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ABSTRACT

Statistical and geostatistical methods are utilized to
investigate soil variability. Methodology includes block
kriging, cokriging and simulations of random fields. The
ramifications of the variability are numerous, including the
effect on soil water, soil fertility, evapotranspiration, and

crop yields.

Block Kkriging can be used to estimate crop yields and
infiltration rates on a large scale using small scale or point
data. Results based on variograms and geostatistics are
compared to the classical relationship developed by Smith in
1938, that the variance is reduced from V, to V,/n® as the
support area increases from 1 to n plots. These results
establish a firm theoretical basis for the variance within a
finite domain as a function of sample support size.
Applications include not only uniformity trials, but also
measurement theory. Based on 20 data sets, indices of soil
heterogeneity are derived. With these indices, optimal sample
sizes and shapes can be determined.

The ordinary kriging and cokriging estimators are
investigated in order to examine their utilization. Soil
moisture content and soil water retained at 1.5 MPa within the
root zone are predicted by cokriging with surface moisture and

texture as auxiliary variables. Compared with ordinary
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kriging, cokriging gave a significant improvement in terms of
the average kriging variance and the sum of squared errors
between the actual and the predicted values. With soil
spectral properties and cokriging, soil texture is estimated
successfully. Cokriging is also used for temporal variables
and compared with a time invariant relationship. Recently-
developed pseudo-cross variograms and cokriging are utilized
to predict so0il chemicals. The main advantage of this
approach is that the computation of sample cross-variograms
does not require that measured variables be sited at the same
locations.

Lastly, several simulation methods are studied. A new
simulation procedure is developed and compared with other
simulation methods, such as the Turning Bands Method.
Conditional simulation is used to simulate random fields for

so0il water and reflectance.
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Chapter 1

INTRODUCTION

The inherent spatial variability of field soil is
widely recognized (e.g., Beckett and Webster, 1971; Warrick
and Nielsen, 1980). Soil variability affects many parameters
which relate to soils, such as, water content, hydraulic
conductivity, infiltration, evapotranspiration, uniformity of
soil water distribﬁtion, fertilizer and chemical distribution,
and crop yields. An important step in dealing with soil
variability is to collect soil samples. But what is the best
sampling strategy? How many samples should be collected? How
large should the sample volumes be? Generally speaking, the
best sampling design is one that provides maximum information
at a given cost or that provides a specified precision (error
tolerance) at the lowest cost. Other important questions are
how to predict soil parameters from samples and models, how to
estimate prediction errors, which methods and models to use
and which factors affect predictions. We will study these
problems, which are related to soil spatial variability,
qualitatively and gquantitatively by wusing mathematical
functions and models, by statistical and geostatistical
methods (Warrick et al., 1986).

The objectives of the dissertation are three parts.

In the first part, sample volume or sample support problems
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will be studied. In second part, "missing data" or
undersampling problems will be dealt with. In the third part,
simulation methods for random fields will be considered.

The first part includes Chapter 3, 4 and 5. In Chapter
3, block kriging is used to estimate parameters, such as crop
yvields and infiltration rate, and their variances. In Chapter
4, auxiliary functions and variograms are utilized to study
relationships between variance and sample volume as well as
shape and sample domain in an isotropic field. In Chapter 5,
soil heterogeneity indices are derived, which give guidelines
for choosing optimal sample volume and shape in a non-
isotropic field.

The second part includes Chapter 6, 7 and 8. In
Chapter 6, estimations with undersampled data are improved by
cokriging with oversampled data. In Chapter 7, cokriging with
pseudo-cross variograms is discussed. This relatively new
technique makes cokriging more flexible and increases sample
density and efficiency. In Chapter 8, a variogram
transformation technique 1is applied to extend use of
information from one field to other fields.

The third part includes Chapter 9 and 10. 1In this
part, different simulation methods are discussed and a new
simulation procedure (DSIM) is developed for specified
variograms. With these methods, realizations of random fields

can be obtained based on a knowledge of spatial structure
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only. Furthermore, real fields can also be simulated based on

spatial structure and conditioned by existing measurements.
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Chapter 2

DATA SETS

Data sets used in this dissertation involve different
parameters, including soil water content, soil texture, soil
chemicals, infiltration rate, reflectance and yields of
several crops. The data come from different sources. Some
of them have not been published, therefore, general
information is given in this chapter for each of the data
sets.

Data Sets of Yields

Yield data sets include those for wheat, cotton,
potato, mangolds, rice, bean, oranges and lemons, collected in
various periods of time from 1911 to 1984. Basic information
is summarized in Table 2-1, which gives the crop name and
collection location, authors and the year of the published
paper, total data points (plots) and a brief description of

each data set.

Table 2-1.

Basic information of data sets of yields.

Crop & location Authors Number Description
wheat grain Mercer & Hall 500 25 column and
(Rothamsted) (1911) 20 rows of 3.3

¥ 3.3 m plots

wheat straw Mercer & Hall 500 same as above.
(Rothamsted) (1911)
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Table 2-1. (continue)

Crop & location Authors Number
wheat Kalamkar 1280
(Rothamsted) (1932)

wheat (No. of ears) Kalamkar 1280
(Rothamsted) (1932)

wheat Wiebe 1500
(Aberdeen,Idaho) (1935)

wheat Baker & Roessler 144
(White Federation,CA) (1957)

grain Christidis 288

(Cambridge Uni. Farm) (1931)

rice (IRS8) Gomez'’s 648
(1984)

mangolds leave Mercer & Hall 200

(Rothamsted) (1911)

mangolds root Mercer & Hall

(Rothamsted) (1911)

bean(Red Kidney) Smith 216

(1954,CA) (1958)

bean(Stand. Pink) Smith 216

(1954,CA) (1958)

bean(Red Kidney) Smith 240

(1955, CA) (1958)

Description

80 rows 0.15 m
apart, 16 half-
meter unit in each
row.

the same as above.

4.57 m of each row,
0.305 m apart,
grouped in 12
series of 125 rovws
each.

16 12.2 x 12.2 m

blks subdivided into

9 plots each with
6.1 m between blks.

24 rows, each of
27.43 m and divided
in 12 parts,
ultimate unit
0.196 x 2.286 m.

18 col. x 36 rows
1 x 1 m plots.

10 col. x 20 rows
4.5 Xx 4.5 m plots.

the same as above.

18 col. x 12 rows

0.76 X 4.57 m plots.

the same as above.

16 col. x 15 rows

1.52 x 9.14 m plots.
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Table 2-1. (continue)
Crop & location Authors Number Description
bean(Stand. Pink) Smith 240 the same as above.
(1955, CA) (1958)
potato Kalamkar 576 6 col. x 96 rows
- (Saskatchewan) (1932) 6.7 x 0.91 m plots.
cotton Kuehl & Kittock 432 36 col. x 12 rows
(Phoenix) (1969) 1.5 x 1 m plots.
Navel orange Batchelor & Reed 1000 20 rows with 50
(Riverside,CA) (1918) trees in a row,
planted in a
6.71x6.71 marea.
Navel orange Batchelor & Reed 495 15 rows with 33
(Naranjo,CA) (1918) trees in a row,
planted in a
6.71x6.71 m area.
Valencia orange Batchelor & Reed 240 12 rows x 20 trees
(Valla Park,CA) (1918) in a 6.55 x 6.55
m area.
Eureka Lemon Batchelor & Reed 364 14 rows X 26 trees
(Upland, CA) (1918) in a 7.32 x 7.32
m area.

Infiltration Rate Data
Infiltration rates were measured on the Plant Science
Farm of New Mexico State University at Las Cruces, New Mexico
(Sisson, 1979, Sisson and Wierenga, 1981). The soil at the
site was a Typic Torrifluvent with the water table at
approximately 3 meters. Steady-state infiltration rates were

measured in a field plot with infiltrometers of 5-, 25-, and
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127-cm diameter. Measurements were made with the three ring
sizes along five parallel transects, spaced 125 cm apart. The
infiltrometers were placed adjacent to each other along each
transect. A total 625, 125 and 25 of infiltration rate
measurements of 5-cm, 25-cm and 127-cm ring sizes were made.

Reflectance Data Sets

Three reflectance data sets were analyzed. The first
is satellite data with 7 bands, blue, green, red, near
infrared 1 and 2 (NIR1, NIR2), middle infrared (MIR) and
temperature. This was from a satellite Landsat with a
Thematic Mapper (TM). The data were collected in Field 23 of
Maricopa Farm on 1979 (A. Huete, personal communication). This
included 19 rows (32 to 50) with 10 columns (104 to 113) of
each. A total of 190 30 x 30 m pixels are used.

The second data set is also satellite digital values,
which were collected in Field 27 of Maricopa Farm on June 13,
1987. There are 57 rows (147 to 203) and 172 columns (38 to
209), 9804 10 x 10 m pixels in all. At the same time, 68
ground measurements were taken by the Water Conservation Lab
in Phoenix in a 320 x 80 m area within Field 27 on 20 x 20 m
grids. Each measurement covers an area with diameter 0.5 m
(A. Huete, personal communication). We used 14 rows (162 to
175) and 56 columns (138 to 193), a total of 784 pixels among
the 9804 pixels. The 784 pixels cover the measured area on

the ground.
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The third data set consists of soil reflectance and
texture measurements. The spectral reflectance properties of
552 Ap surface horizon soil samples collected at the Maricopa
Farm were measured with a Barnes Modular-Multiband Radiometer
(Suliman and Post, 1988). Each sample was passed through a 2
mm sieve, mixed, and spread uniformly in 50 x 50 cm black
trays, then the reflectance data were collected on cloudless
days with the sun Zenith angle between 29 to 43 degree and
with both dry and wet so0il conditions. Correlation
coefficients of soil spectral properties and texture are
presented in Table 2-2 (Suliman and Post, 1988). For our
analysis, we used 293 data points in a 2200 x 1300 m area.
The coordinates have been changed to a relative coordinate
system, using sample 510 as the origin (0, 0). The locations
of the 293 points are shown in Fig. 2-1.

Table 2-2.

Correlation coefficient (r) of soil spectral properties and
texture (after Suliman and Post, 1988).

Band (pm) sand silt clay

dry wet = dry wet  dry  wet
0.45-0.52(blue) 0.16 0.63 -0.11 -0.58 ~-0.20 -0.62
0.52-0.60(green) 0.31 0.67 -0.25 -0.62 -0.34 -0.65
0.63-0.69(red) 0.45 0.69 -0.40 -0.65 =-0.47 =0.67
0.76-0.90(NIR) 0.46 0.69 -0.40 -0.65 =-0.48 =0.67
1.15-1.30(NIR) 0.41 0.66 -0.36 -0.63 -=0.43 =0.64
1.55-1.75(MIR) 0.43 0.62 -0.37 -0.59 -0.44 -0.60

2.08-2.35(MIR) 0.43 0.58 -0.37 -0.54 -0.45 -0.56
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Maricopa Data Sets

On May 31, 1988, soil samples were collected with an
"Oakfield" probe (inner diameter 2.5 cm) in Field 28 at the
University of Arizona Maricopa Agricultural Center. Samples
were located at 45 fixed points on 100 x 100 m grids for three
depths: 0 - 5 cm, 10 - 15 cm and 20 - 30 cm. On June 12,
1988, the sample locations included the same 45 fixed points
and an additional 46 "random" coordinates (Warrick and Huete,
1989). The 45 fixed points are shown in Fig. 2-2 with the 46
"random" points. At each of the 91 locations, soil samples
were taken at the surface (0 - 5 cm), 10 cm (5 - 15 cm) and 25
cm (20 - 30 cm), respectively. Soil water content was
determined gravimetrically for each of the samples. There are
two missing values for the 0 - 5 cm depth. For samples at the
45 fixed points, texture and soil water retained at 1.5 MPa
were also analyzed at the 3 depths. The data sets we used

are listed in Appendix A.

Marana Data Sets

Samples were collected in May of 1989 near Marana (4
fields, 1200 x 1100 m) at 130 points. One hundred were on a
100 x 100 grid, and 30 locations were randomly distributed.
The locations of the 130 points are shown in Fig. 2-3.
Correlation coefficients (r?) of physical and chemical

parameters of the 130 soil samples are listed in Table 2-3.



300
4 . * %
- - - ue - - - - - . "o - - -
L4 "
"
200 » T
u
T ° ° ° ° o’ e ° ° ° ° ’o‘ ° 0 ° o
% x
x
100 . . x
e R x +
-y o o L o © o o o o o o w0 o o -]
" k‘ o
0 L} T LS + T L] - '

1 ] 1 1 4
0 200 400 600 800 1000 1200 1400

Fig. 2-2. Locations of Maricopa samples in Field 28.

31

Random points
Fixed points
Fixed points



32
The mean, variance and coefficient of variation (CV) of some
chemical parameters are listed in Table 2-4. The data sets we

used are listed in Appendix B.

Correlations (r?) of physical and chemical parameters of 130
soil samples in the Marana Farm.

gravel sand silt clay pH EC cl NO, SO, Na Ca Mg

gravel 1 0.612 0.359 0.545 0.028 0.077 0.064 0.014 0.134 0.114 0.053 0.059
sand 1 0.613 0.871 0.068 0.106 0.133 0.017 0.272 0.166 0.076 0.077
silt 1 0.258 0.074 0.055 0.048 0.043 0.040 0.036 0.064 0.042
clay 1 0.041 0.099 0.143 0.004 0.210 0.207 0.055 0.071
pH 1 0.166 0.061 0.197 0.106 0.106 0.159 0.183
EC 1 0.662 0.689 0.524 0.785 0.949 0.959
cl 1 0.317 0.441 0.699 0.561 0.558
NO, 1 0.096 0.333 0.750 0.693
S0, 1 0.773 0.416 0.492
Na 1 0.615 0.679
Ca 1 0.956
Mg 1
Table 2-4.

Mean, variance and CV of some chemical parameters of the
Marana Farm data.

Variable mean variance cVv
NO, 96.59 8723.3 0.967
EC 0.694 0.1255 0.510
Ca 56.98 1505.1 0.681
Mg 8.866 31.061 0.629
Na 73.79 737.25 0.368
SO, 126.4 5847.8 0.605

Cl 33.73 678.64 0.772
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Chapter 3

BLOCK KRIGING

Many investigators have studied soil sampling (e.q.,
Cline, 1944; Perterson et al., 1965). However, less research
has been completed on sample volume effects. Sample volumes
may affect three general errors arising from soil sampling:
sampling error, selection error, and measurement error. 1In
order to properly interpret spatial variability in fields from
samples, it is necessary to consider the influence of the
sample volumes. Sample volume means sample size or volume for
3-D, area for 2-D, and length for 1-D.

Wagenet (1985) reviewed the importance of determining
a representative elementary volume (REV). When we study flow
in soil, we can not consider processes at the microscopic
level of pore - pore interactions, rather we consider a REV of
the soil, which can be defined on a macroscopic level, and
which is continuous through space. Before we analyze the
spatial relationship in a field, we should determine the
correct value of REV of the soil and properties which we are
interested in.

Bouma (1983) presented the criteria of four broad
hypothetical REV classes for measurements of hydraulic
conductivity, based on soil texture and structure. The ranges

of REV are from 10? cm® for sandy, structureless soil to 10° cm®
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for clayey soil with large peds. As a guideline, a
representative sample should contain at 1least 20 peds.
Applicability of several methods for measuring K,, and K_,, was
listed as a function of REV.

Long et al. (1982) in their research for networks of
discontinuous fracture pointed out that the size of the
relevant REV depends on both the flow system and the medium.
For a given flow system, the size of REV must be small enough
to have approximately a constant gradient and it must be also
large enough to contain a representative sample of the
heterogeneities.

Based on the ergodic hypothesis and on standard
statistics, Russo and Bresler (1981, 1982) derived equations
to calculate integral scales, field size and the number of
measurements which were needed to estimate ensemble averages
of different hydraulic properties with a given prespecified
error. These techniques may be used to extrapolate the
results of a study for one site to other geographic locations.
However, they did not consider the finiteness of a sampled
volume and only assumed that REV of the hydraulic properties
was large compared with the pore scale, but small compared
with the scale of heterogeneity in the field.

Although the relationship between the volume or size

of samples and the variability of samples is widely
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appreciated with methods developed to treat it, and although
some literature in soil science indicates its importance,
sample volume has seldom been considered as a fundamental
issue to be resolved before collecting samples and/or
analyzing sample data (Wagenet, 1984). 1In the following 3
chapters, we will study problems related to sample volumes by
statistical and geostatistical methods.

It is likely that both surveyors and survey clients
are interested in average values of soil properties over
areas rather than point values. Such values can be obtained
by block kriging (cf. Burgess and Webster, 1980 b). A
surveyor inspects the soil by use of an auger or in a pit at
some place and usually intends that observation to represent
an average value for an area or block many times larger than
the cross-sectional area of the volumes actually observed. If
punctual kriging is used, local discontinuities can seriously
obscure longer range trends, and the position of a
discontinuity depends somewhat on the locations of the
particular data points. On the other hand, block kriging can
overcome the shortcomings of point estimates, resulting in
smaller estimation variances and smoother maps as well as
clearer regional effects.

In this chapter, block kriging is utilized to study

the kriging variance, prediction errors due to various sample
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schemes, sample locations and sample sizes, or sample volumes.
Equations for Block Kriging

The average value Z, over the region V "centered" at

X, is

Zy (%) =(1/V) (V Z (x)dx [3-1]

where V can be a line segment, an area, or a volume, depending
on whether Z is defined in one, two or three dimensions. Two
methods can be used to estimate 2Zy. The first method is to
divide V into small regions V,, then by punctual kriging of

Z(x;) at x%;,, a point in V, can be estimated, and finally
zy" = (1/V)E 2(x) V; [3-2]

as Vv, —> 0, 2, —> Z,. The second method is direct

estimation of the average by
n
ZV. = Z aiZ(Xi) [3"3]
1

The best linear estimator is obtained by choosing the weight
factors «; such that the expected value and the variance of

2z, - Zy are zero and minimal, respectively:

E(2°-2) =0 [3-4]

vVar(2® - Z) = a minimum [3-5]
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The first condition guarantees 2° to be an unbiased estimate

and results in

n

Ta =1 [3-6]
‘This leaves Var(2" - 2Z) to be minimized subject to the
constraint that the a,;s sum to 1. This is done by introducing

a Lagrange parameter u. The coefficients of block kriging are

given by (cf. Burgess and Webster, 1980 b, esp. p 335)

=S [3-7]

where the column vector S is the transpose of
ST =[g(%, V), 9(X; V), «evy 9%, V), 1] [3-8]
with g the average of the variogram over the block V, i.e
g(x, V) = (1/V) {Vg(xi. x) dx [3-9]
The resulting kriging variance is
i=1

n
0 = 2 ag(x, V) +p = (1/V) I g(x, V)dx [3-10]
i v

The last term in equation 3-10 is the "within" variance of the
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block. This is a special case of the extension variance of V

by a support value v (cf, Journel and Huijbregts, 1978, esp.

p 54)

g =2 g(V, V) = g(V, V) - g(v, V) [3-11]
where

g(v, v) = [1/(VV)](V { g(%x;, %) dv av
v
[3-12]

Block Kriging of Bean Yield

Bean yields of Smith (1958) were for an area
consisting of 16 plots wide and 15 sections long, making 240
primary plots. Each plot was 2 rows x 30 feet (1.5 m x 9.1
m).

We choose two subsampling schemes to verify efficient
sampling schemes and densities. One is the "systematic
scheme" (SYS). Beginning from the lower left of the original
data sets, in the odd rows, we deleted the data in the even
columns; in the even rows, we deleted the data in the odd
columns. Thus, 120 plots among the 240 primary plots were
considered. Another is the "random scheme" (RAN). We counted
each data in the original data sets row by row and assigned a

random number from a uniform distribution (0 to 1). If the
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random number was equal to or greater than 0.5, we recorded
the data point. The above procedures was repeated, until we
obtained exactly 120 data points of the primary 240 data,
which are shown in Fig. 3-1 by "+". Wwith the systematic
sample scheme (SYS), we computed and fitted a variogram model

as following

g(h) = 0.070 + 0.0084 h [3-13)

Available software for geostatistics computations and methods
for fitting variogram models are presented in Appendix C and
D. In the same way, with the random sample scheme (RAN), we

obtained the same type of variogram model, that is

g(h) = 0.073 + 0.0085 h [3-14]

The sample variogram and fitted model are shown in Fig. 3-2.
The two models are essentially the same.

Using these variogram models and the corresponding
data sets of SYS and RAN, we computed bean yields with block
kriging (ZK) for different block sizes, ranging from 1.5 x 9.1
m (the smallest plot) to 24.3 x 137.1 m (the entire field), a
total of 12 block sizes. Beginning from the lower left of the
primary data sets, the re-constructed blocks are joined but
not overlapped. Nevertheless, for block sizes 12.1 x 64.2 m
and 24.3 x 64.2 m, we used the first seven rows (rows 1 to 7)

of the original plots to construct the first row of the larger
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blocks, and used row 9 to 15 to construct the second row of
the larger blocks. For each block size, the block kriged
results were compared with block averaged values, which were
calculated from the original 240 data points. For example,

for block size 6 x 27.3 m, the first block averaged value is

+ |+ |+ + |+ [+ |+ + +
+ + + + |+ |+ |+ [+ [+
+ + + + |+
+ |+ |+ |+ +
+ |+ |+ + + |+ |+ |+ +
+ |+ |+ + |+ [+ |+ + + |+
+ |+ [+ + |+ + + |+ |+ |+ |+
+ |+ |+ [+ [+ [+ |+ + |+
+ |+ + + + +
+ + +
+ |+ [+ |+ + |+ |+ |+ |+ |+ [+ |+
+ + + |+ [+ + |+ |+ |+ +
+ + + |+ |+ |+ [+ |+ + +
+ + |+ + +
+ |+ + + |+ +

Fig. 3-1. Plots chosen for random sampling scheme.
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(3.76 + 3.66 + 2.87 + 2,75 + 3.72 + 3.16 + 2.85 + 2.43 +
3.89 + 2.98 + 2.70 + 2.19)/12 = 3,08,
The following criteria are used to evaluate the block
kriging results:

1. Absolute relative error
ERR = | (2K - 2ZB)/ZB| (100%) [(3-15]

where ZK is the block kriged value, ZB the block averaged
value from the original experimental data. Here we used ZB as
the "“true value", since it is calculated from data with the
highest sample density.
2. Mean square error
n
MSE = {= [(2K, - 2ZB,)/2B;]%}(100%)/n [3-16]
i=1
where n is the number of total kriged blocks for a specified
block size.
3. Proportion of kriged values with ERR greater than

or equal to a specified error limit
PRO = (nil/n) (100%) [3-17)

where nl is the number of block kriging values with ERR
greater than or equal to an error limit, n is the total

number of kriged blocks.
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In Fig. 3-3A, B and C are contour maps from the entire
240 data blocks and the kriged results with 120 data points
and block size 1.5 x 9.1 m for the two scheme. Table 3-1
shows the PROs of the kriged results (size 1.5 x 9.1 m) for
different error limits. From Fig. 3-3A, B, C and Table 3-1,
we can see that 120 data points are enough to give
satisfactory estimates of the field, especially the systematic
sampling scheme, which resulted in only about 7 percentage of
kriging values with ERR greater 15%. Fig. 3-4A and B present
the kriged errors for SYS and RAN, respectively.

Fig. 3-5A and B show the kriging variances of the
systematic and random data sets with a block size of 3 x 9.1
m, respectively. Table 3-2 presents PROs of the results,
which indicate that as the block sizes increase, the PROs
decrease rapidly. The systematic scheme gives about 14
percent of the block kriging values with ERR greater than 10%,
and the random scheme about 12 percent. However, we should
consider that the systematic scheme gives better estimates
than the random one, because the random scheme gives larger
values of PRO for the higher error 1limits. Block kriged
results and kriging errors for block size 4.5 x 9.1 m (3 basic
blocks in each block) are presented as contour maps in Fig. 3-
6A, B and Fig. 3-7A, B, respectively. Compared Fig. 3-4, 3-5,
and 3-7, it is clear that kriged errors decrease as the block

sizes increase.
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Table 3-1.

Proportion (PRO) of errors greater than the specified limit
(size 1.5 x 9.1 m) for systematic sampling scheme and random
sampling scheme.

specified SYS.GRIDS RANDOM_GRIDS
error limit PRO(%) PRO (%)
>25% 1.25 2.08
>20% 2.50 4.58
>15% 7.10 12.50
>10% 25.40 26.30
Table 3-2.

Proportion (PRO) of errors greater than the specified limit
(size 3 x 9.1 m) for systematic sampling scheme and random
sampling scheme.

specified SYS.GRIDS RANDOM GRIDS
error limit PRO (%) PRO(%)
>25% 0 0
>20% 0 3.33
>15% 0.83 5.00

>10% 14.17 11.67
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An example is given here to show the effect of block
positions and boundary effect. For a block size of 9.0 x 54.8
m, we took two different block division patterns A and B (Fig.
3-8A and B). For pattern A, which is for contiguous plots,
the systematic scheme does not give better results than the
random one, especially if fewer points were used for kriging.
This may due to the fact that in such a pattern, enough data
points can found in or around a kriged block at relatively
short distances for both sampling schemes, thus good results
were obtained for both schemes. However, for pattern B, which
has borders between blocks, the systematic scheme gives better
results. Since data points can not be obtained outside of the
studied field, more data blocks can be found within the field
for kriging by the SYS sampler than RAN. The comparison is
presented in Table 3-3.

It also should be noted that we have used only half of
the primary data (120 points) for block kriging to predict the
entire studied area, we obtained almost exactly the same
results as the average of the 240 points.

Table 3-4 summarizes the kriged results. Fig. 3-9
gives the relationship between block size (number of basic
blocks in each larger block) and mean square error of block
kriged values. From these results, we can conclude that
generally speaking, as the block sizes increase, maximum ERR,

mean square error and PRO of >10% all decrease, which means



52
that block kriged results are more accurate for the larger
block sizes. The effect of block size is more significant for
blocks with about 15 or less basic blocks than for larger
blocks. For each block size, the systematic scheme gives
smaller maximum ERR, mean square error and PRO of >10% than
the random scheme. Therefore, the results of block kriging
depend on the data density and positions of data point or as

well as size and position of blocks to be kriged.

Block Kriging of Wheat Yields

The wheat yield data of Baker and Roessler (1957)
consisted of 12.2 x 12.2 m blocks subdivided into nine plots
each. There were a total of 16 blocks and 144 plots.

We use the plot data and block kriging to calculate
wheat yields in blocks with a block size of 12.2 x 12.2 m and
further test the efficiency of sample schemes and sample
densities. Fig. 3-10A to Fig. 3-10G illustrate various sample
schemes and densities, and "+" in plots indicate that this
data is used for calculations.

Scheme A (all 144 data points) gives the best
estimates and in a sense is a check for consistency. We
compare the block kriged values with the average block values,
using the subdivided 9 plot values of each block, the
absolute relative errors are within 4 percent for this schene.

Schemes B and C are 80 data points; D and E 72 data points;
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Table 3-3.

Comparison between block kriging and block averaged values of
bean yield for different block division patterns(block size 9
X 54.8 m).

block division pattern A (with 30 closest points for kriging):

X Y BLOCK AVG SYS. GRIDS RANDOM GRIDS
VALUE 2K ERR(%) ZK ERR(%)
6.00 36.50 2.97 2.93 1.44 3.04 2.29
15.00 36.50 2.99 2.97 0.57 2.96 1.14
6.00 91.30 3.00 3.11 3.71 3.02 0.57
15.00 91.30 3.47 3.42 1.51 3.43 1.18
mean square error(%): 0.5 0.25

block division pattern A (with 60 closest points for kriging):

X Y BLOCK AVG SYS. GRIDS RANDOM GRIDS
VALUE ZK ERR(%) ZK ERR(%)
6.00 36.50 2.97 2.96 0.36 3.02 1.39
15.00 36.50 2.99 2.91 0.91 3.02 0.97
6.00 91.30 3.00 3.04 . 1.45 3.01 0.56
15.00 91.30 3.47 3.41 1.78 3.41 1.62
mean square error(%): 0.163 0.150

block division pattern B (with 50 closest points for kriging):

X Y BLOCK AVG SYS. GRIDS RANDOM GRIDS
VALUE ZK ERR (%) ZK ERR(%)

6.00 36.50 2.97 2.96 0.46 3.02 1.39
21.00 36.50 2.99 3.04 1.40 3.12 4.21
6.00 118.60 2.73 2.72 0.43 2.74 0.25
21.00 118.60 3.37 3.26 3.14 3.25 3.53

mean square error(%): 0.332 0.795
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Fig. 3-8A. Block division pattern A
(block size 9.0 x 54.8 m).
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Fig. 3-8B. Block size division pattern B
(block size 9.0 x 54.8 m).

Table 3-4.

Summary of the block kriged results.

Block size Max. ERR(%) Mean squ. ERR(%) PRO of ERR>10%(%)

{m x m) sYS RAN 8Ys RAN £ 45 RAN
1.5 x 9.1 31.78 33.02 7.3 8.4 25.4 26.3
3.0 =% 9.1 16.79 21.35 4.0 5.0 14.2 11.7
4.5 x 9.1 14.29 23.96 2.0 4.0 6.7 12.0
3.0 x 18.2 14.26 20.90 2.5 4.1 7.1 14.3
6.0 x 27.3 4.94 10.83 0.65 1.95 0 5.0
6.0 x 36.6 3.79 10.17 0.80 1.80 0 5.0
7.6 x 36.6 5.87 11.74 0.90 2.20 0 11.0
7.6 x 45.7 5.69 6.33 0.55 1.10 0 o
9.0 x 54.8 3.14 4.21 0.33 0.80 ] 0
12.1x 64.2 3.28 3.91 0.42 0.81 o 0
24.3x 64.2 2.10 3.10 0.22 0.61 0 o
24.3x 137.1 0.14 0.38 0.0002 0.014 0 0
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Fig. 3-9. Relationship between block size and mean square
error of block kriged results.
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F and G 64 data points.

