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ABSTRACT 

Intermittency, as introduced into multiparticle production by Bialas and Peschanski, 

has become a fruitful and rapidly-growing industry. The original concept of intermittency 

in the form of the Alpha model is discussed in detail and suggestions for extensions are 

made. We analyze the factorial moments measured by different experimental collabora

tions in terms of their nontrivial many-particle correlations, the cumulants. A large fraction 

of measured moments is shown to originate in two-particle correlations. The validity of 

the Linked Pair ansatz is tested and found to be acceptable to fourth order for hadronic 

collisions but uncertain for nuclear collisions: A cumulant decomposition for bin-bin corre

lations is derived, and a general formalism is developed for treating correlations of particle 

distributions consisting of several distinct populations, such as particles of different charge. 

----------- -~ - . -
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Preface 

When I was a student, I thought of physics research as similar to composing. A physicist 

is confronted by a problem, proceeds to think about it, tries this and that, has many ideas, 

most of which are bad, makes progress on the good ones, and eventually comes up with a 

complete answer. To my mind, the publication of such an answer resembles the completion 

of a Bach organ fugue: it is fully formed and, in the best cases, unforgettably beautiful. 

The modern physics community seems to resemble the stock exchange more than the 

concert hall. Physics is no longer the esoteric passion of a few aesthetes but a fully-fledged 

market, in which the value of ideas rises and falls according to the public estimation of 

their worth. Marketing is as much a part of a good physics company as the quality of its 

product. Corporate takeovers, booms and busts, blue-chip corporations and fly-by-night 

enterprises: all find their analogue in the physics community. 

Among the rapidly rising small companies we can count the topic of this dissertation: 

Intermittency has become a hotly traded commodity. It is too early to assess whether it 

will be considered worthy of attention by the large conglomerates such as QCD and Heavy 

Ion Physics. Maybe it is a fad; maybe it is a good idea whose time has not yet come. Or 

maybe it works. 

And yet, despite all the cacophony of stock-trading, the physics we know and work on 

today does produce great fugues; only the birth process differs. Fully formed works of art 

such as Einstein's relativity papers or Newton's Principia have always been the exception 

rather than the rule: that is why we admire them so much. Most great work today is a 

slow and difficult process of painful assembly by many people of note by note, bar by bar 

of the score, until in one inspired moment someone puts together all the pieces, and a new 

piece of music is born. 

--- ._----- --
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This dissertation is not a great fugue; nor is it pure Zwolftonmusik. My hope is that it may 

be a tiny contribution to the larger picture which, if all goes well, will eventually emerge. 

HCE 

----------- -- .-- - -. 
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CHAPTER 1 

Introduction 

1.1 Intermittency in context 

The word intermittency has created quite a stir in the high energy physics community 

during the past two years. The reason for this is twofold: 

• First, the ubiquitous manifestation of fractals and self-similarity have made high

energy physicists receptive to the idea that such structures may possibly be found in 

their domain too. While this is by no means generally accepted in the communtiy, 

the trend is positive. 

This has not always been the case. When the idea of searching for fractals in particle 

production was first mooted by Carruthers in 1973 [1] it got a less than enthusiastic 

reception. There were more exciting and promising topics to be pursued, such as 

the Standard Model and Supersymmetry. Now that these have reached a degree 

of maturity, boasting some spectacular successes for the Standard Model, there is a 

new receptiveness toward other ideas that do not follow more or less directly from the 

great edifice of gauge theory. The question of confinement, for example, has with the 

successes of perturbative QCD become all the more irksome in its fractiousness. New 

avenues of approaching this problem are therefore constantly being sought, leading 

inter alia back to the idea of searching for complex behavior in high energy collisions . 

• Second, the available energies and sophistication of experiments have improved dra

matically in the last decade, opening up the possibility of studying high energy dy

namics with the tool of multiparticle final states. Hadron-hadron colliders are now 

-. -'-"----.------~,-=~---- -- - . -
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operating in the TeV range, while tens of GeV are available from e+e- colliders. The 

introduction of heavy ions as projectiles over a wide range of energies has opened up 

yet another dimension in the parameter space; future projects such as the LHC, SSC 

and RHIC will (if built) no doubt expand the scope even further. 

While the emphasis in most of these experiments remains on the search for rare events 

signalling exotic (or dearly loved but as yet unseen) particles, the large multiplicities 

obtained from leptonic and hadronic collisions have opened up the field of soft physics 

and multi particle dynamics as a sideline. Moreover, for heavy ion collisions one has 

little choice but to measure and attempt to understand the large particle showers 

characteristically produced in these systems. 

In measuring the normalized factorial moments in each bin m 

as a function of bin width, intermittency combines, as we shall see, simple and easily 

implement able experimental recipes with the promise of exciting theoretical advances in 

understanding. It is this combination that during the last two years has made it an 

attractive object of study for theorists and experimentalists alike. 

There are substantial problems and quite a few pitfalls in this venture which were 

overlooked in the initial rush for results and interpretations; some of these we shall discuss 

in due course below. Nevertheless, it has some merit: At the very least, it revives the 

neglected study of moments and correla;tions in multi particle dynamics to which it is closely 

related; more optimistically, deeper and more exciting phenomena such as fractal behavior 

may be lurking behind current data: we shall only know after investigation and careful 

elimination of other possibilities. 

In 'the following chapters, we wiII trace out one particular route through the subject. 

Chapter 2 contains soine dry but important statistical terminology and relations which 

we will need subsequently. In Chapter 3, a very brief history of the subject of "real" 

intermittency is sketched; then we trace out the seminal work of Bialas and Peschanski 

. .. . ... --.. ---.. --.~-~~ ----- --~.-
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[2][3] and add some comments and possible extensions, following this in Chapter 4 with a 

study of the behavior of factorial moments under different conditions. Chapter 5 contains 

a review of experimental results obtained so far in the form of "fact sheets". Chapter 

6 introduces the decomposition of factorial moments in terms of cumulants and presents 

some relevant experimental data, followed by the Linked Pair Ansatz and its results in 

Chapter 7. In Chapters 8 and 9, we turn to questions regarding correlations in general, 

notably factorial correlators, which are closely related to correlations between particles in 

different bins, and correlations between particles of different charge. We summarize our 

findings in Chapter 10. 

1.2 Our current approach 

Finally, a word on the "philosophical approach" which permeates our present work ("our" 

here meaning the Arizona group). 

There are in general two complementary ways to approach a given physical problem; for 

successful discovery, phases using these two approaches have to be interspersed. The first 

is typified by the making of models based on known theoretical principles: the researcher 

starts out from the appropriate first principles and then works his way "outward", making 

approximations along the way where insufficient data or mathematical intractability ob

struct his progress, until he arrives at theoretical predictions which are compared to the 

appropriate experimental data. The second approach is to consider the experimental data 

as such, without any theoretical prejudices, trying to understand it in its simple features 

and ferreting out revealing ways to present it, thus working "inwards" from experimental 

facts towards a theory governing the facts. 

Our present approach relies more on the second than the first approach. The complexity 

of multi particle data makes it even more necessary than usual to precede model-making 

by a phase of merely attempting to understand the facts before interpreting them. We 

therefore do not attempt to provide a theory for what is seen but rather try to establish 

unambiguously the form and behavior of the data, thus providing constraints which any 

.. - -------.-------~ ------- --~ - -
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theory will have to satisfy in order to be acceptable. Once this program has been taken to 

some preliminary conclusion, theoretical models will no doubt follow. In this sense, we also 

see the present work as both preceding in time, and complementary to, other theoretical 

work currently being done. 
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CHAPTER 2 

Statistical preliminaries 

Before tracing out the theory and practice of intermittency in multiparticle production 

in the next chapter, it is necessary to establish the notation and clarify some elementary 

statistical concepts. In most of our notation, we follow Carruthers and Shih [4], but deviate 

from it in naming the normalized factorial moment Fq (rather than the original Xq) as has 

become tradition in the field, and the normalized factorial cumulant moment J(q (rather 

than the original Fq ). The reader is warned in any case that there are a great number of 

different notations in the literature so that the meaning of individual symbols should be 

checked and defined in every case. 

2.1 Cross sections 

If we have a collision between two particles (leptons, hadrons, nuclei, ... ) a and b producing 

particles of type c and many others X which remain unmeasured, 

(2.1) 

then the topological cross section for particles of type c, a;, is a measure of the number 

of events in which exactly n c-particles were seen. The inclusive cross section for 

particles of type c, on the other hand, is 

00 

afncl = L na~ , 
n=l 

-------- .---- --.. -

(2.2) 
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counting the total number of particles c. Contrasting with this, the inelastic cross section 

is 
00 

O'j = L O'~ (2.3) 
n=1 

which is proportional to the number of events in which one or more c-particles were de-

tected. Note that 0'; and 0'1 count events while O'lnc1 counts particles, the constant of 

proportionality to the number of counts being the luminosity .c in every case. 

In most intermittency experiments c corresponds to all charged particles (pions mostly, 

at current energies) while among the unmeasured X there are neutral particles and back

ground eliminated explicitly by cuts or limited detector acceptance. We shall usually drop 

the superscript c which will be understood. Most experiments consider "charged particles" , 

without distinguishing between positives and negatives, see Chapter 5. Later in Chapter 

9 we shall distinguish more carefully between particles of different charge and explore the 

relations between the different correlation functions. 

2.2 Correlation functions and cumulants 

The simplest correlation is Pl(y), the density of particles at the rapidity y. 1 Operationally, 

it is defined as an event average: given a large number of events in which one or more 

c-particles were produced, we average the number of c-particles in some small finite range 

by of rapidity around y we call a bin, 

(2.4) 

where N;'v is the total number of events in which c particles were seen and ne is the number 

of c-particles in event e. This can be written in terms of cross sections as 

IThe rapidity, defined as 

() 
1 dO'incl 

PI y = ---
0'[ ely 

y = .!.In E+pz 
2 E-pz 

(2.5) 

is a useful variable in high energy physics as it is additive under Lorentz boosts along the longitudinal 
z-axis. While we shall refer to the arguments of the various functions as rapidities, y can stand for any 
variable in any number of dimensions. 

------------,-- -- ~ . -
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if we identify U/ = N;v/C and dUind/dy = L~11 nC/(Coy). We note for future reference 

that 

j Pl(Y)dy= Uind = I:nPn = (n) , 
U/ n 

(2.6) 

The second order correlation function P2(Yl, Y2) is the event average of multiplying all 

particles at YI with those at Y2 for the same event, and then averaging 

1 N;y C( C 1:) 
~ nl n2 - U12 

P2(YI, Y2) = Nc L.J 0 2 ' 
cV e=l Y 

(2.7) 

the 012 ensuring that the same particle should not be correlated to itself when YI = Y2. 

Again, we can write 
1 d2uind 

P2(YI, Y2) = - d d 
U/ YI Y2 

(2.8) 

if we identify d2uind/dYI dY2 = L~11 nHn~ - 012)/(COy2). Generally one therefore defines 

the correlation function of order q as 

1 dquincl 
Pq(Y}'Y2'''',Yq)=-d d d 

U/ YI Y2 .. · Yq 
(2.9) 

and it does not surprise that when all arguments are integrated over the same bin YI, ... , Yq E 

n, we obtain 

10 dYI.' .dYq Pq(YI, ... ,Yq) = (n(n -1) .. . (n - q + 1») , (2.10) 

the angled brackets denoting the event average. When, on the other hand, we do not 

impose a restriction that particles may not be correlated to themselves (see (2.7», then 

the integral of Pq becomes 

(2.11) 

This condition can be defined more accurately in terms of "same" vis a vis "different" 

particles; see Chapter 9. Correlation functions can also be written formally on an event

by-event basis; see Section 9.1. 

When the contents of bins around VI and V2 are independent of each other, the second 

order correlation function factorizes, 

(2.12) 

------------ -- ~ - -
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Anthropomorphically, one can speak of the particles at YI "not caring" about the particles 

at Y2. In view of this it is useful to define cumulants as those statistical quantities that 

vanish whenever one of their arguments becomes statistically independent of the others. 

They are constructed by subtracting the relevant factorized parts from the correlation 

function. The cumulant of second order is hence 

(2.13) 

so that C2 = 0 when P2 factorizes. With C1{Y) == PI{Y), the cumulants of higher order are 

[5] 

C3{YhY2,Y3) = P3{YI,Y2,Y3) - PI(Yt}P2{Y2,Y3) 

- PI(Y2)P2{Y3, yt} 

- PI (Y3)P2{YI, Y2) 

+ 2PI{yt}PI{Y2)PI(Y3) , 

P4{YI, Y2, Y3, Y4) - L PI{Yt}P3{Y2, Y3, Y4) 
(4) 

- L P2{Yt, Y2)P2{Y3, Y4) 
(3) 

+ 2 L PI(ydpI{Y2)P2(Y3, Y4) 
(6) 

- 6 PI{Yt}PI(Y2)PI{Y3)PI(Y4) 

(2.14) 

(2.15) 

and so on for higher orders. The brackets below the sums denote the number of permu

tations that must be counted. Giving another example, assume that in Eq.(2.14) particle 

1 is statistically independent of particles 2 and 3. Then P3{YI, Y2, Y3) = PI (Yt}P2(Y2, Y3), 

which cancels the second term on the first line. Further P2(YI, Y2) = PI (ydPI (Y2) and 

P2{Yt, Y3) = PI{yt}PI(Y3), which cancel with the 2PIPIPI term, and so C3 = 0 as adver

tised. The same holds true if either particle 2 or 3 (or any pair, for that matter) become 

independent of the others. 

Inverse relations of correlation functions in terms of cumulants are 

(2.16) 

- -- ------ ---_.----------



P3(Yl,Y2,Y3) = C3(Yl,Y2,Y3) 

+ L C1(YJ)C2(Y2, Y3) 
(3) 

+ C1(Yl)C1(Y2)C1(Y3) 

~(~,~,~,~) = ~(~,~,~,~) 
+ L C1(yt)C3(Y2' Y3, Y4) 

(4) 

+ L C2(y}, Y2)C2(Y3, Y4) 
(3) 

+ L C1(yt)C1(Y2)C2(Y3, Y4) 
(6) 

+ C1(Yl)Cl(Y2)Cl(Y3)C1(Y4) 
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(2.17) 

(2.18) 

(2.19) 

etc. Relations between integrated cumulants and correlation functions up to tenth order 

can be found in Kendall and Stuart [5]. 

2.3 Generating functions 

Equations (2.4), (2.7) etc. in the previous section determine the correlation functions and, 

through them, the cumulants for any given set of experimental data. Integrated versions 

of these are easily obtained through Eq.(2.10) or (2.11). 2 The same moments can also 

be derived from the multiplicity distribution of particles Pn , which is defined as the 

probability that in a random sampling (in the form of an event) there are n particles, so 

that, with proper normalization 

(2.20) 

the factorial moments ~q are 

= (n)' = LnPn (2.21) 
n 

2 Actually, the definition of correlations in terms of continuous variables is only the continuum limit 
fly - 0 of (2.4)JJ, while experimental quantities are invariably discrete; hence experimental measurement 
of correlation "functions" amounts to taking the integrated versions anyway. 

----- --~.-



and generally 

6 = J P2{YII Y2)dYI dY2 = (n(n - 1)) = L n(n - 1) Pn I 

n 

~q = J Pq(Yl,"" Yq)dYl ... dYq 

= (n{ n - 1) ... (n - q + 1)) 

= Ln(n-1) ... (n-q+1)Pn 
n 

The (ordinary) moments are 

JLq = (nq) = L nq Pn , 
n 
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(2.22) 

(2.23) 

(2.24) 

and are the integrals of Pq for "different" particl~s, see (2.11). From these, the (integrated) 

cumulant moments K.q can be found using the equivalent of Eqs.{2.13)ff. 

For theoretical calculations this is all very cumbersome. An easier way to derive mo

ments an,d cumulants is via generating functions. Define the moment generating func

tion M(A) as 

(2.25) 
n=O 

then the qth derivative with respect to A yields the moment of order q: 

(2.26) 

Similarly, the factorial moment generating function 

(2.27) 
n 

gives rise to the factorial moments 

(2.28) 

as can be verified by direct differentiation of (2.27) and comparison with (2.23). Further, 

the logarithms of the generating functions yield the respective cumulant moments: 

K.q = (;~) q In M(A)I~=o 

fq = (;~) q In Q(A)I~=o ' 

---- -'-- ----

(2.29) 

(2.30) 
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again verifiable by direct differentiation of In M and In Q. Couched in the form of Taylor 

expansions, these relations can also be written as 

M( ') ~ (-,\)q 
;\ = L..J --I -JLq , 

q=O q. 

~ (-,\)q 
L..J -q-' -~q , 
q=O • 

Q('\) 

In M('\) = f: (-~)q Kq , 
q=O q. 

In Q(,\) = 
~ (-,\)q 
L..J --,-/q' 
q=O q. 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

The relation between moments and factorial moments is easily derived. For completeness, 

we quote 

6 = JLl 

6 = JL2 - JLl 

6 = JL3 - 3JL2 + 2JLl 

~4 = JL4 - 6JL3 + llJL2 - 6JLl (2.35) 

etc. 

The probability Pn can also be derived from Q, 

1 (_8)n I 
Pn = n! 8'\ Q(..\) '\=1 ' 

(2.36) 

the ,\ = 1 limit killing all but the n-th term in the series. Further relations between these 

and other quantities can be found in Carruthers and Shih [4]. 

In analogy with the above generating functions for moments and cumulants, it is also 

possible to define generating functionals which yield the unintegrated correlation func

tions and cumulants [6]. 

Often it is convenient to normalize the various moments, whether for experimental rea

sons (reducing sensitivity to acceptance problems, for example) or for theoretical consid

erations such as the linking ansatz discussed in Chapter 7. The (unintegrated) normalized 

correlation function is 

( 
pq(Yl,···,Yq) 

r q Yl,"" Yq) = () () PI YI .. ,PI Yq 
(2.37) 
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and the normalized cumulant is 

(2.38) 

while the integrated versions are normalized according to 

/3q = J.Lq (nq) 
(2.39) (n)q (n)q , 

Fq = ~q 
(n)q = 

(n ... (n-q+1)) 
(n)q (2.40) 

Iq "'q (2.41) (n)q , 

J(q fq 
(2.42) (n)q . 

defining the normalized moment, factorial moment, cumulant moment and factorial cu

mulant moment respectively. Note that integration of rq does not yield /3q or Fq, and 

integrati0!l of kq does not yield Iq or J(q except for the special case where PI is a constant, 

one form of translation invariance [7] that will concern us in later chapters. 

Figure 2.1 summarizes the notation and relations between the different quantities. 

--------------- .-----. 
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generated generated 
by by 

In M("\) M(..\) 

normalized 
cumulant normalized 

cumulant moment moment moment 
moment 

"Iq 
K.q J.lq (3q 

normalized correlation normalized 
cumulant cumulant function correlation 

k Cq 
function 

q Pq Tq 

normalized factorial factorial 
normalized 

factorial factorial 
cumulant cumulant moment moment 

J(q fq ~q Fq 

generated generated 
by by 

In Q(..\) Q(..\) 

Figure 2.1: Overview of correlation functions, moments and cumulants. Starting with the 
correlation function Pq, one obtains the cumulants Cq by (2.13)ff .. Moving upwards from 
the central line implies integration over a separate domain for every variable, obtaining 
the J.lq and K.q , which in turn are normalized to {3q and "Iq respectively. Moving downwards 
from the central line corresponds to integration over a common domain for all variables; 
in this way, one obtains the corresponding factorial quantities ~q and fq. These are again 
normalized to Fq and J(q. Above and below, the appropriate generating functions are 
indicated. 
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The relation between correlation functions and cumulants are duplicated for their in

tegrated counterparts. Starting either with Eqs. (2.13)-(2.19) or with the appropriate 

generating functions, one obtains for factorial moments (q and factorial cumulants Iq 

6 = 11 , 

6 = h+/r, 

6 = /3 + 312/1 + If , (2.43) 

(4 = 14 + 4/3ft + 31i + 61dr + It, 

(5 = 15 + 514ft + 10/312 + 10/3li + 151:; ft + lOhlr + It, 

(6 = 16 + 615/1 + 151412 + 15J.dr + 10li + 60/312/1 + 20/3/r 

+15/~ + 451:;/r + 15hlt + If, 

etc. 

Exactly the same relations hold between the ordinary moments JLq and cumulant moments 

K q• Inverse relations of Iq in terms of the (q can also be found, see Ref. [5]. From these 

relations, one then easily derives the relations between the normalized moments and cu

mulantsj see Eqs.{ 6.9 )-( 6.17) in Chapter 6. 

2.4 Multivariate distributions 

Very often, we are faced with distributions of more than one variate. The particle number 

n in Pn could, for example, be referring to specific bins m = 1,2, .. . M, each nm then being 

a separate variate. In terms of the joint distribution function P( nl, n2, ... , nM), one can 

define all the quantities listed in the previous section, in addition to many new ones. 3 

For each variate nm , we define a separate parameter Ami the moment generating func

tion is now (cJ. (2.25» 

00 00 

M(AI, ... ,AM) = L: L: (2.44) 

3For the unintegrated correlation functions Pq, Tq and cumulants Cq , kq, there is no change; indeed, 
the change for the integrated moments comes about naturally by restricting the domain of integration of 
appropriate rapidity variables Yi to different bins "', hence defining them to be distinct variates. 
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and moments J.1. are found by differentiating 

(2.45) 

also 
"" (-..\I)ql"'(-..\M)qM 

M(..\I,""..\M) = L.J , , J.1.Ql ... QM· 
Ql ... QM ql··· ·qM· 

(2.46) 

For M = 2, the bin-bin correlation is, for example, given by 

J.1.1l = (nln2) = E nln2P(nI,n2) = (~8) (;:) M(..\I,..\2)1 __ • 
nl.n 2 1 2 ,\1-,\2-0 

Other extensions follow straightforwardly: 

(2.47) 

and, with n[Q] == n(n - 1) .. . (n - q + 1), 

/ [1 (1) ( -8 )Ql (-8 )QM I ~QI ... QM = \nt ... nit = 8..\ ... ~ Q(..\l"",..\M) ___ (2.48) 
1 M ,\I-... -,\M-O 

(2.49) 

(2.50) 

corresponding to Eqs.(2.28)-(2.30). 

2.5 The Poisson distribution and Poisson transforms 

To illustrate the working of these concepts, we consider the Poisson distribution, which has 

probabilities 
-n 

-ii n 
Pn = e -" n. 

(2.51) 

fi being a free parameter. Then from (2.25), 

( -,\ - )n 
M("\) = e- ii L e ~ = exp[-fi + fie-A] , 

n n. 
(2.52) 

so that by (2.26) 

(n) = f..Ll = fi 

( n 2 ) = J.1.2 = fi 2 + fi 

___ -___ ....-- r_ 



i.e. the parameter 71, = (n) is the mean number of particles. From 

In M("\) = -71, + ne-'\ 

the ordinary cumulant moments are for all q, 

Also from (2.27), 

"'q = n. 

Q(..\) = e-'\7i 

In Q(..\) = -..\71" 

so that the factorial moment and factorial cumulant are 

Vq ~ 2, 
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(2.53) 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

i.e. all factorial cumulallts are zero. This last result shows that the Poisson distribution 

describes per definitionem a set of statistically independent particles with mean particle 

number n. 

Since the Poisson distribution defines statistical independence, it is natural to use it 

as a "basis" in function space. Many distributions Pn can be written as an independent 

superposition of generalized Poisson components e-x7i (xnf In!, 

100 - (xn)n Pn = dx f(x) e-xn __ 
o n! 

(2.58) 

the Poisson transform f(x) being the strength of each component. For the case of M 

variates, we have 

(2.59) 

The Poisson transform is commonly used in quantum optics [8J [9], where the pure Poisson 

distribution describes the number of photocounts for light of fixed intensity in time and 

space. For more general cases where the light intensity is itself a stochastic variable, f( x) 

corresponds to the probability distribution of the integrated intensity. By this route, the 
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Bose-Einstein distribution, the Negative Binomial distribution and others were derived for 

various source distributions, see e.g. [10] [4]. 

The factorial moment generating function can often be found more easily from the 

Poisson transform, because, with (2.27), 

Q(A) = 1000 

dx I(x) e-xn ~ [(1 - ~)xiiln 

= 10
00 

dx I(x) e- Axn . (2.60) 

(2.61) 

From this, the factorial moment for one variate is, in terms of the Poisson transform, 

~qm = (a~~)qm Q(A!, ... ,Am, ... ,AM)k=o 

= roo IT dXi I(x!, ... , Xfl.,-r) (Xmiim)q . 
Jo i=! 

(2.62) 

2.6 Combining distributions 

It is often necessary or helpful to consider distributions made up from several others. We 

shall not delve deeply into this large topic but merely consider two aspects that will be 

useful later. 

We consider combinations of two distributions that are mutually independent, in the 

sense that the total probability factorizes, P(na, nb) = Pa(na)Pb(nb). Then the distribution 

of the sum of na and nb is given by [4] 
n 

Pn = L Pa(na)Pb(nb). 
na'"b=O 

(na+nb=n) 

(2.63) 

Very useful is the resul.t, for independent Pa and Pb, that the factorial moment generating 

function of the sum is the product of the individual generating functions: 
00 

QT(A) = L (1 - A)n Pn 
n=O 
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= c~o (! - A)no pa) C~O (! - At' Ph) 
= Qa(;\) Qb(;\) . (2.64) 

For the sum of s independent distributions, P(na,nb, ... ,ns ) = IliPi(ni), 

(2.65) 

The second result concerns the behavior of generating functions when we have a "distribu

tion of a distribution" 

Pn = L: Ck Pk(n) , 
k 

(2.66) 

where Pk(n), k = 1, ... is a set of distributions combined with weights Ck to form Pn • If the 

respective factorial moment generating functions are 

then we easily find [11] 

n 

qk(;\) = L: (1 - ;\tk Pk(nk) 
nk 

QT(;\) = L: Ck qk(;\) 
k 

(2.67) 

(2.68) 

(2.69) 

This general result becomes even more interesting when we consider the special case where 

the probability Pk(n) is the sum of k independent distributions of the same type (c/. (2.63», 

since by (2.65) we then have 

n k 

Pk(n) = :L IT pen;) , 
n! ..... nk=O i=1 
<Linj=n) 

with q(;\) the generating function of p(nj). Inserting this into (2.69), we get 

QTC;\) = :L Ck [q(;\)t . 
k 

(2.70) 

(2.71) 

(2.72) 

Comparing this to the definition for the simple distribution, we see that going from a simple 

distribution of Pn to a convolution has the effect (1- ;\) -;. q(;\), and so 

QT(;\) -;. QT(1- q(;\» , (2.73) 

... _ .. _-. --.---.---------- .. --~ . -
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i.e. the generating function of a composite distribution has as its argumE>,nt the generating 

function of the component distributions, if they are identical and independent. This result 

will be useful when considering the superposition of different sources of particles in Chapter 

4. 

---~-----~- -- - . -
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CHAPTER 3 

Intermittency 

3.1 The original concept 

As with many ideas in physics, intermittency has over the years transcended its original 

narrowly defined meaning to encompass a whole class of phenomena. Roughly, one can 

distinguish three phases in the history of this concept: early observation of intermittency 

in fluids, both in fully developed turbulent cases and for Reynolds numbers just beyond 

criticality, a second phase of intermittency as manifestation of chaos in the context of 

turbulence, and third the generalization to a multitude of superficially different physical 

situations. The meaning of intermittency as it has evolved in multi particle production 

would constitute the fourth meaning. There is significant continuity between these different 

applications, but there are also clear differences. 

3.1.1 Turbulent flow 

As turbulence in water and air is a common human experience, it comes as no surprise 

that it was first studied as early as 1839: Hagen [12] observed that an increase in the 

viscosity and/or velocity of water flow led at some point to a transition from laminar to 

turbulent flow. Reynolds was the first to observe [13] that just beyond the critical value of 

the Reynolds number Re (essentially a ratio of characteristic values of the forces of inertia 

to the viscosity of the fluid), there appeared in the laminar flow "turbulent slugs", small 

regions of wild fluctuations which appeared "intermittently", which with increasing Re 

increased in size and frequency until turbulence was fully developed. A measurement of 
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the velocity of the fluid at some fixed point (see e.g. [14]) would in such cases exhibit long 

periods of quiescence interspersed by short bursts of very large fluctuations; this became 

known as temporal iniermittency. 

3.1.2 Turbulence as a chaotic phenomenon 

Later advances in fluid mechanics (see Monin and Yaglom [15] for a comprehensive review) 

highlighted the importance of the energy dissipation field c( x), the amount of energy con

verted into heat per unit time per unit mass. It was known by then [16] that fully developed 

turbulent flow was characterized by a cascade of large eddies breaking down into smaller 

eddies, which in turn broke down into even smaller ones, and so on until the dissipation 

scale was reached. 

Early hypotheses that c was uniformly distributed in space (17] or fluctuated according 

to the log-normal distribution [18], however, were sharply contradicted by later experiments 

[19] [20] [21] [22]. Rather than getting the expected smooth field, they found that the energy 

dispersion was concentrated in a few small regions of space, giving birth to the concept 

of spatial intermittency; also it was found that distributions were highly non-Gaussian, 

needing higher moments to describe them fully. Furthermore, the cascade from larger to 

smaller eddies did not fill space but rather left gaps between the smaller eddies. 

Into this vacuum of theoretical understanding grew the theory of fractals, in which 

self-similarity, cascading and objects that do not fill the space have a natural place. First 

formulations by Mandelbrot [23] with simple cascading models and noninteger dimensions 

were rapidly followed by others [24] [25], with cases of spectacular agreement between 

theory and experimental measurements. 

