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ABSTRACf 

A point process model for the packet sttcam arising in telettaffic processes is the 

discrete. non-negative integer-valued, stationary process introduced by Neuts and 

Pearce. In this thesis, we examjne an empirical approach for developing a monitor

ing scheme for tJu,.t point process. Monitoring is a procedure of tracldng a stochastic 

process to identify quickly the development of anomalous situations in the evolution 

of the process and detect their assignable causes. Fmther. a data-analytic scheme to 

evaluate the order of a Markov chain that quantifies the local dependence embedded 

in the point pIoccss and Walsh spectral techniques arc examined. 
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CHAPrERI 

A POINT PROCESS MODEL FOR THE PACKET STREAM 

1.1 Introduction: 

Packet-switched communication networks are being developed for support

ing a variety of services such as voice and data communication with a single high 

speed channel to ttansfer the packets from one end of the network to another. 

These different services induce heterogeneous traffic streams, each having specific 

individual characteristics and stringent performance constraints required for n:liable 

transmission tIuough the network. For instance, the possibility of dropping of pack

ets and the variability in the transmission delay of the voice packets can lead to 

packet starvation in the destination node which results in the distortion of the recon

structed voice signal. Thcref~ the efficient design of teletraffic systems requites 

as a first step, a detailed study of these different traffic streams fx :'~l!!~1y 

predicting performance of the network. To support the performance analysis, plausi

ble stochastic models for the packet stream are needed which incorporate its physics 

and capture the qualitative features that may have a bearing on the performance. 
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The packet stream miving at a packet network is the pooled strcam of the 

packets generated by several SOID'CCS which arc initiated at different time epochs. 

Each SOUICC bas a finite holding time ciming which the SOUICC ttansmits a message 

and is comprised of an alternating sequence of active periods and inactive periods. 

Dming active periods of the source, packets arc generated. The inactive periods arc 

those ciming which the SOUICC is not generating a packet. The complexity of the 

~gatc packet stream is primarily due to the bursty nature of the packetized pr0-

cess generated by an individual SOUICC and the fluctuations in the number of active 

SOUICCS. From the point of view of modelling, it is important to take into account 

the finer information about the way the SOUICC is generating packets ciming its hold

ing time. 

Recently, significant research effort is being devoted to the performance 

modelling oi packet communication systems. Queueing arises very naturally in the 

study of packet-switched networks: the packets generated by several active sources, 

arriving at the entry point of the network on the way to their respective destination 

nodes, are buffered, processed and sent through the ttansmission link by a statistical 

multiplexer. The multiplexer is modc11cd as a sinete server queue with the packet 

stream as its input. The time spent in the buffer by an arbitrary packet waiting for 

ttansmission and the long nm fraction of packets lost are some measures of perfor

mance for the network. The most frequently used models to describe the packet 



12 

stream are the Poisson process, the interrupted Poisson process and the Markov 

modulated Poisson process. The interrupted Poisson process, which has been used 

as a model for overflow streams Kaczura [8], is a Poisson process which is altcmat

ingly switched between two arrival rates, of which one is zero, for independent 

exponential lengths of times. A Marlrov modulated Poisson process is a doubly st0-

chastic Poisson process whose rate process is governed by a finite state Markov 

process. The primary appeal in using these models for the packet stream lies in the 

fact that, analytically tractable queueing models for the analyzing the performance 

of the network can be obtained. 

Sriram and Whitt [23] study the cumulative covariance among the con

secutive interarrival times of the aggregate packet arrival process by using the 

notion of the index of dispersion for interVals to characterize the process. From the 

general theory of point processes, it is well known that the index of dispersion pr0-

vides a high degree of information about the correlations present in the process; 

refer to Cox and Lewis [4]. Further, in Sriram and Whitt [23], they have shown that 

for low traffic intensities of the queue the Poisson process will indeed serve as an 

adequate descriptor of the packet stream for the pmpose of predicting overall packet 

losses and delays. For bigh traffic intensities, they confirm the inadequacy of the 

Poisson process and to account for the dependencies in the packet stream, they 

develop a renewal process approximation with a high coefficient of variation for the 
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intcr-amval ~ disttibution using moment mareldng methods. The performance 

IDC8S1l1'CS of thc resulting queue is obtained by heavy traffic queueing results. Thc 

argument for the usc of Poisson process for low loads involves the application of 

the Palm-Khinchin theorem which establishes that the superposition of a large 

number of independent, identically distributed and uniformly sparse renewal 

processes will be indistinguishable from a Poisson process over short periods of 

time; for thc precise statement and proof of the PaIm-Khincbin theorem refer to 

Karlin and Taylor [9]. Heffes and Lucantoni [6] globally approximate thc aggregate 

mival process by a two state Markov modulated Poisson process (MMPP). The 

MMPP provides thc means to accommodate with in onc·s model thc fluctuations in 

the packet stream. Thc parameters of thc MMPP were chosen so as to match 

several statistical plopenies of the packet stream. in particular. the index of disper

sion cmvc for thc cumulative number of packet arrivals in [O.t] over its entire 

range. Scveral system performance measures of thc resulting queueing model arc 

evaluated using thc matrix analytic methods Ncuts [15]. Recently. Ramaswami and 

Latouche [20] have proposed a model for thc packet stream motivated by the need 

to model the fluctuating rate at which packets arc generated within each message. 

The fluctuations arc caused by thc alternation of talk spurts and silent periods or by 

different operational modes within messages. In addition to thc modulation of the 

arrival rate. there is a lower frequency modulation due to thc vmying number of 

messagcs active over time. There has been considerable amount of related work on 
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the perf01'lll8Jh:e modelling of communic:tivn systems, and for funher ICfercnces on 

this subject we tcfer to Ramaswami [19]. 

Our goal in this chapter is to examine a discrete time point process model 

developed by Neuts and Pearce (18) for the aggregate packet stream. obtained as 

the limit process of the 5UpCJpOSition of the packetizcd processes generated by a 

large number of sources, that takes into account in a general manner the statistical 

pIoperties in the packet generation of a single source. The behavior of a single 

source is modelled as an irreducible. finite state, discrete time Markov chain, whose 

state space is partitioned into two subsets of states. At visits to the active set of 

states, either a one or zero is generated depending upon the state visited in that seL 

In the inactive set of states neither symbol is generated. The output process is a 

Marlwvian stream generated by a single channel A sojourn in the active set of 

states conesponds to a message. The intervening sojourns in the inactive states 

represent the silent periods between messages. The transition probability matrix of 

the Marlwv chain governing a single somce is defined so that the alternating 

periods spent in the active and inactive sets of states are independenL 

1.2 Motivation: 

During the active periods, the somce is transmitting a message in a stream 

of packets (ones) and empty slots (zeros). It is clear that the empty slots occurring 
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during a message arc quite different from those of the silent periods. Mathemati

cally that distinction is essential in examining the limit process obtained by super

position of point processes. A key condition required in the proof of the Palm

Khinchin theorem is that the thinness of the superimposed point processes is 

assured by stretching the time variable proportionately to the number of component 

processes superimposed. In models for the packetizcd traffic. wblle imposing the 

condition of thinness on the superimposed process, it is meaningful to assume that 

the silent periods between consecutive messages arc long, but the empty slots 

occmring within a message arc not stretchable. By stretching the time variable glo

bally, the silent periods would be long, but so would the empty slots between pack

ets for a given message, so that the active periods would be long too. The principal 

motivation for studying the limit process to be discussed here is that in analyzing 

the supeIpOsition of a large number of such point processes, it is essential to take 

the finer physical detail into account. The continuous-time analogue of the limit 

processes to be discussed here is studied in Neuts [16]. 

In modelling the source, we shall assume that the durations of the sojomns 

in the silent and the active sets of states have discrete PH -distributions with in'edu

cible representations <ISS) and (a,T), respectively with m(O) and m(1) phases, where 

a,p arc probability vectorS and S,T are substochastic matrices. The means y and JI. 

of the silent and active periods are given by y = PCI - S)-le and JI. = aJ..I - T)-le. 
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The column vectors .... and S- are defined by .... = e - Te and S- = e - S e, when: 

each e is a column vector of apPlopriate dimension with all its components equal to 

one. We shall assume the familiarity with the standard notation and basic plOpcnies 

of PH-distributions, as presented in Chapter 2 of Neuts (11). 

The transition probabilities governing the i -th time slot in a single source 

are Iepl'Cscnted by the generating function matrix P(z(i» defined by 

S S-ad(z(i» 

P(z(i» = 

T1I 7 A(z(i» 

where A(z(/» is a diagonal matrix with the components of the vector 

z(i) = (: 1(1), ••• ':".(1,(/» as its diagonal elements. The role of each z(i) is in assign

ing identifying tags to the active states (whether each state is associated with a one 

or a zero symbol). For notational convenience, we shall write A(z(k» as AI; when

ever it is unnecessary to write the argument vector explicitly. The mauix: P = Pee) 

is an irreducible, aperiodic, stochastic matrix. The invariant probability vector of P 

is partitioned into an m(O}-vectDr x(O) and an m(1}-vcctor xCt). The vectors y. and 

11: are the stationary probability vectors of the matrices S + ps. and T + a:r- respec

tively and are given by 



and the constant 

D =--1:L.., 
1+ J.L 

which represents the steady-state fraction of time spent in the active set states. 
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(1) 

(2) 

Thin Sequences: A stream generated by a Markovian soun:c is defined to 

be thin if the steady state fraction of time spent in the active set of states is small 

and the silent periods arc long. In fonnalizing this notion, we shall Iequirc that for 

every k, the probability a silent period lasts i units of time psi-IS- is negligibly 

small. Formally, we consider a sequence ofmodcls in which the probability distri

bution of the length of active periods remains fixed, but that of the silent periods 

for every positive integer i 

p"se-I s: = 0 (1) as v ... 00. (3) 

It is readily seen that this implies that the means yy tend to infinity, and therefore 

that the fractions of time spent in the active states arc small and satisfy 

Dy = 0(1). (4) 
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1.3 The Superposition Theorem: 

Let us now consider the superposition of N stationary independent and 

identically distributed streams generated by the Markovian sources discussed in the 

preceding section. 

