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ABSTRACT
A fossil magnetic field embedded in the radiative core of the
Sun has been thought possible for some time now.

However, such a

fossil magnetic field has, a priori, not been considered a visible
phenomenon due to the effects of turbulence in the solar convection
zone.

Since a well developed theory (referred to herein as

magnetohydrodynamic dynamo theory) exists for describing the
regeneration of magnetic fields in astrophysical objects like the Sun,
it is possible to quantitatively evaluate the interaction of a fossil
magnetic field with the magnetohydrodynamic dynamo operating in the
solar convection zone.
In this work, after a brief description of the basic dynamo
equations, a spherical model calculation of the solar dynamo is
introduced.

First, we calculate the interaction of a fossil magnetic

field with a dynamo in which the regeneration mechanisms of cyclonic
convection and large-scale, nonuniform rotation are confined to
spherical shells.

It is argued that the amount of amplification or

suppression of a fossil magnetic field will be smallest for a uniform
distri but ion of cyc lonic convect ion and nonuniform rotat ion,

as

expected in the Sun.
Secondly, we calculate the interaction of a fossil magnetic
field with a dynamo ht:nring a uniform distribution of cyclonic
convection and large-scale, nonuniform rotation.

We fina that the

dipole or quadrupole moments of a fossil magnetic field are suppressed
x

xi
by factors of -0.35 and -0.37, respectively.
The dynamo modified fossil field,

superimposed on the

theoretically calculated magnetic fields of the solar magnetic cycle,
are compared with the actual sunspot cycle and solar magnetic fields as
observed by others, indicating that a fossil magnetic field may be
responsible for asymmetries in the sunspot cycle and an observed solar
magnetic quadrupole moment.

Further observations and reduction. of the

data are required before the presence of a fossil magnetic field can be
established.
A discussion is given of the implications for the Sun if a
fos s i1 magnetic f iel d is observed and identif ied.

It is consi dered

most likely that a fossil magnetic field would be a remnant of the
possible Hayashi phase of a fully convective,
possibilities also exist.

protosun.

Other

CHAPTER 1
INTRODUCTION
The state of most of the universe is that of an ionized gas or
plasma.

As a consequence of a plasma's high conductivity, gas in

stars, galaxies, and nebulae is coupled strongly with any magnetic
fields which may be present.

In terrestrial planets such as the Earth,

which have liquid, metallic iron cores, a strong coupling between
magnetic fields and the electrically conducting fluid is also to be
expected.

However, for planets such as Jupiter and Saturn, the

predominant constituents (as for most of the universe) are hydrogen and
helium,

so one would not expect a large

l~quid

iron core.

Nevertheless, hydrogen undergoes a change of state which gives it
metallic properties at the high pressures of Jupiter's and Saturn's
interiors (Hubbard and Smoluchowski 1973; Hide 1974).

Once again, a

strong coupling between magnetic fields and the electrically conducting
cores is to be expected.
Wherever one looks, magnetic fields are observed in nearly all
of the objects mentioned.

Planetary magnetic fields have been detected

directly by magnetometers aboard spacecraft near the planets Mercury,
Jupiter,

and Saturn,

while Mars and Venus have very small or

indetectable magnetic fields (Ness et. a!. 1974; Smith et. al. 1974;
Russell 1976, 1978; Ness et. a1. 1981).

The magnetic fields of the

planets are similar to each other in that they are all essentially
1

2

dipolar, however the dipole moments are not similar.

The dipole moment

of the Earth is 8.2 X 10 25 Gauss-cm 3 , and the largest planetszy dipole
moment measured is Jupiter's, with a dipole moment of about 4 X 10 3 1)
Gauss-cm3 •
The strength and orientation of stellar and galactic magnetic
fields are determined by using such basic techniques as measuring the
spectroscopic line splitting due to the Zeeman effect (especially for
the Sun and stars), the polarization of starlight caused, presumably,
by magnetically aligned interstellar dust grains, and the Faraday
rotation measurements of radio signals emitted by pulsars
extragalactic radio sources.

and

Such measurements show an average

magnetic field strength of a few microgauss (10- 6 G) in the Galaxy,
aligned roughly with the plane of the Galaxy and having fluctuations
also of a few microgauss (Jokipii and Lerche 1969).

Spectroscopic

studies of some stars indicate the presence of enormous magnetic
fields, as large as 3 X 10 4 G (Babcock 1960), while more exotic objects
such as white dwarves have 10 7-10 8 G magnetic fields (Angel 1978), and
neutron stars have magnetic fields on the order of 10 12 _10 13 G
(Ruderman 1972, p. 436).

The Sun (more typical of an average star) has

magnetic fields ranging from a few Gauss when averaged over, say,
several solar granules, to thousands of Gauss in sunspots and, on a
very fine scale, in filigree (Stenf10 1976; Harvey 1977).

Radial

velocity measurements and the fluctuations of the magnetic field in
both the Sun and Galaxy indicate the presence of turbulent fluid
motions.

3

Since current theories maintain that stars form from the
surrounding interstellar medium, it could seem natural that stellar
magnetic fields would also have their origin there.

Assuming

conservation of magnetic flux for a collapsing gas cloud, the cloud
having magnetic field

Bi and density Pi initially and

Bf, Pf finally,

we find, for spherical collapse,

ii

=

0.1)

(%f) 2/3

The mass density in interstellar space is roughly
the mean density of the Sun is about 1 g cm-3 •

10- 24 g cm- 3

If Bi

= 10-6

while

G, then

which is much larger than the fields observed on the Sun.

Such a

calculation indicates that the interstellar medium certainly has
magnetic fields of sufficient strength to be responsible for those on
the Sun, although one must postulate some mechanism

for removing or

explaining away the excess, such as collapse of the cloud mostly along
the magnetic field lines or escape of magnetic field due to its
buoyancy or some other instability (For a discussion, see Mouschovias

1978).
A calculation of the resistive dissipation time for the Sun
indicates the possibility of such a fossil field surviving to the

4

present time.

The conductivity a of an ionized gas at temperature

T (OK), is roughly

(1.3)

(Cowling 1953, 1957a; Spitzer 1956; Chapman & Cowling 1958), so with an
average temperature between 105 oK and 10 6 oK inside the Sun, the
estimated resistive dissipation time,

T,

is

(1.4)

c 2 /4rra is the magnetic diffusivity, c

(n

=

R

=7

X 10 10 cm

is the Sun's radius).

is the speed of light and

Since the Sun is about 5 X 10 9

years old, we would expect any fossil field to be retained up to the
present time unless some loss mechanism other than resistive
dissipation is acting.
Closer inspection of the objects in the universe, such as the
planets, forces one to consider an alternate explanation for the origin
of magnetic fields in astrophysics.

For example, estimates of the

conductivity of iron in the core of the Earth (Elsasser 1950; Gardiner
and Stacey 1971; Jain and Evans 1972; Johnston and Strens 1973) yield a
der.ay time of about 3 X 10 4 years, yet a magnetic field is well known
to be present at the Earth's surface even though the Earth is older
than 10 9 years.

In addition, rocks which cooled from material oozing

5

up and spreading out from places like the mid-At lantic ridge on the
Earth's ocean floor are magnetized first one way, then the other in
strips of alternating sign.

Assuming each region became magnetized at

the time it cooled, in the direction of the Earth's local magnetic
field, these regions are evidence that the Earth's magnetic field
undergoes random polarity reversals at intervals of several times 10 5
years (Cox 1969).

Evidently, some mech&nism exists which regenerates

the Earth's magnetic field and maintains it against resistive
dissipation in a quasi-stationary state.
The situation for the Sun is similarly non-steady.

The Sun is

observed to undergo a 22 year cycle in which magnetic field is reversed
in a periodic manner, with the reversed magnetic fields and new
sunspots starting at high and mid-latitudes and progressing toward the
equator (the old magnetic fields having been dissipated).

In both the

Earth and Sun (and elsewhere), such observations suggest that the
conducting fluid plays an important role in regenerating new magnetic
field from old by means of a magnetohydrodynamic (MHD) dynamo.

Such a

dynamo regenerates magnetic field from "old" magnetic field by the
inductive effect of conducting fluid moving past the magnetic field
itself, and thus maintains the magnetic field against losses such as
those due to resistive dissipation.

More complete discussions and

reviews can be found in Levy 1976; Moffatt 1978; Parker 1979; Krause
and Radler 1980; Cowling 1981.
Assuming that an MHD dynamo regenerates magnetic field in the
Sun, one may find it difficult to reconcile the observed solar cycle of

6
22 years with the calculated resistive dissipation time of 10 9 to 10 10
years (magnetic field cannot simply be generated without some
dissipation mechanism acting to prevent its unlimited growth).

As

already noted, however, the fluid motions at the Sun's surface are
observed to be in a state of turbulent convection.

Turbulent flows, in

certain idealized calculations, have been shown to diffuse magnetic
fields in a manner which is similar to the diffusion of scalar fields
(e.g., smoke).

Turbulent mixing of the magnetic fields enhances their

dissipation rate by transferring energy from the larger scales to the
smaller scales, so that dissipation times of about 10 years are
attained in the Sun's convection zone (Steenbeck and Krause 1966;
Moffatt 1978; Parker 1979).
However, the turbulence is thought to be confined to the outer
0.3 of the Sun's radius (Baker and Temesvary 1966; Spruit 1974).

The

outer turbulent convection zone is due to the large temperature
gradient caused by the decreasing temperature and subsequent increasing
opacity from the recombination of electrons and positive ions.

In the

Sun's interior the opacity is much smaller, and the temperature
gradient is reduced, so the interior is stable and non-turbulent; a
fossil magnetic field may be expected to be retained there.

The

question then arises: "What would be the visible manifestation, at the
Sun's surface, of a fossil magnetic field penetrating through the MHD
dynamo in the solar convection zone?".

In this work a spherical,

kinematical model is made of the solar dynamo using mean-field dynamo
theory (Parker 1979; Krause and Radler 1980) in order to calculate the

7

effect of the MHD dynamo on an underlying fossil magnetic field.

The

effect of the fossil field on the appearance of the sunspot cycle and
solar magnetic fields will be calculated and compared with
observations, and the implications of any observed fossil field for the
formation of the solar system will be discussed.
Dynamo Theory
A dynamo which is capable of regenerating its own magnetic
field may be constructed from a wire loop and rotating disk, and is
shown schematically in Fig. 1 (see Bullard and Gellman 1954; Moffatt
1978).

Assuming the presence of a magnetic field

A

initially

parallel to the axis of the rotating disk, an electric field

~

is

induced in the disk's frame of reference according to the equation

~

= (YJc)

XA •

(1. 5)

Gaussian units are used, c is the speed of light and y is the velocity
of a point on the rotating disk

(IVI

«c).

The electric field

generates a current according to Ohm's law

.; = oE

..L

where

0

_,

(1.6)

is the scalar conductivity and i is the current density.

By

connecting a sliding wire to the periphery of the disk and the axis of
rotation, the current will circulate so that if the wire is twisted as

8

Fig. 1.

An engineering dynamo.

An engineering dynamo is shown (Bullard and Gellman 1954).
Magnetic field perpendicular to the disk induces an electric field,
which causes a current to flow through the wire. The wire is twisted
such that the current reinforces the original magnetic field
perpendicular to the disk. For a disk rotating rapidly enough, no
external sources are required in order to maintain the magnetic field
against losses due to resistive dissipation.

9

shown, a magnetic field will be generated in the same sense as the
initial magnetic field.
By way of contrast, the Sun may appear to have an azimuthal
symmetry and simple connectedness not present in the engineering dynamo
of Figure 1.

Furthermore, a theorem by Cowling (1933) proves the

impossibility of regenerating steady, e.zimuthally symmetric magnetic
fields by the inductive action of a conducting fluid.

A later

extension of Cowling's theorem states that regeneration of magnetic
field by azimuthally symmetric, toroidal (in the azimuthal direction)
fluid motions alone is also impossible (Bullard and Gellman 1954;
Cowling 1957b; Roberts 1967).

However, a close examination of the

Sun's magnetic field and fluid motions, as noted in the previous
section, shows that its surface is in a state of turbulent convection
which breaks the azimuthal symmetry of the small scale fluid motions
and magnetic fields, and so must play an important role in the dynamo
mechanism which regenerates the field.

Therefore, it is convenient to

divide the fluid flow .Y. into a part <.Y.> which represents large scale
flow and a part y which represents the small scale turbulent flow,
thus:

.Y.

=

<'1.>

+ Y •

(1. 7)

Small scale flows on the Sun would be on the order of the size of the
granules, while large scale flows would be on the order of the size of
the solar disk.

The average is taken over an ensemble in which y

10

vanishes (for a more complete discussion, the reader is referred to the
works cited in the previous section).
If the flow is known, it is then possible to calculate the time,
development and generation of magnetic field.

Such a kinematical

formulation is used in this work since a more complete description of
the dynamo which includes the reaction of the magnetic field on the
fluid is not possible at this time.

The formal equations to be solved

are therefore the linear equations for the electromagnetic field, or
Maxwell's equations:

VIE
-

= 47TP c

,

(1.8)

=0

,

(1.9)

V·~

V X li
VX ~

= -(I/c)a]Jat

= 47TjjC

,

+ (l/c)aEjat ,

(1.10)
(1.11)

together with Ohm's law

i = a[li

+ (Y/c) X~] ,

(1.12)

written for a conducting fluid having conductivity a and velocity Y...
(IY...I «c).

The magnetic permeability and electric permittivity assume

their free space values of one (Alternatively, all the charges and
current densities are included in Pc and i).
Since the time scale for variation of the electromagnetic
fields is measured in years or longer (due to the large conductivity

11

assumed for objects of astrophysical interest), aE-fat is negligible
when compared with the current density
therefore possible to eliminate
using eqs. 0.9) - 0.12).

i

and

i

in equation (I.11). It is
E in favor of a, ,Y, and 1!.

Equation (1.8) is not used and may be

viewed as a means for calculating the charge density if that is
desired.

The resulting equation,

(1.13)

is called the hydromagnetic induction equation. Constant magnetic.
diffusivity,

n, was assumed in deriving equation (1.13) since a

variable diffusivity produces nothing of interest for our purposes,
introducing unnecessary mathematical complications.
In order to proceed with our formalism which divides
large and small scale motions, we also uivide
magnetic field

~>

V into

1!. into large scale

and small scale magnetic field h

which vanishes

when averaged over large scales or as an ensemble average, so that

A=

~> +

h •

(1.14)

A division of the magnetic field and fluid motions into large and small
scales with the ultimate goal of finding the governing equations for
the large scale fields is the Mean Field Electrodynamics founded by
Steenbeck, Krause, and Radler (1966; Radler 1968a, 1968b; Krause &

12
Radler 1980).

Substitution of equations (1.14) and (1.7) into the

hydromagnetic induction equation (1.13) and averaging yields

(1.15 )

The firs t

term on the right hand side (RHS) of equation (1.15)

represents the inductive effect due to the large Beale fluid motions,
while the second term represents a more complicated interaction of the
small scale flow and magnetic field.

Let's consider the situation for

a fluid body in which the large scale flow is in the azimuthal
direction, and the flow and magnetic field are azimuthally symmetric,
which appears to correspond approximately to the flow and magnetic
field of the Sun and approximately to the situation for the Earth and
other planets.

It turns out to be convenient to write the large scale

magnetic field in terms of its toroidal (or azimuthal) component

B~

and

its poloidal component (or meridional component, Br e r + Be ee;

er

and

ee are unit vectors in the rand e directions) written in terms of

A~,

the toroidal component of the magnetic vector potential (the angular
brackets will be dropped for the vector components).
Thus,

<B>

= B~

e~ + V X ( A~ e~

)

(1.16)

and

(1.17)
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yhen used in equation (1.15), yield

(1.19)

(1.20)

(1.21)
and

(1.22)

where spherical polar coordinates (r,
unit vector in the azimuthal direction,
the r and

a

a,

er

<P) have been used,

&..pd

e<p is a

ea are unit vectors

in

directions, and V2 is the usual Laplacian operator in

spherical coordinates.

