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ABSTRACT 

An atomic resonance filter (ARF), composed of a cell containing an absorbing 

gas and two interference/absorption filter stacks, is designed to be both wide angle and 

ultra-narrowband. The bandwidth of this filter, in the range of 1-lOmA, is determined 

by the absorption linewidth of the absorbing gas. Light entering the ARF within this 

bandwidth excites the gas to a highly excited state, and the fluorescence cascade back 

to the ground state emerges from the gas cell as the detected signal. The 

interference/absorption filter stacks insure that light not interacting with the gas does 

not pass through the ARF. The ARF is necessarily wide-angle due to the isotropic 

absorption properties of the gas. 

This dissertation models the processes involved in atomic absorption to 

determine the performance of an ARF that uses cesium as the absorbing gas. This 

model uses the Voigt absorption profile to obtain a correlation between the frequency 

of the traveling photon and the velocity of the absorbing atom. Results of computer 

5.imulations based on this model are presented along with experimental measurements. 

The ARF characteristics of importance include its efficiency and the temporal 

response of the filter. These characteristics are determined as a function of temperature 

and the input photon frequency. The effect of an additional buffer gas, which is 

included to decrease the ARF response time is investigated. 
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Section 1: Symbol List and Conversion Factors 

atomic density [atoms/liter] 
temperature [OK] 
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cell reservoir temperature 
pressure [torr] 
Boltzmann's constant 
Planck's constant 

k8 = 1.38'10-23 J/oK = 8.6'10-5 eVrK 
h = 6.626'10-34 J-sec = 6.58'10-16 eV-sec 

evaporation rate of a liquid 
azimuthal quantum number of a single electron, all electrons 
magnetic quantum number of a single electron, all electrons 
spin quantum number 
nuclear spin quantum number 
total angular momentum of electron (orbit + spin) 
total angular momentum of the atom (nucleus + eo) 
electron charge 1.6*10-19 C 
displacement vector 
eigenfunction, or electron wave function 

photon frequency 
photon frequency in atom's reference frame 
frequency offset, or frequency as measured from line center 
atom's projected velocity along photon's trajectory 
mass of cesium atom 

Conversion Factors 

j=l+s. l=L+S 
F=I+l 

at 455nm: 1 rnA = 0.145 GHz = 0.0048 cm- l 

at 850nm: 1 rnA = 0.0415 GHz = 0.00138 cm-I 
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Section 2: Introduction 

Optical filters take many forms depending on the wavelengths involved and the 

temporal nature of both the desired signal and background noise. The specific problem 

that this dissertation addresses is the detection of a weak narrowband signal that is 

present amid a strong, wide-band background. The filter employed for this task must 

be insensitive to small changes in temperature, have high rejection out-of-band, high 

transmission in-band, and perform over extremely wide angles (up to ± 90°). The 

filter discussed here, the atomic resonance filter (ARF), has the high rejection/wide 

angle properties of absorption filters and the narrow bandwidth property of interference 

filters. To realize this potential conventional interference and absorption filters are 

added as pre- and post-filters to the primary component, a gas filled fluorescent cell. 

ARFs are intrinsically wide-angle, since they are based on the atomic absorption 

of photons, which is an isotropic process. The atomic transition of the absorbing gas 

determines the ultranarrow bandwidths of this filter (1-10 rnA) and its ultra-high value 

of Q' (Q == !lA/A - 106). Only photons which fall very close to the transition 

wavelength are detected, so that these filters are well suited for operation against a 

continuum background. In addition to these characteristics, ARFs tend to have low 

intrinsic noise, high efficiencies, and fast response times. Owing to their unique 

properties, ARFs have successfully supported laser communications2
, underwater 

communications3, lidar, and meteorology5,6. The Cs ARF in particular is a good 
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candidate for underwater communications since its excitation wavelength falls within 

the blue-green region where water has a minimum in absorption. 

Figure 2.1 shows schematically how the absorption and interference filters are 

integral parts of the ARF system. They combine to create an effective edge filter that 

has a sharp cut-off wavelength and no side-bands. The atomic vapor cell is sandwiched 

between two such edge filters, one short-wave pass (SWP) and one long-wave pass 

(LWP) filter. These edge filters are designed to have non-overlapping spectral 

bandpasses, with the SWP filter on the input side and the L WP filter on the output side. 

The transmission characteristics of each element are presented in Figures 2.2a,b and 

c. The atomic vapor is transparent at all wavelengths except at the atomic transition 

wavelengths. Figures 2.2d,e,f and g plot the spectral intensity that passes each 

successive element. The small "blip" that is on top of the wide-band noise is the input 

signal. Since the edge filters have no common bandpass, light not interacting with the 

vapor does not pass through to the detector on the output side. However, light which 

interacts with the vapor, exciting it to a level well above the ground state, produces 

several fluorescence photons at longer wavelengths which do pass through the output 

L WP filter. It is this wavelength shifted light that is the output signal. It is important 

to note that the output signal, while being fundamentally linked to the input photon, 

originates from the radiative cascade from a highly excited atom. Therefore the ARF 

is unlike either an absorption or interference filter since imaging of the input signal 

source is not possible after filtering. 
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Figure 2.2. Wavelength response of ARFs. (A), (B) and (C) show the 
transmission characteristics of the individual elements. (D), (E), (F) and (G) show the 
spectral intensities at regions 1-4 as denoted in Figure 2.1. The small blip at ~ is the 
input signal and the corresponding output signal appears at >"0' 
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The process above describes the operation of a passive resonance filter. Passive 

filters operate with the absorbing gas in the ground state and are designated as ARFs 

in this dissertation. The output signal from a passive ARF always has a longer 

wavelength than the input signal. If the input wavelength is in the visible region as 

determined by other system parameters, such as the source or medium between 

transmitter and detector, then this wavelength shift could place the output signal well 

into the IR, where photon detectors are less responsive. 

A filter that actually preceded the ARF7 has a wavelength shift in the opposite 

sense, making it an ideal choice for the above problem. Called a laser excited optical 

filter (LEOF), it was first designed to upshift light frequencies from the IR to a the 

near-UV to increase the output from photo-multiplier tube (PMT) detectors, since PMTs 

are more efficient at shorter wavelengths. In contrast to ARFs, LEOFs are active 

filters, operating by signal absorption from a prepared, excited state. The operational 

difference between ARFs and LEOFs is diagrammed in Figure 2.3. 

The elements that fluoresce in the atomic vapor cells have primarily been from 

groups IA (the alkali metals) and IIA (the alkaline earth metals) of the periodic table. 

These operate in a desirable wavelength region (the middle of the visible spectrum), 

have well-known spectra, are characterized by strong transitions and have high vapor 

pressures. The 532-536nm wavelength region has become especially popular due to the 

availability of well-behaved frequency-doubled laser sources. Doped Nd lasers (such 
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Figure 2.3. Comparison between the use of energy levels in LEOF and ARF designs. 
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as Nd:YAG, Nd:BEL, Nd:LNA and Nd:YALO) dominate in this arena since they are 

easily controlled by temperature-tuning and their output at about 1 J,Lm can be 

frequency-doubled into the desired 532-536nm range. Table 2.1 and Table 2.2 show 

the specifications for several LEOF and ARF designs that have surfacedin the literature. 

I Table 2.1. LEOF examples and specifications 

element Ainpul (nm) A".,tpUI (nm) >"ump (nm) efficiency 

CaB 422.7 272 672 -95% 

K9 532.3 404.5 769.8 -7% 

MglO 516,517,518 

Nail 1480 498 330 -50% 

Rbl2 532 420,359,323 795 

Th-Csl3 

Table 2.2. ARF examples and specificationsl4 

element Ampul (nm) Aootput (nm) efficiency 

Cs 455,459 852,894 >95% 

K 464.2 766, 770 -100% 

Rb 516 780, 795 -100% 

Rb 420 780,795 -95% 

The choice of which filter is best suited for a particular application depends on 

many factors. When the background is intense and wide-band, such as the solar 

reflectance from the Earth's surface, then the exact wavelength placement is crucial. 

-_.-

I 
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The solar spectrum outside the atmosphere has the overall shape of a 6000 oK 

blackbody except for emission dips known as the Fraunhofer lines. These lines are 

caused by the absorption of light by the atomic species that lie in the outer layer of the 

sun. There are twenty four strong Iines15 in the wavelength region from 400 to 

760nm. These dips in the spectrum serve as natural, low background bands for 

narrowband optical communications. In fact, the Ca and Mg LEOFs are designed to 

take advantage of these bands. These filters have superior daylight performance 

because the solar background is only 2.4 % and 7 % of the calculated blackbody intensity 

at 422 and 518nm, respectively. The Ca vapor cell has the additional benefit of being 

devoid of hyperfine splitting (hfs). The hfs of energy levels is great enough in certain 

cases to create mUltiple fully resolved absorption lines where only one would exist 

otherwise. Since the absorption Iinewidth is generally wider than the signal width to 

start with, the others only serve to absorb more background radiation, whereby 

contributing to the noise and degrading performance. 

A single absorption line has a width that depends on the natural, collisional and 

Doppler widths. The natural width is determined solely by the lifetime of the excited 

state. The collisional width contribution is caused by the interruptions in phase of the 

emitted radiation, caused by impact by a second atom, which broadens the spectral 

bandwidth. It is dependent on the pressures of all gas species present. The Doppler 

width is due to the Brownian motion of the absorbing atoms; it has a greater value for 

light atoms at high temperatures. As far as background rejection is concerned, a 
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narrow width absorption line has superior performance, assuming of course that the 

source is very narrow, controllable and stable. 

However, the widening of the absorption line in the case of collision broadening 

is accompanied by an increase in the relaxation rate of the excited states. which is a 

desirable effect. Neon buffer gas served this function for the work presented here 

since, unlike helium, it does not easily diffuse through glass. The decrease in excited 

state lifetimes translates into a faster response time for the system. For a 

communications system, it is the response time that limits the information transmission 

rate. 

A second effect, radiation trapping, also plays a role in determining the final 

response time. Radiation trapping occurs when a photon is absorbed and re-emitted 

many times as it traverses an absorbing medium. It is especially prominent for photons 

that are emitted in a transition to the ground state, since many surrounding atoms can 

readily absorb photons of this wavelength. Because many absorptions/re-emissions 

occur in this case, the response time is lengthened, resulting in an effect known as pulse 

stretching. 

The ARF studied in this dissertation is based on the 455 and 45911m absorption 

lines of cesium, which is a candidate for a proposed communications system. It is a 

passive filter and the fluorescence signal appears at both 852 and 894nm. This ARF 
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is modeled by computer and verified by experimental data for several measurable 

parameters. The impetus for modeling this system is to create a tool for optimizing the 

filter efficiency and response time. 

The modeling revolves around equations that are easily found in common laser 

spectroscopy texts by authors such as Seigman16 and Milonni17. It involves the basic 

equations of natural, collisional and Doppler broadening. More advanced topics are 

also taken into hand, such as the line skewing and shifting that occurs with collisional 

broadening. Radiation trapping is easily observed in this system by its effect on pulse 

broadening and lineshape redistribution. The response time of an isolated Cs atom is 

about 0.3 fJ.sec as determined by the radiative cascade from the excited state. However, 

under certain conditions, radiation trapping increases this to several microseconds as 

the output signal is more strongly absorbed than the input signal. 

Modeling by numerical methods is the only realistic way of including the effects 

of all these processes. The performance of such a system is dependent on the physical 

parameters, such as temperature and pressure, as well as the engineering parameters, 

such as the spectral reflectivity of the containment walls enclosing the atomic vapor. 

The output variables of efficiency and response time are obtained as a function of 

temperature, gas pressure, and input signal parameters. 

