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ABSTRACT 

This dissertation considers both a lossless and a dissipative micromaser in which a 

monoenergetic beam of two-level atoms in a coherent superposition of their upper and 

lower states is injected inside a single mode, high-Q cavity. In the lossless case, we find 

that under appropriate conditions a field initially in a mixed state will evolve to 

previously unknown pure states, which we call the tangent and cotangent states. In 

various limits, these states exhibit interesting properties such as sub-Poisson ian photon 

statistics and squeezing, and most importantly they acquire the characteristics of 

"macroscopic" quantum superpositions. When dissipation of the cavity mode is 

incorporated into the model, we find that although the field no longer evolves to a pure 

state, the mixed steady-state field may still retain the properties of a macroscopic 

superposition under experimentally realizable damping rates. We then evaluate the 

experimental conditions necessary for the preparation and detection of such macroscopic 

superpositions. 



II 

CHAPTER I 

CAVITY QED 

1.1 Introduction 

The vacuum electromagnetic field present even under conditions of perfect 

darkness is responsible for effects such as spontaneous emission. the Lamb shift of the 

atomic energy levels. and the (g-2) correction to the electron spin magnetic moment. 

Cavity quantum electrodynamics rests on the premise that changes in the density of 

modes of the vacuum field surrounding an atom placed in a cavity or near a 

reflecting wall can lead to modifications of these effects (Brown et al. (1985). Dobiasch 

and Walther (1985). Barton (1987». 

For instance. Fermi's Golden Rule states that the spontaneous lifetime of an 

excited atom is inversely proportional to the density of modes q; (wit) of the 

electromagnetic field near the atomic transition frequency. Here wit is the angular 

frequency of the electromagnetic mode with wave vector k. Resonators can alter the 

mode density, giving a different rate of spontaneous emission from the free-space 

value. In particular, the spontaneous emission rate between two atomic levels may be 

increased if the cavity is tuned to the transition frequency. Conversely. a 

nonresonant cavity can depress spontaneous emission. When the atoms are contained 

in a cavity whose resonances are far from the atomic frequency there is essentially 

no mode available for the spontaneous photons. and so emission cannot occur. 

In the regime of very low cavity damping, the radiation remains in the cavity 

such a long time that there is a high probability that it will be reabsorbed by the 

atom before it dissipates. Spontaneous emission becomes reversible as the atom and 
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the field exchange excitations at the Rabi frequency ~o of the vacuum. Rabi 

oscillations are a well-known feature of the interaction of an atom with a classical 

monochromatic field. However. many new features are revealed by the quantum

mechanical nature of the field. For example. Rabi oscillations induced by coherent 

fields can display a "collapse" followed by "quantum revivals" (Cummings (1965) and 

Eberly. Narozhny and Sanchez-Mondragon (1980». The collapse is caused by the 

destructive interference of the many different Rabi frequencies present in the field. 

whereas the revivals are due to the discreteness of the excitations of the 

electromagnetic field. 

Thus far. we have discussed a single atom in the cavity. Consider now a 

situation in which atoms are passed one by one through the cavity at a rate 

exceeding the cavity damping rate; i.e.. a photon released by one atom is stored long 

enough to interact with the next atom. The atom-field coupling becomes stronger and 

stronger as the field builds uP. eventually evolving to a steady state. This system 

constitutes a new kind of maser. called a micromaser. which can operate with just a 

few atoms and photons. Meschede. Walther and Muller (1985) have generated maser 

action with atomic fluxes as small as 100 atoms per second. 

Whereas an ordinary maser or laser generates essentially classical light. 

micromasers can generate "nonclassical" states of light. Classical light fields are 

described adequately by classical electrodynamics. while nonclassical light fields 

require the quantum theory of radiation for their explanation. Filipowicz. Javanainen. 

and Meystre (1986a.b) and Krause. Scully. and Walther (1987) have predicted that in 

many cases the steady-state photon statistics of the micromaser mode are sub

Poissonian and even that the generation of number states is possible. Recently. a 

single field mode with sub-Poisson ian photon statistics has been prepared and 

observed in the micromaser (Rempe. Schmidt-Kaler. and Walther (1990». This makes 
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the micromaser an important experimental system for investigating not only the 

consequences of the quantum theory of light. but also fundamental issues in the 

quantum theory of measurement. for example. complementarity (Scully and Walther 

(1989» and wave function collapse (Krause et al. (1989». 

In this dissertation. we examine the evolution and many of the properties of the 

steady states of a single cavity mode contained within the resonator of the 

micromaser. In chapter 2. we find that the cavity field mode pumped by two-level 

atoms prepared in a coherent superposition of their upper and lower states can evolve 

towards a unique pure state. The pure steady states of the cavity mode can be 

divided into two types. which we call the tangent states and the cotangent states. In 

various limits. both types of pure states have interesting properties. including sub

Poissonian photon statistics. formation of macroscopic superpositions (i.e .• pure states in 

which clusters of number states are macroscopically separated within the Fock space). 

and squeezing. In chapter 3. cavity damping is included in the model. In this case. 

although pure states of the field never occur in steady state. many of the interesting 

properties of tangent and cotangent states remain. Surprisingly. a behavior 

ressembling phase transitions occurs as the damping parameter is varied. In chapter 

4. we review some of the experimental problems in preparing macroscopic 

superposition states of the cavity mode and analyze a few ways in which they may 

be detected. 

This chapter is an introduction to cavity QED. the Jaynes-Cummings model and 

the micromaser. In Section 1 we examine inhibited and enhanced spontaneous 

emission by considering the modification in the field mode density inside a cavity. We 

find that although microwave cavities operating at their fundamental frequency are 

especially suited for studying these phenomena. optical cavities may be used as well. 

Such experiments may provide fundamental tests of quantum measurement theory as 
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well as information on the transition between macroscopic and microscopic physics. 

Section 2 introduces the Jaynes-Cummings model of the coherent interaction of a two

level atom with a single-mode quantum light field. This is an idealization of the 

experimental situation that can be achieved in a cavity pumped by a low-density 

atomic beam. We also discuss briefly some of the most interesting consequences of 

the Jaynes-Cummings model. for example. trapping states. Rabi flopping. and the 

collapse and revivals of the atomic inversion. In section 3 we introduce the master 

equation for a damped harmonic oscillator. Physically. this equation represents the 

time evolution of the cavity field mode interacting with a thermal reservoir at 

temperature T. In Section 4 the master equation for the cavity mode of the 

micromaser is developed by adding a driving term to the master equation of the 

damped harmonic oscillator introduced in the previous section. The driving term 

represents the effect of the atoms on the field. We also define the von Neumann 

entropy of a quantum mechanical state. This entropy is a convenient parameter for 

measuring the purity of a given state. 

1.2 Cavity QED 

Cavity QED is the study of the interaction between one or a few atoms or 

electrons and the tailored electromagnetic environments that can be realized. for 

example. in optical or microwave cavities. One of the most striking predictions of 

cavity QED is the modification of the spontaneous emission rate of an a,tom in a 

cavity (Purcell (1946)). This rate is proportional to the density of modes of the 

electromagnetic field at the transition frequency Woo In free space, the density of 

modes per unit volume in the frequency range Wo to Wo + dw depends on the square 

of the frequency: 
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(l.l ) 

If the atom is not in free space. but in a cavity. then the density of 

electromagnetic field modes will display peaks as a function of frequency. We say 

that the cavity is resonant when one of its mode frequencies . corresponds to the 

atomic transition frequency Woo As there is always some energy dissipation within 

the cavity. a photon radiated at a well-defined frequency will be smeared out over 

the spectral width of the cavity response function I(w). The full width at half 

maximum AWe of I(w) is related to the cavity quality factor Q :: weltl.we' Assuming 

the resonant peak to have a Lorentzian line shape centered at we and ignoring 

adjacent cavity mode peaks,l the density of modes is 

( 1.2) 

where Ve is the cavity volume. The spontaneous decay rate "(e of the atom in the 

cavity is modified in relation to that in free space "(/ by a factor given by the ratio 

of the corresponding mode densities. and so at resonance, Wo • we (O'Brien. Meystre. 

and Walther (1985» 

(1.3) 

For cavities operating near their fundamental frequency. the ratio >-.o3IVe is 

approximately unity. resulting in large enhancements for highooQ cavities. Goy et ai. 

1 A good approximation for a high-Q cavity near an atomic resonance 
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(1983) have shown that an atom placed inside such a cavity with a single mode at the 

transition frequency radiates Q/4rr2 times more rapidly than in free space. 

Since a tuned cavity enhances the radiation rate. it is not surprising that a 

mistuned cavity can depress it (Kleppner (1981); Hulet. Hilfer and Kleppner (1985)). 

For example. consider a cavity whose fundamental frequency is twice the resonance 

frequency of the atomic transition. According to Eqn. (1.3). the transition rate goes as 

which is substantially decreased compared to the decay rate 'Y/ in vacuum. At 

optical frequencies the size of the resonator is typically large compared to the 

wavelength. resulting in a small value of 'Ao 3 IV c' Although this renders experiments 

difficult. Heinzen et al. (1987) have observed both enhanced and inhibited spontaneous 

emission using an optical confocal resonator. 

It might seem that by narrowing the natural linewidth through inhibited 

spontaneous emission one has a way of obtaining uItraprecise spectroscopic resolution. 

However. there is a difference between carrying out spectroscopy on an atom 

immersed in a cavity vacuum field and an atom immersed in a free vacuum field. 

The metallic walls of the cavity alter the vacuum field around the atom and affect 

not only the real photon emission. which leads to inhibited and enhanced spontaneous 

emission. but also the virtual processes responsible for radiative level shifts. 

Physically. the level shifts are due to differences in contributions from the emission 

and reabsorption of virtual photons at all possible frequencies. In free space. virtual 

photons are emitted with equal probability at frequencies slightly above and below 

resonance. resulting in no net contribution to the frequency shift. However. in a 
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cavity the virtual photon process may be enhanced by a cavity resonance on one side 

of the atomic resonance relative to the other. which results in a net contribution to 

the shift. Heinzen and Feld (1987) have observed both the change in the radiative 

level shift of an atom in a resonator and the narrowing of the natural linewidth of a 

transition. and the results are in agreement with the QED calculation. 

We have seen that as the vacuum mode density about the atom changes. so does 

the spontaneous emission rate. One can imagine resonant cavities with a higher and 

higher value of Q. such that eventually only one mode is available for the 

spontaneously emitted photon. In this limit. irreversible spontaneous emission is 

replaced by a reversible process of emission and reabsorption. i.e.. spontaneous 

emission no longer follows an expontential decay law. This is an example of the 

breakdown of the Markov approximation leading to a non-Markovian effect. 

Obviously. such a situation makes a perturbative analysis untenable. Fortunately, 

there are ca~es where approximate nonperturbative solutions are available. Maybe the 

most famous such solution is the Jaynes-Cummings model describing the interaction 

between a two-level atom and a single quantized harmonic oscillator. This model is 

discussed in the next section. 

Many experimental and theoretical factors make cavity QED a natural 

environment to study the linkage between microscopic and macroscopic physics 

(Guzman. Meystre. and Wright (1989)). For example. Filipowicz. Javanainen. and 

Meystre (1986) have predicted sharp jumps in the photon statistics of the cavity mode 

of the micromaser as the pump parameter is varied. In the thermodynamic limit of 

strong fields. these jumps may be interpreted as phase transitions. It is also 

interesting that the photon statistics of the micro maser are in general sub-Poissonian 

with no tendency of becoming Poisson ian even far above threshold. as a normal laser 

or maser WOUld. The results of the ordinary maser/laser are recovered only when an 
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incoherent average is taken over the quantum-mechanical phases of the coherent atom

field interaction. or equivalently. over the velocities of the atoms. The reason for this 

is that in the micromaser the atoms interact with just a single mode of the 

electromagnetic field. in which case irreversible spontaneous decay is not possible. In 

the normal maser. the atoms interact with a continuum of field modes. making 

irreversible spontaneous decay unavoidable. The effects of randomness introduced by 

spontaneous emission in the maser are equivalent to the effects of random velocities in 

the micromaser. Experimentally. it may be possible to control the velocities of the 

atoms passing through the micromaser. so that much of the randomness is removed 

(this will be discussed in Chapter 4). This will enable one to study the transition 

between micromasers/microlasers and conventional masers/lasers and help shed light on 

the transition from microscopic to macroscopic systems. 

Future cavity QED experiments may also lead to a better understanding of the 

interpretation and consistency of the prescriptions of the quantum theory of 

measurement (Leggett (1980) and Leggett (1984». A well-known Gedanken experiment 

which illustrates the difficulty most succinctly is the one originally formulated by 

SchrMinger (1935) and popularly known as "SchrMinger's Cat. " In the original 

formulation. a cat is placed inside a closed box together with a device which. if 

triggered. will kill it. The trigger is an electronic counter which is activated by the 

decay of a radioactive nucleus. If the half-life of the nucleus is one hour. then after 

this time the correct quantum mechanical description of its state is that it is neither 

definitely decayed nor definitely non-decayed, but rather is a linear superposition of 

the two states. Correspondingly. the cat is neither definitely alive nor dead. Yet 

observation clearly yields one result or the other. 

Until recently. it has been possible to ignore this paradox since quantum 

mechanics is almost exclusively applied to the microscopic world. i.e., macroscopic 
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superpositions of quantum states are not within the realm of experimental observation. 

However. with recent advances in low temperature techniques. noise control. and 

quantum optics. we may no longer dismiss the SchrMinger Cat paradox as a purely 

philosophical problem never to come under the scrutiny of experimental testing (Yurke 

and Stoler (1986». Generalizing SchrMinger's Cat to other suitably prepared 

"mesoscopic" systems leads us to expect that these systems may represent laboratory 

realizations of individual macroscopically distinguishable states. 

1.3 The Jaynes-Cummings Model 

One of the simplest models for studying the radiation-matter coupling consists of 

a single two-level atom interacting with a single mode of an electromagnetic field. 

This is the Jaynes-Cummings model (Jaynes and Cummings (1963)). Since the atom 

interacts with just a single mode. there will be an oscilJatory exchange of energy 

between the atom and the field. In the case of a classical field. this is the familiar 

Rabi floppi~g. However. when the atom interacts with a field which does not have a 

well-defined intensity. as is typically the case for quantized fields. the exchange of 

energy may become quite complex. leading to phenomena such as the Cummings' 

collapse of the atomic inversion and its successive revivals (Cummings (1965); Meystre. 