3.1.3 Intermittency as chaos 

Since the theories of chaos are much more general than their specific realization in turbu

lent fluids, the word intermittency has since migrated into the vocabulary of all chaotic 

phenomena. Important advances in theoretical intermittency [26] [27] [28] (see also [29] 

----------- -'- --
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I 60' , 

Figure 3.1: Temporal intermittency as observed in convective fluid in the Benard cell 
[32]. Shown is the variation in time (minutes) of the intensity of transmitted light, which 
is a linear function of the temperature gradient at that point. The darker lines are the 
fundamental harmonic, the lighter ones the first subharmonic. Long periods of quasi-stable 
oscillations are followed by short chaotic bursts. 

for a review) were matched by the discovery of intermittency in diverse physical situa

tions. Among others, temporal intermittency has now been observed in turbulent fluids, in 

temperature variations in the air above water surfaces [30], in nonlinear electronic circuits 

[31], and in Rayleigh-Benard cells [32]; while spatial intermittency is established in both 

observational and simulated turbulent fluids [33], in observations of the solar magnetic field 

[34], in simulations of magnetohydrodynamics [35] etc. A summary of some recent results 

can be found in Paladin and Vulpiani [37]. 

Representatively, we show two examples of temporal and spatial intermittency in graphic 

form. Figure 3.1, taken from [32], shows results from a Benard cell. Light is shone through 

silicon oil convecting in the cell; the transmitted light intensity is proportional to the hor

izontal temperature gradient at the point of the light beam. There is a clear sequence 

of quiet oscillation ("laminar phase") ending with a short chaotic burst. This example 

is particularly interesting in that two harmonics can be observed at the same time: the 

fundamental harmonic, shown as the darker lines, decrease while the first subharmonic 

- . -. ---.--.-----~~ ------ -- ~ - -
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Figure 3.2: Spatial intermittency in magnetohydrodyamical simulations [35]. The shaded 
regions encompass all areas where the magnetic field is within 5% of its local maximum 
value. 

increases with time until they are reset after the chaotic burst. 

An example of spatial intermittency is shown in Figure 3.2, taken from Meneguzzi et 

al. [35], who ran simulations of the magnetohydrodynamic equations with a seed magnetic 

field. The shaded regions in the figure represent regions where the magnetic field is 95% 

or more of its local maximum value. As in the case of turbulence, the inhomogeneity of 

the distribution is obvious. 

The extreme spikiness typical of intermittent behavior is epitomized in Figure 3.3, 

taken from Ref.[36], which shows the gradient of concentration of a colorant injected with 

a turbulent water jet into quiescent water. 

------_ .. _-- -. 
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Figure 3.3: Spikes in the gradient of concentration of a colorant injected with a turbulent 
water jet into quiescent water, as a function of two space coordinates [36]. 

3.2 Intermittency in multiparticle production 

Having sketched in the previous sections the development of intermittency in other realms, 

we now turn to its application to high energy physics. Motivated by the search for new 

ways to understand the abundance of new multiparticle data becoming available, Bialas 

and Peschanski in 1986 published a seminal paper introducing the concept of intermittency 

into the language of multiparticle production [2J, with an important extension to inclusive 

measurements in 1988 [3]. In essence, these papers contain two ideas: 

1. The concept of self-similar cascades as a possible mechanism for particle produc

tion, and the effect of self-similarity on the behavior of bin-to-bin fluctuations. 

2. The relationship between the so-called theoretical particle distribution function and 

the experimental distribution which includes the effect of trivial fluctuations due 

. to finite particle numbers. 

-------- .-----. -. _. 
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These two concepts we describe in some detail below, following this up with several 

comments in the next section. 

3.2.1 Fluctuations and self-similar cascading 

Cascades as such are nothing new in the theory of particle production. Based on experi

ence with jet evolution and other perturbative expansions (or even "fireballs" and bootstrap 

models) most theorists would venture the opinion that all particles measured by experi

mental detectors are somehow descendants of a hierarchical process, in which primieval 

entities (e.g. the primary partons, large clusters) successively subdivide into smaller and 

less energetic descendants, until the process is terminated by "stable" particles such as 

pions and nucleons. 

Starting with their 1986 paper [2], Bialas and Peschanski proposed searching multi

particle final states for dynamical fluctuations originating in a self-similar cascade. To 

illustrate the technique, they made use of the so-called a-model, one of several self-similar 

models which had been successfully used in the theory of turbulence [38]. The basic idea 

is as follows. One defines a random variable W, generated according to some distribution 

function r(W) of choice, with its mean value constrained to 1, 

{W} = J dW r(W)W = 1 (3.1) 

the curly brackets denoting averaging with respect to r(W). This random variable W is 

then used to set up a cascade on the rapidity axis. 1 First, one defines a "total rapidity 

interval" AY, which should be large enough to accommodate many subdivisions but small 

enough to avoid energy-momentum constraints for the total collision. Typically, experi

ments now take a window ~Y of between 1 and 5 units of rapidity. The total window AY 

is then subdivided into A pieces of equal size ~Y / A, naming each subdivision by an index 

al (al = 1, ... , A). To each subdivision al a number W01 is assigned, chosen randomly in 

accordance with r(W). These steps constitute the first "generation" v = 1. 

I Here we use the rapidity y as an example, but the mechanism can be set up with any variables in any 
number of dimensions. 

---"--- _. 
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This recipe is then repeated by re-dividing each first generation division into A pieces of 

size 6.YjA2, and each II = 2 subdivision inherits the product of the parent random number 

W01 with its own Wo~ which is also chosen randomly according to r(W), independently 

of its predecessor's value. In this way, successive generations are created until finally the 

process is terminated after a total of II generations at a basic unit rapidity size 

6.Y 6.Y oy=-=-. All M (3.2) 

At this point, one has M = All bins, each characterized by a sequence of indices m = 

(all, all-x' ... , at), or in other notation m = 1, ... , M and assigned to each bin, a quantity 

(3.3) 

This process is shown schematically for A = 2 in Figure 3.4 (taken from [39]). 

d 

0) bl c) 

n 

1 . m .... M 

ml {CX,.CX3'~'CX,}. {1.2.1.1} 

Figure 3.4: Schematic representation, taken from [39], of the a-model's cascade process 
with A = 2 and three generations. 1+1 signifies W+ = (l+a) and I_I stands for W_ = (I-b) 
The shaded path in the cascade tree in a) represents the evolution of the mth bin; in b), 
the change in the length of rapidity interval with each generation is indicated. Again the 
"ancestry" of bin m is shaded; m corresponds to the sequence (ax, a2, a3) = (1,2,1). In 
c) the final result in the form of an event histogram is shown, with z~ = W~W_ for the 
particular case of the shaded bin (the extra W+ comes from the zero-th generation). 

If the choice of each W is independent of all others, then 

'tim. (3.4) 

--------- --



43 

The assumption of statistical independence of each Wand the restriction of the possible 

values of W to two values 1 + a and 1- b constitutes the specific definition of the a-model, 

r(W)Q-model = (a! b) o(W - a - 1) + (a: b) o(W + b - 1) . (3.5) 

The sequence of numbers Zm, m = 1, ... M in such a cascad~ defines a histogram for one 

particular simulated "event". Because of the multiplicative nature of their construction, 

such histograms fluctuate wildly both from bin to bin and from event to event; this is 

because fluctuations in the product of random numbers W do not average out in the same 

way that sums of random numbers do [40] [41]. 

To quantify these fluctuations, the original papers [2] [3] suggested looking at the mo

ments of relative fluctuations cq of each histogram, 2 averaged over all bins m, which 

are defined as 

and for the ansatz (3.3) become 

1 
M 

(3.6) 

all configurationll 

(3.7) 

C~ is found event by event. If we now identify the event average 0 with the r(W)-average 

{}, then 

(Cq) = }.~ n (A {wq}) = {wqy (3.8) 
J 

as all averages of wg are the same. In particula.r, (cd = 1: the mean of the relative 
J 

fluctuations is one. 

The dependence of (cq ) on the bin width comes about through v. Explicitly, since 

v = In(~y/oy)/lnA;·one finds 

2In much of the literature, cq is called Cq , but we reserve the latter for the cumulants, see Figure 2.1. 
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with c.pq = In {wq} I In A, independent of by, and so 

(3.9) 

a straight line in the log-log plot. In words, a cascade of self-similar fluctuations 

manifests itself in a power-law dependence of the moment (cq) on the bin width 

by. 

3.2.2 Elimination of statistical noise 

With the ideas of Section 3.2.1 being purely mathematical in nature, with no a priori phys

ical content, the question is how to connect the random cascades to physical observables. 

The easiest choice is to make the ansatz (again event by event, denoted by the superscript) 

e p~ 
Zm = (Pm) (3.10) 

where p~ = k~1 by is the density of particles in bin m in event e and 

(3.11) 

is the event average with respect to some theoretical distribution Pth. This ansatz satisfies 

the requirement of (3.3) that (zm) must be equal to one. 

At this point, one encounters the additional problem that the "dynamical" fluctuations 

due to the random nature of the W's in the cascade would in any experimental situation 

be imbedded in "statistical" fluctuations. The latter come about as follows. The fraction 

of particles (event by event) in each bin m 

e _ k~ 
Pm = J(e ' 

M 

](e = L k~ 
m=l 

(3.12) 

is not a true probability since it will fluctuate considerably from event to event even though 

the underlying cascade and its rules remain the same. This difficulty disappears only 

when the number of particles per event becomes infinite, in which case one can define the 

event-independent limit Pm = lim[(e-.oo (kr:nl ](e), a limit experiments have some difficulty 

attaining. Because of finite particle number, pr:n is thus only an estimate of the true 

probability Pm, deviating from the latter according to some unknown distribution. 

---------- --- ---- -- -- - --
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It is sensible (but not necessarily true) to assume that the experimental distribution 

of particles n~ in each bin m follows a Poisson distribution (2.51), around the theoreti

cal mean k~ = p~6y, and that this assumption holds true independently for each bin. 

Given the theoretical distribution function of true particle numbers Pth(l~I' k2, ... , kM), 

the experimental distribution of particles P ex ( n}, n2,"" nM) is then related to Pth by the 

M-dimensional Poisson transform (see (2.58)), 3 

P. ( ) J d d d P, ( ) rrM -Pmoy (Pm6y)nm (3 3) 
ex n},n2,···,nM = PI P2··· PM th P}'P2,···,PM e 1.1 

m=I nm • 

Now, as set out in Section 2.5 and specifically in Eq.(2.62), the factorial moment ~q of 

the Poisson distribution is related to k'/n by the simple relation 4 

00 

L: nm(nm -l) ... (nm - q+ l)Pex(nI, ... ,nM) 

= (nm(n m - 1) .. . (nm - q + l)}ex 

= J dPI" .dPM (Pm6y)q Pth(PI,. ··,PM), (3.14) 

which can be interpreted as the relation between two different averages: Oex over the 

experimental ("noisy") Pex , and Oth over the ("true") theoretical distribution Pth, i.e. 

(3.15) 

Since for q = 1 we have (nm}ex = (km}th' we can normalize to get 

Fex = (nm(nm - 1) .. . (nm - q + l)}ex = (( Pm )q) = (zq) . 
qm (n }q (p ) m th 

m ex m th 
(3.16) 

In every bin m, the factorial moment of the experimental particle distribution 

equals the ordinary moment of the relative fluctuations Zm = Pm/ (Pm) of the 

theoretical distribution. 

Averaging over all bins, one obtains 

F ex _ ~ ~ (nm ... (nm - q + I)} ex _ ~ ~ (( Pm ) q) _ th 
q - LJ (}q - LJ () - Cq • 

M m=I nm ex Atf m=I Pm th 
(3.17) 

3It is necessary to define P1h in terms of densities pm rather than the actual probabilities pm in order 
to have the correct limits (0,00) for the Poisson transform. 

4eq", is actually the multivariate eo ..... o.q'" ..... 0, shortened for obvious reasons. 

------- -- - . -



The combination of Eqs.(3.17) and (3.9) is the essence of the intermittency idea: 

where It'q and the constant are independent of the bin size. 

Intermittency in multiparticle production is defined as a power-law 

behavior of the normalized factorial moments of experimental parti

cle distributions as a function of decreasing bin size. 
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(3.18) 

Observation of such power law behavior would therefore be a major indicator of self-similar 

fluctuations in the underlying distribution. 

3.3 Some comments 

Since the results obtained in Section 3.2 form the basis of much that has been done in 

the field of intermittency in multi particle production, we append some brief comments in 

this section, while the next section contains a few longer and more explicit comments on 

weaknesses and possible extensions. 

1. Connection to original intermittency: We return briefly to the introduction of 

this chapter. The operational definition of intermittency given above does have ori

gins in intermittency as understood in other disciplines; there is also a loose parallel 

between the highly nonuniform distribution of energy dissipation in turbulent inter

mittency and the occurrence of large spikes in some recent particle data [42] [43]. 

For the moment, however, it is difficult to take the analogy further. While there 

are attempts to put the link between multi particle data and true intermittency on a 

more solid footing [44], the matter is unresolved. 

2. Experimental verification: A second word of caution is in order. As we shall see 

later, the experimental evidence for such power law behavior is as yet inconclusive, 

so that it is premature to pronounce that intermittency (in whatever sense) has been 

---,-'- -. ' 
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found in high energy particle production. Indeed, as we shall show in subsequent 

chapters, there are simple and undramatic ways to understand current data without 

invoking power laws. On a positive note, some very recent experimental data in 

two and three dimensions for e+e- [45] and pp collisions [41] and nucleus-emulsion 

collisions [46] seem to allow for power-law behavior after all; see Chapters 6 and 7. 

3. Relevance to low-multiplicity events: The use of factorial moments relies funda

mentally on the connection (3.15) between theoretical and experimental distributions 

and its basis, the assumption of Poissonian statistical fluctuations. Very importantly, 

Lipa showed [41] for the p-model (a simplified version of the a-model) that this con

nection was valid for even a small number of particles, permitting at least the hope 

that similar good behavior can be expected in experiments with low multiplicity, 

which constitute the great majority. 

4. Poisso~ is an approximation: The fact that the statistical fluctuations are as

sumed to be Poisson ian in each bin means that the total multiplicity is also Poisso

nian. This can be an approximation only as the total multiplicity distributions are 

truncated by, for example, energy constraints. More generally, the problem this poses 

is how close the uncorrelated distribution of a finite number of particles N into M 

bins is to the Poissonian limit. 

5. Fixed total particle number: An analysis for fixed total particle number N was 

done in [2] using the multinomial instead of the Poisson distribution. For this case, 

the relation between experimental and theoretical moments is 

(N)=Mq ~ (nm ••• (nm -q+l)}N _ (N) 
Fq ~1 ~ N (N ) (N 1) - cq . 

11 m=l - 1 ... - q + (3.19) 

While this form is attractive for theorists, there are no experiments with enough 

events to calculate these moments for all fixed N. Some experiments have used this 

form with "multiplicity windows" Nmin ::; N ::; Nmax (see Chapter 5) but to our 

knowledge no analysis exists of the reliability of doing such moments for small but 

finite-width N-windows, while (3.19) is designed for a single fixed N only. 

- - ----- -.--,-----~ 



48 

6. Vertical and horizontal moments: In some cases, there are large fluctuations in 

bins even after event-averaging; and these become larger with decreasing oy. Expe

rience has shown that the moments (3.16), which have become known as vertical 

moments, tend for small oy to be unstable due to their normalization by bin-by-bin 

factors (nm)q. To stabilize such values, Bialas and Peschanski [3] approximated the 

latter as (nm) ~ (N) 1M, yielding the so-called horizontal moments 

(3.20) 

where (N) is the event average of the total particle number. Many experiments have 

adopted this form for their measurements. It must be emphasized, however, that it is 

an approximation and that the relation (3.18) does not hold for horizontal moments 

except for the special case (nm ) = {N} 1M. Further, as shown in Chapter 6, the 

expansion in terms of cumulants is valid for vertical moments only. See also the 

discussion in Section 4.1.1. 

7. Relation to correlation functions: It must be stressed that there is an inti-

mate connection between factorial moments and correlation functions since ~q = 

f Pq(Yl, ... , Yq) dYl ... dYq, see Section 2.3. Hence all behavior of normalized factorial 

moments, whether scaling or not, can be traced back to corresponding behavior of the 

correlation functions or cumulants, which are the more fundamental quantities. It is 

therefore important not to consider the behavior of factorial moments in isolation, 

but rather to complement and correlate their phenomenology with data and theory 

of conventional correlations. This program we take up in a first try in Chapter 8 on 

factorial correlators and Chapter 9 on charged particle correlations; see also Section 

7.3.1. 

8. Limited phase space accessed: The factorial moments commonly measured, as 

defined in (3.17), are defined for all variables Yi in the same bin; for example, the 

second factorial moment is, using (2.21)-(2.22), 

H = 2. L fnm dYl dY2 P2(Yl, Y2) 

M m [Inrn dy Pl(y)t 
(3.21) 
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Y2 
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Figure 3.5: Subdivision of the full rapidity range 6y2 into an array of M2 squares of size 
oy2. The. ordinary bin-averaged factorial moment integrated over the squares with indices 
(m, m) along the diagonal only. Successively finer subdivision of ~y2 (simple hatching, 
cross hatching, etc.) leads to Fq sampling a smaller and smaller fraction of the full "phase 
space" (taken from [6]). The importance of this effect rises as the qth power, where q is 
the order of the moment. 

where the integration domain S1m for Yl and Y2 is the bin m. This means that, as 

we decrease the bin size, the percentage of the total "phase space" (Yl, Y2) E (~Y)2 

becomes smaller and smaller. Figure 3.5, taken from [6], shows this decrease when 

the total ~y is first divided into four bins (single hatching) and then eight bins (cross 

hatched). This means that the factorial moments as defined see only the very short 

range correlations while ignoring correlations of longer range. The fraction of total 

phase space accessed is even smaller for moments of higher order. 

9. Factorial correlators: The deficiency of factorial moments in accessing the available 

phase space is partly made up by factorial correlators, which consider correlations 

between different bins in a particular way. These we shall study in Chapter 8. 

10. How to change the bin size oy: While intermittency is unambiguously defined as 

a power law behavior of factorial moments for decreasing bin width oy, it is unclear 

how this decrease of oy is to be done. One way is to subdivide ~y into powers of two 

' .. ---- .. --..... -'---~-~-------- --.--- ~ -
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or some other integer number, as is done in the Q model, but this yields only very few 

points experimentally. Also, Carruthers has pointed out [47] that such an arbitrary 

choice of subdivision may lose the information contained in the histogram, or at least 

misrepresent it by e.g. giving inaccurate fractal dimensions. Most experiments now 

subdivide 6Y into successive integers M = 1,2,3, ... , but it is unclear whether this 

is a better solution. One effect of this procedure is that the factorial moment data 

is very noisy for small ay due to trivial binning effects (see Section 4.1.2), but it is 

probably better to bear the uncertainty of such fluctuations than to come up with 

stable but possibly wrong behavior at small 8y by using only powers of an integer for 

M. 

3.4 Extensions 

3.4.1 Sorting out the different fluctuations 

The alert reader may have noticed a weakness in the arguments of the Section 3.2, centered 

on the definition (3.10), z~ = p~1 (Pm). For the purposes of the Q model with its random 

variables W, it worked fine. However, if we now invent a set of events that do not fluctuate 

from event to event but do fluctuate from bin to bin, the event average Oth becomes 

superfluous for every bin, so that z;h = 1 for all q, and we get 

(3.22) 

Let us quote an example: we construct events according to a Cantor set algorithm [47]. 

After dividing the total rapidity interval 6Y into thirds, we remove the central third. 

This we repeat for the resulting thirds, doing this four times until we have a bin width 

ay = ~Y 181, with 24 = 16 particles, one assigned to each of the "filled" lines. The resulting 

histogram is shown in Figure 3.6. 

Now this histogram is clearly fractal and self-similar in character, and this should be 
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seen in the moments cq • However, as shown in (3.22), we get flat moments cq = 1 for all 

q. 

The apparent contradiction can be traced to conceptual haziness in identifying the 

different types of fluctuations. Indeed, there are three different kinds rather than two: 

1. The "dynamical" fluctuations due to intrinsic randomness in the construction of 

the cascade. This is typified by the random character of the variables W in the Q 

and p models. 

2. Bin-bin fluctuations in the histogram of any event, such as the Cantor set his

togram in Figure 3.6 or any other nonsmooth histogram. 

3. Statistical fluctuations due to the finite number of particles in any event. These 

fluctuations we considered in Section 3.2.2 and are assumed to be Poissonian. 

While the Q model contains both intrinsic dynamical (W) and bin-bin (m) fluctua

tions, the Cantor set example considered above has no randomness associated with the 

determination of the probabilities; it exhibits bin-bin fluctuations only. 

This "blindness" of the definition (3.10) to bin-bin fluctuations is transmitted to the 

experimental factorial moments also. For the Cantor set example where k~ = (km ), we 

I 
~y 

I 

y 

Figure 3.6: Artificial histogram constructed from the Cantor set iterated four times, for a 
bin width by = ~y /81. While there are large fluctuations from bin to bin, the probabilities 
for each bin are fixed, Le. nonrandom, leading to flat moments cq when the definition (3.10) 
is used. This is true for any bin width by . 

. , .-.--.-.. ----.----~= 
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obtain in (3.15) ~~~ = (k'!n) = {km}q = k'!n and so in (3.17) Ft = 1: the experimental 

factorial moment is also flat. 

This can be generalized. Whenever the definition (3.10) is used, the following is true: 

For any theoretical distribution that does not contain an inherent element of 

randomness in the construction of its event-by-event "probabilities", the mo

ment of relative fluctuations (3.10) will be unity and will not exhibit power law 

behavior. 

In other words, the definition (3.10) does not "see" any fluctuations associated solely with 

the variation from bin to bin, but only the fluctuations inherent in the cascade process 

as such. This should be borne in mind, not so much by the experimentalist, who always 

measures F;x anyway, but by the theorist wanting to construct theoretical models. 

How is it possible then to see also the bin-bin fluctuations in the theoretical distribution? 

In the original paper [2], a different ansatz for Zm was used, 

ke 
ze = _m 

m ke ' 
(3.23) 

with I.e == J(e 1M the average number of particles per bin. This would indeed see bin-bin 

fluctuations, since 

(3.24) 

except for the trivial case k~ = J(e 1M, and so 

(3.25) 

is also nontrivial. (We note, however, that Lm (zm) = 1.) 

The appropriate Poisson transform for definition (3.23) is 

(3.26) 

with nm a parameter to be determined. The factorial moment generating function (2.47) 

for the experimental distribution can be written as 

(3.27) 
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from which 

(3.28) 

F
cx _ 2-~ (nm .•. (n m - q + 1)}cx _ 2-~ (Z~h)t.h 
q- L.J q - L..J q 

M m (nm}cx M m (zm}th 
(3.29) 

This relation is not the desired connection between Fq and the intermittent cq , as the 

individual {zm} = (Mkml K) are not equal to one for any nonflat distribution. The only 

exception is the abovementioned case of fixed K and flat distribution {km } = KIM. 

The difference between the definitions (3.10) and (3.23) is that the latter is normalized 

to the entire interval ~y (by the factor 'ke = J(e 1M), while the former is normalized locally 

to (km ). (The two can be thought of as the theoretical analogues of the experimental 

"horizontal" and "vertical" factorial moments.) The difference between the two definitions 

can also, be seen in the assignment for the parameter fi in the Poisson transform (2.58): 

for the first definition fi == Pm8y, while for Zm = M kml J(, the assignment is Zm fi == 

{nm} zml {zm} = km{J(IM) I(J(IM) i.e. the theoretical particle number divided by a 

total-multiplicity weight factor. 

For the a model, Eq.(3.23) is incompatible' with the identification Zm = n W of 

Eq.(3.3) and the requirement that {W} = 1 except in the trivial case of a flat distri

bu tion kr:n = J(e 1M for every event. For fixed particle number, this relaxes to the less 

stringent requirement that the average rapidity distribution must be flat. This does not 

disqualify (3.23) in general, only for the particular case of the a model for nonfixed J(. 

The above considerations lead naturally to a way for theorists to distinguish fluctuations 

originating purely in the cascade from fluctuations containing both the cascade and m 

fluctuations. Given some theoretical cascade model, the {cq} should be computed for both 

zr:n = kr:nl'ke and zr:n = p~1 (Pm}th; the former will contain both dynamical and bin-bin 

fluctuations, while the latter will quantify the dynamical fluctuations only. For this to be 

possible, the conditions on Zm as set out above have to be observed. 

The question immediately arises whether the experimentalist can also distinguish the 

two types of fluctuations. For the moment, the answer is no. In the two cases, the 
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experimental factorial moment is given in terms of the theQretical cq-moment by the Poisson 

transform (3.13) and (3.26); in fact, both cases are made to yield factorial moments by the 

appropriate Poisson transform. The difference lies in the Poisson transform itself, since the 

variable Zm is different and so the distribution Pth is certainly also different for the two 

cases. Of course there should be a natural preference for Poisson noise either in terms of 

z~ = k~rke or z~ = p':n/ (Pm)th' but this preference is not a priori clear. 

In the case of the a model, the definition (3.23) was used in [2] while (3.10) was used in 

[3], two entirely different cases physically, while looking identical mathematically: in both 

cases the connection between the mathematical cascade model and physical observables is 

made by (3.3). 

3.4.2 m-Noise 

There is yet another possible source of fluctuations which we have not treated, this one for 

the experimental factorial moments. To illustrate the point, we consider another toy, the 

"moving spike ensemble". 5 Let each event consist of a single spike of N particles in some 

bin k, while all other bins are empty. We allow N (Le. the size of the spike) to fluctuate 

from event to event according to some physically significant distribution function. Assume 

that there is also some undetermined trivial parameter in the experiment measuring these 

events (usually there are many), and that in our toy case the effect of this undetermined 

parameter is to randomly move the spike around on the rapidity axis without changing its 

width. Our model event therefore has a single spike of varying size, with average spike size 

(N}k, but the position k on the rapidity axis of the spike varies. 

Had we been fortunate enough to eliminate this random shifting so that all events 

would have had the spike in the same bin k every time, then we would have got 

(nm ) 

(nm(nm - 1) .. . (nm - q + 1)} 

(N}k Omk 

(N(N - 1) ... (N - q + 1)h Omk , 

~Of course the model does not purport to represent any real data, bllt the effect certainly occurs for real 
data . 

.. . . ----.---.. ------~ ------- -- ~ - -
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and the moment calculation would have yielded the "true" vertical factorial moment 

F v ( ) _ ~ (N (N - 1) ... (N - q + I)} k 
q true - M (N}k 

However, when the spik.e is equally likdy to occur in anyone of the M bins, we get 

1 
(nm ) = . M (Nh 

1 
(nm(nm - 1) .. . (nm - q + 1)) = M (N(N - 1) .. . (N - q + 1)}k 

for each m, and hence the "wrong" answer 

F V( .) _ ~1q-l (N(N - 1) .. . (Nq + 1)}k 
q m-nOise -./1 (N}k 

which is enhanced over the "true" value by a factor Afq
• 

(3.30) 

(3.31) 

This shifting of a histogram due to some trivial parameter we term m-noise, as it 

affects neither correlations nor the true physics but only the bin index m of the histogram. 

The effect on the size of the vertical moment is dramatic (the horizontal moment stays 

unchanged for this example). The reason for this change is that the m-noise introduces 

artificial (Le. unphysical) fluctuations between 0 and the true spikes N, so that the mean 

(nm ) is grossly underestimated from the "true" mean (Nh. This underestimation then 

finds its way into the size of F; through the normalization of the vertical moment. Figure 

3.7 illustrates the point, showing the multiplicity distribution of our toy model for one bin. 

The "true" mean (N}k would lie somewhere on the hump of N-spikes, while the false mean 

(nm ) takes into account the large number of events with zero multiplicity. 

While the model described above is an extreme example and certainly unrealistic, the 

expectation that there are undetermined external experimental parameters is not. Of 

course there is no guarantee that such undetermined parameters do not also affect the 

form of the event histogram rather than merely its m indices, so in general the problem 

is hard to solve. One partial remedy may be to not keep the bin division rigidly fixed in 

an equally-spaced array, but instead to implement an algorithm similar to that used for 

finding the Hausdorff dimension: the bins are placed in such a way as to maximize their 

total content (the different bins may even overlap) while covering all particles in any given 

event [48]. In any case, it should be recognized that experimental factorial moments may 

be influenced by this effect. 

- ,-.-.. ---....... --~~~~.=-... -~--- --...- ~ -
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Figure 3.7: Multiplicity distribution for the toy event ensemble of section 3.4.2 in one bin 
(not to scale). The "true" distribution of spikes is centered around (Nhi when the large 
number of events with zero multiplicity (due to m-noise) is taken into account, however, a 
false mean (N) = (nm ) is found as shown, giving false factorial moments. 

3.4.3 Statistical noise and cumulants 

We recall that one of the two crucial ideas in developing the theory of intermittency was the 

elimination of statistical fluctuations in Section 3.2.2. There, the assumption of Poissonian 

statistical noise in the variable Zm led to the relation (3.17) between the factorial moment 

of the experimental distribution and the moments of relative fluctuations of the theoretical 

distribution: 

F ex = cth 
qq' 

A similar equality holds between the normalized factorial cumulant J(q of the experimental 

distribution and the cumulant of relative fluctuations of the theoretical distribution. To 

see this, we simply insert the basic equality (nm ... (nm - q + l»)ex = (k~Jth of Eq.(3.15) 

into the general relations between factol'ial moments and factorial cumulants of Eqs.(2.43). 

