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ABSTRACT 

Stochastic linear programming problems are linear programming prob

lems for which one or more data elements are described by random variables. 

Two-stage stochastic linear programming problems are problems in which a first 

stage decision is made before the random variables are observed. A second stage, 

or recourse decision, which varies with these observations compensates for any 

deficiencies which result from the earlier decision. Many applications areas in

cluding water resources, industrial management, economics and finance lead to 

two-stage stochastic linear programs with recourse. 

In this dissertation, two algorithms for solving stochastic linear program

ming problems with recourse are developed and tested. The first is referred to 

as Quadratic Stochastic Decomposition (QSD). This algorithm is an enhanced 

version of the Stochastic Decomposition (SD) algorithm of Higle and Sen [1988]. 

The enhancements were designed to increase the computational efficiency of the 

SD algorithm by introducing a quadratic proximal term in the master program 

objective function and altering the manner in which the recourse function ap

proximations are updated. We show that every accumulation point of an easily 

identifiable subsequence of points generated by the algorithm are optimal solu

tions to the stochastic program with probability 1. The various combinations 

of the enhancements are empirically investigated in a computational experiment 

using operations research problems from the literature. 

The second algorithm is an SD based algorithm for solving a stochastic 

linear program in which the recourse problem appears in the constraint set. This 

algorithm involves the use of an exact penalty function in the master program. 
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We find that under certain conditions every accumulation point of a sequence 

of points generated by the algorithm is an optimal solution to the recourse 

constrained stochastic program, with probability 1. This algorithm is tested on 

several operations research problems. 



CHAPTER 1 .. OVERVIEW 

1.1 Introduction 
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In the mid 1950's, Dantzig [1955] and Beale [1955] discussed the concept 

of uncertainty in the right-hand side elements of a linear program. They modeled 

the resulting problem as a sequential decision process. An action or first stage 

decision is made before the uncertain events occur. Once the random variables 

are observed an adjustment or recourse action (second stage decision) is made. 

The early work by these authors and others exposed many difficulties both 

conceptually and algorithmically when formulating and solving mathematical 

programs under uncertainty. 

To see how a model of this nature can come about, consider the problem 

a utility company has of satisfying a community's demand for electricity for 

the coming year. The company has several choices for generating plants, such 

as an oil, coal-fired or hydroelectric generator, and wishes to determine the 

capacity of the facilities to be installed. The demand for electricity is a random 

variable which once realized is best illustrated by a load-duration curve (see for 

example Sherali et al. [1984]). This curve gives the number of hours in the year 

during which demand either equals or exceeds some specific load level. Once 

the power requirement for each load segment is revealed, a least cost allocation 

of generation capacity to the load segments can be obtained. Thus, the first 

stage decision is the increment of capacity to acquire and once the demand is 

known the recourse action (or second stage decision) allocates the existing and 

new capacity to the load segments. The management wishes to minimize the 

sum of the installation cost and the expected operating costs. 

Other application areas in which stochastic programs have served as 

models include water resources, waste management, economics and finance. For 

example, King et al. [1988] are concerned with choosing a level of investments 
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in sewage treatment facilities for Lake Balaton, a large lake in Hungary, so that 

the expected deviation of pollutant concentration levels from the water quality 

goal is minimized. In Eppen et al. [1989], a stochastic programming model 

is developed for General Motors to aid in making decisions about capacity for 

four of their auto lines. Numerous other examples of applications are contained 

in Dempster [1980] and Ermoliev and Wets [1988]. Another example is fully 

described in the next section. 

Typically, stochastic programs fall into one of two major classes, de

pending on the degree to which the constraints are to be satisfied and the choice 

of an optimality criterion. These are chance constrained problems and prob

lems with recourse. The second class provides the main focus for this research 

and relevant literature is reviewed in this chapter. Stochastic programs with 

recourse are generally large scale optimization problems. In certain instances 

one may not even know the probability distributions which most approaches 

seem to assume. Observational data may be the only information available. 

The algorithms introduced in this thesis can be used even in such cases. Few 

algorithms address such general large scale optimization programs and computa

tional implementation and testing of these algorithms have been limited mainly 

to the simplest of problems, such as those in which only the right hand side 

vector in the constraints is dependent on a random variable or those in which 

the constraints have a simple structure. Some of these will be reviewed here. 

For details about other stochastic optimization methods the reader is referred to 

Dempster [1980], and survey papers by Wets [1982] and Ermoliev [1983]. More 

recent work in numerical procedures is included in Ermoliev and Wets [1988] 

and a collection of major results is contained in Wets [1989]. 

In this research we introduce two algorithms which belong to a class 

known as Stochastic Decomposition (SD) algorithms which were first introduced 

by Higle and Sen [1988]. The first of these includes enhancements to the basic 
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SD algorithm which has the potential of being a more computationally efficient 

algorithm for solving what are known as two-stage stochastic programs with 

r(!coursf~. III the second the SD concept is extended by developing a solution 

method for a model in which the recourse function appears in the constraint set 

rather than in the objective function. 

This chapter is organized as follows. § 1.2 illustrates the manner in which 

the problems that we consider can arise. §1.3 contains a more general descrip

tion of two-stage stochastic linear programs with recourse and their properties. 

Solution methods for this model are presented and discussed in §1.4. Finally, 

contributions of this dissertation are previewed in §1.5. 

1.2 An Illustrative Example 

Description of Problem CEPl 

Suppose a manufacturing plant produces several different part types on 

anyone of several machines. A particular part can be produced on one or more 

of the machines at a fixed rate (parts per hour) at a fixed cost (labor plus tooling 

cost). Each machine has a fixed number of hours currently available per week 

and hours of new capacity of each machine type can be acquired at a fixed cost 

per hour. 

The maximum time that any machine can be used in a week is restricted 

to a fixed number of hours and each machine requires a fixed number of hours 

of maintenance for every hour of operation. The total scheduled maintenance 

for all machines is also restricted each week. 

Each week the demand for each part type must be met. If the total 

demand exceeds the total capacity, the excess parts are obtained from a sub

contractor at a premium price which is assumed to be much greater than the 

manufacturer's own cost of producing the part on anyone of the machines. The 
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weekly demands are treated as Li.d. random variables with known distribution. 

Let 

m == number of different part types, 

n = number of different machines. 

Then for j = 1, ... ,n and i = 1, ... ,m let 

x j = the number of hours of new capacity of type j, 

Cj == the cost of new capacity of type j, 

aij == rate (parts per hours) of producing part i on machine j, 

qij == cost (labor plus tooling) of producing part i on machine j, 

hj == the number of hours machine j is currently available each week, 

Uj = total usage of machine j allowed each week, 

z j == hours of operation of machine j each week, 

tj == hours of maintenance for every hours of operation of machine j, 

T = total maintenance hours for all machines, 

Wi == weekly demand for part i, 

Si == number excess parts of type i obtained from subcontractor, 

Pi == price of subcontracting for part i, Pi > > qij. 

With the objective of minimizing the cost of new capacity plus the 

expected cost of weekly labor plus tooling, a two-stage stochastic program can 

be formulated as follows: 

CEPI 
n 

Min LCjxj+E[Q(z,w)] 
j=1 

s.t. -Xj + Zj ::; hj, j = 1, ... , n , 
n 

~t·z·<T L.J11-
j=1 

O<z·<U· - ) - ) 

j = 1, ... ,n, 



where 
m n n 

Q(z,w) = Min L L qijYij + LPiSi 

i=l j=l i=l 
n 

s.t. L aijYij + 
j=l 
m 

LYij 
i=l 

Yij ~ 0, Si ~ O. 

Si ~ Wi, i = 1, ..• ,m 

:5 zj, j = 1, ... , n 

14 

The above formulation is not completely realistic in the sense that it 

does not include the fixed costs involved with purchasing a new machine unit 

or setup costs. Including such costs would result in an integer programming 

problem. Although such problems can be solved by the methods presented in 

this dissertation, we shall not address this issue. 

With any decision which involves large amounts of capital, the man

agement is also concerned with the risk involved. The CEP1 formulation does 

not take this into account. One way to take risk into account is to devise a 

risk measure and append a constraint limiting its magnitude. Risk can be lim

ited, for example, by imposing an upper bound on the expected second stage 

cost. Measures of risk that appear in the literature include model variance (see 

Markowitz [1959], Fama and Miller [1972]) and downside risk (Eppen et ai. 

[1989]). The former approach results in quadratic constraints, thus making the 

problem quite difficult to solve. Additionally, Eppen et al. [1989] point out that 

with a variance based measure points on the "mean-variance efficient frontier" 

may be stochastically dominated. (In this context a solution, Xl, is stochasti

cally dominated by an alternative solution, X2, if, for every possible outcome, w, 

the cost associated with decision X2 is at least as low as that given by Xl and 

for at least one outcome X2 produces a strictly lower cost (see Copeland and 

Weston [1979])). Their measure, expected downside risk, is adapted here for the 

problem above. 
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Suppose the manufacturer in the problem above sets a target budget, 

b, for the cost. Then the risk associated with a decision x can be measured by 

the failure to stay below the target budget. Given a decision x and an outcome 

w, the downside risk, D(x,w), is defined as 

D(x,w) = max{cx + Q(x,w) - b,O}. 

Let x· be a solution to problem C EP1 above and let </J be a parameter between 

° and 1. Then the constraint to append is 

E[D(x,w)] ::; </JE[D(x·,w)]. 

A somewhat simpler model would result if the decision maker in the 

above problem wants to minimize the first stage costs while keeping the expected 

second stage costs below a target budget. That is, the decision maker accepts 

that there could be certain instances of the demand for the products which he 

produces which will cause him to exceed his budget for a chosen decision x but 

the decision should be such that on average this is not the case. This model 

would yield the following formulation which we designate as CEP2. 

CEP2 

s.t. 

n 

Min "c·x· L...." J J 
j=l 

+Zj::; hj, j = 1, ... ,n, 
n 

LtjZj::; T 
j=l 

E[Q(z,w)] ::; b 

O<Z·<u· - J - J 

0::; Xj, j = 1, ... ,n, 
where Q(z,w) is defined as in the QEP1 formulation. 

Our research in this dissertation is motivated by problems such as 

CEP1 and CEP2. Chapters 2 and 4 are devoted to solution methods for these 

problems. 
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1.3 Two-stage Stochastic Linear Programming with Recourse 

A general formulation for a two-stage stochastic linear program with 

-recourse is as follows. 

(PI) 

where 

Min j(x) =cx + E[Q(x,w)] 

s.t. Ax::; b 

Q(x,w) = Min q(w)y 

s.t. W(w)y = h(w) - T(w)x 

y ~ o. 

A is a known ml X nl matrix, c and b are known vectors in Rnl and Rml respec

tively. The random variable, w, is defined on the probability space (n, A, F). 

Ew['] represents the mathematical expectation with respect to w. T(w) is a 

m2 x nl matrix; IV(w) is a m2 x n2 matrix. Vectors hew) and q(w) are vectors 

in Rm
2 and Rn

2 respectively. A decision x is made before the random vari

able (h(w), T(w), IV(w),q(w» is realized. The second stage or recourse program 

Q(x, w) compensates for any deficiencies resulting from the earlier decision. One 

desires a first stage decision, x, which minimizes the sum of the current costs 

and the expected value of the second stage cost. 

Properties of (PI) are examined in Wets [1974]. Many depend on which 

of the various matrices and vectors are stochastic. We list a few of these prop

erties next. 

1) If only hand T are stochastic, then Q( x, w) is a piecewise linear 

convex function in (h(w),T(w» for all x E X. 

2) If only q is stochastic, then Q(x,w) is a piecewise linear concave 

function in q(w) for all x E X. 



3) Q(x,w) is a piecewise linear convex function in x which implies 

E[Q(x,w)] is a convex function in x. 
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The feasible region, X, for problem (PI) consists of the intersection of 

two regions: 

1. Xl = {x lAx $ b} and 

2. X 2 = {x 13 y 2: 0 s.t. W(w)y = h(w) - T(w)x}. 

Thus X = Xl n X2 is the set of feasible x. If X2 = Rn 1 , then (PI) is said 

to have the complete recourse property. When the matrix W does not depend 

on W, program (PI) is known as a stochastic program with fixed recourse. As 

an example of a problem with complete fixed recourse, suppose W = (1, -1). 

Such a program is referred to as having simple recourse, and has been studied 

extensively in the literature. 

Interest in stochastic programs with simple recourse stems from both 

practical and computational grounds. Practically, many application areas such 

as airline scheduling (Ellis and Rishel [1974]) and investment portfolio selection 

(Bradley and Crane [1972], Ziemba et al. [1974]) have yielded formulations with 

simple recourse. 

From a computational point of view, program (PI) with simple re

course is the simplest non-trivial formulation of stochastic programs with re

course. Since the resulting program is separable (assuming linear cost as in 

(PI)), the recourse problem is easily determined and the multidimensional in

tegration indicated by E[·] is reduced to m2 separate one dimensional integrals. 

This fact has been exploited in solution methods proposed for this class of prob

lems. For example Wets [1983] proposes an algorithm for solving simple recourse 

problems with discrete random variables with finite support in which the distri

bution function is approximated by a piecewise constant distribution function. 
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For a survey of stochastic programs with simple recourse, see Ziemba 

[1974]. More general cases of nons toe has tic W and those programs in which only 

T and/or h are stochastic will be the concern of the remainder of this chapter. 

The evaluation of E[Q(x,w)] for fixed x = x involves the computation 

of a multidimensional integral. Even in two dimensions the difficulty in han

dling the integral is greatly increased compared to the univariate case. Deak 

[1988], in his review of multidimensional integration as applied to stochastic 

programming, states that it is highly unlikely that direct integration can be 

applied to this problem. With an increase in dimension, numerical integration 

techniques require more and more points to successfully approximate the func

tion. The number of function evaluations becomes a prime consideration even 

with existing computer speeds. Deak points out that if one needs M points for 

a given integration procedure in one dimension to achieve a desired accuracy, 

then applying the same rule repeatedly in d dimensions would require Md points. 

Thus, the necessary number of points grows much faster than the number of di

mensions. Other considerations such as the order of integration can affect the 

numerical accuracy as well. For these reasons Monte Carlo methods have been 

developed and used to approximate the integral (Hammersley and Handscomb 

[1964]). For high dimension, there exists strong evidence (Stroud [1971], and 

Deak [1988]) that random methods perform best as indicated by error estima

tion. In any event, the difficulties associated with evaluating E[ Q( x, w)] and 

hence f(x), preclude the possibility of using standard nonlinear programming 

methods (e.g. Luenberger [1984], Fletcher [1981]) for the solution of stochastic 

programs. 

If the random vector (h( w), T( w» is discrete with finite support, then 

the two-stage program (PI) can be written as a large linear program. Let 

(hi, Ti), i = 1, ... ,L with associated probabilities Pi, i = 1, ... ,L represent the 

probability mass function associated with W. Problem (PI) may be written as 
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Min ex +PIgYl +P2gY2 + ... +PLgYL 
s.t. Ax $b 

T1x +WYl = hI 
T2x +WY2 = h2 

TLX +WYL = hL 

Existing methods in deterministic convex programming and in particular large 

scale linear programming, such as those discussed in Lasdon [1970], Fletcher 

[1981] and Luenberger [1984], can be applied to solve the above problem. Some 

of these methods are discussed in §1.4. 

1.4 Solution Methods for Stochastic Linear Programs with Recourse 

Methods for the solution of stochastic programs with recourse have 

mainly developed along two fronts. One approach involves a reduction of the 

problem to a deterministic optimization problem (Dantzig and Madansky [1961], 

Wets [1982]). The second approach involves statistical approximations such as 

in a procedure known as the stochastic quasigradient method (Ermoliev [1983]) 

in which the gradient of the objective function is statist.ically approximated. We 

describe several algorithms in both categories next. 

Deterministic Approaches 

A stochastic program (PI) is a large scale linear program with dual 

block angular structure. The size depends on the number of realizations of 

the random variables. If this number is finite, any large scale programming 

technique can be specialized. Those with greatest promise involve decomposition 

and compact basis techniques. 

Birge and Wets [1986] characterize numerous approximation schemes 

for stochastic programs on the basis of approximations of the objective function 
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(appropriate linearizations) and of the probability measures. This work contains 

numerous guidelines for the application and implementation of the approxima

tion schemes as well as suggestions for pairing the functional and probability 

measure approximates. Below we consider several algorithms which fall into 

these categories of approximation schemes. 

Decomposition to solve stochastic programs is addressed in Dantzig and 

Madansky [1961] and also takes advantage of the structure of the dual problem. 

The L-shaped algorithm by Van Slyke and Wets [1969] outlined below, is an 

elaboration of this technique using outer linearization of the objective function. 

The case considered assumes that W and q are fixed. We point out that the 

method is well defined for discrete random variables only, therefore it is assumed 

that the random variables have finite support with L indicating the number of 

possible realizations of (h( w), T( w)). Under these conditions both Q( x, w) and 

E[Q(x,w)] are convex piecewise linear functions of x. 

