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ABSTRACT 

A new model for computing radiative transfer in a spherically symmetric 

atmosphere has been developed which uses a Gauss-Sidel iteration similar to 

Herman(1963). To account for inhomogeneities in the horizontal intensity field, 

the current work introduces a conical boundary on which solutions are found. 

This boundary is used in an interpolation scheme to obtain the intensity at the 

center of the cone. The model includes absorption and aerosols but neglects 

polarization and refraction. 

Checks of the model were performed. Results for a high sun and small 

optical depth compared to fiat atmosphere results were consistent with geometric 

arguments. The results where the radius of the planet was increased by a factor 

of 100 agree with fiat atmosphere results to bet.ter than 1%. Flux is conserved 

to hetter than 3%, and boundary solutions are accurate to better than 3% for 

nontangent paths, and 12% for tangent paths. A 10% biased boundary solution 

caused less than a 1% change in the final solution. The model also agreed 

favorably with models developed by Asous (1982), Marchuk et al. (1980) and 

Adams and Kattawar (1978). From the results of tests the model is concluded 

to be accurate to 3%, and in most earth-atmosphere situations accurate to 1%. 

This accuracy is on the order of, or better than, previolls techniques and more 

computationally efficient tha.n Monte Carlo simula.t.ions. The current model 

is more versatile and accurate than techniques that strive for computa.tional 

efficiency. 

The model was used to examine the atmospheric limb problem and resull.s 

from this work indicate that ozone and stratospht~ric dust layers may be detected 

from limb measurements. 
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CHAPTER I 

INTRODUCTION 

Radiative transfer in the earth's atmosphere has long been of interest for a 

wide variety of problems. Since solar radiation is the primary source of energy for 

the earth's atmosphere, its behavior in the atmosphere is especially of interest. 

In the past, radiative transfer models have emphasized the plane-parallel model. 

This model assumes that the atmosphere consists of plane-parallel homogeneous 

layers. This assumption simplifies the radiative transfer equation and reduces the 

computer time required to solve a given problem. Van de Hulst(1980) reviews the 

different techniques used to solve the flat atmosphere problem. One of these is the 

Gauss-Sidel iteration method(Herman(1963) and Herman and Browning(1965)). 

This method is both accurate and efficient. In the current work, a spherical 

radiative transfer model is developed that appJies Gauss-Sidel iteration to a 

spherically symmetric atmosphere. 

Typically the plane parallel assumption is quite accurate, but there are 

situations where assuming the atmosphere to be plane-parallel results in loss 

of accura<:y. These cases occur when the zenith angle, solar and/or viewing, 

a.pproaches ninety degrees. Limb SC1\ns of the earth's atmosphere from satellites 

is one ca.se which falls into this category. The flat a.tmosphere approach breaks 

down completely when the solar zenith angle exceeds ninety degrees. Path 

length differences ca.use most of the differences between the flat and the spherical 

approaches. Fig. 1 shows one example of how the two situations differ with 

exa.ggera.ted path length differences. It is clear that the spherical geometry 
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(a.) 

(0) 

Fig. 1.1 Diagram to illustrate the pat.h differences between the flat 
atmosphere, part (a) and the spherical atmosphere in part (b). 
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is more appropriate when modelling twilight sky, horizon, and satellite limb 

measurements. 

Early radiative transfer calculations with spherical geometry were carried 

out. for non-atmospheric problems. Collins and Wel1s(1965) used a Monte Carlo 

scheme to describe the diffusion of neutrons in nuclear reactors. Bellman et 

al.(1968) developed a spherical model to determine the brightness of planetary 

nebula. Kattawar et al.(1971) used a Monte Carlo method to compute emergent 

intensities from Venus. 

To da.te, most spherical studies of the earth's atmosphere have concentrated 

on twilight phenomenon. Hulbert(1953) used single scattering to explain the 

colors of the twilight sky. He proposed that the deep blue color of the zenith 

sky at twilight results from ozone absorption in the Chappuis band at around 

0.6 pm. Rozenberg(1966) gave a qnalitative discussion of multiple scattering 

at twilight. Dave and Mateer(1968) computed single scattering for several 

atmospheric models. They concluded that an atmosphere with only Rayleigh 

scattering should appear yellow at twilight. Ozone absorption creates the blue 

colors, while aerosols tend to enhance the blue and give rise to purple. Adams 

et al.(1974) attributed the reds and oranges to the effects of aerosols. Blattner 

et al.( L974) and Blattner(1977) nsed a spherical model and color ratios to show 

that surface measurements can detect strat.oRpheric dust. layers. The lO(,C11.inn 

and the width of the peak of the color ratio versus solar angle provide the height 

and thickness of the layers. 

The increase in sat.ellit.e limb measurements in recent years has crea.ted a new 

need for radia.tive tra.nsfer models in spherical atmospheres. Rozenherg(1965} 

att.empted to quantify multiple scatter effects in limb measurements. Whitney 
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et al.(1974) and Marchuk(1980) both applied spherical models to satellite 

measurements, as did Newell and Gray(1972). 

Lenoble and Sekera(1961) first gave the radiative transfer equation in 

spherical coordinates. Since no general analytic solution has been found, a 

numbe·r of approxima.te s01utions have been developed(Lenoble(1985)) These 

methods include Monte Carlo methods, invariant imbedding, moments of 

intensity and stream methods, and approximations to an exact solution. 

Bailey(1964) derived the equa.tions for an invariant imbedding approach. 

BeIlman(1966) solved these for diffuse reflection from an absorbing sphere. Leong 

and Sen{1972 a.nd 1975) compared results from an invariant imbedding scheme 

to a more probablistic approach. 

Marchuk(1980) reviews the Monte Carlo techniques that have been applied 

to the spherical geometry problem. Ear1y attempts were made by Marchuk 

and Mikhailov(1967a), Smokty(1969), and Collins and Wells(1970). Collins 

et al.(1972) used their FLASH program to study the importance of multiple 

scattering and polarization. B1attner(1974) added refraction to this model as 

well as ozone a.bsorption. 

Using the moments of intensity simplifies the prob1em by removing the 

dependency on the polar angle. Hummer and Rybicki(1971) and Unno and 

Kondo(1976) applied the Eddington factor to ohtain solutions. Sobolev( WiG) 

and Wilson(1980a and b) solved higher order scattering by moments methods. 

Simonneau(1976) assumed the source term to be a {unction of the zero order 

moment of the intensity. An approach that also uses t.he moments of intensity 

is the stream or DART method. Using this technique Newell and Gray(1972) 

and Whitney(1972) solved for the radiation as seen by a satellite. Gra.y(1973) 
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solved the single scatter exactly and applied the stream method to the higher 

order scattering. Whitney(1974} attempted to improve efficiency by treating the 

scattering in thin layers as matrix operators, then combining the operators of 

several layers. 

Several techniques make approximations to the exact problem to allow 

solutions to be found. Chapman(1966} used this a.pproach to solve a gray 

spherically symmetric atmosphere. Minin and Sobolev(1963} assumed isotropic 

scattering and solved the flat atmosphere case with a varying solar angle to 

simulate spherical effects on the solar beam. Smokty used this technique on 

a plane cylindrical atmosphere. Sobolev(1975} applied the varying solar angle 

technique to non-isotropic scattering. 

Another approach is to solve the single, or primary, scattering exactly in 

spherical geometry and then approximate the higher order scattering. Divari and 

Plotnikova(1966} Rolved the multiple scatt.ering in terms of the single scattering. 

Sobolev(1975) and Wilson and Sen(1980a and b) solved the multiple scattering 

hy retaining only the first two terms of the Legendre polynomial expansion of 

the phase function. Asous(1982) assumed each local region to be flat and used a 

Gauss-Sidel iteration, with all path lengths and angles computed from spherical 

geometry. 

The current work utilizes a Ga.uss-Sidel iteration wit.h all angles and path 

lengths computed using sphericity. The solution to the general radia.tive transfer 

equation is obtained with the needed incident intensity field supplied by a. 

conical boundary. A more detailed description of the technique and t.he grid 

is given in Chapter 3. The general radiative transfer equation, in both integral 

and differential forms, is presented in Cha.pter 2. This chapter also gives the 
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differential forms of the radiative transfer equation in plane-parallel and spherical 

geometries without polarization. Polarization can be included by incorporating 

the required matrix formulation into the transfer equation and thus into the 

computer model as well, hut has been neglected here because of computing time 

and storage constraints. 

The application of the general radiative transfer equation to the current 

problem is described in Chapter 3 where the coordinate system and grid used 

to solve the problem are discussed. The results from the model are presented 

in Chapter 4 together with several checks of the model. The boundary solution 

for a given solar zenith a.ngle is compared to the zenith solution for a properly 

adjusted solar zenith angle. The model is also run for a high sun case and 

compared to flat atmosphere results. Flat atmosphere results are also compared 

to model results with the radius of the planet is increased by two orders of 

magnitude. Comparisons to other models and a check of conservation of energy 

in a conservative atmosphere are given as well. Also given is a discussion of the 

optimum discretization of the variables. 

In Cha.pter 5, the model is used to simulate sat.ellite data. Five model 

atmospheres are used. The first is a pure Rayleigh atmosphere and the second is 

a pure Rayleigh at,mosphere plus ozone. The last three include aerosols. The 

first of t.hese consists of a. standard vert.ical distribution, while the last two 

have distributions a.ttempting to simulate stratospheric volcanic dust. layers. The 

results from the spherical model are compared t,o flat atmosphere resuJf.s and a 

brief discussion on the possibilities of inverting these results is given. Concluding 

remarks and future work are discussed in Chapter 6. 
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CHAPTER II 

'I'HEORY 

Although the radiative transfer equation is simple in form it is difficult to 

obtain an analytic solution to a general problem in the earth's atmosphere. Only 

with the relatively recent advent of high speed computers has it become possible 

to routinely solve the radiative transfer equation for a variety of situations. In 

this chapter, the radiative transfer equation in differential and integral form is 

presented. In Section 2.1, the forms of these equations are give in terms of 

an a.rbitrary distance variable. Section 2.2 gives the differential form of the 

radiative transfer equation applied to a plane-parallel homogeneous atmosphere. 

The spherical atmosphere case is present.ed in Section 2.3. 

2.1 The General Radiative Transfer Equation 

The radiative transfer equation is essentially a statement of the conservation 

of energy. In words, the change in int.ensity along a given path is due to scattering 

into and out of the path, assuming there are no sources due to emission along t.he 

path. Here, and throughout the remaining, the term "intensity" is defined as the 

radiant energy per unit solid angle passing thru unit area normal to its direction 

of propagation per unit time and wavelength. This is alternatively referred to as 

the radiance. Omitt.ing the derivation of the radiative transfer equa.tion here for 

brevity and following the form of Chandrasekhar(1960), the differential form of 

the general radiative transfer equation may be stated as 
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(2.1) 

where 

(2.2) 

For a rigorous derivation of (2.1) the reader is directed to Chandrasekhar(1960), 

Sobolev(1963), or any of a number of similar texts. Here I>.{s,w) is the specific 

monochromatic intensity at the point s in the direction w, KT>'{S) is the total 

volume extinction coefficient. KT>.{S) has also been given as the product of the 

density, p, and the total mass extinction coefficient, KT~{S). The units of K.r>.{s) 

are inverse distance. The last term on the right hand side is the source term which 

describes how energy travelling in all directions is scattered into the direction w, 

aSRuming there is no emission. The source term may be written 

471" 

J>.{s,w) - p(w,wo)F>.{s,wo ) + 4~ J p{w,w')I>.{s,w')dw' (2.3) 
o 

where 
471" 

4~ J p{w,w')dw' = 1:170 ~ 1 (2.4) 
o 

Wo IS the direction in which the solar beam is travelling, F>.{s,wo) is the 

monochromatic solar flux density at the point s t.ravelling in the direction Wo, 

p{w,w') is the phase function, 1:170 is the single sca.t,tering alhedo, and there are 

no sources due to emission. The definition of flux density as used in t.he current. 

work, implicitly assnmes that the energy is plane-para.llel and thus travelling in 

only one direction. The solar beam will be assumed plane-parallel throughout 

this work and thus is uni-directional. Although the solar beam is not truly planc

parallel, this approximation will not result in large errors. The phase function 
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describes how much energy from the direction w' is scattered into the direction 

w. As stated previously, (2.3) ignores internal emissions. 

