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ABSTRACT 

This dissertation presents a semiclassical microscopic approach based on the 

Uehling-Uhlenbeck equation for studying the equilibration processes due to nucleon

nucleon collisions during the collision of two heavy ions in the low and intermediate 

energy domain (5 - 100 MeV/nucleon). The state formed in the early stages of a 

heavy-ion collision can be characterized by a highly excited non-equilibriwn system 

of nucleons. Equilibration processes then take place resulting in a system for which 

a temperature can be defined at least locally. 

The single-nucleon distribution function for the nucleons during the early stage of 

the ion-ion collision is represented in momentum-space either by two Fermi-spheres 

separated by the relative momentum of the impacting ions or by a deformed Fermi

sphere. The equilibration (thermalization) of this initial distribution in momentum

space is studied by calculating the collision term as a function of time. 

The relaxation-times are investigated through a microscopic model that incorpo

rates the UU collision term with the relaxation-time approximation. Relaxation

times for the equilibration are obtained as a function of density and temperature. 

The temperature dependence is strong at low temperatures and this is a conse

quence of the Fermi statistics. The mode dependence of the relaxation-times is 

also calculated by expanding the angular dependence of the distribution in spheri

cal harmonics. The RTA is also tested against thermalization of the Fermi-sphere 

systems and is found to be reasonable. 

Transport coefficients for viscosity, thermal conductivity and diffusion are also 

calculated as well as their temperature and density dependencies. Their relation to 



26 

relaxation-times are derived. The mean free path of nucleons in hot nuclear matter 

is also studied in the same frame of work. 

The numerical calculations of the collision term are an important part of this 

investigation. They involve five-dimensional integrations carried out using Gaussian 

and Simpson's numerical methods. 



1.1. Introduction 

CHAPTER ONE 

INTRODUCTION AND PURPOSE 

27 

The earliest theoretical studies of nuclei were concerned mainly with ground state 

and low-energy properties. The shell model, Nilson model and liquid drop model 

provide an understall:ding of ground state properties, such as angular momenta and 

quadrupole moments, as well as low-energy dynamical properties, such as vibrations, 

rotations and single-particle excitations. 

The microscopic treatment of nuclear many-body systems is made difficult by 

the strong nucleon-nucleon (NN) interaction with a strong short-range repulsion. 

Early efforts to reconcile the success of the shell model with this NN interaction 

were unsuccessful. The breakthrough came with the Brueckner's reaction matrix 

formalism. 2 This theory was used for extracting out of the "free" NN interaction 

an "effective" interaction, that is, a NN interaction in the nuclear medium. Other 

methods (coupled cluster, hypernetted-chain, etc.) have also been developed for 

the same purpose. The nuclear Hartree-Fock (HF) method is an approximation for 

reducing the problem of many interacting particles to one of non-interacting parti

cles in a mean field. It is analogous to the atomic HF-method but the interactions 

used in the calculations are "effective" (quasiparticle) rather than "free" interac

tions. These models adequately describe the ground state properties (density, size, 

binding energy, etc.) of nuclei. 

Heavy-ion (HI) collision theories provide a way to study nuclear many-body prop

erties at energies and densities beyond that of normal nuclear matter. On the exper-
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imental side, the last few years have seen large investments in HI research facilities. 

These facilities have made it possible to collide heavy nuclei with each other in order 

to create nuclear matter at higher energies and temperatures as well as densities 

larger than the normal density of nuclear matter. 

A quark-gluon phase-transition is predicted for T > 150 Me V (T= temperature) 

or densities> 2.5 normal nuclear matter density. To reach this state requires HI 

collisions in the GeV range. Although this possible phase-transition is a challenging 

problem to physicists, the low-energy domab. of the equation of state is also of 

great interest. At collisional energies below or about 100 MeV/nucleon, one hopes 

to learn about the liquid-gas phase-transition and, even more importantly, about 

nuclear compressibility and the nuclear matter equation of state in general. This 

equation refers to the equilibrium properties of a system, i.e., the static properties 

of the system. To obtain this equation experimentally, the equilibration process also 

has to be understood for the highly unequilibrated states created in these collisions. 

The earliest nuclear dynamical models to describe HI collisions were based on 

hydrodynamic assumptions. The hydro dynamical model is used for high energy 

HI collisions in the same way it is used for normal macroscopic fluids. It is based 

on the assumption of local thermodynamic equilibrium3
- s, that is, the concept of 

temperature is valid locally and the pressure tensor is isotropic. This model also 

assumes a short mean free path and assumes a large number of degrees of freedom 

in order to reach local equilibrium. Therefore, it cannot be applied at low-energy 

or intermediate-energy regimes where the mean free path is large. It is sometimes 

extended by introducing viscosity and heat conductivity concepts. 

The intranuclear cascade model (INC)9 has been used to study the collisional 
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properties of the nuclear many-body system in the relativistic HI collision regimes, 

with a beam energy ranging from 250 MeV to 2 GeV per nucleon. This model 

assumes multiple scatterings but neglects the mean field effects and the Pauli ex

clusion principle.10- 21 For this approach to be valid, the interparticle distance must 

be larger than the size of the nucleon (or the range of the NN force). 

More fundamental approaches start with a quantal treatment of the nuclear 

many-body dynamical system and use the non-equilibrium the Green's function 

theory.22-25 A comprehensive review offormalism is given by Kadanoff and Baym,24 

Abrikosov, et al.25 and by Danielewicz.26 ,27 A more recent formulation of the 

Green's function for the relativistic and non-relativistic HI collisions has been de

rived by Malfliet and Botermans.29 This theory was used with success to study 

the thermalization processes in the HI collisions, at the beam energy Elab = 400 

MeV /nucleon.
27 

The classical limit . (Ii ~ 0) of the Green's function approach is the well-known 

classical kinetic equation first derived by Boltzmann, i.e., the Boltzmann equation. 

The Boltzmann derivation of the kinetic equation was based on the Sto33zahlan3atz. 

This equation gives a microscopic description of non-equilibrium processes in the 

dilute gas and the approach of the gas to an equilibrium state. It was used by Chap

man and Enskog to derive the Navier-Stokes equations and to obtain expressions 

for the transport coefficients for a classical dilute gas.28 However, this equation is 

not directly applicable to the nuclear problem. This is because the nucleons obey 

Fermi-Dirac statistics, not the classical Maxwell-Boltzmann statistics. 

Uehling and Uhlenbeck31 have modified the classical Boltzmann equation by 

revising the collision term so that the Pauli exclusion principle is obeyed. The 
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modified collision term is known as the Uehling-Uhlenbeck (UU) collision term. 

This version of the classical Boltzmann equation is sometimes called the Uehling

Uhlenbeck equation or the Boltzmann-Nordheim equation.3o It has also been called 

the Boltzmann-Uehling-Uhlenbeck (BUU) equation. To emphasize that the mean 

field is included, it is often referred to as the well-known Vlasov-Uehling-Uhlenbeck 

(VUU) equation3o,59 or the Landau-Vlasov equation.34 ,61 If the collision term is 

neglected the VUU equation is reduced to the Vlasov equation. These equations 

(BUU, VUU) provide a semiclassical approximation to the HI collisional dynamics. 

During the past decade, such models have been widely used in studying the HI 

collisions' dynamical properties in the intermediate and high energy regimes.32 - 41 

As in the classical Boltzmann theory, these semiclassical transport equations pro

vide a microscopic derivation of the macroscopic fluid (hydrodynamic) equations 

and transport coefficients. The nuclear matter transport coefficients at low temper

atures were calculated by Tomonaga41 and have been extended to higher temper

atures by Danielewicz.43 The linearized BUU equation has been incorporated into 

the Landau theory of normal fluids, thus providing an appropriate calculation of 

transport coefficients at extreme low temperatures.44 ,47 

While these semiclassical theories including collisions can be regarded as exten

sions of the Boltzmann equation, the fully quantal time-dependent Hartree-Fock 

(TDHF) approximation appears as a natural dynamical extension of the static HF 

mean field approximation. The TDHF approximation is also obtained from Green's 

function theories in the collisionless limit. This approximation was first proposed to 

describe the time-dependent many-body wave function by Dirac.48 As a microscopic 

theory to describe the dynamics of nuclear many-fermion systems, the TDHF ap-
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proximation was proposed by Bonche, Koonin and Negele.49 In this approximation 

nucleons are assumed to interact only with the real part of the mean field and the 

collisions between nucleons are assumed to be neglected. In other words, the TDHF 

approximation assumes a long mean free path for nucleons and neglects the imag

inary part of the effective interaction between nucleons. This approach has been 

applied with adequate success to study HI collisional dynamics in the low-energy 

regime49 - 5o , where Elab ~ 10 MeV/nucleon, and where the imaginary part of the 

mean field is small and neglected. 

If going beyond the Elab ~ 10 MeV/nucleon regime by increasing the bombard

ing energy of the colliding ions, the collision between nucleons increases and the 

imaginary part of the mean field is no longer negligible. This occurs because the 

Pauli-blocking, which hinders the collision between nucleons at low energy, be

comes less inhibitive in preventing the collision between nucleons as the available 

phase-space opens up for the scattered nucleons. A modified TDHF version is then 

required that includes the two-body collisions as the energy of colliding ions exceeds 

the 10 MeV/nucleon energy regime. 

The TDHF approximation has been generalized to include the effect of two-body 

collisions by adding a collision integral into the TDHF equation similar to the one 

ordinary used in quantum Green's function for non-equilibrium dynamics or in 

the BUU equation. 51-52 This generalization is referred to as the extended time

dependent Hartree-Fock (ETDHF) approximations.51 - 52 This extension opens up 

a wide new range for the study of nuclear many-body dynamics by illuminating the 

microscopic processes involved in the approach from non-equilibrium to equilibrium 

status. 
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In more recent developments, Kohler53 - 56 proposed the time-dependent Hartree

Fock relaxation-time (TDHFRX) model as a simplified form of the ETDHF approx

imation. In this model, the collision term is approximated by the relaxation-time 

approximations. 57 Kohler and Bauer found in a numerical comparison that the TD

HFRX and the BUU results were practically equivalent. 58 

The extreme low-energy HI collisional dynamics can be studied by means of the 

Vlasov equation. As already mentioned the classical Vlasov equation is the colli

sionless Boltzmann equation 59 , where the collision term in the classical Boltzmann 

equation is set to be equal to zero, or to be the classical limit (1i -t 0) of the TDHF 

approximation.6o ,61 The classical Vlasov equation and the quantum TDHF equa

tion were found to give nearly identical results when subjected to similar initial 

conditions.62 Both models include the mean field effects, but in the TDHF model 

scattering with the mean field is quantum mechanical, while in the Vlasov model it 

is classical. 

To summarize, there are several models and approaches for studying nuclear 

many-body dynamical properties, all of which can be applied in several levels of 

approximations. However, none of these models is concerned totally with investiga

tion of the thermalization processes. As yet the degree of thermalization attained 

remains undetermined. Investigations dealing with transport theory and relaxation

times have been based on approximate methods, such as the Chapman and Enskog 

method.63 These investigations neglect the effect of nucleons far-from-equilibrium 

and consider only near-to-equilibriu.m nucleon effects. Clearly there is a need to 

develop a microscopic model adequate for studying thermalization processes, trans

port theory and relaxation-times. This microscopic model must include the mean 
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field effects and the two-body collision effects. It is to this problem we address 

ourselves in the present investigations. 

In the present work we advocate the UU model and the relaxation-time approx

imation. The choice of these two models is motivated by several considerations. 

First, the UU model describes the physics of the collision process and includes 

energy conservation, momentum conservation, and the Pauli exclusion principle. 

Second, the UU model is considered as a modem development kinetic theory, which 

can be used to study the transition from non-equilibrium to equilibrium states. 

Third, the relaxation-time method provides a simpler context for the UU collision 

term, which gives many practical results with less work. Fourth, by equating the 

relaxation-time collision term with the UU collision term, we can calculate the 

relaxation-times and the rates. 

The quantal correction to the UU collision term has been investigated especially 

by Danielewicz.27 Danielewicz found that the sharp energy conservation appearing 

in the collision integral should be replaced by a finite width spectral function, which 

is a Gaussian or a Lorentzian distribution. This is because in quantal description 

each particle in a single state has a lifetime. In order to include the states' lifetime, 

the single particle energy, £i, can be replaced by a complex energy in the form 

£i - ,i/2 (, being the state width). Additional modifications of the UU model 

would result from developing a relativistic quantum-mechanical many-body theory. 

However, this is well beyond the scope of our present work. 

1.2. Statement of the problem 

In studying the collision between heavy-ions one has to distinguish the one-body 
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collisions from the two-body collisions. In a collisionless theory, with one-body col

lisions only, entropy is conserved and the one body density matrix p(f, f') is char

acterized by the idempotent property, that is, p2(f, f') = p(r, f'). FUrthermore, 

one-body collisions with the mean field lead to equilibration in the coarse-grained 

sense only, while the two-body collisions enforce the equilibration in a fine-grained 

sense and become more important as the energy increases. 

We consider the collision processes between two heavy nuclei in a microscopic 

picture. As the two ions collide and interpenetrate in coordinate space, the distri

bution function of the system in the overlapping region of the ions will correspond 

to a state of non-equilibrium. In this region the momentum distribution at each 

point in coordinate space is locally deformed. 

To study the effect of two-body collisions in HI collisions, each small volume can 

be studied separately in a local density approximation because of the short-range 

of the nuclear forces. It is the purpose of this investigation to study two-body 

collisional effects on the thermalization (equilibration) process and its associated 

relaxation-times in nuclear matter. 

An appropriate system to study is that consisting of nucleons that at t = 0 

(t =ti~e) occupy states (in mo~entum-space) described by two Fermi-spheres and 

separated by the relative momentum of the two nuclei. In coordinate space this 

corresponds to two s~abs of nuclear matter streaming through each other. Without 

two-body collisions, nucleons will continue this streaming indefinitely. 

When the two-body collisions are switched on, the occupation numbers will change 

and the Fermi-spheres will be distorted; in other words, a thermalization process 
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will start. The coll1sion between nucleons not only conserves momentum, energy, 

and density, but also obeys the Pauli exclusion principle. This severely restricts 

the possible number of collisions. We shall assume that the microscopic state of 

the system can be adequately described in terms of a single-particle distribution 

function, f(pj t). During the thermalization process, the time evolution ofthe single

particle distribution function is assumed to be represented by the collisional part of 

the UU equation 

(af~, t)) = Iuu(f(pj t)), 
coil 

(1.1) 

where Iuu(f(pj t)) is the Uehling-Uhlenbeck collision term to be discussed in Chap

ter 2. The solution of equation (1.1) is aimed at finding the time evolution of the 

distribution function due to the transition into and out of momentum state p. The 

present work aims at obtaining a numerical solution of equation (1.1) for some initial 

non-equilibrium distribution. 

The relaxation-times can be calculated by equating the Uehling-Uhlenbeck colli

sion term with the relaxation-time collision term.57 In this model, to be referred to 

as the Uehling-Uhlenbeck-Relaxation-time (UURX), the relaxation-times are calcu

lated by using 

f(pjt) - fo - I (f( ·t)) - uu p, , 
T 

(1.2) 

where T is the relaxation-time and fo is the thermalized distribution function. 

To calculate the transport coefficients one needs to consider a system near equi

librium, that is, one with small deformation. We shall calculate the transport 

coefficients (viscosity, thermal conductivity, and diffusion) from the BUU equation 

and make use of the hydrodynamic fluxes and conservation equations. 
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1.3. Organization of the subsequent Chapters 

The arrangement of the following chapters is as follows. 

In Chapter 2, we shall study on a detailed microscopic basis the thermalization 

theory of non-equilibrium nuclear many-body system during the collision of two 

nuclei. 

In Chapter 3, we shall study relaxation-times and re-examine the thermalization 

theory by means of relaxation-time approximations. 

In Chapter 4, we shall study relaxation-times and thermalization of deformed 

Fermi surfaces. 

In Chapter 5, we shall study transport theory and calculate the transport coeffi

cients. 

In Chapter 6, we shall discuss the mean free path and the HI optical potential. 

In Chapter 7, we shall summarize the main points of the results obtained in our 

study, with a consideration of the outlook for future theoretical efforts. 
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CHAPTER TWO 

Thermalization Theory For m Collisions 

2.1. Introduction. 

In this chapter we will use the UU microscopic approach to study the thermaliza

tion processes related to some non-equilibrium nuclear many-body systems formed 

during the collision of two nuclei. Our main objective is to investigate how and why 

the system approaches thermalization as well as the form and magnitude of the 

distribution function which is valid for the highly non-equilibrium systems. We will 

also study the time evolution of certain macroscopic parameters, such as anisotropy. 

The study of such parameters may enable us to determine the macrostate of the 

system. 

The organization of Chapter 2 is as follows: in section 2.2 we will discuss the 

UU equation. In section 2.3 we will study the thermalization of non-equilibrium 

nuclear many-body systems during the collision of two nuclei. In section 2.4 we will 

study the behavior of some macroscopic parameters. In section 2.5 we will study 

the behavior of the first six multiple moments of the distribution function during 

thermalization. In section 2.6 we will describe the numerical method of calculation. 

Finally, we will discuss our results in section 2.7. 

2.2. The Uehling-Uhlenbeck (UU) collision term for nuclear matter 

The master equation for classical particles may be modified to apply to particles 
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obeying Fermi-Dirac quantum statistics, in the following form51 ,64 

Where 1i is Planck's constant h, divided by 27r. fb 12, fa, and f4 are abbrevia

tions for the occupation probabilities (one-body distribution function) h(rbfiIjt), 

h(fi,jhjt),fa(f3,i/ajt), and f4(f4,P4jt) respectively. The (1- fi) (where i = 1,2,3, 

and 4) represents the blocking factor. The W12,a4 is the transition probability for 

binary collisions causing the transition 3,4-4 1,2, which is symmetric with respect 

to the exchange of 1 and 2 and vanishes whenever 1 and 2 correspond to differ-

ent isospin quantum nl:lmbersj while Wa4,12 is the transition probability causing the 

transition 1,2 -4 3,4. 

The right-hand-side of equation (2.1) represents the total time rate of change of 

the distribution function of state 1 within a volume element drdpin phase-space (r

space) due to two-body collisions. The total time rate of change of the distribution 

function can be written as 

(2.2) 

In equation (2.2), the first term on the right-hand side is the scattering term 

(nucleons are scattered into and out of the volume element drdiJ. The second term 

represents the streaming term (nucleons pass in and out of the volume element 

around r because of their motion). The third term represents the change of the 

distribution function because of applied external forces. 

The cornerstone in studying thermalization of non-equilibrium distribution func

tions is the calculation of the total time rate of change of the distribution function. 
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In finite nuclei we can, because of the short-range of nuclear forces, evaluate the 

collision term in a local density approximation. This approximation allows ther

malization studies to be done in momentum-space with the collision term only, and 

excludes temporarily the nuclear matter thermalization processes associated with 

the other terms. Accordingly, the distribution function will then depend on time 

and momentum only. For example, this is done in all BUU, VUU, and TDHFRX. 

models. 

In order to calculate the total time rate of the distribution function in uniform 

non-equilibrium nuclear many-body systems such as nuclear matter systems, the 

following simplification occur. First, the second term (drift term) in equation (2.2) 

is zero in the local density approximation because this approximation assumes the 

distribution function does not vary over a spatial distance of the order of the range 

of nuclear forces. Second, nucleons are assumed to move in a uniform potential field 

(nuclear matter assumption). According to this assumption no force is supposed 

to affect the nucleon's motion, consequently, the nucleons are considered as free 

particles. Therefore, the third term also is zero. Taking into consideration these 

effects, the total time rate of change of the distribution function in nuclear matter 

equals to the collision term, or equivalently 

~: = (a;: ) coil • 
(2.3) 

Finally, by equating the right-hand side of equation (2.3) to the right-hand side 

of equation (2.1), we get the time rate of change of the distribution function due to 

the nucleon's co1li.sion only, which is equivalent to the total time rate of change of 

the distribution function. 

We can now proceed, using the local density approximation to define the UU 
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collision term, which includes conservation laws of energy and momentum. We 

shall start by replacing the summation over the discrete single-nucleon states by 

the continuous integrals (appropriate for nuclear matter) as follows: 

(2.4) 

where Pi = nkis are the single-nucleon's momenta (the index i also can take values 

1, 2, 3 and 4). 

By combining equations (2.4) and (2.1) and then using equation (2.3), we get the 

collisional part of the UU equation28 

dft (8 ft ) (7r) III dil2diIJdi4. dt = &t = 1i (27rn)9 [wI2,34hh(1 - ft)(1 - h) - W34,12 
coli iIh(1 - 13)(1 - 14)], 

(2.5) 

where II, 12, 13 and 14 are now abbreviations for II (PI; t), 12 (P2 ; t), h (P3 ; t) and 

h(P4jt). 

The transition probability from one microstate to another is needed in order to 

calculate the time rate of change of the distribution function. The central idea in 

this case is to relate the transition probability to the NN cross sections to ensure 

that the NN collision effects are included. It has been shown that the transition 

probability can be related to the free nucleon-nucleon cross sections by68,69,7o 

where the CiS = fk = n;~? denotes the single-nucleon's energies and J.L (J.L = :::'+';2) 
is the reduced mass. The ~~ is the free NN differential cross section. The four delta

functions are introduced in equation (2.6) to take into account conservation of total 

momentum and total energy involved in the collision for the colliding nucleons. In 
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the case of elastic scattering, by assuming that nucleons have the same transition 

probabilities, the condition of detailed balance leads to 

L W12,34 = L W34,12 (2.7) 
34 34 

If we substitute equation (2.6) into equation (2.5) and then use equation (2.7) the 

collisional form of the UU equation becomes 

(a~l)COIl = (27r~m)2 J J J dP2dpjdfi4~~(12;34)6(£1+£2-£3-£4) 
63 (Pl + P2 - pj - fi4)[faI4(1 - 12)(1 -- 11) - 1112(1 - fa)(l - 14)]' (2.8) 

The right-hand side of equation (2.8) is known as the UU collision term, Iuu, 

henceforth to be referred to as I. The collision term I includes the conservation 

laws of momenta and energy and takes full account of Pauli's exclusion principle. 

The bracket contains the usual occupancy factors for the process (PI, P2) --. (pj, P4) 

and the reverse process (pj,P4) --. (PbP2). Therefore, the UU collision term can be 

written as 

I = Igain - Ilos s . (2.9) 

The "gain" term describes events in which nucleons with momentum pj and P4 

are scattered into empty states with momentum PI and P2; while the "loss" term 

describes the scattering of particles with momentum PI and P2 into states with 

momenta P3 and P4. Hence, the collision term may have positive or negative values 

depending on the gain and loss terms' values. For instance, if the collision term 

is negative within a particular momentum state, nucleons will scatter out of that 

state. The collision term is zero (I = 0) when the system attains a thermalized 

state because the scattering of nucleons out of the state is exactly balanced by the 

scattering of other nucleons into that state. In this case, the following condition is 
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fulfilled 

(2.10) 

or 

Id2(1- fa)(l-!4) = fa!4(l- h)(l - h)· (2.11) 

If this condition is met, the thermalized state of the system is a Fermi-Dirac dis

tribution of specific temperature for nucleons (see equation 2.50). In the absence 

of collisions (1 = 0), the system may not be thermalized and therefore can not be 

characterized by a temperature. 

Thus far, the discussion of the UU equation collisional part is completed without 

knowing the solution of this equation. In order to solve the UU equation, let us 

rewrite the equation in the following form 

~: = - 11 (27r~m) 2 J J J dP2dp3df48
3 
(PI + P2 - P3 - i4)8(£1 + £2 - £3 - £4) 

~~[J2(1-fa)(1-/4)+faf4(1-fz)]+ (27r~m)2 J J J dp2diJ,di4~~ 
8(Pl + Pz - iJ - f.t)6(£1 + £2 - £3 - £4)ld4(1- fz) 

= - In(t) + O'(t), (2.12) 

where let), and O'(t) are discussed in Chapter 3. The general approximate solution 

of equation (2.12) can be obtained by the method of variation. This gives us, 

O'(t) [o() O'(to)] [it , ,] h(Pljt) = let) + 11 to - ,(to) exp - to let )dt -

exp [-it ,(t')dt'] it dt'.!!:, [O'(t:)] exp [-it ,(t")dt"] . 
to to dt ,(t) t' (2.13) 

The distribution function solution in equation (2.13) decays with time toward 0' h. 

However, this solution is still too difficult to evaluate exactly, an exact numerical 

solution for the UU equation is developed in the following sections. 
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2.3. Thermalization of the distribution function by the UU approach. 

In this section the UU microscopic model is used to study thermalization of the 

distribution function during a heavy-ion collision process. In studying thermaliza

tion of non-equilibrium nuclear many-body systems from a non-equilibrium state 

to a thermalized state by means of the UU model, the following assumptions are 

made: 

1. The non-equilibrium state of the nuclear system under study is the result of a 

collision of two heavy ions. Using the local density approximation, we consider 

the collision between two infinite nuclear matter slabs represented by two Fermi-

spheres in momentum-space. 

2. The time evolution of the system is described by the UU equation. 

3. Particle density, momentum, and energy of particles are all conserved quantities 

during the collision dynamics. 

4. The microscopic state of the system (non-equilibrium) of interest can be ade

quately described in terms of a single-particle distribution function, !(Pi t), of 

quasi-nucleons in momentum-space. The distribution function! is normalized by 

(2.14) 

where N is the number of particles and n is the volume. The ratio ~ gives the 

density of particles, p. 

5. We assume complete spin and isospin degeneracy of nucleons, making no distinc

tion between protons and neutrons. This applies also to pions, deltas and other 
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particles. 

6. The quantal effects are included through the Pauli blocking factor (1- ji)(l- /j) 

(where i,j = 1,2,3, and 4). 

7. Only the binary NN collisions are important; three and four nucleon collisions 

are neglected. The two-nucleon collisions are included in the UU equation by 

allowing nucleons to collide with NN cross sections and with the outgoing particles 

obeying the Pauli exclusion principle. Nucleons below the Fermi surface can only 

scatter into states above the Fermi surface, because all other levels are occupied 

and thus are excluded by Pauli's principle. In this study only elastic collisions are 

considered and the conserved quantities are generally expressed as delta-functions 

in the collision operator. 

The collision between nucleons will change the distribution function, due to the 

nucleons' transition into and out of states; in other words, the two-body collision 

term has the effect of repopulating the particles in momentum-space. 

8. This model neglects the Coulomb interaction since it is expected to be of minor 

importance for thermalization in high energy collisions. 

9. The proton-proton (pp), neutron-neutron (nn) and neutron-proton (np) differen

tial cross sections entering the collision term are chosen to reproduce the main 

features of the NN scattering in the energy range (1-350 MeV/nucleon). 

In the low energy regime, E'ab < 20 MeV /nucleon(k2(k = relative momentum) < 

0.24jm-2 ), we use the effective range parametrization for the total elastic cross 
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sections70 

(2.15) 

(2.16) 

(2.17) 

The scattering lengths and effective ranges are found to have the following values:70 

at = 5.38fm,rt = 1.73fm,as = -23.714fm, and rs = 2.4fm for the triplet and 

singlet scattering of unlike particles (np or pn) and with the scattering length a = 
-16.1fm and effective range r = 3.2fm for the singlet scattering of like particles 

(pp or nn). 

In the intermediate-energy range (20 - 350n~~!n) we use the formulae71 

= 8 22 _ 19.57 19.33 f 2 
qpn' k + k2 m, 

qPP = 4.29 -7.12/k + 6.02/k2 fm2
• (2.19) 

The total elastic cross sections in equations (2.15-2.19) fit the experimental values 

within 6% in the energy range (1 - 350 MeV/nucleon). 
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In this study, the Coulomb contribution to the pp cross sections is neglected and 

the nn cross sections is taken equal to the pp cross sections. Therefore, we average 

the total cross sections by 

(2.20) 

where O'nn and O'np are the total cross sections for nn and np scattering. The average 

differential cross section is also approximated by71 

dO' 1 [dO' dO'] 
dU = '2 dn(pn) + dU(nn) . (2.21) 

In the present study the N N differential cross section in nuclear matter (NM) is 

approximated by averaging the NN free cross sections of O'nn and O'np. Thus, 

(2.22) 

This approximation has been tested by Kohler and Dabrowski1oo and is found to 

agree within 10% with Brueckner calculations. The results of the approximation 

are summarized in the following expression: 

(2.23) 

where du:OM 
is the differential cross section of the scattered nucleons. In Figure 

2.1 we show the elastic differential cross section for free NN scattering, used in our 

calculations, as a function of relative momentum. 
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We are now in a position to make use of the UU model to study thermalization 

of non-equilibrium systems during the collision of two nuclei. Our intention is 

the study of thermalization of nuclear systems during the collision of two equal 

spheres (symmetric case) as well as thermalization of two unequal sphere systems 

(asymmetric case). 

We shall start by considering a nuclear system that consists of two distinct nuclei, 

namely, nucleus 1 and nucleus 2. The nuclei are represented by two infinite nuclear 

matter slabs in momentum-space. This nuclear system can be represented by a 

system consisting of nucleons that at t = O( t = time) occupy states in momentum

space described by two T ~ O(T = temperature) Fermi-spheres, namely, FI and 

F2. The Fermi-sphere Fl with the Fermi-momentum kpl is centered in 01 , while 

the Fermi-sphere F2 with the Fermi-momentum kp2 is centered in O2 • The two 

centers are separated by the relative momentum, K r • Figure 2.2 shows the two 

equal Fermi-sphere and the two unequal Fermi-sphere systems in momentum-space. 

The (a), (b), (e) and (f) parts of the figure, where Kr > kPl + k p2 , have two 

separated spheres; while cases represented in the (c), (d), (g) and (h) plots, where 

Kr < kpl + k p2 , have two Fermi-spheres that overlap. The non-spherical Fermi

surface for these systems is a superposition of two spheres. The (a), (c), (e), and 

(g) subplots of the figure show the two Fermi-spheres sitting in the scattering plane 

(kp, k::) in cylindrical coordinates. Obviously, the two Fermi-sphere systems possess 

cylindrical symmetry along the kz direction in general. 

The collision process between nucleus 1 and nucleus 2 is in coordinate-space ini

tially represented by the nucleons of each nucleus streaming through (or by) each 

other. This collision corresponds to a non-equilibrium state of the system and 
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permits NN collisions, because there are accessible empty states available for nucle

ons to make transitions into and out of states as a result of direct collisions between 

nucleons. This is exactly the content of the UU model. In the primary collisions 

the nucleons belonging to one Fermi-sphere collide with partners originating from 

the other Fermi-sphere. 