The overall goal of this work has three parts. The first part is model 
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verification. This takes the form of a comparison to published literature and two 

experiments, one that measures the 455nm light transmitted through the containment 

cell vs. temperature and the second which compares conversion efficiency vs. 

temperature. The second part finds the output variables for an ideal cell, one having 

perfect SWP and L WP filters. The third part investigates the properties of a gas slab 

without any containment walls. Radiation trapping alters the frequency distribution of 

light emitted from this slab; the amount of change depends on the thickness of the gas 

slab. 

The sections of this dissertation are arranged and defined as follows. 

Section 1: Symbols List 

Section 2: Introduction This provides a brief description of the operation of an atomic 

resonance filter and gives examples cited in literature. 

Section 3: Properties of Cesium This provides the published vapor pressure and density 

of Cs atoms as a function of temperature and the evaporation rate from the liquid state. 

Also included is the energy level diagram along with fine and hyperfine splitting 

explanations and constants. 

Section 4; Lorentz Broadening This discusses the broadening associated with the 

natural lifetime and collisions. 

Section 5: Doppler Broadening The effect of Brownian motion on the linewidth is 

reviewed. 

Section 6: The Voigt Profile This spectral profile results when both Lorentzian and 
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Gaussian broadening are present. The convolution process is reviewed to express this 

line shape. 

Section 7: Simulation of Atomic Absorption and Gas Kinetics The processes that occur 

as a photon travels through a gas are presented. The correlation between photon 

frequency and atom velocity is derived and supported by results seen in the literature. 

Section 8: Model Verification and ARF Performance The results from experiment are 

shown along with simulation values for 455nm absorption and conversion efficiency vs. 

temperature. 

Section 9: Radiation Trapping Both theory and simulation are presented to show how 

the emission lineshape of a volume of gas evolves as the gas layer thickness increases. 

Section 10: Sources of Noise Included here are the effects of photoionization and 

collisional energy pooling. 

Section II: Discussion of Results and Conclusion 

Appendix A: Production of numbers that obey desired probability laws is covered. 
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Section 3: Properties of Cesium 

The properties of the atomic vapor are obtained using the constants found in this 

section. The first part deals with the liquid/gas transition, which is relevant to 

understanding situations in which Cs vapor is derived from an abundant liquid source. 

Both the rate of evaporation and the steady state vapor concentration are examined. 

The second part encompasses the spectroscopy of cesium vapor, including a brief 

description of the splitting of state energies. 

Cesium Vapor Pressure and Density 

The physics involved in atomic absorption of radiation of a gas hinge upon the 

temperature, T, and atomic density, N. If the vapor is derived from a liquid source so 

that equilibrium is established between the gas and liquid phases, then the vapor 

pressure and N are a function of T. The convention used hereon is that if this 

equilibrium condition exists, the chamber is overfilled, in which case the vapor is 

saturated; if only the gas phase exists then the chamber is underfilled. An experiment 

that uses an initially underfilled chamber is burdened by large uncertainties in the exact 

Cs density for several reasons. First, there is difficulty in accurately measuring the 

very small pressures involved. One must work below the saturation pressure, which 

is 1 /-ttOIT of Cs vapor pressure at ambient temperatures. Second, the vapor density 

gradually decreases over time due to cesium's tendency to attack and combine with 
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residual gases and the chamber itself. And last, even if the chamber is initially 

underfilled, a change to lower temperatures rapidly causes saturation, at which point 

condensation occurs on the walls, reducing the vapor density and occluding the chamber 

walls. So, the usual method for maintaining a known vapor density is to attach a 

"cold" reservoir to the chamber that is filled with an excess of liquid cesium. For a 

stable reservoir temperature, the vapor pressure of atomic cesium reaches an 

equilibrium valuelS that is described by the following equation, 

4006 10glO(Pc) =8.22--- -(6.02e-4)T -0. 19610g lOCn 
T 

(3.1) 

and is graphically represented in Figure 3.1 along with the pressure of diatomic Cs 

(Cs0. C~ is always present at equilibrium as a result of collisions between free Cs 

atoms. For temperatures in the neighborhood of 100°C the Cs vapor pressure is low 

enough so that the ideal gas law is valid. 

(3.2) 

Here P, N, kB, and T, denote the pressure [torr], atom density [atoms/liter], 

Boltzmann's constant and temperature [OK] respectively. The number density then 

follows the simplified formula below. 

density [atoms] = 9.65xl018 P[torrl 
em 3 no~ 

(3.3) 

This is graphed in Figure 3.2. Before proceeding, one note should be made on the 

experiment with such an arrangement. The temperature of the relatively cool reservoir 
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determines N within the chamber. Since it is cooler than the other parts of the 

chamber, all evaporation and condensation will occur there. If the surface area of the 

reservoir is small in comparison with the total chamber surface area, then we can 

assume that the warmer temperature of the chamber is what determines the average 

atom velocities and the dynamics of the vapor. 

Cesium Evaporation Rate 

The relative surface areas are proportioned to validate this approximation. 

However, this slows the equilibration of atom density when the reservoir temperature 

changes, since all evaporation takes place over a small surface. The rate of evaporation 

(W) is given19 by the expression below and is graphed in Figure 3.3. 

loglO(J grams h=9.86- 3.77xl<Y -.!lOglO(7)-3.17 (3.4) 
"l sec·cm2 r T 2 

A simple calculation that assumes immediate mixing of the evaporated cesium gives 

very fast equilibration times which are an order of magnitude faster than those observed 

in the laboratory. Thus it is probable that other factors, such as the thermal transfer 

time across the reservoir walls and atomic diffusion time, are the dominant processes 

in establishing the equilibration time for our experiments. 

Cesium Spectrum 
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The remainder of this section is devoted to the absorption (emission) spectrum 

of cesium. The splitting of energy levels and its effect on the final absorption Iineshape 

are discussed. From this discussion, the reader will achieve qualitative insight into the 

relative magnitudes involved in fine and hyperfine spectroscopic structures. 

The SchrOdinger equation, 

va'P +v'P = i.A a'P 
21t at ' 

(3.5) 

is used to solve for the steady-state solutions for the electron wavefunction. The 

solutions, or eigenfunctions, are characterized by the quantum numbers n, I and m. n 

is the principal quantum number. I is the azimuthal quantum number and corresponds 

to the angular momentum of the electronic probability density function. m is the 

magnetic quantum number and defines the spatial orientation. In the absence of an 

~xternal field, eigenfunctions that differ only in m have equal energy levels; this is 

called space degeneracy. The selection rules for dipole allowed transitions are 

III = ±1 Ilm =O,±l (3.6) 

These must be followed to have a non-zero transition dipole matrix element, which is 

defined as 

(3.7) 

where e is the electron charge, r is its displacement from the atom's center of mass, 
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and i'j and 'ltj are the eigenfunctions of the initial and final states of a possible 

transition. If this matrix element is non-zero then the electron may make a transition 

between these two states by absorbing or emitting dipole radiation. 

However, this simplified view of quantum mechanics does not address the cause 

of the splitting of spectral lines emitted in transitions to or from a and Q-orbitals. This 

splitting is called fine stnJcture and is observable using spectrometers of moderate 

resolution. This splitting is shown in the energy diagram for cesium in Figure 3.4. 

The energy levels are expressed in wavenumbers (0) which are calculated from the 

expression 

he 
E = hv = - = hco . 

A 
(3.8) 

The energy levels are relative to the ground state. This splitting creates a multitude of 

transition wavelengths, as they are shown in Figure 3.5. 

The splitting can be explained if it is assumed that the electron possesses spin 

angular momentum coupled to the orbital angular momentum, symbolized by the 

quantum numbers s and 1 respectively. Note: In this dissertation, quantum numbers will 

appear in italics (s) and the vector will appear in bold (s). The electron's total angular 

momentum is then the vector sum j =I+s, and the new quantum number j is called the 

inner quantum number. The inner quantum number falls in the range of Il+sl > UI 

> Il-s I. The convention with quantum numbers when dealing with the entire atom is 
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Figure 3.5. Transition wavelengths for the lower excited states of cesium22• 
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to use the uppercase counterpart of the specific quantum number (ie. replace j with 1). 

For cesium, a solitary outer electron surrounds a core having the configuration 

of the noble gas Xenon. The core has no net spin so the total spin of the atom is due 

to this single outer electron; the atom thus has S = Ih. The ground state and all other 

s-orbitals are therefore singlets according to this model of Is-coupling. The 12-orbitals 

have j values of II + s I = 3/2 and I/-s I = 1/2, and the g-orbitals have j values of S / 2 and 

3/2• The selection rules on the inner quantum number are 

III = O,±l (3.9) 

with the exception that transitions from J=O to J=O are not allowed. In general the 

splitting of the g-orbitals is small in comparison with that of the 12-orbitals. 

The isotope effect produces an even finer splitting of the spectral lines. 

Different isotopes have different centers of mass, different values for the reduced mass 

of the system, and therefore slightly different energies. Heavier isotopes will have the 

same characteristic spectrum except with a small shift toward lower frequencies. For 

hydrogen this shift is about 5 cm· l
, but for heavier elements this shift is significantly 

smaller. Cesium only has one stable isotope, Cs133, so it does not show the such 

effects. 

There is, however, splitting of the fine structure of cesium. The first 
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explanation of this phenomenon was offered by Pauli, who suggested that the nucleus 

possesses angular momentum, with quantum number I, which couples with the angular 

momentum of the electron. The total angular momentum for the whole atom is F, 

which is the vector sum of I+J. The quantum number F is bounded by the two 

quantities IJ+/I and IJ-/I. The observed value of the nuclear spin for cesium23 is 

1 = 7/ 2, The splittings of the energy levels for the transitions leaving the ground state 

of cesium are calculated below. The selection rule for F is 

AF = O,±l (3.10) 

with the exception that a transition from F=O to F=O is not allowed. Figure 3.6 shows 

the allowed transitions from the ground state to the 712-orbitals. The relative intensities 

of the emission lines depend on the exact means of excitation. It is now necessary to 

indicate that the energy-level values given in Figure 3.4 are actually the centroid values, 

or weighted mean values that are averaged over the hyperfine structure. 

The energy splitting between hyperfine levels is calculated as the departure from 

the centroid, or multiplet, level WJ' The energy24,2S of a hypertine structure level 

with quantum number F is 

~C(C+l) - 1(/+l)J(J+l) 
W WAC + B _4 _______ _ 

F = J + 2' 2J(/-l)J(J-l) 

(3.11) 

where C=F(F+l)-/(I+1)-J(J+l), and the constants A and B are the published 

hyperfine structure constants for cesium, as shown in Table 3.1. From these two 
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Figure 3.6. Allowed hyperfine transitions in the 455nm cesium line and their 
relative intensities. 
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constants the energy level splittings are calculated, as displayed in Table 3.2. 

However, even with an understanding of hyperfine structure, a complete 

description of the spectrum has not yet been presented. The spectrum is completely 

described when line placement, lineshape and relative line intensities are known. The 

next few sections deal with the lineshape, or absorption (emission) distribution, that is 

centered about each of these line centers. 
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I Hyperfine Structure Constants26 I 
multiplet level A [MHz] B [MHz] 

5ds12 22.2 -
6s112 2298.2 -
6Pl12 291.90 -
6p3/2 50.34 -0.38 

7s1l2 546.3 -

7Pl12 94.35 -
7P312 16.605 -0.15 

Table 3.1. Hyperfine constants for Cesium 

level pairs separation [cm- I ] 

6s112 F=3,F=4 0.3064 

6Pl12 F=3,F=4 0.0388 

6P312 F=2,F=3 0.00513 

F=3,F=4 0.00676 

F=4,F=5 0.00830 

7Pl12 F=3,F=4 0.0126 

7P312 F=2,F=3 0.00170 

F=3,F=4 0.00223 

F=4,F=5 0.00273 

Table 3.2. Calculated energy differences from hyperfine structure constants. 



