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Abstract

The point-spread function (PSF) of an imaging system can affect the précision
to which geometric features can be measured in digital images. It is shown that
the PSF alone, when larger than a certain size relative to the sampling rate, does
not cause a loss of precision, but actually improves the precision to which features
can be measured. Quantization of the samples in an image is the limiting factor on
precision. How much the precision is limited in the face of quantization depends on
the size and shape of the PSF. The theory of locales is used extensively to compute
bounds on precision as a function of PSF size and shape. Many geometric feature
models are considered although almost all of the emphasis is on analysis of the unit
step edge. It is shown for the step edge that the size of a PSF has more influence on
precision than its shape. The size for which optimal precision occurs is ~ 0.7 pixels
in “radius”. Bounds on precision are also shown for the case of a fixed rectangular
sampling PSF with a variable-sized optical PSF and for the case where electronic
components introduce asymmetry into the PSF. A method for objective comparison
of imaging system PSF's is demonstrated. Other factors influencing precision, includ-
ing unknown scene contrast and noise, are briefly examined. To illustrate the utility
of the results, an experiment is presented showing that approximation of a PSF by
a Gaussian PSF results in little loss of precision. Another illustrative experiment
shows how the orientation precision of several widely-used first derivative operators
are affected by the PSF and shows how the template coefficients can be found to

optimize orientation precision for a given PSF.
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CHAPTER 1.0

INTRODUCTION

As in many fields of science and engineering, research topics in computer vision
frequently overlap and are not clearly distinguished. This chapter then is devoted
not only to introducing the topic at hand, but will also serve to put precisely de-
fined (albeit somewhat arbitrary) limits on what is to be achieved. A method of
investigation will be outlined based on the shortcomings of previous research on this

topic.

1.1 Problem scope and motivation

Given a specific measurement task that is to be performed by a computer vision
system, one is motivated to consider the accuracy to which quantitative measure-
ments can be made. If it can be determined that a given system satisfies a set of
accuracy specifications under all conditions, then one might be satisfied as to its
applicability to that measurement problem. Unfortunately, being able to draw such

a conclusion about a given system is a rare event.

The problem of determining the accuracy potential of a machine vision measure-
ment system is a multifaceted one. Factors influencing accuracy include the spatial
and radiometric resolution of the digital imaging system, the amount and type of
noise present in the system, the point-spread function (PSF), the image content, and
of course, what it is that is actually being measured. Surprisingly it is this last factor,
the actual definition of what is being measured, that can end up causing the most
problems. All too often computer vision researchers will attempt to produce mea-

surement algorithms intended to work well in all settings, only to find they work well
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in very few. The problem can usually be traced to inadequate assumptions about

scene content and a failure to account for the effects of imperfect imaging systems.

With this in mind, it is immediately necessary to group measurements that can be
made into several categories. An obvious starting point is exclusion of those problems
that are strictly non-quantitative. Such problems as matching, scene labeling, and
gross segmentation (blob finding) are relational problems and aren’t compatible with
the notion of precision. Most problems that make use of image enhancement or
pattern recognition techniques are also not suitable for a study of precision, the
former because of the subjectivity of “enhancement” and the latter because of its
statistical (and hence inherently imprecise) nature. The remaining problems have

been divided into the following five groups:

Calibration - This group can be broken into two subgroups, internal
and external calibration. Internal calibration deals with parameters
specific to an imaging system such as the sampling interval, and where
the optical axis intersects the imaging plane. External calibration is
usually more problem specific, for instance, determining the absolute
orientation between two cameras in a stereo imaging system. Also
object-dependent noise and blur can be included with the external pa-
rameters.

Geometric - This group is concerned with the precise measurement of
structures within an image, for example: lines, bars, distances between

points, centroids, areas, and perimeters of “objects”.

Depth - This group is comprised of those problems involving the recov-
ery of absolute or relative depth in a quantitative sense, such as stere-

opsis, moiré techniques, structured lighting, and shape-from-shading.

Motion - Related to the depth problem, quantitatively determining
the motion of a camera and/or the objects in its field of view (FOV)

poses some interesting problems and hence is deserving of its own group.
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Registration (or correspondence) — This group is concerned with
problems of accurately modeling transformations between two images
and then quantitatively finding the unknown parameters of the model

in order to effect an inverse of the transformation.

These groups are, of course, highly interrelated. For instance, stereo depth find-
ing algorithms rely heavily on the precision with which both the calibration param-
eters (internal and external orientation) and correspondence of points can be found.
If, as is often the case, geometric features (edges, points, corners) are used for corre-
spondence, then the precision of the correspondence algorithm will be tied to that of
the geometric algorithms. Furthermore, the precision with which geometric figures
can be found will usually be tied to the precision with which the calibration param-
eters were measured. Finally, many calibration techniques use geometric “targets”
and hence the precision to which the calibration parameters can be measured could
in turn be a function of geometric precision. So it can be seen that these groups of
problems have a circular relationship in terms of their precision of measurements.
What then does this imply about any attempt to determine the precision of any

given algorithm? It implies that, in order to be successful, one must either:

(1) find ways of posing the measurement problem in one group so that it
is tnvariant to (or independent of) parameters in other groups.

(2) model all parameters in each group simultaneously throughout the loop
and solve simultaneously.

(3) model the system so that the problem is not formulated in a circular

fashion.
Of these three, finding invariants in a problem is the most intriguing but also

the most elusive. For example, finding a way to measure linear features precisely
without any knowledge of the PSF other than that it belongs to some broad class
of PSF’s would be highly desirable. Unfortunately, formulating a problem in such
a way that invariants can be found is difficult. The approach of trying to model an
entire system, while conceptually appealing, is almost never practical. This stems

from the fact that when more than several dependent parameters exist, it becomes
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virtually impossible to solve for the system (linear systems and simple “loosely cou-
pled” nonlinear systems notwithstanding). As will be seen, most problems will be
tightly coupled and nonlinear. Similar to modeling the whole system, having prob-
lems specified in a non-circular manner would allow one to start at a beginning and
propagate uncertainties to the final problem. This is a simplified way of viewing the
dependencies between the various groups and one might reasonably argue that it is
the only practical way to deal with them. The implication of this model is that there
will be a set of inputs and an output. Since the precision of the output will vary as a
nonlinear function of the multi-dimensional input, it is often difficult to make broad
statements about the precision of a given algorithm. In this dissertation, approach

(3) will be used heavily taking care to point out when circular dependencies are being

neglected.