The L-shaped Method 

This method is a version of Benders' decomposition, specialized for 

two-stage stochastic programs. Let O( x) represent a convex piecewise linear 

approximation to E[Q(x,w)]. The algorithm begins by initializing O(x) = 0 

and for k = 1 finding Xk E argmin{ ex + O(x) I Ax =:; b}. If for some j = 

1, ... ,L, Q(Xk,Wj) is not finite, a feasibility cut is added to the approximate 

problem. Otherwise, E[Q(x,w)] is approximated by a support of this function at 

Xk and this hyperplane (or optimality cut) is then used to update the piecewise 

linear approximation O(x). This process of adding feasibility cuts or optimality 

cuts is repeated until for some k the current value of E[Q(Xk,W)] = O(Xk). Since 

only a finite number of constraints, either of feasibility type or optimality type, 

can be generated the algorithm converges in finite time. 
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An alternative way to implement Benders' decomposition is through 

the use of multiple cuts for updating the approximation (outer linearization). 

Such an implementation has been reported in Birge and Louveaux [1988]. 

Note that the methods mentioned above assume that the recourse prob

lem is solved for every possible realization of the random variable in each iter

ation. This can be a major computational burden even when there are only a 

few constraints and a few possible outcomes. 

Nazareth [1984], Nazareth and Wets [1986,1988] introduce and inves

tigate algorithms based upon the generalized linear programming method of 

Dantzig and Wolfe (see Dantzig [1963], Shapiro [1979]). The algorithm succes

sively inner-linearizes E[Q(x,w)]. They describe this method in detail only for 

simple recourse. Inner-linearization techniques have traditionally been applied 

to problems in which the constraints are difficult to handle which is not the case 

here. Here the difficulty is in evaluating E[Q(x,w)] which appears in the objec

tive function. Other formulations of stochastic programs such as that illustrated 

by C EP2 in §1.2 may be more amenable to an inner-linearization technique. 

A recent method for solving linear-quadratic problems in stochastic pro

gramming is developed in Rockafellar and Wets [1987a]. In the special case that 

there are no quadratic terms, the technique resembles a cutting plane method. 

They are concerned with a problem formulation which includes a quadratic term 

in the first stage objective and in the dual representation of the second stage or 

recourse problem. The feasible region is approximated from within by polytopes 

in an adaptive manner which keeps the dimension of the subproblems low. In 

the strongly quadratic case the rate of convergence is linear. The algorithm has 

been implemented only for the case of quadratic stochastic programs with sim

ple recourse. The authors indicate that a quadratic proximal term, such as IIdll2 
where d is the difference between iterates, added to an otherwise linear stochas

tic program may improve the performance of algorithms designed to solve such 
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problems. 

Due to the simple structure of stochastic programs with simple recourse, 

another approach investigated by Birge and Wets [1986] involves the approxima

°tion of the recourse function by functions similar to simple recourse functions. 

For example, define 

qt = inf{qy: Wy = e i , y > O}, 

qi = inf{qy: Wy = _e i , y 2: O}, 

where ei is a unit vector with 1 in the i 'h position. Then Q(x,w) can be ap

proximated by the following recourse problem 

Q(x,w) =min qtyt + qiyi 

s.t. yt - yi = w - Tx 

yt 2: 0 

yt 2: O. 

This approximation allows one to obtain upper bounds on the optimal objective 

value since for all x and w we have Q(x,w) ~ Q(x,w). Alternate approximations 

can be obtained by considering directions other than ±ei . This idea is exploited 

in Birge and Wets [1989], where separable sublinear functions which only require 

line integration are derived. The method provides upper bounds on the optimal 

objective value. The lower bound from the Jensen inequality (discussed below) 

or outer linearization techniques above, could be used to bound the function from 

below. As Birge and Wets [1989] point out, methods which produce separable 

recourse function approximations could benefit from parallel computation. 

In addition to functional approximation schemes such as those discussed 

above, Birge and Wets [1986] consider approximating the probability measures. 

In preparation for describing an algorithm which approximates the probabil

ity measures, the following discussion of how upper and lower bounds on the 

objective function may be determined is necessary. 
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Due to the difficulties involved in evaluating the objective function for 

general distributions of the random variables, a common strategy is to determine 

upper and lower bounds on the objective. The convexity of the recourse function 

makes it possible to obtain a lower bound for problem (Pl) by an application 

of Jensen's inequality. Let n c Rm be the the support of (h(w),T(w)) and 

let pL be a finite partition of convex subsets of n. Then if wi = (/ii, t'i) is the 

conditional expectation of each subset ni E pL and pi the associated probability 

for each subset i = 1, ... , L, from Jensen's inequality we have 

So for any x 

L 

E[Q(x,w)] = 1 Q(x,w)P(dw) ;::: LPiQ(x,wi). 
n i=l 

(1.4.1) 

Thus if we minimize /(x) = ex + r:f::l piQ(x,wi ) in problem (Pl) rather than 

f(x) and obtain x, /(x) is a lower bound for the true objective. That is 

f(x) ;::: lex) for all feasible x. Further, if pL+I is a refinement of pL then 

the lower bound obtained for pL+I is greater than or equal to the lower bound 

obtained for pL. This monotonicity is an important feature in the design of 

algorithms which partition n. The application of Jensen's inequality in stochas

tic programming is discussed in Kall et ai, [1988], Birge and Wets [1986], and 

Hausch and Ziemba [1983], 

Upper bounds on (Pl) can be obtained from the Edmundson-Madan3ky 

inequality for expectations of convex functions, Suppose w is m-dimensional with 

independent components (Le, each element of the vector h(w) and the matrix 

T( w) is independent), Suppose each component is distributed in intervals [ai, bi] 

with expected value Wi, i = 1, ... , m. We define a new discrete random variable 

w whose components attain values: 

, h b b'l' 1 bi - Wi 
aj WIt pro a 1 Ity Pi = bi _ aj , 



b . h b b'l' 2 Wi - ai 
i WIt pro a 1 Ity Pi = bi _ ai 
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(1.4.2) 

Thus w is a discrete random variable attaining values at the vertices of the 

rectangle n = X~l [ai, bi]. The Edmundson-Madansky inequality extended to 

this problem (Madansky [1960)) yields 

E[Q(x,w)] ;5 E[Q(x,w)]. (1.4.3) 

Other upperbounding schemes and extensions can be found in the work of Dupa

cova [1979], Gassman and Ziemba [1985], Dula [1986] and Frauendorfer [1988]. 

In particular, Frauendorfer [1988] extends the Edmundson-Madansky inequality 

to obtain an upper bound when the random components are dependent. 

An example of an algorithm which uses approximation of the probability 

measures is the successive partitioning algorithm for the case of independent 

components of the random variables of Frauendorfer and Kall [1986] (see also 

Kall et al. [1988]). 

Successive Partitioning Algorithm 

In this method, n is partitioned and lower and upper bounds for (PI) 

are determined by applying Jensen's inequality and the Edmundson-Madansky 

inequality to the partitions of n (see 1.4.1 and 1.4.2). Based on these bounds, 

subsets of the partitions which need further dividing are identified. At a solu

tion, X, the direction along which a partition subset nj is to be divided depends 

on properties of the function Q( x!.) in nj. In particular, nonlinearity of Q( x, .) 
along certain coordinates in nj is sought. nj is divided by a hyperplane or

thogonal to the coordinate axis along which the objective function is the "most 

nonlinear". The process of determining lower and upper bounds for f( x*) us

ing the new partition is repeated and terminates when the difference between 

the lower and upper bounds is negligible. The method uses the conditional ex

pectation of each subset of the current partition set along with the associated 
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probability for each subset in the L-Shaped method to determine the next best 

solution, x. 

If Pk is the number of partitions in the kth iteration of the algorithm, 

then to obtain the current best solution and lower bound the method above 

solves Pk subproblems within each of the iterations required by the L-Shaped 

method. The upper bounding requires the solution of one subproblem for each 

distinct vertex of the Pk partitions in each iteration. If the dimension, m2, of 

the random vector h( w) is large or the number of partitions required are many, 

then the number of subproblems solved pose a computational burden. 

When limited information is available about the distribution of the 

random variables, practitioners often model the uncertainty by a small set of 

scenarios, S = {SI, ... , SN}. Problem (PI) can be solved for each scenario 

S E S and by assigning weights to the solutions, an average solution is computed 

and then analyzed. Wets [1987] introduces a method using the principle of 

scenario aggregation developed in Rockafellar and Wets [1987b]. This method 

considers the individual scenario problems as subproblems and then aggregates 

the solutions to form an overall solution that converges to an optimal solution 

of PI under this small set of scenarios. The method is of particular appeal for 

multi-stage problems. In this case scenario bundling is performed by partitioning 

the set S of scenarios at time t into finitely many disjoint subsets which are 

observationally indistinguishable at time t. 

Another deterministic approach to solving stochastic programs with 

recourse is to use what is known as the compact basis technique. This technique 

exploits the structure of the bases of the dual problem to yield a working basis 

which is smaller in size than the basis would be for the standard simplex method. 

The reader is referred to Strazicky [1980], Kall [1981] and Wets [1982, 1988] 

for details. Programs using this technique have successfully solved stochastic 
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programs in which the number of possible right hand side vectors in the second 

stage was 540. To see that this is a small problem, consider a second stage 

program which has 10 constraints. Suppose that each random component has 

only 2 independent outcomes, then there are 210 = 1024 independent outcomes. 

Statistical Approaches 

The second major class of algorithms are those which are statistically 

based. The algorithms in this class include the Stochastic Quasigradient Method 

(SQM). The roots of SQM lie in the theory of stochastic approximation which 

originates with the work of Robbins and Monroe [1951] and Kiefer and Wol

fowitz [1952] who propose a method for unconstrained unidimensional optimiza

tion. The use of SQM to solve constrained optimization problems start with 

the work of Fabian [1960] and Ermoliev [1976]. A survey of the work in this 

area is provided by Ermoliev [1983] and recent numerical efforts are surveyed in 

Ermoliev [1988]. SQM allows one to solve very complex programming problems 

when precise values of the functions are difficult to calculate. The method uses 

statistical estimates for the values of the functions and derivatives rather than 

precise values and is not hampered by continuous distribution of the random 

variables. It works as follows (Wets [1982]): 

Stochastic Quasigradient Method 

Let I : X --. R, X a closed convex subset of Rn, I(x) = cx+E[Q(x,w)] 

is to be minimized and we assume for all w, Q(x,w) is convex. A sequence 

{Xl, X2, ••• } is generated by the following relation 

(1.4.4) 

where Px denotes projection on X, {Ok}r:l is a sequence of step sizes and {3k is 

a stochastic quasigradient of fat Xk (i.e. a statistical estimate of the generalized 

gradient of I at Xk). 
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Assuming complete recourse, at iteration k, let ?Tt be the optimal multi

plier for the recourse problem solved with sample values wt = (h(wt), T(wt)) t = 

1,2, ... M. Then for all x EX, Q(x,w) is finite and -?TtT E 8Q(x,wt). Then 

Xk+1 is generated by relation (1.4.4) where (3" = c+ -k(el + el + ... + ep), et E 

8Q(Xk,wD for t = 1, ... , M. The method converges with probability 1 if the se

quence {Ok }~1 satisfies the following conditions: Ok ;;::: 0, k = 1,2, ... , Ok -. 0, 

2:~1 Ok > 00, and 2:~1 8~ < 00 (Wets [1982]). 

Ruszczynski [1987] develops an algorithm with quadratic subproblems 

which is a variation of the stochastic quasi-gradient method. In this algorithm 

the directions are obtained by minimizing a linear approximation to the objective 

function plus a quadratic proximal term. 

Some points of difficulty with SQM need to be addressed. The projec

tion onto X is easy only if it is of a simple structure such as a bounded interval. 

Another point of difficulty is the choice of step-size. One desires a step which 

ensures convergence and does so as quickly as possible. At present the choice of 

an efficient step-size and algorithmically implement able stopping criterion are 

open questions. Pflug [1988] contains an extensive list of possibilities. Since the 

objective function value is not evaluated at each iteration, comparisons between 

its value at Xk and Xk+l can not be made. Nevertheless, some rules have been 

suggested. For example one could terminate when the average of the last M + 1 

values of Q(Xk,Wk) (M fairly large), shows no improvement and the step-size 

has decreased sufficiently (see Wets 11982]). Further details of the method and 

proofs are found in Ermoliev [1983, 1988]. Implementation, including ways of 

choosing the step-size and step direction in stochastic quasi gradient methods, 

are considered in Ermoliev and Gaivoronski [1984], Pflug [1988] and Gaivoronski 

[1988]. For practical purposes, it is important to design a procedure which stops 

after a finite number of steps in a neighborhood of x .. , an optimal solution. 
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Nazareth and Gaivoronski [1989] combine the inner or grid linerization 

techniques mentioned earlier (Nazareth [1984], Nazareth and Wets [1986,1988]), 

with techniques based on stochastic quasi-gradients. They suggest that the grid 

points could be obtained from subproblems which are partially minimized by 

embedding an increasing number of SQM iterations into each major iteration of 

the inner-linearization algorithm. The difficulties mentioned above in reference 

to inner-linearization techniques and with respect to the SQM apply to this 

algorithm also. 

In statistically based methods, the sample variance of the objective 

value estimate is a measure of the quality of this estimate. When sampling 

is done naively using the original sampling frequencies, variance reduction is 

achieved by increasing the sample size. For a fixed sample size, variance reduc

tion can be obtained by alternative sampling techniques. Dantzig et al. [1989] 

have developed a sampling procedure for variance reduction in stochastic pro

gramming by assuming that Q(x,w) can be well approximated by an additive 

model. That is, for w = (wI, ... ,wm2 ) 

m2 

Q(X,w):::::: L Qi(x,wi ). (1.4.5) 
i=I 

Unlike a naive sampling procedure, this procedure which is an "importance 

sampling" scheme (see Bratley et al. [1983]) is intentionally biased. The method 

derives a distribution function r( x, w), which varies with x, for a random variable 

&(x) with support n. Naively sampled observations of &(x) are then used to 

estimate E[Q(x, w)] which should, depending on how good the approximation in 

(1.4.5) is, have a lower variance than an estimate obtained from a naive sample 

ofw. 

Importance Sampling in Stochastic Programming 

Let w = (wI, ... ,wm2 ) be a discrete random variable with support n 
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and probability mass function p. Let wi have support Oi with correspond

ing marginal distribution pi, j = 1, ... , m2' Let r = (r1, . .. , rm2) and define 

fi(wi ) = (r1, ... ,ri-1,wi,ri+l, ... ,rm2). Assume that r is chosen such that 

Q(x,fi(wi » ~ Q(x,r) for all (x,w) E X x n. Then with the additive approxi

mation (1.4.2), we have 

The probability mass function r(x,w) associated with the random variable &(x) 

may be reduced to something involving the marginal distributions, ri. For 

wi E ni these are defined as 

Then 
m2 

r(x,w) = L 'Yiri(x,wi ) IIpi(wi), 
i=1 i~i 

where 

'Yi = 2:j';1 2:wi eoi Qi(x,wi)pi(wi)' 

The variable &( x) can then be generated from the marginal distributions ri, j = 

1, ... m2. Let {at}~=1 be k independent observations of &(x). Then E[Q(x,w)] 

can be estimated by 1 ",k Q(X,Cl'r)P(Cl'r) • 
k L.Jt=1 r(x,Cl',) 

The above procedure is coupled with the L-shaped algorithm in In

fanger [1989]. Rather than exact values of E[Q(x,w)], estimates are obtained 

by importance sampling. 

Dantzig et al. [1989] point out that the degree of variance reduction 

obtained by using the importance sampling technique depends on how close the 

additive model fits the problem considered. Bratley et al. [1983] warn that 
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multidimensional importance sampling is risky. In particular, they point out 

that if Q(x,w) is quite flat as w varies over a wide range, then any distribution 

other than p would make the sample variance increase. Other variance reduction 

techniques such as stratified sampling (see BraUey et al. [1983]) may prove more 

effective in such cases. 

In an effort to design an algorithm which is implement able for quite 

general distributions of the random variables, Higle and Sen [1988] developed 

an algorithm which they call Stochastic Decomposition (SD) for solving two-stage 

stochastic linear programs with recourse. SD combines many of the strengths 

of both the decomposition based algorithms and the stochastic quasigradient 

methods. Like decomposition based algorithms, SD produces a piecewise linear 

approximation of the objective function and solves a subproblem and master 

program in each iteration. However, the function approximation is statistical 

in nature and only one subproblem is solved in each iteration as in stochastic 

quasi gradient methods. 

The main focus of this dissertation is on algorithmic enhancements and 

extensions of the SD algorithm. For this reason, we outline the basic procedure 

briefly here. The SD algorithm, as introduced in Higle and Sen [1988] is pre

sented in Chapter 2, concurrent with our presentation of various computationally 

motivated enhancements. 