Use was made of the fact that the curl of a

toroidal vector is a poloidal vector and the curl of a poloidal vector
is a toroidal vector (Steenbeck and Krause 1969; Chandrasekhar 1961);
in addition, a gauge was chosen which eliminates the gradient of a
scalar function that would otherwise appear on the RHS of eq. (1.19).
The first two terms on the RHS of eq. (1.18) represents the
production of toroidal magnetic field from both the large scale,
nonuniform rotation of the fluid body and the large scale poloidal
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magnetic field.

A physical picture of the process involved is attained

by imagining the po loidal fie ld lines being stretc hed out, as though
they were rubber bands, by the nonuniform rotation (Fig. 2a).

The

second term also contributes to the production of toroidal magnetic
field, but is usually considered less efficient in objects with strong
nonuniform rotation such as the Sun, and hence negligible.

However,

the corresponding term on the RDS of eq. (1.19) may not be so ignored,
for if it were zero, the poloidal field would decay in a time on the
.order of the usual free decay time and no magnetic field is ultimately
generated.
The term

<~

X.h.> may be calculated by obtaining the equation

for the small scale magnetic field by subtracting the equation for the
mean,

large scale magnetic field, equation (1.15), from the

hydromagnetic induction equation, equation (1.13).

The resulting

equation for the small scale fields is shown iu Appendix 1, and the
approximations used to solve for .h. are discussed there.
<~

given in Appendix 1 of the calculation of

An example is

X.h.> by using the short-

sudden approximation (Parker 1955, 1970, 1979).
In order to understand how the term
production of vector potential

~

X .h.> contributes to the

A</> , it is convenient to consider the

following, heuristic, physical arguments.

Following

Parke~

(1955), we

consider the effect on the large scale magnetic field of a rising cell
of convection (or a rising turbulent eddy) in a rotating body with
strong nonuniform rotation and large electrical conductivity.

Since

the cell of convection has a large electrical conductivity, it takes
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Fig. 2a

Fig. 2b

Fig. 2.

An MHD dynamo.

The dynamo model in this work regenerates magnetic field by: (1)
nonuniform rotation acting on poloidal magnetic field, producing
toroidal magnetic field as in Fig. 2a; and (2) cyclonic convection due
to turbulent eddies, which produces poloidal magnetic field from the
toroidal magnetic field as in Fig. 2b. The small scale poloidal
magnetic field produced by the cyclonic convection dissipates, leaving
only the large scale components as indicated in the right half of
Fig. 2b.
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the toroidal magnetic field with it as it rises.

Such a rising cell of

gas in the solar convection zone would have a non-zero divergence, and
the Coriolis force due to the fluid's large scale rotation causes the
cell to twist as it rises, producing a poloidal magnetic field from the
predominantly toroidal magnetic field (Fig. 2b).

The small scale

components of poloidal field then decay by resistive dissipation and
the remaining large scale components reconnect to the large scale
poloidal magnetic field and

r~inforce

it if the cyclonic twist (called

cyclonic convection by Parker) and toroidal field are in the proper
sense.

In more general terms, the fluid motion is said to have a

locally nonvanishing helicity

r ( 'V

X ,Y.) (Moffatt 1969), and the

production rate of poloidal field by the helical fluid motions is
proportional to the mean toroidal field strength.
Steenbeck, Krause, and Radler (1966; Steenbeck and Krause 1966;
Radler 1968b, 1969) evaluate the term <,Y. X ~> in the limit of small
magnetic Reynolds number (equal to VL/n , where V and L are
characterisitic velocity and length scales), and show that <,Y. X
proportional to the mean magnetic field, just as Parker found.

~>

is

They

also find a term, proportional to the curl of the mean magnetic field,
which corresponds to turbulent decay of the mean field, and enhances
the magnetic diffusivity,

n,

in eqs. (1.18) and (1.19). Such

calculations may be summarized by writing the correlation between the
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small scale fluid motions and magnetic field approximately aE (see
Appendix 1)

(1.23)

where r represents the local average of the cyclonic component
convective velocity.
r<~>

When a is the symbol used in place of

r,

of the
the term

is referred to as the a-effect.
The turbulent diffusivity, nT' contributes to the resistive

dissipation of the large scale fields by means of the turbulent
tran sf er of energy from the large to the small scale magne tic fields
where the energy is dissipated rapidly.

The mechanism for rapid

reconnection of the large scale fields and the dissipation of the small
scale fields which is most commonly referenced is due to Petschek
(1964). The calculation of nT is quite complicated, and the action of
turbulent diffusion in dissipating magnetic energy, as mentioned above,
has not been demonstrated to everyone's satisfaction (Piddington 1981).
Nevertheless, we proceed from the assumption that turbulent diffusion
and dissipation of the mean fields in the Sun is adequately described
by a large, positive nT' since the large scale magnetic fields are seen
to diffuse and dissipate during the solar cycle, thus changing the
polarity of the magnetic fields every 11 years.
The Dynamo Equations
Hence, with nT

» n and ignoring the production of toroidal

field from poloidal field by means of r compared to its production by
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means of the large scale shear (B$ e$ is then the predominant component
of <JP ), we may write eqs. (1.18) and 0.19) as

(1.24)

and

(1.25)

A dynamo operating in accordance with equations (1.24) and (1.25) is
often referred to as an a-w dynamo.

The a indicates that cyclonic

turbulence produces poloidal field from toroidal field, while the w
indicates that differential rotation produces toroidal field from
poloidal field with no contribution from the a-effect (r in the
notation used here).
The Dynamo Number
Analysis of equations 0.24) and 0.25) reveals that solutions
may be characterized by the dimensionless number

(1.26)

referred to as

the dynamo number.

characteristic length of the dynamo,

y

In equat ion 0.26),
and

r

R is a

are characteristic values

for the large-scale shear and cyclonic convection, while nT is the
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magnetic diffusivity.

The dynamo number is the product of two magnetic

Reynolds numbers representing the effectiveness of the large-scale
shear and cyclonic convection in regenerating magnetic field.

The sign

of the dynamo number depends on the relative sense of the shear and
cyclonic convection.
shear.

Consider the dynamo having predominantly radial

When r is positive in the northern hemisphere (as for the Sun),

then azimuthal velocity increasing toward the base of the convection
zone implies that N is negative in the northern hemisphere.

The sign

of r is thought to be negative in the northern hemisphere of the Earth,
so for azimuthal velocity increasing toward the Earth's center, N is
positive (Parlter 1971).
product of yand

r,

Note that the sign of N depends only on the

so that a reversal of sign in both quantities

yields the same sign of the dynamo number.
A dynamo operating with too small a dynamo number will produce
only decaying modes and is therefore incapable of regenerating magnetic
field, whereas a dynamo operating with a very large dynamo number will
often have exponentially growing modes.

Many dynamo models assume that

the exponentially growing modes, having the form B(x,t)

= B(x)e st ,

would produce Lorentz stresses which reduce the fluid motious to a
point where the dynamo just becomes capable of regenerating the lowest
mode (i.e., the mode which operates with the smallest dynamo number and
gives zero growth rate, Re[s]

= 0).

However, it is not understood, and

cannot be understood within the context of the kinematical model, how a
dynamo chooses which mode or modes to operate in. For example, some
quasi-dynamical dynamo models (Leighton

1969; Yoshimura

1975b)
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include a term representing the loss of magnetic field due to its
buoyancy and hence make possible the operation of the dynamo with
larger dynamo numbers than are required here to give Re[s]

= O.

Dynamical Stability of Dynamo Modes
Regarding the stability of dynamo modes with zero growth rate,
an analysis done by Levy (1974) indicates that the dynamical stability
of a stationary dynamo mode depends on the sign of the rate of change
of the growth rate of the magnetic field, s, with dynamo number, N.

If

the Lorentz force hampers the activity of the dynamo, then modes having
positivf~

ds/aN are dynamically stable.

If the fields grow, the Lorentz

force decreases the dynamo 4umber, which causes
become zero or negative.

s

to decrease and

An equilibrium must be attained between the

forces driving the fluid motions and the Lorentz force.
When s is complex,

yie~ding

oscillatory modes, a similar

argument may be inferred (although, strictly speaking, Levy's analysis
may not apply to time dependent modes) that when the growth rate,
Re [s], increases with dynamo number, N, the mode is dynamically stable.
It is known that stationary modes have both signs of as/aN so that the
lowest stationary mode calculated may not be stable, but oscillating
modes usually have Re[as/aN] > 0 (Deinzer et. ale 1974).

So, for an

object like the Sun where stationary modes appear to be excluded
because of the thin shell of the dynamo region, the lowest dynamo mode
calculated is expected to be stable and is thus assumed to be the
actual mode of operation of the Solar dynamo.
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The possibility exists, however, that increasing field strength
in the Sun may enhance the operation of the dynamo rather than hamper
it, due to the increased buoyancy of the underlying toroidal field
which may increase the production of cells of cyclonic convection.

In

that case, stable modes occur when Re[ds/aN] is negative, and the
lowest modes are dynamically unstable!

However, since Levy's analysis

may not be applicable to oscillatory states and since most model
calculations yield an oscillatory dipole as the lowest dynamo mode for
negative dynamos (as for the Sun), and a stationary dipole for positive
dynamo numbers (as for the Earth and other planets), we see some
justification in choosing the lowest mode as the mode of operation of
the actual dynamo.

With such statements of both support and caution in

mind, the asymptotic form of the solutions to equations (1.24) and
(1.25) shall be assumed, for the purposes of this work, to be the
lowest regenerative mode which reproduces the magnetic fields having
the dipole symmetry of the Sun.

CHAPTER 2
RECTANGULAR SOLUTION
In order to illustrate the behavior of a dynamo in the presence
of a fossil magnetic field, we shall open this chapter by calculating
an approximate solution of the dynamo equations in rectangular
coordinates.

The solution is useful for comparison with the results of

the more realistic calculations in spherical coordinates which follow
the rectangular calculation, as well as for outlining the behavior of
the solutions to the dynamo equations.

Two spherical model

calculations shall then be made in the next two chapters, one model
having shear and cyclonic convection confined to spherical surfaces,
and the other model having a uniform distribution of shear and cyclonic
convection.

The first spherical model is essentially that of Deinzer,

Kusserow, and Stix (974), and its advantage is that it allows us to
explore the effect of the dynamo on a fossil field when the locations
of the maximum cyclonic convection and nonuniform rotation are varied.
The advantage of the second spherical model is that it allows a more
re~listic

distribution of fluid motions and will therefore be used to

estimate the effect of the fossil field on the solar cycle.
To begin, note that equations 0.24) and 0.25) give the
generation of the magnetic fields locally at a point and must be
a

'~plemented

by appropriate boundary conditions.

The effect of adding

a fossil magnetic field is to introduce an inhomogeneous term into
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either the equatiDns or, equivalently, the boundary conditions.

Such a

mathematical statement of the problem makes possible the formal
solution of the dynamo equations, but may be understood in broader
physical terms to apply no matter what dynamo mechanism regenerates
magnetic field.

That is,

the activity of the dynamo disallows

solutions which are a simple minded superposition of the fossil
magnetic field and the usual dynamo-regenerated magnetic field.

A

general solution to the equations must therefore consist of a
homogeneous solution, corresponding to the usual dynamo-regenerated
field, added to a particular solution which includes the effect of the
fossil magnetic field.

In accord with the statements of the preceeding

chapter, we shall assume that the homogeneous solution corresponds
asymptotically to the lowest mode which is capable of regenerating a
magnetic field having dipole symmetry as observed in the Sun.
We shall now proceed to solve

(2.1)

and

(2.2)

(V2 ::

a2 1'ax 2

+

a2 /az 2 )

in rectangular coordinates x, y, and z, with y

corresponding approximately to the azimuthal direction and x to the
radial direction and using a right-handed coordinate system.

The
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large - scale sh ear,:t
Y and Yz' is written in terms of the "azimuthal"
velocity V as

Yx - 'iJV/'iJx

(2.3)

Y z - av/'iJz

(2.4)

and

Nothing depends on the y-coordinate, corresponding to the azimuthal
symmetry assumed throughout this work.

The time dependent, homogeneous

part of the solution will be assumed to be a plane wave of the form

(2.5)

where i = {_1)1/2, s is the complex angular frequency, and kx and k z
are the wave numbers (assumed real) in the x and z directions,
respectively.

The time independent, particular solution will be

assumed proportional to

(2.6)

where

KX

and

~:z

are the same parameters (assumed real) as used in the

fossil field term of equation (2.1), and they determine the rate at
which the fields dec line in magni tude from x and z equa 1 to -

00.

A

self-consistent solution with physically appropriate boundary
conditions can be found by either a superposition of the four dynamo
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wave modes (Parker, 1979) or by an eigenfunction expansion (Levy and
Boyer, 1982), but such a solution does not illustrate the results of
physical interest any better, nor does it necessarily produce a better
order of magnitude estimate of many of the quantities involved (such as
the dynamo number), than the less formal analysis to follow.
Time Dependent Solution
Therefore, solutions proportional to the factor shown in eq.
(2.5) are substituted into eqs. (2.1) and (2.2) with Bo = 0 in order to
obtain the dispersion relation

[ s +

(k x 2 + k z 2) ]2

for the homogeneous part.

(2.7)

It is desired to find a solution

corresponding to the lowest dynamo mode which is assumed for the Sun.
Therefore, kx (radial wavenumber) is estimated to be 'IT/D , where D is
the depth of the convection zone, and k z (latitudinal wavenumber) is
estimated as 2'IT/R, where R is the Sun's (or dynamo region's) radius.
To reduce the algebraic complications, assume that

so that large scale shear in the radial direction, Y x' dominates.

The
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complex frequency, s, may now be found from eq. (2.7):

(2.9)

When yxr < 0, the plus sign is chosen in eq. (2.9), whereas when
yxr > 0 the minus sign is chosen.

Note also that we have ignored the

decaying mode which represents active degeneration of the magnetic
fields by the dynamo.

The real part of

s

determines the growth rate

of the fields and is zero for the lowest regenerative mode, giving the
condition

(2.10)

Thus, the condition of zero growth rate equates the period of the
dynamo waves (see below) to the diffusion time.
Dynamo Number
In order to define the dynamo number in a way that will be
consistent with the dynamo number to be used in the spherical
calculations having a uniform distribution of shear and convection, we
define the characteristic value of the large scale shear, y, to be

VoIR, where Vo is the azimuthal velocity at the Sun's equator.
is written in terms of y as Yx

= Ry/(R-D),

Then Yx

where we assume that the

rising element with azimuthal velocity Vo at the Sun's surface, tends
to conserve angular momentum as it rises.

The value of the dynamo
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number, N, determined from eq. (2.10) in this Tl1ay is now

(2.11)

or, upon using D = 0.3R,
(2.12)

N = ±4960

The positive sign is chosen when yxr > 0, and the negative sign is
chosen when y x r < O.
Traveling Dynamo Waves
The angular frequency of the dynamo mode defined by eq. (2.10)
is equal to the reciprocal of the free decay time n(k x 2 + k x 2 ), so the
fields are proportional to

(2.13)

In the Sun, Yx

=

av/ax is thought to be negative as for rising and

falling elements of fluid which tend to conserve angular momentum (the
turbulent convection is the most likely cause of the nonuniform
rotation of the Sun).

The cyclonic convection,

sign of the helicity, and the helicity,

y.(~

,has the opposite
X y), of rising and

expanding or descending and contracting cells of convection in the Sun
is negative in the northern hemisphere and positive in the southern.
Therefore, Yx is negative in the northern hemisphere of the Sun and
positive in the southern hemisphere according to our definitions
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[Signer) = -Sign(Helicity)].
when Yx

The positive sign is chosen in eq. (2.13)

is negative, as appropriate in the Sun's northern hemisphere,

and we then have a plane wave traveling from "north" to "south"
(negative z direction).

When the minus sign is chosen in eq. (2.13),

as appropriate for the southern hemisphere, we have a plane wave
traveling from "south" to "north" (positive z direction).

Since the

magnetic fields and sunspots observed on the Sun migrate from the poles
to the equator during the solar cycle, such a behavior of the solar
magnetic fields is correctly described by our calculation.
In general, it is found that waves propagate in a direction
perpendicular to the gradient in the large scale fluid motions, V
(Yoshimura, 1975a).