Since for every bin m, (nm)ex = (km)tlt and (nm{nm - l»)ex = (k~)th' we have e.g. the 

second order factorial cumulant h relating to the cumulant moment"" by 

fJm) I = (nm(nm - l»)cx - (nm);x = (k~) - (km)~h = ",,~m)1 
ex tit th 

(3.32) 

or, normalizing in each bin (cf. (2.41)-(2.42», 

I 
j.(m) I (m) I I r.o.(m) _ 2 _ ""2 _ (m) 

1~2 - - - "12 
ex Ul(m»2 ex {",,~m»2 tit tit 

(3.33 ) 

._oo_. __ .. ___ .. ______ ~ --_._- -- ~ - -
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from which, if we average over all bins, Iqx = 1'~h. Substituting therefore term by term and 

bin by bin, we have the exact same relation between experimental factorial cumulants and 

theoretical (ordinary) cumulant moments as we had previously between factorial moments 

and ordinary moments (3.15)-(3.17); specifically 

J(ex _ ..... th 
q - Iq 

3.4.4 Alpha model for cumulants 

\lq. (3.34) 

Equation (3.34) means that it is possible to define a variant of the a model in terms of 

scaling factorial cumulants. We follow the mathematics of the a model exactly as in Section 

3.2.1, defining as before 

(3.35) 

and using cq = (l/M) L:m z~ we obtain once again (cq) = {wqy and the scaling rela

tion (c q) = (bJ. Y /8 y)"'q. However, instead of relating Zm directly to the ratio of densities 

Pm/ (Pm) as in (3.10), we relate Zm indirectly to this physical observable. Define a quantity 

U m in terms of its event averages, by the set of equations 

{ Zm } = { um } = 1 

{z~} = {u~} - {um }2 

{z!} {u~} - 3 {u~J{um}2 + 2{um}3 

(3.36) 

etc., equations which are designed to model exactly the relation between moments and 

cumulants as in (2.14). Parallel to the derivation of scaling moments in Section 3.2.1, if we 

now connect Um = Pm/ (Pm) we get for the second order normalized cumulant moment, 

..... th _ 
12 -

~ ~ (p~) - (Pm)2 
M ~ (Pm)2 

1~ L [{ u~} - 1] 
In 

= ll~J L { Z~} = {W2 r . 
m 

(3.37) 

and similarly we would get, through the definitions (3.36), that 1'3 = {W3}" etc. and so 

on to all orders, meaning that by explicit construction we have found a model with scaling 

. -.--.. ---.-----~----.---.-
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cumulant moments 
th _ (AY)CPq 

'Yq - 6y . (3.38) 

By virtue of Section 3.4.3, this immediately translates into scaling experimental factorial 

cumulants, so that we end up with 

(3.39) 

which is to be compared with (3.18). 

What we have therefore found is that the mathematics of the a-model is not prejudiced 

toward either moments or cumulants in its scaling behavior; which of these scales is merely a 

result of the particular ansatz made in connecting the mathematics to physical observables. 

Of course, in terms of the observables, the relation Zm = Pm/ (Pm) as the ratio of particle 

density in one event to the event average is much more intuitive than the rather contrived 

and indirect variable Urn. Indeed, it is difficult to give Urn a real meaning in terms of 

observables and one is forced to refer to it vaguely as the "probability for the cumulant to 

have a certain value". As long as the a model is a mathematical toy rather than claiming to 

represent real data, however, it is just as valid to construct yet another toy with interesting 

scaling properties other than those of the original model. 
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CHAPTER 4 

Phenomen.ology of moments 

It is dear from the previous chapter that the measurement of normalized factorial moments 

is pivotal to the whole subject of intermittency, and so a good understanding of factors 

influencing them is a prerequisite to drawing any conclusions. In this chapter, we therefore 

detail some aspects of the mathematical behavior of factorial moments, followed in Chapter 

5 by a listing of experimental data. Henceforth, we omit the subscript 'ex' on moments 

and averages, as all will be understood to be experimentally measured. 

4.1 General features 

4.1.1 Vertical and horizontal moments 

Continuing the comments of Section 3.3, we elaborate on the difference between vertical 

and horizontal moments, listed here again for convenience: 

= ~ i: (nm (nm - 1) ... (nm - q + 1)) 
111 m=l (nm)q 

(4.1 ) 

= ~ ~ (nm(n m - 1) .. . (n m - q + 1)) 
1\1 ~ (ii)q 

TII=l 

(4.2) 

with ii = Em nm/M. 

1. Both horizontal and vertical moments are equal (= (N ... (N - q + 1)) / (N)q) when 

!v! = 1; this case occurs commonly in earlier experiments where a single rapidity 

window of varying size ~y = oy was used. 

. .. ..-. --.. -.. ---~ 
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2. Both vertical and horizontal moments are unity when the rapidity distribution n~ = 

Ne / M is flat for every event; they are NOT equal to one when the distribution is flat 

only on average, (nm ) = N / 111. 

3. Vertical moments normalize locally (by (nm)q) and so are sensitive only to the fluctu

ations within each bin but not to the overall shape of the rapidity distribution. This 

we discussed in detail in Section 3.4.1, pointing out also the weaknesses of local nor

malization for the theoretical part of intermittency. For experimental considerations, 

vertical, moments are to be preferred. 

4. Horizontal moments are sensitive to the shape of the rapidity distribution, with a 

maximum value of Fqh(max) = Mq-l (N(N - 1) .. . (N - q + 1)) / {N)q for the spe

cial case where every event has all its N particles in a fixed bin m = k (c/. also 

Section 3.4.2). Usually this means that there is an initial rise in In F~ up to the scale 

where dN/dy changes little over one bin, after which the "real" intra-bin fluctuations 

become visible. 

To eliminate this trivial effect while keeping the advantages of the horizontal mo

ments, a heuristic correction factor was introduced by Fialkowski et al. [49], based 

on Ref.[3]' 

(4.3) 

which is used to form the "corrected" factorial moment 

( 4.4) 

which roughly corrects for the shape of dN / dy. It should be noted that this is not 

equal to the vertical moment and does not replace the vertical moment. 

Figure 4.1 shows a typical set of horizontal and vertical factorial moments, taken 

from EMUOI measurements of 200 A Ge V Sulfur on Gold [50]. 1 The rapidity distri

bution is humped with a width of about 6 units of rapidity, and changes substantially 

down to a scale of less than 0.25 units of rapidity. This is reflected very nicely in 

1 Like many experiments, EMUOI makes use of the pseudorapidity 1/ = -In tan(8/2) instead of the 
rapidity as the variable for their moments. 
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the rise of the horizontal moment over these scales, while the corresponding vertical 

moments are largely flat. For comparison, Ref.[50) also calculated the corrected hor

izontal moments (4.4), shown without error bars as solid lines. For this experiment, 

vertical and corrected horizontal moments are seen to agree well. For a discussion of 

normalizations, see also [51). 
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Figure 4.1: Horizontal (left) and vertical (right) experimental factorial moments F2 through 
F6 , measured by EMU01 [50) for 200 A GeV Sulfur on Gold. Solid lines are the corrected 
horizontal moments (4.4). The rise in the horizontal moments is largely due to the shape 
of the rapidity distribution. 

4.1.2 Moments of single events 

It is possible to compute horizontal moments for single experimental events; some results 

for this case were obtained in Ref.[2J. For vertical moments, the local normalization ensures 

that Fq = 1 which is not useful. 2 

Generally, moments of single events exhibit a trivial fluctuation as we decrease the bin 

2We can however compute vertical moments for one event if there is only one event contributing to 
the numerator {11 m ... (nm - q + 1») while all events in the sample contribute to the denominator {nm)q, 
something that happens for small bin sizes in the N A22 experiment discussed below. 

- - .---.--.-... ------.~~--~-- -- ~ - -
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size. This we show for the example of the NA22 spike event [42], which has ten particles 

within a bin width of 6y = 0.098, in Figure 4.2. From Eq.{ 4.2), 

In F; = (p - 1){ -In 6y) + (p - 1) In ~y + In (~n~ ... (nm -q + 1)/ Nq) (4.5) 

The first term is explicitly 6y-dependent, the last only implicitly SOj its size being deter

mined by what fraction of the ten spike particles fall within the same bin. All sizes of 6y 

for which this fraction is the same then lie on the same straight line, with slope {p - l)j this 

effect is clearly seen in Figure 4.2 for several series of points. When moments are computed 

for more than one event, this effect gradually disappears as the ups and downs for different 

events will tend to cancel each other out, eventually leading to a smooth variati<;)fi of In Fq 

with 6y. The same holds true for vertical moments. 
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Figure 4.2: The NA22 spike event [42], shown (left) for a bin size 6y = 0.098. On the right, 
the horizontal moment F!t of this single spike event is shown as a function of decreasing 
bin size 6y. 

4.1.3 Moments and finite resolution 

Even for intermittent models, the factorial moments bend over and saturate for 6y equal 

to or less than the finite experimental resolution ~. An analytic example for the p-model 

- - ---- ---.-----~. -~---- -- -- - -
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was worked out in Ref. [52]. 

4.1.4 Correlations from resonance decay 

Particles that are the product of the same resonance are correlated and hence influence 

the factorial moments. Going beyond the very brief estimate of Ref.[53]' we estimate the 

width in rapidity of correlations originating in resonances by considering the simplest case, 

that of isotropic decay of a resonance with mass Mres into two pions, neglecting spin and 

all quantum numbers. Since each pion has a fixed energy Err = Mres /2 in the resonance 

rest frame, the two-pion correlation function is 

l' ( ) c5(PI - Prr )c5(P2 - Prr) c5( 4>1 + 4>2 - 11') c5( cos (h + cos O2) 
2Pl,P2 = pip~ 211' 2' (4.6) 

normalized with respect to d3pl d3p2. Using cosO = (E/p)tanhv, we can find the distri-

bution function normalized with respect to d4> dE dV, 

Implicit are limits on the rapidity, set by energy conservation, 

Ivl ::; Vm = Arccosh, = In(, +~) ( 4.8) 

where, = Err/mrr = Mres /2mrr . Projecting onto rapidity space, (4.7) is just 

f ( ) Err c5(VI + V2) 
2 Yl,Y2 = - 2 

Prr 2 cosh VI 
(4.9) 

The one-particle distribution function is 

(4.10) 

in accordance with earlier work [54J. This particular two-particle correlation therefore 

exhibits the same 1/ cosh2 V form as the one-particle distribution. Boosting the resonance 

into some other frame by Y (also with zero Pl.), (4.9) becomes 

f ( I ') Err c5(Y~ + Y~ - 2Y) 
2 Yl' Y2 = - 2 

]Jrr 2 cosh (Y~ - Y) 
(4.11) 
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Figure 4.3: The width (4.12) of the two-particle correlation function as a function of one of 
its variables Yl (Y2 always is the negative of Yl)' In this model, most resonances contribute 
to the factorial moments only for bin widths oy = 0.5-1.5. 

which can be convolved with some distribution of AIres and Y to yield spectra and corre

lation functions of higher order. 

Our main interest here is what the typical width of such a resonance decay correlation 

is in rapidity. This width is given by 

20' = 2J(y2) = 2 [E1r {Ym dy y22 ]1/2 
P1r 10 cosh Y 

(4.12) 

In Figure 4.3, we show 20' as a function of resonance mass for a pion mass of 140 MeV. 

While the full width at half maximum (FWHM) of the 1/ cosh2 y function is a constant 

1.76 for all distributions, the true width is driven by the kinematic limit Ym' This is shown 

in Figure 4.4 for ten values of Mres = 300,320, ... 480 MeV. Realistically, most two-pion 

rapidity correlations will therefore have a width of 0.5-1.5. In this simple model, the 

influence of two-particle correlations resulting from decay of a higher resonance on the 

form of the correlation function at small oy is small. We conclude that factorial moments 

also will be little affected by resonance decay for oy < 0.5 . 

. ---,--.~--~---~-.~-.. ~-~-- --.--- --
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Figure 4.4: One-particle normalized rapidity distribution of pions (4.10) originating in a 
decaying resonance. The width of the distribution is driven by the kinematic limit (shown 
as a cutoff to the 1/ cosh2 y function) for most values of interest for Mres • 

There is also an upper limit for the influence of correlations for Mres -. 00. For this 

case, the integral in Eq. (4.12) saturates to the limit J2((2) = 1.81, clearly seen in Figure 

4.3. 

4.2 Superposition of sources 

A general trend that has emerged from experimental measurements is that the slope of 

factorial moments rises with decreasing multiplicity, the largest slopes (for one dimension) 

being found for e+ e- collisions and the smallest for nucleus-nucleus collisions; see Chapter 

5. This dependence of slopes on multiplicity is now thought to arise partially from the 

superposition of independent sources of particle production: one envisages that in a given 

collision, several different sources (be they "fireballs", "clusters", Quark Gluon Plasma or 

whatever) are formed with relatively weak interaction between them. Particles resulting 

from the same source will be correlated amongst themselves while particles originating 
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from different sources will not. This picture also holds to some extent for cascades, where 

the descendants of successive generations know less and less about the other branches of 

the family tree (to use an anthropomorphism once again). 

Lipa and Buschbeck [55) were the first to consider this effect quantitatively, showing 

for the p-model that superposition of independent p-model events decreases the factorial 

moment slopes. An analytic derivation of this effect was later published by Capella et 

al. [56J [57J for an Independent Collision Model (ICM) of nucleus-nucleus collisions; we 

consider this model in more detail below. It was Bialas, however, who first plotted slopes 

against the rapidity density dn/dy, surmising that [58J 

rpq oc (dn/dy)-1 , (4.13) 

which has therefore acquired the name of Bialas plot, with similar conclusions being drawn 

by Seibert [59) [60J. Such dependence has indeed been seen by UAI (61) [62], with an 

interesting deviation from the general curve for nucleus-nucleus collisions [40). 

We here wish to show that, while the experimental dependence of the slope on the 

rapidity densIty (4.13) seems to be solid, the theoretical underpinnings are more shaky, 

and that there is a better way to consider the multiplicity dependence [63). 

Following the derivation of Capella et al. [57], we assume that the total number of 

particles is made up from N sources which decay independently, each into ni particles 

(i = 1, .. . ,N). With the probability PN of forming N sources, the total multiplicity 

distribution is then 
n N 

L: II pS(nd , (4.14) 
n1,· .. ,nN=O i=1 
(En;=n) 

where pS( nd is the distribution of particles from one source. This is exactly the case we 

considered in Section 2.6; see Eqs.(2.66), (2.70). Since we assume that all distributions 

pS are the same and independent, we know from Eq.(2.72) that the factorial moment 

generating function of the total distribution, QT(,),), is related to the generating function 

of the source distributions q(,),) by 

QT(,),) = L: PN [q(,),)]N ( 4.15) 
N 

. - <--.. ---.-.... -----.-~~~~ .... ---.. -- --...-- ~ -
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and so the factorial moment of the total distribution ~r is related to the corresponding 

factorial moment of the source distribution ~q through Eq.(2.28), from which the normalized 

factorial moments FqT of the total distribution and Fi of each source can also be related 

to each other. In this way, Capella et al. found the relations 

Ff r;tT _ T + 
£2 - J""2 N' ( 4.16) 

r;tT _ T 3 Ff :F2 Fl 
£3 - J""3 + N + N 2 etc. , 

where :F2 = L,N N(N - 1) PN/ N 2 
is the normalized factorial moment of the distribution 

of the number of sources and N is the average number of sources. These relations were 

obtained earlier by Shih and Carruthers [64]. 

At this point, the weakness of relating slopes of scaling factorial moments is already 

apparent. If both the total and the source factorial moments scale, Fl'(oy) = Fl'(1)OY-'P~ 

and Ff(oy) = Ff(1) oy-'Pq , then the extra terms in Eqs.(4.16) destroy a direct relationship 

between the slopes !.p~ and !.pq. The approximations made to obtain something like (4.13) 

are 

• The dependence of F:{ and Fi on the bin size oy is assumed to be weak, so that for 

both total and source factorial moment we can approximate 

Fq(oy) = Fq(1)(1 - !.pq In 8y) , ( 4.17) 

• The size of the source distribution factorial moment :Fq is assumed to be negligible 

compared with the other terms. 

Under these conditions, Capella et al. then obtained 

F2S(1) 
!.p2 Fl' ( 1) , 

3:F2 Ff(1) FlU) 
!.p2 N FI(l) +!.p3 N 2 FlU) 

etc., which further simplify for N ~ 1 to 

T q(q - 1) :Fq- 1Ff(1) 1 
!.pq ~!.p2 2 FlU) N' 

----- --~. -

(4.18) 

(4.19) 
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For the case of nucleus-nucleus collisions considered by [57], these assumptions seem valid. 

For other collisions such as hadron-hadron and e+ e-, however, their validity is to be 

doubted: the number of sources N is usually small, and the factorial moments of individual 

sources can be expected to vary much more strongly with ay than (4.17) would permit. We 

hence conclude that the analytic foundation of relating slopes (of hypothetically scaling 

factorial moments) to the rapidity density is not very strong. If the experimental relations 

hold up under further scrutiny, we have to find a better way of understanding them. 

Fortunately, there seems to be an easier route to relating scaling quantities of the total 

distribution to those of the hypothetical sources as the factorial cumulants /q are derived 

from the logarithm of the generating function. Even for cumulants, there still is no general 

answer for relating slopes for an arbitrary source number distribution PN. For two special 

cases, however, there are simple and informative relations. 

First, the case where the number of sources N is kept fixed; then Eq.( 4.15) oecomes, 

after taking the logarithm, 

In QT(..\) = N In q(..\) (4.20) 

and so through Eq.(2.30) we find the simple relation between the factorial cumulants 

(4.21) 

and after normalization (taking (n) = N (n}source) 

T. •• T 1 T.' 
.l~q = Nq-l .l~q • ( 4.22) 

Thus there is a direct relationship between the cumulants of the sources and total distribu

tion respectively, which is amenable to experimental comparison. One could, for example, 

use the cumulants from hadronic collisions as a first guess for the source cumulants of 

nucleus-nucleus collisions at the same energy, comparing the ratios thus obtained to the 

ratio of rapidity densities of the two. Concretely, assuming Kq(source) == Kq(hadronic), 

K;(nucleus-nucleus) _ [ )]l-q 
11' (h d h d ) - N(sources 
~q a ron- a ron 

which should be compared to the ratio of rapidity densities 

dnj dy( nucleus-nucleus) 
dnjdy(hadron-hadron) 

? 

= 

No. of hadron-hadron collisions 
in AA collision 

., .. --.-.-----.,,-----~-------- --~ - -

( 4.23) 

( 4.24) 
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where the two ratios (4.23) and (4.24) should be the same if the number of particles 

per source is the same and nucleus-nucleus collisions can indeed be understood as an 

independent superposition of hadronic collisions. 3 

Second, after the special case of a fixed number of sources (4.20), we also consider a 

Poissonian distribution for 'PN. In this case, 

InQT(..\) = N q(..\) - N ( 4.25) 

and so the normalized cumulant of the total distribution is propo:,tional to the normalized 

factorial moment of the sources: 

( 4.26) 

Therefore, iffactorial moments of individual sources were to scale and the number of sources 

were Poisson-distributed, the cumulants of the total distribution would scale rather than 

the factorial moments. 

In theory it is possible to relate also the slopes of the cumulants through approximations 

similar to those made above for the factorial moments. We are of the view, however, that 

the bonus of making fewer approximations in deriving the relation between the cumulants 

themselves (rather than their slopes) outweighs at present the advantages of comparing 

slopes, at least until it has been clearly established that there is indeed scaling in the 

cumulants. 

4.3 Truncation of the multiplicity distribution 

Most theoretical multiplicity distributions have a small but finite probability of finding 

an event with any given total multiplicity n; therefore, if for example Pn=25 = 10-6
, one 

may expect about every millionth event to have multiplicity 25. Experimental runs are 

finite, however, which means that there is a truncation of the experimental multiplicity 

3This conjecture of independent superposition of hadronic collisions does not seem to hold for present 
energies, as found by Capella et aI. [57]; there are clearly more interesting mechanisms involved. See also 
Chapter 6. 
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distribution because the number of events recorded is too small to make an occurrence of 

these low-probability events likely. 

Unfortunately, factorial moments are designed precisely to sample this tail of high 

multiplicity events: the factor nm(nm - 1) .. . (nm - q + 1) in Eqs.(4.1) and (4.2) is zero 

for all nm < q. By assigning the finite number of particles per event to more and more 

bins M, as we decrease the bin size 6y, there will eventually be a point where no bin has 

q or more particles in it, and Fq will be zero. Even before this happens, though, the rising 

moment starts to decrease with decreasing 6y as fewer and fewer bins contribute. 

This empty bin effect was demonstrated in a simulation of the (theoretically intermit

tent) p-model by Desvallees et al. [65] and also by Lipa [41]. A recent simulation for the 

Negative Binomial Distribution [66] has shown that for current NA22 parameters, there 

is a large empty-bin effect in F" and Fs when only a single bin is considered; but that 

this effect largely disappears when the usual many-bin average is taken. This conclusion 

is, however, not universal but for a specific model with specific NBD and cutoff values. 

Because no general statement can be made about the size of this effect, it should therefore 

be taken into account by theoretical models, by running simulations which limit the theo

retical sample to the same size as the corresponding experimental data sample [65] [66]. 

In Section 7.7, we briefly take up this problem again in the context of the Linked Pair 

Approximation. 
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CHAPTER 5 

Experimental results 

The ideas as sketched in Chapter 3 have galvanized the experimental community. After 

the initial analysis [2] of a JACEE event [43] in terms of factorial moments, an attempt 

to quantify moment data from accelerator experiments was made by Buschbeck et al. 

[67], who analyzed HRS data [68] [69] from the viewpoint of the relationship between 

negative binomial distribution parameters and factorial moments (to which we shall return). 

Previously, the UA5 collaboration had already measured moments [70] [71], but only at 

large rapidity intervals and for a single bin. 

Since then, a multitude of experiments have performed the moment analysis on a wide 

range of collision types and energies, and many more are in progress. Several reviews of 

experimental results on intermittency have already appeared [72] [73] [74] [75]. 

In this chapter, we try to summarize what has been done so far in tabular form. In 

preparing this brief overview, we attempted to follow the published experimental data, cuts, 

corrections, forms of the moments etc. as closely'as possible, refraining from comments and 

interpretations that were not expressed by the authors themselves. No attempt has been 

made to unify or reconcile the sometimes very different methods used. 

For this reason, only those numbers (such as slopes, sizes of moments, number of events 

etc.) that were directly published were included; thus the emphasis on the sizes of slopes 

given in this section reflects the quantity most measured by the different experimentalists 

rather than our own preference. 

No data on multifractal moments [76] [77] was included, although some experimental 

measurements do exist [78] [79] [80]. 

----- --- --
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Errors of omission and misinterpretation of published data are of course entirely ours. 

For example, the average rapidity density quoted is often taken from publications other 

than the article on intermittency, a dangerous course because of the dependence of dN / dy 

on cuts etc. 

Also, the science of measuring moments has evolved considerably from its beginnings, 

meaning that there is great diversity in the sophistication (and even reliability) of the 

published data. To quote but two examples: the double-counting of particle tracks after 

they scattered in the detector [41] is now known to have a huge effect on the size of moments 

at small 6y. Further, the fitting of slopes to the data is currently also changing [81] [82] 

[83], since it was recognized that the data points are highly correlated. 



General characteristics: 
Eproj 

..;s 
Cuts applied to data: 

Number of events: 
A verage multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 

14.5 GeV 
29 GeV 

HRS 

Thrust axis within 60° of equatorial plane of detector; 
track angles < 24° w.r.t. beam axis; 
Ipl> .24 GeV /c; 5 ~ Ntrack ~ 40. 
100,000 total, 82,000 2-jet events. 
dN/dy~ 3, flat for -2 ~ Y ~ 2. 
Yjet (thrust axis), ¢beam, ¢jet 

-2 ~ Y ~ 2 and -5 ~ Y ~ 5, 0 ~ ¢ ~ 211". 
oy ~ 0.1, o¢ ~ 211"/40. 

Types measured: 1) (nm ... (nm - p + l)/N ... (N - p + 1)) for 

Slopes: 
1P2 

l)a) 0.021 ± 0.002 
l)b) 0.025 ± 0.003 
l)d) 0.156 ± 0.004 

Region of slope fit: 
Saturation: 

Typical size of (F2 - 1): 
PJ. dependence: 
VB dependence: 

Monte Carlos: 

References: 

Other comments: 

a) ~y ~ 4 (full and 2-jet samples), b) ~y ~ 10, 
c) ¢beam, ¢jet, d) two-dimensional (Yjet, ¢jet). 

2) vertical y 3) generalized dimensions Dq 

1P3 1P4 IPs 
0.063 ± 0.009 0.202 ± 0.080 0.469 ± 0.250 
0.073 ± O.OlD 0.245 ± 0.100 0.623 ± 0.340 

- - -

1) oy < 0.6 
l)a) oy ~ 0.4 full sample and 2-jet; 
l)b) flattening for oy < 0.6. 
l)c) slight flattening but no saturation for ¢beam 

l)d) no saturation, slightly flatter for M > 100. 
2) saturates for oy < 1.0 
~ 0.3 for vertical 

JETSET 5.3 does not agree with NBD fits for oy < 1; 
agrees with multifractals 
S. Abachi et al., ANL-HEP-CP-90-50 (1990) 
K. Sugano, Santa Fe Workshop on Intermittency in HE 
Collisions, March 1990 ANL-HEP-CP-90-37 
B. Buschbeck, P. Lipa and R. Peschanski, Phys. Lett. 
215B,788 (1988). 
Data still preliminary; typical 2- and 3-jet structure but 
event average of ¢ is flat; 
NB: different definition for horizontal moments; 
NB: different definition for slope of 2-d sample 

._-- --- - .-- - -
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General characteristics: 
Eproj 

.;s 
Cuts applied to data: 

Number of events: 
A verage multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 
Types measured: 

Slopes: 

CP2 

17.5 GeV 
35 GeV (30 GeV $ .;s $ 38 GeV). 
COS6sph < 0.7; 4 $ Ntrack $ 20; 
no acceptance corrections 
37,509 
about 14 
Ysph, (Ysph, q,sph) 

-2 $ Y $ 2, 0 $ q, $ 2'11" 
oy ~ 0.004 (M = 1024) 

TASSO 

1) (nm ... (nm - P + 1») IN ... (N -p+1), measured first 
for fixed N, then averaged over all N: 
a) Y b) (y,q,) 
2) Sphericity S > 0.23, 
3) Ipi > 0.58 GeV Ic 
4) 2-jet sample 

rise more strongly for two-dimensional analysis 

CP3 CP4 CP5 

Y 0.023 ± 0.003 0.080 ± 0.014 0.134± 0.052 -
(y,q,) 0.153 ± 0.004 0.475 ± 0.017 0.957 ± 0.086 -

Region of slope fit: 

Saturation: 

Typical size of F2 - 1: 
p J. dependence: 
.;s dependence: 

Monte Carlos: 

References: 

Other comments: 

1)a) 0.125 $ oy $ 0.67 
1) b) (last?) six points 
1)a) F2 saturates for oy < 0.25, F3 and F4 do not. 
1)b) F2 saturates for M > 1024 strong linear rise for F3, 
F4. 
1)a) ~ 0.2 1)b) ~ 1.0 
both Ipl > 0.58 GeV Ic and S > 0.23 raise FMs 
Lund PS predicts rise of FM with .;s 
Lund 6.3 PS, Lund 6.3 + detector simulation, Lund 6.2 
O( a;), Marchesini-Webber all reproduce qualitatively 
the moments but are too low; Hoyer best overall. 
W. Braunschweig et al., Phys. Lett. 231B,548 (1989). 

Unusual procedure in measuring the fixed-N moments 
and then averaging over N. Lund PS said to give sim
ilar slopes CPp for neutral as for charged particles. BE 
correlations excluded by data. 
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General characteristics: 
Eproj 17.5 GeV 

VB 35 GeV 
Cuts applied to data: 250

::; 0 ::; 1550 for charged particles 
350 

::; 9 aph ::; 1450
, 

Number of events: 
A verage multiplicity: 
Variables measured: 

Total window: 

Ellcutrnli ~ 1 GeV, Eeh ~ 7 GeV 
Neh ~ 4, E charges < 6 
PJ. > 0.1 GoV (charged particles) 
18,300 
Neh = 7.0 Neh + Ill!utrnl = 10.1 
Yaph (assuming 1T lllIlSS) 

-2 ::; Y ::; 2 
Experimental resolution: ay ~ 0.08 (charged), 611 ~ 0.10 (neutrals) 

Points shown down to ay = 0.004 

Factorial moments: 
Types measured: inclusive horizontal 11 for 

1) charged, 
2) charged + neutral particles 

Slopes: TWO slopes are fitted per moment, for 
n) 1 ::; M ::; 6 and b) 6 ::; M ::; 32. 

CELLO 

Fits take into account correlations between points. 

tp2 

l)a) 0.067 ± 0.002 
l)b) 0.024 ± 0.004 
2)a) 0.058 ± 0.001 
2)b) 0.013 ± 0.003 

Region of slope fit: 
Saturation: 

Typical size of F2 - 1: 
pJ. dependence: 
VB dependence: 

1;'3 1;'4 tpll 

0.184 ± 0.007 0.340 ± 0.017 0.515 ± 0.038 
0.074 ± 0.Q15 0.000 ± 0.051 -0.200 ± 0.138 
0.160 ± 0.004 0.204 ± 0.011 0.452 ± 0.024 
0.030 ± 0.010 0.041 ± 0.0:J2 -0.065 ± 0.070 

n) 1 ::; M ::; 6 b) 0 ::; M ::; 32 
below ay ~ 0.15 
1) 0.1 2) 0.15 

Monte Cm'los: Lund 7.2 PS reproduces data well (unlike TASSO) if all 
detector effect.s and cuts are implemented 
Lund 7.2 MI~ higher thull PS and data 

References: I1.J. Behrend 01. at., XXV Int.Conf. 011 III~P, Singaporc 
1900 

Other comments: Detector allows mellsurcment of neutml energy. 
Explicit data for moments tabulated. 