The source term may be viewed as the sum of single and multiple scatter 

contributions. The single, or primary, scatter is the first term on the right hand 

side of (2.3). This term refers to scattering of the plane parallel solar beam. The 

second term in (2.3) is the multiply scattered light. This term refers to scattering 

of the diffuse radiation field. In this dissertation, the term multiple scatter is 

reserved for this portion of the intensity. The sum of the single and the multiple 

terms will constitute the total intensity. 

Since the current work will only consider monochromatic light, the ,\ 

subscript will be dropped. The solution to the general radiative transfer equation 

can be shown to be(Chandrasekhar(1960) 

. s 

I( ) - 1(0 ) - f." KT(S')ds' + J J(' ) - J: KT(S")ds"K d ' s, w - ,we· 0 s ,we. T s (2.5) 

° 
where J(O,w) is the specific intensity at the point s=O in the direction w. If the 

opt.ical depth, ,'(s,s'), is defined as 

s 

r'(s, s') - J KT(s')ds' (2.6) 

s' 

then (2.5) may be rewritten as 

s 

I(s,w) = I(O,w)e-r(s,O) + J J(s',w)e-r'(s,s')dr' (2.7) 

° 
Equation (2.7) sta.tes that the total intensity at the point s, in the direction 

w, arises from two causes. The first, related to the first term on the right hand 

side of (2.7), is the directly transmitted radia.tion. This is radiation incident at 
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the boundary of the medium that has passed ent,irely through the medium. The 

transmitted radiation is also known as the Beer's Law term. The second term 

in (2.7) refers to that part of the radiation that is scattered into the direction w 

between the points 0 and s, and is transmitted to s. 

In the case of conservative scattering, that is no absorption, the single 

scattering albedo is unity. Then if the flux density through a unit area whose 

normal is n, is given by 

it can be shown that 

471" 

7rF = J f(s,w'). ii dw' 
o 

dF x + dF y + ~F z = 0 
dx dy dz 

(2.8) 

(2.9) 

where x, y, and, z define a set of three mutually perpendicular directions. 

Equation (2.9) is similar to Gauss' Law in electromagnetic theory. Simply stated, 

the amount of energy entering a volume must equal the amount leaving if there 

are no sources or sinks in the volume. This will be used as a check of the model 

developed in the current work. 

2.2 The Radiative Transfer Equation in a Flat Atmosphere 

To this point, equations (2.1) and (2.5) are independent of geometry. In 

many applications, the eart.h's atmosphere may be assumed to be plane-parallel 

and homogeneous. That is, the atmosphere is considered to be flat wif.hou t. 

horizontal inhomogeneities. The reader is directed t.o the previously mentioned 

sources for a rigorous derivation of (2.1) as applied to this problem. If the flat 

atmosphere assumption is made, (2.1) may be restated as 

cosO dI(z,O,,p) ( ,1,.) ( ,1,.) 
( ) 

= I z,O,cy - J z,O,cy 
K-r z dz 

(2.10) 
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where z is the vertical coordinate, (J is the polar zenith angle measured from the 

vertical axis, and c/J is the azimuth angle. The dependency on x and y vanishes 

because of the horizontal homogeneity assumption. In terms of a vertical optical 

depth, T(Z), defined as 
00 

T(Z) - J KT(z')dz' (2.11) 
z 

(2.10) may be written as 

dI(T,(J,c/J) ( ) ( ) -p, - I T,p"c/J - J T,p"c/J 
dT 

(2.12) 

where p, = cos(J. The advantage of assuming a flat atmosphere, is that once the 

intensity field has been obtained at a given point, this field is valid anywhere 

in the atmosphere at the same height. To solve (2.12) a Gauss-Sidel iteration 

technique was developed by Herma.n(1963) and Herman and Browning(1965). 

This technique utilizes the fact that intensity fields are identical at the same 

level to find the intensities along the path over which (2.12) will be solved. In the 

current work, the Gauss-Sidel approach is applied to (2.5) for spherical geometry. 

The problem with spherical geometry is that. the horizontal homogeneity is no 

longer valid, thus complicating the path integration. 

2.3 The Ra~iative Transfer Equaf.io~ in n. Spherical At.mnsph,:re 

As mentioned, the flat a.t.mosphere solut.ion is sufficiently accurat.e in mm,!. 

earth a.tmosphere situations. It does fail to simulate accurately radiat.ive transfer 

in the at.mosphere as the cosines of the viewing and solar zenith angles become 

small. The problmn cannot be solved for cases where P,o ::;0 and solutions for 

flat and spherical atmospheres differ largely for situations where p, ::;0 and the 
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paths do not strike the ground. These tangent line of sights were illustrated in 

Fig. 1.1. 

In these cases it becomes necessary to include the effects of sphericity. Using 

the center of the planet as the origin and the L;-axis parallel to the solar beam, 

Lenoble nnd Sekera(1961) showed that 

{[ILPO + (1 - p2)~(1 - pn~cos(<po - <p)] :r 

-~ [,1,(1 - 1l,2)t - (1-1£2)t/Locos(<po - <p)] ~-
r 0 8,Lo 

- ~ W = :;~: sin{ qI. - qI) 1 a:. } I{c, I'., qI.,I', qI) -

- KT(r, p,o, <Po) [I(r, 1£0, <Po, p, <p) - J( r, ILo, <Po, /L, <p)] 

(2.13) 

where r describes the radial distance from the origin. Often it is more convenient 

to treat the local zenith as the z-axis. In this case (2.13) becomes(Lenoble and 

Sekera( 1961 ) ) 

-KT(r,ILo,<po) [I(r,po,<po,P,<P) - J(r,/Lo, <Po,/L, <p)] 

(2.14) 

Even with J (r ,/Lo, <Po, IL, <P )=0, there is no analytic solution. One of the difficulties 

in solving (2.14) is that IL and ILo are functions of distance even though the 
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radiation is travelling in straight lines. Because of the difficulties encountered in 

solving this form of the radiative transfer equation, the current work concentrates 

on (2.5). To solve for the spherical case, all angles and paths are computed 

according to spherical geometry. By using (2.5), the complicated nature of the 

geometry is handled such as to allow the physics of the problem to be more easily 

stuclied. 
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CHAPTER III 

METHOD 

In this chapter the actual method of solution is discussed. The method relies 

on a Gauss-Sidel iteration technique similar to that developed by lIerman( 1963) 

and Herman and Browning(1965) for the plane-parallel atmosphere. Because 

of sphericity, several differences arise between the flat atmosphere Gauss-Sidel 

and the spherical model developed here. These differences are discussed in the 

first section of this chapter. The coordinate system and conical boundary are 

presented in Section 3.2. Section 3.3 applies the radiative transfer equation to 

the current work. Sections 3.4 to 3.6 are devoted to the method of solution. The 

single scatter, which is -the first iteration of the Gauss-Sidel process, is covered in 

Section 3.4. The multiple scatter on the z-axis is discussed in Section 3.5, whi1e 

the same quantity on the conical boundary is covered in Section 3.6. Finally, in 

Section 3.7, a brief description of the Gauss-Sidel process is given. 

3.1 Differences Between the Flat and Spherical Cases 

As illustrated in Fig. 1.1, there are many differences between the flat and 

spherical atmospheres which may be traced to differences in the geometrical and 

optical pat.h lengths. When examining the paths for upward travelling radiation, 

it is a.pparent that some of these paths will be t.angent to a. given spherical shell 

within the atmosphere. These tangencies cause the geometrical path lengths for 

the spherica.l case to greatly exceed those of the flat atmosphere if the level of 

tangency is in the lower part of the atmosphere. For those paths that are 
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tangent in the upper part of the atmosphere, the geometric path length in the 

plane-parallel atmosphere can greatly exceed that of the spherical. In addition, 

the path in the spherical case may not reach the optically thicker portions of the 

atmosphere further reducing the optical path. 

It is not only the differences in the path lengths of the scattered radiation 

that cause the flat and spherical solutions to differ, but also differences in solar 

path. In cases where the sun is above the horizon, the geometrical and optical 

pat.hs of t.he solar beam are smaller in the spherical case than in the flat. For 

solar angles greater than ninety degrees, a comparison cannot be made since the 

plane-parane1 model does not allow a sub-horizon sun. The angle of incidence 

of the solar beam also creates differences. As shown in Fig. 3.1( a), the incident 

solar angle in the flat atmosphere is constant throughout the atmosphere, while 

it is variable in the spherical case(Fig 3.1(h)). 

The angular and pat.h differences by themselves would not be a hindrance 

since the geometry effects, though complicat.ed, can be determined. The problem 

is that the spherical geometry leads to inhomogeneities over a given shell along 

a constant height level. In the flat atmosphere, all points at a given level have 

identical intensity fields. Referring to Fig. 3.1( a), the intensity fields at the 

three points along X, Y, and Z are identical. The solution need only be known 

along one vertical axis to know the solution at all points in the at.mosphere. This 

greatly simplifies the path integration of (2.7). In the spherical case(Fig 3.1{b)) 

t.he intensity fields are different at each of the three points shown. To accurately 

compute the path integration, the intensit.y field would have to be computed at 

each level along the path through the atmosphere. Even for toclay's high speed 

computers, this is a formida.ble problem that cannot be done on a routine ba.sis. 
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Figure 3.1 Illustration demonstrating the change in solar zenith angle at the 
top of the atmosphere. 
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To overcome this problem, a conical boundary is introduced which is discussed 

in future sections. 

To fully describe the intensity at a point in the atmosphere, seven 

independent variables are used. Three of these variables, z, 1/J, and 'Tl, define 

the location of a point in the coordinate system; (J and ¢ define the direction of 

propagation of a diffuse beam of radiatioIl; and (Jo and ¢o define the direction 

of propagation of the incident solar beam. The z-axis is the defined by the line 

passing through the center of the planet and the desired solution point. The 

height, z, is measured along this axis with a value of zero corresponding to the 

surface of t,he planet. The total height of the atmosphere is designated as Zo and 

the radius of the planet is Ro. Thus, z takes on values ranging from 0 at Ro, to 

Zo at the top of the atmosphere. The atmosphere is divided into homogeneous 

spherical shells with the height of the lth level defined as Zl. The method of 

dividing the atmosphere is discussed in Appendix A. Resulting heights from the 

model are given for each Zl along the z-axis, which is also referred to as the 

zenith. 

The polar zenith angle of a beam of radiation, fJ, is measured relative to the 

z-axis. A value of () between zero and ninety degrees indicates that t.he radiation 

is travelling downward. For values between ninety and 180 degrees, t.he radia.t.ion 

is travelling upward. The model allows () to take on discrete values designated 

as (Ji, and the model gives resuHs at these angles only. The solar zenit.h angle, 

(Jo, is the polar zenith angle made by the solar beam with the z-axis. It must be 

kept in mind that both (J and (Jo are always measured relative to the z-axis and 
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not any other radial line. The direction of the solar beam is also described by 

the solar azimuth angle, CPo. For simplicity, the zero azimuth plane is defined by 

the plane containing the z-axis and the solar beam. Then, by definition, CPo is 

zero. The azimuthal angle of an arbitrary diffuse beam, cP, is measured relative 

to this plane and allowed to take on discrete values, cPj. A value of zero degrees 

for ~ indicates that the radiation is travelling in the same azimuthal direction 

as the solar beam, while a value of 180 degrees indicates that the propagation is 

opposit.e to the solar beam. From this point forward, the designations (Jo and CPo 

are omitted when: describing the intensity, but the dependency is still implied. 

