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Wald’s SPRT. Anderson proposed a modification on the SPRT in testing the null
hypothesis Hyp : g = —p* (p* > 0) against the alternative H; : p = p* when
sampling from N(u,1). Wald’s SPRT has the continuous region

b<3m<a, a=loglf(zin) fla—u")

i=1

where z; are iid random variables from N(u,1), and a and b are constants. The
modification is to replace the parallel lines y = a and y = b by arbitrary straight
lines y = ¢;+dym and y = ¢c;-+d;m with possible truncation at m. Since the problem
is symmetric, only symmetric procedures are considered, that is, ¢; = —c; = ¢, and
di = —d; = d. A numerical study of this test procedure shows a considerable
improvement in the ASS over Wald’s SPRT at p = 0 with a moderate decrease in
efficiency at p = —p* = —0.1 and g = p* =0.1.

In this chapter, a set o the improved SPRT plans are developed with the

following properties:

1. The test plans meet the nominal producer’s and consumer’s risk requirements

exactly in the practical sense, i.e. the absolute error is 1.0E — 7.

2. The test plans are truncated both at the test steps and at the cumulated test
time. For a given truncation number, rg, on the test steps, the truncation on

the cumulated test time, To, is given by

TO=SX1'0.

3. The truncation numbers at the test steps are chosen to minimize the maxi-
mum average waiting time among the truncated Wald’s test plans with the

truncation described in Item 2.

The improved test plan described above is then compared with other test plan. In
Section 3.5 the improved test plan is compared with Wald’s exact SPRT in which

a modification factor is used for the reject boundary to make the test plan achieve
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the exact risk requirements. In Section 3.6 the improved test plan is compared
with the Kiefer-Weiss type test plan. Also, in Section 3.7 tables are given for
the construction of smaller sample size test plans which can meet exactly the risk

requirements but may result in larger average test waiting time.

3.2 THE DETERMINATION OF THE BOUNDARY MODIFICA-
TION FACTORS

In the exponential case, for a untruncated Wald’s SPRT, since the acceptance
decision can be made exactly on the lower accept boundary, the value of B is
B/(1 — a), but the value of log A is within the range given in Eq. (2.1). Let

H=a/log K,
and

G =b/log K,

for given values of a, 8, 6; and 6,, Dvoretzky, et al [25] have shown that H should
be so determined that
eGS/O, [i:’] (—_1'!5 {(H —j);‘i'e—s/o’}j
J: 1

T {(H - G - et

or
eGS/60 [g:] .(:%E{(H —j)%e’s/9°}5
1 -5 —a=0, (3.2)
W — G j)emsIn)

J

where [-] stands for the largest integer which is less than or equal to the number in
the square brackets. Let f, be the modification factor such that

a = log (fa4),

or
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H =log.(fA)/log. K
then from Eq.(2.1), to satisfy Eqs. (3.1) and (3.2), the value of f; would be in the

range of [6,/6,,1.0], i.e.,
61
<f. <
2<ns,
or
K'<f. <1l (3.3)

Therefore, for achieving the exact risks protection in a sequantial test in the expo-
nential case, a value of the modification factor, f,, can be determined numerically
by solving either Eq.(3.1) or Eq.(3.2). The values of f, for typical combinations of
the commonly used values of a, # and discrimination ratio, I{, have been evaluated,
the results are given in Table 3.1. For given a set of the test requirements, a, 3,
6, and 6y, the value of f, can be obtained from Table 3.1 to make the constructed
SPRT achieve the exact test risks. The dependence of f, on the values of «, # and
K are shown in Figs. 3.1 through 3.5. From these plots, it may be seen that for
moderate values of K, for example for k = 2,3, when the values of both a and
are in the range of (0.01,0.30), the surface of the plots is flat except for both small
or large values of @ and . On the other hand, when the value of K increases, the

value of f, shows more variation with different values of a and S.

The behavior of the solutions of Eq.(3.1) has been studied for some extreme
cases and the results of interest are noted. Fig. 3.6 is a plot of the f, of Eq.(3.1)
for the case of K = 4.0 and the values of a and f vary from 0.01 to 0.30. It may
be seen that for large values of both a and f, the plot shows a discontinuity at the
upper corner. For example, for a = 0.26 and § = 0.30, a bisection routine gives
the “roots” of Eq. (3.1) to be 0.3714.

Let

eGS/0 Z tl)_{(H )-a‘i’;-e"s/a’ }J'

) = — B, 3.4
9(fa) = Gz G].(:J.).’_{(H G dygeny B (3.4)




TABLE 3.1- Modification factor, f,, for the untrucated SPRT

to achieve the exact values of a and §.

0.05

0.10

[
0.15

[ 0.20

[ 0.25

Discriminat

on ratio, K

=1.5

0.05
0.10
0.15
0.20
0.25

0.9194396
0.8748426
0.8730149
0.8736358
0.8736417

0.8748426
0.8738720
0.8737792
0.8737869
0.8734261

0.8699912
0.8737792
0.87373256
0.8738632
0.8734738

0.8727649
0.8738284
0.8737800
0.8738627
0.8738488

0.8736417
0.8737938
0.8737030
0.8736016
0.8743501

Discriminat

ion ratio, K

=20

0.05
0.10
0.15
0.20
0.25

0.7944717
0.7940612
0.7955624
0.7909555
0.7981329

0.7943763
0.7937477

| 0.7955697

| 0.7920036

0.7993929

0.7942733
0.7936392
0.7950432
0.7941610
0.7995985

0.7942132
0.7938229
0.7935569
0.7969203
0.7977501

0.7941883
0.7943802
0.7905973
0.7994446
0.7927060

Discrimination ratio K = 2.5

0.05
0.10
0.15
0.20
0.25

0.7374735
0.7382496
0.7408835
0.7432558
0.7204631

0.7371442
0.73651056
0.7431633
0.7404524
0.7080070

0.7370155
0.7336133
0.7452562
0.7350745
0.7166193

0.7371975
0.7319834
0.7465187
0.7263225
0.7328849

0.7376760
0.7328537
0.7469876
0.7100933
0.7498041

Discrimination ratio K = 3.0

0.05
0.10
0.15
0.20
0.25

0.6981582
0.6974200
0.7009062
0.6645873
0.7036809

0.6983887
0.7001131
0.6973480
0.6598210
0.7148728

0.6982347
0.7027117
0.6918045
0.6754000
0.7248094

0.6976630
0.7054080
0.6816204
0.6915787
0.7354065

0.6958645
0.7075041
0.6658908
0.7097749
0.7399465

Discrimination ratio K = 3.5

0.05
0.10
0.15
0.20
0.25

0.6559277

0.6727884 |

0.6381183
0.6631908
0.6993397

0.6529645
0.6723755
0.6253753
0.6752977
0.7041737

0.6520886
0.6712757
0.6136796
0.6871294
0.7087708

0.6529720
0.6672311
0.6311207
0.7005218
0.7058283

0.6562630
0.6597211
0.6507906
0.7083410
0.6952825

Discrimination ratio K = 4.0

0.05
0.10
0.15
0.20
0.25

0.6311910
0.6352205
0.6050142
0.6670001
0.6788875

0.6341000
0.6296570
0.6186802
0.6749846
0.6775333

0.6374034
0.6202455
0.6330411
0.6842042
0.6716709

0.6418063
0.6068081
0.6497274
0.6879142
0.6548213

0.6452960
0.5921878
0.6632522
0.6866201
0.6368018
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Fig. 3.1~ A plot of f, for the case of K = 2.0, 0.01 € a < 0.30
and 0.01 < 8 < 0.30.
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Fig. 3.2— A plot of f, for the case of K = 2.5, 0.01 £ a < 0.30
and 0.01 < 4 <0.30.
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Fig. 3.3- A plot of f, for the case of K = 3.0, 0.01 < a £ 0.30
and 0.01 < 8 < 0.30.
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Fig. 3.4- A plot of f, for the case of K = 3.5, 0.01 £ a < 0.25
and 0.01 < 5 £0.25.
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Fig. 3.5- A plot of f, for the case of K = 4.0, 0.01 Sa<0.25
and 0.01 < 4 < 0.95.
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Fig. 3.6- A plot of f,

)
for the case of K = 4.0, 0.01 S a<0.30
and 0.01 < 8 < 0.30.
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Fig. 3.7— A plot of g(f,) for a« = 0.26, 8 = 0.30 and K = 4.0.

A plot of g(f,) is given in Fig.3.7 for a = 0.26, § = 0.30 and K = 4.0. It may
be seen from this plot that there are no roots for this function in the interval of
[0.16,1.0]. As a matter of fact, a further investigation of Eq.(3.1) shows that g(f,)
does not exist when H — G < 0, or when
af
f<a=aa-m

Since if Eq.(3.5) holds, the summation in the denominator of Eq.(3.4) equals zero;
fH<Obut0O<H-G<1,orif

af
(1-a)1-5)

. «a af
S <minte g K amaa—p”
then

9(fa) = —5;
if0<H<1and0<SH-G<],orif

min{lf K ab

aB
pRT—aa-p) <X i

(l-a)1-5
then
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TABLE 3.2- The achieved values of a and § under differ-
ent upper boundary modifications for Test Plan
IIID. Actual desired values are a = 10% and S

= 10%.
Type of a* Jix SE
modification
HID 0.1283520 | 0.1281284 | 0.0015950
Epstein 0.1096307 | 0.1349029 | 0.0013110
fo=10 0.0882925 | 0.143344 | 0.0020158

9(fa) = €% — p.

For the case of K = 4.0, a = 0.26 and § = 0.30, we have

Does not exist, if f, < 36/209,
_ ] -0.30, if 36/209 < f, < 13/35,
9(f) =1 0.000048, if 13/35 < f, < 164/209,
>0.000048, £, > 164/209.

Therefore Eq.(3.1) gives no solution to f, in this case.

Epstein and Soble [28] have suggested that f, = £l which is the mid
point of the interval [K~1,1.0]. Following the ideas of Dovertzky and Epstein, the
adjustments have been made on the upper boundaries of the eight SPRT plans
given in MIL-HDBK-781 to reduce the errors in a and S. Table 3.2 gives the
achieved values of a and f for three test plans which are all constructed according
to the same test requirements of Test Plan IIID but with different upper boundary
modifications. From Table 3.2 it may be seen that the reduction of error in a and
B is not so significant. For example, comparing Plan IIID with the uncorrected
Wald’s test plan, the reduction on the relative error of 8 is 15%, but the relative
error on « increases by 28%. The benefit of this modification is that it made the
achieved values of a and f# to be almost equal rather than reducing the errors.

A study has been carried out to see if a proper choice of f, can make a

truncated SPRT achieve the nominal risks requirements. The nominal values for
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the test plans are @ = 0.10, § = 0.10 and K = 2.0. The truncation number
at the test steps, ro, is chosen from 17 to 35. For given value of ro, as pointed
out by Epstein [27] , the reasonable truncation procedure is to determine Tp, the

truncation value on the accumulated test time, from
To =S x To,

where S is defined in Chapter 1. But for rp equal to 16, for Test Plan IIID, Tj is
20.600,. Let a* and B* be the actual achieved producer’s and consumer’s risks of
a SPRT plan, and define the Squared Error (SE) to be

SE=(a—a")+ (8- 5" (3.5)

Our purpose is to find out the optimum modification value of f, for different values

of ro which minimizes the SE, i.e.
(@ —a")? +(B—B") — min. (3.6)

A one-dimensional optimization algorithm, Golden Section Search [58], was
employed for this study. The results are given in Table 3.3. For the case of ro = 16,
the optimum choice of f, is 0.7289947, and the achieved values of & and § are
0.1122673 and 0.1339407, respectively, and the SE is 0.0013025. For comparison,
from Table 3.2 it may be seen that when f, = 1, the SE is 0.0020158, and when
the Epstein’s modification is used the SE is 0.0013110. It may also be seen from
Table 3.3 that the errors on a and § are decreasing as the truncation number of
test steps increases. If we require that the achieved a and S be accurate to the
fourth decimal place, the smallest truncation number on the test steps must be
greater than 35.

To reduce the truncation number and yet achieve high accurate values of «
and B, the modifications on both the upper and lower boundary values have to be
considered. Let f, be as defined before, and define f, to be

b= log(fb-B)a
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TABLE 3.3— The optimum modification factor, f,, with various
truncation stages, for required values of a = # = 0.10,
and the achieved values of # and 1 — a.

Truncation | Modification | Squared B @
number, factor, error,

o fa SE

16* 0.7289947 | 0.0013025 | 0.1339407 | 0.1122673
17 0.9998240 | 0.0001540 ] 0.1119150 | 0.1034672
18 0.9614140 | 0.0001026 | 0.1099358 { 0.1019692
19 0.9230784 | 0.0000690 | 0.1081699 | 0.1015021
20 0.8951647 | 0.0000466 | 0.1067239 | 0.1011637
21 0.8742196 | 0.0000315 | 0.1055373 | 0.1009245
22 0.8582100 | 0.0000214 | 0.1045669 | 0.1007285
23 0.8457411 | 0.0000145 | 0.1037726 | 0.1005624
24 0.8359154 | 0.0000099 | 0.1031148 { 0.1004638
25 0.8281044 | 0.0000068 | 0.1025756 | 0.1003733
26 0.8218483 | 0.0000046 | 0.1021313 | 0.1003015
27 0.8167548 | 0.0000032 | 0.1017640 | 0.1002498
28 0.8126796 | 0.0000022 | 0.1014616 | 0.1002024
29 0.8093838 | 0.0000015 | 0.1012144 | 0.1001427
30 0.8066242 | 0.0000010 | 0.1010046 | 0.1001364
31 0.8043623 | 0.0000007 | 0.1008329 | 0.1001162
32 0.8025848 | 0.0000005 { 0.1006943 | 0.1000707
33 0.8010652 | 0.0000003 | 0.1005766 | 0.1000560
34 0.7998226 | 0.0000002 | 0.1004792 | 0.1000428
35 0.7987969 | 0.0000002 | 0.1003984 | 0.1000318

* The truncation point in t

his case is (16, 20.600; )
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then the modified boundary values of the test plan are given by

o . log, fa
a; = maz{0,—h; +iS ————1/01 == 1/00}, (3.8)
and
i : log, f;
b; = min{ho + 1S 1/, 00,5' X ro}, (3.9)

where rg is the truncation number and S X rq is the truncation time. A direct
multivariable optimization method, the simplex method ([56],[58]) which has been
described in detail in Appendix B, has been employed to find the optimal value
of f, and f, in terms of achieving the minimal squared error in the two risks
defined in Eq.(3.5). From Table 3.4, it may be seen that 0 < f, < 1, therefore
the modification on the lower boundary of the Wald’s SPRT is to shift the lower
boundary to the right by the amount of log, f,/(6; — 6p). The value of f, can be a
positive real number. When rg is small, f, is usually greater then one, which means
that the upper boundary of the Wald’s SPRT shifts to the left by the amount of
log, f./(6; — 6p). When ry becomes larger f, becomes less than one, which means
that the upper boundary of Wald’s SPRT shifts the right also by the amount of
lbge fa/(61 — 65). For a given truncation number, rg, f, and f, are so determined
that Eq.(3.6) is satisfied. Table 3.4 shows the computed results for the test plans
having the same test requirements as Test Plan IIID. A plot of the results is given
in Fig. 3.8.

It may be observed from Table 3.4, or Fig. 3.8, that the value of f, increases
when 10 < ry < 14, and it decreases and approaches the values given in Table 3.2
for a = f = 0.10 and K = 2.0 when ¢ > 14. On the other hand the value of f,
decreases when rg increases from 10 to 14 and then decreases when ro > 14. It
approaches 1.0 as r¢ — oo. It is interesting to note that when ro = 14, the best
achieved values of a and S are 0.1025520 and 0.1065844, respectively, with a SE of
0.0000499. But by increasing the truncation number, ry, by one only almost exact
values for a and 8 can be achieved. Comparing the results of Table 3.4 with the

results of Table 3.3, it is obvious that the modification should be made not only on
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TABLE 3.4- The values of the optimum modification factors,
f. and f,, for the test plans with nominal val-
ues of « = 0.10, # = 0.10, K = 2.0 and various
truncation numbers, ro.

Truncation Modification Achieved Square
number, factors, risks, error

To fa I g a® SE

10 13.1070526 | 0.7933655 | 0.1284029 | 0.1557129 | 0.0039106
11 18.2504797 | 0.7362952 | 0.1199524 | 0.1417053 | 0.0021374
12 19.3017393 | 0.6987281 | 0.1129038 | 0.1289460 | 0.0010044
13 35.8769799 | 0.6772978 | 0.1072236 | 0.1172433 | 0.0003495
14 46.2441864 | 0.6663994 | 0.1025520 | 0.1065844 | 0.0000499
15 2.3048641 | 0.7030612 | 0.1000000 | 0.1000000 { 0.0000000
16 1.3894002 | 0.7827259 | 0.1000000 | 0.1000000 { 0.0000000
17 1.1561709 | 0.8349785 | 0.1000000 | 0.1000000 { 0.0000000
18 1.0425912 | 0.8719706 | 0.1000000 | 0.1000000 { 0.0000000
19 0.9748454 | 0.8992438 | 0.1000000 | 0.1000000 { 0.0000000
20 0.9301454 | 0.9198812 | 0.1000000 | 0.1000000 | 0.0000000
21 0.8988197 | 0.9357859 | 0.1000000 { 0.1000000 | 0.0000000
22 0.8759776 | 0.9482125 | 0.1000000 | 0.1000000 | 0.0000000
23 0.8588649 | 0.9580246 { 0.1000000 | 0.1000000 { 0.0000000
24 0.8457877 | 0.9658381 { 0.1000000 | 0.10006000 { 0.0000000
25 0.8356375 | 0.9721030 | 0.1000000 | 0.1000000 | 0.0000000
30 0.8087347 | 0.9896413 | 0.1000000 | 0.1000000 | 0.0000000
40 0.7957295 | 0.9985375 | 0.1000000 | 0.1000000 | 0.0000000
50 0.7941238 | 1.0000000 { 0.1000000 | 0.1000000 | 0.0000000
00 0.7937477 | 1.0000000 { 0.1000000 | 0.1000000 | 0.0000000
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Fig.3.8— A plot of the modification factors given in Table 3.4.

the upper boundary but also on the lower boundary.

3.3 THE DETERMINATION OF THE TRUNCATION NUMBER
It has been shown in the previous section that for testing the null hypothesis
Hy: 0=06,,
against the alternative hypothesis
H: 0=6,

(where 6, < 6,) with given producer’s and consumer’s risks, if the truncation
number on the test step is large enough, then a pair of the modification factors, fa
and f;, can always be found to make the test plan satisfy the test risk requirements
almost exactly. However, a different choice of the truncation number will result in

a different average sample size and average waiting time functions for the plan. As
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one always expected, a better test plan should have some optimum properties on
these two functions. For example, Wald’s SPRT has an optimum property for the
two hypotheses. A numerical study has shown that it is possible to find an optimum
truncation number to minimize the maximum average sample size. It is also possible
to find an optimum truncation number to minimize the maximum average waiting
time. In general, the optimum truncation numbers for minimizing the maximum
average sample size and the maximum expected test time are different, but they are
quite close. Table 3.5 shows the values of the maximum average sample size and the
maximum average waiting time for different truncation numbers for the same test
plans considered in Section 3.2. Figures 3.9 and 3.10 give the plots of the ASS,,
and AWT,, functions. In Columns 4 and 7 of Table 3.5, the value right behind
the “/” sign is the value of the MTBF (in multiples of 6,) for which the maximum
average sample size or the maximum average waiting time will be achieved. This
notation will be used in elsewhere also, it will have the same meaning.

From Table 3.5 and Figs. 3.9 and 3.10, it may be observed that ASS,, ASS;,
AWT, and AWT; are monotonously decreasing functions of the truncation number,
r9. Asrg — 00, the truncated test plans converge to the Wald’s SPRT plan, and the
values of ASSy, ASS,, AWT, and AWT, reach their minimun values respectively.
But ASS,, and AWT,, reach their minimun values at a finite truncation number.
In this example, ASS,, reaches its minimum value at ro = 23, and AWT,, reaches
its minimun value at ro = 22. The truncation number for the new test plans is

chosen to be the one that yields the smallest maximum average waiting time.

3.4 THE CONSTRUCTION OF THE NEW SPRT PLANS

The general method for the construction of a SPRT plan, which can meet the exact
test risk requirements and minimize the maximum average waiting time among a
certain class of SPRT, has been given in Sections 3.2 and 3.3. For a given set of test

risk requirements, i.e. for a given set of values of a, # and K, the construction of



TABLE 3.5- The ASS and AWT values under different trun-

cation number.

a=010 F=0.10 K=20
Truncation Average Sample Average Waiting Time
number, Size in multiples of 8,

ro ASSp | ASS, ASSm AWT, | AWT AWT,

15 7.337 | 11.809 | 12.049/1.122* | 12.875 | 11.709 14.867/1.441
16 7.117 | 10.714 | 11.258/1.183 | 12.437 | 10.615 14.292/1.470
17 6.990 | 10.263 | 10.963/1.207 [ 12.181 | 10.164 14.045/1.477
18 6.905 | 9.999 | 10.808/1.221 | 12.010 | 9.897 13.911/1.478
19 6.844 | 9.819 | 10.714/1.231 | 11.888 | 9.720 13.835/1.479
20 6.799 | 9.695 | 10.660/1.239 | 11.799 | 9,595 13.793/1.478
21 6.765 | 9.603 | 10.628/1.244 | 11.730 | 9.503 13.773/1.477
22 6.738 | 9,532 | 10.610/1.249 | 11.678 | 9.434 13.767/1.475
23 6.718 | 9.479 | 10.603/1.254 | 11.637 | 9.380 13.771/1.474
24 6.702 | 9.438 | 10.604/1.257 | 11.605 | 9.338 13.780/1.473
25 6.689 | 9.405 | 10.607/1.260 | 11.579 | 9.305 13.794/1.472
30 6.653 | 9.315 | 10.651/1.269 | 11.507 | 9.215 13.878/1.467

ASSy = average sample size at 6.

ASS) = average sample size at 6.

ASS,, = maximum average sample size.
AWT, = average waiting time at 6.
AWT, = average waiting time at 6,.
AWT,, = maximum average waiting time.
* This is the multiple of the theta; such that 1.1226, is the value of the true

MTBF at which the ASS function of the test reaches its maximum value of 12.049.

104



105

ies

11.0 ll-ﬂ 120

The Average Sample Size (ASS).

108

g

20.0 23.0 30.0
The truncation number, r,,

Fig.3.9— A plot of the values of ASS,, vs. the truncation number,
To.
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Fig.3.10— A plot of the values of AWT,, vs. the truncation num-
ber, ro.
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this kind of truncated SPRT plan is to solve the following minimum-value problem:
Find the optimal choice of f,, f; and rq such that

Max{E(T|6) : 6 € ©} — min., (3.10)
under the constraints

P(Alf =6p)=1-q,
and

P(A|f = 6,) = B.

From Eq.(2.38) it may be seen that the computation of the value of E(T'|) is
very time consuming when ro becomes large, because it is involved in the numerical
integration at each test step. To avoid the evaluation of E(T'|#) for extremely large
Tos, the procedure for solving this problem has been divided into two steps: (1) For
a reasonable range of values of 7, use the simplex method of Nelder and Mead [56]
to find the values of the modification factors, f, and f;. (2) Use a one-dimension
optimization algorithm to find the value of r¢ for which the minimum of the maxima
of E(T|6) can be achieved.

Considering the requirements in practice, ten (10) SPRT plans have been
constructed. The values of o and § were chosen to be equal and the three risk
levels, i.e. & = =0.05,0.10 and 0.20 were used. The value of the discrimination
ratio was chosen to be 2.0, 2.5 and 3.0. Table 3.6 gives a summmary of these test
plans. The boundaries of the test plans are plotted and tabled in Figs. 3.11 through
3.20. The OC and AWT functions for these 10 test plans were also evaluated and
are plotted in Figs. 21 to 30.



TABLE 3.6— The modification factors, f, and f;, for various

test plans with a = 3.

Test Modification Average Waiting Time
Plan factors in multiples of 0,
k Ja=p{rg fa i AWTy | AWT AWT,
1 2.0 0.05 | 31 | 0.9900044 | 0.8760607 | 17.889 | 14.552 | 23.675/1442
11 1257 0.056 | 18| 0.9235295 | 0.8923336 | 11.697 { 8.910 | 14.988/1.637
I [3.0} 005 |12 | 0.9463430 | 0.8755839 | 9.132 | 6.664 | 11.317/1.821
IV [ 35] 005 |10 0.8179674 | 0.9195953 | 7.603 | 5.240 [ 9.323/2.001
V 120 0.10 | 22 | 0.8759776 | 0.9482125 | 11.678 | 9.434 | 13.767/1.475
VI | 25] 0.10 ] 13 ]0.8093616 | 0.9603621 | 7.643 | 5.770 | 8.758/1.705
VII | 3.0] 0.10 | 9 ] 0.7680527 } 0.9635825 | 5.938 | 4.257 | 6.643/1.939
VII {20 0.20 | 15 ] 0.8031627 | 0.9966761 | 5.448 | 4.377 | 5.692/1.591
IX {25 020 | 8 {0.7371793 | 0.9963608 | 3.588 | 2.697 | 3.663/1.988
X [3.0] 020 | 6 | 0.6950047 | 0.9982143 | 2.798 | 2.020 | 2.827/2.433
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Total number of failures

g A
/!
g v /ﬂ
A yd

2 W P

p :
g- . /
g /// pd
o4 ,/ """""

),

1 e
-

0.0 40 afo 120 160 200 240 280 320 360 400
Total test time in multiples of 6,.

Total test time* ' Total test time*
Number Reject Accept {{ Number Reject Accept
of (equal  (equal of (equal (equal
failures or less) or more) || failures or less) or more)
0 0.000 6.154 16 16.312 28.334
1 0.000 7.540 17 17.698 29.721
2 0.000 8.926 18 19.085 31.107
3 0.000 10.312 19 20.471 32.493
4 0.000 11.699 20 21.857 33.879
5 1.063 13.085 21 23.243 35.266
6 2.449 14.471 22 24.630 36.652
7 3.835 15.858 23 26.016 38.038 .
8 5.222 17.244 24 27.402 39.425
9 6.608 18.630 25 28.789 40.811
10 7.994 20.016 26 30.175 42,197
11 9.380 21.403 27 31.561 42.975
12 10.767  22.789 28 32.947 42,975
13 12.153  24.175 29 34.334 42.975

14 13.539  25.562 30 35.720 42.975
15 14926  26.948
* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.
Fig. 3.11- Accept-reject criteria for Test Plan I.




Total number of failures

y
e
y

4.0

Total test time*

12.0
Total test time in multiples of 6;.

Total test time*

Number Reject Accept || Number Reject Accept
of (equal  (equal of (equal (equal

failures orless) or more) || failures or less) or more)
0 0.000 5.097 9 8.970 18.842
1 0.000 6.624 10 10.497 20.369
2 0.000 8.152 11 12.024 21.896
3 0.000 9.679 12 13.551 23.423
4 1.334 11.206 13 15.078 24.950
5 2.861 12.733 14 16.605 26477
6 4.388 14.260 15 18.132 27.489
7 5915  15.787 17 19.660 27.489
8 7.442 17.314 17 21.187 27.489

* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.

Fig. 3.12- Accept-reject criteria for Test Plan II.
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Total number of failures

6.0 0.0 19.0 120

L

4.0
1

20
J |

0.0 «0 12.0 16.0 20.0
Total test time in multiples of 6,.

Total test time* Total test time*
Number Reject Accept || Number Reject Accept
of (equal  (equal of (equal (equal
failures orless) or more) || failures orless)  or more)

0 0.000 4.616 6 5.554 14.503
1 0.000 6.264 7 7.201 16.151
2 0.000 1.912 8 8.849 17.799
3 0.610 9.560 9 10.497 19.447
4 2.258 11.208 10 12.145 19.775
5 3.906 12.856 11 13.793 19.775

* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.
Fig. 3.13- Accept-reject criteria for Test Plan III.
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00 20 40 60 80 100 120 140 160 18.0
Total test time in multiples of 6,.

Total test time* Total test time*
Number Reject Accept || Number Reject Accept
of (equal  (equal of - (equal (equal
failures or less) or more) || failures or less) or more)

0 0.000 4.240 5 4.928 13.009
1 0.000 5.993 6 6.682 14.763
2 0.000 7.747 7 8.436 16.517
3 1.421 9.501 8 10.190 17.539
4 3.175 11.255 9 11.944 17.539

* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.
Fig. 3.14- Accept-reject criteria for Test Plan IV,
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Total test time in multiples of 6,.

Total test time*

Total test time*

Number Reject Accept || Number Reject Accept
of (equal  (equal of (equal (equal

failures or less) or more) || failures orless)  or more)
0 0.000 4.501 11 11.120 19.750
1 0.000 5.887 12 12.506 21.137
2 0.000 7.274 13 13.892 22.523
3 0.029 8.660 14 15.279 23.909
4 1.416  10.046 15 16.665 25.295
5 2.802 11432 16 18.051 26.682
6 4188  12.819 17 19.437 28.068
7 5.574  14.205 18 20.824 29.454
8 6.961 15.591 19 22.210 30.498
9 8.347  16.978 20 23.596 30.498
10 9.733  18.364 21 24.983 30.498

* Total test time is total unit hours of equipment-on time and is

expressed in multiples of the lower test MTBF.
‘Fig. 3.15- Accept-reject criteria for Test Plan V.
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number of fatlures
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...........................................

Total test time in multiples of 6;.

Total test time* Total test time*
Number Reject Accept || Number Reject Accept
of (equal  (equal of (equal (equal
failures or less) or more) || failures or less) or more)

12.0 16.0 £20.0

0 0.000 3.729 7 7.381 14.420
1 0.000 5.257 8 8.908 15.947
2 0.000 6.784 9 10.435 17.474
3 1.272 8.311 10 11.962 19.001
4 2.799 9.838 11 13.489 19.853
5 4.326 11.365 12 15.016 19.853
6 5.853 12.892

* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.
Fig. 3.16- Accept-reject criteria for Test Plan VI.
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Total number of faflures

00 10 20 230 40 5;0 60 70 €0 90

8.0 10.0 12.0 14.0

Total test time in multiples of ;.

Total test time*
Number Reject  Accept
of (equal  (equal
failures or less) or more)

Total test time*
Number Reject Accept
of {equal (equal
failures orless)  or more)

0 0.000 3.351
1 0.000 4.999
2 0.396 6.647
3 2.044 8.295
4 3.692 9.943

5 5.340 11.591
6 6.988 13.239
7 8.635 14.831
8 10.283 14.831

* Total test time is total unit

hours of equipment-on time and is

expressed in multiples of the lower test MTBF.
Fig. 3.17- Accept-reject criteria for Test Plan VII.
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Total test time in multiples of 4.
Total test time* Total test time*
Number Reject Accept || Number Reject Accept
of (equal  (equal of (equal (equal
failures or less) or more) || failures orless)  or more)
0 0.000 2.779 8 8.756 13.870
1 0.000 4.166 9 10.142 15.256
2 0.438 5.552 10 11.529 16.642
3 1.825 6.938 11 12.915 18.028
4 3.211 8.324 12 14.301 19.415
5 4.597 9.711 13 15.688 20.794
6 5.984 11.097 14 17.074 20.794
7 7370 12483

* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.
Fig. 3.18- Accept-reject criteria for Test Plan VIII.
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80 6.0

4.0

Total number of failures
20

0.0 20 4.0

6.0 8.0 10.0 12.0

Total test time in multiples of 6;.

Total test time*
Number Reject  Accept
of (equal (equal

Total test time*
Number Reject Accept
of (equal (equal

failures or less) or more) || failures or less) or more)
0 0.000 2.317 4 4.306 8.425
1 0.000 3.844 5 5.833 9.952
2 1.252 5.371 6 7.361 11.479
3 2.779 6.898 7 8.888 12.217

* Total test time is total unit hours of equipment-on time and is

expressed in multiples of the lower test MTBF.
Fig. 3.19- Accept-reject criteria for Test Plan XI.
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4.0

Total number of faflures
20

------

|

0.0 2.0 4.0

6.0 8.0 10.0

Total test time in multiples of 6.