Quattropani and Baltes (1974); von Foerster (1975); Eberly. Narozhny. and Sanchez

Mondragon (1980); Eberly. Narozhny. and Sanchez-Mondragon (1981)). 

The interaction Hamiltonian between an atom and the electromagnetic field is 

given in the dipole approximation by 

v - -er'E • (1.5) 
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where er is the atomic dipole operator. and E is the electric field. In the case of a 

monochromatic. single-mode quantized electromagnetic field polarized in the x-direction 

within a cavity of volume V. the operator E has the form 

( 1.6) 

Here a and at are the annihilation and creation operators for the field mode 

satisfying the commutation relation. [a.at ] - I. w is the single-mode field oscillation 

frequency. K is the wave number w/c. and IJ w is the "electric field per photon." 

" - ~ ~w = J foV • (1.7) 

In MKS units. fo is the permittivity of free space. Consider an atom in which just 

two levels I a) and I b) represented by the vectors [~] and [~] are taken into 

consideration. The atomic dipole moment operator of this atom can be expressed in 

terms of the Pauli spin-flip operators CT + and CT _ as 

er - I(CT + + CT_> • (1.8) 

where " is the electric dipole matrix element 

_ p&w 
" = - 2f1 • (1.9) 

fP is the component of er along X. and CT + flips the atom from the upper level I a) to 

the lower level I b). while (1_ flips I b) to I a). Using the two-level unperturbed 
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Hamiltonian ~f7wo(1 a)(al - I b)(bl) and the free-field Hamiltonian f7wat a. the total 

atom-field Hamiltonian may be written as 

Here Uz,(1+ and u_ satisfy the commutation relations [u+.u_] - Uz and [Uz.CT!]

+ I - i CT!. 

In the rotating wave approximation (RWA). the two nonresonant terms aCT_ and 

atu+ which do not conserve energy are dropped from Eqn. (1.10) (for inclusion of 

these terms see Milonni. Ackerhalt. and Galbraith (1983); Graham and Hohnerbach 

(1984». The energy conserving terms aCT+ and atu_. on the other hand. have natural 

interpretations: au + corresponds to the absorption of a photon and the excitation of 

the atom from the lower state to the upper state. while atu_ describes the emission of 

a photon and the de-excitation of the atom. Thus. the total atom-field (Jaynes-

Cummings) Hamiltonian in the RW A is 

(1.11) 

where tfI represents the dipole interaction terms. The unperturbed Hamiltonian. Ho -

~ flw,p z + flwat a. satisfies the eigenvalue equations 

(1.12) 



..,., .. -
We refer to the eigenstates of H o' I an), and I bn), as bare states. Diagonalizing the 

Jaynes-Cummings Hamiltonian in the I an), I bn+ I) basis, one finds the energy 

eigenvalues of the total Hamiltonian (Jaynes and Cummings (1963» 

I I E2n - f/(n + i)w - if/all 

- f/[ !wo + nw - !(all + 6)J 

and 

where the generalized quantized Rabi flopping frequency is 

(1.14) 

and the energy eigenstates are 

and 

( 1.15) 

The rotation angle ell is defined by the relations 

and 



23 

( 1.16) 

The eigenstates of the total Jaynes-Cummings Hamiltonian. 12n) and lin). are called 

dressed states. since the atom is dressed by the electromagnetic field (Cohen-Tannoudji 

(1968). Cohen-Tannoudji (1975». 

In an interaction picture rotating at a frequency (n + 1/2)w. the bare states 

evolve in time T as 

and 

I an) .. [cos(anT/2) - is an -I sin(anT/2)] I an) 

- 2bc.Jii+[ an -I sin(anT/2) I bn+1) 

Ibn) .. [cos(Gf.n_1 T/2) + is Gf.n_1 -I sin(Gr-n_1 T/2] Ibn) 

- 2bc.;n a n_I - 1 sin(GP-n_1 T/2) I an-I) . 

(1.17a) 

(1.17b) 

These evolution equations define the action of the unitary operator U == e-iHt/ fI • where 

H is Jaynes-Cummings Hamiltonian defined by Eqn. (1.11). Equations (1.17) show 

that the entire Fock space of states of the electromagnetic field mode is dynamically 

connected through upward and downward transitions. However. there are situations 

when the Fock space becomes dynamically disconnected. For instance. if there exists 

a value of n - N such that sin(GP-NT/2) - O. or equivalently 

.18) 

then Eqn. (1.l7a) shows that the Fock state with N photons I N) is dynamically 

disconnected from I N+l). The state I N) is called an upward q1I'-trapping state 

(Filipowicz. Javanainen and Meystre (1986b». Similarly. if 
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I ia,v-11 - prr p integer. (1.19) 

then I N) is dynamically disconnected from I N-I); in this case. I N) is called a 

downward prr-trapping state. Equations (1.18) and (1.19) show that the number state 

immediately following an upward qrr-trapping state is always a downward qrr-trapping 

state. i.e .• if I N) is a qrr':'trapping state. then I N+I) is a downward qrr-trapping state. 

Consider the situation in which the field is at resonance with the two-level atom. 

The trapping conditions. Eqns. (1.18) and (1.19) reduce to 

.J N + I /(.1 - qrr q integer • (1.20a) 

and 

.IN /(.1 - p1T p integer . (1.20b) 

Equations (1.20) show that if I N} is a downward qrr-trapping state. then 14N} is 

necessarily a downward 2q1r-trapping state. 19N} is a downward 3qrr-trapping state. 

etc.... Such trapping states partition the Fock space into an infinite number of 

disconnected blocks of ever increasing size. This means. for instance. that photon 

statistics within one block cannot influence photon statistics within other blocks. 

Physically. the trapping state I N} is such that successive atoms experience a 

2q1r-pulse as they pass through the cavity in the interaction time T (Allen and Eberly 

(1975». In general. 2q1r pulses are not possible for quantum fields because of their 

inherent intensity fluctuations. However. eigenstates of at a (number states) are an 

exception to this rule. since they have no intensity fluctuations. 

Despite the conceptual simplicity of the Jaynes-Cummings model. interesting and 

non-trivial dynamical quantum features are exhibited; one of these is the Cummings' 

collapse and subsequent revivals of the atomic inversion. Consider a two-level atom. 
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initially in the upper state. interacting with a resonant field of exactly n photons. 

The probability Pa or Pb for the atom to be found in the excited state 1 a) or ground 

state 1 b) at a later time T is. according to Eqn (1.17a) 

Pa :: (al pia) - cos2(1GJ,i+[ r) 

Pb :: (bl p I b) - sin2(IGJ,i+[ r) . 

(1.2Ia) 

(1.21 b) 

We see the familiar Rabi flopping between the upper and lower levels of the atom at 

a frequency of 2IGJii+[. Since the quantum Rabi flopping frequency depends on n. 

different photon number states generate different quantum Rabi flopping frequencies. 

For example. consider again the initially excited atom this time interacting with a 

resonant field in a coherent state I 0/) (Glauber (1963)). The probability for the atom 

to be in the excited state at time t is given by 

(1.22) 

where ¢(n) are the expansion coefficients of the coherent state I 0/) in the number state 

basis 

(1.23a) 

with 

¢(n) _ exp[-'~12] 1* . (1.23b) 
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and I ¢(n)12 are the photon statistics. Physically. Eqn. (1.22) represents the sum of 

Rabi oscillations in the field of n photons weighted by the probability of having n 

photons in the coherent state. This sum has no known finite analytic expression. 

However. for short times t « I ad IIG. Cummings (1965) and Meystre. Quattropani and 

Baltes (1974) have shown that Pa is approximately 

(1.24) 

For ii » I. the Rabi osciIIations are damped with a Gaussian envelope independent 

of the photon number ii. giving a collapse time of te a! 11K. (Cummings (1965); 

Meystre. Quattropani and Baltes (1974); von Foerster (1975). and Eberly. Narozhny. and 

Sanchez-Mondragon (1980». This result is called the Cummings' collapse and is due 

to the interference of Rabi oscillations at different frequencies. Because the photon 

number n is discrete in nature. the oscillations rephase at successive revival times 

(Eberly. Narozhny. and Sanchez-Mondragon (1980); Nayak et ai. (1988» 

m - 1.2.3 ..... (1.25) 

This revival property. illustrated in Fig. I-I. is a much more unambiguous signature 

of a quantum process than the collapse since any spread in field strengths would 

dephase Rabi oscillations. but the revivals are directly linked to the "granularity" of 

the field. Eventually. as the envelopes of the revivals get broader and broader and 

eventually overlap, a quasi-random time evolution ensues. Rempe. Walther and Klein 

(1987) have observed many of these features experimentally. albeit in a somewhat 

different situation (Wright and Meystre (1989». Knight and Ra.dmore (1982) predicted 

similar collapses and revivals in the interaction with a thermal field. Interestingly. 
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the Rabi frequency of two-photon processes is proportional to (n+ 1) rather than In+T. 

enabling the sums over photon number in the equation analogous to equation (1.22) to 

be carried out in closed form. In this case. the atomic inversion revives with a 

completely periodic sequence (Buck and Sukumar (1981); Sukumar and Buck (1981)). 

1.4 Cavity Damping 

A single two-level atom inside a lossless. single-mode resonator is an 

experimental realization of the Jaynes-Cummings model. To make contact with 

experimental conditions. however. we cannot ignore the irreversible effects of cavity 

damping. Damping is a natural resultant of coupling the cavity field to a large 

broad-band system called the bath or reservoir. Even when the temperature of the 

bath is zero. the vacuum fluctuations may still induce transitions in the cavity field. 

In the Born and Markov approximations. the coupling of the cavity photon field to a 

thermal reservoir is governed by the master equation for a damped harmonic oscillator 

(Louisell (1973» 

iJ.t) • - ~ Vi+1) [at a~t) - a~t)at] - ~ ii [~t)aat - at ~t)a] + adj. 

:; L~t) • (1.26) 

where At) is the density operator for the field at time t. ii is the mean photon 

number of the reservoir. 'Y is the cavity damping rate. and L is the Liouvillean 

operator. 

In the number state representation. the equation of motion for the diagonal 

matrix element Pn :; (nl pi n) is 
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0.27) 

The four terms on the RHS represent flows of number probability up and down the 

simple harmonic oscillator energy level diagram. Fig. 1-2. 
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.,(0 + 1)(0+ I)p,.,., 

" " . ~ 
.,OoPM_/ 

.,(0 + l)o p • 

, r 
"-I 

Figure 1-2: Level diagram representing the flow of probabilities in the damped 

harmonic oscillator. 

In the presence of dissipation, the isolating effect of the trapping states does not 

usually survive. When ii '" 0 both upward (n" n+ I) and downward (n" n-I) 

transfers of population are allowed through dissipative effects. This incoherent 

mechanism allows the photon statistics of the field to jump past the trapping states, 

washing out their effect. However, at very low temperatures, the master equation. 

Eqn. (1.27) reduces to 
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(1.28) 

In this case. only transitions down the harmonic ladder are allowed. These 

considerations suggest that the dynamical behavior of the field is fundamentally 

different in the two temperature regimes; TEll!O and T > 0 (Meystre. Rempe. and 

Walther (1988)). 

1.5 The Micromaser 

The maser was invented by Gordon. Zeiger and Townes (1954). At that time. it 

was only thought of as a microwave amplifier. oscillator. or possibly a spectrometer 

(Gordon. Zeiger and Townes (1955); Lamb (1959)). This situation changed when the 

advent of frequency-tunable lasers allowed the study of atoms in highly excited states. 

These atoms. called Rydberg atoms. are atomic systems in which an electron has been 

promoted to a level with a large principal quantum number n ranging from about 10 

to 100. Atomic states with such high principal numbers not only have relatively long 

lifetimes. but their electric dipole matrix elements. (er)/IIt' between n and nearby energy 

levels n'. scale as ,r (Haroche and Raimond (1985); Filipowicz et al. (1985)). This 

property has been used by Anderson et al. (1988) to measure the van der Waals force 

between Rydberg atoms and a metallic surface. 

Such large dipole moments mean that Rydberg states are strongly coupled to 

microwave and far-infrared radiation. This allows Rydberg atoms to "detect" fields 

containing small numbers of photons. Hence. the combination of Rydberg atoms and 

low temperature. high-Q cavities (micromasers) allows one to study the effects of 

atom-vacuum interactions and. in particular. the predictions of the Jaynes-Cummings 

model. 
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The micromaser consists of a monoenergetic. low density beam of two-level 

atoms injected inside a single-mode. high-Q cavity. In current experiments. the Q

factor of the cavities can reach values up to 3 X 1010 (Rempe and Walther (1987)). 

The injection rate is low enough that at most one atom at a time is present inside the 

resonator. In fact. most of the time no atoms are inside the resonator. A diagram of 

.the vacuum chamber with the atomic-beam arrangement and microwave cavity is 

shown in Fig. 1-3. These parts are mounted inside a helium-bath cyrostat. reducing 

the temperature to about 0.5 K. The atoms are pumped to the initial state by a laser 

beam just before entering the cavity. In many experiments. the transition 63PJ/2 -. 

63ds/ 2 of rubidium with a frequency of 21.456 GHz is used (Meschede. Walther and 

Muller (1985); Rempe. Walther and Klein (1987». At these frequencies and 

temperatures. the mean number of thermal photons in the cavity can be reduced to n 

:!! 0.15 and the photon lifetime is -y-1 ~ .0.1 seconds. The interaction time of the 

atoms with the cavity field is varied by means of a Fizeau velocity selector. The 

cavity is tuned by squeezing the cavity walls with piezoelectric elements. After 

exiting the cavity. the state of the atoms is monitored by field ionization. where the 

ejected electrons are detected in a channeltron electron multiplier. The state of the 

field cannot be measured directly since photon multipliers do not operate efficiently in 

the microwave regime. Thus. the state of the field must be inferred from 

measurements performed on the atoms. In this case. the atoms act as both pump and 

detector. an essential point when trying to theoretically interpret micromaser 

experiments (Meystre (1987». 
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Under conditions such that a large number of two-level atoms can be injected 

before cavity damping becomes important. the dynamics of the system is obtained by 

successive applications of the Jaynes-Cummings evolution operator U. see Eqns. (1.17). 