-_ .. _-_._-- -- ... 
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General characteristics: 
Projectiles: 

Eproj 

.;s 
Cuts applied to data: 

Number of events: 
A verage multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 
Types measured: 

Slopes: 

PJ. dependence: 
VB dependence: 

Monte Carlos: 
References: 

Other comments: 

e+e-
17.5 GeY 
35 GeY 
nch 2: 5 

18,433 
Nch = 7.9 
3-dimensional dLIPS, decomposed into 
dp,,:! E l /3 dpy/ El/3 dpz/ El/3. 
LlLIPS = 109 Gey2. 
SLIPS> 2.5 x 10-7 Gey2 

inclusive horizontal 

CELLO 

none fitted (two distinct regions!), instead fractal dimen
sion D2. 

LUND 7.2 PS in perfect agreement with data 
preprint DESY 90-114, October 1990. 
1) Artificial damping of fluctuations at large oLIPS. 
2) Experimental D2 rises from 0 to about 2.5, then falls 
to 2. 
3) Me simulation shows rise in F2 at large m mostly due 
to Dalitz pairs and;'/ conversion. Some contribution by 
BE correlations. 

---- ----------
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General characteristics: 
Eproj 

VB 
Cuts applied to data: 

Number of events: 
A verage multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 

45.5 GeV 
91 GeV 
Ivl> 0.1 GeV Ic; 
25° < () < 155°; 
2: Ech > 3 GeV for each hemisphere; 
E,o' > 15 GeV; 
40° < 6 sph < 140°. 

DELPHI 

2,080 (reduced magnetic field) + 5,673 (full field) 
~ 21 
Ysph, Ybeam 
-2 $ y $ 2 
fly> 0.04 (0.1 for 5 particles per bin) 

Types measured: 1) inclusive horizontal w.r.t. sphericity axis 
2) (nm ... (nm - V + 1)1 N ... (N - V + 1)) 
3) inclusive horizontal, w.r.t. beam axis 

Slopes: Note that slopes are compatible with 0 if leftmost 3 
points in fit region are left out. 

0.024 ± 0.005 0.087 ± 0.020 0.195 ± 0.054 0.298 ± 0.116 

Region of slope fit: 
Saturation: 

Typical size of F2 - 1: 
PJ. dependence: 
VB dependence: 

Monte Carlos: 

References: 

Other comments: 

0.125 $ fly $ 0.67 
fly < 0.4 
~ 0.63 (uncorrected data), ~ 0.60 (corrected data) 

JETSET 6.3 PS agrees well with data, JETSET 7.2 
0(0';), JETSET 7.2 ME too high, better after retuning 
of parameters. No disagreement found between JETSET 
6.3 PS and F3 as seen by TASSO 
P. Abreu et al., CERN-EP/90-78 

Slope fits take into account correlations between data 
points. BE effect excluded by data . 

... . -.-.... -.--~~--~--- -- - -
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General characteristics: 
Eproj 

VB 
Cuts applied to data: 

N umber of events: 
A verage multiplicity: 
Variables measured: 

Total window: 

Experimental resolution: 

Factorial moments: 
Types measured: 

Slopes: 

CP2 

280 GeV 
23 GeV 
Ipl > 0.2 GeV Ic Semi-inclusive measurement; 
cuts on Q2, II, 61J etc. 
For hadrons, 4 GeV < W < 20 GeV. 
:::::: 25,500 
about 6 
Yiab, ifJ 

EMC 

-3 ~ Y ~ 3; 
-1 ~ Y ~ 1, 

also subwindows -3 ~ Y ~ -1, 
l~y~3 

1.0 ~ 6y ~ 0.03 

1) horizontal y a) charged, b) positives 
c) negatives, all for 4 < W < 20 GeV, 
d) charged for 16 < W < 20 GeV. 

2) same, corrected by R-factor 
Slopes for central region (shown in table) larger than for 
fragmentation regions (not shown). 
Zero slopes for ifJ other than CP2 = 0.0089 ± 0.0012. 

CP3 CP4 CPs 
1) Nch 0.022 ± 0.001 0.085 ± 0.004 0.242 ± 0.015 0.464 ± 0.050 
1) N+ 0.039 ± 0.002 0.152 ± 0.010 0.374 ± 0.040 -
1) N_ 0.036 ± 0.002 0.093 ± 0.009 0.338 ± 0.054 -
1) Nch hi-W 0.024 ± 0.002 0.113 ± 0.005 0.336 ± 0.023 0.634 ± 0.067 
2) Nch 0.017 ± 0.001 0.072 ± 0.004 0.218 ± 0.016 0.430 ± 0.050 
2) N+ 0.033 ± 0.002 0.138 ± 0.010 0.351 ± 0.041 -
2) N_ 0.028 ± 0.002 0.075 ± 0.009 0.305 ± 0.055 -
2) Nch hi-W 0.019 ± 0.002 0.103 ± 0.005 0.319 ± 0.024 0.610 ± 0.067 
Region of slope fit: 

Saturation: 
Typical size of F2 - 1: 

PJ. dependence: 
VB dependence: 

Scaling relations: 
Linking (LPA): 
Monte Carlos: 

References: 

Other comments: 

not specified, presumably all pomts. 
indications for saturation around 6y < 0.3 
l)a) 0.7 l)b) 0.4 2)a) 0.3 2)b) 0.2 

Slopes higher for large-W than for all W 
data higher than NBD for small 6y 
Capella linking lower than data. 
Lund (version?) shows no intermittency, 
Marchesini-Webber lower than slope data. 
I. Derado, G. Jancso, N.Schmitz and P.Stopa, MPI
PAE/Exp-EI. 221 
i) Semi-inclusive p.p - p. + hadrons. 
ii) No corrections (acceptance ... ) to data; MC studies 
say there is little effect. 
iii) cP+ > cP_ > CPch (not due to multiplicity effects): sign 
for BE correlations? 

-~---.--.- -
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EHSjNA22 

General characteristics: 
Projectiles: 

Eproj 

71"+ on P and f(+ on p, combined for the analysis. 
250 GeV 

VB 21.7 GeV 
Cuts applied to data: i) Charge balance required. 

ii) Protons eliminated for Flab < 0.7 GeV /e 
(partially for Plab < 1.2 GeV Ie). 

iii) Only NSD events (non single-diffractive). 
iv) Sample restricted to events with no track losses (lim
ited acceptance/bad reconstruction). 

Number of events: 
A verage multiplicity: 

(not true for earlier refs.) 
v) No correction for r conversion. 
59,232 7I"+P plus f(+p 
dN/dy:::::: 1.75 over window, 
dN / dy:::::: 1.87 in central region. 

Variables measured: y, 1], ljJ, (y, ljJ), various Pol cuts. 
Total window: -2 :5 y,1] :5 2, 0:5 ljJ :5 271" 

Experimental resolution: better than 0.1 in all variables 

Factorial moments: 
Types measured: 1) inclusive horizontal y 

2) inclusive vertical, see table 
Slopes: 

IP2 CP3 
y horizontal 0.013 ± 0.001 0.067 ± 0.003 
2) (y, ljJ) 0.024 ± 0.002 0.081 ± 0.010 
2) ljJ O.OlD ± 0.001 0.032 ± 0.003 
2) 1] 0.005 ± 0.001 0.038 ± 0.003 
2) y all 0.008 ± 0.001 0.045 ± 0.002 
2) y, (~y = 3 ) 0.010 ± 0.001 0.059 ± 0.003 
2) y (negatives) 0.007 ± 0.002 0.064 ± 0.006 
2) y (positives) 0.010 ± 0.001 0.051 ± 0.004 
2) y (pol < 0.15) 0.040 ± 0.001 0.087 ± 0.014 
2) y (pol> 0.15) 0.010 ± 0.001 0.037 ± 0.003 
2) y (pol < 0.30) 0.016 ± 0.001 0.072 ± 0.005 
2) y (pol> 0.30) 0.007 ± 0.001 0.029 ± 0.004 

Region of slope fit: 1.0 ~ 6y, 61] ~ 0.1 
0.8 ~ 6ljJ ~ 0.15 

CP4 
0.23± 0.01 

-
0.08± 0.01 
0.14 ± 0.01 
0.17 ± 0.01 
0.20 ± 0.01 
0.36 ± 0.02 
0.19 ± 0.01 
0.68 ± 0.04 
0.10 ± 0.01 
0.27 ± 0.02 
0.07 ± 0.01 

IPs 
0.58 ± 0.02 

-
0.14±0.03 
0.27± 0.02 
0.47 ± 0.02 
0.49 ± 0.02 
1.22 ± 0.04 
0.38± 0.03 
2.12 ± 0.07 
0.11 ± 0.02 
0.96 ± 0.03 

-0.05 ± 0.04 
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Saturation: 
Typical size of F2 - 1: 

PJ. dependence: 

VB dependence: 
Scaling relations: 

Linking (LPA): 

y vertical: around 6y :5 0 .. 3 
Y vertical: ~ 0.3 
The slopes much higher for low pJ.. 

EHS/NA22 

The size of moments is smaller for orders 2, 3, larger for 
4, 5 (pJ. = 0.15 cut), larger for all orders for PJ. = 0.30 
cut; probably reflects PJ. distribution. 

LPA tends to be too low for orders 4 and 5, but 
acceptable. 

Monte Carlos: FRITIOF (2.0 and 3.0), DPM 

References: W. Kittel, Santa Fe Workshop on Intermittency in HE 
Collisions, March 1990. Note that this supersedes earlier 
references such as the following: 
I.V. Ajinenko et al., Phys. Lett. 222B,306 (1989) 
I.V. Ajinenko et al., Phys. Lett. 235B,373 (1990) 

Other comments: 1) 2-d slopes lower than expected for "pencil jets". 
2) Small increase in slopes excludes BE correlations as 
source. 
3) Inclusion (in Phys Lett Refs.)of events with track 
losses decreases slopes considerably. 
4) Truncation of multiplicity distribution (due to finite 
no. of events) can have large effect on slopes. 
5) Rise in higher order moments depends to a large de
gree on one event (the "spike event" [42]). 

--_._- -- --
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General characteristics: 
Eproj 

..;s 
Cuts applied to data: 

Number of events: 
A verage multiplicity: 

315 GeV 
630 GeV 
PJ. ~ 0.15 GeV Ic; 
~ 160,000 NSD events 
dN/dy ~ 3 

Variables measured: 

Total window: 

mainly TJ, also Yjet, ¢jet 

Preliminary data on 2-d (y, ¢) 
-1.5 ~ TJ ~ 1.5 

Experimental resolution: 
for 2-d, -7r/2 < TJ < 7r/2, -7r < ¢ < 7r. 
TJ, y, ¢ > 0.01 

Factorial moments: 
Types measured: 1) vertical TJ, y, ¢ 

2) vertical TJ for N+, N_. 
3) generalized dimensions Dq 

Slopes: (first error statistical, second systematic) 

t.p2 t.p3 t.p4 

¢ 0.010 ± 0.001 0.027 ± 0.002 0.077 ± 0.006 
±0.001 ±0.003 ±0.008 

y 0.012 ± 0.001 0.028 ± 0.002 0.049 ± 0.005 
±0.001 ±0.003 ±0.005 

TJ 0.011 ± 0.001 0.025 ± 0.003 0.050 ± 0.005 
±0.001 ±0.003 ±0.005 

TJ 0.015 ± 0.001 0.037 ± 0.003 0.070 ± 0.009 
.50 > PJ. > .15 GeV /c ±0.002 ±0.004 ±0.007 

TJ 0.015 ± 0.002 0.045 ± 0.005 0.103 ± 0.013 
pJ. > .50 GeV /c ±0.002 ±0.005 ±0.010 

TJ 0.012 ± 0.002 0.030 ± 0.004 0.052 ± 0.011 
N+ ±0.001 ±0.003 ±0.005 

TJ 0.011 ± 0.002 0.025 ± 0.004 0.045 ± 0.011 
N_ ± 0.001 ±0.003 ±0.005 

Region of slope fit: 0.1 ~ (TJt Yt ¢) ~ 1.0 

UAl 

t.ps 

0.152 ± 0.030 
±0.015 

0.062 ± 0.020 
±0.006 

0.077 ± 0.020 
±0.008 

0.096 ± 0.024 
±0.010 

0.115 ± 0.032 
±0.012 
-
-
-
-

Saturation: 1) flattening of Fp below oy = 1.0; could be due to neg
ative correlations from 2-jet ev~nts at large 6y. Same 
behavior for o¢ < 7r. 
2) no apparent saturation in 2-d (preliminary) data; 
slopes much larger than for I-d. 

Typical size of Ji2 - 1: TJ: 0.62 ¢: 0.61 
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IfiP UAl 

PJ. dependence: i) independent, for lower bounds varied from 0.1 to 0.2 
GeV/c; 
ii) Slopes somewhat larger for PJ. < 0.5 GeV /c; in con·· 
flict with Monte Carlos 

VB dependence: Lower than data at VB = 22 GeV, mostly due to in
creased multiplicity. 

Monte Carlos: i) PYTHIA 4.8, PYTHIA + BE (jet production) repro
duce slopes for high-pJ. but not for low 
ii) GENCL repl'Oduces neither high- nor 10w-pJ. slopes 
iii) FRITIOF 
iv) None of the MC's reproduce the multiplicity depen
dence of slopes, some even failing to reproduce the trend. 
All fail for small OTJ, Nch < 15. 

References: C. Albajar et al. Nucl. Phys. B345,1 (1990); 
B. Buschbeck and P. Lipa, Santa Fe Workshop on HE 
Collisions, HEPHY-PUB 535/90; 
P. Lipa, PhD dissertation, U Wien (1990) 

Other comments: i) Careful study of systematic errors. 
ii) Slopes roughly independent of TJ. 
iii) Larger rises seen for Nch < 16 cut. 
iv) BE effect too weak to explain data, but 
rpp's drop with increasing dN / dTJ in a remarkably similar 
way ("Bialas plot") 
v) Moments somewhat smaller than NBD 

• ~ ••••• ",p •• __ •• ~ _____ • ...;:~ ____ M ___ __ - -
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1& UA5 

General characteristics: 
Eproj 

VB 
Cuts applied to data: 

Number of events: 

A verage multiplicity: 

Variables measured: 
Total window: 

Experimental resolution: 

Factorial moments: 

100,270,450 GeV 
200,540,900 GeV 
NSD events: 
Trigger based on one hit in each of two trigger 
hodoscopes. 
Data corrected using MC simulation including negative 
binomial, clusters, short range correlations. 
200 GeV: 4,156 540 GeV: 7,344 
900 GeV: 6,839 
dN / dy varies between 2.6 (full phase space) and 2.9 for 
1771 < 0.2, 540 GeV 
77 
central window of varying size, maximum 1771 < 5, mini-
mum 1771 < 0.2 
?? 

Types measured: inclusive, calculated by us 
(vertical and horizontal are the same for 1 bin). 

Slopes: None fitted 

Saturation: 677 ::::: 1.5, 1.0,0.5 
for 200 GeV, 540 GeV, 900 GeV respectively 

Typical size of F2 - 1: 200 GeV: 0.2 - 0.5 540 GeV: 0.3 - 0.48 
900 GeV: 0.3 - 0.7 

PJ. dependence: 
VB dependence: size of moments rises with VB 

Monte Carlos: GENCL? 

References: G.J. Alner et al., Phys. Lett. 160B,193 (1985) gives or
dinary moments Ci = (ni) / (n)i for single central bins of 
varying sizes, which we converted into factorial moments. 
R.E. Ansorge et al., Z. Phys. C43,357 (1989) has facto
rial moments for 200 and 900 GeV. 

Other comments: Note that moments are dependent on whether a mini
mum of 1 track per event is required or not. 
Numbers for 540 GeV are preliminary in the sense that 
UA5 has not published factorial moments. 
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s+s 
General characteristics: 

Projectiles: 
Eproj 

Cuts applied to data: 
Number of events: 

A verage mUltiplicity: 
Variables measured: 

Total window: 

Experimental resolution: 

Factorial moments: 
Types measured: 

Slopes: 

CP2 

I)Sulfur on Sulfur 
200 A GeV 

2)O+Au 

central event trigger (by energy) 
1) ~ 400 2) 107 central 
1) 235 charged 
Ylab, generalized dimensions Dq 

NA35 

1) 0.5 < y < 3.5 1.5 < y < 3.5, only part of ljJ region 
used, Ycm = 3.0 
2) 1 :5 Y :5 3 
1) oy ;::: 0.016, rapidity resolution 0.01 
Bin division: total window of 3 divided up into 3 x 2n 

bins, n:5 6. 
2) oy ;::: 0.06 

l)a) and 2) vertical y negatives, 
l)b) vertical y charged, 
l)c) horizontal y charged 
Fits do not take into account correlations 

CP3 CP4 CPs CP6 
l)a) .0051 ± .0001 .0215 ± .0025 .0526 ± .0157 .0709 ± .0434 .0836 ± .0069 
l)b) 
l)c) 
2) 

.0032 ± .0098 .0144 ± .0026 .0293 ± .0029 .0479 ± .0079 .0738 ± .0191 

.0069 ± .0007 .0243 ± .0017 .0499 ± .0053 .0850 ± .0059 .1131 ± .0305 
.016 ± .010 .051 ± .017 .103 ± .027 .177 ± .050 -

Region of slope fit: not specified; presumably all points. 
Saturation: only F3 data shown: vertical is flat in peripheral window, 

slow rise in central. 
Horizontal rising in both cases, smaller size for central 
region. 

Typical size of F2 - 1: data given only for F3 
P.L dependence: 
VB dependence: 

Monte Carlos: 

References: 

Other comments: 

FRITIOF consistent with data for 1), but not for 2), 
VENUS (DPM) is not. 

I. Derado, unpublished; I. Derado, Hadronic matter in 
Collision, Tucson, October 1988 
i) Data is preliminary. 
ii) To keep multiplicity constant, the moments for neg
atives in l)a) were made by superimposing two events 
into one. 

----- .. -- - -. 
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KLM 

General characteristics: 
Projectiles: 1) 800 GeV proton on emulsion 

2) 60 A GeV Oxygen on emulsion 
3) 200 GeV proton on emulsion 
4) 200 A GeV Oxygen on emulsion 

Cuts applied to data: 
5) 200 A GeV Sulfur on emulsion 
semicentral collisions for Oxygen, Sulfur 
N > 10 for proton collisions 

Number of events: 1) 1749 2) 226 
3) 2595 (833 for 2nd paper) 4) 146 
5) 124 

A verage multiplicity: 1) 22.2 ± 0.6 2) 93.1 ± 6.0 

Variables measured: 
Total window: 

3)a) 17.3±0.4 (21.1±0.3 for 2nd paper) 
4)a) 155 ± 4 5)a) 272.6 ± 6.6 
TJ, (TJ,t/J) 
1) 0.5 < TJ < 6.5 2) 0.5 < TJ < 4.5 
3,4,5) a) 0.5 < TJ < 5.5 and b) 2 < TJ < 4 

Experimental resolution: 6TJ > 0.1 6t/J> 5° 
for 2-d analysis, 6ifJ ;::: 15°. 

Factorial moments: 
Types measured: i) inclusive horizontal TJ 

CP2 
l)i) 0.023 ± 0.002 
2)i) 0.017 ± 0.002 

3)a)i) 0.027 ± 0.001 
4)a)i) 0.016 ± 0.002 
5)a)i) 0.012 ± 0.001 
3)b )i) 0.036 ± 0.004 
4)b )i) 0.010 ± 0.001 
5)b)i) 0.008 ± 0.001 
3)a)ii) 0.019 ± 0.002 
4)a)ii) 0.010 ± 0.001 
5)a)ii) 0.005 ± 0.001 
3)b )ii) 0.030 ± 0.004 
4)b)ii) 0.009 ± 0.001 
5)b)ii) 0.006 ± 0.001 
3)a)iii) 0.057 ± 0.006 
4)a)iii) 0.044 ± 0.003 
5)a)iii) 0.029 ± 0.002 

ii) inclusive horizontal, corrected by R-factor 
iii) inclusive horizontal (TJ, ifJ) 

Slopes: Data for intercepts also given in paper. 
CP3 CP4 CPs CPs 

0.062 ± 0.006 0.094 ± 0.017 0.100 ± 0.031 -
0.039 ± 0.006 0.066 ± 0.014 0.089 ± 0.027 0.113 ± 0.044 
0.080 ± 0.005 0.170 ± 0.019 0.276 ± 0.046 -
0.042 ± 0.004 0.080 ± 0.009 0.131 ± 0.017 0.195 ± 0.028 
0.028 ± 0.003 0.045 ± 0.004 0.062 ± 0.007 0.078 ± 0.011 
0.111 ± 0.013 0.221 ± 0.044 0.335 ± 0.096 -
0.030 ± 0.004 0.064 ± 0.008 0.110 ± 0.016 0.166 ± 0.027 
0.020 ± 0.002 0.036 ± 0.005 0.051 ± 0.010 0.061 ± 0.018 
0.062 ± 0.007 0.139 ± 0.021 0.233 ± 0.042 -
0.033 ± 0.006 0.060 ± 0.007 0.105 ± 0.014 0.162 ± 0.026 
0.014 ± 0.002 0.023 ± 0.003 0.033 ± 0.005 0.040 ± 0.008 
0.095 ± 0.013 0.193 ± 0.045 0.297 ± 0.099 -
0.028 ± 0.004 0.058 ± 0.008 0.101 ± 0.016 0.152 ± 0.027 
0.016 ± 0.002 0.027 ± 0.005 0.037 ± 0.010 0.041 ± 0.017 
0.119 ± 0.013 0.179 ± 0.034 0.203 ± 0.086 -
0.109 ± 0.007 0.190 ± 0.013 0.262 ± 0.023 -
0.075 ± 0.006 0.115 ± 0.012 0.137 ± 0.023 -
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Region of slope fit: 

Saturation: 
Typical size of F2 - 1: 

P.1. dependence: 

1) 1.2> 6." > 0.1 
2) 0.8 > 6." > 0.08 
3) 1.0> 6." > 0.1 
4) 1.0> 6." > 0.1 
error bars too large to tell 
1)i) 2)i) 
3)a)i) 0.6 
4)a)i) -
5)a)i) -
3)b)i) 0.4 
4)b)i) -
5)b)i) -

3)a)ii) 0.3 
4)a)ii) 0.12 
5)a)ii) 0.09 
3)b)ii) -

4)b)ii) -
5)b)ii) -

3)a)iii) 0.3 
4)a)iii) 0.25 
5)a)iii) 0.2 

KLM 

VB dependence: no systematic correlations between slopes and VB found. 

Monte Carlos: Name not specified; does not reproduce data 

References: R. Holynski et al., Phys.Rev. Lett. 62,733 (1989) 
R. Holynski et al., Phys.Rev. C40,2449 (1990) 
see also H. Von Gersdorff et al., Phys.Rev. C39,1385 
(1989) 

Other comments: i) Rapidity distributions strongly peaked for." region 
considered. This results e.g. in the fall in slopes for 
o and S for corrected horizontal moments when fl.." 
is narrowed a)i) and b) i) while the proton slopes actu
ally increase. For the corrected moments ii) this effect 
disappears. 
ii) In cases where experimental data was duplicated in 
the two papers, the newer version is quoted. 
iii) Slopes, while smaller than those in hadronic etc. col
lisions, are anomalously high on the Bialas plot of ¢p vs. 
dN/d.". 

--_ .. _- --
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EMU08/FNAL 

General characteristics: 
Projectiles: 

Cuts applied to data: 

Number of events: 
A verage multiplicity: 

Variables measured: 
Total window: 

1) 800 GeV proton on emulsion with N, > 10 cut 
2) 60 A GeV Oxygen on emulsion 
3) 200 A GeV Oxygen on emulsion 
4) 200 A GeV Sulfur on emulsion 
a) semicentral collisions (projectile fragments of charge 
Z = 1 only) 
b) central N(low E target secondaries) > 15. 
2)a) 153 3)a) 191 4)a) 124 
l)a) ?? 
2)a) 82 ± 7 3)a) 120 ± 9 4)a) 222 ± 20 
2)b) 97.0 3)b) 156.3 4)b) 221.5 
7], generalized dimensions Dq 
0.5 < 7] < 5.5 

Experimental resolution: polar angle () > 0.1 mrad, 
07] > 0.08 

Factorial moments: 

l)a) 
2)a) 
3)a) 
4)a) 
2)b) 
3)b) 
4)b) 

Types measured: inclusive horizontal 7] 

Slopes: 
CP2 CPa 

.092 ± .012 .222± .029 

.036 ± .002 .065 ± .008 

.017 ± .001 .053 ± .003 

.014± .002 .053± .004 

.013 ± .001 .023± .004 

.010 ± .001 .031 ± .003 

.013 ± .001 .034± .003 

Region of slope fit: 
Saturation: 

Typical size of F2 - 1: 

PJ. dependence: 

CP4 CPs 
.387± .054 .528 ± .130 
.202± .020 .457 ± .042 
.106 ± .007 .171 ± .017 
.153 ± .013 .344± .035 
.035± .008 .076 ± .016 
.058± .007 .094 ± .012 
.064 ± .008 .102± .014 

all points 07] < 1.3 
data too small to tell 
2)a) 0.3 3)a) 0.2 
2)b) 0.15 3)b) 0.15 

CP6 
.827 ± .219 
.787 ± .074 
.240± .037 
.601 ± .068 
.162 ± .039 
.146± .020 
.138 ± .023 

4)a) 0.2 
4)b) 0.15 

CP7 
0.932 ± .412 
1.110 ± .129 
0.312 ± .056 
0.855 ± .106 
0.279± .080 
0.208± .032 
0.162 ± .035 

Js dependence: Slopes for O+em decline with rising energy 

Monte Carlos: FRITIOF 1.7 gives flat moments for 0, S 

References: K. Sengupta et al., Phys. Lett. 236B,219 (1990) 

Other comments: Slopes generally larger for semicentral events than for 
central events (effect of lower multiplicity?) 
Dq close to 1 (minimum 0.85); no errors shown. 

87 



S+Au EMUOI 

General characteristics: 
Projectiles: 

Eproj 
Cuts applied to data: 

Number of events: 
Average multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 

S on Au 
200 A GeV 
central collisions: no projectile fragments with Z > 1; 
fewer than 3 charged particles within 1 mrad of beam 
direction. 
151 central 
355. 
TJ, r/J 
1.32 $ TJ $ 5.00 
OTJ ~ 0.01 

Types measured: 1) inclusive horizontal TJ 
2) inclusive vertical TJ 
3) horizontal with R-factor correction 

Slopes: No slope values fitted (depend on which points are 
fitted). 

Saturation: 
Typical size of F2 - 1: 

Pol dependence: 
VB dependence: 

Monte Carlos: 

References: 

Other comments: 

for OTJ < 0.1 
horizontal 0.2; vertical 0.1 

FRITIOF (version?) fails to reproduce horizontal mo
ments. Failure to match data even at large OTJ means 
that resonance decay is not responsible for rise in data 
(more probably, shape of rapidity distribution). 

M.1. Adamovich et aI., Phys. Rev. Lett. 65,412 (1990); 
E. Stenlund, private communication 

1. Corrected horizontal moments agree with vertical 
moments. 
2. Note that resolution is factor 10 better than most other 
experiments. 
3. Simulation of Q-model for multiplicity distributions 
similar to data exclude "empty bin effect" as source of 
moment decrease at small OTJ. 
4. r/J moments found to be flat. 
5. Plots of this and other data CP2 slopes find approximate 
relation CP2 ~ 0.115/ p 
6. Consideration of Dalitz pairs would lower slopes by 
20% - 30%. 

-------,-- -~- - -. 
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O,S,Si + emulsion 

General characteristics: 
Projectiles: 

Eproj 

Cuts applied to data: 

Number of events: 
A verage multiplicity: 

Variables measured: 
Total window: 

Experimental resolution: 

Factorial moments: 
Types measured: 

Slopes: 
Region of slope fit: 

Saturation: 
Typical size of F2 - 1: 

Monte Carlos: 

References: 

Other comments: 

1) O+em 2) S+em 3) Si+em 
i) semicentral ii) central 
a) 14.6 A GeV b) 60 A GeV c) 200 A GeV 
based on charge in forward cone; 
all events with p < (p) /3 discarded 
not quoted 
dN/dy ~ l)a) 17. b) 27. c) 34. 

TJ 
2~TJ~4 
OTJ ~ 0.01 

2)c) 76. 3)a) 33. 

inclusive horizontal TJ 
Normalized slopes (q = 2tpq/q(q -1). 
2. ~ TJ ~ 0.1 

0.04 - 0.2 (central) 

EMUOI 

based on stochastic emission, can largely explain the 
data. 

M.1. Adamovich et al., (no preprint no.) 

1. "Bialas plot" for AA data, about same line as hadronic 
data. Largest systems show anomalously large slopes. 
2. Normalized slopes essentially constant, consistent 
with only 2 and 3 particle correlations 
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160 + em, 328 + em 

General characteristics: 
Projectiles: 

Eproj 

Cuts applied to data: 
Number of events: 

A verage multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 
Types measured: 

Slopes: 

CP2 
O+em 0.007 ± 0.002 
S + em 0.005 ± 0.001 

(cp~) 
O+em 0.006 ± 0.003 
S +em 0.004 ± 0.002 

Region of slope fit: 
Saturation: 

Typical size of F2 - 1: 
Pl. dependence: 
.;s dependence: 

Monte Carlos: 

References: 

Othel' comments: 

1) Oxygen, 2) Sulfur on emulsion 
200 A GeV 
1) El. > 85 GeV, 2)El. > 155 GeV. 
1) 38 2) 76 
1) 252. ± 30. 2) 394. ± 48. 
77 
1.2 ~ 77 ~ 4.8 
077 ~ 0.2 

HELlOS 

fixed-N horizontal, measured on event-by-event basis 
{'exclusive'), averaged over all N. Divided by R-factor. 
a) CPi, fitted to event-averaged moments as usual, 
b) slopes computed for every event, then average taken, 
giving (cpi). 