Total test time*

Total test time*

Number Reject Accept || Number Reject Accept
of (equal (equal of (equal (equal
failures or less) or more) || failures or less) or more)
0 0.000 2.082 3 3.410 7.026
1 0.114 3.730 4 5.058 8.674
2 1.762 5.378 5 6.706 9.888

* Total test time is total unit hours of equipment-on time and is
expressed in multiples of the lower test MTBF.
Fig. 3.20- Accept-reject criteria for Test Plan X.
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Fig. 3.21- The OC and AWT plots for Test Plan I.
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Fig. 3.24— The OC and AWT plots for Test Plan IV.
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Fig. 3.26— The OC and AWT plots for Test Plan VI
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3.5 COMPARISON WITH THE WALD’S EXACT SPRT

Consider the case for which the test requirements are:
1. 6,=1.0,6, = 2.0, K = 2.0.

2. a==0.10, i.e.

P(Accept|0 = 6y) = 0.90,
and
P(Accept|d = 6,) = 0.90.

From Table 3.6, it may be seen that Test Plan V meets the test requirements. The
boundary values of the exact Wald’s SPRT plan can be found as follows: From
Table 3.1, for K = 2.0, «a = # = 0.10, the modification factor, f,, is 0.7937477.
Therefore
—log £

= ——2l-0 _ 4994 ,

176, —1/6, 4.3944492
_ log2CA

1/6, — 1/6,

ho

hy = 3.9324699,

_ logK
" 1/6, —1/6

Then the boundaries of the Wald’s exact SPRT are given by

S = 1.3862944.

a; = Maz{0; —3.9324699 + 1.3862944:}, (3.11)

bi = 4.3944492 + 1.38629441, i = 0,1,2,---. (3.12)

This test plan, the Improved Test Plan V and the Test Plan IIID of MIL-
STD 781 are plotted in Fig. 3.31 comparatively. Compared to the Wald’s exact
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Fig. 3.31- A plot of the Wald's exact SPRT plan, the Improved
Test Plan V and the Test Plan IIID when K = 2.0,

a = #=0.10.
SPRT, it may be seen from the plot that the continue test region of Plan V is
wider. The reject boundary of Plan V moves to the left of the reject boundary of
the exact Wald’s SPRT, and the accept boundary moves to the right. This way
the truncated test plan can achieve the same risk requirements as the exact Wald’s

SPRT does.
The OC and AWT functions of the Wald’s exact SPRT are given by [25),

[33]
. eG5/0 [-S)%ITH{(H __j)%'e-S/o}j
P(Ale) = 0] = - : (3.13)
T, SEHE -G - j)gesy
and
(O)E(TI6) = [H +1]-[H-G+1]P(4]6)
[H-1) ~ |
- T --g‘;z( 1) (H S-:) 1)},

Jj=0 =0
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[H-G-1] _ _
+P(A|0)e —so ;0 ' '5-“2( 1) H Gso Jj=- }s’(3.14)

=0

respectively. Figs. 3.32 and 3.33 give the plots of these two functions along with the
plots of GC and AWT functions of Plan V, respectively. In both figures the solid
line indicates the plot of the function of Plan V, and the chin-dashed line the plot of
the function of the exact Wald’s SPRT. It may be observed that the OC functions
of these two SPRT plans are very close, therefore it may be concluded that these
two plans are identical in terms of achieving the test risk requirements. The OC
function of the Test Plan IIID of MIL-STD 781 has been also plotted in Fig. 3.32
indicated with the dot line. In terms of the property of the AWT functions, Plan
V gives a shorter test waiting time when the true value of the MTBF of the tested
units is between the two test MTBFs, i.e. between 6, and 6, and it does give the
smaller maximum value of AWT. On the other hand, the exact Wald’s SPRT has
the advantage over Plan V when the true value of the MTBF of the tasted units is

other than between 6; and 6,.

3.6 COMPARISON WITH THE KIEFER-WEISS TYPE PLAN

Let Y be a random variable with pdf f(y|6), where @ is an unknown parameter. It
is desired to obtain a procedure for testing Hy : § = 6, against H; : § = 6, such
that

P(Al6 = 60) 2 1 — a for 6 > 6o,
and
P(Al0=6,) < Bfor0<6,.
Among all test plans satisfying these risk requirements, the average sample size is
the smallest at 6; where 6; < 6; < 6. It has been shown by Kiefer and Weiss [42)
that the solution to this problem is given by Bayes procedure.
Let the prior distribution of 8y, 6; and 6; be py, p; and p, respectively, and

assume that y;,¥y2,--+,y, are sequential test observations from Y, then the joint
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Fig. 3.32- A plot of the OC functions of the Wald’s exact SPRT
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Fig. 3.33— A plot of the AWT functions of the exact Wald’s SPRT
plan and Plan V when K = 2.0, a = § = 0.10.



distribution of (y1,¥2,°**,¥n, 6;) is given by

h(y1,¥2,°*« ¥n, 0!') = Ppi H f(yt'lel')’
i=1
and the marginal distribution of (y1,¥3,¢**,¥s) i8 given by
2 n
9(¥1, 20+ =2 yn) = 2_pi [T £(y;l6:)-
=0 j=1

Therefore the posteriori distribution, given (y1,y2,*,¥n), is given by

pi I1 f(v:16:)
i=1

2 n

% pe 11 £(3s100)

k=0

Cin= .1=0,1,2.

In the exponential case,

pif"e Yn/%

2 '
2 pkoine-Yn/ok
k=0

Cl',n =

where

Y, = Ey,,.

i=1
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Let P(A|n, Y5, 0) denote the conditional probability that the test accepts Hy,

given that n observations have been taken, the accumulated test time is Y;,, and

the test is definitely going to observe the (n +1)th observation, yn41, when the true
value of the MTBF is 6. Also let E(N|n,Y;,8) be the conditional expected sample

size needed before the sampling is terminated given that n observations have been

observed, the accumulated test time is Y,,, and the test is definitely going to observe
Yns+1 When @ is the true value of the MTBF. Thus E(N|n,Y,,0) must be greater or

equal to n + 1. Kiefer and Weiss proved that Y, is in the continues region if and

only if

ConP(Aln,Ya,00) + CinP(Rin,Y,0)

+ CpnE(N|n,Y,,6) < Cop +min(Con, Cin). (3.15)
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Also in Kiefer and Weiss, the test plan is truncated, hence the first step for the
construction of this kind of a test plan is to determine the truncation number. Hoel
and Mazumdar [39] proved for the exponential case that the truncation number for
a given prior distribution is given by

_ {Mo —1, if M, is a integer,
™ =1 M), otherwise,

where ooe1/
_ log(&) + £ 4 Yzl 10g 2 — log(6, - 6;)
0~ S(1/8, — 1/65) —log K '

The boundary values of the test plan is constructed by working backwards from
the last test stage m. At stage n (1 < n < m) the boundary points of the reject
and accept boundary are given by the solution of Eq. (3.15) when the inequality
is replaced by an equality.

The procedure described above shows how to obtain a test plan to test for the
exponential mean which satisfies the risk requirements and minimizes the average
sample size at a selected parameter point § where 6, < 8, < 6,. Therefore a proper
choice of 8, may lead to a test plan which minimizes the maximum average sample
size among all test plans which can meet the risk requirements. However it is not
known how such a choice can be made in general, because the value at which the
maximum ASS occurs depends in a complicated way on the s and ps.

Freeman and Weiss [32] developed a method to determine 6, which will
approximately minimize the maximum expected sample size among all test plans
which satisfy the same test requirements. Hoel and Mazumder studied the case
when py = p; and suggested that if we take
_ _JogK
T 1/6, —1/6p

then the procedure would give a test plan which will approximately minimize the

0, S,

maximum average sample size. They considered the case when

K =40, (6, = 1.0, 8, = 4.0),
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Po = p1 = 0.491,
and
p2 =1-2.491 = 0.018.

The boundarys for this test plan are ploted in Fig. 3.34. This test plan has
Type I and Type II risks of 0.051 and 0.042, respectively. For comparison, an Wald’s
exact SPRT plan and an improved test plan are also constructed. The modification
factor, f,, for the Wald’s exact plan is 0.6318140, therefore the boundary values

are given by

a; = maz {0, —3.2984826 + 1.8483925:},

and
b = 4.1569856 + 1.848325:.

For the improved test plan, the optimum truncation number is 8, the modi-
fication factor for the reject boundary is 0.8164090, and the modification factor for
the accept boundary is 0.8738745.

Figure 3.34 gives a plot of these three test plans. The OC curve and the
AWT function of these plans are plotted in Figs. 3.35 and 3.36, respectively. In
the three plots, the solid line represents the plots of the Kiefer-Weiss type plan,
the chain-dashed line for the Wald’s exact test plan and the dashed line for the
improved test plan. From Fig. 3.35, it may be seen that the OC curves are still
very close, so they can be considered to be identical in terms of meeting the test
risk requirements. But from Fig. 3.36, the AWT functions for these plans are quite
apart especially when the true value of @ is at the middle of 6, and 6,. In terms
of minimizing the maximum average waiting time, the Kiefer-Weiss type plan is
superior to the improved test plan, and the improved test plan is in turn superior
to the Wald’s exact test plan. But on the other hand, when the true value of the
MTBEF is far away from the middle point of 6, and 6y, especially when 6 < 6, and
0 > 6y, the situation is reversed. The Wald’s exact plan has a smaller AWT value
than the other two.
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3.7 SMALLER SAMPLE SIZE TEST PLANS

In a truncated SPRT, the maximum sample size in a one-unit, non-repaired test
may be needed in a test is equal to the truncation number, rq. The criterion for
constructing Test Plan I through X is to minimize the maximum average waiting
time in the test. From Table 3.5 it may be seen that although 15 is a sufficiently
large truncation number for meeting the exact risk requirements, ro = 22 is needed
to meet this criterion. It says that when ro = 22, on the average the test plan needs
less test time than the one with ro = 15. To use this test plan, you must have 22
test units when each unit is tested until only the first failure in its occurs, though
on the average only 10.61 test units are needed. On the other hand, if rp = 15
is used, although the maximum average waiting time is longer you need only 15
test units. In some cases the sample size available for the test is limited. Then

the test plans with smaller maximum sample size may have an advantage over the



TABLE 3.7- The modification factors, f, and f;, for various

test plans with a = 8 = 0.05.

Modification Average waiting time
factors in multiples of 6,
k| r Ja N AWT, | AWT, AWT,
24 | 4.3329032 | 0.5681996 | 19.867 | 18.973 | 25.548/1.401
25 | 1.9809295 | 0.6524518 | 19.231 | 16.802 24.56951.430
[ 26 | 1.5208083 | 0.7139038 | 18.823 | 15.976 | 24.157/1.483
2.0 | 27 | 1.3053285 | 0.7614130 | 18.531 | 15.480 | 23.925/1.442
28 | 1.1781329 | 0.7992268 | 18.310 | 15.141 | 23.987/1.442
29 | 1.0939625 | 0.8208975 | 18.138 | 14.892 | 23.709/1.442
30 | 1.0342932 | 0.8551137 { 18.001 | 14.702 23.670;1.442
14 | 4.3499166 | 0.6351094 | 12.721 | 11.592 15.97951.577 ‘
15| 1.5018391 { 0.7431774 | 12.241 | 9.861 15.270/1.630
2.5 116 | 1.1541316 | 0.8114629 | 11.980 | 9.356 | 15.069/1.637
17 | 1.0058995 | 0.8585319 | 11.812 | 9.082 | 14.998/1.636
3.0 | 10 | 2.8759541 | 0.6985140 | 9.665 8.069 11.81§_1j1.775
11 { 1.1877327 | 0.8116932 | 9.308 6.983 11.397/1.824
35 | 8 | 1.7683433 | 0.7641934 | 7.961 | 6.063 | 9.5252/1.981 |
9 | 0.9825563 | 0.8662472 | 7.717 | 5.445 9.328/2.007
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test plans given in Table 3.6. For this reason, Tables 3.7 through 3.9 are generated

to give the modification factors for constructing the smaller sample size test plan

which can meet the same test risk requirements the test plans given in Table 3.6

do. For comparison, the average waiting times of these test plans at 6, 6; and

the MTBF which yields the maximum average waiting time are also given in these

tables.



TABLE 3.8- The modification factors f, and f; for various test

plans with a = 8 = 0.10.

Modification Average waiting time

factors in multiples of 6;

k| ro A I AWT, | AWT, AWTm
15 | 2.3048641 | 0.7030612 | 12.875 | 11.709 | 14.867/1.441 |
16 | 1.3894002 | 0.7827259 | 12.437 | 10.615 | 14.292/1.470
17 | 1.1661709 | 0.8349785 | 12.181 | 10.164 | 14.045/1.477 |
2.0 [ 187 1.0425912 | 0.8719706 | 12.010 | 9.897 | 13.911/1.478
19 ]70.9748454 | 0.8992438 | 11.888 | 9.720 | 13.835/1.479
20 | 0.9301454 | 0.9198812 | 11.799 | 9,505 | 13.793/1.478
21 [ 0.8988197 [ 0.9357859 | 11.730 | 9.503 | 13.773/1.477 |
9 [1.6432514 | 0.7885134 | 8.167 | 6.780 | 9.164/1.684
10 | 1.0638229 | 0.8693303 | 7.903 | 6.189 | 8.880/1.712
2.5 [ 11 | 0.9169210 | 0.9144937 | 7.771 | 5.963 | 8.789/1.714 |
12 | 0.8480251 | 0.9423402 | 7.693 | 5.842 | 8.760/1.710
3.0 | 7 | 1.1016386 | 0.8850247 | 6.148 | 4.663 | 6.789/1.934
8 | 0.8292356 | 0.9370947 | 5.996 | 4.348 | 6.648/1.952
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TABLE 3.9— The modification factors f, and f, for various test

plans with a = 8 = 0.20.

Modification Average waiting time
factors in multiples of 6,
k| ro fa I AWT, | AWT AWT,

7 | 1.2628116 | 0.8802729 | 5.861 5.033 | 6.055/1.593
8 ] 0.9612796 | 0.9332210 | 5.662 | 4.676 5.§g3/1.619_
9 | 0.8839420 | 0.9594450 | 5.572 | 4.545 5.760/1.617
10 | 0.8488535 | 0.9743253 | 5.523 | 4.476 | 5.723/1.611

2.0 { 11 | 0.8295634 | 0.9833425 | 5.493 | 4.436 | 5.706/1.606
12 | 0.8180450 | 0.9890172 | 5.475 | 4.411 | 5.698/1.601
13 | 0.8108409 { 0.9926782 | 5.462 | 4.395 | 5.694/1.596
14 | 0.8062041 | 0.9950805 | 5.445 | 4.384 | 5.693/1.593
4 | 1.4005873 | 0.9050054 | 3.872 | 3.168 | 3.893/1.970

2.5 | 5 |0.8569949 | 0.9636925 | 3.661 | 2.811 | 3.714/2.039
6 | 0.7772558 | 0.9840069 | 3.616 | 2.737 | 3.676/2.021
7 | 0.7491556 | 0.9924967 | 3.596 | 2.709 | 3.665/2.003
3 | 1.0227324 | 0.9461629 | 2.895 | 2.192 | 2.908/2.574

3.0 | 4 [0.7200337 | 0.9859572 | 2.819 | 2.045 | 2.835/2.545 |
5 ] 0.7011740 | 0.9950154 | 2.804 | 2.019 | 2.828/2.471
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CHAPTER 4

CONFIDENCE INTERVAL AND POINT ESTIMATION
FOLLOWING A GSPRT

4.1 INTRODUCTION

Wald’s SPRT was not intended primarily as a means of estimation, and the difficulty
associated with estimating a parameter when the data are obtained from a sequen-
tial probability ratio test has been criticized (Siegmund [63]) as a disadvantage of
SPRT. In the application of SPRT to quality control, a decision procedure which
distinguishes between acceptance and rejection within specified levels of risk is ad-
equate. However estimation following a SPRT will usually be required in practice
for other then quality control. For example, in life testing once an equipment has
been accepted or rejected by a SPRT plan, it is desirable to find the point estimate
as well as the confidence limits on the true MTBF which may provide very valuable
information for the producer and the consumer in improving the reliability of this
equipment. Armitage[5] and Siegmund [61] pointed out that traditional methods
for obtaining confidence intervals, which ignore the possibility of early stopping
do not have the correct coverage probability when used after a sequential test.
Many authors have been working in obtaining the confidence limits on the tested
parameters for the three most studied distributions in SPRT: the binomial distri-
bution, the normal distribution (including the Wiener process and the Brownian
motion) and the exponential distribution (including the Poisson process). Aroian
and Oksay [8] present an approach for discrete distributions of the 0 — 1-type, such

as the binomial. Schmee [59] proposes a method in combination with the direct
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method of Aroian that can be used with both discrete and continuous distributions.
Sumerlin [64] has also developed lower confidence limits for MIL-STD-781. All of
these methods are based on a Bayesian argument requiring a prior distribution on
the tested parameters. Meeks [51] derived the confidence sets for the exponential
mean for an untruncated SPRT after an acceptance decision has been made. Sieg-
mund [62] obtained the approximations for the confidence limits for a special SPRT
test plan for the exponential mean. Following the method discussed by Mood [54],
Brant and Schmee proposed a numerical method to obtain the confidence limits
on the mean of the exponential distribution after a SPRT. The method has been
applied to the SPRT plans of MIL-STD-781D. Brant and Schmee’s method adopts
Aroian’s direct method [9] to calculate the required probabilities. The use of the
Proposition 2.2 may reduce somewhat the computing time, but the algorithm is
still time consuming,.

The problem of determining confidence intervals after a sequential test is
terminated has been also discussed by Siegmund [61){62], Wijsmn[75], Tsiatis and
Mehta [67] Kim and DeMets [43] and others for the repeated significance test and
group sequential test. In this chapter, the idea of Siegmund will be adopted to
obtain the confidence limits of the exponential mean for the test plans developed
in Section 3.3. It shows that the method, which will be discussed in Section 4.2,
results in the same set of equations for obtaining the confidence limits as Brant and
Schmee’s method did. But the results obtained in Chapter 2 are used to carry out
the actual calculation of the required probabilities in Eq. (2.39) equation instead
of Aroian’s direct method.

Although many efforts have been made in obtaining the confidence limits on
the MTBF following a SPRT in the exponential case, to the best of the author’s
knowledge little has been done on the problem of the point estimation. The same
estimate used in the fixed sample size test is suggested for the point estimate in

practice.
A simple derivation would show that the MLE of the MTBF following a
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sequential test is still given by

6=== .
=, (a1)

where
T, = total accumulated test time,
and

r = number of failures.

For the fixed simple size test, it is well known ( Mann [49], Bain [10]) that 6 is
the complete and sufficient statistic of 6 in the Type II censoring, also it is the
unbiased estimate of 6, therefore it is the Minimum Variance Unbiased Estimate
(MVUE) of 6 in this case. In the case of Type I censoring, 6 is not an unbiased
estimate of 6 especially for small sample sizes, but it is asymptotically unbiased. In
the sequential test, MLE losses its unbiased property even in the asymptotic sense.

The biasedness of the MLE following a sequential test has been studied by
Girshick et al [34], Cox [20] and Armitage [5] for the binomial proportion, as well
as by Siegmund [61] and Whitehead [73] for the normal mean. In a more resent
work, Whitehead [74] has studied the biasedness of the MLE of & normal mean
following a SPRT in-testing.

Ho:p=0vs. H:p>0,

when the standard deviation, o, is known. The boundaries of the test plan have
been chosen to ensure that the probability of rejecting the null hypothesis is a
when g = 0 and 1 — a when u is equal to a specific alternative value pg > 0. Let
b(f1, ) be the bias of i when the true mean is p, then

b(a, p) = E(g) - p. (4.2)
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Under the assumption of a large sample size and a small value of g, this study
shows that when u = 0.5, i is unbiased. Away from this value b(f, 1) converges,

in absolute value, to 1/a, where

log l=a
a4 = =~
KR
Although some work has been done in the binomial and the normal cases,
little has been done on the point estimation of the exponential mean. The second

part of this chapter is devoted to the following:

1. The study of the biasedness of the MLE of the exponential mean following a
truncated sequential test for the test plans given in MIL-STD-781 and some

of their modifications,

2. The Development of the methods for obtaining the bias-corrected estimate
of the MTBF following a GSPRT.

4.2 CONSTRUCTION OF THE CONFIDENCE LIMITS

4.2.1 THE DESCRIPTION OF THE METHOD

Upon stopping a sequential test, the results of the test can be expressed by a bivari-
ate vector (Sy,r), where S, is the accumulated test time when the test terminates
on the rth test stage and 1 < r < ro. S, is equal to b, if the test stops on the
acceptance boundary, or a, < S, < a,4 if the test stops on the rejecting boundary.
Siegmund [62] suggested a method for the construction of the confidence interval
for the normal mean in a repeated significance test. The basic idea of this method
is the following: First, an ordering of the sample points on the stopping boundaries
is defined for the comparison of these sample points. This ordering should corre-
spond in general to the notion that the larger the value of 8, the earlier one will
stop on the acceptance boundary, and the smaller the value of 6, the earlier one

will stop on the rejection boundary.
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Total number of failures.

Total test time.

Fig. 4.1- The ordering of the sample points on the stopping
boundaries.

An reasonable ordering of the sample points on the boundaries in a GSPRT
for determining which points are more extreme, with respect to evidence against H,

on the accept boundary, and against Hj on the reject boundary than the observed
point would be:

1. For two points, say (s;,i) and (s;,j) on the accept boundary, we say that

(8iyt) > (sj,7), or point (s;,%) is more extreme than point (s;,j) if i < j,

2. For two points on the reject boundary, we say that (s;,i) > (s;,J), or point
(8;,1) is more extreme than point (3;,j) if either of the following two condi-

tions is satisfied:

(a) t<j,or

(b) si < sj,ifi=j.

As shown in Fig. 4.1, the sample points SP,, SP,, SP;, :--, and SF; are
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possible final observed values of a test statistics. According to the ordering rule
described above, SP; is more extreme than SP;, which in turn is more extreme
than SP;. Each of these three points corresponds to an accept stopping. Similarly,
SP;, SP; and SPs are in the reject region with SP; being more extreme than SP;
which is in turn more extreme than SP.

The rational for defining the ordering this way is as follows: On the accept
boundary, it seems reasonable to say that an accept decision at Stage ¢ shows more
evidence against H; than an accept decision at Stage i + 1. Or it may say that
the earlier stopping on the accept boundary indicates that the larger MTBF of the
tested unit. Similarly, on the reject boundary, reject decision at Stage i also shows
more evidence against Hp than a reject decision made at Stage i + 1. On the other
hand, for the sample points on the reject boundary at the same test stage, the
smaller accumulated test time shows more evidence against Hy.

Within the ordering defined above, for a given value of (s;,2) on the accept
boundary, the (1 — ) lower confidence limit is the largest lower bound of 6 for
which an event at least as extreme as the observed one has a probability of at least
4. Similarly, the (1 — 4) upper confidence limit is the least upper bound of 6 for
which an event is at most as extreme as the observed one has a probability of at
least 4. Therefore, the lower and upper one-sided 1 — 4 confidence limits, 6.;and

6, are given by

07y = inf{6: P{(S;,r) = (s:,1)I6} 2 7}, (4.3)
and

04, = sup{6 : P{(S,,r) < (s,,7)16} 2 7}, (4.4)

respectively. Here inf stands for inferior and sup for superior. The two-sided

confidence limits for 8 are given by

04, = inf{0: P{(S,,r) > (s:,4)]0} > %},
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64, = sup{6 : P{(S,r) < (s:,)8} > 1},

respectively.

Similarly, for a given value of (s;,t) on the reject boundary, the 1 — « lower
confidence limit is the largest lower bound of 6 for which an event at least as
extreme as the observed one has a probability of at least 1 — 4. The 1 — « upper
confidence limit is the least upper bound of 6 for which an event is at most as
extreme as the observed one has a probability of at least 1 —+. Therefore the lower

and upper one-sided 1 — v confidence limits, 6, and 6y, are given by

68, = inf{8: P{(S,7) 2 (s,5)I6} = 1=, (4.5)
and

68, = sup{8: P{(S,,7) < (5:,1)/6} > 1 -1}, (4.6)
respectively. The two-sided confidence limits for 6 are given by

6% = inf{8: P{(Sry7) 2 (s, )8} 21— 7},
and

6, = sup{8 : P{(S,,7) < (si,i)6} 2 1- 1},

respectively.

4.2.2 THE EXISTENCE AND UNIQUENESS OF THE CONFI-
DENCE LIMITS

From the previous section, it can be seen that under the ordering described, the

determination of the confidence limits is to solve the following equation:

P{(S,r) 2 (si9)I6} = p, (4.7)
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where 0 < p < 1.

Let A be the set of the sample points which are on the accept boundary,
and R be the set of the sample points which are on the reject boundary, then the
probability that theevent (S,,r) is greater or equal to (s;, i), i.e. {(S,,r) 2 (8i,1)},
is given by

2 Pi.(Accept|§), if (s;,2) € A,

PASDzilf} =5 T (as)
T Pi(Reject|6) + Fi(si), if (si,) € R.

The solution of Eq. (4.7) exists and it is unique if the probability
P{(Ss,7) 2 (s:,)16}

is a continuous and monotonic function of 6.
The continuity is trivial, because if (s;,7) is on the accept boundary, from
Eq.(2.45) we have

PUSH) 2 (60 i) = 30k - 1,6 LT e,

which means that P{(S,,r) > (s;,7)|0} is the summation of the continuous func-
tions. Similarly, if (s;,7) is on the reject boundary then from Eqgs.(4.7) and (2.47)
it may be seen that it is also the summation of continuos functions. Therefore in
both cases, P{(S;,r) = (si,%)|0} is a continues function of 6.

The monotonicity of P{(S;,r) > (s;,%)|8} can be proved from the following
lemma [33, pp. 100-102]:

Lemma Any generalized SPRT of Hy : 8 = 6y against H, : @ = 6,,
(6, < 6p), characterized by {—o0 < @x < by < o0 (n = 1,2,--4)},
satisfies for alln > 1

Z Py Accept|p) > Z Pi(Accept|6y), (4.9)
k=1



148

e Original test
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! -

Total test time.

Fig. 4.2— The induced GSPRT when (s;,%) is on the
accept boundary.

‘Fotal number of failures.

and

)" Pi(Reject|fo) < ) Pi(Reject|6y). (4.10)

k=1 k=1
In particular, the OC function of the test satisfies the unbiasedness cri-
terion P(A|6,) = P(A|6,).

Let § and 6” be two values in the parameter space of 6 and ¢’ < §”. We will
then prove that for any (s;,¢) on the accept boundary

P{(S:y7) 2 (5i,9)l6'} < P{(S:,7) 2 (si,1)16"}, (4.11)

and for any (s;,7) on the reject boundary
P{(S.,r) 2 (si,1)|8'} 2 P{(S,,7) 2 (si,1)]|8"}. (4.12)

Assume that (s;,?) is on the accept boundary first. In this case, let’s con-
sider a generalized SPRT for testing the null hypothesis Hy : 6§ = 6” against the
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alternative hypothesis H, : § = §'. The boundary values of this GSPRT are given
by {a},b;} such that

az=ak,bz=bk,k= 1,2,'-',i.

Then, as shown in Fig. 4.2, it is an induced test plan from the original test plan.
Consequently, by the unbiasedness criterion of the OC function of a GSPRT stated

in the lemma, we have
P(Al6") > P*(A|6"), (4.13)

where P*(A|f) stands for the OC function of the induced GSPRT. But since the
acceptance probability up to test stage i depends only on the boundary values up

to stage i, then
> Pi(Accept|d) = P*(A[6). (4.14)
k=1 .

Hence, from Eqs.(4.13) and (4.14),

i Pi(Accept|6”) > Z': Py(Accept|d’), (4.15)
k=1 k=1
P{(Sr:7) 2 (50,0)16"} £ P{(S:>7) 2 (54, 9)16"}

holds for (s;,7) € A.

Now Assume that (s;,7) € R. In this case, consider the generalized SPRT
for testing the null hypothesis Hy : § = 6" against the alternative hypothesis
H, : 8 = @'. The boundary values of this GSPRT are given by {a}, b;} such that

a; = a,

and

bt = {bk, if bk < 8,
k™ 1s;, otherwise,
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Fig. 4.3— The induced GSPRT when (s;,1) is on the
reject boundary.

where k = 1,2,---,7. Then as shown in Fig. 4.3, it is also an induced test plan
from the original test plan. Consequently, by the unbiasedness criterion of the OC
function of a GSPRT stated in the lemma,

P*(R|6") < P*(R|6"), (4.16)

where P*(R|0) stands for the probability of rejecting Hy of the induced GSPRT
when the true value of the parameter is 6.
The reject probability of the original GSPRT up to test stage i with an
accumulated test time of s; is given by
i-1 i-1
Y Pu(Reject|6) + Fi(s)) = 3 Fi(ausa) + Fi(s). (4.17)
k=1 k=1
From Eq.(2.13) it may be seen that this quantity neither depends on the values
of the reject boundary which are greater then a;, nor on the values of the accept
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boundary which are greater than s;. Actually,

9x(vx|6) = gi(ykl6), for k <iand yi < s;,
where gx(yx) stands for the pdf of the test statistic of the original GSPRT at the
kth stage, given by

gr(yr) = / "

gu(u = y)ge" du,
Gk41
and g3 (yx) stands for the pdf of the test statistic of the induced GSPRT at the kth

stage, given by

gi(yx) = / fk

LTS

gr(u — yk)%e"‘/e du.
Therefore
i Pi(Reject|8) = P*(Reject|6). (4.18)
=1
Hence, from Eqs.(4.16) and (4.18) °
zi: Pi(Reject]8"”) < kiPk(Reject[O'), (4.19)
=1

k=1
or

P{(Sr7) 2 (s:29)10'} 2 P{(Sr,7) 2 (80,2)]6"}

holds for (s;,7) € R. This concludes the proof of the monotonicity of P{(S,,r) >
(si,)6}.

Kim and DeMets [43] studied the problem of confidence intervals following
a group sequential test in clinical trials. It is intended to test the null hypothesis
Hy : 6 = 0 against the alternative hypothesis H; : 6 # 0 for the mean of a
normal population with the standard deviation 0 = 1. They tried to prove the
same results as given in Eqgs. (4.11) and (4.12) by proving that at each test stage
k(£i)if § < 6", then

[ fuant)don < [ fiaile" da, (4.20)
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where

bk~1

Si(z) = A Sr-a(

k

e~ 3= gy,

Although the monotonicity of P{(S,,r) > (si,£)} still holds in this case, the con-
clusion given in Eq.(4.20) may not be always true. Imagine that the extreme case
of 0 < ¢ << 6". At first few test stages, the integral at the right hand side of
Eq.(4.20) may be much greater than the integral at the left side of Eq.(4.20), but
it may not always be true at each test stage.

This can be easily seen in the exponential case. Consider the case that (s;,?)

is on the accept boundary. Assume that 6’ < 8", then

A = P{(Sr,7) 2 (5,1)16") = P{(S.,7) 2 (s0,)l6'),
b /6")k1 "
-z;cu 1, b))/ (';C/ >1)| _—

bi/6')FY _y e
—;C(k—l,b)(—(l;c-/—)l-)-‘— 3

0tk - Wby e !

From the proof given previously, we knew that A > 0 if 8" > ¢’, but this does not

necessarily mean that for any k(< ), we would have

(51_;_,)1:—16—6}‘/9" _ (é)k—le—bklo' _>_ 0.

For example, consider the Test Plan IIID of MIL-HDBK-781D. Let ' = 3.0
and " = 3.5, then at Stage 1

(3 5)1'1 e~44/35 = (.2844656 > ( )1 ~1,-4.4/30 _ ) 9306932.

But at Stage 4 the inequality is reversed, that is

(3—15)4-%-8'56/35 0.0020213 <( )“-1 -8.56/3.0 — () 00213532.
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TABLE 4.1- A Comparison of the values of
(3)F-eb/% for @ = 3.0,3.5 for Test Plan
IIID of MIL-HDBK-781D.