37 

Section 4: Lorentz Broadening 

We begin this chapter recognizing that the wavelengths previously tabulated for 

the energy level transitions of cesium represent the center wavelengths of distributions 

that have finite widths. In the next few pages, we show how two different phenomena, 

natural and collisional broadening, contribute to line broadening and then proceed 

through lineshape calculations. Natural broadening arises from the properties of 

spontaneous emission. The naturallinewidth depends on the two states involved in the 

transition and typically represents the minimum possible linewidth. The second 

process, collision broadening, arises from Brownian motion. For both phenomena, 

each atom in an ensemble of atoms exhibits the same lineshape and line center. The 

response of the collection as a whole, being the sum of each atomic response, then 

shares the same lineshapc. These phenomena produce homogeneous broadening and 

are responsible for the Lorentzian character of atomic spectra. 

When modeling a phy~ical phenomenon, it is typical to start with the simplest 

possible model and see how closely it mimics reality. The simplest realistic picture of 

an atom is known as the classical electron oscillator (CEO) model. The CEO model 

will provide a physical picture for the origin of the excitation frequency, the lifetime 

of an excited state, and the absorption lineshape of an atomic resonator. 

The CEO model assumes that an atom is composed of a fixed nucleus that is 

surrounded by a mobile electron cloud. This electron cloud normally resides at an 
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equilibrium position symmetric with respect to the nucleus, but it may move from this 

position if acted on by an external force. An important external force is imposed on 

the electron cloud by the electric field of an incident electro-magnetic (EM) wave. The 

force that resists the movement of the electron cloud, the restoring force, is assumed 

to be linear with displacement. (This is analogous to an electron connected to the 

nucleus by a spring.) The equation of motion for an undriven oscillator is 

m d
2
x(t) - kx(t) , 

dt2 
(4.1) 

where the time dependent displacement is x, the electron mass is m, and the restoring 

constant is k. This differential equation has the following solution: 

(4.2) 

where the natural frequency of oscillation is 

(4.3) 

The displacement of the positively charged nucleus and negatively charged 

electron cloud from their symmetrical equilibrium position creates an electric dipole 

whose amplitude is periodic, and the electric field that emanates from this dipole must 

then have the same frequency as the dipole displacement. It is this dipole emission that 

corresponds to the light wave generated in the atomic transition between two energy 

levels. The oscillation frequency, Wa, and the energy emitted correspond to the 

transition frequency and the energy level difference between the upper and lower states, 
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respecti vel y . 

(4.4) 

Since the amplitude of oscillation is undiminished with time in this ideal case, 

the resonator emits an infinite amount of energy, a result inconsistent with experience. 

A damping term proportional to the electron velocity is included in the equation of 

motion to limit the total energy emitted by the oscillator, i.e. 

d
2
x(t) = _(&) 2 xCt) _ y dx(t) . 

dt2 a dt 

The damping coefficient is ,,(, and the solution of this equation is 

(-~ + I(,)~(t - tr) 
x(t) = x(tO> e 2 

where the exact resonance frequency is defined as 

The total energy of the oscillator has two components, 

Utat = (Potential Energy) + (Kinetic Energy) , 

having an explicit temporal dependence of 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

U = ..!.mv(t)2 + ..!.kx(t)2 = ..!.m[d(X(t»f + ..!.kx(t)2 (4.9) 
tot 2 2 2 dt 2 

Substitution of x(t) and its first derivative into the above equation shows the energy 
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decay with time, 

U u)t = U(tc) e -yet-to) = U(tc) e -(t-to)/t • (4.10) 

Here 'Y appears as an energy decay rate, thus defining T as the energy decay time. The 

energy decay time of the oscillator is equivalent to the lifetime of the excited state. The 

radiated energy is called spontaneous emission, or fluorescence. 

The primes were omitted in the above equations due to the frequency 

approximation, 

(4.11) 

This is legitimate for most atomic transitions since they are quite underdamped, 

corresponding to a small value for 'Y. 

Classical electromagnetic theory predicts a value of 

(4.12) 

according to the CEO model based on the energy emitted by an oscillating electric 

dipole. However, a quantum mechanical treatment must be followed to account for the 

subtleties of dipole transitions. For example, there is no dipole emission unless the 

following transition rules are obeyed. 
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Al = ±l , Am = 0, ±1 (4.13) 

where I and m are the angular momemtum and spin quantum numbers as presented 

earlier. The value of'Y that emerges is 

y .. = 81t
2 IJverV:d.r :: A .. 

IJ ehA3 I J IJ 
~ 

(4.14) 

where itj and 'lrj are the wavefunctions for the upper and lower energy states, 

respectively, and er, the product of electron charge and position, is the dipole operator. 

The last symbol, Aij, is included to show how the Einstein A-coefficient is defined. 

This coefficient may be calculated if the wavefunctions are known, but it may be 

experimentally determined as it is the value for the decay rate for a purely radiative 

transition. The values of 'Y, or Aij' can be considered the transition probabilities and 

have units of sec-I. The transition probabilities for cesium are provided in Table 4.1. 

A more detailed analysis of the transition between two energy states refines the 

value for the energy decay time. For spontaneous emission the total decay rate is 

dictated solely by the upper level. 

(4.15) 

where Aj denotes the sum of all radiative pathways from state i to lower states k. 

(4.16) 
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If non radiative transitions are included, such as de-excitation due to collisions 

with other gas species or the walls of the container, then the final refinement of the 

decay rate is 

(4.17) 

Table 4.1. Transition wavelengths and probabilities27,28.29,3o 

Transition wavelength (nm) transition 
probability [sec·l ] 

7P312 - 7S 1/2 2932 4.01 

- 6s1l2 455 1.9 

- 5ds12 1361 1.05 

- 5d312 1343 0.11 

7PI12 - 7s1l2 3096 3.54 

- 6S1/2 459 0.95 

-5d312 1376 1.35 

7S 1/2 - 6P312 1470 12.0 

- 6PI12 1360 5.5 

6p3/2 - 6s 112 852 33.0 

6PI12 - 6s112 894 28.0 

5ds12 - 6P312 3491 0.84 

5d3/2 - 6P312 3614 0.* 

- 6PI12 3011 1.0 
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This contribution from non radiative decay may be significant and is required, for 

example, for the operation of He-Ne lasers. This laser is excited by collisional transfer 

of energy with excited helium atoms. It depopulates the metastable lower state by 

collisional de-excitation with the walls. The non radiative transitions for the cesium 

resonance, however, are insignificant. First of all, collisional transfer of energy to the 

residual gases is not possible since the energy released by a cesium atom does not 

match any of the possible residual gas transitions. Secondly, the likelihood of 

collisional transfer with the chamber walls is small. 

Drawing now on data that is presented in a later chapter, at 100°C the average 

atom is moving at a rate of 250m/s and has an excited state lifetime of about IOns. 

When a path of 2.5""m has been traversed by atoms having this lifetime, lie of the 

atoms will have decayed. Since the chamber is several orders of magnitude larger than 

this distance, the likelihood of an excited atom encountering a wall is negligible. 

Up until now the atomic oscillator was assumed to be initially excited and not 

under the continual influence of an external field. This assumption is now relaxed, and 

a driving force is added to find the atomic frequency response to incident radiation and 

to calculate the absorption spectrum, 
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d
2
x(t) + y dx(t) + W 2X(t) = -~E(t) 

dt2 CEO dt a m 
(4.18) 

The macroscopic polarization of a collection of such atoms is 

P = Nex , (4.19) 

where N is the atomic number density. A harmonic form is assumed for the 

polarization, 

P _ 1 (P- it.l.r p-' -it.l,A -- e + e -), 
2 

(4.20) 

where the tilde ( -) indicates complex polarization. Using these two definitions, we 

can say 

P 1 (p- it.ld ' p-. -it.ld ') X=-=-- e + e . 
Ne 2Ne 

(4.21) 

Substituting this in (18), the driven oscillator equation, produces 

(4.22) 

The atomic susceptibility, x, being proportional to the ratio of PIE, is also complex. 

x = P 
eE 

1 
2 2 • 

wa - W + lWYCEO 

Here the near-resonance approximation is useful. 

= X' + iX" . (4.23) 
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(4.24) 

This approximation is usually invoked since the atomic lines are very narrow. Real 

transitions have a very sharp resonance peak as quantified by the resonator quality 

factor, Q, defined as 

(4.25) 

The atomic susceptibility is then only non-zero in the neighborhood of the resonance 

frequency. 

The imaginary part of the susceptibility, x", leads to absorptance and has the 

form 

(4.26) 

The absorption coefficient, in units of [engthoI
, is 

a(w) = ~ X" = Ne
2 

Y CEO 

e eme [2(w - w)]2 + Ycro2 
(4.27) 

By defining 
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2(c..> - c..» 
x = ----=- (4.28) 

y 

the Lorentzian behavior of the absorption becomes evident. 

(4.29) 

A term commonly used to quantify the rela~ve absorption strength for a transition is 

the integrated absorption, extol' which is defined as the integral, 

a. tot = f a.(v) dv (4.30) 

This is evaluated after converting the extinction coefficient to linear frequency, v, 

and integrating, giving a value of 

c..> 
v =-

21t 

Nez 
a. =-

tot erne 

(4.31) 

(4.32) 

This last section has ignored the quantum mechanical distinction that was previously 

made between "I and "ICEO- The integrated absorption is corrected for this using the 

substitution 

(4.33) 



47 

where the oscillator strength, .9,' is defined below as 

.9'=_Y tot • 

3YCEO 

(4.34) 

Substituting the definition of 'Yc..7!O' equation (4.12), gives the integrated absorption in 

final form. 

(4.35) 

Collision Broadening 

The second type of homogeneous broadening is collision broadening. The 

remainder of this section is devoted to discussing its origin and calculating its linewidth. 

The previous calculation of the susceptibility was performed by computing the 

polarization for N dipoles per unit volume in phase with one another. There was no 

discussion of a possible distribution of phases for the collection of dipole radiators, 

which is reasonable because oscillators out-of-phase with an external driving force with 

frequency Wd will asymptotically approach an oscillation state that has the a frequency 

of Wd and a specific phase relation to it, IPd. This is shown starting with the equation 



48 

of motion for a damped, driven harmonic oscillator, 

d2x(t) dx(t) f,Wt) F ;(W4lt + e) m-- + y-- + """\ = e 
dt2 dt 0 • 

(4.36) 

where (J is the phase of the driving force at t=O. The transient solution eventually 

decays to zero leaving only a steady-state displacement of the following form, 

(4.37) 

where ()' is the phase and xma.t is the amplitude of the dipole displacement. Substitution 

of this into the above equation and separating out the real and imaginary parts yields 

(4.38) 

(4.39) 

where 'Pd is the relative phase lag between the driving force and the oscillator 

displacement, such that 'Pd=()-()'. From these parametric expressions one obtains 

tan(!p) = _y:.,..w_ 
k - mw2 

(4.40) 

So, regardless of initial oscillator phase or displacement, all oscillators approach a 

steady state solution where they are in phase, or "aligned". Therefore the steady state 

polarization could be written as 

pet) = Nex(t) • (4.41) 

where N is the total cesium atom density. 
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Collision broadening has its origin in the dephasing action of random collisions 

that occur in gases due to Brownian motion. This effectively changes the number of 

dipoles that are in phase with each other. This phase disturbance is caused by the 

nature of the collision itself. As two atoms approach each other, the actual energy 

levels, hence resonance frequencies, are perturbed due to the interaction of the electron 

clouds and nearby nuclei. The radiating oscillator continues to emit during this process 

but at a slightly different frequency than before. After the collision event the dipole 

emits at its original frequency, but now with a changed phase with respect to the phase 

of an uncollided dipole. 