Stochastic Decomposition 

Let X and n be compact sets and let the feasible region of the dual of the 

recourse subproblem, IT, be a compact convex polyhedral set. Suppose also that 

Q( x, w) ~ 0 for all (x, w) E X x n. In the kth iteration of the algorithm, a solution 

Xk is given. This solution together with a randomly generated observation of w, 
Wk, is used to solve the recourse problem, Q(Xk,Wk). The dual vertex obtained 

along with those previously obtained is used to generate a linear approximation 
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of f(x) at Xk denoted by ak + (c + (3k)X. Previously generated cuts are updated 

as follows: 

k-l 
at +- -k-at , (1.4.3a) 

k-l 
(3t +- -k-(3t' t = 1, ... , k - 1. (1.4.3b) 

The kth cut along with the updated previously generated cuts are added to a 

master program: 

Min v 

s.t. v ~ at + (c + (3t)x, t = 1, ... , k, 

xeX. 

The solution to the kth master program is denoted Xk+l and the process repeats. 

Note that as the algorithm proceeds, the number of inequalities in the master 

program grows without bound. 

The sequence of points {xdr:l is such that there exists a subsequence 

{Xkn }~=1 for which every accumulation point is an optimal solution of (Pl) 

with probability 1. However, such a subsequence is difficult to identify algo

rithmically with the basic algorithm. To remedy this situation, Higle and Sen 

[1988] introduce the idea of an "incumbent solution". This solution is an iterate 

which produces a lower estimated objective value than its predecessor. They 

show that the SD method produces an easily identifiable subsequence of the 

incumbent solutions such that every accumulation point of this subsequence is 

an optimal solution of Pl with probability 1. 

As mentioned, SD combines the strengths of both stochastic and de

composition based algorithms. However, several algorithmic enhancements are 

necessary before the concept can be implemented efficiently. We discuss these 

in the next section. 
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1.5 Contributions of this Research 

A purpose of this thesis is to enhance the SO algorithm to achieve 

even greater computational efficiency and to extend the method to a stochastic 

programming formulation in which the expected value function appears in the 

constraint set. 

Chapter 2 presents the SO algorithm together with our computational 

enhancements,which may be used to solve two-stage stochastic linear programs 

with recourse as modeled in §1.3. This algorithm is an extension of the SD 

algorithm described in §1.4 which includes several algorithmic enhancements. 

To begin the discussion, let us outline some of the issues that motivate the 

enha"'lcements. First of all, a major handicap of the SO algorithm is that the 

. size of the master program increases progressively. As iterations progress, the 

master program becomes increasingly difficult to solve. In order to alleviate this 

problem, a quadratic proximal term is added to the otherwise linear objective 

function of the master program in SO and a cut dropping strategy similar to that 

given in Mifflin [1977] and Kiweil [1985] is developed. The quadratic term, also 

known as a regularized penalty term, is added to the master program objective 

function in order to keep the solutions in a region where the objective function 

estimates are assumed to be adequate. The proposed cut dropping scheme limits 

the size of the master program to at most nl + 3 cuts. 

SO has an updating scheme which diminishes the effect of early cuts 

by premultiplying them by the factor k;l (in the kth iteration). Since this 

update is independent of the progress made by the algorithm, it is not adaptive. 

The updating mechanism proposed in Chapter 2 is adaptive in the sense that it 

takes advantage of current information. It can be interpreted as a method by 

which the cuts used in the polyhedral approximation of the recourse function 

are "bolstered" rather than diminished. 
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In the SD algorithm it was found that resampling at the incumbent on 

a periodic basis was necessary to ensure convergence of the objective function 

at the incumbent to the the actual objective value. In addition to requiring 

periodic resampling, we introduce an adaptive method which uses a character

istic of convex functions to determine when re-evaluation of the incumbent cut 

is indicated. 

With the above enhancements j the resulting algorithm produces a sub

sequence of incumbent solutions, which can be easily identified, such that every 

every accumulation point of this subsequence is an optimal solution of PI with 

probability 1. This is consistent with the SD results. However, unlike the anal

ysis in Higle and Sen [1988], here the result obtained by explicitly establishing 

that any accumulation point of this subsequence satisfies the Kuhn-Tucker nec

essary conditions for a solution to PI almost surely. 

In Chapter 3 various combinations of the enhancements considered are 

compared on four test problems. In particular, we consider algorithm varia

tions with and without the quadratic proximal term, cut dropping and the new 

updating mechanism introduced in Chapter 2. 

An SD based algorithm for another stochastic programming model is 

examined in Chapter 4. The model considered is one in which the recourse 

function appears in the constraint set as in the formulation of CEP2 discussed 

in §1.2. Formally this problem can be stated as follows: 

(P2) 
Min f(x) =cx 

s.t. x E X 

E[Q(x,w)] ~ b 

where Q(x,w) is defined as before and X is a compact convex set. The solution 

method proposed for P2 is based on the penalty function methods in nonlinear 

programming (see Fletcher [1981],[1982]). This method handles the difficult 
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constraint, E[Q(x,w)] $ b, by introducing a penalty function based on this 

constraint. The penalty function is then appended to the weighted objective 

function. The algorithm developed generates a sequence of incumbent solutions 

·which, under certain conditions to be specified, is such that every limit point is 

an optimal solution of P2 with probability 1. Preliminary computational results 

with this algorithm are provided. 
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CHAPTER 2- QUADRATIC STOCHASTIC DECOMPOSITION 

2.1 Introduction 

In this chapter we introduce enhancements to the Stochastic Decompo

sition (SD) algorithm. For ease of exposition, these enhancements will be de

scribed concurrently with the SD algorithm. While SD combines the strengths 

of both deterministic and stochastic based algorithms, several algorithmic en

hancements are necessary before the concept can be implemented efficiently. 

The enhancements presented in this chapter offer a step in this direction. 

As discussed in §1.5, a major handicap of the SD algorithm is that 

the size of the master program increases progressively. In order to alleviate 

this problem we consider the inclusion of a quadratic proximal term to the 

otherwise linear objective function of the master program in SD which makes 

possible a cut dropping scheme similar to that given in Mifflin [1977] and Kiwiel 

[1985]. Since this results in a quadratic master program, we will refer to the 

SD algorithm with the enhancements presented in this chapter by the acronym 

QSD (Quadratic Stochastic Decomposition). 

Several deterministic algorithms, especially those dealing with non

differentiable optimization problems have exhibited stronger convergence results 

via the inclusion of such a quadratic term (Mifflin [1977,1982], Kiwiel [1985], 

Ruszczynski [1986], [1987]). 

In addi tion to eliminating unnecessary constraints from the master pro

gram, an updating mechanism for the retained past cuts is proposed which differs 

from the update described in Higle and Sen [1988]. This statistically motivated 

updating scheme takes advantage of information obtained in each subsequent 

iteration of the algorithm. We also introduce an adaptive method to determine 
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when additional re-evaluation of the cut associated with the incumbent solution 

may be called for. 

To aid the reader, a glossary of notation is included as Appendix A 

of this dissertation. The derivation of the QSD method, including the com

putational enhancements, is presented in §2.2. The bounded master program 

which results from the elimination of cuts is described in §2.3. A formal state

ment of the QSD algorithm, including these enhancements is presented in §2.4. 

Convergence results for QSD are presented in §2.5. Stopping criteria are dis

cussed in §2.6. Computational experience comparing various com.binations of 

the enhancements will be addressed in Chapter 3. 

2.2 Derivation of the Method 

The two-stage stochastic linear program with recourse can be stated as 

follows: 

(PI) 
Min f(x) = ex + E[Q(x,w)] 

s. t. x E X ~ R"1 

where X is a compact, convex polyhedral set and 

Q(x,w) = Min qy 

s.t. Wy=w-Tx 

y;::: o. 

The sizes of the vectors and matrices are as specified in §1.3. 

The SD algorithm produces a sequence of points {Xdk::l' which we 

refer to as "incumbent solutions" , a sequence of points, {Zk} k::2' which we refer 

to as "candidates" and a sequence of directions, {dk}k::l' These sequences are 

related by Zk+l = Xk + dk for k = 1,2, .... In iteration k, the direction dk is 

determined through the solution of a quadratic master program. Beginning with 
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an initial incumbent solution, a candidate is accepted as the next incumbent if its 

estimated objective value is sufficiently lower than that of the current incumbent 

solution. 

Given an observation Wk of w, we solve a subproblem (Sk) defined as 

follows: 

Q(Zk,Wk) =Min qy 

s.t. Wy = Wk - TZk 

y ~ o. 
The dual to the above problem is 

Q(Zk,Wk) =Max 1I'(Wk - TZk) 

s.t. 11' E II = {11' : 1I'W $ q}. 

where 11' is an m2 dimensional row vector. The random variable w is defined on a 

probability space (0, A, P) with associated distribution function Fw We assume 

that X and II are compact convex polyhedral sets. Thus, IQ(x,w)1 < 00 for all 

(x,w) E X x 0, implying that (PI) has the complete recourse property (Wets 

[1982]). 

A support of E[Q(x,w)], at Zk is estimated from the dual solutions to 

{SiU=l' The master program is updated recursively using these estimates. At 

iteration k, let f t (x) = a{ + ( c + Pl)x be an estimate of a linear support of f (x) 

at Zj, 1 $ j $ k. The quadratic master program (Mk) is given by: 

where 

(2.2.1 ) 



38 

The solution of (Mk) is denoted by dk and the k+1l1t candidate solution 

is given by Zk+l = Xk + dk. The function vk(d) approximates the objective 

function at Xk + d. The index set Jk ~ {1, 2, ... ,k} acts to limit the size of the 

master program and is determined in each iteration. The precise definition of 

this set will be given in §2.3. 

As the algorithm revolves around the estimates of the objective func

tion, a discussion of the manner in which they are generated is in order. Let V 

denote the set of all extreme point solutions of the subproblem dual, and Vk ~ V 

be the set of extreme points of the dual of (Sk) identified in the first k iterations 

of the algorithm. For t = 1,2, ... , k, we let 71": satisfy 

(2.2.2a) 

In the kth iteration an estimate of a support of f at Zk is given by 

k 

k 1" k( fk{x) = ex + k L..J 7I"t Wt - Tx). (2.2.2b) 
t=1 

The superscript indicates the iteration at which the cut is derived while the 

subscripts reflect the current iteration. As iterations progress, these cuts will 

be updated so that the superscripts and the subscripts need not always agree. 

Representing this affine function in terms of the variable d, we have 

where 

and 
k 

k 1" k f3k = -k L..J 7I"t T. 
t=1 

Thus Cl'~ is a scalar and f3Z is an nl dimensional row vector. 

(2.2.3a) 

(2.2.3b) 
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With each iteration, previously generated constraints lack information 

gained from subsequent sampling of the random variable w. If Q(x,w) ;::: 0 for 

all (x,w) E X x 0, one way to update these cuts is to premultiply them by k;l, 

as in (1.4.3), in the kth iteration which is equivalent to using the nonnegativity 

of Q to update the lower bound. This update is used in the SD algorithm (see 

§1.4). However, note that for any x and t 

Q(x,Wt) ;::: ?T(Wt - Tx) V?T E V. 

In particular, since Vk S;;; V, we have 

Consider the following update of the cut coefficients in iteration k for 

j = 1,2, ... , k - 1. 

. k-1· 1 k 
a{ = -k-a{-l + "k?TkWk 

. k-1· 1 k 
f3~ = -k-f3~-l - "k?TkT, 

(2.2.4a) 

(2.2.4b) 

where for j = k a~ and f3j are defined as in (2.2.3). With this updating scheme 

the piecewise linear approximation Vk( d) continues to define a statistically valid 

lower bound on the objective function in (Pl) and the non-negativity restriction 

on Q(x,w), imposed in Higle and Sen [1988], is easily relaxed. 

In this algorithm a particular solution may remain as the incumbent 

over many iterations. Thus, let I'k-l denote the iteration in which the incumbent 

solution, Xk-l, was accepted. Then in iteration k, Ir- 1 (Xk-l) represents the 

current estimate of the objective in (Pl) at Xk-l. Since the functions {It}j=l 

represent a piecewise linear (statistically motivated) approximation of the con

vex function I, whenever If(Xk-d > IZI<-l(Xk_l), the cut IZI<-l(X) should be 

re-evaluated. This can be accomplished as in (2.2.2) using the current set of 

subproblem dual vectors, Vk. 
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In order to guarantee that the function estimate at an incumbent so

lution converges to the actual value (with probability 1), Higle and Sen [1988] 

suggest that the cut derived at an incumbent solution be re-estimated at each 

'iteration. As pointed out in Higle and Sen [1989], re-estimation of the incum

bent cut at each iteration, however, is not necessary as long as the number of 

iterations between re-evaluations is bounded. Let T be a positive integer and in 

iteration k let Tk-l represent the iteration at which the cut associated with the 

k - pt incumbent solution was last evaluated. Then we re-evaluate li"-1 (x) 

whenever one the following is satisfied: 

(2.2.5a) 

k - Tk-l = T. (2.2.5b) 

If one of the conditions in (2.2.5) is satisfied then Tk-l is reset to k. Analogous 

to (2.2.2), re-evaluation requires that for t = 1,2, ... ,k, we determine 

(2.2.6a) 

and compute 

1 k 

{f"-I(X) = ex + k L 7tl"-I(Wt - Tx) = alk-1 + (e + f3l"-1 )x. 
t=1 

(2.2.6b) 

With the support estimates and updating mechanism defined, we pro

ceed with our description of the method. Suppose (Mk-l) has just been solved 

and now in iteration k we wish to determine if Zk = Xk-l +dk-l becomes the kth 

incumbent. The value Vk-l (dk- 1 ) - li:1 1 (xk-d represents the amount of de

scent which we anticipate in moving from Xk-l to Zk while If(zk) - fr- 1 (Xk-l) 

is the actual descent which our function estimates exhibit in the kth iteration. 

Then Zk replaces Xk-l as the incumbent if 

(2.2.7) 
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where p. is a fixed parameter such that 0 < p. < 1. Satisfaction of (2.2.7) 

implies that a sufficient fraction of the anticipated objective value reduction is 

attained. In such cases Zk is designated as the new incumbent, Xk. Otherwise, 

the incumbent does not change, i.e. Xk = Xk-l. 

The difference between the master programs in SD and QSD is the in

clusion of the term ~ IIdll 2 in the QSD master program. H this term is dropped, 

the master program that results is identical to that used in SD. Algorithmi

cally, the difference between our presentation of QSD in this section and the 

SD algorithm of Higle and Sen [1988] resides in the update mechanism and the 

re-evaluation condition in equations (2.2.4) and (2.2.5a), respectively. 

2.3 A Bounded Growth Master Program fer QSD 

At each iteration of the SD algorithm, one additional linear inequality 

is added to the master program. After a large number of iterations, the number 

of constraints can pose excessive storage and computation burdens. Many of 

the cuts may be redundant, and thus do not playa role in defining the opti

mal solution to the master program. In a deterministic setting, cut dropping 

schemes such as those of Eaves and Zangwill [1971], Mifflin [1977] and Kiwiel 

[1985] have been proposed. These schemes use a line search procedure which 

guarantees descent in the objective function, thus justifying the elimination of 

cuts. The next functional approximation is obtained by defining a piecewise 

linear function whose pieces include the most recent cut together with a select 

subset of previously obtained pieces. Unlike these methods, with SD or QSD we 

have only a statistically based indication of descent when (2.2.7), the condition 

for accepting a candidate as the new incumbent solution, is satisfied. 

When the incumbent changes we have an indication of descent and 

would like to retain information in a neighborhood of the new incumbent, but 
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eliminate those constraints which do not define the piecewise linear approxi

mation near the new incumbent. In iterations in which the incumbent does 

not change we also need to retain the cut which is associated with the current 

incumbent solution. 

Let Jk- 1 ~ {1, 2, ... , k - 1} be the set of indices that define Vk-1 (d) 

1n (2.2.1) in iteration k - 1. Let n 1 be the dimension of x, the first stage 

decision variable. By Caratheodory's Theorem (see Bazaraa and Shetty [1979]), 

at most n 1 + 1 constraints are needed to define a solution to (Mk-1 ). The 

active co~straints are identified as those with non-zero Lagrange multipliers. 

Most quadratic programming subroutines automatically provide the associated 

Lagrange multipliers with not more than n 1 + 1 of them non-zero (Kiwiel [1985]). 

Since the constraints associated with X, the feasible region of the first stage 

variable, are fixed, we are concerned only with the multipliers .A{_1 , j E Jk- 1 , 

which are associated with the constraints indicated by (2.2.1) at dk-1· Let 

J"k-1 = {J' E Jk-1 \ j > 0} : /\k-1 . 

The set Jk is defined as follows. 

k "k-1 J =J U{!k,k}. (2.3.1) 

Thus QSD will maintain a finite master program size with at most n 1 + 3 con

straints in (2.2.1) of (Mk) at any iteration. 

2.4 The QSD Algorithm 

The QSD algorithm, including enhanced updating, adaptive re-estimation 

of the incumbent cut as introduced in §2.2 and the cut dropping scheme of §2.3, 

will now be presented. A brief discussion of the major steps follows the algo

rithmic statement. 



Algorithm: Quadratic Stochastic Decomposition (QSD) 

Step o. (Initialize) 

k .- 0, Wo .- E[w), Xo E argmin{cx + Q(x,wo) : x EX}, 

Zl .- Xo, do '- 0, 'Yo'- 0, f8(xo) = cxo + Q(xG,wo), Vo = {0}. To .- O. 