CPa CP4 CP5 
0.021 ± 0.006 0.047 ± 0.013 0.090 ± 0.025 
0.015 ± 0.002 0.029 ± 0.005 0.048 ± 0.009 

(cp~) (cp~) (cp~) 
0.017 ± 0.010 0.029 ± 0.021 0.036 ± 0.034 
0.012 ± 0.005 0.021 ± 0.011 0.029 ± 0.017 

Not specified, presumably all points. 
No figures shown. 
No values quoted. 

i) MC generated according to Poisson distribution with 
(n) same as event averaged multiplicity distribution: 
slopes consistent with zero. 
ii) Same with 1.85% admixture of e+ e-: slopes a sizable 
part of experimental slopes (!) 

T. Akesson et aI., CERN-PPE/90-120 

i) Note high-El. bias 
ii) Unusual procedure in slope fitting. 
iii) The two different ways of finding slopes yield roughly 
the same results, but error bars are large. 

. - .... -_ .. ------~~ .. ~-.-~----- - - - -
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I Cosmic rays 

General characteristics: 
Projectiles: 

Eproj 
Cuts applied to data: 

Number of events: 
A verage multiplicity: 
Variables measured: 

Total window: 
Experimental resolution: 

Factorial moments: 

cosmic rays 
about 1000 TeV on air nuclei 
unknown 
9 
photons: 55.7 hadrons: 28.7 
71 for gammas, hadrons 
9.0 $ 71 $ 15.5 (forward hemisphere) 
071 ~ 0.09 

Pamir 

Types measured: inclusive horizontal, photons and hadrons 

Slopes: 

IP2 
photons a) 0.28 ± 0.04 
photons b) 0.22 ± 0.06 
hadrons a) 0.20± 0.06 
hadrons b) 0.18 ± 0.10 

Region of slope fit: 

Typical size of F2 - 1: 
pJ. dependence: 
VB dependence: 

Monte Carlos: 

IPa IP4 IPs IP6 
0.71 ± 0.05 1.19 ± 0.07 1.68 ± 0.08 2.18 ± 0.09 
0.59 ± 0.10 1.02 ± 0.13 1.43 ± 0.16 1.80 ± 0.19 
0.52 ± 0.08 0.88 ± 0.10 1.30 ± 0.17 1.70 ± 0.18 
0.50 ± 0.14 0.82 ± 0.19 1.03 ± 0.39 1.30 ± 0.43 

a) 0.09 $ 071 $ 5.75 
b) 0.09 $ 071 $ 1.0 
photons: 3.-5. hadrons: 0.-1. 

References: E. Gladysz-Dziadus, Mod. Phys. Lett. A4,2553 (1989) 

Other comments: 1. Very small number of events 
2. Slopes are huge compared to other experiments. 
3. Slopes rise linearly with order 

--- ._-._--- ---_.-
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CHAPTER 6 

The cumulant expansion 

While the experimental measurement of intermittency and factorial moments sketched in 

the previous chapter is continuing, a large number of theoretical papers on the subject has 

accumulated: well over a hundred theory papers are now available, dealing with various 

aspects of this subject, and more are no doubt in the pipeline. 

Very briefly, there are three broad areas of interest [76]: the fractal/multifractal 

approach to multi particle data, as initiated by the original papers on the a-model, e.g. 

[2] [77] [84], more wide-ranging investigations into phase transitions and related phenom

ena, e.g. [85] [86] [87] [88] [89], and attempts to understand multiparticle data by more 

conventional means. 

The developments of the following three chapters belong to the last category. Start

ing with two papers, by Carruthers and Sarcevic [7] and Capella et al. [56], an attempt is 

being marle to understand data on factorial moments using techniques of statistical anal

ysis and correlation functions; these have been alluded to already in Chapter 2. Here we 

take up this thread again, specializing the general identities quoted there to the situation 

of given experimental data. 

As explained in the Introduction, we are led in this venture by the desire first and 

foremost to understand the data while introducing as few assumptions as possible. To this 

end, we use two tools: first, the decomposition of factorial moments into cumulants, in this 

chapter, and in the next chapter an ad hoc "linking ansatz" for the construction of higher 

order cumulants in terms of second order cumulants. 

Two points must be emphasized: 

------ ----
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• The results of this chapter, where we expand factorial moments in terms of cumulants, 

are entirely independent of the linking ansatz . 

• The use of cumulants does not prejudice the case either for or against the existence of 

the scaling behavior sought so eagerly in experiment and theory. It merely extracts 

the statistically significant correlations from the "background" of trivial terms con

sisting of lower-order correlations. We do, however, contend that it is not legitimate 

to make theoretical models which ignore these basic rules of statistics, and suggest 

useful quantities and criteria based on these rules. 

6.1 Reduced cumulants from factorial moment data 

The vertical factorial moments defined by Bialas and Peschanski [3] and measured experi

mentally, which are an average over rapidity bins m = 1,2, ... , M 

M 

F;(6y) = ~ L FJm) 
m=l 

(6.1) 

= (6.2) 

can be related to the correlation function Pq: Substituting from Eq.(2.10), we have for each 

bin m (henceforth we omit the 'v' superscript) 

p(m) _ In," dYl ... dYq Pq(Yl, ... , Yq) 

q - [Inm dy Pl(y)r 
(6.3) 

the domain of integration nm = {y I (m - 1)6y ~ Y ~ m6y} being shown for q = 2 in 

Figure 7.1. 

We now rec:all from Chapter 2 that the qth order correlation function Pq contains 

trivial combinations of lower order correlations, while the cumulants Cq are specifically 

designed to exhibit only the nontrivial parts of this correlation. It is therefore not only 

advisable but imperative to look for correlations in the cumulants rather than in the raw 

... -..,. -- ..... '"-----~-.------- -- - -
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correlation functions. Hence we substitute for Pq the expansions Eqs.(2.16)-(2.19) in terms 

of the cumulants, obtaining (for each bin m) 

p,(m) _ fOm dYI dY2 [C2(YI, Y2) + PI (ydPI (Y2 )] 

2 - [JOm dYI PI(Yd] [fom dY2 PI(Y2)] 
(6.4) 

= fO m dYI dY2 dY3 [C3(YI, Y2, Y3) + E(3) C2(YI, Y2) Pl(Y3) + PI(YdpI(Y2)PI(Y3)] 

[fom dYI PI(Yd] [fom dY2 PI(Y2)] [fom dY3 Pl(Y3)] 

(6.5) 

etc., the number under the sum again denoting the number of terms. It is immediately 

clear that the factors involving PI cancel, and we get 

F.(m) = 
2 

fO m dYI dY2 C2(YI, Y2) + 1 

[fom dYI Pl(Yd] [fom dY2 PI(Y2)] 
(6.6) 

FJm) = fO m dYI dY2 dY3 C3(YI, Y2, Y3) + 3 fOm dYI dY2 C2(y}, Y2) + 1. (6.7) 

[fom dy PI(y)r [fom dy PI(y)r 

If we define the integrated normalized factorial cumulant for each bin as 

(6.8) 

we have in Eqs.(6.6)ff. general and exact relations between integrated factorial moments 

and cumulants which mirror exactly the relations (2.16)-(2.19) between the unintegrated 

quantities. 

The bin-averaged moments Fq now conventionally used can be expanded by in

serting these bin-by-bin relations into (6.1). With the bar denoting m-averaging, AB == 

Em AmBm/M and /(q = /(q = Em 1(~m) /M, these relations are found to be [91] 

F2 = 1 + /(2 (6.9) 

F3 = 1 + 3/(2 + /(3 (6.10) 

F4 1 + 6/(2 + 3(1(2)2 + 41(3 + 1(4 (6.11) 

F5 = 1 + 10/(2 + 15(/(2)2 + 1O/(3/(2 + 10/(3 + 5/(4 + /(5 (6.12) 

F6 = 1 + 15/(2 + 45(/(2)2 + 15(1(2)3 + 20/(3 + 60/(3/(2 (6.13) 

+10(1(3)2 + 15/(" + 15]("/(2 + 6/(5 + /(6. 

----.----
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etc. With these relations, the behavior of cumulants as a function of oy can be calculated 

by combining the (experimentally measured) factorial moments: For q = 2 and q = 3, we 

can simply invert, 

(6.14) 

(6.15) 

For higher orders, this can be done also if we assume that the cumulants are independent of 

m, 1(~m) == ](g, which means that ](31(2 ~ 1(3](2 etc. in (6.11)ff. Under this assumption, 

we then also get closed forms for the higher order m-averaged cumulants, 

1(4 ~ (F4 - 1) - 4(F3 - 1) + 6(F2 - 1) - 3(F2 - 1)2 , (6.16) 

1(5 (F5 - 1) - 5(F4 - 1) - 10(F2 - 1)(F3 - 1) + 10(F3 - 1) 

-1O(F2 - 1) + 30(F2 - 1)2 (6.17) 

Given a set of experimental factorial moments Fq , we can therefore construct the equivalent 

set of factorial cumulants. 

The assumption of translation invariance we made for the cumulants is nec

essary only when experimental data is quoted in the form of the m-averaged Fg (which, 

unfortunately, is usually the case); if and when the individual moments FJm) are known, 

we can use the exact relations (6.9)-(6.13) by calculating all 1(~m) via (6.6)ff. 

We mention in this context that in (6.9)-(6.13) the term linear in 1(2 is always of 

the form 
q(q - 1) , 

Fq = 1 + 2 /\.2 + ... , (6.18) 

which appears in different theoretical models [3J [56J [59J [90J [92J. Since this first term in 

the expansion is usually the largest, especially for nucleus-nucleus collisions, it does a fair 

job of fitting the data - but it represents a truncation of the full series. Unfortunately, 

exactly the same factor appears also in the expansion of moments in terms of central 

moments = J.L~entral == ((n - (n))q) [5], which confuses the issue even more [93J. 

- - -.. -.. _-- .. ------~------- --.- -
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A special case occurs when a physical system contains only two-particle correla

tions, i.e. all cumulants of order three and higher are zero. We get, from (6.9)-(6.13), 

F~ = 1 + 3(F2 - 1) 

F' 4 = 1 + 6(F2 - 1) + 3(F2 - 1)2 (6.19) 

F~ = 1 + 10(F2 - 1) + 15(F2 - 1)2 

F~ = 1 + 15(F2 - 1) + 45(F2 - 1)2 + 15(F2 - 1)3 . 

We see here a graphic example of the "trivial" components of higher order factorial mo

ments: While by construction there are no true higher order correlations and all ](q are 

zero for q > 2, the corresponding factorial moments are not equal to unity; following the 

behavior of ](2, they may even seem to be rising as a function of oy. The same, of course, 

will be true if a small admixture of 3-particle correlations exists, for which case we again 

truncate the full relations to the appropriate order. 

For the case where only two particle correlations are present, there are two relations 

between the moments which do not rely on translation invariance. With appropriate linear 

combinations of Eqs.(6.19), we find without approximation 

(F~ - 1) = 3(F2 - 1) 

(F~ - 1) = 5(F~ - 1) - 20(F2 - 1) . 

(6.20) 

(6.21) 

We emphasize that all relations in this section work for vertical factorial moments 

only; for horizontal moments, there is always the shape of the rapidity distribution which 

prevents the fortuitous cancellation of J PI terms in the sums. 

6.2 Cumulants: hadronic data 

We illustrate the technique of constructing cumulants for some factorial moment data sets, 

first for hadron-hadron collisions, followed by proton-nucleus and nucleus-nucleus data in 

the next section. For hadron-hadron collisions, we consider three different experiments. 

The earliest data on factorial moments was obtained by U A5 for pp collisions at energies 

----- --- ---
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of 546 GeV [70] and 200 and 900 GeV [71], but with only a single rapidity window AY 

which was shrunk to a minimum of 0.5 (i.e. M = 1 for all UA5 data, meaning there 

is no distinction between horizontal and vertical moments). Careful analyses have been 

performed by the EHS/NA22 collaboration for 7r+P and [(+p collisions at -IS = 22 GeV, for 

horizontal [94] and vertical [95] [83] factorial moments, the latter also considering effects 

of pJ. and multiplicity cuts, and UA1 for pp collisions at 630 GeV [62] [96]. Few other 

collaborations have to date published vertical moments; it is our hope that this will be 

done in the future. For details on the experiments, the reader is referred to Chapter 5 and 

the cited literature. 

Cumulants [(2 through [(5 obtained by the above equations are shown in Figures 

6.1 through 6.4 for UA1 and UA5 data, and in Figure 6.5 for NA22 data. Scales on the 

Y-axis have been kept the same for every order q to facilitate comparison, at the expense 

of some loss of detail. Note also that since cumulants can be negative, they are not shown 

on a log scale. Since scales on the X-axis differ, care should be exercised in comparison. In 

general, the UA5 data suffers from error bars that are too large to make useful conclusions, 

while the NA22 data is very unstable for small 8y; because of lack of statistics the small-8y 

region is dominated by the oscillations due to the single spike event (see Section 4.1.2). 

We see that [(2 is clearly rising with decreasing 8y, however, not as a power law 

but more like an exponential (7.20), [(3 also rises, is more straight but still tends to flatten 

out for small 8y, the rise of [(4 with decreasing 8y seems to depend more strongly on the 

collision energy, [(5 is essentiall zero, and that for N A22, there is a lot of noise for small 

8y which is difficult to assess. 

In Figure 6.6, we try to quantify the energy dependence of the different cumulants. 

Since the total rapidity window scales as In s, we compare cumulant data at rapidity bin 

sizes scaled according to 
1 In S1 1 --=-----, 

8Y(S2) In S2 8y(st} 
(6.22) 

taking as reference point the bin size 1/8y = 0.33 from 200 GeV UA5 data. This corre

sponds to a rather large bin size. Data points for the other energies were estimated by 

interpolation, and hence should not be taken too seriously. 
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While there is a clear rise in the size of the two particle correlations,1(3 is more or 

less constant, while little can be concluded, about 1(4 and /(5 except that they are all close 

to zero. We note that the error bars for UA1 and NA22 data, which are much smaller than 

those for U A5, would allow for a separate comparison where some statistically significant 

deviation from zero could indeed be inferred. These considerations should be taken with a 

grain of salt. 

The decomposition of factorial moments into their cumulant contributions is illus

trated in another way in Figure 6.7. It shows the decomposition of U Al factorial moments 

[96] into components deriving from particle correlations of lower order. The crosses show 

data on vertically averaged factorial moments. In each case, the lowest squares exhibit 

the contribution of the two-particle correlation function. The next higher curve shows the 

effect of including the (experimentally determined) /(3, etc. We have used a linear scale 

for the Fp moments in order to make the percent contributions more visible. 

Finally, we show the relative size of the two particle contributions F~ of Eqs. (6.19) 

to the total Fq • Figures 6.8 through 6.10 show the ratios F~/ Fq , q = 3,4,5 for UA1 and 

UA5 data; Figure 6.11 shows the corresponding ratios for the NA22 data. A clear drop 

in the size of the two particle contribution can be seen both with rising energy and rising 

order of the factorial moment. Once again, though, the instability of NA22 data at small 

oy means that the seemingly large higher-order contributions should be treated with some 

skepticism: the oscillation of the individual points in this case gives a better idea of the 

true error than the computed error bars. 

. .' " .... --.... -.---~"'=----~.--- - - --
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Figure 6.1: Second order normalized cumulants [(2 for UA5 and UA1 data [70] [71] [96]. 
Note that, while the scale on the ordinate is the same to facilitate comparison, the scale 
on the abscissa differs for UAl. 
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Figure 6.10: Two-particle contributions as a fraction of the total five-particle factorial 
moments for UA1 and UA5 data. 
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6.3 Proton-nucleus and nucleus-nucleus cumulants 

Besides the vertical moments from hadron-hadron collisions, we study two sets of data 

published by the KLM and EMU01 collaborations. The KLM collaboration was one of 

the first to publish factorial moments for proton and Oxygen beams on emulsion target 

at 60 and 200 A GeV for Oxygen, and 200 and 800 GeV for protons [97J. Unfortunately, 

only horizontal moments were measured. In our analysis we therefore relied entirely on 

later published data [46] [98] for 200 GeV proton, Oxygen and Sulfur beams impinging on 

emulsion. Moments here were the horizontal type corrected for the shape by the heuristic 

R-factor of Eq.( 4.3) (hence the superscript 'c' in the figures). It is claimed that, for this 

nucleus-nucleus data, there is little difference between the corrected horizontal and the 

vertical moments we need for our analysis. 

The EMU01 collaboration has published vertical moments in rapidity for 200 A 

GeV Sulfur on Gold [50] (see also Figure 4.1). Note the very high accuracy ory ~ 0.01 

achieved by this experiment, obtained by stacking the plates orthogonally to the beam 

axis. 

In Figures 6.12 through 6.15, we show cumulants of orders 2 to 5 for this data. 

The scales for the moments have been chosen so as to be compatible with the hadron

hadron data. Note once again that the cumulants are not plotted in logarithmic form. We 

see a steady decrease in ](2 in going from light to heavy projectile, with a further small 

decrease for the S+Au case (beware of different scales for ory!). All are smaller than the 

corresponding NA22 cumulant ](2 of Figure 6.5 which has roughly the same eMS energy 

per colliding particle. 

The third order cumulants in Figure 6.13 are all compatible with zero, although 

one could argue for a nonzero remnant for the p+emulsion case. Cumulants of higher 

order are all completely zero, even on a magnified scale. This means that there are no 

statistically significant correlations of order higher than two for these collisions. 

We note also that, while there is some rise of ](2 with decreasing ory (except for EMU01, 

who even find a slight decrease as Dry decreases below 0.1), there is little to no variation 
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with bin size for all higher order cumulants. We hence have to conclude that while the 

factorial moments seem to be rising, this is entirely due to trivial combination of the lowest 

moment F2 • This does not mean there is no intermittency at all, but it does mean that, 

if the data indeed were intermittent, the only significant quantites are the slope and size 

of the second order moment, all higher orders being derived from these two. For factorial 

cumulants, of course, we can only claim any kind of intermittency for [(2 while everything 

else is zero. 

6.4 Two-dimensional data 

If we look back to the original ideas of intermittency in Chapter 3, we notice that they are 

expressed in completely general terms, with no preference for any physical variable. This 

we pointed out and implemented already in Section 3.4.4. The subject of intermittency in 

multiparticle production is thus in the paradoxical situation of looking for scaling behavior 

without knowing in which variable to look. 

Initially, all the experiments did the one-dimensional analysis in rapidity (or pseu

dorapidity). With evidence increasing that many of these one-dimensional factorial mo

ments were saturating for small bin sizes (see the individual entries in Chapter 5), the 

forgotten question as to the correct variables was revived. Ochs and Wosiek [90] [99] 

pointed out early on that the rise in factorial moments could be expected to be stronger 

when two-dimensional analyses in (by, b¢) were made. While their idea of "pencil jets" 

[90] has now been discounted [83], it has since emerged that for some model distributions, 

strongly rising two- and higher-dimensional factorial moments, when projected down onto 

one dimension, are much damped and even saturate for small by [100] [101]. Similar con

clusions were drawn for theoretical studies of the two-dimensional Ising model [87] [88]. 

This important result immediately leads to the question how two-dimensional mo

ments behave when analyzed in terms of cumulants rather than moments. The answer is 

that the results of Section 6.1 are entirely independent of the arguments of the respective 

moments and cumulants; instead of (Yb' .. , Yq), we could just as well have written for the 

-.~,~ ---'-"'~-_____ ......J""""""--_-",--_. ____ . 
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arguments (1,2, ... ,q), with each numeral symbolizing the entire set of coordinates of a 

particular point in phase space. We can therefore do the same cumulant decomposition 

for vertical moments in any given space and variable. Of course, for higher dimensions the 

requirement that the moments be normalized locally is even more important since very few 

experimental distributions will be flat in more than one variable. 

The discovery of "strong intermittency" in theoretical two-dimensional models has 

set off an entire new wave of new experimental analyses, most of which, unfortunately, are 

still unpublished. Only the KLM group [46] has so far published vertical factorial moments, 

for two-dimensional subdivisions of the pseudorapidity 7J and azimuthal angle cP. In Figures 

6.16 through 6.19, we show the results of the cumulant decomposition. 

We see that the two-dimensional cumulants 1(2 are much larger than the one

dimensional counterparts. Even more interesting is the concave curvature, see Section 

7.3.3. The decrease with rising number of particpant nucleons is also clearly visible. In 1(3, 

there seems to be a nonnegligible effect, disappearing for S+emulsion. With the possible 

exception of the proton case, all higher order cumulants are still zero. 

--- ------------ -- - --
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6.5 Cumulants foro fixed particle number 

It is well known [102] that the structure and size of correlation functions is very differ

ent, depending on whether the full inclusive sample of events (following some multiplicity 

distribution PN) or subsamples of events with fixed number of particles N are analyzed. 

Indeed, the inclusive two particle cumulant C2(Yl, Y2) can be decomposed into a sum of 

fixed-N cumulants C~N) == p~N) - p~N) p~N) known as "short-range correlations", (a con

fusing term since the same name has also been given to inclusive correlation functions of 

small width) and a part due entirely to the mixing of events with different multiplicity, 

called "long-range correlations" [102] [103]: 

C2(Yl, Y2) = Cf(Yl, Y2) + Cf(Yl! Y2) (6.23) 

with 

cf - L aN C~N) (6.24) 
N a 

CL 
2 - L aN (Pl(Yd - p~N)(Yd) (Pl(Y2) - p~N)(Y2)) 

N a 
(6.25) 

a procedure which has recently been extended to higher orders by Carruthers [104]. 

Witham going into detail, we merely wish to point out that the "real" cumulants C2 

at fixed N are usually much smaller than the inclusive cumulants, for both hadron-hadron 

and nucleus-nucleus collisions [103] [105]. This can be made more plausible by considering 

/(2 for the special case n~ = NeIM, Le. assuming that particles are distributed evenly 

in all bins for every event e. For this case, the vertical factorial cumulant lq is directly 

related to the dispersion of the total multiplicity distribution n2 = (N2) - (N)2)1 (N)2 

by 

T.'V n2 M 
.1'-2 = - (N) ; (6.26) 

in other words, the wider the total multiplicity distribution, the larger the cumulant /(2. 

On the other hand, if we keep N e = N constant, then n2 = 0 and 1(2 = -MIN is very 

small. A similar conclusion is reached for the other extreme case where all particles are 

concentrated in one bin, n~ = NeOmk. 

______ 0 __ 0- __ 0 
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We may therefore expect that the inclusive cumulants shown in the figures of this 

section are an upper bound on their true fixed-n sizes; most likely the latter will be much 

smaller. Seen in this light, the vaunted anomaly in the slopes for nuclear moment data 

[40] may turn out to be due mainly to the very broad multiplicity distributions seen in 

nucleus-nucleus collisions. The details of this effect remain to be investigated [106]. 

Tackling the question of fixed-multiplicity cumulants will involve yet another prob

lem, that of "invisible" multiplicity components. With few exceptions, current data con

centrates on "charged particles" mainly consisting of 11"+ and 11"-, and so we can find a 

fixed-Nch cumulant from the data by the above procedure. But what about the neutral 

11'0 component? It can be argued that the number of particles to be kept fixed should be 

Nch + No; which means we have to devise some way of projecting onto fixed total-N the 
, 

inclusive-Nch cumulants by making some assumptions about the distribution of No. For 

the moment, it seems easier to stick to data given separately in terms of N + and N _, where 

this problem does not arise. 

----------- -- - -
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CHAPTER 7 

The linked pair approximation 

We now leave the realm of good solid-and-stolid statistical formulas and turn to the more 

speculative aspect of the origins of factorial moment behavior. While the expansion of the 

previous chapter in terms of cumulants is a necessary precondition for further analysis, it 

says nothing about their size or form. Cumulants can be thought of as the analogue of a 

change of coordinates, which of course does not determine the dynamics of a problem but 

may well reveal them. 

The real challenge would be to explain experimental cumulants in terms of pro

jections from theoretical n-particle distribution functions. Less ambitiously but more real

istically, it would be helpful if one could discover empirical relationships between different 

cumulants; such heuristic formulas would narrow down considerably the possible classes 

of distribution functions. For example, it is conceivable that higher order cumulants are 

made up exclusively from combinations of lower order. For identical particles, Carruthers 

and Sarcevic [7] surmized the existence of just such a structure; they made the ansatz that 

higher order normalized cumulants are linked according to (writing VI as 1 etc.) 

A3 
k3 (1,2,3) = 3[k2(1,2)k2(2,3)+k2(2,3)k2(3,1)+k2(3,I)k2(1,2)], (7.1) 

A4 
k4 (1, 2, 3, 4) = 12 [k2(1, 2)k2(2, 3)k2(3, 4) + k2(1, 3)k2(3, 2)k2(2, 4) + 

k2( 1, 2)k2(2, 4)k2( 4,3) + k2(1, 4)k2( 4, 2)k2(2, 3) + 

k2( 1, 3)k2(3, 4)k2( 4,2) + k2(1, 4)k2( 4, 3)k2(3, 2) + 
k2(2, 1 )k2( 1, 3)k2(3, 4) + k2(2, 3)k2(3, 1 )k2(1, 4) + 

k2(2, l)k2(1,4)k2(4,3) + k2(2,4)k2(4, l)k2(1,3) + 
k2(3, l)k2(1, 2)k2(2,4) + k2(3, 2)k2(2, l)k2(1, 4)] , (7.2) 

--.-' --
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ks(1,2,3,4,5) (7.3) 

kq(l, ... ,q) = (";/q2) L: k2(1,2)k(2,3) ... k2(q-1,q). 
q. penn. 

(7.4) 

where the set of constants Aq are free parameters. (This has now become known as the 

"linked pair approximation" (LPA).) The factor in the denominator below Aq indicates 

the number of permutations in the following sum; it contains a factor 1/2 because the 

cumulants commute (no Q-numbers here!) and are symmetric in their arguments (Le. 

k2(1,2) = k2(2, 1) I ), so that e.g. k2(1, 2)k2(2, 3) = k2(3, 2)k2(2, 1). 

We see that topologically this linking scheme allows for simple connections only. 

Why was this particular scheme for linking used? It seems that linking of nor

malized cumulants as expressed in (7.4) is successful in explaining data for populations of 

galaxies. Groth and Peebles [107] [108] have shown that this linking ansatz fits cumulants 

for samples of galaxies, and it also seems to fit cluster-cluster correlations [109]. While the 

differences between particle production and galaxies hardly need pointing out, there may 

be a hidden analogy between these disparate physical situations. This is possible only if 

linking originates not in the details of the dynamics governing the system in question but 

in some general, global property common to both systems (and it is exactly such global 

properties that we are after!). We here investigate the consequences and validity of this 

ansatz for high energy collisions. 

7.1 Linking of normalized cumulants 

When the rapidity distribution PI chan(!;es slowly within each bin, we can make a useful 

approximation that connects Eqs.(6.9)-(6.13) with the linking ansatz (7.4). Using the 

definition (2.37) of the normalized correlation function, and taking out the average of the 

IThis is not true when the arguments of the cumulants refer to particles that can be distinguished from 
one another, see Chapter 9. 
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rapidity distribution in that bin Pm = IO m dy PI(Y)/Oy, 

Im~ Im~ 
dYI ..• dYq Pq(YI,"" Yq) ~ (PmF dYI ... dYq Tq(Yb ... , Yq). 

(m-I)6y (m-I)6y 
(7.5) 

Clearly, this approximation is best for small bin sizes oY and worst for large ones. We 

note that it does not need PI to be constant in rapidity ("translation invariant"), as was 

believed originally [7]. With this trick, the factorial moment becomes, in bin m, 

FJm)(oy) ~ (O~)q 10m dYI ••• dYq Tq(Yb"" Yq) • 

which resembles a form derived in ref.[7]. 

(7.6) 

Similarly, the normalized factorial cumulant moment in bin m, defined in Eq.(6.8), 

can be approximated in terms of the normalized cumulant kq by 

J(~m)(oy) ~ (O~)q 10m dYI ... dYq kq(YI,···,Yq) (7.7) 

by taking out a factor (Pm)q, see also Eq.(2.38). We note that these approximations are 

true only for the vertical factorial moments and cumulants, where each Pm brought out of 

the integrals cancels exactly between numerator and denominator. For the corresponding 

horizontal definitions, as in (4.2), this is not the case, as we would be left with a bin

dependent factor (Pm/ p)q which does not cancel because of the normalization with respect 

to the average of the rapidity distribution over the total interval, P = Em Pm/M [110]. We 

see here yet another reason why the vertical moments and cumulants are to be preferred 

over their horizontal counterparts. 

Inserting the linking ansatz (7.4) into (7.7), we find 

J(~m) = (~q)q 10m dYI" .dYq k2(YI,Y2)k2(Y2,Y3) ... k2(Yq-bYq)· (7.8) 

This can be simplified further if we make an assumption that the two-particle cumulant is 

a function of the difference of its arguments only within each bin separately: 

within each bin m. (7.9) 

This assumption of limited translation invariance does not need k2 to be a function of 

the relative coordinate for the entire domain ~y but only separately within each bin. 2 

20nce again, this assumption will work best for small bin sizes and worst for large ones. 



Defining relative coordinates 

and 

p=1, ... ,(q-1), 

1 
Y == - (YI + ... + Yq) , q 

the Jacobian is unity and integrating out J dY, we get 

7.2 Making the strip approximation 

Now since 
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(7.10) 

(7.11) 

(7.12) 

(7.13) 

it is tempting to write down immediately after (7.12) that J(q = Aq (I(2}q-I, but this is 

incorrect. The reason is that, while the individual k2 's have decoupled in their arguments, 

the same is not true for their domain of integration S1m • We therefore need to consider this 

question first before going on. 