At time II' an atom in a state given by the density operator Pat enters the cavity 

containing the field in state Po. The subscript on the field density operator refers to 

the number of atoms that have passed through the cavity since the initial time. The 

density operator of the combined system is P(/I) III Pat8Po. After the interaction time T. 

the atom exits the cavity and the state of the atom-field system is 

( 1.29) 

Once the atom has passed out of the system. the density operator of the field is given 

by 
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( 1.30) 

where Trat denotes the trace over the atomic states I a) and I b). By tracing over 

both atomic stateS"We assume that the state of the atom is not measured after the 

atom leaves the resonator. This is an example of a nonselective measurement (Kraus 

(1983). Davies (1976». The action of the operator F(T) is also defined by Eqn. (1.30). 

Assuming each atom is prepared in the same state Pat upon entering the cavity. 

successive iterations of Eqn. (1.30) yield the field density operator P, after 1 atoms 

have passed through the cavity 

P, - Trat[U(r)PI_19PatUt(r)] 

- Trat [U(T)pat9Trat[U(r)Pat9 ... Trat[U(T)Pat9Po£l1'(T)] ... lJf'(r)]£I1'(T)] (1.31) 

Thus far. we have considered the atoms/field to be isolated from the rest of the 

environment. for instance. spontaneous emission into other modes was ignored. This 

is a good approximation since Rydberg states have relatively long lifetimes compared 

to the atom-field interaction time. We now consider the interaction of the cavity 

mode with a thermal reservoir at the temperature of the cavity walls. When the 

temperature of a high-Q cavity is kept at a minimum (es 0.1 K). the atom-field 

interaction time r is usually much shorter than the cavity damping time rl. i.e .• r « 

"1-1• In this case. the relaxation of the cavity mode can be ignored while an atom is 

inside the cavity (Barnett et 01. (1986». We can then describe the dissipative 

micromaser to a good approximation as follows: At time tit an atom enters the cavity 

whose field is described by the density operator p{ti ). While the atom travels through 

the cavity, the evolution of the atom-field system is still given by the Jaynes

Cummings evolution operator U. and after the atom exits the cavity. the field is 
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Under conditions such that a large number of two-level atoms can be injected 

before cavity damping becomes important. the dynamics of the system is obtained by 

successive applications of the Jaynes-Cummings evolution operator U. see Eqns. (1.17). 

At time II' an atom in a state given by the density operator Pal enters the cavity 

containing the field in state Po. The subscript on the field density operator refers to 

the number of atoms that have passed through the cavity since the initial time. The 

density operator of the combined system is p(t,) • Pa1 8Po' After the interaction time T. 

the atom exits the cavity and the state of the atom-field system is 

(1.29) 

Once the atom has passed out of the system. the density operator of the field is given 

by 
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(1.30) 

where Trat denotes the trace over the atomic states I a) and I b). By tracing over 

both atomic states we assume that the state of the atom is not measured after the 

atom leaves the resonator. This is an example of a nonselective measurement (Kraus 

(1983). Davies (1976». The action of the operator F(r) is also defined by Eqn. (I. 30). 

Assuming each atom is prepared in the same state Pat upon entering the cavity. 

successive iterations of Eqn. (1.30) yield the field density operator P, after 1 atoms 

have passed through the cavity 

P, - Trat[U(r)PI_lePatUt(r)] 

- Tr at [U(r)Pat e Tr at [U(r)Pat e ... T r at [U(r)Pat epout (r)] ... U" (r)]ut (r)] (1.31) 

Thus far. we have considered the atoms/field to be isolated from the rest of the 

environment. for instance. spontaneous emission into other modes was ignored. This 

is a good approximation since Rydberg states have relatively long lifetimes compared 

to the atom-field interaction time. We now consider the interaction of the cavity 

mode with a thermal reservoir at the temperature of the cavity walls. When the 

temperature of a high-Q cavity is kept at a minimum (e! 0.1 K'J. the atom-field 

interaction time T is usually much shorter than the cavity damping time rl, i.e .. r « 

,,(-I. In this case, the relaxation of the cavity mode can be ignored while an atom is 

inside the cavity (Barnett et aI. (1986». We can then describe the dissipative 

micromaser to a good approximation as follows: At time ti' an atom enters the cavity 

whose field is described by the density operator P(./t). While the atom travels through 

the cavity, the evolution of the atom-field system is still given by the Jaynes

Cummings evolution operator U, and after the atom exits the cavity, the field is 
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described by Eqn. (1.30), as before. But, during the interval of time t p between an 

atom leaving the cavity and the next atom entering the cavity, the evolution of the 

field is now governed by the evolution operator eUP, where L is the LiouvilJean 

operator defined by Eqn. (1.26). The state of the field as the next atom enters the 

cavity is then 

(1.32) 

Assuming that the atoms enter the cavity as a random Poisson process with rate 

R, the field density operator must be averaged as 

00 

p:: fo P(tp)Re-Rtp dtp , (1.33) 

leading to the master equation (Filipowicz. lavanainen and Meystre (1986); Davidovich 

et ai. (1987); Bergou et ai. (1989» for the averaged field density operator 

a~:) _ Lp(t) + R[F(T) - IlP(t) , (1.34) 

where I is the identity operator. In steady state, ap(t)/8t - 0, giving 

(1.35) 

where pss is the statistically averaged steady state density operator of the field. 
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In the following chapters. we use the entropy of the quantum mechanical state 

described by the density operator p as a measure of the purity of the state at any 

given time. The von Neumann entropy 

S - -kTrpLnp • ( 1.36) 

where k is Boltzmann's constant. is a straightforward generalization of the Boltzmann 

entropy in classical statistical mechanics. The entropy S is zero for a pure state (P2 -

p) and positive for a mixed state and so measures the deviation from a pure state. 

The von Neumann entropy for a Hamiltonian system is time-independent since the 

dynamics of p are governed by a unitary transformation. However. the entropy of a 

reduced density operator is generally time-<iependent because of the tracing operation 

(see Eqn (1.30). for instance). Using the method of Lagrange multipliers. it is easy to 

show that the maximum entropy of the field bounded from below by the trapping 

state I N d> and above by the trapping state I N u) is 

(1.37) 

This maximum entropy corresponds to the state in which each number state of the 

harmonic oscillator is equally populated. This is in contrast to a thermal state. which 

is the maximal entropy state in an infinite-dimensional Fock space where the average 

energy is known (LouiseU (1973». 
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CHAPTER 2 

THE LOSSLESS MICROMASER 

In this chapter. we consider some of the properties of a single cavity mode of a 

lossless resonator pumped by a monoenergetic beam of two-level atoms. The 

dynamics of the mode is governed by the Jaynes-Cummings Hamiltonian. The effects 

of cavity damping are ignored here and although somewhat unrealistic. this is a good 

approximation when the rate of atoms passing through the cavity is large compared to 

the cavity damping rate. 

In Section I. we review the results obtained by Filipowicz. Javanainen and 

Meystre (l986b) for the evolution of a single field mode pumped by resonant. two

level atoms. The atoms and field are initially prepared in states which are fully 

characterized by diagonal density matrices. i.e.. the coherence terms of the field are 

zero as are the polarization terms of the atoms. With these initial conditions. the 

Jaynes-Cummings model predicts that the field will remain diagonal for all times. 

For positive atomic temperatures. one finds that the field evolves toward a thermal 

steady state with the same temperature as the atoms (Jaynes and Cummings (I %3» or. 

for negative atomic temperatures. the field continually acquires energy from the atoms 

and never reaches a steady state. However. if the Fock space of states is broken up 

into disconnected blocks through the use of trapping states then even for negative 

atomic temperatures. the photon statistics of the field remain confined within each 

block and a steady state is reached. 

In the next sections. we consider the evolution of the cavity field when pumped 

by two-level atoms prepared in a coherent superposition of these levels. This 
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situation has been explored most recently by Slosser. Meystre. and Braunstein (1989) 

and Slosser and Meystre (1990). In section 2. we present numerical evidence showing 

that the field wiIl evolve towards a pure state under certain conditions. Section 3 

gives a self-consistency derivation of the probability amplitudes of these pure states. 

which we call the tanBent and cotangent states. In section 4. we analyze many of the 

properties of the cotangent states. In different limits. cotangent states reduce to 

number states. coherent states. or even superpositions of macroscopically separated 

clusters of number states. We call these latter states macroscopic superpositions. We 

also find that the cotangent states may be highly squeezed. In section S. we analyze 

the eigenfunctions and eigenvalues of the discrete map (1.31) representing the 

dynamical evolution of the field density operator of the lossless micromaser. The 

eigenfunctions whose eigenvalues X have modulus I. I XI - I. are the steady state 

solutions for the field. Under arbitrary boundary conditions. these steady state 

solutions are not necessarily pure states. but may have other interesting characteristics. 

for example. period-two oscillations when X - -I. In Section 6. we evaluate the 

evolution of the entropy of both the field and atoms when the detuning between the 

field and atoms is nonzero. In this case. we find that the field does not evolve 

towards a pure state. but that remnants of the macroscopic superpositions of the 

cotangent states survive up to relatively large values of detuning. 

2.1 Incoherent Pumping 

Consider a micromaser in which a monoenergetic. low density beam of two-level 

atoms is injected inside a resonant. single-mode, lossless cavity. At some initial time 

tt. an atom in a state described by the density operator 
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(2.1) 

enters the cavity containing the field in state PI (It)· which is assumed to be diagonal 

in the number state basis. After an interaction time r, the atom exits the cavity and 

a nonselective measurement is performed on the field (Kraus (1983), Davies (1976)). 

i.e.. no measurement is performed on the atom to determine its excitation state. 

Under these circumstances. the state of the field is described by Eqn. (1.30). With 

the Jaynes-Cummings evolution operator (I. I 7), the matrix elements of the field 

density operator PII :: (nl PI I n) after time r are given by (Jaynes and Cummings 

( 1963» 

where we have used the short-hand notation, SII :: sin(IGJizr) and ell :: cos(IGJizr). 

The populations I al 2 and I ~12 of the upper and lower atomic levels are initially in 

thermal equilibrium 

(2.3) 

with I al 2 + 1131 2 - 1. The parameter x is inversely proportional to the temperature 

T of the two-level atoms entering the cavity, x - flwo/kT. 

Jaynes and Cummings (1963) showed that if the system described by the discrete 

map (2.2) reaches steady state, then the condition PII(tl+r) - PII(tl ) yields 

(2.4) 
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for all n ~ I. Hence. at least one of the two factors on the right-hand side of Eqn. 

(2.4) must be zero. 

Case I: All coefficients Sn 2 are different from zero. Equation (2.4) gives 

(:!.5) 

If the injected atoms have a positive temperature. Pa < Ph' so that e-X < I. then a 

steady state can always be found which has the photon statistics of a thermal field. 

In contrast. when the atoms are at least partially inverted. e-X ~ I. the steady-state 

density matrix for the field would not be normalizable. indicating that a steady-state 

is never reached. 

Case 2: There exists a value of n - N such that S N - O. In this case. N 

satisfies the trapping condition. "...!FiT - qrr. q an integer and an infinite sequence of 

integers that fulfill the same condition can be found (for example. if SN - O. then Sn 

- 0 for n - 4N. 9N. 16N • ... ). Thus. the Fock space of states breaks up into an 

infinite number of disconnected blocks. If the atoms have a positive temperature. 

then a truncated. thermal-type steady state with positive temperature will be reached 

within each block. On the other hand. if the injected atoms have a negative 

temperature. then since the photon statistics within each block cannot influence the 

photon statistics in other blocks the density matrix for the field remains normalizable. 

A truncated. "inverted" thermal-type steady state will be reached within each block. 

It is through the use of the set of number states fI Nq}} that satisfy the trapping 

condition that the lossless micromaser pumped by fully inverted atoms is able to 

generate incoherent mixtures of these same number states. For instance. suppose that 

the initial field density matrix is such that that there is a non-negligible probability 

for the field to be excited into several blocks of Fock space. Then the field pumped 



by fully inverted atoms (fJ - 0 in Eqn. (2.1) will evolve towards the mixed state 

PI - LPq I Nq)(Nql • 
q 
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(2.6) 

where I N q) is the upper trapping state in block q and Pq is the sum of the photon 

statistics within that block. On the other hand. suppose that the photon statistics of 

the initial field are fully contained within just one block. q - ql' with an upper 

trapping state I Nq/ Then the sum in Eqn. (2.6) is limited to just one term and the 

field will evolve towards the number state I N ql)' Even if I N ql ) is not an exact 

trapping state, but only an approximate trapping state (I( IN ql T S!! mtr for some integer 

m), in the sense that I N ql) acts effectively as a trapping state for the relevant time 

scale of the experiment, then again the field will be driven towards the single number 

2.2 Coherent Pumping 

Consider now the lossless micro maser is driven by two-level atoms each 

prepared in the same coherent superposition 

Pal • (at I a) + 131 b»«al ate + (bl {f') . (2.7) 

The dynamics of the field is again given by the discrete map (1.30). where U is the 

Jaynes-Cummings evolution operator defined by Eqns. (1.17). When numerically 

evolving this system. we found that provided that a number of specific conditions are 

met, the reduced density operator of the field evolves towards a pure steady state. 
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Examples of final states reached by the field under such conditions are given in Figs. 

2-1 through 2-4. Figure 2-la gives the modulus of the density matrix elements Pn.m .. 

<nl pi m} of the final state reached by a cavity mode initially in a (truncated) thermal 

mixture with an average photon number (n) - 0.1. In this example the number state 

125) is a lIT-trapping state. "J26r - IT. and the truncation is such that there is no 

initial population past this state. The evolution of the field entropy S as successive 

atoms are passed through the cavity is given in Fig. 2-1 b. After an initial transient. 

S, decreases monotonically and eventually decays exponentially to zero. indicating that 

the asymptotic state of the field is a pure state. This exponential decay is further 

discussed in Section 2.4 in terms of the eigenvalues of the micromaser return map. 

Fig. 2-2 gives similar results. except that the state 125) is now a 3IT-trapping 

state. ".J'26r - 3IT. Again. the evolution of the field entropy indicates that the system 

evolves to a pure state. Note however the qualitative difference between the single

peaked final state for a IT-trap and the dOUble-peaked photon statistics Pn•n 

corresponding to the 3IT-trap situation. Note also the much slower approach to steady 

state in the latter case. As shown in Section 3. the state of Fig. 2-1 is sub

Poisson ian. while that of Fig. 2-2 is clearly super-Poissonian. 

A state with photon statistics similar to that of Fig. 2-2a is illustrated in Fig. 