Since the N N collision is the one needed for studying thermalization of non

equilibrium nuclear systems by means of the UU model, we shall start by considering 

a pair of nucleons, say, nucleon 1 and nucleon 2 occupying states 1 and 2 and 

having momenta PI and P2 respectively. IT this pair is isolated and allowed to 

scatter, the nucleons would end up occupying different states, namely, 3 and 4, and 

having different momenta, say Fa and i4 respectively. This process is represented 

diagrammatically in Figure 2.3. This scattering is made impossible if states 3 or 4 

are occupied by other nucleons. IT we invoke elastic collisions, the total energy and 

total momentum of the two-nucleon system before and after collision are conserved. 

The conservation of energy and momentum is usually expressed in terms of sharp 

distributions, such as delta-function distributions. In other words, nucleons are 

assumed to scatter into states of large lifetimes or of negligable energy widths, such 

as the system we used in the present study. Due to the conservation of momentum 

and energy in each binary collision, a spherical shell covering but excluding the two 

initial Fermi-spheres can be populated. The final momenta after collisions should 

lie outside the overlapped region of H and F2 because of the exclusion principle. 

This process is represented diagrammatically in Figure 2.3. 

The collision between nucleons changes their momenta, or equivalently, the occu

pation numbers, and is responsible for changing the distribution function It. 
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Fig. 2.3.(a) Typical scattering event between two nucleons in momentum
space where the final momenta of the scattering nucleons lie on 
an auxilliary sphere outside the spheres FI and F2 • The 'figure 
also shows an allowed mutual scattering of nucleons in states 
PI and fi2 to final states Pa and ii4. (b) This part of the figure 
defines the angles and momenta of the scattering event. 8, cp: 
the polar and the azimuthal angles of fi2. e and ~: the polar 
and azimuthal angles of P. 'i': the angle between the plans 
formed by (PI, Pz) and (Pa, ii.)· 
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As time goes on, the subsequent collisions between nucleons will continue to change 

the distribution function until finally a hot (T > 0) thermalized distribution is 

attained. Calculations of the newly formed non-equilibrium distribution function 

can be done by using.the UU approach whose collision term gives the rate of change 

of the distribution function. 

We shall first investigate thermalization of the distribution function for a non

equilibrium system whose particles are treated as free particles and assumed to 

scatter into states of negligible energy widths, that is, the particles' conservation 

energy law is expressed as a delta-function in the UU collision term. In this case, 

the kinetic energy of a nucleon of mass m can be written as 

p~ 
&i= -' . 

2m 
(2.24) 

If only elastic collisions of equal mass particles are considered, we can write the 

conservation of energy and momentum of the two nucleons before and after collision 

in the laboratory system as follows 
2 2 2 2 

EL+h..=h..+..&.... 
2m 2m 2m 2m' kinetic energy conservation} , 

momentum conservation 
(2.25) 

where PI, P2 are the initial momenta of particles 1 and 2 before collision and ih, i4 

are the final momenta of the same particles after collision. 

According to the assumption made above, we may write the collisional part of 

the UU equation in the following form 

(2.26) 
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where 9 is the spin-isospin degeneracy factor of each single-nucleon state, so that 

for a pair of nucleons, 9 = 4. 

The distribution function, h, can be calculated from equation (2.26) by means of 

integration over collision integral over time, presuming the initial value of h at some 

initial time is given. The nine-dimensional collision integral which appears on the 

left-hand side of equation (2.26) is reduced into a five-dimensional collision integral 

by" the assumption of cylindrical symmetry along the kz direction in momentum

space and by the following change of variables 

(2.27) 

before collisions and by P' and i after the collision, 

pI =Pa +]34 } 
../ .... .... ",. p = pa - P4 = (p ,0 ,cp ) 

(2.28) 

Equation (2.26) then reduced to (with P= lik) 

dl (li2 ) ( 1 ) 100 100 111" 111" 111" -d1 = -- -~-- k p2 dkp2 dkz2 dcp sinO'dO' dcp'k 
t 2m 8n7l'm 0 -00 0 0 0 

du 
dn (12; 34)[fth(1 - fa)(1- 14) - fa!4(1 - 12)(1 - h)], (2.29) 

where k = (k, 0', cp'); is the final relative momentum in spherical coordinates and 

kp2' kZ2' cp are the cylindrical coordinates of nucleon 2. (See Appendix C for the 

derivation). 

For a system that has a cylindrical symmetry about the kz-axis, it is sufficient 

to consider 11 (kp, kz) as a function of time. Therefore, in equation (2.29) h is the 

abbreviation of 11 (kp, kz; t). Equation (2.29) describes the time evolution of the 

distribution function h (kp, kz; t) in state 1. A numerical solution of this equation 
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has been developed to calculate h(kp , kzj t) for several subsequent time steps until 

a thermalization state of the system is reached. 

2.3.1 The mean field and the energy width effects on thermalization. 

In order to develop a thermalization theory which goes beyond the free nucleon 

assumption and takes into account the energy width of the states, the effects of 

energy spreading as well as the interaction effects should be investigated and should 

be included in the UU collision term. Our aim in the following subsections is to test 

and investigate the mean field effect and the energy spreading effect. Since these 

investigations are independent, we will treat them separately. 

A. Case 1: The mean field effects on thermalization. 

A mean field implies an independent particle model assumption, i.e., we will 

assume that each nucleon moves independently in the potential field. In the effective 

mass approximation, the potential will take the following form 72 

(2.30) 

The single-particle energy can be written as the sum of the kinetic energy and 

the potential energy, V, as 

or 

where 

1 1 
-=-+2V2 , 
m* m 

defines the effective mass, m* of a nucleon. 

(2.31) 

(2.32) 
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The effective mass, m*, is related to the nuclear matter density by73 

* m 
m = (1 + 0.429*) 

(2.33) 

where Po(po = O.145fm-3 ) is the normal nuclear matter density corresponding to 

Fermi momentum 1.29fm-l and p is the nuclear matter density for two colliding 

nuclear matter slabs. 

If the effective mass of each nucleon is taken to be the same before and after 

collision, the conservation of energy and momentum are still given in terms of 

equation (2.25), but m has to be replaced by m*. As in the free case, nucleons are 

supposed to scatter in~o states of neglibible energy widths, so that conservation of 

energy and momentum are clso represented by delta-functions in the collision term. 

Therefore, the collisional part of the UU equation which describes the scattering 

of nucleons, each of which has an effective mass m*, can be written in cylindrical 

coordinates as follow~ (see Appendix C) 

df (h2 ) ( V ) 100 100 111' 111' 1211' d: = - 2m 8h7r 0 kp2 dkp2 -00 dkz2 0 d<p 0 sinB'dB' 0 d<p'k 

dO" 
dn (12; 34)[fth(1 - fa)(l - h) - fah(l - 12)(1 - ft»), (2.34) 

where 
m* 1 

V = -;:; = (1 + 0.429.£..) 
Po 

(2.35) 

is the ratio of the nucleon effective mass to its real mass. 

The content of the UU collision term in equation (2.34) is similar to the content 

of the UU collision term which appears in equation (2.29). The only difference is 

the appearance of m* in front of the collision term in this case. 
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B. Case 2: The energy width effects on thermalization. 

So far, the nucleons are assumed to occupy states of large lifetimes. This is 

because the conservation conditions are expressed in terms of a narrow distribution 

(a delta-function). In order to extend our study to include states of finite lifetimes, 

we shall replace the single-nucleon energies, &i, by complex energies that include 

the lifetime for each single-state. This can be done as follows 

where 

1i 
Ij =

Tj 

(2.36) 

(j = 1,2,3,4) (2.37) 

is the energy width of a single state j, and Tj is the relaxation-time for that state. 

When we allow for complex nucleon energy to replace the nucleon's real energy, such 

as the one given by equation (2.36), the energy conserving function is no longer a 

sharp distribution as in the free scattering case, but acquires a finite width. In 

particular, it has a Lorentzian or a Gaussian-like distribution. Collisions between 

nucleons in single-particle states that have a finite width may speed or slow ther

malization of the system. 

In this study we shall replace the delta-function by a Gaussian-like distribution 

that takes into account the energy width for each single state. This Gaussian 

distribution can be represented by 

4 

(E) +E2-ES-E4}2 

2r~2S4 

where r 1234 = L: Ii and Ii is given in equation (2.37). 
i=l 

(2.38) 
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Replacing the delta-fWlction in the UU collision term by the Gaussian-like distri

bution given in equation (2.38), the UU equation becomes 

S(Pl + P2 - Pa - 14) :~ [fIh(l - fa)(l -!4) - fa!4(l - fI)(l- h)]. (2.39) 

This form of the UU equation includes the energy spreading factor r l234 due 

to the finite lifetime effect. Thermalization studies of the distribution function by 

means of equation (2.39) require iterating the equation. 

2.4. Behavior of some macroscopic parameters during thermalization. 

In order to Wlderstand more about thermalization and macroscopic behavior of 

nucleons, one has to investigate the macroscopic behavior of certain parameters 

such as temperature and thermodynamic functions such as, entropy which define 

the macrostate of the system. The calculation of such parameters is followed after 

the distribution fWlction is calculated. 

2.4.1. The conserved quantities. 

In investigating the time evolution of the distribution function resulting from the 

collision between nuclei, only NN collisions that conserve particle number, total 

momentum, and energy are considered. According to this, there exist five con

served quantities in the collision processes; these are, density, total momentum (3 
2 

components), and energy. That is, 1, L:Pi, and L: ~ are all conserved in the 
i i 

binary collisions. These quantities are sometimes referred to as collisional invari-

ants or summational invariants. Conservation of total momentum and energy are 

expressed in equation (2.25). 
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The total density for a system represented by two Fermi-spheres FI and F2 having 

densities PI and P2 can be considered as the superposition of PI and P2, that is 

pet) = PI(t) + P2(t), (2.40) 

where PI (P2) is the density of nucleons occuping states which belongs to sphere FI 

(sphere F2 ). The ground state density of the system can be written in terms of 

radii kFl and kF2 as follows 

~(k}1 + k}2)i for Kr > kFI + kF2 

1 (2 k3 + k2 K K;, + 2 k3 + k2 K pet = 0) = 2.".2 '3 FI FI rl - 3 '3 F2 F2 r2 (2.41) 

- K;2 ) i for K r < k FI + k F2 

The nuclear matter density of the combined system during the thermalization 

process can be written in terms of cylindrical coordinates in momentum-space as 

(2.42) 

The total initial average kinetic energy per nucleon for the two spheres is given 

by 

(2.43) 

During the thermalization process, the total average kinetic energy can be ex

pressed in terms of cylindrical coordinates as 

(2.44) 
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If we multiply the UU equation by one of the conserved quantities and integrate 

over momentum ill each case, we obtain 

L J YjJddp= 0, 
1234 

(2.45) 

where YjJi is one of the following quantities: 1,p,~. In our numerical calculations, 

the density is conserved with an accuracy of 3.5%, the energy density is conserved 

with an accuracy of 2.6% and the total momentum with an accuracy of 1%. This 

provides a check on the numerical work. 

2.4.2. The anisotropy parameter. 

The study of the anisotropy parameter requires knowledge of the transverse and 

longitudinal components of the kinetic energy of the system. The average total 

kinetic energy of the system defined in equation (2.44) can be split into two com

ponents, namely the transverse component and the longitudinal one. These com

ponents are defined in cylindrical coordinates as 

(2.46) 

and 

(2.47) 

where Tp refers to the kinetic energy transverse component and Tz refers to its 

longitudinal components. The initial values of the kinetic energy components are 



found to be 

(
;,,2 1 ) 

Tz(t = 0) = ---
4m 7r2p 

and 

U5(k~1 + kh) - :JO(K:1 + K:2) + ~(k}lKrl+ 

k}2Kr2) +i(k}lK;l + khK;2)+ 

for Kr < kFl + kF2 

HkhKrl + khKr2 ) - Hky.,2 K ;1 + ky.,2 K ;2)] ; 
for Kr < kFl + kF2 
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(2.48) 

(2.49) 

The anisotropy parameter, q, is defined in terms of cylindrical coordinates as 

Tz < k~ > 
q(t) = 2-

T 
- 1 = 2 k2 - 1, 

p < p> 
(2.50) 

where the brackets stand for the average value and kp(kz) is the momentum perpen~ 

dicular (parallel) to the beam. The anisotropy parameter measures the anisotropy 

of the distribution function. Its initial value in terms of the two spheres' Fermi 

momenta is given by 

[:}(k}lJ(rl + k}2Kr2) + Hky.,lK;l + ky.,2 K ;2) - 112(K~1 + K:2] / 

q(t = 0) = 
[125(k~1 + k~2) + 210(K~1 + K~2) + :}(k}lKr1 + khKr2 ) 

-i(ky.,lK;l + kh K;2)] ; for Kr < kFl + kF2 

5[(khK~1+kf2I<~2)1. for K > k + kF 
[kh +k

F2
) , r Fl 2 

(2.51) 
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The time evolution of the anisotropy parameter evaluation is carried out in two 

steps. The first step is to calculate the transverse and longitudinal components of 

the kinetic energy of each time step using equations (2.46) and (2.47). Then, in the 

second step, one can make use of equation (2.50) to calculate this parameter. 

2.4.3. Entropy (8). 

For a macrostate, entropy depends on the number of ways of distributing a given 

number of excited nucleons among the various possible momentum states. The 

entropy of the nucleons can be obtained by summing all contributions from each 

individual excited nucleon. Taking into account the spin-isopin degeneracy, the 

entropy per nucleon divided by the Boltzmann constant, kB, for non-equilibrium 

Fermi systems in terms of the distribution function can be defined as 

Set) = k:A = - (27r~)3P J dPlfl(pjt)lnflCpjt) + (1- fl(i;t)ln(l- h(pjt)], 

(2.52) 

for fermions. In this study we will be using the temperature units in MeV, in which 

case kB = 1. Equation (2.52) can be simplified in cylindrical coordinates into 

The behavior of entropy during thermalization can be followed and understood 

by investigating the entropy change with time. The time change of entropy can 

be obtained from equation (2.52) as follows: first, we find the time derivative of 

equation (2.52)j second, we apply equation (2.8) to express the time rate of change 

of the distribution function. The result of time rate of change of entropy may be 
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expressed by the following equation 

The product of all terms inside the large brackets is of the form (x - y )In(y / x), 

which is definitely negative28 • Hence, one can write 

dS >0. 
dt -

The equality condition is fulfilled when 

From equation (2.56), one obtains 

iIh(l- 13)(1- /4) = 13/4(1- iI)(l- h), 

(2.55) 

(2.57) 

which is the thermalization condition for which the collision term is equal to zero. 

The entropy becomes stationary when thermalization of the system is completed, 

in other words, the thermalized state is the state of maximum entropy. 

Another way of looking at the zero condition is by comparing equation (2.54) 

and equation (2.45); then it is obvious that the equality condition holds if the loga-

rithm term is a collisional invariant or a linear combination of collisional invariant 

quantities. Thus, the logarithm term can be introduced as: 

(2.58) 



Solving for it, and substituting -If for ct, ~ for {3, ff for fI, we get 

f o 1 
1 = (£-1') 

e~+l 

64 

(2.59) 

Equation (2.59) is of Fermi-Dirac type which defines the final-;quilibrium distribu

tion that maximizes entropy. This means that the equilibrium distribution function 

is a Fermi-Dirac distribution for nucleons. 

2.5. The multipole moments of the distribution function. 

In previous sectiof!.s a numerical solution for the UU equation has been devel

oped. Also, it has been shown that the general solution of the UU equation decays 

exponentially with time to a Fermi-Dirac distribution (see sections 2.2, 2.4.). Thus 

far, no simple analytical solution to the UU equation has been found for the cases 

in which the distribution has an angular dependence. In order to investigate the 

angular dependence of an arbitrary distribution function of () and cp like the distri-

butions used in our study, one can try to develop an approximate series solution to 

the UU equation in terms of an orthogonal complete set of polynomials. We inquire 

into the requirements which would seem reasonable to impose if we attempt to ex

press the exact distribution in terms of a series of orthogonal polynomial expansion 

in momentum-space multiplied by coefficients to be determined. This requires an 

understanding of the general behavior of the distribution function. 

We know for certain that the initial anisotropic distribution function will evolve 

with time towards an isotropic distribution, namely, the Fermi-Dirac distribution 

for nucleons, in which case the distribution has no angular dependence. Therefore, 

consideration will be focused on approximating the distribution function in terms of 

a power series which describes the anisotropy of the distribution in a non-equilibrium 
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state. All terms which belong to the anisotropic part of the distribution must vanish 

as soon as the distribution converges to the Fermi-Dirac distribution. Consideration 

will be given here to the spherical harmonics series expansion. Such an expansion 

is chosen because spherical harmonics are the set orthogonal on the unit sphere. 

Assuming that the distribution can be decomposed into angular and momentum 

parts, and by allowing the coefficients of the spherical harmonics to be a function 

of momentum p, we can write 

(2.60a) 
1m 

where Yim( 8, cp) are the spherical harmonics of order 1 and m. The above expansion 

generally expresses the fact that the distribution function has components of all 

possible directions about the scattering plane center. Equations for the expansion 

coefficients, F'm, are derived from the expansion in equation (2.60a) by multiplying 

this equation by each of the polynomials in turn, integrating over 8 and cp and using 

the orthogonality relation of spherical harmonics. 

The multi pole moments of the distribution function can be defined as 

Q'm(t) = (p(:rr )3 ) J (Tik)' h (kj t)Yim«8, cp )dk, (2.60) 

where dk is the volume element in momentum-space. 

Since the two Fermi-spheres system in momentum-space possesses azimuthal sym-

metry, only terms with m = 0 need to be considered. Thus for m = 0, QlO becomes 

(
21 + 1) 1/2 ( ) J QlO(t) = ~ p(:rr)3 (Tik)'p,(cos8)f1(kjt)dk. (2.61) 

Note that J2~tl PI.(COS 8) = Yio(8, cp)14, where P, is Legendre polynomial of order 

1. A study of equation (2.61) will enable us to exhibit the distribution function an

gular dependence terms, when this distribution is approximated by a power series 
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expansion in terms of Legendre polynomials. This can be interpreted as follows: 

For each choice of Legendre polynomial, there is a similar term in the distribu

tion function, on the condition that the distribution is composed of various terms 

expressed as Legendre polynomials. Therefore, when equation (2.61) is used, for 

example, with 1 = 2, all other terms that have 1 = 1,3,4,... dependence vanish 

except the term with 1 = 2 dependence in the distribution because of the Legendre 

po~ynomials' orthogonality relation. Similar arguments are applied to the rest of 

the expansion. 

Let us now discuss the first six terms in succession. The monopole term in the 

multipole expansion corresponding to m = 0 and 1 = 0 can be written as 

1 9 J ... ... 1 
Qoo = py'41r (271')3 II(k; t)dk = v'47r' (2.62) 

As a result, the monopole of the distribution function is constant during the 

thermalization process. 

The second term, corresponding to 1 = 1 is known as the dipole moment. The 

time evolution of the dipole moment in cylindrical coordinates has the following 

form 

(2.63) 

where kz = k cos e. 

The third term corresponding to 1 = 2 in the multipole expansion is known as 

the quadrupole moment of the distribution. The initial value of the quadrupole 
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(2.64) 

The time evolution of the quadrupole moment in cylindrical coordinates is given 

by 

(2.65) 

The quadrupole morpent is zero when the system is completely thermalized, and 

the distribution is spherical. 

The octupole moment Q30 is the fourth term appearing in the multiple expansion, 

and corresponds to I = 3 and m = o. The initial value of the octupole moment of 

the two Fermi-sphere systems is given by the following expression 

!7 Ti
3 [17 6 6) 1 (6 6 ) Q30(t = 0) = V 'i(3; 7r2p 24 (kFl - kF2 - 24 Krl - Kr2 

33 (5 5 11 (4 2 4 2 + 8 kFIKrl - kF2 K r2) + 8 kFIKrl - kF2 K r2 ) 

13 (2 4 2 4) 13 (3 3 3 3)] -8 kFIKrl - kF2Kr2 -"3 kFIKrl - kF2Kr2 , 
(2.66) 

The time evolution of the octupole moment can be expressed in cylindrical co or-

dinates as 

(2.67) 

The hexadecapole moment, which corresponds to I = 4 in the multipole expansion, 

is expressed in cylindrical coordinates by 

Q40(t) = J 1:7r p~21: dkz 100 

kpdkp f1(kp ,kz jt) [k! + ~k; - 3k;k~]. (2.68) 
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The initial value of the hexadecapole moment is given by 

(2.69) 

The moment which corresponds to I = 5 in the multipole expansion is known as 

the fifth moment. Its initial value is given by 

The time evolution of this moment can be written in cylindrical coordinates as 

2.6. Numerical methods. 

In this study, thermalization processes are followed for an initial system composed 

of two Fermi-spheres'(either of equal radii or of different radii) of temperature zero 

corresponding to the collision of two slabs of nuclear matter in the ground state. 

The two equal Fermi-spheres are chosen to have radii kFl = kF2 = 1.36jm-1 , while 
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the unequal spheres have radii kFl = 1.361m-1 and kF2 = 11m-I , respectively. 

Because of the cylindrical symmetry of the two Fermi-sphere systems, one can use 

cylindrical coordinates and choose a certain cylindrical box to place the spheres in. 

In this section we will discuss the method of calculations. 

We start our calculations by generating the initial distribution function h(kp, kzi 

t = 0). This initial distribution function 11 (kp, kzi t = 0) is given by the following 

expression 

where e is the step function and 

K - &. + (kh-kk,> 
rl - 2 2Kr 

K - &. _ (kk,-kk,> 
r2 - 2 2Kr • 

,for 

,for 

kz > O} , 
kz < 0 

(2.72) 

(2.73) 

Here, K rl (K r2) is the distance from the center of sphere Fl (F2) to the center 

of the contact region as shown in Figure 2.2. It is obvious that Krl and Kr2 are 

related to each other by 

(2.74) 

The initial distribution function given by equation (2.72) represents a non-spherical 

but a cylindrically symmetric distribution. 

The time evolution of the distribution function is described by the collisional 

part of the UU equation, which is solved numerically on the convex C240 machine. 

The five dimensional integral at the right-hand side of equation (2.29) is integrated 
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numerically in momentum-space and the new distribution function is evaluated on 

the grid points. The angular integrations are calculated by using Gaussian numerical 

method (8 points Gaussian quadrature), while integrations over momenta are done 

by using Simpson's rule. Range of the momenta are as follows 

-3::;; kz::;; 3 
0::;; kp ::;; 3, 

(2.75) 

so that the array storing It (kp, kz) has a dimension of 21 X 41 words. The distribu

tion function is assumed to be zero outside the region defined by equation (2.75). 

A constant time step at (0.01 X 10-21 sec) is used. 

The basic symmetry of the problem is of major importance especially in devel

oping the distribution function numerically. One can make use of the system sym

metry properites and develop half of the distribution function only. This requires a 

reduction in mesh size, matrix elements and the box size. 

The NN collisions take place when the two nuclei collide. The value of the collision 

integral is evaluated numerically at each time step by including at all possible inter

particle collisions resulting intransitions into empty particle-states. The numerical 

calculation of the collision term gives the change of the distribution function. By 

the end of the time interval a small fraction of the representative nucleons have 

then acquired new momenta and a new non-equilibrium distribution function is 

formed. The first time stepping gives It(kp,kz;t = .01 X 10-21 ). This distribution 

is then used in the second time step for the calculation of the new distribution at 

the next time step. This procedure is then repeated in steps of 0.01 X 10-21 for 

several time steps until eventually the system approaches a thermalized state and 

the distribution function agrees with the thermalized distribution function. That is, 

the initial sharp distribution functions of two Fermi-spheres are now merged into one 
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distribution represented by a hot Fermi-sphere characterized by its "temperature" 

and centered at the origin of the central frame. It is worth mentioning here that the 

thermalized distribution function for symmetric systems is centered at the origin of 

the central frame, while the asymmetric systems' thermalized distribution function 

in general may not be centered. In order to ensure that the two unequal Fermi

spheres (asymmetric systems) are merged into a thermalized sphere centered at 

the origin of the central frame, the center-of-mass of representative nucleons is 

calculated and then shifted toward the origin of the central frame. 

The characteristic temperature and chemical potential of the equilibrated distri-

bution function are calculated using energy and density conservation. The average 

momentum is set to zero as described above. We do this numerically by setting 

up tables of density, p, and energy, &, of the Fermi-distribution function N as a 

function of temperature, T, and chemical potential, p. From the tables of peT, p) 

and &(T, p) the temperature and chemical potential for a given density and energy 

are then found by interpolating in these tables. In the low-temperature regime 

(T::; 5MeV), the low-temperature expansions can be used55 

T = [6E(T,P) - EO(P)2!:F t, and 

7r2T2 
peT) = po - --, 

12po 

where &(T, p) is the average kinetic energy and 

3 3h2 k2 

&o(p) = lO PoP = 10: p, 

(2.76) 

(2.77) 

(2.78) 

is the average kinetic energy of nuclear matter at T = OM e V. The peT) is the 

chemical potential at finite temperature (T > OM e V), and 

h
2 

k
2 

(311"2 ) i Po = -k} = - -p 
2m 2m 2 

(2.79) 
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is the chemical potential or Fermi energy at T = OM e V. The k F is the Fermi

momentum and p is the nucleon density. 

The macroscopic parameters such as anisotropy and multipoles are calculated af

ter each time step from the distribution function. The two-dimensional integrations 

are evaluated with Simpson's rule. 

2.7. Results 

In this section we present the thermalization results obtained from studying non

equilibrium nuclear systems formed during the collision of two equal and two un

equal Fermi-spheres. Before we discuss these results the following points should be 

noted. First, thermalization is completed when the phase points are distributed 

such that the resulting arrangement is a maximum and the distribution is uniform. 

Second, it is understood that the thermalization is completed when every class of 

collision is exactly balanced by an inverse process. 

2.7.1. Results for the distribution function. 

In order to see the details of how thermalization is established we have followed the 

thermalization of several systems. Some of the calculated results of the distribution 

function h are shown in Figures 2.4 - 2.7. These illustrations are chosen to show the 

effect of two-body collisions (represented by the collision term) on thermalization of 

the distribution functions belonging to two Fermi-spheres. These figures also show 

some contour plots of the distribution function It in the scattering plane (kp, kz ). 

The lowest distribution function value is represented by the outer contour line and 

is indicated by "bas", while the distance between the contour lines is indicated by 
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"inc". That is, the contour line values are increased by "inc" when going from 

outside to inside in each contour plot. The inside contour line represents the peak 

of the distribution. The time steps represented by t are taken to be a multiple of 

10-21 sec. 

As our first illustration, we present in Figure 2.4 the contour plots of the distribu

tion function taken from two equal Fermi-spheres of radii kF1 = kF2 = 1.36jm-1 

whose centers are separated by 1.7 jm -1. The lab energy of the system is around 60 

MeV /nucleon. At a very early time (t = 0), the distribution function is due to two 

zero Fermi-spheres and is represented in the scattering plane by a single contour 

line. This is because the distribution function is either 0 or 1 and all contributions 

are superimposed. 

At t = 0.01 X 10-21 sec, a visible change in the contour lines starts to appear and 

the original single contour line changes. This change of the count our line arises after 

the collision is turned on and the scattering nucleons have made transitions into and 

out of states. The boldface contour line at t = .01 X 10-21 sec and t = .02 X 10-21 

sec, represents two or more contour lines where the distribution function is steep. 

At t = .02 X 10-21 sec, a noticeable change of contour lines occurs in the area of 

contact. As time evolves, the two-body collisions become more effective to change 

the distribution function continuously and rapidly. Consequently, the surface gets 

more diffuse and the contour lines seperate. This will continue until finally the 
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distribution is completely thermalized. The smoothness of contour lines in the final 

plot while some are not at early stages of equilibration means that equilibration may 

be reached gradually. In Figure 2.4 the thermalization process is almost completed 

at t = 0.07 X 10-21 sec, where the contour lines of constant 11 appear as unifonn 

concentric circles. The thennalized contour lines are: 0.05, .25, .45, and .65. At this 

time (thennalization time), we can say that the two zero temperature distributions 

have merged into one hot unifonn distribution that represents one hot Fermi-sphere 

characterized by a temperature of 13.65 MeV, occupation numbers less than unity 

and a tail. Such a distribution is called a Fenni distribution. The Fermi distribution 

for nucleons in a state of equilibrium in nuclear matter at temperatrue T is given 

by the following form 

(2.80) 

where flo is the Fermi energy at zero temperature. 

In Figure 2.5, we present three dimensional surface plots of initially two equal 

Fermi-spheres (kF1 = kF2 = 1.36Im-1 , separation 1.7Im-1). This figure illus

trates how the two distribution functions merge into one, and shows the distribution 

function tail when the system is thennalized. It is obvious from the figure that the 

shape of the peak in the distribution function changes with time. The edge of the 

mountain changes fastest because the fastest nucleons are there. One notices that 

the essential change is mostly happening in the area of contact where the flow of 

nucleons is outward initially. The thermalized distribution function If looks like a 

bell-shaped surface hanging over the (kp , kz) plane. 

In Figure 2.6, we display the contour lines of a distribution function which 
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describes initially two unequal Fermi-spheres with radii 1.36jm-1 and 1.00jm-1 

respectively. The centers of the two spheres are separated by a distance 2.2jm-1 • 

The lab energy of the colliding spheres is around 100 MeV/nucleon. In this figure 

one sees how the contour lines gradually change during the thermalization process. 

At t = 0.08 X 10-21 sec, the system appears to be thermalized and the contour 

lines are uniform. The hot sphere formed has a temperature of 11 MeV. Three 

dinlensional surface plots representing the distribution function of the two unequal 

Fermi-spheres in this case are shown in Figure 2.7. 

A corresponding similarity exists between the unequal spheres' thermalization 

and the equal spheres' thermalization. Contour lines start to diffuse around the 

area of contact. As time goes on, the two equal Fermi-sphere contour lines dif

fuse symmetrically around the area of contact, while contour lines belonging to 

the two unequal Fermi-sphere systems diffuse mostly in the area surrounding the 

smaller sphere. This is because the allowed momentum-space is large around the 

smaller sphere. Ultimately both cases lead to a single hot Fermi-sphere at a finite 

temperature. 