Figure 7.1 shows the set of domains of integration S1m for m = 6, q = 2: the 

set of little squares parallel to the YI and Y2 axes. The change of coordinates to ( and 

Y is also indicated (note the "stretch" of the unit length 6y in the Y direction and the 

corresponding compression in the (direction). For every little square in (YI, Y2), the 

domain S1m = {Vb Y21 (m - 1)6y ~ Yb Y2 ~ m6y} is rather awkward in «(, Y). If we 

rotate the domain by 45°, keeping the area constant, we can expect the result to be 

approximately the same as over the original S1m - and of course the bounds are now very 

simple: -6y/2 ~ ( ~ 6y/2 and (m - 1)6y ~ Y ~ m6y. The resulting set of rectangles 

shown in Figure 7.1 has acquired the name strip approximation [7]. For higher orders q, 

the strip approximation domains are defined by 3 

- 6y/2 ~ (p ~ 6y/2, p=1, ... ,(q-1) 

3Note that the strip approximation is NOT symmetric in higher orders; instead of the rectangle shown, 
we get an asymmetric parallepiped in the appropriate space. 



(m - 1 )6y ~ Y ~ may. " 

With this change of integration domain, we have approximately 

2 rSY/ 2 

J(~m)(c5y) ::= c5y 10 d( k2(() 

and now (7.12) factorizes into 

"1m = 1, ... ,M. 

Averaging over all bins Kq = Lm K~m) 1M, we get 

1 M 1 
Kq = Aq M L: [K~m)r- = Aq(I(2)q-l , 

m=l 

127 

(7.14) 

(7.15) 

(7.16) 

(7.17) 

the bar standing for m-averaging as before. Thus, starting with either the two-particle 

unintegrated correlation function T2 or the equivalent cumulant k2 as input, we can build up 

y 

--~--~~~~~~-+--~----~Y1 
20y 30Y 

-2oy 

-36y 

Figure 7.1: The original domains of integration nm and the strip approximation, shown 
for m = 6, q = 2. Each little square represents the original nm while the rotated rectangle 
overlapping that square is the corresponding strip approximation. 

--"---"._-
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integrated factorial cumulants 1(q of any order, and through them, the integrated factorial 

moments Fq• Substituting into Eqs. (6.9)-{6.13), we obtain [91] a power series in (F2 -1): 

F3 = 1 + 3{F2 - 1) + A3{F2 - 1)2 

F4 = 1 + 6{F2 - 1) + (3 + 4A3){F2 - 1)2 + A4{F2 - 1)3 

Fs = 1 + 10{F2 - 1) + {15 + lOA3)(F2 - 1)2 + (10A3 + 5A4)(F2 - 1)3 

+As(F2 - 1)4 

Fs = 1 + 15(F2 - 1) + (45 + 20A3)(F2 - 1)2 + (15 + 60A3 + 15A4)(F2 - 1)3 

+(10A5 + 15A4 + 6As)(F2 - 1)4 + As(F2 - I)S , 

(7.18) 

which is exactly the set of equations obtained previously by Carruthers and Sarcevic [7], 

but under more general conditions than assumed there. 

Three brief comments: 

1. As before, the lack of experimental data on factorial moments or cumulants bin by 

bin usually forces us to approximate Eq.(7.17) as 

T.' '" A (T.' )q-1 l~q _ q .1~2 , (7.19) 

i.e. ignoring the m-average. This requirement of full translation invariance is not 

required by the theory but only by the lack of more detailed data. 

2. Instead of making the particular LPA ansatz of linking normalized cumulant func

tions (7.4), we could just as well start off by linking the integrated cumulants as in 

Eq.(7.16). Thus, depending on the reliability of assumptions made in deriving (7.16) 

from the unintegrated quantities, this derivation can be abandoned in favor of simply 

stating and testing (7.16) as an ansatz by itself. 

3. We made an estimate of the possible error in making the strip approximation for 

the second or~er and using the exponential parametrization k2(() = exp( -(/~) (see 

next section). The ratio of integrating k2 over the strip versus the exact integration 

is shown in Figure 7.2 as a function of the correlation length ~ which here is a free 

parameter [6]. We see that, for this particular form of k2' the deviation of the strip 

._------ -~ - _. 
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approximation result from the exact result is maximally 15% and drops to zero both 

for very small and very large el8y. 4 For gaussian k2' the deviation is maximally 

about 20%. 

l:l 
1.15 0 .... .... 

a:I 

"" ao 
Q.l .... 
!:= .... 

.... 
CJ 
a:I 1.10 >< 
Q.l 

'>4-
0 
1-0 
0-
0-
a:I Integration over 
0- 1.05 k2(y t.y2) = e -1",-".111 .;:: .... 
en 

.... 
0 

.2 .... 
a:I 

P:: 
1.00 

0 2 4 6 8 10 
~y/~ 

Figure 7.2: Ratio of /(2 = f d(k2(() for the strip approximation versus the exact result, 
for exponential k2 = exp( -(Ie) as a function of the correlation length e. The deviation of 
the approximation from the exact result is maximally 15% for this functional form [6]. 

7.3 Parametrizing cumulants and correlation functions 

The program of building up cumulants and factorial moments of higher order out of exper

imental second order moments/cumulants can be carried out in two ways. First, we can 

simply take as input the experimental second order factorial moment F2 and calculate, for 

every given 8y point, the corresponding /(2 and the higher order /(q and Fq • Alternatively, 

if the corresponding experimental P2 or k2 is known, we can parametrize these by some 

·This curve was shown in [6] for the parametrized correlation function P2 = exp( -(/~). For the purposes 
of testing the accuracy of the strip approximation, it does not matter if we are referring to k2 or P2. Since 
publishing [6], we have tended to use said exponential form more for the normalized cumulant than the 
correlation function. 
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function and integrate it analytically (where possible) or numerically (if necessary) to ob

tain the higher orders. Within the bounds of the assumption of limited or full translation 

invariance and the strip approximation, these two methods should of course be consistent 

with each other. 

7.3.1 Parametrization formulae 

We shall consider three simple parametrizations of the normalized cumulant [6], the expo

nential form already alluded to 

(= Yi - Yj (7.20) 

which was previously used for cumulants [111] and also seemed to work for 7r-P reactions 

at 200 GeV /c [112] (although this is now in doubt), and a power-law cumulant, 

(7.21) 

which is of interest because it is a. prerequisite for intermittent behavior of the integrated 

](2. A third form is that of a gaussian 

(7.22) 

, 'where ~ and (j play the role of a correlation length. The gaussian seems to work better for 

high energies such as UA5 [6]. 

The exponential form (7.20) can be integrated for the exact domain S1 m , giving [6] 

. a-I + e-Ot 

/( 2 ( exp-exact) = 21' 2 ' 
a 

(7.23) 

a form which was found also by Capella et al. [57] and was previously known in quantum 

optics [113]. In the strip approximation, we get for the same k2 

1 - e-Ot / 2 

J(2(exp-strip) = I' (a/2) (7.24) 

Both forms saturate to a finite ](2 = I' for a - O. A power law form for k2 as in (7.21) 

yields, for the exact and strip domains respectively, 

2 (O~y)-1I2 ](2(power-exact) = ( )( ) 
1 - V2 2 - V2 

(7.25) 

._-_.'-- -- -
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/(2(power-strip) = (7.26) 

so both strip and exact integration yield again a power law in oy and we often bundle all 

the prefactors into the simplified form 

(7.27) 

Since F2 is the same integral of T2 as /(2 is of k2' similar parametrizations for T2(Yb Y2) 

lead to the same forms for F2 as we have here for /(2. The gaussian form (7.22) leads to 

/(2(gauss-strip) = :Y erf C,~) (7.28) 

for the strip approximation, (which saturates to f3 for oy ~ 0), while the exact domain 

gives an integral of the error function. 

7.3.2 Hadronic data 

Since F2 = /(2 + 1, the above forms can be easily fitted directly to experimental F2 data, 

giving an indication which of these is acceptable. Using the exponential form (7.24), we 

fitted the parameters 'Y and ~ directly to UA1 [96] and UA5 546 GeV data [70]. Also for 

UA1 we fitted the power law function (7.27) to two different subsets of the data, viz. oy < 3 

and oy < 1. 

The results of these four fits are plotted together in Figure 7.3. First of all, we see 

that the F2 data of these two experiments agrees very nicely, considering the difference in 

eMS energy of 540 GeV vs. 630 GeV. Second, this figure also provides a proper perspective 

on the respective oy windows of UA1 and UA5, something that was less than clear in the 

cumulant plots of the previous chapter. Third, it is clear that the exponential fits of UA1 

and UA5, while fitted to their own separate data, mutually provide a surprisingly good 

fit to the data of the other experiment also. This is certainly not true for the power law: 

it does not follow even the UA1 data at larger ay and completely misses the UA5 data. 

Of course, the claim to intermittency was always made with an upper bound in oy in 

mind, so th.at one could still claim that the moments do scale for small oy. It seems more 

economical though to have one function fit the whole ay range rather than having to invoke 

------- --- - -
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an arbitrary scale breaking. Fits to NA22 (no track losses) charged particle F2 [83] are 

shown in Figure 7.4. Since it is impossible to fit a power law to all the points, we followed 

the restriction of [83] to 1.0 2: 6y ;::: 0.1 for fitting the power laws; correspondingly, the 

parameters and goodness of fit are for these data points only. Care should therefore be 

taken in comparing these slopes to the UA1/UA5 slopes or the nuclear data below. 

Table 1 summarizes the fit parameters for hadronic data. 

Table 1: Summary of parameters for fits to F2 for NA22, UAl and UA5 hadronic 

data shown in Figures 7.3 and 7.4. UA5 data is for 546 GeV. Note that the 

power slopes for NA22 are fit to a region 1.0 ;::: 6y ;::: 0.1 as in the literature 

[83]. 

Experiment/parametrization c '{)2 r e X
2

/ DF 

NA22 F2 power, .1 < by < 1 1.30 ± .002 .008 ± .001 16.7/35 

NA22 k2 power, .1 < by < 1 0.30 ± .002 .034 ± .005 16.9/35 

NA22 k2 expon, all by .331 ± .001 2.18 ± 0.10 31.4/48 

NA22 k2 damp exp, all by .330 ± .001 4.70 ± 0.19 24.4/48 

UA1 k2 power, by < 3 .614 ± .002 .033 ± .001 119./58 

UA1 k2 power, by < 1 .629 ± .003 .023 ± .002 13.9/56 

UA1 k2 expon, by < 3 .669 ± .001 3.24± 0.14 18.8/58 

UA5 k2 expon .656± .004 2.95 ±0.04 1.42/9 

.... ~ ---.... -----~=~---- -- --
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Figure 7.3: Best fits for F2 moments for exponential correlation k2 = 'Y exp( -I(I/~), 
( = Yl - Y2, for UA1 and UA5 (540 GeV) (solid lines). Dashed lines show best fits 
using a power-law correlation k2 <X 1(1-'P2 to UA1 data, done both on all points 8y < 3 and 
8y < 1. 
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Figure 7.4: Best fits for NA22 F{ moments [83] for exponential correla
tion k2 = l' exp( -'('/~), ( = Yl - Y2, and a damped exponential form 
k2 = 1'(1 - '('/~) exp( -'('/0 shown as dashed lines (the lower one is the damped ex
ponential). Power law fits for scaling F2 (little squares) and /(2 (solid line) were made only 
for data in the region 1.0 2:: oy 2:: 0.1. 
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7.3.3 Nuclear data 

Turning to heavy ion data, we perform similar fits on the recent KLM one- and two

dimensional data [46] on proton, Oxygen and Sulfur on emulsion, and the EMU01 S+Au 

data [50], all at 200 A GeV in the lab frame. The results are shown in Figures 7.5 for one 

dimension (C1]) and 7.6 for two-dimensional (C1], c<p) data. The data points are the same as 

for the corresponding 1(2 in Figures 6.12 and 6.16 (shifted by one), but on a different scale. 

In every case, little squares show a fit of a power law for F21 i.e. F2 = c(C1])-<p2, which is 

the original intermittency power law. For the solid line, a power law for the cumulant /(2 

was assumed and fit via Eq.(7.27) to F2 = 1 + c C1]-<p2. The dashed line similarly assumes 

an exponential k2 and fits F2 via Eq.(7.23) (Le. the exact integration formula). 

A summary of fit parameters and goodness of fit is given in Table 2 for the nucleus

nucleus data. 

7.3.4 Two-dimensional parametrizations 

At this point we encounter yet another manifestation of our uncertainty as to the best 

choice of variables. The a model was derived for a generic parameter Zm, which for two 

dimensions we associate with the product (Yi<Pi). Rapidity Y and azimuthal angle <P are 

hence never considered separately but only as this product. 

This is clearly not the only (or even the best) way to consider these two variables; 

it would make more sense to assume a functional form (such as power behavior?) for each 

variable separately. Since the total (y, <p) space is divided up into squares which are then 

the only variable entering experimental factorial moments, we are currently forced to use 

the rather strange-looking variable 

(7.29) 

which for power-law assumption of k2 leads to the acceptable form 

/(2(2-dim,power) = c(cYO<p)-1I2 (7.30) 

,------- -- --
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but this is clearly a special case for a more general form with separate scaling indices, 

(7.31) 

which is the integral of a factorized normalized cumulant 

(7.32) 

with (II == Yi - Yj etc. Other forms for k2 are of course also possible. The point is that 

the limitation to one variable consisting of the product of two very different quantities 

is physically counterintuitive and possibly an unacceptable limitation on the form of the 

cumulant. 

To investigate this further, it would be necessary to study cumulants fully in two 

dimensions to determine their behavior separately in terms of rapidity and azimuthal angle. 

For current statistics, this seems hard to do, but it also seems to be an unavoidable next 

step. 
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Figure 7.5: Fits of parametrized functions (7.27) (for power law cumulant and factorial 
moment) and (7.23) (for exponential k2 ) to one-dimensional KLM and EMUOI F2 data 
(corrected horizontal and vertical respectively) [46] [50]. Note that scales differ for F2• See 
Table 2 for fit parameters. Errors are too large to distinguish between different fits . 

...... --..... --.----~---.-~---- - - - -. 



-..... 
1.6 

ro 
~ o -en 1.4 
~ 
CI) 

8 
;a 
I 

N 
""-' 1.2 

1.0 
0.1 

1.6 

-..... ro 
~ 
0 .... 1.4 CIl 
~ 
CI) 

s .... 
'"d 
I 

N ....... 1.2 
u 

N 
r:. 

I 
/ 

! 

KIl( 200 GeV p+em 

Fa power law 

kg power law 

k. exponential 

I KLM 2-d data 

10 

KIJ,( 200 A GeV S+em 

Fz power law 
kg power law 
kg exponential 
KI..M 2-d data 

1. 0 '----'---'--'-'-................. --I.--L-'-'u...L. ....... _.L...-'-J-I 

0.1 1 10 

1/(1511 Drp) 

-..... 
1.6 

ro 
~ o ern 1.4 
~ 
CI) 

8 
;a 
I 

N 
......" 1.2 
u 

N r.:. 

1.0 
0.1 

KIJ( 200 A GeV O+em 

F. power law 
k. power law 
k. exponential 

! KLM 2-d data 

1 

1/(1511 Drp) 
10 

138 

Figure 7.6: Fits of parametrized functions (7.30) (for power law cumulant and factorial 
moment) and exponential k2 to two-dimensional KLM F2 data (corrected horizontal) [46] 
[50]. See Table 2 for fit parameters. 
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Table 2: Summary of parameters for fits to F2 for nucleus-nucleus data shown 

in Figures 7.5 and 7.6. 

Experiment/parametrization c 1(J2 "Y e X2
/ DF 

KLM p+em F2 power, I-d 1.23 ± 0.02 0.02±0.01 0.11/9 

KLM p+em k2 power, I-d 0.24±0.02 0.09± 0.07 0.10/9 

KLM p+em k2 expon, I-d 0.29±0.03 1.39 ± 1.14 0.34/9 

KLM O+em F2 power, I-d 1.10 ± 0.03 0.01 ± 0.02 0.01/9 

KLM O+em k2 power, I-d 0.10± 0.03 0.09±0.18 0.02/9 

KLM O+em k2 expon, I-d 0.13±0.03 1.28 ± 2.79 .005/9 

KLM S+em F2 power, I-d 1.08 ± 0.03 .005± .019 .008/9 

KLM S+em k2 power, I-d 0.08± 0.02 0.07± 0.25 .007/9 

KLM S+em k2 expon, I-d 0.09± 0.03 1.98 ± 8.28 0.02/9 

EMUOI S+Au F2 power 1.07± .008 .003± .003 0.31/13 

EMUOI S+Au k2 power 0.07±0.01 0.04± 0.04 0.34/13 

EMUOI S+Au k2 expon 0.08± .005 2.14± 2.29 0.22/13 

KLM p+em F2 power, 2-d 1.32 ± 0.02 0.06±0.01 1.82/11 

KLM p+em k2 power, 2-d 0.32 ± 0.02 0.23± 0.04 0.84/11 

KLM p+em k2 expon, 2-d 0.51 ± 0.04 0.82± 0.25 8.25/11 

KLM O+em F2 power, 2-d 1.14± 0.02 0.05± 0.01 1.77/11 

KLM O+em k2 power, 2-d 0.14±0.02 0.31 ± 0.07 0.62/11 

KLM O+em k2 expon, 2-d 0.30± 0.03 0.34± 0.13 5.32/11 

KLM S+em F2 power, 2-d 1.10 ± 0.02 0.03± 0.01 0.47/11 

KLM S+em k2 power, 2-d 0.10±0.02 0.26± 0.09 0.14/11 

KLM S+em k2 expon, 2-d 0.19 ± 0.03 0.45 ± 0.25 2.05/11 
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Some comments on the results of Tables 1 and 2 and the Figures: 

1. No correlations between points were taken into account in fits. Taking this into 

account properly [83] [82] may change the parameters somewhat. 

2. We see that the constants c differ by unity for the power law fit to F2 and ](2. 

3. The fitted slopes for scaling cumulants are generally much larger than 

those for scaling factorial moments. This result seems to hold for both one

dimensional and two-dimensional data, for both hadronic and nucleus-nucleus colli

sions. However, the large error bars in the former make the effect much less reliable. 

4. For I-d data, it is impossible to prefer one parametrization over another, since the 

error bars are so large. One could possibly differentiate when a larger span of oy sizes 

is given, as seen by the deviation of the exponential curves outside the region of fit. 

5. This means that there is no conclusive evidence for or against scaling in one-dimensional 

nucleus-nucleus data, nor is there conclusive evidence for scaling of either F2 or ](2. 

6. In 2-d, the exponential parametrization is clearly not as good as the power law. The 

deviations are strongest for small and large bin sizes. 

7. In 2-d, the cumulant power law clearly fits better than the power law for 

factorial moments. This can also be seen in Figure 7.5, where the 1(2 power law 

follows the data curvature better than the straight lines of the F2 law. Again, larger 

span in bin sizes should differentiate. In this context, it would be very interesting to 

see a two-dimensional EMUOI analysis because of its higher resolution. 

8. The correlation length ~ is smaller for two-dimensional fits than for the corresponding 

I-dimensional case, but differs in its interpretation in that it is a combination of both 

y and <p correlations. 

9. The correlation length seems to be more a measure of the width of the multiplicity 

distribution than of true correlations. This we conclude indirectly since in Chapter 

6 we saw that cumulants (Le. the true correlations) are very small for KLM and 

-~----~-- .. 
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EMU01 data, while the correlation length fitted above is not. Also, the rise in ~ with 

increasing number of participating nucleons seems to contradict an interpretation of 

~ as a true length over which particles are still correlated. 

7.4 Experimental tests of linked cumulants 

7.4.1 Linking and hadronic data 

We now come to the experimental testing of the LPA, as embodied in Equation (7.17). We 

can test linking by noting that from (7.19), 

/(q 
Aq = 

I(~-l 

~ = 
Aq-l 

(7.33) . 

(7.34) 

should be constant for all values of by (and, ideally, also for the eMS energy and collision 

type). 

Alternatively, we can use the parameters as fitted to F2 in the previous section and, 

keeping these F2 parameters constant, fit A3 to the experimental F3 data, then keeping 

A3 constant also, fit A4 to F4, etc. Thifi program we have carried out for a number of the 

above F2 fits. 

We here present only the results of the first method, i.e. applying (7.33)-(7.34) to 

the data point by point. First, we find the ratio /(3/ J(i point by pointjthe result is shown 

in Figure 7.7 for UA1, UA5 (540GeV) and NA22 data. Results for UA5 data at 200 GeV 

and 900 Ge V are similar in appearance to the 540 Ge V figure shown. We see that the ratio 

is very stable for UA1, also for UA5, but with larger errors. For NA22, there seems to be 

a variation of this ratio with bin size. This could be a result of our (enforced) assumption 

of translation invariance for the cumulants, something that is certainly not true for NA22 

data, as shown recently [114]. Whether this makes out the whole deviation is unclear. 
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To the values of /(3/ /(~ we fit a constant value for A3 (taking into account the 

error bars). In the same way we find fitted values of A4/A3 and As/A4 from (7.34). s The 

latter two ratios are much more unstable, though, than the values shown in Figure 7.7. 

The resulting values are summarized in Table 3. 

Table 3: o7]-averaged ratios A3, A4/ A3 and As/ A4 for hadron data. 

I Experiment II A3 

UA1 (630 GeV) 1.84 ± 0.01 2.39 ± 0.07 2.37± 0.29 

UA5 (200 GeV) 1.68 ± 0.51 1.25 ± 3.41 -1. ± 24. 

UA5 (546 GeV) 1.89 ± 0.13 2.84 ± 0.88 0.7 ± 3.5 

UA5 (900 GeV) 1.98 ± 0.22 3.23 ± 1.69 3.2 ± 6.3 

NA22 1.36 ± 0.06 9.3 ± 1.1 9.7± 2.8 

We note that for VAl and VA5 data A3 is o7]-independent and slightly smaller 

than its negative binomial value, since in the negative binomial distribution, A3 = 2, 

A4 = 6 and As = 24 [115J (see Section 7.6). Therefore, our analysis indicates that the 

multiplicity distributions in different rapidity regions at all energies considered are narrower 

than negative binomial, agreeing for VAl with Ref.[116]. For UA5, the errors on A4/A3 

and As/ A4 are large, and little can be concluded from these ratios other than that they 

are compatible with one another (which would imply that the LPA coefficients Aq are 

energy-independent) but have not been proven constant in energy. 

We can also approach the linking issue from Equation (7.33), finding coefficients 

Aq directly from /(q and powers of /(2. The results of this approach are unfortunately even 

less stable than those for the ratios Aq/ Aq- 1 , so we show only a "best case" for the VAl 

data, which we have seen to be the most well-behaved. In Figure 7.8, we show the point

by-point ratios /(q/lq-l which are A3, A4 and As. The ratio for A3 was previously seen 

to be very constant; the same can be said to some degree for /(4/ J(~ = A4. For As, while 

5 Note that this is not a "best fit" with as many parameters as data points; rather, we test all points for 
the constancy of the ratio, ending up with a single parameter for each order q. 

-------_. __ .- -
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the average is reasonably constant, the huge error bars preclude any definite conclusion for 

this "constant". This is discouraging in that the data of other experiments is much more 

unstable than UA1 's; this method thus seems to have little promise until vastly improved 

statistics are available. 

Figure 7.9 shows a different test of the reliability of the LPA coefficients. Here, 

the values for A3,A4 and As shown in Table 3 are used in conjunction with Eqs.(7.18) 

and the experimental F2 data to compare the theoretical moments to the data. The solid 

lines are obtained using the coefficients quoted for each case in Table 3; the dashed line 

uses the UA1 best fits (which are seen to be the most stable) of A3 = 1.84, A4 = 4.40 

and As = 10.42; this is a test of energy independence of the coefficients. Error bars on 

the theoretical curves are omitted for clarity. We see that the LPA works very well indeed 

for UA1 and reasonably well for the UA5 data, given the large errors. More accurate data 

from UA5 as well as data at higher energies should settle the question whether or not the 

Aq's are energy-independent. 

Why is there no contradiction between the bad linking coefficients obtained and 

the seemingly good linking fits obtained to factorial moments (also previously [7])? As we 

have seen in many different ways, the two particle correlation constitutes the largest part of 

all the factorial moments, so that on the one hand, there is "little left" for the higher order 

correlations, which the LPA is testing. This has resulted in the large error bars obtained 

for the linking coefficients. On the other hand, and for the same reason, it does not matter 

very much what these coefficients are since they contribute so little to the end result. 
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UAI 

UA5 

NA22 

-2 o 2 

-In oy 
Figure 7.7: According to Eq.(7.17), the linked pair approximation predicts that the ratio 
A3 = ](3/](i in constant for all oy. Shown are the ratios 1(3/](i point by point, for UA1, 
UA5 (546 GeV) and NA22 data. 
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7.4.2 Linking and nuclear data 

What about linking and the proton-nucleus and nucleus-nucleus data considered in Section 

7.3.3? We saw in the previous chapter that the cumulants /(3 and higher were essentially 

zero for the one-dimensional KLM and EMU01 data; certainly, the error bars are too large 

to make an analysis worthwhile. We therefore concentrate on the much more interesting 

two-dimensional data, whose cumulants are shown in Figures 6.16-6.19 and which gave the 

interesting scaling /(2 results in Section 7.3.3. 

In Figure 7.10, we show the ratios /(3/ /(i, for the three KLM 2-dimensional data 

sets. While the p+em case is quite stable, large errors for the O+em and S+em data for 

large 01] decrease confidence in these A3 values. 

If we still insist on doing the analysis to fifth order, using the ratios J( q / /(r1 point 

by point to fit the Aq value, we get the values shown in Table 4. 

Table 4: oy-averaged ratios A3, A4 and As for two-dimensional KLM data [46]. 

I Projectile" A3 As 

proton 3.1 ± 0.7 13.2 ± 10.6 -

Oxygen 1.4 ± 0.8 1.3 ± 9.5 -123. ±77. 

Sulfur 1.3 ± 1.2 -1. ± 16. -115. ± 231. 

While the values for A3 still may hold some significance, A4 and As are clearly 

impossible to determine. We see here yet another manifestation of the large error bars in 

the corresponding cumulants. Putting it in another way, it is clear that the data for higher 

factorial moments Fq is largely determined by the second order truncated moment F~ of 

Eqs.(6.19), so that it does not matter what values the constants Aq take on, since they 

account for so little in the total moment. 

This interpretation is borne out in Figure 7.11, in which we have used the "best" 

fits of Table 4 and the experimental F2 data point by point to calculate linked values for 

------ -~--



148 

higher moments. These theoretical LPA values are shown by the solid lines (this is the 

same procedure as used for the hadronic data in Figure 7.9). We see that, even though the 

linking coefficients are disastrous, the eventual result is quite acceptable. To belabor the 

point, we also took the best UA1 values of A3 = 1.84, A4 = 4.40 and As = 10.42, resulting 

in the dashed lines in Figure 7.11. These are acceptable also. Lastly, the pure two-particle 

contributions according to Eqs.(6.19) were plotted, shown as asterisks without error bars. 

With the exception of the p+em data, all higher moments consist of mainly of two-particle 

correlations, perhaps exclusively so. 

In summary, KLM data is largely determined by the two-particle cumulant so that 

there is little left to determine whether linking is good or not for higher moments. 
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7.5 Scaling cumulants 

In this section, we examine the consequence of assuming scaling cumulants for two cases: 

first, for the KLM two-dimensional data, and second, the behavior of factorial moments 

built up of scaling cumulants. . 

7.5.1 KLM two-dimensional data 

Let us assume for a moment that there are indeed scaling cumulants for the two-dimensional 

KLM data, even though the evidence is not sufficient to exclude other explanations. We 

have fitted a power law form 

r..- (I: )-lIq .l\q = cq uy , (7.35) 

to the ~wo-dimensional data, obtaining the best fit parameters shown below in Table 5. 

Table 5: Fit parameters for direct fit of power law 1(q = cq(oy)-lIq to KLM 

two-dimensional cumulants. 

I Cumulant " Cq 

proton 1(2 0.32 ± 0.02 0.23 ± 0.04 0.84/11 

Oxygen J(2 0.14 ± 0.02 0.31 ± 0.07 0.62/11 

Sulfur 1(2 0.10 ± 0.02 0.26 ± 0.09 0.14/11 

proton 1(3 0.29 ± 0.12 0.57 ± 0.23 2.31/11 

Oxygen J(3 0.02± 0.06 0.67 ± 1.07 0.23/11 

Sulfur 1<3 0.02± 0.06 0.29 ± 1.39 0.45/11 

proton 1<4 0.64 ± 0.56 0.62 ± 0.74 1.23/9 

The curves'corresponding to these fits are drawn on top of the data in Figures 6.17 

and 6.18, and for 1(2 in Figure 7.6, and the slopes are plotted in Figure 7.12. If linking 
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was indeed good for such data, we would expect the slopes to be related by 

(7.36) 

which is a straight line with slope 112 and intercept -112. These intercepts and the slopes 

(plus/minus the errors on 112) are indicated also in the Figure. We see that the third and 

fourth order cumulant slopes lie within the range of the lines for the p+em case; for Oxygen 

and Sulfur, unfortunately, the errors on 113 are too large to come to any conclusion. 

7.5.2 Factorial moments from scaling cumulants 

What would scaling cumulants look like if we plotted them as factorial moments? On the 

standard log-log plot, we would not obtain a straight line anymore but a c~ncave curve; a 

first example of this was shown for F2 in Figures 7.5 and 7.6 (solid lines). Similarly, we 

would get for F4 , 

(7.37) 

To get a feeling for this sum, assume the LPA holds and that the coefficients Aq are given 

by the Negative Binomial Distribution, Aq = (q - I)!. Hence (see (7.18)) 

F4 (scaling + link + NBD)(6y) 

_ const X (6y)-<P2 , (7.38) 

the second line being the definition of F4 as a scaling moment. Taking C2 = 1 for simplicity, 

we show in Figure 7.13 the breakdown of the total factorial moment into the terms of the 

(7.38) sum for four representative values of 112' 

For 112 = 0.01 (which is the ballpark for nuclear I-dimensional data), the total 

F4 is dominated not by the slope of the most singular term but by the coefficient (11) 

of the term quadratic in 1(2. Also, fitting a factorial moment slope to F4 would result 

in <;'4 = 2112 = 0.02 for experimental ranges of 6y rather than revealing the "true" slope 

3112 = 0.03. 