Such traveling waves are called dynamo waves, and

the propagation of magnetic field by these waves is a phenomenon quite
distinct from diffusion.

For example, the period of a dynamo wave is

approxima tely (yrk x )-1/2, and it equals the diffus ion time only when
ehe rate of regeneration of magnetic field equals the rate of the
field's decay by diffusion.

A dynamo which fully regenerates magnetic

field must have a period smaller than the diffusion time.

The

diffusion time is an upper limit on the dynamo's period of oscillation.
Size of the Physical Parameters
This much of the solution gives us the dynamo number, angular
frequency, and behavior of the magnetic fields which is consistent with
the behavior observed on the Sun during the solar cycle.

Although

nothing fundamentally new has been introduced at this stage (see
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Parker

1979),

it is still worthwhile to discuss the magnitude of the

physical quantities involved, and to compare them with the values
determined independently for the Sun, before going on to th"lt part of
the solution which includes the fossil field.

If we write the angular

frequency of the traveling waves in units of R2/ n, the diffusion time
of large scale fields on the Sun, we obtain [use values for kx and k z
as given below eq. (2.7)]

n(kx2 + k z 2) = 149
Given that the Sun's radius is R

=7

(2.14)

X 10 10 cm, the frequency

in eq. (2.14) may be used to estimate the turbulent magnetic
diffusivity on the Sun by equating the angular frequency in eq. (2.14)
to the angular frequency of the 22 year solar cycle, yielding:

(2.15)

An indepennent measure of n T may be obtained using mixing
length theory.

Following Parker (op. cit.) we make use of Spruit's

(1974) model of the solar convection zone to estimate the turbulent
velocity fluctuations, v, and mixing length, A (assumed proportional to
the scale height).

The value obtained in this way for nT is

(2.16)

30

where the mixing length used is 3 X 10 8 cm and the turbulent velocity
is about 10 4 cm s-l, corresponding to a depth of 10 9 cm into the
convection zone (the depth of the convection zone in Spruit's model is
1.98

X

10 10 cm).

The turbulent diffusivity in equation (2.16)

increases slightly upon going deeper into the convection zone, but is
still in reasonable agreement with the value required by dynamo theory
when the uncertainties involved in applying mixing length theory in any
realistic situation is considered (for a discussion of the
uncertainties, see Tennekes and Lumley, 1972).
Of greater concern is the value of the cyclonic convection,
required to maintain the dynamo's magnetic fields.

r,

The magnitude of

the differential rotation is known on the Sun's surface by observation,
and the dynamo number then fixes the product of

y and r

(nT is in fair

agreement with the value estimated using mixing length theory).

The

dynamo number therefore fixes the magnitude of the cyclonic convection
on the Sun.

Using the dynamo number obtained in eq. (2.12), noting

that the magnitude of the large scale shear is about 3 X 10-6 s-l, and
using the value of nT obtained in eq. (2.15) for n, we see that the
required magnitude of the cyclonic convection is

(2.17)

The magnitude of the cyclonic component of the convection,
may also be estimated independently of dynmllo theory by

r,

considering

the effect of the Coriolis force on a rising eddy having a size on the
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order of the mixing length, A.

As the eddy rises in a time A/v, it

turns through an angle of approximately nA/v, or a distance nA(A/v)

(n

is the angular velocity of the rotating eddy, on the order of the
angular velocity of the Sun's rotation).

Therefore r is roughly

O.04nA, where 0.04 is a filling factor corresponding to the production
rate and spatial distribution of turbulent eddies (Parker, 1979).
Using A = 3 X 10 8 cm and n

r

::<

=3

X 10-6

0.04nA

= 36

8- 1 ,

we obtain

cm s-l

(2.18)

which is about 70 times larger than the value required to maintain the
dynamo's fields according to eq. (2.17).

For some dynamo models

(Kohler 1973, Yoshimura 1975b), the discrepancy is not quite so large,
but still amounts to about an order of magnitude.
passing, that since

r/yR «

1 for either value of

r,

We also note, in
the differential

rotation remains much more efficient than the cyclonic convection at
generating toroidal field, which justifies our neglect of the term
representing the production of toroidal field by r in eq. 0.18).
When calculating the dynamo number, N, the large value of r is
compensated to some extent by the slightly large value of the turbulent
diffusivity.

The value of

N

calculated using eqs. (2.16), (2.18), and

using y = 3 X 10- 6 s-l, is

(2.19)
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about an order of magnitude larger than the value obtained in eq.
(2.12), although certainly large enough to regenerate magnetic field
(The dynamo number, calculated using Spruit's model of the convection
zone, remains nearly constant with depth).

All that remains is to

understand why the values of rand nT are larger when estimated using
mixing length theory than required by kinematical dynamo theory.
It is possible that the magnetic stresses hinder the fluid
motions sufficiently to suppress the cyclonic motions and reduce the
effectiveness of the turbulence in mixing magnetic fields.

The

magnetic stresses B2/8n would then have to be of the same order of
magnitude as the stresses in the turbulent flow, !pv 2 • At a depth of
10 9 cm, the magnetic field required to inhibit the turbulent motions of
10 4 cm s-l is about 10 3 Gauss, according to Spruit's (1974) model of
the convection zone.

At greater depths the required fields rise to as

high as about 3 X 10 3 Gauss.

Fields of this strength are required by

the kinematic dynamo models, since the strength of the toroidal field,
BT, is fixed by the diffusion time and the differential rotation acting
on the poloidal field, Bp.

In our rectangular model, the toroidal

field strength is on the order of

YR/(R - D)
n(k x2 + k z 2 )

So, assuming the values D = 0.3R, R

=7

(2.20)

Bp

X 1010 em , n

= nT = 3

X lOll

cm 2 s-l, and using the angular frequency predicted for the solar cycle
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in eq. (2.14), and noting that the poloidal field has e strength of
from 1 to 5 Gauss, we obtain the strength of the toroidal field which
must be 400 to 2 X 10 3 Gauss.

Parker (1979), upon calculating the rate

of rise of a magnetic flux tube, concludes that such large fields could
not remain embedded in the solar convection zone for a time comparable
to the 22 or 11 years of the solar cycle, since the tubes rise to the
surface at the Alven speed.

There have never been, however, any

calculations corresponding to the flow of turbulent fluid past a
deformable magnetic flux tube, and it is possible that the rise time
for a magnetic flux tube, as calculated by Parker, may be in error due
to flattening across the direction of motion of the rising flux tube,
or due to some other possible effects at the interface of the flux tube
and the ambient fluid.

Until more exact calculations are undertaken,

it does not seem profitable to consider the rising flux tubes in any
greater detail here.
It should be pointed out that the rectangular model we have
assumed here does not tell us everything about the dynamo's period of
oscillation and the dynamo number required to maintain a magnetic
field.

The time dependent dynamo depends partially on the diffusion of

poloidal field from the region where it is produced to the region where
toroidal field is generated, and then on the diffusion of toroidal
field into the region where poloidal field is generated.

Such must be

the case especially when the regions of shear and cyclonic convection
are localized and separated, although running parallel to each other,
since dynamo waves

propagate along curves of

isorotation.
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Consequently, the magnetic field reaches from one region to the other
by diffusion, and the dynamo operates (at least to this extent) like a
feedback loop in electronic circuitry (Steenbeck and Krause, 1969).
We therefore recognize that the dynamo's period of oscillation
depends upon the distance separating the region of shear and convection
(when these are localized), and can be increased by increasing the
separation distance. We also recognize that the spatial separation of
the regions of shear and cyclonic convection w ill require a larger
dynamo number, meaning there are

mo~e

vigorous fluid motions required

in order to maintain the magnetic field, since the intensity of the
magnetic field decreases with increasing distance from its source
(details depend on the boundary conditions).

We therefore expect that

it is possible, by localizing the shear and cyclonic convection and
separating them by a suitable amount,

to adjust the period of

oscillation and strength of the cyclonic convection so that the values
of nT and r estimated for the Sun in eqs. (2.16) and (2.19) are
produced.

It

is not clear, however, that the Sun's cyclonic convection

and nonuniform rotation are actually strongly localized and spatially
separated by the amount that the dynamo model may require.
Stationary Modes with

~

Fossil Field

The particular solution is proportional to the factor in eq.
(2.6), so if we write the amplitudes for the fields as Ay and By, then
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the equat ions

(2.21)

and

2 +
rB~ Y + n (KX

must be solved.

KZ

2)~

Ay

=0

(2.22)

The x-component of the field may be obtained from the

vector potential, Ay ' and the result is

(2.23)

where

(2.24)

and

(2.25)

It is readily seen from eq. (2.23) that there exists a
condition for arbitrarily strong amplification of the poloidal field
when N = No.

We also notice that when N = No' the dynamo is capable of

maintaining a stationary field in the absence of the fossil field; that
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is, No corresponds to a stationary mode of the dynamo.

Of course, the

only way to have a stationary field is for there to exist boundaries
which reflect thl!'l traveling dynamo waves, and produce standing wave
modes.
and

K

Z

However, in this crude calculation a proper determination of

KX

has not been made, so we shall have to resort to some guessing

regarding their magnitude and sign.

The main purpose here is to

demonstrate the effect of the dynamo on the fossil field in general
terms, leaving the complete calculations to the later chapters.
In general, the poloidal field in eq. (2.23) has a much more
complicated dependence on dynamo number, especially since more than one
stationary dynamo mode is usually possible.

However, in the case when

only one stationary mode exists, the ratio Bp/Bo, where Bp

= Bx

+ Bo is

the total poloidal field in the x-direction, may be expected to vary
with dynamo number as shown in Fig. 3.

It is apparent from Fig. 3 that

the dynamo produces poloidal field which opposes the fossil field and
occasionally reverses the overall field Bp relative to the fossil
field; Bp vanishes altogether when the dynamo number is very large, and
Bp

c

Bo when the dynamo number is zero, since the dynamo is then

incapable of modifying the fossil poloidal field.

It is also clear

that a dynamo field exists for any value of the dynamo number, whereas
when the fossil field is absent,

only the stationary field

corresponding to the dynamo number No may exist (Levy 1979; of course,
we realize that a time dependent mode may be preferred by the selfregenerative dynamo).
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Fig. 3.

Fossil field modified by an MHD dynamo.

The total (Bp = Bx + Bo) fossil magnetic field strength, after
being modified by an MHD dynamo, is shown as a function of the dynamo
number. The magnetic field is normalized to the strength of the
unmodified fossil field, Bo' The dynamo number is normalized to the
dynamo number of a stat ionary state of the homogeneous dynamo. The
stationary state is indicated by the dashed line.
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When N c: No' eq. (2.23) implies arbitrarily large amplification
of the fields, but the kinematical formulation used here is really not
capable of telling us how or whether the magnetic stresses will affect
the fluid motions in such a way as to prevent operation of the dynamo
with dynamo number No.

It also is not obvious at this point why the

arbitrarily large amplification should be negative for slightly
positive dynamo numbers and positive for slightly negative dynamo
numbers.

A partial resolution of the question may be found in the next

chapter where we consider large-sea 1e shear and eye 10nic convect ion
confined to spherical shells.

We will find that the way in which the

magnetic fields are amplified must depend to at least some extent on
the spatial distribution of the shear and cyclonic convection.

CHAPTER 3
LOCALIZED SHEAR AND CYCLONIC CONVECTION
In this chapter we shall consider the effect of a spherical
dynamo on the fossil field when the large-scale shear and cyclonic
convection are confined to spherical shells.

In both this calculation

and the one to follow in the next chapter, the boundary conditions
which we shall use to solve eqs. (1.24) and (1.25) will be the same.
In both calculations, the dynamo is assumed to operate in the solar
convection zone, at the base of which is an infinitely electrically
conducting core in which the fossil field is embedded.
assumed to exist beyond the dynamo region (Fig. 4).

A vacuum is

The assumption

that the core is a perfect conductor is reasonable in view of the
enormous difference in the electrical conductivity due to resistive
dissipation (diffusion time

= 10 9

to 10 10 years in the core) compared

to the conductivity due to turbulent mixing (diffusion time of about 10
years).
Spherical Model Boundary Conditions
Therefore, at the base

~f

the convection zone, r

= ro'

the

toroidal field satisfies

=0
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,

(3.1)
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a

=0

Radiative

Vacuum

Fig. 4. The model for the so lar dynamo.
The dynamo model of this work consists of three regions. The
first region, 0 £ r £ ro ' corresponds to the Sun's stable interior,
and the conductivity is assumed to be infinite there. The second
region, r £ r ~ R corresponds to the solar convection zone where
magnetic ~ield is generated by an MHD dynamo. The conductivity in
ro £ r £ R ia assumed to have a finite, nonzero value. The third
region, r ~ R is a vacuum with zero conductivity.
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due to the absence of

c~rents

tangential to the surface, and the

poloidal field satisfies

(3.2)

since

~.~

=0

everywhere.

The square brackets [f]r=a indicate the jump

in value of the enclosed quantity, f, at r = a.
fossil field, A at the boundary r

= ro

In the absence of a

would be zero.

A vacuum solution must exist for r > R, and since no sources of
current are assumed in the vacuum or at infinity, the condition

(3.3)

is satisfied by the toroidal field, and

(3.4)

together with

(3.5)

is satisfied by the poloidal field.

The vacuum field may be written in

terms of the vector potential as
~

A~(r,e,t)

= L Cn(t)
n=l

r-n- l

p~(cose) ,

(3.6)
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where p~(cose) is the associated Legendre polynomial of degree nand
order one and

e is

the colatitude.

The coefficient Cn(t) contains any

time dependence which enters through the

boundary condition at r

= R.

Model With Spherical Shells
The present calculation has shear localized to a spherical
shell at r

c

rl' so that our model consists of two spherical, rigidly

rotating shells, one located such that ro < r
located such that rl < r
Ye

= 0,

~

R.

~

rl and the other

Since there is no latitudinal shear,

but

(3.7)

where Yo represents the difference in angular velocity of the rotating
shells.

The cyclonic convection is localized in a similar manner such

that

(3.8 )

where the cose term is present due to the assumption that the strength
of r(r,e) is proportional to the magnitude of the Corio lis force.

With

the dynamo equations made dimensionless, the dynamo number (for this
model) is defined as

(3.9)
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The dynamo equations written in dimensionless form are (x

= r/R,

(3.10)

and

(3.11)

with

(3.12)

We are most interested at this point in the stationary, time
independent solutions of eqs. (3.10) and (3.11) since the fossil field
itself is assumed to be time-independent.

a =
at

O.

We shall therefore write

The resulting equations are solved by an expansion in terms of

the P~(cos e) for the angular part and xn and x- n - 1 (n
the radial part.

= 1,2,3, ••• )

for

In the absence of a fossil field and in the limit as

Xo goes to zero, the resulting equations reproduce the same stationary
eigenmodes as found by Deinzer eta al. (1974).
Due to the symmetry about the equator of rex,S) and V<j>(x,s),
the solutions of the dynamo equations divide into independent modes
having: (1) poloidal field with the symmetry of a dipole and toroidal
field that is antisymmetric about the equator, and (2) independent
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modes having poloidal field with the symmetry of a quadrupole and
toroidal field that is symmetic about the equator.

In the former case,

the modes are referred to as dipole-type or odd symmetry solutions
since the toroidal field has the same odd symmetry about the equator as
the magnetic field in sunspots.

In the latter case, the modes are

referred to as quadrupole-type or even symmetry solutions.
The Solution with a Fossil Field
Since the equations have either the symmetry of a dipole or the
symmetry of a quadrupole, the solutions with a fossil field are most
conveniently divided into a solution for a dipole fossil field with
vector potential at x

= Xo

given by

A (xo,e)

1

= m P1(cose)

(3.13)

.~

xo'·
and a solution for a quadrupole fossil field with vector potential
given by

(3.14)

at x

=

xo'

It is as though the fossil field were a dipole of moment m

or quadrupole with quadrupole moment defined as Q, located at the
center of the sphere.
In the presence of an operating dynamo, the stationary fossil
field in eqs. (3.13) and/or (3.14) is superposed on the field produced
by the dynamo.