Test (4)F=1e=a/
stage | b =230 =235
4.40 { 0.2306932 | 0.2844656
5.79 | 0.0483827 | 0.0546368
7.18 1 0.0101472 | 0.0104940
8.56 | 0.0021353 | 0.0020213
9.94 | 0.0004493 | 0.0003893
11.34 | 0.0000939 | 0.0000746
12.74 | 0.0000196 { 0.0000143
14.10 | 0.0000042 | 0.0000028
15.49 | 0.0000009 | 0.0000005
3 0.2919263 | 0.3520992

W oo =3I O Otk QOB =

More calculated values at stages up to 9 are given in Table 4.1. From this table, it
may be seen that although on the whole,

A = 0.3520992 — 0.2919263 > 0,

the individual terms in the summation are not all positive. Actually when k > 4,

they are all negative values.

4.2.3 CONFIDENCE LIMITS AT ACCEPTANCE

Accept decisions can only be made at the discrete set of the times {b;, ¢ =
1,2,.-+,19} where rg is the truncation number of the test steps. Assume that
the test is accepted at b; at the ith stage (with : — 1 failures observed), then from
Eqs.(4.3) and (4.8) the (1 — 4)100% one-sided lower confidence limit, 8z;, on the
MTBF is given by the solution of the following equation:

v =Y_ Pi(Accept|fp,). (4.21)

k=1
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Using Eq.(2.45), Eq.(4.21) can be written as

v = gc'(k 1 b)(bfliou?)' e~b/0us, (4.22)

Similarly, from Eq.(4.4) a (1 — 4)100%, one-sided upper confidence limit ,
6u1, on the MTBF is given by the solution of the following equation:

o
¥y = ZPk(AcceptIBm) + P(R'OUI)’
k=t

or

i-1

1—+ =) Pi(Accept|fy1). (4.23)
k=1
Using Eq.(2.45), Eq(4.23) can be rewritten as

l-y= ,?; C(k —1,b )(bzl{e”‘l)), =t/ (4.24)

Also the (1 — v)100%, two-sided confidence lower and upper limits on the
MTBEF is given by

X _ ‘. 3 _.(bk___/ om)‘_—k—l ~bi/6L2
k=1
and
=1 -
Y _ C(k-1,b )(_b’i.loL‘:)w_e—bk/OU:, (4.26)
2 = (k -
respectively.

The one-sided confidence limits, upon an acceptance decision, have been
generated by a Fortran program for all of the 10 newly developed test plans. The
method described in Chapter 2 has been used to evaluate the coefficients C(k—1, b;)
of Eqs.(4.22) and (4.24) at each test stage. The bisection method was used to find
the roots of Eqs.(4.22) and (4.24). The value of v was chosen to be 0.05, 0.10, 0.20,
0.25, and 0.50. The results are given in Tables 4.11 through 4.30 at the end of this

chapter.
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4.2.4 CONFIDENCE LIMITS AT REJECTION

Suppose that a reject decision has been made at the ith test stage with a total test

time s;, where

a; < 8; < @iy, if i < 1y,
or

ary < 8; < by, if 2 =1y,

Then from Eqs.(4.5) and (4.6), the (1—+)100% one-sided lower confidence limit,fr,,

satisfies the following equation:

1 — v = P(Reject on or before s; | 8L3), (4.27)
and the (1 — 4)100% one-sided upper confidence limit,fy1, satisfies

v = P(Reject on or béfore si | 6n)- (4.28)

The probability that a reject decision may be made on or before s;, given

that the MTBF= 6, is

P(Reject on or before s; | ) = 1 — P(Accept on or before s; | 8)
—P(Continue test at s; | ). (4.29)

Consider the case that b < s; < b1 and I > 1 first, then the second term
in the right hand side of Eq.(4.29) is given by

I
P( Accept on or before s; | §) = > Pi(Accept|6). (4.30)
k=1
From Eq.(2.45), Eq.(4.30) may be written as

l (bk/o)k-x
P{ Accept on or before s;|8} = > C(k -1, bk)—(ﬁ———l—)'—e'b“/a. (4.31)
k=1 -
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The third term on the right hand side of Eq.(4.31) is given by

i-1
P( Continue test at s;]0) = ) Pi(Continue test at s;|0),  (4.32)
k=141
where Pi(Continue test at s;|0) is the probability that the test continues at s; at
Stage k, i.e.,
(=]
P,(Continue test at s;|0) = / 9k(yx) dyk.

8i

From Eq.(2.45), Eq.(4.31) can be written as
_ i-1 (S|/0) _3'./0
P( Continue test at T, | m) = > C(k,T,)~—+— . (4.33)
k=141
Then, from Eqgs.(4.27) through (4.33),

! k-1
= Z Ck-1, bk)-(-ll(ik{—o_[':—li)s'—-e'b“/o“

+ Z C(k, T)(s i/ o“) e~%/on, (4.34)
k=i41

and

ZC(L 1,b )(bl(cliewl))‘ e~ bx/0u

|—l 0
+ 3 C(h T )(s / ”‘) el (4.35)
k=l+1
If s; < by, then the probability that an accept decision can be made before

8; is zero, therefore
P(Reject on or before s; | §) =1 — P(Continue test at s; | 6).

Hence the one-sided confidence limits are given by the solutions of the following

equations:

v= 'ffC(k T)(s'/"“) e~i/ou, (4.36)

=1
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and
lov= § Ck,T, )(8'/0U1) ~si/bus (4.37)
k=1
The two-sided (1—+)% confidence limits can be obtained simply by replacing
the « by v/2 in Eqs.(4.34) through (4.37).
Since a reject decision can be made at any time in the time interval [0, b,, ], for
a given confidence level it is impossible to generate a set of the tables containing the
confidence limits at all possible stopping times. Instead, for the selected confidence
levels of 0.50, 0.25, 0.20, 0.10 and 0.05, Tables 4.31 through 4.50 at the end of
this chapter give the one-sided confidence limits upon a reject decision for the ten
newly developed test plans for some selected time points on the reject boundary.
For a stopping time which does not match with a time point given in the table, a

linear interpolation may be used to obtain the confidence limits.

4.3 THE PROPERTIES OF THE CONFIDENCE INTERVALS

The confidence interval obtained by the method described in the previous section
is some times called the “exact confidence interval”. Here the term “exact” does
not mean that this kind of confidence intervals have an exact coverage probability.
Rather, it is computationally based on a numerical solution, not on asymptotic
results. Another confidence interval is the naive confidence interval in which the
sequential natural of the test has been ignored, i.e the test is treated as a fixed
sample-size test, therefore upon stopping a confidence interval can be calculated
using the x? distribution. Cox [20], Armitage[5], Whitehead [74] and others have
pointed out that the estimation after a sequential test can be biased if the sequential
nature of the test is ignored.

In this section, the exact and the naive 90% confidence intervals are com-
pared to see what are the advantages and disadvantages of these different confidence
intervals and how far apart they are. The test plan for the comparison is the im-

proved test plan given in Section 3.6 where the discrimination ratio is 4.0, the
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producer’s risk is 0.051, the customer’s risk is 0.042. The actual confidence limits
and the width of the intervals are calculated and given in Table 4.2.

One of the properties of the confidence interval examined here is its cov-
erage probability, i.e. the probability that the confidence interval covers the true
parameter. It is certainly expected that the confidence interval can provide the
exact coverage probability that has been declared. Let [012.6y2] be the two—sided
1 — a confidence interval when 6 is the true parameter of the distribution, then it
is desired that

P(o[,g S 6 S euz) =1- v- (4.38)
Another desired property of the confidence interval is that
P(0L, < 6 < 0yz) 2 PO, < 6' < 6u) (4.39)

for all §’ £ 6. Which means that the probability that it covers the wrong parameter
should be much smaller than the probability that it covers the true MTBF. A
confidence interval with this property is called unbiased.

Tables 4.3 and 4.4 give the results of the coverage probabilities that the
naive and the exact confidence intervals cover the true MTBF, as well as the wrong
MTBF, respectively. The probability that the exact and the naive confidence inter-
vals cover the true MTBF are also plotted in Fig.4.4. These results are generated

by a Monte Carlo simulation of ten thousand samplings.

From Tables 4.2, 4.3, 4.4, and Fig. 4.4, the following may be observed:

1. In terms of the width of the confidence interval, the width of the naive con-
fidence intervals are wider than those of the exact confidence intervals when
the test stops on the accept boundary, except at the last test stage. But if
the test stops on the reject boundary, the situation is just reversed, i.e. the

widths of the exact confidence intervals are wider than those of the naive

confidence intervals.



TABLE 4.2- Comparison of the exact interval with the naive
confildence interval.

=0.042, K = 4.0

CL =090, « =0.051, 8
r Ta Naive Exact
Or2* Bu2* | A | 62* | fu* | A
Stopping at the accept boundary
0| 4.337 ) 1.4477 * * 1.4477 * *
1| 6.185 | 1.3038 | 120.5819 | 119.2781 || 1.2141 | 84.5528 | 83.3387
2| 8.034 | 1.2761 | 22.6081 | 21.3320 |f 1.1364 | 16.5860 | 15.4496
3| 9.882 | 1.2745 | 12.0853 | 10.8108 {| 1.1006 | 9.1438 8.0432
41 11.730 | 1.2815 8.5852 7.3037 }| 1.0816 | 6.6817 5.6001
5 ( 13.579 | 1.2916 6.8924 5.6008 || 1.0708 | 5.5250 4.4542
6 | 14.787 | 1.2486 5.6590 4.4103 || 1.0593 | 4.8839 3.8249
7 | 14.787 | 1.1246 4.5009 3.3763 || 1.0304 | 4.4309 3.4005
Stopping at the reject boundary
21 0.057 | 0.0120 | 0.1603 0.1483 0.0120 | 0.1604 0.1484
31 1.905 | 0.3026 | 2.3303 2.0277 0.3026 | 2.3323 2.0297
4| 3.753 | 0.4840 | 2.7464 2.2624 0.4942 | 3.0144 2.5217
51 5.602 | 0.6015 | 2.8437 2.2422 0.6322 { 3.3319 2.6997
6| 7.450 | 0.7074 { 2.8517 2.1443 0.7385 | 3.4993 2.7609
71 9.209 | 0.7852 | 2.8303 2.0451 0.8203 | 3.5941 2.7738
8] 12.958 | 0.9825 | 3.2445 2.2620 0.9680 | 3.8095 2.8415

r = number of failures.
T. = accumulated test time,
A =0yz—0Lo.

* In multiples of 8,.
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TABLE 4.3- The coverage probability of the exact confldence intervals.

True MTBF covered

MTBF 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 55 6.0
0.5 0.9020 | 0.7728 | 0.5508 | 0.3594 | 0.1610 | 0.0536 | 0.0019 | 0.0002 | 0.0001 | 0.0000 | 0.0000
1.0 0.52980 | 0.8943 | 0.8790 |} 0.7806 | 0.6396 | 0.4715 | 0.2058 | 0.0474 | 0.0394 | 0.0383 | 0.0371 | 0.0364
1.5 0.2704 | 0.6767 | 0.9531 | 0.9026 | 0.8356 | 0.7330 | 0.5461 | 0.2769 | 0.2276 | 0.2068 | 0.1981 | 0.1906
20 0.1474 | 0.4025 | 0.9721 | 0.9456 | 0.9112 | 0.8556 | 0.7469 | 0.5527 { 0.4783 | 0.4339 | 0.4149 ] 0.3971
25 0.0826 | 0.2188 | 0.9854 | 0.9680 | 0.9479 | 0.9189 | 0.8611 | 0.7538 | 0.6805 | 0.6360 | 0.6113 | 0.5833
30 0.0483 | 0.1180 § 0.9915 | 0.9818 | 0.9713 | 0.9519 | 0.9256 | 0.8672 | 0.8189 | 0.7736 | 0.7453 | 0.7190
3.5 0.0318 | 0.0716 § 0.9942 | 0.9875 | 0.9795 | 0.9686 | 0.9514 | 0.9206 | 0.8837 | 0.8474 | 0.8241 | 0.8043
40 0.0229 | 0.0456 | 0.9976 | 0.9924 | 0.9862 | 0.9772 | 0.9666 | 0.9491 | 0.9273 | 0.9019 | 0.8827 | 0.8614
45 0.0155 | 0.0264 | 0.9976 | 0.9946 | 0.9894 | 0.9850 | 0.9789 | 0.9700 | 0.9544 | 0.9343 | 0.9175 § 0.9013
50 0.0109 | 0.0185 | 0.9983 | 0.9965 | 0.9938 | 0.9895 | 0.9848 { 0.9790 | 0.9670 | 0.9531 | 0.9404 | 0.9282
5.5 0.0066 | 0.0112 | 0.9988 | 0.9976 | 0.9953 | 0.9933 | 0.9908 | 0.9870 §| 0.9804 | 0.9704 | 0.9598 | 0.9509
6.0 0.0073 | 0.0113 | 0.9990 | 0.9973 | 0.9951 | 0.9926 | 0.9905 | 0.9879 | 0.9828 | 0.9751 | 0.9621 | 0.9599

TABLE 4.4- The coverage probability of the naive confldence intervals.

True MTBF covered

MTBF 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
05 0.9047 | 0.9147 | 0.7569 | 0.4338 | 0.0994 | 0.0017 | 0.0016 | 0.0011 | 0.001 0 | 0.0007 } 0.0002 | 0.0000
10 0.3836 | 0.9297 | 0.9612 | 0.8623 § 0.5663 | 0.2294 | 0.1572 | 0.1227 | 0.1126 | 0.1100 | 0.1073 | 0.1037
1.5 0.1310 | 0.7545 | 0.9880 | 0.9587 | 0.8440 | 0.6461 | 0.5439 | 0.4658 | 0.423 7 | 0.4023 | 0.3846 | 0.3619
20 0.0534 | 0.6777 | 0.9850 | 0.9720 | 0.9247 | 0.8409 | 0.7935 | 0.7359 | 0.695 1 | 0.6620 | 0.6329 | 0.5964
25 0.0237 | 0.6897 | 0.9762 | 0.9705 | 0.9495 | 0.9078 | 0.9017 | 0.8667 | 0.840 9 | 0.8118 | 0.7843 | 0.7458
3.0 0.0122 | 0.7117 | 0.9546 | 0.9522 | 0.9436 | 0.9246 | 0.9537 | 0.9332 | 0.919 9 | 0.8985 | 0.8724 | 0.8344
35 0.0065 | 0.7356 | 0.9251 | 0.9235 | 0.9193 | 0.9100 | 0.9784 | 0.9696 | 0.962 1 | 0.9499 | 0.9327 | 0.9036
40 0.0073 | 0.7460 | 0.9068 | 0.9062 | 0.9041 | 0.8991 | 0.9887 | 0.9829 | 0.977 7 | 0.9676 § 0.9525 | 0.9328
45 0.0030 | 0.7455 | 0.8718 | 0.8711 | 0.8692 | 0.8662 | 0.9916 | 0.9886 | 0.985 6 | 0.9787 | 0.9676 | 0.9493
50 0.0014 | 0.7395 | 0.8445 | 0.8442 | 0.8432 | 0.8416 | 0.9963 | 0.9942 | 0.992 3 | 0.9876 | 0.9810 | 0.9676
55 0.0007 | 0.7364 | 0.8186 | 0.8184 { 0.8178 | 0.8170 | 0.9977 | 0.9967 | 0.995 5 | 0.9932 | 0.9873 | 0.9766
6.0 0.0006 | 0.7210 | 0.7861 | 0.7859 | 0.7858 | 0.7851 | 0.9986 | 0.9980 | 0.997 3 | 0.9950 | 0.9913 | 0.9845

091
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Fig. 4.4— Comparison of the coverage probabilities of the naive
and exact confidence intervals.

2. With respect to the exact interval, the naive intervals seem to shift to the
right when the test stops on the accept boundary, and shift to the left when

the test stops on the reject boundary.

3. Both intervals can not provide the exact coverage probability. The nominal
coverage probability of these confidence intervals is 90%, but the actual cov-
erage probabilities of the exact and the naive intervals intervals are greater
than 90% for most values of the MTBF. For most of the values of the MTBF
within the range of 1.5 to 6.06, the coverage probability of the exact in-
terval is approximately 95% and the largest value is nearly 96%. For the
values of the MTBF within the same range, the coverage probability of the
naive confidence interval is approximately 98%, and the largest value is nearly
99%. Comparatively, the coverage probability of the exact confidence inter-
val is closer to the nominal value than the one given by the naive confidence

interval.
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4. Both the exact and the naive conﬁdénce intervals are biased. The probability
that the exact confidence interval covers the values approximately between
1.56, and the true MTBEF, is higher than the probability it covers the true
MTBF. Also it may be seen that the bias is only on the values which are
less than the true MTBF. The bias of the naive confidence interval has the
same pattern, through it covers with higher probability the values which are
greater than the true MTBF.

4.4 THE BIAS-CORRECTED ESTIMATES OF MTBF

4.4.1 THE BIASEDNESS OF THE MLE OF THE MTBF

A simple derivation would show that the MLE of the MTBF following a sequential
test is still given by

a T,
6==2, (4.40)

where

T, = total accumulated test time,
and

r = number of failures.

For the fixed sample size test, it is well known ( Mann [49], Bain [10]) that 6 is the
complete and sufficient statistic of # in Type II censoring, also it is the unbiased
estimate of @, therefore it is the Minimum Variance Unbiased Estimate (MVUE)
of 6 in this case. In the case of Type I censoring, 6 is not an unbiased estimate
of 6 especially for small sample sizes, but it is asymptotically unbiased. In the
sequential test, MLE losses its unbiased property even in the asymptotic sense.
The biasedness of the MLE following a sequential test has been studied by
Girshick et al [34], Cox [20] and Armitage [5] for the binomial proportion, as well as
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by Siegmund [61] and Whitehead [73] for the normal mean. In a more recent work,
Whitehead [74] has studied the biasedness of the MLE of a normal mean following
a SPRT in testing Hp : ¢ = 0 against H; : g > 0, when the standard deviation,
o, is known. The boundaries of the test plan have been chosen to ensure that the
probability of rejecting the null hypothesis is & when p = 0 and 1 — & when p is
equal to a specific alternative value pp > 0. Let b(j, 1) be the bias of i when the

true mean is p, then

b2, 1) = E(@) — p. (4.41)

Under the assumption of a large sample size and a small value of u, this study
shows that when g = 0.5, 2 is unbiased. Away from this value b(j, ) converges,

in the absolute value, to 1/a, where

sl
KR
Although some work has been done in the binomial and the normal cases,
not much has been done on the point estimation of the exponential mean.
Consider a generalized SPRT with truncation at the mth step. Suppose that

the test boundary values are given by

a<a << ay,
by <b, < < b,
(l,'_<_b;, i=1’2a"'am1

and

am = by

The density function of §, the MLE of 6, is neither continuous nor discrete, instead
it is a mixture of these two. Since on the upper boundary, the reject decision can
be reached at any time between 0 and a,,, but on the lower boundary, the accept

decision can only be made at the discrete set of boundary points, b;,j =1,2,---,m,
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thus the density of § is discrete on the lower boundary. The density function of §

is given by

fn(znlo)s
2 at the nth step for 2 < & < Zatd,
9(016) = P(accept at nth stepld), o
for0=-';b_-'_*;, n#l,or=6, n=1,

(4.42)

where 8 is the estimate of 6 at test Stage 1 when the null hypothesis has been
accepted with zero failure.
The expectation of § is given by

m~1

E@) =Y /" f,,(a:nw)%da:n

n=1 v%n

m
+3 bn P(accept at the nth step|d)

n=2n-1

+80P(accept at the first stepl6), (4.42)
Therefore the bias of §, for given 6, is
b(6,6) = E() — 6. (4.43)

A Study on the biasedness of the MLE of the exponential mean, following
a truncated sequential test, has been conducted for the Test Plan IIID given in
MIL-HDBK-781. The results for the biasedness of the MLE of the MTBF ob-
tained by Eqs.(4.42) and (4.43) are given in Table 4.5. The integral in Eq.(4.42)
was evaluated by a 12-points Gaussian integral formula which provided very good
accuracy. Table 4.5 also contains the results of the biasedness obtained by the
Monte Carlo simulation. The Monte Carlo simulation is conducted as follows: For
a chosen value of § which is not too far from 6y and 6,, 20,000 random samples are
generated from the exponential distribution with the chosen value as its MTBF,
and the tests are conducted according to the generated random sample to make
the reject or accept decision. Upon a decision, the MLE of 8 is calculated using
Eq.(4.39). The value of E(f) given in Table 4.5 is the average of 20,000 estimated
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values of 6 in each test. From this result, it may be seen that the largest relative
error on the bias is as large as 52.4% which is located exactly on the upper test
MTBF, 6. The MLE seems to underestimate the parameter when the true MTBF
is small, which in turn implies that when the test terminates on the reject bound-
ary, the MLE underestimates the MTBF. On the other hand, for the product with
a large MTBF, the probability of accepting the product is high, therefore the test
will terminate on the accept boundary with a high probability. Therefore it may
be concluded from these results that the MLE overestimates the MTBF when the
test is terminated on the accept boundary.

The biasedness of the MLE from different test plans has been also compared.
Table 4.45 shows the results of the comparison between the Kiefer-Weiss type plan
with the modified test plan. It may be seen that when the true MTBF is not too
far from the test MTBF's, the MLE from the modified test plan has smaller bias.
When the true MTBF is large, say 5.6 x 6;, then the MLE from the modified test
plan has larger bias than the MLE from the Kiefer-Weiss test plan. Table 4.7 gives
the results of the effect of the truncation number on the biasedness. The plans
éompared are Plan V given in Chapter 3 and the plan which achieves the same
risk requirements as Plan V does, but has a smaller truncation number. It may be
seen that on the whole the one with the larger truncation number would yields the

smaller bias on the MLE.

4.4.2 THE BIAS-REDUCED ESTIMATES

From the previous section, it may be seen that the MLE of the MTBF following a
SPRT is biased and in most cases it overestimates the MTBF. This fact suggests
that the bias-reduced estimate should be considered. Bias-reduced estimates have
been suggested by Cox [20], Singmund [61], Whitehead [74] and Kim [44] for the
estimation of the normal and binomial mean following a SPRT. Cox studied the case
in which the mean is to be estimated in a one-boundary, non-truncated sequential

test procedure. His bias-reduced estimate which has been proved by Siegmund to
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TABLE 4.5—- The biasedness of the MLE of the
MTBF following the test of test plan
IIID of MIL-STD-781.

By Eqs.(4.42) and (4.43) | Relative error { Simulation results,

6 | E(9) 4(6,9) |6(6,8)/6] E(9)
0.20 | 0.1886 -0.0114 0.057 0.1884
0.40 | 0.3656 -0.0344 0.086 0.3640
0.60 | 0.5367 -0.0633 0.106 0.5403
0.80 | 0.7421 -0.0579 0.072 0.7361
1.00 | 1.0443 0.0443 0.043 1.0446
1.20 | 1.4474 0.2474 0.149 1.4508
1.40 | 1.8925 0.4925 0.352 1.8956
1.60 | 2.3225 0.7225 0.452 2.3107
1.80 { 2.7096 0.9096 0.505 2.7073
2.00 | 3.0480 1.0480 0.524 3.0583
2.20 | 3.3412 1.1412 0.519 3.3424
2.40 | 3.5957 1.1957 0.498 3.5962
2.60 | 3.8177 1.2177 0.468 3.8209
2.80 | 4.0124 1.2124 0.433 4.0116
3.00 | 4.1843 1.1843 0.395 4.1917
3.20 | 4.3368 1.1368 0.355 4.3321
3.40 | 4.4727 1.0727 0.316 44739
3.60 | 4.5946 0.9946 0.276 4.5980
3.80 | 4.7041 0.9041 0.238 4.7062
4.00 | 4.8031 0.8031 0.201 4.7922

Note : the estimate for the MTBF when the test is accepted at b(1) is given by
2*b(1)/1.386.



TABLE 4.6 Comparison of the biasedness of the MLE for
Kiefer—Weiss type plan with the modified test

plan.
o = 0.051, § = 0.042.
Kiefer-Weiss type plan Modified plan
MTBF | E(9) Bias MTBF [/ Bias

0.40 | 0.3756 | -0.0244 0.40 0.3814 | -0.0186
0.80 0.7527 | -0.0473 0.80 0.7405 | -0.0595
1.20 1.3174 | 0.1174 1.20 1.3131 | 0.1131
1.60 | 2.0861 | 0.4861 1.60 | 2.0889 | 0.4889
2.00 2.8536 | 0.8536 2.00 2.8451 | 0.8451
2.40 | 3.5089 | 1.1089 2.40 3.4719 | 1.0719
2.80 | 4.0384 | 1.2384 2.80 3.9618 | 1.1618
3.20 | 4.4615 | 1.2615 3.20 | 4.3401 | 1.1401
3.60 ] 4.8013 | 1.2013 3.60 | 4.6340 ] 1.0340
4.00 5.0773 | 1.0773 4.00 | 4.8654 ] 0.8654
440 1§ 5.3043 | 0.9043 440 1| 505041 0.6504
4.80 5.4934 | 0.6934 4.80 5.2004 | 0.4004
5.20 5.6525 | 0.4525 5.20 | 5.3237 | 0.1237
5.60 | 5.7879 | 0.1879 5.60 5.4262 | -0.1738
6.00 5.9042 | -0.0958 6.00 5.5125 | -0.4875
6.40 | 6.0048 | -0.3952 6.40 5.5858 | -0.8142
6.80 | 6.0925 | -0.7075 6.80 5.6486 | -1.1514
7.20 6.1696 | -1.0304 7.20 5.7028 | -1.4972
7.60 | 6.2377 | -1.3623 7.60 | 5.7499 | -1.8501
8.00 | 6.2982 | -1.7018 8.00 | 5.7912 | -2.2088
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TABLE 4.7- Comparison of the biasedness of the MLE for the
two modified test plans.

K=20, a=p8=0.10.
Plan with small AWT Plan with smallest NS
MTBF ] Bias MTBF ] Bias

0.20 | 0.1963 { -0.0037 0.20 | 0.1934 | -0.0066
0.40 | 0.3729 | -0.0271 0.40 | 0.3790 { -0.0210
0.60 | 0.5453 | -0.0547 0.60 | 0.5577 | -0.0423
0.80 | 0.7507 | -0.0493 0.80 | 0.7667 | -0.0333
1.00 1.0519 | 0.0519 1.00 1.0676 | 0.0676
1.20 1.4644 | 0.2644 1.20 1.4652 | 0.2652
1.40 ] 1.9258 | 0.5258 1.40 1.9070 | 0.5070
1.60 | 2.3670 | 0.7670 1.60 | 2.3411 | 0.7411
1.80 | 2.7575 | 0.9575 1.80 | 2.7413 | 0.9413
2.00 | 3.0946 | 1.0946 2.00 | 3.1002 | 1.1002
2.20 | 3.3856 | 1.1856 2.20 | 3.4195 | 1.2195
240 | 3.6385 | 1.2385 2.40 | 3.7037 | 1.3037
2.60 | 3.8602 | 1.2602 2.60 139575 | 1.3575
2.80 | 4.0559 | 1.2559 2.80 | 4.1850 | 1.3850
3.00 | 4.2296 | 1.2296 3.00 | 4.3807 | 1.3897
3.20 | 4.3845 | 1.1845 3.20 | 4.5745 | 1.3745
3.40 | 4.5233 | 1.1233 3.40 | 4.7418 | 1.3418
3.60 | 4.6482 | 1.0482 3.60 | 4.8937 | 1.2937
3.80 | 4.7608 | 0.9608 3.80 | 5.0320 | 1.2320
4.00 | 4.8629 | 0.8629 4.00 | 5.1583 | 1.1583
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be asymptotically unbiased is given by

var(6)
n(6-b,)’
where b, is the slope of the boundary at the point the test stops, and n is the

~

6.=6-

(4.44)

sample size when the test stops. Anscombe [3] showed that

var(8) = var(T)/E(N|0) + E(E(N|6)™Y). (4.45)
Then, in the exponential case,

var(T) = 6.

Let n be the estimate of E(N|6), then if n is large, Eq.(4.44) becomes

~

- " 2
i —
n?(6 — by)
=6%1 1 )-

- n2(1 - b,/6)
For the Wald’s SPRT, the boundaries are parallel and the slope is given by

1/6, —1/6,
log, K °

which is a constant. It may be observed that this equation does not work for n = 1,

b=t =

because, then term
n*(1 - b'/6)

would be less than 1 and therefore
1
1- —— <0,
n?(1-V/0)
which leads to a negative estimate of MTBF. But as the sample size, n, becomes
large §, — 6. Cox has pointed out that though Eq.(4.41) is derived under the
one-boundary case, it may yield good results if 8 << 6, or § >> 6,.
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From Eq.(4.43), the ideal bias—corrected estimate of § would be
6, =8 —1(6,0). (4.46)

But the bias is a function of 6 itself. Whitehead [74] suggested to take the

iteration solution of Eq.(4.46) as the bias-reduced estimate. Let

where g(f) is called the iteration function, and the fixed point iteration formula is

given by
éi = 9(55-1)-

The iterative starting value of 6, 8y, can be chosen to be §. Equation (4.46) can be

also solved using the Newton—-Raphson iteration scheme

5 (6—6i1)—b(6,6i1)

b = 0iq + = ’ 4.47
' 1+ bg(6i-1) (4.47)

for 7 =1,2,---. If only the first iteration is considered, then
6, =0 —b(6,6)/[1 + bs(8,9)), (4.48)

where by(+,*) can be evaluated numerically by

b(6,0 + k) — b(6,6 — h)

be(é, 0) = 2h

~

An alternative estimate would be the median unbiased estimate, say 6,
i.e. the 50% confidence limit. It is the solution of Eq.(4.22) if the test stops on
the accept boundary, or the solution of Eq.(4.27) if the test stops on the reject
boundary with vy = 0.50.

From the results given in Tables 4.5 through 4.7, it may be seen that the
effects of the bias of the MLE when the test stops on the reject boundary is relatively



TABLE 4.8- Comparison of the two-sided and one-sided

bias-reducing procedure.

Two-sided One-sided
MTBF | E(6n) | Bias | Relative bias | E(6m) | Bias | Relative bias

|bias /6| |bias/6)|
0.20 ] 0.2168 | 0.0168 0.084 0.1886 | -0.0114 0.0569
0.40 | 0.4191 | 0.0191 0.048 0.3656 | -0.0344 0.0861
0.60 [ 0.6150 | 0.0150 0.025 0.5350 { -0.0650 0.1083
0.80 | 0.8259 | 0.0259 0.032 0.7249 | -0.0751 0.0938
1.00 | 1.0777 | 0.0777 0.078 0.9748 | -0.0252 0.0252
1.20 | 1.3661 | 0.1661 0.138 1.2819 | 0.0819 0.0683
1.40 | 1.6644 | 0.2644 0.189 1.6053 | 0.2053 0.1466
1.60 | 1.9495 | 0.3495 0.218 1.9114 | 0.3114 0.1946
1.80 | 2.2106 | 0.4106 0.228 2.1869 | 0.3869 0.2149
2.00 | 2.4457 | 0.4457 0.223 2.4310 | 0.4310 0.2155
2.20 | 2.6566 | 0.4566 0.208 2.6474 | 0.4474 0.2033
2.40 | 2.8462 | 0.4462 0.186 2.8403 | 0.4403 0.1835
2.60 |} 3.0175 | 0.4175 0.161 3.0135 | 0.4135 0.1591
2.80 | 3.1729 | 0.3729 0.133 3.1702 | 0.3702 0.1322
3.00 | 3.3145 | 0.3145 0.105 3.3127 | 0.3127 0.1042
3.20 | 3.4443 | 0.2443 0.076 3.4429 | 0.2429 0.0759
3.40 | 3.5635 | 0.1635 0.048 3.5625 | 0.1625 0.0478
3.60 | 3.6735 | 0.0735 0.020 3.6728 | 0.0728 0.0202
3.80 | 3.7752 | -0.0248 0.007 3.7747 | -0.0253 0.0067
4,00 | 3.8696 | -0.1304 0.033 3.8692 | -0.1308 0.0327
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much smaller than the effects of the bias of the MLE when the test stops on the
accept boundary. This implies that the bias-reducing procedure may be necessary
only for the MLE when the test stops on the accept boundary, i.e. if the test
stops on the accept boundary, use the bias-reduced estimate; if the test stops
on the reject boundary, just use the MLE. The advantage of this procedure is its
simplicity. The accept boundary only consists of a finite number of points, therefore
the bias-reduced estimate on these boundary points can be evaluated and tabulated
for use. Table 4.8 shows the comparative results of the bias reducing of the one-
sided, bias-reduced procedure and the two-sided bias-reduced procedure when the
median unbiased estimate is used as the bias-reduced estimate of the MTBF. The
test plan used in the comparison is Test Plan IIID of MIL-HDBK-781. From
Table 4.8, it may be seen that both the one-sided and the two-sided bias-reducing
procedures have efficiently reduced the bias in the estimates compared to the MLE.
The largest bias is 0.4566 for the two-sided procedure and 0.4474 for the one-sided
procedure, whereas the largest bias is 1.2124 for the MLE. The Largest relative
bias, |bias/f|, is 0.228 for the two-sided procedure and 0.2155 for the one-sided
procedure, whereas it is 0.524 for the MLE. In both the bias and relative bias
measures, the bias has been reduced by more than 50%. The two-sided procedure
overestimates the parameter in most of the cases except for very large values of
MTBF. The one-sided procedure underestimates the parameter when the MTBF
is either small or large. On the whole, the one-sided procedure is slightly better
than the two-sided procedure from the bias reduction point of view.