2-3. However. the non-zero final entropy indicates that the field now evolves to a 

mixed state. This is seen even more clearly in the considerable reduction of the off

diagonal density matrix elements Pn•m as compared to the situation of Fig. 2-2a. In 

this example. we have taken the number state 123) to be a 2IT-trapping state. "./24r -

2IT. hence the number state 15) is a 7T-trapping state. ".j6r - 7T. We have already 

discussed how the trapping states divide the Fock space of the cavity mode into 

disconnected regions. Hence. no coherences can be generated between number states 

below and above the number state 16). In the example of Fig. 2-3. the states 1 n) 
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with n > 6 of the initial thermal field are significantly populated. hence the 

micromaser field must remain mixed under the Jaynes-Cummings dynamics. Fig. 2-4 

shows another situation leading to a mixed final state of the field. Here. the number 

state 113) is a 27T-trapping state. "..Ji4r - 27T. After a rapid initial decay. the field 

entropy remains constant and larger than zero. 

These numerical examples illustrate several important features of the dynamics 

of the micromaser field. First. the trapping states lead to the existence of 

normalizable steady states of the field in the absence of cavity losses. even for 

initially inverted atoms. Second. the nature of the final states depends strongly on the 

"parity" of the trapping states by which they are bounded. where by parity we mean 

the oddness or evenness of q and p in Eqns. (1.20). We show in the next section that 

if there are no accidental intervening traps between these bounds. then the evolution 

of the field is towards pure states if it is bounded by traps of opposite parities. and 

is towards mixtures for traps of equal parity. In the presence of intervening traps. 

the system dynamics can become quite complex; for example. period-2 oscillations are 

possible under appropriate conditions. 

2.3 Derivation of the Tangent and Cotangent States 

Guided by the numerical results of Section 2.2. we now develop a self-

consistency argument to determine the pure steady state reached by the field mode. 

We assume that the field is at some time in the pure state 

(2.8) 
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after interacting with an atom. which was initially prepared in the state (2.7). Here 

the number states I Nd> and I Nu> are respectively. the lower and upper boundaries of 

the Fock space block under consideration. Using the Jaynes-Cummings evolution 

operator. Eqns. (1.17». we can write the evolution as 

where Ila> and lib> are defined as 

Ila>:: LSn[CXCOs(IG..Jii+TT)ln) - i,6sin(IGvnT)ln-I)] 

n 

lib) :: LSn[.8cos(IGvnT)I n) - icxsin(IG.jn+1 T)I n+I)] 

n 

(2.9) 

(2. lOa) 

(2. lOb) 

After the field interacts with the next atom. the combined system must remain 

in a pure state. since the SchrMinger evolution is unitary and evolves pure states into 

pure states. When we require that the field remains in the same pure state (within 

an overall phase) after tracing over the atom. then the state of the composite system at 

time T must factorize into a tensor product of the field state and a pure state of the 

two-level atom: 

lJ)e(cxla) + ,6lb»" ~1j)e(cx'la) + ,6'lb». (2.11) 

Here. 1 CX'12 + 1 ,6'1 2 • I. and o!' and ,6' as well as the overall phase ,p. are independent 

of n. Comparing Eqns. (2.9) and (2.11) gives readily 



Ci.'eit/J If) - I fa> 

and 

With the definitions (2. 10). these two equations yield the recurrence relations 

and 

(3sin(v'ii+T /(T) 
SII - -i -_:-...;..;..---.,;===-- S I 

Ci.'exp(ir,6) - Ci.cos(v'ii+T /(T) 11+ 

(3'exp(ir,6) - {3cos(v'ii+T /(T) 

Ci.sin( v'ii+T /(T) SII+ I 
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(2.12a) 

(2.12b) 

(2. 13a) 

(2.13b) 

Equating (2. 13a) with (2. 13b) and demanding that this relation be satisfied for all n 

within the block of Fock space under consideration. gives the two relations 

Ci.{3' - -ot.'{3 (2.14a) 

and 

Ci.{3 - -ot.'{3'e'2i4J . (2.14b) 

Assuming. without loss of generality. that Ci.. {3. Ci.' and {3' are real. we find 

t# - ±l Ci.' • =+- Ci. /3' - ± {3 (2. I Sa) 

or 

t# - ±l Ci.' - ± Ci. {3' - =+- (3 (2.ISb) 

No other zero-entropy steady states are possible under the micromaser dynamics. If 
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we let eirp - I. Eqn. (2.ISa) can be interpreted as a nutation of the upper state 

probability amplitude by rr and Eqn. (2.ISb) as a nutation of the lower state 

probability amplitude by rr. Eqns. (2.15) yield simple recurrence relations for the 

probability amplitudes sn of Eqns (2.13) and (2.8). We find readily 

Sn - -i (r:x/{3)cot(.J'nK.T/2) sn_1 (2.16a) 

in the first case and 

Sn - i (r:x/{3)tan(.J'nK.T/2) sn_1 (2.16b) 

in the second case. The corresponding photon statistics are 

I snl 2 
• I r:x/t312 cot2(.J'nK.T/2) I sn_I/ 2 (2.17a) 

and 

I snl 2 
• I r:x/t3/ 2 tan2(.J'nK.T/2) I sn-112 (2.l7b) 

For this reason. we call these states the cotangent and tangent states of the harmonic 

oscillator. respectively. 

We still need to verify that the cotangent and tangent states satisfy the trapping 

conditions at the boundaries of the phase-space block under consideration. Consider 

first the down trapping state IN d>' which satisfies Eqn. (1.20a). For this state. 

conditions (2.13) give 

• -i 
t3sin(J N d K.T) 

----.....;;~_==__ S • 0 
r:x'exp(i,p) - r:xcos(J N d /(T) N d 

(2.18a) 

and 
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• i 
p'exp(i¢) - (3cos(..!Ff; K.T) 

Q!sin(..!Ff; K.T) sN d • 0 • (2.18b) 

Equation (2.18a) is automatically satisfied under the trapping condition (1.20a). whereas 

Eqn. (2.18b) leads to normalizable states only if 

({3'/{3)exp(i¢) • (-I)P . (2.19) 

Referring to Eqns. (2.15). we see that for p even. Eqn. (2.19) is fulfilled by the 

cotangent states only and for p odd. by the tangent states only. At the upper 

trapping state I Nu>. we find similiarly 

(Q!'/Q!)exp(i¢) • (-1)9 • (2.20) 

For q even. this yields the tangent state and for q odd the cotangent state. These 

results show that the upper and lower trapping states must have opposite parity. For 

p even and q odd. the solution is the cotangent state and for p odd and q even the 

solution is the tangent state. Note that since typical initial conditions include a finite 

population of the vacuum state. cotangent states are physically more relevant than 

tangent states. We will concentrate primarily on the properties of cotangent states in 

the following sections. 

2.4 Basic Properties 

In this section we use a simple argument to determine the general properties of the 

cotangent states. In particular. we predict under which conditions they lcquire the 
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characteristics of macroscopic superpositions. or become sub-Poisson ian. or approach 

the properties of coherent states. We also look at the squeezing properties of the 

cotangent states. For concreteness. we concentrate on cotangent states which include 

the vacuum state. IN d) • 10). yet our discussion can be generalized to other situations 

straightforwardly. We proceed by noting that the recurrence relation. Eqn. (2. 16a). 

indicates that I sn I > I sn_11 provided that 

cot(I<.../nT/2) > fJ/r:1. • (2.21) 

Let x be defined as x :: I<.../nT/2. The cotangent function cot(x) is illustrated in Fig. 

2-5. where we have also drawn a horizontal line at fJ/r:1.. We should keep in mind 

that for a given interaction strength I<.T. only the discrete set of arguments x such that 

4x?-/1<.¥ • n • n integer (2.22) 

are physically meaningful. 

From the discussion of the preceding section. we know that the existence of 

these states requires that condition (2.22) be satisfied at x • (2q+l)1r/2 with q an 

integer. Consider first the simplest case q • 1. where the cotangent state is 

terminated at a 1T-trap. If the first value of x such that (2.22) is satisfied. x • 

.fi 1<.1/2. is also such that cot(x) < fJ/r:1.. then from Eqn. (2.21) we have that Sl < So and 

the cotangent state is peaked at n • O. In contrast. if this point is such that cot(x) > 

fJ/r:1.. then Sl > So. In this case. the photon statistics are not peaked at n • O. but 

rather at the last number state I n) such that Eqn. (2.21) is satisfied and such that 0 ~ 

x ~ 1T/2 satisfies Eqn. (1.20). 
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Fig. 2-6 gives the mean photon number and the normalized second moment 0-2 .. 

(n2) - (n)2)!(n) as a function of a! for cotangent states bound between the vacuum 

state and a lIT-trap I Nt). For fully inverted spins. a! • I. the system evolves 

precisely towards the Fock state I Nt). For a! • O. in contrast. it asymptotically 

reaches the vacuum state 10). For intermediate situations. the resulting cotangent state 

is sub-Poissonian. 

Although cotangent states bound between the vacuum and a IT-trapping state 

I Nt) are sub-Poisson ian. Fig. 2-1 shows that their photon statistics resemble those of a 

coherent state. For cotangent states in which significant populations are limited to 

number states I n) such that I(T « 11";;' we have 

(2.23) 

In this limi~ the cotangent state approaches a coherent state with Poisson ian photon 

statistics and mean photon number (n) - I 2o!IPI(TI 2. Although this is essentially the 

same state reached by an oscillator driven by a classical current (Glauber (1951). we 

emphasize that during its evolution to steady state. it is crucial for the oscillator to 

feel the presence of the trapping state I Nt). Hence. it has to probe number states 

such that the condition I(T « 11";;' is not fulfilled. Indeed. the oscillator would not 

even reach a pure state if I Nt) were a trapping state of even parity. 

Consider next the situation in which the cotangent state is bound between the 

vacuum and a 371'-trap. i.e .• condition (2.22) is satisfied at x • 371'/2. but not at IT12. 

In this case it is quite clear that the photon statistics of the cotangent state can 

become double-peaked for appropriate values of PIa!. Such a state. which resembles a 

"macroscopic superposition" of states is illustrated in Fig. 2-2. More complicated 

photon statistics. for example. with multiple· peaks. are possible if the state is confined 
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in a phase-space region bound by a higher order odd-IT trapping state. 

For numerical reasons our results here have been limited to N • 25. so that any 

superpositions that we achieve can hardly be qualified ELS "macroscopic": "Mesoscopic 

superpositions" might be a more appropriate description. Fig. 2-7a shows the position 

of the second peak in the mesoscopic superposition of the 3IT-cotangent state as a 

function of the upper trapping state. The position of the first peak in each 

superposition is centered about the vacuum. so that the y-axis also measures the 

distance between peaks. The increase in distance is almost linear with a slope :l! 1/2. 

Fig. 2-76 shows the value of I Q!12 at which the mesoscopic superposition in Fig. 2-7a 

is formed. For low upper trapping states this value is somewhat erratic. but settles 

down to 0.31 for trapping states above 140. These figures show that the separation 

between clusters of number states can be made arbitrarily large by increasing the 

upper trapping state. For this reason we use the terms "mesoscopic superpositions" 

and "macroscopic superpositions" interchangeably. 

The Jaynes-Cummings Hamiltonian is one of the simplest optical models capable 

of generating squeezed states. Meystre and Zubairy (1982) found that an initial 

coherent field interacting with a two-level atom produced a maximum squeezing in 

the field of 9! 20% at later times. Knight (1986) has shown that if the initial coherent 

state is the vacuum state, then the maximum amount of squeezing is 9! 25%. More 

recently, Kuklinski and Madajczyk (1988) found that the squeezing of the field could 

asymptotically approach 100% as the amplitude of the coherent state increased. Here. 

we investigate the squeezing properties of the cotangent states. 

From the creation and annihilation operators for the field. at and a. with [a.at ] 

• I, the Hermitian quadrature operators a, and a2 are defined as (yuen (1976» 

(2.24) 
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It follows that [a t.a2l - i/2. and the corresponding uncertainty relation is 

(2.25) 

where (~ai)2 ;: (ali) - (ay is the mean-square deviation or flUctuation in aj. A state 

of the field is said to be squeezed if the fluctuations in one of the quadratures at or 

a2 satisfy the relation 

(2.26) 

In terms of a and at. the variances of at and a2 are 

(~at)2 - «at - (at»2) 

_ £ (2(at a) + I + (a~ + (at~ - (a + at )2) (2.27a) 

and 

(~J2 - «a2 - (a~)~ 

_ £(2(at a) + I - (~ - (at~ + (a - at )2) • (2.27b) 

Consider the case in which the field is initially in a cotangent state bound between 

the vacuum state I 0) and the number state I N) 

(2.28a) 

where 



n 

s" - C i" 11 cot (KT';; /2) , 

j-I 
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(2.28b) 

and C is a normalization constant. Calculating (~al)2 and (~aJ2 with Eqns. ·(2.28) and 

(2.27) we find 

and 

N 

(~al)2 - ~L (2nl S" 12 + I + In(n-l)s~2s,, + J(n+2)(n+l)s~+2S,,) 
n-O 

(2.29a) 

N 

(AaJ2 - ~L (2nl Sill 2 + I - In(n-l)s~_2SI1 - J(n+2)(n+1)s~+2S") 
n.Q 

(2.29b) 

In Figs. 2-8 the squeezing of the cotangent states with upper trapping state 120) 

is shown. The squeezing parameters (~1)2 (solid line). (~J2 (dashed line), and the 

product (~l)(~ (dotted line) are plotted versus 1 011 2 for the (3-8a) IfT- and (3-8b) 

3fT-trapping cases. The atomic parameters 01 and (J were assumed to be real. The 

maximum squeezing in (~ of the 111'-cotangent states is approximately 67% and 

about 41% in the 3fT-cotangent states. Fig. 2-8a shows that when 1 011 2 ~ 0.9, the 
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uncertainty product (Aal)(~a2) is slightly larger than !. This means that these states 

are nearly minimum uncertainty states. The large increase in all of the parameters of 

Fig. 2-8b at I ctl 2 2! 0.25 corresponds to the formation of the mesoscopic superposition. 

In Fig. 2-9. we show the squeezing parameters (Aal)2 (solid line) and (Aa2)2 

(dashed line). as well as the uncertainty product (Aa1)(AaJ (dotted line) versus the 

relative phase f/> between Q! and /3. Here. we have chosen cotangent states confined 

between the vacuum and the lIT-upper trapping state 120) with 1 ctl 2 - 0.91. 