The dipole or quadrupole moment of the field at the
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Fig. 5. Fossil field modified by the MHD dynamo as a function of
N when the shear and cyclonic convection are localized.
The dipole moment, M, of the surface magnetic fields is shown as a
function of the dynamo number, N, in Fig. Sa. Fig. 5b shows the
quadrupole moment, Q, of the surface magnetic fields as a function of
the dynamo number. Stationary modes of the homogeneous dynamo occur at
the dynamo number indicated by the vertical line. The nonuniform
rotation and cyclonic convection are confined to spherical shells at
radii of 0.85 aud 0.94, respectively. The dipole moment of the fossil
field underlying the convection zone is unity.
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surface x

=I

relative to the underlying fossil field at x

= xo '

is

shown as a function of the dynamo number for an arbitrary location of
the shear and convection (Fig. 5).

For the dipole fossil field, we see

positive values of the dynamo number corresponding to arbitrarily large
amplification of the fossil field, while for the quadrupole fossil
field arbitrarily large amplification occurs for negative dynamo
numbers.

Such states correspond to stationary, self-regenerative modes

of the dynamo.

We now ask how the location of xl and x2 affects the

amount by which the fossil field is amplified when the dynamo number is
far away from the stationary states.
In Fig. 6a the dipole moment of the field at the surface,
x

= 1,

for the cyclonic convection fixed at x

=

x2' is shown as a

function of the location xl of the large scale shear.
the same plot for the quadrupole fossil field.

Figure 6b shows

.

The first step in the

process of generating magnetic field from the underlying fossil field
is to stretch out the poloidal field lines via the large scale shear.
Therefore, for a given location of the cyclonic convection, the
strongest amplification of the fossil field occurs when the shear is
concentrated near the base of the convection zone where more intense
fossil field is present.

As the location xl of the shear moves near

the cyclonic convection at x2 (for x2 > xl)' the dipole and quadrupole
moments of the surface fields reach their minimum value, and as xl
approaches the top of the convection zone (for xl > x2)' the moments
equal unity since the fossil field is then undisturbed by the dynamo.
In the case of the quadrupole fossil field, states of arbitrarily large
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Fig. 6.

Magnetic moments as a function of xl.

The dipole moment, M (Fig. 6a), and quadrupole moment, Q (Fig.
6b), of the surface magnetic fields are shown as a function of the
location, xl' of the spherical shell of nonuniform rotation. The
cyclonic convection is confined to a spherical shell at radius x2 =
0.94. The dipole moment of the fossil field underlying the convect10n
zone is unity.
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amplification are observed because stationary eigenmodes of the dynamo
occur for the sign of the dynamo number (negative) chosen in the
Figure.

Such large amplifications of the fields are also possible for

the dipole fossil field when the dynamo number has a positive sign, but
nonlinear dynamical effects acting on the fluid motions are expected to
reduce the amplification of the magnetic fields so that, in a real
object such as the Sun, the arbitrarily large amplification of the
fossil field should be limited to finite values.
In Figs. 7a and 7b the dipole and quadrupole moments are shown
when the shear at xl is held fixed while the convection at x2 is
varied.

At the base and top of the convection zone, the cyclonic

convection cannot generate poloidal field and the magnitude of the
moment of the surface field is unity, corresponding to the moment of
the undisturbed field.

The moments of the field at the surface of the

dynamo are seen to be least when the cyclonic convection is located
near the base of the convection zone.

The strongest moments are

achieved when the cyclonic convection nears the surface of

the dynamo,

but then the moments become smaller and approach one as x 2 approaches
one.

The fact that the moment of the surface field reaches its largest

value when x2 is near the top of the convection zone must be due to the
proximity of the source of the poloidal field to the top of the
convection zone and the comparatively slow decrease in toroidal field
strength until x

=1

is approached very closely.

Since the toroidal

field ultimately goes to zero at the surface of the dynamo, the moments
must vanish when x2

= 1.

We also note, as mentioned in the paragraph
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Magnetic moments as a function of x2'

The dipole moment, M (Fig. 7a), and quadrupole moment, Q (Fig.
7b), of the surface magnetic fields are shown as a function of the
location, x2' of the spherical shell of cyclonic convection. The
nonuniform rotation is confined to a spherical shell at radius xl =
0.73. The dipole moment of the fossil field underlying the convect~on
zone is unity.
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above, that arbitrarily large amplification (corresponding to
stationary eigenmodes) are visible in Fig. 7b for the quadrupole fossil
fields.
The amount of amplification or Buppression of the fossil field
may also be viewed as though the dynamo amplifies fossil field less
well when the shear and cyclonic convection are in close proximity.
For example, the greater effectiveness of the shear in producing
toroidal field when xl is near Xo is nullified to a great extent when
x2 is close to xl since the source of poloidal field at x2 is further
away from the surface of the dynamo.

Similarly, when x2 is near the

top of the convection zone and xl is near x2' the distance of the large
scale shear from the more intense field at the base of the convection
zone nullifies the effect of the cyclonic convection being near the
dynamo's surface.
When we attempt to apply the results obtained for localized
shear and cyclonic convection to the dynamo having a more uniform
distribution of shear and cyclonic convection, we consider the dynamo
as consisting at first of two localized (but not delta-function)
regions of shear and cyclonic convection separated by a distance large
compared to the width of the regions.

Such a dynamo, according to the

results of this chapter, can be expected to strongly amplify the fossil
field.

It is plausible that as the localized regions move together and

overlap, the amplification of the fossil field is reduced.

On this

bas is, we may expect the foss i1 field not to be amp lified by a very
great amount in a dynamo having a uniform distribution of shear and
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cyclonic convection, as is probably the case for the solar dynamo.

The

amount of amplification must be determined by the actual calculation,
to which we now refer.

CHAPTER 4
THE DYNAMO WITH UNIFORM SHEAR AND CYCLONIC CONVECTION
We expect the dynamo model having a uniform distribution of
shear and cyclonic convection to be more realistic than the model
having localized shear and cyclonic convection.

Therefore, we shall

explore the time dependent modes in some detail and choose the lowest
dipole-symmetry mode (the mode requiring the smallest dynamo number to
maintain the magnetic field against resistive dissipation), which is
thought to most closely resemble the mode of operation in the Sun.

The

dynamo number of that mode shall be used to calculate the amount of
amplification of the fossil field.

The effect of a fossil field on the

appearance of the solar cycle will be examined in the next chapter.
Since it is only the large-scale velocity (nonuniform rotation)
at the Sun's surface which can be observed, some guess must be made as
to how the large-scale velocity varies with depth into the Sun's
interior.

If the nonuniform rotation is driven by the turbulent

convection, it is reasonable to assume that the Sun rotates rigidly
where convection is absent.

The form of the azimuthal velocity

Vcp(x,e), used for this model is therefore written such that Vcp(x,e),
varying with depth in a linear fashion, yields the observed nonuniform
rotation at x

=

1 (Howard and Harvey, 1970) and becomes a rigid
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rotation at the base of the convection zone.

Thus,

(4.1a)

where Vo is the amplitude of the velocity of rotation at the Sun's
surface at the equator (Vo

= 2~R/26

days), with

vI

= 269/280

(4.1b)

v3

= -17/540

(4.1c)

v5

=

-4/945

(4.1d)

and

When the adjustable parameters g and go equal one,

the

rotational velocity increases linearly with depth as described above,
with the angular velocity at the base of the convection zone as large
as would be required by fluid which conserved angular momentum at the
equator.

However, when go

= -xo(l

- x o )/(l/Cl - x o ) and g

= (1

-

x o )'

the radial shear factor Yr vanishes, leaving only latitudinal shear,
and this allows us to spot check our results with the work of Kohler
(1973).

It should be pointed out that forms for

V~(x,e)

other than

that of eq. (2.40) are likely to describe the true situation more
precisely, but the behavior of the basic dynamo modes is not expected
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to change greatly.

The difficult dynamical problem of how the

nonuniform rotation might be produced is discussed by Gilman (1981).
The distribution of convection in this work is assumed to be
uniform throughout the convection zone, independent of x and a, since
that is consistent with the assumption of uniform, turbulent magnetic
diffusivity.

However, the cyclonic component of the convection depends

on the Corio1is force, so r is assumed to be proportional to the
angular velocity of rotation and to cos a [as in eq. (2.33)].

Thus, the

cyclonic convection is written as

r( x, a)

=

r 0 v<I> (x, a ) co s a

(4.2)

Vo x sina
At x

= Xo

and x

= 1,

r(x,a) is defined to be zero.

In view of the lack

of information that exists concerning the distr i but ion of convection
and nonuniform rotation in the Sun, it is not fruitful to parameterize
the model any further.

Indeed, the assumptions made so far prove

sufficient to reproduce the major features of the solar cycle.

See the

literature for explorations of the effect of different forms of the
shear and cyclonic convection on the dynamo modes: Steenbeck and Krause
1969; Deinzer and Stix 1971; Parker 1971; Roberts 1972; Roberts and
Stix 1972; Kohler 1973; stix 1976.
For convenience in the numerical treatment,

the dynamo

equations. (1.24) and (1.25) are written in dimensionless form.

Not

only is distance in units of the Sun's radius R and time in units of

R2/n , but V</l(x,a) is in units of Vo ' r(x,a) in units of r o ' and
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Bq,(X,a,t) is normalized to nr~1R-2 so that multiplication by nr~lR-2
gives the toroidal field Bq, in Gauss when Aq, is in units of Gauss-em.
The dynamo number is defined as

(4.3)

consistent with the definition used at the end of Chapter 2 for the
rectangular dynamo.

The azimuthal velocity in equation (4.3) was given

a minus sign so that the sign of the dynamo number would be negative
for the solar dynamo.
Method of Solution
In order to carry out the calculation, the fields Aq,(x,a,t) and
Bq, (x, a, t) are expanded in terms of the P~(co s a) for the angular part,
and the resulting set of ordinary differential equations for the radial
part are solved using a second order (in the grid spacing), finite
differencing scheme.

Such a solution technique results in an infinite

set of algebraic equations which must be truncated at some level
corresponding to, say, Nh harmonics and Ng grid points.

The technique

has been used successfully by many authors (e.g., Steenbeck and Krause
1969; Kohler 1973) and it is especially well suited for the problem
having spherical symmetry and a vacuum solution which vanishes at
infinity.

The algebraic equations derived are displayed in Appendix 2

along with a discussion of the stability and convergence of the
solutions.
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The numerical technique for the time dependent part involves
the calculation of an eigenvalue, s, which is a complex frequency of an
eigenmode(s) of the dynamo.

The fields for the eigenmodes of the

dynamo are written as
co

A (x,e,t)

= ~t L an(x)
x

p!(cose)

(4.4)

n=l

and
co

B (x,e,t)

= ~t

L bn(x)

x n=l

p!(cose)

(4.5)

where the an(x) and bn(x) are the radial part of the spherical harmonic
expansion.

For odd symmetry solutions the index n is odd in eq. (4.4)

and even in eq. (4.5).

For even symmetry solutions, n is even in eq.

(4.4) and odd in eq. (4.5).
,

Formally,

the finite differencing and spherical harmonic

expansion leads to an equation of the form

(4.6)

where A(N) is, in general, a real and non-symmetric matrix having
complex eigenvalues s and complex eigenvectors X.

The eigenvalue

corresponding to no growth or decay of the fields has zero real part
and is found by adjusting the dynamo number N.
number corresponding to Re[s]

=0

The lowest dynamo

and to fields having dipole-type
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symmetry, is then used to solve the

equation for the stationary,

inhomogeneous solution written out formally as

(4.7)

The vector Q represents the contribution of the fossil field, and Xp is
the solution v2ctor for the stationary fields corresponding to the
vector X in eq. (4.6).

When no fossil field is present, we have .Q.

= 0,

which implies the usual condition for a stationary, self-regenerative
mode (s

=

0) and also the condition for arbitrarily strong

amplification of the fossil field.
Time Dependent Modes
Now consider the time dependent modes of eq. (4.6).
r~sults

The

of the rectangular calculation indicate that for angular

velocity which increases toward the base of the convection zone, dynamo
waves which propagate from the poles to the equator should be excited.
In general, the wave vector of a dynamo wave is perpendicular to the
gradient of the angular velocity (Yoshimura 1975a).

Variations from

this rule are due to the boundaries and to diffusion, and therefore
prediction of the behavior of the dynamo waves is not easily made in
some circumstances.

For example, when only latitudinal shear is

present and the angular velocity increases from the poles to the
equator, dynamo waves propagating from the base of the convection zone
to the Sun's surface are excited.

Kohler (1973) has explored the
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behavior of the oscillating, self-regenerative dynamo modes for varying
amounts of shear in a spherical model similar to the present
calculation.

In the case with no radial shear, Kohler's results show

the fields near th'e surface at x = 1 to consist of two dynamo waves
which propagate from middle latitudes (roughly ± 45 0 ) toward the
equator and toward the poles.

A butterfly diagram similar to the

butterfly diagram for sunspots (Maunder 1922),

may be made by

displaying contours of equal intensity of the toroidal field near the
top of the convection zone at x

= 1,

as a function of latitude (for the

ordinate) and time (for the abscissa).

Kohler shows a butterfly

diagram of the toroidal field which allows one to see the two waves at
the surface in the northern hemisphere propagating northward and
southward.

In Fig. 8, the poloidal and toroidal fields are shown

explicitly as they propagate from the base of the convection zone up to
the top of the convection zone and break into the two waves (one pair
in each hemisphere) propagating north and south (a process of diffusion
rather than traveling dynamo waves).

Dynamo models of the

(X-til

type

will always produce poleward (and equatorward) traveling waves at the
surface when the latitudinal shear is much stronger than the radial
shear, and it is theref ore thought that the small amount of po leward
traveling magnetic field observed on the Sun may be produced by the
latitudinal shear (Yoshimura, 1975b). The effect is noticeable only
for extremely small radial shear and is virtually nonexistant when the
factors g

~nd

go

cq~~l

unity.
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The dynamo with no radial shear.

The sequence in this figure shows the time development of the
homogeneous dynamo solutions when only latitudinal nonuniform rotation
is present. The left half of each diagram shows lines of constant
toroidal field intensity. The solid line indicates positive toroidal
flux and the dashed line indicates negative toroidal flux. The contour
interval for the toroidal field is 765, and the value of the smallest
solid line (adjacent to a dashed line) is 751. The right half of each
diagram shows the poloidal magnetic field lines (actually lines of
constant A x·sine, with a contour interval of 0.89). The dynamo number
of the mod~ shown is 8 X 10 4, and the angular frequency of the cycle is
214. The time interval separating each diagram is 1/8 of the dynamo's
period.
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When radial shear is present and the angular velocity increases
inward, the dynamo waves propagate from middle and high latitudes
toward the equator (the cyclonic convectiDn is assumed positive).
behavior of the fields is shown explicitly in Fig. 9 (for g

This

= go = 1).

It should be noted that the reg ions of most int ense magnetic field

occur at the middle and low latitudes, as is the situation for the
magnetic fields observed on the Sun.

If the sign of the dynamo number

is changed, corresponding say to a change in the sign of the gradient
in angular velocity or in the sense of the cyclonic convection (but not
both at the same time), the fields are most intense at the high and
middle latitudes and propagate from equator to pole (Fig. 10).

With

positive, the angular velocity must increase inward on the Sun in order
to reproduce the observed behavior of magnetic fields and sunspots.
Various observations support the inward increase of angular velocity,
such as those by Deubner, Ulrich, and Rhodes (1979) and Howard and
Harvey (970).
The fact that we have chosen to deal only with the time
dependent dynamo modes which have the same dipole symmetry about the
equator as observed in the Sun, is because our ultimate goal is to
determine the effect on the solar cycle of a fossil magnetic field, and
not merely to catalog the various dynamo modes possible.

Many

kinematical dynamo models of the solar cycle yield an even symmetry
quadrupole-type mode which is usually less easy to excite (has a larger
dynamo number) than the odd symmetry dipole-type mode (see Parker,
1979).