There are several models that approximate the collision process. In the simplest 

model, the collisions have zero duration, after which atomic emission advances by a 

large relative phase (1l0> > 27r). The net averaged polarization contribution of atoms 

that suffer a collision is then, 

(4.42) 

The displacement is periodic and has a random phase shift 1l0, therefore 

(4.43) 

(4.44) 

So, only the uncollided atoms contribute to the polarization, 
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(4.45) 

The uncollided atomic number density changes exponentially with time, and is 

dependent on the average collision time, denoted by convention as Ii, as shown, 

= (4.46) 

_ t-t. 

Nuuo~t) = No e T2 
(4.47) 

This result helps us find the net polarization which includes collision broadening. 

Substituting this into equation (4.45) gives 

P(t) = Poe - (y(2 + I/T,)(t - t) + jc,).(t - t) (4.48) 

This decays with a rate of "(12 + lITz, more rapidly than the single dipole decay rate 

of "(12. Comparison with equation (4.36), which describes the driven harmonic 

oscillator, indicates that this polarization is the solution to the following differential 

equation. 

(4.49) 

From this we find the resulting absorption lineshape is again Lorentzian. 
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(4.50) 

It is necessary to mention alternative assumptions and their effects. First, we 

assumed the atoms did not become realigned, or poled, after collision. The phasing 

(alignment) and deph::lsing phenomena are competing processes. At typical pressures 

of a fraction of an atmosphere, the dephasing events occur with such frequency that 

repoling usually occurs only in very high intensity fields. Since the region of interest 

involves low field intensities and high collision rates, poling will not occur. Secondly, 

the choice of collision duration and phase change alters the results slightly. For a 

Lorentzian lineshape to appear, the collisions must be effectively of zero duration. In 

this case the phase change may be either completely randomizing31 (flO> > 211") or 

slightly randomizing32.33 (flO < 211"). If the collision has finite duration, the lineshape 

appears to exhibit dispersion, skewing it slightly34.3s.36.37, and a spectral shift. The 

distribution to either side the central wavelength appears to have a width proportional 

to the frequency offset, as observed by Walkup et al. (1980) and reproduced in Figure 

4.1. The relative deviation from the Lorentzian is graphed in Figure 4.2. As a 

function of detuning, fl, which is defined as fl=v-vo, the distribution appears to have 

a width of 
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(4.5l) 

where 'Yco/llsionaJ is the collision brcadened width and b is the asymmetry parameter. This 

is not included in the analysis done for this dissertation because it is a small effect. It 

can only be easily seen in the wings of the Lorentzian line, which in our case is not 

significant since the medium is predominantly Doppler broadened, a phenomenon 

discussed later. The shift of the spectral line is due to the difference in the energy level 

curves of the upper and lower states as a function of the interatomic separation between 

a Cs atom and its collision partner. The direction of the shift may be to either higher 

or lower wavelengths depending on the collision partner. The shift coefficients are 

listed in Table 4.2. 

All that remains is to find the value of T2, or 'Y. A rough estimate of the 

collision time may be made if one makes the "billiard-ball", or hard sphere, 

approximation combined with basic knowledge of gas kinetics. The "bi!liard-ball" 

approximation indicates the mean free path length between collisions. The particle 

velocity, derived using basic laws from gas kinetics, determines the mean free time 

between collisions, T2• 

In the "billiard-ball" approximation, one assumes that two atoms collide if they 

have a separation, I, less than the sum of their atomic radii, 
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Figure 4.2. Relative deviation of experimental absorption line from best-fit Lorentzian 
lineshape. 
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Table 4.2. Shift coefficients (O'fn) for cesium38 

units of [10-20 em'! fcm·3] 

455nm 459nm 852nm 894nm 

Helium 0.73 1.50 0.39 0.67 

Neon -0.56 0.00 -0.43 -0.29 

Argon -1.55 -1.63 -0.75 -0.89 

Krypton - - -0.81 -0.27 

Xenon -1.67 -1.66 -0.91 -0.84 

l<rc.r+ r . c.p. 
(4.52) 

Cs is always in this equation since we are calculating the mean free path (MFP) of a 

cesium atom in the gas. The second term, rc.p., represents the radius of one of the 

many collision partners that exist in the gas, including other Cs atoms. The cross 

sectional area for this combination of atoms is 

(4.53) 

The density of the collision partners and O'collision determine the MFP. Consider a slab 

of gas having thickness dx and collision partner density Nc.p.• If the frontal area of the 

slab is unity, the probability of impacting an atom within the slab is 

(4.54) 

The MFP in such a medium is then 
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MFP = __ 1 __ (4.55) 

To obtain the mean free time (MFT) between collisions one only needs to know the 

relative velocity between the collision partners and the MFP. From Maxwell-

Boltzmann gas kinetics the rms velocity, v rms' between two similar atoms is 

(4.56) 

The general case involving dissimilar atoms uses the reduced mass of the two species, 

J.I., 

(4.57) 

The desired MFT, or T2, is then 

MFP T2 =--
Vnru 

(4.58) 

This procedure only gives approximate values for T2, however, mostly due to 

the "billiard-ball" approximation. The MFf for atoms changes greatly under varied 

circumstances and for a resonant collision, a collision in which energy is transferred 

between collision partners, may be several orders of magnitude smaller than this 

estimate. 
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Instead of deriving the collision time from first principles and vaguely related 

constants one typically finds 'Y from experimental data. Data is usually published in the 

form of constants to the Stern-Vollmer equation for pressure broadening,39 

(4.59) 

The constant term, A, is the natural width and the second term of the equation is the 

sum of contributions from all gases present, using their respective broadening 

coefficients, B;, and pressures, Pi. The coefficients for cesium are in Table 4.3 for 

various noble gas collision partners. The broadening caused by noble gases is primarily 

due to van der Waals interactions, and therefore are dependent on the polarizability of 

the collision partner. The heavier noble gases, having a larger polarizability, have 

larger pressure-broadening coefficients than their lighter counterparts. 

The region of interest for this dissertation lies in the temperature range 20°C to 

120°C, and in the cell buffer gas pressure range 0 and 100 torr, as measured at room 

temperature (22°C). Figure 4.3 is a contour plot that shows the magnitUdes of 

collisional broadening that are generated over these ranges using a neon buffer gas. 

Figure 4.4 shows the absorption FWHM for a Cs cell having a neon fill pressure of 30 

torr with better resolution. 
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Table 4.3. Broadening coefficients for cesium40 

Half Width at Half Maximum [10"20 cm"l I cm"3] 
(value valid at tcmperature[OK] in parentheses) 

I II 455nm I 459nm I 852nm I 894nm I 
Helium 3.45 (400) 4.40 (400) 1.36 (295) 0.98 (295) 

Neon 1.62 (380) 1.75 (395) 0.53 (295) 0.51 (295) 

Argon - 3.18 (400) 1.16 (295) 1.0 (295) 

Krypton - - 0.55 (295) 1.01 (295) 

Xenon 2.60 (380) 3.0 (380) 2.93 (295) 1.09 (295) 
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Section 5; DopDler Broadening 

In contrast to homogeneous line broadening, in which every atomic oscillator 

has an identical response, inhomogeneous broadening arises when the ensemble is 

composed of individual oscillators having varied responses. The following section will 

discuss this phenomenon, starting with the offset of an individual oscillator and 

proceeding with a calculation of the contribution of inhomogeneous broadening to 

overall absorption lineshape of a large collection of oscillators. 

Even in a medium with a uniform composition, every atom does not have the 

same resonance response due to a number of factors. First, the energy levels of an 

atom depend on its immediate surroundings. In solids, the local interactions due to 

strain, impurities and dislocations cause identical atoms to have different resonance 

frequencies. Inhomogeneous broadening also occurs if the atoms in the medium are 

moving randomly. For example, when light is incident on such a medium, each atom 

experiences radiation in its own inertial reference frame which is frequency shifted an 

amount depending on its relative velocity. In solids this is associated with phonon 

propagation and in gases with Brownian motion. 

The resonance frequency shift of a particular atom moving in the x-direction, 

away from the radiation source, at a velocity Vx follows the Doppler formula 
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(5.1) 

This formula is calculated from the Lorentz coordinate transformation relating the speed 

of light, c, the source velocity, vx, and the source and shifted frequencies "0 and ". 

respectively. 

The total response of the medium as a whole is found as the sum of the 

individual atomic responses and is therefore dependent on the probability distribution 

of the velocities. For atoms in a dilute gas at thermal equilibrium, velocities follow the 

Maxwell-Boltzmann (M-B) distribution 

(5.2) 

where cesium's atomic mass is mes, the absolute temperature is T and the Boltzmann 

constant is kB• 

The above M-B distribution is not useful, as it stands, for finding the Doppler 

shift because the Doppler formula uses only the projected velocity Vx' Only the velocity 

component along the line connecting the atom and the photon source contributes to the 

Doppler shift. The M-B distribution must be integrated over the velocities perpendicular 

to Vx to find the one dimensional distribution denoted by Pvx(vJ. 
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(5.3) 

The necessary tools to perform the calculation of the lineshape are now 

assembled but one approximation makes this process more tractable. For small 

velocities (v < < c) equation (5.1) simplifies to 

v = fly) = vo(l-vjc) (5.4) 

With the average kinetic energy of a particle in a gas being independent of its 

composition, 

(5.5) 

We find that a Cs atom in a 100 ·C vapor has an average kinetic energy of 0.03 eV, 

and therefore has an average velocity of 250 m/sec (roughly equal to l(J6c) , well 

within the constraint on velocity. 

The transformation from a probability law for one dimensional velocity to the 

frequency shift using this approximation as follows, using the procedure outlined in 

appendix A. 
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(5.6) 

(5.7) 

where the inverse function is defined as 

(5.8) 

The probability law for frequency is then 

(5.9) 

This is a Gaussian function, and to be consistent with the definitions in Appendix A, 

the standard deviation 0"0 has the value 

(5.10) 

Using this definition the Doppler lineshape takes the form used in Appendix A. 

(5.11) 

The FWHM is therefore 
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v 0 (2kbT )112 FWHM = 2- --In(2) . 
c mer 

(5.12) 

The Doppler FWHM as a function of temperature is graphed in Figure 5.1 for the 455, 

459, 852 and 894nm lines. The absorption at line center of a transition that only has 

Doppler broadening is 

c~mCr (X(V) = - -- * integrated absorption 
2vo 1tkBT 
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Se~tiQn 6; The Voigt Profile 

Pure Lorentzian or pure Doppler broadened materials have absorption profiles 

with simple functional forms. However, profiles, in practice, almost always have finite 

contributions from both processes. Fortunately, the two processes are independent of 

one another. The atom emits, in its inertial reference frame, a Lorentzian distribution 

according to the homogeneous linewidth. The atom does this independently of its 

velocity relative to the laboratory frame of reference. Therefore the frequency shift 

from line center is just the sum of shifts from both contributions. 

f1 V t.7tm = f1 v LoreTllZ + f1 V Doppler • (6.1) 

The line function of the resulting distribution, called a Voigt profile, is then the 

convolution of the probability distributions of the two contributions. 

(6.2) 

The Voigt profile has no simpler form, always being defined as an integral which must 

be solved numerically. 

