+:rrhr.il~Hl1)] . 
[B.29] 
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Appendix C 

Leibniz' Rule for Differentiation of a Product 

Theorem C.l. Let u and v be functions of x and n be a positive integer. Then 

the expression for the nth derivative with respect to x of the product uv is given by 

dn 
n (n) dn- m u dm v 

-- uv = --dxn ( ) ~ m dxn- m dxm ' 
[C.1] 

Proof. The proof is by induction. For n = 1, the expression holds trivially from 

the familiar product rule of calculus. We assume it holds for n, that is, we assume 

[C.1]. Then by application of the product rule, we have 

d
n

+1 n [(n) dn
-

m 
u d

m
+

1 
v (n) d

n
-

m
+1 u d

m 
v] 

dxn+1 (uv) = ~o m dx n- m dxm+l + m dxn- m+1 dxm . [C.2] 

We separate the sum into two parts, and to avoid confusion, reindex both: 

[C.3] 

Separating out the last term of the first sum and the first term of the second sum, 

dn+1 dn+1 v n-l (n) dn- r u dr+1 v n (n) dn- i+1 u di v dn+1 u 
-- uv = u + +. . + v. 
dxn+! () dxn+l ~ r dxn- r dxr+1 ~ i dxn- ,+1 dx' dxn+1 

[CAl 

Combining like terms from the sums yields 

dn+1 dn+! v n-l [(n) (n)] dn- s u ds+1 
V dn+1 u 

dxn+l (uv) = u dxn+l + ~ s + s + 1 dxn-s dxs+1 + dxn+! v 

dn+! v n-l (n + 1) dn- s u ds+1 v dn+1 u 
-u +" --+ v - dxn+l L..t s + 1 dxn- s dxs+1 dxn+1' 

s=o 

[C.5] 
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where the last equation follows from the binomial coefficient identity 

[C.6] 

Reindexing again with m = s + 1 leads to 

[C.7] 

and finally, by placing the two outer terms into the summation, 

[C.S] 

which completes the induction ... 
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