In this model, the even symmetry mode is slightly easier to
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Fig. 9.
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The dynamo with strong radial shear and negative dynamo

The development in time of the magnetic fields of the lowest
regenerative mode of the dipole-type dynamo, drawn in the manner of
Fig. 8. The dynamo number, N - -3583, is negative. The contour
interval for the toroidal field is 948. The contour value of the solid
line adjacent to the dashed line is 190. The contour interval of
A~x·sine is 1.93.
The angular frequency of the cycle is 139.
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Fig. 10.
number.

t

=0

t

=

t

= 2/8

t

= 3/8

1/8

The dynamo with strong radial shear and positive dynamo

The development in time of the magnetic fields of the lowest
regenerative mode of the dipole-type dynamo, drawn in the manner of
Fig. 8. The dynamo number, N = 3707, is positive. The contour
interval for the toroidal field is 1106. The contour value of the
solid line adjacent to the dashed line is 221. The contour interval of
A~x·sine is 1.83.
The angular frequency of the cycle is 141.
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excite since it is in an exponentially growing mode with Re[s]
when the dipole mode has Re [s]

=0

(see Table 2).

=

0.18

Slight changes in

the distribution of shear and convection used in this model might
result in the dipole mode being easier to excite, but the behavior of
the magnetic fields of the dipole mode is not expected to change
significantly from what is calculated here.

In any event, it is well

known from the aforementioned calculations that the dipole mode is
usually only slightly easier to excite than the quadrupole mode, and it
has therefore been suggested that the Sun occasionally excites this
quadrupole mode so that there exists an asymmetry in the start of the
solar cycle as observed by Babcock (1959, 1961) and by Howard (1974).
Stationary Modes
Now consider the stationary solution of the dynamo equations
which includes the effect of the fossil fields given in equations
(3.13) and (3.14).

In Fig. 11, the dipole moment of the surface fields

is plotted as a function of the dynamo number.
of the fossil field is unity.

The dipole moment, m,

Figure 12 is a plot of the quadrupole

moment, Q, of the surface fie lds as a funct ion of the dynamo number,
with Q = 1 for the underlying fossil field.

When the dynamo number is

zero, the moment of the surface field is unity since there is no
contribution to the fossil field from the dynamo.

The dynamo number

which excites the time dependent dipole mode of Fig. 9, which has Re[s]
a

0, is equal to -3583.

When N = -3583 in Figs. 11 and 12, we see that

the fossil field is slightly reversed and suppressed by a factor of
about 0.3 to 0.4.

We also note that for most values of the dynamo
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4

N (Dynamo Number x 104 )

Fig. 11. The dipole moment of the dynamo-modified fossil field as
a function of N, when the shear and cyclonic convection are uniform.
The dipole moment, M, of the fossil field at the surface of the
dynamo, is shown as a function of the dynamo number, N. The dipole
moment of the fossil field underlying the convection zone is unity.
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Fig. 12. The quadrupole moment of the dynamo-modified fossil
field as a function of N, when the shear and cyclonic convection are
uniform.
The quadrupole moment, Q, of the fossil field at the surface of
the dynamo, is shown as a function of the dynamo number, N. The
quadrupole moment of the fossil field underlying the convection zone is
unity.
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number, whether positive or negative, the amount of suppression or
amplification is not very great; a result consistent with the findings
of the previous chapter.
A feature not seen in Figs. 11 and 12 is arbitrarily large
amplification of the fossil field at dynamo numbers corresponding to
self-regenerating stationary states of the dynamo.

Such a feature is

not visible due, possibly, to the difficulty of generating stationary
states in a dynamo which is a thin spherical shell having a nearly
uniform distribu t ion of shear and cyclonic convect ion (Parker 1971,
1979).

In any event, it is difficult to locate the stationary states

of the dynamo using the present model because of the poor convergence
of the numerical method near a stationary state.
that modes with Im[s]

=0

We note, however,

are seen only for positive dynamo numbers in

the dipole case (Table 1), and only for negative dynamo numbers in the
quadrupole case (Table 2).

However, as the dynamo number is increased,

the decay rate of the modes with Im[s]

=0

decreases in magnitude, but

the addition of more harmonics increases the magnitude of the decay
rate (for a given dynamo number) so that a statisfactory convergence
cannot be obtained within a reasonable range of cost, time, and
computer memory.

Note that if stationary states do exist, then Figs.

11 and 12 seem to indicate that they have dynamo numbers much larger in
magnitude than the -3583 of the lowest oscillatory dipole mode
corresponding to the Sun.
The fact that modes with 1m [s]

=0

oc cur only for one given

sign of the dynamo number may be consistent with the proof of Deinzer
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TABLE 1
The Eigenvalues of the First 8 Modes of the Dipole Dynamo
Dynamo Number

= -3583

Dynamo Number

Im[s]

Re[s]

Re[s]

= +3707
Im[s]
141- + c.c.

0.00

139. + c.c.

0.00

-40.2

110. + c.c.

-30.0

0

-62.8

102. + c.c.

-41.4

120. + c.c.

-121.

114. + c.c.

-91.4

113. + c.c.

-191.

126. + c.c.

-156.

120. + c.c.

-218.

83.4 + c.c.

-216.

71.0 + c.c.

-239.

51.9

c.c.

-230.

137. + c.c.

-268.

145. + c.c.

-236.

0

c.c.

= complex

of,

conjugate

68
TABLE 2
The Eigenvalues of the First 8 Modes of the Quadrupole Dynamo
Dynamo Number = -3583
Re[s]

Dynamo Number

= +3707

Im[s]

Re[s]

Im[s]

139. + c.c.

-0.17

141. + c.c.

-27.9

0

-41.0

112. + c.c.

-40.9

119. + c.c.

-62.8

102. + c.c.

-90.9

113. + c.c.

-122.

114. + c.c.

-155.

119. + c.c.

-193.

128. + c.c.

-216.

83.1 + c.c.

-216.

72.9 + c.c.

-228.

134. + c.c.

-227.

38.3 + c.c.

-245.

0

-268.

63.6 + c.c.

0.19

c.c. = complex conjugate
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et. a1. (1974), that stationary states of the dipole-type exist only
for N > 0 , and stationary states of the quadrupole-type exist only for
N < 0 when the shear and cyclonic convection are confined to spherical
shells.

Although no proof has been found stating the same principle

for the dynamo having a uniform distribution of shear and convection,
the principle may nevertheless hold true.
The Appearance of the Modified Fossil Field
In order to understand the spatial distribution of the magnetic
fields, we show the appearance of the stationary toroidal and po10idal
fields for dipole and quadrupole fossil fields for various dynamo
numbers in Figs. 13 and 14.

We note that, for positive dynamo numbers,

the fields for both the quadrupole and dipole are confined largely to
the high latitudes, while, for negative dynamo numbers, the fields are
confined largely to the low latitudes.

We also recall the fact that

the time dependent modes produce fields confined to high latitudes for
positive dynamo numbers and to low latitudes for negative dynamo
numbers.
The distribution of magnetic flux in Figs. 13 and 14 may be
understood in physical terms by considering the details of how the
dynamo modifies the fossil field.

A fossil field embedded inn the

radiative core penetrates the convection zone where the nonuniform
rotation produces toroidal flux.

If we consider poloidal fossil field

pointing outward from the core (e r direction), then toroidal flux is
produced in the -e~ direction when Yr is negative (the base of the
convection zone rotates faster than the top).

With Yr < 0, then N < 0

Fig. 13. The appearance of the dynamo-modified, dipole-type
fossil magnetic field as a function of the dynamo number.
The dynamo number, N, is listed under each figure. Contours of
constant toroidal field are shown on the left hand side of each
diagram. Zero toroidal magnetic field intensity is indicated by the
heavy line. The contour interval of the toroidal field is 169. The
poloidal magnetic field lines {lines of constant A:cbx·sine, having a
contour interval of 0.197), are shown on the right Hand side of each
diagram. The dipole moment of the underlying fossil field is unity.
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Fig. 13. The appearance of the dynamo-modified, dipole-type
fossil magnetic field as a function of the dynamo number.

Fig. 14. The appearance of the dynamo-modified, quadrupole-type
fossil magnetic field as a function of the dynamo number.
This figure is drawn as in Fig. 13. The contour interval of the
torodial magnetic field is 261. The contour interval for the lines of
constant A~x·sine is 0.325, and the quadrupole moment of the underlying
fossil magnetic field is unity.
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= -6000

N
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N = -4000
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Fig. 14. The appearance of the dynamo-modified, quadrupole-type
fossil magnetic field as a function of the dynamo number.
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implies that r < 0 and N > 0 implies that r > O.

When r < 0, the

source term for Aq, in eq. (1.25) is positive, corresponding to a
current in the +eq, direction; the azimuthal current thus produced by
the

dynamo generates poloidal field which reinforces the fossil field

at high latitudes and suppresses the fossil field at low latitudes.
When r > 0, the source term for Aq, is now negative, corresponding to a
current in the -eq, direction; the resulting poloidal field reinforces
the fossil field at low latitudes and suppresses the fossil field at
high latitudes.

Thus, we expect the distribution of dynamo modified

fossil field as indicated in Figs. 13 and 14.

r,

Note that the sign of Y,

and the magnetic fields may all be reversed, yet the same

distribution occurs for the modified fossil field when N is positive
and negative.
Summary
In summary, it should be noted that the fossil field at the
surface of this dynamo mode 1 of the Sun is found to be suppres sed and
the sense of the modified fossil magnetic fields reversed when compared
to the magnitude and sense of the underlying fossil magnetic field.
The magnitude of the suppression is expected to amount to a factor of
about 0.3 to 0.4 as long as the cyclonic convection and nonuniform
rotation are not localized too strongly.

Furthermore, it is possible,

due to the negative dynamo number, that the dynamo acting on a possible
fossil field in the Sun may produce strong magnetic flux at the low
latitudes and visible at the surface.

In the next chapter, we consider

the physical appearance of the solar cycle, according to the current
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solar dynamo model, when the stationary magnetic field produced by an
underlying fossil field is superimposed on the oscillating magnetic
field of the solar cycle.

CHAPTER 5

THE SOLAR CYCLE AND FOSSIL NAGNETIC FIELDS

The purpose of these calculations is to derive quantitative
relationships between the character of the solar cycle and a possible
primordial magnetic field frozen into the solar core.

We shall first

present the theoretical results and, at the end, discuss the
observations which seem, on the basis of our calculations, to be best
suited for detecting an underlying, solar fossil magnetic field.
The Theoretical Results
The questions which the theoretical results should answer are:
(1) "What is the qualitative appearance of the solar cycle in the

presence of a fossil magnetic field?" and (2) "What quantitative tests
can be made which will reveal the presence of a fossil magnetic
field?".

The qualitative aspect can be dealt with by displaying the

surface and subsurface magnetic fields of the dynamo as in Figs. 15-19.
Figures 15-17 show the surface poloidal and near surface toroidal
magnetic fields as so-called butterfly diagrams, while Figs. 18 and 19
show the poloidal field lines and lines of constant toroidal magnetic
field in the dynamo's interior during the dynamo cycle.

In Fig. 15 we

see the surface magnetic fields of the dynamo cycle when no fossil
magnetic field is present. Figure 15 is to be compared with Fig.16,
which displays the surface magnetic fields when a dipole fossil
magnetic field is present, and with Fig. 17, in which a quadrupole
74

Fig. 15. Butterfly diagrams of the solar dynamo model when no
fossil magnetic field is present.
Contours of constant toroidal magnetic field, 1/11 of the dynamo's
radius beneath the surface, are shown on the left.
Contours of
constant poloidal magnetic field at the surface of the dynamo are shown
on the right. The component of the poloidal magnetic field parallel to
the equatorial plane of the dynamo model are shown, corresponding
approximately to what is observed at the earth with a solar
magnetograph. The dark, heavy line indicates zero intensity of the
magnetic field. The contour interval is 149 (4.6S/R) for the toroidal
(poloidal) field (R is the dynamo's radius in the desired units of
length). The dashed line indicates negative polarity. The units are
noramlized so that the dipole moment of the surface fields is unity.
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Fig. 15. Butterfly diagrams of the solar dynamo model when no fossil
magnetic field is present.
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Fig. 16. Butterfly diagrams of the solar dyanmo model when a
dipole-type fossil magnetic field is present.
This figure is drawn in the same manner as Fig. 15, and with the
same contour intervals. However, a dipole fossil magnetic field has
been superimposed on the oscillating dipole-type mode. The dipole
moment of the underlying fossil magnetic field is chosen so that the
dipole moment of the modified fossil magnetic field at the surface of
the dynamo equals the dipole moment of the time-dependent oscillating
magnetic field at the surface of the dynamo.

TOROIDAL FIELD.

DIPOLE FOSSIL FIELD PRESENT.

m0
OJ I

• 59

I

»

POLOIDRl. FIELD.

I • Be

m0
OJ

I

,..

,..

..

II
II

•

DIPOLE FOSSIL FIELD PRESENT.
.50
I

1.0B
I

I

•

II
II

..

III
II
Q

III
II
Q

~m

~m

II

..

II

..

'a

'U

:I

:I

~

~

..J

..J

~I

10

'

.50

FractIon of a dynamo perIod

I.B0

.50

I.BB

FractIon of a dynamo pgrlod

Fig. 16. Butterfly diagrams of the solar dyanmo model when a
dipole-type fossil magnetic field is present.
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Fig. 17. Butterfly diagrams of the solar dyanmo model when a
quadrupole-type fossil magnetic field is present.
This figure is drawn in the same manner as Fig. 15, and with the
same contour intervals. However, a quadrupole fossil magnetic field
has been superimposed on the oscillating dipole-type mode. The
quadrupole moment of the underlying fossil magnetic field is chosen so
that the quadrupole moment of the modified fossil magnetic field at the
surface of the dynamo equals (in dimensionless units) the dipole moment
of the time-dependent oscillating magnetic field at the surface of the
dynamo.
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Fig. 17.;Butterfly diagrams of the solar dyanmo model when a
quadrupole-type fossil magnetic field is present.
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Fig. 18. The evolution in time of the solar dynamo model uhen a
dipole-type fossil magnetic field is present.
In this figure, the contours of constant toroidal magnetic field
are shown on the left half of each diagram and the poloidal magnetic
field in the right half. The contour interval for the toroidal field
is 588, and the heavy line denotes zero toroidal field intensity. The
contour interval for lines of constant A~x·sine is 1.46. The time
interval between diagrams is 1/8 of the period of the dynamo cycle.
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Fig. 18. The evolution in time of the solar dynamo model when a
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fossil field is present.

In Fig. 18 the dynamo cycle in the presence

of a dipole fossil magnetic field is shown (the surface fields are
displayed in Fig. 16), and in Fig. 19 the dynamo cycle in the presence
of a quadrupole fossil magnetic field is shown (the surface fields are
disp layed in Fig. 17).
The types of asymmetries produced by the presence of a fossil
magnetic field' may be more apparent in Figs. 18 and 19 than in Figs. 16
and 17, but one must keep in mind that only the surface and near
surface magnetic fields as shown in Figs. 15-17 can be observed on the
Sun.

Also note that the magnetic field intensities are not fixed by

the present kinematical calculation.

However, an extremely intense

fossil magnetic field is not consistent with solar observations (to be
discussed, presently), so the magnetic field strength of the fossil
fields has been more modestly chosen.

For the dipole (quadrupole)

fossil field, the dipole (quadrupole) moment of the stationary magnetic
field produced at the surface of the dynamo from the underlying fossil
field, is set equal (in dimensionless units) to the dipole moment of
the oscillating dynamo magnetic field.

We will now briefly discuss the

subtle effects of such relatively weak fossil magnetic fields.
In Figs. 18 and 19, it is seen that the qualitative effect of
the fossil field is to produce an asymmetry in the magnetic cycle from
one half of the cycle to the next. At any given moment in the cycle,
both hemispheres are affected equally by a dipole fossil field, whereas
a difference in intensity exists between the two hemispheres in the
presence of a quadrupole fossil field.

Also upon comparing Fig. 15
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with Figs. 16 and 17, a shift in phase and latitude of the maximum of
the dynamo cycle is visible.

The shift in phase and latitude of the

maximum is caused by the presence of intense, stationary surface
magnetic fields produced at low latitudes by the dynamo acting on the
fossil magnetic field (when the dynamo number is negative, as it is
here; see Figs. 13 and 14).
In order to make the discussion of the asymmetry in the dynamo
cycle more quantitative, define the asymmetry index

A _ [IB(t) 1- IB(t+T/2)1 ]/[IB(t)1 + IB(t+T/2)1] ,

(5.1)

where B(t) is the magnetic field strength at an arbitrary time, t.