The periodic nature of Fig. 2-9 every 180 degrees is easily understood from 

Eqns. (2.29): The phase difference f/> between atomic probability amplitudes is 

translated into the same phase difference between successive probability amplitudes Sn 

of the cotangent state. Eqn. (2.16a). The terms in Eqns. (2.29) that have factors 

proportional to S~SIl!2 rotate by 360 degrees when f/> - 180 degrees. The other two 

terms. with factors S~SII:!: J get an extra minus sign. but since these terms are squared 

the minus sign goes away and the resultant expression is identical to the one with f/> 

- o. 
In Fig. 2-10. we show the maximum squeezing for cotangent states bound 

between the vacuum and a IfT- and 3fT-upper trapping state I N) (solid and dashed 

lines. respectively) as a function of N. The relative phase between ct and {j is set at 

"/2. and we have omitted the values of N for which an intervening trapping state is 

allowed and a pure cotangent state cannot be formed. The top of the y-axis 

represents 100% squeezing and the bottom 0% squeezing. The amount of squeezing 

first increases very rapidly with incr~:ns N and appears to asymptotically approach 

100% as N .. 00. For N < SO. the maximum squeezing occurs in the cotangent state 

with I ctl 2 2! 0.90. However. this value of I ctl 2 increases as N gets larger. For 

example, when N > 200 the maximum squeezing occurs in cotangent states with I ctl2 

2! 0.99. 
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2.5 General Steady-State Solutions 

So far we have limited our discussion to the steady states asymptotically reached 

by the cavity mode. To determine the dynamical evolution of the field we now turn 

to an analysis of the eigenvalues of the discrete map 

P, - .JIt~ PI_I (2.30) 

giving the reduced field density operator P, after the passage of I atoms. The 

superscript on.Jlt~ refers to the resonant case. 0 - O. From Eqns. (1.17). the density 

matrix element P':n.m - (nl PI 1 m) is given by 

P';".m - (nl..A't~ PI_1 1m) 

- P,-I;n.m 1011 2 
e,,+1 e m+1 + P'-I;,,+I,m+1 1 Pl2 S,,+I Sm+1 

- i P,-I;,,+l.m cx*p S,,+I e m+1 + i P,-I;n.m+1 cxf3* e,,+1 Sm+1 

+ P'-I;II-I.m-I 1011 2 
S" Sm + P,-I;n.m I pl2 e" em 

- i P'-I;II-I.m ~* SII em + i P'-I;n.m-I cx*P e" Sm (2.31) 

It is useful in the following to think of the matrix elements of P as defining a 

complex vector with (NII-Nd+lf elements. The (NII-Nd+lf complex eigenvalues A of 

the map (2.30) are given by 

.4t~ - Al • 0 . (2.32) 

We can reduce the dimensionality of the problem by exploiting the fact that any 

physically allowed field density operator P must be Hermitian. If the elements of P 
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are confined between the trapping states IN d) and I Nu>. then p is fully defined by 

its (Nu-Nd +1) real diagonal elements and by (Nu-Nd+IXNu-Nd)/2 complex off-diagonal 

elements. or equivalently by (Nu-Nd+1)2 real elements. We can thus organize the 

relevant elements of the density matrix as a real "super-vector" a with (Nu-Nd+I)2 

elements and whose evolution is given by the reduced real map .410 

(2.33) 

with (Nu-Nd+1}2 real eigenvalues. The condition Trp • I is used to normalize the 

eigenvectors of .410
• 

Any physically allowed field density matrix is expressed as a linear combination 

of the eigenvectors "p. of .4Jo as 

(2.34) 

After I iterations of the map (2.28). an initial density matrix described by the super-

vector a o evolves to 

a, - L <hp.)' ep."p. • (2.35) 

Jl. 

where }..p. is the real eigenvalue corresponding to the eigenvector "p.' The micromaser 

transients are governed by the eigenvectors "p. with -1 S; }..p. S; 1. while the fixed 

points are given by the eigenvectors with unit eigenvalue. 

A few remarks are called for at this point: First. because of the conservation of 

the trace. it is obvious on physical grounds that the eigenvectors with non-unit 
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eigenvalue must correspond to traceless density matrices. while those with ~/l - I must 

have unit trace when properly normalized. This is precisely the result found 

numerically. Second. it is in principle possible to have eigenvectors with eigenvalue 

~/l - -1. There existence leads to "period-2" oscillations of the quantum map (2.31). 

Finally. if more than one eigenvector has unit absolute eigenvalue. I""/ll - I. an initial 

mixture Po with nonzero components on these two eigenvectors will always remain in 

a mixed state. Hence. from the numerical results of Section 2.2. we expect only one 

eigenvector with unit eigenvalue in the case of a field bound between two trapping 

states of opposite parities. 

We have numerically determined the eigenvectors and eigenvalues of the map 

(2.32) for field density matrices confined between the vacuum state I 0) and the upper 

trapping state I Nu) up to Nu • 18. In each case. we have considered I Nu> to be a 

q1T-trap. ..; N u + I /(1 - qrr. with q integer between I and 10. In the normal situation 

where there is no intervening trapping state between I 0) and IN u)' we have found 

that the map has only one eigenvector with unit eigenvalue. This eigenvector is 

precisely the cotangent solution for q odd. while it corresponds to a mixed state for q 

even. in agreement with the results of Section 2.3. Our analysis also indicates that 

the other eigenvectors "'/l tend to be grouped in two clusters. one with eigenvalues 

close to zero and the other with eigenvalUes close to unity. The first group 

contributes to rapidly decaying transients. while the eigenvectors with eigenvalues 

close to unity lead to the slow exponential approach to steady state illustrated in Figs. 

2-la and 2-2b. Our numerical results show that the higher q. the closer to unity this 

last group of eigenvalues tends to be. as illustrated in Fig. 2-11. Also, for a given 

type of trapping. the highest non-unit eigenvalue becomes closer to one. the higher the 

trapping state. so that the approach to steady state requires an increasingly large 

number of atoms to pass through the cavity. These trends are illustrated in Figs. 
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2-1 band 2-2b and indicate that it will take very large number of atoms to prepare 

states resembling "macroscopic" superpositions. From a practical viewpoint. cavity 

losses will eventually become important. thereby limiting the degree of macroscopic 

separation that can experimentally be achieved. These limits are investigated in 

Chapter 3. 

In the case where there is an accidental trap between 10) and I Nu)' we 

typically find two eigenvectors with unit eigenvalue. as well as traceless eigenvectors 

with eigenvalue -1. Although traceless. these eigenvectors have observable effects: 

they influence the off-diagonal elements of the field density matrix and hence. for 

example, the expectation value of the electric field. The eigenvalue -1 is also a 

signature of a period-2 dynamical behavior: the state of the cavity mode repeats each 

two atoms. Figure 2-13 shows such a situation where the field undergoes period-2 

oscillations as successive atoms are injected inside the cavity. 

2.6 Coherent Pumping with Non-Zero Detuning' 

In the previous sections. we showed that under certain conditions. the field mode 

evolves towards a pure (tangent or cotangent) state. Specifically. it was assumed that 

the cavity field is on resonance with the transition frequency of the two-level atoms. 

In this section. we investigate the dynamics of both the field and the atoms in the 

more paeral case of non-zero detuning. 8 rj. O. 

rust. we show that pure states analogous to the cotangent and tangent states are 

not possible if the detuning is non-zero. We assume that the detuning is small 

enough that the rotating-wave approximation is still valid in the Jaynes-Cummings 

, The help of Charles Haggans with the equations and the programs is gratefully 
acknowledged in this section. 
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model. In the interaction picture. the unitary operator of the Jaynes-Cummings model 

is given by Eqns. (1.17). Using the same reasoning as in Section 2.3. we find that 

the condition 

c43 + OI.'{J'e2i~ • cos(all r/2) [c43' + {JOI.'] e# 

+ J: sin(all r/2) [c43' - {J0I.1 ~~ • (2.36) 
11 

must be satisfied in order for pure states to exist in steady state. Since Eqn.(2.36) 

must hold identically for all n. each term on the right-hand side of this equation must 

vanish. This leads to conditions analogous to Eqns. (2.14). plus an additional condition 

resulting from satifying the imaginary part of the equations. Specifically. we now 

find 

ot/J' - -~' • (2.37a) 

ot/J' - ~' • (2.37b) 

and 

ap • -a'{J'~ • (2.37c) 

where Eqn. (2.37 b) is the supplementary condition. The relations I 01.1 2 + I {J12 - I 01.'1 2 

+ I {J'II • I must also hold. The extra constraint (2.37b) caused by the nonzero 

dewning rorbids any consistent solutions to Eqns. (2.37), except for the trivial ones 

{a.{J,a',{J',t/l} - {l,O.I.O.¢,} and {O,I,O,I,¢,}. These two solutions may be generalized 

somewhat by allowing a. /3. a', and {J' to be complex. Therefore. when the detuning 

is nonzero, no pure states analogous to the tangent and cotangent states are allowed in 

steady state. 
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The dynamical evolution of the field is now given by the discrete map .Jft~ 

(2.38) 

which gives the reduced field density operator P, after the passage of 1 atoms. The 

density matrix elements P':n.m - <nl P, I m) are given by 

P':n.m - (nl .Jft~ PI_II m) 

- P,-I:n.m I Q!12 [CnCm + ~o CnSm - ;: SnCm + R o~ SnSm] 
m n n m 

I 1
2 4,,2.j(n+ l)(m+ 1) 

+ P,-I:n+l.m+1 fJ R R SnSm 
n m 

- [2i".;;;;r C S _ 2B"..;n:;r S . S ] 
- P,-I:n+l.m Q! (J Rn m n RnRm n m 

~~ [2i"..;m:;r C S 2B"..;m:;r S S ] + P,-I:n.m+1 "'f' R n m + R R n m 
m n m 

I 1
2 4,,2.;nm 

+ P,-I:n-I.m-I Q! R R Sn-I Sm-I 
n-I m-I 

+ P,-I:n.m IfJP [Cn-ICm-1 -RiO Cn-ISm-1 +R
iO 

Cm-ISn-1 
m-I n-I 

- P,-I:n-I.m aff' [2iR''''';;' Sn-I Cm-I + R 2&<.f Sn-I Sm-I] 
n-I n-I m-I 

+ P,-I:n.m-I Q!-fJ [2/I(R' ..;m Sm-I Cn-I - R2&<.f Sn-I Sm-I] , 
m-I n-I m-I 

(2.39) 

where 5,. • sin(R,.'f/2). en • cos(Rn'f/2), and Rn 51 J63 + 4"Z(n+l). Eqn. (2.39) can be 

readily compared with the 0 - 0 result given by Eqn. (2.31). 

The density operator P, of the 11" atom exiting the cavity is given by the map 

(2.40) 
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This is completely analogous to Eqn. (1.31). except that here we trace over the field 

variables. The density operator Pal describes the initial state of each atom and is 

given by Eqn. (2.7). The elements of the atomic density matrix Pt.aa • (al p/;all a) and 

P,;ab • (al p/',QJ I b) are explicitly 

(2.4la) 

The elements P':/Jb and P,:ba are found from the constraints Trp,',QJ - I and P'',QJ • 

pj',QJ' In Fi~. 2-13. the entropy of the field and atoms versus the number the atoms 

injected inside the cavity is shown for the normalized detunin~ (a) 6/!1t7 - 0.00018. 
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(b) 6/{ll7 • 0.018, (c) 6/~7 • 0.17 and (d) 6/rJl7 • 0.66, respectively. In all four 

graphs, the initial field was a thermal state with mean photon number, ii • 0.1, bound 

between the vacuum 10) and the 17r-upper trapping state /14), and the atoms were 

prepared in a pure state with 1 011 2 
• 0.5 with 01, f3 real. The normalization constant 

rJl7 is approximately the average generalized Rabi frequency of the two-level atom 

during the evolution. The normalized detunings correspond to the dipole coupling 

constant " • lOS and to 6 • 102, 104, lOS, and 5 x lOS, respectively. The solid 

(dashed) line represents the dynamical evolution of the field (atomic) entropy. These 

figures show that both the atomic and field entropies decrease rapidly (nearly 

exponentially) and reach equilibrium after about 200 atoms. With increasing detuning, 

the steady state of both the field and atoms has an increased entropy, although the 

entropy of the atoms is always slightly less than that of the field. This last 

observation may be due to the fact that the maximum entropy of the two-level atoms 

is much less than the maximum entropy of the field, see Eqns (1.36) and (1.37). 

(Note that the detuning in Fig. 2-13d is large enough that the rotating wave 

approximation cannot be reliably used in the Jaynes-Currunings model). 

Fig. 2-14 shows the steady state entropy of the field (solid line) and atoms 

(dashed line) versus the normalized detuning 6/G't7• Initially, the field was prepared 

in a truncated and renormalized thermal state, ii • 0.1, bound between the vacuum 

and the III'-upper trapping state 114). We see that the steady-state entropy of both 

the field and the atoms increases rapidly with increasing detuning towards their 

respective maximum values, Smax • InlS 1M 2.7 for the field and Smax - In2 et 0.69 

for the atoms. 

In Figs. 2-IS. the steady state density matrices of the cavity mode are shown for 

the detunings (a) 6/G't7 - 0.00018, (0) 6/G't7 • 0.0018, (e) 6/G't7 - 0.018 and (d) 6/G't7 • 

0.17. For small detunings, Fig 2-1 Sa, the density matrix is very similiar to the pure 
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cotangent state. However. as the detuning increases. see Fig. 2-l5b. the off-diagonal 

elements quickly disappear as does the upper part of the photon statistics. Eventually, 

aU coherences become completely negligible and the photon statistics cluster about the 

vacuum state. 
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CHAPTER 3 

THE DISSIPATIVE MICROMASER 

In the previous chapter, we examined a number of properties of the cavity field 

mode in the lossless micromaser. We found that when certain conditions are fulfilled. 

the field evolves towards a pure (either tangent or cotangent) state, and for a small 

range of values of 1011 2, these states appear in the form of a mesoscopic superposition. 

The mesoscopic superposition becomes a macroscopic superposition as the size of the 

block of Fock space in which the superposition is confined increases. However, in 

the real world the resonator of the micromaser is not lossless. but instead interacts 

with its environment. This interaction results in damping of the cavity mode. In 

this chapter, we include cavity damping in the model and investigate to what extent it 

affects the formation of steady-state mesoscopic superpositions. 

Section 1 is an introduction to the anticipated effects of coupling the cavity 

mode to a reservoir. In Section 2. we review briefly the results of Filipowicz. 