Figures 2.8 - 2.9 show the contour plots of the distribution function which rep

resents two equal and two unequal Fermi-spheres for four different beam energies 

and at three chosen points in time. At the lowest collision energy, 5 MeV/nucleon 

(J(r = .5jm-1), in the center-of-mass Figure 2.8a where the temperature is about 4 

Me V, there is no noticeable change in the distribution function contour lines and we 

see that the distribution function after the initial collision at about t = 0.12 X 10-21 

sec is still a non-equilibrium distribution. As time continues to evolve, the distri

bution shows no noticeable change. This is because the system has a large overlap 
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region in momentum-space and, because of the Pauli principle only a few accessible 

states are available for the NN scattering. In this case (E'ab ~ 5M eV /nucleon) the 

two-body collisions between nucleons can be assumed negligible. 

Moving from collision energies 5(Kr = .5jm-I ), 20(Kr = 1.jm- I ), 46(Kr = 
1.5jm-1 ), 80(Kr = 2jm-l ) and up to 100(Kr = 2.5jm-1 ) MeV/nucleon results 

in a faster thermalization. This is because increasing the collision energies means 

increasing the sphere's separation, so that a large space is opened up for the scat

tering events, thereby increasing the number of accessible states for the scattering 

nucleons to scatter into. This in turn increases the number of nucleons sharing 

in the scattering events because the Pauli principle becomes less inhibitive in pre

venting the collision between nucleons. In this case the states are filled in a short 

time and thermalization is speeded up. The most obvious difference between these 

plots is the smoothing of the contour lines along the k= axis as the collision energy 

increases, and the near disappearance of the wiggles seen in the contour lines in the 

low-energy regime (Elab < 10 MeV/nucleon). This is a direct result of the occupied 

states at low-energy which require more time to thermalize. 

Going beyond the 100 MeV/nucleon regime, where the hydrodynamic limit is 

reached, thermalization of the system occurs practically instantaneously on the 

time scale of the two-body collision. This is illustrated in Figure 2.8e, where at 

t = 0.04 X 10-21 sec, the distribution function appears to be completely thermalized. 

We have also performed a calculations with the mean field effects included. Fig

ures 2.10 - 2.11 displays the mean field effect on the distribution function that 

belongs to nucleons each having an effective mass m * = .7m occupying states of 
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two equal spheres and two unequal spheres .. The two equal spheres have radii 

kFl = kF2 = 1.36jm-1 and have relative momentum separation 1.7jm-1 . The 

two unequal Fermi-spheres have radii kFl = 1.36jm-1 , kF2 = l.jm-1 and have the 

same relative momentum separation. By comparing Figures 2.4 and 2.10, one sees 

a slowness in reaching uniform contour lines when the mean field is included, which 

means that the mean field slows down the thermalization of the system. This can 

be understood as follows: on the one hand, the constant factor (.7) which appears 

in front of the UU collision term may result in slowing down of thermalization. On 

the other hand, nucleons in the presence of the mean field move as particles with an 

effective mass m*. In this case nucleons with small momenta feel more attraction 

from nuclear forces than those with larger momenta. 

Another thermalization effect we investigated includes the energy width in the 

collision term. The inclusion of the energy width factor in the UU collision integral 

makes the numerical treatment of the collision term difficult, but it has the effect 

of slowing down thermalization of the distribution function. Figures 2.12 - 2.13 

illustrates the energy width effect on thermalization. One can argue the difference 

between thermalization of systems in which the energy conserving function has a 

negligable width (the UU case) and the ones in which the energy conserving function 

has a finite width (case 2) as follows: In the UU case, the eigenstates (excitations) 

of the system are distinguishable, while in case 2, a single eigenstate is mixed with 

many neighbouring eigenstates, each of which has an energy 'half-width', ~, where 

I is the distance over which the single-nucleon eigenstate is mixed into eigenstates 

belonging to other nucleons in the system. Hence, in the UU case, nucleons are 

scattered into sharp states because of the condition imposed on the energy 
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conserving function, while in case 2, nucleons are scattered in momentum-space into 

diffuse states of width ,. The collision will scatter some nucleons out of the volume 

element which would not otherwise leave it. Conversely, some nucleons will be 

scattered from other states into a volume element which they would not otherwise 

have entered. Therefore, high-momentum nucleons can come out of the scattering 

region more quickly (after fewer collisions) than the low-momentum nucleons. This 

may change the occupation number associated with a given level by a small fraction. 

In order for this infinitesimal change to thermalize, it may be necessary to wait 

rather a long time for the nucleons to redistribute themselves among the new energy 

levels of the system. This, in turn, slows down the thermalization processes. This 

agrees with Danielewicz's conclusion in his study of the thermalization of two equal 

Fermi-spheries of radii 1.29fm-1 and separation 4.3fm-1 quantum mechanically.27 

He found that thermalization is slower in this case than in the case of the UU model 

in which the energy ~onserving functions are delta-functions. 

Figure 2.14 displays the time evolution of the contour plots for three different 

methods applied to study thermalization. The leftmost figures are the sharp dis

tribution evolution; the central figures, mean field evolution; and the rightmost 

figures, energy-spreading evolution. All three methods lead, of course, to a final 

equilibration after a long time. At a very early time, the sharp distribution evolves 

faster, as shown in Figure 2.14 where all contour lines are smooth, while for the 

energy spreading method, there are wiggles in the contour lines. This means that 

broadening of energy states may allow nucleons of high-momentum to come out of 

the scattering region quicker than with a sharp energy conservation. 

At this point, investigations of the distribution function are completed and the 
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Fig. 2.14. Contour pll)ts of the time evolution of the distribution function 
fl of two equal Fermi-spheres of radii kFl = kF2 = 1.36/1J1-1 

and center separation Kr = 1.7fm-1 at three different times. 
This figure is plotted to compare the three different methods: 
Leftmost figures, sharp cfistributioni central figures, mean field; 
rightmost figures, the energy width effect. 
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method of calculating the distribution function is developed. Once it is known, 

it can be used to calculate all other quantities and parameters such as entropy, 

multipole moments, etc. by the end of each time step. All these quantities are 

calculated numerically by using Simpson's rule. The following sections are devoted 

to a discussion of the results of these parameters. 

2.7.2. Results of t~e anisotropy parameter. 

The distribution function is anisotropic with respect to nucleons moving perpen

dicular and parallel to the Fermi surface. The anisotropy parameter, q, (defined 

in equation 2.50) is introduced to study the nucleons' motion in momentum-space 

and the anisotropy of the distribution function during thermalization. We will con

centrate first on the development of the kinetic energy components perpendicular 

(transverse) to the beam axis Tp , and parallel (longitudinal) to the beam axis Tz • 

Figures 2.15 - 2.16 illustrate the time and temperature dependence of these compo

nents. The Tz values start with high values and decreases, whereas the Tp values are 

built up. This means that the mean flow of nucleons initially starts parallel to the 

beam axis. As time evolves, the main contribution comes from both components. If 

we introduce the flow angle92 OF (cos OF = ft . k) to define the direction of flow, the 

initial flow of matter corresponds to OF' = O. The direction of flow angle continues 

to change from 0 to 90 when the Tp contribution starts to be larger than the Tz 

contribution. 

A convenient way to compare the flow of nucleons in both directions is by inves

tigating the anisotropy behavior of a system composed of two Fermi-spheres over 

time. A plot of the anisotropy parameter of the distribution of two equal Fermi-
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spheres and two unequal Fermi-spheres as a function of time is displayed in Figures 

2.17 - 2.18. We see from these semilogarithmic plots that the anisotropy parameter 

q decreases with time. The behavior of the anisotropy parameter with time is not 

exponential, but shows some deviation from exponential decay, especially at lower 

times. This is actually expected because nucleons prefer to flow in the transverse 

direction because a greater number of states are available there than in the lon

gitudinal direction. This flow will change the shape of the distribution function 

drastically, hence, the anisotropy parameter drops quickly in a short time. As time 

evolves, the system gets closer and closer to isotropy because the shape of the dis

tribution function is ,changing according to the flow of nucleons in both directions. 

Therefore, the anisotropy parameter time evolution proceeds in parallel with the 

system distribution function time evolution in which case the behavior of anisotropy 

becomes exponential. When thermalization is attained and the anisotropy param

eter approaches zero, the perpendicular component of the kinetic energy is twice 

that of the longitudinal component. 

2.7.3. Results of entropy calculations. 

Let us discuss the results which belong to two equal Fermi-spheres. Entropy 

dependence on time and temperature for different beam energies are displayed in 

Figure 2.19. As shown in the figure, the initial entropy of the system is zero and 

increases in time when the system changes from a non-equilibrium state to its 

equilibrium state. This means that the equilibrium state is a state of maximum 

entropy. During thermalization, the entropy of non-equilibrium system is smaller 

than the entropy of the corresponding equilibrium system. Initially, before the 
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collision between nuclei starts, the entropy is zero because occupation numbers are 0 

and 1. When nuclei collide some states are opened up for the scattering of nucleons. 

Nucleons' transitions into these states will disorder the occupation of these and will 

increase the state entropy. The entropy saturates (reaches a maximum value) when 

the system attains a thermalized distribution function belonging to nucleons that 

are now occupying hot Fermi-sphere states. Thus the entropy eventually comes 

to equilibrium with the distribution function. This means that the Fermi-Dirac 

distribution is the fundamental reference. 

The maximum value of the entropy, Smaz, is calculated numerically from the 

expression below 

Smax = -+ 100 

kpdkp 100 

dkz[fflnff + (1- ff)ln{l- fn], 
7r P 0 -00 

(2.81) 

where fr is the Fermi-Dirac distribution for nucleons at the given temperature. 

The behavior of the entropy difference Smax - Set) is illustrated by a semiloga

rithmic plot in Figure 2.20. It is obvious from the semilogarithmic plot that the 

behavior of the entropy difference with time is not completely exponential. There 

is a visible deviation from the exponential behavior at lower times. Investigations 

performed by Toepffer35 ,36 have indicated the entropy difference may behave ex

ponentially for small deviations of the distribution function from equilibrium. We 

tested entropy difference behavior against small deviations and found that the be

havior is still not exponential but close enough to have exponential behavior. This 

means when the collision term is linearized by assuming the distribution is com

posed of equilibrium and nonequilibrium parts, we get two terms for the collision 

term. The first term; the linear term, which decreases in a relatively short time to 
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equilibrium, causes the entropy difference to decrease rapidly as noticed in Figure 

2.20. On the other hand, the nonlinear part will cause the entropy of the system to 

decrease exponentially slowly toward zero. 

2.7.4 Results of the multipole moments. 

In the computational procedure, the integrations for the moments are carried out 

numerically by using Simpsons' rule. 

The monopole moment corresponding to 1 = 0 is constant during the thermal

ization processes. The dipole moment is zero because the system has a cylindrical 

symmetry in momentum-space and the dipole moment is proportional to kz , so 

integration over all kz values gives no contribution to the dipole term. Numerical 

calculations for such moments provide a numerical check to the results. 

While the monopole and dipole moments do not relax and are not sufficient to 

measure the overall degree of thermalization attained, it is of interest to study 

higher moments. One such measure is the quadrupole moment Q20 of the distri

bution function. The results obtained for the quadrupole moment from two equal 

sphere systems are shown in Figure 2.21, while the two unequal spheres' quadrupole 

moment are shown in Figure 2.22. This quantity decreases exponentially with time, 

and approaches zero as the non-equilibrium system approaches equilibrium. This 

is because the time evolution of the non-spherical distribution function changes its 

shape and becomes a spherical distribution when the system equilibrium state is 

reached. We do not get zero values for Q20 for most curves in the figure because 

their distributions as a whole are not completely thermalized. 
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The fourth term to be discussed here is the octupole moment Q30. Two equal 

spheres system has no octupole moment and the octupole moment is related only 

to the two unequal spheres. Figure 2.23 displays the main features of the octupole 

moment. It can be seen from the figure that the octupole moment also decreases 

exponentially as time evolves. 

The hexadecapole moment of the two equal and the two unequal Fermi-spheres 

sy~tems is also found to decrease exponentially with time. An illustration of some of 

the hexadecupole results as a function of time and temperatures is shown in Figures 

2.24 and 2.25. 

The fifth moment is found only for two unequal sphere systems, while the two 

equal spheres are found to have no fifth moment. Also, this moment is found to 

decay exponentially with time. Its behavior is illustrated in Figure 2.26. 

It is demonstrated that the successive multipole moments of the distribution 

function decrease exponentially each with its own characteristic rate. This means 

that the solution of the UU equation can be approximated by a solution whose 

angular terms decay exponentially with time. The first term of this distribution 

has to be chosen to be an equilibrium distribution, namely, a Fermi-Dirac one. 

Therefore, the distribution function in equation (2.60a) can be replaced by II = 
if + ~ F,{P)P,{cosB). 

'~2 

From the study of the multipole moments of the distribution functions represented 

by either two equal or two unequal Fermi-spheres, we conclude the following: 
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1. All moments decay exponentially with time as (to be discussed in detail in Chapter 

3) 

(2.82) 

2. The distribution function has only five moments. No sixth or higher moments 

contributions are found for either case. This indicates that the distribution func-

tion may be expressed as a series of Legendre polynomials, all of which decay 

exponentially with time except the zeroth and the first terms. When thermaliza

tion is attained, all these terms disappear except the 1 = 0 term, which represents 

the thermalized distribution function. 

3. The two equal spheres distribution function has only quadrupole and hexade

capole moments. The hexadecapole moment is found to build up after T > 6M e V. 

4. The two unequal spheres distribution function has quadrupole, octupole, hexade

capole and the fifth moments. For a system of density p f'V .34fm-3 , no fifth 

moment is found for the T < IBM e V systems. 
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CHAPTER THREE 

Theory for the calculations of relaxation-times 

3.1 Introduction 

In Chapter 2, thermalization of distribution functions related to some non

eq~ilibrium nuclear systems resulting from the collision of two nuclei was studied. 

In many applications of the UU equation; it is important to know how fast the 

non-equilibrium distribution functions evolve with time towards their equilibrated 

distributions. Previous investigations reveal that each thermalization process is 

characterized by a certain time of relaxation (the total time necessary to reach 

thermalization). The only way to calculate these times by means of the UU model is 

to allow collisions between nuclei and to follow the time evolution of the distribution 

function until therm81ization is completed. In this case, the total time which the 

distribution needs to evolve from a non-equilibrium state to a thermalized state 

is a measure of the system relaxation-time. Using this method to investigate the 

relaxation-time of one system requires hours of computer time. Therefore, in most 

cases this method is impractical to use in developing a relaxation-time theory. 

In this chapter, HI collision relaxation-times are studied by introducing the 

relaxation-time approximation (RTA). The method we use to calculate the relaxation

times of various distributions is based on expanding the distribution in terms of 

orthogonal polynomials. Investigations are aimed at obtaining the relaxation-time 

dependence on density, temperature, energy, momentum, etc. 

Section 2 introduces the eigenvalue problem and rates. In section 3 we discuss 

replacing the UU collision term by the RTA. Section 4 contains relaxation-times 
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of single-nucleon states. In section 5 we discuss thennalization relaxation-times, 

Section 6 involves the energy and momentum relaxation-times. The results are 

discussed in section 7. Testing of the RTA is presented in section 8. 

3.2 Relaxation rates and the UU eigenvalue problem. 

In this section we intend to clarify the physical meaning of the relaxation-time. 

We shall start by considering the general case of an arbitrary defonned distribution 

function, such as the one used in Chapter 2 to define the two Fermi-sphere distri

butions. It has been shown in Chapter 2 that the total time rate of change of the 

distribution function is determined by the UU rate equation which has the following 

form 

(3.1) 

where the 'out' term describes the rate at which nucleons are scattered from a 

certain state which is similar to the "loss" tenn in equation (2.9) and the 'in' tenn 

describes the rate at which nucleons are scattered into that state which is similar 

to the "gain" term in equation (2.9). In both cases, the rate is characterized by the 

dimension of reciprocal time. By using a proper definition of tLe UU collision term, 

the rate equation can be transfonned into an equation having the form of equation 

(2.12). The UU eigenvalue equation was derived in equation (2.12) and was found 

to have the following fonn 

dft 
dt = -'YiI + (7, (3.2) 

where'Y is defined as the collision rate for a nucleon of momentum Pl and (7 is the 

collision rate for a nucleon of arbitrary momentum. The general form of 'Y and (7 

are given in equation (2.12). The physical meaning of equation (3.2) is that the 

UU equation is now similar to an eigenvalue equation. In this case the distribution 
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function is the eigenfunction, while the collision rate 'Y is the eigenvalue of the 

distribution function. Furthermore, this equation indicates that the distribution 

function is decaying exponentially with time, as will be discussed later on. 

The collision rate 'Y is related to the time between collisions T, by 

1i 
'Y =-, 

T 
(3.3) 

where T is the time between collisions, known as the relaxation-time of a nucleon in 

any single-nucleon state. Hence, the relaxation-time inverse for each state can be 

interpreted as the eigenvalue of the single state distribution function. 

Now let us define the relaxation-time of a state near equilibrium, that is, when 

the deviation of ~he distribution function from equilibrium is small. In this case, 

one may write the distribution function as 

ft = if + if, (3.4) 

where if is the equilibrium distribution function and if is the deviation of the dis

tribution function from equilibrium. Assuming that the deviation if is sufficiently 

small, then it is possible to linearize the collision term, and the rate equation often 

appears as93 

~: ~ -(ft - if) J di2dP3dP4iij1 i~ if(l - i2) ~~ 
83 (p1 + P2 - iJ - 14)8(£1 + £2 - £3 - £4) 

= -r(ft - if), (3.5) 

where the inverse of the collision rate r, in this case, appears as the eigenvalue of 

the distribution (ft - if). 
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Generally speaking, the action of the relaxation-time on an arbitrary distribution 

function is not linear. It is linear when the deviation of the distribution function 

from equilibrium is small. 

The thermalization relaxation-time is defined as the average of all single state 

relaxation-times, that is, the total time to reach a thermalization state. Therefore, 

one has to be careful to use a proper definition of relaxation-time, because the ther

malization relaxation-time and the single-state relaxation-time (lifetime) are gen

erally to be distinguished. Furthermore, relaxation-times can also be distinguished 

by their dependence on various parameters such as velocity, energy, temperature, 

etc. In most studies, the relaxation-time is sometimes assumed simply as constant 

or more generally as a function of velocity v. It is sometimes made to depend on 

pressure as well as the local temperature. The following sections are devoted to 

the calculation of the relaxation-times and their dependence on various parameters 

such as momentum p, energy, temperature, density, etc. 

3.3 Approximating the UU collision term by the relaxation-time approx

imation (RTA) 

The so-called relaxation-time approximation has been introduced to study kinetic 

phenomena. In this approximation, the collision term on the right-hand side of the 

UU equation is replaced by an approximate eXpression proportional to the difference 

between the distribution function and the Fermi-Dirac distribution function as 57,77 

(3.6) 

where II is the distribution function at a certain time, 7' is the relaxation-time that 

characterizes the average rate at which collisions between nucleons in the system 
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tend to restore a state of equilibrium, and ff represents the equilibrium distribu

tion function (for ~ = 0 when II = ff) which is a Fermi distribution at finite 

temperature of the following form 

p2 
ff(p) = II(Pi t -t 00) = [1 +exp (2m -I')/T]-l. (3.7) 

Here I' is the Fermi energy, and T is the temperature. The choice of ff is also 

related to the condition that momentum, kinetic energy, and density conservation 

are not violated by the collision term. 

In view of the assumption made above, then 

(3.8) 

is used as an Ansatz for the UU collision integral, 1. For all cases in which the 

relaxation-times depend on the angular behavior of the deviation of the distribution 

function from local equilibrium, the collision term Ansatz tal{es the form 59,77 

(3.9) 

where Yim are spherical harmonics and 

(8fdlm = J dn(1I - ff)y,':n(p)· (3.10) 

This approximation has been justified in general for classical systems. On using 

such an Ansatz for quantum systems, one has to be aware of its limits of justi

fication. In most cases, this Ansatz has been very commonly used, often beyond 

its limits of justification, mainly because it is the only useful method to obtain 

at least qualitative results of the relaxation-times. It is of great importance to 
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test the applicability of such an approximation before using it for calculating the 

relaxation-times. 

In this section we shall discuss the condition by which the RTA provides a rea

sonable approximation to be applied for nuclear systems in the intermediate energy 

regime. It is easiest to understand the significance of the RTA if we examine this 

approximation against the rate equations (3.2) and (3.5) introduced in section 3.l. 

On comparing equation (3.5) and equation (3.6), one can see the resemblance be

tween the two forms. On the other hand, when this Ansatz is tested against the 

general case in equation (3.2), the first term of equation (3.2) resembles the first 

part of the RTA, while the second term does not. Obviously, such an Ansatz cannot 

be justified in general, especially for systems which are far-from-equilibrium. 

In order to have a complete resemblance, the second term of equation (3.2) re

quires special approximation. It is possible to approximate the second term of 

equation (3.2) by -t;- to justify the approximation, and to have a complete re

semblance between equations (3.2) and (3.6). This approximation has to be tested 

against the exact calculation done in Chapter 2 in order to decide its applicability 

to the intermediate-energy region. It is to this chapter we address ourselves in the 

present study. 

In the following sections, we shall use the RTA to define the relaxation-times. 

We shall then return at the end of this chapter to test the applicability of this 

approximation. 

3.4 The single-nucleon relaxation-time 

In order to study the single-nucleon relaxation-time, we shall consider the RTA a 
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reasonable approximation of the UU collision term. Then each nucleon is assumed to 

occupy states characterized by the relaxation-time (lifetime) T, which determines the 

time a nucleon needs to scatter to another state. This relaxation-time is calculated 

from the Uehling-Uhlenbeck Relaxation-time method (UURX), which results from 

equating the UU collision term with the RTA. According to this model, we write 

I(Pi t) - ff(p) = [(II). 
Tp 

(3.11) 

The relaxation-time of any nucleon described by the non-equilibrium distribution 

function II is given in terms of cylindrical coordinates by 

(3.12) 

This equation represents a state described by a distribution function 11, by which 

the system has been started, and which decays with the characteristic relaxation

time Tp. In other words, this equation may be used to define the relaxation-time 

microscopically. Therefore, calculation of the single-nucleon relaxation-time is based 

on the behaviour of a test nucleon whose collision in momentum-space is traced. 

The calculated relaxation-times are momentum dependent. Because the collision 

term can be calculated exactly, the microscopic relaxation-time in this case may 

be calculated fairly exactly. Therefore, we believe this is a useful technique for the 

calculation of the single-nucleon relaxation-time. 

3.5. Thermalization relaxation-times. 

A more generalized way of looking at the relaxation-time problem is to study the 

thermalization relaxation-time. The thermalization relaxation-time is defined as 
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the total time the distribution function requires to evolve from a non-equilibrium 

state to a thermalized state. Calculations of the thermalization relaxation-time 

require the solution of the UU equation in order to calculate the collision term. 

Once the collision term is calculated one can make use of equation (3.12) to find 

the thermalization relaxation-time by averaging the single nucleon relaxation-time. 

The result can be written as 

fur - ft)dp 
Tau = f Idp . (3.13) 

However, a problem arises in this case: The denominator is zero because one is 

a collisional invariant. Therefore, equation (3.13) cannot be used to calculate the 

thermalization relaxation-time. 

In this section we want to develop an approximate method for calculating the 

thermalization relaxation-time. Let us start by finding a solution to the distribution 

function by means of the RTA. Of course, under certain appropriate conditions, it 

is possible to justify' approximately that the UU equation, or any generalization 

thereof, can be reduced to a simpler eigenvalue equation of the form 

(3.14) 

This equation has been proved to be a very useful approximation for studying 

problems related to the so-called transporl:. phenomena and plasma physics. Equa

tion (3.14) simply means that the deviation of the distribution function from equi

librium decays exponentially in time due to the collision processes. The decay of 

the distribution function towards equilibrium is then obtained from equation (3.14). 

Since by definition ~ = 0, the thermalized distribution function is assumed to be 
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time-independent, then 

!:(ft - ff) = - (ft - ff) 
dt T ' 

(3.15) 

which has the solution 

ft(p;t) = ff(p) + [ft(p;t = 0) - ff(p)]e- t
/ r • (3.16) 

In the steady state, * = o. 

Equation (3.16) can be used to investigate thermalization of the distribution func

tion, but this requires the relaxation-time to be known. Therefore, it is of great 

importance to develop an approximate solution which decays exponentially with 

time in the hope that the relaxation-time is calculated in this case. It is, therefore, 

necessary that the solution be chosen in such a way as to fit a decaying exponential 

at large times (t -+ 00), and ultimately the Fermi-Dirac (thermalized) distribution 

function is reached. 

The general method of finding the relaxation-time and the distribution function 

of equation (3.15), according to the general orthogonal polynomial technique in

troduced in Chapter 2, is to represent the solution by power series in which there 

are enough terms to carry out the solution into the exponentially decaying region. 

An approximate solution to the UU equation (distribution function) in terms of a 

spherical harmonics series has been carried out in Chapter 2. It is demonstrated 

that the distribution from successive multipoles decreases exponentially with time. 

It is, of course, obvious that expansion of an arbitrary distribution function as a 

series of spherical harmonics is possible in this case, as has been shown in Chapter 

2. 

In this investigation, we shall assume the arbitrary distribution function of p, 8, 
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and cp obtained as a solution to equation (3.15) can be expanded as a series of 

spherical harmonics. The coefficient of the spherical harmonics in this case are 

chosen to be functions of the momentum p. The spherical harmonics expansion 

can be replaced by a series of Legendre polynomials; let us note that the spherical 

harmonics expansion is not needed because the distribution function II possesses 

cylindrical symmetry about the kz direction and therefore is not a function of cpo 

In order to fulfill the expansion requirements, we intend to develop a Legendre 

polynomial expansion around the Fermi-Dirac distribution, or equivalently, we are 

intending to expand the deviation of the distribution function from the Fermi-Dirac 

distribution as a series of Legendre polynomials in order to guarantee that the 

thermalized distribution function be a Fermi-Dirac one when the system anisotropy 

vanishes. With this method, the actual deviation of the distribution function from 

the equilibrium distribution can be developed in a series of Legendre polynomials 

in momentum-space as 

II (p; t) - If(p) = L Fl(p; t)PI ( cos 0) 
I~I 

= FIPI(COSO) + F2P2 (COSO) + ... , (3.17) 

where PI are Legendre polynomials of order 1,0 is the polar angle. The distribution 

function II must satisfy the differential equation (3.15). 

The coefficients FI in the series expansion are obtained by multiplying the se

ries by PI' cos 0, integrating over a solid angle dO. Then using normalization and 

orthogonality relations of Legendre polynomials, we obtain 

21 + 1 J 0 FI = -2 - (II - II )H( cos O)dO. (3.18) 
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Similar expansions are made for h, f3 and f4' The series will be assumed to converge 

rapidly and to change slowly with time. In particular 

(3.19) 

The series expansion (3.17) consists of an isotropic term N, and anisotropic terms 

FI PI, F2 P2, . . •. The anisotropic terms of the distribution function are supposed to 

vanish when the distribution reaches isotropy. Inserting this expansion into equation 

(3.15) and making use of equation (3.9) yields the following 

~(h - N) = l: F,P,(cos8). 
dt· , T, (3.20) 

Equation (3.20) implies that each component of the distribution function has its 

own relaxation-time and tends to relax towards zero with e-t / r ,. 

Before discussing how thennalization relaxation-times are obtained by using equa

tion (3.20), let us discuss the general features of such an equation. First, solutions 

of the five conserved quantities (density, energy, 3-momentum components) are in 

fact eigenfunctions of an eigenvalue zero (relaxation-time is infinite) in the more 

general case. This is because 1, :~, p are collisional invariants, that is 

(3.21) 

Generally, the only functions having infinite relaxation-time are the ones corre

sponding to the conserved quantities. The infinite relaxation-time corresponds to a 

thermalized state and is of no further interest here. Hence, terms corresponding to 

1 = 0, and 1 = 1 in equation (3.20) must be singled out. This is because the 1 = 0 

tenn corresponds to density, while 1 = 1 is proportional to p, both of which lead to 

conserved quantities and makes a zero contribution to the collision tenn. 
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The remaining function in equation (3.17) requires an Ansatz in the distribution 

function, which we expand 

h - If = I: F,P,( cos 0). 
'~2 

Now let us assume the remaining terms relax with a single-relaxation-time (to be 

known as the single relaxation-time approximation) T, so that the distribution func

tion in momentum-space satisfies the equation 

(3.22) 

By multiplying equation (3.22) by P,. (cos 0) and by integrating over momentum

space, this approximation wi11lead to 

1 d J d J - = -[In P2F2dP] = -[In PaFadP1 = '" . 
T dt dt 

(3.23) 

However, this equation is not true in general. It might be a reasonable approx

imation in the extreme low-temperature limit (T -t 0), where all relaxation-times 

are infinite. It is in this limit (T -t 00) one may expect qualitative validity for 

this approximation, where all relaxation-times for the various Legendre polynomial 

components become infinitely large. 

So far, we discussed the infinite relaxation-times concept only. Relaxation-times 

that have finite values at finite temperatures require more discussion and a special 

treatment. 

Let us now make use of equation (3.20) by assuming each component in the expan

sion relaxes with a time different from the following component. Therefore, several 
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relaxation-times corresponding to different modes are obtained for each distribu-

tion function. According to equation (3.20), the time derivative of the distribution 

function refers to all possible modes of the distribution function, so that in general 

1= !:.. [LFIPI(COS8)] = - L FIP,(cos8) , 
dt 1~2 1~2 Tl 

(3.24) 

or equivalently, 

(3.25) 

The explicit values for the individual terms' relaxation-times in equation (3.25) can 

be obtained as follows: The T2 relaxation-time is obtained by multiplying equation 

(3.25) by P2 (cos 8) and integrating over momentum. Owing to the orthogonality 

relation for Legendre polynomials, only the P2 term of *- will contribute to the 

integrals, while other terms vanish. Thus, 

1 J 1P2( cos 8)dp 
T2 = J h P2 ( cos 8)dp' 

(3.26) 

We then repeat the procedure by multiplying equation (3.25) by P3 ( cos 8), P4 ( cos 8), ... , 

to obtain T3, T4, . •. , etc. The results are expressed by the following relation 

1 J I P,( cos 8)dp 
Tl = J 11 P,( cos 8)dp 

(3.27) 

The individual relaxation-time for each mode in the expansion can be evaluated 

by solving equation (3.27) numerically. Knowing that the collision term I is simply 

*-' equation (3.27) can be rewritten as 

1 d J - = -d [In h P,( cos 8)d,P1, 1 = 2,3,4, ... , 
Tl t 

d 
= dt Inql, (3.28) 
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where 

q, = J iIP,(cosO)dp (3.29) 

are the moments of the distribution function iI. The relaxation-times TI, are ob

tainp.d from equation (3.28) by first calculating the numerical values of q" plotting 

these values on a semilogarithmic plot and finding the slope of ql versus time, the 

inverse of the slope being the relaxation-time, 1'1- This means that the moments 

may decrease exponentially with time, thus 

(3.30) 

which has the following soiution 

(3.31) 

where q,(t = 0) is the initial value of the moment q,. 