Having divided the types of measurements into the above five groups, it is clear
that the range of problems is too numerous to be treated comprehensively and in-
depth in any single work. Noting the interrelated nature of these problems, it is now
prudent to investigate a little deeper these relations. It is immediately clear that, of
the five groups, camera calibration is the one most likely to affect all other groups.
Yet this interrelation is often given the least consideration in many measurement al-
gorithms. The common approach to “solving” many computer vision problems is to
make no assumptions about the PSF, assume an ideal (perspective or orthographic)
projection system, and then concentrate on the problem at hand whether it be depth-
finding, motion, etc. If an assumption about the PSF is made, it is usually that it is
an ideal, impulse sampling PSF. Rarely are more detailed image formation system
(IFS) models taken into consideration. Accuracy analysis of depth-finding problems
have been considered in [1,2] and did not account for the PSF. Motion-finding algo-
rithms [3] and external calibration algorithms [4,5] have similar deficiencies in their
analysis. The heavy use of geometric features in many algorithms from the other
groups makes their measurement particularly important. For this reason I will con-
centrate on those problems that fall into the geometric group. Here 2-D geometry

will be the focus and the effects of 3-D objects will not be considered. A survey
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of the literature shows many systems for measuring the camera PSF [6,7] and the
problems associated with them. Thus, the problem of accurately measuring the PSF
will be considered solved and the PSF will be treated as a known input. The next

section will serve to elaborate on the problem.

1.2 Review of current literature

Nowhere is the need for precision measurements more necessary than in the
manufacturing industry. Industrial machine vision requires speed, accuracy, and low
cost in order to be effective. The paper by Horn [8] written in 1975 lists the cost of
computing power and lack of understanding of real images as the two main reasons
for the failure of machine vision systems to penetrate the automation market. In the
15 years since then, the cost of computing power has decreased drastically, yet the
problem of understanding images remains. The paper by Chu [9] lists the available
hardware, specifically cameras designed for “general purpose” use, as being a limiting
factor in machine vision and calls for a camera specifically designed for machine vision
systems. These sentiments are echoed in [10]. Yet, despite the use of “non-optimal”
hardware, attempts have been made at improving the accuracy of machine vision
measurements [11-15]. While these papers acknowledge the IFS characteristics as

being a major contributor to errors, no attention is paid to the correction of the

problem.

Much work has been devoted to the study of geometric features. The bulk of this
work has been directed at the problem of finding and measuring edges. Unfortunately,
in the process the distinction between edge detection [16] and edge localization has
been blurred. Here the term “edge detection” will be used to mean the process by
which one decides that an edge actually ezists in a given area in the image and
“localization” to be the process by which the edge, once detected, has its position
determined to some degree of accuracy. With this definition in mind it is easy to see
why edge detection and localization are often confused since once it is decided that an
edge resides in a given area, it is implicitly localized to be within that area (most often

to within a few pixels). But the main parameter of edge detection is the certainty
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with which an edge actually exists. Many papers have been written about how to
evaluate edge detectors, for example Abdou and Pratt [17], Peli and Malah [18], Fram
and Deutsch [19,20]}, Canny[21], and Chanda et. al. [22]. The evaluation method in
the paper by Kitchen and Rosenfeld [23] has been used numerous times in other
papers [24-26]. This paper also includes a survey of the other evaluation methods.
While, as mentioned previously, edge detection algorithms have little bearing on the
accuracy to which geometric features (edges in this case) can be measured, a few
important observations can be made. The first observation is that none of these
edge detection evaluation methods take the PSF into account. Neither do they pay
much attention to intensity quantization. The next observation is that the evaluation
methods themselves actually depend on the ability of the edge detector to localize
the edge. For instance, the measure of Pratt [27] used in the paper by Abdou and
Pratt, evaluates how good an edge detector is by computing the average distance
from every detected edge point to the actual edge. Hence any method that could put
a bound on the accuracy to which an edge can be located would also limit many of
the figures of merit used in evaluating edge detectors. To date, this apparently has

not been considered.

Along with the evaluation literature is, of course, a profusion of edge detection
operators, most of which serve the dual purpose of localizing the edge as well as
detecting it. It is widely recognized that edge location can be determined to sub-
pixel accuracy under the right conditions. Much of the literature on sub-pixel edge
localization has been directed towards the “Laplacian of Gaussian” (LoG) or “Marr-
Hildreth” [28,29] filter. This second derivative filter produces zero crossings that
correspond exactly to the edge location when convolved with an infinite step edge.
When the image is sampled, this location is found to sub-pixel accuracy by fitting a
function (usually polynomial) to the filtered image in order to interpolate the zero
crossings [30]. Unfortunately, when other geometric features are considered, the zero
crossings of the LoG filter deviate significantly from what is normally thought of
as the true object location. The LoG filter is nonetheless a favorite of researchers

trying to implement a practical edge detector/localizer. Its ability to suppress noise,
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insensitivity to scale changes in illumination, rotation invariance, and ability to locate
features at selected scales make it easy to overlook its flaws. Berzins [31] ran several
experiments testing the accuracy of the LoG filter in localizing features such as
corners, curves, and intensity non-linearities in edges. Other work on this topic
was done by Gennert [32] and by Loomis [33]. The paper by Yang and Huang
[34] investigated the effect of median filtering on the localization of noisy edges and
found that localization was not improved. The papers by Medioni and his colleages
[35,36] address the important issue of “edge interaction” (or “edge interference”)
when using the LoG filter. They developed a heuristic iterative scheme to improve
localization of edges in 1-D and, failing to generalize it to 2-D, suggested the use of
two 1-D filters in place of the LoG filter. The paper by Haralick and the subsequent
rebuttal by Grimson and Hildreth [37-39] further discuss the use of directional second
derivatives versus the LoG filter but do little to resolve questions of how accurate
these techniques can be. Some concepts in scale-space filtering are considered in the
paper by Bergholm [40]). The above analyses were all done on simple edge models,
steps and ramps, and often in 1-D. The experiments done were empirical in nature,
although the analysis of noise occasionally received a fair amount of detail. The
conclusions drawn were, without exception, dependent on the test images and models

used. The effect of the imaging system’s PSF was not considered and quantization

was not analysed.