Javanainen and Meystre (1986a) who studied the steady state photon statistics of the 

cavity mode pumped by two-level atoms. Here. the atom.o; were assumed to be 

prepared in an incoherent mixture with no polarization terms. The results of this 

model auggest that in the thermodynamic limit. the primary (gain - loss) threshold of 

the micromaser is akin to a second-order phase transition followed by secondary 

thresholds resembling first-order phase transitions. In Section 3, we give numerical 

results for the dynamical evolution and steady states of the cavity mode pumped by 

two-level atoms prepared in a coherent (pure) superposition. 

have been discussed by Slosser, Meystre, and Wright (1990). 

Many of these results 

We find that steady 

state mesoscopic superpositions survive in the presence of a surprisingly Jarge amount 
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of dissipation. Our results also indicate the existence of a transition region with 

characteristics similiar to first-order phase transitions. This transition is distinct from 

the incoherent micromaser threshold discussed in Section 2. 

3.1 Introduction 

Generally. dissipation destroys macroscopic superpositions very rapidly. Walls 

and Milburn (1985). Caldeira and Leggett (1985). and Savage and Walls (1985) have 

shown that the off-diagonal elements of a coherent superposition of two coherent 

states IO!) and 113> dephase by the factor (O! 113>0-e-"1t) in time t. where 'Y is the 

damping rate. This decay is a common feature of any quantum system which is 

coupled to a reservoir (environment). However. our system is also driven by the 

atoms and. specifically. the coherence of the field is built-up by the polarization of 

the atoms. The combined influence of dissipation and driving upon the cavity mode 

leads to a competition between the build-up and decay of the coherences of the cavity 

mode. In steady state. an equilibrium is reached between these two processes. 

Dissipation also allows the incoherent transfer of photon statistics through the 

block of Fock space bounded by the upper and lower trapping states I Nu> and I Nd ). 

The coherence terms of the density matrix outside this block are influenced as well. 

However, in the very low temperature regime (l' S! 0), elements Pn,m with n.m > N u 

are no& influenced by elements with lower n or m index, see Section 1.4. In this 

chapter, we initialize the field density matrix such that it only has non-zero elements 

within the block bounded by the vacuum 10) and the upper trapping state I Nu)' 

Thus. in the low temperature limit. the elements Pn,m with n.m > Nu will remain zero 

during the dynamical evolution of the field. 
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3.2 Incoherent Pumping 

We assume that the micromaser resonator mode is coupled to a thermal reservoir 

characterized by a decay rate "(. a temperature T. and an average number of thermal 

photons ii - [exp{ftw/kn - 1]-1. If the atom-field interaction time is much shorter 

than the cavity damping time ,,(-1. then relaxation of the resonator field mode can be 

ignored while atoms are inside the cavity (Barnett et al. (1986». The dynamics of the 

field are governed by the master equation (see Eqn. (1.34». 

a!n _ (ii + l)[(n + l)Pn+1 - npn] 

+ ii[nPn-1 - (n + l)Pnl 

+ N ex 1 al 2 (Sn 2pn-1 - Sn+1 2Pn> 

+ N ex 1.81 2 (Sn+1 2Pn+1 - Sn 2Pn> • (3.1) 

where the operators L and F of (1.34) have been evaluated in the number state basis. 

The parameter N ex • R/'Y is the number of atoms passing through the cavity in a 

cavity decay time. In terms of the dimensionless pumping parameter 

8 • .jNu K.T/2 • (3.2) 

the steMy-state photon statistics PnJJ !I (n! pU! n) of the field are (Meystre and Sargent 

(1990» 

[ 

iiI< + N a 1 al 2 sin2(26..fki'ii;) ] 

(ii+l)k + N ex. 1 Pl2 sin2(28.jk/N u) 
(3.3) 
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In Figs. 3-1 we show the normalized steady state mean photon number I _ 

(n)/Nex versus the pumping parameter e for (a) I lXI2 • 1.0. (6) I lXI2 • 0.75. (c) I lXI2 • 

0.50. (d) I lXI2 • 0.25. The three different curves on each graph correspond to Nex • 

1000. 100. and 10 (solid line. dashed line and dotted line. respectively). The number 

of thermal photons was taken to be ii • 0.1. From Figs. 3-la and 3-!b. we see that 

i is nearly zero for very small e. but increases rapidly at the threshold value e - 1. 

Past this point. the behavior is different for large Nex (~ 1000) and small Nex « 50). 

When N ex is small. i varies somewhat randomly. especially for large e. For large 

N ex' i decreases to a minimum. at which point the field jumps abruptly to a higher 

intensity. For fully inverted atoms. this behavior reoccurs at roughly 2" intervals. 

The semiclassical theory of Guzman. Meystre. and Wright (1989) shows how each 

cycle can be interpreted as corresponding to a different number of Rabi revolutions 

of the atomic Bloch vector as the atoms traverse the cavity. i.e.. the trlh cycle 

corresponds to 2m Rabi revolutions. This semiclassical theory also indicates that as 

N ex ~ 00. the system approaches the thermodynamic limit and that the first transition 

point (6 • I) may be interpreted as a second-order phase transition and the other 

transitions as first-order transitions (see also Figs. 3-3 and 3-4. below). 

The jumps in 1 are much less pronounced when I lXla - 0.75 (Fig. 3-1b) and are 

completely absent if I ala ~ 0.50 (Figs. 3-1a and 3-1d). In the absence of atomic 

inversion. the maser cannot be excited above threshold. a result well known from 

conventional laser theory. This is because under such conditions the field will most 

likely lose energy to the atoms and remain in the vacuum state. except for small 

fluctuations. 

In Figs. 3-2. we show the photon statistics of the steady state field versus the 

pumping parameter e for I lXla • 1.0 and 0.75. The number of thermal photons is ii 
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• 0.1 and N ex was reduced to 75. Again. we can see the maser threshold at () ~ I 

and the subsequent first-order-like phase transitions. as evidenced by muItimodal 

photon statistics. Although. this situation might appear reminiscent of the mesoscopic 

superpositions of the tangent and cotangent states. it a result of different processes. 

Here. Hie multi-peaked distribution is a result of incoherent pumping and quantum 

diffusion. which drive the maser towards minima of an "effective potential". as 

discussed by Guzman. Meystre. and Wright (1989). In contrast. the cotangent states 

which for certain values of I ~12 become macroscopic superpositions rely on the 

combined effects of coherent pumping and the existence of higher-order trapping 

states I N) (/(,f"/ N + 1 • prr. p .. integer > 1). An essential result' of this difference is 

that the steady states of the incoherently pumped micromaser are mixed states. not 

pure states. 

The phase transition behavior of the micromaser can be illustrated with the aid 

of the Q-function (Glau~r (1963). Kano (1965» 

(3.4) 

where I ~> is a coherent state. The Q-function simply gives the diagonal matrix 

elements of the density operator in the coherent state basis. Since p is a positive 

operator. Q(~) is non-negative. This semi-definite positivity property enables Q(~) to 

be used to represent the probability distribution of quantum states on a classical phase 

space (Drummond, Gardiner. and Walls (1981) and also enables one to take the 

logarithm of Q(Ot). 

The logarithm of Q(Ot) can be somewhat loosely interpreted as an effective 

potential V,,, for the field. This can be seen as follows: For a system in 

equilibrium, the density matrix can be written in the form 
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p - ,}/'exp{-V/kD . (3.5) 

where ,}/' is a normalization constant. V is the potential. k is the Boltzmann constant 

and T is the temperature. The minima of V correspond to the stable equilibrium 

states of the system. Since the micromaser is an open. non equilibrium system. Eqn. 

(3.5) does not hold. but In«OfI pi Of» is still useful in studying the coherence and phase 

transition properties of the field. 

In Figs. 3-3. we show Veil - -lnQ(Of) about the 9 - I (gain - loss) transition (see 

point A of Fig. 3-1 b) of the incoherently' driven micromaser. At this point. I Ofl 2 • 

0.75. N ex - 1000. and the value of 9 - (a) 0.30" (b) 0.40" (c) 0.46" (d) 0.48" (e) 0.5" 

(f) 0.6". In Fig. 3-3a. the minimum of the potential corresponds to Of - O. the 

vacuum state. In successive figures. this minimum flattens out (Fig. 3-3 b) and 

eventually develops into a local maximum (Fig. 3-3c-j). Thus. the vacuum state 

becomes unstable. The new minimum of the potential representing the new stable 

state moves steadily away from the vacuum. Notice that the new stable state is 

rotationally invariant. This is a consequence of the lack of preferred phase in the 

field. 

In Figs. 3-4, we show V,,, - -1nQ(0f) about the 9 - 3" transition (see point B of 

Fig. 3-lb) of the incoherently driven micromaser. The parameters of these figures are 

IOfl 2 - 0.75, NIX - 1000, and 9 - (a) 3.0" (b) 3.2" (c) 3.4" (d) 3.6". Again. the 

rotatioGal symmetry of the stable equilibrium state of the field is evident. Before the 

transition (Fig. 3-4a). the potential exhibits a minimum corresponding to a non-zero 

maser intensity. As 9 passes through the transition, a new minimum spontaneously 

develops away from the original miminum (Fig. 3-4b). This new mimimum becomes 

deeper as the original minimum becomes shallower and eventually the original 

minimum disappears altogether (Fig. 3-4c,d). These figures indicate the first-order 
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nature of this transition. 

3.3 Numerical Solutions for the Coherently Driven Micromaser 

Consider now a dissipative micro maser driven by atoms is prepared in the 

coherent superposition \I/J)QJ • 0/1 a) + /31 b) upon entering the resonator. Initially the 

field is taken to be a (truncated) thermal field with ii • 0.1. the truncation (and 

concomitant renormalization) being such that there is no initial population of number 

states past the upper trapping state I N). If the cavity field is coupled to a very low 

temperature reservoir and the atomic arrival times can be represented by a random 

Poisson ian process. then the evolution of the field density operator is given by Eqns. 

(1.28) and (1.34). and the steady-state solutions are given by Eqn. (1.35). 

Fig. 3-5 shows the entropy of the final steady state reached by the micromaser 

field as a function of Nex • The solid curve is for the 31f-trapping state IN). 110). 

and the dashed curve is for IN)· 115). In both cases, we observe that a broad 

plateau where S remains roughly constant as a function of N ex is followed by a 

transition to a region where S decreases roughly as liN a' The steady state of the 

micromaser field approaches a pure state as N a .. 00. 

Fig. 3-6 demonstrates that it is not just the off-diagonal elements of the field 

density matrix. but also the photon statistics that experience a qualitative change as 

NIX is increased. The mean photon number (solid line) and the normalized variance 

cr • ({n2> - (n)">/(n) (dashed line) are shown as a function of No.. We see a 

transition from a near vacuum state for low N '" to a state with super-Poisson ian 

photon statistics. This latter state is just the pure cotangent state in the N ex .. 00 

limit. The transition between these two regimes is characterized by increased 

fluctuations reminiscent of those appearing in phase transitions. 
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It is easy to see that this transition does not correspond to the "incoherent 

pumping" micromaser threshold 9 • I of the previous section. From the definition of 

9. Eqn. (3.2) and the trapping condition. Eqn. (I.20a). the laser threshold 9 • I yields 

readily N ex • (N + 1)/q2112 giving N ex 5!! 1O-2(N + I) for a 311-trapping state. For fixed 

"T. the thresholds apparent in Figs. 3-5 and 3-6 occur for much larger N ex values 

than the incoherent (9 • I) maser threshold. Indeed. in the present example the upper 

state population of the two-level atoms is less than 1/2. so that under incoherent 

pumping the maser would simply remain below threshold. In this sense. it might be 

argued that the present system is a "maser without inversion" (Harris (1989) and 

Scully. Zhu. and Gavrielides (1989». except that it behaves quite differently from 

what would be expected of a maser! 

Figs. 3-7 show the modulus of the matrix elements (nl Pss I m) in the low N ex 

regime. in the transition region. and for large N ex' respectively. These figures clearly 

illustrate the transition to an almost pure macroscopic superposition which again is 

essentially the cotangent state of the lossless micromaser. 

So far. we have only considered the characteristics of the steady state. It is 

also useful to see the evolution of the initial field state into a mesoscopic 

superposition, using Eqn. (1.34). Figs. 3-8 (solid line) and 3-9 show the evolution of a 

thermal field Vi • 0.1) into essentially a pure mesoscopic superposition. which is the 

311-cotaqent state bound between the vacuum and the upper trapping state 110). 

Higher upper trapping states may be used in this calculation. but the stiffness of the 

differential equations increases rapidly. In Fig. 3-8. the initial thermal field evolves 

with four different values of Nex• line A: Nex • lOS. line B: Nex • 106. line C: 

N ex - 107 and line D: N n. • 00. Notice that as the damping rate decreases (line A 

.. line d) the time for the field to reach steady state increases. 
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In Fig. 3-9. we show the modulii (nl pi m) of the density matrix elements of the 

field at the times (in units of 1/ R) (a) t • O. (b) t • 5000. (c) t • 15.000. and (d) t • 

85.000. These are snapshots of the field whose entropy evolution is shown in the 

previous figure by line D (Nex • 00). These figures illustrate the build-up of the 

coherences and of the mesoscopically separated photon statistics as more and more 

atoms pass through the resonator. 

We now return to the steady states of the coherently driven micromaser and 

evaluate their Q-function. First. recall that the contours of the Q-function 

corresponding to the number states and the coherent states are represented as circles. 

We can see this as follows: For the number state I n) and coherent state 1m. Eqn. 

(3.4) gives 

Q(Ct) • exp(-I Ct~;> I CtI2n (3.6a) 

and 

(3.6b) 

respectively. Eqns. (3.6) are obviously rotationally invariant with respect to Ct. 

The contours of the Q-function in Figs. 3-10. show the transition to a 

mesoscopic superposition for increasing N ex • (a) 104. (b) 5 x 104. (c) lOS and (d) 1()6. 