Figure 3.2(a) illustrates the first five variables where the zero ar;imuth plane 

coincides with the paper. 

The last two variables along with the height variable, z, describe the location 

of a point in the coordinate system. The angle between the z-axis and a radial 

line that forms a local zenith is designated by 1/1 . A conical boundary is formed 

by the rotation of the radial line that is 1/)0 degrees from the z-axis. To define a 

location on this cone, the cone azimuth, TI, is used. As with the other variables, 

TI takes on discrete values, Tlk, and is measured relative to the zero-azimuth plane 

in the same direction as <p. Intensity distributions will be determined at each 

Zl and TI over this conical boundary as well as along the zenith. Fig. 3.2 (b) 

illustrates TI, 1/1, and 1/10, It is irnport.ant t.n emphaRize tht> difference betwe~n cP 

and .,.,. The location on the 1/10 boundary is indicated by TI, while the azimutha.l 

direction of propagation of the radiation is indicated by ,p, regardless of whether 

the point of interest is on the zenith or the cone. Also, it should be reiterated 

tha.t 0 and 00 are measured relative to the zenith, or z-axis, and not with respect 

to any other radial line that defines a local zenith. 
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Figure 3.2 Coordinates used in the current method. 
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3.3 Application of the Radiative Transfer Equation 

The solution to the general radiative transfer equation was given in Chapter 

2. Restated here, it is 

TT(S,O) 

I(O,w)e-TT(s,O) + J J(r'(s',O),w)e-(TT(s,O)-T'(s',O»dr' 

o 
(3.1) 

where the optical depth along the path is assumed to vary from a value of zero at 

the point where the path exits the atmosphere or strikes the surface, to a value 

of rT at the point of solution. By assigning values to r in this manner there 

is no need for upward and downward solutions. This equation is for arbitrary 

geometry and can be used for a spherical atmosphere as long as sand rare 

<:omputed proper1y. The definition of J(r'(s',O),w) was given in Chapter 2 in 

terms of the sum of single and multiple scattering. Eq. (3.1) may be rewritten 

utilizing the fact that both t,he source term due to sca1.tering only and the incident 

term may be written as sums of single and multiple scatter contributions. Thus 

I(rT(s,O),w) = Iss(O,w)e-TT(B,O) + Ims(O,w)e-TT(s,O) 

TT(s,O) 

+ J [Jss(r'(s',O),w) + Jms(r'(s',O),w)]e-(TT(s,O)-T'(s',O»dr'. 

° 
Combining t.he single scatter terms yields 

I(TT(s,O),w) = Iss(TT(s,O),w) + Ims(O,w)e-rT(s,O) 

TT(s,O) 

+ J Jrns( T'(S', O),w )e-(TT(S,O)-T'(S' ,O»dT' 

o 

(3.2) 

(3.3) 
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where 

TT(S,O) 

I ( (8 0) w) I (0 ) -TT(s,O) + J -Js.(T'(s',O),w)e-(TT(s,O)-T'(s',O»dT'. ss T T , , = 118 ,weD 
o 

(3.4) 

The general form of (3.3) is that used in the current work. This equation is 

modified somewhat such that the path integrat.ion of the source term is only 

performed in t.he last layer, and not. for the entire path through the atmosphere. 

Then the incident multiple scatter term is the intensity in the given direction 

at the point on the boundary, and not at the top or bottom of the atmosphere 

as in (3.3). Fig. 3.3 illustrates this. The intensity on the z-axis at the level D 

is due to scattering into the path along the entire path A" to D and is found 

by computing the single scatter and the multiple scatter contribution separately. 

The multiple scatter contribution is found in two parts as is given in (3.3) except 

now, only the bottom layer is considered. The first part of the multiple scatter 

contribution is the incident multiple scatter intensity at C' while the second part 

is the integral of the sonrce term between 0' and D. The first term( i. e. the 

incident term) is obtained through a combination of interpolation and numerical 

techniques. These topics are elaborated in further detail in future sections. 

3.4 Single Scatter Calculation 

As just stated, the current technique first. solves for the total single scaUer 

intensities at each grid point by integrating along the entire path of each line of 

sight. This is the first iteration of the Gauss-Sidel and consists of solving for the 

single scatter intensity at all (h and 4Yi for each z/ on the zenith, and for each 17k 

on the .,po conical boundary. Introducing the dependency of the intensity and the 

optical depth on the previously described variables, the single scatter inteusity 
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Figure 3.3 Diagram illustra.ting the incident intensities and layers used to 
compute the multiple scatter contribution and also the numerical 
method approximation of the source integral 
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Iss(z, 0, <P, t/J, 7]) 
TT(r.,9,.p,1/J,rU 
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J F(z', 00, <Po )P( 0, <P, 00 , <Po, z')e -( TT (z,9,t/>,1/J,T/)-T'(r.' ,9,.p,,p' ,T/»dr' 

o 
(3.5) 

where the incident single scatter intensity at the top or bottom of the atmosphere 

has been assumed to be zero and rT(z, 0, <P, t/J, 7]) is the total optical depth along 

the entire path within the atmosphere from the observation point defined by z, 

t/J, and 7], and in the direction 0 and <p. Here the path has been defined using the 

coordinate variables described in Section 3.2 as opposed to the arbitrary distance 

s. F(z', 00 , 4>0) is the solar flux density at the point r' along the path and is given 

by 

F( , ° ,/,.) F -T.(T') z, 0, 'f'0 = oe (3.6) 

where Fo is the exoatmsopheric solar flux and rs(r') is the total optical depth 

along the solar beam from the top of the atmosphere to the point along the line 

of sight where the optical depth is r'. This is illustrated in Fig 3.4. 

Key points to mention a.re that 00 , 0, <Po, and <P are constant for the path 

integration while the primed quant.ities vary along the path, and the optical 

depths are computed using sphp.rical geometry. If the path of the radiation 

st,rikes t.he ground, a surface reflecf.ion t.erm is added 1.0 (~L,Ij). J 11 order t.o Rol v(' 

(3.5), the current work approximates the integral by a summation over the layers 

through which the radiation passes. In the case shown in Fig 3.4, t.he integral 

is calculated for each of the five layers, and these values are summed using the 

appropriate attenuation factor to yield the single scatter. 

The single scattering on the cone is complicated slightly beca.use the pola.r 
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Figure 3.4 Illustration showing the optical depths along the solar path and the 
line of sight. Also shows the layers used in calculating the single 
scatter. 
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angles are mea.sured relative to the z-axis. This is done to ensure that paths on 

the cone are parallel to those 011 the zenith. The reason for requiring parallel 

paths will become evident in future sections. With the computation of the single 

scatter at all levels and angles, for both the zenith and the cone, the first iteration 

is complete. 

3.5 Zenith Multiple Sca.tter 

Once the single scatter has been computed at each grid point, the more 

complicated multiple scatter can be calculated. Recalling that the desired 

solution is for the z-axis, the computation of the multiple scatter contribution 

along the zenith is discussed first. Then referring to (3.3) and substituting for 

.T ms using (2.3), the multiple scatter at the level z on the z-axis may be written 

Ims(z,O,q,,'I/J = 0) = Ims(Z(T = 0), 0, q,,'I/J)e- TT (Z,8,1/1,1/1=O) + 
TT(z,O,c/>,1/1=O) 2'71" '71" 

J J J l(z',O',qJ','I/J')P(O,q"O',q,',z') 
o 0 0 

X e -( TT (z,8,1/1,1/1=O) -T' (z' ,8,1/1,1/1' »sinO' dO' dq,' dT' 

(3.7) 

where the T/ dependence is omitted because it is undefined on the zenith and 

the s dependence has been substituted using the coordinate variables described 

earlier. This equation is for the entire path within the atmosphere, from the 

point OIl the zenith to the point where the opt.ical depth is zero, either where the 

path exits the atmosphere or strikes the ground. As ,vas mentioned at. the end 

of Section 3.3, the current work modifies (3.7) such that the integral is only over 

the path within the last layer, which requires tha.t the incident multiple scatter 

term(i. e. the first term on the right hand side) be the intensity in the given 

direction incident where the radiation enters the last la.yer. Referring to Fig 3.3, 
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these would be the points A', D', and C', for the solution points on the z-axis 

for levels B, C, and D respectively. Fig 3.5 mustrates what is meant by the "last 

layer" and the "boundary." In this figure are shown three cases in which the 

boundary is indicated by the dot.ted line. The + subscript is used to denote the 

point where the path strikes the boundary, no matter if this is above or below the 

current level. When at a given level z, the top and bottom boundaries are then 

defined by the current level, the level above as in Fig 3.5(a) or the level below as 

in Figs. 3.5(b) and (r.), and the side boundaries are defined by the 1/J = 1/Jo cone. 

The cone boundary is important in cases such as that shown in Fig 3.5(c). Using 

this notation, (3.7) may be rewritten in terms of the multiple scatter intensity 

incident on the boundary at the point T +, and the source integral for the path 

within the boundary. Thus 

Imll (z,(},cP,1/J = 0) = Ims (z+,(},cP,1/J)e- TL (z,o,r/J,,p) + 
TL(Z,O,r/J,1/J) 271' 71" 

J J J I(z',(}',cP',1/J')P((},¢,(}',¢',z') 

000 

X e -( TL (z,o,r/J,,p) --T'(Z' ,o,r/J,t// »Sill(J' d(J' d¢' dT' 

(3.8) 

where TIl is the layer optical depth defined by TL =1 TT -T+ I, and T+ is the optical 

depth along the path from the top of the atmosphere or surface, to the point 

where it enters the bounda.ry. By defining TL in this fashion, (3.8) maintains 

the same form as (3.7) only here the incident term is the lllultiple scn.f,1.er 

intensity incident on the boundary not the top or bottom of the af.mosphere. 

The calculation of the various terms of (3.8) is now discussed. 

3.5.a The Source Term Integral The integral of the source I.eI'm in the layer, 

the second term on the right hand side of (3.8), is found by assuming P to 

be constant along the path within the layer for any given set of angles, and the 
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Figure 3.5 Shows the boundary for the three line of sight cases on the zenith as 
well as the points used for the interpolation of the incident multiple 
scatter and the intensities used in the calculation of the source term 
integral 
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intensity to vary linearly along this path. The path integration over optical depth 

is then performed analytically, and the solid angle integration is approximated 

by a summation. Then 

TL(Z,(J,t/I,,p) 271' 71' 

J J J I(z', 0',4>', 'I/J')P( (), ¢, 0',4>', z') 
o 0 0 

where again T"L is the optical depth along the path within the boundary, 

Ij'j'(z, 'I/J = 0) is the intensity at the solution point on the zenith in the direction Oi' 

and <p;" Ij'j'(z+,'I/J) is the intensity in the same direction but on the boundary, and 

Pj'j' corresponds to P( OJ, <Pj, OJ', <Pj') and is computed as described in Appendix 

A. The optical depth factors arise from the path integration, a.ssuming a linear 

variation of the intensities within the layer. 

In a. plane-paranel model, Ij'j'(z+,'I/J) is identical to Ijlj'(z+,'I/J = 0) and, since 

Ijlj'(z+,'I/J = 0) is known from previous calculations, no problem is encountered. 