There have been some attempts at using IFS models in edge measurement. For
example, the paper by Nagy and Hirogalu {41] incorporated a fairly detailed IFS
model in an analysis of the LoG filter. It was shown that the combined effects
of sensor nonlinearities, object-dependent defocus PSF, sampling, and quantization
caused changes in the zero crossings of the LoG operator when convolved with a
step edge. While interesting, no general formulation was presented and no method
to correct the defect (or even an indication of whether or not it could be corrected)
was given. The paper by Burnett and Huang [42] develops a probabilistic method
for locating step edges and pulses over 1-D profiles. Their model takes both the

PSF and quantization into account and is reasonably general. No extension to 2-D
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was presented. The paper by Nalwa and Binford [43] introduces more general edge
models and uses a surface fitting algorithm that takes into account the effects of a
Gaussian PSF. In another paper, Nalwa [44] took advantage of an assumed Gaussian
PSF in his analysis of an image interpolation method for improving edge detection.
He noted that, in the case of a Gaussian PSF, operators that use Gaussian smooth-
ing (such as the LoG) will have an effective variance that is the sum of the PSF
variance and the operator smoothing variance. This was also noted in the paper by
Perednia, White, and Schowengerdt [45], in which the Gaussian PSF of a camera
was measured and found to differ in the X and Y dimensions. Using the fact the
the LoG can be expressed as the sum of two separable functions, it was shown, in
the continuous domain, how to directly compensate for the PSF by proper selection
of the LoG filter variances (or “space constants”). This yielded an algorithm that
could in effect be made invariant to the PSF, even when it changed. Furthermore,
this result made no assumptions about the content of the image. However, the appli-
cation was special in that only invariance (repeatability) was necessary, and highly
precise measurements didn’t matter so long as they remained constant over time.
Nonetheless, the idea of in-filter compensation for the PSF and other degradations
is an important one. This theme was also investigated in the paper by Haylo and
Samms [46]). In their paper they developed a method for finding the optimal filter
for determining a specific “characteristic” when presented with an IFS model and
a mathematical procedure defining the characteristic. They showed how to use the
method to produce a filter when it was desired to use the LoG operator on an image.
Because they worked in the discrete domain, they found that the optimal filter was
not rotationally symmetric even though the LoG filter is. Optimization was done by
using a stationary statistical image model. This model is weak since real images of
practical interest are almost always non-stationary. Nonetheless, this paper seems

to represent the most comprehensive approach to in-filter compensation to date.

These advances in the use of PSF compensation have not translated into any
concrete evidence of improved localization or accuracy. In fact the use of the LoG

filter, even when PSF compensation is applied, precludes the accurate localization
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of many features (corners, curves, interacting edges, etc.). Hence more thorough

investigation is needed.

An approach that differs from the LoG filter and other differential filters is that
of Tabatabai and Mitchell [47]. They showed how computation of moments, an
operation based on integration, could be used to locate step edges. The validity
of this idea is backed up by the findings of Toore and Poggio [48] wherein it was
shown that edge detection based on differential operators was an ill-posed problem.
Tabatabai and Mitchell mentioned the effects of the PSF but never used it in their
analysis. This moment-based edge operator was also analysed by Mikhail et. al. [49].
In a later paper by Lyvers et. al. [50] on the moment-based edge operator, not only is
a rectangular PSF used, but a method is also introduced to correct for biases using
a lookup-table procedure. The use of a rectangular PSF was also included in the
remarkably similar papers by Kitchen and Malin [51] and by Lyvers and Mitchell
[52]. Both these papers did analysis of common first derivative operators to see
how precise their gradient magnitude and orientation responses were. Lyvers and
Mitchell again showed how a lookup-table procedure could be used to get near-perfect
accuracy (in the no-noise case). These studies were largely empirical and did not
include intensity quantization in their models. Nonetheless, the idea of “after-the-
fact” bias corrections is an important concept in determining how accurate a given

operator can be.

All the papers refered to so far analysed the precision achieved by various opera-
tors and algorithms. Yet despite this wealth of data, nothing can really be said other
than such-and-such operator under such-and-such model works to such-and-such pre-
cision. Certainly, no broad or sweeping statements have ever come out regarding the
accuracy that can be achieved. To do this, it is my belief that one must first free
oneself of the excess baggage imposed by using an operator, be it the Sobel, LoG, or
moment-based. None of these operators can possibly produce optimally accurate re-
sults under all models. Better we should first try to show what the optimal accuracy

is before attempting to produce an algorithm to achieve it. As well, introducing the
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effects of quantization and the PSF should be done at this stage rather than as an

afterthought once an operator has already been created.

To date little has been done in this area. The papers by Kulpa [53,54] investigate
the accuracy of measures of the perimeter and area of binary blobs under various
digitization schemes. Ho [55,56] attempted to apply statistical analysis to a series
of geometric measurements also using binary images and, although marginally suc-
cessful, conceded the intractability of his approach for certain measurements. As
the machine vision community slowly breaks aways from the use of binary images,
similar attempts at anafysing gray-level images are vitally important. The paper by
Klaasman [57] analysed the case of a finite-width line when digitized with a scanner
using a rectangular PSF. Klaasman considered both infinite and quantized intensity
resolution and produced a set of empirical data regarding the number of quantization
levels required to reduce the error to within specified bounds. The paper by Kamgar-
parsi and Kamgar-parsi [58] gives a thorough analysis of the effect of quantization
and claims their approach is general enough to apply to all algorithms (giving three
examples as evidence). While the detail of their mathematical analysis is inspiring,
it suffers from the common flaw of assuming a uniform distribution of intensity levels
mapping onto every distinct gray level L. The true intensity that gave rise to that
gray level is assumed to be random and uniformly distributed between L — 1/2 and
L+1/2. This is clearly false when one deals with more than one pixel at a time. Given
a model of the image (such as an edge) and several pixels that it runs through, even
when quantized, the distributions of actual intensity values will be so constrained
by each other because of spatial correlation introduced by the target geometry as
to make the uniform distribution highly inaccurate. This treatment of quantization
as a deterministic procedure (which it is, albeit highly non-linear and many-to-one)
was used successfully in the paper by Havelock [59]. Here he develops a system for
determining so-called “locales”, sets of regions over which a continuous image feature
will produce the same digital image. Using a Gaussian spot as his only example, he
showed how the size and shape of these locales could be used to determine proper-

ties associated with the accuracy to which features can be located, all completely
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independent of any operator. While Havelock included a PSF function in his overall
system model, his analysis essentially begins immediately after the PSF takes its
toll, but prior to sampling and quantization. Hence the actual effect of the PSF on
the size and shape of these locales is never really considered. Also, his treatment of
noise was weak, suggesting that a noise-free image be approximated by setting the
quantization steps larger than the noise level. To date, the paper by Havelock is the

most comprehensive found and will serve as a starting point for this dissertation.

1.3 Proposed method of investigation

This dissertation will concentrate on an algorithm-free approach to precision
measurement. Although several geometric features will be modeled, emphasis will
be placed on analysing the step edge. The theory of locales will be used extensively
to compute the precision to which step edge parameters can be found. Worst-case
and average accuracies will be determined and tabulated. Throughout this process,
the PSF will play an integral role in determining the accuracies. This aspect has
been largely ignored by the computer vision community. A procedure that essentially
allows the PSF to be expressed as an input into an algorithm for determining the
precision of step edge measurements based on the theory of locales will be developed.
The influence of the PSF on the precision will then be investigated first for the ideal,

impulse sampling case and followed by progressively more complex models.