Based on this observation, the one-sided procedure is chosen in comparing
the three different bias-reducing methods described previously. Let’s redefine

é_{IyILE, if T, € R,
1T16., T ea,

Dy

_{lylLE, if T, € R,
2=18, T eA,
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and

é_{IyILE, if T, eR,
3716, ifT, €A,

then the bias for the three different estimates are given by

b(6;,0) = E(6;) - 6,
m-1

Gnil Ty
=3 / fol(@nl6) Zdz,

n=1

+ 3" ;. P,(Accept|f) — 6, i=1,2,3. (4.49)

n=1
When the test stops on the accept boundary with zero failures, neither Cox’s nor
the iteration-method can give a good estimate. Cox’s method would yield a neg-
ative value, while the iteration-method does not converge. In the comparison, the
estimate used when the test stops on the accept boundary with zero failures is
the median unbiased estimate in all cases. Table 4.9 gives the values of the three
estimates, 51, 52 and 53 for Test Plan IIID of MLE-HDBK-781 when then test
étops on the accept boundary. Table 4.10 shows the biases and the relative biases
of Cox’s and iteration-methods. For the iteration-method, the one-iteration results
are also included in Table 4.10.

From the results given in Tables 4.8 and 4.10, it may be seen that the data
are in favor of the one-sided median unbiased estimate method. In terms of the
bias reduction Cox’s method can also reduce the largest bias by approximately
one third. The full-iteration method seems to be the worst one due mainly to the
value of the estimate when the test is terminated at the second test step is too
large. From Table 4.9, the value of the estimate for the full-iteration method is
8.776x0,, whereas the value of MLE is 5.79%6,, 4.137x60; for Cox’s method and
only 3.336x6; for the median unbiased estimate. As the value of the true MTBF
is large, the test with high probability terminates at the accept boundary with a
few test steps, therefore the value of E(f,) becomes large and it yields large bias

on the estimate when the iteration method is used.



TABLE 4.9- The estimated values of MTBF when using the
different estimators, MLE, 61, 6, and 03 at the ac-
cept boundary points of Test Plan IIID of MIL-

HDBK-781.
Failure | T, MLE A 0, 03
6 Full jteration { One iteration
0 440 | 6.348 | 6.348 6.348 6.348 6.348
1 5.79 | 5.790 | 4.137 8.776 7.668 3.336
2 7.18 | 3.590 | 3.091 2.394 1.868 2.544
3 8.56 | 2.853 | 2.625 1.881 1.487 2.179
4 9.94 | 4485 | 2.345 1.681 1.406 1.971
5 11.34 | 2.268 | 2.176 1.571 1.373 1.839
6 12.74 | 2.123 | 2.058 1.504 1.353 1.747
7 14.10 | 2.014 | 1.965 1.455 1.337 1.680
8 15.49 { 1.936 | 1.898 1.420 1.324 1.630
9 16.88 | 1.876 | 1.845 1.392 1.313 1.592
10 18.26 | 1.826 | 1.801 1.370 1.304 1.561
11 19.56 | 1.781 | 1.757 1.349 1.294 1.537
12 20.60 | 1.717 | 1.699 1.321 1.280 1.511
13 20.60 | 1.585 | 1.570 1.262 1.244 1.466
14 20.60 | 1.471 | 1.459 1.209 1.206 1.417
15 20.60 { 1.373 | 1.362 1.167 1.167 1.378

174



TABLE 4.10 Comparison of the bias of the estimate 6, and ég.

Cox’s method Iteration-method
One iteration Full iteration
MTBF | E(f,) | Bias | Relative bias E(62) | Bias | Relative bias | E(f2) | Bias | Relative bias

|bias/6] |bias/0] |bias/6]
0.20 | 0.1886 | -0.0114 0.0569 0.1886 | -0.0114 0.0569 0.1886 | -0.0114 0 .0569
0.40 0.3656 | -0.0344 0.0860 0.3656 | -0.0344 0.0860 0.3656 | -0.0344 0 .0860
0.60 | 0.5357 | -0.0643 0.1071 0.5367 | -0.0633 0.1055 0.5375 | -0.0625 0 .1042
0.80 | 0.7329 | -0.0671 0.0839 0.7346 | -0.0654 0.0818 0.7426 | -0.0574 0 .0718
1.00 | 1.0102 | 0.0102 0.0102 0.9935 | -0.0065 0.0065 1.0252 | 0.0252 0.0 252
1.20 1.3700 | 0.1700 0.1416 1.3087 | 0.1087 0.0906 1.3834 | 0.1834 0.15 28
1.40 | 1.7595 | 0.3595 0.2568 1.6528 | 0.2528 0.1806 1.7825 | 0.3825 0.27 32
1.60 | 2.1296 | 0.5296 0.3310 2.0015 | 0.4015 0.2509 2.1886 | 0.5886 0.36 79
1.80 | 2.4584 | 0.6584 0.3658 2.3400 | 0.5400 0.3000 2.5801 | 0.7801 0.43 34
200 | 2.7432 | 0.7432 0.3716 2.6606 | 0.6606 0.3303 2.9464 | 09464 0.47 32
220 | 2.9890 | 0.7890 0.3586 2.9597 | 0.7597 0.3453 3.2835 | 1.0835 0.49 25
240 | 3.2025 | 0.8025 0.3344 3.2363 | 0.8363 0.3484 3.5905 { 1.1905 0.49 61
260 | 3.3896 | 0.7896 0.3037 3.4904 | 0.8904 0.3425 3.8688 | 1.2688 0.48 80
280 | 3.5552 | 0.7552 0.2697 3.7230 | 0.9230 0.3296 4.1202 | 1.3202 04715
3.00 | 3.7029 | 0.7029 0.2343 3.9353 | 0.9353 03118 4.3468 | 1.3468 0.44 89
3.20 3.8357 | 0.6357 0.1986 4.1288 | 0.9288 0.2903 45511 | 1.3511 0.42 22
340 | 3.9557 | 0.5557 0.1635 4.3052 | 0.9052 0.2662 4.7351 | 1.3351 0.39 27
3.60 | 4.0649 | 0.4649 0.1201 4.4657 | 0.8657 0.2405 49009 | 1.3009 0.36 14
3.80 4.1647 | 0.3647 0.0960 4.6121 | 0.8121 0.2137 $5.0505 | 1.2505 0.32 91
4.00 4.2562 | 0.2562 0.0640 4.7455 | 0.7455 0.1864 5.1855 | 1.1855 0.29 64
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TABLE 4.11- Upper confidence limit for the MTBF on the ac-
cept boundary for Test Plan I.

DR=200,a=8=0.05

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
0 6.154 * * * * *
1 7.540 8.8783 21.3917 27.5786 58.4089 119.9763
2 8.926 44085 7.7028 8.9831 13.9293  20.8492
3 10.312  3.2330 5.0131 5.6427 7.8649  10.6048
4 11.699  2.6939 39112 43195 5.6922 7.2741
5 13.085 2,851 3.3177 3.6196 4.6038 5.6900
6 14.471 2.1850 2.9477 3.1885  3.9560 4.7776
7 15.858  2.0448 2.6953 2.8967 3.5279 4.1884
8 17.244 1.9414 25124 2.6864  3.2247 3.7779
9 18.630 1.8618 23736 2.5276 2.9989 3.4761
10 20.016 1.7988  2.2648 2.4035 2.8242 3.2451
11 21.403 1.7477 21773  2.3039  2.6852 3.0628
12 22.789 1.7055 2.1055 2.2224 25722 2.9156
13 24.175 1.6701  2.0454 2.1544 2.4785 2.7044
14 25.562 1.6401 1.9946 2.0969  2.3998 2.6929
15 26.948 1.6142 19511 2.0478  2.3327 2.6071
16 28.334 1.5919 19135 2.0053 2.2750 2.5335
17 29.721 1.5723 1.8807 1.9684 2.2250 2.4700
18 31.107 1.5552 1.8519 1.9359 2.1813 2.4147
19 32.493 1.5400 1.8264 1.9073 2.1428 2.3663
20 33.879 1.5265 1.8038 1.8819  2.1087 2.3237
21 35.266 1.5144 17836 1.8592 2.0785 2.2859
22 36.652 1.5036 1.7656 1.8389  2.0515 2.2524
23 38.038 14939 1.7493 1.8206 2.0273 2.2225
24 39.425 14851 1.7346 1.8042 2.0055 2.1958
25 40.811 1.4772 17213 1.7893  1.9859 2.1718
26 42.197 14699 17092 1.7757 1.9682 2.1503
27 42.975 1.4634 16982 1.7634 1.9522 2.1309
28 42.975 1.4543 1.6838 1.7476 1.9321 2.1074
29 42.975 1.4369 1.6588 1.7207 1.9002 2.0718
30 42.975 14146 1.6293 1.6894 1.8648 2.0342
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TABLE 4.12- Lower confidence limit for the MTBF on the ac-
cept boundary for Test Plan I. -

DR=2.00,a=8=0.05

Number of Total test 7
failures time 0.50 0.25 0.20 0.10 0.05
0 6.154 8.8783 4.4392 3.8237 2.6726 2.0543
1 7.540 44085 2.7448 2.4674 1.8973 1.5540
2 8.926 3.2330 2.2001 2.0143 1.6159 1.3631
3 10.312  2.6939 1.9295 1.7857 1.4695 1.2621
4 11.699 23851 1.7677 1.6481 1.3800 1.2001
5 13.085  2.1850 1.6602 1.5562 1.3200 1.1586
6 14471  2.0448 15837 1.4907 1.2772 1.1292
7 15.858 1.9414 15267 1.4419 1.2453 1.1074
8 17.244 1.8618 1.4827 1.4041 1.2208 1.0908
9 18.630 1.7988 1.4476 1.3742 1.2014 1.0779
10 20.016 1.7477 14192 1.3499 1.1858 1.0676
11 21.403 1.7055 1.3958 1.3299 1.1731 1.0592
12 22.789 1.6701 1.3761 1.3131 1.1625 1.0524
13 24.175 1.6401 1.3595 1.29090 1.1537 1.0468
14 25.562 1.6142 1.3453 1.2869 1.1462 1.0421
15 26.948 1.5919 13330 1.2765 1.1398 1.0381
16 28.334 1.5723 1.3223 1.2675 1.1343 1.0348
17 29.721 1.5552 1.3129 1.2596 1.1206 1.0319
18 31.107 1.5400 1.3047 1.2527 1.1255 1.0295
19 32.493 1.5265 1.2974 1.2466 1.1219 1.0274
20 33.879 1.5144 1.2010 1.2412 1.1187 1.0256
21 35.266 1.5036 1.2852 1.2364 1.1160 1.0240
22 36.652 14939 1.2800 1.2321 1.1135 1.0226
23 38.038 14851 1.2754 1.2283 1.1114 1.0215
24 39.425 14772 12712 1.2248 1.1095 1.0204
25 40.811 14699 1.2675 1.2217 1.1078 1.0195
26 42.197 14634 1.2641 1.2189 1.1063 1.0188
27 42.975 14543 1.2591 1.2148 1.1040 1.0175
28 42.975 14369 1.2484 1.2055 1.0982 1.0141
29 42,975 14146 1.2332 1.1920 1.0880 1.0082
30 42.975 1.3907 1.2156 1.1761 1.0773 1.0000
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TABLE 4.13- Upper confidence limit for the MTBF on the ac-
cept boundary for Test Plan II.

DR = 2.50, «a = f = 0.05

Number of Total test

p

failures time 0.50 0.25 0.20 0.10 0.05
0 5.097 * * * * *
1 6.624 7.3534 17.7175 22.8418 48.3768 99.3700
2 8.152 3.8277 6.6929 7.8064 12.1080 18.1262
3 9.679 2.8098 4.5030 5.0699 7.0709  9.5377
4 11.206 24742 3.5996 3.9770 5.2455 6.7070
5 12,733 2.2305 3.1107 3.3955 4.3236  5.3477
6 14.260 2.0731 2.8053 3.0363 3.7724 4.5604
7 15.787 1.9633 2.5972 2.7932 3.4079 4.0512
8 17.314 1.8827 2.4468 2.6186 3.1503 3.6974
9 18.842 1.8214 23335 2.4876 2.9598 3.4392
10 20.369 1.7735 2.2457 2.3863 2.8140  3.2441
11 21.896 1.7352 21759 2.3061 2.6996  3.0926
12 23.423 1.7040 2.1194 2.2413 2.6082 2.9726
13 24.950 1.6784 2.0730 2.1883 2.5338 2.8762
14 26.477 1.6570 2.0345 2.1443  2.4727 . 2.7977
15 27.489 1.6390  2.0022 2.1074  2.4220 " 2.7333
16 27.489 1.6183 19668 2.0676 2.3690 2.6682
17 27.489 1.5800 19096 2.0052 2.2024 2.5803
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TABLE 4.14- Lower confidence limit for the MTBF on the ac-
cept boundary for Test Plan II.

DR = 250, a= 8= 0.05

Number of Total test v
failures time 050 025 0.20 0.10 0.05
0 5.097 17.3534 3.6767 3.1669 2.2136 1.7014
1 6.624  3.8277 2.3805 2.1391 1.6430 1.3441
2 8.152  2.8998 1.9691 1.8016 1.4422 1.2138
3 9.679 24742 1.7668 1.6336 1.3403 1.1475
4 11.206  2.2305 1.6470 1.5337 1.2794 1.1083
5 12.733  2.0731 1.5682 1.4679 1.2396 1.0830
6 14260  1.9633 1.5129 1.4217 1.2119 1.0657
7 15.787  1.8827 14721 1.3878 1.1918 1.0534
8 17.314  1.8214 1.4412 1.3621 1.1767 1.0444
9 18.842  1.7735 1.4170 1.3422 1.1653 1.0377
10 20369  1.7352 1.3978 1.3263 1.1563 1.0326
11 21.896 1.7040 1.3823 1.3136 1.1493 1.0287
12 23423  1.6784 1.3697 1.3033 1.1436 1.0257
13 24950  1.6570 1.3592 1.2948 1.1391 1.0233
14 26477 1.6390 1.3505 1.2877 1.1354 1.0215
15 27489 1.6183 1.3399 1.2790 1.1307 1.0190
16 27489  1.5800 1.3170 1.2594 1.1187 1.0120
17 27.489  1.5353 1.2870 1.2328 1.1005 1.0000

TABLE 4.15- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan III.
DR=3.00,a=8=0.05

Number of Total test 5
failures time 0.50 0.25 0.20 0.10 0.05

0 4.616 * * * * *
1 6.264 6.6595 16.0455 20.6862 43.8115 89.9925
2 7.912 3.5830 6.2696 7.3136 11.3469 16.9895
3 9.560 2.7727 43115 4.8557 6.7759  9.1431
4 11.208  2.4015 3.5006 3.8690 5.1073  6.5341
5 12.856  2.1898 3.0617 3.3438 4.2631 5.2779
6 14503  2.0540 27889  3.0208 3.7604 4.5534
7 16.151 1.9605 2.6047 2.8042 3.4309 4.0895
8 17.799 1.8920 24733 2.6505 3.2014 3.7725
9 19.447  1.8423 23759 2.5372 3.0346  3.5459

10 19.775 1.8035 2.3017 24511 29096 3.3790

11 19.775 1.7414 2.1983 2.3349 2.7544  3.1853
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TABLE 4.16- Lower confidence limit for the MTBF on the ac-

cept boundary for Test Plan III.
DR =3.00, a =8 =0.05

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
0 4.616 6.6595 3.3297 2.8681 2.0047 1.5409
1 6.264 3.5830 2.2257 1.9993 1.5338 1.2532
2 7.912 2.7727 1.8788 1.7178 1.3722 1.1523
3 9.560 24015 1.7099 1.5795 1.2921 1.1028
4 11.208  2.1898 1.6109 1.4984 1.2454 1.0745
5 12.856  2.0540 1.5469 1.4459 1.2156 1.0570
6 14.503 1.9605 1.5026 1.4098 1.1955 1.0456
7 16.151 1.8929 1.4707 1.3839 1.1814 1.0378
8 17.799 1.8423 1.4470 1.3648 1.1713 1.0325
9 19.447 1.8035 1.4290 1.3503 1.1638 1.0287
10 19.775 1.7414 1.3953 1.3221 1.1473 1.0193
11 19.775 1.6614 13448 1.2778 1.1178 1.0000

TABLE 4.17- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan IV.
DR=23.50, a=08=0.05

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05

0 4.240 * * * * *

1 5.993 6.1170 14.7385 19.0012 40.2427 82.6615
2 7.747 3.3913 5.9393 6.9295 10.7543 16.1052
3 9.501 2.6734 4.1637 4.6906 6.5497 8.8414
4 11.255 2.3466  3.4296 3.7927 5.0137 6.4218
5 13.009 2.1628 3.0364 3.3195 4.2442  5.2692
6 14.763 2.0473 2.7962 3.0335 3.7943 4.6181
7 16.517 1.9695 2.6375 2.8459  3.5067 4.2133
8 17.539 1.9147 25271 27162 3.3121  3.9466
9 17.539 24204 2.56936 3.1393  3.7227

1.8569
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TABLE 4.18- Lower confidence limit for the MTBF on the ac-

cept boundary for Test Plan IV.
DR=13.50, a=p=0.06

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
0 4.240 6.1170 3.0585 2.6345 1.8414 1.4153
1 5.993 3.3913 2.1038 1.8890 1.4472 1.1807
2 7.747 2.6734 1.8072 1.6510 1.3156 1.1019
3 9.501 2.3466 1.6649 1.5362 1.2523 1.0649
4 11.255 2.1628 1.5834 1.4706 1.2167 1.0449
5 13.009 2.0473 1.5319 1.4294 1.1950 1.0332
6 14.763 19695 1.4975 1.4020 1.1810 1.0260
7 16.517 19147 14736 1.3830 1.1717 1.0215
8 17.539 1.8569 1.4459 1.3607 1.1601 1.0157
9 17.639 1.7699 1.3953 1.3175 1.1336 1.0000

TABLE 4.19- Upper confidence limit for the MTBF on the ac-
cept boundary for Test Plan V.

DR=2.00,0=0=0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
0 4.501 * * * * *
1 5.887 6.4936 15.6457 20.1709 42.7200 87.7501
2 7.274 33970 5.9403 6.9288 10.7471 16.0892
3 8.660 25820 4.0102 45152 6.2977  8.4953
4 10.046 2.2082 3.2134 3.5504 4.6834  5.9887
5 11.432 1.9942 27821 3.0370  3.8677 4.7844
6 12.819 1.8561 25129 2.7200 3.3803  4.0872
7 14.205 1.7601  2.3297 2.5060 3.0586 3.6372
8 15.591 1.6898 21977 2.3524 2.8318 3.3254
9 16.978 1.6364 2.0985 2.2377 2.6645 3.0987
10 18.364 1.5948 2.0219 2.1492  2.6370 2.9282
11 19.750 1.5617 19612 2.0794 24375 2.7965
12 21.137 1.5349 19123 2.0233 2.3582  2.6929
13 22.523 1.5129 1.8723 1.9775  2.2942 2.6102
14 23.909 1.4947 1.8392 1.9398 2.2419 2.5434
15 25.295 14794 1.8116 1.9083 2.1987 2.4890
16 26.682 14665 1.7884 1.8819 2.1628 2.4444
17 28.068 14555 17687 1.8595 2.1327 2.4077
18 29.454 14462 1.7519 1.8405 2.1075 2.3774
19 30.498 14381 17375 1.8243 2.0861  2.3522
20 30.498 1.4294 1.7224 1.8075 2.0648 2.3280
21 30.498 14117 1.6960 1.7791 2.0320 2.2942
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TABLE 4.20- Lower confidence limit for the MTBF on the ac-
cept boundary for Test Plan V.

DR=2.00,a=£4=0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
0 4.501 6.4936 3.2468 2.7966 1.9548 1.5025
1 5.887 3.3970 2.1123 1.8980 1.4576 1.1922
2 7.274 2.5820 1.7528 1.6035 1.2833 1.0797
3 8.660 2.2082 1.5762 1.4572 1.1951 1.0228
4 10.046 1.9942 1.4718 1.3703 1.1426 0.9892
5 11.432 1.8561 1.4033 1.3133 1.1083 0.9677
6 12.819 1.7601 1.3553 1.2734 1.0846 0.9531
7 14.205 1.6898 1.3201 1.2442 1.0675 0.9428
8 15.591 1.6364 1.2934 1.2221 1.0548 0.9353
9 16.978 1.5948 1.2727 1.2051 1.0451 0.9298
10 18.364 1.5617 1.2563 1.1916 1.0377 0.9256
11 19.750 1.5349 1.2432 1.1809 1.0318 0.9224
12 21.137 1.5129 1.2325 1.1722 1.0272 0.9200
13 22.523 1.4947 1.2237 1.1650 1.0235 0.9181
14 23.909 14794 1.2164 1.1592 1.0205 0.9166
15 25.295 1.4665 1.2103 1.1543 1.0180 0.9155
16 26.682 1.4555 1.2052 1.1502 1.0161 0.9146
17 28.068 1.4462 1.2009 1.1468 1.0144 0.9139
18 29.454 14381 1.1972 1.1440 1.0131 0.9133
19 30.498 14294 1.1931 1.1407 1.0116 0.9126
20 30.498 14117 11832 1.1326 1.0072 0.9105
21 30.498 1.3898 1.1693 1.1206 1.0000 0.9066
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TABLE 4.21- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan VI.
DR=250,a=0=0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05

0 3.729 * * * * *
1 5.257 53798 12.9622 16.7112 35.3928 72.6997
2 6.784 29770 5.2134 6.0824 9.4395 14.1361
3 8.311 2.3437 3.6499 4.1116 5.7409  7.7494
4 9.838 2.0556 3.0038 3.3218  4.3911  5.6243
5 11.365 1.8935 2.6581 2.9059 3.7155 4.6132
6 12.892 1.7917 24470 2.6547 3.3209  4.0427
7 14.420 1.7232 2.3076 2.4900 3.0688 3.6884
8 15.947 1.6749 2.2107 2.3763 2.8985  3.4553
9 17.474 1.6398 2.1409 2.2948 2.7790 3.2961

10 19.001 1.6136 2.0892 2.2348 2.6930  3.1850

11 19.853 1.5938 2.0503 2.1899 2.6301  3.1063

12 19.853 1.5706 2.0089 2.1432 2.5691  3.0358

TABLE 4.22- Lower confidence limit for the MTBF on the ac-
cept boundary for Test Plan VI.

DR =250, a=g=0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
0 3.729 53798 2.6899 2.3170 1.6195 1.2448
1 5.257 29770 1.8469 1.6584 1.2706 1.0368
2 6.784 23437 1.5846 1.4478 1.1538 0.9666
3 8.311 2.0556 1.4587 1.3461 1.0976 0.9336
4 9.838 1.8935 1.3866 1.2879 1.0659 0.9157
5 11.365  1.7917 1.3410 1.2514 1.0465 0.9052
6 12.892  1.7232 1.3106 1.2270 1.0340 0.8987
7 14420 1.6749 1.2893 1.2102 1.0257 0.8946
8 15.947  1.6398 1.2741 1.1983 1.0200 0.8920
9 17474 16136 1.2630 1.1896 1.0161 0.8903
10 19.001  1.5938 1.2546 1.1832 1.0133 0.8891
11 19.853  1.5706 1.2440 1.1749 1.0094 0.8875
12 19.853  1.5332 1.2232 1.1576 1.0000 0.8829
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TABLE 4.23- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan VII.
DR=3.00,a=£=10.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05

0 3.351 * * * * *

1 4.999 48345 11.6483 15.0172 31.8051 65.3302
2 6.647 2.7844 48831 5.6986  8.8486 13.2554
3 8.295 22471 3.5114 3.9587 5.56391 7.4916
4 9.943 2.0087 29553 3.2741 4.3518  5.6072
5 11.591 1.8794 2.6670 2.9248 3.7773 4.7444
6 13.239 1.8016 2.4978  2.7222  3.4567 4.2839
7 14.831 1.75616  2.3911  2.5955 3.2633 4.0181
8 14.831 1.7170 23190 2.5108 3.1390 3.8563
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TABLE 4.24- Lower confidence limit for the MTBF on the ac-

cept boundary for Test Plan VII.
DR=3.00,a=£=0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
0 3.351 4.8345 24172 2.0821 145563 1.1186
1 4.999 2.7844 1.7234 1.5463 1.1820 0.9621
2 6.647 2.2471 1.5123 1.3798 1.0949 0.9131
3 8.295 2.0087 1.4150 1.3030 1.0556 0.8921
4 9.943 1.8794 13619 1.2614 1.0351 0.8818
5 11.591 1.8016 1.3302 1.2368 1.0236 0.8765
6 13.239 1.75616 1.3103 1.2215 1.0169 0.8736
7 14.831 1.7170 1.2967 1.2113 1.0126 0.8719
8 14.831 1.6571 1.2663 1.1866 1.0000 0.8659

TABLE 4.25- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan VIII.
DR=2.00,a= =020

failures  time 0.50 0.25 0.20 0.10 0.05
0 2.779 * * * *
1 4,166 4.0092 9.6600 12.4539 26.3761 54.1787
2 5.552 2.3169 4.0638 4.7426 7.3645 11.0325
3 6.938 1.8749 2.9325 3.3070 4.6315 6.2706
4 8324 1.6802 24768 2.7456 3.6574 4.7254
5 9.711 1.5754 2.2422 24614 3.1902 4.0253
6 11.097 1.5127 2.1058 22980 2.9326  3.6573
7 12.483 1.4729 2.0205 21970 2.7790 3.4491
8 13.870 1.4465 1.9649 2.1316 2.6839 3.3275
9 15.256 1.4285 1.9275 2.0882 2.6235 3.2559
10 16.642 1.4160 1.9020 2.0589 2.5849  3.2137
11 18.028 1.4072 1.8843 2.0389 2.5600 3.1890
12 19.415 1.4009 1.8720 2.0251 2.5441 3.1748
13 20.794 13965 1.8634 2.0156 2.5339 3.1666
14 20.794 1.3932 1.8573 2.0091 25273 3.1620
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TABLE 4.26- Lower confidence limit for the MTBF on the ac-

cept boundary for Test Plan VIII.
DR=12.00,a=£8=0.20

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
0 2.779 4.0092 2.0046 1.7267 1.2069 0.9277
1 4.166 23169 1.4338 1.2863 0.9830 0.7999
2 5.552 1.8749 1.2609 1.1502 0.9122 0.7603
3 6.938 1.6802 1.1819 1.0880 0.8806 0.7436
4 8.324 1.5754 1.1391 1.0546 0.8643 0.7355
5 9.711 1.5127 1.1139 1.0351 0.8553 0.7314
6 11.097 1.4729 1.0982 1.0231 0.8501 0.7292
7 12.483 1.4465 1.0880 1.0154 0.8470 0.7281
8 13.870 1.4285 1.0813 1.0105 0.8451 0.7274
9 15.256 14160 1.0768 1.0072 0.8440 0.7270
10 16.642 14072 1.0737 1.0050 0.8432 0.7268
11 18.028 1.4009 1.0716 1.0035 0.8428 0.7267
12 19415 1.3965 1.0701 1.0025 0.8425 0.7267
13 20.794 1.3932 1.0691 1.0018 0.8423 0.7266
14 20.794 1.3869 1.0665 1.0000 0.8418 0.7265

TABLE 4.27- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan IX.
DR=2.50,a=0=0.20

Number of Total test 5
failures time 0.50 0.25 0.20 0.10 0.05

0 2.317 * * * * *

1 3.844 3.3427 8.0540 10.3834 21.9911 45.1715
2 5.371 2.0649 3.6345 4.2442 6.5991  9.8932
3 6.898 1.7620 2.8085 3.1848 4.5407 6.2720
4 8.425 1.6432 2.5088 2.8120 3.8872 5.2468
5 9.952 1.5874 23738 2.6476 3.6220 4.8738
6 11.479 1.5588 23070 2.5681 3.5052 4.7304
7 12.217 1.5435 22725 25281 3.4526 4.6757
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TABLE 4.28- Lower confidence limit for the MTBF on the ac-

cept boundary for Test Plan IX.
DR=250,a==0.20

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
0 2.317 3.3427 1.6714 1.4396 1.0063 0.7734
1 3.844 2.0649 1.2707 1.1380 0.8646 0.6994
2 5.371 1.7620 1.1648 1.0577 0.8281 0.6819
3 6.898 1.6432 1.1233 1.0268 0.8152 0.6765
4 8.425 1.5874 1.1045 1.0131 0.8101 0.6747
5 9.952 1.5588 1.0953 1.0067 0.8079 0.6740
6 11.479 1.5435 1.0907 1.0035 0.8070 0.6738
7 12.217 1.5295 1.0858 1.0001 0.8060 0.6735

TABLE 4.29- Upper confidence limit for the MTBF on the ac-

cept boundary for Test Plan X.