0< J1. < 1, M large, and T is given. JO = {0}. 

Step 1. (Generate random vector) 
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k .- k + 1. Randomly generate an observation, Wk, according to the distribution 

Fw (Wt, t = 1,2, ... , k are generated independently). 

Step 2. (Solve subproblem) 

Solve (Sk) and obtain the dual vector 7r(Zk,Wk). Vk .- Vk-l U {7r(Zk,Wk)}. 

Step 3. (Update master program) 

Evaluate ff(Zk) according to (2.2.2) and for j E Jk-l determine the updated 

cut coefficients according to (2.2.4). 

Step 4. (re-evaluate incumbent cut) 

Check re-evaluation conditions (2.2.5). If satisfied, determine 

ft'-l (Xk-t) according to (2.2.6), Tk-l .- k. 

Step 5. (Check for new incumbent and drop cuts) 

a) If (2.2.7) is satisfied then Xk'- Zk, 'Yk'- k. Tk'- k. 

Otherwise 

b) Xk .- Xk-l, 'Yk'- 'Yk-l, Tk .- Tk-l· 

In either case, determine Jk according to (2.3.1). 

Step 6. (Solve master program) 

Solve (M k) to obtain dk and Ilk ( dk) and the dual variables >.{, J E Jk. Set 

Zk+l = Xk + dk, return to Step 1. 

The algorithm proceeds as follows: We initialize in Step 0 by finding an 

initial first stage decision, Xo. The vector Wk is generated in Step 1 according to 

the distribution Fw and the recourse problem is solved at the candidate point, 
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Zk, in Step 2. This yields a dual vertex which is then stored in Vk. A dual 

vertex in Vk is then associated with each {WtH=l. An estimate of a support of 

the objective function in (Pt) at our candidate point, Zk, is then determined 

and past cuts are updated in Step 3. 

In Step 4, we use (2.2.5) to ascertain whether a better estimate of 

the incumbent objective value should be obtained with the current set of dual 

solutions to the recourse problem, Vk. The incumbent is updated in Step 5 

and the constraint index set Jk is determined. When (2.2.7) is satisfied, Zk is 

accepted as the new incumbent. Otherwise, the incumbent remains the same. 

Cuts are dropped according to the development in §2.3. (Mk) is then solved in 

Step 6 producing a new candidate point, and the process repeats. 

2.5 Convergence Analysis 

In this section we will show that an easily identifiable subsequence of 

the incumbent solutions, {xd, accumulates at optimal solutions. 

We begin with a proposition which establishes important properties of 

SD algorithms. It first appeared in Higle and Sen [1988]. The proof of this 

lemma applies to the sequences generated by QSD since they do not depend 

on the type of master program used but rather on the common characteristics 

of the SD algorithms (i.e., the manner in which cuts are generated, and the 

rule by which the incumbent solutions are selected). The first lemma examines 

the limiting behavior of the sequence of incumbent cuts generated by the QSD 

algorithm. Since the iterations between re-estimations of the incumbent cut are 

bounded by T according to (2.2.4), this lemma follows from Theorem 2 in Higle 

and Sen [1988]. 

Following this lemma, we present a lemma which bounds 

vk(dk) - fr(Xk). This bound plays an important role in establishing that there 
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exists subsequences of {dk}~l which converge to 0, the zero vector. Following 

a lemma which shows that the dual multipliers associated with the set X are 

bounded, a theorem that establishes the optimality of limiting incumbent points 

associated with subsequences of {dk}~l which converge to 0 is presented. This 

theorem is followed by a lemma which establishes that the QSD algorithm gen

erates the desired subsequences. Finally, a way to identify such a subsequence 

is described. 

Propositioli 1. Let {Xkn }~=1 be an infinite subsequence of {xd~l' 

If {Xk n } --t Xoo , then with probability 1, 

Furthermore, every accumulation point of {ai~n, c+ f3~;n }~=l defines a support 

of f(x) at X oo , with probability 1. 

Proof: Higle and Sen [1988] (Theorem 2), see Appendix B. 

The next lemma bounds (lIk(dk) - fr(Xk)), the anticipated descent in 

going from Xk to Zk, in each iteration. The bound obtained is a consequence of 

the quadratic term in the master program (Mk). 

Lemma 2. For each k, 

Proof: Since X is a convex polyhedral set, we simplify the presentation by writ

ing X = {x lAx :5 b}. If we let dT indicate the transpose of d then the necessary 

conditions for a solution to (Mk) imply that (dk, lIk) satisfy the following for 

each k. 
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vk(dk) ;::: f~(Xk + dk) = f~(xj':) + (c + f3l) dk, j = 1, ... , k, (2.5.1) 

k 

d[ + L Ai(c + f3l) + O"kA = OT , (2.5.2) 
j=1 

k 

LAi = 1 ,Ai;::: 0, O"k;::: 0 (2.5.3) 
j=1 

where O"k is a ml dimensional row vector. Furthermore, the following comple-

mentary slackness conditions must also be met. 

(2.5.4) 

(2.5.5) 

Summing (2.5.4) over all j, adding and subtracting fllc(Xk), and using 

(2.5.3) yields 

k k 

vk(dk) - fr(xk) = L A~U~(Xk) - fllc(Xk» + L A~(C + f3l) dk. (2.5.6) 
j=1 j=1 

Hence, if we solve (2.5.2) for 2:;=1 A~(C + f3t) and substitute into (2.5.6) we 

obtain 

k 

vk(dk) - fllc(Xk) = L A{Ul(xk) - fr(Xk» -lIdkll 2 
- O'kAdk . (2.5.7) 

j=1 

Note that the first group of terms on the right in (2.5.7) is nonpositive 

since flex,,) - fl"(Xk) is nonpositive for all j and k. From (2.5.5), the non

negativity of O'k and the feasibility of Xk, we have O"kAdk = O"k(b - AXk) ;::: O. 

Therefore 

(2.5.8) 

The Cauchy-Schwarz inequality and (2.5.1) imply 

(2.5.9) 
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From (2.5.8) and (2.5.9) we have the result . .-

The relationship in (2.5.2) and the assumptions on PI, which include 

the compactness of X, imply that Uk is bounded for each k. We establish this 

property in the following lemma. 

Lemma 3. Let X = {x : Ax:5 b} be compact and let Uk represent the 

vector of Lagrange multipliers associated with the constraints Ax :5 b in master 

program Mk. Then Uk is bounded for each k. 

Proof: The boundedness of the set X implies that the rank of A must be nl, the 

dimension of x. To see that this is true, suppose the rank of A is less than nl. 

Then, there exists a vector v E R n 1 , V =J:. 0 such that Av = O. Let Xl E X. Then 

for any scalar u, Xl + UV E X and X is unbounded. Thus, the rank of A must 

be nl. Consider those rows of A associated with positive elements of Uk. These 

elements can be chosen so that they are associated with at most nl linearly 

independent rows of A. Augment these rows with some of those remaining to 

form a new matrix, .. h, which is non-singular. Let Ak be the matrix made up 

of those rows in A which are not in .. h, and let Uk and O"k be the row vectors of 

associated elements of U (note that O"k = 0 by (2.5.5)). Then, (2.5.2) yields the 

following for each k 
k 

AA T ""j j 
-UkAk = dk + L./\k(C+ (3k)' 

j=l 

Since the terms on the right are bounded UkAk is bounded. The nonsingularity 

of .. h implies that the elements of Uk, and thus Uk, must be bounded for all k. 

IllI 

We are now ready to prove the following. 

Theorem 4. If there exists an index set J( such that 
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then :Coo is an optimal solution of (PI) with probability 1. 

Proof: Let jk S; Jk be the set of indices of the binding inequalities in (2.2.1) 

of (Mk). By Caratheodory's Theorem (see Bazaraa and Shetty [1979]) we may 

assume the cardinality of jk, Ijkl, satisfies Ijkl ~ nl + 1. From (2.5.2) we have 

df + L -X~(c + ,Bl) + UkA = OT, 
jEJIc 

where Ai ;:: 0, 2:jEJA: -xi = 1 and Uk is a non-negative row vector. Let kj denote 

the ph index in the set jk. Then we let -Xk = (-X~1, ... ,-XZp(k»), p(k) ~ nl + 1, 

be the vector of multipliers associated with the binding inequalities in (2.2.1). 

Suppose we have {:cdkEK ~ :Coo and {dkhEK ~ O. By the assump

tions on (PI) and Lemma 3, there exists a subset K' S; K and a positive integer 

p ~ nl + 1 such that for all k E K' we have p(k) = p, -Xk E RP for all k E 1{', 

and 

~ j . {c+,Bk hEK' ~ (c+,B), J = 1, ... ,p 

{ \ kj } \ i > 0 . 1 Ak kEK' ~ A _ ,J = , ... ,p, 

P 

L -Xi = 1, {ukhEK' ~ U. 

j=1 

Therefore, the fact that {dk} kEK' ~ 0 implies that we have 

P 

L Ai(c + pj) + uA = OT, 
j=1 

u(Axoo - b) = O. 

Lemma 2, (2.5.7 ) and the fact that {dk} kEK' ~ 0 imply that 

(2.5.10) 

(2.5.11) 

(2.5.12a) 

(2.5.12b) 

(2.5.13) 
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From (2.5.13), Proposition 1, and the fact that for any x E X the cuts present 

in master program Mk accumulate at values which underestimate the actual 

objective (with probability 1) we have 

(c + pj) E 8(cxoo + E[Q(xoo,w)]) , almost surely for j = 1, ... ,po (2.5.14) 

(2.5.11), (2.5.12), and (2.5.14) yield stationarity conditions for Xoo with proba

bility 1. III 

The following lemma is a result of the test for the new incumbent and 

Lemma 2. It establishes that there exists an index set which satisfies the hy

potheses of Theorem 4. Let {kn}neN represent the sequence of iterations at 

which the incumbent is changed. That is, for every n E N (2.2.6) is satisfied 

and Xkn = Zkn, fJ:n(Xkn) = f::(Zk n). 

Lemma 5. Let {dk}r:l be the sequence of master program solutions. Then 

there exists a subset of indices, J(', such that {dk} keK' --. 0 almost surely. 

Proof: If N is an infinite set then Lemma 6 of Higle and Sen [1988] applies as 

long as {'1k, k} E Jk. Thus for n E N we have 

limm-+oo ! 2:~=1 (Vkn-l(Zkn)- fJ:':..1 1 (xkn-d) = O. Then by Lemma 2 we have 

limm-+oo ! 2:~=1 IIdkn-lll = 0, with probability 1. Since the summand is posi

tive for all n, there exists an infinite subset N' ~ N such that {dkn -dneN' --. 0, 

almost surely. 

The remainder of the proof which considers the case when N is a finite 

set, is due to S. Sen and is in Appendix C. It is in the spirit of Kiwiel [1985] 

which is concerned with unconstrained convex programs .• " 

Note that since there exists, with probability 1, an infinite subset J(' 

such that {dk} keK' --. 0, any accumulation point of {Xk} keK' is an optimal 
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solution of (PI) with probability 1 by Theorem 4. When the incumbent changes 

only finitely often the unique accumulation point of the incumbent solutions is 

an optimal solution with probability 1. When the incumbent changes infinitely 

often a method to identify a subsequence of the incumbent solutions which 

accumulates at optimal solutions is needed. Toward this end we introduce a 

sequence, {c5k }~l' H we let c50 be sufficiently large and define constants P2 :5 

PI < 1 which are used to prevent c5 from decreasing too rapidly, then c5k is 

defined as follows: 

Thus the monotonic sequence {c5d~1 converges to zero, with probability 1, 

since there exists a subsequence of indices, K', such that {dk} kEK' -+ O. The 

set of indices K' can be defined as follows: 

(2.5.20) 

Clearly, K' is an infinite set since either c5k = PI c5k-I infinitely often or c5k = IIdk II 
infinitely often. Since c5k -+ 0, we then have {dk} kEK' -+ 0 Thus we obtain the 

following. 

Theorem 6. Let {Xd~I be the sequence of incumbent solutions identified by 

the QSD algorithm and suppose that K' is the index set defined in (2.5.20) then 

every accumulation point of {XdkEK' is optimal, with probability 1. 
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2.6 Termination Criteria 

A practical application of the QSD algorithm requires that criteria be 

specified which, when met, allow the algorithm to terminate. Once specified, 

the stopping criteria will alter Step 6 of the algorithm as follows: 

Step 6. Solve (Mk) to obtain dk, vk(dk) and A{, j E Jk. Set Zk+l = Xk + dk. 

H termination criteria are met, then stop. Otherwise return to Step 1. 

Several possible stopping rules for SD which are also suitable for QSD 

are suggested in Higle and Sen [1988,1989]. Some of these are summarized below. 

As a primary consideration, the stability of the set Vk must be con

sidered before deciding to terminate the algorithm, since the piecewise linear 

approximations are derived from this set. Therefore, termination of the algo

rithm is considered only after a sufficiently large number of iterations, 1(, have 

passed in which no new dual vertex of the recourse problem has been found. 

That is, termination is considered if 

(2.6.1) 

Since Vk ~ Vk+l for all k, (2.6.1) is easily verified by comparing the cardinality 

of the sets. 

As in SD, the convergence analysis (§2.5) suggests several sequences 

which one could monitor as the algorithm progresses. The progress of the in

cumbent objective value, fr(Xk) can be monitored. A statistical summary, 7]k, 

of the incumbent objective values can be used to monitor those iterations corre

sponding to the subsequence defined in (2.5.20) (i.e. k E K') and test whether 

the following is satisfied. 

(2.6.2) 
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The following statistics are suggested: "1k = n!. L:kEKI fl"(Xk) (asim

pIe average), where mk is the number of elements of K' by the first k iterations. 

Or an exponentially smoothed average can be defined as 

_ {)..fl"(Xk) + (1 - )..)"1k-l, if k E K'j 
"1k - h . fjk-l, ot erWlse 

where).. E (0,1), and "10 is appropriately chosen. 

As a result of Lemma 6, we know that the subsequence of {dd~l as 

defined in (2.5.20) converges to O. Therefore termination should not be consid

ered unless IIdkll is small. One can use {IIdkllhEK' to compute a similar statistic, 

pk. The algorithm may be terminated if for k E K' we have 

Pk < f. (2.6.3) 

Meeting several of the criteria described above is suggested in order to 

avoid premature termination. 

2.7 Summary 

In this chapter we have introduced enhancements to the SD algorithm 

of Higle and Sen [1988]. A quadratic proximal term was added to the master 

program. The addition of this term makes it possible to bound the size of the 

master programs without sacrificing the convergence results. 

Two other algorithmic enhancements have been included. A mecha

nism for updating past cuts was proposed which takes advantage of current 

information in the iterative process. With this update, it is possible to relax the 

non-negativity restriction of the recourse problem which was necessary for the 

SD algorithm. A condition which adaptively determines when the incumbent 

cut should be re-estimated was also suggested. This condition, coupled with the 

adaptive updating of the piecewise linear approximation for f( x), should make 
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it possible to avoid the cumbersome re-evaluation of the incumbent cut at each 

iteration as suggested in Higlc and Sen [1988]. 

To evaluate the success of the enhancements, a computational experi

ment was performed. The description and results of this experiment, and the 

problems it was applied to, are the subjects of the next chapter. 
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CHAPTER 3 - COMPUTATIONAL EXPERIENCE 

3.1 Introduction 

In this chapter we consider the effects of using various combinations 

of the SD enhancements, introduced in chapter 2, in the solution of four test 

problems which are briefly described in §3.2. 

The major enhancements proposed in chapter 2 which we wish to com-

pare are as follows: 

. A quadratic master program, in which the objective function is given 

by !lIdll2 + vk(d) vs. a linear master program in which the objective 

function is given by Vk( d). 

Updating past cuts in the master program adaptively as follows: 

. k-l· 1 k 
f3l = ---,;-f3Ll - k'1rk T , 

vs. the following simple updating of past cuts: 

. k-l· ",J _ ",J 
.... k - -k-.... k-l' 

. k-l· 
f3J - f3J k - -k- k-l· 

Dropping past cuts as described in §2.3 

vs. retaining all past cuts in program (Mk). 

Combinations of the two possibilities (i.e., implementation of the algorithm with 

and without the enhancement) in each of the three categories above produce 

eight possible algorithm variants. §3.3 contains coding and parameter details 

of the algorithms. The results of applying each of these variants to the four 

problems in §3.2 are presented in §3.4. 
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3.2 Test Problems 

The first two of the four test problems are two-stage stochastic versions 

of deterministic multistage problems due to Birge [1985a]. The origins and 

descriptions of these two appear in Ho and Loute [1981]. 

SCAGR7 is a large dairy farm expansion planning model (Swart et al. 

[1975]). The original model was used to maintain an optimal livestock mix as 

well as projected growth rates and profits by determining the acreage of crops to 

plant, the amount of grain and hay to purchase, and the disposition of new-born 

cattle. 