The

symbol, T, is the period of the dynamo cycle, so B(t+T/2) is the
magnetic field strength occuring one-half cycle after B(t).

In Fig.

20, A is shown as a function of latitude for the radial component of
magnetic field at the surface of the dynamo.

The index, A, is largest

for the polar magnetic fields (those fields at high latitudes) and it
is also large (though less eo) for the low latitude magnetic fields.
The asymmetry seen at low latitudes is due to the presence of intense
magnetic field produced from the fossil field (see Figs. 13 and 14),
and such intense magnetic field is expected at low latitudes when the
dynamo number is negative (as in the Sun).

The asymmetry at high

latitudes mayor may not have so universal a cause,

possibly being due

instead to our choice of how intense the dynamo-modified fossil
magnetic field is, compared to the magnetic field of the oscillating
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Fig. 20.

The asymmetry index, A, as a function of latitude

The asymmetry index is defined in eq. (5.1), and is in terms of
the radial component of the magnetic field at the surface of the
dynamo. The solid line is for a dipole-type fossil magnetic field.
The dashed line is for a quadrupole-type fossil magnetic field. The
magnetic moments are chosen so that the dipole (quadrupole) moment of
the dynamo-modified fossil magnetic field at the surface of the dynamo
equals the dipole moment of the oscillating dynamo mode's surface
magnetic fields. The dipole (quadrupole) moment of the fossil magnetic
field underlying the convection zone is therefore -2.9 (-2.7) in
dimensionless units.
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self-regenerative mode of the dynamo.

However, since the mean field

can be obtained more readily for the polar (high latitude) magnetic
fields on the Sun (the dispersion about the mean field is smaller than
in the more active regions at low latitudes), an asymmetry due to a
fossil magnetic field may be more readily observed there.
If an asymmetry due to a fossil magnetic field is observed 1n
the polar fields, it would be useful to know how the asymmetry index in
eq. (5.1) varies with the strength of the underlying fossil magnetic
field.

Figure 21 shows the index, A (of magnetic field at the poles),

as a function of the dipole (quadrupole) moment of the underlying
fossil magnetic field.

The moment of the of the underlying fossil is

normalized to the dipole moment of the surface magnetic fields of the
oscillating, self-regenerative dynamo mode.
Note, from eq. (5.1), that A is zex-o when the oscillating field
is absent (so !B(t)!
field is absent.

=

!B(t+T/2)!), as well as when the fossil magnetic

Therefore, the index, A (Fig. 21), starts out at zero

when the magnetic moment of the fossil field is zero, and increases to
unity as the magnetic moment of the fossil field is increased, and then
decreases and approaches zero as the magnetic moment becomes infinitely
large.

Also note that a strong asymmetry is produced for relatively

modest values
field.

of the magnetic moment of the underlying fossil magnetic

Such a result seems to indicate that the Sun is relatively free

of fossil field many orders of magnitude larger than the magnetic field
on the solar surface.
solar cycle.

We turn now to the actual observations of the
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Fig. 21. The asymmetry index, A, as a function of the magnetic
dipole and quadrupole moments of the underlying fossil magnetic field.
The asymmetry index defined in eq. (5.1) is in terms of the
surface magnetic field at the poles of the solar dynamo model. The
solid line is for the dipole fossil magnetic field, and the dashed line
is for the quadrupole fossil magnetic field.
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The Observations
Observations of the solar cycle which can be used to detect a
fossil magnetic field may be divided into roughly three categories: (1)
observations of the polar magnetic fields (the fields at high
latitudes), (2) observatiDns of the surface magnetic fields using solar
magnetograms,

and (3) observations of the sunspot cycle.

The

fundamental difficulty with any of these observatiDns is that the data
are noisy.

In particular, the solar magnetic fields consist of

fluctuating fields of the order of 10 3 Gauss superposed on a mean field
of several Gaus s.

Since the theore ti cal cal cula tions reveal the

behavior of the ensemble averaged, large scale magnetic fields, it is
usually necessary to average the data over, say, spatial and/or time
coordinates in order to make the average solar magnetic fields visible.
An even better method of averaging would be to treat each 22 year cycle
as a realization of an ensemble of solar cycles, as suggested by Krause
and Radler (1980).

In addition, the presence of a fossil magnetic

field should produce systematic variatiDns in the solar magnetic cycle
which can only be detected by observations extending over many cycles;
a difficulty is therefore created by the absence of good magnetograph
data covering more than a few solar cycles.

However, direct counts of

sunspots extend continuously from the present time back to slightly
more than 200 years ago, and additional information can be inferred
from less direct sources such as the amount of carbon-14 in tree rings.
Also, the polar magnetic fields are less noisy than the low latitude
magnetic fields.

A combination of several of the three types of
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three types of observation may eventually prove to be the best approach
for detecting a fossil magnetic field.
Polar Magnetic Fields
Magnetograph observations of the polar magnetic fields have
been made in order to attempt a determination of when the old solar
cycle ends and the new cycle begins.

Babcock (1959, 1961) first

reported an asymmetrical reversal of the polar fields,

with the

polarity reversal occuring first in the Southern hemisphere.

Steenbeck

and Krause (1969) suggested that the asymmetry could be produced by a
stationary quadrupole-type magnetic field excited by the solar dynamo.
Such a stationary, quadrupole-type magnetic field could also be
produced by a fossil magnetic field.

However, observations by Howard

(1974) revealed that the reversal occurred once again in the Southern
hemisphere before it occurred in the Northern hemisphere during the
start of the next solar cycle (about 11 years later, or one-half of the
full 22 year magnetic cycle).

Since a stationary magnetic field having

quadrupole-type symmetry should have produced a reversal of the polar
magnetic fields in the Northern hemisphere during the observations made
by Howard, the hypothesis that a stationary fossil field produces the
asymmetry, finds no support.

It is important to note, in any case,

that the noisiness of the data was great enough and the time of
reversal ambiguous enough to make Howard originally report the reversal
as occurring first in the Northern hemisphere (Howard,

OPe

cit.).
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Detection of a fossil magnetic field by observing the polar
fields are incQnclusive, and more observations are needed.
the

However, if

reversal really has occurred first in the Southern hemisphere for

both cycles, then a mechanism other than a quadrupole-type fossil
magnetic field may be at work.

For example, an oscillating dynamo mode

having quadrupole-type symmetry could be excited by the dynamo since
the dynamo number required to excite such a mode is nearly the same as
for the dipo Ie-type mode (se e Chapt er 4, Tab Ie s 1 and 2).

If such a

quadrupole mode has been excited in the Sun, then the hemisphere in
which the polar fields first reverse polarity should change in time
with a frequency equal to the beat frequency between the
oscillating dynamo modes.

two

Since the frequency of the two dynamo modes

are nearly the same according to this dynamo model, the Southern
hemisphere may be expected to change polarity first for several solar
cycles.
Solar Magnetograms
Observations of the solar magnetic fields using the solar
magnetograph, show the Sun's surface magnetic fielrls to be in a highly
disordered, chaotic state.

Only by averaging, in some way, over the

observations can the structure of the mean magnetic field of the Sun be
revealed.

As already noted, the mean field at low latitudes and in the

active regions is smaller than the fluctuating fields by about 1 part
in 10 3 , so accurate data is necessary.

Yoshimura (1976) has devised a

way to obtain the mean, azimuthally symmetric poloidal and toroidal
magnetic fields from magnetograph data.

Yoshimura's method consists of
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B(e,~),

averaging the magnetic fields,
first over longitude,

~,

as observed with a magnetograph,

at the Sun's surface as follows:
21f

<Bp( e»

=1 IB(e,<p)d<P
21f

(5.2)

o

The bipolar regions associated with sunspots and (presumably) the
toroidal magnetic field, give zero contribution when averaged according
to eq. (5.2), so Yoshimura has obtained the large scale, azimuthally
symmetric poloidal magnetic field.

Although the mean toroidal magnetic

field should vanish at the Sun's surface, Yoshimura may have obtained a
measure of the intensity of the toroidal magnetic field by averaging
the magnetograph data according to the equation:
21f

=1 J
'27r

IB(e,<p) - <Bp(e»ld<P

(5.3)

o

Identifying the average in eq. (5.3) with the toroidal magnetic field
requires the assumption that the bipolar magnetic regions associated
with sunspots reflect the behavior and intensity of the toroidal field
near the Sun's surface.

By averaging the magnetic fields of eqs. (5.2)

and (5.3) over many (14 or 21) solar rotations, an important source of
information is obtained concerning the large scale, azimuthally
symmetric solar magnetic fields.
The butterfly diagrams as obtained by Yoshimura for the mean
poloidal and toroidal magnetic fields are shown in Fig. 22.

Upon

comparison with Fig. 15, we see a great deal of overlapping of the
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Fig. 22. The averaged solar cycle magnetic fields as calculated
by Yoshimura (1976), using solar magnetograph data from 1959-1974.
The toroidal field is on the left, and the po10idal fiel.d is on
the right (see the discussion concerning eqs. (5.2) and (5.3) in the
text). The contour intervals are 0.5 (0.1) Gauss with a maximum of
6.884 (1.507) Gauss for the toroidal (poloidal) field. The heavy line
is zero Gauss. The dotted line indicates negative polarity and the
solid line indicates positive polarity. The ordinate of the diagram is
the latitude which goes in a linear fashion (ignore the tic-marks) from
-90 degrees at the bottom to +90 degrees at the top. The abscissa is
in Carrington rotation numbers, representing the number of solar
rotations which have elapsed (Yoshimura does a running average over 27
rotations to obtain this diagram).
The averaged poloidal field
represents that component which is parallel to the ecliptic plane.
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wings of the theoretically calculated butterfly diagrams as compared to
the actual solar magnetic fields in Fig. 22.
steepe~

We also see a much

progression in latitude for the theoretical calculations

compared to the actual magnetic fields.
Yoshimura, the diagram for <BT(e»

In fact,

as noted by

does not show the same progression

in latitude as the Maunder butterfly diagram, shown in Fig. 23 for the
same cycles (19 and 20) as the fields in Fig. 22 (being mostly cycle
number 20).

Yoshimura attributes the difference to the supposedly

greater depth of the toroidal field which produces the sunspots of Fig.
23

as compared to the bipolar regions which give the toroidal field of

Fig. 22.

However, varying the

depth at which the toroidal field is

sampled produces no visible change in the theoretically calculated
butterfly diagrams (Figs. 15-17) of the dynamo model we have been
using.
Unless Yoshimura's diagrams are extended to cover a full 22
year solar cycle, it is impossible to detect a dipole-type fossil
magnetic field.

However, there is a quadrupole component visible in

the poloidal magnetic fields of Yoshimura's diagrams.

The quadrupole

component is easily visible at the high latitudes, consistent with
observations of the polar magnetic fields.

It

is difficult to make a

comparison between Yoshimura's diagrams and the theoretical diagrams,
since the structure of the surface fields on the Sun is not very
uniform.

Nevertheless, we may notice the absence of some of the

features predicted for the solar dynamo in the presence of a
quadrupole-type fossil magnetic field.

We saw, in Fig. 17, a shift in
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Fig. 23. The Maunder butterfly diagram for solar cycles 19 and 20
(from Yoshimura 1976).
The abscissa is the time (1954 A.D. - 1974 A.D.) and the ordinate
is the latitude from -50 degrees to +50 degrees.
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phase and latitude of the maximum of the dynamo cycle for both the
toroidal and poloidal magnetic fields.

Such a shift is not visible for

the toroidal magnetic fields in Fig. 22, and the interpretation of the
poloidal fields is therefore ambiguous (at least when attempting a
comparison with the current dynamo model of the Sun).

Also, a stronger

quadrupole component of poloidal magnetic field at the equator than is
observed may be expected on the basis of the dynamo model (which
produces intense surface magnetic field at the low latitudes from the
underlying fossil magnetic field).
Further observations and reduction of the magnetic field data
observed on the Sun's surface are required before we can conclude that
the quadrupole component apparent in Yoshimura's diagrams is due to a
fossil magnetic field having quadrupole-type symmetry about the
equator.

Without further observations, it is impossible to tell

whether or not the quadrupole component is permanent, as expected for a
fossil field, or whether it is

a temporary fluctuation which averages

to zero over many solar cycles.

In order to eliminate short term

fluctuations, the magnetic fields should be averaged by considering
each 22 year cycle as one realization of an ensemble of solar cycles
(Krause and Radler 1980).

Since the major limitation is the absence of

magnetograph data extending over several solar cycles, we turn to the
sunspot data, which is more abundant.
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Sunspot Data
An obvious means for detecting an asymmetry of the type
prod.uced by a fossil field, is to use the counts of the total number of
sunspots observed as a function of time.

The search for a fossil

magnetic field should, however, look for systematic variations in
sunspot counts in the two hemispheres as well as systematic variations
in the sunspot numbers from one eleven year sunspot cycle to the next
(lumping both hemispheres together).

The former type of search could

reveal the quadrupole-type component of a possible fossil magnetic
field, while the latter type of search could reveal the dipole-type
component.

If the sunspot counts in both hemispheres are lumped

together, and a fossil magnetic field exists having quadrupole-type
symmetry, then the sunspot counts will not reveal an asymmetry in the
solar cycle due to the fossil field.
A typical analysis of the sunspot data involves obtaining a
Fourier spectrum of the sunspot cycle.

Many modes of oscillation

besides the 11 and 22 year cycles have been found in the spectral
analysis of the sunspot data; an example is the 90 year cycle.

A

fossil magnetic field having dipole-type symmetry should produce a zero
frequency component in the spectrum of the sunspot cycle.

Recent

results by Sonett (1983) may have revealed just such a zero frequency
component.
Other studies of the sunspot data have searched for asymmetries
between the northern and southern hemispheres in sunspot numbers or
activity.

Although some interesting asymmetries have been observed,
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none of the studies to date (Newton and Milsam 1955; Wolbach 1962;
Fredga 1965) seems to have looked for or found a systematic va'dation
of the type which may be produced by a quadrupole fossil magnetic
field.
The scanty results obtained so far do not establish
conclusively that a fossil magnetic field exists, although they do seem
to suggest that a weak fossil magnetic field may be present.

Further

reduction of the sunspot data as well as observations for more solar
cycles would certainly be helpful in detecting the influence of a
fossil magnetic field.

CHAPTER 6
IMPLICATIONS OF THE FOSSIL FIELD IN THE SUN
In this final chapter, we shall discuss possible implications
of a fossil magnetic field in the Sun's interior.

First, let us

consider the meaning of the symmetry about the equator of a fossil
field.
The Symmetry of

~

Fossil Field

We note that, in general, a fossil magnetic field may consist
of both even and odd symmetry components.

However, if the fossil field

is produced by an ancient dynamo in, say, the presolar nebula or during
some formative stage of the Sun's existence [e.g., the so-called
Hayashi phase (Hayashi 1961, 1966)], then either a quadrupole or
dipole-type mode is expected to be excited.
During the Hayashi phase,

convection is not

relatively thin shell as during the present epoch.

confined to a

For some special

distributions of cyclonic convection and radial shear in a full sphere,
stationary dipole or quadrupole modes may dominate for one sign or the
other of the dynamo number (Stix 1973).

It is therefore possible that

the evenness or oddness of the fossil magnetic field will indicate
something about the nature of the Sun's formative stage.

It may also

be possible to determine the ultimate source of the fossil magnetic
field by a consideration of its dipole or quadrupole-type symmetry
about the equator.

For example, one possible source of the fossil
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magnetic field, besides a Hayashi phase dynamo, is the collapse of the
magnetic field along with the rotating disk of the presolar nebula.
thin,

differenti~lly

A

rotating disk of plasma tends to shear only the

radial component of the magnetic field lying in the plane of the disk.
Assuming a neutral sheet formed in the thin disk from the poloidal
magnetic field cannot be maintained, the differential rotation produces
toroidal field having even symmetry about the equator.

An example of a

magnetic field in such a thin disk is the even symmetry toroidal
magnetic field lying in the plane of the Galaxy.