In the spherical model Ijlj' (z+, 'I/J = 0) is still known from previous calculations, 

but it is no longer equal to the value on the boundary because of the lack of 

horizontal homogeneity. To obtain Ij'j'(z+,'I/J) so that the source integral may 

be computed, the model utilizes the intensity from previous iterations at the 

zenith on the z+ boundary, Ji'j'(z+,'I/J = 0), a.nd the values at Z+ on the cone 

Ij'j,(z+,'l/Jo,7] = <pj), and Ijlj,(z+,1/'Jo,7] = <Pj + 180) to interpolate a value for 

Ij'j'(z+,Y!'). The method of determining the va.lues on the cone is discussed in 
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the next section. These points are indicated by the x's in Fig 3.5( a) and (b) for 

the case where cPj=O degrees. Then the values used for TJ are 0 and 180 degrees. 

As shown in Fig 3.5 (c), there are some cases where the path crosses the cone 

boundary hefore the z+ bounda.ry. In these sit.uations a two point interpolation 

is utilized using the intensities at the indicated points. The interpolation is 

performed for each 8i' and cPi' in. the above summation. 

~.5.b The Incident Multiple Scatter Interpolation is also applied to deter

mine the first term on the right hand side of (3.8), Ims (z+,8,cP,.,p), but with 

several modifications. Instead of using the total intensities for the interpolation, 

the multiple to single scatter ratios at the z+ level along the ze:'nith and on 

Ule 1/J = .,po boundary are used. One reason for using this technique is that 

the ratio is smoother than the actual intensity, thus allowing a more accurate 

interpolation. This also allows the known single scatt.er on the boundary for 

the given direction to be used. The incident multiple scatter is ohtained by 

multiplying the interpolated ratio by this known single scatter. Iss (z+,8,cP,.,p) 

was obtained from the layer by layer summation process described in Section 

3.3, for all levels, Zl along the line of sight. By using this known single scatter 

intensity at the boundary point, a much better estimate of the incident multiple 

scatter intensity is obtained. 

It would also be desirable to use the interpolation of lhe JlIu1f.iplr~ to 

single scatter ratio to compute the intensity dist,rihution needed for the source 

term integral. This is not feasible because the single:' scatter intensities in all 

directions at all boundary intersections due to each path would have to he 

computed explicitly. This is computationally prohibitive. Thus the reason for 

not employing the ratio interpolat.ion for the source term integral, is that the 
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single scatter is not known for all the directions on the z+ boundary. It is known 

only for the one direction for the given line of sight from the zenith through the 

point on z+. This single scatter intensity has been found without performing any 

additional computations. In certain cases, the ratios are not used in determining 

the incident multiple scatter intensity. These are cases where the path exits the 

boundary through the side (i. e. through the .,p = .,po cone) as in Fig. 3.5( c), or 

when the z+ boundary is the surface. In hoth of these cases, the single scatter 

is not known at the boundary point and no advantage is gained by using the 

ratios. When this occurs, the actual multiple scatter intensities are used in the 

interpolation. 

Once a value of Ims(z+,O,cP,.,p) is found, it is multiplied hy the attenuation 

factor and added to the source integral to yield Ims(z, 0, cP,.,p = 0). This value 

is added to the previously computed single scatter to give the total intensity, 

I(z, (J, cP,.,p = 0). These values are stored and used for future calculations. At 

this point it should be evident why parallcl lines of sight are maintained on the 

cone. By doing this, interpolations to determine the incident multiple sca.tter 

terms and the intensities used in the source integrals can be performed. 

3.6 Cone Multi~le Scatte~ 

In solving the zenith multiple scatter, multiple scatter intellsit.ies 011 the 

cone were used for interpolation. This section describes how t.he iutensil,i('s on 

the cone are computed. As in the zenith ca.se, the problem consists of finding 

the source integral for the path within the boundary, and adding an atf.enuated 

incident boundary term. On the cone, the boundary is defined by the level that 

the path exits. The three different situations a.re illustrated in Fig 3.6. Fig 3.6( c) 
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Figure 3.6 Shows the boundary for the three line sight cases on the cone 
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illustrates the situation where the path becomes tangent within the layer before 

striking the boundary. This is prevented from happening on the zenith by adding 

additional layers, but cannot he avoided on the cone without severely hindering 

the polar angles used or taxing the limits of computation time by adding even 

more layers. As was used in the previous section, the + subscript designates the 

point on the boundary. 

3.6.a The Source Term Integral The equation used to solve for the cone 

muHiple scatter is of the same form as (3.8) only using "p = "po and including the 

." dependence. The source integral of (3.8) is found by a different technique than 

that of (3.9). It is assumed that the source term integral may be written as 

T L (z,9,rP,1/J=1/Jo,.,.,) J J lllS( z' ,9, cjJ,,,p' , .,,)e -( T L (z,9,q,,1/J=1/J(I,"") -T'(Z' ,9,rP,1/J' ,.,.,) dr' ~ 
o 

P(,p = ,po) (11 I( < z >,0',4;,,p = ,po, ~ )dO' d4» 

( 

TL(z,fl,rP,1/J=1/Jn,.,.,) ) 

X / e -( TL (. ,-,II,"'~"',,,. )-T'(,' ,-,II, vi,. »dT' 

(3.10) 

where r L is the optical depth along the path within the boundary, P("p = "po) is 

an average phase function over angle for the scattering into the direction 9, ljJ 

along the path within t.he layer, and 1« z >, 0', ljJ', 1/., = 1/.,,,,,,,) is an Rvprnge 

intensity for the layer which is written 

-1« > 9' .1.' .1. _.1 ) _ l(z,9',ljJ',v' = "po,.,,) + l(z+,O',c/>',V' = V!(J,1}l 
z , , 'I' , 'P - 'Po,'" - 2 . 

(3.11) 

In (3.10) a value for the integral of the source function along the path within 

the layer is desired. The two terms ill parentheses on the right hand side of this 
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equation are known, and as before, the solid angle integral is approximated by a 

summation and the optical depth integraJ is computed analytically. Thus to find 

the sonrce term integral, a value for P{.,p = .,po) must be found. Now, a similar 

equation to (3.10) may be written for the zenith as well. But, on the zenith 

the left hand side is known as well as the terms in parent.heses. Thus P{.,p = 0) 

can be found using simple algebra. The current work assumes that P{.,p = 0)= 

P{.,p = .,po). Then P{.,p = 0) is used in (3.10) to replace P{.,p = 1/'0) and the source 

term integral is obtained since the other two terms in (3.10) are known. 

This sonTce term integral approximation depends primarily on the vaHdity 

of (3.10) as well as the validity of P{.,p = O)=P{.,p = 1/)0), If there are large non

linear changes in the intensity along either the zenith or the cone paths within 

the boundary, these assumptions are not good. AJso important is how similar 

the paths are to one another. As long as the paths, both geometric and optical, 

are not too large inside the boundary, the P{.,p = 0)= P{.,p = ""0) assumption 

should be valid. A more deta.iled description of these points is given in Chapter 

4. 

3.6.b The Incident Multiple Scatter The incident term must still be com

pu ted. As on the zenith, the ratio of multiple to single scatter is used, as well 

a.s the known single scatter on t.he boundary. Unlike the zenith, no interpolation 

can be Hsed sinc.e there is no dflta outside the con('. Instead, t.he ml1l1.iple 1.0 

single scatter ratio at. .,p = .,po and z+ is assumed to be identical to the ratio at 

the point where the path exits the boundary. The vailidity of this assumption 

depends on how long the path is and how homogeneous the field is. As mentioned 

in the last section, the multiple to single scatter ratio is smoother than the actual 

intensity, making this a much better assumption then Jetting the intensities be 
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identical at the two points. This technique also allows the known single scatter 

to be used to give extra information and give a better estimate of the incident 

multiple scatter intensity. This technique is similar to that used in the Gauss

Sidel fiat atmosphere methods, where the incident intensities are obtained by 

assuming intensity fields at a given level to be identical. The difference is that 

in the current method the ratio of multiple to single scatter is assumed to be 

horizontally homogeneous outside t.he cone. 

The attenuated incident term, the source integral for the layer, and the single 

scatter at the grid point are added to yield an estimate of the total intensity on 

the cone boundary for the given (h and ¢j. This process is utilized at each T/k 

for a given (h and ¢j. At this point, the single, multiple, and total intensiti.es are 

know for the given Oi'S and ¢;'s at each grid point along the zenith and on the 

cone. A brief description of the Gauss-Sidel iteration process given in the next 

section will clarify how the other angles and levels are computed. 

3.7 The Gauss - Side! Iteration 

The first iteration of the Gauss-Sidel consists of computing the single scatter 

at all levels on the zenith and cone for every Oi, ¢j, and 71k. The second iteration 

begins with a downward pass through the atmosphere, beginning at Zo and 

ending at the surface. In the downward pass, onl,\' polar zenith angles less than 

ninety degrees are considered. At the top of the at.mosphere, the dO\YJl\\',lI'd 

intensities are zero. 

At the second level, the incident, term is evaluated at. level one where all 

int.ensities are zero for all 0 <90 degrees, as stated above The process starts by 

letting i and j=l (recall that i and j are the incremental integers for 0 and ¢). 
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Using the process described in Section 3.5, the source integral for the first layer is 

computed on the zenith using the single scatt.er values which have already been 

computed. This value is then used to compute P on the cone for each value 

of k( where k is the incremental integer for.,.,) as described in Section 3.6. This 

P along with the single scatter values on the cone allows the calculation of the 

source integral on the cone. The process then returns back to the zenith where, 

the source integral for j=2 and i=l is found and this value is used on the cone 

for all k's to compute the source integral as described above. This zenith to cone 

process is repeated first for all j's at a given i, then aU i's at the given level such 

that 0i < 90. 

The process then continues downward until all levels have been completed. 

The only difference in these subsequent levels from the second level, is that, now 

an incident multiple scatter term must be included. The incident ~ntensity used 

in the zenith computations is found using the methods described in Section 3.5 

while the incident intensity for the cone is discussed in Section 3.6. Because the 

intensities at each angle and level are continually updated as they are found, the 

process is designated as Gauss-Sidel. This updating procedure increases the rate 

of convergence of the solution. 

Once the downward intensities at the surface are computed, a downward 

flux is calculated. This downward flux is used to calclliate a f,'Hllhert.ian sllrfa{"(~ 

reflection and, the upward pass begins. Using the surfa.ce reflection as the 

hounda.ry condition, the above process is repea.ted, working up the atmosphere 

considering polar angles greater tha.n ninety degrees. By the time the top of the 

atmosphere is reached, second approximations for the intensity field at each grid 

point have been ca.lculated. This ends the second iteration. The entire process 
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of a downwa.rd and an upward pass constitutes one iteration. 

These iterations are repeated until convergence of the solution is reached. 

Convergence occurs when the changes in the computed downward flux at the 

surfa.ce, and the upward flux out the top vary by less than 0.5% from the previous 

iteration. The rate at which the solution converges depends primarily on two 

factors, solar zenith angle and total optical depth. The larger t.he solar zenith 

and the larger the optical depth, the slower the rate of convergence. Typically 

seven iterations is sufficient for convergence in most earth atmosphere situations. 

Recall that in Section 3.3 it was mentioned that the incident intensif.y 

was found by a combination of interpolation and numerical techniques. The 

interpolation technique was discussed in Section 3.5. The numerical technique 

is now discussed. Referring back to Fig. 3.3, what is ultimately desired is the 

intensity at the point on the zenith for level D. Since the downward intensities at 

the top of the atmosphere a.re assnmed to be zero the intensit.y at level D is the 

integral of the source term for the path from A" to D. The numerical techniques 

utilized in the current work compute this integral along the entire path for the 

single scatter intensities only. To comput.e the multiple scatter contribution, the 

current method starts at the level B and computes this integral for the path from 

A'to level B. This plus the single scatter yields a total intensity on the z-axis 

at level B. This is also done for all the points on the (~onical boundary as \\"cll. 