Tbeorem 1: For the superposition of N independent and stochastically 

identical Markovian streams which satisfy the thinness condition (4) and 

a = !rl). + o (!rl ), for some positive constant)., the joint probability generating 

function of the numbers of times all active states arc visited at the time points 

0.1 ••••• n converges as N -. - to 

• 
'l'[z(O) •••• .z(n)] = exp(- 1[1 - C.] - Ap.-Il: [1 - Dj;".]}. (5) 

j;-I 

where C. and Dl". are gi'!Cn by 

This theorem was established in Neuts and Pearce (18) and we shall omit the proof 

here. 

The limit process obtained here by the superposition of indefinitely many 

thin Markovian streams, is a discrete parameter, non-negative integer-valued 
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statiomuy stochastic pIoccss whose joint distribution is given by formula (5) is a 

discrete time point pIoccss model for the packet stream. This process can be con

structively defined as follows: 

Theorem 2: The point process model for the packet stream for a givcn 1 and a 

discrete phase type distribution with Iepl'CSCntation (a.T) is stochastically equivalcot 

to the following process: 

The number of messages initiated at time 0 has a Poisson distribution with mean A. 

Each message in progress at time 0, chooses an initial state among the active sta1CS 

I, .•• .m (1) according to the stationary vector K and is allowed to evolve, indepen

dently of other messagcs, through a set of transient sta1CS of an absorbing Markov 

chain until it ends when absorption occurs. That is the probability distribution of the 

duration of each message is a discrete phase type distribution with I'CpteSCntation 

(K.T). 

In addition to the messages started at time 0, independent random numbers of new 

messages arc initiared at epochs t ~ 1. 1bc number of the new messages have 

independent Poisson distributions with parameter AIL-I. The duration of each new 

message has a PH-distribution with parameters (a.T). 

Proof: Let us consider a message started at time 0 according to the vector K. The 
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joint probability generating function of the labels of the transient states visited ('If 

any) at the time points O. 1. . ..• n, is given by C •• The first n - 1 terms of C. 

correspond to the alternatives where the message ends before time n; the n-tb term 

is the contribution of the case where the message is still alive at time n. 

Since a Poisson number of independent messages with parameter 1 are initialed at 

time 0, the joint probability gencmting function of the counting variables of all tran-

sicnt states visited at times O. 1 •..•• n is given by 

cz,o[z(O) •••• .z(n)] = exp(- All - C.n. (6) 

By a similar argument. we see that the joint probability gencmting function of the 

labels of transient states visited at times k. . ..• n by a Poisson number of mes

sages with parameter ).p.-I started at time epochs k i!: 1 is given by 

cz,A: [z(O) •••• .z(n)] = exp[- (1111)[1 - DA:,II JJ. (7) 

The independence assumptions underlying this construction readily imply that the 

joint probability distribution of all counts of the labels of the transient states visited 

in O •••• 011 is given by 

• n cz,A:[z(O) •••• .z(n)] = 'I'[z(O) •••• .z(n)]. (8) 
A:.e) 
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Remark: 

For applications of the limit process to describe packet streams, the counts of visits 

to all the transient states of the absorbing Markov chain governing the duration of a 

message are usually not of interest. Each state in the transient set of states has a 

label, either a one or a zero, depending on whether a visit to that stale generates a 

packet or nOL We are mostly inlCrCSted in the joint probability generating function 

of the numbers of pack~ts that arise at the epochs 0, •.• ,II. That probability gen

erating function is immediately obtained by special choices of the vectors 7.("), by 

seuing each component of 7.(") equal to Zj; or to I, according to whether the 

corresponding state gencnucs a packet or nOL Therefore, in the calculations in the 

mnaindcr of this chapter, we sball denote A(Zj;) for the diagonal matrix with diago

nal elements which are Ij; at the indices of states where a packet is generated and 1 

wbcrc there is nOL The derivative A of A(Zj;), is a matrix which has the diagonal 

element 1 at the indices of states where packets are generated and 0 at the indices 

of the other states. The Connula 

A(z) = I - (1 - z)A. (9) 

is useful in the sequeL The constant ~ = xAe is the expected number of packets gen

erated by a message active at an arbitrary time slOL 
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Theorem 3: The joint probability generating function H(:o.Z.) of the 

numbers No and N. of packets generated at time 0 and n in the limit process is 

given by 

H(:o.Z.) = exp(-1;[(l -:0> + (I - z.) - p(nXl - zoXl - z.)]}. (10) 

where p(n) = ;-lxAT· Ae is the co"elmion coefficient of No and N •• 

Proof: In the expression for C •• by setting AI = I for 0 < " < n and using 

(9) for A:=O. n. we obtain 

C. = 1 - xAe(1-:O> -.,;r. Ae(1-z.) + (l-zoXl-z.)KAT· Ae • 

Similarly the formula for Dill simplifies as 

so that 

• :E (I-DIII ) = (1 - z.)JIS{I - T·)Ae • 
I-I 

Substitution in (5) and simplifications yields (10). 

Routine derivations show that p(n) is indeed the correlation coefficient of 

No and N.. We note that the correlation coefficient p(n) of No and N. does not 
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depend on A and is always nonnegative. The number of packets generated at an 

arbitrary time clearly bas a Poisson distribution of mean ~. To conclude, we note 

that the class of limit processes considcraI here as a model for the packet sueam, 

consists of a family of stationuy, non-negative integer-valued, discrete parameter 

PUlCCSSCS of dcpcndcnt Poisson random variables. 
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CllAPl'ER2 

SIMULATING THE POINT PROCESS 

2.1 Introduction: 

For the point process model for the packet stream discussed in Chapter 1, 

there are few analytical results or algorithmic methods to obtain qualitative informa

tion about the process. This is primarily due to the non-Markovian dependence 

present in the process. Given the paucity of analytically ttactable methods for the 

point process, the design of monitors for such models calls for novel methodologi

cal approaches. Guided by results on the small class of models that remain algo

rithmically ttactable, an investigation in a data-analytic spirit appears to be most 

promising. Simulation methodology, often an alternative to analytic and algorithmic 

methods, provides the necessary tool for an empirical study on stochastic models. 

The need for careful computer experimentation as a legitimate source of obtaining 

information about stochastic models is stressed in Neuts [14]. 

Our objective in this Chapter is to describe a procedure for simulating the 

discrete, Don-negative integer-valued, stationary point process of dependent Poisson 

random variables studied as a model for the packet scream. Using the output data 
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obtained from the simulation of the process, we examine data-analytic, spccttal, and 

monitoring schemes for the point process in the subsequent chapters. The construc

tive definition of the process given in Thcmcm 2 of Clapter 1 is useful from the 

point of view of simulating the point process. 

Towards our goal of simulating the process, as a first step, we describe an 

algorithm presented in Neuts and Pagano [17], to simulate the number of time 

epochs and the sequence of states visited until absmption in a discrete time, absorb

ing Markov chain with finitely many states. Ocncmting a random variate from a 

discrete probability disuibution with finite support is a basic tool needed for the 

purpose of simulating Markov chains. An efficient and fast algorithm for generating 

discrete random variates is the alias method proposed by Walker (24) and refined 

by Kronmal and Peterson (10). The alias method is based on the f0110wing key 

result: 

Theorem: Any discrete distribution with density p(i), 1 SiS n, with finite support 

(n) can be expressed as a equiprobable mixture of n distributions qj(.), 1 SiS n, 

where each distribution ql(') supported on two points, in such a way that i is a mass 

point of ql(')' 
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The Alias Algorithm: 

The alias algorithm to generate a discrete a random variable X with density 

p (I). 1 SiS n. in the notation of Kronmal and Peterson [10] is as follows: 

a. Generate U uniform on (Oon). 

b. Set I ~ r ul . 

r Ul refers the smallest integer gtQter then U. 

Now I is uniform on (1.2. .•.• n). 

c.SctU~/-U. 

U is uniform on (0.1) and indcpcndcnt of I. 

d Set 

{
I ifU SF; 

X ... L; ifU >F;. 

F; and L; arc constants which depend on the given density p (.). The fractions 

F;. 1 SiS n can be described as the cutoff values since they arc compared with U . 

and L,. 1 SiS n can be described as the the aliases to which the I is transformed if 

the comparison fails (i.e. if rejection occurs). Define F; = q;(i) and L; = the mass 

point of q,(.) that is not i. where q;(.) arc the elements of the cquipmbablc mixture. 
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To implement the alias method, initially we have to calculate two anays of 

length n each from the given discrete density P (.). The first anay contains the 

cutoff values F; and the second anay gives the aliases ~ for i = I, 2, ••• , n. An 

explicit algorithm for computing the table of cutoff values and the aliases from p (.) 

is given in Kronmal and Peterson [10]. The generation of the table of cutoff and 

alias values is performed once and the number of operations to calculate the table is 

proportional to n. The most important feature of the alias method is that, for gen

erating one random variate from a discrete distribution, one comparison and at most 

two table lookups arc needed. Even though the table-generation part is an overhead, 

this method is particularly suited for generating large number of random variates 

from discrete distributions. 

2.l A Proc:edure to Simulate a Discrete Time Absorbing Markov Cbain: 

Consider a discrete phase type distribution with rcprcscntation (a. T) and 

the associated Markov chain with transition probability matrix P given by 

T T" 

P= 

o 1 
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T is a substochastic matrix of order m and C1 is a row vector of dimension m. The 

vector e is a column vector with all its components equal to 1. The vector T' is 

given by T' = e - Te, and ae + 0..+1 = 1. Let T; be the i-th row of the matrix T and 

Tr be the l-the component of the vector T'. The alias method is used to generate 

the initial state from the initial probability vector (a. a..+l) and the subsequent tran

sitions in the Markov chain P from the rows (Ti. Tt). 1 SiS m. The simulation 

algorithm to generate a discn::te phase type random variable Y and a sample path 

(zOo %It %2 ••••• Xv) of the Markov chain P until absorption with initial probability 

vector (a. a..+l) is as follows: 

Step 1: 

The table of aliases and the cutoff values for (a. a..+l) and for (Ti. Tn. 1 SiS m 

are computed. Let Y t the number of ttansitions before absorption occurs in the Mar

kov chain P, be initia1in:d to o. 