SCRS8 is a dynamic energy model for. the transition from fossil fuels 

to renewable energy resources. This problem was derived from Manne's [1975] 

model of U.S. options for a minimum cost transition from oil and gas to synthetic 

fuels while meeting future energy demands. The future depends on estimates 

of the remaining quantities of domestic oil and gas resources and the technical 

and environmental feasibility of new methods for synthetic fuel production. 

Problem PGP2 is a power generation planning model and is a variation 

of a model which has been studied extensively in its deterministic form (see 

Luenberger [1984] and Sherali et al. [1984] for example). The planner has a 

choice of several types of power plant equipment in order to meet the needs of the 

community which the plant serves. He wishes to determine the capacity of each 

type of equipment to be installed which minimizes the sum of the installation 

costs and the expected operating costs. The input data as well as the problem 

formulation for PGP2 are included in Appendix C. 

The fourth problem is CEP1 which is described in §1.2. The data for " 

this problem are given in Appendix C. 
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3.3 Implementation 

The SD algorithm with the variations indicated in §3.1 has been imple

mented on a Vax 8650 at the University of Arizona. The FORTRAN program 

utilizes the XMP subroutines of Marsten [1987] for solving subproblems (Sk) 

and the linear master program in four of the possible variations. The quadratic 

master program is solved using ZQPCVX, a FORTRAN program by M.J.D. 

Powell. 

A modification of the SD algorithm was implemented in all variations. 

This modified algorithm includes a trust region about the decision vector d in 

each iteration. That is, -~k ~ d ~ ~k where ~k E Rnl is positive. This region 

is expanded or contracted adaptively depending on whether Zk+l is accepted as 

the new incumbent or not. As in deterministic methods (Fletcher [1981] ch. 

14), the trust region was introduced to keep the solution steps in a region in 

which the function approximations are thought to be adequate. Subsequent 

runs without the trust region reveal that this modification had little effect on 

the outcome of each run. 

The following parameters were used in all computer runs. 

J.L = 0.25 (the new incumbent parameter), 

T = 20 (cut re - estimation parameter), 

f = 0.0005 (termination tolerance), 

). = 0.25 (exponential smoothing parameter). 

The convergence analysis of §2.5 requires that only those cuts with 

indices in Jk need be retained when the quadratic proximal term is present 

in the master progam. No theoretical support for dropping constraints from 

a linear master program is presented within this dissertation. Therefore, as a 

precaution, in iterations when the incumbent does not change, at most nl + 1 

cuts such that a{ + f3txk = aZ" + f3J" Xk, j E Jk-l are also retained. This 
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modified cut dropping scheme was used in both the linear and quadratic master 

program variations which dropped cuts. Thus, in these variations, we retain at 

most 2nl + 3 cuts. 

None of the algorithmic implementations attempted to identify the sub

sequence indicated by the indices in K' defined in (2.5.20). The reader will recall 

that K' is the set of indices which corresponds to a subsequence of {dk} ~l which 

converges to the zero vector. Nevertheless, we wanted an indication of stability 

of the objective function before termination. For all variations we required that 

IflA:(Xk) -17kl < f 

I flit (xk)1 

where 17k = )..fr(Xk) + (1 - )..)17k-l and ).. E [0,1]. For the four variations 

using the quadratic master program, we also required that for kEN (iterations 

in which the incumbent changes) we have Pk < f where Pk = )..lIdkll + (1 -

)..)Pk-l. If the incumbent has not changed, we require IIdkll < f. For the four 

variations using the linear master program, 9k = Vk-l(dk-d - fJ:il(Xk-d, 

was substituted for IIdkll in the above statistical summary. This termination 

criterion based on the sequence {ed~l is suggested in Higle and Sen [1988]. 

In addition, termination was not permitted unti1100 iterations were completed. 

Futhermore, termination was considered only if the cardinality of the set Vk 

remained the same for at least 50 iterations. 

In some cases it may be necessary to include a variable weight on the 

quadratic term in (Mk) in order to prevent this term from dominating, and 

thus slowing the progress of the algorithm, for many iterations. This dominance 

becomes apparent when the incumbent changes for many consecutive iterations 

while IIdll2 remains nearly constant. Whenever this condition is detected, a 

weight, u, is reduced and used to dampen the term IIdll2 in (Mk). If we initialize 

u as Uo = ~ the objective function in (Mk) is then replaced by: 
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Algorithmically, a counter can keep track of the number of consecutive 

iterations during which the incumbent has changed. During these iterations IIdll 
can also be averaged. Then when the counter is larger than some fixed integer, 

and the current value of IIdll is comparable to the average value during these 

iterations, the weight, Uk, is reduced. During theses iterations Uk is defined 

by Uk = max{tuk-I, u}, where u is a fixed, small scalar. Otherwise, Uk = 

Uk-I. Thus whenever sustained progress is detected one allows the procedure 

to accelerate by becoming greedy. Convergence of the method which uses a 

variable weight, as defined above, can be shown with only slight modification of 

the proofs of §2.5 since Uk is bounded below by U. 

3.4 Computational Experiment and Results 

Eight SD algorithmic variations were used to solve discrete versions of 

the problems introduced in §3.2. Each algorithmic variation was run with five 

different randomly generated streams of w for each problem giving a total of 160 

runs. The small number of replications suggest caution should be exercised in 

interpreting the results within this chapter. 

Tables 3.4.1 through 3.4.5 summarize these runs with averages over the 

five runs of the indicated quantities. The values in parentheses are the standard 

deviations of the reported averages. The three digit code over each column 

designates the algorithmic variation and is to be interpreted as follows: 

I ft d' 't _ {O, if simple updating; 
e Igl - 1, if (2.2.3) updating. 

t d' 't {O, if no cut dropping; 
cen er Igl = 1 'f d ' 

, 1 roppmg cuts. 

. ht d' 't _ {O, if linear master program, 
rIg Igl - 'f d ' 1, 1 qua ratlc master program. 
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For example, in Table 3.4.1, the fifth column which is headed by 001 contains 

information from the runs of the algorithmic variation which used the simple 

¥ updating, no cut dropping, and the quadratic master program, (Mk). Note 

that for problem SCAGR7, the quadratic programs were solved using a variable 

weight on the IIdll2 term. 

The optimal solution of each problem has been determined using the 

L-shaped method of Van Slyke and Wets [1969]. The actual value of the objec

tive function at the terminal incumbent solution was determined by evaluating 

the subproblem at this point for each possible realization of the discretized ran

dom variables. Both of these tasks were accomplished using code written by 

Mousa Mitwasi, a Systems and Industrial Engineering graduate student at the 

University of Arizona. 

Table 3.4.1 contains, for each of the eight algorithmic variations, the 

average number of iterations (avg. # iter.), the average error in the termi

nal incumbent objective estimate as a fruction of the actual objective value 

at this point (avg. error obj. est.), and the average deviation of the actual 

objective value at the terminal incumbent from the optimal objective value 

(avg. dev. from opt.) as a fraction of the optimal objective value. Standard 

deviations associated with the trials appear below each entry (in parentheses). 

All eight variations exhibited very little difference in iteration count for three 

of the four problems. The quadratic master program runs of problem SCAGR7 

performed roughly 20% fewer iterations than the linear master program required 

to meet all of the termination conditions. However, note that a variable weight 

on the quadratic term was used for this problem due to the dominance of this 

term for many iterations. 

The terminal incumbents of each of the runs for problems SCRS8 and 

CEP1 were optimal. In each case, the terminal incumbent for problem SCAGR7 

yielded an actual objective value with a relative error of only 0.04%. Only in 
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problem PGP2 was there any difference between the linear (first four columns) 

and the quadratic (last four columns) master program runs. In this case, the 

latter runs outperformed the former with respect to the deviation from the 

optimal objective value. On closer examination, one run of each of the linear 

master program yariations yielded a terminal incumbent whose actual objective 

value was much higher (by more than 10%) than the optimal objective value. 

With the limited number of runs of each variation, however, one can not tell if 

this is significant. 

As expected, the estimated objective values at the terminal incumbent 

exhibited deviations from the actual values by as much as 9% (CEPl). This 

is due to the limited number of realizations of the random variables generated 

and the subproblem dual bases available before termination. While this fact 

seems to suggest that termination may have been premature, the optimality (or 

near optimality) of the terminal incumbents in all but the linear master program 

runs of problem PGP2 seems to indicate that improved accuracy of the objective 

value estimates may not be necessary in order to determine optimality. 

Information concerning these bases is contained in Table 3.4.2. Here 

we list the average number of subproblem dual bases found (avg. # 7r' s) and 

the average number of these bases that are active at the terminal incumbent 

(avg. # active). That is, we list the average number of distinct 

7rj E {argmax 7r(wj-Tx lI )!7r EVa}, j = 1. .. , s, where s is the terminal iteration. 

For example, running problem CEP1 with variation 111 (QSD with cut dropping 

and new update) produced an average of 33.0 bases with a standard deviation 

of 1.0. On average, 16 of these, with a standard deviation of 1.0, were active at 

the terminal incumbent. Thus roughly half of the bases which this algorithmic 

variation identified were used to estimate the objective value at the terminal 

incumbent. 
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The ratio of active bases at the terminal incumbent to the number of 

bases in Vk at the time of termination is greater than ~in 29 of the 32 cases. 

For the other three cases, this ratio is nearly ~. Thus a large percentage of the 

bases uncovered during the process playa role at the terminal incumbent. 

The differences in the number of active bases between variations for the 

same problem stem from several causes. Even though the stream of random 

variables is generated identically in each run of each problem, the number of 

iterations is not. Nor are the stream of candidate solutions which determine the 

point at which the subproblems are solved. 

There is little difference evident from Table 3.4.2 between variations 

in the number of bases produced or the number of active bases. This table 

does indicate an important feature of the problems. Problem SCRS8 is of little 

interest as a stochastic program with the current data set since only one dual 

subproblem basis is needed to determine the objective function. On the other 

hand, with problem CEP1, each algorithmic variation produced on average more 

than 30 bases. Thus CEP1, with its current data set, is a more interesting 

problem from a computational point of view. 

The benefits of the first two enhancements, new updating and cut drop

ping, are clearly apparent from Table 3.4.3. Here, the average number of cuts 

added to the master program (avg. # cuts) and the average number of times 

the incumbent cut was re-estimated (avg. # re - est.) are listed for each of the 

algorithmic variations. 

The algorithmic variations which include cut dropping retained on av

erage, for problems SCAGR7 and SCRS8, only 20% of the master program cuts 

which the variations which retained all cuts possessed. This percent was even 

smaller for problems PGP2 ( < 9% ) and CEP1 ( < 5%). This can mean a 

substantial reduction in the computational effort required to solve the master 

programs. 
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Note that since only one dual subproblem basis was produced for prob

lem SCRS8, no re-estimation of the cut associated with the incumbent solution 

was necessary for the variations using the new update of (2.2.4) for this problem. 

With respect to the other problems, the variations using the simple k'kl update 

required that the cut associated with the incumbent solution be re-estimated 

,on average, about 4 times as often as the variations using the update of (2.2.4) 

required. Note that the increase in re-evalutions observed when using the simple 

¥ update is caused by imposing the condition (2.2.5a). Since the re-evaluation 

of this cut requires that the operation indicated by (2.2.6) be performed each 

time one of the conditions in (2.2.5) is satisfied, the reduction in effort using the 

new update is apparent. 

The two subroutines for solving the master program (linear or quadratic) 

were not comparable with regard to CPU time. For this reason actual CPU times 

have not been reported. Instead, Tables 3.4.4 and 3.4.5 contain CPU time ra

tios for the linear master program variations and the quadratic master program 

variations respectively. This information is reported as the ratio of average CPU 

time (for the particular algorithmic variation) to the CPU time of variation 000, 

in Table 3.4.4, or 001 in Table 3.4.5. For example, the entry under the head

ing 100 for problem SCRS8 is 0.15 with a standard deviation of 0.02. Thus, the 

computational time required by this variation, which includes only the enhanced 

updating scheme and retains all cuts, averaged 15% of the termination time of 

variation 000. 

From Table 3.4.4 it is clearly evident that the SD algorithm with a linear 

master program benefits substantially from the enhancements. The algorithmic 

variation which includes cut dropping and enhanced updating (110) exhibits the 

greatest improvement in average CPU time for each problem. 

The dramatic reduction in CPU time exhibited by the enhanced varia

tions may be due to several sources. First of all, the new update of (2.2.4) causes 
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the re-evaluation of the cut associated with the current incumbent solution to be 

performed less often. Since the re-evaluation takes no longer than the evaluation 

of the cut at the current candidate which is performed in each iteration, this 

fact alone can not account for the significant CPU time reduction. Information 

available from the XMP subroutines suggest that the actual source may be that 

XMP performs many more pivots when the simple update of (1.4.3) is used. 

Note that for large k the slope and intercept of early cuts are quite small when 

using the simple update of (1.4.3). This is not the case when the new update of 

(2.2.4) is used. The variations using cut dropping eliminate the early cuts when 

they become inactive. Thus, a large amount of the reduction in CPU time may 

be due to a reduction in the number of pivots performed by XMP in solving the 

master program. 

The redundancy noted above does not appear to effect the computation 

time when a quadratic term is present in the master program. In fact, any benefit 

due to the enhancements is less evident in the case of the QSD algorithm as seen 

from Table 3.4.5. The variation with only enhanced updating (101) performed no 

better, on average, than the variation with simple updating (001) with respect to 

CPU time alone. With cut dropping there is, approximately, a 20% improvement 

in CPU time. Again, the algorithmic variation which includes cut dropping and 

enhanced updating (111) exhibits the greatest improvement in average CPU 

time overall. 

3.5 Summary 

In this chapter we compared the contributions of the SD enhancements 

which were introduced in Chapter 2. In these computational experiments we find 

that regardless of whether a linear or quadratic objective is used in the master 

program, the SD algorithm performs quite well as indicated by the deviation 
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from optimality of the terminal incumbents. The addition of both cut dropping 

and the adaptive updating scheme showed a marked improvement in CPU-time 

and the number of re-evaluations of the cut associated with the incumbent so

lution. This improvement was achieved without affecting the iteration count or 

the objective value error. 

The narrow scope of our experimentation here and the small number 

of replications are grounds for caution in extrapolating results of this chapter. 

Nevertheless, the apparent success of the enhancements to the SD algorithm 

lends further evidence of the usefulness of this method for solving stochastic 

optimization problems. The increased efficiency which the enhancements can 

provide makes extension of the SD concept to other models look quite promising. 

One such extension is investigated in Chapter 4. 



Table 3.4.1. Summary or Iteration and Objective Function Information 

000 100 010 110 001 101 I 011 

SCAGRr I 
aug. # iter. 128.0 132.0 120.0 130.0 103.0 101.0 104.0 

(11.0) (11.0) (10.0) (6.0) (4.0) (0.0) (4.0) 
allg. error 
obj. elf.1 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002 0.0003 

(0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) 
aug. deu. 

from opt.' 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 
(0) (0) (0) (0) (0) (0) (0) 

SCR58 

aug. # iter. 107.0 107.0 107.0 107.0 107.0 107.0 107.0 
(7.0) (8.0) (8.0) (8.0) (8.0) (8.0) (8.0) 

aug. error 
obj. elt.1 0.01 0.01 om 0.01 0.01 0.01 0.01 

(0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) 
aug. dell. 

from opt.' 0 0 0 0 0 0 0 
(0) (0) (0) (0) (0) (0) (0) 

PGP2 

aug. # iter. 160.0 168.0 157.0 163.0 177.0 191.0 176.0 
(61.0) (52.0) (54.0) (52.0) (30.0) (49.0) (33.0) 

aug. error 
obj. tlt.1 0.03 0.03 0.02 0.02 0.02 0.02 0.02 

(0.03) (0.03) (0.01) (0.01) (0.01) (0.01) (0.01) 
oug.dev. 

from opt.' 0.04 0.04 0.02 0.01 0.0012 0.0014 0.0013 
(0.05) (0.04) (0.02) (0.02) (0.0007) (0.0008) (0.0007) 

CEP1 

aug. # iter. 315.0 294.0 306.0 294.0 292.0 348.0 292.0 
(44.0) (62.0) (65.0) (69.0) (42.0) (22.0) (42.0) 

aug. error 
obj. e,t.1 0.07 0.09 0.09 0.09 0.06 0.07 0.06 

(0.03) (0.04) (0.G4) (0.05) (0.03) (0.03) (0.03) 
allg. dell. 

from opt.' 0 0 0 0 0 0 0 
(0) (0) (0) (0) (0) (0) (0) 

• Variable weight 00 IIdll' term. 
I The average error in the terminal objective estimate. 
2 The average deviation from the optimal objective value or the actual objective value at the terminal 
incumbent. 
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1ll 

101.0 
(0.0) . 