If a fossil magnetic

field is formed in such a thin, differentially rotating disk and
preserved to the present time, then dipole-type symmetry is not
expected.
Primordial Magnetic Fields
Let's now consider the possible sources of a fossil magnetic
field and try to gain an understanding as to whether such a fossil
magnetic field may be expected to have survived to the present time or
to have been produced in the first place.

In the thin disk of the

rotating, presolar nebula, a magnetic field can survive (without dynamo
action) or be regenerated by a dynamo only if the atoms of the nebula
do not all recombine to form a neutral gas.

Isotopic analysis of

meteorites shows that the short lived radioactive isotope, A126, was
present during the meteorites' early history.

Since meteorites are

thought to be relatively untouched samples of the early solar system
material, indicatiDns are that Al26 existed in sufficient quantity to
maintain the conductivity of the collapsing, presolar nebula
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(Consolmagno and Jokipii 1978).

In addition to the isotopic evidence

for a highly conducting nebula, meteorites also have a remanent
magnetization presumably originating during the formation of the Bolar
system.

Evidence derived from the remanent magnetization suggests that

there was indeed a magnetic field on the order of one Gauss in
intensity which was present in the presolar nebula.

Levy and Sonnet

(1979) review the meteorite evidence for an early solar system magnetic
field, and they discuss the various possibilities for the origin of the
magnetizing field.

Their conclusions are not inconsistent with there

being a magnetic field regenerated by a dynamo in the presolar nebula,
although other means for magnetizing the meteorites are certainly not
ruled out.
The question now becomes: Can an early solar system magnetic
field, present in the presolar nebula, remain trapped in the Sun's
interior and be maintained during the Hayashi phase?

Since turbulent

mixing and dissipation of magnetic fields is thought to be an important
factor, and since the turbulent convection of the Hayashi phase lasts
for 10 6 years (Hayashi 1966), we might not expect an early solar system
magnetic field to be maintained when the turbulent conductivity of the
large scale magnetic fields is about the same order of magnitude as in
the solar convection zone.

In addition to the effects of turbulent

diffusion, we expect the magnetic field to break up into so-called flux
tubes. In the Hayashi phase, the Sun is unstable to convection, and the
magnetic flux tubes are expected to rise (due to magnetic buoyancy) at
the local Alven speed, B/ 147TP (Parker 1979).

With a gas density in the
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Hayashi phase Sun's interior on the order of 10- 1 g cm- 3 , only
insignificant field strengths, less than or on the order of 10-3 Gauss,
can survive the 10 6 year lifetime of the Hayashi phase without being
lost due to magnetic buoyancy.

Regeneration of magnetic field by an

MHD dynamo appears necessary in order to maintain a magnetic field
during the Hayashi phase of the Sun.
The Transition to

~

Radiative Core

We have already suggested that a turbulently convective Hayashi
phase may regenerate magnetic field by means of an MHD dynamo similar
to the dynamo thought to regenerate the Earth's magnetic field.

In

that case, as long as the dynamo is operating in a regenerative mode
with sufficiently large dynamo number, we expect a magnetic field to be
retained.

However, as the Sun moves onto the Main Sequence, its core

reaches hydrostatic equilibrium and energy in the interior is
transported mostly by radiation.

During the transition, in which the

dynamo must surely fail to fully regenerate the magnetic field as the
turbulent convection dies away, does the magnetic field dissipate
faster than the turbulence or vice versa?

Since the phenomenon of

turbulence is not well understood, no formal deductive theory exists
which will allow us to answer the question just posed.
In order to provide some tentative means of obtaining the
respective rates of decay of turbulence and magnetic field (assuming no
regeneration by the dynamo), we consider turbulence in a box in which
the pV2 stresses of the turbulent flow are much larger than the B2/8n
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stresses of the magnetic field at all relevant length scales.

The

magnetic field is therefore considered (at least, initially) as a
passive contaminant and consequently, the energy of the magnetic field
in the turbulent cascade is assumed to go from the larger scale
magnetic fields down to the smaller scale magnetic fields where it is
dissipated.

Such assumptions must surely provide for the most rapid

decay of the magnetic field that is possible, since an energy cascade
toward larger scales (which is what the

~-effect

is all about!), or

equipartition of the small scale magnetic fields with the small scale
eddies, as would be likely to occur with a large magnetic Reynold's
number, would increase the survivability of the magnetic field during
the transition of the Sun onto the Main Sequence.
We begin by noting that the rate of energy loss, dE/dt, of the
turbulent flow is proportional to the kinetic energy, V2, in the
largest eddies, divided by the turnover time, A/V, of the largest
eddies; A is the size of the largest eddies, which is on the order of
the scale height in the Sun's :interior.

We therefore have:

(6.1 )

The solution of eq. (6.1), when the initial turbulent velocity of the
large scale eddies at t

=0

is Vo ' is:

(6.2)
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sca~e

Meanwhile, the large
turbulent diffusion

~ccording

magnetic field will be dissipated by

to an equation of the form (for order of

magnitude) ,

dB(t)
dt
where

R

= -nT(t)B(t)R-2

(6.3)

is the length scale of the magnetic field, on the order of

the Sun's radius in size, and the turbulent diffusivity, nT' is given
approximately in terms of the velocity and length scales of the large
scale eddies as:

nT(t)

The large scale magnetic field,

= 1/3

V(t)A

of magnitude Bo initially,

(6.4)

therefore

decays according to

(6.5)

which indicates a much smaller rate of decay for the magnetic field
than for the turbulence since the scale height, A, is much smaller than
the solar radius, R.

Ignoring loss mechanisms unrelated to turbulent

dissipation of magnetic field, we may expect a large scale magnetic
field to survive as the Sun's Hayashi phase ends, even if there is no
contribution to the magnetic field's regeneration from the cyclonic
convection and differential rotation.

A possible exception is if the
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turbulent motiDns become subcritical for the regeneration of magnetic
field by the dynamo, but are nevertheless still being driven as the
Hayashi phase comes to an end.

Stellar evolution calculations are

needed in order to determine the validity of the analysis given above.
Hayashi Phase Sun's Dynamo Number
We shall now obtain estimates of the possible strength of the
cyc Ionic convect ion, r, and nonuniform rO.tat ion, y, during the Sun's
Hayashi phase, in order to determine whether or not the convection was
capable of fully regenerating a magnetic field, and to obtain some
estimate of the magnetic field's expected intensity.

Using the models

of the Hayashi phase calculated by Hayashi (1965), we can estimate the
convective velocity, V, and mixing length, II, which are needed in order
to arrive at our estimates of Y and

r.

Following standard mixing

length theory, we may estimate the convective velocity by equating the
energy flux of the convective eddies with the radiant flux of the
proto sun, thus:

(6.6)

(L and R are the present luminosity and radius of the Sun, while L* and
R* are the luminosity and radius of the protosun during its Hayashi
phase).

As the Hayashi phase nears its end, the values of the mean

density, the luminosity and radius are: p

= 0.08

g cm- 3 , Log( L*/L )

=

0.37, and R*/R ... 2.56.

We therefore obtain V ... 4 X 10 3 cm s-l for the

convective velocity.

We obtain the mixing length by assuming it is
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equal to the scale height kT/mg, where m

= 10- 24

grams is on the order

of the average mass of the gas particles, g is the acceleration of
gravity (set equal to the surface value), T is the temperature, and k
is Boltzmann's constant. A typical value of the mixing length in the
interior,

where the temperature is of the order of 10 6 oK,

A = 10 10 cm = 10- 1 R*;

108 cm

is

the value at the protosun's surface is about

= 10-3R*.
The turbulent diffusivity is easily estimated from the values

obtained above for the mixing length and convective velocity by using
eq. (6.4), yielding nT

= lOll

cm 2 s-l at the surface and 10 13 cm 2 s-l

in the interior, and a diffusion time of about 10 4 to 10 6 years.

Such

a diffusion time is smaller or comparable to the 10 6 year lifetime of
the Hayashi phase, indicating the need for an MHD dynamo to regenerate
magnetic field if the Sun evolved through a Hayashi phase.
A crude estimate of the cyclonic component of the turbulent
velocity may also be made by applying eq. (2.18). As noted in Chapter
2, the value of r obtained from eq. (2.18) may be too large due,
possibly, to the reaction of the magnetic field on the fluid.

We also

note that the value obtained for r depends on what value is assumed for
the angular velocity of rotation of the Hayashi phase protosun.
Although the Sun, prior to losing its angular momentum by, say, a solar
wind, may have rotated about 100 times faster than its present rate, we
shall conservatively assume that the angular velocity of rotation,

Q,

is about 10- 6 s-l as is presently observed at the Sun's surface.

We

then obtain r

= 10

to 10 3 cm s-l.
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By assuming that the differential rotation factor, y, is on the
order of Q, we may now estimate the dynamo number by calculating
N

=

yrR 3 /nT 2•

The value of N so obtained, is about 10 4 in the

protosun's interior, and may be as large as 10 6•

Such a large value of

N is more than sufficient to regenerate magnetic field, according to
most dynamo models (e.g., Levy 1972; Stix 1973; Boyer and Levy 1981).
A formal calcu la t ion has been made by Schus s 1er (1975) of the
generation of magnetic field by a so-called a 2-dynamo, for stars making
the transition from the fully convective Hayashi phase to the fully
radiative main sequence.

In the a 2-dynamo, differential rotation is

neglected so that both the po10ida1 and toroidal fields are regenerated
by r, the cyclonic convection.

Schussler successfully demonstrates

that the magnetic field does survive the transition from the Hayashi
phase to the main sequence when there is cyclonic convection operating
and maintaining the magnetic field against losses caused by turbulent
diffusion.
Schussler includes a term which represents the effect of
magnetic stresses on the cyclonic convection, so the calculation is not
an eigenvalue problem.

The magnetic Reynolds number,

rR/n, chosen by

Schussler is 15, and is about twice as large as the magnetic Reynolds
number,

a,

which is obtained for the eigenvalue calculation (marking

the transition from damped to growing modes).
10 13 cm2 s-l and R

=

For

r

=

lOll to

lOll em, the formal calculations give r's of

10 cm s-1 to 10 3 cm &-1, cons ist ent with the range of values we
estimated for the Hayashi phase Sun.
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The motivation which Schussler gives for carrying out the
calculations is to demonstrate that magnetic field regenerated during
the Hayashi phase of stars of spectral type A to F can be retained and
thus seen as the apparently frozen-in magnetic field observed in these
stars during their stay on the main sequence.

He suggests that staxs

of later spectral type, such as the Sun, which have thick outer
convection zones, would not show the effects of a fossil magnetic
field.

With the present calculations, we have shown that this is not

true, and such a statement (which is made throughout the literature
from time to time) has no basis in fact and is certainly not consistent
with predictions based on mean-field, MHD dynamo theory.

Schussler,

interestingly enough, obtains oscillating dynamo solutions when the
convecting region is from about 0.5 to 0.3 of the star's radius.

Since

the radiative region contains virtually frozen-in magnetic field, the
oscillating magnetic field at the surface is an oscillation about a
non-zero mean, just as one would see if the Sun had an intense fossil
magnetic field.
obse~ed

Hence, a fossil magnetic field can certainly be

in stars of late spectral type, although this was apparently

not recognized.

It

is possible that stars of late spectral type may

produce magnetic fields which are not as intense as for the earlier
stars of type A and

Fj

the angular velocity of rotation for stars of

type A and F are usually much larger, and the turbulent velocities are
an order of magnitude greater than for a star such as the Sun.
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The Intensity of the Hayashi Phase Magnetic Field
We now ask what is the intensity of the magnetic field in the
Hayashi phase protosun.

If we assume that the effect of the magnetic

field is to produce an equilibrium between the Lorentz force and the
Coriolis force acting on the cyclonic, turbulent eddies, we find that

(6.7)

which may be used to obtain 10 4 Gauss as the characteristic value,
(BTBp)1/2, of the magnetic field strength.

Once again, we have assumed

that the angular velocity of rotation is on the order of the currently
observed angular velocity at the Sun's surface.

If a magnetic field as

intense as 10 4 Gauss was maintained by the Hayashi phase MHD dynamo,
then the fossil field contribution to the presently observed magnetic
fields of the Sun, on the basis of the solar dynamo model in this work,
may be comparable to the fields maintained by the fully regenerative,
oscillating dynamo.
Finally, it should be noted that the estimates obtained do not
include all the non-linear effects which must be important in
determining the magnetic field strengths and the mode of operation of a
possible Hayashi phase dynamo.
stresses when B

= 10 4

For example, the B2/8TI magnetic

Gauss, are on the order of the pV 2 stresses of

the turbulent motions, although a magnetic field intensity of 10 7 to
10 8 Gauss is required.. before the presence of the magnetic field will
upset the hydrostatic equilibrium of the Sun.

Since a complete
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discussion of an early Hayashi phase dynamo or some other means of
producing a fossil field will require considerably more detailed study,
the estimates made here should not be taken too literally, but should
in fact be considered as a motivation driving the search for
asymmetries in the 22-year solar cycle which may exist due to the
presence of an underlying fossil magnetic field.
Summary and Conclusions
We have found that the effect of an MHD dynamo on a fossil
magnetic field is to alter the structure of the fossil field and, in
the case of the Sun, to decrease the fossil's intensity at the solar
surface compared to its value beneath the convection zone.

A dramatic

change in intensity is ruled out because the dynamo with uniform shear
and convection appears to have less effect on the fossil's intensity
than regions of localized shear and cyclonic convection which are
widely separated from each other.

The small change in intensity means

that a significant flux of fossil magnetic field may be visible at the
Sun's surface.
The fossil field at the surface of the solar dynamo model is
nearly a pure dipole (quadrupole), with a dipole (quadrupole) moment of
-0.35 (-0.37) times the dipole (quadrupole) moment of the underlying
fossil field (assumed to be a pure dipole or quadrupole).

The negative

sign indicates that the moment of the surface field is reversed with
respect to the moment of the underlying field.
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Since a fossil magnetic field beneath the convection zone of a
star, such as the Sun, can produce visible effects at the surface, it
is likely that a magnetic field produced, say, in the possible Hayashi
phase of a solar-type star may create asymmetries in the dynamo cycle.
Detection of asymmetries in the Sun due to a possible fossil field,
require observations over many solar cycles.

Sunspot counts present

the largest body of data for detecting long term asymmetries in the
solar cycle, but very little has been done in regard to detecting
fossil fields, except for the recent work by Sonett (1983) which may
have revealed the presence of a dipole-type fossil magnetic field.
Solar magnetograms, which provide direct information concerning the
Sun's surface magnetic fields, reveal intense fluctuations on the order
of 10 3 times larger than the mean field.

Such large fluctuations make

the interpretation of magnetogram data, in terms of the results
predicted by dynamo theory, very difficult.

Nevertheless, averaged

magnetogram data (Yoshimura 1976) as well as observations of the polar
magnetic fields on the Sun do provide some tantalizing hints that a
quadrupole fossil field may be present.

More observations and data

reduction of the observations will be required in order to make
definitive statements concerning the presence of a fossil magnetic
field.

APPENDIX 1
THE IN'I'ERACTION QIt' THE 'l'URBULENT

:now

AND FLUCTUATING MAGNETIC FIELD

In order to consider the term <v X

~>

in more detail (see

Chapter 1), we obtain the equation for the instantaneous, fluctuating
part of the magnetic field,

~

by subtracting the equation for the mean

field, <lP [eq. (1.15)], from the hydromagnetic induction equation [eq.
0.13), also use eqs. 0.7) and (1.14)]:

awat - nV 2b
+

=vX
vX

«,Y> X ~) +

(y X

~

- <y X

vX

+

(y X <,!!.»

~»

(ALI)

Equat ion (A1.l) is exact, and two approximations are usually made in
order

to obtain quantitative results:

approximation and (2)

the

(1)

the quasi-linear

short-sudden approximation.

In this

appendix, we shall use the short-sudden approximation in the limit for
which terms second order in y and b are negligible in order to
calculate

~

X

~>.

The calculation reveals a term proportional to <,!!.>,

due to the cyclonic convection (or a-effect),

and a term proportional

to V X <,!!.>, which represents turbulent diffusion of the mean magnetic
field.
We define the magnetic Reynold's number as Rm

= vAIn,

where v

.

is the characteristic velocity of the turbulent eddies and II. (on the
order of the size of the turbulent eddies) is the scale length of the
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fluctuating magnetic field.