Step 2: 

a. At time O. choose the initial state 1 from (u, a..+l) 

%0+- 1 

b. If I is the state m+l, then go to d 

else 



c. At time epochs n ~ 1, 

Cloosc the next state J from (T" T" 

If J is the state m+l, then go to d 

else 

Y4-Y+l 

I4-J 

X. 4-1 

Rctmn toc 

d. The Markov chain is absorbed 

Rctmn the value of Y 
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'Ibis algorithm is implemented in FORTRAN and to gain efficiency, our data struc

tures take advantage of the the standard FORTRAN features such as column IfIQjor 

ordering and call by reference. The matrix p is stmed in its aransposcd fmm of 

dimension (m+1) x (m+l), so creating a matrix with stochastic columns. The m+l-st 

column contains the vector (ex, a..+l). Throughout this work, unifmm variates on 

(0. 1) arc generated using a portable random number generator devised by Schrage 

[22]. In our implementation, to avoid serial dependencies in the bigh-dimcnsional 

structure of the successive unifmm random variates, we have used 62,089.911 as the 
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multiplier in the linear congrucntial random number generator as suggested in Lewis 

and Orav [7]. It should be noted that this multiplier is different from the multiplier 

16,807 recommended in Schrage [22]. This procedure to simulate the transitions 

from the evolution of a absorbing finite Markov chain forms a basic ingredient in 

our algorithm for simulating the point process. 

2.3 A Procedure to Simulate the Point Process: 

The cbaractcrization of the stationuy version of point process given in 

Theorem 2 of the previous chapter, is primarily useful from the point of view of 

simulation. In particular, the initial conditions for the simulation can be selected 

according to the explicit steady state dcsaiption of the point process. By simulating 

the stltionm"'J version of the process, we can avoid the considerations due to initiali· 

mtion effects in our simulation runs. The process is governed by the parameters A, 

the arrival rate of messages and the duration of each message which is of phase 

type with representation (a. T) of order m. For simplicity, we have assumed that 

ae = 1. The mean of the phase type distribution with representation (a. T) is given 

by 11.' = CI {I - T)-l e. K is the invariant probability vector of the stochastic matrix 

Q, where Q = T + Te 
CI. The matrix T is partitioned into two disjoint sets of states 

A and B. At visits to the set of states A packets arc generated and empty slots arc 

generated clming sojourns in the set of states B. A realization of the point process is 

characterized by specifying Y., II ~ 0, the counts of packets generated which is 
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equivalent to the number of Markov chains that arc in the set A of transient states 

at time epoch II. 

In the simulation, we maintain one counter for each of the m+ 1 states of 

the Madrov chain P. Let N.U) be defined as the number of MaIkov chains in state 

J, 1 S J S m+l at time II ~ O. Let fA denote the indicator function of the set A 

which takes the value 1 if the Markov chain is in the set A and 0 otherwise. A 

summary of the procedure to simulate the point process is as follows: 

Step 1: 

a. At time epoch 0, a Poisson random variable M 0 with parameter 1 is generated. 

b. M 0 independent random variates from the discrete density (x, 0) arc generated. 

Based on those Mo variates, the vector NrJj), 1 S J S m+l is initialized 

.. 
c. Yo= E IA NrIJ). 

j-I 

Step 2: 

a. At time epochs II ~ 1, each Markov chain that is not absorbed at time 11-1 is 

allowed to evolve one transition, where each transition is governed by the transition 

probability matrix P. 
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b. According to the states visited by the active Markov chains at time II, the vector 

N.-1U), 1 S j S m+l is updated. The updated vector is denoted as N'.-l' 

Co At each time epoch II ~ 1, a Poisson nndom variate M. with parameter A{Jl{rl is 

generated. 

d. M. indcpcndcnt random variates from the discrete density (a, 0) arc generated 

and stored as a vector u. The vector u contains the initial states of the M. Markov 

chains started at the time epoch II. By adding the vectors N' .-1 and u the final 

updated vector N. is obtained. 

• 
e. For II ~ 1, Y. = 1: IA N.U). 

J-I 

f. The procechue in Step 2 is ~ until the process is simulated for a spccificd 

duration of time. 

The alias method is used to draw random variates from the discrete clensi-

tics (x, 0) and (a. 0). Updating the vector N.-I(i), 1 SiS m+l from time epoch 

11-1 to II, is an imponant module in this algorithm and this can be done efficiently. 

To that effect the algorithm to simulate the sequence of states visited by a Markov 

chain until absorption and the alias method to generate a random variate from a 

discrete distribution with finite suppon arc used. For each N._I(i), 1 SiS m, the 

number of Markov chains which are in state i at time n - 1, a vector containing the 
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next states visited at time II is computed. This can be accomplished, for each i, by 

drawing N._l(i) independent random variates from the disaete density (Ti' Tl'). As a 

1eS1llt. a table Sij of dimension m x m+l is obtained in which the iJ-th element of 

the table denotes that, of the N._I(i) active Markov chains at time II - 1. the 

number of Markov chains in state J at the next time unit II is gi'Y"Cn by S;j. By sum-

ming over each column we can obtain the vector N'._I. and the i-th component 

N'._I(i). 1 SiS m+l represents the number of Markov chains in state i at time II. 

The algorithm for generating a Poisson random variable is based on the 

following relation between the Poisson and the exponential distributions with 

parameters 1 and 1-1 respectively. Let ZI. Z2 •••• be a sequence of independent 

i 
and identically distributed random variables and let X = max ( i: Pi S 1 ). Then 

i-I 

the dista;bUnih"l of the z,'s is CA-poncntial (A.-I) if and only if the distribution of X i! 

Poisson (1). 

Using the algorithm described in this chapter. we simulate the stationary 

version of point process for N time units where N is chosen to be a large number. 

In our experiments. to ensure that we have sufficient data for the empbica1 studies 

to be described in the subsequent chapters. we have chosen N to be 200.000. The 

output of the simulation contains a record (Y00 YI• Ylt .... YN) of N + 1 observations 

from the point process. 
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CHAPrER3 

AN APPROACH FOR QUANTIFYING LOCAL DEPENDENCE 

3.1 Introduction: 

One of the point process models for the packet stream is the disaete, 

non-negative integer-valued, stationary process of dependent Poisson random vari

ables. A commonly used measure to quantify the dependence present among ran

dom variables is the correlation coefficienL For the point process considered here, 

the correlation coefficient p(n) of No and N., the Dumber of packets generated at an 

arbitraly time and II time units Iatcr is derived in Culpter 1 and is given by 

p(lI) = ~-lxAT· Ae. 

In a different approach to characterize the local dependence in the process, a pr0-

cedure to dctcnnine the order of a Markov chain that captures the some of the local 

dependence present in the point process, is examined. A sequence of random vari

ables (Xy, v ~ 1) is a k-th order Markov chain if for integers II, k and k < II 

Mathematically, the k-th order Markov chain is a vector' generalization of the 
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simple Markov chain in which the present st:ltC X. depends on the vector consisting 

of k past states X.-.tt ••• t X._1• The case k = 1 c:orrcsponds to the ordinary Markov 

chain. The order of a Markov chain is a useful notion in assessing dependence. in 

particular. in quantifying how the succ:cssive random variables are temporally 

related. Further. the order of a Markov chain contains information on how much of 

the recent history of the process has an impact on the present. which can be 

described as the mcmozy retained in the evolution of a stochastic process. A classi

cal reference on the theory of statistical inference of Markov processes is Billings

ley [2]. A proccdUIe to evaluate the order of a Markov chain from biological sig

nals rccordcd from the human heart or brain is outlined in Dcstcxhe [5]. 

The data obtained from the simulation of the point process can be regarded 

as the observations from the evolution of a discrete. non-negative integer-valued, 

stationary time series. In this chapter. we describe a data-analytic proccdurc. guided 

by standanl statistical techniques. to determine the order of a Markov chain embed

ded in the data. Towams the goal of fitting a Markov chain. it is desirable to work 

with a smoothing of the data which induces the concept of states of a stochastic 

process. yet retains infonnation regarding the dependence and persistence present in 

the process. A smoothing of the data is obtained as follows: a. Instead of recording 

the value of the process at each time epoch. we observe the value of the process; 

decide whether that value can be classified uniquely as one of I distinct levels 
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according to some criterion; record the symbol corresponding to that level 

The resulting sequence of symbols can be described as the states visited by 

a simplified stochastic process. The criterion for fixing the levels should reflect 

some physical IJX'.8ning associated with the states. One approach to fixing the levels 

is based on the result proved in Clapter I, that the marginal disttibution of each 

random variable in the point process is a Poisson distribution with parameter ~ 

Selected percentiles of that Poisson distribution, serve as the cutoff values for fixing 

the I levels. Let Y I- Y 2- ••• _ YN denote data obtained from the simulation of the 

point process and PI- P2- ••• _ PI-l denote the selected percentile points of the Pois-

son distribution with parameter ~ X. for n ~ 0 is defined as follows: 

X.= 

o if OS Y. <PI 

1 if PI S Y. <P2 

1-1 if Y. ~PI_I. 

The sequence of symbols X It Xl- ••. ,XN so obtained contains information about 

the thresholds encountered sequentially and the persistence of various patterns 

among the symbols. Using the sequence of symbols, we empirically estimate the 

statistical properties of patterns among the symbols. 
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3.2 A Procedure to Determine the Order or a Markov Chain: 

A word of length 11 is the contiguous occurrence of 11 symbols 

XI X2 ••• X. where each symbol is chosen from the set (0.1.· .•• I-I). The pro-

bability of observing the word X I X 2 ••• X. among the sequence of symbols is 

P(XI X2 ••• X.) = Pi for i = 1.2, ••• • 1·. The number of words of length 11 that 

can be formed by selecting 11 symbols with rcplaccmcnt from a set of I symbols is 

Z·. The subscript i refers to the i-th word among the I· words of length 11 which 

arc sorted in lexicographic order. 