So far, the method of calculating relaxation-times for various modes has been 

discussed. These relaxation-times are expected to be a function of density and 

temperature. 

3.6. Momentum and energy relaxation-times 

Let us apply the familiar RTA to discuss the energy and momentum relaxation-

times. Assuming the momentum relaxation-time T m , then the momentum balance 

equation can be written as 

(3.32) 

where p is the momentum and Po is the equilibrated value of the momentum. Sim

ilarly, by assuming that the energy relaxation-time be Te, the energy balance equa

tion can have the following form 

Te 
(3.33) 
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where E is the energy and E L is the thermal energy of a nucleon in equilibrium. 

Knowing that both p and E are conserved quantities during the thermalization 

processes, relaxation-times corresponding to these quantities are not defined or in

finite as discussed in section 3.5. This means that momentum and energy never 

relax and their behavior will be non-exponential. 

For completeness, let us check the behavior of energy components and momentum 

mean square components. In terms of cylindrical coordinates, the momentum of a 

nucleon in state 1 is simply 

(3.34) 

Hence 

(3.35) 

where kp1(kz1 ) is the transverse (longitudinal) momentum component. Let us first 

derive the expression for the rate change of the mean square perpendicular momen

tum, assuming the RTA is applicable, we have 

(k~) - (k~}t_oo 

Tp 
(3.36) 

Similarly, 

(3.37) 

The energy components relaxation-times are defined in an exactly similar manner. 

Obviously, the mean momentum components relaxation-times are exactly equivalent 

to the energy components relaxation-times. Therefore, in this approximation, the 

relaxation-time may still be taken as energy-independent for hot nucleons although 

it does depend on energy components. 
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3.7 Results 

The numerical calculations in this chapter are, in general, done by the same 

method used in Chapter 2. The meshes, the range of momenta, and the size of 

the cylindrical box are the same. Investigations presented in this chapter also 

correspond to two equal Fermi-spheres and two unequal Fermi-spheres. 

The first four figures in this investigation are chosen to show the scattering "in" 

and the scattering "out" rates in the scattering plane (kp, kz ). The size of the box 

in this case is extended 1jm-I in both directions without changing the calculated 

results. The lowest contour line given by "bas" in units s!c, while the distance 

between contour lines is indicated by "inc" with the same units. The time t in each 

plot is in units of 10-22 sec. 

Figure 3.1 displays the contour lines of the scattering "out" rate of nucleons 

originating from two equal Fermi-spheres of radii 1.36 jm- I and center separation 

1. 7 jm-I • At t = .01 X 10-22 sec, the major contribution is related to nucleons 

scattering from states close to Fermi surface and occupying also states above but 

close to Fermi surface. At t 2: .03 X 10-22 sec, when the two-body collisions become 

more active, the rate spreads over the whole system and fast nucleons (nucleons 

that have large momenta) leave the system first. A noticeable event in these plots 

is that the maximum rate, where the contour lines appears most frequently, is seen 

along the transverse .region. Apparently, the rate starts to develop longitudinally 

after t = .07 X 10-22 sec. 

Contour 'line plots of the scattering "in" rate corresponding to the above system 

are shown in Figure 3.2. Obviously, at t = .01 X 10-22 sec, the maximum scattering 
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Fig. 3.1. Contour lines showing the rate of the scattering "out" nucleons 
for two equal Fermi-spheres of radii kFl = kF2 = 1.36/m-1, and 
center separation Kr = 1.7 1m -1. The lowest scattering rate is 
indicated by "bas" and the rate increment is indicated by "inc". 
Time t is in units of 10-22 sec. 
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Fig. 3.2. Contour lines showing the rate of the scattering "in" nucleons 
for two equal Fermi-spheres ofradii kFl = kF'l = 1.36fm-1 , and 
center separatipri K r = 1.7 f m -1. The lowest scat terins rate is 
indicated by "bas" and the rate increment is indicated by "inc". 
Time t is in units of 10-22 sec. 
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"in" rate appears around the contact region in the transverse direction. As time 

continues to change, nucleons continue to scattter into all available states and the 

contour lines spread in both directions over the whole plane. 

Figures 3.3 and 3.4 displays the "in" and "out" collision rates of two unequal 

Fermi-spheres of radii 1.36 fm- l and 1fm- l • The separation between the two 

centers are taken to be 1.7fm- l • Clearly, there is a big similarity between the' 

nucleons' behavior in this case and two equal Fermi-spheres case. The only difference 

one can see is that nucleons of high speed, which occupy the larger Fermi-spheres 

states in this case, spread along the beam direction initially. 

Other calculations have also been made to study the behavior of a single state 

relaxation-time on a microscopic basis. The states' relaxation-times are carried out 

in two-steps. First the UU collision integral for the distribution function repre

senting two Fermi-spheres is calculated exactly by numerical methods introduced 

in Chapter 2. Second, calculation of fl - if is made after both the distribu

tion function II and the thermalized distribution function fr are calculated. The 

relaxation-time is then followed using the expression given by equation (3.12). The 

calculated relaxation-times are measured in fm/c units and all relaxation-times 

of 60 fm/ c or higher are considered to be infinite. The best way to read these 

relaxation-times is to make contour plots of the relaxation-time inverse. In this 

case infinite relaxation-times can be represented by no contour lines when ~ is 

plotted. Contour plots of the relaxation-time inverse for both systems (two Fermi

spheres of radii kFI = kF2 = 1.36fm-1 and two unequal Fermi-spheres of radii 

kFI = 1.36fm- l , kF2 = 1fm- l ) are shown in Figures 3.5 and 3.6. The lowest con

tour lines is indicateq. by "bas" in units of (c/fm), while the contour line separation 
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is indicated by "inc" expressed in the same units. The time, t, is measured by the 

usual unit, which is 10-22 sec. 

Figure 3.5 displays contour plots of the relaxation-time inverse of states belonging 

to the same two equal Fermi-spheres system discussed above. At t = 0 sec, before 

the collision starts, nucleons are occupying states to T = 0 MeV Fermi-spheres, 

hence the relaxation~times are infinite and no contour plot appears in this case. 

When the collision starts and the system starts to disassemble, nucleons make tran

sitions into states of finite relaxation-times. Apparently, these states are located 

above the Fermi surface close to the contact zone. Initially, rare collisions between 

nucleons from each polar region being scattered into the equatorial region may con

tribute to the relaxation. Therefore, contour lines of ~, which represents states 

of short relaxation-times, appear in the figure. As the time continues to evolve, 

nucleons will continue to scatter in and out of states. This in turn creates a number 

of short relaxation-time states below the Fermi surface as well above it, and the 

nucleons are then allowed to scatter into these unoccupied states. Hence the con

tour lines quickly spread uniformly over the whole system. At the later stages, say 

at t = .11 X 10-21 sec, when the system has developed a thermalized distribution, 

the states have long relaxation-times and the contour lines start to disappear. The 

reason that states may have an infinite relaxation-time is because the scattering of a 

given nucleon out of the state is exactly balanced by the scattering of other nucleons 

into the state. This means that the probability of scattering "out" a nucleon from 

that state remains the same in equilibrium and may never change. 

Contour line plots of the states relaxation-times inverse for two unequal Fermi

spheres are displayed in Figure 3.6. It is obvious from the figure that states of 
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finite relaxation-times are surrounding the area of the smaller sphere. As the system 

reaches a thermalized state most states appear to have infinite relaxation-times. 

The method used in this study to calculate the thermalization relaxation-times, 

Tl'S of two equal and two unequal spheres is based on calculating q, = J h(Pit)P, 

(cos 9)dj/ and plotting this quantity on a semilogarithmic scale; the inverse of the 

slope is the relaxation-time. The relaxation-times calculations are done for both two 

equal Fermi-spheres and two unequal Fermi-spheres systems. In order to investigate 

the relaxation-time dependence on temperature and density, we choose densities of 

p = .085jm-3 , p = .17jm-3 , and p = .34jm-3 • The temperature ranges from 

(2.5 - 21 MeV). The general procedure in investigating this dependence is to take 

for example a system of two equal Fermi-spheres of total density .085jm-3
, and 

choose the thermalized temperature 3 Me V and calculate the relaxation-time for 

this system. Then another system is chosen which has the same density (.085jm- 3
) 

but has a different temperature and the relaxation-time is calculated. The above 

procedures are repeated for different temperatures and different systems, and then 

the whole procedures are repeated for systems of densities .17 j m -3 and .34j m -3. 

Similar procedures can be used to calculate relaxation-times of two unequal Fermi

sphere systems. Relaxation-times can also be calculated by using equation (3.27). 

This provides a check on the relaxation-time values obtained by the first method. 

Relaxation-times of the two equal spheres are found to be related to the even terms 

in equation (3.17). Figure 3.7 represents a semilogarithmic plot of J hP2(cos(})dj/ 

for some of the results; the rest of the calculations are obtained by the same method. 

The relaxation-times are tabulated in Table 3.1. Relaxation-times obtained by using 

equations (3.27) yield results that are almost in agreement with the previous 
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Table 3.1. The relative momentum (Kr ), the radii (kFl and kF2 ), the den
sity (p), the chemical potential (Il), and the corresponding equi
librium temperature (T) from the nucleon distribution of two 
equal Fermi-spheres. The seventh column gives the relaxation
times, T2E, obtained from the decay of the quadrupole moment 
of two equal Fermi-sphere systems. In the last column are the 
relaxation-times ToSE, obtained from the decay of the hexade
capole moment. 

if .. (;;:. )krt (f;::~lcrT!';:~-p(fm :;)- I'( M;V) TeM 61 V)-,,~~"i;'---;'l~ .. i;j---
-------------------------------------------------------------------------

0.600 
0.660 
0.690 
0.780 
~.790 
0.795 
!- ... ~O 
Ll80 
:'208 
..,2S0 
1.380 
: .520 
!-.580 
:.580 
... 772 
:.952 
:"892 
1.360 
2.!-50 
2.200 
2.280 

0.9600 
0.9400 
0.9300 
0.9100 
0.9120 
0.9140 
0.9000 
0.8800 
0.8730 
0.86aO 
0.8800 
0.8600 
0.8480 
0.8360 
0.8650 
0.8570 
0.8970 
0.8400 
0.a340 
0.8360 
0.8350 

0.9600 
0.9400 
0.9300 
0.9100 
0.9120 
0.9140 
0.9000 
0.8800 
0.8730 
0.96aO 
0.9900 
0.9600 
0.8480 
0.8360 
0.9650 
0.8570 
0.9970 
0.8400 
'0.9340 
0.8360 
0.9350 

0.0954 
0.0869 
0.09S: 
0.0845 
0.0845 
0.0845 
0.0889 
0.0990 
0.0866 
0.0960 
0.0872 
0.08S7 
0.0851 
0.0827 
C.08S1 
0.0839 
0.0919 
0.0851 
0.0833 
0.08S1 
0.0827 

24.00 
23.00 
23.90 
22.00 
23.00 
23.00 
24.03 
24.07 
22.70 
22.46 
22.49 
21.S7 
20.50 
18 .82 
18 .92 
17.03 
17.67 
14.72 
12.16 

8.82 
4.81 

2.080 
3.790 
3.590 . 
4.550 
4.240 
3.976 
5.140 
5.260 
6.960 
7.090 
7.390 
8.380 
9.230 
10.63 
11.25 
13.13 
13.75 
14.76 
16.36 
18.8a 
20.81 

216.5 
71.6 
79.8 
56.8 
61.·7 
66.1 
46.7 
43.2 
30.8 
29.4 
27.8 
24.1 
21.3 
18 .5 
16.8 
15.7 
14.6 
13.7 
12.4. 
10.9 
10.2 

16.3 
13.8 
12.8 
10.9 
10.2 
lO.O 
9.6 
9.2 
7.0 

-------------------------------------------------------------------------
O.SOO 1.2400 1.2400 0.1720 38.64 1.99 248.3 
0.580 1.2320 1.2320 0.1739 38.96 2.43 175.5 
0.590 1.2060 1.2060 0.1696 38.01 3.13 102.9 
0.920 1.1860 1.1960 0.1541 37.90 3.89 74.S 
0.920 1.1960 1.1860 0.1~20 38.50 4.56 S3.S 
0.980 1.1820 1.1820 0.li45 38.80 5.07 46.2 
1.190 1.1418 1.1418 0.1736 38.46 5.95 36.4 
1.190 1.1759 1.1758 0.laS7 39.99 5.45 31.2 
1.240 1.1415 1.1415 0.1772 39.09 7.49 25.5 
1.320 1.1416 1.1416 0.1839 39.99 9.05 23.S 
!-.490 1.1359 1.1358 0.1924 39.27 9.13 19.5 
1.620 1.1:'08 1.1:08 0.1806 37.52 9.98 19.0 
1.540 1.1090 1.:'090 0.li05 35.42 10.94 16.2 
1.740 1.0982 1.0982 0.1772 36.07 11.93 14.3 
!-.820 1.0i92 1.0782 0.:742 34.87 12.95 13.6 
1.940 :.06a2 1.0682 0.1663 32.80 13.58 12.5 
1.988 :.OS8S 1.OSa8 0.1609 31.40 14.35 1:.1 
:.980 :.06~3 1.06~9 0.:535 31.10 15.29 lO.4 
2.:'~0 :'.:::: 1.06a2 0.:5:~ 29.i9 17.~:' 9.9 

13.9 
12.l 
10.5 

9.9 
9.~ 

9.4 
L!. 
7.2 
~.5 Z.240 _.;::; 1.0:20 ~.:.!~e 25.78 :.g.~: ;.3 

-------------------------------------------------------------------------

.,!lS 
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Table 3.1. (Continued.. ) 

i;(i-';':i)k;;(i;';:if;;2(i;';:ir~f~:;)-~M;V)--T(M~v.,--~~':i~------;p;;ct 
---------------------------------------------------------------------~ 
0.640 1.5800 1.5800 0.3441 61.35 3.68 92.4 
0.540 1.5800 1.5800 0.3380 60.58 3.17 121.6 
0.512 1.6280 1.6280 0.3489 61.85 3.88 82.2 
Q.780 1.5480 1.5480 0.3487 61.69 4.26 72.3 
ij:840 1.5280 1.5280 0.3462 61.70 4.70 60.1 
0.874 1.5218 1. 5218 0.3414 60.67 5.50 45.6 
0.940 1. 5080 1.5080 0.3383 60.24 5.73 41.1 
0.954 1.5080 1.5080 0.3395 60.41 5.89 40.0 
0.980 1.4980 1.4980 0.3304 59.31 6.29 35.7 
1.080 1.4980 1.4980 0.3371 60.13 7.09 29.8 
1.180 1.4940 1.4940 0.3535 61. 87 8.ll 23.8 
1. 268 1.4860 1.4860 0.3556 61.87 8.79 21.3 
1. 338 1.4380 1.4380 0.3344 58.91 9.50 18.8 
1. 460 1. 4180 1.4180 0.3374 59.17 9.83 17.4 
1. 486 1.4180 1.4180 0.3393 58.37 10.27 16.9 
1. 560 1.4080 1.4080 0.3411 59.21 11.42 14.3 
1. 640 1.3880 1.3880 0.3301 57.57 12.12 13.2 
1.780 1.3860 1.3860 0.3334 57.44 13.05 12.1 
1. 848 1.3820 1.3820 0.3347 57.05 14.48 10.4 
1.958 1.3780 1.3780 0.3438 57.60 15.80 9.5 
1.998 1. 3680 1.3680 0.3329 56.00 16.23 9.3 
2.080 1.3820 1.3820 0.3468 57.80 17.15 8.6 
2.120 1.3760 1.3760 0.3289 53.83 18.88 7.8 5.8 
2.200 1.3600 1.3600 0.3270 52.57 20.33 7.2 5.3 
2.320 1.3700 1. 3700 0.3468 54.06 21.96 6.8 4.9 

---------------------------------------------------------------------
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method. The small differences may be attributed to the numerical calculations. 

The results of these calculations are shown in Figure 3.8. An appropriate expres

sion for T, in this case accurate to better than 6% over the (3-20)M eV temperature 

range, is found to be 

_ 851 (p ).25 31 (pO)·45 
T2E-- - +- - , 

T2 Po iff P 
jm/c. (3.38) 

where Po = .145jm-3 is the normal nuclear matter density, T is the temperature 

in MeV, and p is the total density of the system. 

It is found that the two equal sphere system hexadecapole term (l = 4) starts to 

build up at a certain temperature and density, for instance, a contribution from q4 = 

J jlP4 dp, starts to build up at T,...., 8MeV for a system of density p""" .085jm-3 , 

at T,...., 10MeV for a system of density p""" .17jm-3 and a small contribution is 

found for a system of density p""" .34jm-3 after T,...., 17MeV. Some q4 values are 

plotted in Figure 3.9. The relaxation-time values corresponding to the hexadecapole 

moment, T4E, are found to be smaller than the corresponding quadrupole values. 

Values of T4E are also listed in Table 3.1 and found to fit the following formula 

615 ( p ) .25 25 (p) .45 
T4E=- - +- - , 

T2 Po iff po 
jm/c. (3.39) 

The T4E values obtained are displayed in Figure 3.10. 

Relaxation-times of the two unequal spheres are also calculated from equation 

(3.28). The term 1 = 1 is proportional to Pz, which is conserved in the collisions. 

This makes a zero contribution to I. The remaining terms corresponding to 1 = 

2,3,4 and 5 are foun"d to relax exponentially with time as shown in Figures 3.11 -

3.14. Relaxation-times associated with these different 1 moments are calculated in 
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Fig. 3.S. Dependence of the relaxation-time, 7'2E, on temperature and 
density for two equal Fermi-sphere systems. 
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Fig. 3.10. Dependence of the relaxation-time, T4E, on temperature and 
density for two equal Fermi-sphere systems. 
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a similar method used to evaluate the two equal spheres relaxation-times. Relaxation-

time values are tabulated in Table 3.2 and displayed in Figures 3.15 - 3.18. The 

two unequal spheres' relaxation-time results are found to fit the following empirical 

formulae 

_ 848 ( P )'25 31 (p )'45 
T2N-- - +--

T2 Po -IT Po ' 
1m /c. (3.40) 

_ 665 ( P ) .25 23 (po) .45 
T3N-- - +--

T2 Po .iff P , 1m /c. (3.41) 

615 ( P )'25 17 (p )'45 
T4N=- - +- - , 

T2 Po -IT Po 
1m/c. (3.42) 

T5N = 385 ( .L )'25 + 15 (.L )'45 , 
T2 Po .iff Po 

1m/c. (3.43) 

The hexadecapole moment and the fifth moment are found to build up at certain 

temperature and densities. For instance, no hexadecapole contributions were found 

for T < 5MeV for a system of density P '" .085/m-3 and no contributions were 

found for T < 13MeV for a system of density P '" .34/m-3 • Similar results are 

found for the fifth moment (1 = 5), where there are no fifth moment for T < lOMe V 

for a system of density P'" .17/m-3 , and no values actually appear for a system of 

density P'" .34/m-3' below T < 18MeV. 

All the calculated relaxation-times are found to be temperature and density de

pendent. The relaxation-times' behavior in the (T, T) planes shows two distinct 

regions. In the limit T -. 0, the two-body collisions are inhibited, the relaxation

times of these systems become very long and an inspection of the relaxation-times 

themselves shows T-2 dependence. For T ::; 5M e V, all modes that have relaxation

times greater than 601m/c may be described by a single relaxation-time indepen

dent of the modes. Presumably this is the largest finite relaxation-time for the given 

temperature. This is very similar to the well-known quasiparticle lifetime at the 



Table 3.2. The relative momentum (Kr), the radii (kFl and k F2 ), the den-
sity (p), the chemical potential (p), and the corresponding equi-
librium temperature (T) from the nucleon distribution of two un-
equal Fenni-spheres. In the last four columns are the relaxation-
times of the quadrupole T2N, octupole T3N, hexadecapole T4N, 

and the fifth TSN, moment of the distribution function. 

-K~j;;:';;~iim:~;,-;;(j';;:')-~i;'--')-"Ut.V) - - T(Y.V) T,,J./-;'/e)---;'j./fft/e) -;,;(/m/;)--T;;r;alcl--· 
---------------------------------.-._---------------------------------_. 

0.600 1.056 0.8200 0.0804 24.37 1.99 212.1 111.2 
0.680 1.016 0.B200 0.0833 23.95 2.07 197.7 165.7 
0.760 1.012 0.8200 0.0142 24.15 2.B2 1Ui.3 11.7 
0.8:tO 1.004 0.8200 0.0872 24.60 2.94 107.6 .6.2 
0.800 0.986 0.8200 0.0875 24.50 3.50 81.5 641.6 
1.014 0.958 0.7800 0.0823 23.15 41.16 63.1 48.2 
1.066 0.950 0.7800 0.01145 23.35 4.91 48.1 38.6 
1.104 0.956 0.7540 0.0818 22.82 5.05 46.1 35.6 30.3 
1.380 0.960 0.7400 0.OB39 22.70 6.08 36.3 28.0 22.1 

6.80 31.0 23.7 19.6 14.6 1.3186 0.960 0.7580 0.OB60 22.94 7.36 28.2 22.3 17.7 12.9 l. 3960 0.956 0.7580 0.0829 21.80 8.05 25.4 111.9 15.8 12.1 l. 5300 0.946 0.7520 0.0863 22.03 9.4i 21.5 15.5 13.3 10.5 1.5800 0.942 0.7460 0.0851 20.11 9.80 20.2 15.7 12.5 9.6 1.6800 0.936 0.7420 0.0839 19.92 10.04 19.7 14.6 11.5 9.2 1. 8200 0.946 0.72BO 0.0845 18.33 11.79 16.1 12.8 10.2 8.1 1.9600 0.958 0.7480 0.0848 17 .08 12.91 15.1 11.1 9.2 7.2 2.0000 0.958 0.7420 0.0845 15.07 14.59 13.4 10.2 8.2 6.1 2.2800 0.958 0.7408 0.01139 10.68 17.53 11.8 8.9 7.1 5.7 
2.3380 0.9511 0.7408 0.01160 10.44 18.08 11.4 8.6 6.6 5.3 
2.36110 0.952 0.7408 0.0829 1.51 18.72 11.1 8.4 6.5 5.2 
--------------------------------------_._-_._--------------------------------------------------0.580 1.368 0.8500 0.1729 38.39 1.00 908.1 713.2 665.1 
0.768 1.3511 0.8450 0.1711 38.28 1.99 250.3 188.3 171.1 
0.B6B 1.340 0.8450 0.1612 38.76 2.28 181.3 145.5 122.7 
0.95B 1.348 0.83BO 0.1733 39.40 3.12 110.6 84.8 76.3 
1.0BO 1.346 0.8160 0.1681 38.60 3.53 87.6 61.3 59.2 
LOBO 1.346 0.B260 0.1705 38.91 4.27 61.2 41.8 42.4 
1.168 l.342 0.B160 0.170B 38.96 4.44 51.9 43.9 38.9 
1.20B 1.336 0.8140 0.1117 . 38.9a 4.87 49.B 38.1 33.'7 
1.268 1.30B 0.8160 0.1108 38.69 5.04 46.B 36.4 31.0 
1.29B 1.298 0.B080 0.1690- 38.25 

5.24 43.8 33.'7 29.0 0.1702 38.39 1.348 1.298 0.8080 0.1693 38.12 6.00 36.0 2B.2 24.1 
1.418 1.278 0.'7980 0.1699 311.15 6.42 32.8 25.1 21.7 
1.4B6 1.268 0.'7800 0.1635 36.57 '7.00 211.8 22.'7 19.1 

I-' 1.55B 1.278 0.B180 0.1654 36.48 7.99 23.8 lB.6 15.8 ~ 
1.70B 1.258 0.79BO 0.1629 35.96 9.18 19.9 15.7· 12.6 CI1 
1.186 1.248 0.7980 0.1666 36.12 10.0'7 17.3 13.4 11.4 



Table 3.2. (Continued. , 
------------------------- ------------------------------
K"(fm- I }I:",(/m-')lIn(/m-') j1J(fm-') II(MeV) T(WsV} ~2';'/m/c) r,,J..fm/ c) '411(Jm/c) 'SNlfa/C) 
--------------------------------- --------------------------------

1.826 1.238 0.1760 0.1604 35.23 11.05 15.7 12.1 10.1 7.7 
1.906 1.246 0.7040 0.1657 35.83 12.07 14.3 10.11 1.9 6.7 
1.990 1.246 0.7820 0.1654 32.63 12.71 13.6 10.6 1.4 6.1 
2.080 1.238 0.7680 0.1617 32.62 14.12 12.3 9.1 7.3 5.7 
2.180 1.246 0.17110 0.1663 32.86 15.09 10.' D.2 6.1 5.3 
2.280 1.238 0.1720 0.1614 30.29 16.40 10.2 7.4 6.1 4.11 
2.248 1.236 0.7780 0.1614 30.29 17 .05 9.t 7.5 5.9 4.1 
2.336 1.259 0.7980 0.1708 30.92 17." 9.CI 7.3 5.5 4.3 
2.459 1.246 0.1760 0.1669 28.94 19.13 '.0 6.9 5.2 4.1 
2.518 1.238 0.1780 0.1641 23.42 22.46 7.6 5.9 4.6 3.1 
2.619 1.238 0.1780 0.1668 23.86 23.07 7.4 5.3 4.3 3.5 
------------------------------------------~---------------------------------------------------0.390 1.619 1. 4840 0.3350 59.99 2.07 275.! 216.11 
0.490 1.668 1.4840 0.3390 60.70 2.51 11111.4 142.7 
0.508 1.668 1.4940 0.3400 60.90 2.U 157.7 l22.' 
0.658 1.658 1. 4680 0.3410 61.65 3.39 102.1 80.5 
0.118 1.639 1.4690 0.3360 60.45 4.21 66.6 51.1 
0.178 1.638 1. 4580 0.3430 61.13 4.63 511.2 44.& 
0.818 1.608 1.1380 0.3410 61.55 5.21 47.6 31.4 
1.080 1.558 1.3900 0.3410 60.16 5.18 40.1 31.1 
1.190 1.538 1.3990 0.3450 60.92 6.79 30.1 24.1 
1.279 1.519 1.3780 0.3360 59.40 7.19 24.4 U.9 
1.415 1.518 1.3390 0.3340 58.04 8.52 22.0 16.8 
1.359 1.508 1.3580 0.3330 58.31 9.13 U.CI 14.2 
1.532 1.509 1.3380 0.3340 58.84 9.91 17.7 !.l.CI 
1.539 1.498 1.3380 0.3320 57.74 11.29 14 .G 11.3 
1.939 1.499 1.3190 0.3370 57.12 11.U 13.1 10.1 
1.939 1.419 1.3380 0.3390 56.84 13.43 11.5 8.9 
1.959 1.459 1.2980 0.3040 56.70 14.415 10.3 8.0 6.11 
2.010 1.468 1.3180 0.3520 ~5 •. '4 15.132 9.3 7.2 6.0 
2.080 1.458 1.2900 0.3040 56.95 17.44 8.4 6.3 5.4 
2.150 1.419 1.3180 0.3520 ,5" .58 UI.24 8.1 6.1 5.1 
2.159 1.418 1.2990 0.3360 54.83 18.11 7.1 5.1 4.1 3.6 
2.259 1.418 1.2990 0.3320 53.32 20.01 7.3 5.3 4.' 3.4 ..... ------------------------------------------------------------------------------------------------- ~ 

0) 
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Fig. 3.15. Dependence of the relaxation-time. 'T'2N. on temperature and 
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Fig. 3.17. Dependence of the relaxation-time, T.m, on temperature and 
density for two unequal Fermi-sphere systems. 
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Fig. 3.18. Dependence of the relaxation-time, "'SN, on temperature and 
density for two unequal Fermi-sphere systems. 
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Fermi surface. It is also found that for T < 5M e V, the relaxation-times increases 

with increasing density. This may be attributed to the dependence of the cross 

sections on energy. As T increases above T = 5M e V, the system relaxes in a 

different manner and one finds two effects compete to change the relaxation-times 

at a given temperature. An increase in density will increase the rate at which 

collisions take place but, at the same time, an increase in the relative moment un 

]( r makes the exclusion principle less effective in limiting collisions. Generally, the 

relaxation-times decrease with increasing temperature. This behavior is directly 

related to the imagi~ary part of the optical potential W, because the lifetime of a 

single-nucleon is directly related to W by 

n 
Tp = 2W' (3.44) 

This emerges quite naturally in Brueckner theory because the effective force be

comes complex when the energy-conserving transitions are allowed.53 Obviously, at 

T = 0, the imaginary part of the optical potential vanishes at the Fermi surface 

because the collisions between nucleons are prohibited, except those collisions that 

take place on the Fermi surface by the nuclear wall. At higher temperatures the 

NN collision is allowed. Knowing that the imaginary part of the optical potential 

is increased by increasing the number of nucleons which share in collisions, and the 

fact that N N collisions increase by increasing temperature (because Pauli blocking 

decreases with increasing temperature), we can say that the effective interaction 

between the two colliding nuclei becomes complex, with the imaginary part increas

ing with temperature. This implies a decreasing of the relaxation-time, T. The 

reason why the relaxation-time is infinite at absolute zero temperature is because 

the imaginary part is zero. On the other hand, because the imaginary part in-

creases with increasing tempera.t.ure, the relaxation-time decreases. The shorter the 
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relaxation-time the closer we approach the hydrodynamic limit. 

The relaxation-time approximation is also used to study the time evolution of the 

distribution function for a system of two sharp Fermi-spheres. The results can be 

compared with the exact solution of the UU equation. Therefore, investigations of 

two equal Fermi-spheres distribution function, as well as the two unequal Fermi

spheres distribtuion function, are required. First, thermalization of a distribution 

function represented by two sharp equal Fermi-spheres of radii 1.36jm-1 and center 

separation 1.7/m-1 is tested by means of RTA. The temperature and chemical 

potential are calculated from tables used for the same purpose in Chapter 2. The 

temperature and chemical potential values are found to be 

T = 13.65MeV, J.l = 54MeV. (3.45) 

The thermalized distribution function, If, is now defined as 

If = (1 + (:: - 54) /13.65)-1 (3.46) 

In order to define the distribution function at all times for T > 0, a relaxation-time 

is needed. The relaxation-time, T2E in equation (3.38) is used with If is specified, 

the distribution function is found for each time step from equation (3.16). Contour 

plots of the distribution function for several time steps are shown in Figure 3.19. 