At level C, on the z-axis, the pa.th integral is computed for the path het\\'een 

B' and C for the line of sight shown. The interpolated incident multiple scatter 

int.ensity at B' is attenuated to the z-axis and added t.o the source integral and 

single scatter LO give the total intensity on the z-axis. But it can be seen that the 

iutensity at B' is essentially the source integral along the path for the first layer. 
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This integral has been approximated hy the interpolation scheme described in 

Section 3.5. Thus the intensity at level 0 on the z-axis is effectively the integral 

of the source term for the entire path, depending on how well the interpolation 

of the intensity at B' represents the actual path integra1. 

At level D, the intensity is the sum of the source integral of the path in the 

layer 0 to D, the attenuated multiple scatter intensity from 0' and the single 

scatter. Using the same argument as above, the intensity at C' really represents 

t.he integral of the sonrce term for the first two layers. Thus the source integral 

for the pat.h from level A to D has been approximated by the numerical method. 

Problems arise in this technique when the distance between A' and A" becomes 

large. This is because inhomogeneities in the spherical atmosphere make the 

paths t.oo dissimilar for this process to give accurate results. This problem is 

somewhat negated by the fact that the intensities from A" to level B yield only 

a. small percent.age of the total intensity at level D on the z-axis because of 

attenuation. Thus, even though the path from A' to level B may not accurately 

represent that for A" to level B, the errors introduced should be smalL 
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CHAPTER IV 

RESULTS AND CHECKS 

In this chapter, the model is checked for accuracy and compared to results 

from other spherical models. A description of the considerations that go into 

selecting the parameters of the model is given in Section 4.1. Also discussed is the 

effect of the cone solution on the final result. Section 4.2 presents comparisons 

to flat atmosphere results. The spherical model is run for a case where R.o is 

increased by a factor of 100 and the solutions are compared to flat atmosphere 

results as one of the checks on the model. The model is also run for a normal 

radius and small solar zenith angle, and the results compared with the flat 

atmosphere to determine differences. Conservation of energy considerations are 

discussed in Section 4.3, and a "cone to zenith" comparison is given in Section 

4.4. The last section of this chapter compares results for several cases of the 

current cone method to other previous methods. Two of the methods used for 

comparison are Monte Carlo techniques while the third is the quasi-spherical 

technique developed by Asous(1982). In all computations in the current work, 

the incident solar flux, Fo, is taken to be unity per unit area normal to the beam. 

4.1 Choice of Parameters 

As mentioned in Chapter III, several of the variables used in the model have 

discret,e values. The choice of divisions for t.hese variables will have bearing OIl the 

final solution. The variables that take on discrete values are z, 0, qy, and 77. As 

was shown by Hcrman(1963), dividing qy into thirty degree intervals is sufficient 
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to accllrately describe the intensity field, and this interval wi11 be used in the 

current work as well. Solutions on the .,p = .,po cone a.re determincd at 30 degrces 

int.ervals in 77 t.o keep the grid points compatible with the angular intervals in 

int.ensity for the various intensity interpolations required. 

The original method developed for the flat atmosphere used eighteen () angles 

with ten degree separation. The current model was developed to allow any 

number of (} angles distributed with uneven increments. The importance of the 

distribution of () was investigated by comparing runs of eight.een and thirty-six 

angles. The eighteen angle runs used the same angles as in the original flat 

atmosphere Gauss-Sidel. The thirty-six angle runs used these angles, plus others 

to better define the peaks in the int.ensity distributions. For a solar zenith angle 

of 85 degrees, a pure Rayleigh atmosphere of optical depth 0040, and a surface 

albedo of 0.8, comparisons of intensit.ies at identical angles for the eighteen and 

thirty-six angle runs showed differences of less than 1% in all cases. A twenty 

angle run was also performed. The extra two angles were placed at 92 and 88 

degrees. The intensities at these angles when compared to those of the thirty-six 

angle run, differed by less than 2%. These results indicate that as long as the 

line of sight angles are well distributed, there is no large impact upon the model 

results. Whenever possihle, the smallest number of angles are used to decrease 

comput.ation time. 

The last variable to ta.ke 011 discrete values is z. The manner in ,,,hich z 

is cliscretized can have a significant impact on the model res1llts. To test. the 

effect of the number of levels and the method of division, the model was run 

for twenty, thirty, forty and sixty levels. The atmosphere was assumed to be 

pure Rayleigh wit.h an opt.ical depth of ] .00. The incident solar angle was 85 
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degrees, surface albedo was 0.8 and eighteen 8 angles were used. As described 

in Appendix A, half of the levels were chosen so that the lower portion of the 

atmosphere was divided to meet layer optical depth requirements. The other half 

of the layers were used in the upper portion of the atmosphere to meet geometric 

requirements. The sixty level runs were also performed with 2/3 and 5/6 of the 

levds used in the lower part of the atmosphere to reduce the optical depths of 

each layer. The remaining levels were used to divide the upper portion of the 

atmosphere using geometric considerations. It should be understood that layers 

added in the lower portion of the atmosphere serve to reduce the optical depths 

of the layers, and that the layer optical depths of the upper layers are orders of 

magnitude smaller than those of the lower atmospheric layers. The geometrical 

thickness of the upper atmospheric layers may too need to be reduced in order 

to maintain the spherical nature of the problem. 

The results from these runs indicated that as long as the largest layer optical 

depth is less than 0.025, increasing the number of levels used to divide the lower 

portion of the atmosphere according to optical depth considerations has less than 

a 1 % influence on the final solution. If the largest layer optical depth is as large 

a.s 0.035, the errors induced approach 3%. Also from the results of these runs, 

it was determined that ten levels are adequate in the upper third of a 50 km 

atmosphere to adequately account. for spherical geomet.ry efr('cls. If less fhnl1 

this uumber is used, the layers are still thick geometrically to Rccount for t.he 

spherical nature of the problem, even though the layer optical depths in this 

region are sJllall enough so as not to induce errors. Thus, too keep the errors less 

than L % in the case of the tota.l optical depth of 1.00, a minimum of fifty levels 

should be used. Ten of the levels are used for the upper part of the atmosphere 
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to account for the spherical nature of the problem while the other 40 are used in 

the lower part of the atmosphere to divide for optical depth. 

The next step in the checking process was to examine the effect of the cone 

angle .,po on the final solution. In choosing .,po several factors must be considered. 

A large value for.,po would lead to poorer interpolated values. Also, since paths on 

the zenith and cone are parallel, it is possible for radiation that travels upward 

on the zenith to travel downward on the cone and vice versa. These paths 

would be too dissimilar to allow an accurate interpolation. By making .,po small 

these problems are avoided and the interpolation is accurate. But if .,po is too 

small, then errors on the boundary for which the intensities are approximate(see 

Chapter III) will have a larger effect on the solution. Another problem is that 

more of the paths will exit the side boundary as shown in Fig 3.5 (c). These paths 

rely on the less accurate two-point interpolation of the multiple scatter intensities. 

One last point is that a small value for 1/'0 will encompass less of t.he atmosphere 

and the Gauss-Sidel approximation for the source integral will he poorer. Taking 

all of these factors into account, a value of ""0=1.0 degrees was selected. Runs 

were performed for ""0=0.5, 0.75, 1.25, and 1.5 degrees. Comparisons of the 

final results showed deviations of less than 1% from the solution obtained using 

""0=1.0 degrees. 

Also examined was the effect of the boundary on t.he final solution. Til test 

this, the boundary intensities were positively biased by three and t.en percent. 

each time they were calculated during a given iteration. In the case of the 10% 

bias, the final boundary values differed from the unbiased solution by as much 

as 50%. These large errors resulted in the desired z-axis solutions differing by 

as much as 15%. In the 3% bias, the final cone solutions differed from between 
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5 and ] 0%. Differences on the zenith were all less than 2.5%, and most were 

less than 1%. This indicates that the model can tolerate errors of up to 10% 

on the boundary without greatly influencing the final solution. In a typical run, 

there will not be a consistent bias in the boundary as was introduced in this case, 

thus it will be shown in Section 4.4 that errors will be less than 1 % in the final 

solution due to ~rrors in estimating the boundary. 

4.2 Flat Atmosphere Comparison 

The first check of the actual results of the model was to compare it with 

flat atmosphere simulations. To examine the model for programming errors, the 

spherical model was run letting Ro=638,000 km. By doing this, the geometry 

essentially becomes plane-parallel. The model was run with a solar zenith angle 

of 85.0 degrees, a pure Rayleigh atmosphere with optical depth of 1.00, albedo 

of 0.8, and 1JIo=1.0 degrees. When the results from this run were compared with 

results using a flat atmosphere Ga.uss-Sidel model, the solutions differed by less 

than 1 % at all angles. This indicates that no large programming errors exist 

The second flat atmosphere comparison consisted of running the model for 

a smaH sola.r zenith angle and optical depth. While the small solar angle and 

smalJ optical depth somewhat diminish the spherical effects, the intensities will 

tend to vary more or less linea.rly ,,·ith geometric path lengths. This en~hlps 

an easier interpretation of the differences between the flat and spherical models. 

The parameters used were a solar zenith angle of 5 degrees, a pure Rayleigh 

atmosphere with optical depth of 0.05, and surface alhedo of 0.0. The transmitted 

intensities at the surfa.ce for c/J=O and 180 degrees, and for q,=60 and 120 degrees 

are shown in Figs. 4.1 and 4.2. These figures show good agreement in the 
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intensities for () angles up to 80 degrees. For near horizon paths the methods 

diverge by more than 3%. These results agree with those obtained by Blattner 

et. al(1974), and occur because of the much shorter path lengths in the spherical 

atmosphere. Because the paths are shorter, one expects the spherical intensities 

to be smaller than those for the flat solution, and this is indeed the case. This 

confirms the Monte Carlo results of Collins et. al(1972) and Blattner(1977). 

Shown in Figs. 4.3 and 4.4 are the reflected intensities at the top of the 

atmosphere for the above fjJ angles. As is evident from these figures, there is a 

large discrepancy in the intensities for polar angles less than 110 degrees. This 

is due primarily to the fact that there are tangent line of sights in a spherical 

atmosphere. In the case of the flat atmosphere, the longest path lengths occur 

near ninety degrees. In the spherical atmosphere, the longest path length will 

be for that line of sight t.hat just grazes the planet's surface. Because of these 

differences in geometry, at angles hetween 90 and 95.1 degrees the geometric 

paths are shorter in t.he spherical case. Then the intensities at these angles 

should be smaller in the spherical case. At angles greater than 95.1 degrees the 

reverse is true and the intensities will be larger in the spherical case. These 

points are illustrated in the results of the reflected intensity plots(Figs. 4.3 and 

4.4). 

As was mentioned in Chapter II, in an atmosphere with conservati ve 

scattering, that is no absorption, the divergence of the flux is zero. This point 

may be llsed in llltl<:h the same way as the large radius run of the previolls 

section to find programming errors. In t.he flat atmosphere, flux conservation 
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Figure 4.3 Reflected intensities at the top of the atmosphere for the case of a high sun and small optical 
depth. Comparison with flat atmosphere results for </J=O and 180 degrees. 
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is a very simple quantity to check. One simply computes the net flux at the 

top and bottom of the atmosphere and ensure that they cancel. One need not 

worry about the horizontal fluxes because horizontal homogeneity ensures that 

the divergence of these fluxes will always vanish. In the spherical case the lack of 

horizontal homogeneity complicates the problem and the horizontal f!.uxes must 

be computed and accounted for in the flux divergence computations. 