Let P(i)(XI X2 ••• X.), 1 S k < 11, denote the probability of observing the 

word X I X2 ••• X. by assuming that the word is generated by a k-th order Mar

kov chain and is given by Pi(i) for i = 1. 2, ••• , I·. By using the Markov propcny, 

it can be verified that 

P(i)(XI X2 ••• X.) = P(XI X2 ••• Xl> P(Xl+1 I XI X2 ••• Xl) 

P(XI+2 I Xl ••• XI+I)··· P(X. I X.-i ••• X._1X12) 

The case k = 0 corresponds to the word X I X2 ••• X. generated by independent 

trials and the probability of that word is given by 

P(XIX2 ••• X.)=P(XI)P(X,) ••• P(X.). 
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The probabilities Pi and Pi(l) for lSi S Z·, I S J.: < 11 me empirically 

estimated by the frequencies Ii and li(l). The frequency Ii for each i can be 

evaluated from the sequence of symbols by using the formula 

_ IIII11Jber of words of type i 
II - totDl 1JIInIber 01 words 01 length 11' 

(13) 

The frequencies li(l), for each i, I S J.: < 11, me calculated by using the aWlOpriate 

frequencies and conditional frequencies as estimates of the probabilities in relation 

(12). In Older to calculate li(l;) for a fixed J.: by using (12), it is readily seen that the 

frequencies of all words of length J.: and J.: + I me nceded. Hence, a basic module 

required in our scheme is an efficient algorithm of dctennining the counts of words 

of length m, ISm S 11. 

For a fixed value of m, the counts of each of the Z· words of length m 

can be obtained by a scmch plOCedurc which incorporates a moving window 

scheme. To keep track of the counts of Z· words among the sequence of symbols, a 

counter for each word is maintained. Each word, a string of m symbols selected 

from the set {Of 1.' ••• I-I}, can be regarded as a number to the base Z. Associated 

with each word is an identifier obtained by converting that string of m symbols to a 

decimal number. As initialinwtion, we choose a window of length m which consists 

of the first m symbols X l' X2 • ••• t X. among the sequence of symbols. The 

identifier a for the word X 1 X 2 ••• X. is given by 
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The· counter corresponding to this word referred to by the identifier II is incre

mented by 1. The next word is selected by moving the initial window and the next 

window contains the symbols Xl' X3•• ••• x.. , X.+1• The identifier b for the next 

word Xl X,! . .. X. X.+l can be updated from the identifier of the previous word 

and b is givcn by 

b =, [II - (Xl,·-I)] +X.+l. 

We increment the counter for the word associated with the identifier b by 1. This 

procedure is rcpcatcd until all N - m + 1 words of length m among the sequence of 

symbols ate accounted. Once the counts of all the words ate determined, their fre

quencies can be obtained by using formula (13). The principal advantages of this 

scbeme ate that, dming the scar:h for various words. the f'..quence of symbols is 

scanned through only once and only the words appearing within the sequence of 

symbols ate searcbed and counted. Further, for each window chosen, the identifier 

for that word is efficiently updated. 

In order to determine value of t, the.ordcr of a Markov chain, that 

quantifies the dependence within the various words, we compare the two discrete 

distributions Ii and Il~) , i = 1, 2, ••• , ''', for increasing values of t. The statistic 

we have used is analogous to the r statistic, and is given by 
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In our cxpe:rimcnts, while computing this statistic, if the value of Ii is smaller than 

0.001 for some i, then the adjacent cells of i arc lnmpM until this condition is 

satisfied. This condition ensures that exceptional values of the statistic arc not 

caused by the contribution of the terms corresponding to rare events. A similar ru1c 

of thumb is also widely adopted in the classical goodness of fit statistical testing 

situations primarily to obtain better asymptotic distributional properties of the test 

statistic. Another statistic analogous to the r statistic is 

1 ,. I'· - ,·(1;)1 
6= -1: 'J. .I, • 

'" i-I Ii 

and 6 is a measure of the average relative error between the distributions. The test 

statistic is plotted versus the order of the Markov chain. Emphical evidence of con-

vergence of the lest statistic to 0 for values of " ~ "0. is our criterion to decide on a 

value of the order of the Markov chain. 

3.3 Numerical Results: 

In our computer cxpe:rimcnts, we have chosen for simplicity to work with 

tbrcc Jcvels low, medium and bigh. To fix the tbrcc JcveIs. the 2O-th and the 8O-th 

percentile points of the Poisson distribution with parameter ~ were used as the 

cutoff values for deciding low and bigh levels respectively. In order to ensme that 
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there are enough data to obtain good estimates of the fIequencies Ii and Ilk), the 

point process is simulated for long durations of time typically up to 200.000 time 

points. Caution must be exercised in choosing the value of II, the length of the 

word, since the number of all possible words to consider grows geometrically as II 

increases. Based on computational expcriencc, we have chosen II to be 9 which is 

large enough for the purpose of illustrating the methodology discussc:d here. 

After extensive cxpcrimcntation with various panlIDCters for generating the 

point process, in most cases we have considered, the results of our study reveal that 

the order of a Matkov chain that can be deduced from the statistic is always greater 

than 1 and at most 4. The consistency of this result is further empirically verified, 

by replicating the simulation cxpcrimcnt several times for different random number 

seeds for a given set of parameters of the process. This result indicates that, for the 

point process, locally within a word, the memory of any event extends several steps 

backward in time. As a numerical example, the r statistic versus the order of a 

Markov chain is displayed in Table 1. The significant fIequencics Ii are soncd and 

the corresponding frequencies 1;(1;) for k = I, ..• , 4 are displayed in Table 1. A 

close inspection of the fIequencies in Table 1 supports our observation deduced 

from the test statistic. In Table 1, it is remarkable to note that for each fixed i the 

frequency li(l;) uniformly tends to Ii as k approaches 4. Firstly, of the 3- all possi

ble words of length II, only a small fraction of words appear with significant frc-
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qucncics among the sequence of symbols. This suggests that some words arc 

encountered more mqucndy than some others. Further, among the words that have 

significant frequencies. a systrmabC pattern is often exhibited by the symbols that 

constitute those words. Such a pattern indica!CS that there is high persistence of 

symbols within the words. The assignable causes for that behavior can be traced to 

the dependence present in the process and further evidenced the preference of the 

chance mechanism governing the word generation towards words of systematic 

word configurations. Secondly, the frequencies of words describing the up.crossings 

and down-crossings of levels arc nearly equal. This result is an empirical 

verification of a conservation law which states that in the statiomuy version of the 

process, the mqucnclcs of up-crossings and down-crossings of the levels arc equal. 

Such a result is also useful in confirming the accuracy of our numerical results. In 

addition to the conservation law, those systematic level crossings can be attributed 

to the asymptotic behavior of the point process. It is our conjecture that under suit

able shifting and rescaling conditions, asymptotically the point process converges in 

distribution to a standard Gaussian stochastic process, a process whose level cross

ing properties arc well undcntood. While tbcsc comments arc related to a specific 

numerical example, the qualitative conclusions we have drawn arc consistent with 

many other examples for which we have performed numerical computations. 

In conclusion, we first note that the dependence information obtained from 
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the order of a Markov chain is complementary to the correlation coefficient. In this 

approach, the joint disuibutional properties of each word of finite length " is cmpir. 

ically detcnnincd from data and a Markov chain of some order less than II provides 

an approximation to the disttibution of that same word. However, it is imponant to 

stress that the order of a Markov chain is a reduction of local infmmation only 

within a WOld of finite length ". Our study docs not imply that such a reduction to 

a lower order Markov chain bolds for a sequence composed of DlOJ'C than " sym. 

bois. These questions require an investigation to determine a higher order Markov 

chain that globally approximates a realization of the process. We have not yet 

undertaken such a study and that would require entirely different methods. The 

empirical study to evaluate the order of a Markov chain, as discussed here, provides 

interesting insights on some aspects of the local dependence and structmal proper. 

tics of the point process. 
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CllAPl'ER4 

A MONITORING SCHEME FOR THE POINT PROCESS 

4.1 Introduction: 

One of the fundamental challenges facing the performance evaluation of 

packet-based information transport, besides the modelling aspect, is determining 

approaches to efficient congestion and flow-control strategies. Towards that objec

tive, we examine a pnx:cdurc to detect the situations in the evolution of the model 

for the packetized ttaffic that me statistically incompatible with the proposed model 

These situations require conuol measures which may depend upon how those situa

tions had developed over time. Monitoring is a novel approach towards detecting 

the occummce of such anomalous situations. Our goal in this chapter is to develop 

a monitoring scheme for the discrete. non-negative integer-valued, stationuy point 

process proposed in Neuts and Pearce [18] as a model for the packet stream. 

Monitoring can be defined as the procedure of tracking a random process 

so as to guarantee carly identification of anomalous situations. which could be 

caused by undesirable changes in parameters of the process. Once such a change is 

detected, control actions can be implemented depending upon how that situation 
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arose and how it is likely to evolve in the futme. The cx:cunence of such 

anomalous situations can be due to rare random fluctuations, which remain statisti

cally compatible with the posited model for the process, or could be indicative of 

systematic changes in the parameters of the process. While, in some cases, short

lived interventions in response to random fluctuations may be necessary, the most 

important purpose of monitoring is the prompt identification of truly anomalous 

situations that are no longer adequately described by the posited modeL The impor

tance of monitoring stochastic phenomena is stressed in Neuts [13], while a detailed 

study of monitoring a M /G /1 queue with group arrivals is described in Neuts [12]. 

As a first step towards monitoring the point process, a threshold K, the 

monitoring level, is fixed. It is often desirable that the criterion for fixing the thres

hold is chosen so that the monitor is infrequently actuated as long as the process 

operates within certain specifications. Further, since recognizing overload conditions 

and detecting their assignable causes quickly are the pmposes of monitoring, the 

monitoring level should be selected based on the local information about the pr0-

cess instead of long run average behavior. Once such a level is chosen, the monitor 

is not activated as long as the process stays within that threshold. If the process 

exceeds the level K the monitor is activated and then the monitor keeps track of 

both the amount and the duration of exceedance above the threshold. 
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In addition to fixing a monitoring level. for the excursions above the t1ues

hold. we define the profile curves for the point process. The. notion of profile curves 

was introduced by Neuts [12] for singlc-server queues, as a means to identify the 

excessive excursions in the queue length above a fixed tbteshold. Profile curves can 

be described as the upper stochastic envelope which captures the path functions that 

have cxcc:edcd the level K and are considered to be statistically compatible with the 

process. These curves would serve in classifying the excessive excursions as soon 

as possible and in formalizing monitoring schemes for stochastic processes. 