The designations "inc", "bas", and t have the same meaning in all contour plots. 

Second, thermalization oftwounequal Fermi-spheres ofradii 1.361m-1 and 11m-I , 

and center separation 1.7 Im-1 is followed. The temperature and chemical potential 

are found to be 10.MeV and 43.79 MeV respectively. Expression of T3N given in 

equation (3.41) is used to represent relaxation-time. Contour plots of the distribu

tion function in this case are displayed in Figure 3.20. 
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Fig. 3.19. Contour plots of the distribution function h in the scattering 
plane (k p , kz) resulting from the distribution of two equal Fermi
spheres of radii kFI = kF2 = 1.36fm- l , and center separation 
Kr = 1.7fm- l • Results are obtained by means of RTA. The 
lowest distribution is indicated by "bas" and the contour sepa
ration is indicated by "inc". Time t iB in unitB of 10-21 sec. 
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Fig. 3.20. Contour plots of the distribution function II in the scattering 
plane (kp, k~) resulting from the distribution of two unequal 
Fermi·spheres of radii kFI = 1.36fm- l , kF2 = 1.0fm- I

, and 
center separation l{r = 1.7 fm -I. Results are obtruned by 
means of RTA. The lowest distribution is indicated by "bilS" 
and the contour separation is indicated by "inc". Time t is ill 
units of 10-21 sec. 
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Contour plots of these results (equal and unequal sphere thermalization) are com

pared to the results obtained from solving the UU equation. This is shown in Figures 

3.21 and 3.22. On looking at Figure 3.21, and Figure 3.22, it is obvious that the two 

results are almost in agreement. The relaxation-time approximation agrees better 

with the results obtained for the distribution function when the energy width is 

considered, which resulted in slowing down the equilibration processes. This is be

cause the RTA puts nucleons into high momentum states after fewer collisions the 

UU model does. 53 This is the result of the conservation of energy in the individual 

collisions imposed in the UU model, while the RTA calculations only impose an 

averaged conservation. 

It is worth mentioning that the RTA calculations are also found to give results 

in good agreement with the full quantum-mechanical treatment.53 Apparently, the 

quantum correction essentially can change the relaxation-time values but not their 

general behavior. 

3.8 Testing of the RTA 

So far, two different models, namely the UU model and the RTA model, have 

been developed in order to determine the speed of the relaxation process as well as 

the distribution function. It should be made clear that the general UU equation 

is difficult to solve numerically because it takes several hours of computer time to 

finish one run. On the contrary, one finds the RTA to the problem easy to solve 

especially on the numerical basis without any lengthy calculations. The reason is 

the large difference between the two computer programs solving the UU equation 

and the UURX equation. Agreement between the two models is expected to be 

qualitative. 
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Fig. 3.21. Contour plot. of the time evolution of the distribution function 
Is for twoeque.1 Fermi·llpheres ofradii kFI == A:n = 1.36jm- l

, 

and center separation Kr = 1.7jm- l • This figure is plotted to 
compare the RTA results with the results obtained by the meth· 
"ds used in Chapter Two: (1\) The UU equation time evolution. 
(b) The UU equation which includes the nucleon interactions 
time evolution. (c) The UU equation which includf'S the energy 
width effect time evolution. (d) The RTA time evolution of the 
distribution function. The lowest distribution is indicated by 
"bas" and the distance between contour lines is indicated by 
"inc". Time t is in units of 10- 21 sec. 
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Fi~. 3.22. Contour plots of the time evolution of the distribution function 
!J fortwounequalFermi.spheresofradiikpl = 1.36!m-

1
, kp2 = 

1.0! m -1, and center separation K .. = 1.7! m -I. This figure alao 
is plotted to compare the RTA results with other results dis· 
played in Chapter Two: (a) The UU equation time evolution. 
(b) The UU equation which includes the nucleon interaction s 
time evolution. (c) The UU equation which includes the en· 
ergy width effect time evolution. (d) The JITA time evolution of 
the distribution function. The lowest distribution is indicated 
by "bas" and the contour line separation is indicated by "inc". 
The t is in units of 10-21 sec. 
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In order to test and determine whether the RTA is a good and a reasonable 

approximation, we must solve the UU equation exactly to obtain an exact solution to 

the distribution function, which is basic for calculating all other parameters such as 

entropy, anisotropy, etc. This has been done in Chapter 2 by developing a computer 

program to solve the equation numerically with no approximation regarding the UU 

collison term being considered. The same parameters and other quantities have to 

be recalculated by applying the distribution function obtained from the UURX 

equation. This requires another computer program to accomplish the requirement. 

Results obtained fro~ both methods have to be compared in order to decide the 

RTA applicability. This applicability is determined by how close the two results 

are. 

Let us now discuss some implications of the results obtained. 

1) Numerical values of energy, density, and energy are found to be in a good agree

ment within 6% difference. 

2) The behavior of the anisotropy parameter has also been tested. The results are 

displayed in Figure 3.23. On testing the results displayed in Figure 3.23 against 

the results in Figure 2.17, one can tell the two results are very much in agreement. 

3) The entropy difference Smax - S, behavior in Figure 3.24 shows a deviation from 

the pure exponential behavior. This is actually in agreement with the results 

obtained by using the UU equation solution. 

4) The multipole moments are found to decay exponentially with time. This agrees 

with the RTA prediction and provides a check to equation (3.30). 

5) The energy components Tz - Tzmax,and Tpmax - Tp are also found to behave 
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Fig. 3.23. Dependence of the anisotropy parameter, q, on time. Results 
belong to two equal Fermi-spheres. Calculations are made by 
means of RTA. 
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T= 13.27 MeV 

" 
r = 23.27 MeV 

Fig. 3.24. Dependence of entropy difference, Smax - S, on time. Results 
belong to two equal Fermi-spheres. Calculations are made by 
means of RTA. 
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according to equations (3.36) and (3.37) and decay exponentially with time. This 

is shown in Figures 3.25 and 3.26. 

6) As our final test, let us compare the relaxation-time obtained for the two equal 

Fermi-spheres with the time needed to approach thermalization. The total time 

to reach thermalization is found to be 21fm/c, while the relaxation-time is found 

to be 19.6fm/c. 

Generally speaking, the RTA calculations are found to be in fair agreement with 

the UU calculations, though detailed comparisons no doubt reveal some minor dif

ferences. The essential differences are in method rather than in content. This subtle 

distinction between the UU model and the RTA model procedures is probably the 

reason why one som~times finds some differences. 

All in all, ad hoc thermalization studies especially the relaxation-times, we believe 

the RTA is a reasonable one. 



Fig. 3.25. Dependence of Tz - TZE on time. Results belong to two equal 
Fermi-spheres. Calculations are made by means of RTA. 
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Fig. 3.26. Dependence of TpE - Tp on time. Results belong to two equal 
Fermi-spheres. Calculations are made by means of RTA. 
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CHAPTER FOUR 

Thermalization of deformed Fermi surfaces 

4.1 Introduction 
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In the last two chapters thermalization and relaxation-times of nuclear many-body 

systems resulting from the collision of two nuclei were studied. It was found that 

each distribution function is composed of different moments when expanded in Leg

endre polynomials, and each moment relaxes separately with a certain relaxation

time. For instance, the two equal Fermi sphere systems were found to have only 

two moments in Legendre polynomials, the second and the fourth moments. The 

fourth moment is found to appear at a certain temperature and a certain density. 

Therefore, it is important to study the thermalization of each moment separately. 

This can be done by studying deformed Fermi surfaces. 

The decay of quadrupole deformed Fermi surfaces that have small deformations 

has been investigated by several authors with the linearized UU collision term.94 ,95 

In this chapter investigations are extended to include deformations of higher order. 

This includes thermalization studies as well as studies of relaxation-times. Investiga

tions focus on quadrupole, octupole hexadecapole, and the fifth order deformations 

of a deformed Fermi surface. This is because the two Fermi sphere systems were 

found to have no sixth moment and the monopole and dipole moments are con

served quantities. Calculations are based on the same numerical assumptions used 

in Chapter 3. 

Section 2 introduces the deformed Fermi surfaces problem. Section 3 contains the 

result of quadrupole, octupole, hexadecapole, and fifth moments. 
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4.2 Theoretical background. 

Not only do HI collisions allow nucleon collisions when the thermalization of a 

non-equilbrium system is studied, but also deformation of spherical distribution in 

momentum-space increases the probability of two-body collisions. Nucleons can 

collide since the final momenta are not completely forbidden by the Pauli blocking, 

as in the case of spherical distributions. 

Consider a slab of nuclear matter represented in momentum-space by a Fermi 

sphere of radius KF. If this sphere is subjected to a certain disturbance (deforma

tion), the surface of the sphere is changed and a non-equilibrium system is formed. 

The disturbance of the Fermi surface allows the collision between nucleons because 

some accessible states are available for nucleons to scatter outside the Fermi sur-

face. We shall consider an arbitrary deformation described in momentum-space by 

a function K(8) of the surface of the nucleus. The quantity K(8) is the distance 

from the center of the nucleus to its surface in the direction of polar angle 8, mea

sured in the laboratory frame. Now let us expand this function as a sum over the 

Legendre polynomials P, as 

K(8) = K F [l + L.B,P,(cos8)], (4.1) 
I 

where .BI are the deformation parameters characterizing the shape of the deformed 

surface and P,( cos 8) are the Legendre polynomials of order 1. This expansion allows 

us to describe very general shapes. The collision between nucleons is needed to 

restore the anisotropic distribution to the istropic one. Thus, there is a decay time 

as the anisotropic distribution relaxes to an isotropic distribution called relaxation-

time. The relaxation-time concept is similar to the one introduced in Chapter 3. 

Let the departure of the distribution function from equilibrium also be expanded 



in Legendre polynomials 

6h = h - if = I: F,P,(cos 0), 
'~2 
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(4.2) 

where F, are the expansion coefficients of h in Legendre polynomials (see equation 

3.17). Equation (4.2) excludes the 1 = 0 and 1 = 1 terms because the total number of 

particles and the momentum in the collisions are assumed to be conserved, making 

these terms contribution zero for I. Putting the expansion (4.2) in the UU collision 

term and applying relaxation-time approximation of 6 iI, we find 

dh = l(6h) = _ I: F,P,(cosO). 
dt 1~2 7', (4.3) 

Equation (4.3) is a multipole expansion of l(6id that contains all terms of 1 higher 

than one. The relaxation-time 7', for I-multipole deformation of the Fermi surface is 

obtained by appropriate integration of 6i1 over momentum-space. The results are 

given by 
1 J dPI(6h)P,(cosO) 
7', = J dp6hP,(cosO) . 

(4.4) 

On the other hand, the changes brought about by the nucleons' scattering can be 

described by the following UU kinetic equation of the form (see Chapter 3) 

d2:.F P, 2:.F,P, 
=---

dt 
(4.5) 

Thus, the kinetic equation reduces to a set of simultaneous equations in the j, 

for each value of 1. Equation (4.5) implies that each F, of the deformation to the 

Fermi surface has its own relaxation-time. The relaxation-time for each mode of 

deformation is also obtained by appropriate integration of h over momentum-space. 

The result is 

(4.6) 
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The method we use' to obtain the relaxation-time from equation (4.6) is similar 

to the method used in Chapter 3, that is, we calculate J 11P,(cos(})dj/ and make 

a semilogarithmic plot of the integral versus time, the relaxation time T, being 

the inverse of that plot slope. The first eight Legendre polynomials are listed in 

Appendix B. 

The deformation energy per particle, f.D, is defined by 

1 J if 3 
f.D = p If. (271')3 - '5J.lo, (4.7) 

where /10 is the Fermi energy. The thermal energy per particle, f.th , correct to 

second order is given by 

-e.th = ~/10 [571'2 (kT)2 _ 71'4 (kT)4]. 
5 12 /10 16 /10 

(4.8) 

4.3 Results 

Calculations are, in general, made as in Chapters 2 and 3. The meshes are the 

same, the size of the box is the same and we used the same numerical methods in 

our calculations. 

4.3.1 Results for quadrupole deformation 

The quadrupole (ellipsoidal) deformations of the nuclear surface correspond to 

the value 1 = 2 of the Legendre polynomials. That is, we confine ourselves to taking 

into account the second-order deformation only. In this case, the surface of the 

deformed nucleus is an ellipsoid arbitrarily oriented in momentum-space: 

(4.9) 
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where P2 is the second order Legendre polynomial and () is the polar angle. The 

initial distribution function that can be used to describe a deformed nucleus subject 

to a quadrupole deformation may be written as 

iI(pjt = 0) = (}[KF(l + f3P2(cos(})) - p], (4.10) 

or 

(4.11) 

When the collision between nucleons start and the scattering nucleons starts to fill 

the unoccupied states, the change in the distribution function is written as 

dh = l(!) dt 1 , (4.12) 

where the collision term l(h) contains distributions of the form given by equations 

(4.10) or (4.11). 

The relaxation-ti~e of a quadrupole deformed Fermi surface may be extracted 

from equation (4.4). We find 

~ = J l(h)P2(cos8)dj/ = -.!!:[l i! p. ( (})d;;'l 
72 J hP2(cos(})dj/ dt n 1 2 cos PJ· (4.13) 

In Figure 4.1 we display contour plots of the distribution function for nucleons 

occupying states of a P2 deformed Fermi surface of radius 1.332fm-1 , deformation 
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Fig. 4.l. Contour plots of the time evolution of a distribution function 
h for nucleons occupying states of a P2 deformed Fermi surface 
of radius PF = 1.332fm-1 and deformation parameter ~ = 
.3. The initial distribtuion is characterized by a temperature of 
3 MeV. The lowest distribution is indicated by "bas" and the 
contour line separation is indicated by "inc". Time t is in units 
of 10-21 sec. 
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parameter .3 and initial temperature 3 MeV to show how a surface having this 

deformation reaches thermalization. Since we start with a heated distribution, the 

contour lines of t = 0 appear to be diffuse. Contour lines of the distribution function 

appear to be uniform at t = .12 X 10-21 sec. The characterized temperature is found 

to be 6.45 MeV. 

The q2 = J flP2(cos(})djis shown in Figure 4.2. The inverse of the negative slope 

is the relaxation-tim~. Results of the relaxation-time T2 are tabulated in Table 4.1 

and are plotted in Figure 4.3. T2 decreases with increasing deformation parameter. 

The relaxation-time T2 dependence on temperature and density is fitted by the 

following equation 

T2 = 859 (l!..) .25 + ~ (po) .45 

T2 Po VT P 
(4.14) 

4.3.2 Results for the octupole deformation 

A deformed Fermi surface that has an octupole deformation is controlled by means 

of Legendre polynomials of order three, that is 1 = 3. The surface of the deformed 

nucleus is represented in momentum-space by 

J(((}) = J(F(l + f3Pa(cos(})), (4.15) 

where Pa is the third order Legendre polynomials. Assuming an octupole deforma

tion, the distribution function may take the following form 

f(Pi t = 0) = (}[J(F(l + f3Pa(cos(})) -,P1, (4.16) 

or 

(4.17) 
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Table 4.1. The deformation parameter (f3), the radius (KF), the density 
(p), the equilibrium chemical potential (JL), the initial tempera-
ture (Ti), and the corresponding equilibrium temperature (Tj) 
from nucleon distribution of a P2 deformed Fermi surface. In 
the last column is the relaxation-time, '1"2-

--P---1{;(i~:1)-p(i;::3)-----;(Ai;V)-~(Ai;V)--T,(ii;V)--~(j;;i;) 

---------------------------~----------------------------------O·.~-20 1.080 0.0830 24.92 0.00 2.38 160.2 
0.264 1.060 0.0842 24.17 0.00 2.92 llO.2 
0.280 1.060 0.0870 24.62 0.00 3.03 106.9 
0.360 1.080 0.0845 23.63 0.00 4.60 56.1 
()o;712 0.958 0.0848 21.81 0.00 7.63 30.8 
0·.780 0.940 0.0836 20.13 0.00 9.64 22.4 
0.968 0.912 0.0854 19.53 0.00 10.67 20.1 
1.080 0.876 0.0869 17.96 0.00 12.63 17.1 
1.180 0.856 0.0863 17.33 0.00 13.04 16.6 
1.554 0.768 0.0842 14 .96 0.00 14 .47 15.2 
1.978 0.678 0.0851 11.98 0.00 16.93 13.3 
2.486 0.604 0.0851 10.91 0.00 17.65 12.8 
2.686 0.575 0.0845 7.31 0.00 19.87 11. 7 
0.320 1.048 0.0856 23.25 3.86 5.44 45.1 
0.402 1.028 0.0839 22.59 3.86 6.16 38.2 
0.528 1.005 0.0841 21.89 3.86 . 7.41 29.9 
0.580 1.004 0.0865 21. -06 3.86 8.06 27.0 
0.678 0.978 0.0854 21.04 3.86 9.01 24.0 
0.786 0.948 0.0844 19.96 3.·86 10.01 21.3 
0.876 0.928 0.0850 19.30 3.86 10.87 19.6 
0.956 0.908 0.0851 18.63 3.86 11.55 18.6 
1. 054 0.884 0.0853 17.87 3.86 12.33 17.5 
1.148 0.862 0.0858 17.21 3.86 13.02 16.7 
1.318 0.818 0.0849 15.88 3.86 13.97 15.7 
1. 498 0.778 0.0854 14.79 3.86 14.94 14.8 
1. 728 0.726 0.0844 13.39 3.86 15.79 14.2 
1.956 0.686 0.0859 12.47 3.86 16.62 13.5 
2.728 .0.564 0.0850 9.90 3.86 18.35 12.6 

--------------------------------------------------------------
0.138 1.348 0.1708 38.71 0.00 2.41 l75.6 
0.158 1.338 0.1666 38.11 0.00 2.68 145.3 
0.200 1.348 0.1730 38.94 0.00 3.12 110.1 
0.240 1.338 0.1660 37.68 0.00 4.57 5i.6 

0.320 1.318 0.1744 38.45 0.00 5.35 44.8 
0.369 1.290 0.1751 38.94 0.00 6.0i 38.0 

0.420 1.320 0.1750 37.84 0.00 8.30 24.0 

0.480 1.300 0.1680 35.93 0.00 9.90 19.6 

0.560 1.290 0.li40 35.90 0.00 :'1.86 15.8 
0.680 1.269 0.1667 33.28 0.00 :3.98 :'3.2 

0.720 1.260 0.1 ;40. 35.06 0.00 :'5.40 :2.:l 
0.840 1.218 0.1705 31. 71 0.00 :6.60 ::'.4 

0.894 1.212 0.1620 28.36 0.00 :8.::'8 :'0.4 
0.920 1.204 0.1705 28.28 O.CO 1.9.83 9.5 
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. Tabl, 4.1. (Continuod.. ) 

-------------------.~~m_----------------------------------------(3 Kp(jm-1 ) p(jm~) ,,(MeV) T.(MeV) T,(MeV) f.(lrn/c) 
--------------------------------------------------------------.-

1.080 
0.160 
0.320 
0.428 
0.360 
0.460 
0.560 
0.740 
0:840 
0:989 
0.984 
0.240 
0.560 
0.640 
0.760 

1.146 
1.346 
1.312 
1.302 
1.332 
1.302 
1.282 
1.218 
1.194 
1.126 
1.152 
1.328 
1.~JI3 
1.228 
1.208 

0.1705 
0.1693 
0.1648 
0.1685 
0.1764 
0.1728 
0.1745 
0.1692 
0.1717 
0.1628 
0.1732 
0.1738 
0.1648 
0.1692 
0.1752 

26.64 
37.85 
36.60 
36.38 
37.77 
36.39 
35.36 
32.91 
31.29 
28.15 
29.42 
36.96 
33.17 
32.82 
32.28 

0.00 
3.80 
3.80 
3.80 
5.00 
5.00 
5.00 
5.00 
5.00 
5.00 
5.00 
8.00 
8.00 
8.00 
8.00 

21.22 
4.77 
7.ll 
9.15 
8.72 

10.39 
12.31 
15.22 
16.93 
18.37 
19.07 

9.21 
13.13 
14.46 
16.46 

9.0 
54.1 
29.6 
21.7 
22.6 
18.4 
15.2 
12.1 
ll.O 
10.2 
9.8 

2l.3 
14.2 
12.8 
11.3 

---------------------------------------------------------------
0.050 1.698 0.3230 58.84 0.00 2.48 198.6 
0.150' 1.698 0.3349 60.43 0.00 3.71 88.5 
0.158 1.700 0.3404 61.10 0.00 4.24 71.1 
0.184 1.692 0.3426 61.32 0.00 4.92 54.9 
0.196 1.692 0.3453 61.68 0.00 5.31 48.1 
0.204 1.688 0.3428 61.26 0.00 6.23 37.1 
0.240 1.682 0.3401 60.50 0.00 7.55 27.8 
0.340 1.672 0.3589 62.50 0.00 9.40 19.7 
0.368 1.654 0.3477 61.02 0.00 10.29 17.4 
0.374 1.648 0.3368 59.10 0.00 11.27 15.4 
0.392 1.662 0.3349 58.55 0.00 12.00 14.2 
0.416 1.664 0.3386 58.10 0.00 14.38 11.7 
0.458 1.658 0.3362 57.47 0.00 15.16 10.B 
0.496 1.656 0.3325 56.52 0.00 16.18 9.9 
0.560 1.642 0.3398 55.69 0.00 19.10 8.3 
0.640 1.618 0.3538 55.84 0.00 20.98 7.7 
0.680 1.624 0.3581 55.26 0.00 22.07 7.2 
0.120 1.678 0.3229 58.65 3.80 5.04 53.0 
0.180 1.700 0.3397 60.56 3.80 6.53 34.7 
0.258 1.682 0.3372 59.89 3.80 B.59 22.4 
0.320 1.662 0.3324 58.81 3.80 10.36 17.3 
0.358 1.652 0.3308 58.23 3.80 11.53 15.2 
0.380 1.652 0.3336 58.31 3.80 12.31 13.7 
0.418 1.652 0.3390 58.43 3.80 13.68 12.2 
0.448 1.650 0.3422 58.37 3.80 14.73 11.1 
0.480 1.646 0.3449 58.16 3.80 15.79 10.3 
0.528 1.632 0.3447 57.32 3.80 17.26 9.3 
0.580 1.612 0.3426 56.12 3.80 18.71 8.S 
0.638 1.586 0.3388 54.56 3.80 20.17 7.9 
0.6BO 1.560 0.3311 52.98 3.80 21.01 7.5 
0.74B 1.560 0.3475 53.26 3.80 23.12 6.9 

----------------~-----------------------------------------------
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Fig. 4.3. Dependence of the relaxation-time, 1'2, on temperature and den
sity for some P2" deformed Fermi surface systems. 
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When the collision term is expressed in terms of distributions similar to the one 

given by equation (4.16) and the usage is made of the UU equation, we can evaluate 

the distribution function. The relaxation-time is defined by 

1 J 1P3(cos(})dp d J 
7"3 = J It P3 ( cos (})dp = - dt [In It P3 ( cos (})dPJ· (4.18) 

Thermalization of the distribution function corresponding to a deformed Fermi 

surface of radius 1.343, deformation parameter .37 and initial temperature zero is 

shown in Figure 4.4. Obviously, the contour lines start to diffuse around the region 

of available empty states. The distribution function is completely thermalized at 

t = .15 X 10-21 sec. At t = .02 X 10-21 sec, the figure also shows some islands 

of nucleons with pos~tive kz momentum in the upper part of the scattering plane. 

These islands may be attributed to some nucleons scattered by the box walls and 

reflected back. 

Figure 4.5 represents a semi logarithmic plot of q3 = J f1 P3 (cos (})dp. The 

relaxation-time 7"3 is calculated from the slope of q3 versus time. Results of 7"3 

are tabluated in Table 4.2. Figure 4.6 displays 7"3 as a function of temperature. 

This figure shows that 7"3 decreases with increasing temperature. A good fit to the 

relaxation-time results in expressed in the form 

_ 665 (p ).25 25 (pO)·45 
7"3-- - +--T2 Po ..jT P , 1m/c. (4.19) 

4.3.3 Results for hexadecapole deformation 

A hexadecapole deformation is the one that corresponds to I = 4, that is, a fourth 

order Legendre polynomial. The surface in this case may be described by 

K(B) = KF(l + f3P4(COS(})), (4.20) 
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Table 4.2. The deform~~io~ parame~er (f3), the radius (KF), the density 
(p), the eqUllibnum chemIcal potential (p.), the initial tempera
ture (Ti), and the corresponding equilibrium temperature (T

f
) 

from nucleon distribution of a P3 deformed Fermi surface. In 
the last column is the relaxation-time, T3. . 

-~---K;v;;=r)-7J;;=;)----;(M;V)- ~(Mevj--T,(M;V)-;;(j;i~--

----------~----~--------~~--~~----~~~--------------
0.05 
0.1.2 
0.32 
0.42 
0.62 
0.72 
0.86 
1.10 
1. 60 
1.90 
2.048 . 
2.148 
2.848 
3.248 
4.548 
0.479 
0.769 
0.989 
0.12 
0.62 
0.62 
0.948 

1.072 
1.072 
1.040 
1.040 
1.020 
0.998 
0.978 
0.924 
0.846 
0.7e6 
0.772 
0.762 
0.658 
0.618 
0.502 
1.038 
0.984 
0.948 
1.072 
1.020 
0.992 
0.928 

0.088 
0.0851 
0.0821 
0.0839 
0.0845 
0.0839 
0.0875 
0.0854 
0.0857 
0.0854 
0.0824 
0.0848 
0.0857 
0.0878 
0.0919 
0.0859 
0.0839 
0.0854 
0.0853 
0.0854 
0.0846 
0.0832 

24.22 
23.21 
23.34 
23.31 
22.85 
22.46 
21.98 
20.28 
17.29 
15.16 
15.00 
15.16 
13.69 
12.90 
10.61 
23.02 
21.46 
20.63 
23.25 
22.93 
21.48 
19.87 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
3.80 
3.80 
3.80 
5.00 
5.00 
6.00 
6.00 

1.21 
2.38 
2.98 
4.09 
5.77 
6.32 
8.07 
9.74 

12.72 
13.27 
13.95 
14.34 
lS.1-2 
16.72 
19.05 

5.87 
7.83 
9.37 
5.23 
9.82 
8.05 
9.64 

419.3 
119.5 

86.0 
50.8 
30.8 
26.9 
19.5 
l6.3 
12.2 
11.7 
11.3 
11.1 
10.4 

9.9 
8.8 

29.4 
19.4 
16.9 
3l. 0 
17.2 
18.5 
15.4 

---------------------------------------------------------------
0.12 
0.1.8 
0.24 
0.32 
0.44 
0.56 
0.78 
0.84 
0.90 
0.98 
1.10 
1. 60 
0.12 
0.418 
0.602 
0.802 
0.648 

1.360 
1.354 
1.346 
1.334 
1.318 
1.326 
1.268 
1.228 
1.218 
1.208 
1.186 
1.064 
1.358 
1.318 
1. 284 
1.248 
1.268 

0.1789 
0.1748 
0.1736 
0.1684 
0.1654 
0.1748 
0.1754 
0.1651 
0.1660 
0.1705 
0.1669 
0.1699 
0.1724 
0.1689 
0.1678 
0.1700 
0.16a6 

39.21 
38.21 
38.62 
37.41 
36.72 
37.29 
36.12 
33.84 
33.37 
33.42 
31.12 
25.88 
38.35 
36.94 
35.76 
34.55 
35.00 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
3.80 
3.80 
3.80 
3.80 
6.00 

2.39 
2.74 
3.81 
4.96 
6.72 
9.12 

11.08 
11.83 
12.86 
13.98 
15.96 
21.45 

4.20 
7.33 
9.65 

12.25 
11.19 

145.6 
104.2 
59.3 
38.3 
24.4 
16.3 
12.9 
11.8 
10.7 

9.8 
8.6 
6.5 

51.2 
22.1 
15.3 
11.4 
12.7 
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Table- 4.2. (Continued. ) 

--~----j(;[j~~i)-~-i~~j)---;(ii;V)--~(ii;V)--T~Ai~V)--~:(f~i~-
---------------------------------------------------------------

0.738 1.240 0.1651 33.86 6.00 12.05 11.7 
0.948 1.208 0.1716 33.13 6.00 14 .53 9.4 

---------------------------------------------------------------
0.05 1.688 0.3325 59.26 0.00 2.40 153.1 
0.14 1.686 0.3259 59.11 0.00 3.00 102.1 
0.18 1.694 0.3374 60.63 0.00 4.14 56.1 
0.~06 1.694 0.3406 60.18 0.00 4.94 42.9 
0.246 1.696 0.3386 60.16 0.00 6.16 28.6 
0.26 1.682 0.3289 58.99 0.00 7.18 21.7 
0.39 1.678 0.3353 59.09 O~OO 9.88 14.3 
0.45 1.672 0.3411 59.95 0.00 11.05 11.5 
0.59 1.652 0.3307 56.81 0.00 14.25 8.5 
0.67 1.642 0.3459 57.38 0.00 17.02 7.3 
0.79 1.608 0.3429 55.86 0.00 18.79 6.3 
0.280 1.680 0.3329 59.23 3.80 7.69 20.4 
0.480 1.668 0.3447 59.35 3.80 12.29 11.6 
0.680 1.628 0.3483 57.60 3.80 16.9'0 6.4 
0.14 1.686 0.3297 59.14 3.80 5.98 30.5 
0.14 1. 686 0.3308 59.13 6.00 6.85 24.5 
0.36 1.669 0.3357 58.79 6.00 10.53 12.8 
0.48 1.658 0.3422 58.68 6.00 14 .09 8.6 
0.68 1.618 0.3466 57.13 6.00 17.25 6.9 
0.29 1.682 0.3388 59.36 7.00 9.91 13.6 

---------------------------------------------------------------
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and the distribution function is the one that is represented by 

Ix(Pi t = 0) = O[KF(l + (3P4 (cosO» - fil, (4.21) 

or 

(4.22) 

While the collision term is expressed in terms of the distribution functions of the 

same form given in equation (4.21), the relaxation-time is expressed in terms 

( 4.23) 

Figure 4.7 displays the contour plot of the distribution function for a P4 deformed 

Fermi surface of radius 1.332 jm-1 and deformation parameter .42. In Figure 4.8 

we plot q4 = J Ix P4 (cos O)dp on a seroilogarithroic scale from which we calculate the 

relaxation-time T4' The T4 results are found in Table 4.3 and displayed in Figure 

4.9. The T4 values do depend on temperature and density. As the temperature 

increases, the T4 value decreases. The best equation that fits these relaxation-times 

is 

T4 = 610 (L) .25 + .E.- (PO) .45, T2 PO -IT p jm/c. (4.24) 

4.3.4 Results for fifth deformation 

The fifth order Legendre polynomial corresponding to 1 = 5 in the expansion is 

called the fifth order deformation. The initial distribution function used to represent 

this deformed surface is 

Ix(Pi t = 0) = O[KF(l + (3P5(COSO» - fil. (4.25) 
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Table 4.3. The deform~~io~ parame~er (fJ), the radius (KF), the density 
(p), the eqwlibnum cheInlcal potential (p), the initial tempera-
ture (Ti), and t.he ~rr~sponding equilibrium temperature (Tf) 
from nucleon distnbutlon of a P4 deformed Fermi swface. In 
the last column is the relaxation-time, T4. 