Model output from a Rayleigh only atmosphere of optical depth 0.40, 

solar zenith angle of 85 degrees, and twenty levels was used to check energy 

conservation. Since ten of the levels must be used to account for the spherical 

nature of the problem, leaving the other ten levels to divide the nearly 0.40 optical 

depth, this provides a severe check of the model because the layer optical depths 

are near the limit of acceptability. To check for energy conservation, a. program 

developed at the University of Arizona was used. This program considers each 

layer to be a plane cylinder with the cone boundary acting as the side of the 

cylinder. Using the z-axis solution t.o be representative of the intensities at 

that level on the top or bottom of the given cylinder, and averaging the cone 

intensities from the two levels to obtain layer intensities on the sides, net fluxes 

are computed for each layer. The results from these calculations indicate that 

flux is conserved to better than 3%. In view of the approximations in calculating 

the Aux divergence and f.he high values [or the lnyer opf.icnl depth, 1 his strongly 

suggests that no programming errors are present. 

4.4 Cone to Zenith Compa.rison 

The cone to zenith comparison is designed to examine the accuracy of the 

cone boundary solution that is used in solving the zenith intensit.ies. As with most 
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models that use approximated boundary values, a technique may be developed 

that can solve the model such that the boundary of one problem is the solution in 

another. By making appropriate changes to the solar angle and the set of O's, the 

solution along the cone for one case can have the same geometric configuration 

as the zenith for a different problem. Then if the boundary were perfect these 

results would be identica1. 

As an example, consider a case where the sola.r angle on the z-axis is 85 

degrees, 0=95 degrees, and .,po=1.0 degrees. Further consider that the solution 

at 71=60 degrees is to be checked. Then the solar angle, O~, on .,po is given hy 

cosO~ = cosOocos.,po + sinOosin.,pocos71 ( 4.1) 

and in this case O~=84.50 degrees. The above formula may also be applied to 

the line of sight as wcll. Then 

cosO' cosOcos.,po + sinOsin.,pocos( 71 - cjJ) ( 4.2) 

where it should be noticed t.hat the azimuth of the viewing angle has been 

included. Tht~n for the twelve cjJ angles{all angles from 0 to 360 degrees must 

be used because of the lack of symmetry) there would be twelve 0' angles for 

the comparison run. Because this would lead to a prohibiti ve time problem, the 

comparisons were restricted to cases where 7J = c/J and ill t.he Fl hove prohlem. 

0'=94.0 degrees. The intensity values tha.t would be compared would be denot.('d 

by I{z,O = 95,cjJ = 60,00 = 85,.,p = .,po,71 = 60) and I{z,O = 94,c/J = 60,00 

84.5,.,p = 0). 

The parameters used in the actnal comparison runs were 60 =85 degrees, a 

pure Rayleigh atmosphcre of optical depth 0.40, surface albedo of 0.8, .,po=1.0 
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degrees, Ro=6380 km, and Zo of 50 km. The boundary solutions for this solar 

zenith angle were obta.ined at each of the seven 11's from 0 to 180 degrees at 

thirty degree intervals. The model was then run using these 11 radial lines as 

a z-axis. The adjusted solar angles used were 84, 84.13, 84.50, 85.00, 85.50, 

85.87, and 86 degrees, corresponding to 11's of 0, 30, 60, 90, 120, 150, and 180 

degrees respectively. Only the solutions for ~=11 were considered, then the set 

of 8 angles used for the original run were decreased by one degree as given by 

(4.2). The resu1t.s of this comparison for 11 = ~ = 0 and 180 degrees are shown 

in Figs. 4.5 and 4.6, while those for 11 = ~ = 60 and 150 degrees are shown 

Figs. 4.7 and 4.8. In these plots, the phrase "zenith solution" refers to the z

axis solution for the adjusted solar angle cases, while "cone solution" refers to 

the boundary solution of the original 00 =85 case. The agreement in all cases 

is quite good, with the largest percentage difference being 12% for the reflected 

intensities between 90 and 100 degrees. Considering that this case was for a low 

sun, and that the largest layer optical depths were on the order of the 0.035 limit, 

the results indicate that the solutions 011 the boundary are good approximations. 

Referring to the discussion of Section 4.1, it can be concluded that the errors in 

the boundary do not introduce errors in the final solution greater than 1%. 

4.5 Comparison with other Methods 

The most important test of a new model is hc)\\" well it agrees \vit,h ot.her 

models. In this section results from three other models are presented. Two of 

these used Monte Ca.rlo techniques, and the third is the quasi-spherical approach 

of ASOllS(l982). 

In the comparison with Asous(1982) the model parameters were: 80 =85 
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companson. 
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degrees, a pure Rayleigh atmosphere with T7.=0.10, albedo of 0.0, Ro=6370 km, 

and Zo =50 km. The results for cP=O and 180 degrees are shown in Figs. 4.9 

and 4.10 while Figs. 4.11 and 4.12 show q,=60 and 120 degrees. Figs. 4.9 and 

4.11 indicate excellent agreement in t.he results of the transmitted intensities at 

the surface. For (J <80 degrees, the differences between the t.wo models are less 

than 1.0%, and 1 to 2% for (J >80 degrees. The reflected intensities at the top of 

the atmosphere(Figs. 4.10 and 4.12) agree well also. There do exist differences 

on the order of 10% for (J <93.5. These errors are not critical. One, because 

the amount of energy at these angles is not large, and two, because at these 

angles the assumptions of the quasi-spherical approach are expected to break 

down. These angles are also highly influenced by the selection of the vertical 

height distribution of molecules. Since the exact model used by Asous was not 

ava.ilable, differences are sure to exist. 

Both of t.he next two models used for compa.nson utilize Monte Carlo 

te<:hniques. The first of these is the model presented in Marchuk(1980). The 

parameters used were identical to Asous with (Jo=53.13 degrees and Zo of 100 

km. An albedo of 0.25 as well as 0.0 was used.According to Marchuk(1980), 

his results a.re certain to the 2-3% limit. Further differences of up to 4% can 

be expected from the inclusion of polarization in the Marchuk model but not 

the current method(Marchuk(1980} and l\Iikhailov fllJ(l Nalmraliev(Hlil)).The 

results are presented in Figs. 4.13 t.o 4.16, with the refled.ed int.ensities shown 

in Figs. 4.15 and 4.16. The transmitted intensities, presented in Figs. 4.13 

and 4.14, agreed to well within the uncertainties presented earlier. The reflected 

values differ greatly for angles less than 110 degrees. Normally, a discrepancy 

of this nature would be cause for concern, but t.here are several points that 



~ 
I-

0.07 

0.06 

Ui 0.05 z 
w 
I-
Z 
W 

~ 0.04 
I-
j 
W 
e:: 

0.03 

0.02 

0.01 

0.00 

90 

ASOUS COMPARISON 
Rayleigh Only 
T = 0.10 
z=Okm 
00 = 85 degrees 
Albedo=O.O 
Ro=6370 km 
Zo=50 km 
'ifJo = 1.0 degrees 

60 30 o 

l/J = 180 POLAR ZENITH ANGLE 0 

30 

CONE METHOD 
ASOUS' MODEL 

60 

l/J=O 

+ 

90 

Figure 4.9 Transmitted intensities at the surface for l/J=O and 180 degrees. Results are from Asous(1982) and 
the current method. 

0') 
0') 



0.12 -. 
ASOUS COMPARISON 

CONE METHOD 
Rayleigh Only ASOUS'MODEL + 

0.11 .., 
T = 0.10 

0.10 ""j z=50 km 

~ 0.09 J 80 = 85 degrees 
Albedo=O.O 
Ro=6370 km 

~ 0.08 
Zo=50 km z 

~ 0.07 1/;0 = 1.0 degrees 
i= 
< g 0.06 1 =\: 

+ 
0.05 

0.04 

0.03 

0.02 

0.01 

0.00 
I 

90 120 150 180 150 120 90 

4> = 180 POLAR ZENITH ANGLE 8 4>=0 

Figure 4.10 Reflected intensities at the top of the atmosphere for 4>=0 and 180 degrees. Results are from 
Asous(1982) and the current method. 

0) 
-l 



>
I-

0.07 

0.06 

~ 0.05 
w 
I
Z 

w 
2: 0.04 
I-

::s 
w 
0:: 

0.03 

0.02 

0.01 

0.00 

90 

ASOUS COMPARISON 
Rayleigh Only 
T = 0.10 
z=O km 
80 = 85 degrees 
Albedo=O.O 
Ro=6370 km 
Zo=50 km 
.,po = 1.0 degrees 

60 30 o 

</>= 120 POLAR ZENITH ANGLE 8 

30 

CONE METHOD 
ASOUS' MODEL 

60 

</>= 60 

+ 

90 

Figure 4.11 Transmitted intensities at the surface for </>=60 and 120 degrees. Results are from Asous{1982} 
and the current method. 

~ 
00 



0.12 -, ASOUS COMPARISON 
CONE METHOD 

Rayleigh Only ASOUS'MODEL + 
0.11 .., 

r = 0.10 
0.10 z=50 km 

>-
00 = 85 degrees 

!:: 0.09 Albedo=O.O 
Vl 
z Ro=6370 km 
~ 0.08 
z Zo=50 km 
L.J 
~ 0.07 -rPo = 1.0 degrees 
t-
j 
UJ 0.06 
a:: 

0.05 

0.04 

0.03 

0.02 

0.01 

0.00 
I I I I I I I 

90 120 150 180 150 120 90 

4> = 120 POLAR ZENITH ANGLE 0 4> = 60 

Figure 4.12 Reflected intensities at the top of the atmosphere for 4>=60 and 120 degrees. Results are from 
Asous(1982) and the current method. 

0) 
~ 



>
I-
U') 

Z 

0.12 

0.10 

~ 0.08 
z 
w 
~ 
I-:s w 0.06 
a:: 

0.04 

0.02 

0.00 

90 

MARCHUK COMPARISON 
Rayleigh Only 
T = 0.10 
z=O km 
Do = 53.13 degrees 
Albedo=O.O 
Ro=6370 km 
Zo=100 km 
"po = 1.0 degrees 

60 30 o 

</> = 180 POLAR ZENITH ANGLE (J 

30 

CONE METHOD 
MARCHUK'S MODEL 

60 

</>=0 

90 

Figure 4.13 Transmitted intensities at the surface for </>=0 and 180 degrees and albedo of 0.0. Results are from 
Marchuk et al.(1980) and the current method. 

-.;J 
o 



>
!:: 
til 
Z 

0.12 

0.10 

~ 0.08 
z 
UJ 
> 

3 
UJ 0.06 
et: 

0.04 

0.02 

0.00 

90 

MARCHUK COMPARISON 

Rayleigh Only 
T = 0.10 
z=O km 
00 = 53.13 degrees 
Albedo=0.25 
Ro=6370 km 
Zo=100 km 
.,po = 1.0 degrees 

60 30 o 

</J = 180 POLAR ZENITH ANGLE 0 

30 

CONE METHOD 
MARCHUK'S MODEL 

60 

</J=O 

90 

Figure 4.14 Transmitted intensities at the surface for </J=O and 180 degrees and albedo of 0.25. Results are 
from Marchuk et al.(1980} and the current method. 

-l 
I--' 



>
!:: 
!f) 
Z 
a..J 
I
Z 

0.10 

0.08 

a..J 0.06 
> 
I-
j 
a..J 
0:: 

0.04 

0.02 

0.00 

90 

COMPARISON WITH MARCHUK 
Rayleigh Only 
T = 0.10 
z=100 km 
90 = 53.13 degrees 
Albedo=0.25 
Ro=6370 km 
Zo=100 km 
.,po = 1.0 degrees 

~ 

120 150 180 150 

</J = 180 POLAR ZENITH ANGLE 9 

CONEt.AETHOD 
t.AARCHUK'S t.AETHOD 

120 

</J=O 

90 

Figure 4.15 Reflected intensities at the top of the atmosphere for </J=O and 180 degrees and albedo of 0.0. 
Results are from Marchuk et al.(1980) and the current method. 