Analysis of noise-free images will comprise the main thrust of this work. However,
the effect of some simple noise models will be investigated and arguments given as
to why the results of the noise-free case should apply in the case of noisy images.
Although not a geometric parameter, the effects of varying image contrast will also

be briefly explored.

The disseration will be concluded with two studies based on the results found
in the main body of this work. The first study addresses the important issue of
the effects of modeling errors in the PSF (specifically in the form of commonly used
simplifications of the PSF model). The second study will use several first derivative

edge detection operators in an example of how their performance varies with the
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PSF. This will serve to illustrate the problems associated with algorithms that do
not account for the PSF.
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CHAPTER 2.0

SYSTEM MODELS AND MEASUREMENTS

In order to determine the potential precision of an image formation system, it is
necessary to model both the system and the scene on which geometric measurements
are to be made. The first two sections deal with the kinds of degradations present
in an IFS. A comprehensive model will be developed based on previous research and
established optical theory. The third section of this chapter will detail several image
models of various geometric features and will explain their importance. The final

section will discuss what measurements are to be made under these models.

2. odeling t oint-spread functio

The IFS may be thought of as a series of cascaded components, each of which
contributes to an overall “net” PSF. These components include the lens, the aperture,

the sensing array, and the camera electronics.

The lens contributes diffraction and abberation blur. It will be assumed here
that the aperture is much smaller than the lens, that the optics is diffraction-limited
[60], and that the only possibly significant abberation is defocus. The shape of
the diffraction-limited PSF depends on the shape of the aperture. A circular aper-
ture will produce a rotationally symmetric PSF, that being the square of a Bessel
function over its argument (since we are dealing only with incoherent imaging con-
ditions), commonly referred to as an Airy pattern [61]. Defocus blur is equivalent to
convolving an image with a “pill-box” shaped function [62]. The more out of focus
the system is, the larger this function will be. Because focus is a depth-dependent

process, the defocus component of the PSF is generally space-variant, often severly

§0.
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The sensing array is the next component in the system. In this dissertation, the
case of charge-coupled device (CCD) arrays will be the main concern. Each photosen-
sitive element in the array integrates the irradiance over a small area. Each photon
striking the element is converted to an electron-hole pair with a certain probability
(the quantum efficiency [63]). CCD semiconductors have a virtually unchanging
quantum efficiency across their entire dynamic range and hence have a gamma value
near unity. This means that the number of electron-hole pairs generated at an ele-
ment will grow in direct proportion to the irradiance, for a given integration time.
This fact will serve to make the issue of quantization much simpler. The fact that
the sensing element must integrate over an area to collect a sufficient number of
photons is equivalent to another PSF component. The array elements are generally
rectangular, and are so to a high degree of precision due to the lithographic tech-
niques used to create them. However, the response is not entirely uniform across
the surface of these elements because of the way the charge is collected [64]. These
non-uniformities are slight enough that they can be ignored. Thus the CCD array
contributes a “rectangular” PSF to the overall PSF.

At this point, the charge collected in the CCD elements is transfered off the light
sensing portion of the IC, converted to a voltage, amplified, and fed serially to the
camera electronics, usually in a raster format. So the image has been sampled spa-
tially, but has yet to be quantized radiometrically. As indicated in chapter 1, it is at
this point that the samples should be quantized, completing the transformation to
a digital image. Instead, the RS-170 standard is often used because it is compatible
with most of the current video equipment. The samples generated by the CCD array
are passed through an analog reconstruction filter (still in raster-scan format) in or-
der to enhance the appearance of the image to the human visual system. The most
common reconstruction filter is the Butterworth low-pass filter [65]. For example, the
Cohu 4810 series camera uses a passive ladder realization of a seventh order Butter-
worth LPF [66]. When digitizing, the resulting signal is ultimately resampled (often
at a different rate than the original sampling rate of the CCD array) and quantized.

There are also other forms of processing performed by many “off-the-shelf” cameras.
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Automatic gain control, dark and light clipping, and gamma correction are a few.

These processes are largely non-linear and most can be disabled.

Of course, other effects are present in an IFS, such as dependencies on the fre-
quency content of the incident light. However these processes are complex and would
only be a distraction from the issue of how changes in the PSF affect the precision

of geometric measurements.

Having defined the processes that contribute to a PSF, we now need to amalga-
mate the individual components into a single PSF (see Fig. 2.1(a)). The object-space
coordinate system is a 2-D cartesian coordinate system with (z,y) as the variables.
The image contains (2N + 1) x (2N + 1) samples (or “pixels”). The pixels are cen-
tered on the integer indicies of the object-space coordinates and the sampled image
is centered at the origin. Hence, the pixel coordinates, (3, ), are integers in the range
(-N < 4,j < N). This notation was adapted for convenience and forces the sam-
pling array to be symmetric about the origin. While we refer to these collection of
samples as “images”, the value of N will rarely exceed 5. Thus an image of size N
will probably be better thought of as being a small window from a digital image of
larger dimensions. Figure 2.1(b) illustrates this point. The overall image formation

equation is:

N’ N N
a(z,y) = (((f(z,y)@hl(z,y)) S Y bz-si'y- j)) @h,,.,,(z)) > b(z—i), (21)

i!==N!j==N i=—=N

where f(z,y) is the object intensity distribution, g(z,y) is the resulting image after
passing through the IFS, and @ is the 2-D convolution operator. The sampled im-
age, g,(i,j) is obtained by evaluation of g(z,y) at (i,5). Quantization of the samples
follows, a subject that will be deferred to the next chapter. Note how the image is
“sampled” by the first set of delta-functions and then resampled in the z-dimension
after the Butterworth PSF, hyy(z). Only the z-dimension is resampled because the
Butterworth filter is applied electronically to the image in raster format. The effects
of this filtering at the ends of each “line” have been ignored. The scale factor, s, is
added to reflect the fact that the first sampling can occur at a different rate than the

final unit interval sampling. Also, the number of samples N and N’ may be different.
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In anticipation of cameras designed for machine vision, the Butterworth filter and

resampling can be removed to give:

N N
9(z,9) = (f(z,v)®h1(z,0)) D, D 6(z—i,y-3j), (2.2)
i==N j=—=N
where:
hl(z,y) = hdl(m; y)®hdcj(zxy)®hrect(zv y)- (23)

Here hq(z,y) is the Airy pattern formed by the optics, hses(z,y) is the defocus PSF,

and hy..(z,y) is the rectangular sensing element PSF. These functions are defined by:

2

ha(z,y) = (2-‘%) . (2.4a)
_[1/rR? if r? < R?

haes(2,9) = {0 otherwise, (24b)

and —A,/2<y < Ay/2; (24c)
0 otherwise,

1/8:Ay i —A:/2<z<A;/2
where r = \/z? + y? and where B, R, A., and A, are parameters specific to an IFS.
An attenuation constant can be added if a lossy system model is desired. The IFS
of equation (2.1) is not space-invariant, because of the sampling and resampling
functions [7]. The PSF of (2.3) is space-invariant, but can be space-variant if the
parameters B and R are allowed to vary as functions of the spatial coordinates. A
simplifying assumption is that B(z,y) and R(z,y) vary slowly enough that they can
be considered constant over any small area of the image. This is equivalent to the
concept of using isoplanatic patches [67) to approximate a space-variant PSF. The
ramification of this assumption is that we may continue to use the convolutions in
equations (2.1) through (2.3) rather than use the integral for a general linear but

shift-variant system.