From each scheme we fitted a variogram model. Seven
variogram models are obtained. All of the models are
spherical with zero nugget and a range of 24 m, but their
sills are slightly different, ranging from 1.14 x (10)% to
1.56 x (10)°. However, the different sill values do not
affect the kriged results significantly, for example, three
different sill values 1.14 x (10)% 1.43 x (10)% and 1.56 x
(10)%® are used to krige for scheme A, almost the same block
kriging results are obtained, the only differences among the
three are after the decimal points.

Table 3-5 shows the comparisons between the block
kriged results with data of scheme A and the block average
values(YLD) as well as the block-kriged values(YLDk) with data
of different schemes. Table 3-6 shows the absolute relative
errors of block average and different schemes, compared with
scheme A.

From the results of Table 3-5 and 3-6, we can see that
G is the best scheme, because it gives relatively accurate
results and needs 1less effort for data collection and

calculations. For the same reasons, D is the worst scheme.
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Fig. 3-10 A. Scheme A (144 data points).
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Fig. 3-10 B. Scheme B (data points 80).
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Fig.3-10 C. Scheme C (80 data points).
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Fig. 3-10 D. Scheme D (72 data points).
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Fig. 3-10 E. Scheme

E (72 data points).
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Fig. 3~10 F. Scheme

(64 data points).
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Fig. 3-10 G. Scheme G (64 data points).
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Block wheat yields and thelr block-kriged results.

YLDk YLD YLDk YLDk YLDk YLDk YLDk YLDk
(sch. 3) (avg) {B) (€) D) {E) (F) (G)

3815 3863 3860 3946 3647 3671 3535 3683
2182 2151 2167 2217 2358 2205 2259 2198
3637 3656 3480 3687 3863 3535 3869 3529
4054 4051 4003 4099 3964 3988 4114 3974
3716 3752 3593 3606 4009 3621 3973 3741
1915 1853 1939 2123 2457 2115 1912 1805
3638 3642 3515 3868 3724 3860 3637 3372
5049 5091 4997 4989 4867 4986 5062 5035
4148 4163 4247 4197 3839 4112 3857 4085
2807 2808 2961 2660 2785 2977 2505 2962
3064 3040 3170 3065 2903 3124 2881 3114
4693 4708 4787 4661 4614 4714 4480 4717
3798 3823 3854 3775 3487 3791 3637 3805
1934 1908 1825 2095 1928 2105 2187 1814

2636 2601 2723 2645 2561 2655 2501 2696
5009 5047 4949 5080 4767 5079 4973 4877




66

Table 3-6.

Absolute relative errors (%) of block average and block
kriging results for different schemes.

BLK AVG. B c D E F G
1.26 1.18 3.43 4.40 3.77 7.34 3.46
1.42 0.69 1.60 8.07 1.05 3.53 0.73
0.52 4.32 1.37 6.21 2.80 6.38 2.97
0.07 1.26 1.11 2.22 1.63 1.48 1.97
0.97 3.31 2.96 7.88 2.56 6.92 0.67
3.24 1.25 10.86 28.30 10.44 0.16 5.74
0.11 3.38 6.32 2.36 6.10 0.03 7.31
0.83 1.03 1.19 3.60 1.25 0.26 0.28
0.36 2.39 1.18 7.45 0.87 7.02 1.52
0.04 5.49 5.24 0.78 6.06 10.76 5.52
0.78 3.46 0.03 5.25 1.96 5.97 1.63
0.32 2.00 0.68 1.68 0.45 4.54 0.51
0.66 1.47 0.61 8.19 0.18 4.24 0.18
1.34 5.64 8.32 0.31 8.84 13.08 6.20
1.33 3.30 0.34 2.85 0.72 5.12 2.28
0.76 1.20 1.42 4.83 1.40 0.72 2.64

Block Kriging of Infiltration Rates

Sisson et al. (Sisson, 1979, Sisson and Wierenga,
1981) measured steady state infiltration rates in a field plot
with infiltrometers of 5, 25 and 127 cm inside diameter. For
the largest ring, 40% of the observations were greater than
the meén, for the 5 cm ring, only 15% of the observations were
greater than the mean. That is, the larger ring measurements
gave a higher calculated mean infiltration rate. An
autocorrelation function was used to estimate sampling
variance. These results support the hypothesis that sampling
variance is a function of distance between observations and

sample lengths. As the larger ring sizes are composites of
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the correlated 5 cm observations, they show that variance
decreases rapidly with increasing ring diameter.

We use the infiltration rate measurements of 5-cm ring
size and a total of 625 data points to construct a variogram
model in terms of minimizing sum of square error with pair

weighting (Appendix D) as following

g(h) = 9.81 + 0.025 h [3-18]

which is shown in Fig. 3-11. Based on this model, block
kriged results are obtained for a block size of 25 x 25 cm
and compared with the measurements in Fig. 3-12 A. With the
same variogram model, the block kriged results for a block
size 127 X 127 cm are compared with measurements in Fig. 3-
12B. From the log-transformation of the 625 infiltration
rates a spherical variogram model is obtained with 0.133 for
the nugget, 0.422 for the sill and 150 cm for the range.
Using the spherical model to repeat the above calculation, we
get very nearly the same results.

Furthermore, the infiltration rates of 25-cm ring size
are used for construction of a variogram model and block
kriging of block size 127 x 127 cm. The variogram model is

a Michaelis-Menton type

g(h) = 1.64 + 17.5(h/82.9)/(1 + h/82.9) [3-19)

The kriged results are compared with measurements in Fig. 3-
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13.

Comparing the results in Fig. 3-12 and 3-13, we can
see that 5-cm ring data did not give satisfactory estimates
for blocks 25 x 25 cm and 127 x 127 cn, In general, the
estimates are lower than the measurements. The problem may
due to the very low percentage of the sampled plot area of
the 625 S5-cm ring (3%) and the data plots are concentrated on
5 transects. The 25-cm ring data give much better estimates
of infiltration rates for blocks 127 x 127 cm than the 5-cnm

ring size data.
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Fig. 3-11. Variogram of infiltration rate (5 cm ring data).
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Fig. 3-12. Comparisons between block kriged results with 5 cm
ring data and measured values, A. 25 cm ring data,
B. 127 cm ring data.
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Fig. 3-13. Comparisons between block kriged results with 25
cm ring data and measured values of 127 cm ring.
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Chapter 4
VARIANCE WITHIN A FINITE DOMAIN AS A FUNCTION
OF SAMPLE SUPPORT SIZE
Previous Studies

Sample support size is of fundamental importance for
various measurement problems. For example, sensor geometry,
comparisons of alternative measurement devices and plot size
determination, all require examination of the variability of
results as influenced by the spatial extent of the samples.

Hawley et al. (1982) collected 8 different sizes of
soil samples from 10 locations in an area 2 m’. Sample length
was a standard 10 cm. Sample volumes ranged from about 7 to
825 cn’. The analysis showed a relationship between the
variance and volume of samples. In general, a larger sample
volume results in greater precision of the estimate of the
mean value. The results indicate that a minimum desirable
sample volume of about 50 cm’® is needed when sampling to a 10
cm depth. The minimum desirable sampling volume depends on
the homogeneity of a sémpling area.

Hassan et al. (1983) investigated the relationship
between the chloride distribution and sample volume with
depth. Two different samplers, 7.9 cm and 2.1 cm diameter,
were used to take soil samples. The results showed that there

was higher variation among measured values from the smaller
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volume sampler. The coefficient of variability (CV) for the
total recovered chloride was 8 to 14% for larger and smaller
samplers, respectively. The CV for the chloride concentration
calculated in the soil water ranged from 5 to 54% and 12 to
99% for large and small samplers by depth, respectively. They
concluded that using a larger volume sampler should allow for
more consistent results, or large sample as possible should be
taken to insure that a REV is being sampled.

Ball and Williams (1968) considered the relationship
between sample volumes and variance in the measurement of soil
chemical properties. The bulk (larger) samples gave much
smaller variability. The additional spatial variability was
found at two scales, among samples at a particular location
and between location within the two sites. Exchangeable Na
was affected mainly by the larger scale (measured in m x 10).
Other cations were affected by variability on both the smaller
(measured in cm) and the 1larger scale. Much of the
variability in moisture was in terms of large differences
within a small scale. Most soil variation could be attributed
to variability over small distances. Samples with larger
volumes resulted in more accurate measurements than did the
same number of smaller samples. Within the stated confidence
limits, only a small number of samples were needed when using
bulk samples. However, the bulking of individual samples did

not give the variability of infiltration rates within the
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site.

Anderson and Bouma (1973) investigated the effect of
different core heights on measured K, values. Ten undisturbed
cores of 7.5 cm diameter with height of 5, 7.5, 10 and 17 cm
were collected and used to measured K,. Mean values of K, and
the variance of the 10 samples decrease when K, was measured
in the larger cores. The results were interpreted by the
relationships between soil water flow, soil structure, and a
finite size core sample. Larger pores tend to become
discontinuous throughout taller cores, which would result in
a considerable drop in the hydraulic conductivity and produce
more consistent K, values. The K, values of the 17 cm samples
were closer to the values measured in situ with the double
tube. Therefore, cores from this horizon to be used for K,
measurements should be at least 17 cm high to be
representative. They concluded that the planar - void pore -
interaction model of flow predicted a relationship between
core height and measured K, in ped material, and that
morphological soil structure data should play an important
role in defining representative sizes of soil samples to be
used for physical determinations in different soil materials.

It is expected that smaller sample volumes include
less of the overall spatial variability than do 1larger

volumes. Then by using larger sample volumes the variance of
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the samples can be reduced. If the larger volume samples are
used, a smaller number of samples would be required to achieve
the same accuracy level (Hawley et al., 1982).

Smith (1938) presented an empirical law relating

variance of crop yields per unit area to plot size by
v, = Vy/n° [4-1]

where V, is the variance among plots with an area of n units
and V; is the variance among plots of unit size. The factor
"b" js an index of heterogeneity between 0 and 1. If the
underlying population is random, the "b" will be 1. However,
if the samples are not independent, b will be less than 1 and
could approach a 1limiting value of 2zero if there is no
heterogeneity. 1If n corresponds to an area W and the basic

support size is w, the Eq. 4-1 is equivalent to
Vy = V, [w/W] [4-2]

with Vy and V, corresponding to the two variances.

An alternative approach to the quantification of
heterogeneity is through geostatistics. 1In this chapter we
wili relate the empirical index of heterogeneity "b" of Eq. 4-
1 to variograms and evaluate variance as a function of sample
support within a finite domain. Previous results along these

lines are given in Whittle (1956) and Starks(1986). Detailed
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discussions are given in "Variance as a function of sample

support size" (2Z2hang et al., 1990).

Relationship betW%een Geostatistical Parameters and the
Empirical Index of Heterogeneity
The relationship between the geostatistical parameters
and the empirical index of heterogeneity b was investigated by
linear regression procedures as follows:

1. specify a variogram model, w and W/a’ = i%w/a? i =
1, 2, ..., 8

2. calculate Vv, = V(w/a?), Vv, = v(wy/a?) i =1, ...,8,
(zhang et al., 1990, esp. Eg. 17 and 22),

3. compute a linear regression function between log(i)
and log(V;/V,) with zero intercept, then the slope without
minus sign is the b value.

The relationships between b and w/a’ are approximated

by following eguation

b =2C + Gy + Gy + Cy’ + Cy' (4-3]

where y = log(w/a?), -3.0 <y < 2.0, and C;, G, ..., Cs; are
coefficients shown 1in Table 4-1 for different variogram

models.
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Coefficients of b expression in Eq. 4-3.

spherical exponential Gaugsian Michaelis-Menton
(o 0.82774 0.47466 0.61974 0.24100
C, 0.24128 0.30526 0.37277 0.10640
C, ~0.10272 0.02029 -0.03718 -0.00305
C, -0.00677 -0.02060 -0.03452 ~0.00370
C;s 0.00854 -0.00335 -0.00106 0.00039

Relationship to Field Domain

The variance for a given sample size depends not only
on the block itself, but also on the total area considered
(Wo). Thus, if W, is small, the overall block variance is
expected to be smaller than if W, is large. For plots, W, is
the area of the overall field; for measurement studies it
would be the overall dimensions from which a sample support
would be chosen.

As an example of this effect, we re-examine the
problem of McCuen and Snyder (1986, esp. p. 169). A point
variogram is assumed for soil-moisture measurements in a field
which is represented by a spherical model without nugget, with
a sill of 23.4(%)? and a range of 25 m. The variance of a
pixel 30 m by 50 m (W) in the field will depend on the size
and shape of the field. Table 4-2 presents variances of W in
W, for different sizes of W, with a shape factor 1.6667, which

is the same as that of the pixels. For their case, W, was,
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in effect, .infinity, resulting in V(W,W,) = 4.14 (%)%
Reducing W, to 1000W results in a slight reduction of V(W,W,)
to 4.13 and for W, of 100 and 10W the values are 4.07 and
3.59. cCalculations for still smaller W, are given, although
from a practical situation these are of less interest. Of
cause, the results also depend upon the chosen variogram. If
the characteristic length is larger or a variogram with a
larger effective range is chosen, the reduction in V(W,W,)
will be greater as W, decreases. The results in the third
and fourth column of Table 4-2 are computed with the same
parameters as in above example except with a range of 150 m

and a Michaelis-Menton model, respectively.

Variance of 30 x 50 m pixels (W) in W, for different W,’s.

¥, V(W,W,) V(W W) V(W,W,)
00 4.14 18.50 13.38
lo00wW 4.13 18.29 12.16
500W 4.12 18.10 11.72
100w 4.07 16.74 10.12
10w 3.59 8.87 5.95
5W 2.86 5.51 4.26
2W 1.79 1.94 1.85

Optimal Plot Size
From the previous discussion, it is clear that while
variability becomes smaller as plot size becomes larger that

the gain in precision deceases as plot size becomes
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increasingly large. Furthermore, higher costs are involved
when larger plots are used. Therefore, the plot size that a
researcher should aim for is one which balances precision and
cost. This is commonly referred to as optimum plot size.

If the cost per plot is given by (Smith, 1938, Weber

et al., 1957)

K, + Kx + K (A + BXx)
the cost per unit of information is

[K, + K;x + K (A + Bx)]/x®
where x is the number of the basic plots in a chosen plot, K
is the cost proportional to the number of plots per treatment,
K, is the cost proportional to the area per treatment, K, is
the cost proportional to the area of plot border, B is the
ratio of border to test material, and A is the area of plot
ends which are trimmed prior to harvest. The cost is minimal

when
X = b(K, + KA)/[(1 - b)(K, + KB)] = X, [4-4]

The x, is the optimum plot size in terms of number of basic
units.

Provided

K = (K, + KA)/(K, + KB) [4-5)

the plots unbordered, K, = 0 and
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K = K/K [4-6]
we have
%/K = b/(1 - b) [4-7]

By Eg. 4-7 and the relationships between b and w/a’ (Zhang et
al., 1990), we can obtain the relationship between x,/K and
w/a?, which is presented in Fig. 4-1. As w/a’ increases, X,/K
increases. The relationships between log(w/a?) vs. log(x,/K)
for spherical, exponential and Gaussian models are
approximately linear. For the Michaelis-Menton model, as w/a’
increases to infinite, x,/K seems to approach 1. For
variograms with shorter effective ranges, such as spherical,
X,/K is larger for a specified w/aZ.

If the most efficient size plot is used, the relative

cost is (Smith, 1938)

cost/minimum cost

<
I

b exp((1 - b)ln z] + (1 - b) exp(-b 1n z) [4-8]

where z is x/x,, that is the ratio of the size of plot used to
that size which is most efficient. Combined the relationships
between b and w/a?, the relationships between w/a? vs. relative
cost (y) for spherical, exponential, Gaussian and Michaelis-
Menton models are shown in Fig. 4-2A, B, C and D,

respectively. For each specified z, there is a peak in each



LOG(X0 /K)

Fig. 4-1.

MICHAELIS—MENTON
EXPONENTIAL
GAUSSIAN
SPHERICAL

(111

U DL L L

—-41—13'—|2 -1 0 1 2 3
LOG(w/a?)

Relationship between log (x%,/K) and log (w/a?) for
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of the curves, which is determined by setting the first

derivative of y with respect to b to zero resulting in
b=1/1n z -1/(z - 1) [4-9)

The positions of the peaks are also related to the effective
ranges of the variograms. For the variograms with 1large
effective ranges, the peak goes to the far right for a
specified z. The peak is the maximum relative cost, or the
minimum efficiency (MEF = 100% 1/y). By substituting Eq. 4-9
into Eq. 4-8, the relationship of MEF and log (z) can be
calculated and is shown in Fig. 4-3. For a specified z, the
maximum relative cost is the same for the different models,
however, the shapes of the curves are different. The curves
spread out for variograms with large effective ranges. In
other words, w/a’ affects relative cost in a relatively short
range for a model with short affective range. For values of
z farther away from 1, the relative cost is higher, or the
efficiency decreases more. The effect of z on efficiency
extends to a larger value of w/a’ for a variogram with larger
effective rarge. When 2z, = 1/2, and 2; > 1, the shapes of the
curves of log(w/a?) vs. relative cost for 2, and 2, are the

same. The maximum y follows from

b, =1/ln 2, - 1/(2, - 1)
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= -1/1n 2z, - 1/(1/2z, - 1)
= [z,In(z;) - (2, - 1)1/[(z, - 1)1n(z,)]
=1 - b, {4-10)
resulting in
Yo = B2, + (1 - by)z?

(1 - by) (1/z|)bl + by (1/z,)*

(1 - b))z + bz0

= Yimx (4-11]

The maxima for the curves with the smaller z (2z,) are shifted

to the right.
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Chapter S

SOIL HETEROGENEITY AND PLOT SHAPE EFFECT

In Chapter 4, variance as a function of sample support
size has been discussed for isotropic fields. In this
chapter, general empirical equations are derived to
characterize soil heterogeneity of non-isotropic fields, based
on different experimental data sets. Many workers have
studied the effect of plot shapes in controlling soil
heterogeneity with various crops. However, the conclusions
are contradictory.

Weber and Horner (1957) determined cost and optimum
plot size and shape for measuring seed yield of soybeans and
their chemical characters, such as o0il and protein content,
iodine number of the o0il. They also compared the relative
efficiencies of different types of experimental designs.

Kuehl and Kittock (1969) utilized existing information
from variety trials of the Pima cotton as well as information
from a uniformity trial and several cultural experiments.
They obtained estimates of soil heterogeneity and optimum
plot size over a variety of environmental conditions and
experimental situations.

Working at Rothamsted in connection with their Mangold
experiments, Mercer and Hall (1911) came to the conclusion

that "little could be deduced as to any superiority of long
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and narrow plots over square ones". Kiesselbach (1923)
demonstrated that the variability with oblong plots is smaller
than with square ones. On the other hand, Day (1920) pointed
out that more accurate results are obtained from single plots
which are long and narrow and extend in the direction of
greatest variation than from those of other shapes, and that
square plots or approximately square plots are to be preferred
to long narrow plots which have their greatest dimensions in
the direction of least variation. In a detailed study,
Christidis (1931) concluded from theoretical considerations,
that the shape of the plots constitutes an important means of
controlling soil heterogeneity and that in no case can square
plots be more uniform than long and narrow ones.
In this chapter, the effects of block shapes are
discussed and criteria are given to choose different plot

shapes in order to reduce variance in a non-isotropic field.

Soil Heterogeneity
Similar to Eg. 4-~1, a general variance relationship
may be written as following, if the common non-isotropic
medium is taken into account: '
Voo = Vi/n} (5-1)

and

@,

n, = n a‘nz [5-2]
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where "s" means shape effect of plots, n,, n, are basic units
taken along the X, Y dimensions, respectively; V, is the
variance of one unit size, V,, the variance of blocks with

units n = n, x n,. Eqg. 5-1 can be written

b,

a ba b
'n, 2 = vy/ni! n;

Vo = Vi/nP [5-3]

where b,, b, are constants which characterize the medium
heterogeneity in the X, Y directions, respectively. Their
values will be discussed in detail.

For an isotropic medium, that is, b; = b,, Eq. 5-3

becomes
— bl
Vos = Vi/ () [(5-4]

If the same basic units are taken in each dimension for 2 - D,
we have

2b,

Vis = Vi/my {5-5]

In the isotropic situations, we assume that shape effects of
blocks do not exist, the 2 - D formula, Egq. 5-5 reduces to 1 -

D:
vV, = V;/n® [5-6]

that is, Eqg. 4-1. Here, 1 - D means that for the isotropic
field, the variance only relates to the basic units in a

reconstructed block and the units can be taken in one
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direction, X or Y, while 2 - D means that for the noﬁ—
isotropic field, variance relates to both the basic units in
a reconstructed block and its shape, or depends on units taken
in each direction, X and Y. In Chapter 4, it was shown that
_plot shapes also affect variance for isotropic situations. At
this stage, the effect of non-isotropic feature of soils is
emphasized, therefore it is assumed that there is no shape
effect in an isotropic field. The assumption implies that the
effect of non-isotropic feature is "stronger" than that of
plot shape itself, which may be ignored in isotropic fields.

For a completely uniform medium,
b, = b, =0 (5-7]
and for the random cases,
b, =b, =1 [5-8]
Egq. 5-3 can be rewritten in a logarithmic form:
log V,, = log V, = - b, log n; - b, log n, [5-9]

If we fix the units of n, and vary those of n;, the second term
on right hand in Eg. 5-9 is a constant, and we can compute
the value of b, from the 1log V,, - log Vv, vs. log n
relationship. If we fix the units of n, and vary those of n,,

we can compute the value of b, from the log V,, - log V, vs.
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log n, relationship. If same number of units are taken in the

X and Y directions (vary both n, and n,), or n; = n,, we have
log V,, = log V;, = = (b, + b;)1log n, [5-10]
If n, = ch, with ¢ a positive integer, then
log V,, - 1log V; = - b, log ¢ = (b; + by)1log n, [5-11]

Therefore, the value of b, + b, can be computed from the log V ,
- log V, vs. log n; relationships with Eq. 5-10 or 5-11. If
Eq. 5-3 is reasonable, we would expect that a sum of b, and b,
computed from Eq. 5-9 to be rather close to the value of b, +
b, computed from Eg. 5-10 or 5-11. These equations will be
verified by linear regression with several data sets. All

regressions are carried out using least squares.

Effect of Plot Shapes

Since the regression of variance on plot size is a
function of the correlation of adjacent areas, plot shape
should have an effect on the regression. Eq. 5-3 illustrates
such an effect. We will analyze various data sets to
demonstrate the relationship.

The first example is that of Mercer and Hall’s wheat
data (1911). There are 25 plots (columns) in the X direction

(West-East) and 20 (rows) in the Y direction (North-South),
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500 blocks in all. Different units along row and column
directions are taken to construct new bigger blocks with
different plot shapes. For instance, row x col = 4 X 3 means
that 4 units are taken along the Y direction (4 rows) and 3
units along the X direction (3 columns). There are 12 basic
units in a new block. The average value of the 12 values
represents the value of the new block. We construct all new
blocks without overlapping. Then the variance is calculated

by using the calculated mean for each specified plot shape.
Tables 5-1, 5-2, 5-3 show the calculated values of b,

b, and b, + b,, respectively, from Mercer and Hall’s data.
The results indicate that the field is non-isotropic. The
index of soil heterogeneity b, along the X direction is about
twice that along the Y direction, b,. A sum of b; (0.607) in
Table 5-1 and b, (0.359) in Table 5-2 is close to b, + b,
(0.960) in Table 5-3. It should be pointed out that the b
value (0.46) listed in Table II of Smith’s paper (1938) should
be an averaged index of the field ((b, + b,)/2 = 0.48 of our
analysis), that is, the effects of block shapes were not taken
into account. As an example, we change block size from one
basic unit to four units and investigate how the variances
change with different block shapes. If we chose four units of
each bigger block along the X direction, that is, 1 row and 4

columns in each bigger block, the variance changes from 0.2096
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for the basic blocks to

0.2096/(n,b'n2b% = 0.2096/ (4997 103%) = 0.0904 [5-12]

for the bigger blocks. If we chose four units of each block
along the Y direction, that is, there are 4 rows and 1 column
in a bigger block, the variance will change from 0.2096 for
the basic blocks to

0.2096/(n,bln2bn = 0.2096/ (19%7 403y = 0,1247 [5-13]
for the bigger blocks. If we choose square blocks with 2 rows
and 2 columns in each bigger block, the variance will change

from 0.2096 to

o.zogs/(n,bl n2b2) = 0.2096/ (2%%7 203%) = 09,1073 [(5-14]

or

byt 0.2096/2%% = 0.1077 [5-15]

0.2096/n,
Comparison of the result of Eg. 5-15 with that of Eq. 12 and
that of Eq. 5-13 reveals the relative differences of estimated

variance of 19% and 14%, respectively.
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Table 5-1.

Index of medium heterogeneity b, along the X direction for
wheat data.

log(n,) log(V,,)-log(V,) row x col mean var

0 0 ix1 3.949 0.2096
0.6931 -0.4019 1x2 3.949 0.1402
1.0986 -0.7180 1x3 3.949 0.1022
1.3863 -0.9418 1x4 3.949 0.0817
1.6094 -1.0128 1x5 3.949 0.0761
1.7918 -1.0759 1x6 3.949 0.0715
1.9459 =1.1l416 1x7 3.979 0.0669
SLOPE:-0.6067 = - b, INTERCEPT:-0.0171

COR.COE:-0.9932

Table 5-2.

Index of medium heterogeneity b, along the Y direction for
wheat data.

log(n,) loa(V,,)=lod(V,) row x col mean var
0 o 1x1 3.949 0.2096
0.6931 -0.2824 2x1 3.949 0.1580
1.0986 -0.3999 3x1 3.949 0.1405
1.3863 -0.5362 4x1 3.949 0.1226
1.6094 -0.5653 5x1 3.949 0.1191
SLOPE:-0.3592 = - b, INTERCEPT:-0.0128

COR.COE:-0.9954
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Index of heterogeneity b, + b, along the X and the Y directions
for wheat data.

log(n,) log(V,,)-log(V,) row x col mean var

0 : 0 1x1 3.949 0.2096
0.6931 -0.6285 2x2 3.949 0.1118
1.0986 -0.9932 3x3 3.946 0.0776
1.3863 -1.3709 4x4 3.949 0.0532
1.6094 -1.5158 5x5 3.949 0.0460
SLOPE:~0.9595 = - (b, + b,) INTERCEPT: 0.0170

COR.COE:-0.9980

Another example is that of the yield of wheat secured
by Christids (1931) at the Cambridge University Farm. There
are 288 plots of 0.196 x 2.286 n. In order to match with
Christids’ results (esp. Table VII in his paper), we

calculated coefficients of variation, or

c.v. = s.d./x 100% [5-16]

where s.d. is standard deviation, x the mean. The computed
results, included b,, b,, b, + b,, w/1l (width/length of plots)
and c.v, are shown in Table 5-4, 5-5, 5-6, 5-7, 5-8. In Table
5~4, 5-5, n, is varied to calculate b, and n, is fixed as 1
and 2, respectively. In Table 5-6, 5-7, n, is changed to
calculate b,, and n, is fixed as 1 and 2, respectively. In
Table 5-8, both n, and n, are changed to calculate b; + b,.

Table 5-9 indicates the relationships between c.v. and units
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in reconstructed plots, between c.v. and w/l. The results
support Christidis’ conclusion, that is, for plots with the
same area, the smaller the value of w/l1l the more uniform the
experimental plots. In this case, because the dimension of
_the basic plots along the X direction is more than 11 times
larger than that along the Y direction and b, is about 3 times
large as b,, Christidis conclusions work well. However, long
plots may or may not be more uniform than square ones. For
the following cases:

1. basic units are square or close to square;

2. dimension of basic units along X direction is greater
than that along Y, but b, is less than or equal to b,;

3. dimension of basic units along Y is greater than that
along X, but b, is less than or equal to b,. The results of
Egs. 5-12, 5-13, 5-14 give such an example.

We also utilize a data set for grain yield (g/m?) of
rice variety IR8 from a uniformity test covering an area of 18
X 36 m with basic units 1 x 1 m (1984, Gomez et al.). Values
of b, (0.184) and b, (0.180) indicate the field is isotropic.

The results of the analysis of the different data sets
are summarized in Table 5-10. A t test is applied to confirm
that the mean of the differences between sum of b, and b, and
b, + b, in Table 10 to be zero (t = 1.413 compared to tg, =

1.753 with 15 degrees of freedom). For all of the data sets
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Table 5-4.

Index of medium heterogeneity b, along the X direction for
grain data (1 row).

log(n,) 1log(c.v.i/c.v.1l) w/l row_x col mean c.V.
0 0 1/11.25 1xl 70.5069 19.8106
0.6931 -0.2305 1/22.5 1x2 70.5069 15.7331
1.0986 -0.4161 1/33.75 1x3 70.5069 13.0679
1.3863 -0.5531 1/45 1x4 70.5069 11.3942
1.6094 -0.5826 1/56.25 1x5 71.0792 11.0627
1.7917 ~0.5947 1/67.5 1x6 70.5069 10.9302
1.9459 -0.9404 1/78.75 1x7 70.9464 7.7357
2.0794 ~0.8016 1/90 1x8 70.0156 8.8876
2.1972 -0.8857 1/101.25 1x9 69.9630 8.1699
2.3026 -0.9211 1/112.5 1x10 71.0792 7.8861
2.3979 -0.8991 1/123.75 1x11 69.8902 8.0614
2.4849 -0.9228 1/135 1x12 70.5069 7.8730

LOPE:-0,.3971 = =b,/2 INTERCEPT:0.0571

COR.COE:-0.9747

Table 5-5.

Index of medium heterogeneity b, along the X direction for
grain data (2 rows).

log(n,) leg(c.v.i/c.v.l) w/l row x col mean c.Vv.
0 0] 1/5.625 2x1 70.5069 17.45860
0.6931 -0.2444 1/11.25 2x2 70.5069 13.67254
1.0986 -0.4461 1/16.85 2x3 70.5069 11.17558
1.3863 -0.6425 1/22.5 2x4 70.5069 9.18303
1.6094 -0.6443 1/28.13 2x5 71.0792 9.16612
1.7917 -0.6379 1/33.75 2x6 70.5069 9.22461

SLOPE:-0,3928 = =-b,/2 INTERCEPT:~0.0051

COR.COE:-0.9787
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Table 5-6.