-t 
t..;) 



>
I-
VI 
Z ..... 
I
Z 

0.10 

0.08 

..... 0.06 
~ 
I-

:3 ..... 
0:: 

0.04 

0.02 

0.00 

90 

I 

I 

I 

I 

I 

I 

I 

I 

COMPARISON WITH MARCHUK 
CONE METHOD 

MARCHUK'S METHOD 

'-, / 
' / 
'.-.-.~~ ~ 

~~~ --~ ~~ --~-~~-----~-----
Rayleigh Only 
T = 0.10 
z=100 km 
80 = 53.13 degrees 
Albedo=O.O 
Ro=6370 km 
Zo=100 km 
"po = 1.0 degrees 

120 150 180 150 120 

I 

I. 
I! 

I ! 
I I 

I . 

I 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

</J = ISO POLAR ZENITH ANGLE 8 </J=O 

90 

Figure 4.16 Reflected intensities at the top of the atmosphere for </J=O and ISO degrees and albedo of 0.25. 
Results are from Marchuk et al.(19S0) and the current method. 

-l 
~ 



74 

reduce t.he credibility of Marchuk's results. From path length arguments, it is 

clear that there is a problem with the Marchuk results. Referring to Fig. 4.16 

where the albedo is 0.25, there should be a sharp increase in intensity at 9=100.1 

degrees, the point at which the paths first strike the ground. The current method 

shows this jump quite well, while the Marchuk results do not peak for another 8 

degrees. Further research indicated that the results for the transmitted case were 

first presented by Antyufeyev and Nazaraliev(1973). This paper did not present 

results for the reflected cases, thus it is possible that the reflected intensity results 

were computed a.t a later time with slightly different parameters, or that problems 

were recognized and the reflected results withheld from the original paper. 

The final comparison is made with Adams(1978). Adams used his Monte 

Carlo technique on a vertically homogeneous Rayleigh atmosphere of optical 

depths 0.25 and 1.00. The solar angle was 81.26 degrees, albedo of 0.0, Ro=6371 

km, and Zo=100.0 km. The results given hy Adams were single scatter intensities 

and percentage of single to total scatter. From these, a total scatter was inferred, 

and these are the values plotted in Figs. 4.17 and 4.18. These figures indicate 

excellent agreement between the two methods at all angles, except 95 degrees 

for 7'=0.25 and </J=O. In this case the solutions differ by 6%. Because of the 

statistical na.ture of the Monte Carlo method, and the better than 2% agreement 

at a.ll other point.s, this is not consiclerecl t.o invalidclfe t.he Cllrrent. method. 

Considering the results of t.his a.nd the previous sections, t.he current. work 

acctlrately describes radiative transfer in a spherical atmosphere to bet.ter than 

3% in tota.] intensity. This estimate is on the high side for safety, and it is felt. that. 

in most situations the model is accurate to better than 1 %. The advantage this 

model has over other techniques is the combination of speed and accuracy. It is 
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as accurate as the Monte Carlo simulations but more computationally efficient, 

and does not suffer from the statistical fluctuations of these techniques. It is 

also felt that the current technique is more accurate and versatile than other 

techniques mentioned in Chapter I that rely on moments of intensity and other 

approximations to enhance computational efficiency. It is this \'ersatility in 

angular and height coordinates that makes the current model applicable for most 

earth atmosphere cases. Furthermore the model may be employed for sub-horizon 

sun situations(twiIight) with essentially no increase in computer time, although 

accuracy may suffer slightly. This is a topic for future research. 
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CHAPTER V 

APPLICATION TO LIMB SCAN 

In this cha.pter, the current model is used to simulate a.tmospheric limb scans 

from spa.ce. In a limb scan, a satellite sca.ns the atmosphere vertically from top 

to bottom and measures the diffusely scattered radiation without looking at the 

ground. This is somewhat different from solar occultation measurements in which 

the sate1lite views the directly transmitted sunlight through the atmosphere. By 

applying Beer's law (first. term of (2.4)) to these measurements and doing a direct 

inversion, the vertical distribution of atmospheric constituents is inferred (Chu 

and McCormick (1979)). The problem with occultation measurements is the 

sa.t.ellite is limited to one sunrise/sunset event per orbit. At other times, the 

instrument. is idle. To better utilize the instrument, limb scan measurements 

of the diffusely scattered sunlight could be made. The modelling of these 

measurements requires calculations of atmospheric scattering including spherical 

geometry. In this chapter, the current model is used to simulate such limb scans 

in order to examine whether information about atmospheric constituents may 

be retrieved from them. As an in depth treatment of actual retrieval techniques 

is beyond the scope of this dissertation, t.he discussion is limited to exa.mining 

the model results and commenting on the feasibility of attempting at.mospheric 

content determinations based upon the information contained in t.he scans. 

Model runs were performed using five basic a.tmospheric models. These a.re 

presented in Figs. 5.1 and 5.2. In all cases the height of the atmosphere is taken 

to be 50 km. Model I is a Rayleigh atmosphere of 0.06 optical depth 
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corresponding to a wavelength of 0.6 microns. This Rayleigh model is used in all 

runs. Model II, shown in Fig. 5.1, includes, in addition to the Rayleigh model, an 

ozone distribution peaked at about 22 km, corresponding to an ozone absorption 

opt.ical depth of 0.04 d1le to Chappuis band absorption. In the runs examined, 

the ozone optical depth was varied and given values of 0.00, 0.02, 0.04, and 0.08. 

These other optical depths essentially move the distribution of Fig. 5.1 to the 

left or right. Model III introduces tropospheric aerosols with an aerosol optical 

depf,h of 0.24. This model was rnn for ozone optical depths of 0.00, 0.02, and 

0.04. The last two models introduce stratospheric aerosol layers of optical depth 

0,] 03. These aerosol layers are superimposed on the aerosol height distribution 

of Model III. Model IV is peaked at 20 km and the layer is contained between 

15 and 25 km (Fig. 5.2). As seen in Fig. 5.2, Model V is peaked slightly higher 

at 25 km and is also broader, being contained between 15 and 30 km. Models 

IV and V were run for ozone optical depths of 0.00 and 0.04. 

The geometry of the problem is shown in Fig. 5.3. The height of the 

sat.ellite above the surface is 700 km, then Rs = 7080 km where Ro = 6380 km. 

The satellite scans the atmosphere from the top to the surface. The lines of sight 

from a scan are discriminated by their tangent heights, hT • The tangent height 

is the level above the surfa.ce at which the satellite line of sight becomes tangent 

in t.he at.mosphere. In the current ",;ork 12 va.lues of itT were selected: ·.J8.76, 

43.22, 38.54, 35.23, 32.42, 29.32, 25.90, 22.16, 19.49, 15.19, 10.52, and 5AG krn 

corresponding to a gi ven set of incident solar a.ngles O~. If more lilies of sight had 

been used, the computation time of a single scan would have increased, but since 

the atmosphere is divided into homogeneous shells, no new information would 

be ohtained because some of the paths wonld hecome tangent in the same layer. 
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Since twelve lines of sight adequately cover the atmosphere, this number is an 

adequate tradeoff between time and height discrimination. 

Selecting liT, Rs, and 00 defines the point where the line of sight intersects 

the top of the atmosphere. Using trigonometry, (J~ and O'(Fig. 5.3) are 

determined. These are the two pa.rameters needed for the spherical model. 

For some runs 4> = 180 degrees, this corresponds to cases where the satellite 

is between the Earth and the Sun. When O~ is calculated for the 12 lines of 

sight it is seen that (00 - 6~) varies from 1.1 to 5.9 degrees. Since this is a 

significant change, the model must be run for each O~ and solved for the single 

0' corresponding to the single beam which strikes the satellite for the given O~. 

To complete one satellite scan, the model must be run twelve times. Though 

inefficient, this process is not overly time consuming. At 4>=90 degrees this 

inefficiency is avoided. For example, using this azimuth and a sun angle of 25 

degrees, (6~ - 60 ) varies from 0.02 to 0.64 degrees. At sun angle 85 degrees this is 

0.001 to 0.03 degrees. This variation is small enongh that a single average value 

for O~ may be used. For 00 = 25 degrees this amounts to an error of only 0.2% in 

the incoming solar flux. Thus an average solar elevation angle is used whenever 

possible in order to take advantage of the resulting large savings in computer 

time. 

Differences between flat and spherica.l atmospheres were exa.mined by 

running Models III, IV, and V for ozone optical depth 0.04 and 00 = 25 Jeg\'f~es. 

The results a.re shown in Figs. 5.4 - 5.6 for 4> =90 and 180 degrees. As can be 

seen from the figures, the flat atmosphere does not accurately portray the limb 

scan. This is not surprising since the plane-parallel assumpj,ion does not permit 

tangent line of sights. Most of the differences can be explained Ilsing the line of 
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sight arguments of Chapter IV, Section 3, and are not repeated here. There are 

some points worth mentioning. In both Figs. 5.5 and 5.6, the intensities for ¢ 

= 180 are less than for ¢ = 90. This is due to the larger solar path lengths for 

these lines of sight (Adams and Kattawar 1978). Also evident in the spherical 

results are sharp rises in the intensity corresponding to the heights of the aerosol 

layers. These sharp rises are absent from the flat atmosphere results because 

each line of sight in the flat atmosphere model must pass through every layer. In 

the spherical geometry, some of the lines of sight. do not pass through the aerosol 

layers, and thus do not show the enhanced intensities from the extra scattering. 

In Fig. 5.7 a comparison between Models III, IV, and V is given for the 

case where t.he ozone optical depth was 0.00. For Model III, the intensities 

rise smoothly through the a.tmosphere, while Models IV and V shuw local 

maxima near the peaks of the respective dust layers. Model III shows the largest 

intensities near the surface because of lower attenuation due to the smaller optical 

depth. Model V shows the lowest values because much of the incident energy is 

scattered out at higher levels. Another cause is that the geometric length of the 

paths through the dust layer of Model V are slightly smaller than those of Model 

IV. This is because lines of sight tha.t are tangent near the surface strike layers 

in the upper part of the atmosphere at less of an angle t.han in lower regions 

of t.he at.mosphere. Thus t.he geometric path is smaller thro11gh the 11pper l('v('1 

dust layers, the optical dept,h along the pa.t.h through these layers is less, anel t.he 

scattered intensity will be smaller. 

Figure 5.8 shows t.he same comparison as Fig. 5.7 only with an ozone optical 

depth of 0.04. With the addition of ozone, several changes occur. All of the 

curves have shifted left, due to added attenuation, and essentially maintained 



---.. 
E 
~ 
'-' 

~ 
:c 
(!) 

w 
:c 
~ z 
w 
(!) 
z 
< 
~ 

50 

40 

30 

20 

10 

o 

0.00 

SATELLITE SIMULATION WITH NO OZONE 

........ ..... 
. ................................................................... . 

........ 
'" 

------------------------------------------------------------
Tn = 0.06 
T()3 = 0.00 
T A = 0.24 for Model III 
TA = 0.34 for Models IV and V 
00 = 25 degrees 
R,,=7080 km 
Ro=6380 km 
Albedo=O.O 
tPo = 1.0 degrees 

0.01 0.02 0.03 0.04 

RELATIVE INTENSITY 

PHI=90 DEGREES 
SPHERICAL RESULTS: 

t.AODELIll 
t.AODELIV 

~, · , · , · , , · , : , 

lAO DEL V 

0.05 0.06 

Figure 5.7 Comparison between Models III, IV, and V with 0.0 ozone optical depths for 4> =90 
degrees to show effect of volcanic layers. 

00 
00 



,,-... 

E 
~ ......., 
..... 
:x:: 
(!) 

w 
:x:: 
..... 
z 
w 
(!) 
Z 
~ ..... 

50 

40 

30 

20 

10 

o 

0.00 

SATELLITE SIMULATION WITH OZONE 

.-.. _-. 
---- ............... .. 

....... . ..... 
. ........................... . 

'" 

-------------------------

0.01 0.02 

, , , , , , , , , , , , , 
\ 

0.03 0.04 

RELATIVE INTENSITY 

PHI=90 DEGREES 
SPHERICAL RESULTS: 

MODEL III 
MODEL IV 
•• IODEL V 

Tn = 0.06 
T03 = 0.04 
T A = 0.24 for Model III 
TA = 0.34 for Models IV and V 
80 = 25 degrees 
Ra=7080 km 
Ro=6380 km 
Albedo=O.O 
"po = 1.0 degrees 

0.05 0.06 

Figure 5.8 Comparison between Models III, IV, and V with 0.04 ozone optical depths for ¢ =90 
degrees to show effect of volcanic layers. 