Therefore, as long as the process stays between the level K and the profile 

curve monitoring continues. If the process returns back to the level K, before a 

specific time bas elapsed, then that exclUSion is atttibuted to a random fluctuation in 

the process and the monitor is turned off. Alternatively, should the process exceed 

the profile curve or fail to return back to the level K soon enough, then the process 

is declared out of control and an appropriate control action is initiated. In the 

remainder of this chapter, we discuss the design of a monitoring level and develop 

a pl(»eedure to determine the profile curves for the Neuts-Pearce point process. 

Further, we derive some performance measures for the monitoring scheme. 

Towards the goal of developing a monitoring scheme for the point process 

few analytical results can be derived. Given that the point process is indeed a good 

model for the packet stream and motivated by the paucity of analytically traetable 
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results for the point ptOCCSS, aD investigation of a monitoring scheme in a data-

analytic spirit appears to be most promising. Guided by the algorithmically tractable 

methodology developed for monitoring a class of single-server queues in Neuts 

[12), a monitoring scheme for the point ploccs$, based on empirical methods is 

cxanrincd. 

The data from evolution of the point process are obtained by simulating 

the process using the algorithm described in Olaptcr 2. Let YOt YI , Y2•• ••• YN 

denote the data corresponding to a realization of the point process where Yi , 

o SiS N, is the number of packets generated at time epoch i. The aitcrion for 

fixing the monitoring level K is based on the result proved in Chapter 1, that the 

marginal distribution of the number of packets generated at aD arbitrary time is 

Poisson with parameter ~. The monitoring level K is chosen so that K is the first 

index for which 

(13) 

is satisfied. Typical values of 1 we have used to fix the threshold K are 1 = 0.85 or 

1=0.90. 
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4.2 Some Preliminaries: 

After fixing the monitoring level K, we collect various exploratory statis-

tics regarding the excursions above and sojomns below the tbteshold. From the data 

(Y., n ~.O) summary statistics (I., a., b.>, n ~ 0) are 1'CCOIdcd. I. is the indicator 

function which corresponds to the time epochs at which the monitor is initiated and 

defined as follows: At time epoch n, n ~ 0, 

{
I ifY. ~K 

I. = 0 ifY. <K. 

The variables a. and b. COIlespond to the durations of excursions above and 

sojomns below the threshold respectively and are defined as follows: If I. = I, then 

for J ~ 1 

{
J if Y.-j+l ~ K, ••• , Y. ~ K 

0.= 0 th • o ClWlSC. 

If I. = 0, then for J ~ 1 

{
J if Y._j+1 < K, ••• , Y. < K 

b. = 0 th • o erw1SC. 

Using such summary statistics collected from the data, we can empirically 

determine the profile curves for the point process. In defining the profile curves, we 

need to consider the joint conditional frequency of the number of packets generated 
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and of the duration of the cxcmsion, given that the process bas cxcccdcd the thres

hold K. Informally, the profile curves 8Ie then the loci of given percentiles of the 

conditional f:mlucncies of the excursions above the threshold. As a first step, we 

have to obtain an estimate of the joint conditional probability density from the data, 

to desaibe both the amount and the dmation of excursions above the level K on the 

set of lattice points (i. i), i ~ K, j ~ 1, where i denotes the number of packets gen

erated during an excursion above the level K that has lasted j units of time. 

Let 'VCi. i). i ~ K. i ~ 1, denote the number of times we observe from the 

data, i packets and for i consecutive units of time the process bas been above the 

level K. 'VCi. i) is given by 

N 
'VCi. i) = 1: +ij (y.i •• a.) • 

• .0 

where +ij is the indicator function defined as 

{
I if Y.i. = i. a. = i 

+lj (y.i •• 0.) = 0 otbcrwisc. 

(14) 

The conditional f:mlucncy f (I. i). i ~ K. i ~ 1, that during an excursion lasting for 

i units of time above the level K, the counts of packets generated is I, given that 

the process exceeds the level K at time i = 1, can be determined by 

_ If(i.J) 
f (I, i) - 1:.c:i , if (15) 

i~~ 
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For each J, / (I, J) is an empirical density function with support on the lattice 

points 1 ~ K. From the summary statistics collected from the data, we extract addi-

tional information in order to determine various frequencies Ielatcd to monitoring 

events. Let K'.., " ~ 1 be defined as 

{
b.-1 if 1.-1 = 0, I. = 1 

K'.. = 0 otherwise. 

Using this statistic, we can obtain the empirical disuibution of the sojourn below 

the thIeshold K. Let PU), J ~ 1 denote the number of times we observe from the 

data, a sojourn below the threshold K lasting for J time units and PU) can be 

obtained using 

where +j is the indicator function defined as 

{
b.-1 if 1.-1 = 0,1. = 1 

K'..= 0 th • o erw1SC. 

The frequency 'C(j)J ~ 1 that a soj01D'D below the tlueshold K lasts for J. time units 

is given by 

'tU)= PU) 
~PU) 
J~I 
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Let tlJ(J) for i ~ 1 denote the frequency that an excursion above the thres

hold lasts for i units of time. It can be verified that the tlJ(J) is given by 

1; 'f'{I, i) 
nr 

tlJ(J)=----~~------
1; 'f'{I, 1) + 1; (x;. - It' 
i~r .~1 

(16) 

where (x;. -It denotes the non-negative part of x;. -I, defined as max (0, x;. -1). 

t»(1) is an imponaat pcIformancc index for the monitoring level designed and can 

be interpreted as the fiequency with which the monitor is initiated. 

4.3 Prome Cunes: 

With these preliminarics, we can formally define the profile curves for the 

point process when monitored at the level K. For a given value of a. 0 < Cl < 1, the 

Cl level profile curve COJresponding to the threshold K is the locus of the points 

(I, i), i ~ 1 , where i is the sma1lcst integer for which 

i 
1; /(r, i) ~ a. 
,.r 

For given values of Cl and K, the profile curve is a sequence of indices and 

each index t U) in that sequence is the (approximate) 1(X)cl-th percentile of the con-

ditional density of the excess above K, given that for i successive units of time the 

process bas been above the level K. The choice of Cl is determined by how 
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stringendy we want to monitor the point process. The smaller the value of a, DlOIe 

frcqucndy the process will exceed the profile curve. However, if moderate excur

sions above the level K can be tolerated, values of a such as 0.9 or O.9S can be 

chosen. As soon as the empirical density function / (i. J) for each J is determined, 

each index t U) for J ~ 1 is specified by the a quantile of the corresponding 

empirical distribution and can be obtained by using an efficient binary scan:h. 

In practice, it is advisable to specify an upper bound J on the values of j 

up to which the profile curve has to determined. The reason lies in the fact that 

monitor should also report on the occmrence of excursions above K which me of 

unusually long duration, yet do not involve an upward crossing of the profile curve. 

The value of J can be selected so that the frequency of an excursion lasting longer 

than J time units is less than e. In our computer experiments, we have chosen the 

value of £ to be 0.0001. The profile curve can now be expressed as a finite sequence 

of indices (t U). 1 S J S J} for given values of a and K. We shall refer to the set 

of indices (i. J) with 

1 S J S J. K SiS t u). 

as the monitoring region whele i is the number of packets and J is the number of 

time units for which the process is in excess of K. As long as the process remains 

within this region, the PIOCCSS is monitmed. An excursion is classified as abnormal 

or a random fluctuation depending how that excursion exits the monitoring region. 
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Remark: 

In addition to the rule to fix the value of J, it is important to assess if there arc 

sufficient data available to estimate the empirical distributions for all } S J. Since, 

om' procedure to develop a monitoring scheme is based on the data from a realiza

tion of the point process, there may not be enough data on excursions above the 

level K that last for very long durations of time. It is stressed that, by computing 

the profile curves beyond a reasonable value of J, the information we obtain is 

regarding the long range behavior of the profile curves, which is only of marginal 

interest from om' point of view of monitoring the point process. However, an 

asymptotic result on the conditional distribution of the excess during an exclUSion 

that has lasted for } consecutive time units as } -+ -, is proved in Neuts [12] for a 

class of Markov processes arising in single-server queues. The implication of this 

result is that the profile curve for that class has a horizontal asymptote. This result 

would serve as a guiding example in our current investigation for non-Markovian 

processes. 

4.4 Monitoring Procedure: 

In this section, we discuss the following specific monitoring procedure for 

the point process using the the monitoring level K and the profile curves to identify 

the situations which may require CODU'OI measures. Let us consider two funhcr 
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indices J 1 < J 1 < J, chosen according to ! sjmilqr role as J. 

If the process crosses over the threshold K, the monitor is initiated. If at 

any time J with 1 :s; J :s; J It the process stays above K and exceeds t U), the moni

tor signals a very rapid increase. Such a situation may call for an immrJtiate Bow 

control action. If the rapid increase occurs infrequently, it is probably due to a 

short-lived trend in the process. 

Consider an excursion above K which bas not crossed the profile curve up 

to time I., but exceeds t U) for some J with I I < J :s; 12- Such an excursion is typi

cal of an overload condition, i.e., during an excursion of relatively shan duration, 

unusually high number of packets are generated which is indicative of the short 

term, local dependence present in the process. 

Once an excursion lasts longer than 11. time units without having exceeded 

the profile curve, we may be faced with a process whose parameters are per

manently above design criteria. If the process exceeds the profile curve between 

times 12 and I, the monitor will declare that a steady, long-lived upward trend of 

the process is in progJeSS. 

Finally, the excursions which stay between the threshold K and the profile 

curve for I time units at least, may be indicative of a very slow upwanl drift in the 
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process. The an1CCCdcnts of such excursions may be attributed to the persistence 

and the dependent IUlbJre of the point process. 

4.5 Performance Measures: 

In this section, we eumine various performance mcasmes in reference to 

the specific monitoring procedure discussed in the previous section and sketch their 

derivation. Such a study will be useful in assessing the performance of the profile 

cmvcs in detecting specific parameter changes in the point process. In order to 

determine the performance measures to be discussed. we need to collect statistics 

regarding the excursions that exceed the level K but also remain below t (1) at the 

time of up-crossing. Conceptually, the evaluation of these perfonnancc measures 

involves elementary probabilistic arguments. The procedure we have adopted to col-

lect such statistics is analogous to the scheme described in section 2. If I,. = I, then 

for II ~Oand}~1 

{
} if K ~ Y,._j+1 S" (1) •..•• K ~ Y,. 

c,. = 0 otherwise. 