Equation (2.1) is too complicated to evaluate in closed form. However, numerical
integration can be used to approximate the PSF value closely and this approach will
be used extensively. Figure 2.2 shows the PSF computed by numerical integration for

a specific set of parameters that roughly approximate the Cohu CCD camera. Rather
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than use the formula of (2.1) directly, it is far easier to invoke the convolution theorem
and apply numerical integration to the inverse Fourier transform of the product of

the individual components in the frequency domain.

Many papers are written based on the assumption that the PSF is a simple
Gaussian [43-45]. This makes analysis straightforward because of the Gaussian’s
much-studied form. The use of the Gaussian is often justified heuristically by an
appeal to the central limit theorem, which states that any function convolved with
itself a large number of times will approach a Gaussian shape. Here the bilaterally

symmetric Gaussian:

G(z,y)=K <
2wo,

e-—(z’/2a:))( 1 e—(y=/2oz)), (2.5)

2oy

will be used to approximate the PSFs of (2.1) and (2.2). In this dissertation, the
precision obtained with the Caussian model will be compared to that obtained using
the more sophisticated models. This exercise should be useful in establishing the
validity, or lack thereof, of using the Gaussian PSF model in measurement algorithms.
For example, Fig. 2.3(a) shows the best (least-squares) Gaussian for the PSF of
Fig. 2.2. This fit is obtained using an iterative gradient-ascent (or “hill-climbing”)
algorithm [68] in which ¢, and o, are the two variables in the search space. The o,
and o, which produce the lowest sum of errors over the sampled PSF is chosen as
the best fit. The scale factor K is determined automatically by forcing the sum of
the sampled Gaussian values to be equal to the sum of sampled PSF values. Figure
2.3(b) shows the error levels for a portion of the search space used in determining the
Gaussian of Fig. 2.3(a). The error is the negative of the sum of absolute differences
between the PSF and Gaussian, hence the best values of o, and o, reside at the
peak indicated in the figure. Note how the search space is smooth and unimodal, a
fact that is essential when using a gradient-ascent algorithm. While it is conceivable
that there could be multiple solutions if the PSF was strange enough, it is unlikely
to occur using our model. Figure 2.3(c) shows the error surface of the difference
between the PSF of Fig. 2.2 and the Gaussian of Fig. 2.3(a). The peak difference
is 17.7% of the PSF value and the total volume of the (absolute) difference curve
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is 17.5% of the total volume under the PSF surface. This shows us that it may be
difficult to apply a Gaussian model to a PSF with a large rectangular component,
even when it is convolved with several other components. The resulting Gaussian

has the potential to cause considerable loss of precision when used as a substitute

for the actual PSF.

2.2 Modeli .

As emphasized in chapter 1, noise will not be a major consideration in this
dissertation. Thus an accurate noise model will not be attempted. Sources of noise
in images are many. The surface of objects being viewed have random variations in
their reflectance, leading to a “texture” in the extreme case, but being equivalent to
noise when the reflectance is assumed constant. Random variations in the photon
flux impinging on the sensing elements is another source of noise and is especially
prominent under low lighting conditions [69]. Following the photon noise comes a
host of electronic sources of noise. Thermal noise, shot noise, and clock jitter are a
few [70]. Overall, an additive Gaussian stationary noise model will be assumed. This
model has been used in numerous other works [18,25,37] and is a fair representation

of noise that arises from several sources simultaneously.

2.3 Modeling the scene

Six specific image feature models have been chosen for this dissertation. The
features were chosen because they present a wide variety of measurement problems,
many more than have been encountered in any single previous work. Each feature
will be defined by a set of parameters. While the values of these parameters will
define a specific feature from a family of like features, the values themselves are not
necessarily the values that need to be measured. This will be discussed in section
2.4. All features will be defined in a continuous 2-D space. Mapping of this space to

the discrete (sampled and quantized) domain will be deferred to chapter 3.

Throughout this section many of the features defined will be “linear” features.

That is, being composed of one or more line segments when projected onto the image
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plane. The equation of a line in our coordinate system is given by:
p=zsinb + ycosb. (2.6)
Note that I will also use the following alternative form for defining a line:

y=mz+b 2.7

2.3.1 Infinite step edge

Perhaps the most widely studied image feature in computer vision is the infinite
step edge. Here, and in subsequent usage, the term “infinite” is used loosely to the
effect that the edge is so long as to always extend beyond the boundaries of the
image. Because the step edge is so commonly used, two cases of the step edge model
will be analysed. The first case is that of known contrast (or “magnitude”). The
edge is dark (intensity value 0) on one side and is bright (intensity value 1) on the

other side. Hence the feature model for this image is:

f(z,y) = U(p— zsinf — ycosd) where U(£)= {‘1’ ggi g f gf (2.8)

The second case is a step edge of unknown contrast and is a generalization of the

first case. Here the image (see Fig. 2.4(a)) is defined by:
f(z,y) =k + AkU(p — zsin 6 — ysin8). (2.9)

Most of the theory will be developed using the step edge model and then extended

to the other features.

2.3.2 Infinite corner

Figure 2.4(b) shows an image of an “infinite” 90 degree corner. It is defined
by the three parameters (zo,y0,0). The corner will normally be represented as being
dark on a light background although it should be noted that this arbitrary choice
cannot affect the precision to which the parameters can be found for a linear imaging
system. The image is defined by:

. —-1/y— x.
k if 6 < tan~1(EZ8) <0+ 3; (2.10)

f(=z,y)= { k+ Ak otherwise.
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For this feature, and all subsequent features, the special case of known amplitude

(k = 0, Ak = 1) will often be assumed.