As 1/2 is increased, the size of the coefficients (6,11,6) in the sum (7.38) becomes 

less important and we begin to see the emergence of the dominant singularity (6y )-3IJ2 • 

_..... --.-------
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Note, however, that only for very strongly intermittent cumulants (V2 = 1.0 is in fact the 

maximum possible) does the total F4 "see" the most singular term for bin sizes accessible 

to current experimental resolutions ay ~ 0.1. For V2 = 0.5 (the ballpark of two-dimensional 

data), the F4 slope is still quite wrong. 

The details of the relation between factorial moments and scaling cumulants de

pend, of course, on the real coefficients cq etc. 

------- --- --- -- --
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7.6 Linking and the Negative Binomial Distribution 

The Negative Binomial Distribution (NBD) has been found to fit multiparticle multiplicity 

distributions remarkably well, for a large range of CMS energies and different collisions 

after an initial discovery by the UA5 Collaboration [70] [117] of the violation of KNO 

scaling [118] at 546 GeV. Derived first by Planck [119], it has found wide application in a 

number of disciplines. In the field of multiparticle production, some of the early work can 

be found in Refs. [120]-[123]. For review of the NBD in experiments, see [124]. 

In terms of its two parameters, nand k, the NBD probability is 

p _ f(n+k) 1 (n/k)n 
n - f(n + 1)f(k) (1 + n/k)k 1 + n/k 

Its factorial moment generating function (2.27) is [4] [5] 

Q(-\) = (1 + -\n/k)-k 

from which the normalized factorial moments are, by (2.28), 

pNBD = ~q = k( k + 1) ... (k + q - 1) 
q nq kq 

and the normalized factorial cumulants are (cf. (2.30)) 

J(NBD = fq = (q-1)! . 
q nq kq-l· 

Specifically, the second order normalized cumulant is 

J(NBD = .!. 
2 k 

so that the NBD intrinsically includes a form of linking of cumulants: 

(7.39) 

(7.40) 

(7.41) 

(7.42) 

(7.43) 

(7.44) 

Comparing with the linking formula we derived in (7.17), we see that the NBD has fixed 

linking parameters 

A~BD = (q - 1)! . (7.45) 

This is true either 'bin by bin, or for the entire range, depending on the circumstances. 

This natural linking formula for the NBD was first noticed by De Wolf [115]. 

We make two further comments: 

---- -~--
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• For the NBD case as for the general case (7.17), linking of the integrated cumulants is 

dependent on making the strip approximation for the domain of integration. Inserting 

the definitions of the integrated cumulants ](q as integrals of the cumulant functions 

kq (see (7.7)) into (7.44) results in 

(O~)q J dYl" .dYq kq(Yb"" Yq) = (q - 1)! [(o~)2 J dYl dY2 k2(Yb Y2)r-
1 

(7.46) 

which even for the original linking ansatz kq = (2Aqlq!)(k2)q-l gives 

q(02y)q J dYl" .dYq k2(yt, Y2).' .k2(Yq-l, Yq) = [(o~)2 J dYl dY2 k2(y}, Y2)r-
1 

(7.47) 

which cannot be solved as the integrals on the left and right hand side of (7.47) do 

not run over the same variables. The identity is established only after making the 

strip approximation (7.13) . 

• The second comment pertains to the validity of the NBD in many bins simultaneously. 

UA5 and NA22 have found that the parameter 11k of the NBD increases as the size 

of the (single central) window ~y is decreased [71] [125]. It was also found that 11k 

is not constant for different bins along the rapidity axis even for constant oY [125] 

[126]. 

Now, by convention [2], the factorial moment is defined as an average offactorial mo

ments in each bin; we have similarly defined the average cumulant J( q = 2: ](~m) 1M 
in (6.8)ff. We point out that this definition does not allow the total distribution AND 

the individual distributions in each of the bins to be both NBD. This is easily seen 

if we insert ](2 = 1/ktot and for each bin ](~m) = 1/km to get the relation 

(7.48) 

while doing the same for ](3 = L: ](~m) results in 

2 1 2 
---~-k2 - M ~ k2 

tot m m 
(7.49) 

etc. These relations are of course compatible only for a constant km' which, as we 

have seen, is not true experimentally. 
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7.7 Linking and the truncation effect 

One last comment concerns the so-called "truncation effect" that has recently· become 

the subject of discussion [75] and which we alluded to in Section 4.3. As the number 

of events is finite, there is a cutoff in the maximum multiplicity, which for small bins 

becomes quite small, of the order 3-5 for NA22 [126], while theoretical distributions are 

never limited in this way. Experimental factorial moments, however, are measured with 

this truncated distribution; moreover, the higher order factorial moments were designed 

precisely to sample the high-multiplicity tail of the distribution. Undoubtedly, some kind 

of correction to the data (or the theory) should be made before the two can be compared. 

The analysis we have presented so far has not taken this correction into account; 

instead, we have naively fitted the theoretical formulae directly to the experimental data. 

For experiments with large multiplicity such as the nucleus-nucleus data or very large 

statistics such as UA1, this is probably acceptable. The same cannot be claimed for the 

NA22 case, where the finite number of events (60,000) and small cutoff mentioned do have 

to be considered. Already, we have found that linking does not seem to work very well for 

the NA22 case; see Table 3. A part of this may be the lack of translation invariance of ](2, 

but there might be more. 

The effect of the truncation on our linking formalism is roughly the following. If we 

denote the theoretical cumulant as ](': while the experimental cumulant with maximum 

multiplicity N is ](~N), the linking formula as fitted to experimental data is 

(7.50) 

while the "true" theoretical linking cumulants are related by a different constant 

](00 = Aoo (](oo)q-l 
q q 2 (7.51) 

Defining the correction factor for factorial moments as 

(N) 
B(N) =~ 

q - Foo ' 
q 

(7.52) 
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we find that there is a complicated relation between A~N), A~ and the various Bq • For 

example, 
(N) _ FJN) _ 1 + 1(~N) 

B2 - F,OO - 1 + 1(00 (7.53) 
2 2 

and since the correction factor B2 is known to be very close to unity, B2 = 1 - e, e « 1, 

we can approximate 

(7.54) 

For the relation between first linking coefficients, the relation is already quite complicated 

(N) FJN) 1 + 3(1(~ - eF~) + A~N)[(I(~)2 - 2eI(~ F~] 
B3 = F~ = 1 + 31(~ + Ar(I(~)2 (7.55) 

and so the relation between the real linking coefficient and the one fitted directly to the 

data is rather unclear. First results [126] [75] seemed to indicate that the ratio A~N) / A~ is 

close to unity for large bin sizes (where the cutoff N is still large) but becomes quite small 

for small by. These results, which amount to extrapolating the truncated distribution to 

infinity, were obtained by assuming a negative binomial distribution, either for the total 

interval or for each bin separately. 

A more recent simulation [66] of this effect using typical NBD parameters and 

cutoff N seems to suggest, however, that the size of these correction factors B~N) is much 

smaller than anticipated, mainly due to the effect of bin averaging. On the other hand, 

since the simulated moments of higher order can vary widely from sample to sample, no 

general correction factor can be quoted for the linking coefficients either. While there is 

thus a potential problem in going from the experimental distributions to theoretically valid 

values of the linking coefficients Aq , this effect seems to be both less important and less 

tractable than originally thought. 
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CHAPTER 8 

Factorial correlators 

8.1 Bin-bin correlations and intermittency 

In Section 3.3, we have already remarked on the small fraction of phase space accessed by 

the factorial moments: confining the counting of particles to only those in the same bin 

eliminates any possibility of probing correlations between particles further apart. 

This shortcoming was partly addressed in the second paper on intermittency by 

Bialas and Peschanski [3], where they pointed out the possibility of calculating in the a 

model quantities such as (c/. Section 3.2.1) 

(8.1) 

where m and m' are two different bins in which we calculate moments of the variable 

Zm = I1 W to the powers q and q' respectively. v is the number of generations as before 

and Vo is the "last common ancestor" ,i.e. the generation where there is a common ancestor 

bin for both m and m'. As in the case for the one-bin a model, the ratio (Z:hZ~/)/(Z:h)(Z~/) 

is found to have power-law behavior, in this case as a function of the "distance" between 

bins m and m' 

D = d· by = (m' - m) by (8.2) 

where 0 5 d 5 M - 1 is an integer. The convolution with Poissonian statistical noise then 

leads to the factorial correIa tors as a function of d, 

Fmm/(d b ) = (nm(nm - 1) .. . (nm - q + 1) nm/(nml - 1) .. . (nml - q' + 1)) (8.3) 
qql ,y - ( )q ( )ql • nm nm, 
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which is expected to behave as a power law in d, independent of ay. Note that Fq";J11' 

is distinct from Fq;ml; see below. For reason of statistics, this can also be m-averaged, 

keeping d constant, 

1 M-d 1 
T.'I (d r ) '" (pmml mml) L'qql ,uy = M _ d ~ 2' qql + Fqlq 

m=l 

(8.4) 

This amounts to integrating over the squares that are off the diagonal by d in Figure 3.5. 

The symmetrization between Fq";lml and Fq'fq
ml is not a necessity but may be considered if 

statistics are too low. 

8.2 Factorial correlators and correlation functions 

As before, the factorial correlators are integrals over corresponding correlation functions: 

any Fqql is an integral over Pq+ql, normalized by (q+q') powers of the integral of Pl. Writing 

m' = m + d, and defining the domains of integration 

flm _ {YI(m-I)ay5y:S;may} 

flm' - {y I (m - 1 + d)ay 5 Y 5 (m + d)ay} 

the factorial correlator for bins m, m + d is 

pmm' _ fO m dYI ., . dYq fOml dYq+1 .. . dYq+q' Pq(YI, .. . , Yq; Yq+b' .. , Yq+ql) 

qql - [IOm dYPI(y)r [foml dYPI(Y)r' 

(8.5) 

(8.6) 

(8.7) 

i.e. the first q variables are defined within flm and the remaining q' in flml. For q i= q', this 

definition is clearly not symmetric in q and q'. 

The lowest order correlators are 

F~ml (d, by) = 
(nm(nm - I)nm') 

(n m}2 (nm/) 

Ft2m' (d, ay) = 
(nmnml(nml - 1») 

(nm) (nml)2 

fO m dYI fO ml dY2 P2(YI, Y2) 

[fom dy PI(Y)] ° [IOml dy PI(Y)] 

= 
fOm dYI dY2 fO ml dY3 P3(YI, Y2, Y3) 

[IOm dYPI(y)t [foml dYPI(Y)] 

= 
fO m dYI fO ml dY2 dY3 P3(YI, Y2, Y3) 

[fom dy PI(Y)] [foml dy Pl(y)r 

_______ ~ ____ - _0 

(8.8) 

(8.9) 

(8.10) 



F~m' (d, 6y) = 

= 

F3im
' (d, 6y) = 

(nm(nm - l)nm,(nm, - 1)) 
(nm )2 (nm ,)2 

10m dYl dY21o
m

, dY3 dY4 P4(Yl, Y2, Y3, Y4) 

[10m dy Pl(Y)] 2 [10m, dy Pl(Y)] 2 

(nm(nm - l)(nm - 2)nm,) 
(nm )3 (nm ,) 

10m dYl dY2 dY3 10m, dY4 P4(Yl, Y2, Y3, Y4) 

[10m dy Pl(y)t [10m, dy Pl(Y)] 
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(8.11) 

(8.12) 

(8.13) 

etc. Formally, the factorial correlators go over into the factorial moments for D --t 0, 

(8.14) 

but this is strictly true only for the integrals over the correlation functions; the integrated 

versions do not agree. This shows that the correlation function is more fundamental, as it 

automatically yields the right integrated answer depending on the domain of integration. 

8.3 Correlators and cumulants 

Since factorial correlators are isomorphous to factorial moments, the only difference being 

the domain of integration of the correlation function Pq, we can apply exactly the same ma

chinery of cumulant decomposition and linking to the correlators too; the only complication 

is that we have to watch the domains of integration for each variable. 

Define the cumulant correlator by 

M-d 
r.." (d I: ) _ 1 ~ 1 (r. ... mm' r. ... mm') .l~qq' ,uy = M _ d ~ 2 .l~qq' + .l~q'q 

m=l 

(8.15) 

with (c/. Eq.(6.8» 

... mm' _ 10m dYl ... elYq 10m, elYq+l ... elYq+q' Cq(Yl, . .. , Yq+q') 
Aqq' (d, 6y) = , . 

[10m ely Pl(y)r [10m, ely Pl(y)r 
(8.16) 

Of special interest is 

(8.17) 

._---- ----
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which is the normalized covariance between bins m and m' (although not the correlation 

coefficient, which is normalized by O'mO'm'). All J(~r,n' fulfill the same function as cumu

lants in general: th.ey become zero whenever one of their arguments becomes statistically 

independent of the others. Measurement of these cumulant correlators therefore probes 

the true correlations between different bins. 

To develop the cumulant expansion of Fqn;:n', we need to consider the effect of 

grouping the arguments of the correlation function Pq into two sets corresponding to the 

bins m and m'. As shorthand, we shall write 

(8.18) 

with all Yl ... Yq E nm in the first bin and all Yq+l ... Yq+q' E nm, in the second. The 

semicolon in (8.18) denotes the subdivision. 

Considering the basic relations (2.16)-(2.19) between Pq and Cq, we note that 

they are symmetric in their arguments. This implies that there is no change if we permute 

arguments within one bin, nor is there a change if we change labels between the bins. For 

example 

P3(12j 3) ~ P3(21j 3) ~ P3(13j 2) ~ P3(31j 2) 

but P3(12j3) ~ P3(lj23) , 

in other words, the only thing of importance is the relative position of the semicolon in the 

list of arguments (physically: searching for 2 particles in m and 1 in m' is distinct from 1 

in m and 2 in m'). Of course, once we assign a particular argument to a bin, this should 

be kept consistent. 

In terms of Eq.(8.7), we therefore have the correspondence 

F2 is an integral of p2(12) 

Fu is an integral of P2(lj 2) 

F3 is an integral of P3(123) 

F12 is an integral of P3(lj23) 

F21 is an integral of P3(12j3) 

........ -_ .... ------~=------ -~ --
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and so forth. Exactly the same correspondence holds between the different Cq and the 

cumulant correlators ]{qq' and ]{q. Using these conventions, we find easily 

while 

leads to 

and similarly 

compared to Eq.(6.10) 

We also find 

Fmm' - 1 + ](mm' 11 - 11 

+ Pl(1)C2(2; 3) + Pl(2)C2(1; 3) 

+ PI (3)C2( 12) 

+ Pl(1)Pl(2)Pl(3) 

F.mm' r..·m r.,·mm' r. ... mm' 
21 = 1 + 1\2 + 21\11 + 1\21 

F mm' - 1 + r(m' + 2](mm' + r(mm' 12 - 11 2 11 11 12 

, "" 2 Fi2m = 1 + Ie: + Ie: + 4](~m +](:;:]{:;: + 2(]{~m ) 

+2 r(mm' + 2J(mm' + ]{mm' 
1~ 12 21 22 

(8.19) 

(8.20) 

(8.21) 

(8.22) 

(8.23) 

Fi3m' 1 + 3]{:;:' + 3l(~m' + 3l(~m' ](:;:' + ](3'" + 3ICl~m' + J(i3m ' (8.24) 

compared to Eq.(6.11) 

Inverting, we get 

= F2 -1 

= (F!3 - 1) - 3( F2 - 1) 

--------- -- - -

(8.26) 

(8.27) 

(8.28) 

(8.29) 



J!,mm' 
~ 21 

/(12m' 

/('4 

/(3im' 

= 

= 

(F2im' - 1) - 2(Flim' - 1) - (Ff - 1) 

(F~m' - 1) - 2(Flim' - 1) - (Ff' - 1) 

(F,r - 1) - 4(F3 - 1) + 6(Ff - 1) - 3(Ff - 1)2 

(F3im' - 1) - (F3 - 1) - 3(F2im' - 1) 

+ 3(Flim
' - 1) + 3(F2 - 1) 

- 3(Flim' - 1)(F2 - 1) 

/(i3m ' = (Flam' - 1) - (F3
m' - 1) - 3(F~m' - 1) 

+ 3(Flim' - 1) + 3(F2' - 1) 

- 3(Flim' - 1)(F2 ' - 1) 

(F22
m' - 1) - 2(F12

m' - 1) - 2(Fnm' - 1) 

+ 4(Flim' - 1) + (F2 - 1) + (F2" - 1) 

- (F2m - 1)(F2 ' - 1) - 2(Flim' - 1)2 
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(8.30) 

(8.31) 

(8.32) 

(8.33) 

(8.34) 

(8.35) 

etc. (Actually, these forms can also be obtained directly by the appropriate use ofEqs.(2.13)

(2.15).) The symmetrized versions such as 

1.-' 1 (r.-.mm' r. ... mm') .l~qq' = 2" .l~qq' + .l's.q'q (8.36) 

can be constructed from these basic equations. An antisymmetrized version such as 

(/(~rn' - Ie,;:;') /2 is of course also possible (it would measure the difference between 

the two asymmetric contributions), but we shall not pursue this further. 

In passing, we note that a different version of correlators is also being used [126][127], 

cmrn' = (nm(nm - 1) .. . (nm - q + l)nm,(nm, - 1) .. . (nm, - q' + 1)) 
qq - (nm(nm - 1) .. . (nm - q + 1))(nm,(nm, - 1) .. . (n m, - q' + 1)) 

(8.37) 

which differs from Eq.(8.3) by its normalization. In the original intermittency scheme [3], 

c~rn' is expected to scale in the bin separation D independently of fly; for this reason, the 

first experimental measurement of correlators [128] has been using the C-normalization. 

The two forms are related by 
Fmm' cmm' _ qq' 

qq' - Fm Fm' . 
q q' 

(8.38) 

---- ---- --- - . 
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Clearly, the decomposition in terms of cumulants of C~:n' involves ratios of the decom

position equations shown above and are thus much less suited to the purpose of revealing 

true particle 'correlations. 

8.4 Correlators and linking 

As in Equation (7.7), we can approximately write the cumulant correIa tors in terms of 

integrals of the normalized cumulant k2' 

(8.39) 

where we have to keep tabs on the domains of integration as in the previous section. In 

our shortened notation, we have in second order 

= (t5~)2 J d(12) k2(12) (8.40) 

= (t5~)2 J d(1;2)k2(1;2). (8.41) 

Linking now becomes a simple exercise in collecting terms. For third order, we had in 

E-q.(7.1) 

(8.42) 

which was inserted into the integral for K[f to give 

(8.43) 

For K2im ', the equivalent linking ansatz gives 

(8.44) 

The first and third terms are seen to be the same (after relabelling), and so, substituting 

into the appropriate integral, we get 

(8.45) 
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Similarly, collecting terms, we get 

B'm \4 = (8.46) 

/(~m' = 

/(!J.2m' = 

Omitting the k2 for brevity, 

/(mm' 
41 

= (~)5 J d(12345) (12)(23)(34)(45) (8.49) 

= (~)5 J d(1234; 5) [~(12)(23)(34)( 4; 5) + ~(31)(12)(2; 5)(5; 4) (8.50) 

+~(31)(1; 5)(5; 2)(24)] 

= (~5)5 J d(123;45) [~(12)(23)(3;4)(45)+ 11
0

(4; 1)(12)(23)(3;5) (8.51) 

+~(12)(2; 4)(45)(5; 3) + ~(12)(2; 4)(4;3)(3; 5) 

+~(1; 4)( 4; 2)(23)(3; 5) + 1~ (1; 4)( 4; 2)(2; 5)(5; 3)] 

Each term in these expansions yields a distinct integral. As before, the variables before 

the semicolon in the integration d( ... ; ... ) belong to nm while those after belong to nm,. 

8.4.1 Expansions for the strip approximation 

As in Section 7.2, we define relative coordinates (p = Yp+! - yp,p = 1, ... , (q + q' - 1) 

and Y = O:::p yp)/(q + q'). Because of the limits of integration, the integrals above do not 

factorize but by the strip approximation are made to do so. Integrating out dY, we get 

s == /(2' 1 j+OY/2 
(8.52) = r d( k2(() , 

Y -oy/2 

W == J(~m' 
1 l(d+t)OY 

(8.53) = - d( k2((). 
8y (d-t)oy 
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the S standing for "strong" (or intra-bin) and W denoting "weak" (or inter-bin) links; 

S' == JOi'. In terms of these basic building blocks, the expansions become for linking and 

strip approximation 

1(3' = A3 S2 as before (8.54) 

J(mm' 
1.21 = A3 [~S W + k W2] (8.55) 

1(4' A4 S3 (8.56) 

B'mm' 
1.31 = A4 [tS2 W + tS W2] (8.57) 

JeAm' = A4 [kS S'W + kW2(S + S') + kW3] (8.58) 

JCf = As S4 (8.59) 

1(4im' As [~S3 W + ~S2 W2] (8.60) 

1(mm' 
32 A [l S2S'W + LS2W2 + is S'W2 + lSW3 + LW4] s 5 10 5 5 10 (8.61) 

etc., with S ~ S' for the cumulants for q and q' interchanged. We see that the simple 

linking law 1(q = Aq1(~-1 has been replaced by somewhat more complicated expressions. 

The message, though, remains the same: if linking were to hold, the cumulants of higher 

order (and through them, the higher order factorial correlators) could be built up from one 

basic building block, the integral over the reduced cumulant k2 • We emphasize that the 

above formulae hold only when linking is true and the strip approximation is made. 

8.4.2 Exponential k2! strip approximation 

The case where k2 has the form of an exponential, k2() = 1'e-I(i/~ is particularly simple. 

Previously, we have found in Eq.(7.24), with a = oy/~, 

(S' = S in this case). Also, 

1 - e-0i!2 
S(exp-strip) = l' (a/2) (8.62) 

(8.63) 

using ad = D /~. These forms are then substituted into the expressions for higher order 

cumulants to find the full behavior of correlators. Note that if we let oy -.. 0 while keeping 

-----_._-- _. 
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D fixed, S ~ "I and W ~ "Ie-DIe, showing the inherent "weakness" of linking over a 

distance D for this cumulant. Also, it is not permitted to take D ~ 0 in (8.63) since d is 

discrete and assumed to be ~ 1. For the power law k2 = 1(/~1-1I2 of (7.21), we find that 

both Sand W go like a-"2 i.e. they diverge for oy ~ 0 as a truly intermittent cumulant 

should. 

8.4.3 Exponential k2 : exact results 

The particular case where k2 = 'Ye-1We and kq consists of products of k2 lends itself to 

analytic solution even for the exact domain of integration. For Eqs.{8.40)-(8.51), we quote 

the results of exact integration of each term: 

J d(12) (12) = 
2a - 1+ e- Ot 

(8.64) "/ 2 a 

J d(l; 2)(1; 2) = 
-DIe (eOt - 1)(1 - e-Ot ) 

(8.65) "Ie 2 a 

J d{l23) (l2)(23) 
24a - 7 + 2e-Ot (a + 4) - e-2Ot 

(8.66) = "I 3 a 

J d{12; 3) (12)(2; 3) 
2 -DIe (1 - e-Ot)(~eOt - a - 2 + ~e-Ot) 

(8.67) "/ e 3 a 

J d(12; 3) (1; 3)(3; 2) = 
2 _2Dle(eOt - 1)2(1 - e-2Ot ) 

"/ e 2a3 (8.68) 

J d(1234) (12){23)(34) = "13 
X (8.69) 

16a - 38 + e-Ot(2a2 + 18a + 47) - e-2Ot (4a + 10) + e-3Ot 

2a4 

J d(123; 4) (12)(23)(3; 4) = ~/3e-Dle x (8.70) 

(l- e-Ot)(~eOt - 145 - ~a - ~a2 + e-Ot(a + ~) - ~e-2Ot) 

a4 

J d{123; 4){12)(2; 4)(4; 3) 
(1 - e-2Ot )(eOt - l)(~eOt - 2 - Q + !e-Ot ) 

(8.71) = ,,/3e-2D/e 2 2 
2a4 

J d(12; 34) (12)(2; 3)(34) 
(3 01 2 + 1 -01)2 

= 3 -DIe -01 '2 e - - a '2 e 
(8.72) "/ e e 4 

a 

J d(12;34)(1;3)(3;2)(2;4) = 
3 _3Dle(eOt - 1)(e2Ot - 1)(1- e-Ot )(l- e-2Ot ) 

"/ e 4a4 
(8.73) 

J d(12;34)(2;3)(34)(4; 1) = 
3 _2D/e(eOt - 1)20 - e-2Ot (a + ~» 

(8.74) "/ e 4 a 

-.... -_.- ... ------~------- -~ - -
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The expressions for the "diagonal" terms (12), (12)(23), (12)(23)(34) etc. were previously 

obtained in quantum optics [113]. Each of the above expressions tends to 1 for a - 0, 

leaving the powers in 'Y and e-D/~ to determine the size of each integral at a = O . 

.. .... ' .-.-.- .... -------.~-.-----.-- -- - -
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CHAPTER 9 

Particles of several species 

In this chapter, we summarize the formalism for dealing with correlation functions and 

related quantities for particles of different species. The word "species" is preferred over the 

term "identical particles" because the latter has a fixed meaning in quantum mechanics 

and conjures up connotations of quantum statistical correlations. Rather, as we shall see 

below, a particle species is defined by the symmetry of the distribution function Qn and is 

equally applicable to classical and quantum mechanical systems. 

In the first part, the formalism for systems consisting of only one particle species 

is reviewed, followed by a brief discussion about relating the concepts to discrete bins 

in experimental environments. After that we develop the formalism for systems of many 

different species, ending with a discussion of fixed-number versus inclusive correlation func

tions. Early formulations in Klimontovich [129] were further developed by Carruthers [6] 

[104] for multi hadron distributions. 

This chapter represents not so much a theory as an attempt to develop a language 

within which any given theory can be couched and to give precise meaning to its concepts. 

This means that we shall not discuss the origin or functional form of the various distribution 

functions Pn , Qn etc. but shall merely show how they are related to each other and used 

to obtain various forms of the correlation function. 
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9.1 Systems with only one particle species 

Suppose we have a set of events, each with the same fixed number of particles n. Each 

particle i is characterized by a variable Xi containing its coordinates as measured by the 

detector, e.g. the phase space coordinates rapidity, azimuthal angle and transverse momen

tum plus other information about it as available, such as mass, polarization etc. Through

out, we will assume Xi to live in whatever variable space (and number of dimensions) the 

experiment has available. 

For the ideal case where the number of events tends to infinity, the set of all 

these coordinates determines the n-particle distribution function Qn(Xl! X 2, . .. , Xn) which 

contains all information about the n particles in the system, including correlations. It is 

normalized 

J IT dXI Qn(X l ,X2, ... ,Xn) = J dX Qn(X) = 1 
1=1 

(9.1) 

where we abbreviate X == (Xl, X2,"" Xn). Qn is completely symmetric in its arguments 

'if i,j (9.2) 

meaning that the distribution cannot distinguish configurations in which two or more 

particles are interchanged. This defines the meaning of "same species" operationally in 

terms of what each respective experiment can (or cares to) distinguish. 

Corresponding to the particle coordinates Xi, and living in the same space, there 

are q coordinates (Xl, X2, ... , Xq) == x at which we make measurements. For our subsamples 

of events with a fixed total number of particles n we define a "particle counter at point Xl" 

n 

An)(Xl, X) == 2: 8(Xl - Xi) . (9.3) 
i=l 

which counts one unit for every Xi coinciding with Xl. The two-particle correlation for 

each event is 
n 

p~n)(X1! X2, X) == 2:' 8(Xl - Xd8(X2 - Xj) . (9.4) 
i,j=l 

The prime on the sum indicates a restriction to all i f;; j; this means' that the same particle 

cannot be at two different points Xl and X2 at the same time. As the sum is symmetric 
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in i and j, p~n) is also symmetric in Xl and X2 (which is not true for different species). 

Generally, we define 

n 

'(n)( X X ) -Pq Xl, X2, •.• ,Xq , I, ... , n = 2::' (9.5) 

the prime restricting the sum to unequal indices. 

The restricted sums of Eq.(9.5) are related to the same-order product of unre

stricted sums (9.3) by 

.(n)( ) .(n)( ) 
PI Xl PI X2 

.(n)( ) .(n)( ) .(n)( ) 
PI Xl PI X2 PI X3 

In fourth order, 

.(n)( ) .(n)( ) .(n)( ) .(n)( ) 
PI Xl PI X2 PI X3 PI X4 

.(n)( ) = P4 Xl,···, X4 

= p~n)(XI,X2,X3) 

+ O(XI - X2)p~n)(X2,X3) 

+ O(X2 - X3)p~n)(X3' Xl) 

+ o(x3-xdp~n)(XI,X2) 

+ o( Xl - X2)O( X2 - X3)p~n) (X3) • 

+ L O(XI - X2)p~n)(X2' X3, X4) 
(6) 

+ 2::0(XI - X2)O(X3 - X4)p~n)(X2,X3) 
(3) 

+ 2::0(XI - X2)O(X2 - X3)p~n)(X3,X4) 
(4) 

+ O(XI - X2)O(X2 - X3)O(X3 - X4)p~n)(X4) 

(9.6) 

(9.7) 

(9.8) 

the terms under the sums indicating the number of permutations. Clearly these equations 

are nothing but the point-by-point counterparts of the relations between moments and 

factorial moments of Eqs.(2.35), and hence their inversion proceeds along the same lines. 