0.0002 
(0.0001) 

0.0004 
(0) 

10i.0 
(8.0) 

0.01 
(0.01) 

0 
(0) 

173.0 
(56.0) 

0.02 
(0.01) 

0.0018 
(0.0004) 

327.0 
(30.0) 

0.07 
(0.03) 

0 
(0) 
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Table 3.4.2. Summary of Dual Bases Information 

000 100 010 110 001 101 011 111 

SCAGR7" 

avg. # 'ir'S 6.0 6.0 6.0 6.0 5.0 6.0 5.0 6.0 
(1.0) (1.0) (1.0) (1.0) (0.0) (1.0) (0.0) (1.0) 

avg. # active 4.6 5.0 5.0 4.6 4.2 5.2 4.0 4.2 
(0.5) (0.0) (2.0) (0.5) (0.4) (0.4) (0.0) (0.4) 

SCRS8 

avg. # 'ir'S 1 1 1 1 1 1 1 1 
(0) (0) (0) (0) (0) (0) (0) (0) 

avg. # active 1 1 1 1 1 1 1 1 
(0) (0) (0) (0) (0) (0) (0) (0) 

PGP2 

avg. # 'ir'S 15.0 16.0 15.0 16.0 14.0 15.0 13.0 14.0 
(2.0) (3.0) (3.0) (3.0) (2.0) (2.0) (1.0) (2.0) 

avg. # active 9.0 10.0 9.0 10.0 9.0 9.0 9.0 8.0 
(2.0) (2.0) (1.0) (1.0) (1.0) (1.0) (2.0) (1.0) 

CEPI 

avg. # 'ir'S 31.2 31.0 31.4 31.0 33.0 34.0 31.4 33.0 
(0.7) (2.0) (0.8) (2.0) (2.0) (.01) (0.8) (1.0) 

avg. # active 19.4 16.0 20.0 20.0 16.0 16.0 16.0 16.0 
(0.8) (5.0) (2.0) (2.0) (1.0) (1.0) (1.0) (1.0) 

" Variable weight on IIdll2 term. 
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Table 3.4.3. Summary of MISter Program Size and Incumbent Cut &.alimation 

000 100 010 110 001 101 011 III 

SCAGR7" 

oog. # cut. 64.0 67.0 13.3 13.4 52.0 51 16.0 18.0 
(6.0) (6.0) (0.9) (0.9) (2.0) (0) (1.0) (4.0) 

oog. # re-en.l 127.0 36.0 119.0 35.0 102.0 16.0 103.0 16.0 
(11.0) (5.0) (10.0) (5.0) (4.0) (2.0) (4.0) (7.0) 

SCRS8 

oog. # cut. M.O M.O 19.5 21.3 54.0 M.O 21.3 21.4 
(4.0) (4.0) (0.1) (0.9) (4.0) (4.0) (0.3) (0.7) 

oog. # re - elt.l 106.0 0 106.0 0 106.0 0 106.0 0 
(8.0) (0) (8.0) (0) (8.0) (0) (8.0) (0) 

PGP2 

oog. # cut. 81.0 85.0 7.0 9.0 89.0 96.0 5.4 7.9 
(31.0) (26.0) (1.0) (1.0) (15.0) (25.0) (0.2) (0.4) 

oog. # re - tIt.1 158.0 21.0 155.0 19.0 174.0 29.0 173.0 24.0 
(61.0) (7.0) (54.0) (10.0) (31.0) (7.0) (33.0) (12.0) 

CEPI 

009. # cut. 158.0 148.0 7.3 7.0 147.0 175.0 6.9 7.1 
(22.0) (31.0) (0.2) (0.1) (21.0) (11.0) (0.2) (0.5) 

009. # re - est.1 313.0 82.0 305.0 88.0 290.0 130.0 290.0 125.0 
(44.0) (22.0) (65.0) (19.0) (42.0) (8.0) (42.0) (15.0) 

• Variable weight on I/d/12 term. 

1 The average number of times the incumbent cut was re-estimated. 
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Table 3.4.4. CPU Time Ratios, Linear Master Program Variations 

100 010 110 

SCAGR7 

0"2' CPU time 0.14 0.19 0.11 a" 
(0.01) (0.05) (0.01) 

SCRSS 

0"2' CPU lime 0.15 0.30 0.11 a 
(0.02) (0.03) (0.01) 

PGP2 

0.,11.. CPU lime 0.2 0.03 0.02 a 
(0.2) (0.02) (0.01) 

CEP1 

0"2' CPU lime 0.12 0.06 0.04 a 
(0.06) (0.02) (0.01) 

• a = the average CPU time for algorithmic variation 000. 

Table 3.4.5. CPU Time Ratios, Quadratic Master Program Variations 

101 011 111 

SCAGR7 

0.,9.. CPU lime 1.06 O.Sl 0.75 a" 
(0.09) (0.05) (0.04) 

SCRSS 

0"2' CPU lime 0.93 0.79 0.76 a 
(0.09) (0.06) (0.06) 

PGP2 

0.,9.. CPU lime 1.0 O.S 0.6 a 
(0.5) (0.3) (0.4) 

CEP1 

0.,9.. CPU lime 1.1 O.S 0.7 a 
(0.1) (0.2) (0.1) 

• a = the average CPU time for algorithmic variation 001. 



CHAPTER 4 - PENALTY STOCHASTIC DECOMPOSITION 

4.1 Introduction 
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In this chapter we introduce a stochastic programming algorithm for 

solving two-stage programs in which a recourse function is present as a constraint 

on the feasible region of the first stage decision. To illustrate the applications 

that motivate such a model, the modification of problem CEPl, which we de

noted as CEP2, was discussed in §1.2. In this model the manufacturer wishes 

to minimize the cost of new capacity while guaranteeing that the expected cost 

of weekly operations (labor plus tooling) remains below a fixed budget require

ment. If we let I(x) represent the cost of acquiring x units of new capacity, 

and let Q(x,w) be the cost of weekly labor plus tooling as well as the cost for 

satisfying excess demands, then this problem yields the formulation given by 

(P2) in §1.5. Other variations involving higher moments or a nonlinear function 

of Q(x,w) are possible (see Ermoliev and Wets [1988]). 

In a deterministic setting, a common approach to constrained opti

mization problems is the penalty function method (Fletcher [1981], [1982]). In 

this chapter, we propose an algorithm for solving the problem above which com

bines the Stochastic Decomposition method with penalty function methods. The 

method which we propose makes use of an exact penalty function, which results 

in the following problem. 

MinxEXP(x) = al(x) + Max(O,E[Q(x,w)] - b). 

Recall that the cuts generated by the SD (or QSD) algorithm underestimate, 

asymptotically, the expected value of the recourse function. Thus, by replac

ing E[Q(x,w)] - b with MaxlSjSk(a{ + pix) - b we obtain, asymptotically, a 

relaxation of (P2) as k -+ 00. This fact is exploited in the proposed method. 

The derivation of the method is presented in §4.2. The Penalty Stochas

tic Decomposition Algorithm is given in §4.3, and convergence results are pre-
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sen ted in §4.4. Stopping criteria are suggested in §4.5 and the method is applied 

to several problems in §4.6. 

4.2 Derivation of the Method 

The formulation of the two-stage stochastic program with recourse 

which we consider in this chapter can be stated as follows: 

(P2) 

Min ex 

s.t. x E X, 

E[Q(x,w)] ~ b, 

where X is a convex polyhedral set and 

Q(x,w) = Min qy 

s.t. Wy=w-Tx 

y ~ O. 

(4.2.1) 

As in SD and QSD, the algorithm produces a sequence {xkH~::l' which 

we refer to as "incumbent solutions" and a sequence, {zd~l' which we call 

"candidates". In iteration k, Zk is determined, as in SD, through the solution of 

a linear master program. Adapting this method for a quadratic master program 

could be accomplished as in QSD. Beginning with an initial incumbent solution, 

a candidate is accepted as the next incumbent if its estimated penalized ob jective 

value is sufficiently lower than that of the current incumbent solution. 

Given Zk and an observation Wk of w, we solve subproblem (Sk) defined 

in §2.2 and repeated below. 

(Sk) 
Q(Zk,Wk) =Min gy 

s.t. Wy = Wk - TZk 

y ~ o. 
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The dual to the above problem is 

Q(Zk,Wk) =Max ?T'(Wk - TZk) 

s.t. 11" E IT = {?T' : ?T'W:5 q}. 

As in §2.2, the random variable w is defined on a probability space (n, A, 'P) 

with associated distribution function F". We again assure that (P2) has the 

complete recourse property by assuming that X and IT are compact convex 

polyhedral sets. Thus, IQ(x,w)1 < 00 for all (x,w) E X x n. 
The sequences {Xk}, {Zk}, and {wd are used to approximate the re

course function, E[Q(x,w»), in the same manner described in Chapter 2. Thus, 

at iteration k, let a{ + pix be an estimate of a linear support of E[Q(x,w») at 

Zj, 1 :5 j :5 k and let qk > 0 be the current penalty coefficient. The master 

penalty program is given by: 

(M2k) 

where 

77k(X) = max{O,a{ + pix - b,l :5 j :5 k}. (4.2.2) 

The solution of (M2k) is denoted by (77k, Zk+l). 

As in Chapter 2, we let V denote the set of all extreme point solutions 

of the subproblem dual, and Vk ~ V is the set of extreme points of the dual of 

(Sk) generated in the first k iterations of the algorithm. For t = 1,2, ... , k, we 

choose ?T'f to satisfy 

(4.2.3a) 

The estimated support of E[Q(x,w») generated at Zk, in the kth iteration, is 

given by 

(4.2.3b) 
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The coefficients of the cuts generated in iterations j = 1,2, ... , k - 1 

can be updated in iteration k as in (2.2.4). That is, 

(4.2.4a) 

(4.2.4b) 

Here the superscripts indicate association with the candidate Zj while the sub

scripts correspond to the current iteration k. 

An incumbent solution may not change over many iterations. Thus, we 

let 'Yk denote the iteration when the incumbent solution, Xk, was accepted. Then 

0/,/."-1 + f3l"-1 Xk-l is the updated cut associated with the incumbent solution 

Xk-l evaluated at Xk-l. We also let fk-l indicate the iteration at which the 

k - 1st cut associated with the incumbent solution was last evaluated, and T be 

a given integer. The cut indexed bY'Yk-l is re-evaluated whenever one of the 

following is satisfied: 

(4.2.5a) 

or k - fk-l = T. (4.2.5b) 

Re-evaluation of this cut is accomplished similarly to (2.2.6) using the current 

set of subproblem dual vectors, Vk. That is, for t = 1,2, ... , k, determine 

(4.2.6a) 

and 

(4.2.6b) 

With the support estimates and updating mechanism defined, we pro

ceed with our description of the method. Suppose (M2k-l) has just been solved 
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and now at iteration k we wish to determine the kth penalty parameter, Uk, and 

whether Zk becomes the kth incumbent. We determine Uk as follows: 

Uk = {k!lUk-l, ifmax~77k(zk)'77k(Xk-l)} > OJ 
Uk-I, otherwIse. 

(4.2.7) 

Therefore, Uk remains unchanged if feasibility to (P2) is suggested, and reduced, 

thus reducing the effect of the term ex, otherwise. In either case we see that 

{Uk }~l is a non-negative monotonic non-increasing sequence, and thus we see 

that Uk -+ jj ~ O. We note that if (j > 0, then both {Zd~l and {Xd~l 

accumulate at feasible solutions, with probability 1. Feasibility of accumulation 

points of {Xk}~l when jj = 0 will be addressed in §4.4. 

The updated piecewise linear approximation, Pk(X), is now given by 

Zk is assigned to Xk if the following condition is satisfied: 

(4.2.8) 

where J.l is a fixed parameter such that 0 < J.l < 1. Satisfaction of (4.2.8) implies 

that a sufficient fraction of the anticipated penalized objective value reduction 

is attained. In such cases Zk is designated as the new incumbent Xk. Otherwise, 

the incumbent does not change and Xk = Xk-l. 

4.3 The SD Exact Penalty Algorithm 

The SD Exact Penalty Algorithm, as introduced in §4.2, will now be 

summarized. A brief discussion of the major steps follows the algorithmic state

ment. Adapting the algorithm to include cut dropping similar to that in §2.3 is 

then presented. 



Algorithm: Exact Penalty Stochastic Decomposition 

Step o. (Initialize) 

k ~ 0, 170 ~ 1.0 is given, Wo ~ E[w], 

Xo E argmin{Po(x) = uocx + Max{O,Q(x,wo) - b} : x EX}, Zl ~ xo, 

17o(Xo) = Max{O, Q(xo,wo) - b}, "Yo ~ 0, Vo = 0. 7'0 = 0, ° < p. < 1, 

and T is given. 

Step 1. (Generate random vector) 
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k ~ k + 1. Randomly generate an observation, Wk, according to its distribution 

(Wt, t = 1,2, ... , k, are generated independently). 

Step 2. (Solve subproblem) 

Solve Sk and obtain the dual vector 7r(Zk,Wk). Vk ~ Vk-l U {7r(Zk,Wk)}. 

Step 3. (Update master program) 

Evaluate cut k according to (4.2.3) and determine the updated cut coefficients 

according to (4.2.4). 

Step 4. (Update penalty) 

Determine Uk by (4.2.7). 

Step 5. (Re-evaluate cut associated with incumbent) 

Check re-evaluation conditions (4.2.5). If satisfied, re-determine 

aZ"-l, and f3Z"-l according to (4.2.6). 

Step 6. (Check for new incumbent) 

a) If (4.2.8) is satisfied then Xk ~ Zk, "Yk ~ k. 

Otherwise 

b) Xk ~ Xk-l, "Y(k) ~ "Yk-l • 

Step 7. (Solve master program) 

Solve (M2k) to obtain (Zk+l, 17k), return to Step 1. 

The algorithm proceeds as follows: We initialize in Step 0 by finding al. 

initial first stage decision, Xo. The vector Wk is generated in Step 1 according to 
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the distribution Fw and the recourse problem is solved at the candidate point, 

Zk, in Step 2. This yields a dual vector which is then stored in Vk. A dual 

variable in Vk is then associated with each {WtH=l. An estimate of a support 

of E[Q(x,w)] at our candidate point, Zk, is then determined and past cuts are 

updated in Step 3. 

The penalty, Uk, is determined in Step 4 by (4.2.7). If infeasibility of 

the incumbent or candidate point is detected, then the penalty parameter is 

reduced. 

In Step 5, we use (4.2.5) to ascertain whether a better estimate of the 

cut associated with the incumbent solution should be made using the current 

set of dual solutions to the recourse problem, Vk. The incumbent is updated in 

Step 6. When (4.2.8) is satisfied, Zk is accepted as the new incumbent. If (4.2.8) 

is not satisfied the incumbent remains the same. Problem (M2k), which now 

includes k cuts, is solved in Step 7 to produce a new candidate point, and the 

process repeats. 

Dropping constraints can be accomplished in the following manner. Re

place (4.2.2) with 

(4.3.1) 

where Jk ~ {1, 2, ... , k} is determined as follows: 

Let 

jk-l = {j E Jk-l : >.i-l > OJ, (4.3.2) 

where >.t are the dual multipliers associated with the constraints 11k( x) ~ a{_l + 
f3Ll x - b, j E Jk-l present in master program (M2k - 1 ). Due to the definition 

of 11k(Xk) in (4.3.1), it is possible that none of the cuts added to the master 

program have a positive dual multiplier. Therefore it is advisable to retain at 

most nl + 1 cuts including the cut indexed by "II" such that 
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a{ + P~Xk = cxZ· + Pi" Xk, j E Jk-l. If this set is denoted by [ then 

Jk = jk-l U [U {k}. (4.3.3) 

Thus, if nl is the dimension of x, at most 2nl + 3 are retained in each iteration. 

The steps of the above algorithm are altered as follows to include cut dropping: 

If we initialize JO = {0}, then Steps 3, 6, and 7 are altered as follows: 

Step 3. (Update master program) 

Evaluate cut k according to (4.2.3) and for j E Jk-l determine the updated cut 

coefficients according to (4.2.4). 

Step 6. (Check for new incumbent and drop cuts) 

a) If (4.2.8) is satisfied then Xk +- Zk, 'Yk +- k. 

Otherwise 

b) Xk +- Xk-l, 'Yk +- 'Yk-l • 

In either case, determine Jk according to (4.3.3). 

Step 7. (solve master program) 

Solve (M2k) to obtain Zk+l and 7]k(Zk+l) and the dual variables >.t, j E Jk. 

Return to Step 1. 

4.4 Convergence Analysis 

In this section we will show that if (P2) is feasible, then under cer

tain circumstances to be specified, every accumulation point of the sequence of 

incumbent solutions, {xd, is an optimal solution of (P2). 

Since each of the cuts added to the master program in the limit underes

timates the recourse constraint, they form an asymptotic relaxation of problem 

(P2). Just as in deterministic optimization, a solution to a relaxed optimization 

program is a solution to the original if it is feasible to the original problem. 
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Let X be the set of accumulation points of the sequence of incumbent 

solutions, {xkH";.l and let jj be the unique limit of {Uk}k";.l' Let {kn}nEN 

represent the sequence of iterations at which the incumbent is changed. That 

is, for every n E N, (4.2.8) is satisfied and Xkn = Zkn• We also assume that cuts 

are dropped and thus 7]k(X) is defined by (4.3.1) with Jk defined by (4.3.3). 