2.3.3 Infinite bar

As shown in Fig. 2.4(c), the infinite bar is much like the infinite step edge. Like
the step edge it has a line associated with it defined by the parameters (p,0). The
parameter Ap dictates the width of the bar. As the width gets small (close to the
sampling interval when the feature is digitized), the feature is often called a “line”
despite the fact that it has finite width. However, to avoid confusion, the term “bar”
will be applied regardless of the width, Ap. The image of this feature is defined by:

k if =42 < p—zsinf —ycosh < 42;
y = e - 2.1
f=) { k+ Ak otherwise. (2.11)

2.3.4 Rectangle

The next feature considered here is the rectangle. Because it has the most
parameters associated with it, it can be considered the most complex of the features
defined in this section. As shown in Fig. 2.4(d), it has a point (zo,y,) defining its
position in space and a length, I, and width, w, defining the size of the rectangle.
The orientation is defined by the angle 8. The image of the rectangle is then defined
by:

k if —1/2 < (y — yo) cosf — (z — zo)sinf < 1/2 and
f(z,9) = { —~w/2 < (z—z0)cos0 + (y — yo)sinf < w/2; (2.12)
k+ Ak otherwise.

2.3.5 Infinite circular edge

While this model is of questionable value because of its restrictive nature, it is
included since curved surfaces frequently occur in real scenes. As shown in Fig. 2.4(e),
the image is a portion of a circle with center (zg, o) (not necessarily outside the image)
and radius r. Here the image is defined by:

-1k if (z—20)?+ (y—w)?* < r%
fz.y) = { k+ Ak otherwise. (2.13)
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2.3.6 Disc

A special case of the curved edge of Fig. 2.4(e), the disk of Fig. 2.4(f) has the same
parameters and form of equation (2.13). However, for this feature it is understood
that the entire circle must lie within the image. This case has some importance since

circular features often occur in industry (such as bolt-holes).

2.4 Measurements and their meaning

The first issue at hand is the interpretation of the words “accuracy” and “pre-
cision”. Until now these words have been used interchangeably and have not been
properly defined. Indeed, both the Oxford [71] and Webster [72] dictionaries use
the term “accuracy” in their definition of precision and vice versa! Because of their
importance in our work, I will distinguish between the two terms. The field of mea-
surement science has devoted considerable effort towards the definition of such terms.
The Handbook of Measurement Science [73] is a particularly authoritative volume
in this field and contains many such definitions. The term “precision” is used to
describe the discrimination and repeatability of a measurement system. Surpris-
ingly, the word “precision” is not even a standard term. The “discrimination” of
a measurement system is how fine a measurement can be resolved. For example, a
ruler with a millimeter scale has more discrimination than a ruler with a centime-
ter scale. In this dissertation, the term “precision” will be used synonymously with
“discrimination”.

The term “accuracy” defines the ability of an instrument to produce measure-
ments approximating the true value of the quantity being measured. Since we are
using mathematical image models, the true values of the parameters and any quanti-
ties derived from them will always be known. When analysing the effects of the PSF
and quantization on the measurements made on our chosen images, accuracy will
no doubt vary with the parameter values of the image feature. Hence the precision
will be the worst case accuracy over all parameter values. That is to say, the worst
case will define the limit for which we can be guaranteed to resolve the measurement

to, without possibility of error. The average case accuracy will normally be much




32

lower than the worst case, and this will also be used during analysis as an alternative

definition of precision.

The next vital issue is that of what is being measured. As may have been
noted, none of the geometric image feature models of section 2.3 has less than two
parameters even when the contrast is known. We see then that it is easy enough
to talk about the precision and accuracy to which we can find any one parameter,
for instance the orientation, 8, of the step edge model. But what can be said about
the system as a whole? Specifically, given two different IFS models, how can we
determine which one allows us to find the step edge more precisely? If one IFS gives
us more precision for each parameter, we might be inclined to say that it is “better”
than the other IFS. But even this is not true. In fact, only if the accuracy of one IFS
is equal to or greater than that of another for all parameter values can we judge it
better. In all other cases there are some parameter values where its accuracy is worse.

For these cases, a criterion to measure how “good” an IFS is must be formulated.

Ultimately, the formulation of a criterion must depend on the application in
which the system is to be used. Consider the case of an IFS that gives outstanding
accuracy in the locality of a specific set of image parameter values but degrades
rapidly as the parameter values vary from this point. Consider also a second IFS
that gives only fair accuracy but which does so over the entire parameter space.
Which IFS is better? Again, it necessarily depends on the intended application. If
it is expected that the image model parameters will always fall near to the point
of good performance for the first IFS in our example, then that IFS would perform
better than the second IFS. On the other hand, if we expect the parameter values to
be uniformly distributed, then the second IFS will outperform the first on average.
While this example points out the need to assume a parameter value distribution
model, it cannot be emphasized strongly enough that in practice one should formulate

the problem (in this case a “goodness” criterion) to best suit the application.

Since we wish an application independent criterion in this dissertation, it is
reasonable to assume that the parameter space for each of the image feature models

is uniformily distributed. That is, out of the families of features defined by equations
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(2.8) through (2.13), any specific feature from a family is equally likely to occur.
While intuitively simple, it is difficult to translate this statement into a mathematical
parameter distribution. Consider the case of the step edge. As discussed, there are
several ways to represent the line which defines the edge. A uniformly distributed
parameter space in (p,0) will become non-uniform when transformed to the (m,b)
parameter space. As it turns out, uniform distribution of the (p,6) space conforms to
the intuitive notion of a uniformly distributed random edge. The transformation from
(p,9) to the slope-intercept line representation transforms the orientation 0 < 8 < n/4
into the range 0 < m < 1. But n/4 < 6 < n/2 is transformed into the infinite range
1 < m < oo. Thus the orientation space is highly compressed at one end and stretched
at the other. A uniformly distributed (m,b) space would tend to favor lines with
slopes greater than unity and hence is not intuitively what would be considered a
uniformly distributed random edge placement. In any event, a rigorous mathematical
definition will be used for whatever parameter space is chosen. At times, it will be
necessary to modify the distribution and it will be clearly stated when this is so.
For illustration purposes, it will often be useful to simply use a generic probabilty
distribution function (PDF) over the parameter space, i.e. let P(6) be the PDF of
the parameter space defined by the vector & = (61,6s,...,6,) .