Let 'I'(i. }) denote the number of times we observe from the data, i packets and for 

} - 1 successive units of time the process remains between the level K and the 

profile cmve and at the }-tb time unit of the excursion the process is above the 

level K. 1(i. }) can be determined by using 
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N 
..,,(i, J) = 1: +'ij(Y.I., c.), 

• -0 

where +'ij is defined as 

Some performance measures of practical interest arc the following: 

1. lilU), 2 S J S J, the frequency that an excursion stays between the level K and 

the profile curve up to the J-th time unit. It can be verified that lilU) is given by 

r(1) 
1: ..,,(i. J) 

lilU) = __ ....;i_-.,;;;;K ____ _ 

1: 'If{l. 1) + 1: (r. - It 
(17) 

l~K • ~ 1 

and can be interpreted as the fraction of paths that require a monitoring decision at 

time epoch J + 1. From the point of view of monitoring the process, it is desirable 

that this quantity decIeases as J increases. 

2. li2U), 2 S J S J, is the conditional frequency that an excursion remains between 

the level K and the profile curve up to the J-th time epoch, given that the process 

bas crossed the level K at time J = 1. Since, the frequency that the process exceeds 

the level K is 4»(1), we obtain 
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~-U)= ~lU) 
~ 4a(1)· (18) 

The speed at which this quantity drops off as time elapses is indicative of the scnsi-

tivity of the monitor to excessive fluctuations. 

The following frequencies arc conditioned on the event that the process 

cxcccds the monitoring level K at time J = I and assumes one of the values 

K, ... , i· (1). We shall refer to this event as A. 

3. ~3U); 2 S J S J, is the conditional frequency that an excursion remains in the 

monitoring region until the J-th time unit, conditional on the event A. ~U) is given 

by 

(19) 

4. ~U), 2 S J S J, is the conditional frequency that an excursion exceeds t U) for 

the first time at the J-th time unit, conditional on the event A. By using a simnar 

argument, we obtain 

1: ";(i, J) 
~_ _ hr(J) 
~U)- r(i-I) 

1: ";(i, J-I) 
l-K 

(20) 
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S. W), 2 ~ } ~ J, is the conditional frequency that an excursion retmns below the 

level K for the first time at the J-th time unit, conditional on the event A. It.is 

readily seen that for each } 

~U)+~U)+W)= I, (21) 

which determines the value of W), once we compute W) and ~U) using the 

relations (19) and (20). These pctfonnance measures are useful in assessing the fre

quency with which various events related to monitoring will occur purely due to 

chance, in a process which operates with specific parameter values. 

In addition to their usc in fonnalizing a monitoring proccdurc, the profile 

curves may also serve in the comparison of cfiffcn:nt models or of various approxi· 

mations to the same point process. For the posited model of the point process, we 

may, for instance, change one of the parameters of the process to obtain a model 

with different parameters. The changed model is also monitored at the same thres

hold K and with respect to the profile curves defined for the posited model. A first 

measure of identifying the change in the parameter is the frequency with which the 

monitor is initiated. Further, for the changed model, the change in the parameter 

should be reflected by more frequent systematic excursions above monitoring level 

A ptuccdure analogous to the scheme described in this section, can adopted to 

evaluate the pctformance measures for the changed model As a second indicator, 
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we can compare the measures of perf 011 I IInce obtained for the posited and the 

changed modcl. A comparison of these fmlucncies yields refined information on the 

sensitivity of the monitor scheme, to a change in the parameter of the process. Such 

an investigation is analogous to that of examining the power of statistical tests 

against various alternate hypotheses. 

4.6 Numerical Examples: 

In this section, we shall present numerical examples to illustrate the moni

toring methodology developed in this chapter and discuss the interpretations of 

these examples. We have selected four simple examples to demonstrate the feasibil

ity of the procedure developed and to draw qualitative inferences on the perfor

mance of the proposed monitoring scheme. The principal conclusion to be drawn 

from these examples is that the monitoring scheme identifies moderate changes in 

the parameters of the point process. In particular, the performance measures do 

reflect on the sensitivity of the monitor to excessive fluctuations when compared to 

the posited model. While the discussion of the following numerical examples per

tain to a specific model, it is imPortant to note that the conclusions we have drawn 

arc based on extensive experimentation with various parameters for the process and 

replication of the cxpcri.ments under several random number seeds. 

The posited model of the point process has two parameters 1, the arrival 
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rate of messages and the holding time of each message which is of phase type with 

representation (ex. T). Besides these two parameters, the indices of the states within 

the matrix T that generate packets have to specified. These parameters of the 

posited model 8Je listed in Table 2. The data from the evolution of the point pr0-

cess with those parameters 8Je obtained, by simulating the process for 500.000 time 

units. The process is monitored at the level K = 27 chosen according to the 7s-th 

pcn:cntile of the Poisson distribution with mean ~ = 24.0. ~ can be computed from 

the parameters of the point process and its value is 0.80. 

Table 3 lists the following quantities for the posited model: the frequencies 

relating to excursions above the threshold, the 80 and 95 percentile profile cmvcs, 

performance measures for the monitor, the empirical distributions of the duration of 

an excursion above the lcvcl and a sojomn below the level A scatter plot of a data 

set containing 10.000 observations regarding the successive durations of excursions 

above threshold and sojourns below the threshold for the posited model is displayed 

in Figure 1. The frequency with which the monitor is initiated is 0.0909, and this 

indicates that the monitor is activated infn:qllCntly which is a desirable property of 

the monitor. It is important to note that the frequency that an excursion above the 

threshold lasting beyond the 2S-th time unit is smaller than 0.0043. From the rela

tively narrow spacing between 8O-th and 9s-th percentile profile curves, we can 

infer that the process docs not exhibit large fluctuations in the path functions that 
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havc exceeded the threshold. This is further confirmed by the performance meas

ures. T'ue cuoditional frequency ~U) of exit from the monitoring region by crossing 

the profile curve is small compared to the other frequencies. Besides the monitoring 

aspect, this study reveals some of the behavioral characteristics of the point process. 

For instance, we can infer from the performance measures and the scatter plot that 

most of the path functions that exceed the level either return below the level 

quickly or else tend to exhibit long-lived and slowly varying fluctuations within the 

monitoring region. 

We have considered three changes in the parameters of the posited model 

yielding threc different changed models. As the second example, the mean duration 

of each message is increased while the other parameter is kept unchanged. Simi

larly, only the mival rate of messages is increased in the third example. Within the 

duration of each message, only the distribution governing packet generation is 

changed in the fourth example. The puameters of the changed models are displyed 

in Table 4. The processes with the changed parameters are first simulated for 

~.!!'J'J ~ !!!!!!! !!!ld then monitored with respect to the same threshold K = 27 

and the 8O-tb percentile profile curve defined for the posited model. Table 5, Tab1c 

6 and Table 7 list the performance mcastI1'CS, empirical distributions for durations 

above and sojourns below the threshold for the second and third examples respec

tively. Substantially, similar conclusions can be drawn from Table 5, Table 6 and 
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Table 7. Firstly, f.,(j), the conditional fraction of paths having exceeded the level K 

and awaiting a monitoring decision, drops off at a faster rate compared to the 

posited model This implies that the monitor is sensitive to the change in the param

eter. Secondly, the conditional frequency ~U), is significantly higher for the 

changed model This conveys that in the changed model, the path functions that 

ICUJain in the monitoring legion, will exceed the profile curve mme frequcntly. 

Overall, the performance measures indicate that the excursions in the changed 

model either cross the profile curve soon or letum back within the level K after 

remaining for a moderate duration of time in the monitoring legion. A visual com

parison of the scatter plots in Fi~ 1 and Figure 2 also demonstrates the effect of 

a change in the parameter. More frequcnt excursions that last for longer durations 

of time above the tlucshold in the changed model are shown in the scatter ploL 

4.7 Condusions: 

In this approach to monitoring, once the process cxcccds the threshold, 

that path function is tracked until it letums back below the level The profile curves 

are defined with respect to the conditional probability induced on the space of all 

path functions of the process that have cxcccded the threshold. Hence a crucial step 

in our present study is, determining an estimate of the joint conditional density of 

the amount and duration of the excursion above the thIeshold. To that end, we have 

defined an empirical conditional distribution for each time unit of the excursion. 
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1bis would tantamount to assuming implicitly that the successive excmsions above 

the threshold arc iDdcpcndcnL Under such a condition. the collection of the sampJc 

paths of the process that have cxceeded. the threshold would be composed of 

indepeDdcnt replicates of excursions. which would in nun justify the procedure we 

have adopted here to de1CnDine the empirical conditional density. In contrast. we 

observe from the scatter plot shown in Figure 1. that long sojomns below the thres

hold often trigger short excursions above the threshold and vice versa. However. it 

is our conjecture that mixing propenies hold for the point process which would sug

gest asymptotic independence. Besides this result. we draw attention to the fact that 

for the classical queueing models. the profile curves can be detcnnined in an alg~ 

ritbmic approach. The monitoring approach developed for well-understood models 

such as single-server queues provides the genem1 guidelines into an exciting. but 

unwieldy area of monitoring non-Markovian processes which calls for a variety of 

mathematical methods of analysis. 

In this chapter. we have developed a moni1Oring scheme for the Neuts

Pearce point process based on data obtained from the simulation of the process. Our 

approach is general and can be applied to any discrete, non-negative integer-valued. 

stationary process. given a long record of observations from the evolution of that 

process. The distributional propeny regarding the marginals is convenient. but not a 

requiremenL Since. an empirical estimate of the marginal density can be obtained 
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from the data in the abscnc:c of a specific margiDal distribution. Fmally, it is impor

tant to stress that our approach to monitoring the process falls within a general 

fiamewodc of empirical, model free methods for the statistical analysis of a class of 

stochastic processes. 