---------------------------------------------------------------
~ J(F(fm- 1) p(jm-3) ",(MeV) Ti(MeV) T,(McV) r4 (1m/c) 

---------------------------------------------------------------
q .140 1.0460 0.082l 23.31 0.00 1.20 395.3 
0'.180 1.0760 0.0869 22.75 0.00 2.38 138.2 
0.390 1.0660 0.0857 24.l2 0.00 3.67 55.2 
0.478 1.0480 0.0851 23.84 . 0.00 4.2l 41.4 
0.548 1.0418 0.0857 23.34 0.00 5.2l 29.4 
0.845 0.9820 0.0857 22.24 0.00 7.79 U.S 
0.900 0.9980 0.0869 21.62 0.00 8.63 14.6 
1.300 0.9084 0.0854 19.16 0.00 11.ll 10.7 
1.340 0.90l4 0.0872 l8.32 0.00 12.35 9.6 
1. 460 0.8864 0.0834 15.39 0.00 14.l2 8.5 
1. 600 0.8848 0.0842 12.17 0.00 16.6l 7.4 
1.900 0.8288 0.0866 10.51 0.00 18.25 6.8 
0.430 1.0480 0.0856 23.23 3.80 5.U 29.2 
0.872 0.9820 0.0848 21.00 3.80 8.90 13.4 
1.228 0.9160 0.0849 18.38 3.80 11.78 10.3 
0.578 1.0l26 0.0858 21.89 6.00 7.84 15.4 
0.958 0.9480 0.0846 19.78 6.00 lO.23 11.5 

--------------------------------------------------------------
0.1800 1.3480 0.1711 38.38 0.00 2.5l li7.3 
0.2500 1.3600 0.1738 39.1l 0.00 3.38 65.7 
0.2800 1.3280 0.1629 37.25 0.00 3.80 51.7 
0.3200 1.3280 0.1614 37.12 0.00 4.76· 34.3 
0.3600 1.3280 0.l69l 39.02 0.00 S.22 29.8 
0.4200 1.3320 0.1689 37.37 0.00 5.77 24.8 
0.4800 1.3320 o .l711 38.35 0.00 6.{)5· 19.8 
0.5600 l.3280 0.17l1 37.82 0.00 8.95 l2.6 
0.6800 1.3200 0.1754 37.05 0.00 10.13 10.6 
0.8600 l.2680 0.1711 35.05 0.00 12.59 8.5 
0.9200 l.2520 0.1651 32.84 0.00 14.33 6.9 
0.9800 1.2420 0.l774 32.43 0.00 16.53 6.2 
1.l000 1.2340 0.l784 30.53 0.00 19.01 5.3 
0.1600 1.3580 0.1729 38.40 3.80 4.36 39.l 
0.260 1.3480 o .l714 38.05 3.80 5.25 29.7 
0.380 l.332 0.1694 37.45 3.00 6.60 20.1 
0.480 1.322 0.l700 37.l2 3.80 7.95 14 .8 
0.620 l.308 0.l725 36.59 3.80 lO.08 lO.5 
0.740 l.286 0.1723 35.48 3.80 ll.92 8.5 
0.820 l.268 o .l714 34.46 3.80 l3.l8 7.5 
0.920 l.248 o .l714 33.24 3.80 14.72 6.8 
0.986 1.218 0.1648 31.51 3.80 l5.35 6.2 
0.380 1.332 0.1729 37.35 6.00 8.11 14.4 
0.480 1.322 ·0.1738 37.04 6.00 9.25 12.0 
0.620 1.308 0.1766 36.56 6.00 1:.11 9.4 
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'table 4.3 (Continu&d.. ) 

-p----K;(j;;=t)-;(j;-=3)-;(M;Vf-Ti(ileVf-T;{M~vf-r..-[j~i;)--
-----------------------------------------------------.-----
0.740 1.286 0.1764 35.50 ' 6.00 12.76 7.8 
0.820 1.268 0.1755 34.55 6.00 13.86 7.0 
0.920 1.248 0.1757 33.48 6.00 15.26 6.3 

------------------------------------------------------------
0.0800 1.6990 0.3393 60.46 0.00 2.40 142.7 
0.1500 1. 6980 0.3304 59.58 0.00 3.05 90.9 
0.2200 1.6980 0.3389 GO.73 0.00 4.59 41.3 
0;2600 1.6980 0.3489 61.99 0.00 5.63 27.9 
0.2820 1.6940 0.3468 61.56 0.00 5.86 27.2 
0.3180 1.6920 0.3426 60.63 0.00 6.85 20.2 
0.3200 1.684 0.3290 58.81 0.00 7.49 18.3 
0.3600 1.6840 0.3335 59.45 0.00 8.57 14.6 
0.4200 1.6840 0.3304 58.84 0.00 9.27 12.5 
0.4800 1. 6740 0.3362 59.09 0.00 ll.31 9.2 
0.5600 1. 6640 0.3489 59.87 0.00 13.26 7.2 
0.6400 1.6540 0.3489 58.79 0.00 15.41 5.8 
0.7160 1.6320 0.3508 58.19 0.00 17.00 5.4 
0.8400 1. 5860 0.3435 55.21 0.00 19.77 4.5 
0.130 1. 698 0.3346 59.97 3.80 4.64 42.4 
0.250 1.692 0.3357 59.95 3.80 6.67 22.0 
0.370 1. 682 0.3375 59.69 3.80 9.27 12.3 
0.460 1. 674 0.3418 59.58 3.80 11.37 9.2 
0.590 1.654 0.3462 58.87 3.80 14.46 6.4 
0.730 1.624 0.3489 57.51 3.80 17.56 5.2 
0.850 1. 586 0.3447 55.39 3.80 19.85 4.3 
0.130 1. 698 0.3368 59.92 6.00 6.61 22.6 
0.250 1.692 0.3382 59.86 6.00 8.17 15.4 
0.370 1.682 0.3406 59.63 6.00 10.36 10.8 
0.460 1. 674 0.3443 59.48 6.00 12.28 8.7 
0.590 1.654 0.3477 58.65 6.00 15.15 6.1 
0.730 1. 624 0.3494 57.18 6.00 18.12 4.8 
0.850 1.586 0.3449 55.07 6.00 20.30 4.1 

---------------------------------------------------------------
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Fig. 4.9. Dependence of the relaxation-time, Tot, on temperature and sen
sity for some P" deformed Fermi surface systems. 
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The relaxation-time 7"5 is calculated from 

1 IIP5 (cosO)dp d J 
7"5 = I!I P5 ( cos O)dp = - dt [In !I P5 ( cos O)dPJ· (4.26) 

Contour plots of the distribution function for a P5 deformed surface of radius 1.33 

fm- 1 and deformation parameter .48 are shown in Figure 4.10. Thermalization of 

the distribution function is attained at t = .14 X 10-21 sec. The figure also shows 

some islands of nucleons at t = .02 X 10-21 sec and t = .04 X 10-21 sec on the 

upper half of the scattering plane in the box. These also may be attributed to 

nucleons reflected by the walls of box. The q5 = I fIP5(cosO)dp is plotted in 

Figure 4.11, which is used to calculate the relaxation-time 7"5. Results ofrelaxation

times are listed in Table 4.4. Figure 4.12 displays the results of 7"5 as a function 

of temperature and density. The behavior of 7"5 is similar to the other relaxation

times obtained previously for the other deformations. That is, it decreases with 

increasing temperature. We have also fitted the calculated values of 7"5 into the 

following equation 

7"5 = 385 (L)·25 + ~ (L)·45 , fm/c. 
T2 po ..jT po 

(4.27) 

In this study, a single relaxation-time for each deformation mode corresponding 

to a certain temperature and density is assigned. We find that the relaxation

times decrease with increasing deformation parameters and depend on the shape of 

the deformation, that is, the spherical harmonics chosen. This effect is due to the 

exclusion principle. For larger deformation from spherical shapes, the Pauli blocking 

becomes less effective in inhibiting collisions. It follows that a linear combination of 

these initial deformations will yield a new system with a new relaxation-time. This 

may be applied to any linear combination of Legendre polynomials, and so to any 
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Table 4.4. The deformation parameter (13), the radius (KF), the density 
(p), the equilibrium chemical poential (Il), th~ initial tempera-
ture (Ti) and the corresponding equilibrium temperature (Tf) 

, from nucleon distribution of a P5 deformed Fermi surface. In 
the last column is the relaxation-time, T5· 

---~----K;(j;;-i}-~f~--3) - ~(M ;V) Ti(M;V)T,(M; V) - ~ 5 (fmFcf"-
---------~---------------------------~--------------~--------0.1200 1.0740 0.0836 22.56 0.00 2.38 71.3 

0.3200 1.0640 0.0848 24.02 0.00 2.69 58.2 
0.4800 1.0580 0.0854 23.93 0.00 3.60 33.2 
0'.6200 1.0460 0.0851 23.67 0.00 4.51 22.8 
0.780D 1. 0200 0.0815 22.33 0.00 5.75 16.9 
0.8200 l.Ol60 0.0812 21.7l 0.00 6.63 l3.9 
0.9800 0.9980 0.0842 2l.76 0.00 7.27 12.3 
1.1000 0.9640 0.0809 20.l2 0.00 8.24 10.6 
1.4000 0.9510 0.0848 19.69 0.00 10.14 S.2 
l.6000 0.9180 0.OS45 17.23 0.00 l2.42 6.7 
0.190 1.0720 0.OS67 23.9l 3.80 4.06 28.5 
0.390 1. 0460 0.0834 22.99 3.S0 4.77 22.4 
0.530 1. 0420 0.OS51 23.02 3.80 5.51 l6.7 
0.640 1.0340 0.0861 22.87 3.80 6.25 14.3 
0.850 1.0120 0.0864 22.20 3.80 7.52 12.5 
0.980 0.984 0.0838 21.14 3.80 8.21 lO.7 
0.390 l.032 0.OS46 22.36 6.00 6.63 13.S 
0.530 1.024 0.0854 22.23 6.00 7.13 13.5 
0.850 0.984 0.0846 2l.ll 6.00 8.52 10.2 

-------------------------------------------------------------
0.l200 1. 3580 0.1711 38.85 0.00 l.20 3l2.l 
0.1800 l.3580 0.l742 38.75 0.00 2.48 76.4 
0.2400 l.3520 0.l733 38.62 0.00 2.55 74.4 
0.2800 1.3460 0.l736 38.76 0.00 3.56 38.3 
0.3200 l.3460 0.l736 38.6l 0.00 4.02 3l.7 
0.3900 1.3420 0.l727 38.42 0.00 4.67 24.7 
0.4800 l.3260 0.l672 37.4l 0.00 5.29 19.6 
0.5600 l.3240 0.l663 36.60 0.00 7.44 11.1 
0.6400 l.3l80 0.l666 36.37 0.00 8.l2 10.5 
0.7400 l.3180 0.1757 37.25 0.00 9.66 8.4 
0.8400 l.3040 0.1727 36.02 0.00 ll.03 6.8 
0.9900 1.2540 0.l708 34.22 0.00 11.96 6.2 
l.lOOO 1.2260 0.l654 33.34 0.00 l3.ll 5.1 
1. 6000 1. 2260 0.1971 38.93 0.00 20.71 3.1 
0.230 1.3480 0.1703 37.92 3.80 4.69 23.1 
0.350 1.338 0.1699 37.62 3.80 5.67 17.4 
0.500 1.328 0.1714 37.4l 3.80 7.19 11.7 
0.650 1.312 0.1722 36.91 3.80 8.87 9.5 
0.780 1.292 0.1719 36.20 3.80 lO.31 7.6 
0.890 l.272 0.1721 35.46 3.80 ll.53 5.9 
0.230 1.340 0.1703 37.4l 6.00 6.61 13.4 
0.3:0 1.332 ·0.1705 37.l9 6.00 7.34 12.3 

-- ~ ------------- ---
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Table 4.4. (Continued. ) 
---------------------------------------------------------------

f3 Kp(fm-l) p(fm-3 ) ,,(MeV) 2i(MeV) T,(MeV) '5 (fm/c) 
---------------------------------------------------------------

0.500 1.318 0.1709 36.78 6.00 8.53 9.1 
0.650 1.302 0.1722 36.32 6.00 9.93 7.1 
0.780 1.282 0.1721 35.61 6.00 11.19 6.4 
0.890 1.262 0.1716 34.85 6.00 12.26 5.9 
0.230 1.338 0.1739 37.29 8.00 8.47 9.5 
o • 3'50 1.328 0.1734 36.9~ 8.00 9.05 8.8 
0.580 1.298 0.1717 35.87 8.00 10.58 7.2 
0.680 1.282 0.1709 35.30 8.00 ll.35 6.3 
0.780 1.272 0.1729 35.07 8.00 12.24 6.1 
0.880 1.258 0.1740 34.64 8.00 13.13 5.5 

---------------------------------------------------------------
0.1200 1. 6960 0.3398 60.46 0.00 2.46 91.3 
0.1800 1. 6940 0.3311 59.71 0.00 3.48 44.5 
0.2180 1.7040 0.3365 60.11 0.00 4.02 34.7 
0.2480 1.7040 0.3407 60.67 0.00 4 .. 80 . 24.3 
0.2800 1.7040 0.3447 61.19 0.00 5.52 19.3 
0.3180 1.6980 0.3404 60.41 0.00 6.29 16.7 
0.4100 1.6780 0.3480 61.24 0.00 7.59 11.8 
0.4700 1.6680 0.3325 58.77 0.00 9.00 8.2 
0.5700 1.6640 0.3353 58.69 0.00 10.77 7.1 
0.6700 1.6560 0.3404 58.48 0.00 13.28 5.1 
0.7700 1. 6460 0.3487 58.28 0.00 15.91 4.3 
0.8980 1.5940 0.3395 56.47 0.00 16.91 3.7 
0.9480 1.5820 0.3377 55.50 0.00 17.92 3.6 
0.9980 1.5840 0.3389 55.13 0.00 18.67 3.4 
0.210 1.698 0.3370 60.12 3.80 5.48 21.2 
0.310 1.692 0.3381 59.99 3.80 7.03 13.6 
0.430 1.688 0.3428 60.09 3.80 9.23 8.6 
0.550 1.672 0.3430 59.43 3.80 ll.52 6.1 
0.690 1.648 0.3436 58.47 3.80 14.09 4.9 
0.310 1.684 0.3354 59.34 6.00 8.45 9.8 
0.430 1.672 0.3359 58.92 6.00 10.26 7.8 
0.550 1.662 0.3400 58.73 6.00 12.31 5.5 
0.690 1.640 0.3414 57.87 6.00 14.69 4.4 
0.310 1.685 0.3392 59.38 8.00 10.01 7.8 
0.430 1.676 0.3417 59.17 8.00 ll.60 6.5 
0.550 1. 660 0.3424 58.56 8.00 13.37 4.8 

--------------------------------------------------~------------
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Fig. 4.12. Dependence of the relaxation-time, '7'5, on temperature and den
sity for some P5 deformed Fermi surface systems. 
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angular dependence. The relaxation-times' dependence on the mode of deformation 

or the spherical harmonics chosen is important for studying the transport phenom

ena, especially when deformation is small. This is to be discussed in Chapter 5. 

The relaxation-times are also found to be temperature (momentum or energy) de

pendent for the same reasons that imaginary part of the potential (optical model 

imaginary part) is strongly dependent on temperature especially at low tempera

tures (see Chapter 3 for more discussions). In the low temperature regime, where 

deformation parameters are small and Pauli blocking is effective, relaxation-times 

are found to be very large. In this case, properties of deformed nuclei resemble 

those of spherical nuclei at zero temperature. 

In general, the relaxation-times behavior and dependence on temperature and 

density are similar to what we found in Chapter 3 for the relaxation-times of two 

Fermi-sphere systems. Therefore, our conclusions are somewhat similar to the points 

we made in investigations presented in Chapter 2. Let us summarize here what we 

believe to be the essential points and let us emphasize our most important results. 

According to our investigations, the relaxation-times are found to have the following 

properties. 

1. In general the relaxation-times are found to be a function of momentum, den

sity, and temperature. For small deformations and non-conservative energy, 

relaxation-times can be thought of as a function of energy. It is found that there 

are two distinct regions in the (T, T) plane and the (T, p) plane. All relaxation

times are found to obey the T- 2 law in the low-temperature region and to follow 

T- 1 / 2 in the intermediate-temperature region. 

It is in the extreme low-temperature limit (T - 0), that the single relaxation-time 
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approximation may be expected to have qualitative validity, since in this limit all 

terms in the expansion are expected to relax together with an infinite relaxation

time (T -+ 00). Hence relaxation-times may describe scattering events by the nuclear 

walls on the Fermi surface. For T > 0, all terms in the expansion are found to relax 

with different finite relaxation-times, except terms related to 1 = 0 and 1 = 1, 

. for which relaxation-times are infinite because the density and momentum are all 

conserved quantities in the collision. 

Also found is the dependence of relaxation-time on density. Below T = 5M e V 

the relaxation-times dependence on density is opposite to their dependence when 

the temperature above 5MeV. Below 5MeV, the relaxation-times are found to 

increase with increasing density, while at higher temperatures they are found to 

decrease with increasing densities. This effect is due to the imaginary part of the 

nuclear potential (see Chapter 3 for more discussion). 

2. Including the mean field effects and the quantum effects such as energy widths 

may change the values of the relaxation-times. 

3. Relaxation-times are found to depend on the deformation mode, that is, on 

1. The asymmetry (odd) modes are found to relax faster than the symmetric 

(even) modes. The dependence of the relaxation-times on 1 in the extreme low

temperature region is found to fit with 7% difference, the following empirical 

formula 

_ [3.2 ± 0.3( _1)1+1] 
TI - 21 + 1 . (4.28) 

The above expression can be generalized to include all the temperature domains 
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(4-20 MeV) by dividing by T. Thus, we have 

(I T) = [3.2 ± 0.3(-1)'+1] for T> 5MeV. 
Tl , T(21 + 1) , (4.29) 

It is also found that the characteristic time does not increase with order, but de

creases according to the following inequality 

(4.30) 

Since the characteristic relaxation-times of the coefficients generally decrease as 

the order of coefficients increase, the first few coefficients become of increasing 

importance for large 1 values. 

4. Bertsh94 found that for small deformations, the P2 deformed Fermi surface relaxation

time in the low-temperature limit (T -+ 0) is nearly independent of the type of 

internal excitations' heating or deformations. Similar results were obtained by 

Toepffer.95 

We investigated this effect in detail for all modes, temperatures, and deforma

tions. We found: The relaxation-times are indeed independent of the type of in

ternal excitation heating or deformation. We present several plots of our results in 

Figures 4.13 - 4.16 for the purpose of comparison. For comparison, the relaxation

times obtained from thermalization of sharp distribution is plotted in dashed line. 

Relaxation-times obtained for sharp distributions do not differ from relaxation

times for the same system starts at higher temperatures within the accuracy of the 

figures. 

5. Several important findings by Bertsch94 are also tested and found at some ap

proximation to be valid at higher temperatures. These findings (for a constant 

cross section of 40 mb) are listed below. 
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(a) Relaxation-time dependence on the deformation parameter satisfies the fol-

lowing equation 
0.45 

T = piP' 

where f3 is the deformation parameter and p is the system density. 

(4.31) 

(b) Another important result connects the thermal and deformation energy to the 

relaxation-time as 

0.27 ( Jlo ) 
T= P Cth+CD ' 

(4.32) 

where Jlo is the Fermi energy and Cth,CD are given by equations (4.7), (4.8). 

The fact that the coefficients of the thermal energy and the deformation energy 

are the same confirms the results stated in number 4 above. 
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CHAPTER FIVE 

Microscopic transport theory of HI collisions. 

5.1 Introduction 

The early transport theories such as Landau's96, Fermi-liquid96 , Enskog28,63, and 

Tomonaga's42 were concerned mainly with the investigations of transport phenom

ena in the extreme low-temperature limit (T -t 0). These theories give only the 

leading term of each expression for each transport .coefficient and do not indicate 

how to obtain the succeeding terms at higher temperatures. It was Danielewicz43 

who used the BUU equation to develop a nuclear matter transport theory for study

ing viscosity and thermal conduction in nuclear matter at higher temperatures. 

In this chapter the transport phenomena in HI collisions is studied by means of the 

Boltzmann-Uehling-Uhlenbeck (BUU) equation. Our aim will be, as far as possible, 

to derive the transport coefficients as well as the transport relaxation-times, and to 

investigate their dependence on temperature and density in the energy range below 

100MeV /nucleon. The transport coefficients to be considered are those giving the 

linear response to a gradient like viscosity, thermal conductivity, and spin-diffusion 

coefficients. 

The method to be used in deriving the transport coefficients is based on relating 

the macroscopic fluxes of momentum, heat, and mass to the averages over the 

non-equilibrium distribution functions. Expressions for the fluxes and transport 

coefficients can be derived by relating the non-equilibrium distribution function 

to the local macroscopic variables of the system, e.g., temperature, average flow 

velocity, and density as a first step. The second step involves an expansion of the 
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distribution function in terms of the local macroscopic parameter gradients. At each 

level of ordering one has to relate the fluxes to the gradients through a transport 

coefficient for the transport coefficient determination. 

Our plan of presentation is as follows: in section 2 we discuss the BUU transport 

equation. In section 3 we derive the fluxes. In section 4 we derive the transport 

coefficients. In section 5 transport relaxation-times are discussed. Results obtained 

are discussed in section 6. Comparison between our results and Danielewicz's results 

are presented in section 7. 

5.2 The BUU transport equation. 

Since we are interested in investigating the transport phenomenon, a convenient 

starting point for the transport coefficient derivation is the BUU transport equation. 

The nonlinear BUU equation for the single-particle distribution function h(f',pj t) 

can be put in the following form 

ofl + PI . of!. + F . of!. = I(II). 
ot m or m op (5.1) 

Here the first term on the left-hand side signifies the time rate of change of the 

distribution function due to the nucleons' collisions only. The second term repre

sents the nucleons' motion around some point in phase-space and the third term 

represents the external force effects. The right-hand side of equation (5.1) repre

sents the collision term, which signifies the time rate of change of the distribution 

function due to the binary collision. In the absence of any external forces, equation 

(5.1) reduces to 

~l +: . a: = I(II). (5.2) 

The nuclear matter transport equation, which describes small disturbances of 
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the distribution function from its equilibrium is obtained from equation (5.1) by 

expanding the distribution function in terms of the gradients of the macroscopic 

parameters such as velocity. Only terms linear in the gradients are retained to form 

a linearized transport equation. The linearized BUU transport equation is then 76 

(5.3) 

We will refer to equation (5.3) as the BUU transport equation linearized in the 

gradients. In order to linearize the collision term in terms of the distribution func

tion disturbance, let us introdue the distribution function of the form 76 

o 0 if "" ) ( ) h = il + o£ L...J F'(Pi t P, cos () 
1 '~1 

(5.4) 

or 

(5.5) 

where .,pI is introduced here to represent the deviation of the distribution function, 

h, from its local equilibrium and £1 is the kinetic energy of nucleon 1. Similar 

distributions for nucleon 2, 3, and 4 can be introduced with .,p2, .,p3,.,p4 as deviations 

of h,l3,!4 from their equilibrium distributions. Inserting equation (5.5) into the 

collision integral, I, and neglecting quadratic terms, we can write the collision term 

in the following linearized form 

(5.6) 
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where ff(i = 1,2,3, and 4) are the local equilibriwn distribution functions and T 

is the temperature. 

5.3 Conservation laws and fluxes. 

In order to develop a transport model of the HI collisions, it is important to derive 

the transport fluxes for the distribution function from the BUU transport equation. 

We shall asswne no external forces are present and we shall use equation (5.2) to 

derive these fluxes. 

Let us first integrate equation (5.2) over the momentwn p 

J 0 I! dp J pol! dp J dp 
&t (271"n)3 + m· or (271"n)3 = I (271"n)3· (5.7) 

The term J I dp is zero because the momentwn displaces points in momentum

space but does not change their density. Thus we get the following equation 

:tP + :r· (pu) = 0, (5.8) 

where 

(5.9) 

is the density and 

- - 1 J pI! dp 
u =< v >= p m (271"n)3 (5.10) 

is the average velocity. Equation (5.8) is the continuity equation. 

Next equation (5.2) is multiplied by p and integrated over p, 

J 0 I!... dp J pol!... dp J'" dp 
&t P(271"n)3 + m· or P(271"n)3 = Ip(271"n)3· (5.11) 
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The integral J I pdp is zero because momentum is conserved in the collision locally. 

The remaining terms form the conservation of momentum equation which reads 

B( ... ) B +--+p 
Bt P < p > + Br' = 0, (5.12) 

where 

(5.13) 

is the momentum flux or the pressure tensor. The tensor Pij (where i and j denote 

x, y, or z) is labelled by two indices. The first of them is used to designate the 

orientation of the plane and the second index is used to designate the component of 

the force exerted across this plane. The pressure tensor represents the transport of 

momentum through a unit area. This tensor contains the diagonal elements which 

represent the total pressure as well as the off-diagonal elements which represent the 

shear contributions. 'Therefore, the pressure tensor ]t can be written in terms of 

the total pressure and the shear tensor as 

+--+ +--+ +--+ 
P ij = P 1 + II ij, (5.14) 

where p is the total pressure, IT ij is the shear tensor and +r is the unit tensor. 

The total pressure is defined as one third of the sum of the diagonal elements of the 

pressure tensor, that is, 

(5.15) 

The diagonal components of the pressure tensor can be expressed in terms of 

momentum cylindrical coordinates as 

(5.16) 
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(5.17) 

The shear tensor is given by 

(5.18) 

The quantity Pi'Pi forms an irreducible tensor of rank two, i.e., a tensor of rank 

two traceless and symmetric in any pair of its indices, constructed with the vector 

p. For this tensor we haveI02 

(5.19) 

By substituting equation (5.19) into (5.18), and using cylindrical coordinates, we 

get 

(5.20) 

Finally, let us multiply equation (5.2) by the nucleon's energy £, and integrate 

over PI to get 

(5.21) 

Because the energy is conserved, the integral J I£dp is zero. Therefore, we im

mediately write the conservation of energy equation as 

o 0 ... 
at (p < £ » + of" JH = O. (5.22) 
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The vector 

(5.23) 

is the energy flux vector. This vector can be expressed in terms of momentum 

cylindrical coordinates as follows 

(5.24) 

The expression in equation (5.23) is the mean rate at which energy is flowing 

across a surface in the k direction (the z direction) in the center-of-mass frame. 

Equations (5.8), (5.12) and (5.22) are called conservation equations or "fluid-like" 

equations, since their form is a direct consequence of the conservation of particles' 

number, momentum, and energy in the binary collisions taking place in the system. 

These "fluid-like" equations contain the pressure tensor ]t and the heat flux vector 

hI in terms of a microscopic quantity as the distribution function II. On the other 

hand, these quantities are related to the macroscopic gradients of velocity and 

temperatures in the fluid dynamics theories. In this case, the following expressions 

are used: 

(5.25) 

(5.26) 
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Here k and '7 are the .coefficient of thermal conductivity and the coefficient of shear 

viscosity respectively. The Ui and Uj are the i and j components of the average 

velocity of the system. 

It is worth mentioning here that the "fluid-like" equations are applicable only 

for systems close to equilibrium in which thermalization of momentum and energy 

occurs in high energy HI collisions. In this case, the heat flux vector and the shear 

tensor are proportional to the macroscopic fluxes of the gradients in temperature 

and velocity as given in equation (5.25) and equation (5.26). It is of great impor

tance to relate the transport coefficients to the distribution function which specifies 

the microscopic state of the system. In order to relate the viscosity coefficient 

and thermal conductivity coefficient to the microscopic fluxes, we have to compare 

equation (5.26) and equation (5.27) with the expressions (5.20) and (5.23) for the 

fluxes, then by comparison the transport coefficients are related to the distribution 

function 11. 

5.4 Evaluation of transport coefficients 

The transport coefficients of nuclear matter can be evaluated by solving the BUU 

equation. By now, this is very well understood, and exact solutions are available in 

the low-temperature limit. Abrikosov and Khalatinkov41 have used this equation 

to determine the shear viscosity coefficient, '7, and the thermal conductivity coeffi

cient, /\', and their method has been used by Hone78 to calculate the spin-diffusion 

coefficient, D, of a Fermi liquid such as H e3 of low temperatures. Their method of 

solution depends on linearizing the collision term, that is, the BUU equation was 

solved by linearizing in the deviation of 11 from its equilibrium value, If, and the 

deviation was expanded in a power series of spherical harmonics. Theoretical ex-
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pressions for the transport coefficients and their corresponding relaxation-times in 

the extreme low temperature limit (T -t 0) were derived by Brooker and Sykes76 , 

which in turn is a generalization of the Abrikosov and Khalatinkov approximations. 

The earliest calculation of the shear viscosity coefficient and thermal conductivity 

coefficient of nuclear' matter that depended on linearizing the BUU collision term 

were done by Tomonaga42 • Danielewicz43 used Tomonaga's method to calculate the 

shear viscosity coefficient and the thermal conductivity coefficient at temperatures 

higher than absolute zero. Our method of approach to nuclear matter transport 

coefficients is parallel to Tomonaga's method. 

5.4.1 The shear viscosity coefficient. 

In considering the nuclear matter shear viscosity coefficient calculations, we shall 

consider nuclear matter systems and we shall assume that the nucleons in the system 

are in a shear motion with an inhomogeneous velocity U. A rapid shearing motion 

may cause a change of the system energy levels and cause a small deformation 

to the system. Accordingly, the originally isotropically distributed momenta also 

changes both in magnitude and direction, and a new anisotropic redistribution of 

the momenta is formed. The whole effect of a rapid shear motion in momentum

space is illustrated in Figure 5.1. The originally isotropic distribution function 

which is represented by a Fermi-sphere in momentum-space, will become elliptical 

when shear motion takes place. This is illustrated in Figure 5.1e. This deformation 

in momentum-space is analogous to the quadrupole deformed Fermi surface studied 

in Chapter 4. In order to derive the coefficient of viscosity T/, 



-
~ -

.' 