Index of medium heterogeneity b, along the Y direction for
grain data (1 column).

log{n,) log(c.v.ifec.v.1) w/l row x col mean C.V.

0 0 1/11.25 1x1 70.5069  19.8106
0.6931 -0.1263 1/5.625 2x1 70.5069 17.4586
1.0986 -0.2062 1/3.75 3x1 70.5069  16.1197
1.3863 -0.2167 1/2.813 4x1 70.5069  15.9513
1.6094 ~0.2502 1/2.25 5x1 70.1625 15.4248
1.7917 -0.3017 1/1.875 6x1 70.5069  14.6507
1.9459 -0.3145 1/1.607 7x1 70.3730  14.4644
2.0794 -0.2870 1/1.406 8x1 70.5069  14.8676
2.1972 -0.2651 1/1.25 9x1 70.2222 15.1971
2.3026 -0.3081 1/1.125  10x1 70.1625 14.5580
2.3979 ~0.3504 1/1.023  11x1 70.4621  13.9547
2.4849 -0.3769 1/0.938  12x1 70.5069  13.5902

SLOPE:-0.1326 = =b,/2 INTERCEPT:~0.02944

COR.COE:-0.9643

Table 5-7.

Index of medium heterogeneity b, along the Y direction for
grain data (2 columns).

log(n,) log(c.v.ifc.v.1l) w/l row x col mean c.v.
0 (o] 1/22.5 1x2 70.5069 15.7331
0.6931 -0.1404 1/11.25 2x2 70.5069 13.6725
1.0986 -0.2317 1/7.5 3x2 70.5069 12.4791
1.3863 -0.2291 1/5.625 4x2 70.5069 12.5117
1.6094 -0.3006 1/4.5 5x2 70.1625 11.6485
1.7918 -0.3252 1/3.75 6x2 70.5069 11.3655
SLOPE:~0.1778 = -b,/2 INTERCEPT:~0.0095

COR.COE:-0.9885

Table 5-8.

Index of heterogeneity b, + b, along the X and the Y directions
for grain data.

log(n,) log(c.v.ijfc.v.1l) w/l row x col mean c.Vv.

0 0 1/11.25 1x1 70.5069 19.8106
0.6931 -0.3708 1/11.25 2x2 70.5069 13.6725
1.0986 -0.6833 1/11.25% 3x3 70.5069 10.0033
1.3863 -0.9136 1/11.25 4x4 70.5069 7.9458
1.6094 -0.8977 1/11.25 5x5 70.6500 8.0732
1.7918 ~1.0879 1/11.25 6x6 70.5069 6.8781

SLOPE:~0.5978 = =(b, + b,)/2 INTERCEPT: 0.00161

COR.COE:~-0.9911
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Table 5-9.

The relationships between c.v., units and w/1 in reconstructed
plots.

units w/l c.V.
1 1/11.25 19.81
2 1/22.5 15.73

1/5.63 17.46
3 1/33.75 13.07
1/3.75 16.12
4 1/45 11.39
1/11.25 13.67
1/2.81 15.95
5 1/56.25 11.06
1/2.25 15.42
6 1/67.5 10.93
1/16.85 11.18
1/7.5 12.48
1/1.88 14.65
7 1/78.75 7.74
1/1.61 14.46
8 1/90 8.89
1/22.5 9.18
1/5.63 12.51
1/1.41 14.87
9 1/101.3 8.17
1/11.25 10.00
1/1.25 15.20
10 1/112.5 7.89
1/28.13 9.17
1/4.5 11.64
1/1.13 14.56
11 1/123.8 8.06
1/1.023 13.95
12 1/135 7.87
1/33.75 9.22
1/3.75 11.37

1/0.94 13.59
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we analyzed, the relationship between sum of b,, b, and b, + b,
computed with Eq. 5-10 or 5-11 is shown in Fig. 5-1 (the
regression line with slope = 0.9714 and r? = 0.854). These
results indicate that Eg. 5-~3 is reasonable to for
characterizing the non-~isotropic features of soils.

From the values of b, and b, for the potato data in
Table 5-10, we can obtain the same conclusion as that of
Kalamkar (1932), that is, "the increase in the length of the
row is more effective in reducing the variability in yield as
compared with the increase in the widths of the plot."
Because b, is almost two times as b,, increasing units in the
X direction, or increasing the length of each row, decreases
variance more rapidly than increasing the same units in the Y
direction, or increasing the widths of the plots.

From the results in Table 5-10 and Egq. 5-3, the
following conclusions can be drawn.

1. Generally real fields are non-isotropic, so effects
of the shape of plots should be taken into account.

2. When b, > (b, + b))/2 > b,, plots having their
greatest dimensions in X direction with greatest wvariation
would give more accurate results (less variable) than plots
with other shapes. Plots having square shape or having the
same units in either directions would give more accurate

results than plots having their greatest dimensions in Y
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direction.

3. When b, > (b, + b))/2 > b,, plots having their
greatest dimensions in Y direction would be more uniform than
squares. Squares would be more unifoxm than plots having
their greatest dimension in X direction.

4. When b, = b,, or b, = (b, + b,)/2 = b,, the field is
isotropic.

5. If an investigator is unable to ascertain in which
direction the soil is most variable, the use of square plots

is probably advisable.
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Summation of values of b;, b,, and b, + b, for different data

sets.

crop & location Author
wheat straw Mercer & Hall
wheat Kalamkar
-wheat (# of ears)Kalamkar
wheat Wiebe

mangolds leave Mercer & Hall
mangolds root Mercer & Hall
bean(red kid.) Smith

bean(pink) Smith

bean(red kid.) Smith

bean (pink) Smith

potato Kalamkar

cotton Kuehl & Kittock
navel orange Batchelor & Reed
navel orange Batchelor & Reed

Valencia orange Batchelor & Reed
Eureka Lemon Batchelor & Reed

0.463
0.558
0.585
0.303
0.858
0.486
0.363
0.635
0.403
0.466
0.269
0.605
0.325
0.546
0.470
0.538

b,

0.290
0.835
0.781
0.163
0.273
0.569
0.457
0.497
0.467
0.655
0.142
0.536
0.418
0.368
0.678
0.341

b_+ b,

0.618
1.418
1.288
0.468
1.340
1.138
0.917
0.954
0.917
0.994
0.359
0.965
0.629
0.693
1.082
0.780




b1 + b2

Fig. 5-1.

1.5 >
N COR. COE. : 0.924

- p -~ 1:1 line
2 — fitted line
y 0 cal. values

0.0 0.5 10 1.5
sum of b1 and b2

Plot between b, + b, and computed sum of b

1
and b, (composite data of Table 5-10).
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Chapter 6

COKRIGING

Whereas kriging utilizes spatial correlation to
determine the coefficients in the linear estimator, cokriging
uses both intervariable and spatial correlation. During
recent years, several applications of cokriging for describing
soil-water phenomena have been reported. Vauclin et al.
(1983) used kriging and cokriging to predict available water
content, pF2.5 values and sand content. Sand content was used
to improve the estimation of available water content and pF2.5
values with cokriging. McBratney and Webster (1985) used
cokriging to interpolate topsoil silt content, using subsoil
silt or subsoil sand alternatively as joint variables, as well
as with subsoil silt and sand as joint variables. Carr and
Myers (1985) studied the application of cokriging to the
analysis of Landsat data. Yates and Warrick (1987), and Mulla
(1988) estimated soil water content using cokriging where the
bare soil surface temperature and the sand content were used
as auxiliary functions. Using soil-map delineation, Stein et
al. (1988) pointed out that the use of cokriging resulted in
an average increase of precision in the interpolation of 30-
year average water deficit maps by about 10%.

Cokriging or joint estimation utilizes data from

correlated variables to improve the estimation of all
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variables or to compensate for missing data on some variables.
The improvement of the estimation of all variables actually
increases the apparent density of sampling pattern and thus
improves the sampling efficiency or sampling strategies.
"Missing data" or "under-sampled" problems are those where
two or more variables are spatially interdependent, and one of
them, the one of immediate interest, is undersampled.
Cokriging is the 1logical extension of kriging to such
situations.' The data for some variables, which are sampled
more densely, is used to improve the estimation of the
variable of primary interest, which may be more important but
more costly or difficult to sample. Thus, a desired precision

with less cost, or optimization of sampling, may be achieved.

Theory
Let 2,(x), 2,(x), ..., Z,(x) be random functions such
that

E[Z(x)] = M (6-1]

and

Ci(x = y) = E{[Z(x) - M][Z(y) - M)} [6-2]

exist for all i, j, where M, is the mean of Z, and C; the
covariance of Z;(x) and Z;(y) which is assumed to depend on x -

y only. That is, the 2,s are (jointly) second order
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stationary. Given sample locations ¥x;, ...., x, and anh
unsampled location x, the joint estimation of the 2,(x)’s by
a linear combination of the Z(%)’s, k =1, ..., m, j =1,

+++, N, is given by
2(x) = T I of Z(x) [6-3]

with the sums taken over j and k. In matrix form (Myers,

1982, 1984, 1988), this becomes

z” (x) =2, Z (%) T, [6-4]
where

r, = [¢f) (6-5]

Z(x) = [21(X), eees 2p(x)] [6-6]

Z¥(%) = [Z0(X) s eevs Bo(X)] [6-7]

and a; is the weight assigned to 2;(%) in estimating Z;(x).
The cokriging estimator is required to be unbiased and
have minimum variance of errors. These conditions produce the
cokriging system of equations. More detailed discussion of
the cokriging system of equations are found in Journel and
Huijbregts (1978), Myers (1982, 1984, 1988), and Yates and

Warrick (1987).
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Modeling of Cross Variograms
Cross-variograms ¢,, may be computed from either

(Myers, 1988):

gp" =9, + 9n + 29, [6-8]

or
gi2= 9y + 9n ~ 29p ~ [6-9]

where ¢;, is the variogram of variable 1, g, the variogram of
variable 2, g,* the variogram of sum of variable 1 and 2, and
d,, the variogram of the difference of variables 1 and 2.

Then we have
g = 0.25(g," - gy)) [6-10]

The advantage of using Eq. 6-10 is that modeling errors of g,
g, are not involved, énd that pairs used for calculation of g,
and g,, are not necessarily the same whereas g,* and g,, are
from the same data points. If the difference in magnitudes
of the two variables is too large, it may be necessary to
scale the data used to calculate the sample variograms.
Variogram and cross variogram models must satisfy the

Schwartz inequality (Myers, 1982, 1984):

[ (Sy = 9u) (S = 9) | 2 | (S = g9p) | [6-11)
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where S;;, S,, and S,; are the sills of g,,, g, and 4g,,

respectively. Eq. 6-11 may be a stronger requirement than

[91921%° 2 |g;] [6-12]

Eg. 6-11 or 6-12 are necessary but not sufficient conditions,
which means that even if these conditions are satisfied,
problems may still occur in cokriging, for instance, negative
cokriging variances could be obtained. The general sufficient
conditions are given in Myers (1984, 1988).

Satisfying these restrictions is nontrivial.
Combining Eq. 6-8 and 6-11 and assuming the variograms to be
the same model type with the same correlation length, Hoeksema
et al. (1989) give the following sufficiency conditions for

Eg. 6-11 to be satisfied:

Cu + Cp = 2(CyCp)* < Cop* < Cy + Cp + 2(CyCpr) **

C,+C = 2(CC)" < Cp* €€ + € + 2(C,C)%  [6-13]

where C,, Cp, Cy,* are the nuggets of the variograms of
variable 1, 2 and their sum, respectively, and ¢,;, C,, C,,* are
sills without nugget of variables 1, 2 and their sum,
respectively.

Some rules may be used to check whether variograms and
cross variograms satisfy these criteria. Let a;, a, and a,, be

the ranges of variograms of variable 1 (Z,), variable 2 (Z,)
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and that of their cross variogram, respectiveiy. The rules
are .

1. If g,,, 9, and g,, are spherical models, then in order to
satisfy Eq. 6-11, a;, should be less than or equal to the
minimum between a, and a,. However, if a,, is too small, Eq. 6-
12 may not hold.

2. If gy, 9, and g,, are exponential models, then if a,; <
2a,a,/ (a; + a,), Eq. 6~11 holds. As a,, increases, Eg. 6-12 may
hold. For fixed a,; and a,, there is an interval of a,,,
including the value of 2a,a,/(a, + a;), which satisfies both
Eg. 6-11 and Eq. 6-12. The magnitude of the interval depends
on the ratio of (S5;S»)%'/S,, and other factors, such as
magnitude of a, and a,.

3. If g,,, 9, and g;, are Gaussian models, and a;, S 2a,a,/(a,
+ a,2)%% then Eq. 6-11 holds.

4. If g,,, 95, and g;, are linear models with slopes a;, a, and
a;,, respectively, and |a,| < |a, a,|% then Eg. 6-12 holds.

Cokriging of Soil Water Content
Subsurface water content (WC) is often more important
than that at the surface but is more difficult to measure.
sand and clay percentages are related variables which are not
temporally dependent. Therefore, cokriging may be used to
improve the estimation of the subsurface WC (here at 25 cm)

with WC and/or sand or clay at the surface. In the same way,
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surface texture (sand and clay) is utilized to improve the
estimation of retained water at 1.5 MPa (RW1.5) at the 25 cm
depth, which may be used to calculate a water release curve or
available water content.

Cokriging of Soil Water at 25 cm with Water Content and
Texture at Surface

Data collected at the Maricopa Agricultural Center on
June 12, 1988, described in detail in Chapter 2, is used for
the analysis. Table 6-1 shows the correlation coefficients
between soil water content, water retained at 1.5 MPa and
texture at surface and 25 cm depths for the 45 fixed points.

The first step in cokriging is to construct variograms
and cross variograms from the data. About one third of the
total data (30 fixed points at y = 50 and 150 m) are used for
each of four variables: water content at the surface (WCS5),
sand (%) (SANDS) and clay (%) at the surface (CLAYS5) and water
content at 25 cm (WC25). The choice of 30 data points is to
give enough data pairs (at least 30 pairs) in each class for
the computation of variograms, but to préserve data, which
have not been used to define the variograms, for later
testing. Also, the thirty points were deliberately chosen
such that part of the field would be somewhat remote from the
measured points for the primary variable.

Using the 30 data points from each of the 4 variables,
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Table 6-1.

Correlation coefficients (n = 45 for all variables).

(WC5 and WC25 denote the water content at surface and 25 cn,
respectively, SANDS5, CLAY5 the percentage of sand and clay at
the surface, RW1.5 the water retained at 1.5 MPa at 25 cm.).

Variable Hues WCc25 RW1.5 CLAYS5 SANDS
WC5 1 0.6459 0.1741 0.4588 =0.1976
WC25 1 0.7361 0.8316 -0.7325
RW1.5 1 0.8654 -0.9062
CLAYS5 1 0.9338
SANDS 1

we calculated sample variograms and cross variograms (18
classes of 50 m each), which were fitted with spherical models
by cross-validation (Vauclin et al., 1983, Appendix D). That
is, the model parameters were chosen to make the reduced mean
and variance (see Eq. 37 and 38 of Vauclin et al., 1983)
values for each variogram or cross variogram close to 0 and 1,
respectively. Also, the variograms and cross variograms must
satisfy Egqg. 6-11. The model parameters used are listed in
Table 6-2. Figs. 6-1A, B, C and D show the variograms of WC5,
WC25, SANDS and CLAY5, respectively. Figs. 6-2A, B, C, and D
show the cross variograms between WCS5 and WC25; WCS5 and SANDS;
WC25 and SANDS5; and between WC25 and CLAYS5, respectively. The
ranges vary between 500 m and 800 m.

From the variograms and cross variograms given above,

5 methods were used to estimate water content at 25 cm (WC25)
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Table 6-~2.

Parameters of fitted variograms and cross variograms of WC,
sand, clay at surface and WC at 25 cm (nugget wvalues were
zero).

Variable sill range
WC5 32 800
SANDS 210 650
CLAYS5 48 500
wC25 15.5 550
WC5 and WC25 13 550
WC5 and SANDS -40 600
WC25 and SANDS -49 550
WC25 and CLAYS 22 500

for 60 columns and 12 rows (720 points) of a 25 x 25 m grid.
These methods were

1. kriging WC25 with data at 30 points,

2. cokriging with 89 WC points at surface (WC5) and 30
WweC25,

3. cokriging with 45 sand data at surface (SAND5) and 30
wecas,

4. cokriging with 45 surface clay data (CLAY5) and 30
weas,

5. cokriging with 89 WC5 and 45 SAND5 as well as 30 WC25.
In all cases, the search neighborhood included the 10 nearest
neighbors within a maximum radius of 800 m for each variable.
Figs. 6-3A and 6-3B show the water content at 25 cm estimated
by methods 1 and 3, respectively. Cokriging with sand, with

clay and with sand as well as surface water content gave more
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detailed information for water content at 25 cm than kriging
or cokriging with surface water content only. Figs. 6-4A and
6-4B show the kriging variances for kriging (method 1) and
cokriging between WC25 and SAND5 (method 3), respectively.
The kriging variances increased from south to north, because
the 30 data points for water at 25 cm were distributed in the
southern half of the field. The cokriging variances in that
area with sparse data points were less than half of that of
kriging. Cokriging with methods 2, 4, and 5 gave similar
patterns of reduced kriging variance, compared with kriging.
The averaged kriging variances were 3.87, 2.98, 2.29, 2.58 and
2.14 for method 1, 2, 3, 4 and 5, respectively. The
estimation improvement obtained by cokriging is quantified by
the difference in the variances for kriging and cokriging.

Relative improvement was defined by
100%(E, - Eu)/E [6-14]

where E, and E, are the variances for kriging and cokriging,
respectively. Fig. 6-5 shows a relative improvement by
cokriging with sand at surface. Cokriging with surface water,
clay and both sand and water content at surface, each gave
similar patterns of improvement and relative improvement.

The relative improvement was up to 40% for cokriging with
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surface water and up to 80% for cokriging with both sand and
water at the surface.

The results showed that cokriging with two auxiliary
variables gave the best estimation in terms of reducing the
kriging variance. As auxiliary variables, sand and clay
produced a much greater improvement than did surface water
content.

Using the 30 data points, estimates were made for all
sample locations by kriging, cokriging and inverse distance
weighting. The estimated values were compared with the data
at the sample locations which were not used to estimate the
sample variograms and cross variograms, that is, the 15 fixed
points at y = 250 and the 46 random points, as well as at all
91 points (see Fig. 2-2). The mean squared error (MSE) was
computed for each method: »

n
MSE = (1/n) £ [2°(%) - Z(x)1? [6-15]

1=1
where 2°(x), 2(x;) are estimated and measured values,
respectively. The MSE’s and the percent reduction in mean
squared error (RMSE), compared with kriging, are presented in
Table 6-3 for 15, 61 and 91 estimates. The results indicated
that cokriging gave more accurate results than kriging, and

inverse distance weighting gives somewhat less accurate
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results than kriging. Figs. 6-6A and 6-6B present estimated
absolute errors of WC25 at the 91 locations for kriging and
cokriging with sand at surface. They clearly showed that
cokriging gave smaller errors of estimation than kriging. At
the 15 estimated locations with sparse data points, the
addition of sand percentage reduced the MSE up to 62.5%. On
the other hand, surface water content as additional
information actually increased the estimated error. These
results indicate that cokriging has a strong effect on
estimation at locations with missing data.

Table 6-3.

Mean squared error between actual values and estimated values
of WC25 with different methods (The RMSE is the reduction on
MSE compared to kriging).

Method MSE RMSE(%) MSE RMSE(%) MSE RMSE(%)
(15 pts) (61 pts) (91 pts)

1. kriging 10.00 7.47 5.01

2. CK with WC5 10.98 -9.8 7.05 5.6 4.73 5.6
3. CK with CLAYS5 4.45 55.5 5.08 32.0 3.41 31.9
4. CK with SANDS 3.75 62.5 4.61 38.3 3.09 38.3
5. CK with SAND5 & WC5 4.93 50.7 4.51 39.6 3.02 39.7
6. inverse distance 11.47 -14.7 7.79 -4.3 5.22 -4.2

Cokriging of Soil Water Retained at 1.5 MPa at 25 cm with

Texture at Surface

Based on data at the same 30 locations of the Maricopa
data, the variogram of water retained at 1.5 MPa (RW1.5) and
cross-variograms of RW1l.5 vs. CLAYS5 and RW1.5 vs. SANDS5 were

fitted to spherical models. The model parameter values are
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listed in Table 6-4.

Seven hundred twenty estimates comprising a 25 x 25 m
grid, are computed by cokriging with 45 clay data at surface
and 30 RW1.5 data as well as by kriging with the 30 RW1.5
.data. The variances for kriging are more than two times that
for cokriging at 1locations with sparse data. The maximum
relative improvement by cokriging with clay or with sand was
more than 70%.

Kriging, cokriging and inverse distance techniques
(Warrick et al. 1988) were used to predict RW1l.5 at 15
locations with y = 250 m. These estimates were compared with
the data, and their MSE’s were 1listed in Table 6-5.
Reductions of 51% and 66% of the MSE values are obtained by
cokriging with clay and with sand, respectively.

With only 20, 15, and 10 data points of RW1.5 and the
same variograms and cross variograms above, the remaining 25,
30, 35 measured locations were predicted (recall RW1.5 was
measured on the 45 points). The data locations of data and
estimates are shown in Figs. 6-7A, B and C, respectively.
MSE and reduction of MSE (%) (compared with kriging) (RMSE)
were presented in Table 6-5 for different methods and data
points with results based on 15 points repeated. In Table 6-6,
MSE and RMSE were computed from 15, 25, 30 and 35 predicted
values and compared for the different methods. In Table 6-6,

one of the MSE and RMSE of cokriging (method 2, 15 data
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points) was computed with 29 estimates, because one estimate
at the middle (x = 665 m, y = 50) was negative. It should be
noted that at this point, cokriging variance (2.56) was still
smaller than that for kriging (5.15). Overall, cokriging
gave better estimates than kriging. In any case, sand

offered a greater improvement for RW1l.5 estimation than clay.

Table 6-4.

Parameters of variogram of RW1l.5 and its cross variograms with
sand and clay at the surface (nuggets were taken as zero).

Variable sill range
RW1.% 16 650
RW1.5/SAND5S -54 650

RW1.5/CLAYS5 23.6 500
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Fig. 6-7. Locations of data points and estimated points: A.
20 data points, 25 estimated points, B. 15 data
points, 30 estimated points, C. 10 data points,
35 estimated points.
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Mean squared error (MSE) and reduction (RMSE) 1n MSE between
actual values and 15 estimated values of RW1.5 with different
methods and data points (In Table 6-5 and 6-6, method 1, 2, 3
and 4 denote kriging, cokriging between RW1.5 and CLAYS,
cokriging between RW1.5 and SANDS5, inverse distance,
respectively).

30 data pts 20 data pts 15 data pts 10 data pts
Method MSE RMSE(%) MSE RMSE(%) MSE RMSE(%) MSE RMSE(%)

1 6.39 7.60 8.74 7.08

2 3.12 51.2 3.77 50.4 6.42 26.5 2.94 58.5

3 2.16 66.2 2.68 64.7 3.53 59.6 0.99 86.0

4 6.44 -0.8 6.74 11.3 7.13 18.4 6.20 12.4
Table 6-6.

Mean squared error between actual values and estimated values
of RW1.5 with different methods and data points for different
estimated points.

30 data pts 20 data pts 15 data pts 10 data pts
(15 estimates) (25 estimates) (30 estimates) (35 estimates)

Method MSE RMSE(%) MSE RMSE (%) MSE RMSE(%) MSE RMSE(%)

1 6.39 6.42 6.66 5.70

2 3.12 5l.2 2.99 53.4 *4.53 *32.0 4.69 17.7
3 2.16 66.2 2.12 67.0 2.36 64.5 2.10 63.2
4 6.44 -0.8 6.03 5.6 6.24 6.3 5.61 1.6

* MSE and RMSE are computed with 29 estimates.

Cokriging of Soil Spectral Properties and Texture
Compared with the measurement of soil texture, soil
spectral data is much easier to obtain. Therefore, using
spectral samples to improve the estimation of soil texture
with a few measurement should be an economic way to study soil

properties. The third reflectance data set described in
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Chapter 2 is utilized for this purpose.
All of the 293 values of reflectance of near‘infrared
(NIR: 0.76 - 0.90 um) for wet soil and clay are used to

compute their variograms, resulting in

g(h) = 3 + 0.00611 h (NIR) [6~16]
g(h) = 6 + 0.0633 h (clay) [(6~17]
g(h) = 8 + 0.0333 h (NIR + clay) [6-18]

These models are shown in Fig. 6~8A, B, and C, respectively.

Then by Eq. 6-8, the cross variogram of NIR and clay then is
gth) = -0.5 - 0.0181 h [6-19]

In the same way, variograms and cross variogram of NIR and
sand were computed, and their models are listed in Table 6-7.
Values for the wet soil are chosen as the correlations are
stronger than for dry conditions. The cross validation
results are summarized in Table 6-8 and 6-9 for sand and clay
with NIR, respectively.

Using the models and the data set, kriging and
cokriging are carried out for 322 estimations (23 columns and
14 rows on a 100 x 100 m grids) of sand and clay. Common
points (293) are compared with the measured data and the mean

squared error (MSE) computed. Assuming that 25, 50, 75, 100,
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Table 6-7.

Parameters of varlograms for soll reflectance and texture
(linear models).

Variable Nugget Slope Nugget Slope
(293 points) (73 points)

NIR 3 0.00611 N/A N/A

© clay 6 0.0633 15 0.0533
sum of NIR and clay 8 0.0333 7 0.0306
diff. of NIR and clay N/A N/A 30 0.0889
sand 38 0.182 52 0.163
sum of NIR and sand 50 0.250 70 0.225
diff. of NIR and sand N/A N/A 67 0.111
Table 6-8.

Cross validation of NIR and sand based on 293 data points.

Variable NIR Sand
mean error 0.0146 -0.0723
mean squared error 3.78 46.40
mean kriging variance 2.85 43.64
mean square error/mean kri. var. 1.326 1.059
correlation of est. and error 0.100 0.0188
correlation of est. and act. 0.758 0.887
Table 6-9.

Cross validation of NIR and clay based on 293 data points

Variable NIR Clay
mean error 0.0135 0.022
mean squared error 3.60 10.48
mean kriging variance 3.50 11.29
mean square error/mean kri. var. 1.030 0.921
correlation of est. and error 0.0233 -0.0713

correlation of est. and act. 0.769 0.920
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150, 200 and 293 points (randomly chosen among the 293 points)
were known, the processes of kriging and cokriging were
repeated with models in Fig. 6-8 to estimate clay at the 293
locations, resulting in increasing the correlation coefficient
and decreasing the MSE between measurements and estimates.
Fig. 6-9A and B show the correlations and MSE for the
different numbers of assumed known values from cross
validation (e.g. Table 6-9 gives r = 0.920 and MSE = 10.48 for
293 known points). Table 6-10 lists MSE and the reduction of
MSE by cokriging from the 293 estimates with different data
points. Cokriging gives a higher r and a lower MSE than
kriging. The reduction of MSE by cokriging is 15% to 20%.
For each method, as the number of data points increase, the
correlation coefficients increase and mean squared errors

decrease.

Table 6-10.

MSE of kriging and cokriging with different data points.

data points kriging cokriging reduction of MSE (%)
25 23.36 19.51 16
50 22.52 17.97 20
75 14.15 12.06 15
100 10.61 8.63 19
150 6.33 5.33 16
200 4.52 3.89 14

293 0 0 0
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Calculations were repeated based on variograms and
cross variograms calculated with 73 data points (1/4 of the
data) "known", which are chosen randomly with a uniform
distribution function. The points are shown in Fig. 6-10.
The variograms in parameters for the reduced data set are also
given in Table 6-7. Cross variograms were determined from the
results in the table. With these models as well as the data
subset, sand and clay were predicted at the 293 locations by
kriging and cokriging. MSE’s are 50.8 and 62.2 for sand with
cokriging and kriging, respectively, 12.3 and 18.5 for clay
with cokriging and kriging, respectively. Thus, compared with
kriging, cokriging reduces the MSE by 18% and 33% for the
estimations of sand and clay, respectively.

Contour maps of clay percentage are shown in Fig. 6-
11A, B and C for the original 293 data points, cokriging based
on 73 clay data and 293 NIR data, kriging based on 73 clay
data, respectively. A comparison of Fig. 6-11B and C with A
shows that cokriging provides more detailed information than
kriging, although kriging (Fig. 6-11C) has a pattern similar
to that of the original data. The kriging and cokriging
variances for the 322 estimation are shown in Fig. 6-12A and
B. Fig. 6-~12C gives the relative reduction of kriging variance
by cokriging, compared with kriging. The relative improvement

is up to 90%, while it is 60% in most of the estimated area.
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Fig. 6-11. Contour maps of clay percentage form A. original

293 measurements, B. cokriging with 73 clay data

and 293 NIR, C. kriging with 73 clay data.
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For the estimation of sand percentage, similar results
are given for the comparison between kriging and cokriging.
Relative reduction of kriging variance is up to 50%, and it is
about 35% in most of the estimated area.

Since we have cokriging results of sand and clay
percentages, the silt percentage may be computed by

silt(%) = 100 - sand(%) - clay(%) [6-20]

The estimates of silt may have larger errors than those of
sand and clay due to the accumulated errors from estimating
sand and clay.

Results were repeated with even less textural data,
with 50 points randomly chosen as in Fig. 6-~13. The variogram
of clay, and the sum of clay and NIR were estimated based on
the 50 points:

g(h)
g(h) = 5 + 0.04444h [6-22]

0.07556h [6-21]

respectively. The cross variogram of clay and NIR is

gi,(h) = 2.5 - 0.01861h [6-23)
The cross validation results for these models are listed in
Table 6-11. SE’s of the 293 are 16.61 and 21.44 for cokriging
and kriging. Relative reduction of kriging variance is up to
35%. In most of estimated points, it is about 25%. Cokriging
results of clay percentage are presented in Fig. 6-13, which

has quite the same pattern as Fig. 6-11A.
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Table 6-11.