DR =3.00, 0 = =020

Number of Total test

y

failures time 0.50 0.25 0.20 0.10 0.05
0 2.082 * * * * *
1 3.730 3.0037 7.2372 9.3303 19.7607 40.5901
2 5.378 1.9781 3.5485 4.1714 6.6465 10.2996
3 7.026 1.7637 2.9267 3.3657 5.0501 7.4704
4 8.674 1.6916 2.7325 3.1230 4.6313 6.8503
5 9.888 1.6634 2.6609 3.0367 4.5041 6.7008
TABLE 4.30- Lower confidence limit for the MTBF on the ac-
cept boundary for Test Plan X.
DR=3.00,a=03=0.20
Number of Total test 7
failures time 0.50 0.25 0.20 0.10 0.05
0 2.082 3.0037 1.5018 1.2936 0.9042 0.6950
1 3.730 1.9781 1.2009 1.0721 0.8077 0.6486
2 5.378 . 1.7637 1.1339 1.0233 0.7884 0.6407
3 7.026 1.6916 1.1123 1.0081 0.7832 0.6390
4 8.674 1.6634 1.1045 1.0029 0.7817 0.6387
5 9.888 1.6483 1.1001 1.0000 0.7810 0.6385
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TABLE 4.31- Upper confidence limit for the MTBF on the re-

ject boundary for Test Plan I.
DR=12.00, a=8=0.05

Number of Total test ¥
failures time 0.60 0.25 0.20 0.10 0.05
5 0.531 0.1138 0.1578 0.1720 0.2185 0.2698
5 1.063 0.2276 0.3156 0.3441 0.4370 0.5396
6 1.756 0.3142 0.4243 0.4593 0.5715 0.6928
6 2.449 0.4331 0.5826 0.6298 0.7808 0.9428
7 3.142 0.4884 0.6474 0.6973 0.8555 1.0237
7 3.835 0.5814 0.7655 0.8228 1.0033 1.1935
8 4.528 0.6205 0.8093 0.8678 1.0513 1.2438
8 5.222 0.6944 0.8992 0.9622 1.1587 1.3630
9 5.915 0.7236 0.9308 0.9943 1.1919 1.3968
9 6.608 0.7833 1.0009 1.0671 1.2721 1.4832
10 7.301 0.8061 1.0247 1.0911 1.2963 1.5072
10 7.994 0.8552 1.0805 1.1486 1.3579 1.5718
11 8.687 0.8735 1.0991 1.1671 1.3762 1.5895
11 9.380 0.9146 1.1444 1.2134 1.4246 1.6390
12 10.073 0.9296 1.1593 1.2282 1.4388 1.6524
12 10.767  0.9645 1.1968 1.2662 1.4776 1.6912
13 11.460 0.9770 1.2089 1.2781 1.4888 1.7016
13 12.153 1.0069 1.2403 1.3097 15204 1.7324
14 12.846 1.0175 1.2504 1.3195 15295 1.7407
14 13.539 1.0435 1.2769 1.3461 1.5555 1.7655
15 14.232 1.0526 1.2854 1.3543 1.5630 1.7722
15 14.926 1.07563 1.3082 1.3769 1.5847 1.7925
16 15.619 1.0831 1.3154 1.3839 1.5909 1.7980
16 16.312 1.1031 1.3350 1.4033 1.6091 1.8147
17 17.005 1.1100 1.3412 1.4092 1.6143 1.8192
17 17.698 1.1276 1.3583 1.4260 1.6298 1.8331
18 18.391 1.1337 1.3636 1.4311 1.6343 1.8369
18 19.085 1.1495 1.3786 1.4457 1.6476 1.8486
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TABLE 4.31- Upper confidence limit for the MTBF on the re-

ject boundary for Test Plan I (continued).
DR=2.00, a=p=0.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
19 19.778 1.1548 1.3833 1.4501 1.6513 1.8517
19 20.471 1.1689 1.3964 1.4629 1.6627 1.8616
20 21.164 1.1737 1.4005 1.4668 1.6660 1.8643
20 21.857 1.1863 1.4121 14780 1.6759 1.8727
21 22.550 1.1906 1.4157 1.4814 1.6787 1.8749
21 23.243 1.2020 1.4261 1.4914 1.6873 1.8821
22 23.936 1.2058 1.4293 1.4944 1.6897 1.8840
22 24.630 1.2162 1.4385 1.5032 1.6972 1.8902
23 25.323 1.2196 1.4413 1.5059 1.6994 1.8919
23 26.016 1.2290 1.4496 1.5137 1.7059 1.8972
24 26.709 1.2321 14521 1.5161 1.7078 1.8986
24 27.402 12406 1.4595 1.5231 1.7136 1.9032
25 28.095 1.2435 1.4618 1.5252 1.7152 1.9044
25 28.789 1.2512 1.4685 1.5315 1.7204 1.9084
26 29.482 1.2538 1.4705 1.5334 1.7218 1.9094
26 30.175 1.2609 1.4765 1.5390 1.7263 1.9129
27 30.868 1.2633 1.4783 1.5407 1.7276 1.9138
27 31.561 1.2697 1.4838 1.5458 1.7316 1.9168
28 32.254 1.2719 1.4854 1.5473 1.7328 1.9176
28 32.947 1.2778 1.4904 1.5519 17363 1.9202
29 33.640 1.2798 1.4919 1.5533 1.7373 1.9210
29 34.334 1.2853 1.4963 1.5574 1.7405 1.9233
30 35.027 1.2871 14977 1.5587 1.7414 1.9239
30 35.720 1.2921 15018 1.5624 1.7443 1.9259
31 38.138 13096 1.5164 1.5761 1.7548 1.9335
31 40.557 1.3480 1.5536 1.6122 1.7865 1.9594
31 42.975 1.3907 1.5995 1.6584 1.8312 2.0000
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TABLE 4.32- Lower confidence limit for the MTBF on the re-

ject boundary for Test Plan I.
DR=2.00,a= 8= 0.05

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
5 0.531 0.1138 0.0847 0.0791 0.0665 0.0581
5 1.063 0.2276 0.1694 0.1582 0.1330 0.1161
6 1.756 0.3142 0.2392 0.2245 0.1910 0.1684
6 2.449 0.4331 0.3306 0.3104 0.2645 0.2333
7 3.142 0.4884 0.3778 0.3557 0.3054 0.2710
7 3.835 0.5814 0.4520 0.4260 0.3667 0.3259
8 4.528 0.6205 0.4867 0.4597 0.3977 0.3549
8 5.222 0.6944 0.5476 0.5178 0.4493 0.4017
9 5.915 0.7236 0.5744 0.5440 0.4738 0.4249
9 6.608 0.7833 0.6251 0.5927 0.5177 0.4652
10 7.301 0.8061 0.6465 0.6137 0.5377 0.4843
10 7.994 0.8552 0.6893 0.6551 0.5754 0.5193
11 8.687 0.8735 0.7069 0.6724 0.5921 0.5355
11 9.380 0.9146 0.7436 0.7080 0.6250 0.5662
12 10.073 0.9296 0.7583 0.7226 0.6392 0.5800
12 10.767 0.9645 0.7901 0.7536 0.6682 0.6073
13 11.460 09770 0.8025 0.7661 0.6804 0.6193
13 12.153 1.0069 0.8303 0.7933 0.7060 0.6437
14 12.846 1.0175 0.8411 0.8040 0.7167 0.6542
14 13.539 1.0435 0.8656 0.8281 0.7396 0.6761
15 14.232 1.0526 0.8749 0.8375 0.7490 0.6854
15 14.926 1.0753 0.8967 0.8590 0.7695 0.7052
16 15.619 1.0831 0.9049 0.8672 0.7779 0.7135
16 16.312 1.1031 0.9244 0.8864 0.7964 0.7314
17 17.005 1.1100 0.9317 0.8938 0.8039 0.7389
17 17.698 11276 0.9491 0.9111 0.8207 0.7552
18 18.391 1.1337 0.9556 0.9176 0.8274 0.7619
18 19.085 1.1495 0.9714 0.9333 0.8427 0.7769
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TABLE 4.32- Lower confidence limit for the MTBF on the re-

ject boundary for Test Plan I (continued).
DR =2.00, a =g = 0.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
19 19.778 1.1548 0.9772 0.9392 0.8487 0.7830
19 20.471 1.1689 0.9914 0.9534 0.8627 0.7966
20 21.164 1.1737 0.9966 0.9587 0.8681 0.8021
20 21.857 1.1863 1.0096 0.9716 0.8809 0.8147
21 22.550 1.1906 1.0143 0.9764 0.8858 0.8197
21 23.243 1.2020 1.0261 0.9882 0.8976 0.8312
22 23.936 1.2058 1.0303 0.9926 0.9021 0.8358
22 24.630 1.2162 1.0411 1.0034 0.9128 0.8464
23 25.323 1.2196 1.0450 1.0073 0.9169 0.8505
23 26.016 1.2290 1.0549 1.0172 0.9268 0.8603
24 26.709 1.2321 1.0584 1.0208 0.9305 0.8641
24 27.402 1.2406 1.0674 1.0299 0.9396 0.8730
25 28.095 1.2435 1.0707 1.0332 0.9431 0.8765
25 28.789 1.2512 1.0790 1.0416 0.9515 0.8848
26 29.482 1.2538 1.0819 1.0446 0.9546 0.8880
26 30.175 1.2609 1.0895 1.0523 0.9623 0.8956
27 30.868 1.2633 1.0922 1.0551 0.9652 0.8985
27 31.561 1.2697 1.0993 1.0622 0.9723 0.9055
28 32.254 1.2719 1.1018 1.0647 0.9750 0.9082
28 32.947 1.2778 1.1082 1.0713 0.9816 0.9146
29 33.640 1.2798 1.1105 1.0736 0.9840 0.9171
29 34.334 1.2853 1.1165 1.0797 0.9901 0.9230
30 35.027 1.2871 1.1186 1.0818 0.9923 0.9253
30 35.720 1.2921 1.1242 1.0874 0.9980 0.9308
31 38.138 1.3096 1.1429 1.1062 1.0164 0.9484
31 40.557 1.3480 1.1791 1.1415 1.0484 0.9767
31 42.975 1.3907 1.2156 1.1761 1.0773 1.0000
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TABLE 4.33- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan II.

DR = 2.50,a == 0.05

Number of Total test ¥
failures time 0.50 0.256 0.20 0.10 0.05
4 0.667 0.1816 0.2631 0.2904 0.3823 0.4882
4 1.334 0.3633 0.5262 0.5808 0.7646 0.9763
5 2.097 0.4655 0.6538 0.7158 0.9208 1.1524
5 2.861 0.6188 0.8613 0.9403 1.1991 1.4870
6 3.624 0.6810 0.9331 1.0145 1.2797 1.5726
6 4.388 0.7937 1.0760 1.1662 1.4571 1.7743
7 5.151 0.8360 1.1221 1.2131 1.5057 1.8236
7 5.915 09215 1.2247 1.3202 1.6251 1.9529
8 6.678 0.9523 1.2567 1.3524 1.6571 1.9841
8 7.442 1.0191 13331 14311 17412 2.0714
9 8.206 1.0425 1.3565 1.4543 1.7635 2.0924
9 8.970 1.0960 1.4152 1.5141 1.8250 12,1537
10 9.733 1.1143 1.4330 1.6315 1.8412 2.1684
10 10.497 1.1579 1.4791 1.5778 1.8872 2.2128
11 11.260 1.1726 1.4929 1.5912 1.8993 2.2234
11 12.024 1.2086 1.5297 1.6279 1.9346 2.2562
12 12,787 1.2207 1.5406 1.6385 1.9439 2.2641
12 13.551 1.2508 1.5705 1.6679 1.9714 2.2888
13 14.314 1.2608 1.5794 1.6764 1.9786 2.2947
13 15.078 1.2861 1.6039 1.7003 2.0003 2.3136
14 15.841 1.2945 1.6111 1.7072 2.0059 2.3181
14 16.605 1.3160 1.6314 1.7269 2.0233 2.3327
15 17.368 1.3231 1.6373 1.7325 2.0278 2.3363
15 18.132 13415 1.6543 1.7487 2.0418 2.3476
16 18.896 1.3475 1.6592 1.7634 2.0454 2.3504
16 19.660 1.3634 1.6735 1.7670 2.0568 2.3593
17 20.423 1.3686 1.6776 1.7708 2.0597 2.3615
17 21.187 1.3822 1.6897 1.7822 2.0690 2.3686
18 23.288 14111 1.7149 1.8061 2.0882 2.3831
18 25.388 14715 1.7764 1.8668 2.1437 2.4302
18 27.489 1.5353 1.8488 1.9404 2.2178 2.5000
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TABLE 4.34- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan II.

DR =250, a=f=0.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
4 0.667 0.1816 0.1305 0.1209 0.0998 0.0860
4 1.334 0.3633 0.2611 0.2419 0.1997 0.1720
5 2.097 0.4655 0.3435 0.3201 0.2681 0.2335
) 2.861 0.6188 0.4595 0.4287 0.3601 0.3142
6 3.624 0.6810 0.5130 0.4803 0.4068 0.3572
6 4.388 0.7937 0.6027 0.5652 0.4805 0.4231
7 5.151 0.8360 0.6409 0.6023 0.5150 0.4555
7 5.915 0.9215 0.7119 0.6701 0.5752 0.5101
8 6.678 0.9523 0.7407 0.6984 0.6020 0.5357
8 7.442 1.0191 0.7982 0.7538 0.6520 0.5817
9 8.206 1.0425 0.8208 0.7762 0.6736 0.6025
9 8.970 1.0960 0.8684 0.8222 0.7159 0.6419
10 9.733 1.1143 0.8866 0.8404 0.7336 0.6591
10 10.497 1.1579 0.9264 0.8792 0.7697 0.6931
11 11.260  1.1726 0.9414 0.8941 0.7845 0.7076
1 12.024 1.2086 0.9751 0.9271 0.8156 0.7371
12 12.787  1.2207 0.9876 0.9397 0.8281 0.7494
12 13.551 1.2508 1.0164 0.9680 0.8550 0.7751
13 14.314 1.2608 1.0269 0.9786 0.8656 0.7856
13 15.078  1.2861 1.0517 1.0030 0.8891 0.8080
14 15.841 1.2045 1.0606 1.0120 0.8982 0.8171
14 16.605  1.3160 1.0820 1.0332 0.9186 0.8366
15 17.368  1.3231 1.0897 1.0409 0.9264 0.8445
15 18.132 1.3415 1.1082 1.0594 0.9442 0.8615
16 18.896  1.3475 1.1148 1.0660 0.9510 0.8682
16 19.660  1.3634 1.1310 1.0821 0.9666 0.8831
17 20423 13685 1.1367 1.0879 0.9725 0.8889
17 21.187  1.3822 1.1508 1.1019 0.9861 0.9019
18 23.288  1.4111 1.1804 1.1314 1.0144 0.9286
18 25.388 14715 1.2350 1.1841 1.0610 0.9691
18 27.489  1.5353 1.2870 1.2328 1.1005 1.0000
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TABLE 4.35- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan III.

DR=3.00,a= 8= 0.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
3 0.305 0.1141 0.1766 0.1987 0.2768 0.3730
3 0.610 0.2281 0.3532 0.3974 0.5535 0.7460
4 1.434 0.3989 0.5832 0.6457 0.8587 1.1091
4 2.258 0.6182 0.8976 0.9916 1.3088 1.6765
5 3.082 0.7065 1.0027 1.1012 1.4306 1.8084
5 3.906 0.8587 1.2028 1.3157 1.6887 2.1091
6 4.730 0.9142 1.2641 1.3782 1.7539 2.1755
6 5.554 1.0243 1.3988 1.5197 1.9136 2.3501
7 6.377 1.0625 1.4386 1.5596 1.9531 2.3883
7 7.201 1.1451 1.5339 1.6579 2.0582 2.4970
8 8.025 1.1730 1.5616 1.6852 2.0841 2.5208
8 8.849 1.2368 1.63156 1.7563 2.15656 2.5920
9 9.673 1.2579 1.6516 1.77568 2.1742 2.6077
9 10.497 1.3080 1.7043 1.8286 2.2257 2.6559
10 11.321 1.3244 1.7192 1.8430 2.2383 2.6666
10 12.145 1.3645 1.7597 1.8830 2.2758 2.7001
11 12.969 13774 1.7711 1.8939 2.2849 2.7075
11 13.793 1.4097 1.8026 1.9247 23127 2.7313
12 15.787 1.4607 1.8506 1.9711 2.3530 2.7645
12 17.781 1.5608 1.9596 2.0811 2.4611 2.8645
12 19.775 1.6614 2.0803 2.2062 2.5950 3.0000

194



TABLE 4.36- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan III.

DR =3.00, = 8= 0.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
3 0.305  0.1141 0.0778 0.0713 0.0573 0.0484
3 0.610  0.2281 0.1556 0.1426 0.1146 0.0969
4 1434  0.3989 0.2850 0.2638 0.2172 0.1868
4 2258  0.6182 0.4436 0.4109 0.3390 0.2920
5 3.082 07065 0.5174 0.4815 0.4019 0.3492
5 3.906  0.8587 0.6350 0.5920 0.4963 0.4326
6 4730  0.9142 0.6843 0.6398 0.5403 0.4736
6 5.554 1.0243 0.7740 0.7251 0.6152 0.5410
7 6.377 1.0625 0.8096 0.7600 0.6480 0.5721
7 7.201 1.1451 0.8800 0.8276 0.7087 0.6276
8 8.025 1.1730 0.9070 0.8542 0.7343 0.6522
8 8.849 1.2368 0.9634 0.9088 0.7842 0.6985
9 9.673 1.2579 0.9844 0.9297 0.8046 0.7183
9 10497  1.3080 1.0303 0.9743 0.8459 0.7569
10 11.321 1.3244 1.0470 0.9910 0.8624 0.7730
10 12.145  1.3645 1.0845 1.0278 0.8968 0.8053
11 12.969 1.3774 1.0980 1.0413 0.9102 0.8185
11 13.793 14097 1.120 1.0717 0.9389 0.8454
12 15.787 14607 1.1790 1.1210 0.9856 0.8894
12 17.781  1.5608 1.2657 1.2040 1.0584 0.9530
12 19.775  1.6614 1.3448 1.2778 1.1178 1.0000
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TABLE 4.37- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan IV.

DR=3.50,a=8=0.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
3 0.711 0.2657 0.4113 0.4629 0.6447 0.8689
3 1.421 0.5314 0.8227 0.9257 1.2894 1.7378
4 2.298 0.6697 0.9966 1.1097 1.5021 1.9763
4 3.175 0.8864 1.2978 1.4376 1.9148 2.4776
5 4.052 0.9631 1.3846 1.5268 2.0093 2.5749
5 4.928 1.1099 1.5703 1.7234 2.2363 2.8277
6 5.805 1.1590 1.6218 1.7751 2.2875 2.8769
6 6.682 1.2635 1.7443 1.9019 2.4238 3.0179
7 7.559 1.2973 1.7777 1.9347 2.4544 3.0455
7 8.436 13739 1.8620 2.0203 2.5409 3.1291
8 9.313 1.3981 1.8847 2.0423 2.5604 3.1456
8 10.190 14554 1.9445 2.1019 26173 3.1973
9 11.067 1.4733 1.9605 2.1172 2.6301 3.2076
9 11.944 1.5168 2.0038 2.1597 2.6686 3.2404
10 13.809 1.5689 2.0525 2.2066 2.7085 3.2721
10 15.674 1.6708 2.1638 2.3184 2.8164 3.3687
10 17.539 1.7699 2.2846 2.4438 2.9494 3.5001
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TABLE 4.38- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan IV.

DR=3.50, a=08=10.05

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
3 0.711 0.2657 0.1812 0.1660 0.13356 0.1129
3 1.421 0.5314 0.3625 0.3321 0.2670 0.2257
4 2.208 0.6697 0.4727 0.4364 0.3575 0.3065
4 3.175 0.8864 0.6327 0.5854 0.4819 0.4144
5 4.052 0.9631 0.6992 0.6495 0.5400 0.4680
5 4,928 1.1099 0.8155 0.7594 0.6349 0.5523
6 5.805 1.1590 0.8607 0.8035 0.6761 0.5912
6 6.682 1.2635 0.9482 0.8872 0.7504 0.6585
7 7.559 1.2973 0.9807 0.9192 0.7811 0.6879
7 8.436 1.3739 1.0478 0.9840 0.8397 0.7417
8 9.313 1.3981 1.0720 1.0080 0.8630 0.7642
8 10.190 14554 1.1240 1.0584 0.9093 0.8070
9 11.067 14733 1.1423 1.0767 0.9271 0.8242
9 11.944 1.5168 1.1829 1.1163 0.9637 0.8579
10 13.809 1.5689 1.2336 1.1661 1.0103 0.9009
10 15.674 1.6708 1.3202 1.2483 1.0805 0.9603
10 17.539 1.7699 1.3953 1.31756 1.1336 1.0000
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TABLE 4.39- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan V.

DR=2.00,a=£=0.10

Number of Total test

7

failures time 0.50 0.25 0.20 0.10 0.05
3 0.014 0.0052 0.0081 0.0091 0.0132 0.0177
3 0.029 0.0108 0.0168 0.0189 0.0263 0.0355
4 0.722 0.1968 0.2850 0.3146 0.4141 0.5288
4 1.416 0.3856 0.5585 0.6165 0.8116 1.0364
5 2.109 0.4723 0.6653 0.7289 0.9402 1.1797
5 2.802 0.6084 0.8481 0.9263 1.1829 1.4692
6 3.495 0.6618 0.9090 0.9890 1.2503 1.5400
6 4.188 0.7613 1.0339 1.1213 1.4036 1.7126
7 4.881 0.7978 1.0732 1.1611 1.4444 1.7534
7 5.574 0.8731 1.1626 1.2541 1.5470 1.8633
8 6.267 0.8097 1.1900 1.2815 1.5739 1.8891
8 6.961 0.9585 1.2565 1.3497 1.6459 1.9629
9 7.654 09787 12764 1.3694 1.6645 1.9801
9 8.347 1.0256 1.3272 1.4209 1.7168 2.0315

10 9.040 1.0414 1.3423 1.4357 1.7303 2.0435
10 9.733 1.0795 1.3821 1.4755 1.7692 2.0803
11 10.426 1.0922 1.3938 1.4868 1.7793 2.0890
11 11.120 1.1236 1.4255 1.5182 1.8090 2.1161
12 11.813 1.1340 1.4348 1.5271 1.8167 2.1224
12 12.506 1.1601 1.4603 1.5522 1.8396 2.1426
13 13.199 1.1686 1.4678 1.5593 1.8456 2.1474
13 13.892 1.1906 1.4886 1.5796 1.8635 2.1626
14 14.585 1.1977 1.4947 1.5853 1.8682 2.1662
14 15.279 1.2163 1.5119 1.6018 1.8825 2.1779
15 15.972 1.2222 1.5169 1.6065 1.8861 2.1807
15 16.665 1.2380 1.5311 1.6201 1.8975 2.1897
16 17.358 1.2431 1.5352 1.6239 1.9005 2.1918
16 18.051 1.2566 1.5471 1.6352 1.9006 2.1988
17 18.744 1.2609 1.5506 1.6384 19120 2.2005
17 19.437 1.2725 1.56056 1.6477 19194 2.2060
18 20.130 1.2762 1.5634 1.6504 1.9214 2.2073
18 20.824 1.2861 1.5719 1.6583 1.9274 2.2116
19 21.517 1.2893 1.5743 1.6605 1.9290 2.2126
19 22.210 1.2980 1.5815 1.6671 1.9339 2.2160
20 22.903 1.3007 1.5835 1.6689 1.9352 2.2168
20 23.596 1.3082 1.5896 1.6745 1.9393 2.2195
21 24.289 1.3106 1.5914 1.6761 1.9403 2.2202
21 24.983 1.3171 1.5966 1.6808 1.9437 2.2223
22 26.821 1.3301 1.6069 1.6902 1.9502 2.2264
22 28.660 1.3589 1.6338 1.7158 1.9706 2.2407
22 30.498 1.3808 1.6670 1.7487 2.0000 2.2641
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TABLE 4.40- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan V.

DR =2.00, a=£=0.10

Number of Total test 5y
failures time 0.50 0.25 0.20 0.10 0.05
3 0.014 0.0052 0.0036 0.0033 0.0026 0.0022
3 0.029 0.0108 0.0074 0.0068 0.0055 0.0046
4 0.722 0.1968 0.1414 0.1310 0.1081 0.0932
4 1.416 0.3856 0.2771 0.2568 0.2120 0.1826
5 2.109 0.4723 0.3478 0.3240 0.2711 0.2360
5 2.802 0.6084 0.4513 0.4210 0.3535 0.3084
6 3.495 0.6618 0.4977 0.4658 0.3942 0.3460
6 4.188 0.7613 0.5774 0.5413 0.4599 0.4049
7 4,881 0.7978 0.6106 0.5737 0.4902 0.4333
7 5.574 0.8731 0.6736 0.6339 0.5438 0.4821
8 6.267 0.8097 0.6987 0.6587 0.5673 0.5046
8 6.961 0.9585 0.7497 0.7078 0.6119 0.5457
9 7.654 0.9787 0.7695 0.7273 0.6308 0.5640
9 8.347 1.0256 0.8114 0.7681 0.6683 0.5990
10 9.040 1.0414 0.8273 0.7839 0.6838 0.6141
10 9.733 1.0795 0.8624 0.8182 0.7158 0.6443
11 10.426 1.0922 0.8755 0.8312 0.7287 0.6570
11 11.120 1.1236 0.9051 0.8603 0.7562 0.6830
12 11.813 1.1340 0.9159 0.8712 0.7671 0.6938
12 12.506 1.1601 0.9411 0.8960 0.7907 0.7163
13 13.199 1.1686 0.9502 0.9051 0.7999 0.7254
13 13.892 1.1906 0.9717 0.9264 0.8203 0.7449
14 14,585 1.1977 0.9794 0.9342 0.8282 0.7527
14 15.279 1.2163 0.9980 0.9525 0.8459 0.7696
15 15.972 1.2222 1.0045 0.9592 0.8526 0.7763
15 16.665 1.2380 1.0205 0.9750 0.8679 0.7909
16 17.358 12431 1.0261 0.9807 0.8736 0.7966
16 18.051 12566 1.0399 0.9944 0.8869 0.8092
17 18.744 1.2609 1.0447 0.9993 0.8919 0.8140
17 19.437 12725 1.0567 1.0113 0.9034 0.8249
18 20.130 1.2762 1.0609 1.0155 0.9077 0.8290
18 20.824 1.2861 1.0713 1.0259 0.9177 0.8384
19 21.517 1.2803 1.0749 1.0295 0.9213 0.8419
19 22.210 1.29080 1.0840 1.0386 0.9300 0.8499
20 22.903 1.3007 1.0871 1.0418 0.9332 0.8529
20 23.596 1.3082 1.0951 1.0497 0.9407 0.8598
21 24.289 1.3106 1.0978 1.0524 0.9434 0.8623
21 24.983 1.3171 1.1047 1.0593 0.9499 0.8682
22 26.821 1.3301 1.1185 1.0730 0.9626 0.8792
22 28.660 1.35890 1.1447 1.0980 0.9835 0.8955
22 30.498 1.3898 1.1693 1.1206 1.0000 0.9066
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TABLE 4.41- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan VI.

DR=2.50,a=8=0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
3 0.636 0.2378 0.3682 0.4143 0.5771 0.7778
3 1.272 04757 0.7364 0.8286 1.1542 1.5556
4 2.035 0.5945 0.8855 0.9862 1.3359 1.7588
4 2.799 0.7824 1.1460 1.2697 1.6921 2.1906
5 3.562 0.8485 1.2207 1.3463 1.7730 2.2738
5 4.326 0.9757 1.3812 1.5162 1.9686 2.4910
6 5.089 1.0180 1.4255 1.5606 2.0125 2.5330
6 5.853 1.1085 1.5312 1.6699 2.1297 2.6538
7 6.617 1.1376 1.5599 1.6981 2.1559 2.6774
7 7.381 1.2040 1.6328 1.7720 2.2303 2.7490
8 8.144 12249 1.6523 1.7909 2.2469 2.7631
8 8.908 12745 1.7039 1.8422 2.2958 2.8072
9 9.671 1.2899 1.7176 1.8554 2.3068 2.8159
9 10.435 1.3276 1.7550 1.8920 2.3398 2.8439
10 11.198 1.3392 1.7649 1.9013 2.3472 2.8495
10 11.962 1.3682 1.7925 1.9279 2.3700 2.8676
11 12.725 13770 1.7998 1.9347 2.3751 2.8712
11 13.489 1.3995 1.8203 1.9543 2.3910 2.8831
12 14,252 14064 1.8258 1.9593 2.3946 2.8855
12 15.016 14240 1.8413 1.9738 2.4059 2.8034
13 16.628 1.4451 1.8590 1.9901 2.4178 2.9011
13 18.241 1.4893 1.9028 2.0324 2.4528 2.9268
13 19.853 1.5332 1.9530 2.0829 2.5000 2.9657
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TABLE 4.42- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan VI

DR =2.50,a==0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
3 0.636 0.2378 0.1622 0.1486 0.1195 0.1010
3 1.272 04757 0.3245 0.2973 0.2390 0.2020
4 2.035 0.5945 0.4194 0.3872 03171 0.2718
4 2.799 0.7824 0.5583 0.51656 0.4251 0.3655
5 3.562 0.8485 0.6157 0.5719 0.4754 0.4119
5 4.326 0.9757 0.7166 0.6672 0.5578 0.4852
6 5.089 1.0180 0.7556 0.7054 0.5934 0.5189
6 5.853 1.1085 0.8315 0.7779 0.6579 0.5773
7 6.617 1.1376 0.8597 0.8057 0.6845 0.6028
7 7.381 1.2040 0.9179 0.8619 0.7354 0.6496
8 8.144 1.2249 0.9388 0.8826 0.7556 0.6691
8 8.908 1.2745 0.9839 0.9265 0.7958 0.7062
9 9.671 1.2809 0.9998 0.9423 0.8113 0.7212
9 10.435 1.3276 1.0350 0.9767 0.8431 0.7505
10 11.198 1.3392 1.0472 0.9889 0.8550 0.7620
10 11.962 1.3682 1.0749 1.0160 0.8801 0.7849
11 12.725 1.3770 1.0844 1.0254 0.8893 0.7937
11 13.489 1.3995 1.1062 1.0468 0.9089 0.8113
12 14.252 14064 1.1136 1.0542 0.9161 0.8180
12 15.016 14240 1.1309 1.0711 0.9315 0.8314
13 16.628 14451 1.1523 1.0921 0.9505 0.8478
13 18.241 1.4893 1.1905 1.1281 0.9795 0.8698
13 19.853 1.5332 1.2232 1.1576 1.0000 0.8829
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TABLE 4.43- Upper confidence limit for the MTBF on the re-

ject boundary for Test Plan VII.
DR=3.00,a= 6= 0.10

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
2 0.198 0.1180 0.2060 0.2402 0.3723 0.5572
2 0.396 0.2359 0.4120 0.4804 0.7446 1.1144
3 1.220 0.4752 0.7517 0.8522 1.2181 1.6931
3 2.044 0.7753 1.2095 1.3647 1.9190 2.6165
4 2.868 0.8780 1.3313 1.4913 2.0577 2.7636
4 3.692 1.0627 1.5776 1.7568 23759 3.1311
5 4.516 1.1211 1.6398 1.8185 2.4382 3.1910
5 5.340 12417 1.7850 1.9695 2.6028 3.3620
6 6.164 1.2783 1.8209 2.0048 2.6351 3.3905
6 6.988 1.3595 1.9111 2.0962 2.7266 3.4769
7 7.811 1.3835 19331 2.1175 2.7447 3.4915
7 8.635 14394 1.9911 2.1749 2.7978 3.5374
8 9.459 14557 2.0052 2.1882 2.8084 3.5452
8 10.283 1.4948 2.0435 2.22563 2.8403 3.5704
9 11.799 1.5286 2.0736 2.25636 2.8623 3.5859
9 13.315 1.5954 2.1440 2.3230 2.9237 3.6342
9 14.831 1.6571 2.2193 2.4001 3.0001 3.7016
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TABLE 4.44- Lower confidence limit for the MTBF on the re-

ject boundary for Test Plan VII.
DR=3.00,a=#=0.10

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
2 0.198 0.1180 0.0735 0.0661 0.0509 0.0417
2 0.396 0.2359 0.1471 0.1323 0.1018 0.0835
3 1.220 0.4752 0.3200 0.2925 0.2340 0.1972
3 2.044 0.7753 0.5265 0.4819 0.3868 0.3266
4 2.868 0.8780 0.6119 0.5636 0.4591 0.3921
4 3.692 1.0627 0.7520 0.6946 0.5698 0.4889
5 4.516 1.1211 0.8047 0.7459 0.6171 0.5330
5 5.340 1.2417 0.9032 0.8394 0.6988 0.6061
6 6.164 1.2783 0.9381 0.8738 0.7313 0.6370
6 6.988 1.3595 1.0081 0.9409 0.7911 0.6909
7 7.811 1.3835 1.0319 0.9645 0.8137 0.7124
7 8.635 14394 1.0819 1.0126 0.8567 0.7510
8 9.459 1.4557 1.0985 1.0291 0.8725 0.7657
8 10.283 14948 1.1343 1.0637 0.9032 0.7926
9 11.799 1.5286 1.1673 1.0958 0.9322 0.8177
9 13.315 1.5954 1.2225 1.1474 0.9732 0.8489
9 14.831 1.6571 1.2663 1.1866 1.0000 0.8659
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TABLE 4.45- Upper confidence limit for the MTBF on the re-

ject boundary for Test Plan VIIL
DR=2.00,a=£8=0.20

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
2 0.219 0.1305 0.2278 0.2657 0.4118 0.6163
2 0.438 0.2610 0.4556 0.5313 0.8236 1.2325
3 1.131 0.4487 0.7162 0.8144 1.1758 1.6528
3 1.825 0.6976 1.0928 1.2348 1.7449 2.3933
4 2.518 0.7802 1.1894 1.3347 1.8528 2.5058
4 3.211 0.9322 1.3898 1.5492 2.1076 2.7955
5 3.904 0.9791 1.4392 1.5987 2.1559 2.8410
5 4.597 1.0774 15560 1.7197 2.2856 2.9731
6 5.290 1.1066 1.5843 1.7473 23104 2.9943
6 5.984 1.1721 1.6560 1.8196 2.3813 3.0596
7 6.677 1.1911 1.6732 1.8360 2.3950 3.0702
7 7.370 1.2356 1.7186 1.8808 2.4354 3.1039
8 8.063 1.2483 1.7295 1.8009 2.4432 3.1095
8 8.756 1.2790 1.7591 1.9194 24670 3.1275
9 9.449 1.2878 1.7661 1.9259 24716 3.1304
9 10.142 1.3093 1.7857 1.9444 24859 3.1402
10 10.835 1.3154 1.7904 1.9486 2.4886 3.1418
10 11.529 1.3306 1.8036 1.9608 2.4973 3.1472
11 12.222 13349 1.8068 1.9636 2.4990 3.1481
11 12915 1.3457 1.8158 1.9717 25044 3.1511
12 13.608 1.3487 1.8179 1.9735 25054 3.1516
12 14.301 1.3565 1.8241 1.9790 25088 3.1532
13 14.994 1.3587 1.8256 1.9802 25094 3.1535
13 15.688 1.3643 1.8298 1.9839 2.5115 3.1544
14 16.381 1.3658 1.8308 1.9848 25119 3.1546
14 17.074 1.3699 1.8338 1.9873 25132 3.1551
15 18.314 13732 1.8360 1.9891 25140 3.1554
15 19.554 1.3803 1.8417 1.9940 2.5166 3.1564
15 20.794 1.3869 1.8483 2.0000 25201 3.1579
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TABLE 4.46- Lower confidence limit for the MTBF on the re-

ject boundary for Test Plan VIII.
DR =2.00,a=£6=0.20

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.0
2 0.219 0.1305 0.0813 0.0731 0.0563 0.0462
2 0.438 0.2610 0.1627 0.1463 0.1126 0.0923
3 1.131 0.4487 0.3006 0.2744 0.2191 0.1843
3 1.825 0.6976 0.4726 0.4324 0.3467 0.2926
4 2.518 0.7802 0.5419 0.4988 0.4058 0.3462
4 3.211 0.9322 0.6579 0.6074 0.4977 0.4268
5 3.904 0.9791 0.7007 0.6491 0.5363 0.4629
5 4.597 1.0774 0.7814 0.7259 0.6035 0.5230
6 5.290 1.1066 0.8096 0.7536 0.6298 0.5480
6 5.984 1.1721 0.8663 0.8080 0.6782 0.5915
7 6.677 1.1911 0.8853 0.8268 0.6962 0.6085
7 7.370 12356 0.9252 0.8653 0.73056 0.6391
8 8.063 1.2483 0.9383 0.8782 0.7428 0.6505
8 8.756 1.2790 0.9665 0.9055 0.7668 0.6712
9 9.449 1.2878 0.9756 0.9145 0.7752 0.6787
9 10.142 1.3093 0.9956 0.9337 0.7918 0.6923
10 10.835 13154 1.0021 0.9401 0.7975 0.6971
10 11.529 1.3306 1.0163 0.9537 0.8088 0.7059
11 12.222 1.3349 1.0208 0.9581 0.8127 0.7089
11 12.915 1.3457 1.0310 0.9677 0.8203 0.7143
12 13.608 1.3487 1.0342 0.9708 0.8229 0.7161
12 14.301 1.3565 1.0414 0.9776 0.8279 0.7194
13 14.994 1.3587 1.0437 0.9798 0.8296 0.7205
13 15.688 1.3643 1.0488 0.9845 0.8329 0.7224
14 16.381 1.36568 1.0504 0.9860 0.8340 0.7231
14 17.074 1.3699 1.0541 0.9894 0.8362 0.7242
15 18.314 13732 1.0572 0.9922 0.8380 0.7251
15 19.554 1.3803 1.0625 0.9968 0.8404 0.7261
15 20.794 1.3869 1.0665 1.0000 0.8418 0.7265
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TABLE 4.47- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan IX.