We get 

(9.9) 

-----_. -~ - -



= p~n)(xdp~n)(x2)p~n)(x3) 

c5(Xl - x2)p~n)(xdp~n)(X2) 

c5(X2 - X3)p~n)(X2)p~n)(X3) 

c5(X3 - Xdp~n)(X3)p~n)(Xl) 

+ 2 c5(Xl - x2)c5(X2 - X3)p~n)(X3) , 

L c5(Xl - X2)p~n)(X2)p~n)(X3)p~n)(X4) 
(6) 

+ 2 L c5(Xl - x2)c5(X2 - X3)p~n)(X3)p~n)(X4) 
(4) 

+ L c5(Xl - x2)c5(X3 - x4)An)(X2)p~n)(X4) 
(3) 

- 6 c5(Xl - x2)c5(X2 - x3)c5(X3 - X4)p~n)(X4) . 

174 

(9.10) 

(9.11) 

These inversions are useful in that they specify explicitly the behavior of the correlation 

function for any possible combination of equal and unequal indices. The same formulae 

are applicable when we count particles of the same species in different bins. In this case, 

the variables Xi are discrete, see Eq.(9.22)ff. below. Equation (9.10) (or its equivalent for 

any q) then specifies the method of counting, event by event, when all three variables are 

in the same bin (Xl = X2 = X3), when one is in a different bin (Xl = X2 i:- X3 etc.) or all 

three refer to different bins. 

Defining x == (Xl, X2,"" xq ), the relation between event-averaged quantities and 

their event-by-event counterparts is 

p~n)(x) = (p~n)(x, X)) n (9.12) 

= 1ft dXI Qn(Xl ,,, .,Xn)p~n)(x,x). 
1=1 

Here and subsequently we denote the event average for fixed n by On' For q = 1 and 2 we 

get, inserting Eqs.(9.3) and (9.4) respectively, 

n-l 
p~n)(xd = n 1 II dXI Qn(.X"l, ... ,Xn-l,xd , (9.13) 

1=1 
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n-2 
p~n)(XltX2) = n(n -1) J II dXI Qn(X}"",Xn- 2,Xb X2), 

1=1 

(9.14) 

where the factors in n appear because of the sums in (9.3), (9.4), and we have used the 

symmetry of Qn. For order q, 

n-q J II dXI Qn(Xb " .,Xn-q,Xb.· .,Xq) 
1=1 

p~n)(X}, ... , nq) 
= n[q] (9.15) 

- fJn)(xI, .. " nq) , (9.16) 

with 

n[q] = n(n-1)(n-2) ... (n-q+ 1) (9.17) 

being the qth "factorial power" of n. fJn) is the qth order distribution function projected 

down from the full nth order distribution function Qn; such projections have the generic 

name marginal distributions. 

The numbers q and n should be distinguished rigorously; the former refers only 

to the number of points at which measurements are made, while the latter denotes the 

number of particles in the system. 

Integrating the correlation function PI with respect to their arguments over the 

"volume" il in which these are defined yields, not surprisingly, the total particle number: 

When all variables of a given correlation function are equal Xl = X2 = ... = xq , (Le. all 

are in the same bin for the discrete case) the integral over the arguments of the correlation 

function yields the factorial moments 

q ( II d (n)( • ) - [q] ir. XpPq XI, .. ·,Xq -n . 
n p=I 

(9.18) 

By contrast, 

( d (-(n)() -(n)(») q in x PI Xl" ,PI Xq n = n (9.19) 

as the sums (9.3) are unrestricted. When all variables are defined in nonoverlapping vol

umes ill ... nq (different bins), the qth order correlation function is just the product of q 
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PI'S and (9.18) would yield nq• Different combinations of equal and unequal volumes yield 

values between these two extremes. 

While the event average for fixed n is an important tool, experimental samples often 

consist of events with nonconstant multiplicity n. If Pn is the multiplicity distribution, the 

"inclusive" event average of any quantity A is 

00 

{A} = E Pn (A}n (9.20) 
n=O 

= f Pn J dX Qn(X) A . 
n=O 

This issue is considerably more complicated for many-species systems, so we shall for the 

moment discuss only fixed-n quantities, deferring inclusive averaging to Section 9.4. One 

can also define an event-by-event particle counter without restricting to constant n: 

Pq(XI, ••• ,xq ) == Epn p~n)(x}, ... ,xq), (9.21) 
n 

but this is physically counterintuitive as any given event has a fixed multiplicity. 

9.2 Corresponding formulas for experimental bins 

Most experimental data is quoted in terms of discrete bins rather than the continuous 

variables x we have used so far. Converting one to the other is simple: each continuous 

variable Xj,Xj E n becomes discretized Xj,Xj = 1,2, .•• M with M the total number of 

bins in whatever dimension we are currently considering. We then replace 

(9.22) 

(9.23) 
xJt ... ,Xn=l 

-. N 1 E 
events events 

(9.24) 

in all formulae to get the corresponding identities. Care should be exercised in defining 

the event averages to include/exclude the sum over different multiplicities and partitions 

(see Section 9.4). 
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9.3 Correlations for particles of different species 

Going beyond the easiest case where all particles are the same, or we did not care to 

distinguish between them, we now extend the formalism of Section 9.1 to systems containing 

s different particle species a, b, ... s. 

Again, we have to deal with three basic quantities: the order q of the correlation 

function, the number n of particles in the system with their coordinates X, and the coor

dinates x where measurements are made. Previously, all q coordinates and all n particles 

referred to one species only. For the present case of many species, these two variables can 

be divided up in a number of ways: out of the q coordinates, we have the first qa looking 

for species a, the next qb looking for species b, and so forth. Associated with the "scalar" 

q, we therefore have a "vector" q 

(9.25) 

the individual components being constrained by 

(9.26) 
u=a 

and, determining the length of the corresponding measurement coordinate vector for each 

species u, 

XU_(U U) = XC,",, xC+qu ' (9.27) 

the constant c being determined by the position of the species u in the sequence a, b, . . . s. 

Similarly, the n particles of a particular sample are characterized by a "vector" 

the components constrained by 

s 

Lnu =n 
u=a 

(9.28) 

o ~ nu ~ n \/u . (9.29) 

Each nu also determines the length of the corresponding u-particle coordinate vector 

xu == (Xf, ... ,X~J. (9.30) 

.--- -- --- --
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Each vector nand q is a specific partition of the total n, q, and there are as many dis

tinct vectors as there are partitions of these totals., Note that keeping the number nu of 

each species constant is a very restrictive condition representing one out of many possible 

combinations of particle numbers nu yielding a total n. Summing over 'all n partitions and 

inclusive averaging will be addressed in the following section. 

For a given partition n, the system is described by the joint distribution function 

(9.31) 

Qn is symmetric within each subset of coordinates belonging to the same species, 

Qn(Xi, ... ,XJ, ... ,Xb
, ... ) = Qn(XJ, ... ,Xi, ... ,Xb

, ... ) (9.32) 

but not between coordinates belonging to different species (Le. it obeys the permutation 

group symmetry Sna ® Snb ® '" ® Sn. rather than Sna+nb+ ... +n.)' 

Note that it would be a grave error to factorize 

(9.33) 
u 

since this implies (and imposes!) the statistical independence of each particle species from 

the others, a special case seldom if ever realized in experiments. 

From the total Qn, we can project out the distribution functions for each species 

e.g., 

Q~a (xa) = J IT dXu Qn(xa, ... , XS
) , 

u;o!:a 

(9.34) 

similarly for any species (the left hand side is still a function of the partition n). Lower 

order projections f: are obtained by further integration of Q~a as in (9.16). 

Before proceeding to the details of the various correlation functions and their inter

relationship, we present in Figure 9.1 a summary and overview of the different quantities. 

The structure of this diagram is determined by the three different kinds of averaging pos

sible: averaging over all events, summing over different parcticle species and integrating 

over the measurement coordinates. 



J dx 

~ql(X) 

_(n)( U XU) Pq x, 

JdXQn 

179 

JdXQn 

JdXQn 

Figure 9.1: Schematic overview of the different forms of the correlation function and their 
relationship. The three possible ways of averaging (event average J dX Qn(X) for fixed 
configuration n, the sum over species L:q and integration over coordinates J dx) result in 

the cubic structure shown. Starting with the most basic quantity p~n)(xU) in the back 
top left corner, one moves down, right and forward by various routes to the least specific 
quantity n[q) at the front bottom right. 

------- '- -- _ .. 
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We start with the most specific event-by-event counters. Counting particles of 

species a at a point x~ is achieved by 

n" 
p~no)(xn == L o(x~ - Xi) , (9.35) 

i=l 

the superscript (na) indicating as before the (fixed) number of a-particles. x~ implies that 

we are looking only for a-particles at Xl; all other species are ignored. In second order 

there are (for just two species a, b) four different counters: 
n 

.(no,nb) (a a) P2 XI ,X2 - L' O(X~ - Xi)O(X2 - XJ) (9.36) 
i,i=l 

n 
.(no,nb) (b b) 

P2 Xl' X2 - L' O(xt - Xt)c5(x~ - xj) (9.37) 
i,i=l 

n 
.(no,nb)( a b) P2 XI ,X2 - L O(Xl- Xi)c5(x~ - xj) (9.38) 

i,i=l 
n 

.(no,nb) (b a) 
P2 Xl' X2 - L c5( xt - Xt)c5( x2 - Xi) . (9.39) 

i,i=l 

The first two correspond to Eq.(9.4) with the same restriction on i,j; for the last two there 

is no restriction since it is entirely possible to have two different particles at two different 

places Xl and x~ at the same time. Also (9.38) and (9.39) are physically distinct in that 

the species of particle counted at the two points is interchanged; when integrated over the 

same domain for Xl as well as X2, they yield the same answer. 

Generally, there are sq distinct counters of order q when considering s species. 

The construction of higher order counters proceeds recursively in terms of lower

order counters as follows. Assume we want to find a counter with qa variables looking for 

a-particles, qb looking for b-particles etc. I First, we form the product of all PI'S 

.(no)( a) -(no)( a ) PI Xl" ,PI Xqo 
, I 

'V 

_(n.)( s ) .(n.)( S) PI X q_ q.+ l • • ,PI Xq • , , .. 
(9.40) 

qa terms q. terms 

For each subgroup, the equations for one species (9.9)-(9.11) are substituted. The resulting 

product is then expanded, making use of the fact that for distinct species a t- b, 

(9.41) 

1 For given partition go, ... , g. there are q!/qo! ... g.! possible ways of assigning the points in X to the 
different species, see also Eq.(9.50)ff. 

---_ .. _- -- -_. 



181 

to find the full form of the desired counter. 

A simple example will illustrate the technique. We wish to construct the fourth 

order counter with Xl, x2 counting a-particles and X3, X4 counting b-particles (hence qa = 

qb = 2). Abbreviating xf == i U and omitting (nu) superscripts, we have 

= ,o4(la,2a,3b,4b) 

+ o(1a - 2a),o3(2a,3b,4b) 

+ o(3b _ 4b),o3( 1 a, 2a, 4b) 

+ o(la - 2a)o(3b - 4b),o2(2a,4b) , 

or in terms of products of ,01 's, 

,ol(1a) ,o1(2a) ,o1(3b) ,o1(4b) 

- o(1a - 2a) ,o1(2a) ,o1(3b) PI (4b) 

- o(3b - 4b) ,ol(1a) ,o1(2a) ,o1(4b) 

+ o(la - 2a) O(3b - 4b) .8t(2a) .8t(4b) . 

(9.42) 

(9.43) 

(9.44) 

In addition there are the five other counters for this example, formed by permuting the 

arguments: ,04(1 a, 3a, 2b, 4b), ,04 ( 1 a, 4a, 2b, 3b) etc. for a total of six. 

The counters of (9.35)-(9.39) etc. we shall call specific counters as opposed 

to unspecific counters, which count particles without distinguishing one species from 

another. The unspecific counter is a sum of all specific ones of the same partition q, 

s 
.(n)( X) PI Xl, = L .(nu)( u X) 

PI Xl' (9.45) 
species u=l 

s s 
_(n)( X) 

P2 Xl,X2, = L L,o~nu.nu)(xt,x~,X), (9.46) 
u=lv=l 

p~n)(x, X) = L .(n)( a s X) Pq x, ... ,x, . (9.47) 
sq terms 

-_. __ .. --
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For example, if there are only a and b, p~n)(Xl' X2) is the sum of the four counters (9.36)

(9.39). Note that the quantities on the right hand side are functions of the partition q, 

while the left depends on the scalar q only. Both sides remain functions of the partition 

n. 2 Equation (9.47) corresponds to going vertically down from the basic p~n)(xU, XU) in 

Figure 9.1. 

Event averages for fixed configuration n are constructed as before. Corresponding 

to Eq.(9.12) we have for any number of species s, 

(9.48) 

= in dX i Qn(XU)p~n)(xu,XU). 
I 

In Figure 9.1, this step corresponds to going horizontally to the right. Expressions analo

gous to Eq.(9.15) are obtained on substituting for p~n)(xU,XU). 

Integrating our basic event counter with respect to the measurement variables x 

yields the total number of particles for every event. Corresponding to Eq.(9.18), we get for 

fixed (q, n) 

(9.49) 

for the case where all variables xf of the same species u are in the same domain/bin. When 

one or more variables for the same species are in different domains/bins, the form has to 

be worked out in detail. This step corresponds to going forward (or south-west) in the 

Figure. 

Summing the specific counters of (9.49) over all configurations q yields a nice 

relation, 

(9.50) 

The combinatorial factor q!/ IT qu! represents the number of ways we can simultaneously 

assign (qa, ... , qs) of the total q variables x to the species a, . .. , s. The multinomial theorem 

for factorial powers as shown in Eq.(9.50) is derived in Appendix A. 

2If any nu E n is zero, take p~n) = O. This amounts to reducing the dimension of the q space by one. 

------- ----
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The remaining relations shown in Figure 9.1 are now trivial. For example 

(9.51) 

Surprisingly, while the integrand on the left hand side depends on (q, n), the right hand 

side is independent of the configuration n, a consequence of the multinomial theorem. The 

same is true for (9.50). Further relations are 

1 dx pn(xu) n q = n~qa) ... n~q·) , 

In dx p~(x) = n[q) , 

L p~(XU) = p~(x) . 
sq terms 

9.4 Inclusive and fixed-n averaging 

(9.52) 

(9.53) 

(9.54) 

In order to handle the problems associated with inclusive averaging of correlation func

tions, we need to understand the relationship between various probabilities for obtaining 

configurations n. Just as p~n) (XU, XU) is the basic building block for correlation functions, 

the conditional probability 

P(nln) = P(na, ... , nsln) n = 1,2, ... ,00 (9.55) 

is the starting point for these "macroscopic" probabilities. P(nln) is the distribution, for 

given total n, of particles among the different species. (Note that by assumption E nu = n.) 

It is normalized according to 

n 

L P(na, ... ,nsln) = 1. 
no,,,.,n,, 

<Eu nu=n) 

In addition, we need the (unspecific) total multiplicity distribution Pn , with 

----------

(9.56) 

(9.57) 
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The inclusive probability of finding na a-particles, nb b-particles ... ns s-particles 

independent of the total n is 

(9.58) 

Conversely, 

(9.59) 
no ... n,,=O 

(Lu nu=n) 

P(nln) = 
P(na,nb, ... ,ns) 

(9.60) 

with the same restriction on the sum, so that we may start with either quantity. 

The probability that there are na a-particles out of a total of n is 

n-na 

L (9.61) 
"b.-·o,n" 

(L nu=n-na. uy/a) 

normalized according to 
n 

L P(naln) = 1 , (9.62) 
na=O 

while the probability of finding na particles independent of n is 3 

co 

P(na) = L Pn P(naln) , (9.63) 

normalized by 

(9.64) 

The reader should verify the internal consistency of these definitions. 

With these definitions in hand, we can now proceed to the various averages of 

the correlation functions. For orientation, the relationship between the averages is shown 

graphically in Figure 9.2. The top two quantities p~n)(xU) and p~n)(x) are carried over from 

Figure 9.1; they are respectively the specific and unspecific Qn event averages of the basic 

event counter. 4 

3The difference between the probabilities in (9.58) and (9.63) is that the former is for all species in the 
sample while the latter is a projection for just one of several species. 

·We deal here only with "un-hatted" Qn averaged quantities as the "hatted" event-by-event quantities 
of Figure 9.1 are by definition for fixed n and therefore inclusive averages of these quantities make little 
sense. 
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p~n)(XU) 
Lq 

p~n)(X) 

Ln P(nln) Ln P( nln) 

p~n)(xu) 
Lq 

p~n)(x) 

Ln Pn Ln Pn 

Pq(XU
) 

Lq 
pq(X) 

Figure 9.2: Schematic drawing of the different forms of the correlation function for fixed 
numbers of particles and inclusive averages. The top two quantities are taken as input 
from Figure 9.1. Averages are respectively over all possible subdivisions of n into n, (Ln), 
over particle species (Lq) and over total number of particles (Ln)' 

..... -_ .... ------~--.--.---- - - - -
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The relation between specific and unspecific correlation functions is always the 

sum over all q partitions. For just two species for example, 

(9.65) 

and generally 

(9.66) 

i.e. going from specific to unspecific correlation functions is entirely an affair of the x ar

guments and does not affect the partition (n, q) on which the Pq depends. As all averaging 

done in this section is concerned not with the arguments x of the correlation functions but 

with the total numbers of particles considered, all subsequent relations are true indepen

dently of the argument, which we hence omit. This also means that we need consider only 

the relations for one column of Figure 9.2 . 

. Rather than quoting the general forms, we give some examples. Assume we have 

only two species a, b. Then p~no,nb) is the one-particle distribution (of whatever is in the 

argument) for constant given (na, nb). The corresponding distribution function for constant 

total n is then 

The inclusive average is 

P
(n) _ 
1 -

n 

L P(na, nb/n ) p~nO,nb) 

n=O 
00 

L P(na, nb) p~no,nb) 
no,nb=O 

One can also define a PI keeping na constant rather than n, 

00 

p~no) == L P(na,nb)p~nO,nb) 
nb=O 

but this definition cannot be related to the others above, and has the normalization 

00 
~ (no) 
L." PI = PI . 

(9.67) 

(9.68) 

(9.69) 

(9.70) 

(9.71) 
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The second-order correlation function is p~nQ,nb), in terms of which the fixed-n correlation 

is 

and the inclusive average is 

n 

p~n) = L P(na, nbl n ) AnQ,nb) 
nQ,nb=O 

(nQ+nb=n) 

00 00 

P2 = L Pn p~n) = L p~nQ,nb). 
n=O nQ,nb=O 

(9.72) 

(9.73) 

We see that averaging over configuration n and total n is entirely independent of the order 

q of the correlation function. 

Again a definition for fixed na is possible, 

00 

p~nQ) == L P(na,nb)AnQ,nb ) (9.74) 
nb=O 

but we have the same conceptual problems as in Eq.{9.70)-{9.71). (See also Ref.[104] for 

relations between fixed-n and nonfixed n quantities.) 

._----- -~--
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CHAPTER 10 

Summary 

1. Original intermittency: The original concept of intermittency as developed in 

turbulence and chaos is now a well-established and well-understood phenomenon. 

2. Factorial moments: One particular route to intermittency in multiparticle produc

tion via the a model algorithm was suggested by Bialas and Peschanski, which led 

to the suggestion to measure experimentally the normalized factorial moments Fq as 

a function of decreasing bin size. The particular case of the a model predicts power 

law behavior for Fq vs. gy. 

3. Our approach: The work presented here is not based on the theory of intermittency 

(but does not exclude it either). Rather, we have two goals in mind: 

• We use the experimental factorial moments as raw material to infer limits on 

the underlying distribution functions, which in turn are related to whatever 

theory governs multiparticle production. These limits would then have to be 

satisfied by any theory attempting to describe the data . 

• We aim to develop and/or use concepts that are suited to the realm of multi

particle production by more clearly revealing its features, including 

(a) the connection between moments and correlation functions, 

(b) the use of statistically significant cumulants, 

(c) trying out the linking ansatz as a way to simplify the structure of correla

tions. 
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This strictly empirical approach is not, therefore, a priori in conflict with any theories 

but complementary to them. 

4. Theoretical intermittency: The impact of the original ideas on intermittency has 

been large and beneficial. Theorists and experimentalists will do well, however, not 

to forget the assumptions underlying its developments, including 

(a) the switch from vertical to horizontal moments as an approximation, 

(b) the assumption of Poissonian noise, 

(c) inherent weaknesses in the physical definition of Zm = fI W, 

(d) the effect of undetermined parameters on the size of factorial moments. 

5. Experiments: 

(a) Many experiments ranging from e+e- through hadronic and nuclear to cosmic 

ray projectiles have now measured factorial moments as a function of the bin size 

by, mostly in rapidity and pseudorapidity. First results for higher dimensions 

(azimuthal angle, Lorenz-invariant phase space) are now becoming available. 

Cuts, considerations of background effects and quantities measured vary widely, 

making comparison difficult. 

(b) Intermittency in experimental data: The predicted power law behavior of 

factorial moments has not been unambiguously established for one-dimensional 

data; other explanations fit the data also. For two- and three-dimensional data 

there are promising signs of power law behavior, although CELLO for their 

three-dimensional moments find no deviation from "conventional physics" as 

embodied in their Monte Carlo simulation. 

(c) Experimental background: It has also become clear that great care must be 

taken in eliminating background contributions to the moments such as Dalitz 

pairs and photon conversion. 

6. Cumulants: 
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(a) Cumulants are designed to be zero whenever one of their arguments is statis

tically independent of the others; they are therefore a measure of true particle 

correlations. 

(b) Using known relations between cumulants and correlation functions, we have 

derived similar relations between the vertical factorial moments Fq and their 

corresponding vertical cumulant forms ](q. Unlike the factorial moments, these 

cumulants do not contain trivial combinations of lower order correlations and 

therefore measure the true correlations. 

(c) The factor q(q-l)/2 which appears frequently in many theories ofintermittency 

is in fact merely the first term in the expansion of Fq in terms of ](q. The reason 

it often works well is because it usually is the largest term in the cumulant 

expansion, especially for nucleus-nucleus collisions. 

(d) Cumulants for fixed particle number can be expected to be smaller than for the 

present inclusive cumulants. 

7. Experimental cumulants: 

(a) Few experiments have published the vertical moments that are needed for the 

cumulant expansion; we need more of these for better systematic comparison, 

or direct experimental measurements of the cumulants themselves. 

(b) In hadronic collisions, [(2 rises with decreasing oy but resembles an expo

nential rather than a power. ](2 rises with energy. The (trivial) two-particle 

contribution to F3 is about 80% for UAl/UA5 and greater than 90% for NA22 

data. It falls with increasing energy. The two-particle contribution to F4 is 

about 60% for UA1/UA5 and 80% for NA22. 

(c) For nuclear collisions, there is a systematic decrease in ](2 with increasing 

number of participant particles in the collision, going from 7l'+p (NA22) to 

proton+emulsion, O+em, S+em (KLM) to S+Au (EMUOl). ](3 through [(5 

are essentially zero; this means that in these collisions there are no correlations 

in rapidity of order higher than two. 

• - ~ .. -- ~~ ___ - ______ ._l: ........... ______ - ____ _ 



191 

(d) Two-dimensional KLM data shows a 1(2 larger than for the one-dimensional 

case, but still decreasing with increasing participant. /(3 is nonzero for p+em, 

zero for all else. 

8. The linked pair ansatz: 

(a) The LPA is motivated by success in galaxy correlations and because the Nega

tive Binomial Distribution exhibits this linked pair structure. It is an attempt 

to limit the form of the total n-particle distribution function to a specific sub

class of functions which exhibit this behavior. 

(b) V sing the LPA and making the strip approximation leads to a relation between 

cumulants, /(q = AqJ(r
1

, with Aq being a free parameter. 

(c) Fits of A3 to VAl and VA5 data indicate a distribution somewhat narrower 

than Negative Binomial. Higher order A4 and As are very unstable due to the 

small remaining residue and large errors left after subtracting out from the Fq 

the lower order trivial contributions. 

(d) For nuclear data, the fit of linking coefficients Aq has even larger errors, reflect

ing the very small size of three- and higher order correlations. 

(e) In summary, linking works reasonably well for hadronic data up to order 3 and 

somewhat for order 4. For order 5 and nuclear data, no conclusions as to the 

validity of the LPA can be reached at present. 

9. Parametrizations and scaling: 

(a) Assuming scaling for either F2 or /(2, one obtains J(2-slopes much larger than 

the traditional F2 slopes (by factors 3-8). 

(b) VAl, VA5 and NA22 F2 data is fitted better by an exponential form for k2 

than by the power law form. 

(c) One-dimensional nucleus-nucleus data has too large error bars to distinguish 

between different parametrizations . 

..... --..... _----_._------_._--_. 
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(d) For two-dimensional KLM data the fit for scaling ](2 is better than the fit for 

scaling F2 (but errors would allow for both). 

(e) The correlation length ~ used in exponential and gaussian parametrizations does 

not seem to represent a typical distance over which particles are correlated and 

should not be interpreted as such. 

10. Scaling cumulants: 

(a) Scaling cumulants arise when there is a Poissonian superposition of scaling 

factorial moments. 

(b) KLM two-dimensioanl proton+emulsion data is compatible with scaling cumu

lant (rather than scaling factorial moment) law, but not uniquely so. 

(c) A scaling cumulant law would lead to erroneous results in fitting scaling factorial 

moment slopes. 

11. Superposition of sources: The experimentally verified relation that slopes are 

inversely proportional to the rapidity density are hard to understand, given that the 

assumptions on which this relation is based are not satisfied for hadronic collisions. 

Comparison of cumulants may be a better way to determine if and how many different 

sources of particle production exist in nuclear collisions. 

12. Factorial correlators: 

(a) Correlators are a measure of correlations between different bins. They resemble 

closely the corresponding factorial moments when written as integrals over the 

correlation function, differing from the former only in the domain of integration. 

(b) The cumulant decomposition can therefore be carried out for factorial corre

lators also, and should reveal (once experimental data becomes available) the 

non-trivial correlations between different bins. 

(c) There are two different definitions for correlators in the literature, differing by 

the way they are normalized. 
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(d) Techiques of linking can also be applied, leading to expressions analogous to 

(but more complicated than) the relations between cumulants. 

(e) Analytic expressions for the different integrals were derived for the case of an 

exponential behavior of k2 • 

13. Charged particle correlations: 

(a) The general formalism for describing particles of different "species", i.e. distin

guishable by some characteristic such as charge was derived in detail. The basic 

n-particle distribution function loses its Sn permutation symmetry and there

fore sums and projections of the total distribution function onto distributions 

of individual charges or for fixed n have to be handled carefully. A completely 

general formalism for handling problems of this kind was developed. Starting 

with fixed partitions in the number of particles for each species and the num

ber of coordinates counting each species, various projections lead to successively 

more unspecific distributions, until finally only the total number of particles is 

recovered. 

(b) While experimental data is still scarce, there is no doubt that true understand

ing of multi particle final states will have to distinguish between the individual 

roles played by charge-charge correlations. 

We return to the Introduction. While intermittency may not be the whole truth about 

particle production, the study of factorial moments has proven very fruitful and will un

doubtedly enhance our understanding of the mysterious world existing on the fermi scale. 
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APPENDIX A 

Binomial and multinomial theorems for factorial powers 

In this appendix we show that the binomial theorem 

(a + b)q = ~ (;) arb
q
-

r (A.l) 

has a counterpart for "factorial powers", namely 

(a + b)[q) = t. (;) aIr) b[q-r) (A.2) 

where 

x[p) := x(x - 1)(x - 2) .. . (x - p + 1) (A.3) 

defines the factorial power, and use this to prove the corresponding multinomial theorem. 

From (A.3) we have the identities 

x [1+p) = x[p)( x - p) 

xIP) = xIP-1)(x - p + 1) 

For q = 2, (A.2) is obviously true: 

(A.4) 

(A.5) 

(A.6) 

Now we prove that the assumption that Eq.(A.2) is true for order q is sufficient to make it 

true for order q + 1. Using the identity 

(A.7) 

and r' = r - 1, 

'._ or _~_._. _~' __ -" ___ ~ _ _ ' _____ _ 



= a[q+1] + t. (;)a[r]b[q-r+1] + E (:,)a[r']b[q-r'](a_r') 

= t. (;)a[r]b[q-r](b-q+r)+ rt (:,)a[r']b[q-r'](a-r') 

= (b-q)(a+b)[q] + t. (;)a[r]b[q-r]r 

+a(a + b)[q] + rt (:,) aIr'] b[q-r'] (-r') 
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where in the fourth line we combined a[q+1] with the second sum. The two sums in the last 

line cancel, and so 

Sq+l = (a + b)[q](a + b - q) 

= (a + b)[q+1] . 

Hence by mathematical induction Eq.(A.2) is true for all q. 

The proof of the multinomial theorem for factorial powers 
q I 
~ q. a[ql] a[q2] 
L... ql! q2! ... qs! 1 2 Ql,q2,·",q.=O 

(L:~=1 q,=q) 

proceeds exactly like the proof for ordinary powers. It is true for s = 2: 

(al + a2 )[Q] = ta (;) a~r] a~q-r] 
q I 

= ~ _q_. _ a[ql] a[q2] 
L... ql ! q2! 1 2 • 

ql,q2=O 
(ql +q2=q) 

(A.S) 

Assuming that (A.S) is true to order q. Then, using the binomial theorem (A.2) in the 

second line and defining qs+l := q - r in the third, 

,---------
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q 

= I: 
Ql,q2,,,.,q.=O 

(~:=1 Qj=Q-q.+d 

Q 

= I: 

(A.9) 

thus proving (A.B) for all s. 

--- ------- ---- -- -
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