The Voigt profile may be conceived in two different ways. The first way was 

shown above, by thinking of the two processes as being independent and performing 

a convolution, written out explicitly as 
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(6.3) 

Substitution of the Doppler and Lorentzian distributions gives 

(6.4) 

An equally valid approach is to view this problem using conditional 

probabilities41
•
42

• We first define the conditional probability p(A I B) as the probability 

of the occurence of A given the occurence of B. If the atom's projected velocity is VX' 

then the Lorentzian distribution, with a Doppler shifted offset, is shown below. 

a 1 = - --------------
(6.5) 

where the offset appears as the frequency term vxv/c. The Voigt distribution is then 

found using the partition law, 

(6.6) 

which yields the same integral as above. 

The Voigt profile may be approximated under certain conditions. The first two 
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are inherent to the convolution process. If a wide function is convolved with a very 

narrow function, then the result is that the wide function is essentially reconstructed. 

So if the Lorentzian distribution is narrow relative to the Doppler, then the convolution 

yields a function very much like the original Doppler distribution; this is the Doppler 

limit. Similarly, in the collisional limit, the Doppler width is relatively small compared 

to the Lorentzian width and the resultant distribution is nearly Lorentzian. 

The last approximation that may be invoked is that if one is concerned with the 

profile out in the far wings, i.e. for frequency offsets much greater than either line 

width. The lineshape there is nearly Lorentzian, regardless of which component is 

narrower. Here, the product of the two separate functions only is significant near the 

center of the Gaussian function, due to the rapid fall-off of the Gaussian function 

relative to the broad wings of the Lorentzian. 
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Section 7; Simulation of Atomic Absorption and Gas Kinetics 

The simulation of atomic absorption/emission in a gas is greatly simplified by 

the independence of the processes involved. It is their independence that makes it 

possible to discuss the simulation as a string of successive events. The discussion and 

derivation of the equations used in the actual computer code is reserved for Appendix 

A so that the processes themselves may be reviewed and interpreted in this section. 

A rough outline of the sequence of events describing the interaction of a photon 

and an enveloping gas begins by considering the photon's position, direction and 

frequency. The photon travels a distance characteristic of the absorption of the gas 

before it is absorbed, exciting a Cs atom from the ground state. If the atom ends up 

in a highly excited state, then its relaxation pathway may lead to various intermediate 

energy levels or may lead directly to the ground state. The excited atom remains in its 

elevated energy state for a short time before transitioning to a lower state, leading to 

an effect known as pulse broadening. When the atom finaly emits a photon, the steps 

just described are repeated until specific boundary conditions are satisfied. For 

example, the photon may escape from the gas or be absorbed at a partially reflecting 

interface. The following is an in-depth look at all of the processes involved, the 

assumptions made, and their justifications where necessary. 

Initial conditions 
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The photon initially has a well defined frequency as an output from a laser 

whose linewidth is negligible with respect to the absorption linewidth of the gas. The 

position and direction depend on the optical setup, and for the case of a narrow, 

collimated laser beam, both are well defined. 

AbsoIlltion Distance 

The probability law governing the distance that a photon will travel in a medium 

having an absorption (Y, follows Beer's law, 

(7.1) 

where a is determined from the amplitude of the Voigt profile at the photon frequency. 

Photon Path 

Upon entering the gas (or being re-emitted) the photon travels a straight, 

undeviated path to the location where it is absorbed by another atom except for 

directional changes that occur upon reflection by the walls of the container that holds 

the gas. 

Photon "Intensity" 

The photons in this simulation are absorbed and re-emitted by the gas without 

loss. That is to say that the atomic transition process is without absorptive loss 

mechanisms. The energy absorbed by the atom is returned in the form of one or more 



69 
photons. However, there are losses associated with any reflection from a surface. 

There are two ways to incorporate losses in a simulation. The first is an "all or 

nothing" approach which more closely resembles what really occurs when light hits a 

partially absorbing reflector. A single photon is either fully reflected, transmitted or 

absorbed at an interface. One calculates the probability of reflection and either 

"reflects" or "absorbs" the photon depending on the outcome of a random draw. If 

absorbed, the simulation returns to the initial input conditions and continues with 

another photon. However, this method is computationally inefficient, requiring the 

program to go through many steps without promise of any output. The second method 

treats the incident photon as a group of photons. The "intensity" of this photon group 

represents the number of photons remaining. The group experiences a loss in numbers 

when it encounters absorption but is never completely extinguished, so that some output 

is recorded for every run computed. 

Information Contained in Atomic Absorption 

The frequency of the incident photon actually provides information on the 

velocity of the absorbing atom. This is shown here for two cases. The first involves 

a limiting case where the Voigt profile is essentially Gaussian. The second is the 

general case where both Gaussian and Lorentzian broadening are present. 

Consider the case where the Lorentzian width is infinitely narrow and Doppler 

broadening is present. In the inertial reference frame of the atom the absorption 
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response is a delta-function centered at the trnnsition frequency. An atom will absorb 

radiation only if it has the correct velocity in the direction of the incident photon, v .. 

to Doppler shift the incident photon to its exact transition frequency. This constrains 

the velocity in one direction only. The velocity components in the other two 

dimensions are unknown and are assumed to be characteristic of Maxwell-Boltzmann 

(M-B) statistics. 

If the Lorentzian width is considered to be finite the above concept is still valid 

and a representative value of Vx is obtainable; however, one needs to interpret the 

outcome of the convolution process. As described before, the absorption lineshape is 

a convolution of the Gaussian and Lorentzian functions. A review of the convolution 

shows it to be of the form 

(7.2) 

This is the integrated product of two functions, the second of which is inverted and 

shifted by an amount v. The two functions are shown graphically in Figures 7.1 (a) 

and (b) where the Lorentzian is the inverted and shifted function. Figure 7.1 (c) is the 

product of these two functions and its area corresponds to the value of Pvoigt(v). 

Interpreting this product as an un-normalized probability distribution in /I' gives 

information about Vx' Being a probability distribution, values of /I' are simulated using 
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occurs at the point II' =a will become obvious shortly. 

From here on, the lineshape will be discussed in terms of offset, or detuning 

from line center. As in the discussion of t.he Voigt profile, one realizes that an 

emission frequency offset of " is obtained if the Lorentzian contribution to the offset 

is v-a and the Gaussian contribution is a. This occurs since the total offset is the sum 

of the two contributions. Of course this result holds for any chosen value of a. 

Figures 7.1 (a), (b), and (c) graphically show the two contributions to the offset, since 

the distance in frequency from the point II' =a to line center is a for the Gaussian plus 

v-a for the Lorentzian. Once a value of a has been determined, as through a 

simulation, the contribution due to the Doppler shift is known and Vx is known through 

application of the Doppler formula. 

Atomic Emission 

The emission process is assumed to radiate uniformly into 4-x- steradians. The 

emission frequency in the reference frame of the atom follows the Lorentzian 

distribution according to the specific emission parameters, such as wavelength and 

Einstein A-coefficient. Once the emission direction and velocity vector of the emitting 

atom have been determined, the emission frequency in the lab reference frame is 

known. 
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Figure 7.1. Interpretation of a convolution for determining a probability distribution 
on the velocity of an atom given the frequency offset from line center of the incident 
photon. The product, (c), is this probability distribution. 
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~il Effects 

The atom experiences changes in velocity when it emits or absorbs a photon and 

when it collides with another atom. The recoil effects due to emission are significant 

under certain circumstances. Laser cooling, a technique for capturing and isolating 

single atoms43
•
44

, is based on this effect. The momentum transferred by emitting a 

photon is 

momentum change = hI'). (7.3) 

where h is Planck's constant. For a Cs atom initally at rest the velocity change upon 

emission (absorption) of a 455nm photon is 

velocity (7.4) 

Since this change in velocity is very small in comparison to the width of the thermal 

velocity distribution, it is omitted from all further calculations. 

The change in velocity due to collisions with other atoms is quite significant and 

may not be discounted. Collisions by their very nature tend to randomize the velocity 

vector of an atom. It is clear that mUltiple collisions will remove any correlation 

between initial and final velocity; it is therefore easy to simulate this since Gaussian 

random values may be assigned to all velocity components. The change in velocity 

after only one collision is much more difficult to describe. Since the likelihood of 



74 

hitting another atom is velocity dependent, the final velocity distribution is dependent 

on the initial velocity. An in-depth discussion of a result following this line of 

reasoning is beyond the scope of this section and a simpler approximation is used. 

A collision between atoms of similar atomic weight produces a wide range of 

final velocities. This range extends from an inperceptible change for glancing angles 

to an exchange of velocities for head-on collisions. This is approximated by assuming 

that the velocity of each atom is thoroughly randomized. However, under the 

conditions of interest where there are relatively few Cs atoms in a higher concentration 

of buffer gas atoms, collisions between dissimilar atoms are more likely. The ratio of 

the momentum of the heavier Cs atoms to that of the lighter buffer gas atoms is 

momentum", ~ mass", 
momentumbufftr = TnaSSbufftr . 

(7.5) 

The square-root relationship in momentum helps lighter collision partners to impart a 

significant momentum change to the Cs atom. The approximation used in the computer 

code, that the emitting Cs atom has a completely random velocity after collision with 

a buffer gas atom, becomes increasingly valid at higher temperatures and pressures 

since the collision rates are increased. Under these circumstances, multiple collisions 

are more likely and velocity randomization is assured. The randomizing approximation 

is certainly valid for high atomic weight buffer gases, such as krypton and xenon, at 

84 and 131 amu. respectively, under all conditions. 
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Validation of Velocity Approximation 

The conclusions drawn by Huber45 reinforce the above assumptions on atomic 

emission. He concluded that in the case where (Doppler width) > > (natural width) 

> > (collisional width), the "frequency distribution of scattered light is narrowed in 

the forward and backward directions, and has the full absorption width for right-angle 

scattering." For forward scattering under these conditions the previous subsection states 

that the absorber's velocity in the direction of the incident photon is solely responsible 

for the Doppler shift of the incident light to the transition frequency. This defines the 

velocity in the forward direction precisely; the emission line in the forward direction 

is therefore centered at the initial excitation frequency and has a bandwidth equal to the 

Lorentzian characteristic width. The constraint on the relative widths of the natural and 

collisional contributions insures that the atom does not undergo a significant change in 

velocity. The emission width for right-angle scattering has added to it the full Doppler 

width since the velocity in the perpendicular direction is not constrained by the 

excitation frequency. An experiment to verify these results would have to be conducted 

in a vapor cell that was optically thin, meaning that reabsorption would be so unlikely 

that only one interaction could occur. Multiple interactions would produce a signal in 

the forward direction that was not solely derived from forward scattering and thus have 

a wider frequency distribution. 

Flowchart used in Computer Modeling 

Figure 7.2 is a flowchart based on the workings of the computer model. It 

covers only the processes involved in absorbing and re-emitting one photon. 
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Section 8: Model Verification and ARF Perfonnance 

Two simple tests were performed to verify the correctness of the computer code 

generated according to the model just presented. In these tests the vapor was contained 

in a glass enclosure that is referred to hereon as a "cell". The cell had a dimension of 

lcm in the direction of the blue signal light which was generated by an argon pumped, 

tunable ring dye laser which had a bandwidth of - 200KHz. The first test measured 

the 455nm light, hereon denoted as "blue light", that passed through the cell with an 

attenuation that depended on temperature. The second test measured the conversion 

efficiency, 1'/0' defined as the ratio of the sum of 852 and 894nm "red" photons out to 

the 455nm "blue" input photons, which was also as a function of temperature. 