Cross validation of NIR and clay based on 50 clay data and 293
NIR data.

Variable NIR clay cross_variogram
number of validation points 293 50 343
mean error -0.0025 -0.116 -0.019

mean sum of square error 4.144 16.64 5.966
mean kriging variance 3.903 12.06 5.092
mean square error/mean kri. var. 1.059 1.276 1.091
correlation of est. and error 0.022 0.103

correlation of est. and act. 0.728 0.864
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Cokriging and Time Invariant Relationships

Cokriging can be utilized for spatial variables, it

can also be used for temporal variables. Here, cokriging, a

time invariant relationship and linear regression are used to

predict water content at 25 cm on June 12, 1988, based on data

measured on May 31, 1988 in Maricopa (see description of
Maricopa data set in Chapter 2).

With water content data at 30 locations (y = 50 m and

100 m) of the two days (WC; and WC;, i =1, 2, ..., 30), the

linear relationship is
WC; = 3.41 + 0.8936WC; [6-24]

with a correlation coefficient (r) 0.908, where WC; and WCy
are water content at location i on May 31 and June 12,
respectively.

The relative difference §;, between an individual
(location) determination of WC and the expected or mean soil
water content E[WC] at the same time across the spatial domain

is defined as

8i,l = {WC, - E[WCM]}/E[WCL‘] [6-25]

Temporal variances in §;, of the two days are 9.0 x (10)* and

4.6 x (10)®, respectively. The small variances indicate the
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time stability (Wesenbeeck, et al., 2988, Vachaud et al.,
1985). The time stability can also be seen from the linear
relationship of the relative differences (dl) of the two days
as shown in Fig 6-14. The second technique to evaluate the
time stability of these distributions is the nonparametric
Spearman’s test (Vachaud et al., 1985). The Spearman rank

correlation coefficient is calculated by:

r,=1-6 zn (R; - R;)¥/n(n? - 1) [6-26]
i=1

where R;; is the rank of the variable WC;; observed at location
i on date j and R;; the rank of the same variable, at the same
location, but on date j’, n the number of the observations.
For the data sets, r, = 0.968. Fig. 6-15A and B give the
cumulative probability functions for the two days, where Fig.
6-15B 1is in log form. Fig. 6-16 shows a scatter diagrams of
the soil water data for the two days with r = 0.91. Similar
distributions and relationship of the two days can be seen
from the figures.

The  temporal independence implies a linear
relationship between the soil water content at time t1 and t2

across all spatial locations, i, given by (Kachanoski and

deJong, 1988)
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WCip = WC,E[WC;p]/E[WC,] [6-27]
For the data sets, the relationship is
WC;, = (19.68/18.21)WC;, [6-28]

With the same data sets, the sample variograms and
cross variogram of WCl1 (May 31) and WC2 (June 12) are
computed, theoretical models are fitted by cross validation.
These models are spherical, whose parameters are listed in
Table 6-12. The variogram of WC2 (or WC25) was given in a
previous section.

Using 45 data of May 31 and 30 data of June 12, the
other 15 estimates on June 12 are calculated by Eq. 6-24, Eq.
6-28 and cokriging. The 15 estimates are compared with the

measured values and the mean squared errors (MSE) are 2.58,

Table 6-12.

Parameters of variogram and cross variogram (nuggets were
taken as zero).

variable sill range
WCl 18.0 650
WC1l/WC2 14.0 550

2.17 and 2.12 for 1linear regression, time invariant

relationship and cokriging, respectively.



143

By cokriging with the temporally auxiliary variable,

the 61 points (15 fixed and 46 random) are predicted with MSE

4.44. Compared with kriging, reduced mean squared errors are
78.8% and 40.5% for the 15 and 61 estimates, respectively.

For highly correlated variables, linear regression angd

the time invariant relationship may give quite accurate

results with less computation effort as compared with

cokriging. However, cokriging can predict the variables at

any location in a field. For linear regression and time

invariant relationship, to predict a variable at some

locations requires data at the same locations as at the

previous time.



144

Chapter 7

COKRIGING WITH PSEUDO-CROSS VARIOGRAMS

The key step in cokriging is to formulate cross-
variograms or cross-covariances. One disadvantage to the
standard approach is that the variables which are measured
must be sited at the same locations. For cases in which this
type of information is not available, the usual cokriging can
not be used to improve estimation. Clark, Basinger and Harper
(1989) presented a variation of co-kriging which did not
require the restriction on the modeling and estimation
processes.

Pseudo~Cross Variograms

Let Z;(x), Z,(x) be two random functions of interest
defined in 1, 2 or 3-space. Clark, Basinger and Harper (1989)
and Myers (1989) defined the pseudo-cross variogram of Z; and

Zk as
g (h) = 0.5 E[Z;(x) - 2 (x+h)]? [7-1]

where it is assumed that this function depends only on the
separation vector h. When j = k and the function satisfies
the Intrinsic Hypothesis, Egq. 7-1 is the usual variogram.
Since in general the two random functions do not have the same

means, Eg. 7-1 is not the same as half the variance of the
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difference even if both random functions separately satisfy
the Intrinsic Hypothesis. If the random functions do not have
constant means then the discrepancy is more serious and a

general definition is given as following
g (h) = g,;(-h) = 0.5 Var[Z;(x) - Z(x + h)] [7-1"]

Since the translation of a second order stationary random
function is second order stationary, Eq. 7-1' is the variance
of a random function and depends only on h, however, it is not
the covariance nor the variogram of a random function unless
j = k. If 2(x) = ¥Y(x) + m(x), where Y(x) is second order
stationary and m(x) is the mean of Z(x) and the cross-
covariance of Z2;(x), Zy(x+h) is symmetric, then Eq. 7-1' can be

rewritten as
gjk(h) = 0-5[ij(0) - 2Cjk(0) + C,(0)] + gjk(h) [7-2]

where g“(h) is the usual cross-variogram. If the means are

constants m;, m, then
g (h) = g;(h) + 0.5[m? - 2mm, + m?2] [7-3]

and hence with sufficient assumptions, the pseudo-cross
variogram of Clark et al. differs from the usual cross-
variogram by a positive constant.

Co~Kriging Equations
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The estimator for Z,(x;), using data z(x;) = [2,(¥,),

ceey Z(x)), i =1, ..., n, is given by (Myers, 1989)
z," (%) = £Z(x;)T, [(7-4)

where T; is a column vector of weights. If each component of

Z(x;) satisfies the Intrinsic Hypothesis, then Eq. 7-4 is
unbiased if

5r. = (1, 0, ..., 0] [7-5]

1

In that case the variance of the error can be written in the

form

var([Zz, (x,) = Z,(%X)] = SIT{'E[W,'W,]T, [7-6)
where

W, = [2,0%) = 20(%g) s «onr Z(%) = 2Z4(%)] [7-7]
By use of

E{[Z;(x) = 2,(0)]1[2(y) = Z,(0)]} =
gp(u = %) + g (u=-y) - gy - x) (7-8]

Cov{[Z;(x) = Z,(u)1[Z(y) - Z,(u)1} =
gjp(u = x) + g (0 -y) - guly - x) [7-9]
the "covariance" matrix in Eq. 7-6 can be written in a form

E[W,'W;] = G (X, = %) + [G (%, - x))1" = G (x; - x;) [7-10]
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where
g (%X = ¥) cer (X = Y)

G (x - y) = .. .. ... [(7-11]
(X = ¥) e G (X = Y)
g n(x = y) cee G (X - Y)

G(x -y) = . . . [(7-12)
G (X = ¥) e (X = Y)

By Eg. 7-5, the right hand side of Eq. 7-6 can be

written in the fornm

SEE(W,W,IT; = 23[9 ,(%) = X)), -+, 9 (¥ = X;) 1T}

T A
- 31,767 (%; - )T [7-13]

To minimize the variance of the error and based on an unbiased
estimate, m Lagrange multipliers u,, ..., W, are introduced.

The co-kriging equations are then

ZGCT(%; = X)T; + [Byr eeey Byl =
[gAn(Xo - X;)e eeey gA1m(xo - xi)]T

i=1, ..., n [7-14]

Unlike the matrix variogram function used in Myers (1982),
G (h) need not be a symmetric matrix. For special case, i.e.
g}k = gn(h) + a;, with a;; = 0, the above equations are the

same as the usual system of co-Kriging equations in terms of
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variograms and cross variograms.

Cokriging between NO; and EC

The Marana data sets described in Chapter 2 are used
for following analysis. Because EC is much more easily
measured than NO;, we use 130 data points of EC and 60 points
of NO; to compute their pseudo-cross variogram and variograms.
The locations of the 60 points is shown in Fig. 7-1. EC is
scaled by multiplying 100. Then a log transformation is
performed for both variables. By Eg. 7-1', both gn(h) and
g,;(h) are calculated. Results are plotted in Fig. 7-2A,
which indicates that g; (h) and g¢,;(h) are symmetrical. The

fitted pseudo-cross variogram is
g(h) = 0.2 + 2.4(10)“ n [7-15)

Then g(h) = 2.4(10)4 h is taken as the cross variogranm.

Variograms are

0.08 + 1.8(10)“ h [7-16]

g(h)
g(h)

0.32 + 2.3(10)“ h [7-17]

for EC and NO;, respectively, which are shown in Fig. 7-2B
and C. Using the data set and the variograms and cross
variogram, cross validation is carried out and the summary
statistics are presented in Table 7-1. In terms of zero of

mean error and unity of mean square error/mean Kriging
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Table 7-1.

Summary statistics of cross validation (130 EC and 60 NO;)

Variable NO, EC Validation
number of validation points 60 130 190
mean error -0.031 0.003 =0.007
mean sum of square error 0.369 0.116 0.196
mean kriging variance 0.376 0.103 0.189
mean square error/mean kri. var. 0.979 1.114 1.071
mean Lagrange multiplier -0.025 -0.005
correlation of est. and error 0.020 0.060
correlation of est. and act. 0.356 0.524

variance, these models are valid.
In the same way, but with only 45 data points of NO;
shown in Fig. 7-3, we obtained a variogram for NO; and a

pseudo cross variogram with fitted models

0.3 + 2.2(10)“ n [7-18]

g(h)
g(h)

0.2 + 1.8(10)“ h [7-19]
respectively, which are shown in Fig. 7-4A and B. Then
g(h) = 1.8(10)“* n [7-20]

is the model of cross variogram of NO; an EC. The cross
validation results for the data set and these models are

sunmarized in Table 7-2.
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Summary statistics of cross validation (130 EC and 45 NO,)

Variable NO, EC Validation
number of validation points 45 130 175
mean error -0.036 0.003 -0.007
mean sum of square error 0.352 0.121 0.181
mean kriging variance 0.359 0.104 0.170
mean square error/mean kri. var. 0.978 1.145 1.102
mean Lagrange multiplier -0.024 -0.005
correlation of est. and error 0.054 0.085
correlation of est. and act. 0.322 0.498

Using the 60 NO; and 130 EC and their variograms and
cross-variogram, we cokriged and kriged 100 points of NO, on
a 100 x 100 m grid, where there are measured data. Mean
squared errors (MSE) are calculated with cokriged and kriged
results as well as original data. The MSE of cokriging is 11%
less than that of kriging.

Based on the 45 NO, and 130 EC and their variograms
and cross~variogram, the MSE of cokriging is 14% less than
that of kriging for the 100 estimations. The estimated errors
of kriging and that of cokriging are plotted in Fig. 7-5, it
is clear that at most of the points, kriging has a larger
estimated error than cokriging (48 of the 100 points are above
the line). 8Six hundred twenty five points at grids 50 x 50 m
are estimated by kriging and cokriging. The relative decrease

of kriging variance(%) (improvement by cokriging) is
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plotted in Fig. 7-6, which shows that cokriging reduces
kriging variance up to 10%, compared with kriging. It should
be noted that with the 45 NO;, and EC at the same locations,
the cross variogram is not well-defined, using standard
methods, such as sum or difference of two variables. The
sample variograms of sum and difference for the two variables
are shown in Fig. 7-7A and B, respectively. Their irregular
behavior makes it difficult to fit theoretical models.

Cokriging between NO, and Ca
We use the 60 points of NO, and 130 points of Ca (both
log transformations) to compute variograms and pseudo-cross
variogram, which are shown in Fig. 7-8A and B, respectively.

The parameters of fitted models are listed as following:

Ca: g(h) = 0.13 + 0.22(10)* h [(7-21]

pseudo cross: g(h) = 0.28 + 0.28(10)* h [7-22]
Then cross variogram of NO; and Ca is modeled by
g(h) = 0.28(10)* h [7-23]

The results of cross validation are summarized in Table 7-3.
The mean errors are close to zero and the values of mean
square error/mean Kkriging variance are close to 1.

Using the data set and the variograms and cross

variograms, we krige and cokrige 100 points of NO;. From the
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100 estimations of kriging and cokriging, cokriging reduces

mean square error about 15%, compared with measurements.

Table 7-3.

Summary statistics of cross validation (130 Ca and 60 NOj)

Variable NO, Ca validation
number of validation points 60 130 190
mean error -0.020 0.001 -0.006
mean sum of square error 0.365 0.172 0.233
mean kriging variance 0.377 0.161 0.229
mean square error/mean kri. var. 0.967 1.056 1.028
mean Lagrange multiplier ~0.025 =0.010
correlation of est. and error 0.010 0.077

correlation of est. and act. 0.365 0.475
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Chapter 8

TRANSFORMATION OF VARIOGRAMS

Variograms are the basic and necessary tool for all
applications of geostatistics. In many cases, such as
simulations and sampling designs, specific variograms are
unknown. In this chapter, we transform variograms from one
field to other fields, where it is assumed that only variances
are available.

Data sets are texture of surface soil samples
described in previous chapters. One set of samples were
collected on June 12, 1988 at Maricopa Agricultural Center
(Field 28, 250 x 1500 m), which were 45 on 100 x 100 m grids
(MARICOPA). Another set of samples were collected in May of
1989 in Marana Farm (4 fields, 1200 x 1100 m), totally 130
points (MARANA). A subset (49 samples) was drawn from the 130
points for field 2 (MARANA2), which was about the same size as
Field 28 of Maricopa.

The values of mean, variance and coefficient of
variation (CV) of the data sets are listed in Table 8-1.

Table 8-1.

Mean, variance and CV of sand, silt and clay.

dsta set n sand silt clay

mesn var, CV mean ver. CV mean yar. CV
MARICOPA 45 38.91 116.6 0.277 32.20 40.1 0.197 28.90 26.8 0.173
MARANA 130 45.93 80.6 0.207 25.13 15.7 0.167 28.93 47.1 0.237
MARANA2 48 41.64 64.2 0.192 27.32 7.5 0.100 31.03 41.0 0.208
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Variograms of sand, silt and clay of MARICOPA are
shown in Fig. 8-1A, B and C. The parameters of fitted models
are listed in Table 8-2. Variograms of sand, silt and clay of
MARANA are shown in Fig. 8-2A, B and C, where sample
variograms of MARANA2 are also presented. Sample variograms
of sand and clay of MARANA2 are quite the same as those of
MARANA, but those of silt are different.

Three methods are used to obtain the variogram models
of sand and clay of MARANA: A. fitting sample variograms as
close as possible by eye, B. by cross-validation criteria,
that is, kriged average error (E) is close to zero, kriged
root mean square error (RE) is as small as possible, kriged
reduced root mean square error (RRE) is close to 1 (see
Appendix C), C. taking into account both A and B, that is,
fitting a model between them. The parameters of the models
and cross-validation results are listed in Table 8-3. The
models are shown in Fig. 8-3 A and 8-3 B for sand and clay,

respectively.

Table 8-2.

Variogram models of MARICOPA (nugget = 0).

variable type sill range
sand spherical 150 550
silt linear (slope = 0.087)

clay spherical 35 450
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Table 8~3.

Parameters of variograms of MARANA and cross-validation
(nugget = 0).

variable type sill range E RE RRE
sand A. exp. 130 300 0.028 3.735 0.718
B. exp. 130 600 0.033 3.708 1.004
C. exp. 180 600 0.033 3.708 0.853
silt sph. 20 550 0.027 2.103 1.097
clay A. exp. 65 300 ~-0.009 2.835 0.767
B. exp. 65 500 -0.007 2.826 0.982
C. exp 80 500 -0.007 2.826 0.886

From Table 8-3, we can see that as range increases, RRE
increases. As sill increases and range keeps unchanged, E and
RE do not change and RRE decreases.

Now we "transform" variograms of MARANA and use them
in MARICOPA. The transformation is given by
sill of MARICOPA = (sill of MARANA) (variance of

MARICOPA/variance of MARANA) [8-1]
and unchanged range. For example, one transformed model of
clay is

g(h) = 65(26.8/47.1)[1 - exp (-h/300)]

These models are used to carry out cross-validation with the
MARICOPA data set. The results are compared with those of
MARICOPA models in Table 8~-4. The comparison indicates that

the transformed model is as effective as the original models.
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Table 8-4.

Cross-validation of transformed models and models in
Table 8~2.

variable model sill range E RE RRE
sand sph. 150 550 0.129 4.064 0.667

exp.(T,A) 167 300 0.152 4.233 0.609

exp. (T,B) 167 600 0.130 4.152 0.836

exp. (T,C) 214 600 0.130 4.152 0.739

silt lin. (slope = 0.087) =-0.060 2.492 0.899
sph. (T) 51 550 -0.075 2.490 0.705

clay sph. 35 450 -0.060 2.370 0.728
exp. (T,A) 37 300 -0.068 2.439 0.750

exp. (T,B) 37 500 -0.059 2.417 0.950

exp.(T,C) 45 500 -0.059 2.417 0.857

note: "T" denotes transformed models, "T,A" denotes the model
transformed from model A in Table 3, similar meaning for
IIB" and IIC" .
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Chapter 9

GENERATING RANDOM FIELDS

Simulation techniques for multidimensional random
fields have many important applications in soil science.
Estimation techniques based on a minimization of the
estimation error variance, such as kriging, are on the average
close to reality, but tend to be smoother and not have the
same fluctuation pattern. In order to examine typical
fluctuation patterns, we utilize simulations (Journel and
Huijbregts, 1978). Using simulation, we can generate input
parameter fields for Monte Carlo representations of a given
physical process. For instance, saturated or unsaturated
hydraulic conductivity may be simulated to provide input for
stochastic processes of infiltration or water distribution in
soil profiles.

In this chapter, several simulation methods are
considered, and their procedures and comparison of accuracy
are given. These methods include moving average method,
simulation via the LU triangular decomposition of covariance
matrix and the Turning Bands Method.

Moving Average Method
The corresponding one-dimensional covariance C%(s) of

the usual three-dimensional models C(r) can be expressed in
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the form of a convolution product of a weighting function £ (u)
and its transpose fT(u) = f(-u) (Matheron, 1973, Journel et

al., 1978):

=00

00 .
c®(s) = { f(u) f(u+s)du [9-1)]

Therefore, the one-dimensional simulations can be carried out
as moving averages with function f(u). The regularization of
a stationary random measure T(r)dr by the weighting function

f(u), one-dimensional random function (RF) Y(u) is defined:

00
Y(u) = ( f(u+r)T(r)dr = T*fT [9-2]
-0
where Y(u) is a stationary RF with covariance CW(s) = f*fT,

To numerically construct Y(u), the random measure
T(dr) 1s approximated by a series of random variables (RV)
located at discrete intervals along the line. These RV‘s T
are independent of each other and have the same distribution
with zero mean and specified variance E[T?] = o2.

Let t,, ..., %, ..., t;,, be the realizations of the
T, at points i-k, ..., i, ..., i+k with regular interval b, the
moving average y; weighted by the function f(u) is defined as

00

Yi = 2 t,£(kb) (9-3]

k==~c0
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We used spherical, exponential and Gaussian models to
illustrate the method. The C(r), c¥(s) and f(u) for each of
these models are shown in Table 9-1 (Journel et al., 1978),
where a is the range of the model. For the spherical model,
an odd integer number (2R + 1) of elementary values t,,, are
used for each moving averaging y; in the discrete formula, i.e.

R
i =2 t,f(kb) [9-4]
k=-R
The central value t; is assigned to the same point as the value
y;- The interval b of separation of the random variable T, on
line D is equal to b = a/2R with R = 20.

In practice, the weighting function for the
exponential model is limited to the interval [0, 4a]. On this
interval, the random measure T(dr) is approximated by (8R + 1)
discrete random variable T,,,. The separation interval b is
thus equal to b = 4a/8R = a/2R with R = 20.

The weighting function for the Gaussian model is
restricted to the interval [-2a, 2a), in the same way as
above, we take (8R + 1) discrete random variables T,, and b =
a/2R with R = 20 for the simulations.

To produce realizations of the random function by
producing realizations for each of a finite number of

uncorrelated random variables, we have used approximations at
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Table 9-1.

Covariance models, their corresponding 1-D covariance models
and weighting functions.

spherical:
c(r) = o%(1 - 1.5r/a + 0.5r%/a’) 0<rc<a
c®(r) = o?(1 - 3r/a + 2ri/a%) 0<rcga
f(u) = (V120Y/a’)u -a/2 < u < a/2
exponential:
C(r) = o’exp(-r/a) r>0
c®(r) = o?(1 - r/a)exp(-r/a) r>0
f(u) = 2(Vo¥/a) (1 - u/a)exp(-u/a) uszo0
Gaussian:
C(r) = o’exp(-r?/a?) r>0
c(r) = a*(1 - 2r?/a?)exp(-r?/a? r >0
f(u) = (160%/aV7T)u exp(-2u?/a?) -0 < U < ®©

note: Except the defined interval of the variables, values
of the above functions are zero.

two stages, that is

-00 k==-00

o0 . 0
c®(u) = J f(t+u)f(t)dt = £ f(kb)f(kb-bu) [9-5]

and

[+ 4] . m
T f(kb)f(kb-bu) = I £ (kb)f(kb-bu) [9-6)

k=-c0 =-m



172

In order to insure that the covariance function of
m
Yi = I t,f(kb) [92-7]
=-m
is the same as Cc?, we must adjust the variance of the T'’s.
Let
m
g?(u) = cP(u)/c®(u) = c® y T £(kb)f (kb - bu) [9-8]
k=-m

We find that o?(u) for the Gaussian and spherical models
remains almost constant as u changes. As u increases, o’(u)
for the exponential model decreases from positive values to
negative values, then increases from negative to positive.
Within a distance of about half of a, o?(u) changes about 20%
of ¢?(0) and may be treated as a constant in these distances.
Based on these calculations, we choose constants, a/(2.05 R),
a/(1.8 R), and a/(18.1 R) as the corrected factors of o’ for
spherical, exponential and Gaussian models, respectively, and
let

0? = Var(t,) [9-9]

that is, take (Vﬁiﬂ?)(tg - 0.5) as a realization t; of the RV’s
T;, where t; is a realization of RV with uniform distribution
on [0,1). Because of the simulation variance discussed above,
this method may not give good simulated results for an

exponential model.
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If the total number of simulated points, N, is large
enough and parameters, such as R, are chosen correctly, the

calculated covariance from the simulated results, that is

ch(s) = (1/n).g [zi(x+s) - pl[Z(xX) - 4] [9-10]
1=1
should be close to theoretical results of C¥(s). Table. 9-2
to 9-4 are the comparison between simulated and theoretical
covariance for spherical, exponential and Gaussian
models,respectively, with N = 2000 and dx = 4b. The

calculations were by the a program MOVAVG.PAS is 1list in

Appendix E.

Simulations via the LU Triangular Decomposition
of Covariance Matrix

Theory and Procedures

For n-dimensional normal random variables (2,, ..., 2,)
with mean values (y,, ..., A,), the covariance matrix is
oy Op N
z = 021 022 . o o azn
Oy Op ves  Opy (9-10]

where
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Table 9-2.

The comparison between simulated and theoretical covariances
(spherical model, a = 5, variance =1, mean =0).

simulated mean: 0.001

COVARIANCE
s Simulated Theoretical
0.0000 1.0749 1.0000
0.5000 0.6936 0.7020
1.0000 0.3489 0.4160
1.5000 0.0319 0.1540
2.0000 -0.2441 -0.0720
2.5000 -0.4313 -0.2500
3.0000 -0.5050 -0.3680
2.5000 -0.4253 -0.4140
4.0000 -0.1543 -0.3760
4.5000 -0.0635 -0.2420
5.0000 -0.0271 0.0000

Table 9-3.

The comparison between simulated and theoretical covariances
(exponential model, a = 5, variance = 1, mean =0).

simulated mean: 0.0600

COVARIANCE
s Simulated Theoretical
0.0000 0.9022 1.0000
0.5000 0.6446 0.8144
1.0000 0.4247 0.6550
1.5000 0.2659 0.5186
2.0000 0.1496 0.4022
2.5000 0.0494 0.3033
3.0000 ~-0.0152 0.2195
3.5000 -0.0788 0.1490
4.0000 ~-0.1223 0.0899
4.5000 -0.1416 0.0407
5.0000 -0.1405 0.0000

5.5000 -0.1416 -0.0333
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Table 9-4.

The comparison between simulated and theoretical covariances
(Gaussian model, a = 5, variance =1, mean =0)

simulated mean: 0.0054

COVARTIANCE

s Simulated Theoretical
0.0000 1.1730 1.0000
0.5000 1.1207 0.9702
1.0000 0.9715 0.8839
1.5000 0.7461 0.7494
2.0000 0.4748 0.5795
2.5000 0.1913 0.3894
3.0000 ~-0.0730 0.1953
3.5000 -0.2935 0.0123
4.0000 -0.4552 -0.1476
4.5000 -0.5534 -0.2758
5.0000 -0.5919 -0.3679
5.5000 -0.5804 -0.4234
05 = E[(Z; = &) (Z; = u)] [9-11]

Because T is positive and symmetric, there exists a triangular

matrix C such that

s =ccCT [9-12]

where CT is transpose of C.
If there are n independent random variables (RV) Y,,
Y,, ..., Y, with normal distribution N(0,1), then (Hudan

University, 1981; Davis, 1987)



Z = u + CY
where
Z, Ky
2, )
zZ = . n o= . Y
z, | ks

Z is an n-dimensional RV with mean u,

This can be verified as following
E[Z] = p + CE{Y}) =u +C O

where 0 is the zero vector:
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[9-13)
Y,
Y,
Y, [9-14]

covariance matrix =.

[9-15]

Cov(Z] = E{(2; - 1) (2 - i)} = E{(Z2 - u)(2 - )T}

= E{CY(CY)T} = E{CYY’CT} = CE{YY"}CT

= C(E{Yy;})C”
1 0

=C . cT=cclT =3 [9-16]
0 T

When
o; = o’exp(-ali - j|) [9-17]

where o and o are positive constants, we have
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C, = 0 exp[—-(i - 1)a] [9-18]

C; = 0 exp[-(i - j)la[l - exp(-2a)]®® 2 < j < i [9-19]

and
z, = Chy, = oy, [9-20]

z, = z.,exp(-a) + o[l - exp(-2a)]y, 2 <k <n [9-21]

then
zZ, = U, + 2, k=1,2, ..., n [9-22)

Now 1-D simulations of a stationary process Z(x) with
zero of mean, C(r) of covariance matrix are discussed. For

an exponential model

2

Cov,(r) = 0° exp(-r/a) [9-23]

the covariance of Z(kdx) (1 < k < n) is
o? exp(-|i - j|dx/a) [9-24)

The steps in the simulation of the stochastic process are as
follows:

1. Generate n independent random values, Y,, Yy, +++, Ya
from the normal distributions, N(0,1).

2. Calculate
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2, = oy, [9-25]

z, = zexp(-dx/a) + o[l - exp(-2dx/a)]ly,

2<k<n [9-26]
For an exponential covariance model with hole effect
Cov,(r) = oexp(-r/a)cosfr [9-27]

where o0, a, f are positive constants, the simulation
procedures for the covariance function are

1. Generate two independent stationally normal processes
Z,(x), Z,(x), using the above method for the exponential model.

2. Calculate
Z(x) = 2Z,(x)cosfx + Z,(x)sinfix [9-28]
It is easy to show that

E{Z2(x)Z(x+r)}

E{[Z,(x)cosBx + Z,(x)sinfBx][2,(x+r)cosf(x+r) +

Z,(x+r)sinf (x+r) ]}

Il

o’exp(-r/a)cosfr [9-29]

Fig. 9-1 compares the simulated and theoretical covariances
for an exponential model with range of 1; Fig. 9-2A to C show
the same comparisons for exponential models with hole effect

and different ranges and hole parameters. The simulated
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covariances fit the theoretical ones very well (All of these
simulations are carried out on a PC). The other parameters are
1000 simulated points along a line, interval 0.1, o = 1, and
mean = 0.

For other covariance models, we can calculate the

matrix C from matrix £ by the Cholesky method, that is,

Cy =0y [9-30]
Cy = 0u/Cy j=2, ..., n [9-31)
and
i=-1
Ci = (05 =~ £ G)'"° [9-32)
p=1
i-1
Ci = (05 - Z GG, /Cy [9-33]
=1
i=2, ..., n; j=1i+1, ..., n
Then
i
Z, = T Gy, i=1,2, ..., n [9-34]
j=1

We test the method with spherical and Michaelis-Menton models,
and the results are shown in Fig. 9-3A and B. The program was

run on the VAX. Except for ranges now set to 10, the
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Fig. 9-1. Comparison between simulated and theoretical
covariance for an exponential model with range
of 1.
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Fig. 9-2. Comparison between simulated and theoretical
covariance for an exponential model with hole
effect, A. a=1, 8 =2, B. a=1, B =5,

C. a=5, 8 =25,
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parameters are the same as those above simulations.
When carrying out the above simulations, we use
following method +to <generate values of N(0,1)(Hudan
University, 1981). If X,, X, are independent random variables

uniformly distributing on {0,1], then

Z, =/(-21nX,)sin27wX, [9-36]
Z, =)(-21nX,)cos2nX, [(9-35]

are independent random variables with distribution N(0,1).