6S 

CBAPl'ER5 

WALSH SPECTRAL METHODS 

5.1 Introduction: 

One of the most frequently used descriptive techniques to summarize the 

information embedded in data recorded from a time series is classical Fourier spec

tral analysis. The essence of Fourier specttal analysis lies in the rqnescntation of a 

set of data in terms of sinusoidal functions. For a clear exposition reguding the 

Fourier spectral analysis of data, we refer to Bloomfield (3). The Fourier spectrum 

thus obtained encodes global information about the fluctuations and reveals the bid

den periodicities present in the time series. The simple physical interpretation of the 

frequency notion and the computational simplifications in view of the FFf ( fast 

Fourier transfmm ) algorithm arc some of the appealing features of Fourier analysis. 

As an alternative to the classical Fourier spectral methods, in this chapter, we exam-

ine Walsh specttal techniques to analyze data from a time series. The principal 

motivation for such an investigation is derived from the advantages gained in the 

computational simplicity of the Walsh functions, and the novel interpretation of the 

Walshspccaum. 
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Walsh functions play a role analogous to the trigonometric functions used 

in the Fourier analysis. A synthesis of a complex waveform can be pcrfOIlUed using 

Walsh functions which is equivalent to a decomposition of data into components 

that arc expressed in terms of Walsh functions. Howcvc:r, it should be noted that in 

some cases Walsh functions arc more suitable than their Fourier countcrpans for 

approximating non-smooth waveforms. The Walsh functions form a complete, 

orthogonal sequence of functions. They take values from the set (+ 1. -1). a pr0-

perty ideally suited for numerical computations. Analogous to the FFr algoritluu, 

there is a fast Walsh ttansfonn. Due to the binaIy-valued natul'C of the Walsh func

tions, the fast Walsh transform can be evaluated on most modem digital computers 

more quickly than the FFr. For a detailed discussion of basic mathematical pioper

tics. applications and computational features of Walsh functions, we td'er to Beau

champ [1] and the references therein. Our interest in studying Walsh spectral tech

niques is inspired by their applications in the design of factorial experiments and in 

the output analysis of simuladOa"l experiments; refer to Sanchez and Sanchez [21]. 

The Walsh function is defined over a fixed interval [0. T). It is wriucn as 

WAL(II. t). 0 S t ST. The ordering index II, is referred as the sequency of the 

Walsh function. The Sequcncy is defined to be proportional to the average number 

of zero crossings of the function within the interval [0. t) and is a generalization of 

the frequency notion. If time is discrctized by dividing the interval [0. T) into N 
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equal subintervals, the discrete Walsh function is written as WALen. i). 

O:!it I :!it N -1. In the l-th subinterval WALen. i) bas same the value as WALen. t). 

and I is the smallest integer greater than Nt 0". The following indcntities regarding 

orthogonality, symmetry and multiplication of discrete Walsh functions hold: 

N-l {N ifn =m 
1: WAL(m. i) WALen. i) = 0 if n _ m. 

i.O 

WAL(n.I):= WAL(I,n), 

WAL(m.l) WAL(n, I) = WAL(m EDn.I). 

where E9 denotes bitwise moduIo-2 addition for the binaIy repn:sentations of m 

and n. Let (Xi. O:!it I :!it N -I) denote observations recorded from a time series. 

Without loss of generality, N can be selected so that N = 2P for some integer p, 

p ~ 1. The discrete Walsh transform of a sequence can be written for 

k = 0, 1 ••••• N - 1 as 

The original time series Xi for I = O. I, ••.• N - 1 can be recoveted as 

N-l 
Xi = 1: X. WALen, i) • 

•• 0 
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Our goal in chapter. is to dctermiDc the Walsh spcctruJD for the data 

obtained from the simulation of the point process studied as a model for the packet 

stream in Chapter I. In conjunction with the general objectives of this thesis. Walsh 

spccaal analysis provides a novel tool for exploring the statistical information 

prescnt in the data recorded from the point process. As with Fourier spccaal 

analysis. there arc several equivalent approaches to determine the Walsh spectrum. 

In the first approach. the Walsh spcctruJD is expressed in tcnns of the dyadic auto-

covariance function. We assume that the data arc generated by a covariance station-

ary process with mean o. The dyadic autocoVariance can be obtained from the data 

using the relation 

where 1: denotes the time lag. The Walsh spccaal density is then explicitly given by 

the Walsh transform of the dyadic autocovariancc. a result rcfcned to in the litera

ture as the logical version of the WlCDCI'-Khinchin theorem. The second approach. is 

to determine the Walsh pcriodogram which is an estimate of the Walsh spectrum. In 

our computer cxpcrimcnts. we have used the periodogram approach to determine 

the Walsh spectrum. ~t (y;. 0 SiS N -I) denote the data ICCOIdcd from the simu

lation of the point process studied as a model for the packet stream. where N is the 

duration for which the process in simulated. The Walsh transform of the data is 

given by 
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for k = O. 1 ••••• N - 1. and can be computed cfficiendy using the fast Walsh 

transform algorithm. The Walsh periodogram is supported on (N /2)fo1 

points and can be computed from the Walsh transform coefficients as 

P(O) = Y6. 

P(N/2) = yA -1' 

and for 1 S k S (N /2) - 1 

P(k) = Y&-Ci-I»)+-I + Y&-(t-I»)+-2. 

5.2 Numerieal Results: 

In our computer experiments, the point process is simulated for 262,144 

time units using the algorithm described in Culpter 2. It is neccSS8l)' to have a large 

data set, since our goal is to assess the fluctuations in the point process using the 

Walsh spectrum. The data recorded from the simulation of the process are centeled 

around the sample mean of the data. Using the fast Walsh transform algorithm, we 

compute the Walsh transform for this data seL The periodogram can be computed 

from the ~su1ting Walsh transform coefficients. We teplicatc this experiment by 

simulaling the process for several random number seeds and determine the periodo-
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gram for each replication. The sample avemge of the pcriodograms obtained from 

all the replications is computed. Such an average pcriodogram is our estimate of the 

Walsh spectrum. A different procedure is to determine the average of the pcriodo

grams obtained from splitting the entire data set into smaller batches. In our present 

study. in view of the highly dependent nature of the point process. we have adopted 

to estimate the pcriodogram by replications. 

As a sample of our experiments. a plot of the Walsh spectrum is displayed 

in Figure 3. An inspection of figure 3 suggests that the Walsh spectrum has dom

inant low scquencies and a few significant high scquencies. The notion of scquency 

is related to the average number of zero crossings of the process. In this study. a 

zero crossing refers to an up or down crossing of the sample mean of the process. 

The low scquencies indicate that whenever the process stays above the sample 

mean. then over long periods of time it is likely that the process would remain 

above the sample mean. This suggests that there is high persistence in the process. 

Such a behavior may be attributed to the correlation structure of the process. in 

view of the relation between spectrum and the correlation. The serial correlation 

coefficient between No and N. t the number of packets generated at an arbitrary time 

and n time units later is derived in Chapter 1 and is given by 
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It can be verified that P{II) for all II is non-negative. In contrast. the bigh scqucncics 

reflect on the short range cJcpctldcnm in the process. 

It is important to note that a flat Walsh spectrum would indicate that the 

data ate generated by indcpcndcnt random variables or dependent random variables 

with zero dyadic correlation. In particular, for the application on hand, the non-flat 

Walsh spectrum as shown in Figure 3 serves as an evidence to the dependence such 

as the dyadic correlation in the data from the point process. Further, the scqucncics 

obtained from the Walsh spectrum convey the information regarding the fluctuations 

around the sample mean of the data. In conclusion, we observe that analogous "to 

the Fourier spectrum, Walsh spectrum provides a tool for summarizing information 

in data. 
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NUMERICAL RESULTS 

Table 1 

Numerical Results from the Study of Determining 
the Order of a Markov Chain 

An empirical study of fitting an r-th order MC for the data obtained 
from the simulation of Neuts·Pearce process for quantifying local 
dependence in the process 

We choose of a word of length 9 and estimate the ticquency of its 
occurrence first and then estimate the ftcqueocy of that same word 
if it were generated by an rtb order MC and then compare both the 

. fiequencies using a test analogous to the chisquare test 

words fiequency onIerO Older 1 order 2 onJer3 

111111111 0.17672 0.00583 0.14784 0.17373 0.18198 
OOOOOOOOO 0.10390 0.00001 0.04909 0.07384 0.08463 
222222222 0.02898 0.00000 0.02408 0.02732 0.02946 
111111110 0.01564 0.00287 0.01674 0.01616 0.01512 
011111111 0.01561 0.00287 0.01674 0.01616 0.01511 
211111111 0.01143 0.00163 0.01022 0.01084 0.01155 
111111100 0.01141 0.00141 0.01594 0.01130 0.00965 
111111112 0.01139 0.00163 0.01022 0.01084 0.01155 
221111111 0.01137 0.00045 0.00955 0.00922 0.00954 
222111111 0.01135 0.00013 0.00893 0.00858 0.00835 
111111000 0.00997 0.00069 0.01518 0.01115 0.00818 
111111122 0.00993 0.00045 0.00955 0.00922 0.00880 
100000000 0.00859 0.00002 0.01187 0.01266 0.01229 
000000001 0.00858 0.00002 0.01187 0.01266 0.01228 
001111111 0.00858 0.00141 0.01594 0.01130 0.01027 
222221111 0.00854 0.00001 0.00780 9.00742 0.00729 
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order 4 

0.17510 
0.09699 
0.03477 
0.01599 
0.01598 
0.01122 
0.01058 
0.01122 
0.00970 
0.00945 
0.00815 
0.00809 
0.01109 
0.01109 
0.01057 
0.00738 
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101111111 0.00850 0.00287 0.00385 0.00737 0.00706 0.00790 
222222221 0.00715 0.00000 0.00637 0.00662 0.00668 0.00649 
12???2222 0.0071S 0.00000 0.00638 0.00662 0.00668 0.00649 
222211111 0.00714 0.00004 0.0083S 0.00798 0.00780 0.00758 
222222111 0.00713 0.00000 0.00729 0.00690 0.00682 0.00711 
222222211 0.00713 0.00000 0.00682 0.00642 0.00626 0.00651 
111111011 0.00711 0.00287 0.00385 0.00605 0.00646 0.00609 
110111111 0.00709 0.00287 0.00385 0.00605 0.00646 0.00663 
111111222 0.00709 0.00013 0.00893 0.00858 0.00770 0.00623 
110000000 0.00S75 0.00004 0.01247 O.OlOSS 0.00920 0.00730 
000000011 0.00S74 0.00004 0.01247 0.01OS5 0.00979 0.00873 
111110000 0.00S73 0.00034 0.01445 0.01100 0.00819 0.00666 
000111111 0.00S73 0.00069 0.01S18 0.01115 0.00870 0.00915 
111111101 0.00S70 0.00287 0.00385 0.00737 0.00768 0.00789 
111101111 0.00569 0.00287 0.0038S 0.00605 0.00S77 0.00632 
111110111 0.00569 0.00287 0.00385 0.00605 0.00577 0.00575 
111111211 0.00569 0.00163 0.002S3 0.00298 0.00421 0.00467 
21222222? 0.00567 0.00000 0.00047 0.00180 0.00241 0.00295 
000010000 0.00566 0.00002 0.00141 0.00304 0.00300 0.00309 
000100000 0.0056S 0.00002 0.00141 0.00304 0.00300 0.00393 
110001111 0.00564 0.00069 0.00349 0.00155 0.00095 0.00211 