The measurement of the amount of blue light that passed through the cell 

verified the magnitude of the absorption at line center and the Cs vapor density as 

functions of temperature. It therefore indicated that the convolution process was 

numerically correct since the numerical values of the individual Gaussian and 

Lorentzian functions were known to be correct. In the physical setup, shown in Figure 

8.1, an aperture was placed on the output side of the cell that was just large enough to 

transmit the input laser signal without obstruction. This stopped essentially all of the 

blue light re-emitted into 47r steradians by the vapor. Cell temperature, (To), which 

determines the kinetics of the vapor, was stabilized by placing the cell in a rheostat

controlled oven. It is To that determined the kinetics of the vapor. The reservoir, a 
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Figure 8.1. Setup for measuring vapor absorption at 455nm as a function of Tr• 
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small tube attached to the side of the cell that held the excess liquid Cs, was cooled 

slightly relative to Tc by a Peltier thermo-electric cooler to provide a preferential place 

for cesium to condense. This assured that condensing Cs did not occlude the 

input/output cell faces. This reservoir temperature (Tr) determined the equilibrium Cs 

vapor pressure, and therefore density, in the cell. Figure 8.2 shows the cell 

transmission as a function ofTr. The simulation curve assumed that Tc=Tr+5°C. The 

error bars on the measured points were due to an uncertainty in the exact value of Tn 

due to the attachment of the thermocouples to the Peltier cooler and the cell surface, 

not the reservoir. The lower endpoint of the error bars represents the reservoir 

temperature and the upper endpoint the cell body temperature. The true Tr was in 

between these two values. The data are in good agreement with prediction, within 

measurement uncertainty. 

The second test compared the measured and calculated values of 'tic as a function 

of Tr. The input and output walls of the cell were again uncoated but the side walls 

were given an opaque silver coating to confine the light and maximize Tk. Due to the 

restricted work area of the heating oven it proved difficult to couple light from the cell 

to the PMT detector in the end-coupled configuration, with the input and output walls 

opposite each other. We then tried a second orientation, with the output wall adjacent 

to the input wall, denoted as side-coupling. The test results normalized to the 

maximum of the theoretical curve are shown in Figure 8.3. The data points are shown 

here with a constant rc error bar in Tr although the actual bars typically ranged from 
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4 to 12°C. The comparison was excellent for low T;s ( < 80°C) but some 

discrepancy occured at elevated T;s. Without jumping ahead too far, this result could 

be due to trace impurities in the cell vapor which would decrease TIc by an amount 

proportional to the average number of collisions that an emitting atom encounters as the 

photon traverses the cell. This would have a pronounced effect at higher T;s. If this 

hypothesis has merit, the data points are actually normalized at too high a value, which 

would bring the 80°C data point more into line with simulations and further drop the 

TIc seen above this Tr• 

The performance of an ARF can be characterizedby its TIc and response time, Tr• 

TIc is maximized by the systematic reduction of all losses. However, the parameters that 

are adjusted to reduce these losses usually increase system T" which degrades response. 

The following section identifies the losses and discusses the tradeoffs made in response 

rate. The following subsections describe this tradeoff between TIc and Tr• 

Section 8.1 Loss Mechanisms 

Since the processes of atomic absorption and emission are lossless in a pure 

vapor, the loss mechanism that underlies this particular temperature dependence of 7k 

has only two possible sources. Either the blue input or deep red output photons escape 

the cell undetected or are absorbed in collisions with an imperfectly reflecting surface. 

These pathways are explored below for the case of a glass cell having silvered side 
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walls and uncoated input and output faces. 

A photon escapes the cell undetected if it exits through the input face since it 

will never reach the detector. Figure 8.4 graphically shows the simulation derived 

temperature dependence of the losses for a lcm thick cell that is side-coupled. Since 

the vapor is optically thin at low temperatures due to the low Cs concentration, blue 

photons tend to pass through the cell, reflect off the opposing silvered wall, and exit 

through the input face. This source of loss remains even at high T:s, where the Cs 

density is high and all the blue light is absorbed in the first few millimeters, since an 

atom in the excited 7p state can re-emit a blue photon toward the input window. The 

red photon loss increases with temperature since the red photons are first emitted closer 

to the input face. This loss is avoided if a SWP interference filter is added to this face. 

Blue photons may also exit through the output face if no L WP filter reflects them. 

These photons were not detected in our experiments because an absorption filter, which 

prevented false signals from occurring from surface scattering, kept these photons from 

reaching the detector. Another loss that vaguely fits under this category is the 7% 

insertion loss that is experienced as photons are reflected off the input window and 

never actually enter the cell. 

The losses due to photon absorption at interfaces are reduced by careful selection 

of materials. The cell walls are very transparent since they are constructed from optical 

grade glass. Therefore the uncoated input and output walls have reflection properties 
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Figure 8.4. Simulated photon losses of a lxlxlcm uncoated, side-coupled cesium cell. 
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that follow the Fresnel equations for a glass/air interface and have very low absorpton. 

The remaining walls have an opaque silver layer deposited on their exteriors with a 

reflectance of over 96% at all angles. The average decrease in conversion efficiency 

due to the absorption at the silvered walls is minimal, between 3 and 5 % over the entire 

temperature range. 

Section 8.2: Additional Simulation Results 

The response time, Tn of the ARF depends on two factors. The first is the rate 

at which one atom decays to its ground state, which is primarily determined by the 

natural lifetimes. However, this rate is increased by collisional broadening. The 

second factor is the number of times the input photon is absorbed and re-emitted, which 

depends on both the Cs concentration and the cell dimensions. The product of the rate 

and number of absorptions determines the response time of the system. Figure 8.5 

shows the ARF's temporal response from a typical simulation having a delta-function 

input signal. 

Since the Cs vapor density is known to have a strong temperature dependence, 

the pulse duration is expected to show a similar dependence. The response time, Tn 

defined as the average time delay between entering the cell as a blue photon and exiting 

through the output window as a red photon, was determined through simulation as a 

function of temperature. The results are displayed in Figure 8.0 alongside a plot of T'Jc 

for a tcm cubic, end-coupled cell with 20 Torr neon buffer gas. The response time has 
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two effects. There is a delay that is nearly constant with temperature which is due to 

the radiative cascade from the 7p to 6p states. This delay is encountered by every 

output photon only once. The second is related to the number of absorption/emission 

cycles encountered by the photon leaving the 6p state. The time that the all photons 

spend in transit is < 0.01 % of the cascade time. The optimum tradeoff between TJc and 

Tr for this particular cell appears to be in the range from 80 to 100°C. 

Figure 8.7 shows the number of times that a red photon is absorbed and re

emitted for the same cell. This large number of interactions at high temperatures 

increases the Tr and makes radiation trapping a dominant effect, changing the output 

lineshape, as will be shown later. 

The comparison between the e'l:pected TJc'S for the end-coupled and side-coupled 

cases is shown in Figure 8.8. At low temperatures, when the Cs vapor is optically 

thin, the side-coupled configuration is nearly twice as efficient as the end-coupled 

configuration. This occurs since the blue light gets two passes through the side-coupled 

cell before exiting versus a single pass for the end-coupled configuration. This is a 

direct consequence of having a mirrored side opposite the input window. 

One also might wish to find the maximum TJc possible from a Cs ARF. A run 

was executed using perfectly reflecting silvered walls and ideal SWP/LWP filters, that 

is, filters with no absorption component. 1/c and Tr are presented in Figure 8.9. The 
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Figure 8.7. Mean number of red photon absorption/re-emission events for every 
455nm input photon. 
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extra confinement of the photons provided by these ideal surfaces increases Tr at high 

temperatures by nearly a factor of three. 

The output radiance profiles as a function of angle, shown in Figures 8.10 and 

8.11, are important since they show the difference between the outputs of a side

coupled cell containing vapor that is optically thin and optically thick respectively. 

Figure 8.10, showing the optically thin case, resulted from a Tr of 20°C. It has 

superimposed on it the ideal isotropic radiance profile. The optically thick case, which 

has a Lambertian profile superimposed on it, was simulated using a Tr of 90°C and 

appears in Figure 8.11. Both simulation plots appear to approach the superimposed 

curves except for one notable exception. Since the emission from any point in the cell 

is more likely to exit the cell if it travels in a direction normal to the output window, 

and therefore has less chance of being reabsorbed, the lower angles have an increased 

rate of occurrence. 

The mean exit angle is plotted as a function of Tr for a lcm cubic cell in Figure 

8.12 for both end- and side-coupled configurations. The cell has mirrored side walls 

and bare input/output surfaces. This figure shows that there is a significant change in 

the radiance pattern for the end-coupled case over the 20-l20°C range ofTr. This must 

be considered if the efficiency of the collection optics from the output side to the 

detector is angle dependent, such as with the fiber optic coupler used in these 
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experiments. However, our experiments were conducted with side-coupled cells. Little 

change in detector coupling efficiency is therefore expected over the range of 80-

120°C, and this is not a contributing factor to the early drop-off in efficiency as a 

function of temperature as seen in the experiment. 

11. as a function of laser offset wavelength, Aorr, depends strongly on Tr. The 

measured values of 11. for T. =90°C appear in Figure 8.l3. The simulation curve has 

been normalized to the measured 11. at zero offset and is in agreement with the data to 

within the statistical variation. The absorption profile, is shown for comparison of the 

FWHM of 11. and the absorptance, a. The Cs density is high enough at 90°C to absorb 

most of the light up to 4mA from line center, where the absorption is only one half its 

maximum value. This is not the case for low Trs since the cell is optically thin at all 

values of offset. In this case, the conversion efficiency, which is limited by the number 

of blue photons absorbed, follows the absorptance profile. 

At T;s above 90°C, cells without a SWP filter on the input window experience 

a decrease in 11. due to the escape of red photons, as previously mentioned. By moving 

the laser wavelength slightly off resonance the mean photon penetration into the vapor 

is increased, placing the first fluorescence event further from the input window. This 

reduces the amount of red light lost via this route and increases efficiency. Figure 8.14 

is a 3-D plot of 11. versus both temperature and offset. Note that the maximum 11. has 

moved from zero offset. 
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This result was the probable source of confusion in early reports of 71: in Cs 

cells~. The peaks in 110 were originally thought to be centered about a pair or partially 

resolved hyperfine structure transitions separated by 20mA. An article47 written in 

rebuttal to this conclusion pointed out that this "hyperfine" structure spacing was not 

in agreement with accepted literature values. No hypothesis was offered in explanation 

of Marling's results. A simulation of this experiment is ideal for analyzing these 

results, however, without knowing the precise laboratory setup exact numerical 

agreement is not expected. A diagram from Marling's paper is reproduced in Figure 

8.15 showing a rough setup. Marling indicated that the cell was glass, side-coupled, 

and operated at 127°C. There was no mention of a buffer gas. A simulation was 

performed using this information and the resultant function of 110 versus offset for a lcm 

cubic cell had a separation of the two maxima of 13mA, close to the 20mA measured 

value. The maxima separation increases with cell depth, and a slight underestimate of 

the experimental cell depth would account for this discrepancy. 

Further explanations of ARF performance are offered after a brief discussion of 

radiation trapping and its effects on pulse stretching, output signal spectra, and 

conversion efficiency. 
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Section 9: Radiation Trapping 

The purposes of this section are to define radiation trapping, or imprisonment, 

and to show its effect on ARF properties. Discussion is chronological, starting with 

an early approach of Compton and continuing with later advances by Kenty and 

Holstein. The effect of imprisonment on the emission lineshape and apparent lifetime 

of an excited state is stressed. 