The updating and re-estimation mechanisms of this penalty algorithm 

are the same as those in QSD. The development in Higle and Sen [1988] (Theo

rem 2, Corollary 5) yields the following. 

Lemma 7. Let {Xkn }~=1 be a subsequence of {Xk}k";.l such that 

{Xkn }~=l -. XOO' With probability 1, 

Furthermore, with probability 1, any accumulation point of {(aZ:n, f3Z=n )H+l 
defines a support of E[Q(x,w)] at Xoo and 

With regard to the asymptotic behavior of {Xk}k";.l' we have already 

established that jj > 0 and jj = 0 form two distinct cases of interest. In addition, 

we will see that finiteness of the set N also provides two distinct cases of interest. 

In this section, we will show that if 

C1. N is an infinite set, or 

C2. N is a finite set and Uk -. jj > 0, 

then every accumulation point of {Xk} is an optimal solution to (P2), with prob

ability 1. The remaining case, namely when N is a finite set and jj = 0 remains 

an open theoretical question. In §4.6, we provide an empirical investigation of 

this case. 

We begin by establishing feasibility of the accumulation points of {Xk} 

under cases C1 and C2 as defined above. 
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Lemma 8. Let Xoo E X. Iftbere exists an x E X sucb tbat E[Q(x,w)] $; band 

eitber C1 or C2 bold, tben E[Q(xoo,w)] $; b witb probability 1. 

Proof: Let x E X be such that E[Q(x,w)] $; b. Note that X is closed. There

fore, let Xoo E X such that 

E[Q(xoo,w)] ~ E[Q(x,w)] for all x EX. (4.4.1) 

. Suppose E[Q(xoo,w)] = b + e > b. That is, Xoo is infeasible. We examine first 

the case in which N is an infinite set. Let N' ~ N such that limnEN' Xkn = Xoo 

and limnEN' Xkn-l = x. By Lemma 7 we have, 

Then, with probability 1, there exists a J( such that for all n E N' such that 

kn ~ K, 

.71kn(Xkn) > 0, and therefore, by (4.2.7), Uk -. o. Also, by Lemma 7 and (4.4.1), 

we have 

Additionally, since x is feasible to (P2), and all cuts underestimate the value of 

E[Q(x,w)] - b in the limit, limk-+oo '1k-l(X) = o. By the definition of the set N 

(see (4.2.8)) we also have 

Pkn(Xkn) - Pkn(Xkn-d < J.t(Pkn-l(Xkn) - Pkn-l(Xkn-l)) 

$; J.t(Pkn-l(X) - Pkn-l(Xkn-d)· 

Thus, probability 1 

e = lim Pkn (Xkn) 
nEN' 

< J.t lim Pkn-l(X) - J.t lim Pkn-l(Xkn-l) + lim Pkn(Xk -1) nEN' nEN' nEN' n 

$; J.t lim Pkn-l(X) + (1 - J.t) lim Pkn-l(Xkn-d 
nEN' nEN' 

$; (1 - J.t)e < e, 
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a contradiction since 0 < I-l < 1 and E > O. We must therefore have Xoo feasible 

(wp1) and thus by (4.4.1) all x E X are feasible to (P2). 

If N is a finite set and ij > 0, then there exists a K such that for all 

'k ~ K, Xk = XK, and X = {XK}, and feasibility of XK follows immediately as 

discussed. 11 

The next lemma examines the limiting behavior of 

Pk-l(Zk)-Pk-l(Xk-l), the descent anticipated in moving from Xk-l to Zk, when 

C2 holds. 

Lemma 9. Let N be the set of indices at which the incumbent changes. If N 

is a finite set and ij > 0 (i.e., if C2 holds), then with probability 1 

and lim C(Zk - Xk-l) = o. 
k-+oo 

Proof: Let N be a finite set. Then, there exists a K such that for all k > K 

we have Xk = XK and 

(4.4.4) 

Let {Zkj }~1 be a subsequence of {zdr:l such that Zkj -. Z. We have already 

noted that ij > 0 implies XK and z are feasible to (P2) and thus 

(4.4.5a) 

(4.4.5b) 

Combining (4.4.4) and (4.4.5), we have 
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Since both sides of the inequality are non-positive and 0 < Jl. < 1, we must have 

ez = ex K and thus the result. II 

Suppose that there exists an x E X such that E[Q(x,w)] < b. Since all 

limiting cuts underestimate the value of E[Q(x,w)] - b, there exists a K such 

that for k ~ K the following problem is feasible. 

(M3k ) 

MinzEX ex 

s.t. 77k( x) ~ o. 

For k ~ K, let Xk+l solve (M3k ). For all k ~ K we have 

Therefore, 

(4.4.6) 

If Zk+l is feasible to (M3k), then we have eZk+l = cXk+l. 

We are now ready to prove the following. 

Theorem 10. Let Xoo E X and suppose there exists an x E X such that 

E[Q(x,w)] < b. If N is an infinite set then Xoo is an optimal solution of (P2) 

with probability 1. If N is a finite set and ii > 0 then the unique limit point, 

x K, is an optimal solution of (P2) with probability 1. 

Proof: Let u· be the optimal objective value of problem (P2). By the cut 

dropping scheme in §4.3 we have IJkl ~ 2nl + 3 for all k = 1,2,.... Let kj 

denote the ph index in set Jk. Let K ~ {I, 2, ... } be such that {XdkEK -. xoo , 

IJkl = p for all k E K and for j = 1, ... ,p 
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For k E K 

Then {17khEK epi-converges to the function fj where 

17(X) = Maxi=l, ... ,p{O, oi + pix - b}. 

It follows from Attouch and Wets [1981] that XOO solves 

Min{ex : fj(x):5 0, x E X} 

which is a relaxation of (P2). Therefore 

(4.4.7) 

Since the above can be constructed for any accumulation point of {xkl~l we 

have 

(4.4.7) 

Since any Xoo E X is feasible to (P2) with probability 1 under the given 

hypotheses, we must have for all Xoo EX 

(4.4.8) 

Suppose N is an infinite set. Let N' ~ N be such that Let {Xkn }nENI ~ 

Xoo E X and {Xkn}nENI ~ x~. Then, by (4.4.6) and the definition of N, 

eXkn :5 e:hn for all n E N', kn ~ k. Therefore, 

(4.4.9) 

Thus (4.4.7) and (4.4.8) and (4.4.9) imply that exoo = u· almost surely and Xoo 

solves (P2) with probability 1. 

Suppose N is a finite set. Let {Zkj }~l be be a subsequence of {Zk}~l 

and {Xkj }~l be a subsequence of {Xk}~l such that Zkj ~ Zoo and Xkj ~ xoo. 
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Let XK be the unique limit point of {xklk';:l' By (4.4.6) we have eZkj ~ cXkJ 

for all kj ~ k. Therefore, combining (4.4.6) and Lemma 9 we have 

eXK = ezoo ~ exoo (4.4.10) 

almost surely. Therefore, (4.4.7), (4.4.8) and (4.4.10) yield eXK = u· with 

probability 1 and thus XK is optimal to (P2) with probability 1. III 

As a consequence of the analysis above we also obtain the following 

corollary regardless of whether Uk -+ 0 or not. 

Corollary 11. Any accumulation point of {zklk~l is optimal to problem (P2) 

if it is feasible to (P2). 

4.5 Termination Criteria 

Step 7 of the Penalty Stochastic Decomposition Algorithm given in §4.3 

can be altered to include termination criteria as follows. 

Step 7. Solve (M2k) to obtain Zk+l and 7]k(Zk+l) and the dual variables .x{, 
j E Jk. If termination criteria are met, then stop. Otherwise return to Step 1. 

As noted in §2.6, the stability of the set Vk must be considered before 

deciding to terminate the algorithm. Thus termination is considered if 

where K is a sufficiently large integer. Again, this is easily verified by comparing 

the cardinality of the sets since Vk-K ~ Vk for all k. 

The objective function at the incumbent solution should exhibit a de

gree of stability also. One way to detect that the objective has stabilized is 
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to keep a summary, Vk, of its value at the current incumbent solution over the 

first k iterations. This summary could be an exponentially smoothed average, 

in which case Vk = ACX k + (1- A )Vk-l, A E (0, 1), and Vo = CXo. Then for fl > 0 

and small, satisfaction of 
ICXk - vk-ll < 

Icxkl - fl 

at iteration k would indicate that the objective has stabilized. 

It is also important not to stop while one has some indication that 

constraint (4.2.1) is violated. Let g(Xk) = aI" + f3~"Xk. Since any point x E X 

such that E[Q(x,w)] = b is feasible to (P2), we will use the sample variance 

associated with g(Xk) to test the hypothesis Ho : E[Q(Xk'W] ~ b + f2 versus 

HI : E[Q(Xk,W] < b + f2, where f2 is small compared with b and is necessary 

if the algorithm is to terminate when the recourse constraint (4.2.1) is satisfied 

as an equality. Only an approximation of the theoretical variance of g(Xk) is 

available. Let s2 denote this approximation. That is, 

Then the most powerful test available is one which rejects Ho at a given level of 

significance a, assuming large k, only if 

Vk(g(Xk) - (b + f2» < -tQ,k-I. 
s 

(4.5.1) 

Here for a given level of significance a, tQ,k-I is the critical value for the t 

distribution based on k - 1 degrees of freedom and a one-sided critical region 

(see Bickel and Doksum [1977] or Hines and Montgomery [1980]). Thus one 

could consider terminating at iteration k if (4.5.1) is satisfied. 

Meeting all of the criteria described above is suggested. 
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4.6 Computational Testi~g 

The Penalty Stochastic Decomposition Algorithm presented in §4.3 has 

been applied to variations of each of the problems mentioned in §3.2 after they 

were put in the form of (P2). The problem name followed by the letters rc, 

which stands for "recourse constrained", will designate this form (except for 

problem CEP2 which is already in this form). To verify the method we set 

the right hand side, b, equal to the value of the recourse function at x"', the 

optimal solution of (PI), for each problem. In this case, x'" is also an optimal 

solution of each recourse constrained problem. In the test which follows, the 

terminating incumbent solution was checked for optimality and feasibility to 

(P2). In addition we wished to determine whether a particular run of the 

algorithm indicated that the incumbent was changing only finitely often and the 

penalty, Uk, was converging to 0 since no convergence results were obtained for 

this case. 

The method has been implemented on a Vax 8650 at the University of 

Arizona. The FORTRAN code utilizes the XMP subroutines of Marsten [1987] 

for solving the subproblems (Sk) and the penalty master program (Mpk). All 

of the criteria for termination discussed in §4.5 were implemented. Addition

ally, a minimum of 1500 iterations were performed. The higher iteration count 

was necessary to impede premature termination at an infeasible point. Storage 

restrictions required termination within 3000 iterations. 

The following parameters were used in all computer runs. 

Uo = 10.0 (initial penalty parameter), 

J.I. = 0.25 (new incumbent parameter), 

T = 20 (cut re - estimation parameter), 

fl = 0.0005 (termination tolerance), 

,\ = 0.25 (exponential smoothing parameter), 
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a = 0.05 (level of significance). 

The value of f2 which is used in the hypothesis test for each problem 

was as follows: 

f2 = 0.04b for CEP2, 

f2 = 0.02b for PGP2rc and SCRS8rc, 

f2 = 10.0005bl for SCAGR7rc. 

The parameter f2 will unavoidably be problem dependent since scaling the con

straint set, for example, would imply that f2 would have to be scaled similarly 

for the same hypothesis test level. Ideally, we wanted the value of f2 to be as 

small as possible. For this test the value of f2 was determined for each proble~ 

by an initial run of the algorithm using a single starting seed for the random 

number generator. We used the smallest value of f2 which allowed the algorithm, 

with this starting seed, to terminate before the 3000 iteration cap. 

For each problem, the program was run using ten different starting seeds 

for the random number generator. Table 4.6.1 categorizes the terminal incum

bent solutions based on optimality and feasibility to the respective problems. 

This table should be examined along with Table 4.6.2. Table 4.6.2 summarizes 

the averages over the 10 runs for the listed quantities with the standard devia

tions appearing in parentheses: the average number of iterations (# iter.), the 

average number of cuts added to the master programs (# cuts), the maximum 

deviation from feasibility of the recourse function at the terminal incumbent 

(max. dev. from feasibility), the average deviation from feasibility of the re

course function at the terminal incumbent (avg. dev. from feasibility), the 

maximum deviation from optimality of the objective function at the terminal 

incumbent (max. dev. from optimality), and the average deviation from op

timality of the objective function at the terminal incumbent (avg. dev. from 

optimality). 
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Nine of the runs of problem CEP2 produced optimal solutions at ter

mination. Of these nine, two did not terminate before the maximum number 

of iterations, 3000. Only a single run produced a non-optimal solution. This 

particular terminal incumbent deviated from feasibility by 1.2% and had an 

objective value 7.2% lower than the optimal solution. 

Many more iterations were required on average to reach an optimal so

lution of problem CEP2 using the Penalty Stochastic Decomposition Algorithm 

than were required to solve problem CEPl using QSD. Estimates of the recourse 

function playa more critical role in determining the next candidate in the former 

problem than the latter. For example, low estimates of the recourse function 

increase the size of the region which the algorithm detects as feasible. Thus an 

infeasible point which is detected as feasible when the estimates are low, may 

be preferred over an optimal point. This is apparently the case with the single 

run which produced a non-optimal terminal incumbent. A subsequent rerun of 

this particular run with a smaller value for the level of significance a performed 

no better. 

Each run of the algorithm with problem SCRS8rc terminated at the 

optimal solution. This was expected since only one dual basis was produced for 

the given data set, as discussed in §3.4. 

The results of the runs of problem PGP2rc were not as spectacular as 

the results of the runs of the previous two problems. None of the terminal in

cumbent solutions were optimal. The average deviation from optimality was 4%, 

however, only a single run terminated at a point which deviated from optimality 

by more than 6%. (This particular point was feasible.) Eight of the ten runs 

terminated at a feasible solution while the other two runs terminated at points 

at which the recourse constraint exceeded b, the right hand side value, by less 

than 1.4%. Decreasing the value of f2 or 0:, used in the hypothesis test, did not 

significantly affect the results. 
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While none of the terminating incumbent solutions for the runs of prob

lem SCAGR7rc terminated at optimal solutions, each was nearly optimal. These 

runs terminated at incumbent points which exhibited an average deviation from 

optimality of only 0.04%. Only four of the terminal incumbent solutions were 

actually feasible but the average deviation from feasibility was only 0.001%. 

Toward detecting the possible effect of the unresolved case, the incum

bent changing only finitely often and Uk -+ 0, we have listed in Table 4.6.3 the 

terminating value of Uk and the number of iterations since the incumbent last 

changed. The latter we denote by m. Since this data is paired in each run, we 

have listed the four pairs associated with the minimum and maximum values of 

m and Uk for each problem. 

Only the output of problem CEP2 indicates that if these runs were not 

terminated the incumbent might have changed only finitely often and Uk -+ o. 
In particular, the entry for problem CEP2 under the column heading "max m" 
is the result of the only run which terminated at a non-optimal solution. The 

fact that all of the other runs terminated at an optimal solution is an indication 

that this unresolved case may not be an obstacle. 

The computations presented above indicate that the algorithm has the 

potential to perform well but further investigation of the parameter choices such 

as Uo, and those which affect the termination decisions are needed. Testing of 

the algorithm with various right-hand-side values is also warranted. Methods to 

reduce the sample variance may improve the performance. 

4.7 Summary 

In this chapter we have introduced a Stochastic Decomposition algo

rithm for solving a stochastic programming problem in which a recourse function 

is present in the constraint set. This algorithm uses an exact penalty function 
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in the master program of the Stochastic Decomposition algorithm. The conver

gence results were obtained for all cases except if the incumbent changes only 

finitely often and the penalty parameter converges to zero. 

Results of the computational testing indicate that the algorithm shows 

promise and that the unresolved case may not be problematic. Further testing 

of the algorithm with various right hand side values as well as determining the 

impact of the algorithmic parameter choices is warranted. Methods to reduce 

the sample variance may decrease the number of iterations required and improve 

the results. 