In the lossless limit (N ex .. 00). we recover the cotangent state bound between the 

vacuum and the 3IT-trapping state 110). In Fig. 3-10a. the micromaser is below 

threshold with (n) 21 O. The evolution of the cavity mode through the micromaser 

threshold is portrayed in Figs. 3-IOb. 3-10c and 3-IOd. In Fig. 3-lOd. the state of 

the cavity field mode closely resembles the pure cotangent state of the lossless 

micromaser. 
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Figs. 3-11 a-d show the Q-function Q(O!) of the steady state field through the 

transition to a mesoscopic superposition with (a) N ex - 105, (6) N ex - loa, (c) N ex -

107
, and (d) N ex - lOS. In the lossless limit, we recover the pure 31T-cotangent state 

with upper trapping state 115) and I 0!12 - 0.28. Figs. 3-12a-d plot the corresponding 

negative logarithm of the Q-function of Figs. 3-11. Figs. 3-11 e and 3-12e give the 

corresponding function in the situation where the off-diagonal elements PlI,m with n :;:. 

m of the field density matrix have been arbitrarily set equal to zero. By comparing 

figures e to the rest of the figures. one can see that the injection of polarized atoms 

breaks the symmetry of the Q-function along the Im(O!) axis. a result analogous to the 

well-known situation of the laser with injected signal (Chow, Scully and Van Stryland 

(1975». 

For a second-order phase transition, the effective potential Veil - -lnQ(O!) would 

develop its minima above threshold via a pitchfork bifurcation from its minimum 

below threshold (like the 8 • 1 transition of the incoherently driven micromaser. see 

Fig. 3-3). Figures 3-11 and 3-12 show that this is not the case in this system, 

Instead. the transition to a mesoscopic superposition resembles a first-order .phase 

transition and the system is akin to optically bistable systems. Indeed. above 

threshold. the Q-function resembles that of conventional dispersive bistability (Risken 

et ai. (1987». although there is an essential difference between these two systems. 

Savage and Cheng (1989) showed that conventional optical bistable systems are in an 

incoherent mixture. rather than a coherent superposition of two quantum states 

localized at the minima of the effective potential. The seven local maxi~ in Fig. 

3-12c are clear evidence of interference phenomena coming from the coherence terms 

of these two quantum states. 

In the number stale representation. the Q-function can be expressed as 
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Q(~) _ eXp(-1 ~ 12) t I ~I II+m e-i4J.n-m) P II.m (3.7) 

n.m-O 

where P",m :: (nl pi m) and ~ - I ~I exp(-i¢). Since the sum in (3.7) is truncated at the 

upper trapping state Nu• the phase factors result in positive and negative interferences 

which produce a corona with local maxima and minima. A simiIiar corona was 

predicted by Milburn and Holmes (1986) in the Q-function of a lossless anharmonic 

oscillator. A surprisingly accurate model of the location and number of local 

(interference) maxima and minima has been developed by P. Meystre. J. J. Slosser 

and M. Wilkens (1990). This model consists of replacing the pure cotangent state (in 

the form of a mesoscopic superposition) by the coherent superposition of number 

states. 11/1) - ~ I 0) + f31 M). It is found that the Q-function of· this state has M zeros 

at a distance 1 aal from the origin given by 

(3.8) 

The accuracy of this model indicates that the major features of the Q-function of a 

(bimodal) mesoscopic superposition are independent of the details of each peak of the 

density matrix. 
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In the previous chapter. we presented evidence that the steady-state field mode of 

a micromaser pumped by atoms prepared in a coherent superposition undergoes a 

transition similiar to a first-order phase transition. At high damping rates (or small 

injection rates) the steady-state photon statistics are clumped about the vacuum. As 

the damping rate decreases. the photon statistics develops a bimodal distribution. 

Finally. at low damping rates. the coherences between number states produce a pure 

state in the limit of zero damping. In practice. damping will always be present, so 

that even under the best experimental conditions. only quantum states that approximate 

(perhaps to a high degree) pure macroscopic superpositions can be prepared in the 

micromaser. With today's technology. preparing such states wiIl be difficult. but not 

impossible. In fact. the most challenging problem may be the detection of these states 

once they are prepared. 

In Section 4.1. we consider some of the major obstacles in preparing a 

macroscopic superposition in the micromaser. If these obstacles are overcome and a 

is prepared. then the detection of this state is the 

next priority. In Section 4.2 we consider the possibility of using photodetectors to 

observe the beating of photons coming from the spontaneous decay of the two atomic 

levels into a third common level. The amplitude of the interference fringes gives a 

measure of the polarization of the atoms as they exit the resonator. which in turn is a 

function of the coherences of the field. Lastly in Section 4.3. we consider an atomic 

deflection experiment in which atoms are deflected orf the cavity field mode onto a 
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screen resulting in an atomic deflection pattern. Meystre. Schumacher and Stenholm 

(1990) have shown that this diffraction pattern (analogous to a light diffraction pattern) 

is sensitive to the photon statistics (but not the coherences) of the field. 

4.1 Preparation of Macroscopic Superpositions 

Here. we consider a few of the obstacles that must be overcome in order for a 

macroscopic quantum superposition to be prepared in a micro maser . First. the 

trapping states must be effective in confining the photon statistics within a specific 

block of Fock space. When the reservoir temperature is zero and the field density 

matrix is initialized with nonzero elements Pn,m only in the block of Fock space 

defined by the vacuum I 0> and the upper trapping state I N u>. then the master 

equation for the damped harmonic oscillator (1.28) shows that the energy state I n) is 

coupled to the lower state I n-I) and not to I n+l). However. as the reservoir 

temperature increases above zero. then I n) becomes coupled to I n+ 1) and the photon 

statistics below the trapping state I Nu> start to influence the photon statistics above 

I Nu>' This influence results in a leakage (incoherent transfer) of photon statistics past 

I Nu> and the trace of P within the block is not conserved rrrblocAP < I). 

In Figs. 4-1. we show the steady state photon statistics. Eqn. (3.3). of the 

incoherently-pumped micromaser as a function of ii • [exp(f1w/kn - 1]-1. The value 

of Na is fixed at 10'. while in (a) 1 exl 2 • 0.5 and in (b) I exl 2 • 0.6. The value of (} 

is chosen so that the number state 14) is a hr-upper trapping state. Fig. 4-1a shows 

that for ;; < 10-1• the trapping state is effective in containing the photon statistics 

below It • S. For higher values of ii. 0.1 < ii < 1 the photon statistics are bound by 

the next trapping state 1(9). As;; increases further. the photon statistics move past 

this second trapping state. In Fig. 4-lb. we see qualitatively the same behavior. but 
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in this case the atoms are partially inverted <10112 > 1131 2). The trapping state 14) is 

now no longer effective at - ::10 n - This shows that for nonzero reservoir 

temperatures. the containment properties of the trapping states are highly dependent 

upon whether or not the atoms are inverted. This is simply due to the fact that 

partially inverted atoms are more likely to give up energy (photons) than absorb 

energy and vice-versa for non inverted atoms. Thus. as the inversion of the atoms is 

increased. the energy states close to the upper trapping state I Nu> will tend to become 

more and more populated. Dissipation (with T > 0) then allows these states to 

influence the energy states above 1 Nu)' In the previous two chapters. we found that 

macroscopic superpositions formed with a 37f-trapping state require 1011 2 e! 0.30. 

Under these conditions. Fig. 4-1 b shows that ii 5!! 0.1 (T - 0.4K) is the upper limit 

that can be tolerated if the trapping state is to effectively contain the photon statistics. 

This value is just within reach of current experimental conditions. 

Second. Fig. 3-4 shows that N ex must be on the order of at least I ()6 to observe 

the predicted transition. Present cavity dampings and atomic injection rates limit N ex 

:; R/'Y to e! 2 x 1()2. If the arrival times of the atoms follow a random Poissonian 

distribution. then the value of R cannot be significantly increased from its present 

value since higher injection rates would not insure that at most one atom is inside the 

resonator at a time. One way of increasing R is to use Rydberg ions rather than 

Rydberl atoms. Krause et aI. (1989) have proposed using Rydberg ions (with charge 

+e) cooled by photon recoil to construct a beam of regularly spaced atoms (see also 

Rahman and Schiffer (1986». If this can be experimentally realized. then the value 

of R and therefore N ex may be increased by at least a couple of orders of magnitude. 

Of course. since the derivation of the master equation (1.34) was based on a 

Poissonian distribution in the atomic arrival times. this equation will no longer be 

completely applicable. Filipowicz. Javanainen. and Meystre (1986) showed that if the 
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atomic arrival times of an incoherently pumped micromaser are regular. then the 

photon statistics become narrower by a factor of 1/./2 although the positions of the 

minima of the effective potential are the same. Thus. the micromaser exhibits more 

quantum-mechanical features as the randomness is reduced. 

The cavity damping rate 'Y is highly dependent on the temperature of the 

resonator and hence N ex can also be increased by decreasing T. Below the critical 

temperature of the resonator. the walls become superconducting to direct current. 

Currently. all micromaser experiments are conducted below this temperature. 

However. the ac nature of the field causes the value of 'Y to decrease exponentially 

with temperature below the critical temperature. Of course. the resonator also has 

two holes used for the entrance and exit of the atoms and losses through these holes 

cannot be easily altered. Thus. the value of 'Y only decreases with temperature until 

the losses through the holes become dominant. At present, losses through the holes 

are not significant compared with losses through the walls so that the value of N ex 

may be dramatically increased in the near future. 

Third. the hardest experimental challenge may be to inject a sequence of atoms 

into the resonator in which each atom is prepared in precisely the same quantum 

superposition. In principle. this can be accomplished by imploying a high-resolution 

spectroscopy technique discovered by Ramsey (1949) and Ramsey (1950). Before 

entering the resonator, the atoms pass through a laser pulse which excites them into a 

coherent superposition of the I a) and I b) energy levels 

(4.1) 

where a and f3 depend on the pulse excitation. The coefficients a and f3 may be 

controlled by using a laser pulse of a given width. such that atoms with a well-
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defined velocity pass through in a precise time. The coefficients ex and f3 will 

develop a well-defined relative phase ¢ as the atoms travel from the excitation cavity 

to the micromaser resonator. However. because of the velocity dispersion of the 

atoms. ¢ will develop an associated dispersion. 

In Fig. 4-2. we show the evolution of the entropy of the cavity mode when 

each atom has a relative phase ¢ between ex and f3 that is randomly varied from atom 

to atom. If no variation in phase had occured. the cavity mode would have evolved 

towards the cotangent state with 1 exl 2 - 0.40 bound between the vacuum and the 

3IT-upper trapping state 17). In each case. the average relative phase between ex and 

{J is IT/2 and the width of the random variation about this average is (a) t:J.¢ - IT/180. 

(b) t:J.¢ - IT/I 8. (c) t:J.¢ - IT/9 and (d) t:J.¢ - IT/2. Although different seeds for the 

random number generators yield slightly different entropy trajectories than the ones 

shown. for a given t:J.¢. the cavity mode evolves toward the same state. 

In Figs. 4-3. the final steady state density matrices ior the above trajectories are 

shown. When t:J.¢ is small. Fig. 4-2a shows that the final density matrix is very 

similiar to the pure cotangent state. In the subsequent figures. the coherences in the 

field become smaller until in the last figure they are nonexistent. These figures 

indicate that a dispersion in ¢ larger than IT/9 results in greatly reduced coherences. 

Preliminary studies with larger blocks of Fock space (higher upper trapping states) 

indicate that the development of coherences in steady state is even more sensitive to 

the random variation in ¢. 

4.2 Quantum Beat Experiment 

It is well known that interference phenomena are expected to arise whenever 

two or more possible paths in the evolution of a system lead to the same final state 
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(Feynman (1965)). Suppose that the system consists of a ground state I c) and two 

closely spaced excited states I a) and I b}. If initially the system is excited into the 

coherent superposition 11/1) • OIl a) + 131 b}. then the system will radiate energy ending 

up in the ground state I c). A photodetector is placed a distance r away from the 

system and detects the photons with frequencies wac and wbc' emitted in the I a) .. I c) 

and I b) .. I c) transitions. respectively. In the notation of Meystre and Sargent (1990). 

the signal registered by the photodetector is proportional to 

Here. e is the Heaviside function. "a and "b are the dipole coupling constants between 

the field and the 1 a) .. 1 c) and I b) .. I c) transitions and 'Ya and 'Yb are the 

corresponding Weisskopf-Wigner spontaneous emission decay rates. The signal shows 

a damped oscillation with beat frequency wah :: wac - wbc' The oscillation is 

observable as long as the two paths <I a) .. 1 c) and 1 b) .. 1 c» are indistinguishable. 

However, if the atom is prepared in the mixed state 

(4.3) 

then the photodetector signal, Eqn. (4.2), is changed with 01 (3 in the third term 

replaced by Pba' This is understandable, since the density operator is an average 

over the various possible wavefunctions 1 t/J) t weighted by the probability Pt ~f the 

system being in that state. If the various states have the same probabilities 1 011 2 and 

1131 2, then when we average Eqn. (4.2) over these states the first two terms on the 

RHS will be unchanged. The reduction in the off-diagonal terms of the atomic 
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density matrix may be seen using a relative phase factor ¢i between the probability 

amplitudes 01 and 13 for the different possible states of the atoms. i.e .• for N systems 

N 

Pab • LPjOl{!: • OI{!: ~ Le-i¢i 
i-I 

(4.4) 

If the phase is completely random in the interval [0. 21T]. then Pba • 0; otherwise. 

1 Pba 1 is only reduced below its maximum value 1 OI{!: I. ThUs. when we average the 

third term and its complex conjugate on the RHS of Eqn. (4.2). we just get the simple 

replacements O!,r .. Pah and POI- .. Pba' In this case. the photodetector will register a 

signal which is again modulated at the difference frequency wa-wb' but the amplitude 

of this modulation is reduced. 

In the micromaser system. each atom is initially prepared in the state Il/J) aJ -

O!I a} + 131 b}. where 011 and f3 are chosen such that. without dissipation. the field would 

be driven towards a pure macroscopic superposition (cotangent) state. If the field 

were prepared in a pure cotangent state (Iossless micromaser). then the atoms would 

exit the resonator in the pure state I t/J}aJ - -OIl a} + 131 b) or I t/J)aJ - OIl a) - PI b>. see 

Eqn. 2.15a. After exiting the resonator. the atoms spontaneously decay to the third 

level I c). In this case, the radiated power is given by Eqn. (4.2). 

When dissipation is included in the model. the steady state field changes from a 

pure macroscopic superposition to a near vacuum state as N ex decreases. see Fig. 3-5. 