: 

.. ... .. .. .. ... ... ... AI 4tfUoy> .... ", .... .... 
(a) (b) 

- K2 :to -

u ....... 

K., (fro·') 
'~--~"~~U~~~U~(-hn~~~)--~-~~~ 

(c:) 

, , , , , , 
I 

.. , 
, .. , 

_ .... --.. 

-._--- .... .. ' 

(e I 

, , 

I 
I , , , , , 

(d) 

Fig. 5.1. Effeet of shear motion on the distribution funetion in momentum· 
sp~: (a) Octu))ation ))robability at T == 0 Me\'; (b) Same after 
shear; (c) Momentum before shear: (d) Momentum after shear: 
(e) Distribution function in momentum-space before llJlO after 
shear. The dashed cirde representl the distribution before shea.:. 
while the eolid ellipae represents the distributlon after shea.: 

210 



211 

we shall start with a deformed Fermi surface that has a P2( cos 0) deformation. The 

second order Legendre polynomial, P2 , enters the viscosity calculations by virtue of 

the symmetry driving terms. A transport equation to describe the shear motion is 

required. This equation is obtained from equation (5.3) by isolating terms on the 

left-hand side which are relevant to shear viscosity. We find 

(5.27) 

If the flow velocity il is small compared to the nucleon velocity (il« .£), the 

departure from equilibrium will be small. In this case, we write 

(5.28) 

Since the equilibrium distribution does not contribute to shear-tensor, we may write 

the non-equilibrium shear-tensor as follows: 

(5.29) 

Substituting (5.29) and (5.28) into (5.27), we find 

( Ti? ) ...... 1 fO( fO) IIij I( cf ) + 2m PiPj TIl - 1 -;J = U 1 • (5.30) 

Now we multiply equation (5.30) by F2P2( cos 0), integrate over p, and rearrange 

the equation to get 

.! = 1 J I(6h)F2 P2 (cosO)dp (5.31) 
11 (2?rn)3 II~j 

In order to evaluate 11, we need to know the distribution function used to evaluate the 

collision term I, which contains the Legendre polynomial of order 2 and neglects 
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the Legendre polynomials of higher orders. For the purpose of calculating the 

viscosity coefficient, we assume that the up-down spin states are equally populated. 

Therefore, we define our initial distribution function as 

h(pjt = 0) = O(Kp(1 + f3P2(COSO)) - P), (5.32) 

where Kp is the Fermi momentum and f3 is the deformation parameter. Using equa

tion (5.6) by assuming small departure of the distribution function from equilibrium 

and summing over all spin states, we get 

(5.33) 

where 

(5.34) 

and 

PI·Pi(. ) OJ = --, t = 2,3,4 
PIPj 

(5.35) 

are the angles between momenta PI and other momenta. 

5.4.2 The thermal conductivity coefficient. 

Let us now consider the heat conduction problem in order to calculate the ther-

mal conductivity co~fficient 1\,. To illustrate the problem in momentum-space, we 

consider a distribution function which initially has half of its particles at a certain 

temperature and the other half at another temperature, say absolute zero. Then, 

the two halves are completely mixed so that heat flow will tal<e place. The two 
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halves are combined to produce a new system with a deformed distribution func

tion. Looking from momentum-space, one can see a deformed distribution of the 

term shown in Figure 5.2g. In this case we assume small temperature gradients 

due to the difference. in temperatures, and we assume the up-down-spin states are 

equally populated. 

We shall start by collecting all terms from the left-hand side of equation (5.7) 

which are relevant to thermal conduction. We find 

(
£1 - JL) 0 0'" ... ~ 11 (1 - 11 )(\7 p£l . \7 rT) = l(ft). (5.36) 

Combining equation (5.23) with equation (5.36) gives 

(£l-JL) 0 O)p ~ () -- 11 (1- 11 _. - = 1ft· 
T2 m '" 

(5.37) 

The left-hand side of equation (5.37) depends on cos e, since p. ~ <X cos e. For 

this reason only odd Legendre polynomials can contribute the collision integral. In 

this case, if we limit attention to the departure from equilibrium which is of the first 

order in the temperature gradient to this order, the rate change of the distribution 

function due to the temperature gradient depends only on the 1 = 1 term. 

The central idea of the present section is to consider the 1 = 1 disturbed Fermi 

surface and to neglect all the terms of 1 = 1 in the expansion (5.4). But we know 

from Chapter 4 that P1 deformation is nothing more then a shift to the center-of-

mass of the system. In order to study the heat conduction mode thermalization 

processes and obtain deformation to the Fermi surface similar to the one in Figure 
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5.2g, we assume the initial distribution function of the form 

( ) [ 

(e'-I')(1+~"P, (COI'll]-1 b Pi t = 0 = 1 + e !I (5.38) 

where £1 is the single-nucleon energy, p. is the Fermi energy, and p is the single

nucleon momentum. The distribution function appearing in equation (5.38) is cho

sen for the following reason. The distribution function reduces to the distribution 

function derived by Tomonaga42 for a small deformation parameter p. 

The thermalization process follows, using the UU equation 

db = I(!) dt 1 , (5.39) 

with the collision integral I expressed in terms of the expansion in equation (5.38) 

Now let us proceed to calculate the thermal conductivity coefficient. Since the 

equilibrium distribution has no net current, equation (5.23) reduces to 

(5.40) 

Now multipling equation (5.37) by F1P1 (cos (J), and integrating over all momenta, 

we get 
1 J FP1(cos)OI(b)dj) 
;; = (27rn)3JiI . (5.41) 

If we consider small deviations of the distribution function, and sum over all spin 

states, the thermal conductivity expression is reduced to 

1 1 J dkI'[P1(coS(Jl) + P1(COS(J2) - P1(COS(J3) - P1(COS(J4)F 

(27r)3T JiI ' 
(5.42) -= 



... 

I.. ... .. .. 
• CUI¥) 

(b) 

(a) 

I 

(9) 

ClI 

.... 
G 
G 

Ci! 

CI.t 11M 
(d) (e) IJ (MeV) 

Fig. 5.2. EfFect or temperature gradient on the distribution function in 
momentum-space: (a) A hot Fermi-spherej (b) Contour lines 
representing the distribution in the scattering plane; (c) Occu
pation probability versus energy at finite temperaturej (d) A 
cold Fermi-sphere; (e) Contour lines representing the cold dis
tribaution in the scattering plane; (f) Occupation probability at 
T = 0 MeV; (g) Contour lines representing the distribution in 
momentum-spa.:e after the collision between nucleons is turnl!d 
on; (h) Occupation probability Yersua energy of the new distri
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where [' and Oi are defined in equation (5.34) and equation (5.35). 

5.4.3 The spin-diffusion coefficient 

The basic idea behind studying the diffusion problem is to investigate how fast 

the distribution function diffuses away in time to achieve equilibrium. As a matter 

of fact, the collision term acts as a diffusion term in momentum-space and can be 

used to follow the diffusion problem. This is because the gain term enhances the 

distribution, while the loss term depletes the distribution function. 

In this chapter, in fact, we attempt only to investigate the diffusion problem of 

a specified particle. In this study the particles are distinguished according to their 

spins. 

In studying the spin-diffusion case, one has to distinguish between the spin up 

nucleons and the spin down nucleons. 

Diffusion demands that particles from two species to diffuse against each other. 

As is discussed in Chapter 2, when the labelled particles are released they make 

collisions with one another and then they move away from the point of release, 

pursuing empty states to occupy until a new equilibrium is established. But, this, 

after all, is just the Fermi-Dirac distribution. In this investigation, we assume that 

nucleons '1' and '3' have the same spin (spin up), and nucleons '2' and '4' have spin 

down. 

In this case, the collision is expected to take place between nucleons of opposite 

spins. Therefore, the collision integral contains two kinds of distribution functions, 

the one which represents nucleons with spin up and the other one which represents 
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nucleons with spin, down. The collision integral can be written in terms of spin up 

and spin down distribution functions wP 

[h i fz i (1 - fa i)(l - /4 j) - fa i /4 i (1 - h j)(1- fz j)] 

- :~ (i !)[/I i 12 ! (1 - fa j)(1 - 14 !) - fa i /4 ! (1 - h j)(1 - fz !)] }. (5.43) 

In equation (5.41) we use i to represent spin up, ! to indicate spin down, ii to 

indicate pp, !! to indicate nn, ! i to represent pn and i! to represent np. A similar 

result can be obtained for Ii (f) by interchanging the "up" and "down" subscripts. 

Let us consider a non-equilibrium nuclear system in which there exists a mag

netization gradient, '(7 f-L. In the absence of a magnetic field, the gradient is main

tained by the unspecified nucleons of up and down spins. The derivation of the 

spin-diffusion coefficient is simplified by assuming zero net magnetization 78. This 

implies that 78 

(5.44) 

Now let us return to equation (5.3) and pick out those terms on the left-hand side 

which are relevant to the magnetization gradient. We find 

(5.45) 

where f-L i is the chemical potential of the spin up nucleon. The term p. \7 r is 

proportional to cos O,or to PI (cos 0). This indicates that the spin-diffusion made is 
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attributed to odd defonnation of a Fermi surface. Therefore, we consider the P3 

defonnation to study the spin-diffusion mode. The P3 defonnation is chosen because 

Pl defonnation is nothing but a shift of the center-of-mass and P3 deformation is 

the lowest odd deformation coming after the Pl defonnation. The macroscopic 

particle flux J D for a given spin orientation is given by79 

... J P dp 8p 
JD=+ ;;;1t(2rrTi)3 =-D8r· 

(5.46) 

Using It - if ~ !!JI.[1t cosO+F3P3(COSO)], and knowing that ff does not contribute 

to the flux, we may write the equation as 

(5.47) 

where D is the spin diffusion coefficient and p is the number density of diffusing 

particles. 

Now let us express V r' fL i as 

(5.48) 

where p i is the spin up particle density. 

Combining equation (5.3) and equation (5.45) and using equation (5.48) and 

equation (5.44), the transport equation (5.45) becomes 

ff(l - ff) 8fL i p . JDr = I(! ) 
T 8p i m D 1 • 

(5.49) 

Finally, multipling equation (5.49) by F3P3(COSO), integrating over p, we get 
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(5.50) 

where I(h) is given by equation (5.43). Similarly, for spin down we have 

1 J I(h)df/F3P3(cosO) 
D = (2)(27r1i)3!!E.1J2 . 

8pl Dl 

(5.51) 

In order to calculate the spin-diffusion coefficient D from equation (5.49), one needs 

to calculate Wr. ~ is calculated as follows. 

2 

In the low-temperature limit (k8T « 1'), we have & i= & != ~, I' i= I' != 1', 

and 

(5.52) 

is the Fermi energy or the chemical potential. Then we have 

(5.53) 

In the high-temperature limit, we use the following expressions8o 

(5.54) 

Then we find 

(5.55) 

5.5 The transport relaxation-times 

The following discussion of the thermal, the viscous, and the spin-diffusion relaxation

times enables us to understand the dynamics of the system and to decide the isotropy 



220 

state of the system. We follow Chapter 3 assmnptions in calculating the transport 

relaxation-times. 

5.5.1 The viscous relaxation-time (T'1) 

In this case, we assume that a small velocity gradient exists in the system and that 

the momentum tensor is anisotropic. The viscous relaxation-time is a characteristic 

quantity for the momentum flux tensor to become isotropic. For a small gradient, 

starting from the same assmnptions and procedures used in the previous chapters, 

we may write 
dF2(p; t)P2{ cos 8) 

-
dt 

(5.56) 

Substituting equation "(5.56) in the RTA, we obtain the following expression for TfJ 

(5.57) 

The above expression is the expression used for calculating the relaxation-time for 

a P2 deformed Fermi surface. The viscous relaxation-time is obtained by evaluating 

the integral J hP2 ( cos 8)djJ, plotting this quantity on semilogarithmic plots, and 

finding the inverse of the slope, which is TfJ' This has been done in Chapter 4. 

5.5.2 The thermal relaxation-time T" 

We consider the thermal relaxation-time T" as a characteristic time for the heat 

vector to become isotropic. The distribution function expansion (5.4) is truncated 

after 1 > 1 and only 1 = 1 terms are retained. The remaining terms are taken to 

relax together with the single-relaxation time T", so that 

1 J 1(1- cos O)P1{cos 8)djJ 
T" = J 11(1- COS8)P1{cos8)djJ 

(5.58) 
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Equivalently 

1 d j - = -d [In h{l- cosO)P1{cosO)dftl· 
T" t 

(5.59) 

The weighting factor (1 - cos 0) is introduced83 ,93,lol to ensure that the effects 

of nucleons scattering through an angle 0 are included. The thermal relaxation

time is calculated using the above equation. This can be done by evaluating the 

integral J h{1 - COS"O)Pl {cos O)dp, where h is given initially by equation (5.38). 

The calculated values of the integral are plotted using semilogarithmic plots, the 

inverse of the slope being T". 

5.5.3 The spin-diffusion relaxation-time TD 

In studying the diffusion relaxation-time we have to take into account the spin 

properties of each nucleon. The collision is assumed to take place between nucleons 

of opposite spin, which may result in changing the diffusive current. The spin

diffusion. relaxation-time is found to be given by 

1 J 1P3{cosO)dp 
TD = J hP3(cosO)dp' 

(5.60) 

or 

~ = dd In[jllP3(COsO)dftl, 
TD t 

(5.61) 

where I is the diffusion collision term given by equation (5.43) and 11 is the distri-

bution function which belongs to a P3 deformed Fermi surface. 

5.6 Results for the transport coefficients, relaxation-times, and discussion 

The collision term is first calculated for some deformed distribution functions in 

momentum-space, then the transport coefficients and relaxation-times follow. The 
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calculations are performed in the range of temperatures from 2 to 20 MeV with the 

same munerical code used in Chapter 2. The viscosity and its relaxation-time are 

tabulated in Table 5.1, while the thermal conductivity and spin-diffusion coefficients 

are tabulated in Table 5.2. 

Thermalization of the distribution function for a P2 deformed Fermi surface has 

been investigated in Chapter 4. The temperature dependence of the viscosity and 

viscous relaxation-times for different temperatures and densities are plotted in Fig

ures 5.3 and 5.4. As T increases from zero the viscosity falls off, reaches minimum 

and then starts to increase with increasing temperature. The temperature and 

density dependence ~f the viscosity is found to fit the following formula: 

1855 ( P )2.2 27vT 

~ = 1" Po + [3+ ( ~ )"''j' (5.62) 

where Po = .145jm-3 , T is the temperature in MeV, and P is the particles' density. 

It is seen from equation (5.62) that 7] varies as T-2 as T -t 0 and this agrees with 

the Landau Fermi-liquid theory and Tomonaga's results.42 At higher temperatures, 

the viscosity coefficient is found to folllow the vT law which also agrees with the 

classical model. 

If the temperature is greater than 2MeV, we find that the viscous relaxation-time 

can be expressed by 

T = 859 (.!!...).25 + ~ (pO)·45 
fJ T2 Po vT P 

(5.63) 

The relaxation-time expression in equation (5.63) is the same as the one obtained 