Generally speaking, advantages of the method are

1. It is easy to program.

2. It saves computing time, especially for exponential
model.

3. It is suitable for general covariance models.
(For a Gaussian model, we had some problems during the
calculations of Cj.)

Using this method and coding in Pascal, a program
STOKSIM.PAS is presented in Appendix F.

Covariance Error of Simulations

The covariance error of simulations for an exponential

model is

€(r) = C,(r) - Cov(r)
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Fig. 9-3. Comparison between simulated and theoretical
covariance for A. spherical model,
B. Michaelis-Menton model.



n

(1/n)_31[zi(x+r) - B)[2(x) - u] - o’exp(-r/a)
i=
n
(1/n) T Z,(x+r)2;(x) - o’exp(-r/a)
i=1
n
(1/n) = Z,(x+kdx)Z;(x) - o’exp(-r/a)
i=1
n
(1/n) £ {Z,[x+(k-1)dx]exp(-dx/a) +
i=1

o(1 - exp(-2dx/a)y,]Z;(x) - o’exp(-kdx/a)

n
(1/n) Z {Z;(x)exp(~kdx/a) + o(1 - exp(-2dx/a)
i=1

[y,exp(-(k-1)dx/a) + y,exp(-(k-2)dx/a + ... +
Yil}2i(x) - o’exp(-kdx/a)

n
exp(-kdx/a)[(1/n) = 22(x) - ¢?] +
i=1

o(l1 ~ exp(-2dx/a){y,exp(-(k-1)dx/a + y,exp[-(k-

n
2)dx/a + ... + .} (1/n) T Z,(x) [9-37]
i=1

184
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Fig. 9-4. Comparison between simulated and theoretical
covariance for an exponential model, A. a = 2,
B. a=5, C. a =10.
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where r = kdx. When n —> «©, (1/n) £ 2%(x) - o> —> 0, (1/n)
= Z,(x) —>»0, therefore € =—> 0, which means that the scheme
is consistent. For a fixed n, as dx/a increases, or dx
increases or a decreases, € decreases. We fix dx and choose
exponential model with a of 1, 2, 5 and 10. The corresponding
simulated covariances are presented in Fig. 9-1, 9-4A, B and
C, respectively. It is clear that as a becomes larger, the
results become worse. For larger distances, or larger k, €

may or may not be smaller.

Turning Bands Method

Theory and Procedures

The Turning Bands method (TBM) performs simulations
along several 1lines, using a unidimensional covariance
function which corresponds to the given two or three-
dimensional field, the simulated values are assigned by a
weighted sum of the corresponding values of the 1line
processes.

The simulation in 2-space (2 dimensions) is much more
complicates than simulations in 1-D or 3-D, because covariance
functions in 2 dimension is difficulty to relate to the
associated covariance in l-space than covariance functions in
1 dimensions or 3 dimension.

For the 2 dimension simulations, we use the TBM
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proposed by Mantoglou and Wilson (1982) for the non-
conditional simulations of 2-dimensional fields.

The covariance functiqn C(h) can be related to the

spectral density function S(w)by a Fourier integral

C(h) = ( , exp (ihw) S (w)dw [9-37]
R
where 1 is square root of -1, W = [w,,w,] is a vector of

frequencies (wave numbers), h = [h,,h,], hw = hw, + h,w,. The

nonnegative function S(w) = S(w;,w,) is expressed

S(w) = (1/2m)? JRZ C(h)exp(-ihw)dh [9-38]

In the 2-D isotropic case, the radial spectral density

function is

£(w)

(1/0%) { S(w)dw
Cy

o0
(w/o?) ‘ C(r)Jo(wr) rdr [(9-39)

0

The spectral density function of l1~dimension is
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00
S, = (w/0?) ‘ C(r)J,(wr) rdr [9-40])
0
or
S = (d%/2) £(w) | [9-41)
The steps of non-conditional simulations are
following.

1. To specify the turning bands line L, the number of
harmonics M, the maximum frequency 1. According to Mantoglou
and Wilson’s suggestions and some results we tested, we set L
= 16, M = 100, and 1 = 30b, where b = 1/range = 1/a.

2. To input coordinates of the N points (or basic
units) which will be simulated: X1(x,,Yy), X2(%,Y), «+«.,
XN (%,,Y,) -

3. To calculate the projection of the vector X; onto

line i

t(j,i) = X.ui = (%,y;).(cose;,sing;)

X;cos6; + y;sins, [9-42]

where y;, is the unit vector on line i, and

8, = 2mi/L j=1,2, ..., N

i=1,2, ..., L [9-43]
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4, To carry out 1-D simulation:

M
Zi[t(j,1)) =2 %

: {[S,(w) daw]cos[w 't(j,i) + ¢}
=1

[9-44)

where ¢, is an uncorrelated random variable, uniform on

(0,27],
dw = a/M [9-45)
w, = (k - 1/2)dw [9~46]
W/ = w + 6w [9-47)

where éw is uncorrelated random variables, uniform on [~w’/2,
w’/2], w/<<dw, we take w’ = dw/100. When computing S,(w,), we
use the radial spectral density functions, £(w,). For a

spherical model, we approximate the integration

o0
S, = (w/2) J C(r)Jy(wr)rdr
0

1/b
= (w/2) C(r)J,(wr)rdr [9-48)
0
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by numerical integration.

5. To carry out 2-D simulation

L
2,(j) = (1/ L) 2 2(j,i) F=1,2, ..., N [9-49]
i=1

Using the TBM and coding in Pascal, a program TBM.PAS

is listed in Appendix G.

Error Analysis of TBM

Simulation model errors are caused by discretizations
or approximations used in the TBM, such as the finite number
of 1lines (L), the discretization along the 1lines, the
discretization of the spectrum of the line process, and the
finite number of harmonics used in the generation of the
unidimensional process (M) (Mantoglou et al. 1982).
Furthermore, random number generators affect simulated results
in TBM and other simulation methods. Here we study errors
caused by M, L and by random number generators.

Effect of Harmonics In order to test the effect of harmonics

in simulations, we choose the number of harmonics (M) to be
25, 50, 100, 400; the other parameters are fixed: L = 16, 3600
simulation points arranged in 60 columns and 60 rows, dx = dy
= 1, an exponential covariance model with correlation length,

a of 10, a maximum frequency N = 40/a. The program is run on
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VAX and in each 2-D simulation, two different seeds are used
to generate two series of random numbers. For each M, 10
independent simulations are carried out. The calculated
covariance from simulated data sets are shown in Tables 9-5 to
9-8, and compared with the theoretical covariances. Using
these simulated data sets, we calculated the mean and variance
of covariances of 10 simulations for several distances and
different harmonics M’s. The covariances of each simulation
were transformed by dividing the variance of the simulated
data, C(0). The normalized mean and normalized variance of
transformed covariances are computed for each 10 simulations.
In the variance calculation for covariances, theoretical
covariances are taken as mean values. The results are
presented in Table 9-9 to 9-12. We also calculate mean and
variance of the 10 simulated the mean values for each M, which
are shown in Table 9-13. Comparing the results, it can be seen
that 400 harmonics gives better results than the others.
However, the improvement is not really significant.

For any M, normalized mean values of calculated
covariances are closer to the theoretical covariances than
mean values of the calculated covariances. This property is
important in order to use TBM to obtain a variance
relationship for random fields or to correct simulated
results. The larger coefficients of variation (c.v.) at

larger distances indicate that simulated results become less



accurate and fluctuate more at larger distances.
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Covariance of simulations with M

= 25 harmonics
(3600 points, dx=dy=1, L=16, B=0.1,01=40B, exponential model).

simulationsg r(0) r(2.24) xr(3.61) r(7.15) r(10.84)
1 1.1853 1.0061 0.9029 0.6873 0.5340
2 0.9183 0.7266 0.6093 0.3806 0.2103
3 0.8622 0.6906 0.5855 0.4197 0.3252
4 1.4806 1.2877 1.1600 0.8513 0.6475
5 0.8479 0.6888 0.5999 0.4194 0.2857
6 1.2814 1.0912 0.9631 0.6701 0.4135
7 0.8095 0.6598 0.5632 0.3337 0.1607
8 0.9175 0.7430 0.6461 0.4533 0.2922
9 0.8742 0.6772 0.5631 0.2991 0.1533
10 0.7234 0.5159 0.3880 0.1996 0.1222

theo. covar. 1.0000 0.7996 0.6973 0.4892 0.3383

Table 9-6.

Covariance of simulations with M = 50 harmonics
(3600 points, dx=dy=1, L=16, B=0.1,0=40B, exponential model).

simulations

WO~ HWN =

10
theo.

covar.

r(0)

0.8603
0.9993
0.7226
1.0003
0.8578
1.0615
1.2195
0.8550
1.4791
0.7785
1.0000

r(2.24) r(3.61) r{7.15) r{l0.84)
0.6730 0.5612 0.3367 0.1666
0.8385 0.7424 0.5642 0.4681
0.5271 0.4158 0.2183 0.0870
0.8225 0.7186 0.5107 0.3617
0.6865 0.5972 0.4341 0.3224
0.8779 0.7773 0.5639 0.4399
1.0342 0.9245 0.7022 0.5429
0.6744 0.5720 0.3776 0.2036
1.3359 1.2511 1.0875 0.9639
0.5943 0.4907 0.3162 0.1978
0.7996 0.6973 0.4892 0.3383
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Covariance of simulations with M = 100 harmonics

(3600 points, dx=dy=1, L=16, B=0.1,1=40B, exponential model).

simulationg r(0) r(2.24) r(3.61) r{7.15) r(10.84)
1 1.5725 1.3703 1.2355 0.9488 0.6773
2 0.9470 0.7779 0.6784 0.4563 0.3021
3 0.6506 0.4807 0.3975 0.2304 0.1600
4 0.7525 0.5763 0.4752 0.3043 0.2253
5 1.0011 0.8351 0.7432 0.5454 0.3736
6 1.2947 1.1299 1.0290 0.8167 0.6779
7 0.9802 0.7852 0.6639 0.3930 0.1846
8 0.8243 0.6281 0.5134 0.2830 0.0974
9 1.0750 0.8561 0.7205 0.4812 0.3113
10 0.7964 0.6209 0.5247 0.3393 0.2113

theo. covar. 1.0000 0.7996 0.6973 0.4892 0.3383

Table 9-8.

Covariance of simulations with M = 400 harmonics

(3600 points, dx=dy=1, L=16, B=0.1,01=40B, exponential model).
simulations

r(0)

CWwWONOUIDhWN R

[y

theo.

covar.

0.9350
1.0922
0.9504
0.6105
0.7069
0.9132
1.1539
0.7471
0.8224
1.1265
1.0000

r(2.24)

0.7593
0.9376
0.7713
0.4383
0.5316
0.7308
0.9836
0.5906
0.5975
0.9831
0.7996

r(3.61) r{7.15) r(10.84)
0.6606 0.4249 0.2250
0.8388 0.6431 0.4471
0.6741 0.4522 0.3172
0.3420 0.1520 0.0730
0.4386 0.2944 0.1903
0.6153 0.3891 0.2064
0.8877 0.7098 0.5612
0.5012 0.3374 0.2567
0.4731 0.2841 0.1973
0.8966 0.6855 0.5295
0.6973 0.4892 0.3383
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Mean and variance of simulated covariance (M = 25)
(3600 points, dx=dy=1, L=16, B=0.1,{1=40B, exponential model).

r mean nor. mean vari. nor. var. stand. div. c.V.

0 0.99003 1.00000 0.05287 0.00000 0.22994 0.23226
2.24 0.80869 0.80874 0.05136 0.00187 0.22663 0.28024
3.61 0.69811 0.69273 0.04910 0.00449 0.22159 0.31741
7.15 0.47141 0.45980 0.03701 0.00954 0.19237 0.40807

10.84 0.31446 0.30149 0.02735 0.01113 0.16537 0.52588

Table 9-10.

Mean and variance of simulated covariance (M = 50)
(3600 points, dx=dy=1, L=16, B=0.1,1=40B, exponential model).

x mean nor. mean vari. nor. var. stand. div. c.v.

0 0.98339 1.00000 0.04683 0.00000 0.21640 0.22005
2.24 0.80643 0.81038 0.05114 0.00226 0.22621 0.28051
3.61 0.70508 0.70208 0.05334 0.00517 0.23095 0.32755
7.15 0.51114 0.49648 0.05571 0.01300 0.23602 0.46176
10.84 0.37539 0.35234 0.05917 0.02198 0.24325 0.64800

Table 9-11.

Mean and variance of simulated covariance (M = 100)
(3600 p01nts dx=dy=1, L=16, B=0.1,01=40B, exponential model).

r mean nor. mean vari. noy. var. sgtand. div. cC.V.

0 0.98943 1.00000 0.06791 0.00000 0.26059 0.26338
2.24 0.80605 0.80435 0.06528 0.00188 0.25551 0.31699
3.61 0.69813 0.69109 0.06066 0.00397 0.24630 0.35279
7.15 0.47984 0.46373 0.04982 0.00965 0.22320 0.46516

10.84 0.32208 0.30532 0.03759 0.01332 0.19388 0.60195
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Table 9-12.

Mean and variance of simulated covariance (M = 400)
(3600 points, dx=dy=1, L=16, B=0.1,{l1=40B, exponential model).

r mean nor. mean vari, nor. var. stand. div. c.V.

0 0.90581 1.00000 0.03955 0.00000 0.19888 0.21956
2.24 0.73237 0.79945 0.03806 0.00263 0.19509 0.26639
3.61 0.63280 0.6845%6 0.03865 0.00610 0.19659 0.31067
7.15 0.43725 0.46313 0.03432 0.01305 0.18525 0.42367
10.84 0.30037 0.31384 0.02476 0.01288 0.15735 0.52385

Table 9-13.

Simulated mean values for different M
(3600 points, dx=dy=1, L=16, B=0.1,{1=40B, exponential model).

sim. M = 25 M =50 M=100 M = 100 M =400 M = 400
(1 seed) (2 seeds) (lseed) (2 seeds)

1 0.1284 0.1708 -0.3323 0.4180 0.0399 0.0040
2 -0.0801 -0.4832 0.0915 0.4093 0.4263 0.1984
3 0.0966 0.2024 -0.1321 0.3198 0.2037 0.0558
4 . 0.0143 0.0942 -0.2031 0.2242 0.5366 <-0.2208
S 0.0199 -0.3353 0.5143 0.4370 -0.0980 0.2088
6 0.0912 0.4555 0.0914 0.3146 0.5177 0.0672
7 0.1275 0.5979 -0.0305 0.0394 0.4246 0.6604
8 0.1063 0.1928 0.3277 0.1598 0.2984 -0.3%10
9 0.1777 -0.6550 -0.1883 0.2613 -0.6014 -0.2599
10 -0.1242 -0.0857 0.0716 0.0771 0.4104 ~0.2043

mean 0.0588 0.0154 0.0587 0.2089 0.2158 0.0119
vari. 0.0116 0.1463 0.0599 0.0886 0.1590 0.0838

Effect of TBM Lines In the same way as that to test effect of

harmonics, we choose the number of TBM lines (L) to be 2, 4,
8, 16. For all simulations, M = 100, the other parameters are
the same as above. Simulated and theoretical covariances are
presented in Table 14 to 16, for L = 2, 4, and 8,

respectively. For L = 16, the results are giving in Tables 9-
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7 and 9~11. When L = 2, the calculated covariance tendency is
irregular at about r > 5; when L = 4, the irregular tendency
happens at about r > 6; while L = 8, the irreqular tendency
happens at about r > 10, sometimes. Increasing the number TBM
lines may improve simulated covariances at longer distances
more profoundly than at shorter distances. The means and
variances of simulated covariances in Table 9-14 to 9-16 were
computed and given in Tables 9-17 to 9-19. Simulated mean
values for different values of L are shown in Table 9-20.
Fig. 9-5 shows the 95% confidence interval of normalized
covariances for different TBM lines. A value L = 16 gives the
smallest normalized covariance error envelope.

Effect of Random Number Generators Because the assigned bytes

of numbers for different computer systems are different,
simulating a random function could give different results on
different machines. We test one random number generator
(uniform distribution) and compare results with those
generated with Turbo Pascal random function on a PC (Zenith
"159") ., Both give good results, the former is even better, in
terms of the means and variances converging to 0.5 and 1/12,
respectively. We ran the same generator on the VAX, and
compare with an external random function on VAX, MTHSRANDOM.
The function gives satisfactory results, but the generator
produces periodic numbers.

The effects of random numbers may relate to the pseudo
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random properties of series generated by machines. It should
be noted that in some cases, pseudo random numbers give better
simulated results than real random numbers.

The pseudo random functions affect results of TBM
simulations, also. We use RANDOMIZE on the PC and change
seeds on the VAX to initiate random values so that the pseudo
random numbers are close to real ones. If we use RANDOMIZE
during each TBM line simulation, the 2-D simulation becomes
totally random. Oon the other hand, if we use one set of
random numbers for the whole 2-D simulation, the results are
acceptable.

During the 1-D simulations of TBM, if on each line of
the L lines, M random numbers are generated and the same M
random numbers are used for simulations of projections of N
points on the line, the calculated covariance from the 2-D
simulation follows the same pattern as theoretical one.
However, if on each line of the L lines, for each point of the
N points, M random numbers are generated for computations, the
2-D simulated results are random, or there is no spatial
structure, although simulated mean values and variances are

close to theoretical values.
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Table 9-14.

Covariance of simulations with & = 2
(3600 points, dx=dy=1, M = 100, B8=0.1,=40B, exponential model).

simulations r(0) r(2.26) r(3.61 r(7.15) r€10.84)

0.6218 0.4123 0.2952 0.1801 0.0363
0.9179 0.7124 0.6189 0.3762 0.1074
0.9120 0.7595 0.6457 0.5061 0.3424
1.1736 1.0074 0.8968 0.5990 0.3048
1.4174 1.2636 1.1265 0.8718 0.5714
1.1331 0.9115 0.7420 0.7144 0.6718
1.0804 0.8727 0.7240 0.4305 0.1730
0.8259 0.5876 0.3984 0.2528 0.1319
0.6233 0.4448 0.3451 0.2612 0.1408
0.8796 0.6746 0.5359 0.3107 0.2237

theo. cov. 1.0000 0.7996 0.6973 0.4892 0.3383

OOVURNOWVISWN -

ry

Table 9-15.

Covariance of simulations with L = 4
(3600 points, dx=dy=1, M = 100, B=0.1,0=40B, exponential model).

simulations r(0) r(2.24) r¢3.61) r(7.15) r¢10.84)

0.8559 0.6654 0.5437 0.3587 0.1828
0.6532 0.4554 0.3362 0.2425 0.1072
1.0985 0.8743 0.7111 0.5407 0.3357
0.6186 0.3704 0.2248 0.1498 0.0965
0.7748 0.6026 0.5154 0.3582 0.1673
0.9334 0.7433 0.6374 0.5700 0.4941
1.4462 1.2295 1.1052 0.9310 0.6748
0.5149 0.3186 0.2074 0.0967 0.0379
0.8484 0.6700 0.5720 0.4403 0.2678
0.7593 0.6118 0.5157 0.4%46 0.3626

OVOE~NOVIWN -

Py

theo. covar. 1.0000 0.7996 0.6973 0.4892 0.3383

Table 9-16.

Covariance of simulations with L = 8
(3600 points, dx=dy=1, M = 100, B=0.1,0=40B, exponential model).

simulations r¢0) r(2.24) r¢3.61) r(7.15) r@10.84)

1.3374 1.1736 1.0747 0.9270 0.8582
0.5978 0.40%90 0.3150 0.1421 0.0656
1.1189 0.9339 0.8251 0.5925 0.3926
0.7881 0.6170 0.5171 0.3034 0.1457
0.9272 0.7679 0.7007 0.6359 0.5720
0.8167 0.6266 0.5137 0.3180 0.1847
0.5303 0.3816 0.3107 0.1878 0.1394
1.0839 0.8707 0.7453 0.5310 0.3182
1.6332 1.4770 1.3893 1.1904 1.0177
1.2049 1.0239 0.9316 0.7527 0.6628

theo. covar. 1.0000 0.7996 0.6973 0.4892 0.3383

OOVEBNOWVMDWN -

Py
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Table 9-17.

Mean and varfance of simulated covariance (L = 2)
(3600 points, dx=dy=1, M=100, B=0.1,8=40B, exponential model).

r mean nor. mean vari. nor. var. stand. div. g.Vv.

0 0.9585 1.0000 0.05728 0.0000 0.23933 0.24969
2,24 0.7646 0.7826 0.06220 0.00485 0.24940 0.32617
3.61 0.6328 0.6386 0.06367 0.01413 0.25232 0.39870
7.15 0.4503 0.4487 0.04609 0.01519 0.21469 0.47680
10.8 0.2704 0.2607 0.04333 0.02872 0.20815 0.76994

Table 9-18.

Mean and variance of simulated covariance (L = &)
(3600 points, dx=dy=1, M=100, B=0.1,0=408, exponential model).

mean nor. mean vari. nor. var. stand. div. c.v.

(]

0.8501 1.0000 0.08649  0.0000 0.29409  0.34594
4 0.6541 0.7509 0.08365 0.0087 0.28922  0.44215
1 0.5369 0.6030 0.08692  0.0245 0.29482  0.54912
5 0.4103 0.4495 0.05766  0.0215 0.24013  0.58533
0.8 0.2727 0.2919 0.03986 0.0238 0.19965 0.73221

0
.2
.6
.1

i L AN

Table 9-19.

Mean and variance of simulated covariance (L = 8)
(3600 points, dx=dy=1, M=100, B=0.1,0=40B, exponential model).

r mean nor. mean yvari. nor. var. stand. div. g.v.

0 1.0038 1.00000 0.1044 0.00000 0.32313 0.32189

2.24 0.8281 0.80517 0.1064 0.00427 0.32615 0.39384
3.61 0.7323 0.70061 0.1057 0.00935 0.32506 0.44388
7.15 0.5581 0.51182 0.1062 0.02600 0.32586 0.58390
10.8 0.4357 0.38599 0.1070 0.03919 0.32707 0.75070




Table 9-20.

Simulated mean values

for different L.

simulations L =2 L=4 L=28 L=16
1 0.1806 0.3101 0.7039 0.4180
2 0.3352 0.3297 0.1610 0.4093
3 0.0121 0.2732 0.5550 0.3198
4 -0.0011 -0.0388 0.0084 0.2242
5 0.6461 0.3425 -0.5828 0.4370
6 0.6928 -0.0924 -0.1417 0.3146
7 0.0693 0.3474 0.0353 -0.0394
8 0.1590 -0.0473 -0.1972 0,.1598
9 -0.1793  0.4864 0.8295 -0.2613
10 -0.0765 0.0091 0.6324 0.0771
mean 0.1838 0.1920 0.2004 0.2059
variance 0.1111  0.0766 0.2317 0.0886

201
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Chapter 10

DIRECT SIMULATION METHOD AND CONDITIONAL SIMULATIONS

In order to describe soil spatial variability, several
procedures have been suggested to simulate the spatial
distribution as a random field. Whittle (1954) and Heine
(1955) introduced a stochastic differential equation. Then
numerical procedures were developed as a finite difference
approximation of the differential equation to generate
realizations. Other autoregressive procedures, Such as a
nearest-neighbor generator (Brook, 1964, Smith and Freeze,
1979) were also used for Monte Carlo simulations to study
saturated or unsaturated flow (Anderson and Shampiro, 1983,
Hopmans et al., 1988). In terms of physically significant
parameters: the autocorrelation length (r,), the discretion
size (h) and the standard deviation (o) (Baker, 1984), a
simulation procedure was defined to simplify the task of
generating realization which are computable with a given soil
deposit. King and Smith (1%88) provided a more general
mathematical framework, which are applicable in one, two, and
three dimensions.

In this chapter, Baker’s procedure is modified and a
more efficient and accurate one is provided to simulate 2-D

random fields for a specified covariance function. Similar
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procedures are also provided to simulate 1-D and 3-D fields.
Then conditional simulations are performed to predict real
random fields.

Theory
Consider the general stochastic partial differential

equation (Heine, 1955) of a random field:
L(d/dx,d/dy)f(x,y) = €(x,Y) [10-1]

The solution can be written as

[+ [+ 0]
f(x,y) = ] { G(x-u,y-v)e(u,v)dudv [10-2]}

-0 | ~c0
where the Green function G(x,y) satisfies
L(d/dx,d/dy)G(x,y) = §(x)5(Y) (10-3]

using the Dirac delta function.

Eq. 10-1 for an elliptic form,
L(d/dx,d/dy) = d%/ax* + d*/dy? - (1/B)? [10-4])
was treated by Whittle (1954), with
G(x,y) = Ky(r/B)/(2m) (10-5]

By differentiating Eg. 10~-5 with respect to 1/8, the

autocovariance function R(x,y) is obtained from which the
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autocorrelation function is

P(x,y) = R(x,y)/R(0,0) = (xr/B)K,(r/8) (10-6]

Here and elsewhere r = VX’ + y? in a 2-D field, and K, is the
modified Bessel function of the second kind.
For the elliptic form, a stochastic differential

equation (Baker, 1984) is
VY (X) - [Y(X)/B?] = -pe(X) (10-7]

where v?Y is the Laplace operator, B8 and ug are numerical
constants, related to the variogram and variance,
respectively, and €(X) is an uncorrelated, normal random
field which is specified in terms of the following statistical

moments

E{e(X)} = 0 [(10-8]
E{e*(X)} = 1 [10-9]
E{e(X))e(X)} =1 X =%

= 0 otherwise [10-10]

Similar to equations 25 and 33 of King and Smith (1988), Eq.
10-7 may be a general statistical differential equation for

1, 2 and 3-D, corresponding to covariance functions

C(r) = o*(1 + r/B) e™ for 1-D [10-11)



205

C(r) o?(x/B)K,(r/B) for 2-D [10-12]

and

c(r) = ol for 3-D [10-13]

In Eq. 10-7, ¥Y(X) is the fluctuation component of YY, which

is defined as

Y(X) = YY(X) - ¥(X) [10-14]
in which YY(X) is the realization of a random field, Y(X) is
the deterministic component or trend of Y(X), which is

defined

Y(X) = E[YY(X)] [10-15]

and assumed to be known.
In a first- order theory, the fluctuation components
Y(X), or a random field is determined by the following

statistical moments

E{Y(X)} =0 [10-16]
E{Y?(X)} = 0*(X)E{€*(X)} [10-17]
E{Y(X;)Y(X;) } = R(X,,X)) [10-18]

where o is the standard deviation (SD) and R(X,,X,) the

autocovariance function.
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For a statistical homogeneous field,

o?(X) = o’ = constant [10-19]
R(X,,X,) = R(X, = X;) = o%p(X, - X;) [10-20]

where p(X, - X;) is the autocorrelation function (A.C.F).

For a homogeneous and isotropic field,

P(X, - X)) =p(| (X, - X)) |] = p(x) (10-21]
or

p(r) = C(r)/C(0) =1 - g(r)/c(0) [10-22]

where C(r) and g(r) are covariance and variogram functions,
respectively.
Numerical Simulation

Soil deposits with spatial variability structures
above (Eq. 10-11 to 10~-13) will be identified by a standard
deviation o and a characteristic length, B. The finite
difference approximation of the Laplace operator Y for 2-D
case are following:

For an internal point (cell) i,
VY = 4 (Y + Y+ Yy + Yin) /4 - Y1/R2 (10-23]
For a corner point, for example, the lower left corner

VY = 4[(Y, + Yin) /2 - Y, ]/0 [10-24)
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For a cell i on the boundary, for example, the bottom boundary

VY = 40(Yy + Yy + Vi) /3 - Y)/H [(1C~25]

where h is the size of cells, N is the number of columns. 1In
a similar way,.the Laplace operator for 1-D and 3-D can be
‘approximated.

The numerical approximation of Eqg. 10-7 becomes
i’ j = l, 2' ey N [10—26]

where N is the number of total cells, d the dimension, d = 1,

2, 3. H; is a N x N matrix with elements

H; = 0 if cell i and j are not neighbors or when i = j;

= 1/k if the cell j is neighbor of i [10-27]

k can be 1 and 2 for 1-D, depending on whether the point i is
located at an end point or inside of region which is being
modeled; 2, 3 and 4 for 2-D, depending on whether the cell i
is located at a corner, on the boundary or inside of the
region; 3, 4, 5, and 6 for 3-D, depending on whether the cell
i is located at a corner, along an edge, on a surface or

inside of the region. The value of a is by

a = 2d/[2d + (h/B)?)] [10-28)
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In Eq. 10-26, the only unknown parameter is u, which can be
chosen so that the solution satisfies Egq. 10~17.

The procedure to simulate a random field follows:

1. Specify B, input parameters o¢?, h and the numbers
of rows and columns, as well as an error bound for solving the
linear equations.

2. Calculate a by Eg. 10-28.

3. Calculate H; by Eq. 10-27.

4. Generate random numbers ¢;,, by a normal random
number generator (i = 1, ..., N), and calculate E{€?(X)} from
the generated random numbers.

5. Specify a u

6. Solve the linear equations, Eq. 10-26, by Gauss-

Seidel iteration. A criterion for convergence can be

¥t - Y| < an error bound

i=1,2, ..., N [10-29)

where k denotes the kth iteration.

7. Calculate E(Y?(X)) and compare with o?E{e€?(X)}. If
E(Y?(X)) is close enough to d’E{e€?*(X)}, that is, Y(X) satisfies
Eq. 10-10, the final results are obtained, otherwise, specify
another p, go to step 6 and repeat the calculations. A PASCAL
program DSIM123.PAS is listed in Appendix H which performs

non-conditional simulations in 1, 2, and 3 - D random fields.
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Following the above procedures, we simulated a 2-D

random field on a 100 x 100 grid. The point on side of the
grid is 1 unit frém the next. Four simulations have been
carried out to verify the procedure. A randomly chosen B is
used for each simulation. Fig 10-1A - D show the comparisons
between theoretical covariances and covariances calculated
from the simulations with B = 2.387, 3.182, 5.64 and 6.366,
respectively. 1In these graphs, units of range and distance
are the same as that of the side of grids, for instance, if
the unit of the side is cm, units of range and distance are
cm, also. The simulated results fit the theoretical models
very well, and the simulated mean values are close to zero,
which indicate the procedures give reliable simulated results.
The comparison between the simulated covariance and the
theoretical one for 3-D (8 = 3, o2 =2, 30 x 30 x 30 simulated
points) are shown in Fig. 10-2. Some simulated results of 1-D
fields are shown in Table 10-1, with different B’s and o¢? as
inputs. However, following discussion is primarily for 2-D.
We carried out another 3 simulations, keeping the

ratio of 8/h unchanged. We used the same set of random
numbers for each of the 3 simulations. Therefore, the only
difference in the simulation equations 10-26 is h. The

results of the 3 simulations are essentially identical,
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Table 10-1.