Although the atoms still enter the resonator in a pure state. now they do not exit in a 

pure state. This departure from purity is a function of the state of the field. Since 

I Pah I determines the magnitude of the interferences peaks. the beat signal can at least 

partially determine the state of the field. In Fig. 4-4a. we show the modulus of' the 
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atomic coherence I Pabl versus Log1o(Nex) for a 37T-upper trapping state 115) with I ctl 2 

- 0.28. The solid line is the calculation with the full density matrix and the dashed 

line is for a field with the same photon statistics but with the off-diagonal elements 

arbitrarily set to zero. The solid line indicates very little change in I Pab I even 

though the field photon statistics have changed considerably. Remarkably. when just 

the photon statistics of the field are used to evaluate I Pab I (dashed line). the beat 

signal decreases to nearly zero as the field grows into a diagonal bimodal distribution. 

This indicates that it is the coherences of the field that prevents I Pab I from changing 

significantly as the field makes the transition into a macroscopic superposition. 

In Fig. 4-4b. we have expanded the region about N ex - lOS to lOS. so that we 

can see the change in I Pab I through the transition. Notice that I Pab I increases to the 

pure value I ctJrl as the field approaches the pure macroscopic superposition. 

Unfortunately. the increase in I Pab I is very small 5!! 0.006%. Also. prelimary studies 

indicate that when larger upper trapping states are used (giving more widely separated 

clusters of photon statistics). the change in I Pab I is even less. 

Experimentally. Leuchs and Walther (1979) have shown that in the case of 

Rydberg atoms. field ionization (I a) .. continuum or I b) .. continuum) is an efficient 

method of detecting the quantum beats of closely-spaced Rydberg levels I a) and I b). 

Unfortunately. under the best conditions the quantum beat amplitude is only 30% of 

the fun signal. It then appears unlikely that the transition to a macroscopic 

superpolition will be discemable. 
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4.3 Atomic Deflection Experiment l 

In the last few years it has become experimentally possible to deflect atoms off 

of standing light waves (Frisch (1933); Picque and Via lie (1972); Schieder. Walther. 

and Waste (1972); Arimondo. Lew. and Oka (1979): Gould. Ruff. and Pritchard 

(1986); Martin et al. (1988». The atoms may be detected with a hot-wire giving rise 

to a scattering pattern analogous to that of light diffracted off a grating. When the 

standing wave is quantized. Meystre. Schumacher and Stenholm (1989) have shown 

that the deflection pattern reflects the photon statistics of the standing wave. 

The total Hamiltonian of the atom-field system is given by the Jaynes-Cummings 

Hamiltonian (1.10) plus the center-of -mass motion 

Here. 0'; are the Pauli spin operators and p is the center-of-mass momentum of the 

electron along the x-axis. As before. we neglect spontaneous emission into other 

modes. In the rotating-wave approximation and the interaction picture. the 

Schr&iinger equation becomes 

WorkiDl in the momentum representation. the probability ~(P.t) for an atom that 

interacts with the standing wave for time t to exit the micromaser cavity with 

transverse momentum p is 

1 The graphs in this section were obtained with the program and assistance of Erik 
Schumacher. 
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~(p,t) - Trint./ieldl\ll(p,t)(\II(p,t)1 ' (4.7) 

where Trint./ield is a partial trace over the internal degrees of freedom of the two

level atom and over the field. 

Consider an atomic beam consisting of two-level atoms prepared in their lower 

state 1 b} passing normally through the quantized standing microwave field of the 

micromaser. Figs. 4-5 show the probability ~(p,t) as a function of time t (in units 

of the Rabi frequency) for the three fields (a) thermal, (b) coherent, and (c) a 

mesoscopic superposition. The mesoscopic superposition is a 3lT-cotangent state, where 

one peak in the photon statistics is essentially the vacuum mode and the other is 

centered about the number state 120). giving an average photon number <n> 5!! 10. 

For the thermal field. Fig. 4-5a. the atomic transverse momentum remains as a single 

peak centered at zero deflection. This is due to the fact that a thermal field contains 

a considerable population in the vacuum mode 10). In the rotating-wave 

approximation. the Jaynes-Cummings model does not couple lOb) to any other state, 

so there is a high probability that the atom will not be deflected at all. 

Fig. 4-5b shows that the coherent field I~) with mean photon number <n> -

I ~12 5!! 10. gives a symmetric double-peaked transverse momentum distribution. Since 

I ~> contains very little population in the vacuum mode (01 ~ 1 0) 5!! e-5), the central (no 

deflection) peak becomes negligible with increasing interaction time. The mesoscopic 

superposition represented in Fig. 4-5c gives a triple-peaked transverse momentum 

distribution. The middle peak at zero deflection reflects the photon statistics of the 

field around the vacuum state and the two side peaks reflect the photon statistics 

centered about 120). These figures give generic patterns only for short enough 

interaction times. With longer interaction times. other transverse momentum states are 

populated giving rise to complicated patterns that do not easily reflect the photon 
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statistics of the scattering field. 

These figures indicate that an atomic deflection experiment could in principle 

distinguish a double-peaked photon distribution from a thermal or coherent-like photon 

distribution. In practice. current experiments use laser light with optical frequencies 

and relatively heavy atoms like sodium.. The resolution of the transverse atomic 

momentum is about 0.7 file at I meter distance from the interaction zone (Gould. Ruff. 

and Pritchard (1986». Since current micromaser experiments use microwaves with 

frequencies a! 20 GHz and relatively heavy atoms. it does not appear that current 

atomic deflection experiments could resolve the patterns seen in Figs. 4-5. However. 

the deflection angle of the atoms can be increased by using lighter atoms and/or by 

decreasing the kinetic energy of the incoming atoms by techniques such as laser 

cooling. The combination of these techniques may offset the small momentum transfer 

of microwaves. Unfortunately. the off-diagonal elements of the density matrix 

characterizing the standing wave do not influence the deflection of the atomic beam. 

so that even in principle this type of experiment could not "see" the coherences of 

the field. 

4.4 Summary and Outlook 

In this dissertation we showed that in the lossless limit a single mode of the 

electomagnetic field pumped by polarized. resonant two-level atoms (i.e.. prepared in a 

coherent superposition of their uppper and lower states) can evolve towards previously 

unknown pure states. called the cotangent and the tangent states. The ability of 

certain number states of the field to act as trapping states is instrumental in the 

formation of these pure states. The probability amplitudes of these states were 

derived from a self-consistency argument. We also noted many interesting properties 
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of the cotangent states including squeezing. sub-and super-Poisson ian photon statistics. 

and perhaps most important of all. the formation of macroscopic superpositions. 

When including the effects of dissipation. we found that although the field does 

not evolve towards either the pure cotangent or tangent state. it can evolve towards 

mixed states which may retain some of the properties of the undamped pure states. 

In fact. even under relatively large amounts of dissipation these mixed steady states 

may still resemble to a large degree the pure macroscopic superpositions. We also 

presented evidence indicating that the steady-state field undergoes a first-order phase 

transition as the damping parameter is varied. This phase transition is distinct from 

and occurs at much higher pumping rates (or equivalently lower damping rates) than 

the phase transitions known to occur in the incoherently pumped maser field. 

We evaluated the experimental conditions necessary to prepare these macroscopic 

superpositions in the micromaser and found that although current experimental 

parameters are inadequate. no new technological advances are necessary in order to 

achieve the required parameter values. In fact. the major challenge may not be the 

preparation of the macroscopic superpositions. but rather their detection. The 

preparation and detection of such macroscopic superpositions will shed light on the 

transition from microscopic quantum physics to macroscopic classical physics. Hence. 

experiments along these lines. although difficult. will be well worth pursuing. 
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the pure slate reached by the harmonic oscillator driven by a beam of 2-level atoms 

in a coherent superposition of upper and lower states. The upper slate populalion is 

lOti' _ .75. and the Fock slate 125) is a lIT-trapping slate. J2(j'KT - IT. The field mode 

was Slarted from a thermal slate with ii • 10-1• The initial distribution has been 
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figure 2-13: Entropy of the field (solid line) and atoms (dashed line) versus the 

number of atoms that have passed through the resonator. figs. (a), (b), (c). and (d) 

represent the four relative detunings 6/917 - 0.00018. 0.0018. 0.17. 0.66. respectively. 

The initial field in each figure is a truncated. thermal slate with mean photon 

number ii - 0.1 bound between the vacuum and the Iw-upper trapping slate 114). 
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Figure 2-15: Steady-state density matrices of the field mode in which the field 

and atoms are detuned by (a) 6/fiP-7 - O.OOOH1. (6) 6/fiP-7 - 0.0018. (c) fJ/fiP-7 - 0.0\8. 

and (d) 6/fiP-7 - 0.17. 
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(short-dashed line). The number of thermal photons is ii • 0.1. 
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Figure 3-1: Continued 



o 

Figure 3-2: Photon statistics of the steady state field versus the pumping 

parameter e for (a) 10:12 = 1.0 and (b) 10:12 = 0.75. The number of thermal photons is 

-o 
ii = 0.1 and Nex = 75. N 
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(b) 

Figure 3-3: Effective potential V.II • -lnQ(a) with the parameters /a/2 • 0.75. 

N." • 1000. and 9 • (a) 0.30" (b) 0.40" (e) 0.46" (ei) 0.48" (e) 0.5" (f) 0.6". Values of 

V.II larger than 14 are arbitrarily set to zero. giving the planar structure on the sides 

of the potential minima. These figures demonstrate the second-order nature of the 

gain • loss (9 • I) transition in the incoherently pumped micromaser. 
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Figure 3-3: Continued 
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Figure 3-3: Continued 



Figure 3-4: Effective potential V.I! • -lnQ(Oo) with the parameters 1001 1 • 0.75. 

N.x • 1000. and 9 • (a) 3.0" (b) 3.2" (e) 3.4" (d) 3.6". Again. values of V.I! larger 

than 14 are set to zero. These figures demonstrate the first-order nature of the 

successive transitions after the gain • loss (9 • I) transition in the incoherently 

pumped micromaser. 
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Figure 3-4: Continued 
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Log-Log plot of the entropy S of the final micromaser field state as 

a function of N ex' The solid line represents a 311'-trapping state at 110) with 10:12 .. 

0.26 while the dashed line represents a 311'-trapping state at 115) with 10:12 .. 0.28. 
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Figure 3-7: 
Modulii (n\p\m) of the field density matrix elements for (a) N ex • 

15. (b) N
ex 

• lOS. and (c) Nex • 109 • Here. liS) is a 3rr-upper trapping state with 10:1~ 

.0.28. 
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Figure 3-8: Evolution of the entropy of the field from the initial thermal state (ii 

- 0.1) with four different values of Na,. line A: Nex - lOS, line B: Nex - lOS, line 

C: N ex - J07, and line D: N ex - 00. Here IQll - 0.26 and I JO) is a 31T-upper 

trapping state. 
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Figure 3-9: Modulii (n!p!m) of the density matrix elements of the field at the 

times (a) t - O. (b) t - 5000. (c) t - 15.000. and (d) t - 85.000. These are snapshots of 

the field whose entropy evolution is shown by line D eN ex - (0) in Fig. 3-8. 
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Figure 3-9: Continued 
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Figure 3-10: Contours or' the Q-function illustrating the transition to a 

mesoscopic superposition for increasing N .. ; (a) NIX • 10'. (b) N .. • 10". (e) N .. • 10'. 

and (d) N t% • 10". Fig. (a) shows the micromaser below threshold where the photon 

statistics are clustered about the vacuum state while figures (b). (e), and (d) show the 

evolution of the cavity mode through the micromaser threshold. In Fig. (d), the 

cavity field mode is essentially the pure cotangent state bound between the vacuum 

and the 3r-upper trapping state II S) with larl2 • 0.28. Fig. (t) gives the corresponding 

function in the situation where the off-diagonal elements Pn.", with n '" m of the field 

density matrix have been arbitrarily set equal to zero. 
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Figure 3-11: 
Q-function of the steady state field through the transition to a 

mesoscopic superposition with (a) Nex - lOS. (b) N ex • 1()6. (c) N ex - 10
7

• and (d) N ex 

_ lOS. In the lossless limit. we recover the pure 31f-cotangent state with upper 

trapping state liS) and 10:\2 • 0.28. 
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Figure 3-11: Continued 
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Figure 3-12: Plots of the corresponding negative logarithm of the Q-function Veil 

= -lnQ(o:) of Figs. 3-11. Fig. 3-12e gives the corresponding function in the situation 

where the off-diagonal elements Pn•m with n t m of the field density matrix have 

been arbitrarily set equal to zero. 
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Figure 4-1: Steady state photon statistics of the incoherently-pumped micromaser 

as a function of ii. see Eqn. (3.3). The value of Nn: is fixed at 10'. while in (a) 10:12 

• O.S and in (b) 10:12 • 0.6. The number state 14) is a lIT-upper trapping state. 
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Figure 4-2: Evolution of the entropy of the cavity mode when the relative phase 

between 0: and f3 is randomly varied from atom to atom. If no variation in phase 

occurs. the cavity mode will evolve towards the pure cotangent state bound between 

the vacuum and the 311'-upper trapping state 17> with 10:12 - 0.40. In each case. the 

average relative phase between 0: and f3 is 11'/2. and the width of the random variation 

about this average is (a) !1r/J - 11'/180. (b) !1r/J - 11'/18. (c) !1r/J - 11'/9. and (d) !1r/J .. Tt/2. N 
0\ 



Figure 4-3: Final steady state density matrices reached by the trajectories shown 

in Fig 4-2. (a) ilrjJ - 11'/180. (b) ilrjJ - 11'/18. (c) ilrjJ - 11'/9. and (d) ilrjJ .. 11'/2. tv 
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Figure 4-4: (a) Size of the atomic polarization term Ipabl for initially pure (Pab -

etiS) atoms after passing through steady state fields of the dissipative micromaser 

(solid line) or fields with the same photon statistics but with the coherence terms set 

to zero (dashed line) versus Log10(N ex) and (6) the atomic entropy S versus LoglltNexl 

for a 3Jr-upper trapping state 115) with letl2
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Figure 4-5: For an atom initially in the lower state interacting for time t (in 

units of the Rabi frequency) with a resonant standing wave with wave number k. the 

probability ~(P.t) to exit with transverse momentum p - tftk 1 - O. tl. t2 • .... for (a) 

a thermal field. (b) a coherent field. and (c) a mesoscopic superposition is shown. The 

mesoscopic superposition is a 3rr-cotangent state, where one peak in the photon 

statistics is essentially the vacuum mode and the other is centered about the number 

state 120) so that (n) :!II 10. The coherent state also has (n) S!! 10. 

129 



130 
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Figure 4-5: Continued 
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Figure 4-5: Continued 
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