Defining the parameter space distribution brings us one step closer to our objec-
tive of a consistent way to formulate criteria for evaluating IFS’s. One major obstacle
still exists and that is how to weight the individual parameters. As mentioned pre-
viously, we can only measure the precision and accuracy of individual parameters.
Given a single parameter value, 6;, and our estimate of it, é;, (for a given IFS), a

reasonable measure of accuracy is:
o = |6; — 63, (2.14)

which is zero for perfect accuracy and grows linearly with the error ¢ = (6; — ;).
Because our use of the IFS has been deterministic, §; (and hence «;) is defined

uniquely over the range, R;, of parameter 6;. The precision, 8;, can be measured as:

Fi = max(a;). (2.15)
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An alternative definition is:

Bi= [ P(6i)eid;, (2.16)
/

which is the “average accuracy” but may be used as a measure of precision. The
use of the PDF P(6;) in (2.16) implies an assumed independence of the individual
parameter distributions. That is, P(6) = P(6,)P{6.)...P(6,). It may be noted that
these definitions of precision are not consistent with the commonly held notion that
a “high precision” system is better than a “low precision” system. Recalling that
the precision as defined in [73] is synonymous with “discrimination”, we will retain
these definitions. However, in order to avoid confusion, the precision measures of
(2.15) and (2.16) will be refered to simply as the worst-case error and average error

repectively. Now, a criterion for how “good” an IFS is might be:
€= b, (2.17a)

or:

€= Z‘yiﬁ;. (2.17b)

In this criterion, the “importance” of each parameter is determined by it weight, ;.
Other criteria can be formulated, but little would be gained by doing so. The weights
must be defined subjectively, and with an application in mind. Nothing more can
be said without such an application, and the criterion of (2.17) will be useful for, if

nothing else, illustration of how to objectively compare IFS’s.
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Figure 2.1(b) - Model of the coordinate system for an image window.
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Figure 2.3(b) - Perspective plot of search space for finding
Gaussian approximation to PSF of Fig. 2.2.
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Figure 2.4(c) - Infinite bar.
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CHAPTER 3.0

EFFECT OF SAMPLING AND QUANTIZATION
ON PRECISE MEASUREMENT OF EDGES

In this chapter a methodology is developed for determining how PSFs affect
the precision to which a step edge can be determined under given sampling and
quantization models. While a few specific PSF's are used for illustrative purposes,
the overall approach treats the PSFs as generally as possible. The first section
deals with the case of infinite radiometric resolution. The second section introduces

quantization, which is found to severly limit the precision that can be obtained.

ite iometric resolutio

At a glance, one might wonder why it is important to even consider the case of
inifinite radiometric resolution. Even in the absence of noise, the image samples must
be quantized to make the image “digital”. When noise is considered, the number of
grey-levels that are meaningful is often relatively small. However, the transformation
to a quantized signal is mathematically inconvenient at best, because of its nonlinear,
many-to-one nature. Considering the case of infinite radiometric resolution will allow
us to concentrate on the effect that the PSF and sampling alone have on the ability to
measure feature parameters. This case will define a limit on precision which cannot
be surpassed after quantization. As the number of grey-levels in a digital image
becomes large, it will be possible to approximate the obtainable precision by that

obtained using the inifinite radiometric resolution case.

The first case to be considered is the step edge of known contrast. Referring to

the edge defined by (2.8), we impose the following additional constraints:

and 0<6<~. (3.1)

=
N E

<p<

|
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That is, the edge must be within 1/2 pixel of the origin, and the angle of the line
cannot be negative or exceed 45 degrees. We can do this without loss of generality by
realizing that shifts away from the origin are equivalent to reductions in the image
size, N, determined by the slope of the line. We can restrict our attention to the case
where 0 < 8 < 7/4 since all other cases can be directly related to this case through
appeals to symmetry. These additional constraints can be incorporated into our
precision criteria by using a uniformly distributed PDF over the region described
above. In the following subsections, a few specific PSFs will be considered, followed

by a generalization to an arbitrary PSF model.

3.1.1 Impulse sampling

The case of impulse sampling is an idealization. Under this model each point
in the object space is imaged as a single point in the image space. While of little
practical value, this model is of theoretical interest since it represents the limit as
the PSF size decreases to zero. As well, the simple nature of the model makes it a
good point to start the analysis of how precision measurements are influenced by the
PSF. If we assume the PSF (h; in (2.2)) is a Dirac delta function with unity gain
(impulse sampling) then at any sample point (i, ) in our coordinate system, the pixel

value E;; will be:
a={y iz o
A simple, and very effective, algorithm for this model is to estimate the parame-
ters (m,b) using a least-square fit to the line. Note that it is possible to use the (p,8)
equation for a line and solve for the estimates, 5 and 4, in a least-squares formula.
However, the resulting equations are more complex and do not produce any added
insight into this problem. There are three cases where points near the line can be
identified, they are shown in Fig. 3.1. In case 3.1(a), pixel (i,j) is dark and pixel
(i,j + 1) is bright. Since the line must fall between these two points, we can take
the midpoint (i,j + 1) as being the “best” estimate. Immediately we see that we are

guaranteed to be within +1/2 pixel of the actual point on the line. We can collect all
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such points as in Fig. 3.1(a) in the image and use them in our least-squares estimates

of the slope-intercept equation to the line. Hence, we want to minimize the function:
N ~
> (mitb—u), (3.3)
i=~N

where
vi = |mi+b) +%. (3.4)

Differentiating with respect to the parameter estimates and setting the results to

zero gives:
6 N * 2
£y ‘Z:N(mz +b—y)*=0 (3.5a)
0 & .
5 > (mit+b-y)? =0, (3.5b)
i=—-N
which can be reduced to:
N o, N
my P+b Y i- Y =0 (3.6a)
i=-N i=-N fi=-N
N N N
B>y 14m Yy i > m=0. (3.6b)
i=—=N i=-N i=-N
But:
N
S i=0 (3.7)
i=—N
i 2 NV +1@N +1) (38)
i=-N 8 . .

Using (3.4), (3.6), (3.7), and (3.8) allows us to solve directly for mn and b giving:

N
3 '_:;N i(|mi+ b))

M= NN FDEN+ D) (3.9a)
N

) i=Z—:N |mi + b] )

b= ——_2N+1 +'2-. (3.95)

Unfortunately it is extremely difficult to carry this analysis further because of

the non-linear “floor” operator. As such we can produce estimates s, b for varying
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values of m and b and then convert them to the (p,0) form for use in our precision

equations (2.15) and (2.16).

Figure 3.2(a) shows a plot of 8, and f,, the worst case and average precision for p
as a function of increasing image size. The values for g, and g, were approximated by
sampling the parameter space (~1/2 < p < 1/2,0 < < n/4) in increments of 1/100th
of the range of each dimension. Note the striking disparity between the average and
worst case precisions. While the average case improves with increasing image size, the
worst case error remains constant at 0.5 pixel. Figure 3.2(b) shows plots of g, and 3y,
the precisions for ¢ as a function of increasing image size. For edge orientation, both
the average and worst case errors decrease dramatically with increasing image size.
Comparison of the two graphs of figures 3.2(a) and 3.2(b) underscores the difficulty
of combining the different parameters, which in this case are not even delineated
in the same units of measurement, into a single goodness criterion. In conclusion,
we see that this least-squares estimation algorithm is capable of producing sub-pixel

accuracies, even for relatively small (5 x 5) images of a step-edge image.