DR = 2.50, a = = 0.20

Number of Total test 4
failures time 0.50 0.25 0.20 0.10 0.05
2 0.626 0.3730 0.6512 0.75694 1.1771 1.7616
2 1.252 0.7460 1.3024 1.5187 2.3542 3.5232
3 2.015 0.8859 1.4762 1.7014 2.5605 3.7480
3 2.779 1.1246 1.8143 2.0703 3.0234 4.3014
4 3.542 1.1873 1.8805 2.1365 3.0873 4.3603
4 4.306 1.3116 2.0318 2.2937 3.2652 4.5282
5 5.069 1.3425 2.0610 2.3218 3.2788 4.5468
5 5.833 1.4084 2.1327 2.3933 3.3451 4.6028
6 6.597 14245 2.1466 2.4062 3.3546 4.6091
6 7.361 1.4602 2.1821 2.4403 3.3821 4.6287
7 8.124 1.4689 2.1890 2.4464 3.3861 4.6310
7 8.888 1.4886 2.2070 2.4631 3.3979 4.6380
8 9.998 14978 2.2141 2.4694 3.4015 4.6397
8 11.107 1.5154 2.2306 2.4845 3.4113 4.6448
8 12.217 1.5295 2.2468 2.5000 3.4227 4.6513

TABLE 4.48- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan IX.

DR=12.50,a=08=0.20

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
2 0.626 0.3730 0.2325 0.2091 0.1609 0.1320
2 1.252 0.7460 0.4650 0.4181 0.3219 0.2639
3 2.015 0.8859 0.5764 0.5234 0.4127 0.3445
3 2.779 1.1246 0.7482 0.6823 0.5431 0.4562
4 3.542 1.1873 0.8043 0.7366 0.5926 0.5017
4 4.306 1.3116 0.9023 0.8287 0.6703 0.5688
5 5.069 1.3425 0.9317 0.8573 0.6964 0.5923
5 5.833 1.4084 0.9861 0.9085 0.7388 0.6272
6 6.597 1.4245 1.0017 0.9237 0.7522 0.6383
6 7.361 14602 1.0317 0.9517 0.7740 0.6546
7 8.124 1.4689 1.0402 0.9598 0.7806 0.6594
7 8.888 1.4886 1.0565 0.9748 0.7913 0.6662
8 9.998 14978 1.0649 0.9825 0.7968 0.6695
8 11.107 1.5154 1.0777 0.9936 0.8031 0.6725
8 12.217 1.5295 1.0858 1.0001 0.8060 0.6735
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TABLE 4.49- Upper confidence limit for the MTBF on the re-
ject boundary for Test Plan X.

DR=3.00,a == 0.20

Number of Total test ¥
failures time 0.50 0.25 0.20 0.10 0.05
1 0.057 0.0822 0.1981 0.2554 0.5410 1.1113
1 0.114 0.1645 0.3963 0.5109 1.0820 2.2225
2 0.938 0.6036 1.1157 1.3299 2.2422 3.7612
2 1.762 1.0925 1.9648 2.3176 3.7553 5.9762
3 2.586 1.2158 2.1089 2.4660 3.9113 6.1313
3 3.410 1.4206 2.3879 2.7654 4.2631 6.5153
4 4.234 1.4661 2.4329 2.8091 4.3007 6.5447
4 5.058 1.5500 2.5304 2.9078 4.3947 6.6241
5 5.882 1.5682 2.5464 2.9224 4.4051 6.6305
5 6.706 1.6034 2.5825 2.9571 4.4320 6.6480
6 7.767 1.6150 2.5919 2.9654 4.4369 6.6503
6 8.827 1.6348 2.6116 2.9836 4.4490 6.6565
6 9.888 1.6483 2.6281 2.9996 4.4608 6.6631

TABLE 4.50- Lower confidence limit for the MTBF on the re-
ject boundary for Test Plan X.

DR=3.00,a=£8=10.20

Number of Total test v
failures time 0.50 0.25 0.20 0.10 0.05
1 0.057 0.0822 0.0411 0.0354 0.0248 0.0190
1 0.114 0.1645 0.0822 0.0708 0.0495 0.0381
2 0.938 0.6036 0.3655 0.3271 0.2493 0.2032
2 1.762 1.0925 0.6708 0.6017 0.4608 0.3767
3 2.586 1.2158 0.7730 0.6990 0.5462 0.4532
3 3.410 14206 0.9214 0.8360 0.6571 0.5464
4 4.234 14661 0.9623 0.8753 0.6917 0.5765
4 5.058 1.5500 1.0265 0.9344 0.7375 0.6116
5 5.882 1.5682 1.0431 0.9502 0.7502 0.6211
5 6.706 1.6034 1.0700 0.9743 0.7668 0.6316
6 7.767 1.6150 1.0799 0.9834 0.7728 0.6351
6 8.827 1.6348 1.0932 0.9946 0.7788 0.6378
6 9.888 1.6483 1.1001 1.0000 0.7810 0.6385
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CHAPTER §

THE TRIANGULAR SEQUENTIAL TEST AND THE REPEATED
SIGNIFICANCE TEST IN THE EXPONENTIAL CASE

5.1 THE TRIANGULAR SEQUENTIAL TEST

The “triangular sequential test”, or the “triangular test” (Whitehead [73]), which
is a special case of Anderson’s modification with a triangular continue-test region,
has been studied by Fabian [31], Lorden [48], Billard [15], Arghami and Billard [4]
and Whitehead [73] for testing the normal mean with known standard deviation.
Based on Hoeffding’s [37] results, Anderson’s example [2] shows that the triangular
procedures are nearly optimal if the parameters are properly chosen. Whitehead
[73] has also pointed out that as the Type I risk & — 0, the optimum sequential
test which minimizes the maximum average sample size approaches the triangular
sequential test. In practice, since « is usually small, the triangular sequential test
13 quite close to the optimum, and it is an attractive modification on the SPRT
for testing the exponential mean as well. In this chapter the triangular sequential
test in the exponential case is investigated in detail. The triangular sequential
test plan which meets the test risk requirements and approximately minimizes
the maximum average sample size has been constructed by solving a constrained
optimization problem. The test plan is then compared with the “improved test
plan” obtained in Chapter 3, and with the Kiefer-Weiss type test plan. The results
show that the triangular sequential test plan is fairly close to the Kiefer-Weiss test
plan in the sense of minimizing the maximum average sample size. The estimation

of the parameter after the test has been also investigated.
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5.1.1 MODELING OF THE PROBLEM

A triangular sequential test, as shown in Fig. 5.1, can be determined by the

following parameters:

(a) m = the y-coordinate of intercept of the upper and the lower boundaries,
(b) ¢ = intercept of the lower boundary on the x-axis,

(¢) d = intercept of the upper boundary on the y-axis,
and
(d) ¢ = angle between the lower boundary and the x-axis.

Then the boundary values of the triangular sequential test are given by

0, if i < [d],
- o+ - P
a; = '('[ﬂi%‘(;“ﬁ, if ¢ = [d] +1,
(c+:2) .
a;-1 + 4%, otherwise,
and
b =c+ (i -1)/tg¢,
where ¢ = 1,2,--.,[m].

The problem of finding the optimum triangular sequential test plan which
will meet the risk requirements, and will approximately minimize the maximum
average sample size ( or average test time), can be modeled as a problem of con-
strained optimization:

Let N be the random variable which denotes the sample size needed to reach
a decision, then E(N|m,c,d, ¢,0) is the average sample size needed for the test to
reach a decision when the true MTBF is 6 for a particular test plan determined
by the four parameters m, ¢, d and ¢. The goal is to find out the set {m,¢c,d, ¢}
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Fig. 5.1— The triangular sequential test plan.
which minimizes the objective function
Mazgee E(N|m,c,d, ¢;6), (5.1)
subject to the following constrains:
P(A|f = 6y,m,c,d,$)=1— a, (5.2)
P(Al|6 = 6,,m,c,d,$) =B, (5.3)
and
m2d, m>0,¢>0,d>0, 0<4¢<90° (5.4)

5.1.2 METHOD FOR THE OPTIMIZATION

In this study, this constrained optimization problem is treated by the transforma-
tion method, i.e. the original constrained problem is transformed into a sequence

of unconstrained optimization stages via the penalty function

P.F(m,c,d, ¢, k) = Mazyco E(N|m,c,d, ¢,6)
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+k{[P(A|6 = 6p,m,c,d,$) — (1 — a)]?
+[P(A|6 = 61,m,¢c,d, $) — B]*}, (5.5)

where k, the penalty parameter, is a large positive constant at each unconstrained
optimization stage but it is updated by a factor of 10 at the close of each stage
to force the transformed problem to converge to the original constrained problem.
Also the inequality constrains can be treated by proper variable transformations.
For example, the first inequality constraint, m > d, can be eliminated by the

variable transformation
é=m-d, 6>0.

The Nelder and Mead’s simplex method has been employed to solve the uncon-

strained problem at each stage.

5.1.3 SELECTION OF THE INITIAL POINTS FOR THE COMPU-
TATION

In a multidimension optimization problem the surface of the function may not be
unimodal, therefore an initial starting points usually leads to a local minimum.
Hence different initial starting points have to be selected to find the minimum of
the function in a relatively large domain of the function. In this study, the method
of design-of-experiments has been employed to select the initial points. The four
variables, i.e., m,c, d and ¢, are taken to be the factors, for each factor three

different levels has been chosen as shown below:

Level Factors

Levell | c; | dy | é1 | 6

Level 2 (] dz ¢2 62

Level 3 C3 da ¢3 63
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TABLE 5.1— The Ly(3* table and the selected starting points for the

computation.
The L9(3* table The starting points.
No. Factor No. Factor
112]3]4 a)jb)lo]é
1 111]1]1 1 N ERERED
2 1]2]2 2 2 [ dz ¢2 62
3 1131313 3 cy ds ¢3 63
4 211123 4 [+ ] d1 ¢z 53
) 212131 = 5 c2 | da ) 6
6 213]1 2 6 C2 da ¢1 63
7 3|11]13]2 7 c3 d1 ¢3 62
8 3|2 113 8 €3 dz ¢1 63
9 313]|2 1 9 C3 da ¢2 61

With four factors and each factor at three levels, the total number of the
possible combinations of the factors is 81 (3). It is certainly not realistic to investi-
gate the results of the optimization problem at all of the 81 initial points. Here we
are facing the same problem as we usually do in designing an experiment, i.e., how
to select a small portion of the 81 combinations as the initial starting points in the
computation, whereas we may still be able to reach a point in the selected domain
which has the function value close to the minimum if not the minimum itself. The
Ly(3%) table (Taguchi, [65, p. 1153]) shown in Table 5.1 has been chosen to select

the nine (9) starting points from the 81 combinations.

5.1.4 AN EXAMPLE AND THE RESULTS

Consider again the hypothesis test studied in Section 3.6 for the Kiefer-Weiss type
test, where the producer’s risk is 0.051, the consumer’s risk is 0.042 and the dis-
crimination ratio is 4.0. Then the penalty function, from Eq. (5.5) is given by
P(m,a,b, ¢, k) = Mazgco E(N|m,a,b, ¢;6)
+k{[P(A|0 = 6,,m,a,b,¢) — (1 — 0.051)]*
+[P(A}6 = 61,m,a,b, ¢) — 0.042]%}. (5.6)



The levels of the four factors are

————

Level Factors
cld [
Levell | 451 25]35°}| 7.5
Level2 ]| 6.5] 3.5 | 45° | 9.5
Level 31251 1.5]25°] 5656
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The optimization procedures were carried on at the nine starting points

selected by Table 5.1 and the optimum among these nine optimization procedures

turns out to be :

¢ =5.1713246, d = 2.2736302,

¢ = 35.4003051°, § =10.7733012,

and the maximum average sample size for the resulting test plan is

ASS,, = 4.9952407,

which is the smallest value among the results obtained from the nine starting points,

the largest being 5.5.

For seeking even better results, the procedure was repeated once again.

Three levels for each factor were selected around the obtained optimal point as

shown below:

Level Factors
c d ¢ [
Level]l | 5.0 | 2.2 | 35° | 10.0
Level 2| 401121 30°{ 11.0
Level 3] 6.0 | 3.2 ) 40° | 12.0
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The optimal results are given by

c = 4.9490587, d = 2.1583003,
¢ = 34.0021680°, 6 = 12.7776640,

and the maximum average sample size for the resulting test plan is
ASS,, = 4.9912248,

which shows a slight improvement on the result obtained in the previous optimal

procedure.

5.1.5 THE PROPERTIES OF THE TRIANGULAR SEQUENTIAL
TEST

To see the performance properties of the triangular sequential test plan, the test
plan obtained in the previous section has been compared with the Kiefer-Weiss
type test plan and also with the improved test plan obtained in Chapter 3. These
three test plans are plotted in Fig. 5.2. It may be seen from Fig. 5.2 that the
lower boundary of the triangular sequential test plan is almost identical with the
lower boundary of the Kiefer-Weiss plan at the lower test stages. It departs from
the lower boundary of the Kiefer-Weiss plan when the test stage goes higher. The
upper boundary of the triangular sequential test plan has a little larger slope than
the upper boundary of the Kiefer-Weiss test plan, it is closer to the improved test
plan obtained in Chapter 3 than to the Kiefer-Weiss test plan at the lower test
stage.

The OC functions of these three plans were calculated. The values are given
in Table 5.2 and plotted in Fig. 5.3. The OC curves of the improved test plan
and of the triangular sequential test plan are very close. The ASS functions and
the AWT functions of these three test plan were also calculated and plotted. The
values are given in Tables 5.3 and 5.4, and plotted in Figs. 5.4 and 5.5, respectively.
From Fig. 5.4, it may be observed that the “improved test plan” has the highest
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Fig. 5.2— The plots of the triangular test plan, the Kiefer-Weiss
plan and the improved test plan.
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Fig. 5.3— The plots of the values of the OC functions of Table 5.2.
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TABLE 5.2—- Comparison of the OC functions of the triangu-
lar, Kiefer-Weiss and the improved test plans.

MTBF | Kiefer-Weisa | Improved | Triangular
plan plan plan

0.2 0.0000000 | 0.0000000 | 0.0000000
0.6 0.0006360 | 0.0010846 | 0.0006436
1.0 0.0410141 | 0.0419999 | 0.04198999
14 0.2154318 | 0.2127648 | 0.2244194
1.8 0.4511584 | 0.4474649 | 0.4676437
22 0.6449216 | 0.6426349 | 0.6611536
2.6 0.7752398 | 0.7744951 | 0.7870686
3.0 0.8567038 | 0.8568377 | 0.8638232
34 0.9067676 | 0.9071980 | 0.9102902
38 0.9377854 | 0.9381863 | 0.9389305
4.0 0.9486715 | 0.9489995 | 0.9489993
44 0.9643753 | 0.9645191 | 0.9636107
48 0.9746544 | 0.9746171 | 0.9733009
5.2 0.9815491 | 0.9813625 | 0.9799175
5.6 0.9862838 | 0.9859860 { 0.9845589
6.0 0.9896075 | 0.9892337 | 0.9878956

maximum average sample size of 5.1517, the Kiefer-Weiss test plan has the smallest
maximum average sample size of 4.9897, and the triangular sequential test plan has
the value of 4.9912. Theoretically, the Kiefer-Weiss plan seems to be the superior
one, but the differences are rather small. Especially, the differences may not be
noticeable between the maximum average sample sizes of the Kiefer-Weiss plan and
the triangular plan. Furthermore, when the MTBF is small, the triangular plan
yields the smallest average sample size. From Fig. 5.5, it may be seen that the
AWT values of the triangular sequential test plan and the Kiefer-Weiss test plan
are also very close. Although, the “improved test plan” seems to have a higher
maximum average sample size and a higher maximum average waiting time than
the other two, its advantage may be seen from Fig. 5.2 in that only 9 test units
are needed to carry out this test, whereas 11 are needed for the Kiefer-Weiss test

plan and 13 for the triangular sequential test plan.



TABLE 5.3— Comparison of the ASS function of the trian-
gular, the Kiefer-Weiss and the improved test

plans.
MTBF | Kiefer-Weiss | Improved | Triangular
plan plan plan

0.2 3.0466741 | 2.9704236 [ 3.0016916
0.6 3.7885058 | 3.5468398 | 3.4426807
1.0 4.5892365 | 4.5983588 | 4.3982312

14 4.9850394 | 5.1389157 | 4.9650952
1.4550678 | 4.9904883 | 5.1506732 | 4.9846093
14769812 | 4.9896735 | 5.1516822 | 4.9887213
15121264 | 4.9850113 | 5.1492021 | 4.9911972
1.6 4.9567056 | 5.1228302 | 4.9769170

2.0 4.6221979 | 4.7586160 | 4.6587411
24 4,1577686 | 4.2440628 | 4.1797408
2.8 3.7145628 | 3.7553240 | 3.7213371
3.2 3.3382423 | 3.3439704 | 3.3353935
3.6 3.0312426 | 3.0119595 | 3.0234522
4.0 2.7832048 | 2.7468282 | 2.7733597
44 2.5821305 | 2.5344601 | 2.5718002
48 24176694 | 2.3628039 | 2.4076337
5.2 2.2816681 | 2.2224533 | 2.2722729
5.6 2.1679097 | 2.1063008 | 2.1592740
6.0 2.0716966 | 2.0090286 | 2.0638261
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TABLE 5.4~ Comparison of the AWT functions of the tri-
angular the Kiefer-Weiss and the improved test

plans.
MTBF | Kiefer-Weiss { Improved | Triangular
plan plan plan

0.2 0.6093347 | 0.5940846 | 0.6003382
0.6 2.2727218 | 2.1274529 | 2.0652220
1.0 4.5482616 | 4.5563822 | 4.3562436
14 6.6776156 | 6.8966913 | 6.6370001
1.8 7.8665395 | 8.1552830 | 7.9010525
2.2 8.2467270 | 8.4973431 | 8.2777443
2.6 8.2000847 | 8.3640747 | 8.2050543
3.0 7.9820366 | 8.0472927 | 7.9644380
34 7.7175035 | 7.6891441 | 7.6858320
3.8 7.4588037 | 7.3482976 | 7.4199276
4.0 7.3381443 | 7.1913257 | 7.2974439
44 7.1181288 | 6.9077463 | 7.0760336
48 6.9264741 | 6.6633005 | 6.8847961
5.2 6.7606177 | 6.4536729 | 6.7202458
5.6 6.6171031 | 6.2737627 | 6.5784016
6.0 6.4925318 | 6.1187687 | 6.4555802
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The properties of the estimate, after a triangular sequential test, have been
also studies. Table 5.5 gives the biasedness of the Maximum Likelihood Estimate,
6 , and of the Median Unbiased Estimate, 65. The results show that the MLE of
the triangular test is more biased than the MLE of the improved test plan. But
&5 from the triangular sequential test is less biased than the 65 of Test Plan IIID.
From Tables 4.8 and 5.5, it may be seen that the largest bias of the 5 of Test Plan
I1ID is 0.4474, whereas the largest bias of 65 of the triangular sequential test is
0.3951 in the MTBF range considered. The largest relative error is 0.2155 in the
case of Test Plan IIID, whereas it is 0.1639 in the case of the triangular sequential
test.

The coverage probabilities of the exact confidence intervals and the of the
naive confidence intervals in the case of the triangular sequential test are given in
Tables 5.6 and 5.7. It may be seen that the coverage probabilities of the exact
confidence interval in the triangular sequential test are essentially the same as
in the case of the improved test plan. The lowest coverage probability is still
approximately 0.90, and the highest value of coverage probability is approximate
0.95. But the coverage probability of the naive confidence interval shows more
variation in the case of the triangular sequential test. It shows a pattern that the
coverage probability is higher, when the value of the MTBF is either smaller or
larger, than that when the value of the MTBF is moderate.

5.1.6 A SPECIAL TRIANGULAR SEQUENTIAL TEST

As it has been shown in Chapter 4, in the sense of estimating the parameters after
a test, that the advantages of sequential tests are not so apparent for the early
termination of a sequential test, which seems advantageous from a decision-making
point of view, however they may result in insufficient data for accurate estimation.
Siegmund [62] suggested a special test plan which is a special case of the triangular
sequential test plan in which the angle of the lower boundary of the triangular
sequential test with the x-axis is equal to 90°. Then the triangular sequential test



TABLE 5.5— Biasedness of the § and §; in the case of the tri-

angular sequential test.

MLE | 03 _
MTBF | E(0) | Bias | |bias/6] || E(63) | Bias | |bias/6]
0.40 | 0.3860 | -0.0140 | 0.0350 || 0.3860 | -0.0140 | 0.0350
0.80 | 0.7363 | -0.0637 | 0.0796 | 0.7275 | -0.0725 | 0.0906
1.20 | 1.2866 | 0.0866 | 0.0722 || 1.1832 | -0.0168 | 0.0140
1.60 | 2.0587 | 0.4587 | 0.2867 || 1.7549 | 0.1549 | 0.0968
2.00 | 28320 | 0.8320 | 0.4160 || 2.3121 | 0.3121 | 0.1561
2.40 | 3.4900 { 1.0900 { 0.4542 {| 2.7933 | 0.3933 | 0.1639.
2.80 | 4.0202 | 1.2202 | 0.4358 || 3.1951 | 0.3951 | 0.1411
3.20 | 4.4431 ]| 1.2431 ] 0.3885 |j 3.5304 | 0.3304 | 0.1033
3.60 | 4.7826 | 1.1826 | 0.3285 || 3.8134 | 0.2134 | 0.0593
4.00 | 5.0583 | 1.0583 | 0.2646 || 4.0550 | 0.0550 | 0.0137
440 | 52851 | 0.8851 | 0.2012 || 4.2637 | -0.1363 | 0.0310
480 | 54739 | 0.6739 | 0.1404 || 4.4459 | -0.3541 | 0.0738
520 | 5.6320 | 0.4329 | 0.0833 || 4.6063 | -0.5937 | 0.1142
5.60 | 5.7680 | 0.1680 | 0.0300 || 4.7486 | -0.8514 | 0.1520
6.00 | 5.8840 | -0.1160 | 0.0193 || 4.8759 | -1.1241 | 0.1874
6.40 | 5.9843 | -0.4157 | 0.0650 }f 4.9902 | -1.4098 | 0.2203
6.80 | 6.0718 | -0.7282 | 0.0107 || 5.0936 | -1.7064 | 0.2509
7.20 | 6.1486 | -1.0514 | 0.0146 || 5.1876 | -2.0124 | 0.2795
7.60 | 6.2164 | -1.3836 | 0.0182 | 5.2733 | -2.3267 | 0.3061
8.00 | 6.2766 | -1.7234 | 0.0215 || 5.3518 | -2.6482 | 0.3310
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TABLE 5.6- The coverage probability of the exact confldence
interval in the case of the triangular test.

The true MTBF coverd

MTBF 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 5.0 6.0

0.5 0.8989 | 0.7713 | 0.5613 | 0.3758 | 0.2307 | 0.0697 | 0.0083 | 0.0001 { 0.0000 | 0.0000
1.0 0.5466 | 0.8971 | 0.8640 | 0.7715 | 0.6664 | 0.4865 | 0.2749 | 0.0529 | 0.0351 | 0.0302
1.5 0.2707 } 0.6575 | 0.9131 | 0.9094 | 0.8500 | 0.7559 | 0.6037 | 0.3222 | 0.2087 | 0.1730
20 0.1552 | 0.3966 | 0.8921 | 0.9497 | 0.9156 } 0.8603 | 0.7715 | 0.5919 | 0.4218 | 0.3590
25 0.0855 | 0.2191 | 0.8541 | 0.9744 | 09508 | 0.9250 | 0.8749 | 0.7764 | 0.6169 | 0.5336
3.0 0.0532 | 0.1225 | 0.8029 | 0.9834 | 0.9706 | 0.9519 | 0.9243 | 0.8744 | 0.7445 | 0.6642
3.5 0.0357 | 0.0761 | 0.7491 | 0.9873 | 0.9772 | 0.9669 | 0.9510 | 0.9218 | 0.8189 { 0.7457
4.0 0.0252 | 0.0473 | 0.7001 | 0.9916 | 0.9851 | 0.9772 | 0.9663 | 0.9514 | 0.8858 | 0.8246
5.0 0.0126 | 0.0205 | 0.6220 | 0.9950 | 0.9924 | 0.9884 | 0.9836 | 0.9785 | 0.9399 | 0.8957
6.0 0.0069 | 0.0106 { 0.5558 | 0.9974 | 0.9956 | 0.9934 | 0.9914 | 0.9890 | 0.9688 | 0.9347

TABLE 5.7- The coverage probability of the naive confldence
interval in the case of the triagular test.

The true MTBF covered

MTBF 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 5.0 6.0

05 0.9231 ] 0.7763 | 0.5574 § 0.3099 } 0.0773 { 0.0008 } 0.0000 | 0.0000 } 0.0060 | 0.0000
1.0 0.5963 | 0.9181 | 0.8726 | 0.7355 | 0.4499 } 0.0795 ] 0.0225 | 0.0219 | 0.0179 | 0.0153
1.5 0.3046 | 0.7071 | 0.9489 | 0.8805 | 0.7310 | 0.3457 | 0.2466 | 0.2343 | 0.1978 | 0.1648
20 0.1714 | 0.4275 | 0.9466 | 0.908Q | 0.8332 | 0.6033 | 0.5372 | 0.5192 ] 0.4605 } 0.4003
25 0.0970 | 0.2366 | 0.8881 | 0.8689 | 0,8745 | 0.7680 | 0.7411 | 0.7280 | 0.6758 | 0.6130
3.0 0.0545 | 0.1294 | 0.7934 | 0.7828 | 0.8593 | 0.8319 | 0.8447 | 0.8372 | 0.8086 | 0.7552
3.5 0.0420 | 0.0849 j 0.6720 | 0.6634 | 0.8059 ) 0.8400 ) 0.8828 | 0.8777 | 0.8740 | 0.8327
4.0 0.0284 | 0.0497 | 0.5642 { 0.5585 | 0.7511 | 0.8231 | 0.8987 | 0.8962 { 0.9253 | 0.8943
5.0 0.0131 | 0.0189 | 0.3784 | 0.3762 | 0.6142 | 0.7618 | 0.8941 | 0.8932 | 0.9690 | 0.9543
6.0 0.0081 | 0.0122 | 0.2420 | 0.2404 | 0.4976 | 0.6694 | 0.8570 | 0.85G6 | 0.9830 | 0.9745

(444
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investigated in the previous section reduces to a very simple form and it is expected
that some of the advantages of the sequential test are maintained while their con-
comitant disadvantages are minimized from the view of estimation. Siegmund’s
reasoning for this is that the maximum testing time is attained whenever the ac-
cept decision has been made. Siegmund also derived the approximate results for
the OC function of this test. |
Following the same procedure used in previous section of this chapter, this
special triangular sequential test has been constructed. The Type I and Type II
risks are 0.051 and 0.042 respectively, the discrimination ratio is 4.0, and the test
is also required to meet the risks exactly and with a minimum maximum average
sample size among the class of the special triangular sequential test. The optimal

results are given by

c = 13.1670846, d = 2.7471943,
¢ =90°, 6 =5.3629803.

The calculated values of the OC, ASS and AWT functions are given in Table 5.8.
From Table 5.8, it may be seen that the maximum average sample size for the

resulting test plan is approximately
ASS,, = 5.7587,

and the maximum average waiting time is
AWT,, =c,

which can be reached when MTBF— oo.

The biases of the point estimates, § and 3, were evaluated and are given in
Table 5.9. It may be seen that the biasedness of the MLE in the special triangular
sequential test is even worse, as compared with the biasedness of the MLE in
the triangular sequential test. In most cases, the MLE overestimates the MTBF

and the largest bias is more than 2.56,. The largest relative error is around 0.44



TABLE 5.8— The OC, ASS and AWT functions of the special

triangular sequential test plan.