00 
co 



90 

their shapes. The sharp rises in intensity due to the stratospheric dust layers 

of Models IV and V are still present. These rises still correspond to the heights 

of the dust layers, but the local maxima are absent. Also noticeable is the fact 

tha.t Model V intensities are now t.he largest as a result of scattering above the 

ozone absorption. For a given line of.sight there is a contribution from aerosol 

scattering that does not undergo absorption. Not only is some of the scattered 

energy not being absorbed, but the incident solar energy is also not affected by 

absorption before it reaches the dust layer. This explains why Model IV is to 

the right of Model III, since wHh Model IV, some aerosol sca.ttering still occurs 

before the entire ozone layer is passed. From the results presented above it is 

clear that the flat atmosphere cannot be used to simulate earth-atmosphere limb 

sca.ns. It is also apparent that these limb scans can detect stratospheric dust 

laye.rs. 

A constituent receiving greater interest in recent years is ozone. Three cases 

were examined to study ozone retrieval from atmospheric limb scans. The first 

used 00 = 25 degrees, no aerosol attenuation and ozone optical depths of 0.00, 

0.02, 0.04, O.OB. The results are given in Fig 5.9 and indica.te changes of over 

70% in total intensity a.t a height of 15 km over the range of ozone amounts used. 

In the upper portions of the atmosphere, where paths do not encounter ozone, 

no significa.nt differences occur as the O7,onc a.monnt increa::;es. The a hove case 

was also run for Oo=B5 clegrees(Fig. 5.10). In these runs, t.he intensity changes 

are larger, but the signal level has decreased. The last ca.se(Fig. 5.11) 1Ised 

00 =25 degrees, ozone opt.ical depths of 0.0, 0.02 a.nd 0.04, and included Model 

III aerosols. Here the percent changes in intensity a.re less, but signal levels are 

much higher. 
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From these results, the limb scan should be effective at retrieving total 

columnar ozone. Because of the higher signal levels, it appears that a high 

sun case at wavelengths where dust can enhance the signal further would be 

preferable. One proposed technique is to use the ratio of intensities at two 

heights. One of these heights would be above the ozone while the other below. 

By ratioing, changes due to aerosols are negated and the size of the ratio would 

indicate changes in ozone. Further research is required to determine the specifics 

of this type of retrieval, but discussion of this is beyond the scope of the current 

work. 
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In this dissertation a new model for computing radiative transfer in a 

spherically symmetric atmosphere is presented. The model uses a Gauss-Sidel 

iteration scheme developed by Herman (1963) for application to the plane-paral1e! 

atmosphere. In order to account for inhomogeneities in the horizontal intensity 

field due to sphericity, the current work introduces a conical boundary. The 

solutions on the boundary are fonnd and used in an interpolation scheme to 

obtain the intensity at each level on the radial line at the center of the cone. 

The results can be found for any set of polar angles and height levels and for 30 

degree increments in azimuth. The model includes absorption and aerosols but 

neglect.s polarization and refraction. 

Several checks of the model were performed. Results for a high sun and 

small optical depth were compared to flat atmosphere results. All differences 

were consistent with geometric arguments. The results from a model run where 

t.he radius of the planet was increased by a factor of 100 were found to agree 

with flat atmosphere results to better than 1 %. The model was also run for low 

sun and layer optical depths on the order of 0.035. Flux was conserved for this 

case to better than 3%. Boundary solutinns were olso fOllnd to he (lCc.lIrofe j,n 

better than 3% for a.1I nontal\gent paths" rlnd better than 12% for tangent paths. 

With a biased boundary solution of 10%, the central solution was found to vary 

by less than 1 %. The final test of the model wa.s to compare with other models. 

Results agreed favorahly wHh those of Asous (1982), Marcbnk et al. (1980) and 

Adams and Kattawar (1978). 



96 

From the results of these tests the current model is concluded to be accurate 

to :3%. It is felt that in most earth-atmosphere situations the results are accurate 

to 1%. This accuracy b on the order of, or better than, previolls t.echniques 

including spherical geometry. The current method is as accurate as a Monte 

Carlo simulation but computationally more efficient. Because of its versa.tility 

and accuracy, the cone method performs better than the techniques that strive 

for computational efficiency described in Chapter I. 

The model was used to examine the atmospheric limb problem. From these 

results it is concluded that there is great promise in these measurement.s for the 

determination of atmospheric constitur.nts. This is especially true for the cases 

of stratospheric dust layers and ozone. Further work is currently being done in 

this area. 

Furt.her work is also being done t,o include the effects of polarization, 

refraction, and the forward peak due to aerosols. The exclusion of these fadors 

does not dramatically affect the usefulness ofthe model (Marchuk et ai. 1980 and 

Blattner (1974)), but for intensive studies of the twilight sky and sub-horizon 

suns, they should be considered. To also enhance the results of twilight sky and 

sub-horizon suu modeling, the opt.ica.l depths of lines of sight should be computed 

to the sola.r termjnator rat.her than to the nearest level. To avoid problems due 

t.o this, the cnrrent model is r11n for a larger number of layers, bui because of tit!? 

added computer time, ihis is not desirable. 

Lastly, a technique is being developed to increase the number of polar 

angles around ninety degrees. This meihod ut.ilizes an approach similar to 

that developed by Herma.n et ai. (1971) to compute the forward peak from 

aerosols. Intensities at these extra angles are calculated after the model has 
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been run, thereby increasing the number of angles without significantly affecting 

the computation time. Currently this method produces results to better than 

4%. Further work is being done to get this value to less than 2%. 
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APPENDIX A 

CALCULATION OF ATMOSPHERIC PARAMETERS 

This appendix describes the calculations needed to determine the atmo

spheric parameters used in the the radiative transfer calculations. These 

parameters are the heights of the levels, the optical depth within each 

homogeneolls layer, and the Rayleigh and aerosol phase functions. For a more 

detailed description on these topics the reader is directed to Herman (1963), 

Herman and Browning (1965), Asous (1982) and Bohren and Huffman (1983). 

Before the radiative transfer calculations are performed, the atmosphere is 

divided into homogeneous layers. In a plane-parallel atmosphere, optical depth 

is the only parameter considered when selecting the thicknesses of these layers. 

Each level is selected such that a layer is optically thin enough to prevent the 

intensity from varying non-linearly along a path in the layer. The value of 

optical depth corresponding to this restriction is approximately 0.03. As long 

as t.he layer optical depth does not exceed this value, the Gauss-Sidel method is 

accurat.e. Using optical depth as the criteria for dividing the atmosphere results 

in thinner geometric layers near the surface than near the top of the atmosphere 

as a consequence of t,he fact that the major at.mospheric const.ituents hctVe larger 

concentrations near the surface. 

In the plane-parallel methods, the top layer of the atmosphere is onen as 

large as 30 km. Using a Gauss-Sidel process, it would be impossible to accurately 

model t.he spherical geometry of the problem using a layer as thick as this. The 

current method subdivides this top layer using approximately half of the total 
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number of levels in the problem. This essentially divides the atmosphere into 

two parts, the lower half to account for optical depth and the upper to account 

for the spherical nature of the problem. The top half of the atmosphere is divided 

evenly and then checked to ensure that no path covers more than 4 degrees of 

arc before exiting the layer. This is to ensure that the approximations used to 

compute the boundary values in the radiative transfer model remain valid. By 

evenly dividing the atmosphere between 30 and 50 km into 9 layers, this criteria 

is met. The method of division attempts to satisfy both the geometric and optical 

depth requirements. It also attempts to ensure a smooth transition from where 

the atmosphere is divided by optical depth to that divided by geometry. 

To actually divide the atmosphere into layers of known optical depth, 

the vertical distribution of at.mospheric constituents must be known. In this 

dissertation, t.he 1962 U.S. Standard Atmosphere midlatitude winter model is 

used. This distribution may easily be modified. The relative size distribution of 

aerosols is constant. with height and follows a Junge power law with exponent 3 

and maximum and minimum radii of 5.0 and 0.1 microns. The aerosols are non-

absorbing with real index of refraction of 1.5. To compute the optical depth due 

to a given const.ituent in a layer, the total optical depth due to that constituent 

is multiplied by the percentage of t.he constituent in the layer. 

To obtain the required layer phase functions for the radiat.ive transfer model, 

the Rayleigh and aerosol phase functions must be calculated. The Rayleigh phase 

function is computed at one degree increments of scattering angle from 0 to 180 

degrees according to 

3 
PR(E» = -(1 + cos2 0) 

1671" 
(A.l) 

where 0, the sca.ttering angle, is the angle between the incident and scattered 
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light. Each of the values of PR obtained from (A.l) is then normalized such that 

180 

L PR(e}~W = 1 (A.2) 
9::0 

where ~w iF; the increment of solid angle about, the scattering angle e. To ensure 

that energy is conserved over the larger increments of the radiative transfer 

calculations, normalization constants are used such that for each scattering 

direction, (h, 

( .4.3) 

where 

{AA} 

and 

(A.5) 

And the snmmat,joJl is carried out over all incident directions (}i and cPk. 

The calculation of the aerosol phase function is more complicated. For 

simplicity, the atmospheric aerosols are assnmed to behave as Mie scatterers. 

It is realized that all particles in the atmosphere are not spherical, and thus 

not Mie scatterers, But as stated, this simplifies the problem. For a description 

of Mie scattering see Stratton {1946}. As was the case for the Rayleigh phase 

function, t.he aerosol phase funct.ion is computed at ()ne degree intervals from 0 

to 180 degrees. The calcuJations are performed using an algorithm developed 

by Bohren and Huffman (1983). The phase function is also summed over the 

size distribution and norma.1ized so the sum over solid angle is unit.y. Since 

the aerosol phase function may vary appreciably over the angular intervals used 

in the radiative transfer model, an average phase function over the interval is 
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computed. To compute this average over the given interval in () and <p, the () 

interval is broken into 10 sub-intervals and <P into 30. Then 

(A.G) 

where the summation over I is for the () suh-interval about i', the summation over 

m is for the q, sub-interval about j', and P A ((}il <Pj, (}l, <Pm) is interpolated fr:o:n 

the set of 181 values at each single degree in 0. To ensure energy conservation, 

normalization constants are used, 

(A.7) 

The actual radiative transfer calculations use layer phase functions. To 

obtain these, the phase functions are averaged for the given layer according to 

P{ Zr, Oil <Pj ,Oil, <Pi') = 

( 7'R. ( Zl ) OR ( OJ ) P R ( OJ , <Pj '.~!:.. ' J!.J I ) +. Wo A T A ( Zl ) 0 A ( (}j ) P A ( (}j , <Pj , (}j I , <Pj I )) 

TR(Zl) + TA(Zr) + Tabs(Zr) 
(A.8) 

where WOA is the aerosol single scatter albedo from the Mie calculations, the 

"R" subscript refers to Rayleigh, t.he "A" subscript to aerosols, and "abs" to 

absorption. Then Tn, T A, Tab/J are the Rayleigh, aerosol, and absorption optical 

depths for the layer J. This is the phase f!lndion tbat is llsed in the radiative 

transfer calculations. 
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