Order of a Markov 018in r statistic 

o 5.63120 

1 054395 

2 0.30262 

3 0.19470 

4 0.11801 



Table 2 

Parameters of tbe Posited Model in Esample 1 

mival rate of messages 1 30.00 

parameters of the holding time of each of message 

order of the PH-distribution 4 

initial probability vector u 

0.2500 0.2500 0.2500 0.2500 

T-matrix of the PH-disttibution 

0.5000 0.0000 0.0000 0.0000 

0.0000 0.8750 0.0000 0.0000 

0.0000 0.0000 0.8750 0.0000 

0.0000 0.0000 0.0000 0.9688 

vector Tl of the PH-distribution 

0.5000 0.1250 0.1250 0.0312 

mean of the PH-distribution 12.50 

steady state vector of the matrix T + T"u 

0.0400 0.1600 0.1600 0.6400 

indices of states that generate packets 3, 4 

fraction of time generating packets ~ 0.80 
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Table 3 

Prome Curves for the Posited Model in Example 1 

The monitor is initiated when the number of packets generated 
exceeds the level Z1 and monitoring is continued till the process 
returns back to the level rT 

total time the process is simulated 500000 

time frequency that an excursion 80 level 95 level 
units lasts for j units of time profile curve profile curve 

1 0.09094 28 29 
2 0.06251 30 31 
3 0.05257 30 33 
4 0.04262 31 33 
S 0.03693 31 36 
6 0.03125 32 3S 
7 0.02983 33 35 
8 0.02983 32 35 
9 0.02700 32 36 

10 0.02557 35 36 
11 0.02274 33 36 
12 0.02132 32 35 
13 0.01848 33 35 
14 0.01706 32 34 
15 0.01423 31 33 
16 0.01281 32 33 
17 0.01280 31 31 
18 0.008S4 31 32 
19 0.00854 31 32 
20 0.00854 32 33 
21 0.00711 31 31 
22 0.00711 31 32 
23 0.00711 30 32 
24 0.00711 32 33 
2S 0.00427 34 34 



performance measures for the posited model 

j lilU) l!zU) li3U) ~U) lis</) 

2 0.06026 0.64093 0.43909 0.09738 0.46353 
3 0.02793 0.29709 .0.15808 0.15784 0.68408 
4 0.01911 0.20323 0.07709 0.15364 0.769Z1 
5 0.01470 0.15634 0.30016 0.09975 0.60009 
6 0.00882 0.09382 0.16660 0.16622 0.66718 
7 0.00588 0.06259 0.00058 0.24971 0.74971 
8 0.00441 0.04693 0.00000 0.33308 0.66692 
9 0.00294 0.03130 0.49827 0.00116 0.50058 

10 0.00147 0.01567 0.00000 0.00000 1.00000 

selected percentiles of the empirical distribution of the dmation 
of an excursion above the threshold 

0.10000 2 
0.25000 2 
0.50000 3 
0.75000 11 
0.90000' 17 
0.95000 24 
0.99000 37 

selected pen:entiles of the empirical distribution of the dmation 
of a sojomn below the threshold 

0.10000 2 
0.25000 2 
0.50000 3 
0.75000 13 
0.90000 37 
0.95000 58 
0.99000 67 
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Table 4 

Parameters of Changed Models 

Puamcters of the Clanged Model in Example 2 

arrival rate of messages 1 30.0 

parameters of the holding time of each message 

order of the PH-distribution 4 

initial probability vector u 

0.2500 0.2500 0.2500 0.2500 

T-matrix of the PH-distribution 

0.5000 0.0000 0.0000 0.0000 

0.0000 0.7500 0.0000 0.0000 

0.0000 0.0000 0.9000 0.0000 

0.0000 0.0000 0.0000 0.9750 

vector TJ of the PH-distribution 

0.5000 0.2500 0.1000 0.0250 

mean of the PH-distribution 14.00 

steady state vector of the matrix -r: + ,..au 

0.03571 0.07143 0.17857 0.71429 

indices of states that generate packets 3, 4 
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Parameters of the Clanged Model in Example 3 

anival rate of messages 1 35.0 

parameters of the holding time of each of message 

order of the PH-distribution 4 

initial probability vector u 

0.2500 0.2500 0.2500 0.2500 

T-matrix of the PH-distribution 

0.5000 0.0000 o.()()()() 0.0000 

0.0000 0.8750 o.()()()() 0.0000 

0.0000 0.0000 0.8750 0.0000 

0.0000 0.0000 o.()()()() 0.9688 

vector T" of the PH-distribution 

0.5000 0.1250 0.1250 0.0312 

mean of the PH-disttibution 12.50 

steady state vector of the matrix T + :rOu 

0.0400 0.1600 0.1600 0.6400 

indices of states that generate packets 3. 4 
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Parameters of the Oumgcd Model in Example 4 

order of the PH distribution S 

initial probability vector ex 

0.2000 0.2000 0.2000 0.2000 0.2000 

T-matrix of the PH-distribution 

0.5000 0.0000 0.0000 0.0000 0.0000 

0.0000 0.87S0 0.0000 0.0000 0.0000 

0.0000 0.0000 0.8000 0.07S0 0.0000 

0.0000 0.0000 0.0188 0.9000 0.0500 

0.0000 0.0000 0.0250 0.0250 0.9000 

vector TJ of the PH-disttibution 

O.sooo 0.1250 0.1250 0.0312 0.0500 

mean of the PH-disttibution= 12.76288 

steady Stale vector of the matrix Q = T + T»CI 

0.03134 0.12536 0.lS347 0.3S541 0.33441 

indices of states that generate packets 3, 4, S 
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Table 5 

Performance Measures for the Cbanged Model in Example 2 

j ZilU) Zil(j) z;,{J) Zi4U) Zis(J) 

2 0.07045 0.66028 0.31447 0.02858 0.65694 
3 0.04629 0.43377 0.21771 0.06526 0.71703 
4 0.03319 0.31102 0.15170 0.03045 0.81784 
S 0.02714 0.25437 0.14812 0.03696 0.81492 
6 0.02212 0.20729 0.18193 0.09105 0.72703 
7 0.01608 0.15071 0.18738 0.00000 0.81262 
8 0.01307 0.12247 0.15382 0.15411 0.69207 
9 0.00904 0.08475 0.11134 0.11134 0.m32 

10 0.00703 0.06588 0.71353 0.00000 0.28647 

sclcctcd percentiles of the empirical distribution of the durations 
of excursion above the tbmshold 

0.10000 2 
0.50000 4 
0.75000 9 
0.90000 22 
0.95000 2S 
0.99000 48 

selected percentiles of the empirical distribution of the durations 
of sojourns below the threshold 

0.10000 2 
0.25000 2 
0.50000 4 
0.75000 8 
0.90000 28 
0.95000 38 
0.99000 72 
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Table' 

Performance MeasureS for the Changed Model in Example 3 

j lilU> lii» li3(j> li4U> lis</> 

2 0.09659 0.61228 033364 0.00053 0.66583 
3 0.06431 0.40767 0.2S00S 0.29909 0.45086 
4 0.02899 0.18380 033179 0.00066 0.66755 
5 0.01936 0.12270 0.00099 0.16722 0.83179 
6 0.01610 0.10206 039849 0.00000 0.60151 
7 0.00968 0.06139 0.00132 0.00000 0.99868 
8 0.00967 0.06131 0.00132 0.00132 0.99736 
9 0.0096S 0.06115 0.00132 0.33289 0.66578 

10 0.00642 0.04071 0.00000 0.00000 1.00000 

selected percentiles of the empirical distribution of the durations 
of excursion above the threshold 

0.10000 2 
0.25000· 2 
0.50000 5 
0.75000 15 
0.90000 26 
0.95000 67 
0.99000 126 

selected percentiles of the empirical distribution of the durations 
of sojourns below the threshold 

0.10000 2 
0.25000 2 
0.50000 2 
0.75000 9 
0.90000 20 
0.95000 2S 
0.99000 29 
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Table 7 

Performance Measures for the Changed Model in Eumple 4 

j ~lU) ~) ~) ~U) W) 

2 0.03406 0.44103 0.27312 0.18104 0.54583 
3 0.01859 0.24073 0.49905 0.00152 0.49943 
4 0.00928 0.12023 0.33321 0.00038 0.66641 
5 0.00619 0.08012 0.49829 0.4ml 0.00400 
6 0.00002 0.00032 0.14286 0.00000 0.85714 
7 0.00002 0.00027 0.33333 0.00000 0.66667 
8 0.00001 0.00018 0.00000 0.00000 1.00000 
9 0.00001 0.00018 0.25000 0.00000 0.75000 

10 0.00001 0.00014 0.33333 0.00000 0.66667 

selected percentiles of the empirical distribution of the durations 
of excursion above the tlm:shold 

0.10000 2 
0.25000 2 
0.50000 3 
0.75000 9 
0.90000 32 
0.95000 33 
0.99000 59 

selected percentiles of the empirical distribution of the durations 
of sojourns below the ducsbold 

0.10000 2 
0.25000 3 
0.50000 6 
0.75000 13 
0.90000 33 
0.95000 60 
0.99000 74 
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Figure 1: A Scatter Plot f(l tOO Pclited Model 
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Figme 2: A Scatter Plot fer tOO OJangcd Model 
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Figure 3: Walsh Sp:dmm 
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