MTBF oC ASS AWT
0.2 0.0000000 | 3.0005038 | 0.6001007
0.6 0.0001846 | 3.4523402 | 2.0712929
1.0 0.0419998 | 4.5898343 | 4.5478339
14 0.2381469 | 54904974 | 7.3532891
1.8 0.4836013 | 5.7587031 | 9.4951811
2.2 0.6715998 | 5.6066894 | 10.8571939
2.6 0.7925346 | 5.2840041 | 11.6778202
3.0 0.8663463 | 4.9241393 | 12.1733780
3.4 0.9112840 | 4.5818885 | 12.4800558
3.8 0.9391565 | 4.2749499 | 12.6760178
4.0 0.9489997 | 4.1357866 | 12.7471495
44 0.9633370 { 3.8846129 | 12.8536119
4.8 0.9728897 | 3.6660725 | 12.9272747
5.2 0.9794406 | 3.4755305 | 12.9796648
56 0.9840559 | 3.3086745 | 13.0178604
6.0 0.9873890 | 3.1617769 | 13.0463257
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TABLE 5.9 Biasednes of the § and 5 in the case of the special

triangular sequential test.

MLE B3
MTBF | E(@) | Bias | |bias/0] || E(6s) | Bias | |bias/6
0.40 | 0.3878 | -0.0122 | 0.0305 [| 0.3878 | -0.0122 | 0.0306
0.80 | 0.7062 |-0.0938 | 0.1172 || 0.7056 | -0.0944 | 0.1180
1.20 | 1.0847 | -0.1153 | 0.0961 || 1.0633 | -0.1367 | 0.1139
1.60 | 1.6122 | 0.0122 | 0.0076 || 1.5061 | -0.0939 | 0.0587
2.00 | 2.2490 | 0.2490 | 0.1245 || 1.9920 | -0.0080 | 0.0040
240 | 29399 | 0.5399 | 0.2250 || 2.4891 | 0.0891 | 0.0371
2.80 | 3.6494 | 0.8494 | 0.3033 || 2.9849 | 0.1849 | 0.0660
3.20 | 4.3551 | 1.1551 ) 0.3610 || 3.4740 | 0.2740 | 0.0856
3.60 | 5.0423 | 1.4423 | 0.4006 || 3.9530 | 0.3530 | 0.0981
4.00 | 57015 | 1.7015 | 0.4254 || 4.4292 | 0.4192 | 0.1048
440 | 6.3273 | 1.9273 | 0.4380 || 4.8705 | 0.4705 | 0.1069
480 | 6.9172 | 2.1172 | 0.4411 | 5.3054 | 0.5054 | 0.1053
520 | 74705 | 2.2705 | 0.4366 || 5.7232 | 0.5232 | 0.1006
560 | 7.9880 | 2.3880 | 0.4264 || 6.1235 | 0.5235 | 0.0935
6.00 | 84710 | 2.4710 | 0.4118 | 6.5062 | 0.5062 | 0.0844
6.40 | 8.9215 | 25215 | 0.3939 || 6.8716 | 0.4716 | 0.0737
6.80 | 9.3416 | 2.5416 | 0.3737 || 7.2203 | 0.4203 | 0.0618
720 | 97334 | 25334 | 0.3519 | 7.5527 | 0.3527 | 0.0490
7.60 | 10.0991 | 2.4991 | 0.3288 || 7.8696 | 0.2696 | 0.0355
8.00 | 10.4406 | 2.4406 | 0.3051 || 8.1717 | 0.1717 | 0.0215
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which compares with the largest relative error of 0.45 in the case of the triangular
sequential test. The biasedness of the median unbiased estimate, 85, has improved
in the case of the special triangular test, especially when the true MTBF is large,
which may be an indication that the estimate after an accept decision is more
accurate than in the regular triangular sequential test case. The values of the
coverage probabilities of the naive and the exact confidence intervals has also been
evaluated, and are given in Tables 5.10 and 5.11. Though the coverage probabilities
of the naive confidence interval show the same pattern as in the case of the regular
triangular sequential test, the coverage probabilities of the exact confidence interval

are closer to the nominal value.

5.2 THE REPEATED SIGNIFICANCE TEST

5.2.1 THE BAZOVSKY REPEATED SIGNIFICANCE TEST

The repeated significance test has been developed by Armitage, McPherson and
Rowe [6). Let z;,z,,- - be iid random variables from a normal distribution with
unknown mean g and known variance o2, which without loss of generality can be

taken equal to 1. Let
Sn=z14+ 22+ -+ Ty.
The standard fixed sample size, 0.05 level of significance test of
Ho:p=0,
against
Hy:p#0,
is to reject Hy if only if
|Sa| = 1.96n/2,

Here n is the arbitrary, but fixed, sample size of the experiment. Suppose
now that if H; is actually true it is desirable to discover this fact after a minimum

amount of experimentation, with no similar constraint on Hp.



TABL 5.10- The coverage probability of the exact confidence
interval in the case of the special triagular test.

The true MTBF covered

MTBF 0.5 1.0 1.5 2.0 25 3.0 35 40 5.0 6.0
05 09013 | 0.7745 { 0.5535 | 0.3692 | 0.2271 | 0.1332 | 0.0067 | 0.0000 | 0.0000 | 0.0000
1.0 0.5387 | 0.9004 | 0.8706 | 0.7705 | 0.6570 { 0.5530 | 0.2539 | 0.0490 | 0.0095 | 0.0029
1.5 0.2757 | 0.6610 | 0.9270 | 0.8945 | 0.8374 | 0.7721 | 0.5876 | 0.3165 | 0.1287 | 0.0621
20 0.1398 | 0.3787 | 0.8721 | 0.9131 | 0.9115 | 0.8771 | 0.7882 | 0.6056 | 0.3445 | 0.2052
25 0.0871 | 0.2184 | 0.7619 | 0.8749 { 0.9187 | 0.9195 | 0.8686 | 0.7687 | 0.5435 | 0.3838
30 0.0593 | 0.1317 | 0.6351 | 0.8011 | 0.9000 | 0.9342 | 0.9069 | 0.8512 { 0.6985 | 0.5415
35 0.0379 | 0.0718 | 0.5105 | 0.7139 | 0.8700 | 0.9432 | 0.9292 | 0.9035 | 0.8108 | 0.6763
40 0.0256 | 0.0462 | 0.4098 | 0.6285 | 0.8253 | 0.9404 | 0.9325 | 0.9164 | 0.8730 | 0.7572
50 0.0138 | 0.0201 | 0.2680 | 0.4777 | 0.7223 | 0.9119 | 0.9086 | 0.9040 | 0.9398 | 0.8696
6.0 0.0098 | 0.0130 | 0.1756 | 0.3682 | 0.6340 | 0.8732 | 0.8706 | 0.8685 | 0.9704 | 0.9259

TABLE 5.11- The coverage probability of the naive confldence
interval in the case of the special triagular test.

The true MTBF covered
MTBF 0.5 10 1.5 2.0 2.5 3.0 35 40 50 6.0
0.5 0.9152 § 0.7764 | 0.5513 | 0.3248 | 0.1126 | 0.0009 | 0.0000 | 0.0000 | 0.0000 | 0.0000
10 0.5687 | 0.9140 | 0.8768 | 0.7336 | 0.4492 { 0.0919 | 0.0394 | 0.0394 | 0.0227 | 0.0100
1.5 0.2908 | 0.6935 { 0.9228 | 0.8706 | 0.7131 | 0.4001 | 0.2864 | 0.2864 | 0.2055 | 0.1254
20 0.1611 | 0.4158 | 0.8693 | 0.8964 | 0.8376 | 0.6567 | 0.5730 | 0.5730 | 0.4789 | 0.3473
25 0.0924 | 0.2333 | 0.7509 | 0.8592 | 0.8857 | 0.8030 { 0.7555 | 0.7555 | 0.6869 | 0.5530
3.0 0.0583 j 0.1349 | 0.6264 | 0.7937 | 0.8836 | 0.8769 | 0.8474 | 0.8474 | 0.8134 | 0.7038
35 0.0355 | 0.0800 | 0.5111 | 0.7088 | 0.8597 | 0.9096 | 0.8944 | 0.8944 | 0.8862 | 0.8086
40 0.0251 | 0.0495 | 0.4232 | 0.6328 | 0.8239 | 0.9199 | 0.9105 | 0.9105 | 0.9275 | 0.8670
50 0.0167 | 0.0252 | 0.2742 | 0.4872 | 0.7266 | 0.9008 } 0.8984 | 0.8984 | 0.9655 | 0.9339 v
6.0 0.0098 | 0.0123 | 0.1799 | 0.3742 | 0.6364 | 0.8711 | 0.8698 | 0.8698 | 0.9836 | 0.9682 iy

-1
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McPherson and Armitage[50] proposed the following repeated significance
test procedure: Let b > 0 and m be the maximum sample size. Sample sequentially,
stopping with rejection of Hy at the first n < m, if one exists, such that |S,| > bn'/?,
otherwise stop sampling at m and accept Hp. The significance level of this procedure

is
a = a(b,m) = P{|Sy| > bn*/? for some n < m|u = 0},

which means that b must be somewhat larger than 1.96 in order that a(b, m) = 0.05.

Such repeated significance tests were studied by Armitage et al [6], MacPher-
son and Armitage [50], and Ester [30] at an early stage, and later on by Woodroofe
[77], Lai and Siegmund [45] [46] and Siegmund [60] in extensive theoretical research.
It is actualy a combination of the procedures of the sequential tests and of the fixed
sample size tests.

Bazovsky [12] has suggested a similar test procedure, by the name “constant
confidence level” test, for testing the exponential mean. In this test, the boundary
values of Wald’s SPRT are replaced by the confidence limits of the MTBF in the
fixed sample test case. For testing Hp : 0y = 26, vs. H; : 8 = 6, with a = 8 = 0.10,
the continuous region suggested by Bazovsky is

xgn.l—a < 22_—.1710 < X§n+2.a
2 6, 2

It may be seen that this test procedure is neither a SPRT procedure, since its
boundaries are not determined by the requirements of the SPRT, nor is in any
formal way as a fixed sample procedure, since the observations are allowed to
accumnulate stage by stage, and they are subjected to a fixed sample analysis at
each stage. It also should be noticed here that the test procedure is independent
of the actual value of the upper test MTBF, 6,.

Another test similar to the “constant confidence level test” has been sug-

gested by Pennucci [57]). The continuous region of the Pennucci’s test is given
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Fig. 5.6— The plots of the constant confidence level test and the
Pennucci’s test for 6y = 26, and a = 8 = 0.10.

by

-2
KX3ni-a < =1 Li < xgn-{-?.a

2 0, 2’

where K is the discrimination ratio: 6,/6,. The difference between the Pennucci’s
test and the “constant confidence level test” is that the value of the upper test
MTBF has been considered in Pennucci’s test. Fig. 5.6 shows the plots of these
two test plans for testing Ho : 6 = 26, vs. Hy = 6, with a = 8 = 0.10. It
may observed that the upper and lower boundaries of the Pennucci’s test intersect
approximately at (23.0, 16.2). This is due to the fact that the discrimination ratio
is always greater than 1.0. The greater the value of the discrimination ratio, the
sooner the upper and the lower boundaries will intersect, and the sooner the test
will be terminated. The lower boundaries of the constant confidence level test and

of Pennucci’s test are identical.
Both Bazovsky and Pennucci have claimed that one of the “advantages”
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of these two tests over the Wald’s SPRT is that significant savings in the test
time can be achieved by using these tests, since for example, if Hy is true, Wald’s
SPRT needs approximately 4.40 x 6, time-units without failure to make an accept
decision while the other two need approximately only 2.30 x 6, time-units. But one
of the other questions, which should be answered after a accept and a reject test,
is what are the risks the producer and the consumer are taking, since the desire
to control the Type I and Type II errors are of course one of the motivations of
many sequential testing. Let m be the truncation number of the test on the total
number of failures, then the OC functions for these tests are given by

m 2
X2(i-
P(Al6) = 3 P(X.; 2 =H50424,),

a,nd ]

m 2
P,(Al6) = 3 P(X,: > ZEUt2g _q),

i=1

i=1
respectively. Where the letters ¢ and p on the subscripts of P and X stand for
“constant confidence level test” and “Pennucci’s test”, respectively. X, denotes
the successive sums of the exponential variables in the constant confidence level
test and X,; the successive sums of the exponential variables in Pennucci’s test.

They have different distributions.

It can be seen that for b, = 2.36,, the probability of acceptance for both tests
at the first stage (without failure) is 0.1003 if the true MTBF is equal to 6;, which
is even greater than the allowed consumer’s risk of 8 = 0.10 already. Table 5.12
gives the probabilities that these two test plans accept the null hypothesis when
the true MTBF is equal to 8, and 0;, respectively, for various truncating number
on the total number of failures. It may be seen that though the constant confidence
test gives a closer Type I risk to the nominal value of 0.10, but the Type II risk is
much higher than the nominal value of 0.10. The error on the Type II risk increases
when the truncation number increases. The smallest error on the Type I risk is
achieved when the truncation number is 20, and it increases when the truncation

number departs from 20 on either increasing or decreasing directions. Since the



231

TABLE 5.12—- The probabilities of acceptance of the constant
confldence level test and the Pennucci’s test for
the case that K =2.0 and a = § = 0.10.

Truncation { Constant confidence Pennucci’s
number test test
P(AJ8)) | P(Al6o) | P(Al61) | P(Alfo)
10 0.2568142 | 0.8363889 | 0.2153014 | 0.7105936
11 0.2630014 | 0.8497767 { 0.2159379 | 0.7119709
12 0.2685648 | 0.8606973 | 0.2162003 | 0.7124860
13 0.2736073 | 0.8696409 | 0.2162758 | 0.7126200
14 0.2782089 | 0.8769894 | 0.2162872 | 0.7126381
15 0.2824331 | 0.8830438 | 0.2162873 | 0.7126383
16 0.2863308 | 0.8880435 | 0.2162873 | 0.7126383
17 0.2899438 | 0.8921806 { 0.2162873 | 0.7126383
18 0.2933065 | 0.8956097 | 0.2162873 | 0.7126383
19 0.2964477 | 0.8984562 | 0.2162873 | 0.7126383
20 0.2993917 { 0.9008222 { 0.2162873 | 0.7126383
21 0.3021588 | 0.9027909 | 0.2162873 | 0.7126383
22 0.3047667 | 0.9044307 | 0.2162873 | 0.7126383
23 0.3072307 | 0.9057978 { 0.2162873 { 0.7126383
24 0.3095641 | 0.9069383 | 0.2162873 | 0.7126383
25 0.3117782 | 0.9078906 | 0.2162873 | 0.7126383
26 0.3138833 { 0.9086862 { 0.2162873 | 0.7126383
27 0.3158884 | 0.9093512 | 0.2162873 | 0.7126383
28 0.3178014 | 0.9099073 | 0.2162873 | 0.7126383
29 0.3196293 | 0.9103726 | 0.2162873 | 0.7126383
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constant confidence test is independent to the value of the upper test MTBF, and
the test is independent to the value of the upper test MTBF, and the value of
P(A|6,) will always be the same if the nominal values of Type I and Type II risks
do not change, whereas the value of P(A|6p) will change if the discrimination ratio
changes. The larger the value of 6, is, the greater the value of P(A|6,) will be even
though the values of a and £ do not change.

The error on the Type II risk of Pennucci’s test is slightly smaller than the
constant confidence level test, but the error on the Type I risk is much greater
than the one given by the constant confidence level test. Since this test is closed,
the values of P(A|6,) and P(A|6,) would not change if the truncation number is

greater than the y-coordinate of the intersection point.

5.2.2 A MODIFIED CONSTANT CONFIDENCE LEVEL TEST

As it may be seen from the analysis. of the previous section, the constant confidence
level test can hardly meet the test nominal risks requirements, and the value of the
upper test MTBF has not been incorporated in the test plan. Though Pennucci’s
test does take the upper test MTBF into consideration, it does not produce better
results but worse. A modification to the constant confidence level test is as the
follows: To any null hypothesis, Hy : 8 = 6y, vs. the alternative H, : § = 6, with

the two risks of @ and S, let the continuous region be

2 2
X2n,1—+ < Y I < X2n+2y

2 6, 2’

and for a given value of the truncation number, determine the value of 4 by mini-

mizing the squared error function, g(v)
g(v) = [P(Al6:) — BJ* +[1.0 — P(Al6o) — ).

For example, to test Ho : § = 26, vs H; : § = 6, with o« = 8 = 0.10, Table 5.13 gives
the optimal values of 4 for truncation numbers from 10 to 26, and the achieved
values of P(A|6,) and P(Al6p).



P(A|6,) and P(A|6).

TABLE 5.13— The optimal values of v for various values of the
truncation number and the achieved values of

Truncation 7 P(Al6,) | P(Al6o) 9(7)
number
10 0.0529767 | 0.1583420 | 0.8033194 | 0.0127509
11 0.0472246 | 0.1488919 | 0.8174057 | 0.0092122
12 0.0424992 | 0.1406813 | 0.8306475 | 0.0064647
13 0.0383241 | 0.1327890 { 0.8426709 | 0.0043617
14 0.0348024 | 0.1257885 | 0.8539493 | 0.0027857
15 0.0317503 | 0.1193579 { 0.8644154 | 0.0016410
16 0.0291551 | 0.1136799 | 0.8742639 { 0.0008495
17 0.0268718 | 0.1084339 | 0.8834038 | 0.0003465
18 0.0249486 | 0.1039457 | 0.8920718 | 0.0000784
19 0.0232810 | 0.0999285 | 0.9001749 | 0.0000000
20 0.0218921 | 0.0965633 | 0.9078407 | 0.0000733
21 0.0207586 | 0.0939083 | 0.9151198 | 0.0002657
22 0.0198109 | 0.0917030 | 0.9219180 | 0.0005492
23 0.0191513 | 0.0904765 | 0.9284354 | 0.0008993
24 0.0187172 | 0.0899957 | 0.9345539 | 0.0012941
25 0.0184484 | 0.0901094 | 0.9402061 ] 0.0017143
26 0.0183725 { 0.0909304 | 0.9454005 | 0.0021434
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It may be seen from Table 5.13 that, if the truncation number is chosen to
be 19, then the optimal value of ¥ would be 0.02381, and the test plan will have

the test continuous region of

Xgn,0.97619 i1 L X§n+2.0‘023281
< < .
2 6, 2

The achieved value of the Type I risk is 0.0998251 and the achieved value of Type
IT risk is 0.999285, which are very close to the nominal risks of 0.10. Fig. 5.7 gives

the plots of the constant confidence level test and the modified constant confidence

level test when the truncation number is 19.

In some cases the values of the achieved risks may be not as close as those
achieved in the previous example, but it may be close enough from the practical
application point of view. For instance, if K = 2.5, and a = f = 0.10, the same
procedure yields m = 10 and 4 = 0.0313686. The values of the achieved Type I
and Type II risks are 0.1025348 and 0.1051194. If £ = 3.0, the procedure yields
m = 7 and v = 0.0358554. The achieved Type I and Type II risks are 0.1002665
and 0.1005292.

It may also be observed that the value of the Type I decreases when the
truncation number increases, whereas the value of the Type II risk decreases first
and then increases again when the truncation number gets larger. Therefore it is
possible to obtain a test for which the values of the achieved Type I and Type II
risks are less than the values of the nominal risks, @ and . For instance, for in
the case K = 2.5, if the truncation "number is chosen to be li instead of 10, then
v = 0.0278892 and the achieved Type I and Type II risks would be 0.0960795 and
0.0912441, respectively.

Figure 5.8 gives the plot of the average waiting time function for the modified
constant confidence level test given in Fig. 5.7. The average waiting time when the
true MTBF is equal to 6, is (15.909)6; which compares with the value of (9.434)6,
for Test Plan V given in Table 3.6. The average waiting time is (12.334)6, when the
true MTBF is equal to 6, which compares with the value of (11.678)8, of Test Plan
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V. The maximum average waiting time is approximately (17.5)0; which compares
with (13.767)6, of Test Plan V.
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CHAPTER 6

SUMMARY OF RESULTS

This study has been motivated by the sequential probability ratio test (SPRT) of
the MIL-STD-781. The main goal is to seek new, more efficient SPRT plans for life
tests when the underlying distribution of the times to failure of the tested system

is exponential. The results obtained in this study may be summarized as follows:

1. The distributions of the successive sums of exponential variables in a gener-
alized SPRT or in a multistage test are derived for the first ttme. The results
are given in Egs. (2.9) through (2.14) of Theorem 2.1 (pp. 40-42) for this case
with the restriction of Eq. (2.2); in Eqgs. (2.19) through (2.23) (pp. 68-69)
for a relatively simple test plan where the upper boundary is curved but the
lower boundary is a vertical line as shown in Fig. (2.3) (p. 69); and in Egs.
(2.26) and (2.27) (p. 69) for a generalized SPRT (GSPRT). The detailed

derivations are given in Sections 2.2 through 2.5.

2. An exact analytical method for the GSPRT is developed for the exponential
case in Section 2.6 (pp. 72-79) based on the distribution of the successive
sums of exponential variables obtained. The methods for computing the OC,
ASS, and AWT functions are also given in this section, and a set of subrou-
tines written in FORTRAN, given in Appendix A, are developed. Numerical
examples show that this method, as well as the subroutines, are accurate and

reliable.

3. A method for obtaining the truncated SPRT which meets the exact nominal

risk requirements, a and f3, in the exponential case is developed in Chapter 3.
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This study has shown that with the help of the exact analysis method devel-
oped in Chapter 2, two modification factors, f, and f;, to the two quantities
(1 - p)/a and B/(1 — a) can be obtained by an optimization algorithm with
a large enough truncation number on the total number of failures to achieve
the exact risk requirements (see Table 3.4, p. 101). The study also shows
that the maximum average waiting test time, the maximum average sample
size in such truncated SPRT plans are functions of the truncation number,
and they reach their minimum at a finite truncation number. This result
points out that it is possible to obtain a test plan which will yield a relatively
smaller maximum average waiting time or a maximum average sample size by
the proper determination of the truncation number. These results are shown
in Table 3.5 (p. 104) and in Figs. 3.9 and 3.10 (p. 105).

. Ten SPRT test plans are developed in Section 3.4 (pp. 103-127). These
test plans are superior to the SPRT plans of MIL-STD-781 in the following
two aspects: (1) They meet the exact nominal risk requirements; (2) The
truncation of these test plans is determined by the criterion that they ap-
proximately minimize the maximum average waiting time. A summary of
these test plans is given in Table 3.6 (p. 107). These test plans are compared
with Wald’s exact SPRT plan [3], with the Kiefer-Weiss [39] type test plan,
as well as with Test Plan IIID of MIL-STD-781 in Sections 3.5 and 3.6 (pp.
128-136). Figures 3.34 , 3.35, and 3.36 (pp. 135-136) show these four test
plans, and the OC and AWT function of these test plans, respectively. In
terms of minimizing the maximum average waiting time, the Kiefer-Weiss
type test plan is superior to the improved test plan, and the improved test
plan is in turn superior to Wald’s exact test plan. But the disadvantage of
the Kiefer-Weiss type test plan is that it is difficult to be constructed to meet
the predetermined risk requirements (pp. 131-134). Table 6.1 provides a
comparison of the SPRT plans investigated in this study; namely, the Kiefer-



TABLE 6.1- A comparison of various test plans investigated

in this study.

~ Test Does it meet Isit Is it Does it have Comments
plan the risk truncated? difficult any optimal
requirements? to be properties?
constructed?
Kiefer-Weiss. Not sure, because | Yes. Very. Yes. It approximately | More research is
the relationships minimizes the needed to find
among the prior maximum average the relationship among
distribution and sample size. the prior distribution
aand g of 6,0, and 6y and the
are unknown. values of o and 3.
Wald’s exact. Yes. No. An equation Yes. It minimizes The untruncated
needs to the average sample property may lead to
be solved size at 8y and 6. large sample sizes.
numerically.

_ No. Yes. No. No. Recommend it be replaced
MIL-STD-781. by the better ones.
Improved test | Yes. Yes. Optimization | Yes. It approximately | It is one of the
obtained in techniques are | minimizes the candidates to be
this study. needed. maximum average chosen to replace the

waiting time. plans in MIL-STD-781.
Triangular. Yes. Yes. Optimization | Yes. It is very close It is another candidate
techniques are | to the Kiefer-Weiss for replacing the
needed. type test plan. plans in MIL-STD-781.
Bazovsky. No at all. It can be | No. No. 1t should not be
truncated. used.
Pennucci. No at all. It can be | No. No. It should not be
truncated. used.
Modified It can meet Yes. Optimization | No. It could be used,
Bazovsky. the risk techniques are but there is no real
requirements needed. advantage.
approximately.

6€¢
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Weiss, Wald’s exact, MIL-STD-781, the improved test plans developed in
Chapter 3 of this study, the triangular, the Bazovsky’s constant confidence
" level, Pennucci’s test, and the modified constant confidence level test. The

later four test plans are investigated in Chapter 5.

. A procedure for determining the confidence interval, when a sequential test
is terminated, is given in Sections 4.2.1 (pp. 143-146), 4.2.3 and 4.2.4 (pp.
153-157). A proof for the existence and uniqueness of the confidence limits
is given in Section 4.2.2 (pp. 146-153), and an example is given to show that
the proof given by Kim and DeMets [43] may not be always true.

. A set of tables for obtaining the confidence intervals for the ten improved test

plans developed in Chapter 3 are given at the end of Section 4.2.

. The properties of these confidence intervals, mainly the coverage probability
of the confidence interval, are compared with the “naive confidence interval”
in Section 4.3 (pp. 157-159). The “naive confidence interval” is the one
obtained in a fixed-sample test using the x* distribution, but used in the
SPRT by ignoring the sequential natural of the SPRT. The comparison shows
that the exact confidence interval is better that the naive confidence interval
in the sense that the previous one gives more precise coverage probability
that the latter. (see Tables 4.2 through 4.4, and Fig. 4.4 (pp. 160-162).

. The biasedness of the MLE after the test is terminated is discussed in Section
4.4.1 (pp. 159, 162-165). The results show that the MLE has serious bias
and it should be considered as an unreliable estimate. Three bias-reduced
estimates, (a) Cox’s estimate, (b) the estimate given by the iteration method,
and (c) the unbiased median estimate, are compared in Section 4.4.2 (pp.
165-175). The study shows that the one-sided unbiased median estimate is
the best one among these three (see Table 4.5 through 4.11).
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The triangular sequential test plan in the exponential case is studied in Sec-
tion 5.1 (pp. 208-226). A method for obtaining a triangular test plan which
can meet the test risk requirements and also minimize approximately the
maximum average sample size is given in Section 5.1.1 through 5.1.4 (pp.
209-214).

The properties of the triangular sequential test plan are studied in Section
5.1.5 (pp. 214-220), and are compared with the properties of the Kiefer-
Weiss type test plan and of the improved test plan obtained in Chapter 3.
The properties of these three test plans, in terms of OC, ASS, and AWT
functions, are shown in Tables 5.2 through 5.4, and also in Figs. 5.2 through
5.5, comparatively. The comparison shows that the triangular sequential test

plan is very close to the Kiefer-Weiss test plan.

The repeated significance test in the exponential case is investigated in Section
5.2 (pp. 226-237). The investigation shows that neither Bazovsky’s constant
confidence level test nor Pennucci’s test can provide proper protection to the
consumer’s and the producer’s interests (see Table 5.12, p. 231). A modi-
fication to the constant confidence level test to meet the risk requirements

approximately is given in Section 5.2.2 (pp. 232-237).
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 CONCLUSIONS

According to the results obtained in this study, the following may be concluded:

1. The sequential probability ratio test is an efficient test as compared with the
fixed sample size test. However,the analysis of the SPRT is much more diffi-
cult than that of the fixed sample size test even in the exponential case. The
distributions of the successive sums of the exponential variable in a GSPRT,
and the exact analysis method to the GSPRT developed in this study in
Chapter 2 provide valuable tools for the exact analysis of a GSPRT, as well
as for the exact analysis of any other multi-stage test procedure, when the

test random variable follows the exponential distribution.

2. In general, the test plan generated by Wald’s approximation would yield er-
rors on the specified o and S risks, especially when truncations are introduced
into the test, which would be the case in most of the pi‘actical applications.
Though Wald’s SPRT minimizes the average sample size needed for terminat-
ing the test at the two specified test hypotheses 6, and 6,, this optimal prop-
erty does not hold for the values of the test parameter other than for 8, and
6o, especially for those with values between these two. The procedure, which
is based on the distribution of the successive sums of the exponential variables
in a GSPRT and employs the optimization techniques described in Chapter

3, has shown its ability to construct the truncated sequential probability ratio
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test plans which can meet almost exactly the test risks requirements and can

‘also reduce the maximum average sample size of the test.

. The maximum likelihood estimate of the exponential mean at the completion
of a sequential test is biased, and in general, it overestimates the parame-
ter, 8, when the test stops on the accept boundary. This study shows that
replacing the MLE by the unbiased median estimate when the test stops on
the accept boundary can reduce the bias significantly. The confidence inter-
val of 6 obtained by the method used in the fixed sample size test yields a
large error in the coverage probability for the sequential test case. The exact
confidence interval obtained by the method discussed in Chapter 4 is proved
to exist and is unique. A numerical study shows that the exact confidence
interval is superior to the naive confidence interval, in the sense that it yields

a more precise coverage probability than the naive confidence interval.

. The triangular test is a very attractive test, and it is worthy of more attention.
A numerical comparison shows that the triangular test is very close to the

Kiefer—Weiss test.

. The original constant confidence level test and Pennucci’s test are incorrect
repeated significant tests. These tests cannot at all meet the specified nominal
risk requirements. The modified version of the constant confidence level test

can meet the risks requirements with very good accuracy.

. The exact confidence interval described in Chapter 4 is superior to the naive
confidence interval in the sense that it yields more precise coverage probability

than the naive confidence interval does.

. The MLE of the MTBF after the completion of a sequential test has a big
bias, and in general, it overestimates the MTBF when the test terminates
on the accept boundary, therefore it is not safe to use it as an estimate of

the MTBF of the tested product. The one-sided unbiased median estimate
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yields the smallest bias compared with Cox’s bias-reduced estimate and the
estimate obtained by the iteration method. But even the one-sided median

estimate is biased.

7.2 RECOMMENDATIONS

Since the birth of Wald’s SPRT, tremendous efforts have been made by many
authors to explore this field more, but this subject has not as yet be exhausted
even in the exponential case. To optimize the SPRT plans given in MIL-STD-781,

the following are recommended:

1. The SPRT plans given in MIL-STD-781 can not meet the risk requirements
and the truncation method used for these test plans are developed for the
fixed sample test. These test plans could be improved by using the method
developed in Chapters 3 and 5. Some test plans given in Chapter 3 be adopted

if test plans with parallel boundaries are prefered.

2. The Kiefer-Weiss type test is optimal in the sense that it minimizes the
maximum average sample size. But it has not attracted much attention
in practical applications so far. This is mainly due to the fact that the
relationship among the prior distribution of 6o, 6;, and 6, (see pp. 130-136)
and the test risks, o and S are not known, therefore for a predetermined
value of & and 3, the method which can be applied to construct the test plan
which meets the risk requirements is not yet known. More investigation is
recommended to explore this relationship in the exponential case with the

help of the exact analysis method developed in Chapter 2.

3. Cost is very important consideration in the real world. In this study, the cost
has not been considered. The criteria considered in this study are to meet the

test risk requirements and to reduce the test time or the sample size. A cost
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model is recommended to be built up in the sequential test case to balance

the risk requirements, the test time and the sample size.

. There are two distinct classes of sequential estimation procedures: (1) For a
given estimation criterion, such as attaining a confidence interval with fixed
width, design a sequential estimation procedure to meet the required criterion.
(2) The estimation of a parameter at the termination of a sequential test
which was designed as a test of hypothesis. Both procedures are not as yet
well developed. Although the method used to obtain the exact confidence
interval given in Chapter 4 does show some improvement in the coverage
probability of the interval as compared with the naive confidence interval,
it still can not meet exactly the nominal confidence level specified. Part of
the error may come from the truncation at the accept boundary. From the
estimation point of view, prolonging the test time until the unit fails even
if the accumulated test time has already past the accept boundary would
yield a more accurate confidence interval. The reduced bias estimate given
in Chapter 4 is still biased and it overestimates the MTBF when the value of
the true MTBF is close to the value of the upper test MTBF. A conservative
estimate of the MTBF can be obtained, within a reasonable range of the value
of the MTBF, by finding the maximum value of the bias and subtracting this
value from the estimated value. This would yield an estimate which will
always underestimate the parameter. More research is recommended to find

better point estimates, as well as the confidence interval estimates.
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APPENDIX A
COMPUTER PROGRAMS

Subroutine for evaluating the coefficients,A_{r,i},
for a simple GSPRT procedure per Eg.(2.21)

¥S---- Haximum test stage which is equal to truncation number+i.