In a homogeneous gas, when an atom spontaneously emits in a transition to the 

ground state, the resulting photon interacts strongly with the surrounding medium. This 

occurs because most of the surrounding atoms are in the ground state, even for strongly 

irradiated gases, and all are capable of absorbing the emitted quanta, raising the 

surrounding atoms to the energy level initially excited in the first. If the absorption 

coefficient and the dimensions of the gas volume are large, the photon will undergo 

repeated absorption/emission events before it escapes the gas boundaries, and it is 

therefore called "trapped". The apparent lifetime of the excited state of the gas is 

greatly enhanced by this effect, and is estimated by the product of the number of 

absorptions and the excited state lifetime of an isolated atom. 

Calculating the expected number of absorptions/emissions undergone by a 

photon in such a medium was first approached by K. Compton 1• He believed this 

phenomenon had the characteristics of a three-dimensional random-walk problem 



96 

characteristic of Brownian motion. A problem of this nature is described by a diffusion 

equation, 

(9.1) 

where n is the density of excited states and D is the diffusion constant. By assuming 

that the absorption follows Beer's law, 

-X/fl p(x) = e -.1t, (9.2) 

which defines the mean free path as 1/ (Jmjj>' The diffusion coefficient is found to be 

where T is the excited state lifetime. 

a 2 
D = 2fL 

3t 
(9.3) 

The weakness of this approach was its assumption that every emitted photon and 

every absorbing atom were identical. This assumption allowed for the easy calculation 

of a mean free path, but did not account for the frequency spread created by Doppler 

shifts or collisions. This frequency spread, combined with a frequency dependent 

absorption coefficient that affects (Jmfp, adds considerable complexity to the problem. 

An improved probability distribution on distance before absorption is therefore 

p(x) - p(x,v) = e -x/fI-o(v) • (9.4) 
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The next notable advance in this problem was made by Kenty2. He applied a 

diffusion equation to solve the case of a purely Doppler-broadened lineshape, and found 

that for an infinite medium, the calculated diffusion coefficient was unbounded. As a 

way around this difficulty, he developed a method for determining an effective diffusion 

coefficient which was accurate to an order of magnitude and could predict results in 

good agreement with experiment over limited conditions. 

A more comprehensive approach was offered by Holstein3
, who used the 

frequency dependent Beer's law (9.4) and Bayes' theorem to find p(x). 

p(x) = J p(xlv) p(v) dv (9.5) 

The conditional probability p(x I II) is the probability of traversing a distance x given the 

emission frequency II. 

Holstein knew that all characteristics of an imprisoning medium were dependent 

on the vapor density, enclosure geometry and shape of the resonance line. He started 

with the case of an infinite slab of vapor that exhibited only Doppler broadening. With 

the incident radiation impinging normal to the plane of the slab he found the number 

of absorptions to be 
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Figure 9 .1. Average number of absorption events experienced in traversing a layer of 
Doppler-broadened gas. The temperature is 90°C and the absorption at line center is 
140 em-I. 
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(9.6) 

where Cio is the absorption at line center, and L is the slab thickness. This is plotted 

in Figure 9.1 for the case where Cio=140 cm· l . Of course, Holstein's relationship is 

not valid for distances such that Ci.,L < 1, but also, the simulations show some deviation 

from the calculation at larger L's. There appears to be a second-order relationship with 

L on the number of absorptions. This quadratic result is more consistent with studies 

done on scattering atmospheres, which however, are not directly analogous to atomic 

scattering since the scattering coefficient of clouds is relatively frequency-independent. 

For atomic vapors, frequency-dependent absorption leads to selective absorption 

closer to the line center. Photons near the line center are preferentially absorbed, and 

re-radiation covers the entire emission spectrum. Hence, the emission line spectrum 

of a volume of gas exhibiting imprisonment shows a dip at the line center, with a depth 

depth directly dependent on gas depth, as shown in Figures 9.2 and 9.3. This 

phenomenon is called self-absorption. When this occurs, the energy at line center 

slowly migrates to the emission wings where reabsorption is unlikely. The panels of 

Figure 9.3 display the data of Figure 9.2 in three dimensions. The FWHM of the 

emission line is graphed in Figure 9.4 to show how the steady-state lineshape evolves 

with L. 
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layer (thickness L) of absorbing gas. The dotted curve is the emission/absorption line 
of an isolated atom. 
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Figure 9.3. A 3-dimensional representation of the evolution of the cumulative emission 
spectrum. 
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The comparison of simulations to theory indicates that further improvements in 

the model are necessary to understand the properties in the thick vapor region more 

fully. Agreement for thin vapor slabs is excellent, indicating again that the modeling 

presented here is accurate. However, slight deviations in the model from the exact 

physical phenomena occurring here are compounded when repeated over hundreds of 

interactions. Suggestions for improvement are offered in the Conclusions. 
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Section 10; Sources of Noise 

Noise arises from several processes, all of which generate a signal at the 

detector when none was present. It is present when the SWP/LWP filters have 

incomplete blockage of non-resonant light and is created by the blackbody radiation 

from the cell itself. Certain LEOFs also suffer from energy pooling collisions that 

produce signal photons. This section serves to explain each of these processes and 

mention how some are avoided. 

As mentioned before, interference filters (IFs) are mated with absorption filters 

to form the input/output SWP/LWP filters. The IFs are placed closest to the vapor cell 

and serve as dichroic filters. For example, the IF used in the SWP input filter reflects 

852 and 894nm photons and transmits those at 455 and 459nm over a wide range of 

angles. The performance of these filters is maximized with regard to these select 

wavelengths with minimal effort expended in blocking other wavelengths. The 

absorption filters have the job of determining the fllter rejection of non-resonant 

photons. Noise from the absorption filters arises in two forms, incomplete blockage 

of light and fllter fluorescence. Both of these are minimized by careful selection of 

commercially available filters. Several low-fluorescence filters have recently become 

available. 

Black-body (BB) radiation from the cell walls constitutes another source of 
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noise. The radiance, L>.(>--), generated by a surface at temperature T is described by 

the Planck radiation law, presented here as a function of wavelength. 

2he 2 

= -- ----1 [m~rl (l0.1) he 

u,;' 1 e -

It has a peak value as determined by the Wein displacement law. 

}.r..-.'T = _1_ he = 2.898'10-3 [meters'K] (10.2) 
4.965 kB 

BB radiation creates a signal at the detector by two means. First, photons at 

455/459nm simulate signal light and interact with the vapor, creating detectable red 

photons. This contribution is relatively small since absorption only occurs over the 

very narrow atomic absorption width. In the second, more likely scenario, BB photons 

in the near-IR spectrum pass unimpeded through the LWP absorption filter and are 

detected. Both types of BB noise are minimized by using surfaces with low emissivity 

and keeping these surfaces at the lowest possible temperature. Temperatures are 

determined by the cell size and the vapor pressure of the contained alkali metal. Cs 

and Rb cells, operating at -100°C, have a slight advantage with this regard over Ca 

and Mg cells, which operate at - 300°C. The contribution of the BB sources to the 

total background noise is dependent on the detector sensitivity in the IR, since the 

radiance peaks at 7.7 and 5.0 I-Lm respecitively for the above two temperatures. In 

addition to the wall contributions, the absorption filters themselves are radiation 

sources. Their emittance is reduced by thermal separation from the hotter vapor cell 
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combined with active cooling. 

LEOFs have several noise sources in addition to the above. Since a large 

population of atoms exists in a prepared, excited state, collisions between excited atoms 

is common. By a phenomenon called energy poolingl, a collision between two excited 

atoms leaves one in a lower excited or ground state and the second in a correspondingly 

higher excited state. This noise mechanism was observed in the Rb LEOF2• 420nm 

output photons, whose intensity was a function of the 79Snm pump intensity, were 

generated in the absence of the S32nm signal light. The mechanism is described below. 

Active pumping populates the Sp state. 

RbgrounJ5s) + hvpump - Rb*(5p) 

Collision of two excited state atoms then creates a highly excited atom. 

Rb*(5p) + Rb*(5p) - Rbgrounl-5s) + Rb*(5t!) 

Radiative cascade from the Sd state produces an output photon at 420nm. 

Rb ·(5t!) - Rb ·(6p) + hv 

Rb*(6p) - RbgrounJ5s) + hv 420nm 

(10.3) 

(10.4) 

(lO.S) 

(10.6) 

This also corresponds to one of the output photons generated after a S32nm signal 

photon is absorbed from the Sp state. In the case of Rb LEOFs, this problem is 

avoided by using an absorption filter to remove all wavelengths created by the decay 

of the excited 6p state. Energy pooling is also avoided by operating at lower 
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temperatures since this reduces collision rates by lowering both atom density and mean 

velocity. The tradeoff made by operating at lower temperatures is an increase in the 

mean absorption length and the size of the cell. 

Energy pooling will not occur under the conditions that Cs ARFs are useful as 

detectors. First, the signal intensities required for using the Cs ARF as a detection 

device are very low. A comparable sodium cell that exhibited energy pooling required 

a signal intensity of 1-100 Watts/cm\ many orders of magnitude beyond the expected 

operating range of the Cs ARF. Secondly, the state that exhibits the most radiation 

trapping, the lower 6p state, does not have a level at twice its excitation energy. 

In addition to energy pooling, one must consider photoionization. Cs ARFs will 

not suffer from this effect if the collecting optics do not transmit ionizing radiation 

(>"<318nm), which would ionize a ground state Cs atom. There is not a significant 

population in the excited 6p state to be photoionized under the constraint of weak signal 

intensity. 

The photons created by the processes of energy pooling and photoionization 

constitute noise for instance in the Rb LEOF, creating a signal where none was present. 

However, if these processes were to occur in the Cs ARF, they would actually decrease 

the output signal. Although unlikely at low intensities3
, two atoms in the 7p state 

could undergo energy pooling, but the result would be that instead of getting two red 
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photons out, at most one would be generated. Energy pooling is possible only in the 

presence of blue signal, and the result is that the detector signal is reduced and the 

background noise is not increased. 
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Section 11: Results and Conclusion 

The results of simulations have been compared throughout this dissertation with 

experimentally derived values. This section recapitulates these results from another 

perspective. First, a comparison is made with a previous model, one in which the 

atomic velocities were not accounted for in determining the emission distribution. We 

compare .the curves of 71c vs. Tn and 71c vs. offset frequency (~v) in Figures 11.1 and 

11.2 respectively. Next, we review the additional experiments performed to look at 

specific observable quantities, such as the 455nm absorption coefficient (a455), and the 

red fluorescence pulse shape and duration. Following this, we examine less accessible 

model parameters for insight into optimum Cs cell dimensions and coatings. Lastly, 

we list areas of continuing interest. 

The advances that were implemented in the process of improving the ARF 

simulation can be compared with the results from an earlier model. Two relationships 

were of concern in the early work, 71c vs. Tr and 11c vs. ~v. The older results are 

plotted alongside those of the present model and experimental results in Figures 11.1 

and 11.2 respectively, with the curve of 71c vs. ~v having a Tr=90°C. The 

improvement in the ~v(Tr) results brings the simulation to within experimental error. 

The deviation of present model results from measured values in the 71c vs. Tr simulation 

is an improvement over the previous version but is not within experimental error. This 

point is covered at the end of this section. 
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The major improvement made to the model correlates atom velocities with All, 

as measured from line center, of the input light. This generates the intuitive result of 

Huber that if Doppler broadening dominates over natural and collisional broadening, 

then forward and backward scattered light experiences line narrowing. Forward 

scattered light, if scattered only once, appears at the incident frequency; backward 

scattered light appears at twice the All of the incident light but on the opposite side of 

line center. As reviewed in Figure 11.3, this occurs because in the purely Doppler

broadened case, the atomic velocity is exactly determined by the offset frequency, as 

the Doppler-shifted incident photon must appear exactly on line center. If a small 

amount of natural broadening is present, as in any experiment, then the forward and 

backward scattering linewidths are comparable to the natural width. 