in Chapter 4 for the relaxation-time of a P2 deformed Fermi surface. 
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Table 5.1. The deformation parameter ((3), the radius (KF), the density 
(p), the equilibrium chemical potential (Il), the initial tempera
ture (Ti), and the corresponding equilibrium temperature (Tf) 
from nucleon distribution of a P2 deformed Fermi surface. The 
seventh column gives the viscous relaxation-time, T'1' In the last 
column gives the viscosity coefficient, '7. 

~~~~~~~~~Trj-l [~~~~::>~~~M::1 ~~i!:~~_'!!f!!..~~"5.~~Z~I~~~e!ji~;) 
0.120 
0.280 
0.360 
1.180 
1.554 
2.486 
2.686 
0.320 
0.402 
0.528 
0.580 
0.678 
0.786 
0.876 
1.054 
1.728 
1.956 
2.728 

0.138 
0.158 
0.200 
0.240 
0.320 
0.369 
0.420 
0.480 
0.560 
0.680 
0.720 
0.840 
0.894 
0.920 

1.080 
1.060 
1.080 
0.856 
0.768 
0.604 
0.575 
1. 048 
1.028 
1.005 
1.004 
0.978 
0.948 
0.928 
0.884 
0.726 
0.686 
0.564 

1.348 
1.338 
::'.348 
1.338 
1.318 
1.290 
1.320 
1.300 
1.290 
1.269 
1.260 
1'.218 
1.212 
1.204 

0.0830 
0.0870 
0.0845 
0.0863 
0.0842 
0.0851 
0.0845 
0.0856 
0.0839 
0.08H 
0.0865 
0.0854 
0.0844 
0.0850 
0.0853 
0.0844 
0.0859 
0.0850 

0.1708 
0.1666 
0.1730 
0.1660 
0.1744 
0.1751 
0.1750 
0.1680 
0.1740 
0.1667 
0.1740 
0.1705 
0.1620 
0.1705 

. ·2~.92 
24.62 
23.63 
17.33 
14.96 
10.91 

7.31 
23.25 
22.59 
21.89 
21.06 
21.04 
19.96 
19.30 
17.87 
13.39 
12.47 

9.90 

38.71 
38.11 
38.94 
37.68 
38.45 
38.94 
37.84 
35.93 
35.90 
33.28 
35.06 
31.71 
28.36 
28.28 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
3.86 
3.86 
3.86 
3.86 
3.86 
3.86 
3.86 
3.86 
3.86 
3.86 
3.86 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

2.38 
3.03 
4.60 

13.04 
14.47 
17.65 
19.87 
5.44 
6.16 
7.41 
8.06 
9.01 

10.01 
10.87 
12.33 
15.79 
16.62 
18.35 

2.41 
2.68 
3.12 
4.57 
5.35 
6.07 
8.30 
9.90 

11.86 
13.98 
15.40 
16.60 
18.18 
19.83 

160.2 
106.9 

56.1 
16.6. 
15.2 
13.0 
11.7 
45.1 
38.2 
29.9 
27.0 
24.0 
21.3 
19.6 
17.5 
14.2 
13.5 
l2.6 

175.6 
145.3 
110.l 

57.6 
44.8 
38.0 
24.0 
19.6 
l5.8 
l3.2 
12.0 
ll.4 
10.4 

9.5 

106.8 
71.6 
37.3 
20.5 
20.7 
21.8 
22.4 
29.6 
26.4 
23.5 
21. 9 
21.3 
20.8 

.20.5 
20.3 
21.2 
21.4 
22.1 

468.3 
403.5 
284.6 
145.6 
llO.7 

89.8 
58.6 
49.4 
43.3 
40.3 
39.4 
38.7 
38.7 
38.S 
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Table 5.1. (Cont1nued.. ) - ---------
~ Kp{jm-l) p<'jm-J) p(MeV) TnMeV) !i{MeV) r" (lm/c) fI (MeV/fm2c) 

au ----------
1.080 1.146 0.1705 26.64 0.00 21.22 9.01 39.1 ----------_. -----------0.050 1.698 0.3230 58.84 0.00 2.48 198.6 2114.B 
0.150 1.698 0.3349 60.43 0.00 3.71 88.5 878.7 
0.158 1.700 0.3404 61.10 0.00 4.24 71.1 705.8 
0.196 1.692 0.3453 61.68 0.00 5.31 46.9 432.5 
0.204 1.688 0.3428 61.26 0.00 6.23 37.1 338.4 
0.240 1.682 0.3401 60.50 0.00 7.55 27.8 236.B 

'.·0.340 1.672 0.3589 62.50 0.00 9.40 19.7 164.6 
0.368 1.654 0.3477 . 61.-02 0.00 10.29 17.4 144.5 
0.374 1.648 0.3368 59.10 0.00 11.27 15.4 126.3 
0.392 1.662 0.3349 58.55 0.00 12.00 14.2 114.2 
0.416 1.664 0.3386 58.10 0.00 14.3B 13.7 91.4 
0.458 1.65B 0.3362 57.47 0.00 15.16 10.8 B6.7 
0.496 1.656 0.3325 56.52 0.00 16.18 9.9 BO.1 
0.560 1.642 0.3398 55.69 0.00 19.10 8.3 70.3 
0.640 1.618 0.3538 55.B4 0.00 20.9B 7.7 66.2 
0.680 1.624 0.3581 55.26 0.00 22.07 7.1 64.2 

----------------------------------------------------------------------
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Table 5.2. The deformation parameter (f3), the radius (KF), the density 
(p), the equilibrium chemical potential (Il), the initial tempera-
ture (Ti), and the corresponding equilibrium temperature (Tf ) 
from nucleon distribution of a PI deformed Fermi surface. The 
last four columns give the thermal relaxation-time (T" ), the ther-
mal conductivity coefficient (IC). 

~ K,.(/m-1 ) p(/m-') p(MeV} Ti(M'eV) T,(MeV) ,.,. (1m/c) lC(c/lm) 

0:%60 1.080 0.0858 23.70 1.80 2.34 78.9 0.058 
0.216 1.080 0.0869 24.26 2.80 2 :94 54.9 0.053 
0.262 1.060 0.0837 23.34 3.64 4.15 39.6 0.051 
0.212 1.060 0.0852 23.31 4.64 4.98 32.4 0.051 
0.232 1.060 0.0854 21.44 4.64 7.14 23.3 0.054 
0.232 1.036 0.0836 20.52 6.00 8.17 21.1 0.057 
0.238 1.040 0.0846 18.39 6.00 9.84 18.2 0.060 
0.268 1.018 0.0843 .:L8.69 7.00 10.45 17.3 0.061 

-0.284 1.000 0.0838 17.21 7.20 12.ll 15.5 0.064 
0.280 1. 000 0.0852 16.63 7.76 13.09 14.6 0.066 
0.282 0.984 0.0838 14.00 7.94 14.73 13.9 0.069 
0.280 0.978 0.0846 12.25 8.40 16.08 13.2 0,071 
0.280 0.972 0.0848 10.67 8.60 17.10 12.7 0.073 
0.280 0.970 0.0854 9.58 8.76 17 .89 12.4 0.075 
0.280 0.967 0.0855 8.66 8.86 18.46 12.2 0.076 
0.238 0.848 0.0843 7.81 12.82 19.00 12.0 0.077 
0.218 0.842 0.0856 6.90 13.20 19.85 11.6 0.078 
0.248 0.864 0.0866 5.84 12.60 20.57 11.4 0.081 
0.218 0.728 0.0857 3.49 15.86 21.95 11.0 0.082 
---------- ---- ----------------
0.180 1.350 0.1660 37.56 2.00 2.39 67.6 0.138 
0.240 1.350 0.1674 37.88 2.84 3.07 55.8 0.102 
0.240 1.350 0.1683 37.83 3.40 3.96 34.8 0.094 
0.160 1.348 0.1689 37.75 4.60 4.75 28.9 0.090 
0.214 1.348 0.1695 37.74 4.64 5.15 27.6 0.088 
0.214 1.348 0.1706 37.59 5.20 6.13 22.7 0.087 
0.206 1.342 0.1705 37.25 6.20 7.11 19.8 0.087 
0.216 1.338 0.1692 36.46 6.20 8.12 16.9 0.088 
0.224 1.338 0.1694 35.12 .6.20 9.87 14.7 0.090 
0.228 1.328 0.1659 33.17 6.20 ll.17 13.2 0.092 
0.268 1.298 0.1664 34.31 8.60 ll.98 12.4 0.093 
0.232 1.324 0.1652 31.27 6.50 12.76 11.7 0.095 
0.278 1.298 0.1694 33.55 8.80 13.94 11.2 0.098 
0.281 1.292 0.1692 32.54 8.96 15.02 10.6 0.101 
0.284 1.288 0.1721 30.85 9.40 17.35 9.8 0.105 
0.285 1.284 0.1729 29.84 9.60 18.42 9.3 0.100 
0.200 1.270 0.1748 29.26 10.40 19.31 9.0 0.109 
0.294 1.258 0.1700 26.20 10.40 21.18 9.6 O.l1S 
------- ----
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TaI:lle 5.2. (CoDUDuad. ) 

~ K,(fm-l)p(fm-I ) ~MeV)T;(MeV) li(MeV)fJa(fmlc) K.( C/fm) 

0.160 1.728 0.3538 61.78 1.50 2.39 82.2 .0.276 
0.246 1.708 0.3393 60.65 2.60 2.96 57.2 0.228 
0.246 1.708 0.3397 60.63 3.40 3.96 34.8 0.18'7 
0.2'46 1.708 0.3403 60.57 4.00 5.39 23.7 0.161 
0.246 1.708 0.3406 60.47 4.20 6.14 20.1 0.152 
0.246 1.708 0.3409 60.32 4.40 7.03 17.2 0.145 
0.2.46 1.708 0.3412 60.10 41.60 8.02 14.9 0:140 
0.246 1.708 0.3416 59.79 4.80 9.07 13.1 0.136 
0.228 1.692 0.3365 58.84 7.00 10.34 • ll.7 0.134 
0.232 1.692 0.3377 58.60 7.36 ll.29 10.8 0.134 
0.238 1.692 0.3381 57.92 7.36 12.62 9.6 0.134 
0.262 1.686 0.3428 58.74 B.BO 13.03 9.3 0.134 
0.274 1.682 0.3409 57.95 8.40 14.06 B.8 0.135 
0.268 1.6B6 0.3410 56.99 8.20 15.22 8.3 0.136 
0.232 1.662 0.3461 57.72 13.20 16.30 7.9 0.137 
0.236 1.652 0.3413 56.99 13.80 17.36 7.6 0.138 
0.226 1.640 0.3429 56.16 14.94 18.21 7.3 0.139 
0.288 1.652 0.3484 56.27 10.80 19.15 7.1 0.141 
0.216 1.608 0.3380 54.00 17.20 20.31 6.8 0.142 
0.216 1.600 0.3370 53.46 17.64 21.11 6.6 0.144 
0.216 1.580 0.3415 52.24 19.64 22.95 6.1 0.146 
0.216 l.550 0.3349 50.3l 20.64 24.03 6.0 0.148 
-------------
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Figure 5.5 shows the time evolution of the distribution function contour lines 

belonging to a defonned Fenni surface having an initial defonnation in the fonn 

of equation (5.38) and having a Fermi momentum of 1.321/m-l. The defonnation 

parameter in this case is .24. The thennalization is almost completed at t = .16 X 

10-21 sec. 

In Figure 5.6, we plot ql = J 11 (1 - cos 8)Pl (cos 8)dp on a semilogarithmic scale 

for several temperatures. The inverse of this figure's slope is T K • Results of TK are 

tabulated in Table 5.2. TK decreases with increasing deformation parameters (or, 

equivalently, with increasing temperature) as shown in Figure 5.7. The thermal 

conduction relaxation-time dependence on temperature and density is found to fit 

the following relaxation-time fonnula 

TK = 315 (L) .25 + 39 (po) .45 

T2 PO VT P 
(5.64) 

The above equation shows that the TK is temperature and density dependent. 

The thennal conductivity as a function of temperature and density is plotted 

in Figure 5.8. The thennal conductivity is found to decrease by the T-l law as 

the temperature increases from zero. This dependence is also predicted by Fenni

liquid theory when used to study H e3 thermal conduction behavior. As T increases 

from zero, however, the thermal conductivity decreases with temperature, reaches 

minimum and then starts to increase with increasing temperature. The temperature 

and density dependence of the thermal conductivity coefficient is found to follow 

the following empirical equation 

.15 ( P )1.5 .097VT 
K = - - + -;::------:-~ 

. T Po [3.5 + (e: r·65
], 

(5.65) 
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Tomonaga also calculated the thermal conductivity coefficient of nuclear matter. 

His results confirm the T-l law which characterizes thermal conductivity behavior 

in the low-temperature regime. This dependent:e is what we have obtained and 

what was obtained by Danielewicz. As the temperature increases above 8 MeV, 

thermal conductivity starts to increase and reach a constant value. We expect the 

thermal conductivity behavior to approach the behavior of the classical gas after 

T > 30MeV. 

The results of the spin-diffusion coefficients are shown in Figure 5.9, while the spin 

diffusion relaxation-times are shown in Figure 5.10. As in the case with all transport 

coefficients, the diffusion coefficient exhibits density and temperature dependence. 

It is found that the spin-diffusion coefficients follows the T-2 law below T < 4M e V. 

This implies that the particles' interaction is very different from the hard sphere 

model, which predicts D '" VT.81 We have also fitted the results obtained for the 

spin-diffusion by the following expression: 

D = l~~O (:.)'"" + [3~5~)']' fm.c (5.66) 

and the spin-diffusion relaxation time by 

TD = 348 (L)'25 + ~ (pO)'45 , 
T2 Po VT P 

fm/c. (5.67) 

The spin-diffusion dependence on T-2 for T < 1M e V is also predicted by Hone 

on the basis of the Fermi-liquid theory. 

In conclusion, we find as T -. 0, the behavior of nuclear matter transport coeffi

cients are in agreement with the predictions of Landau's theory. That is, Landau's 

theory is able to give a consistent account of the calculated transport coefficients of 

hot nuclear matter if one takes into account only Landau parameters 
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with 1 ~ 2. As T increases from zero, however, K and D fall off according to T-l 

and T-2 laws, while '7 follows the T-2 law. With nuclear size taken into account 

and for T < 5MeV, the one-body dissipation (interaction with nuclear surface) 

starts to dominate over the effects associated with the two-body interactions. As 

T > 15M e V, we find that the hard sphere model results are not in agreement with 

our calculations unless we adjust certain parameters, such as the cross sections. This 

might explain the difference between the hard sphere particles and the nucleons' 

interaction in nuclear matter. 

The resulting relaxation-times are found to be different for each mode. For low 

temperature, the first term in each relaxation-time dominates and at normal den

sity the ratio of viscosity relaxation-time to the thermal conductivity relaxation

time is found to be 2.75 for T < 4MeV, which agrees with both Tomonaga's and 

Danielewicz's results. As the temperature increases the ratio decreases and becomes 

one, around 15 MeV. After that the thermal conductivity relaxation-time and the 

viscosity relaxation-time are of the same order of magnitude and the ratio contin

ues to be around one up T ~ 18MeVj after the ratio becomes less than unity and 

the thermal conduction relaxation-time exceeds the viscous relaxation-time. The 

spin-diffusion relaxation-time is found to be approximately ~ times that of thermal 

conductivity relaxation-time for T < 5MeV. 

The density deperidence of the relaxation-times is found as follows: At low

temperatures (T ~ 5MeV) the relaxation-times decrease with decreasing density, 

while at high temperatures (T ~ 10MeV) they increase with increasing density. 

The relaxation-time dependence on density both in the low and high temperature 

regimes may have resulted from the energy dependence of the cross sections and 
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agrees with the observed theoretical result the for nuclear matter optical poten

tial absorptive part, 'which increases with decreasing density for an energy below 

40Me V, measured from the Fermi surface. 53 From a moleular point of view this 

density dependence may attribute to the effect of triple and high order collisions. 82. 

5.7. Comparison remarks 

It is interesting to compare the transport results with Danielewicz's results. In this 

section we want to make a detailed comparision. Although the general behavior of 

our result is mostly in agreement with his result, there are minor differences among 

the result which can be summarized as follows: 

1) The viscosity coefficient behavior, generally, is in agreement with Danielewicz's 

results, except for systems which have a density p '" .085jm-3
• Our results lie 

below his results. This is shown in Figure 5.11. 

2) The viscous relaxation-time is also found in agreement with his results, but his 

results lie below our results mostly. This difference in both results as shown in 

Figure 5.12 lies within the accuracy of the figures. 

3) Thermal conductivity coefficients' general behavior also parallel to Danielewicz's 

results, with his results all lying below our resutls. This is shown in Figure 5.13. 

4) Thermal conduction relaxation-time behavior in both cases are in agreement be

low T > 9MeV, with his results below our results. Above T > 9MeV, the differ

ence widens significantly. Obviously Danielewicz relaxation-time results saturate 

above T > 9MeV and become constant as shown in Figure 5.14. 

Generally speaking, these results differ by 7%. This difference may be 
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attributed to one of the following reasons. First, it may be attributed to the cross 

sections' dependence on energy. In his study, Danielewicz fitted the cross sections 

data by a Gaussian expression for the cross sections, while we used the Metropolis 71 

results. 

Second, in his study he used an approximate distribution function which can 

be interpreted as the first term of the distribution function in equations (5.32), 

(5.38) and with all higher order terms neglected. Therefore, the differences which 

appear in the comparison may be attributed to the higher order terms. Third, the 

difference may also be attributed to the method of calculation, since Danielewicz 

used the approximate expressions derived by Kubo83 on the basis of the RTA and 

fitted these expressions with the viscosity and thermal conductivity coefficients to 

calculate the relaxation-times. 

The relaxation-times' dependence on density is found also to be in agreement with 

his results, that is, at low temperatures (T ::; 5M e V) the relaxation-times decrease 

with increasing density, while at higher temperatures it increases with increasing 

density. 

As a final concluding remark, we believe that the agreement between our results 

and Danielewicz's results supports the use of RTA. We conclude that this study 

confirms the applicability of the RTA. 



CHAPTER SIX 

The nucleons' local mean free path during the 

thermalization process in HI collisions 

6.1 Introduction. 
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The free path (FP) for a nucleon inside a nuclear medium is ddLl1ed as the distance 

travelled by a nucleon between two successive collisions, and its average is called 

the mean free path (MFP), >.. The mean free path, >., of nucleons is an essential 

quantity that characterizes the motion of nucleons in the nuclear medium. In HI 

collisions, the MFP can be understood as the distance (length) the nucleon has to 

travel before it interacts with another nucleon. 

Tremendous efforts86 ,91 ,97,98 have been made to calculate the MFP inside nuclear 

matter. Most of these calculations are done by relating the MFP to the imaginary 

part of the nuclear optical potential. which requires a Brueckner reaction matrix 

calculation. Despite the complexity of the calculation when Brueckner theory is 

used, Dabrowski and Piechocki69 followed a simplified method used by Lane99 , 

a method which starts from the Brueckner reaction matrix and relates the MFP 

directly to the NN cross sections. In the following chapter we present a model 

to calculate the MFP of a nucleon during the HI collision in the energy domain 

5 - lOOMeV /nucleon using the local density approximation, that is, the influence 

of the scattering nucleons at r by the surrounding nucleons is assumed to be the 

same as in two colliding pieces of infinite nuclear matters. 

The main goal of this study is to calculate the MFP for a nucleon during the 

collision of two nuclei. An expression for heavy-ion absorptive potential, W, is 
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derived from the Brueckner theory. This potential is used to calculate the nucleon 

MFP in heavy-ion collisions for nucleon energies up to '" 100 MeV. 

6.2 The nucleons' local mean free path in heavy-ion collisions 

The nuclear classical MFP, Ac" is defined by 

(6.1) 

where p is the nuclear density and (j is the total average NN cross section. 

In order to calculat'e the MFP, A, of a nucleon in a non-equilibrium nuclear many

body system during the collision between two heavy-ions, we need first to calculate 

the transition rate, r, or the relaxation-time for a single-nucleon state, for example, 

for a nucleon of momentum PI moving in a nuclear system and scatter from another 

nucleon of momentum th. 

We shall start with a non-equilibrium nuclear system represented by two Fermi 

spheres FI and F2 of radii, kFI and kF2' separated by a local momentum Kr of 

relative motion per nucleon (see Chapter 2). The collision between the two nuclei 

will lead to a non-equilibrium state (decaying state). The relaxation-time of a single

nucleon state for a nucleon of momenta pin this state is given by (see Chapter 3) 

1 I(fI) 
7"p = If - fI' (6.2) 

where 7"p is the nucleon relaxation-time in a state PI, 11 is the occupation number 

(distribution function), If is the equilibrium distribution function and I is the 

collision integral. The free path of a single-nucelon state is defined by86 

If-I 
A(p) = V7"p = v IUd (6.3) 
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when v is the velocity of the nucleon. The MFP can be obtained from equation 

(6.3) by averaging the expression over momentum. The problem in evaluating the 

MFP in this case is the zero value of the J Idf}, which leads to an infinite value of 

the MFP. 

In this section, an approximate method is followed to define the MFP. Accord

ing to the RTA (see Chapter 3), the distribution function, ii, can be split into 

equilibrated part, fl, and a non-equilibrated one, if, as follows 

Ii (Pi t) = It (Pi t -t 00) + If(Pi t), i = 1,2,3, and 4. (6.4) 

The collision term, I, is linearized by following the linearization method used by 

Gregoire et al. 34. The final result gives 

(6.5) 

Since equation (6.5) depends on if, we need only to consider all terms in the col

lision integral that contribute to If. According to equation (6.5), the loss tenn 

contains If, contribution. Therefore, if we isolate the loss term in (6.5) and work 

it independently, we get 

:p = m2(~n)3 J dpdp2dp4~~8(£1+£2-£3-£4)8(pl+fi2-Pa-pJ[/;(1-J:)(1-ln]. 
(6.6) 

Equation (6.6) is an expression of the lifetime of a single-nucleon state for a 

nucleon in state 1. The integrals contain the equilibrated distribution functions 

only, therefore, the expression in (6.6) can be simplified following the method in 
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Appendix A to the following expression: 

2. = (~) 100 

kp2dkp2 jOO dkz21l1" sino'do'll1" dcp'dd~k[J;(l- 1;)(1- In], 
Tp 167rm 0 -00 0 0 a 

(6.7) 

where k is the relative momentum of nucleon '1' and '2'. 

The transition rate equals the inverse of the relaxation-time Tp of the state Pl. 

This transition rate is given by85 

Ii ,=-. 
Tp 

The velocity of nucleons in nuclear matter is given by 

v(k) = d£~ = lik 
d(lik) m' 

where m is the nucleon mass and k its momentum. 

Now using equation (6.9), and equation (6.7), we get 

(6.8) 

(6.9) 

~ = 7 (161i:m) 10? kp2dkp21: dkz21l1" sinO'dO' ltt dcp':~[I;(l-I;)(1-ln]. 
(6.10) 

Equation (6.10) is an expression for the single-nucleon MFP when it collides with 

another nucleon and scatters to another state; that is, it gives the average distance 

that a nucleon has to cover before it undergoes an interaction. The differential cross 

section in (6.10), in general, depends on the angles between momentun Pl,P2,Pa and 

14 and also on the nucleons' energies. 

Now suppose the differential cross section is constant or a function of the angular 

variables only. If the angles and the integration varibles are defined parallel to these 
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introduced by Abrikosov and Khalantnikov41 , we get 

~ = (:n;2 (W .. ) / d€2d€3 d€40(&1 +&2-&3-&4)O(PI +P2-pa-fi4)[/;(1-1;)(1-In, 
(6.11) 

where 
1 fb dO f21r dO' 

(W .. ) = 411" 10 cos 0/2 10 dcp dn (6.12) 

is the differential cross section averaged over spins and angles of the initial and 

final nucleons. Here, 0 is the angle between PI and P2, and cp is the angle between 

(Pt ,P2) plane and (p3, fi4) plane respectively. The &s are variables introduced by 

Abrikosov.41 Integrals on the right-hand side of equation (6.11) can be evaluated by 

Morel and Nozieres' method84 to give the following expression for the single-state 

lifetime 

(6.13) 

Equation (6.13) is exactly similar to the lifetime of a single-nucleon outside a 

Fermi-sphere. The MFP is simply 

1 m (1I"n)2 [1 + exp((& - p)/T)] 
I = k m*(W .. ) (nT)2 + (& - p)2 . 

(6.14) 

Equation (6.14) gives the MFP of a single-nucleon outside a hot Fermi-sphere. 

This might be considered as the average MFP since it takes the other nucleons effect 

by considering the cross sections average. 

6.3 The single-nucleon potential 

We shall start first by establishing the single-nucleon potential. In most micro

scopic developments for the single-nucleon potential or even the heavy-ion poten

tial, the solution to the Brueckner reaction matrix is required. We start with the 
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Brueckner theory2 which generates the two-body effective interaction. The Brueck

ner reaction matrix,86 G, is defined by 

(6.15) 

where e = &1 + &2 - &3 - &4, V is the nucleon-nucleon interaction, and Q(iJa,jj4) is 

the Pauli operator 

(6.16) 

The infinitesimal i7J accounts for the boundary condition of the two-nucleon scat

tering problem associated with the G-matrix86 . 

For a nuclear system represented by two Fermi-spheres in momentum-space, the 

single-nucleon energy for a nucleon scattering out of the system, say nucleon 1, is 

defined in terms of the reaction matrix elements by86-87 

2 
co PI "" f ...... IGI...... ... ... 
"1 = 2m + L...J 1 < PIP2 P3P4 - P4Pa > . 

leF 

(6.17) 

The total energy of the system is obtained from equation (6.17) by summing over 

the two Fermi-spheres' content. 

The single-nucleon potential in the integral form is given by86-87 

(6.18) 

where 9 denotes the (spin-isospin) degeneracy of the state Ipl >. 
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6.3.1 The imaginary part, W, of the single-nucleon potential 

Let us discuss the imaginary part of the single-nucleon potential. This potential 

comes from real excitations induced by a nucleon scattered into states with momen

tum P3' This requires the promotion of this nucleon from occupied states to higher 

states. The choice of the hole (single-nucleon) potential presents a self-consistency 

for the scattering problem. This means that the propagation of a nucleon in the 

system is specified by a proper self-energy of the single-nucleon potential which is 

equivalent to the optical potential. 

In order to calculate the imaginary part of the optical potential, we need the 

heavy-ion optical theorem. To build up the optical theorem, we start with the 

hermetian conjugate of the Brueckner G-matrix. The hermetian conjugate of the 

G-matrix is given by 

(6.19) 

Since on a microscopic level the probability is conserved for the motion of nucleons, 

the imaginary part of G fulfills the optical theorem88 

= -27!'i I: G+IFJ]34 > Q < pjP418(e)G. (6.20) 
P3.P4 

Then the optical theorem writes: 

2Im[< PIP2IGIFJP4 >= (2:/i)6 J dpjdp4QI < PIP2IGIFJP4 > 12 

8(e)8(Pi + P2 - P3 - ]34). (6.21) 
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The appearance of the delta-functions on the right-hand side of equation (6.21) -

reflects the fact that energy and momentum are conserved during the collision. 

The imaginary part (absorptive potential) ofthe single-nucleon potential may be 

written as 

W(p) = 1mU(p), (6.22) 

where "1m" stands for the imaginary of the potential U. The imaginary part of 

equation (6.17) is found to be38 

1mU(p) = 2(2:n)9 J dPidpjdp41 < Pb Pi IGlpjP4 > 12 f~(1 - ff)(1 - f2) 

6(Pl + P2 - fa - .P'4)6(&1 + &2 - &3 - £4). (6.23) 

In principle, the Brueckner G-matrix in equation (6.15) has to be solved in order 

to calculate W. Solving the Brueckner-Goldstone equation (6.15) is a hard task. 

Therefore, we are going to relate the imaginary part to the free nucleon-nucleon 

cross section while taking many-body effects like the Pauli principle into account. 

This can be done by iterating equation (6.15) 

(6.24) 

where T is the scatt~ring matrix which satisfies the Lippmann-Schwinger equation 

for the scattering of two particles 89, that is, 

(6.25) 

For our purposes we are going to neglect higher order terms in equation (6.25), so 

that the matrix elements will appear in the optical theorem formulae (6.21), which 

in turn can be expressed by the free nucleon-nucleon cross section as 67,68,69,87 
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dCT J.l ... ... ... ... 2 
( )

2 

dn = 211"1i,2 1< PIP2ITlp3P4 > I . (6.26) 

If we replace G by T in equation (6.24) and insert equation (6.26) into equation 

(6.23), after the integration is performed (see Appendix C), we get the following 

expression 

1 ( 1i,2 ) foo foo f1r r dCT 
ImU(k) = '2 1611"m Jo kp2 dkp2 J-oo dkz2 Jo sin 0' dO' Jo dlP' dnI; 

(1 - 1;)(1 - In. (6.27) 

In the above equation, the distribution functions are replaced by their local equi-

librium expressions, which are assumed to be a Fermi-Dirac type distribution. 

6.3.2 Connection with the mean free path 

The MFP of nucleons with momenta PI moving in an infinite system of nuclear 

is related to the imaginary part of the optical potential by 

k 1 
).=vr= --

2m2W' 
k 1 

- 2m ImU(k)' (6.28) 

The substitution of equation (6.27) into equation (6.28) leads to equation (6.10). 

It is of great importance to study thermalization MFP, ).th, that is the distance a 

nucleon has to travel before being in equilibrium with the surrOlmding media. The 
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mean free path, A, and the thermalization mean free path, Ath' may be relat.ed by38 

Ath = A b.Pz = [if; A. 
PI V"T (6.29) 

Here b.pz is the aver':lge longitudinal momentum, Tz is the longitudinal component 

of the kinetic energy and T is the single-nucleon kinetic energy. The thermalization 

MFP, Ath' is a very important and an interesting quantity, because it gives us a 

clue of how long a nucleon has to travel during the thermalization process. 

6.4 Results 

We started by calculating the classical MFP, Acl, between collisions for a nuclear 

system whose density is equivalent to the nuclear matter density taken to be .145. 

With interaction cross section 40 mb, we get -

1 
AcI = - == 1.7fm. 

up 
(6.30) 

The MFP inside n~clear matter is calculated using equation (6.10). It is found 

that the MFP in the low-temperature limit (T < 5M e V) is long compared to the 

classical MFP and compared to the nucleus dimension. This might be due to the 

Pauli principle, which blocks a fraction of attempted collisions in the UU equation. 

As a result, nucleons can not make transitions to different energy states. There

fore, we can regard the nuclear system as a collision-free system of nucleons with 

particles that move freely back and forth inside the system without making transi

tions. Because all the energy states below the Fermi energy are filled, by implication 

the MFP of these nucleons is infinite or large compared to the system dimensions. 

This is the basis of the nuclear shell model from a microscopic point of view. As 

the temperatures increase, vacant states become available for the nucleons to make 
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transitions. This is because the Paul's principle effect in excluding these transi

tions decreases. It is known that the MFP is inversly proportional to the transition 

probability that the nucleons make transitions. As a result the MFP decreases with 

increasing temperature as the two-body collisions get more frequent. The MFP 

remains quite long when the temperature is around 20 MeV, where the MFP values 

are found to be almost twice the MFP of nuclear matter. According to our calcula

tions the smallest value of the MFP of normal nuclear matter is 4.8 fro for nucleons 

of lab energy around 88 MeV (or T ~ 14MeV). The temperature dependence of 

the MFP is similar to results found elsewhere.38 ,85,91,92 This is because they are 

derived from comparable approaches. 

The MFP is also found to be density dependent. As the density increases the 

MFP increases. This is because of the enhanced Pauli blocking effect. The MFP 

remains quite long except for very small densities. A graph of this MFP as a 

function of temperature and density is given in Figure 6.1. The dependence of 

MFP on temperature and density is found to fit roughly the following formula: 

>. = 435 (L) .25 + ~ (po) .45 

T2 Po .jT P 
(6.31) 

Finally, the thermalization MFP, >'th, has the same behavior as >.. The decrease 

of>. (or >'th), for increasing temperature speeds and helps to thermalize the nuclear 

system during HI collisions at E/ab < 100M e V.90 At low temperatures the thermal 

MFP is comparable to the MFP. As the temperature increases, the thermal MFP 

values are less than the MFP values. In particular, the MFP of hot nucleons when 

the system approaches the hydrodynamic limit should be much larger than the 

thermalization MFP. The behavior of the thermal MFP is shown in Figure 6.2. 
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CHAPTER SEVEN 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

In this chapter we would like to stress again the salient points of our study. 

The UU model, in which energy and momentum conservations are expressed as 

delta-functions in the UU collision term, has been used to investigate thermaliza

tions of an initial sharp non-equilibrium distribution function for nucleons occupying 

states of two Fermi-spheres. It is found that increasing the energy of the colliding 

ions leads to a faster thermalization. Thermalization studies also have been per

formed by using the'RTA. It has been found that the RTA results agree with the 

UU results especially when energy spreading is included in the UU collision term. 

We can therefore conclude that the RTA is a method we can rely on when inves

tigating thermalization and relaxation-times of HI c0111isions in the energy region 

5 - lOOMeV/nucleon. When thermal equilibrium is achieved, the nucleons each 

have a Fermi-Dirac distribution in momentum-space. The parameters appearing in 

the equilibrium distribution function are temperature, Fermi energy, and the single

nucleon energy. Once the distribution reaches equilibrium, the collision continues to 

occur but now detailed balancing operates to ensure, that the distribution function 

remains unchanged. Two-body collisions are found to be essential to reproduce 

thermalization. In HI collisions, thermalization is characterized by a relaxation

time. 

The relaxation-times, as have been found, exhibit a strong dependence tempera

ture and density. The characteristic relaxation-time of the thermalization decrease 

with increasing temperature. This is because the effect of Pauli blocking depends 

on temperature. In an expansion at low temperature, the relaxation-time is found 
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to be proportional to T-2. The shorter the relaxation-time, the closer we approach 

the hydrodynamic limit. The two Fermi-sphere calculations are also extended to 

develop a relaxation-time model, with relaxation-times related to the Legendre poly

nomial expansions. Relaxation-times results of higher order are found to exhibit a 

strong dependence on the shape of the initial momentum distribution and on the 

size of the deformation. We find that the relaxation-times decrease with increasing 

deformation. 

The transport coefficients show a strong dependence on temperature and density. 

At sufficiently low temperatures, the viscosity TJ, and the spin-diffusion coefficients 

obey a T- 2 law, while the thermal conductivity coefficient K, obeys a T- 1 law. In 

the same temperature region the transport coefficients increase with increasing size 

of the Fermi surface (or, equivalently, the density). 

The transport relaxation-times involve different kinds of deformation. Transport 

relaxation-times are found to have similar behavior to the relaxation-times obtained 

for a deformed Fermi surface, that is, relaxation-times decrease by increasing tem

perature. This indicates that the two-body collisions in fermion systems is char

acterized by a relaxation-time which decreases by increasing temperature. It is 

worth mentioning here that the viscous relaxation-time is found to be similar to the 

relaxation-time obtained for a quadrupole deformed surface. 

Dependence of the nucleon MFP inside nuclear matter on temperature and den

sity also has been investigated. The MFP of the nucleons is found to be large at 

very low-temperature (because of Pauli blocking) and to decrease with increasing 

temperature. The chaxacteristically large MFP of nucleons in nuclear matter at very 

low-temperatures comes from the temperature dependence of the relaxation-time. 
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The MFP is found to follow a T-2 law in this region. 

Finally, we would like to mention the limitations imposed on the UU model in 

this study and the improvements which we suggest for further investigations. 

Momentum and energy conservation are presented as a delta-function in the UU 

collision term. This imposed condition limits the nucleons' transitions into states 

of negliglible energy widths. In other words, this condition neglects the energy 

spreading due to quantum effects. In addition several effects have been neglected 

such as the Coulomb effects; the higher order collision effects, such as the triple 

collision effects, and mean field effects such as the core repulsive effects. Therefore, 

in order to improve this model, we suggest the following: 

1) Investigations that include the energy spreading quantum effect are recommended 

in order to exhibit their effects on the relaxation-times and the transport coeffi

cients. 

2) The NN interaction that includes the short range and core repulsion should be 

included and its effect on the relaxation-times and transport coefficients should 

be determined. Furthermore, the NN interaction should be modified to include 

the density dependent mean field, because the relaxation-times and the transport 

coefficieLts are found to be density dependent. 

3) Improvements that include Coulomb effects, especially the cross section ones, are 

still possible. 

4) Investigations should be extended to include triple and higher order collisions. 

5) Relativistic kinematic and particles production should be investigated to exhibit 
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the dependence of relaxation-times and transport coefficients on temperature in 

the high temperature regions. This is also essential to determine the equation of 

state at higher temperatures. 

6) Dynamic transport theory that includes expressions to be derived from the oscil

lating distribution functions should be investigated. 

7) '.This model can also be modified to include the electric and magnetic fields effects 

on thermalization, relaxation-times, and transport coefficients. 

Ultimately, relaxation-times results obtained to fit the temperature range lower 

than 20 MeV would be important as an input to investigations of HI dynamics in 

the intermediate-energy region by means of the RTA. 



APPENDIX A 

time unit 

UNITS AND CONVERSION FACTORS 

lsee = 3 X 1023(fm/e) 

energy unit 

Planck constant/27l' 

Temperature unit 

Boltzmann constant . 

nucleon mass 

Viscosity units 

Thermal conductivity units 

Diffusion coefficient units 

Ie V = 1.6021917 X 10-19 Joule 

fi = 6.582183 X 10-22 M e V.See 

fie = 19.732891 X 10-12 M e V.em. 

= 197.3289M e V./m 

1&2 (ftc); / 2 
2m = 2mc = 20. 756236M e V. m 

lKo = 8.617083 X 1O-llMeV 

IMeV = 1.16 X 1010Ko 

kB = 1.38066 X 1O-16erg/Ko 

= 8.61733 X lO-llMeV/Ko 

m = 938.28MeV/e2 

= 1.67265 X 10-27 kg. 

1 poise = dyne. sec/em2 

= 6.24 X 1O-34MeV.see//m3 

= 18.72 X 1O-llMeV//m2C. 

1 Terapoise = 1012 poise 

= 6.24 X 1O-22MeV.see//m3. 

erge/ em.see. 'k 

em2/see. 

fm.c. 
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APPENDIX B 

CONSTRUCTION OF LEGENDRE POLYNOMIALS 

In this appendix we derive the first ten Legendre polynomials by using 

and the relation 

Po(x) = 1 

Pl(X) = x 

to get the following Legendre polynomials: 

( ) 
. 3 2 1 

P2 X = -x --
2 2 

t 3 3 P3(x) = -x --x 
2 2 

35 4 15 2 3 
P4 ( x) = -x - -x +-

8 4 8 

63 s 35 3 15 
Ps(x)=-x --x +-x 

848 

p, ( ) _ 6435 8 _ 12012 6 29010 4 _ 1970 _ 35 
8 x - 128 x 128 x + 896 x 896 128 
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(B.1) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B.9) 
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APPENDIX C 

CALCULATION OF THE COLLISION INTEGRAL 

In this appendix we want to simplify the collision integral so as to evaluate it 

numerically. We shall start by considering a collision process between a two-nucleon 

with momenta iI, and ii2. The two-nucleons are assumed to occupy states 'I' and 

'2' before collisions. After collision the two-nucleons are scattered into unoccupied 

states, say '3' and '4', with momenta F3 and i4,. This scattering process is assumed 

to conserve both energy and momenta. The conservation of energy and momentum 

of the two-nucleon system before and after collision in the laboratory frame can be 

wri t ten as follows 

Pl + P2 = P3 + P4 momentum conservation } 

kinetic energy conservation ' 

where P = 1ik is the single-nucleon momentum. 

(C.l) 

The UU collision term which represents the effect of the two-nucleon collision can 

be written as 

(C.2) 

2 _ 

The £i = ~ (respectively Pi = 1iki ) represents the single-nucleon energies (mo-

mentum) respectively. The four-delta functions are used in (C.2) to express conser-

vat ion of energy and momentum. 

Before calculating the collision integral (C.2), the following points should be 

noted. First, we must avoid double counting of equivalent states, i.e., states like 
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(P3 jiP4 1) and (P4 1iP3 j), by multiplying by a factor~. Second, states like 

(pa ji 14 1) and (P3 1i 14 j) can be regarded as equivalent states. Third, we shall 

treat only spin-isospin symmetry and therefore multiply (C.2) by the degeneracy 

factor, g, for each single-nucleon state. For a pair of nucleons 9 = 4. 

The nine-dimensional collision integral (C.2) may be simplified to a four-dimensional 

integral when introducing the sum and difference momenta P and P in the labora

tory frame before the collision, 

P=Pl+P2}, 

P=PI-P2 

and by pI and jJ after the collision, 

... } I ... ... 
p = P3 + P4 . 

~, ... ... 
P =P3 - P4 

The relative velocity for the two nucleons is defined before collision as 

and after the nucleon's collision by 

-+, ... .... 
... P P3 - P4 V34 = - = . m 2m 

(C.3) 

(CA) 

(C.5) 

(C.6) 

The two-nucleon collision is supposed to conserve energy and momentum, leading 

to 

(C.7) 
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The two-nucleon momenta before and after collision can be expressed in terms of 

the sum and difference momenta as follows 

and 

PI = !C~ + P) } , 

~ = !(P-P) 

... 1 (P"" ... ,,\ P3=2 +P,I 

... 1 ( ... , ... ,) > 
P4 = 2 P - P J 

(C.S) 

(C.9) 

The momenta range dP3dP4 can be expressed in terms of dP'dp' by means of the 

Jacobian theory. This can be written as 

(C.IO) 

where PI is known as the Jacobian. The one-dimensional Jacobian IJxl is simply 

defined 
8ps,. 8ps,. 1 1 

IJxl = 8(P3x,P4x) = 8P~ 8p~ = 2 2 I 
8(P~,p~) 8p4,. 8P4:r: 1 _1 = 2' 

8P~ 8p~ 2 2 

(C.l!) 

The Jacobian in equation (C.lO) is the product of x, y and z components. Then, 

the transformation (C.IO) reads 

The sum of momenta squares before and after collisions is 

p~ + p~ = t (P2 + p2) } 

P5 + p~ = !(p'2 + p,2) 

(C.12) 

(C.13) 

Now inserting transformations (C.12) and (C.13) in equation (C.2), we get 
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(C.l4) 

We integrate equation (C.l4) first with respect to P' to eliminate the momentwn 

63 ~function, and set P = P' in the collision integral, we get 

(C.l5) 

Next, we integrate (C.l5) with respect to p' to remove the energy 6-function. In 

order to perform this integration we need a suitable coordinate system. Based on 

the system properties, especially its cylindrical symmetry, we choose the cylindrical 

coordinate system such that iJ. = (Ppl, 0, PZ1) and P2 = (pP2, cp, Pz2). Let the angles 

between P' and P be 0' and cp'. Introducing dp' = P' 2 dp' sin 0' dO' dcp' in spherical 

coordinates and using 

we get 

where 

J p,2dp'6 (p
2 
4~'2) = 4m J dp'p'26(p2 _ p,2), 

=4mE 
2 

IUU(Jl) = 8(7r~)2m J di!21
7r 

sin 0' dO' 127r dcp'~ ~~ 
[!th(l - fa)(l - h) - faf4(l- !t)(l - h)], 

is the magnitude of the difference momenta or half the relative momentum. 

(C.l6) 

(C.l7) 

(C.l8) 
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The system under consideration possess a cylindrical symmetry, therefore, we can 

express dP2 in cylindrical coordinates as 

(C.19) 

Using equation (C.19) we get the final expression of collision term as 

( 
1i

2
) (' 1 ) fOO 100 f7r f7r f7r du 

Iuu(ft) = + 2m 81i7r 10 kp2 dkp2 -00 dkz2 10 dep 10 sin ()' d()' 10 dep' do' Vi2 

where 
k 

mVi2 =-
2 

(C.20) 

(C.21) 

is the relative momentum of nucleons 1 and 2. The distributions h and !4 are 

functions of k3 and k4 respectively. Therefore, it is of great importance to define 

these momenta. The suitable way to define these momenta is to express their 

components in terms of the total momentum and relative momentum components. 

First, let us introduce the components of total momentum and relative momentum 

in cylindrical coordinates as follows 

(C.22) 

(C.23) 

The relative momentum components are 

(C.24) 

(C.25) 
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The components of momenta k3 and k4 are defined from (C.9) as follows 

(C.26) 

[Kz k 0'] kZ3 = """2 + 2" cos , (C.27) 

(C.28) 

and 

[Kz k 0'] kZ4 = """2 - 2" cos . (C.29) 

By means of the above transformations, the collision integral is simply expressed 

in terms of kp2' kZ2' cp, cp' and 0'. 

Finally, the collisional part BUU equation reads 

( dl l
) dt = Iuu(h)· 

coli 
(C.30) 

The simplified fo~ of the UU collision term given by equation (C.20) is the one 

used to describe free particles. 

Now we proceed to calculate the UU collision integral for particles moving in a 

quadratic potential. The single-particle energy can be written in the following form 

(C.31) 
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where 

* m m = ~--::-::-:--
I +2lt2m 

(C.32) 

is the nucleon effective mass. 

In order to get equal relative velocities before and after collisions, the nucleon 

effective mass mllst be the same before and after collision, i.e., the nucleons have 

to face the same potential before and after collisions. 

Following a similar transformation used in (C.3) to (C.13) and integrating, the 

UU collision term in this case reads 

(C.33) 

The collision integral given by equation (C.33) describes the scattering of nucleons. 

Each has an effective mass m*. 
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