Table 4.6.1. Classification of Terminal Incumbent Solutions 

CEP2 SCRS8rc PGP2rc SCAGR7rc 

# optimal 9 10 0 0 

# non - optimal 1 0 10 10 

# feasible 9 10 8 4 

# non -feasible 1 0 2 6 

# at 30001 2 0 0 0 

1 The number of runs which did not terminate prior to the 3000 iteration limit. 

Table 4.6.2. Summary of Computation 

CEP2 SCRS8rc PGP2rc SCAGR7rc 

avg. # iter. 1970.0 1501 1706.5 1501.4 
(595.0) (0) (398.0) (0.5) 

avg. # cuts 16.0 46.3 15.8 31.6 
(1.0) (0.3) (0.7) (0.3) 

max. dev. 
from opt. l 0.072 0 0.128 0.001 

avg. dev. 
from opt.2 0.01 0 0.04 0.0004 

(0.02) (0) (0.04) (0.0004) 
max. dev. 

from feas. 3 0.12 0 0.014 0.000024 

avg. dev. 
from feas. 4 0.001 0 0.002 0.00001 

(0.004) (0) (0.004) (0.00001) 

1 The maximum deviation from the optimal objective value of the objective value at the 
terminal incumbent. 

2 The average deviation from the optimal objective value of the objective value at the 
terminal incumbent. 

3 The maximum deviation from feasibility of the recourse constraint at the terminal 
incumbent. 

4 The average deviation from feasibility of the recourse constraint at the terminal 
incumbent. 
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Table 4.6.3. Penalty Parameter and m Information 

min 0'1: 1 max 0'1: 2 minm 3 maxm 4 

CEP2 

m· 691 928 36 928 
0'1: 8 x 10-12 1 X 10-11 9 X 10-12 1 X 10-11 

SCRS8rc 

m 1164 1500 1106 1500 
0'1: 0.01 0.67 0.01 0.67 

PGP2rc 

m 1101 1485 70 2269 
0'11: 0.3 5.1 0.53 1.0 

SCAGR7rc 

m 806 1460 4 1460 
0'11: 0.05 0.5 0.4 0.5 

• The number of iterations since the incumbent changed prior to termination. 
1 The data pair with the minimum value of 0'11: at termination. 
2 The data pair with the maximum value of 0'11: at termination. 
3 The data pair with the minimum value of m at termination. 
4 The data pair with the maximum value of m at termination. 
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CHAPTER 5 - CONCLUSIONS AND EXTENSIONS 

5.1 Summary and Conclusions 

In this dissertation we have presented two stochastic programming al

gorithms which are related to the basic SD algorithm presented in Chapter 1. 

In the first algorithm, presented in Chapter 2, a quadratic proximal 

term was added to the SD master program. The addition of this term makes 

it possible to bound the size of the master programs without sacrificing the 

convergence results. Several algorithmic enhancements have also been included. 

A mechanism for updating past cuts was proposed in order to take advantage of 

current information in the iterative process. With this update, it is possible to 

relax the non-negativity restriction of the recourse problem which was necessary 

for the SD algorithm. We have also suggested a test which adaptively determines 

when additional re- estimation of the cut associated with the incumbent solution 

should be performed. This condition, coupled with the adaptive updating of the 

piecewise linear approximation for f~;x), should make it possible to avoid the 

cumbersome re-evaluation of the cut 'associated with the incumbent solution at 

each iteration as suggested in Higle and Sen [1988]. 

A computational investigation of the contribution of these enhance

ments was the subject of Chapter 3. We found that with both the linear and 

quadratic objective functions, the SD algorithm performs quite well, as indicated 

by the low deviation from optimality of the terminal incumbents. Our experience 

suggests that both the cut dropping and the adaptive updating scheme provide 

a marked reduction in both the number of times that the cut associated with the 

incumbent solution was re-evaluated, as well as the overall CPU time required 

to solve the problems. This improvement was achieved without affecting the 

iteration count or the objective value error. The narrow scope of the experimen

tation, however, and the small number of replications are grounds for caution in 
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generalizing the results of our computational experiment. Nevt.'rtheless, the ap

parent success of the enhancements to the SD algorithm lends further evidence 

of the usefulness of this method for solving stochastic optimization problems. 

In Chapter 4, a Stochastic Decomposition algorithm for solving a re

course constrained stochastic programming problem was introduced. This algo

rithm uses an exact penalty function in the master program of the Stochastic 

Decomposition algorithm. Convergence analysis indicated that under certain 

conditions, every accumulation point of the incumbent solution sequence is an 

optimal solution of the original problem with probability 1. Based on our compu

tational investigation, it appears that the unproven case may not be problematic, 

although further investigation of the algorithmic parameter choice is called for. 

5.2 Extentions and Future Research 

The algorithms in this dissertation are easily adapted to accommodate 

the case in which the matrix T is also a function of the random variable w, i(w). 

Thus, in generating an observation of w, one simultaneously obtains observations 

of the matrix T as well as the right hand side of the subproblem. With this 

slight exception, the resulting algorithms are identical to those presented in this 

dissertation. 

Further investigation of the penalty algorithm presented in Chapter 4 

is called for. In particular, additional test problems and an extensive computa

tional investigation of the impact of parameter choices is necessary, especially if 

the unresolved case remains an open question. It is likely that this case can be 

resolved if the sequence of penalty functions, {Pk}, are constructed in a manner 

that ensures their epi-convergence to P(x) = O'oocx + Max(O,E[Q(x,w) - b). In 

this case, even if 0'00 = 0, Theorem 3.2 of Birge and Wets [1986] ensures that 

any accumulation point of {Zk}~l' is feasible to (P2), and thus optimal based 
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on our proof of Theorem 10. A proposition which provides criteria for verifying 

epi-convergence is given in Attouch and Wets [1981] (see also Birge and Wets 

[1986]). The conditions of this proposition are not satisfied with the current 

sequence of functions, {Pk( x) H~l . 
Variance reduction techniques such as importance sampling (as in Dantziglf 

et al. [1989]) or stratified sampling (see Bratley et al. [1983]) may be combined 

with both of the algorithms presented in this dissertation. Such sampling tech

niques may prove especially useful for the penalty algorithm of Chapter 4 where 

detection of feasibility is of primary importance in terminating the algorithm. 

The Penalty Stochastic Decomposition Algorithm and SD or QSD can 

be combined to solve stochastic programming problems which include several 

constraints of type (4.1.1) as well as a second stage recourse problem. Consider 

the following formulation: 

Min ex + E[Qo(x,wo)] 

s.t. x E X 

E[Qi(X,Wi)] :5 bi, i = 1, ... ,L, 

where Qi(X,Wi), i = 0, ... , L is defined as 

Qi(X,Wi) = Min qiY 

s.t. WiY + Ti(wi)x = Wi 

Y ~ O. 

Conceptually, there is no problem with combining the algorithms presented in 

Chapters 2 and 4. In this case, penalty weights on the exact penalty functions 

for each of the constraints, rather than the original objective, would provide in

dividual control over each constraints feasibility. The resulting algorithm would 

benefit from parallel processors which could handle the numerous subproblems 

and the increased storage requirements. 
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The extensions suggested above would further enhance the algorithms 

presented in this dissertation and make Stochastic Decomposition an extremely 

versatile class of algorithms. 



APPENDIX A - NOTATION 

x = the feasible region associated with the decision variable x. X is a 

polyhedral set. 

X == the set of accumulation points generated by the algorithm. 

Mk = the kth master program. 

Sk == the kth subproblem. 

Xoo is an element in X. 
n == the sample space associated with the random variable w. 
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Fw is the multivariate probability density function associated with the random 

variable w. 
v == the set of all extreme points in the subproblem dual. 

Vk = the set of all extreme points in V which have been generated in the first 

k iterations. 

7r(X,w) E argmax{7r(w - Tx)l7r E V}. 

7r == an extreme point in the subproblem dual. 7r E V. 

7r: E argmax{7r(wt - TZk)l7r E Vd. 
Q(x,w) = Max{7r(w - Tx)l7r E V}. 

f(x) = ex + E[Q(x,w)], the objective function. 

{Xk}r:l = the sequence of incumbent solutions. 

{dk}r:l == the sequence of directions generated by the method. 

{zdr:l = the sequence of candidates generated by the method, Zk+l = Xk+dk. 

'Yk = the iteration in which the incumbent solution, Xk was accepted. 
k _ 1 ~k k 

ak = I L..it=l 7rt W,. 

ak - 1 ~k kT 
fJk = -I L..it=l 7rt • 

flex) = a{ + (c - f3l)x, the updated value at x of the ph cut, j = 1, ... , k, in 

Master Program M k • 

Jk the subset of indices 1,2,.,. k present in master program (Mk). 

vk(d) == MaxjEJ" {fl(xk + d)}. 
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Tk = the iteration at which the argmax operation was last performed at 

incumbent Xk. 

r == a positive integer (note: k - Tk $ r). 

f == the maximum number of past cuts retained in any iteration (f > nl + 1). 

{b'dr:l = a monotonically non-increasing se<!uence associated with cut drop

ping. 

>.{ == the dual multiplier associated with cut j in master program Mk. 

J.l is a fixed real number such that 0 < J.l < 1. 

N = the set of iterations at which the incumbent changes. 

o == a vector of all zeros. 

8g( x) is the sub differential of a function 9 at x. 

M2k == the kth master penalty program. 

O"k is the kth penalty multiplier. 

1]k(X) == MaXl~j~dO, a{ + f3~x - b)}. 

Pk( x) == O"kCX + 1]k( x) is the kth penalty function. 

m = at termination, the number of iterations since the incumbent changed. 
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APPENDIX B - PROOF OF LEMMA 5 

Lemma 5. Let {dklr:l be the sequence of master program solutions. Then 

. there exists a subset of indices, K', such that {dkhEKI -t 0 almost surely. 

Proof: The following completes the proof of Lemma 5 and is due to S. Sen. IT 

N is a finite set, there exists K < 00 such that Xk = Xoo = XK for all k ~ K. 

Consider the following dual problem to Mk for k > K. 

Dk 

Vk = Max L >Jfl(xK)+O'(AxK-b)-~1I L ,\i(c+,8~)+O'AII2 
iEJ" iEJ" 

s.t. L ,\i = 1, ,\i ~ 0, j E J k
, 0' ~ o. 

iEJ" 

Let ('\k,O'k) denote an optimal solution to Dk. The necessary conditions are 

given by 

AXK - b - A( L ,\i(c + ,8l) + O'A)T ~ 0 
iEJIc 

-v + fl(xK) - (c + ,8l)(,\i(c + ,8l) + O'A)T ~ 0, for j E Jk 

0'( AXK - b - A( L ,\i(c + ,8l) + O'A)) T ~ ° 
iEJ" 

L ,\i (-v + fl(xK) - (c + ,8l)(,\i(c + ,8l) + O'A)T) ~ 0, for j E Jk 
iEJ" 

L ,\i = 1, ,\i ~ 0, 0' ~ 0. 
iEJ" 

The necessary conditions for Mk and Dk are equivalent if 

dT = L ,\i(c + ,8l) + O'A. 
iEJ" 

Recall that Jk+l = {j E Jk : '\i > O} U {K, k + I} since '"Yk = K for all k ~ K. 

It follows that the value of Dk+l, and consequently that of Mk can be bounded 
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using (,xk, Uk), the solution to nk. Let s E [0,1] and define xi = (1 - s),xi for 

j E Jk+l\{k + 1}. Then l:jEJA:+l\{k+l} Xi+! + s = 1. Then if we let Xk be the 

vector whose elements are Xi+l augmented by s, (,xk, Uk) is feasible to nk+ 1 for 

all s E [0,1]. Thus we have 

Vk+l ?: Vk+l(S) = L Xj fl(XK) + Sf;:U(XK) + U(AXK - b) 
jEJA:+l\{k+l} 

- ~II L Xj(c + ,at) + s(c + ,attn + uA1I2. 
jEJ"+l \{k+l} 

(C.1) 

Note that for j E Jk+l\{K,k + 1} 

Also we have from Lemma 1 

Therefore, for j E Jk+l\{k + 1}, we may write 

(C.2) 

where €{ --. 0 and IIftll --. O. Substituting (C.2) into (C.1) and combining all 



diminishing terms into €k we obtain 

Vk+l(S) = (1 - s) L >'~(Jl(xK) + ei.) + sff:tf(XK) + U(AXK - b) 
jEJI:+l \{k+l} 

- ~II(1- s) L >-{(e + p~ + E~) + s(e + pftn + uAII2 

jE Ji:+ 1 \{k+1} 

= (1 - s) L >'~ft(XK) + sff:tf(XK) + U(AXK - b) 
jEJI:+l \{k+l} 

- ~II(1- s)df + s(e+ pftD + uA)II2 + €k 

= (1 - s) L >'~ft(XK) + sff:tfexK) + U(AXK - b) 
jEJ"+l \{k+1} 
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- ~{IIdkll2 + s21/e + pfi: + ukA - dfll2 + 2s(e + PZi: + UkA)dk 

- 2slldkll2} + €k 

= (1- s){ L >'~fl(xK) + uk(AxK - b) - ~IIdkll2} 
jEJI:+l\{k+l} 

+ s{ff:tf(XK) + U(AXK - b) - (e + PZi: + ukA)df} 
s s2 
:2 I/ dkll 2 - 2" lie + pfi: + ukA - dfll2 + €k· 

Using (2.5.5), the definition of vZ and the fact that Zk+l = XK + dk we have 

2 

Vk+l(S) = (1-s)vZ+sff-tf(Zk+d+i"dk"2- ~ IIc+Pztf+UkA-dfll2+€k. (C.3) 

Since N is a finite set, 

Subtracting ffrl (XK) from both sides of (C.3), using (CA) and the fact that 

vZ = vk(dk) + t IIdk 1/ 2 yields 

Vk+l (s) - f!:.rl (XK) ~ vZ - f!:.rl (XK) - s(l - Il)(Vk(dk) - ff! (XK» 
s2 

- "2 lie + PZi: + ukA - dfll2 + €k· 



By construction vk+l ~ Vk+l(8) for all 8 E [0,1] and therefore 

Vk+l - If!t.l(xK) ~ vk - If!t.l (XK) + max {-8(1 - Jl)(vk(dk) - If (XK)) 
"e[O,l) 

2 

- ~ lie + f3ztf + O"kA - drll 2 + €k} 

where €k -+ O. Assumptions on (Pt) ensure that {vk(dk) - If (XK)} and 
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{lie + f3zt: + O"k A - df1l2 } are bounded sequences. Thus, there exists a constant 

C E [0,00) such that for all k ~ K 

so that 

If limk-+oovk(dk) - If (XK) = r < 0, then since €k -+ 0, from some point on the 

sequence {vk - Il!.rl(xK )}'{;K is monotone increasing. Since it is bounded from 

above it has a unique limit. But it follows from (C.5) that 

a contradiction. Hence, limk-+oovk(dk) - If(xK) = 0 and the result follows 

from Lemma 2. I!I 
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APPENDIX C - TEST PROBLEM DATA 

Problem PGP2 (due to F.V. Louveaux) 

PGP2 is an example of a problem which an electric utility faces when select

ing its power- generating facilities. The model assumes the power-generating 

requirements are summarized by a load duration curve which is a random event 

(see Sherali et al [1984]). The problem is to determine the capacity of several 

facility types which can be installed in order to meet the demand and minimize 

the sum of the installation cost and the expected operating costs. The problem 

is described as follows. Let 

m = the number of load segments 

n = the number of facility types 

Ci = the cost per unit of capacity type i, i = 1, ... , n 

Xi = the capacity of facility type i, i = 1, ... , n 

Yii = the amount of capacity of facility type i allocated to load segment j 

qii = the operating cost per unit supplied by facility type i, to load segment 

j, i = 1, ... ,n, j = 1, ... ,m 
wi = the demand associated with load segment j, j = 1, ... , m 

T = the budget limit 

M = the minimum capacity. 

The problem can be stated as: 

n 

Min LCiXi+E[Q(X,w)] 
i=1 

s.t. 
n 

'" c·x· < T LJII-
i=1 

n 

LXi ~M· 
i=1 

0::; Xi, i = 1, ... ,no 



n nl n 

Q(x,W) = Min 2: 2: qiiYii + 2:PiS i 

i=I j=l i=l 
m 

S.t. LYij - Si :5 Xi, i = 1, ... , n 

PGP2 Data 

n=4 

m=3 

M= 15 

T=220 

Ci = (10,7,16,6) 

j=l 
n 

LYii 
i=l 

Yii ~ 0, Si ~ O. 

Pi = (1000,1000,1000,1000) 

[

40 
45 

[qjj] = 32 

55 

24 
27 

19.2 
33 

~ Wj, j = 1, ... ,m 

4~5] 
3.2 
5.5 

Wi, i = 1,2,3 are independent, discrete random variables 

WI E {0.5, 1.0,2.5,3.5,5.0,6.5,7.5,9.0, 9.5} 

W2 E {-0.5, 0.0, 1.5,2.5,4.0,5.5,6.5,8.0, 8.5} 

W3 E {-1.5, -1.0,0.5,1.5,3.0,4.5,5.5,7.0, 7.5} 

with associated probabilities 

Ii = (0.00005,0.00125,0.0215,0.3830,0.2857,0.0215, 0.00125, 0.00005). 
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CEP1 and CEP2 Data 

n=4 

m=3 

T= 100 

Cj = (2.5,3.75,5.0,3.0) 

t j = (0.08,0.04,0.02,0.01) 

hj = (500,500,500,500) 

Uj = (2000,2000,3000,3000) 

Pi = (400,400,400) 

r06 
[aij] = 0.1 

0.05 

[206 [9ij] = 1.5 
4.0 
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0.6 0.9 008] 
0.9 0.6 0.8 
0.2 0.5 0.8 

3.4 3.4 205] 2.3 2.0 3.6 
3.8 3.5 3.2 

Wi, z - 1,2,3 are independent, discrete random variables with all outcomes 

equally likely, 

Wi E {O, 600, 1200, 1800,2400, 3000}. 
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