Additional experiments addressed two other parameters. The first confirmed the 

degree of absorption of 455nm light, which is proportional to the product of the Cs 

density and an analytically derived absorption lineshape maximum found through the 

Einstein coefficients. The model gave the correct results for the 455nm transmission 

vs. Tr curve, confirming that these variables were appropriately integrated. The 

confirmation of the red 852nm and 894nm light absorption was obtained by observing 

the output pulse shape and duration. The former is very dependent on the red 

absorption characteristics since several thousand red absorption/emission events can 

occur if the vapor is optically thick and the cell sufficiently long. 
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Figure 11.3. Line narrowing from a single absorption/emission event which re-radiates 
in the forward or backward direction. The direction of (he incident photon and its klv 
determines exactly the atomic velocity parallel to the incident photon (vJ. Emission 
parallel to v z has a width determined by the natural width and a line center determined 
by the Doppler shift. Emission perpendicular to Vz again has a natural linewidth 
associated with spontaneous decay, but the Doppler shift is averaged over the entire Vx-

Vy velocity plane, which is the entire M-B distribution of velocities, resulting in the full 
Voigt profile for the emission line width. 
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There were several parameters which would be difficult to measure,' so the 

model was used to estimate this information. The 455nm and 852/894nm photon losses 

through the input and output windows were simulated to find a good combination of cell 

parameters to optimize cell performance. These losses explained why the curve of '110 

vs. Tr had its particular shape. The dominant losses were the blue losses at Tr < 80°C 

and red losses at Tr>90°C, producing a maximum '110 at about 85°C. 

We found that the coating of the input window was very important. Ideally it 

should transmit the blue photons and reflect the red photons over all angles. A study 

of the exit angles at both wavelength intervals found the range of angles involved. The 

red photon exit angle distribution was found to go from nearly isotropic to nearly 

Lambertian as the cell temperature rose from 20 to 120°C. This information served 

as input for improved filter design as well as confirmation that the output fiber coupling 

from the cell to the detector was not dependent on temperature, or output profile. 

Indeed, we found that the output aperture coating had less impact on performance than 

that on the input aperture. 

The simulations performed at various T:s as a function of Av explained the 

apparent "hyperfine splitting" that was reported by Marling and questioned later by 

Flusberg. Although the exact experiment was not known, a study of a similar setup 

was performed and an apparent "doublet" was observed. This was not due to hyperfine 

splitting but to the disproportionately high red photon losses from the input aperture 



114 

present at low All values. 

At this point, our major discontent with the model results is the low T, falloff 

of efficiency, TIc' There are two ways to solve this problem. First, there may be trace 

impurities in the buffer gas. Cesium does react with many elements, so any of the 

unreactive species must be considered as a source for collisional de-excitation. This 

could be experimentally tested by starting with a cell containing only cesium and slowly 

adding buffer gas. There should be a dependence on the density of impurity atoms that 

relates directly to the decrease in efficiency through the number of absorption/emission 

events. The second possible mechanism for the loss in efficiency is collisional de

excitation with diatomic, or molecular, cesium. This source can never be removed 

since diatomic cesium is always present and in equilibrium with monatomic cesium. 

This second possibility can not be determined by experiment, but only simulated. It 

could be incorporated as a T, dependent density of absorbing collisional partners. 

The difference between the two types of de-excitation hinges on the fact that the 

impurity density does not change as the temperature changes, whereas the diatomic 

cesium density grows exponentially with Tr • The final determination of which is 

dominant is made more difficult by concurrent exponential increase in the average 

number of collisions as Tr rises. 
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Appendix A 

This appendix is a condensed tutorial covering Monte Carlo methods and the use 

of transformations as outlined by Frieden'. It explains the difference between the 

Monte Carlo and analytical approaches to a statistical problem. It also explains the 

concept and derivation of transformations and shows several examples. 

The analytical approach to solving statistical problems is instructive when used 

to solve elementary textbook problems. In such a case one is typically given the 

probability law for an input variable and asked for the output probability law. For 

example if one is given the probability of the E-field values for an electromagnetic 

wave, the probability law for the intensity may be found. The transformation, an 

equation relating the input and output variables, of the E-field ( random variable x) to 

intensity ( random variable y ) is of the familiar form 

(A.I) 

This type of problem is easy to solve using the following approach. 

The transformation 
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y=j{x) 
(A.2) 

in this case is already known. For a given input (x) the output (y) may be calculated. 

The inversion of this transformation is represented as 

x=r'(y) 
(A.3) 

The above example has two roots, or two values of x for each y-value. Figure (A. 1) 

is a graphical representation of this case. The event that occurs in the intervals dxI or 

dx2 is identical to and is directly mapped into the event occurring in the interval dy by 

the chosen transformation f(x). Thus the probability of such an x-event occurring in 

the regions dxI or dx2 is the same as that event occurring in dy. Expressed 

mathematically this becomes 

p.Jy)dy= L px<x) l.r'.r,dx 
i 

(A.4) 

where the subscripts X and Y denote the particular laws in question. Substituting (A.3) 

into (A.4) produces 

(A.S) 

which is the formula for the desired probability law. Applying this to our example, if 

it is known that the E-field probability were uniform over the domain 0 < x < 1 then the 

calculated probability on intensity would be 
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Figure A.t. Diagram for calculating a transform of a general function. 



over the range O<y< 1. 

1 
p.).y)=-

2/Y 
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(A.6) 

Performing the above calculations is not a demanding task, so why resort to 

numerical methods when an analytical result is obtainable? Simply stated, most real 

world problems are more complex than the example above, involving several physical 

processes and their corresponding probability laws. Consider the case of the absorption 

of photons by an atomic vapor that is enclosed by six walls, each having its own 

reflection properties ( the reader is assured that this is a coincidental choice). This 

problem involves a negative exponential law for distance traveled before absorption, a 

uniform law for the isotropic re-emission angle for the continuing photon, a Gaussian 

distribution and a Lorentzian distribution for the re-emission frequency due to the 

Doppler shift and natllralline broadening respectively. In addition the intensity of the 

light ray being traced through the vapor is attenuated by imperfect reflections from the 

wall depending on the angle of incidence. Obtaining an analytical result is at best 

impractical for real-life cases such as this. 

But the real complication occurs because the physical processes occur in a 

sequence, with the input to one process depending on the output of the preceeding 

process. The ordering of the processes themselves varies depending on the preceeding 

outcomes. This is illustrated by considering the random value of the distance traveled 
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before reabsorption. A short distance will more likely be traversed without a wall 

collision than a longer distance. Thus the light traveling the shorter distance will not 

have to be weighted by the intensity loss on encountering a wall. This presents a 

problem because an analytical solution is dependent on the sequence of the processes. 

A solution would have to be calculated for every combination of sequences. When this 

occurs, it is not possible to find an analytical result and one turns to computer 

simulations using the Monte Carlo method. 

The Monte Carlo method is based on the law of large numbers. This law states 

that the probability of a given event is equal to the frequency of occurrance of that 

event for very large trial sizes. So by constructir~ or simulating typical outputs of the 

system an estimate on the probability of an event occurring within a chosen interval 

(3 < y < (3 +dy is found by observing the frequency with which events fall in this interval 

for discrete values of (3. These typical outputs are constructed by sequentially 

progressing through the system, changing parameters that are affected by each 

particular physical process and assigning these parameters values that are typical of the 

probability law associated with such processes. 

The only task remaining is to generate numbers that obey the various probability 

laws. As a rule computers are only equipped with a function call that will generate 

uniformly distributed random variables over the interval 0 <x < 1. In Turbo Pascal2 

this function is called RANDOM. The random number generator provided by this as 
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well as most other languages has undesirable correlations. Better suited algorithms are 

available3 and were used in the modeling. However, a transformation must be found 

to generate the other various laws using the the users choice of RANDOM variable 

generator for input. 

The general procedure for finding a transformation is as follows. A unique root 

transformation is sought since it is demanded that only one output value be produced 

with each input value. In this case (AA) simplifies to 

(A.7) 

p-/y')dy' =pj.x')dx' 

Since y is a function of x we observe that 

Y rl(y) 

Fyfy)= J p-/y')dy'= J pj.x')dx'=Fj.x) 
(A.8) 

which is the cumulative probability law {F(x or y)} for both distributions. If y is the 

uniform RANDOM output variable, then 

x 

y= J pj.x')dx' =F j.x) 
(A.9) 

This by definition is a single valued expression and is inverted to find the proper 

transformed value x. 
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x=Fx (y) 
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(A. 10) 

This procedure will now be applied to find transformations that provide output 

according to Lorentzian, Gaussian, exponential and uniform solid angle probability 

laws. 

A Lorentzian distribution has the form of 

(A. 11) 

being charactorized by the constant a, for which it has a FWHM=2a. The 

transformation for a variable x that follows this law is 

1 
x=atan[rc(y--)] 

2 

Calculating the transformation for a Gaussian distribution 

(A.12) 

(A. 13) 

is somewhat perplexing because its cumulative distribution is an error function 

(abbreviated ert) 
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(A. 14) 

for which the error function is of the form 

t 

erj{z)=2{i Je- t2tJt (A.15) 
o 

The Gaussian distribution has a FWHM =0-(8In(2»II2. The error function is not 

integrable. Its values are only available in tabular form and are only calculated through 

numerical integration. Thus analytic inversion of this function to solve for x is not 

possible. Inversion is possible only by numerically integrating the Gaussian and 

creating a table. A simple method for doing this is to record the x-value at which the 

cumulative probability is equal to increments of one percent. The Gaussian distributed 

variable is then found by linearly mapping the RANDOM variable to the previously 

chosen increment and reading the corresponding x-value. 

The negative exponential law is of the form 

x 1 --
px.<x)=-e a 

a 
(A. 16) 

has the width determining parameter a, for which it has a FWHM=a2In(2) and a 

variance of cr=a2
• The transformation of this law is 



x=_ln(y) 
a 
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(A. 17) 

The final distribution that is of concern is the uniform distribution of direction 

that spans 4 .... steradians. In this case we desire a 3-dimensional vector (Xl! X2, x) that 

has unit length, as shown in Figure (A.2). X3 is arbitrarily selected as the first 

component to be calculated. A vector that has an angle of tp relative to the Xl axis will 

have a probability of 

(A.18) 

Using the transformation from X) to tp, 

(A. 19) 

we find that the probability on x) is a constant. 

.' (A.20) 

The transformation giving the first vector component is 

(A.21) 

The remaining two components add vectoraily to give a unit length vector. 

XI = sin(cp) cos(RANDOM*21t) (A.22) 
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(A.23) 

where the same RANDOM variable is used in both equations. 

In closing a remark should be made about the precision associated with the 

estimates of a probability found using the Monte Carlo method. As stated before the 

estimate approaches the actual probability as the number of trials increases. Since an 

infinite number of trials requires a serious amount of computer time, a finite number 

of trials that still gives the desired precision must be selected. The RMS error (e) is 

e =~ p(1-p) 
rm.r N 

(A.24) 

where N is the number of trials and p is the frequency of occurrance ( the estimate on 

the probability). The relative error is then 

emu e",=-p (A.25) 

For example, if the frequency of occurrance is 20%, and 10% relative error were 

specified then it would require 

N= I-p = 1-0.2 400 
e,e/p (0.1)2(0.2) 

(A.26) 

for the trial size. The number of trials needed for a given precision can be reduced by 

increasing the interval size since the probability of an event occurring in that interval 

is increased. However, it is then difficult to make conclusive statements about the 
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probability at any specific region over this interval. 

x, 

Xz 

Figure A.2. Unit sphere relating angle with absolute coordinates. 
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