A ~-—- veoctor of length ES contiamning the values of the upper
boundary.

CA-~-- NS+ES matrix containing the coefficients of the

distribution of the seccesive sums.

SUBROUTIEE CAL2(A,NS,CA)
DOUBLE PRECISION A(HS),CA(HS,NS),U
¥=KS
N=KS
DO 10 I=1,N
IF(1.LE.2) THEN
D0 20 J=1,M
CA(1,3) = 0.0DO
ELSE
U=A(I)-A(I-1)
DO 30 J=1,I-1
CA(I,J) = 0.0D0
DO 40 II=1,I-3
L=II-J+1
IF(L.GE.O0.AKD.U.GT.0.0D0) THEN
CA(I,J)=CA(I,J)+CA(I-1,II)*FAN(U,L)
ENDIF
CONTIKUE
CONTIRUE
DO 60 II=1,I-1
L=I-(II+1)
IF(L.EQ.0.AND.U.EQ.0.0D0) THEN
CA(I,II)=CA(I,II)+1.0DO
ELSE
IF(L.GE.0.AND.U.GT.0.0D0) THEN
CA(I,II) = CA(I,II)+FAH(U,L)
EBDIF
ENDIF
CONTINUE
EEDIF
COETINUE
RETURN
END
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Subroutine for calculating the value of the pdf, f_r(x.r),
of the soccesive sums at the IRth test stage for a simple
GSPRT procedure per Eq.(2.19)

) O Accumulated test time at which the value of the pdf is to
evaluated.

IR----Test stage.

PF----The value of pdf at X.

SUBROUTINE CAL3(A,NS,CA,X,IR,PF)
DOUBLE PRECISION A(NS),CA(NS,HS),X,PF,U, AIR
IF(IR.EQ.1) THER
AIR = 0.0DO
ELSE
AIR=A(IR)
ENDIF
IF(X.LT.AIR) THEN
PF=0.0D0
RETURN
ELSE
PF=0.0D0
U=X-AIR
IRK=IR-2
DO 10 I=1,IRK
IF(U.GT.0.0D0) THEN
PF=PF+CA(IR,I)*FAN(U,I)
ENDIF
CORTINUE
IF(U.EQ.0.0D0.AND. (IR-1).EQ.0) THEN
PF=PF+1.0D0
ELSE
IF(K.LT.1.AKD.U.GT.0.0D0) THEN
PF=PF+FAN(U,IR-1)
EEDIF
ERDIF
PF=PF*DEXP(-X)
EEDIF
RETURN
END
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Subroutine for calculating the value of the cdf, F_r(x.x),
of the seccesive sums at the IRth test stage for a simple

(s e eI N2 N2}

10

30
20

40

GSPRT procedure per Eq.(2.23)

FS----The value of cdf at IX.

SUBROUTIEE CALA(A,HS,CA,X,IR,FS)
DOUBLE PRECISION A(NS),CA(NS,¥S),FS,X,
AIR,U,SUH,SUM1,SUN2,SUN3
IF(IR.EQ.1) TEEN
AIR=0.0D0
ELSE
AIR=A(IR)
ENDIF
U=X-AIR
FS=0.0D0
DO 10 I=1,IR-2
FS=FS+CA(IR,1)
FS=(FS+1.0D0)*DEXP(~AIR)
SUM=0.0D0
DO 20 I=1,IR-2
SUM1=0.0D0
DO 30 J=0,I
IF(J.EQ.0) THEK
SUM1=SUM1+1.0D0
ELSE
IF(U.GT.0.0D0) THEW
SUM1=SUM1+FAR(U,J)
ERDIF
ENDIF
CONTINUE
SUM=SUM+CA(IR,I)*SUM1
SUM2=0.0D0
DO 40 I=0,IR-1
IF(I.EQ.0) THEW
SUM2=SUM2+1.0D0
ELSE
IF(U.GT.0.0D0) THEN
SUM2=SUM2+FAE(U,I)
ENDIF
ENDIF
CONTIKUE
FS=FS~(SUM+SUN2) *DEXP(~X)
RETURN
EKD
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Subroutine for calculating the coefficients, C(r-1, b_r),
per Eq.(2.45)

AA---=Vector of length ES containing the values of the upper
boundary.

BB----Vector of length NS containing the values of the lower
boundary.

CT----Vector of length ¥S containing the coefficients
caculated per Eq. (2.45).

SUBROUTINE CIT(AA,BB,HS,CT)
DOUBLE PRECISION A(50),B(50),CA(50,50), PA(B0),
TMTBF, CT(HS),CDF(0:50,50),BI, DIV,
CF, AIR, AA(NS),BB(NS),CFC(50),CFA

DO 100 J=0,KS
IF(J.EQ.0) THEN

BI=BB(NS)

DO 10 KK=1,HS

A(KK)=AA(KK)

B(KK)=BI

HSS=NS
ELSE

DO 20 KK=1,ES-J+1
BI=(BB(NS)-BB(J))
A(KK)=(AA(KK+J-1)-BB(J3))

IF(A(KK) .LE.0.0DO) THER

A(KK)=0.0DO

EEDIF

B(KK)=BI

NSS=ES-J+1
ENDIF
CALL CAL2(A,¥SS,CA)
IF(J.EQ.0) THEN

DO 40 K=1,NSS

IF(K .EG. HSS) THEE

CALL CAL4(A,ESS,CA,B(K),K,CF)
ELSE

CALL CAL4(A,¥SS,CA,B(K),K,CF)

CALL CALA(A,¥SS,CA,A(K+1),K,CFA)
ENDIF

CFC(K)=CF-CFA

COETINUE

DO 50 K=1,NSS

BI=BB(K)

CALL CAL4(A,NSS,CA,BI,K,CF)

IF(K.EQ.1) THEN
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CDF(J,K)=1.0D0-CF
ELSE
CDF(J,K)=CFC(K-1)-CF
ERDIF
CONTINUE
ELSE
D0 60 K=1,¥SS
IF(K .BQ. ¥SS) THEN
CALL CAL4(A,ESS,CA,B(K),K,CF)
ELSE
CALL CALA(A,HSS,CA,B(K),K,CF)
CALL CAL4(A,NSS,CA,A(K+1),K,CFA)
EEDIF
CFC(K)=CF-CFA
CONTINUE
DO 70 K=1,MSS
BI=(BB(K+J-1)-BB(J))
CALL CAL4(A,NSS,CA,BI,K,CF)
IF(K.EQ.1) THEN
CDF(J,K) = 1.0DO-CF
ELSE
CDF(J,K)=CFC(K-1)-CF
ENDIF
CONTINUE
ENDIF
CONTINUE
DO 80 IK=1,NS
PA(IK)=CDF(0,IK)
DO 90 J=1,IK-1
PACIK)=PA(IK)-CDF(J,IK-J+1)*PA(J)
DIV=DEXP(-BB(IK))*FAN(BB(IK), IK-1)
CT(IK)=PA(IK)/DIV
CONTIRUE
RETURN
EED
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Subroutine for calculating the probability of acceptance,
P(Altheta).

THMTBF---The mean time to failure.

PA------Vector of length ES containig the probability of
acceptance at each test stage.

AP==m=uo Probability of Acceptance, P(A).

SUBROUTINE GPA(BB,NS,TMTBF,CT,PA,AP)

DOUBLE PRECISION BB(NS),CT(HS),PA(ES),
THUL, AP

DO 10 I=1,KS

TNUL=DEXP(~BB(1)/TMTBF)*FAN(BB(I)/TNTBF, I-1)

PA(I)=CT(I)*THUL

AP=0.0D0

DO 20 I=1,KS

AP=AP+PA(I)

RETURE

END

Subroutine for calculating the Average Sample Sizs, ASS.

ASS--—-Average sample size

SUBROUTINE ASS(A,B,NS,THTBF,CT,ASS)

DOUBLE PRECISION A(NS),B(NS),TMTBF,CT(HS),
PA(50) ,PR(50),ASS

CALL GPA(B,NS,TMTBF,CT,PA)

CALL GPR(A,B,HS,TMTBF,PA,PR)

ASS=0.0D0 ‘

DO 10 I=1,HS

ASS=ASS+(PA(I)+PR(I))*FLOAT(I)

RETURE

ERD
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Subroutine for calculating the pdf of the seccesive suns of
a sequential test plan per Eq. (2.27)

SUBROUTINE GPD(AA,BB,NS,PA,X,IR,PF,THTBF)
DOUBLE PRECISION A(50),B(50),CA(50,50),X,AA(HS),BB(NS),
TNTBF,PA(50) ,PF,PDF(0:50) ,XX
CALL FIED(BB,ES,X,K)
DO 100 J=0,K
IF(J.EQ.0) THEW
XX=X/THTBF
IRR=IR
NSS=KS
BI=BB(NS)/THTBF
DO 10 KK=1,NSS
A(KK)=AA(KK) /THTBF
B(KK)=BI
ELSE
IRR=IR-J+1
NSS=NS-J+1
XX=(X-BB(J))/TMTBF
DO 20 KK=1,NSS
BI=(BB(NS)-BB(J))/TMTBF
A(KK)=(AA(KK+J-1)-BB(J))/TMTBF
IF(A(KK) .LE.0.0D0) THEN
A(KK)=0.,0D0
ENDIF
B(KK)=BI
ENDIF
CALL CAL2(A,NSS,CA)
CALL CAL3(A,NSS,CA,XX,IRR,PDF(J))
CONTINUE
PF=PDF(0)
D0 30 I=1,K
PF=PF-PDF(I)#*PA(I)
PF=PF/TMTBF
RETURH
END

252



aagoaaaa

10

20

Subroutine for calculating the Average Waiting Time, AVWT,

in a sequential test per Eq.(2.37)

AWTT==~== Avrage vaiting time.

SUBROUTIKE AVT(A,B,NS,TMTBF,PA,AVTT)
DOUBLE PRECISION A(NS), B(ES), TMTBF, PA(ES),
AVTT
AVTT=0.0D0O
DO 10 I=1,KS
IF(I.EQ.NS) THEN
AX=A(HS)
BX=B(NS)
CALL GAUS(A,B,NS,I,AX,BX,TMTBF,SI,PA)
ELSE
AX=A(I)
BX=A(I+1)
IF(AX .EQ. BX) THEN
SI=0.0D0
ELSE
CALL GAUS(A,B,NS,I,AX,BX,TMTBF,SI,PA)
ENDIF
ENDIF
AVTT=AWTT+SI
DO 20 I=1,¥S
ANTT=AVTT+PA (I)*B(I)
RETURN
END
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Subroutine for finding the position of AP in the sequence
of B(I)

N----The maximum test stage at a simple GSPRT.

AP---Accumulated test time or a value of the upper
boundary.

K----An integer number such that B(K)< AP <B(K+1).

SUBROUTINE FIND(B,N,AP,K)
DOUBLE PRECISION B(M),AP
DO 10 I=1,M
IF(B(I).LT.AP) THEW

GOTO 10

ELSE

K=I-1

ERDIF

RETURN

CONTIRUE

RETURN

END

Subroutine for calculating the function of XexM/M!,

FURCTION FAR(X,M)
DOUBLE PRECISION X,FAN
IF(M.EQ.0) THEN
FAN=1.0D0

RETURN

ELSE

FAN=1.0D0

DO 20 I=1,H
FAN=FAN*(X/FLOAT(I))
CONTINUE

EEDIF

RETURN

END

Function for calculating the term of
f_r(x_r|theta)*x_x/T.

FUNCTION FUNC(X,MS,IR,A,B,TMTBF,PA)

DOUBLE PRECISION A(50), B(50), TMTBF, PA(§0),X, PF
CALL GPD(A,B,¥S,PA,X,IR,PF,THTBF)

FUNC=PF»X

RETURN

END
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Subroutine of Gaussain-legendre numerical integration [ J.

SUBROUTINE GAUS(A,B,NS,IR,AX,BX,TKTBF,SS, PA)

DOUBLE PRECISION A(60), B(50), AX,BX,SS, X(20), W(20),
THTBF,PA(50),AAX,BBX

AAX=AX

BBX=BX

CALL GAULEG(AAX,BBX,X,¥W, 12)

55=0.0D0

DO 10 I=1,12

SS=SS+W(I)*FUNC(X(1),¥S,IR,A,B,THTBF,PA)

RETURN

END

Subroutine for calculating the abscissas and the weights
for the Gaussian-Legendre integration [ ].

SUBROUTINE GAULEG(X1,X2,X,W.N)

DOUBLE PRECISION X1,X2,X(N),w(¥),XM,XL,Z,Zz1,PP,P1,P2,P3

PARAMETER (EPS=3.D-14)

H=(H+1)/2

IM=0.5D0*(X2+X1)

XL=0.5D0*(X2~X1)

DO 12 I=1,M
Z=C0S(3.141592664D0*(I~.26D0)/(N+.ED0))
CONTINUE

P1=1.D0
P2=0.D0
DO 11 J=1,H
P3=P2
P2=P1
P1=((2.D0*J-1.D0)*Z#P2-(J-1.D0)*P3) /)
COKTINUE
PP=N#(Z#*P1-P2)/(Z*2-1.D0)
21=2
2=21-P1/PP
IF(ABS(Z-Z1).GT.EPS)GO TO 1
X(I)=XH-XL*Z
X(H+1~-I)=XN+XL*Z
¥(I)=2.D0*XL/((1.D0-Z*Z)*PP*PP)
W(N+1-1)=N(I)

CONTINUE

RETURN

END
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APPENDIX B

THE SIMPLEX SEARCH METHOD
IN MULTIDIMENSION OPTIMIZATION

The Simplez search method is due to Nelder and Mead ([56], [78]). It is a
simple, robust, direct-search method for finding the minimal of a function of n vari-
ables. The advantage of this method is that it requires only function evaluations,
not derivatives, which in some cases are difficult to evaluate. Some numerical
comparisons indicate that Nelder-Mead’s simplex method is very reliable in the
presence of noise or error in the objective and it is reasonably efficient. It consists
of evaluating a function of n variables at the (n + 1) vertices of a general simplex.
The simplex is then moved away from the largest function value by replacing the
vertex having this value with one located by reflection through the centriod of the
other veritices. Extension or contraction is then applied, depending on the con-
tours of the response surface. This continues until either the specified number of
trials has been used up, the function values differ among themselves by less then
a specified amount, or the coordinates of the function are changing by less than
a specified amount. This method has been found widely useful in solving a broad
range of problems.

Consider, initially, the minimization of a function of n variables without

constraints, i.e. the object function is given by
minf(mh o TR zn)-

In n dimentions, a simplex is the geometric figure consisting of (n + 1) vertices (or
points) and of all of their interconnecting line segments, or polygonal faces. For
example, if n = 2, then a simplex is a triangle; if n = 3, it is a tetrahedron, not
necessarily the regular tetrahedron. The simplex method must be started not just
with a single point, but with n + 1 points which define an initial simplex. Let’s

denote the n + 1 vertices of the simplex by Xg, Xj, -+ Xp, then after point Xg
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has been selected by an initial guess of the starting point, the other n vertices can

be determined by
Xj = Xo + Aiej,

where the e;’s are the n unit vectors which span the n dimentional space, and the
Ai’s are constants which are the guesses of the characteristic length scale of the
problem.

Let y; be the function value at point Xj, and also define

Yn = {yi : ma'x(yanla ot ’yn)} = f(xh)a

and
v = {yi : min(yo, v1,* -, ¥n)} = F(X1),

where X}, and X are the points among the n + 1 vertices which have the highest
and lowest function value, respectively.

Further, we define P as the centroid of the n points from Xg, Xj, --,
Xn, excluding the one which has the largest function value. Also let |X;Xj| be
the distance from X; to X;. At each stage in the process, X}, is replaced by a
new point. There are three operations in the process: reflection, contraction, and

ezpansion.

The reflection is to evaluate the reflection point of X}, say X;. The coordi-

nates of X, are given by
Xr = (14 )P — Xy,

where a is a positive constant, the reflection coefficient. Thus X, is on the line

joining Xy, and P, on the far side of P from Xy, with
|XyP| = a|XnP|,

as shown in Fig. Bl (a). Let y, be the function value of the reflection point X;,
then do the following:

1. f y; < ¥, < yn, replace Xy, by X, and start again with a new simplex.
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. ¥ y. < yi, i.e. if the reflection has produced a new minimum, then expand

X, to X by the relation
Xe =9Xr+ (1 -19)P,

as shown in Fig. B1 (b). Where 4(> 1) is called the expansion coefficient. Let
y. be the function value at X,, then there two options after the expansion:

(a) If y. < yi, replace X;, by Xe and start the process again;

(b) If y. > yi, the expansion fails to give a new minimum, then replace Xy

by X and start the process again.
. If y, > y; for all  # h, then

(a) if y, > y», perform the contraction on the original simplex;

(b) if y, < yn, then define the new Xy, to be X and perform the contraction
on the new simplex which is the original simplex with the vertex Xy

replaced by X;.

The contraction, as shown in Fig. Bl (c), is done by forming
Xc=ﬂXh+(1—ﬂ)P,
where 0 < f < 1, and it is called the contraction coefficient. Then

(a) if y. < yn, then replace X by X, and restart the process;

(b) if y. > ys, i.e. the contracted point is worse then X}, then replace all
veteces by (X;+X))/2, as shown in Fig. B1 (d), and restart the process.

The flow diagram of the simplex search method is shown in Fig. B2.
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Fig. B1- The illustration of the operations of the Simplex
method: reflection, expansion and constraction, in three

dimensional space.
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Fig. B2~ The Flow diagram of the

Simplex search method.



10.

11,

12

13.

14.

261
REFERENCES

Anderson, T. W., “A Modification of the Sequential Probability Ratio Test
to Reduce the Sample Size”, The Annals of Mathematical Statistics, Vol. 31,
pp. 165-197, 1960.

Anscombe, F. J., “Large Sample Theory of Sequential Estimation”, Biometrs-
ka, Vol. 36, pp. 455458, 1949.

Albert, G. E., “Accurate Sequential Tests on the Mean of an Exponential
Distribution”, The Annals of Mathematical Statistics, Vol. 27, pp. , 1956.

Arghami, N. R., and Billard, L., “ A Modification of a Truncated Partial
Sequential Procedure”, Biometrika, Vol. 69, pp. 613-618, 1982.

Armitage, P., “Numerical Studies in the Sequential Estimation of a Binomial
Parameter”, Biometrika, Vol. 45, pp. 1-15, 1958.

Armitage, P., McPherson, C. K., and Rowe, B. C., “Repeated Significance
g‘zztslgggAccumulating Data”, J. Roy. Statist. Soc., Ser A 132, pp. 235-

Aroian, L. A., “Exact Truncated Sequential Test for the Exponential Density
Function”, Proceedings, Ninth National Symposium on Reliability and Quality
Control, pp. 470-486, 1963.

Aroian, L. A., and Oksoy, D., “Estimation, Confidence Intervals, and In-

centive Plans for Sequential Three-way Decision Procedures”, 1972 NATO

gonferen7ce Proceedings on Reliability Testing and Evaluation, VI-D-1 to VI-
-13, 1972.

Aroian, L. A., “Applications of the Direct Method in Sequential Analysis”,
Technometrics, Vol. 18, No. 3, pp. 301-306, 1976.

Bain, L. J., Statistical Analysis of Reliability and Life-Testing Models: Theory
and Method, Marcel Dekker, Inc. New York, 450 pp., 1978.

Barlow, R.E., and Proschan, F., Statistical Theory of Reliability and Life
Testing{ g’robability Models, Holt, Rinehart and Winston, Inc. New York, 290

pp. 19

Bazovsky, 1., Reliability Theory and Practice, Prentice-Hall, Inc., Englewood
Cliff, New Jersey, 292 pp., 1961.

Bechhofer, R., “A Note on the Limiting Relative Efficiency of the Wald Se-
quential Probability Ratio Test”, Journal of the American Statistical Associ-
ation, pp. 660-663, 1960.

Bhate, D. H., “A Note on the Distribution of the Successive Sums of Samples
frs?mga.n8 Exponential Population”, Bulletin Calcutta Statist. Asocc., pp. 13-
19, 1958.



15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

217.

28.

29.

262

Billard, L., “A Truncated Partial Sequential Procedure”, Biometrika, Vol.
64, No. 3, pp. 567-572, 1977.

Bryant, C. M., and Schmee, J., “Confidence limits on MTBF for Sequential
Test Plans of MI-STD-781", Technometrics, Vol. 21, No.1, pp. 33-42, 1979.

Chernoff. H., Sequential Analysis and Optimal Design, J. W. Arrowsmith
Ltd., Bristol 3, England, 119 pp., 1972.

Crow, L.H., Reliability Analysis for Complez Repairable Systems, US Army
Material System Analysis Activity, Tecnical Report, 138 pp. Aberdeen Prov-
ing Ground, MD, 1974.

Cone, S. D., and Boor, C., Elementary Numerical Analysis, McGraw-Hill
Book Company, New York, 432 pp. 1980.

Cox, D. R., “A Note on the Sequential Estimation of Means”, Proceedings of
the Cambrige Philosophical Society, Vol. 48, pp. 447-450, 1952.

Derman, C., Lieberman, G. J., and Schechner, Z., “Prematurely Terminated
Sequential Tests for MIL-STD 781C”, AD-A1/8417, 23 pp., 1984.

Drenick, R. F., “The Failure Law of Complex Equipment”, J. Soc. Indust.
Appl. Math., Val.' 8, No. 4, pp. 680-689, 1960.

Duane, J. T., “Learning Curve Approach to Reliability Monitoring”, IEEE
Transaction on Aerospace, pp. 563-566, 1964.

Durbin, J., “Boundary-Crossing Probabilities for the Brownian Motion

and Poisson Processes and Techniques for Computing the Power of the

Z{?’cilin‘i% orlog'?—Smirnov Test”, Journal of the Applied Probability, Vol. 8, pp.
, 1971.

Dvoretzky, A., Kiefer, J., and Wolfowitz, J., “Sequential Decision Problems
for Processes with Continuous Time Parameter. Testing Hypothesis”, The
Annals of Mathematical Statistics, Vol. 24, pp. 254-264, 1953.

Epstein, B., and Sobel, M., “Life Testing I”, Journal of the American Statis-
tical Association, Vol. 48, pp. 486-502. 1953.

Epstein, B., “Truncated Life Tests in the Exponential case”, The Annals of
Mathematical Statistics, Vol. 25, pp. 555-564, 1955.

Epstein, B., and Sobel, M., “Sequential Life Tests in the Exponential Case”,
The Annals of Mathematical Statistics, Vol. 26, pp. 82-93, 1955.

Epstein, B., Patterson, A. A., and Qualls, C. R., “The Exact Analysis of Se-
quential Life Tests with Particular Application to Agree Plans”, Proceedings,
Aerospace Reliability and Maintainability Conference, pp. 284-311, Washing-
ton, D. C. 1963.



30.
31.

32.

33.

34.

35.

36.

317.

38.

39.

40.

41.

42,

43.

44,

263

Ester, S., “Repeated Significance Tests I and II. Generalizations”, Commu-
nications in Statistics, 3(8), pp. 735-744, 1974.

Fabian, V., “Note on Anderson’s Sequential Procedures with Triangular
Boundary”, The Annals of Statistics, Vol. 2, No.2, pp. 170-176, 1974.

Freeman, D., and Weiss, L., “Sam lin% Plans which Afproximately Minimize
the Maximum Expected Sample gize , Journal of the American Statistical
Association, Vol. 59, pp. 67-88, 1964.

Ghosh, B. K., Sequential Tests of Statistical Hypotheses, Addison-Wesley
Publisfﬁng Company, Inc., Reading, Massachusetts, 454 pp., 1970.

Girshick, M. A., Frederick, F. and Savage, L. J., “Unbiased Estimates for
Certain Binomial Sampling Problem with Application”, The Annals of Math-
ematical Statistics, Vol. 17, pp. 13-23, 1946.

Goel, A. L., and Klion, J., “Analysis of Truncated SPRT: Exponential Case”,
é’{gcgel(gn_({sg,_] 81 978 Annual Reliability and Maintainability Symposium, pp.

Govindarajulu, Z., Sequential Statistical Analysis of Hypothesis Testing,
Point and Interval Estimation, and Decision Theory, American Scinces Press,
Inc., Columbus, Ohio, 680 pp., 1981.

Hoeffding, W., “Lower Bounds for the Expected Sample Size and the Average
Risk of a éequential Procedure”, The Annals of Mathematical Statistics, Vol.
31, pp. 352-368, 1960.

Hoel, D, G., “Closed Sequential Tests of an Exponential Parameter”,
Biometrika, Vol. 55, No. 2, pp. 387-391, 1968.

Hoel, D. G., and Mazumdar, M., “A Class of Sequential Tests for an Expo-
nential Parameter”, Journal of the American Statistical Association, Vol. 64,
pp. 1549-1559, 1969.

Kao, P., Kao, E. P. C., and Mogg, J. M.,“A Simple Procedure for Computin
Performance Characteristics of Truncated Sequential Tests with Exponenti
Lifetimes”, Technometrics, Vol. 21, No. 2, pp. 229-232, 1979.

Kececioglu, D., Reliability Testing, Lecture Notes of AME 518 Course, The
University of Arizona, 1990.

Kiefer B. J., and Weiss, L., “Some Properties of Generalized Sequential Prob-
g];il’i?t %aé‘;{io Tests”, The Annals of Mathematical Statistics, Vol. 28, pp.

Kim, K. and DeMets, D. L., “Confidence Intervals Following Group Sequen-
tial tests in Clinical Trials”, Biometrics, Vol. 43, pp. 857-864, 1987.

Kim, K., “Improved Approximation for Estimation Following Closed Sequen-
tial Tests”, Biometrika, Vol. 75, pp. 121-128, 1988.



45.
46.
47,

48.

49.
50.

51.

52.

53.

54.

55.

56.
57.
58.

59.

264

Lai, T. L.,and Siegmund, D, “A Non-linear Renewal Theory with A\?plication
19:?1 5§e9 ien]t.:iggil’?An ysis I”, The Annals of Mathematical Statistics, Vol. 5, pp.
954, .

Lai, T. L.,and Siegmund, D, “A Non-linear Renewal Theory with Application
g%_S_;eé;ufS%al Analysis I1”, The Annals of Mathematical Statistics, Vol. 7, pp.
) .

Lorden, G., “2-SPRT’s and the Modified Kiefer—-Weiss Problem of Minimizing
gglEl %ted Sample Size”, The Annals of Statistics, Vol. 4, No. 2, pp. 281~
, .

Madsen, R. W., and Fairbanks, K. B., “P-Values for Multistage and Sequen-
tial Tests”, Technomeirics, Vol. 25, No. 3, pp. 285-293, 1983.

Mann, N. R., Schafer, R. E., and Singpurwalla, N. D., Methods for Statistical
é‘ls‘rflalysis 1()9f7feliability and Life Data, John Wiley & Sons, Inc. New York,
PP-s

McPherson, C. K., and Armitage, P., “Repeated Significance Tests on Accu-
mulating Data when the Null Hypothesis 1s Not True”, J. Roy. Statist. Soc.,
Ser A 134, pp. 15-26, 1971.

Meeks, S. L., MTBF Confidence Sets and Robusiness Properties for Sequen-
tial Test Plans of the MIL-STD-781, Ph. D. Thesis, 55 pp., 1978.

MIL-STD-781D, Reliability Testing for Engineering Development, Qualifi-
i:gtsign, and Production, Deparment of Defense, U.S.A., 45 pp., 17, October,

MIL-HDBK-781, Reliability Test Methods, Plans, and Environments for En-
gineering Development, Qualification, and Production, Deparment of Defense,
U.S.A., 373 pp., 14 July, 1987.

Mood, A. M., Graybill, F. A. and Boes, D. C., Introduction to the Theory of
Statistics (3rd ed.), New York, McGraw-Hill, 864 pp., 1974.

Neymen, J., and Pearson, E.S., “On the Problem of the Most Efficient Tests
of gtatistica.l Hypothesis”, Phiiosophical Transactions of the Royal Society of
London, Series A, Vol. 231, pp. 289-337, 1933.

Nelder, J. A. and Mead, R., “A Simplex Method for Function Minimization”,
Computer Journal, Vol. 7, pp. 308-313, 1965.

Pennucci, N. J., “Acceptance and Rejection Demostration”, Quality, p. 71,
October, 1988.

Press, W. H., Flannery, B. P., Teukolsky, S. A., and Vetterling, W. T., Nu-
merical Recipes, Combridge University Press, Combridge, 814 pp., 1986.

Schmee, J., An Ezact Solution of the Sequential t-Test and a Method for
.5'5 uential Estimation, Ph. D. Thesis, Union College, Schenectady, New York,
1974.



60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

265

Siegmund, D., “Repeated Significance Tests for a Normal Mean”, Biometrika,
Vol. 64, 1977.

Siegmund, D., “Estimation Following Sequential Tests”, Biometrika, Vol. 65,
No. 2, pp. 341-349, 1978.

Siegmund, D., “Confidence Intervals Related to Sequential Test for the Expo-
ilg%ial Distribution”, Naval Research Logistics Quarterly, Vol. 26, pp. 57-67,

Siegmund, D., Sequential Analysis: Tests and Confidence Intervals, Springer-
Verlag, Inc., New York, NY, 272 pp., 1985.

Sumerlin, W. T., “Confidence Calculations for MIL-STD- 781", Proceedings,
1972 Annual Reliability and Mainteinability Symposium, pp. 205- 212, 1972.

Taguchi, G., System of Ezperimental Design, Two Volumes, Kraus Interna-
tional Publications, White Plains, New York, 1189 pp., 1987.

Tiger, B., Raphelson, M., and Asmendorf, G., “Probabilistic Analysis of Se-
quential Test Plans”, Proceedings, 1978 Annual Reliability and Maintainabil-
1ty Symposium, Philadelphia, pp. 347-354, 1973.

Tsiatis, A. A., Rosner, G. L. and Mehta, C. R., “Exact Confidence Intervals
Following a Group Sequential Test”, Biometrics, Vol. 40, pp. 797-803, 1984.

}7\9721751, A., Sequential Analysis, John Wiley & Sons, Inc., New York, 212 pp.,

Wald, A., and Wolfowitz, J., “Optimum Character of the Sequential Prob-
?Blilléty Test”, The Annals of Mathematical Statistics, Vol. 19, pp. 326-339,

Weiss, L., “Testing One Simple Hypothesis Against Another”, The Annals of
Mathematical Statistics, Vol. 24, pp. 273-281, 1953.

Weiss, L., “On Sequential Tests which Minimize the Maximum Expected
gain%léa(sSilzgeé’é Journal of the American Statistical Association, Vol. 57, pp.
51-566, . '

Whitehead, J., and Jones, D., “The Analysis of Sequential Clinical Trials”,
Biomeirika, Vol. 66, No. 3, pp. 443- 452, 1979.

Whitehead, J., The Design and Analysis of Sequential Clinical Trials, Ellis
Horwood Ltd, New York, 272 pp., 1983.

Whitehead, J., “On the Bias of Maximum Likelihood Estimation Following
a Sequential Test”, Biometrika, Vol. 73, No. 3, pp. 573-581, 1986.

Wijsman, R. A., “Confidence Sets Based on Sequential Tests”, Communi-
cations in Statistics, Part A-Theory and Methods, Vol. A1l0, No. 21, pp.
2137-2147, 1981.



266

76. Woodall, R. C., and Kurkjian, B. M., “Exact Operating Characteristics for
Truncated Life Tests in the Exp onential Case” s The Annals of Mathematical
Statistics, Vol. 33, pp. 1403—1412 1962.

77. Woodroofe, W d)eated Likelihood Ratio Tests”, Biometrika, Vol. 66, No.
3, Pp- 453—463 197

78. BQOE)SB G. E. P., and Draper, N. R., Evolutionary Operation, Wiley, New York,