Simulated covariance compared with theoretical covariance C(r)
for 2 1-D simulations.

simulation 1 simulation 2
(B =5, > = 2) (B =5, ¢>=3.5)

r sim. C(r) theo. C(r) sim. C(r) theo. C(rx)
0.00 2.008 2.000 3.515 3.500
1.50 1.912 1.926 3.348 3.371
3.00 1.721 1.756 3.013 3.073
4.50 1.478 1.545 2.588 2.704
6.00 1.229 1.325 2.152 2.319
7.50 0.999 1.116 1.750 1.952
9.00 0.796 0.926 1.394 1.620

which indicates that within the range of acceptable h values,
the changes of h do not affect simulations significantly. The
results may imply that the simulations are a function of «
only, if a set of random numbers is fixed.

The effect of a is further tested. Keeping h = 0.1,
values of B are chosen randomly to be 0.239, 0.359, 0.430,
0.477, 1.194, 2.387. From each 10000 simulated points of the
6 simulations with a spherical model, the calculated means are
shown in Table 10-2, and some of the calculated covariances
compared with the theoretical ones in Fig. 10-3A to D. As «
increases, the accuracy of the simulations decreases. The
absolute values of the means, which should be close to zero,
increase almost directly proportional to the 8. The B/h

should be chosen less than 5, in order to obtain acceptable
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results.

Using the nearest neighbor method for stochastic
analysis, Smith and Freeze (1979) observed that as the extent
of the conductivity contrast between neighboring blocks was
.increased (i.e. larger o,), the solution failed to converge.
The behavior limited the size of the standard deviation in
conductivity that could be considered. The largest value of
o, utilized in their study was 0.91. Here we also check the
effect of ¢ in simulations by our procedures. In Eg. 10-17,
the standard deviation (SD) o is chosen as 0.1, 0.5, 1, 2, 5,
10, and 20. With B = 2.387 and h = 1, we simulated 100 x 100
points for each of the 7 different o values. Among the
simulations, the same set of random numbers was used. Means
and covariances are calculated from the simulated data sets.
Some of the covariance results are shown in Fig. 10-4. The
covariance values are standardized, that is, the convariance
results of each simulation were divided by a respective o2
used in the simulation. The graphs indicate that the values
of o do not affect the relative or standardized covariance (or
variogram) values. However, values of o do affect simulated
means. Table 10-3 shows the relationship between ¢ and
simulated means. It is clear that the absolute mean values
are linear function of o’s. However, the procedures still

work with large o if different sets of random numbers are
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chosen, that is, the simulated mean can be close to zero.
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Table 10-2.

The calculated means of simulations (h = 0.1).

8 8/h a mean
0.239 2.39 0.958 -0.0519
0.359 3.59 0.981 -0.0778
0.430 4.30 0.987 -0.0933
0.477 4.77 0.989 -0.1038
1.194 11.94 0.998 ~0.2674
2.387 23.87 0.9996 ~0.4863

Table 10-3.

The relationship between mean and o.

a mean

-0.0051
-0.0259
~0.0519
-0.1038
-0.2598
-0.5197
-1.0394

oo0oooukr

Comparison with Other Simulation Methods
In comparing DSIM with Baker’s (1984) method, the
advantage of DSIM is that the inverse of the coefficient
matrix of the linear equations is not needed. Because the
inverse is usually a full matrix, inversion is limited by
computer memory and time constraints. The largest matrix we
can invert on a PC is about 250 by 250, corresponding to a

maximum number of points (or cells) simulated of about 250 by
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Baker'’s procedures. In order to simulate 6000 points, for
example, we have to invert a 6000 by 6000 matrix. It would be
impractical, even on a mainframe.

Since the coefficient matrix of the linear equations
is a sparse one, the Gauss Seidel method is a very efficient
way to solve the equations. We set the error bound in step 6
above as 1x10* and did not have any convergence problems.

We simulated a random field with 10 x 10 points of
interval 1 by the two methods discussed above, Baker’s and the
new method (DSIM), using the same characteristic length (8 =
2.387). The averaged covariances of 10, 100, 1000 simulations
are presented in Fig. 10-5 A and B for Baker’s method and
DISM, respectively. As the number of simulations increase,
the simulated covariance by DSIM approaches the theoretical
one. DSIM gives better simulated results than Baker’s in
terms ergodic properties.

Using the Turning Bands method (TBM) (Mantoglou and
Wilson, 1982), we simulated a random field with the same size
and variogram as the above and calculated averaged covariances
of 10, 100, 1000 realizations. Comparing the results with
those in Fig. 10-5B shows that both DSIM and TBM satisfy the
ergodic property quite well. In Table 10-24, theoretical
covariances (B = 2.5) are compared with those from simulated

results of 100 x 100 points (interval 1) by TBM and DSIM.
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Results of two realizations chosen randomly for each methods
indicate that DSIM consistently gives better results than TBM.
Furthermore, the relative cost (measured in CPU time on a VAX

system) of DSIM is less than half of TBM. The simulated mean

is close to zero for both methods.

Table 10-4.

The comparison of covariance and mean between DSIM and TBM
for two simulations with 8 = 2.5,

h theo. cov. DSIM TBM
1 2 1 2

0.00 1.000 0.996 0.990 1.110 0.829
1.00 0.874 0.844 0.844 0.991 0.707
2.16 0.662 0.628 0.634 0.776 0.514
3.61 0.435 0.408 0.415 0.541 0.333
4.47 0.332 0.310 0.321 0.441 0.277
5.48 0.239 0.229 0.238 0.336 0.228
6.47 0.171 0.169 0.175 0.242 0.180
7.45 0.123 0.119 0.130 0.192 0.137
8.56 0.083 0.099 0.091 0.099 0.115
9.46 0.060 0.077 0.072 0.079 0.091
simulated mean: ~0.054 -0.012 0.045 0.060

Conditional Simulation
Based on experimental variograms and some Kknown
values, conditional simulations can be carried out. In the
simulation procedure discussed above (DSIM) this is done
simply by introducing the known values of Y; into Eq. 10-26 and
reducing the rank of the system of equations from N to N - M

(Baker, 1984), where M the data points used for conditioning.
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A Pascal program, DSIMCON.PAS, is listed in Appendix I for
conditional simulations in 2 - D random fields.
Soil Water Soil water data at 5 cm were collected on June 12,
1988 in the Maricopa Agricultural Center during an satellite
overflight. Sampling points include 45 fixed points on a 100
X 100 m grid, and an additional 46 "random" points (see
Chapter 2 for detail). The variogram'of the so0il water

content can be modeled as following
g(h) = 32[1 - (h/120)K;(h/120)] [10-30]

which is shown in Fig. 10-6.

:- Using the variogram in Eq. 10-30 and the 45 data at
fixed points, a conditional simulation of water content is
performed at 61 x 13 points on a 25 x 25 m grid. The random
field is simulated with mean 2zero and with the spatial
structure. Then the sample mean value is added to each point.
Results shows that the simulated mean (9.04) is very close to
the sample mean (9.0). The contour map of water content from
the simulated output is shown in Fig. 10-7A, which has a
similar pattern as that of Fig. 10-7B was constructed from the
total 91 data points.

Reflectance of Soil Field data collected by satellites or
airplanes is relatively cheap and rapidly obtained. However,

due to the coarse resolution, often we do not have information
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in smaller areas.

By applying the relationship between indexes of soil
heterogeneity and pixel sizes, as well as conditional
simulation, we may estimate soil parameters of smaller pixels,
such as reflectances, in a field based on satellite or
airplane data sets and some ground measurements. The work can
be done by 3 steps. First, using satellite or airplane data,
we can calculate variogram models. Next, the model may be
transformed to the ground with smaller pixel sizes. Lastly,
using ground measurements and the transformed variogram
models, we can carry out conditional simulations to obtain
information of the field with desired pixel sizes. The
following example describes this method.

A satellite data set was collected for Field 27 of
Maricopa in Agricultural Canter on June 13, 1987 (refer to
Chapter 2). In the field, digital values for a total of 9804
10 x 10 m pixels were recorded. The digital values are close
to 300 times reflectance values of green or red bands. On the
same day and in the same field, ground measurements were taken
by personnel of the U.5. Water Conservation Lab in Phoenix.
They ran 2 instruments over a "Spot" target of 80 x 320 m,
Spot Exotech (SP) in E-W direction, TM Exotech (TM) in S-N
direction. Both were run in 4 x 4 pixel sections. There werc
20 m between measurements and total 64 readings of each run.

For this calculation, we took 784 pixels among the
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9804 pixels, which cover the spot target. We have 64

reflectances of green band of SP collected on ground, which
are used as conditioning.

Using the 784 satellite digital values, we obtained

the following variogram model
g(h) = 0.7 + 5.5[1 -(h/12.5)K,(h/12.5)) [10-31]

where h is the number of lags with each lag of 10 m. The
model is shown in Fig. 10-8. From the data, we calculated a
index of soil heterogeneity of the field, b value, and
variance, which are 0.26 and 6.95, respectively. The
reflectances of green band of SP were used to calculate the
variogram, but there is no spatial structure due to the
limited data points on the ground. Therefore, a transformed
variogram from Eq. 10-31 was used to conditionally simulate
the field on small pixels.

To simulate the field with 2.5 x 2.5 m pixels, the
transformed variogram model should be of the same form as Eq.
10-31 with sill 6.95 x 16®> = 14.29 (b = 0.26). Here we
ignore the nugget effect.

Using the transformed variogram model and SP ground
data, a conditional simulation was carried out in the spot
target. The simulation included 33 rows and 129 columns, 4257

pixels of 2.5 x 2.5 m in all. The simulated results are shown
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as a contour map as Fig. 10-9. From the contour map, it can be
seen that in general, the reflectance values decrease from
south to north and the highest value is at middle of the south
side.

When interpreting the above results, we should
consider the following factors, which affect the accuracy of
estimations. The relationship of indexes of soil
heterogeneity vs. pixel sizes should be applied in cases where
sample means are the same for different pixel sizes. However,
in this example, the mean of the satellite data is 57, while
the mean of ground data, which are transformed to digital
values, is 42.

Among the total 4257 simulated pixels, unsampled
pixels are 4193. Sampled pixels are only 1.5 percentage of
the total pixels.

The measured area of each sampled pixel is a circle
with diameter about 0.5 m. In our simulations, we took each
sample of a smaller area to represent a measurement of a 2.5

X 2.5 m pixel.
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Chapter 11

SUMMARY AND RECOMMENDATIONS

In previous chapters, sample volume or sample support
problems have been studied with block kriging, variograms and
statistical methods. "Missing data" or undersampling problems
have been dealt with by cokriging, pseudo-cokriging and time
invariant relationships. Simulation methods have been
discussed and developed. From these studies, conclusions and
recommendations are as follows.

Conclusions

Block Kkriging was used to estimate crop yields and
infiltration rates on a larger scale from smaller scale or
point data. It was found that results of block kriging depend
on block size, sample scheme, sample density and sample
locations.

Based on geostatistics methods, results were compared
with the classical relationship developed by Smith in 1938,
The results establish a firm theoretical basis of variance
within a finite domain as a function of sample support size.
Relationship between relative cost and plot size was given for
the variogram models.

For general non-isotropic fields, indexes of soil
heterogeneity were derived, based on 20 data sets, including

data of yield of different crops, infiltration rates and
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remote sensing data. With the indexes, previous contradictory
conclusions on the effect of plot shapes may be explained, and
optimal sample size and shape can be determined to reduce
sample variance.

Surface water content and texture were utilized in
cokriging to predict water content and water retained at 1.5
MPa at the 25 cm depth. For the estimation of water content
at 25 cm, relative reductions of kriging variances up to 40%,
55%, 75% and 80% were obtained by cokriging with surface
water, surface clay, surface sand, and both surface water as
well as sand, respectively. The reduction of the mean squared
error ranged from -9.8% to 62.5%, which indicated that
cokriging with clay or sand reduces the estimation error
significantly. In this example, the additional information of
water at the surface actually increased the estimated error,
although this was believed to be insignificant.

For the estimation of water retained at 1.5 MPa at 25
cm, the relative reduction of kriging variances was as high as
95% by cokriging with surface sand and 85% with surface clay.
Different data densities for the water retained were also
tested. 1In all cases, cokriging with sand reduced the sum of
sqguares error by at least 60%. The results confirm that by
cokriging, relatively low data density of the primary variable
may still give estimates of the variable with small estimation

errors. Inverse distance weighting gave results close to or



229
even better than kriging for these cases.

With 73 texture data and 293 spectral data, cokriging
reduces MSE 18% and 33%, and reduces kriging variance up to
50% and 90% for estimations of sand and clay, respectively,
compared with kriging. For different data densities,
cokriging gives a higher correlation coefficient and lower
mean squared error between estimates and measurements than
kriging.

Cokriging was also used for temporal variables and
compared with time invariant relationship. 1If variables at
different time periods were highly related, the two methods
gave nearly the same results, however, cokriging works for
more general situations.

Pseudo-cross variograms and cokriging were utilized to
predict NO, with EC or Ca. The improvement by cokriging is
about 10% or more. With low sample density of primary
variable, while standard methods could not be used to
calculate cross variograms, it was still possible to compute
pseudo-cross variograms and to utilize information of
auxiliary variables to improve estimations of the primary
variable.

Several simulation methods were studied. Choice of a
simulation method may depend on requirements of simulations,

such as, variogram model, dimensions, total simulated points
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(or cells), accufacy, and time, also depend on computation
environment, such as, computer memory. A simulation procedure
(DSIM) was developed and compared with other simulation
methods, such as Turning Bands Method. The procedure provided
more accurate simulated results with less time for specified
variograms. Conditional simulation was adopted to simulate

random fields of soil water and reflectance.

Recommendations for Further Research

During the derivation of indexes of soil
heterogeneity, effect of plot shapes of an isotropic field was
ignored. There is a need to investigate the
interrelationships between non-isotropic feature and plot
shapes.

More work is needed to cokriging with non-symmetric
pseudo-cross variograms. There is also a need to change the
symmetric matrix of covariance to a non-symmetric matrix of
variograms in a cokriging precgram. The idea of pseudo-cross
variograms may be used for temporal variables.

An area of further research would be to find more and
efficient methods for variogram transformations. The
transformation of variogram with large pixels to that with
small pixels in Chapter 10 need further study, especially the
determination of ranges.

The proposed simulation procedure is limited to one
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variogram model for each dimension. Additional effort is

necessary to .2xtend the method for different models.
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Appendix A. Maricopa Data Sets (Field 28 gravimetric
sampling).

% MC (g9/9)
Site Depth ay 31 June 12
1 0-5 3.7 13.8
1 10 15.5 19.5
1 25 16.4 17.2
2 0-5 6.7 18.6
2 10 16.9 22.6
2 25 20.8 21.9
3 0~-5 4.6 23.9
3 10 17.2 25.5
3 25 20.7 24.6
4 0-5 2.9 15.8
4 10 14.1 19.3
4 25 17.9 18.0
) 0-5 3.7 20.1
5 10 16.1 24.0
5 25 21.3 23.6
6 0-5 4.9 24 .4
6 10 18.1 23.6
6 25 21.6 24.5
7 0-5 4.0 17.0
7 10 16.4 20.2
7 25 18.0 19.6
8 0-5 3.0 23.3
8 10 17.1 23.6
8 25 20.7 24.1
9 0-5 4.4 24.0
9 10 20.5 24.9
9 25 19.6 24.2
10 0-5 3.9 12.7
10 10 15.9 19.8
10 25 18.1 20.9
11 0-5 6.9 1l6.9
11 10 13.8 23.7
11 25 22.8 26.3
12 0-5 8.2 24.9
12 10 16.2 25.9
12 25 23.2 24.1
13 0-5 2.5 4.6
13 10 10.7 14.5
13 25 12.3 14.2
14 0-5 3.5 8.8
14 10 11.4 18.3
14 25 15.5 18.8
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Appedix A. (continue)

% MC (g9/9)

Site Depth May 31 June 12
45 0-5 4.0 4.4
45 10 11.0 14.8
45 25 15.5 15.1
46 0-5 11.2
46 10 17.8
46 25 18.9
47 0-5 19.6
47 10 24.1
47 25 24.2
48 0-5 17.8
48 10 23.5
48 25 22.8
49 0-5 9.7
49 10 17.7
49 25 20.0
50 0-5 14.4
50 10 23.0
50 25 20.4
51 0-5 16.4
51 10 20.8
51 25 19.7
52 0-5 M
52 10 19.4
52 25 18.3
53 0-5 10.9
53 10 17.8
53 25 19.9
54 0-5 10.8
54 10 20.3
54 25 22.2
55 0-5 17.5
55 10 24.8
55 25 23.5
56 0-5 21.7
56 10 22.7
56 25 22.7
57 0-5 7.4
57 10 17.6
57 25 19.0
58 0-5 11.2
58 10 16.1
58 25 15.4
59 0-5 12.8
59 10 22.0

59 25 23.2



Appedix A. (continue)

% MC (g/9)

Site Depth May 31 June 12
60 0-5 11.3
60 10 23.1
60 25 20.2
61 0-5 10.1
61 10 18.7
61 25 21.4
62 0-5 11.3
62 10 18.7
62 25 19.2
63 0-5 M

63 10 15.0
63 25 17.4
64 0-5 6.9
64 10 15.0
64 25 16.0
65 0-5 7.1
65 10 16.3
65 25 14.0
66 0-5 8.0
66 10 15.2
66 25 17.1
67 0-5 5.3
67 10 12.7
67 25 13.3
68 0-5 5.7
68 10 12.2
68 25 13.2
69 0-5 7.4
69 10 18.4
69 25 19.8
70 0-5 8.0
70 10 20.6
70 25 19.9
71 0-5 4.6
71 10 18.1
71 25 19.0
72 0-5 7.5
72 10 17.6
72 25 19.9
73 0-5 5.6
73 10 18.7
73 25 19.6
74 0-5 6.1
74 10 17.6

74 25 18.5

237
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Appedix A. (continue)

% MC (g9/9)
Site Depth May 31 June 12
75 0-5 5.9
75 10 18.7
75 25 20.0
76 0-5 ‘5.2
76 10 18.2
76 25 21.0
77 0-5 6.4
77 10 18.1
77 25 21.4
78 0-5 4.6
78 10 17.7
78 25 17.8
79 0-5 5.3
79 10 18.3
79 25 20.1
80 0-5 6.0
80 10 17.3
80 25 19.3
81 0-5 5.7
81 10 16.7
81 25 18.7
82 0-5 4.3
82 10 15.3
82 25 16.5
83 0-5 4.8
83 10 17.0
83 25 19.9
84 0-5 4.3
84 10 16.6
84 25 16.8
85 0-5 4.1
85 10 16.1
85 25 15.6
86 0-5 8.1
86 10 18.2
86 25 19.8
87 0-5 6.1
87 10 17.4
87 25 17.9
88 0-5 3.9
88 10 17.0
88 25 18.8
89 0-5 3.3
89 10 15.5
89 25 17.5
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Appedix A. (continue)

% MC (g/9)
Site Depth May 31 June_ 12
90 0-5 3.4
90 10 16.9
90 25 19.1
91 0-5 4.4
91 10 14.7
91 25 17.2

Notes: M = missing data
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Appendix B. Marana Data Sets:

Marana Strategy Project Summary Data File: texture

Site Field Coor. Gravel Sand Silt Clay
x (m) y (m) (%) (%) %) (%)

1 100 80 0.90 35.2 27.9 36.9
2 100 180 3.19 35.2 25.8 39.0
3 100 280 1.63 37.7 24.5 37.7
4 100 380 2.41 48,4 27.4 241
5 1006 480 4. 75 62.7 22.8 14.5
6 100 580 7.25 67.9 19.3 12.8
7 100 680 7.4 66.4 19.6 14.1
8 100 780 7.37 64.0 19.4 16.6
9 100 880 3.83 60.4 20.9 18.6
10 100 980 3.08 54.6 23.4 22.0
11 200 80 1.95 34.6 28.9 36.4
12 200 180 1.61 33,9 27.1 39.0
13 200 280 2.83 48.4 23.6 27.9
14 200 380 3.08 55.3 23.1 21.6
15 200 480 5.18 62.7 21.6 15.7
16 200 580 6.27 62.7 21.6 15.7
17 200 680 4.28 61.7 20.9 17.4
18 200 780 3.50 62.0 19.8 18.2
19 200 880 3.55 49.2 25.0 25.8
20 200 980 3,97 50.1 24.5 25.4
21 301 80 1.22 32.6 27.4 39.9
22 301 180 1.86 32.1 28.0 39.9
23 300 280 2.36 50.1 23.2 26.7
24 300 380 2.82 55.3 21.0 23.7
25 300 480 3.62 55.3 21.9 22.9
26 300 580 7.51 65.6 18.3 16.1
27 300 680 4,88 63.0 18.8 18.2
28 300 780 3.48 56.8 20.9 22.3
29 300 880 3.06 43.9 25.3 30.8
30 300 980 3.19  45.2 28.7 26.1
31 345 625 2.17 49.0 20.2 30.8
32 355 485 5.54 50.3 24.0 25.7
33 360 440 2.20 51.0 24.0 25.1
34 400 80 1.41  29.7 29.3 41.0
35 400 180 1.78 32.8 27.5 39.7
36 400 280 2.22 33.5 25.0 41.4
37 400 380 1.74 34.8 28.9 36.3
38 400 480 4.26 49.0 24.9 26.1
39 400 580 1.64 46.5 19.4 34.2
40 400 680 6.64 61.9 18.7 19.4
41 400 780 3.35 56.8 14.1 29.1
42 400 880 9.74  54.2 21.3 245
43 400 980 4,11 47.7  25.7 26.6
44 405 430 1.99 43.9 27.9 28.2
45 410 515 2.91 47.7 2.4 27.8
46 445 485 2.92 45.2 27.5 27.4
47 445 610 3.40 52.9 21.8 25.3
48 460 330 2.46 33.5 28.4 38.0
49 470 360 2.76 34.8 29.7 35,5
50 475 455 1.81 43.0 30.1 26.9
51 485 525 2.76 46.8 27.6 25.6
52 500 80 1.46 31,5 33.9 34,6
53 500 180 2.63 32.0 31.3 36.7
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Appendix B. (continue)

Site Field Coor. Gravel Sand Silt Clay
X (m) y (m) (%) (%) (%) (%)
S4 500 280 2.06 36.2 28.4 35.4
55 500 380 1.49 40.0 30.5 29.5
56 500 480 2.79 47.8 29.2 23.0
57 500 580 3.66 52.9 24.0 23.1
58 500 680 4,98 58,2 25.9 15.9
59 500 780 3.68 47.8 23.6 28.6
60 500 880 4.76 51.6 24.0 24.4
61 500 980 3.49 4B.1  25.8 26.1
62 520 445 2.75 46.5 30.5 23.0
63 520 550 4.62 54,2 24.8 21.0
64 530 665 5.76 61.9 22.1 16.0
65 550 425 3.15 47.8 27.0 25.2
66 565 295 1.79 40.0 28.4 31.6
67 570 600 5.09 50.3 26.1 23.5
68 590 535 2.7 49.7 26.6 23.7
69 602 80 1.31 37,4 29.7 32.9
70 602 180 1.55 33.6 32.3 34.1
71 602 280 1.75 36.2 28.0 35.9
72 602 380 1.35 34.9 28.8 363
73 602 480 1.67 40.0 28.0 32.0
74 602 586 4.26 55.2 23.2 21.7
75 602 680 2.49 47.4 22.9 29.7
76 602 780 3.30 51.7 18.2 30.1
77 602 880 3.53 55.5 14.8 29.7
78 600 980 2.90 45.3 23,7 31.0
79 630 380 1.70 35.8 26.7 37.5
80 635 565 4,18 56.4 21.1 22.5
81 635 690 2.18 50.0 21.5 28.4
82 645 495 0.95 33.2 29.7 37.1
83 650 415 1.23 33.9 28.7 37.5
84 660 720 1.95 47.9 22.4 29.7
85 665 345 1.97 34.5 26,4 39.1
86 665 415 1.6 33.2 29.3 37.5
87 665 455 0.81 33.2 27.2 39.6
88 685 550 3.55 48.3 25.8 25.9
89 700 80 1.96 39.7 30.5 29.8
90 700 180 3.17 34.5 26,7 38.7
91 700 280 1.78 35.8 25.9 38.3
92 700 380 1.60 34.5 28.0 37.5
93 700 480 0.82 35.8 27.5 36.6
94 700 580 4.28 59.0 19.7 21.2
95 700 680 1.83  47.4 23.7 28.9
96 700 780 1.89 46.6 19.9 33.5
97 700 880 3.12 53.0 16.9 30.1
98 700 980 3.1 43,3 25.8 31.0
99 725 540 2.74 50.0 26.6 23.3
100 735 385 1.79 35.8 29.3 34.9
101 800 80 3.53 47.5 29.2 23.3
102 800 180 1.76  33.3 30.1 36.6
103 800 280 1.44 35.8 30.1 34.0
104 800 380 1.33  35.8 29.3 34.9
105 800 480 1.37  39.7 31.6 28.7
106 800 575 5.02 61.3 17.9 20.8
107 800 680 2.14 49.2 22.8 28.0
108 800 780 3.38  46.2 22.0 31.8
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Appendix B. (continue)

Site Field Coor. Gravel Sand Silt Clay
x (m) y (m) (%) (%) (%) (%)
109 800 880 4,79 46.6 21.1 32.2
110 800 980 3.1 41,0 28.0 31.0
111 900 80 2.83 47.5 27.1 25.5
112 900 180 3.08 43.6 29.2 27.2
113 900 280 2.01 37.1 29.3 33.6
114 900 380 1.46 35.8 28.5 35.7
115 900 480 1.51 42.3 29.2 28.5
116 900 580 5.79 56.8 20.3 22.9
117 900 680 3.29 47.5 21.6 31.0
118 900 780 4.15 45.3 22.4 32,2
119 %00 880 3.07 43.6 21.6 34.8

120 900 980 3.10 40.2 27.5 32.3
121 1000 80 5.45 54.0 21.0 25.0
122 1000 180 3.67 48.8 24.9 263
123 1000 280 3.44 36.5 30.0 33.5
126 1000 380 1.77  35.9 29.7 34.4
125 1000 480 2.00 37.2 31.8 31.0
126 1000 580 3.37 52.7 22.3 25.0
127 1000 680 2.81 47.9 22.8 29.2
128 1000 780 3.38  43.7 24,1 3.2
129 1000 880 2.76 44.9 22.9 32.2
2.72

130 1000 980

Marana Strategy Project Summary Data File: chemical analysis (done on 1:1 extracts).

Site Field Coor. pH EC ct NO3 S04 Na Ca Mg

x (m) y (m) (mmh/cm) <--ssecc scem-ecne (mg/l) =---sccscomcuinces connen >

1 100 80 8.00 0.92 52.8 77.5 233.0 95.3 79.6 11.0
2 100 180 8.10 0.98 79.7 56.2 250.0 110.0 76.9 12.5
3 100 280 8.10 0.46 19.7 30.4 80.0 62.1 25.1 4.6
4 100 380 8.10 0.54 22.3 50.8 110.0 66.3 38.9 5.9
5 100 480 8.00 0.76 48.8 117.0 143.0 74.4 67.1 10.6
6 100 580 8.20 0.35 14.5 29.3 45.2 40.0 27.4 4.5
7 100 680 8.20 0.34 13.7 45.9 36.4 40.1 31.4 5.6
8 100 780 8.20 0.32 1.4 21.2 41.2 38.6 25.0 4.2
9 100 880 8.10 0.37 5.7 105.0 22.8 27.5 38.1 5.4
10 100 980 8.00 0.74 12.1 309.0 35.0 30.7 87.3 11.9
11 200 80 8.20 0.63 24.9 81.0 102.0 74.2 47.0 6.6
12 200 180 8.20 0.75 64.3 54.0 144.0 86.2 55.4 8.3
13 200 280 8.20 0.42 14.0 41.1 58.0 51.7 28.9 4.4
14 200 380 8.10 0.62 30.0 80.6 116.0 70.1 46.7 6.9
15 200 480 8.10 0.58 25.9 83.5 101.0 57.7 48.6 6.8
16 200 580 8.20 0.28 8.6 13.1 33.6 37.5 22.5 3.7
17 200 680 8.10 0.61 36.3 92.5 86.5 61.8 50.8 7.7
18 200 780 8.15 0.32 10.7 24.8 38.3 39.4 23.0 3.8
19 200 880 8.10 0.44 7.7 116.0 39.4 52.1 30.2 4.2
20 200 980 8.15 0.30 2.9 68.7 22.9 37.7 18.7 3.4
21 30 80 8.00 1.28 92.6 195.0 261.0 122.0 135.0 17.7
22 301 180 8.20 0.65 32.6 97.1 86.1 72.0 46.8 6.8
23 300 280 8.05 0.58 34.1 45.5 108.0 66.9 40.0 5.5
24 300 380 8.20 0.38 12.5 41.8 56.2 43.8 27.5 4.3
25 300 480 8.10 0.55 21.0 88.8 83.0 54.6 44.0 6.4
26 300 580 8.20 0.37 22.4 22.5 55.9 45.4 31.3 4.8
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Appendix B. (continue)
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Appendix B. (continue)
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Appendix C. Some Geostatistical Software.