In the quasi-linear approximation, neglect

of the second order terms of eq. (A1.1) is justified when Rm

« 1,

since resistive dissipation prevents the continued growth of .Q..
Neglect of the second order terms may also be justified when the
Strouhal number, defined as

S

= vL/A,

where T is the correlation time

of the turbulent eddies (Krause and Radler, 1980), is very small.
However, when Rm »1, the condition S «1 does not guarantee that.Q.
remains small as time increases, although when
second order terms is always justified.

~

« 1 neglect of the

Since Rm » 1 in most objects

of astrophysical interest, the quasi-linear approximation may not
produce

quantitatively

accurate

results

for

such

objects.

Nevertheless, the quasi-linear approximation is adequate to demonstrate
the basic dynamo effect in a non-trivial manner.
The short-sudden approximation, originally used by Parker
0955, 1970) to calculate the dynamo coefficient,

r,

assumes that the

effect of turbulent motions on the magnetic field can be represented by
sudden bursts of turbulence for a time T1
L2 »A2/n

« A2/n followed by a time

during which there is no turbulence, and the small scale

magnetic fields, on the order of the eddy size, A, dissipate.

During

the brief time, T1' the effect of the turbulent eddies on the magnetic
field is calculated assuming infinite electrical conductivity; in that
case, the hydromagnetic induct ion equation may be integrated without
dropping second order terms, yielding the Cauchy solution.
other hand, when VTl/A

On the

« 1, the results of the short-sudden

approximation reduce to the results of the quasi-linear approximation
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in which second order terms are dropped.

In fact, in the limit for

which S goes to zero and Rm goes to infinity, neglect of the second
order terms may be justified only for the short-sudden approximation
and not the quasi-linear approximation (Lerche and Parker 1973).
However, the condition S

«

1 is not necessarily realistic since

turbulent velocity fields observed in the laboratory usually obey
VL

= A,

and the short-sudden approximation itself is not realistic.
In order to demonstrate a simple approach to calculating the

dynamo

coeffic ient and turbulent

diffusivity,

the

short-sudden

approximation shall be applied in the limit Sand 1/Rm go to zero.

A

similar derivation, although applied in the quasi-linear approximation,
may be found in Steenbeck and Krause (1969).
During the brief time L1 for which the turbulent eddies are

~n

motion, equation (Al.l) simplifies to

a£}at

=VX

(~X <~»

(A1.2)

In order to integrate eq. (A1.2), we assume that .Yo is time independent
during

1 and that <B> may be written approximately as

<B(x»
--

That is,

= -BO

+ (x·V)BO
--

(Al.3)

<B> is independent of the time (dur ing L1) and varies

approximately linearly across tbe volume of mterest, V, in which the
turbulence occurs.

The derivatives in eq. (Al.3) are evaluated at the
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center of V (which may be considered as being much larger than the
volume of an individual eddy, but much smaller than the entire dynamo
region).

Hence,

AO is a constant, and may be written

(A1.4)

in tensor notation, where ai

= a/axi.

Integrating eq. (Al.2) from 0 to

t (t < '[1), yields

(A1.S)

If it is assumed that b from the previous short-sudden cycle (of length
'[1 + '[2) has completely dissipated at the beginning of the new short

sudden cyc Ie, then !!.<'abO) == O.
The ith component of y X!!. is calculated from eq. (A1.S) after
first replacing <1P with the equivalent expression in eq. (Al.3),
yielding:

(v
-

X

b).1

-

== t

(e:.Jnp v·a·v
J 1 n

-

where e:ijk is the antisymmetric Levi-Civita tensor,

(A1.6)

S~p ==

(aqBp)O, and

Einstein's summation convention is applied to repeated indices.
far, we have calculated y X !!. for an isolated, turbulent eddy.

Thus
Now we

shall average over space and time coordinates and identify the result
with the ensemb Ie average for a homogeneous and iso tropic turbu lent
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velocity field.

We also assume that the eddies of one cycle of

duration TI + T2' are uncorre1ated with the eddies of the preceeding or
following cycles.

Define v, assumed constant, as the mean rate of

occurrence of turbulent eddies, and V as the volume of the large region
of space over which we average (assumed to be small compared to the
entire dynamo region and large compared to the turbulent eddies).
~

Then

X ~> may be calculated by averaging eq. (AI.6) as follows:

<v X ~>i

= (vTi/2V) f

d3x (Ejnp VjaiVn
·(B~ + Xqe~p) ,

(A!. 7)

where the integration is carried out over the volume V.
Inside V, homogeneous and isotropic turbulence implies that the
average calculated in eq. (AI.S) does not depend on the location or
orientation of the coordinate system.

In particular, isotropy requires

that integrals of the type

f d3x v·a·v·
1

1

J

(no sum over i),

vanish since rotation about the axis, k:J. i or j, by

(AI.8)

7T

radians, leads

to the equality

J d3x v·a·v·J
1

1

(A1.9 )
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Furthermore, integrals of the type

(AI.IO)

must be equal to each other under a cyc lic change of axes I, 2, and 3.
Therefore, equations (Al.9) and (AI.IO) allow us to write

(Al.11)

where <y • V X v>
Now,

= V-I

Jd3x y

• V X Y is the mean helicity.

if we expand the term

in equation (Al.]) which

is

proportional to the tensor S~j' we discover integrals of the form

0

~qp e: PJ"k

0

J

d3 x x qV"~"Vk
J01

(AI.12)

and
(Al.l3)

which vanish due to the isotropy, just like the expression in eq.
(Al.8).

The remaining terms are simplified by noting that

(AI.14)

where v

=(

V-I

J d3x

vivi )1/2 is the RMS velocity of the turbulent
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eddies, and 0jn is the usual Kronecker delta.

e'? 0 = «(loB
. J0)0
~J

~

The term proportional to

reduces to

(A1.lS)

Combining equations (Al.7) , (Al.l1), and (Al.IS) yields

<y X h.>

= 1/2

2

VTl [ -1/3 <y • V X v><~> - 1/3 v 2 V X <~>

where we have set

<~>

= lO,

since the correction to

~o

(A1.l6)

is assumed small

and we are concerned only with the highest order terms.

Equation

(Al.I6) is of the same form as eq. (1.23), with

r

= -1/6

2

VTI<Y • V X y>

(Alol7)

and

(A1.18)

We see that turbulence having zero mean helicity (over the volume V),
can have no dynamo effect via the dynamo coefficient,

r; the turbulence

is only capable of dissipating the mean magnetic field at the rate
determined by the turbulent diffusivity in eq. (AI.18).
rate of occurrence of turbulent eddies is v

= 2fTI'

If the mean

then eq. (AI.I8)

reduces to the usual expression for the diffusivity of a scalar field

115
obtained from mixing length theory:

(Al.19 )

Noting that V X Y

=

2Q, for an eddy rotating about its axis (along

which it is being displaced) with an angular velocity of Q, we have for

\) = 2/Tl:
r = -2/3 TlvQ

which is also comparable to the mixing length result.

(Al.20)

APPENDIX 2
THE NUMERICAL METHOD
The solution of the dynamo equations in a spherical shell
containing a uniform distribution of shear and cyclonic convection are
obtained by first expanding the fields in terms of the associated
Legendre polynomials, p~(COSS) [see eqs. (4.4,) and (4.5)]:
00

A~(x,S,t)
'f'

= estA

= _est l

(x,S)

x

n=l

a n (x)pl(cosS)
n

(A2.1 )

bn(x)pA(cosS)

(A2.2)

and
00

= ~t l
x

n=l

Also, the cyclonic convection is expanded in terms of the Pn(COSS) so
that

00

rex,s)

=

ro

I

n=l

r n (x)P 2n _1 (coss)

(A2.3)

and the differential rotation functions yr(x,S) and ys(x,S) (x is the
dimensionless length r/R) are then calculated using eq. (4.1) for the
azimuthal velocity, written as
00

V (x,S)

= Vo l

n=l
116

Vn(x)P!(cosS)

(A2.4)
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By means of the orthogonality condition
7T

f

P~(cose)P~(cose)sinede = 2n(n

+ 1) 0nm
2n + 1

o

(A2.S)

the equations

7T

=

(2n + 1)
2n(n + 1)

J r(X,e)B~(X,e)P~(cose)sinede

(A2.6 )

o

and

sbn(x) - ~ bn(x) + n(n + 1)x- 2bn (x)
dx

=

=

7T

(2n + 1)
2n(n + 1)

f

[yr(x,e)e r + ye(x,e)ee]'

o

(A2.7)

are obtained for the coefficients an(x) and bn(x) from the dynamo
equations.

The integrals in equations (A2.6) and (A2.7) reduce to

integrals of the type
7T

Fmnp

f p~(cose)Pn(cose)p~(cose)sinede

==

(A2.8)

0

and
7T

Hmnp

==

J p~(cose)pfi(co8e)p~(cose)8inede
0

(A2.9)
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which are special cases of the so-called 'Gaunt integral [Gaunt 1929;
see in particular, eq. (9) of that articlel.

Using the general form

which Gaunt calculated~ it is possible to integrate eqs. (A,2.8) and
(A2.9).

It is particularly important to notice that equations (A2.8)

and (A2.9) vanish unless m,

n,

and p form the sides of an even

perimeter triangle; that is, unless 1m-pi .i n.i m+n.

Even perimeter

means that the integrals vanish unless m+n+p is an even number.

The

latter requirement, together with the odd symmetry about the equator of
rex,s) leads to the separation of the eigenmodes of the fields into
independent modes having even and odd symmetry about the equator.

The

odd symmetry (or dipole-type) modes are modes which connect
coefficients, an(x), having odd indices (n
coefficients, bn(x), having even indices (n

= 2,

=

1, 3, 5, ••• ) to

4,6, ••• ).

The even

symmetry (or quadrupole-type) modes connect an(x) having even indices
to bn(x) having odd indices.
The coupled set of ordinary, differential equations for the
an(x) and bn(x) are solved by using a second order finite differencing
scheme for the radial direction.

In the second order scheme, the

radial coordinate, x, is divided into Ng grid points (counting the
points at x

= Xo

and x = R) in the region Xo .$. x .i R (x = Xo is at the

base of the dynamo region and x
region).

=R = 1

is at the top of the dynamo

Denote the distance between grid points as h, and the value

of a function, f(x), defined in x o .$. x.i R at the ith grid point as

(A2.10)
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First and second order derivatives of f(x) may be written to second
order in h by using

I

df(x)
dx
x=r+ih

= fi+l

(A2.11 )

- fi-l
2h

and

I

2
d f(x)
dx 2
x=r+ih

(A2.12)

= fi+l - Zfi + fi-l
h2

Making use of the forms given above for the functions and their
derivatives, the resulting equations for an(x) and bn(x) [where we
wr ite ani for an(x o + ih) and bn i for bn(x o + ih)] are:

san. - an.l.+ 1 - Zan. + a n i+l
l.
l.
h2
00

+

n(n+l) an i
(xo + ih)Z

=

00

(A2.13)

= (2n +1) L L rPi bmi Fm,2p-l,n
2n(n + 1) p=l m=l
and
sbn l.. - bn l.+
. 1 - 2b n l.. + bni+l
hZ

+

n(n+l) bn i
(xo + ih)Z

=

(A2.l4)

120
The dynamo number is labeled

N

in eq. (A2.14), and the boundary

conditions must be used in order to eliminate the fictitious points at
i

= -1

== Ng

and i

= Ng

(the fictitious points occur upon setting i

=0

or i

- 1 in the equations above).
For the inhomogeneous solution, which includes the effects of a

fossil field and for which s is zero, the boundary condition at x

= Xo

is incorporated into eqs. (A2.13) and (A2.14) via the relation:

(A2.15)

where ml

= m,

the dipole moment of the fossil field, and m2 == Q, the

quadrupole moment of the fossil field.

The index, p, in eq. (A2.15) is

chosen to be unity if a dipole fossil field is present, and p
quadrupole fossil field is present.

=2

if a

For the time dependent,

homogeneous solution, the boundary condition at x

= an o = 0

= Xo

is given by

(A2.16)

The remaining boundary conditions (Chapter 3) are reduced to

,

(A2.l7 )

(A2.18)
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and

for either the homogeneous or inhomogeneous solution.

Now we define

the coefficient c n in the expression
00

= x-lest L

cnx-np~(cose)

(A2.20)

n=l
for the vector potential of the vacuum magnetic field.

The coefficient

c n is given in terms of anN -1 as
g

Equations (A2.13) and (A2.14),

together with the boundary

conditions as given above, form an infinite set of algebraic equations.
In the limit as the grid spacing, h, goes to zero and the number of
spherical harmonics incorporated into the equations goes to infinity,
the solution of the algebraic equations converges exactly to the
solution of the original equations plus boundary conditions.

However,

the question of concern to the numerical analyst is: how many spherical
harmonics and how large a grid spacing should be chosen in order to
obtain a solution which is a reasonably accurate approximation to the
solution of the actual differential equations?
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For a rapid ly varying funct ion, more harmonics and a smaller
grid spacing is necessary.

Given a mode of the dynamo which oscillates

with a frequency s, the skin depth

o=

(n/s)1/2

(A2.22)

is a measure of the distance over which A (x,e,t) and B (x,e,t) vary
cp

significantly.

cp

An upper limit on the size of h required to obtain a

good approximation to the continuous equations, is found by setting
h

= o.

For Ng grid points, h is written as h

= (R -

xo)/(N g - 1). The

number of grid points must therefore obey

Ng -> 1 + (1 - x 0 /R)sl/2

where

s

is in units of n/R2.

showed that s

= 139

(A2 .23)

For Xo = 0.7, the results of Chapter 4

for the lowest, oscillatory dynamo mode, so that

(A2.24)

That is, at least

5

grid points are required in order to obtain a

good approximation to the solution of the dynamo equations.
The number of spherical harmonics required is determined
similarly by noting that a fine spatial resolution in latitude requires
the inclusion of higher harmonics.

The expansion in P~(cose) is

comparable to a Fourier expansion with larger wave numbers being

123
included in order to represent small scale contributions to Act> (x, e,t)
and B cp (x, e,t). The number of wave crests for p~(cose) goes roughly as

n/2, so the total number of harmonics required is

(A2.25)

or

(A2.26)

for Xo

= 0.7

and s

= 139.

Twenty-two harmonics and 12 grid points were

found to produce excellent convergence of the numerical results for the
time dependent, homogeneous solution (and usually for the inhomogeneous
solution as well).

The conditions expressed in eqs. (A2.23) and

(A2.2S) are useless for the time independent, inhomogeneous solutions
and some care had to be taken in order to make sure the solutions were
accurate (see below).
Since the time dependent equations are eigenvalue equations,
eigenvalues, s, are calculated by assuming some value for the dynamo
number and then adjusting the dynamo number until the real part of
vanishes.

s

The numerical method used for calculating eigenvalues is the

QR algorithm applied to the matrix in Upper Hessenberg form.

The

complex eigenvectors,

are

whose elements are the ani and bni'

calculated by back-substitution.

When the inhomogeneous solution is to

be calculated, the ani and bni are found by solving the algebraic
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equations (no longer an eigenvalue problem) using Gaussian elimination
with partial pivoting.

Such a numerical method for the inhomogeneous

solution, usually produces accurate results for 22 harmonics and 12
g:t"id points.

However,

when the determinant of the matrix of

coeffi,dents of the ani and bni vanishes, then the coefficient matrix
is ill-conditioned.
An ill-conditioned matrix may produce inaccurate solutions to
the inhomogeneous problem, due to rounding off or truncation of the
numbe:t"s stored in the computer.

Such ill-conditioning might occur when

we are near a stationary state (s

= 0)

of the dynamo.

Since stationary

modes are not easily excited for this kinematic dynamo model, the illconditioning is not serious.

The seriousness of the possible ill-

conditioning is also ameliorated by the large word size, about 12
decimal digits, which is used by the CDC CYBER 175 on which the
calculations were made.

Further steps were taken to check the accuracy

of the solutions by perturbing the inhomogeneous part of the equations
to see if ill-conditioning was a factor (it was not).

All the

numerical solutions obtained for this work are therefore judged to be
accurate.
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