A variety of software has been used in the
dissertation for computations. For computing sample
variograms, I usually used GAM2D.BAS, written by Dr. Warrick
in Basic and modified by myself for 3-D (GAM3D.BAS). These
programs are easy to use. The STATPACK package is available,
but its input files are somewhat complex to prepare. I only
used it for cross validation of variograms. GAM.FOR (in
Fortran), written by the geostatistics group (GG) in
Mathematics Department under the leadership of Dr. Myers and
modified by myself, was often used to calculate pseudo-cross
variograms. The program is useful for calculating variograms
of the sum or difference of two variables. I used Dr.
Warrick's K.BAS to carry out block kriging and modified it for
inverse distance hethod. G. Jalkanen's programs VALCOK.FOR
and COKRIG.FOR on the VAX (personal communication with Dr.
Myers) are used for cross validation of variograms as well as
cross variograms, and cokriging as well as Kkriging,
respectively. All simulation pfograms, such as MOVAVG.PAS,
STOKSIM.PAS, TBM.PAS, DSIM123.PAS and DSIMCON.PAS, were
written by myself in Pascal and are listed in the appendix.

The GEO-EAS (Englund and Sparks, 1985) and GEOPACK
(Yates et al., 1989) packages are also available for
geostatistics computations. GEO-EAS may be used for

computations of two-dimensional variogram analysis and
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modeling, cross-validation, 2-D kriging (simple/ordinary
point/block).

GEOPACK may be used to perform variogram calculation
and modeling, ordinary kriging and cokriging, disjunctive
kriging and cokriging, and basic statistics. The package
allows users to include other programs and menus, such as a
graphics menu, data base management system and GEO-EAS, and to

run the programs during a GEOPACK session.
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Appendix D. Methods of Variogram Model Fitting.
I used two methods to obtain variogram models. For
the first, sample variogram values are plotted, and a
theoretical model is fitted by eye. Then cross-validation is
used to adjust parameters of the model. It involves
estimating values at each sampled location in an area by
kriging with the chosen model and the neighboring sample
values (excluding the value of the point being estimated).
The estimates are compared to the original observations in
order to test if the hypothetical variogram model will
accurately reproduce the spatial variability of the sample
observations. The estimated values, associated Xkriging
variance and following statistics are utilized to choose a
better model:
a. kriged average error, which should be close to zero;
b. kriged root mean square error, which should be as small
as possible;
c. mean kriging variance, which should be as small as
possible;
d. mean square error/mean Kkriging variance, or kriged
reduced root mean square error, which should be close to 1;
e. correlation coefficient of estimates and estimated
error, which should be close to zero;
f. correlation coefficient of estimates and actual

observations, which should be close to 1.
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At the same time, the model should fit the sample variogram
reasonably well.

The second method to fit theoretical model is based on
minimizing sum of square error (SS) with pair weighting, that
is,

ss = £ w [g(h) - g*(h)]?
where the weight w' depends on pairs with a class of sample
variogram, g*(h;) is the sample variogram and g(h;) value of
variogram model at distance h,. A variogram model is written
in following form

g(h) = a, + a, £(a;, b))
where a, is the nugget, a, + a, the sill (a, is slope for linear
model), and a; range (a; = 0 for linear model). For values of
the sample variogram and pairs at corresponding distances as
inputs, a program VARCAL.BAS written by myself outputs a;, a,,
a;, and minimum SS, as well as results of linear regression
between sample and modeled variograms, such as intercept (a),
slope (b) and correlation coefficient (r) for each model. The
models include linear, spherical, exponential, Gaussian and
Michaelis-Menton. Then a model is chosen based on the
smallest output SS, a close to zero, b close to 1, and r close

to 1.
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Appendix E. Program MOVAVG.PAS

PROGRAM MOVAVG(INPUT, OUTPUT);

(*** MOVAVG IS A PROGRAM TO USE MOVING AVERAGE METHOD FOR SIMULATIONA OF A
RANDOM FIELD (ONE DEMENSIONS). bbbkl

CONST PI = 3.1415926;
MN = 2000; (MAX. ALLOWED DATA POINTS)
N = 2000;

IC = 20; (NUM. CALCULATED VARIANCES)
MEAN = 0; SD = 1; (THERETICAL MEAN AND VARIANCE}

TYPE  MAT = ARRAY[O..MN] OF REAL;

MAT1 = ARRAY[0..2500] OF REAL;
MAT2 = ARRAY[0..200] OF REAL;
MATT = ARRAY([0..25] OF REAL;

STR = STRING[15];

VAR AR,B,MV,VARI :REAL;
1,J,K,MODL,NX: INTEGER;
25,X:*MAT;

T:"MAT1;
F:MAT2;
COV,R,CO:MATT;
FVITEXT;
FL:STR;

(*** choose variogram models ***)
procedure chose_modl(var modl:integer);

BEGIN
WRITELN(' CHOOSE THE COVARIENCE MODELS FOR THE SIMULATION:!);
WRITELN;
WRITELN(' 1. SPHERICAL');
WRITELN;
WRITELN(' 2. EXPONENTIAL');
WRITELN;
WRITELNC' 3. GAUSSIAN');
WRITELN;
WRITELN(® GIVE YOUR CHOICE (1 TO 3):');
READLN(MODL);
WRITELNC' GIVE THE CORRELATION LENGTH:');
READLNCAR);
END;

(*** cal. mean and covariance ***)
PROCEDURE COVAR;
VAR H1,CS:REAL;
1P, I1: INTEGER;
LABEL 20;
BEGIN
MV:=0;VARI :=0; (* cal. mean and variance *)
FOR J:=1 TO N DO
BEGIN
MV:=MV+2SA[J);
XA [J] :=NX*B*(J-1);
END;
MV:=MV/N;
FOR 1:=1 TO N DO
VARI :=VARI+SQR(2S” [1]-MEAN);
VAR] :=VARI/N;
WRITELN('MEAN',MV,' ' *VAR',VARI);
1F MODL=1 THEN CS:=1.1*AR/IC (* cal. covariance *)
ELSE
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CS:=1.2*AR/IC;
FOR J:=1 TO IC+1 DO
BEGIN
R[J):=0;C0VIJ) :=0;CO{J) :=0;
END;
FOR IP:=1 TO N-1 DO
BEGIN
FOR 11:=1P+1 TO N DO
BEGIN
H1:=SQR(X*LIP1-X"[111);
H1:=SQRT(H1);
1:=TRUNC(H1/CS+0.5)+1;
IF 1>IC THEN GOTO 20;
COL11:=COCII+1;R{I):=R[I1+H1;
COV[1):=COV[IY+(ZS* [IP])-MEAN)*(2S"[11]-MEAN);
20:END;
END;
FOR J:=2 YO IC+1 DO
BEGIN
IF CO[J1>0 THEN
BEGIN
COV[J}:=COV[J1/COLJI;RIJI:=RIJII/COLII;
END;
END;
R{13:=0;COV[1) :=VARI;
END; (*COVARIANCE*)

PROCEDURE SIMULATION;
VAR CV,U:REAL;
R1,KK:INTEGER;
BEGIN
R1:=20;
NX:=4; (** NUMBER OF RANDOM VALUES IN AN U INTERVAL **)
B:=AR/(2*R1);
CASE MODL OF
1:BEGIN CV:=SQRT(12*AR/(2.05*R1));FOR I:=1 TO NX*N+2*R1 DO
TA[11:=CV*(RANDOM-0.5);END;
2:BEGIN CV:=SQRT(12*AR/(1.8*R1));FOR 1:=1 TO NX*N+8*R1 DO
TAL1] :=CV*(RANDOM-0.5);END;
3:BEGIN CV:=SQRT(12*AR*AR*AR*AR/(18.1*R1));FOR 1:=1 TO NX*N+8*R1 DO
T~[1]:=CV*(RANDOM-0.5);END;
END;
FOR 1:=1 TO 8*R1+1 DO
FL1):=0;
CASE MODL OF
1:BEGIN FOR 1:=1 TO 2*R1+1 DO
BEGIN
:=(1-R1-1)*B;
IF (U>-0.5*AR) OR (U=-0.5%AR) AND (U<0.5*AR) OR (U=0.5%AR) THEN
F[1]:=SQRT(12*SD/EXP(3*LN(AR)))*U
ELSE
FLI13:=0;END;END;
2:BEGIN FOR [:=1 TO 8*R1+1 DO
BEGIN
U:=(1-4*R1-1)*8;
IF (U>0) OR (U=0) THEN
FL13:=2*SQRT(SD/AR)I*(1-U/ARY*EXP(-U/AR);
END;END;
3:BEGIN FOR I:=1 TO 8*R1+1 DO
BEGIN
U:=(1-4*R1-1)*B;
FLI]:=16*SD/(EXP(3*LNCAR))*SQRT(P1))*UYEXP(-2*SAR(U/AR));
END;END;
END;
FOR 1:=1 TO N DO
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BEGIN

KK:=0;

CASE MODL OF

1:BEGIN 2S~[1]:=0;FOR K:=NX*(1-1)+1 TO 2*R1+NX*(1-1)+1 DO
BEGIN
KK:=KK+1;
2S”[11:=2S~ [11+T* {1+K-11*F [KK] ;END;END;

2:BEGIN 25~[I1:=0;FOR K:=NX*(I-1)+1 TO B8*R1+NX*(I1-1)+1 DO
BEGIN
KK:=KK+1;
287 [1):=2S" [11+T~ [I+K-1)*F [KK];END;END;

3:BEGIN ZS*[11:=0;FOR K:=NX*(I-1)+1 TO 8*R1+NX*(I-1)+1 DO

BEGIN
KK:=KK+1;
287 [11:=28"(1)+T"[1+K-1)*F [KK] ;END;END;
END;END;
COVAR;
END;

(*** cal. theoretical covariances and print out results ***)
procedure prn_results;
var d,e:real;
model:str;
label 105;
BEGIN
ASSIGN(FV, 'GAUS ') ;REWRITE(FV);
WRITELN(FV);
CASE MODL OF
1:MODEL :="SPHERICAL ' ; 2:MODEL :='EXPONENTIAL!;
3:MODEL:="GAUSSIAN' ;END;
WRITELN(FV,'MODEL: *,MODEL,' CORRELATION LENGHT: *,AR:6:3);
(* WRITELNCFV);
WRITELN(FV,' X L Y 1, YSIMULATED VALUES');
WRITELN(FV);
FOR J:=1 TO N DO
BEGIN
2S* [J] :=MEAN+25"[J);
WRITELNCFV,X"[J):8:4,! 1,25 [J):8:4);
WRITELN(X"[J]:8:4,25"[J]):8:4);
END;
WRITELNCFV); *)
WRITELN(FV, 'MEAN: ', MV:8:4);
WRITELN(FV, *R!,? ', 'COVARNC',* ', 'THEORETICAL COV');
FOR J:=1 TO IC DO
BEGIN
CASE MOOL OF
1:BEGIN IF R[JI/AR>1 THEN E:=0
ELSE
IF R[J1/AR>0 THEM
E:=(1-3*R{J1/AR+2*EXP(3*LN(R[J1/AR)))
ELSE E:=1;goto 105;END;
2:E:=(1-RIJI/ARY*EXP(-R[JI/AR);
3:E:=(1-2*SQR(R[J]/AR) Y*EXP(-SQR(R[J1/AR));
END;
105: WRITELN(FV,R[J]:8:4,° ',SD*COV[J]:8:4," ', SD*E:8:4);
END;
CLOSE(FV);
END;

(*** MAIN PROGRAM ***)
BEGIN
NEW(X);NEW(ZS);NEW(T);
CHOSE_MODL (MODL);
RANDOMIZE;
SIMULATION;
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PRN_RESULTS;
END.



Appendix F. Program STOKSIM.PAS

PROGRAM STOKSIM (INPUT, OUTPUT);

(*** THIS PROGRAM IS TO SIMULATE STOCHASTIC PROCESSES.
SEE FUDAN UNIVERSITY <<PROPOBILITY THEORY:STOCHASTIC PROCESSES>>

CONST N = 100; (TOTAL SIMULATED POINTS, ON PC N <= 250)
NN =251;
DT = 0.1; {INTERVAL BETWEEN POINTS)
IC = 20; (NUM. CALCULATED VARIANCES)
MEAN = 0; SD = 1; (THERETICAL MEAN AND VARIANCE)

TYPE  MAT = ARRAY[0..N) OF REAL;
MAT1 = ARRAY[1..NN] OF REAL;
MATT = ARRAY[0..50] OF REAL;
STR = STRING[15];
MATR = ARRAY[1..250] OF ~MAT;

VAR AR,B,BEDA,MV,VARI, TEMP:REAL;
1,J,K,NB,MODL: INTEGER;
25,2S1,X:"MAT;

SI:"MATY;
COV,R,CO:MATT;
C:MATR;
FV:TEXT;
FL:STR;

(** random number generator: normal distr. N(mean,variance) *¥)
function normlrnd(mean, vari:real):real;
var randa, randb, top:real;
const pi=3.1415926;
begin
top:=2*pi;
randa:=random;
randb:=random;
(* normirnd:=sqrt(-2*In(randa))*cos(top*randb); OR*)
normlrnd:=sqrt(-2*in(randa))*sin(top*randb);
end;

(*** choose variogram models %*¥%¥)
procedure chose_modl(var modl:integer);

LABEL 10;

BEGIN
WRITELNC' CHOOSE THE COVARIENCE MODELS FOR THE SIMULATION:');
WRITELN;
WRITELNC' 1. EXPONENTIAL');
WRITELN;
WRITELNC' 2. EXPONENTIAL WITH HOLE');
WRITELN;
WRITELN(' 3. SPHERICAL');
WRITELN;
WRITELN(' 4. MICHAELIS-MENTON');
WRITELN;
WRITELNC' GIVE YOUR CHOICE (1 OR 4):');
READLN(MODL);
WRITELN(* GIVE THE CORRELATION LENGTH:');
READLN(AR);

IF (MODL=1) OR (MODL=3) OR (MODL=4) THEN GOTO 10;
WRITELN(' GIVE THE PARAMETER OF HOLE EFFECT:');
READLN(BEDA);
10:WRITELN(' GIVE A NAME OF OUTPUT FILE:!');
READLN(FL);

END;

i*iﬁi)
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(*** cal. mean and covariance ***)

PROCEDURE COVAR;
VAR H1,CS:REAL;
1P, 11:INTEGER;
LABEL 20;
BEGIN
MV:=0;VARI :=0;
FOR J:=1 TO N DO
BEGIN
XA [J):=DT™;
MV:=MV+2S~[J];
END;
MV:=HV/N;
FOR I:=1 TO K DO

VARI :=VARI+SQR(ZS" [1] -MEAN);

VARI:=VARI/N;

(* cal. mean and variance *)

WRITELN('MEAN' ,HV,' ', *VAR',VARI);

CS:=1.2*AR/IC; (* cal. covariance *)
FOR J:=1 TO 1C+1 DO
BEGIN
R[J):=0;COV[J]:=0;CO[J]:=0;
END;
FOR 1P:=1 TO N-1 DO
BEGIN
FOR I1:=1P+1 TO N DO
BEGIN
H1:=SQR(X" [IP]-X"[11]);
H1:=SQRT(H1);
:=TRUNC(H1/CS+0.5)+1;
If I>IC THEN GOTO 20;
CO[I1:=COLI1+1;R{IJ:=R{I}+H1;
COV[I1:=COV[I}+(2S"[1P]-HEAN)*(2S~[11]-MEAN);
20:END;
END;
FOR J:=2 TO I1C+1 DO
BEGIN
1F CO[J)>0 THEN
BEGIN
COVIJ]:=COV(J)/COLJI;RIJI:=R[J1/COLJI;
END;
END;

R[11:=0;COV[1]:=VARI;CO[1]):=N;

END; (*COVARIANCE™*)

procedure choleski;
var kk,p:integer;
sum:real;
begin
c137[1) :=sqre(si”[11);
for j:=2 to n do
begin
kk:=abs(j-1)+1;

clj1"11:=si~[kkl/c[1)"[1];

if c[j1~[11<tle-15 then c[j1~(11:=0.0;

end;
for i:=2 to n do
begin
sum:=0;
for p:=1 to i-1 do
sum:=sumtsqr{clil*[p]);

clil*fil:=sqrt(si~ (1] -sum);

for j:=i+1 to n do
begin
sum:=0;

254



for p:=1 to i-1 do
sum:=sumtc [j1° [p)*c[i)*(p);
kk:=abs(j-1)+1;
clj) il e=(si~kk)-sum)/c[i1"[i];
if clj1~[il<1e-15 then clj1°{i):=0;
end;
end;
for j:=1 to n do
begin
for i:=j+1 to n do
cljI*Lile=c[il™Lj3;
end;
end;

procedure simulation;
var s:real;
begin
b:=z=1/ar;
s:=sqrt(sd);
25~ [1) :=s*normlrnd(0,1);
for 1:=2 to n do
zs*[i]:=zs8*[i-1]*exp(-b*dt)+s*sqrt(1-exp(-2*b*dt))*norml rnd(0,1);
end;

procedure simulation2;
begin
simulationl;
for i:=1 to n do
2817 [i):=28"[1);
simulationi;
for i:=1 to n do
zs*[i]:=zs1*[i1*cos(beda*i*dt)+zs" [i)*sin(beda*i*dt);
end;

procedure simulation3;
var xx:real;
begin
si*[1):=sd;
for i:=2 to n+1 do
begin
xx:=(i-1)*dt;
if (xx<ar) or (xx=ar) then
si”[il:=sd*(1-1.5*xx/ar+0.5%exp(3*{n(xx/ar)))
else
si”*[i}:=0;
end;
choleski;
for i:=1 to n do
si*[i):=normlrnd(0,1);
for i:=1 to n do
begin
2s”[i1:=0;
for j:=1 to i do
25 [i)e=zs” [id+c[i17[j)*si L)) ;
end;
end;

procedure simulationd;
var xx:real;
begin
si*[1):=sd;
for i:=2 to n+1 do
begin
xx:=(i-1)*dt/ar;
sif[ie=sd*(1-(xx/(1+xx)));
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end;
choleski;
for i:=1 to n do
si*Li):=normlrnd(0,1);
for i:=1 to n do
begin
2s”[i]1:=0;
for j:=1to i do
26*[il:=zs” [iJ+c[i1*[jI*si*[]j];
end;
end;

(*** cal. theoretical covariances and print out results ***)
procedure prn_results;
label 105;
var e:real;
model:str;
BEGIN
ASSIGN(FV,FL);REWRITE(FV);
WRITELN(FV,' SIMULATION OF STOCHASTIC PROCESSES');
WRITELNCFV);
CASE MODL OF
1:BEGIN MODEL:='EXPONENTIAL®;BEDA:=0;END;
2:MODEL:='"EXPONENTIAL WITH HOLE EFFECT';
3:BEGIN MODEL:='SPHERICAL';BEDA:=0;END;
4:BEGIN MODEL:='MICHAELIS-MENTON';BEDA:=0;END;
END;

WRITELNCFV, "MODEL: ',MODEL,’;CORR. LENGHT: ',AR:6:3,'; HOLE PARA.:',BEDA:5:2);
(* WRITELN(FV);
WRITELN(FV,! X ', 'SIMULATED VALUES');
WRITELN(FV);
FOR J:=1 TO N DO
BEGIN
257 [J] :=MEAN+ZS* 1J];
WRITELNCFV, X~ [J):8:4,? V,287 [J):8:4);
END;
WRITELN(FV);*)
WRITELNCFV, "MEAN:' ,MV:8:4);
WRITELNCFV,' R',? §,'COVARNC!, ! t,'THEO. COV',' PAIRS');
(* cal. theoretical covariance *)
FOR J:=1 TO IC DO
BEGIN
CASE MODL OF
1:BEGIN E:=EXP(-B*R[J]);GOTO 105; END;
2:E:=EXP(-B*R[J])*COS(BEDA*R[J]);
3:BEGIN IF (R[J1>0) AND (RIJ1<AR) OR (RI[JI=AR) THEN
E:=1-1.5*R[J1/AR+0.5*EXP(I*LN(R[J1/AR))
ELSE
E:=0;
IF R[J1=0 THEN E:=1;END;
4:BEGIN E:=R{JI/AR;E:=1-E/(1+E);END;
END;
105:WRITELN(FV,R[J):8:4,' ', ,SD*COV([J]:8:4,! +,SD*E:8:4,' ',CO[J]:12);
END;
CLOSE(FV);
END;

(*** MAIN PROGRAM ***)

BEGIN
NEW(X);NEW(ZS);NEW(ZS1);NEW(ST);
FOR 1:=1 TO N DO
NEW(C[I1);

CHOSE_MODL (MODL);
CASE MODL OF
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1: BEGIN SIMULATION1;COVAR;END;
2: BEGIN SIMULATION2;COVAR;END;
3: BEGIN SIMULATION3;COVAR;END;
4: BEGIN SIMULATIONG;COVAR;END;
END;
PRN_RESULTS;
END.



Appendix G. Program TBM.PAS

PROGRAM TBM (INPUT, OUTPUT);

(*** TBM IS A PROGRAM TO USE TURNING BAND METHOD FOR SIMULATIONA OF A
RANDOM FIELD (ONE, TWO OR THREE DEMENSIONS).

L: TURNING BANDS LINES

M: NO. OF HARMONICS

OMG: MAXIMUM FREQUENCY

1/8: CORRELATION LENGTH (RANGE) whARE)

(*** This program is used on VAX. Input data sets include two files:
1. coordinates of simulated points;
2. 'SEED.DAT*, which gives a seed of random numbers. ")

CONST M = 100; L = 16; PI = 3.1415926;
MN = 10000; {MAX. ALLOWED DATA POINTS)
ic = 20; {NUM. OF PRINTED VARIANCES)
MEAN = 0; SD = 1; (THEORETICAL MEAN AND VARIANCE)
INT =1; {TOTAL TIMES OF SIMULATIONS)

TYPE  MAT = ARRAY[O..MN] OF REAL;

MAT1 = ARRAY(O..MN,0..L) OF REAL;
MAT2 = ARRAY[0..M) OF REAL;
MATT = ARRAY[0..15) OF REAL;

STR = VARYINGE15] OF CHAR;

VAR OMG,DOM, AR, B,MV,MV1,RADM, VARI :REAL;
1,INT1,3,K,N,MODL,SEED: INTEGER;
25,281 ,X,Y:"MAT;
cov,Cov1,R,CO:MATT;
ZETA,Z1:MATT;
S2:MATZ;
FV,FVITEXT;
FL:STR;
YORN:VARYING[1] OF CHAR;

LABEL 100;

(*** random function **¥)
FUNCTION MTHSRANDOM(VAR SEED:INTEGER):REAL;
EXTERNAL;

(*** bessel function **¥)
function bessel jO(omgr:real):real;
var x,y,f0,theta0O:real;
begin
if omgr<=3 then
begin
x:=sqr(omgr/3);
bessel jO:=1+X* (X* (x*(X*(x*(x*0.00021-0.0039444)+0.04464479)-0.3163866)
+1.26562)-2.25);
end
else
begin
y:=3/omgr;
£0:20,79788456+y* (y*(y*(y*(y*(y*0.00014476-0.00072805)+0.00137237)
-0.00009512)-0.0055274)-0.00000077);
thetaO:=omgr-0.78539816+y*(y*(y*(y*(y*(y*0.00013558-0.00029333)
-0.00054125)+0,00262573)-0.00003954)-0.04166397);
bessel jO:=f0*cos(theta0)/sqrt(omgr);
end;
end;
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(*** integrand--umin is global ***)
function fx(ar,x:real):real;
var bl:real;
begin
bt:=1.0/ar;
if b1*x>1 then
fx:=0
else
if b1*x>0 then
fx:=(1-1.5"b1*x+exp(3*Ln(b1*x))/2)*bessel jO(omg*x)*x
else
fx:=bessel jOComg*x)*x;
end; (* fx *)

(*** Simpson integal: see miller--p. 272 #%*)
procedure simps{upper:real; var sum:real);
var i,pieces:integer;
x,del tax,evensum, oddsum, endsum,suml, lower ,tol sreal;
begin
lower:=0; tol:=0.0001;
pieces:=2; deltax:=(upper-lower)/pieces;
oddsum: =fx(upper, lower+deltax);evensum:=0.0;
endsum:=fx(upper, lower)+fx(upper,upper);
sum: =(endsum+4 . 0*oddsum)*det tax/3.0;
repeat
pieces:=pieces*2; suml:=sum;del tax:=(upper-lower}/pieces;
evensum: zevensum+oddsum; oddsum: =0;
for i:=1 to pieces div 2 do
begin
x:=lower+del tax*(2.0*i-1.0); oddsum:=oddsum+fx(upper, x)
end;
sum: ={endsum+4 . 0*oddsumt+2 . 0*evensum)*del tax/3.0;
until abs(sum-sumi) <= abs(tol*sum);
end; (* simpson *)

(*** read coordinates from input data file *#%)
procedure read_data;
BEGIN
WRITELN(' GIVE THE INPUT FILE NAME:');
READLN(FL); OPEN(FV,FL,HISTORY:=0LD);RESET(FV);
WRITELN(' GIVE THE OUTPUT FILE NAME:');
READLN(FL);
N:=0;
WHILE NOT EOF(FV) DO
BEGIN
N:=N+1;
READLNCFV, X" [N]1,Y*[N1);
END;
CLOSE(FV);
END;

(*** choose covariance models ***)
procedure chose_modl(var modl:integer);

BEGIN
WRITELN(' CHOOSE THE COVARIENCE MODELS FOR THE SIMULATION:');
WRITELN;

WRITELNC' 1. SPHERICAL');
WRITELN;

WRITELN(' 2. EXPONENTIAL');
WRITELN;

WRITELN(* 3. GAUSSIAN');
WRITELN;

WRITELNC' 4. BESSEL 11);
WRITELN;

WRITELNC' 5. TELIS');
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WRITELN;
WRITELN(* GIVE YOUR CHOICE ¢1 TO 5):');
READLN(MODL);

END;

(*** cal. mean and covariance ***)
PROCEDURE COVAR;
VAR H1,CS:REAL;
1P, 11 :INTEGER;
LABEL 20;
BEGIN
MV1:=0;VARI:=0; (*CALC. MEAN ETC.*)
FOR J:=1 TO N DO
MV1:=MV1+257 3] ;
MV1:=MV1/N; (*MEAN VALUE*)
FOR 1:=1 TO N DO
VARI :=VARI+SQR(2S" [1] -MEAN);
VARI :=VARI/N;
WRITELN('MEAN' ,MV1,' ', '*VAR! ,VARI);
IF MODL=1 THEN CS:=AR/IC;
IF (MODL=2) OR (MODL=3) THEN CS:=1.2*AR/IC;
FOR J:=1 TO 1C+1 DO
BEGIN
R[J]:=0;COVI[J4]:=0;CO[J]:=0;
END;
FOR IP:=1 TO N-1 DO
BEGIN
FOR I1:=]1P+1 TO N DO
BEGIN
H1:=SQR(X* LIP] -X"[11]1)+SQR(Y~[IP1-Y~[I11]);
H1:z=SART(H1);
1:=TRUNC(H1/CS+0.5)+1;
IF I>IC THEN GOTO 20;
COLI1:=CO[I)+1;R[1]:=RII)+H1;
COV1L[1]:=COV1{1)+(2S" [IP]-MEAN)*(ZS"~[I11)-MEAN);
20:END;
END;
FOR J:=2 TO IC+1 DO
BEGIN
IF CO[J1>0 THEN
BEGIN
COV1[J] :=COV1[J]1/COLJI;RIJI:=R[JI/COLY];
END;
END;
END; (*COVARIANCE™)

(*** cal. t{j,i1:2ETA and S1[w] ***)
procedure simulationl;

var f,s1,theta:real;

label 14,15,16,18;

BEGIN

HRITELN(' GIVE CORRELATION LENGTH OR RANGE FOR THE CHOSEN MODEL:');

READLN(CAR); (* CORRELATION LENGTH *)
B:=1/AR; (* cal. t{j,il *)
FOR I:=1 TO L DO
BEGIN
THETA:=2*1*P1/L;
FOR J:=1 TO N DO
ZETALJ, 1] :=X*[J1*COS(THETA)+Y [JI*SINCTHETA)(/DTHETA)*DTHETA);
END;
OMG:=40,0%B; (* cal. St[wl *)
DOM: =OMG/M;
FOR K:=1 TO M DO
BEGIN
OMG:=(K-0.5)*DOM;
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CASE MODL OF
1:BEGIN
SIMPS(AR,S1);51:=0.5*0MG*S1;
GOTO 15; END;
2:BEGIN
F:=(OMG/B)/(B*EXP(LN(1+SQR(OMG/B))*1.5));
GOTO 14;END;
3:BEGIN
F2=(0.5/B)*(OMG/B)*EXP(-SQR(OMG/(2.0%*8)));
IF F<1E-20 THEN GOTO 16;
GOTO 14;END;
4:BEGIN
F:=2.0*(OMG/B)/(B*SQR{( 1+SQR(OMG/B))));
GOTO 14;END;
S5:F:=4.0"SQR(OMG/B)/(PI*B*SQR((1+SQR(OMG/B))));END;
14:51:=0.5%SD*F;
15:S2(K) :=2.0*SQRT(S1*DOM);
END;
GOTO 18;
16:FOR 1:=K TO M DO
s2[1):=0;
18:END;

(*** 1-d and 2-d simulations ***)
procedure simulation2;
var dom?,omg1,sq,fi:real;
ir:integer;
BEGIN
FOR I:=1 TO L DO (* 1-d simulation *)
BEGIN
FOR J:=1 TO N DO
Z211J,1):=0.0
END;
FOR I:=1 TO L DO
BEGIN
FOR K:=1 TO M DO
BEGIN
OMG:=(K-0.5)*DOM;
DOM1:=DOM/100.0;
RADM:=MTHSRANDOM(SEED);
DOM1:=DOM1*(RADM-0.5);
OMG1:=OMG+DOM1;
RADM:=MTHSRANDOM(SEED);
FI:=RADM*2*P];
FOR J:=1 TO N DO
210J,11:521[J,11+S2[KI*COSCOMG1*ZETA[J, I1+F1);
END;
END;
(* seed of random numbers for next run *)
OPEN(FVI, *SEED.DAT? );REWRITE(FVI);WRITELN(FVI ,RADM); CLOSE(FVI);
FOR J:=1 TO N DO (* 2-d simulation *)
BEGIN
25 [J):=0.0;
FOR I:=1 TO L DO
28" [J1:=28" (J)+Z11J,13;
END;
SQ:=SQRT(L);
FOR J:=1 TO N DO
S~ [J]) :=28" [J1/SQ;
COVAR; (* cal. overall mean and covariance *)
FOR J:=1 TO N DO
2814 [J) :=2817 (414257 [J];
COVI1]:=COVI11+VARI;MV:=MV+MV1;R[1] :=0;
FOR J4:s2 TO IC+1 DO
COV{J1:=COVLJI+COVILIY;
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END;

(*** cal. theoretical covariance ard print out results **¥)
procedure prn_results;
label 105;
var d,e:real;
model:str;
BEGIN
OPEN(FV, FL);REWRITECFV);
CASE MODL OF
1:MODEL :="'SPHERICAL®;2:MODEL :='EXPONENTIAL';
3:MODEL :='GAUSSIAN'; 4:MODEL:='BESSEL 1';
5:MODEL :=*TELIS';END;
WRITELN(FV, 'MODEL: ',MODEL,* CORRELATION LENGHT: ',6AR:6:3);
{ FOR J:=1 TO N DO
BEGIN
2S1(J] :=MEAN+ZS1" [J1/INT1;
WRITELNCFV, X" [J):8:4,Y"[J]:824," v,2817[J4):8:4);
END;
WRITELNCFV);)
WRITELN(FV, ' INTERATION NUM.:',INT1:5,! !, YOVERALL MEAN:' MV/INT1:8:4);
WRITELN(FV,'R?, ! !, 'COVARNC',* ', 'THEORETICAL COV',' PAIRS');
D:=SQR(SD);
FOR J:=1 TO IC DO
BEGIN
CASE MODL OF
1:BEGIN IF B*R[J1>1 THEN E:=0
ELSE
IF B*R[J]1>0 THEN
E:=(1-1.5*B*R[J1+0.5*EXP(3*LN(B*R[J])))
ELSE E:=1;GOTO 105;END;
2:BEGIN E:=EXP(-B*R[J));GOTO 105; END;
3:BEGIN E:=EXP(~SQR(B*R{J1)); GOTO 105;END;
4:GOTO 105;
5:GOT0 105;
END;
105:WRITELN(FV,R[J] :8:4," 1,D*COVIJ]I/INT1:8:4," +,D*E:8:4,C00J):8);
END;
CLOSE(FV);
END;

(*** MATN PROGRAM ***)
BEGIN
NEW(ZS);NEW(2S1);NEW(X);NEW(Y);
MV:=0;
FOR 1:=1 YO IC+1 DO
COVI1]:=0;
READ_DATA;
CHOSE_MODL (MODL);
SIMULATIONT;
FOR J:=1 TO IC DO
COV[J4]:=0;MV:=0;
FOR J:=1 TO N DO
2517 [J1:=0;
INT1:=0;YORN:=1Y?;
WHILE (YORN='Y') OR (YORN='y') DO
BEGIN
INT1:=INT1+9;
(* read seed of random number from 'SEED.DAT' *)
OPEN(FVI, *SEED.DAT' ,HISTORY:=0LD);RESET(FVI);READ(FVI,RADM);CLOSE(FVI);
SEED :=ROUND ( 1000*RADM) ;
WRITELN('Simulation times: ', INT1);
SIMULATION2;
IF INT1=INT THEN YORN:='N'
END;
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100:PRN_RESULTS;
END.



Appendix H. Program DSIM123.PAS

program DSIM123 (input, output)(*directly simulate random field*);

(i*i*

const
pi
ic
err

type
mat
matt

var

*

This program is to model soil variability as a random

field by directe simulation (DSIM) for 1, 2, 3-D.

For 3-D field, the numbers of grids begin from the left,
front, low corner, then count column by column sequencialy
along each row at each bench. That is, the count is from
left to right along each row, from pottom to top to each
bench. For 2-D field, the numbers of grids begin from the
left low corner, count column by column along each row, then
row by row. For 2-D, set bench = 1; for 1-D, set bench = 1
and row = 1. A control file, DSIM.CTL, is needed to run the

program. Output file is DSIM.OQUT. Rhkkhk )
3.1415926;

20; (* numbers of covariances *)

le-4; (* error bound of Gaussian-Sedl *)

= array[1..30000] of real;
= array[1..25] of real;

Xx,Y.,21,2z,2z,rnd: "mat;

cov,covl, r:matt;
dimon,i,ir,j,k,ii,int,row,col, ben,jj,n,m matrixsize,seeds:integer;
alp,dlta,range,r0,e,c,cc,mean,varins,mv,mvl, vari,yy,u:real;
fv:text;

note:varying[80]1 of char;

fil:varying[9] of char;

function MTHSRANDOM(VAR SEED:INTEGER):REAL;
EXTERNAL;

function RndNorm (mn,standev:real):real;
(* Random numbers generated from a normal distribution *)
var RandomA, RandomB, Radius2, Deviate:real;

begin

repeat

RandomA:=2,0*MTHSRANDOM(Seeds) - 1.0;
RandomB:=2.0*MTHSRANDOM(Seeds) - 1.0;
Radius2:=sqr(RandomA) + sqr(RandomB)

until

(Radius2<1.0) and (Radius2>0.0);
deviate:=RandomA*sqrt((-2.0*ln(radius2))/radius?);
RndNorm:=mn + deviate*standev

end;

PROCEDURE COVAR; (*CALCULATION OF COVARIANCE*)

VAR

H1,CS:REAL;
1P, I1:INTEGER;
CO:MATT;

LABEL 20;

BEGIN

N:=MATRIXSIZE;11:=0;

FOR K:=1 TO BEN DO BEGIN
FOR 1:=1 TO ROW DO

BEGIN

FOR J:=1 TO COL DO
BEGIN
1:=11+1;
XA L113:2¢d-1)*DLTA; YALITD :=¢1-1)*DLTA; 21~ [11) :=(K-1)*DLTA;
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END;
END;
END;
MVv1:=0;VARI:=0; (*CALC. MEAN ETC.*)
FOR J:=1 TO N DO

BEGIN MV1:=MV1+27[J);
VARI :=VARI+SQR(2"[J]1);(* theoretical mean be zero *)
END;

MV1:=MV1/N;VARI :=VARI/N; (*MEAN AND VARI.¥*)
WRITELNC!MEAN® ,MV1,t ', 'VAR' VARI);
CS:=6"RANGE/IC;
FOR J:=1 TO IC+1 DO
BEGIN
R[J1:=0;COV1[J]:=0;C0[J]:=0;
END;
FOR IP:=1 TO N-1 DO
BEGIN
FOR I1:=[P+1 TO N DO
BEGIN
K1:=SQR(X"[IPY =X~ [11])+SQR(Y~[IPI-Y~ (113 )+SQR(Z1"[IP)-21"[11]);
H1:=SQRT(H1);
1:=TRUNC(H1/CS+0.5)+1;
IF I>IC THEN GOTO 20;
CO[11:=COLI3+1;RI1]:=RIII+HT;
COV1[1]:=COVILI)+2" [IPI*2"[I1};
20:END;
END;
FOR J:=2 TO I1C+1 DO
BEGIN
IF CO[J1>0 THEN
BEGIN
COV1{J]:=COV1LJ1/CO[JI;RIJI:=R[JI/COLJ];
END;
END;
END; (*COVARIANCE*)

procedure input_para; (* parameter input *)

BEGIN
open(fv,'dsim.ctl’, history:=old);reset(fv);
(* input from a control file *)
readln(fv, row,col ,ben,note);
writeln(row,col ,ben,note);
readln(fv,varins,note);writeln(varins,note);
readln(fv,mean,note); writeln(mean,note);
readln(fv,dlta,note); writeln(dlta,note);
readln(fv, range,note); writeln(range, note);
readln(fv,seeds,note); writeln(seeds,note);
readln(fv, int,note); writeln(int,note);
close(fv);
open(fv, 'dsim.out');rewrite(fv);

END;

procedure gaus_sedl1d(var alp,u:real);
label 50;
begin
cc:=0.5%alp*sqr(dlta)*u;
50: for i:=1 to matrixsize do
22" [i):=2"[i};
24 [1) :=ALP*2* [2)+CC*RND"[1];
FOR 1:=2 TO MATRIXSIZE-1 DO
BEGIN
27 (1) :=0.5%(Z N [1-1)+2" (1+1) )*ALP+CC*RND"[1];N:=1;END;
27 [N+1] :=ALP*Z* [NJ+CC*RND " [N+1] ;
for i:=1 to matrixsize do
if (abs(z*[i]-2z*[i))>err) then goto 50;
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yy:=0;
for i:=1 to matrixsize do
yy:isyy+sqr(z*[i));yy:=yy/matrixsize;writeln(tyy and u *,yy,u);
yy:isyy-e;

end;

procedure gaus_sedl2d(var alp,u:real);
tabel 60;
begin
cc:=0.25*alp*sqr(dita)*u;
60: for i:=1 to matrixsize do
zz*[i):=2"[1);
211 :=0.5%alp*(2" (2] +2" [col+1] )+cc*rnd* {1];
for i:=2 to col-1 do
2" [11:=0.333333%alp* (2" [i-1)+2" [i+1]+2" [i+col] )+cc*rnd"[i];
2*[coll:=0.5%alp*(z~ [col-11+z" [col+col] )+cc*rnd” [coll;
for ii:=2 to row-1 do
begin
n:=(ii-1)*col+1;
2°[n) :=0.333333*alp*(z" [n-coll+2” [n+1)+2" [n+col]) )+cc*rnd” [n] ;
for jj:=2 to col-1 do

begin n:=n+1;
2 [n] :=0.25%alp*(z* [n-coll+z" [n-11+2~ [n+11+2" [n+col] Y+cc*rnd” (n] ;
end;
n:=n+t;
2" [n) :=0.333333*alp*(2" [n-coll+z* [n-11+z" [n+col) )+cec*rnd™ (N];
end;
n:=n+1;

2” [n) :=0.5%alp*(z” [n-coll+z" [n+1] )+cc¥*rnd" [N];
for i:=2 to col-1 do
begin
n:=n+1;
2°[n) :=0.333333%alp*(2" [n-col)+z" [n-11+2" [n+1) )+cc*rnd" [n] ;
end;
ni=n+l;
2”[n) :=0.5%alp*(z" [n-col)+z" [n-1) )+cc*rnd” [n] ;
for i:=1 to matrixsize do
if (abs(z”[il-zz"[i]l)>err) then goto 60;
yy:=0;
for i:=1 to matrixsize do
yy:=yy+sqr{z"[il);yy:=yy/matrixsize;writeln('yy and u ',yy,u);
yy:=yy-e;
end;

procedure gaus_sed!3d(var alp,u:real);
Label 70;
var ni:integer;
begin
nl:=col*row;
cc:=0,166667*alp*sqridita)*u;
70: for i:=1 to matrixsize do
22" [i) =27 {i);
2% (1) :=0.333333%alp* (2" [2)+2" [col+1)+2" [n1+1] y+cc*rnd” [1];
for i:=2 to col-1 do
2% [i1:=0.25%alp* (2" [i-13+2" [i+1)+z" [i+coll+z* [i+n1] )+cc*rnd” [i];
2" [col]) :=0.333333*alp* (2" [col-11+2" [col+coll+2” [col+nl1] )+cc*rnd” [coll;
for ii:=2 to row-1 do
begin
n:=(ii-1)*col+1;
2°[n):=0.25%alp* (2" [n-coll+z* [n+11+2" [ntcol}+z* Intn1] Y+cc*rnd” [n] ;
for jj:=2 to col-1 do

begin n:=n+1;
2*[n):=0.2%alp*(z*[n-col)+z2* [n-11+2" [n+1]+2" [n+col)+2” [n+n1) Y+cc*rnd” [N) ;
end;

n:=n+1;



z*[n):=0.25%alp*(z" (n-coll+2" [n-1]+2" [n+col]+z" [n+n1] )+cc*rnd” (n];
end;
ni=n+1;
2" {n]:=0.333333%alp*(z" [n-coll+z" (n+1)+z" [n+n1] Y+cc*rnd” [n] ;
for i:=2 to col-1 do
begin
ni=n+1;
2% [n) :=0.25%atp*(z* [n-coll+z* [n-1]+2* [n+1]+2" {n+n1) )+cc*rnd” [n) ;
end;
n:=n+1;
27 [n) :=0.333333*alp*(2" [n-col)+2* [n-1)+2* [n+n1] )+cc*rnd™ In];
for k:=2 to ben-1 do
begin
n:=n+1;
22 [n] :=0.25%alp*(z" [n+1)+2" [n-n11+2" In#n1]+2" [ntcol) )+cc*rnd™ [n] ;
for ii:=2 to col-1 do
begin n:=n+1;
2*[n):=0.2%alp*(z" [n+1)+2° [n-11+2" [n-n11+2* [A+n1)+2" [ntcoll );
z*[n):=z*[n)+cc*rnd™[n};
end; n:=n+1;
2~ [n) :=0.25*alp*(z* [n-1)+2" [n-n11+z2" [n+n1)+z2" [n+col) )+cc*rnd” [n) ;
for j:=2 to row-1 do
begin n:=n+1;
z*[n] :=0.2%alp*(z* [n+1)+2" [n-coll+z" [n+col)+2” [n-n1)+2" [n+n1]);
2 [n):=z2* [n)+cc*rnd” [n);
for ii:=2 to col-1 do
begin n:=n+1;
z*[n) ;=2 [n+11+2" [n-11+2" [n+col)+2" [n-coll+2" [n-n1)+2" [n+n1]);
2* [n] :=0.166667*alp*z” [n1+cc*rnd”™ [N];
end; n:=n+i;
2°[n) :=z* [n-11+2z* {n-col)+2" [n+coll+2* [n-n1]+z" {n+n1];
27 [n):=0.2*%alp*z” (nl+cc*rnd” [N} ;
end; n:=n+1;
z*[n) :=0.25%alp*(z* [n+11+2" [n-coll+2" [n-n1)+2" [n+n1] Y+cc*rnd” [N] ;
for ii:=2 to col-1 do
begin n:=n+1;
27 [n) :=2% [n-11+2* [n+1]+2" [n-coll+2" [n-n1l+2* [n+n1];
2*[n) :=0.2*alp*z” [n)+cc*rnd” [N];
end;n:=n+1;
2% [n):=0.25%alp*(2" [n-11+2" [n-col)+z” [n-n11+z* (n+n1) )+cc*rnd” [N ;
end;
n:=n+1;
27 [n) :=0.333333*%alp* (2" [n-n11+z" [n+1]+2" [ntcol] )+cc*rnd™ [n] ;
for ii:=2 to col-1 do
begin n:z=n+l;
2% [n) :=0.25%alp* (2" [n+1)+2" [n-1}+2" [n-n1}+2" [n+col] Y+cc*rnd” [n] ;
end; n:i=n+1;
2~ [n]) :=0.333333*alp*(z" [n-n1)+2"*[n-11+2" [n+col] );
for j:=2 to row-1 do
begin n:=n+1;
z*[n] :=0.25%alp*(z" [n+11+2" [n-coll+z* [ntcoll+2* {n-n1) )+cc*rnd” [n] ;
for ii:=2 to col-1 do
begin n:=n+1;
2~ [n) :=0.2%alp*(z" [n+11+2" [n-1}+2" [n-col)+z" [n+col)+2* [n-n1));
27 [n):=2" [n)+cc*rnd” [N) ;
end; n:=n+l;
2% [n):=0.25%alp*(z" [n-11+z" (n-col)+z" [n+col)+z” [n-n1] )+cc*rnd” (N] ;
end; n:=n+1;
24 {n) :=0.33333*alp* (2" (n+11+2" [n-coll+2" [n-n11)+cc*rnd” [N} ;
for ii:=2 to col-1 do
begin n:=nt+1;
2~ [n) :=0.25%alp* (2" [n+1]+2* [n-1]+2" [n-coll+2"* [n-n1] )+cc*rnd" [n] ;
end;n:=n+1;
2~ [n):=0.333333*%alp*(z" (n-11+2" [n-coll+2" [n-n1] )+cc*rnd* [n] ;
for i:=1 to matrixsize do
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if (abs(z*[il-zz"[i))>err) then goto 70;
yy:=0;
for i:=1 to matrixsize do

yy:=yy+sqr(z~[i});yy:=yy/matrixsize;writeln('yy and u ',yy,u);

yy:=yy-e;
end;

procedure Simulation;

var alpl,alp2,ul,u2,rvireal;
d:array[1..51 of real;

label 30,35,40;

begin
matrixsize:=row*col*ben;
dimon:=3;
if ben=1 then dimon:=2;
if (ben=1) and (row=1) then dimon:=1;
alp:=2*dimon/(2*dimon+sqr(dlta/range);;
seeds:=seeds+1;rv:=0.0;
for j:=1 to matrixsize do
begin
rnd” [j] :=rndnorm(0,1);
rve=rv+rnd” (j1*rnd* [j3;
2" [j1:=0.0;
end;
e:=varins*rv/matrixsize;writein('e=',e);
ul:=0.2;
30:u1:=0.5*u1;
case dimon of

1: begin gaus_sedlid(alp,ul);d[1]1:=yy;end; (* 1-D simulation *)
2: begin gaus_sedl2d(alp,u?);d[1):=yy;end; (* 2-D simulation *)
3: begin gaus_sedl3d(alp,ul);d[1):=yy;end; (* 3-D simulation *)

end;
if yy>0 then goto 30;
u2:=5;
35:u2:=2%u2;
case dimon of
1: begin gaus_sedlid(alp,u2);d[2]:=yy;end;
2: begin gaus_sedl2d(alp,u2);d[2) :=yy;end;
3: begin gaus_sedl3d(alp,u2);d[2] :=yy;end;
end;
if yy<0 then goto 35;
40:us=0.5*(ul+u2);
case dimon of
1: begin gaus_sedl1d(alp,u);d(3]:=yy;end;
2: begin gaus_sedl2d(alp,u);d(3] :=yy;end;
3: begin gaus_sedl3d(alp,u);d[3]) :=yy;end;
end;
if (d(11<0) and (d[31<0) then
begin ul:zu;d(1]:=d[3]};end;
if (d(11<0) and (d(3}>0) then
begin u2:=u;d[2]:=d(3);end;
if abs(d{3])>0.001*varins then goto 40;
COVAR;
COVI1]) :=COVE11+VARI;MV:=MV+MV1;R[1]:=0;
FOR J:=2 TO IC+1 DO
COV{J}:=COVIJI+COVILJ];
end;

procedure prn_results;

VAR COV1:REAL;

BEGIN

WRITELN(FV,'DIMENSION: !, DIMON);

WRITELNCFV, 'ROW, COL, BENCH: ' ROW:5,COL:5,BEN:5);
WRITELNCFV, ' INTERVAL BETWEEN GRIDS:*,DLTA);

268



WRITELN(FV, 'RANGE: ' RANGE:6:3);
WRITELN(FV, '"VARIANCE PARAMETER: ',U);

WRITELN(FV);

(WRITELNC' X ',% Y 7, 'SIMULATED VALUES');)
WRITELN;

FOR J:=1 TO N DO

BEGIN

{ 27 [J) :=MEAN+2"[J1;)
(WRITELN(FV, X" [J):8:4,Y7[J]):8:4," 'L,27[4]:8:4);)
¢ WRITELN(X"[J):8:4,Y"[J):8:4,2"[J]:8:4);)

END;
WRITELN;
WRITELNCFV, ' INTERATION NUM.:',INT:5,' !, 'OVERALL MEAN:', MV/INT:8:4);
WRITELNCFV,* R!,! ', 'COVARNC!, * ', 'THEORETICAL COV');
FOR J:=1 TO IC DO

BEGIN

CASE DIMON OF
1:COV1:=VARINS*(1+R [J1 Y*EXP(-R[J1/RANGE);
2:C0V1:=0; (% BESSEL FUNCTION *)
3:COVI:=VARINS*EXP(-R[J]1/RANGE); END;
WRITELN(FV,R[J):8:4,! ' ,COVIJI/INT 824, ',CoV1:8:4);
END;
CLOSE(FV);
END;

BEGIN (*MAIN PROGRAM*)
INPUT_PARA;
NEW(X); NEW(Y); NEW(Z1); NEW(Z);NEW(22Z);NEW(RND);
FOR J:=1 TO IC+1 DO
COVI[J):=0;MV:=0;
FOR IR:=1 TO INT DO
BEGIN
SIMULATION;
END;
PRN_RESULTS;
END.
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Appendix I. Program DSIMCON.PAS

program DSIMCON (input, output)(* conditionally simulate random field*);
(***%*  This program is to model soil variability as a random
field(Bessel function) by iterativ> method, using some data points
as condition. wRARRE )

(*** For condition simulations, an input file is required. There are two
columns of each row in the data file. Each row corresponds a point
to be simulated. If it is at a data points, the value in
the first column is the data, in secod col. is 1; if not,
value in the first col. is zero, in second col. is -1. The number
of total rows of the file is equal to rowxcol of celis(points) to be

simulated,**¥)
const
row =13;col = 61;{rows & columns of cells of simlated field)
varins =32; {variance}
mean = 9.0; {mean)
dlta = 25; {size of cells)
x0 = 15; {origion)
y0 = 0;
{Above inputs are the information of the simulated field.}
pi = 3.1415926;
ic = 20;
err = le-4;
type
mat = array[1..10000] of real;
matt = array[1..25] of real;
var
X,Y,2,2Z,rnd:"mat;

cov,covl,rimatt;

i,j k,ii,int,intt,jj,n,mmatrixsize,rel,re2,seeds:integer;
alp,range,r0,d,e,c,cc,mv,mvl,vari,yy,u:real;

fv, fvvetext;

fil,fili:varyingf20) of char;

function MTHSRANDOM(VAR SEED:INTEGER):REAL;
EXTERNAL;

function RndNorm (mn,standev:real):real;
var RandomA, RandomB, Radius2, Deviate:real;

begin
repeat
RandomA:=2.0*MTHSRANDOM(Seeds) - 1.0;
RandomB:=2.0*MTHSRANDOM(Seeds) - 1.0;
Radius2:=sqr{RandomA) + sqr{RandomB)
untit
(Radius2<1.0) and (Radius2>0.0);
deviate:=RandomA*sqrt((-2.0*In(radius2))/radius2);
RndNorm:=mn + deviate*standev
end;

PROCEDURE COVAR; (*CALCULATION OF COVARIANCE*)
VAR H,H1,CS:REAL;
1P, 11: INTEGER;
CO:MATT;
LABEL 20;
BEGIN
N:=MATRIXSIZ2E; 11:=0;
FOR I:=1 TO ROW DO
BEGIN
FOR J:=1 TO COL DO
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BEGIN
11:=11+1;
XA L1123 :=X0+(J-1)*DLTA; YA [11):=Y0+(1-1)*DLTA;
END;
END;
MV1:=0;VARI:=0; (*CALC. MEAN ETC.*)
FOR 4:=1 TO N DO
BEGIN MV1:=MV1+42” [J];VARI :=VARI+SQR(Z" [J]);
END;
MV1:=MV1/N;VARI:=VARI/N; (*MEAN AND VARI.*)
WRITELNC'MEAN' ,MV1,' ', 'WAR',VARI);
cs:=2*RANGE/IC;
FOR J:=1 TO IC+1 DO
BEGIN
R[J):=0;C0V1[J]:=0;C0(J) :=0;
END;
FOR IP:=1 TO N-1 DO
BEGIN
FOR I1:=IP+1 TO N DO
BEGIN
H1:=SQR(X* [IP)-X“[I1})+SQR(Y*{IP1-Y"(11]);
H1:=SQRT(H1);
I:=TRUNC(H1/CS+0.5)+1;
1F 1>IC THEN GOTO 20;
CO[I3:=COLII+1;RI1):=RI1I+HTY;
COVILI1:=COVIL[I1+(Z"[IP1)*(2"(11]);
20:END;
END;
FOR J:=2 TO IC+1 DO
BEGIN
IF CO[J1>0 THEN
BEGIN
COV1[J]:=COVI[J1/COLJ];RISI:=RIJI/COLII;
END;
END;
END; (*COVARIANCE®*)

procedure chose_para;
BEGIN
WRITELN(' GIVE THE NAME OF THE INPUT FILE:');
WRITELN;
READLN(FILI);
WRITELN(' CHOOSE PARAMETER(BEDAR) OF COVARIENCE MODEL:
READLN(RANGE);
(*Correlation distance*)
RO:=PI*RANGE/2;
WRITELN(® INPUT A OUTPUT FILE NAME:');
READLN(FIL);
OPEN(FV,FIL);REWRITE(FV);
END;

bH

procedure gaus_sedl(var u:real);
label 50;
begin
open(fvv, fili, history:=old);reset(fvv);
for j:=1 to matrixsize do
begin
readln(fvv, 2" [j),x"[j));
if x*{j)=1 then z*(jl:=2"(j]l-mean;end;
close(fvv);
cc:=0.25%alp*sgr(dita)*u;
50: for i:=1 to matrixsize do
227 (i} =2 [i);
if x*{11=-1 then
2% [1):=0.5%alp*(z* [2)+z2" [col+1) }-cc*rnd” [1]



else z*[1):=22"(1);
for i:=2 to col-1 do
begin
if x*Lil=-1 then
2*(i):=0,333333%alp*(z*[i-11+2"Li+1)+2* [i+col) )~cc*rnd" [i]
else 2*{il:=z2"[i];
end;
if x*[col)=-1 then
2*[col):=0.5%alp*(2" [col-11+2" [col+col))-cc*rnd” [col])
else z*([coll:=zz"[col];
for ii:=2 to row-1 do
begin
n:=(ii-1)*col+1;
if x*[nl=-1 then
. 2°[n}:=0.333333*alp*(z" [n-coll+2" (n+1]+z" [n+coll)-cc*rnd" [n]
else 2*[n):=z2"([n];
for jj:=2 to col-1 do
begin
n:=n+1;
if x*(n)=-1 then
27 (n) :=0.25%alp* (2" [n-coll+z” [n-11+z* [N+1)+2" [n+col] )-cc*rnd” [N}
else z2*[n):=22"[n];
end;
n:=n+1;
if x*in)=-1 then
2" [n) :=0.333333*%alp*(z" [n-col)+2" [n-1]+2" [n+col) ) -cc*rnd” [n)
else z*[n):=z2"*[n);
end;
n:=n+1;
if x*[n)=-1 then
z"[n) :=0.5*alp* (2" [n-coll+2” [n+1])-cc*rnd” [n]
else 2" [n):=z2"[n];
for i:=2 to col-1 do
begin
n:=n+1;
if x*{n1=-1 then
z2*[n} :=0,333333%alp*(2" (n-coll+z* [n-1)+z" [n+1] )-cc*rnd” [n]
else 2*[n):=22"[n];
end;
n:=nt+i;
if x*[n}=-1 then
z*[n) :=0.5*alp*(z"~ [n-cotl+z" [n-1])-cc*rnd” [n]
else z*[n]l:=22"I[n);
for i:=1 to matrixsize do
if (abs(z”[il-2z"[i])>err) then goto 50;
yy:=0;
for i:=1 to matrixsize do
yy:=yy+sqr(z*[i]);yy:=yy/matrixsize;uriteln('yy and u ¢,yy,u);
yyisyy-e;
end;

procedure Simulation;

var ul,u2,rvireal;
d:arrayl[1..5) of real;

label 70,75, 80, 100;

begin
alp:=16/(16+sqr(pi*ditsa/r0));
matrixsize:=row*col;
seeds:=seeds+int;rv:=0.0;
for j:=1 to matrixsize do
begin
rnd* [j1:=rndnorm(0,1);
rvi=rvernd® [j1*rnd” [j1;
end;
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e:=rv/matrixsize;e:=e*varins;writeln('e=',e);
ul:=0.2;
70: u1:=0.5%u1;gaus_sedl(ul);d[1):=yy;
if yy>0 then goto 70;
u2:=0.5;
75: u2:=2*u2;gaus_sedl(u2);d(2) :=yy; k:=2;
if yy<0 then goto 75;
80:u:=0.5%(ul+u2); gaus_sedl(u);d[3]:=yy;
if (dl11<0) and (d{3]1<0) then
begin ul:=u;d[1}:=d(3}; end;
if (d{11<0) and (d(3]>0) then
begin u2:=u;d[2]:=d(3); end;
if abs(d([3])>0.001*varins then goto 80;
100:COVAR;
COV (1] :=COV[1]+VARI;MV:=MV+MV1;R{1]:=0;
FOR J:=2 TO I1C+1 DO
COV[J]:=COoV[J}+COVILJ];
end;

procedure prn_results;
BEGIN
WRITELN('BESSEL --- PARAMETER: ' ,RANGE:6:3);
WRITELN;
WRITELN(' X LA Y ', 'SIMULATED VALUES');
WRITELN;
FOR J:=1 TO N DO
BEGIN
27 [J) :=MEAN+2" [J];
WRITELNCFV, X" [J]:8:4," bLY () 824, 1,2°0J4]:8:4);
¢ WRITELN(X*[J):B:4,Y"[J):8:4,27[9):8:4);)
END;
WRITELN;

WRITELN('INTERATION NUM.:? INT:5,! ', 'OVERALL MEAN:' MV/INT:8:4);
WRITELN(' R',® v, 'COVARNC!,* ', 'THEORETICAL COV');

FOR J:=1 TO IC DO
WRITELN(FV,R[J):8:4," ',COVIJ]/INT:B:4);
CLOSE(FV);
END;

BEGIN (*MAIN PROGRAM*)
CHOSE_PARA;
NEW(X); NEW(Y ) ;NEW(Z); NEW(ZZ) ;NEW(RND);
FOR J:=1 TO IC+1 DO
COV[J) :=0;MV:=0;SEEDS:=108;
for int:=1 to 1 do
BEGIN
SIMULATION;
END;
PRN_RESULTS;
END.
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