Using all three point estimates (Figs. 3.1(a) through 3.1(c)) will give even better
results. As well, an algorithm developed by Havelock [74,75] is optimal and would
provide results that minimize the RMS error for this measurement task. However,
since the impulse sampling case is an idealization, I will not reproduce that algorithm.
Suffice it to say that the least-squares algorithm presented is close enough to the
optimal precision to be used in illustrating the differences between this “ideal” IFS

and the cases to follow.

3.1.2 Rectangular sampling

Next consider the case of the rectangular detector PSF component of (2.4c). In
most imaging systems the detector PSF component is fixed and thus can be distin-
guished as being part of the sampling model separate from the optical components
of the PSF. However, this distinction is a minor one and we can proceed with the

analysis on the assumption that we still have an ideal impulse sampling system but
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that the image has been convolved with a rectangular PSF prior to sampling. Hence
at each sample point (%,j), we will have brightness:

i+ER i+
/ U(p— zsin 6 — ycosf)dydz. (3.10)

Ay
E]
i Az . Ay
== )-=

1
Bi = %A,

This means that E;; can now take on any value from 0 to 1 and, while the integral
cannot be solved directly in terms of 1,4, p and 6, we can break it into a finite set of
cases, each of which has a closed-form solution. Fig. 3.3 shows six such cases keeping
in mind our restriction 0 < § < /4. Each case may be evaluated explicitly in terms
of the rectangular and triangular areas that partition the area of the PSF that lies

on the bright side of the step edge.

It is obvious that we can get at least as much accuracy out of this model as in
the impulse sampling model just by realizing no matter what the line is, if E;; = 1/2,
then the line must intersect the center of the box. Hence for E;; > 1/2, the center
point lies in the bright side of the edge, and for E;; < 1/2 it lies on the dark side of
the edge. Setting El; = 0 for E;; < 1/2 and E}; = 1 for Ei; > 1/2 gives us the same

values obtained using impulsive sampling

It can be shown that for a few values of E;; and an evaluation of the cases of
Fig. 3.3, we can recover (p,§) exactly. This approach was demonstrated by Manmatha
[76] for the case of (A; = 1,4, = 1). Rather than do this, I will present a more general
solution that will be applicable to other PSFs. I will show that given two samples such
that 0 < E;; < 1, the equations of the line can be solved for to any desired accuracy.
As well, this technique can be used to prove, under the right circumstances, the

existence and uniqueness of an exact solution for any PSF.

Consider then, the formula E;; given in (3.10) for the box PSF. If we know what
E;; is for two samples say 0 < Ey;,, Ei,j, < 1, we want to find the values (p,6) that
satisfy equation (3.10) for both E;;, and E;,;,. Since we can’t solve for the integral
in a normal sense, we can pose the problem differently. Given a value, 6,, we now

have only one unknown, p;. Hence, through numerical integration we can find the
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value of p; that when combined with the value of 6, will give E;,;,. If we shift the
origin to point (i1, 1), then p, is the perpendicular distance from the point (i;, 7;) to
the line of slope 6§, that will give the sample value E;,;,. Since 6; can vary from 0
to 360 degrees, we can plot p; as a function of 6, in polar coordinates. Shown in
Fig. 3.4 are the plots for a rectangular PSF with (A; = 1,A, = 1) for varying values
of E;;. A cartesian coordinate system is shown to avoid cluttering up the figure. The
parameters for the line represented by any point in this cartesian system are found
by applying the standard conversion to polar coordinates (z = pcosf,y = psin8). So
given a specific value of E;;, the parameters of the line must lie on a locus of points
like the ones shown in the figures. Now we can repeat the procedure for E;,;, except
that we will still use point (iy,j1) as the origin. If ¢, is the angle point (is, j») makes

with the horizontal (z-axis), then it is easy to show that:
Plz(Eizi:; 62) = rcos(62 — '/’1.2) + p2(El'ai:;02)’ (3.11)

where r equals the distance from point (i;,4;) to point (i3,j2). Figure 3.5 shows the
case of A, = A, =1 for E;,;, = 0.05 and E;,;, = 0.15. Superimposed over the two curves
is the p} = rcos(6 — ) + p2 curve (dashed line). Because of the nature of the rcos(d — )
curve, there will normally be at least two (and often four) intercepts between the
two curves py(E;,;,;61) and pb(E;,;,;02). Any of these intercepts corresponds to a valid
solution (p,6) to the problem (one of which is shown in Fig. 3.5). The ambiguity is
a result of the fact that the E;; don’t distinguish between the “sense” (or direction)
of the step edge. As a result, curves of equal absolute difference from the case of
E;; = 0.50 are identical. To resolve the ambiguity, we need only test pixels on either
side of the computed line to see if they are consistent (i.e. dark on one side and
light on the other) with the integral of (3.10). The four cases arise from the four
combinations of edge directions possible for two values of E;;, but only one case will
be correct for both. Hence we have demonstrated both the existence and uniqueness

of an exact solution for the box PSF' case.

It should be noted that the solution works only because we insist upon having

values of E;; in the range 0 < Ej; < 1. It is possible when A; < 1 and/or A, < 1 to find
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lines where E;; can only equal 0 or 1. For these special cases we can only estimate
the location of points on the lines (as in the impulse sampling case). So to guarantee
an exact solution for all possible lines, we must have A, > 1 and A, > 1. While A,
and A, are both less than or equal to one for focal plane array detectors, they can

effectively exceed one pixel in scanners whose sampling rate is initially higher.

3.1.3 Obtaining per fect precision

As was demonstrated in subsection 3.1.2, there are instances in which, by judi-
cious selection of pixels, one can be guaranteed to get error-free measurements. In
fact whenever the rectangular PSF dimensions satisfy (A, > 1,A, > 1), the precision
becomes perfect over the entire parameter space. When comparing the “ideal” im-
pulse sampling case of subsection 3.1.1 and the rectangular PSF of subsection 3.1.2,
we see that the later is superior. Here the PSF, which is normally considered to be
a degradation, has turned out to provide the means of exact measurement of the
step edge. The logical question to ask is under what conditions does this apply?
That is, what subset of PSFs will allow us to obtain perfect accuracy over the entire
parameter space? The answer to this question is actually fairly simple. In order to
guarantee the existance of pixels for which 0 < E < 1, it must not be possible to find
parameters (p,0) which result in a line that does not intersect a non-zero portion
of the PSF centered at any pixel. Although intuitively obvious, this statement is
difficult to translate into a family of PSFs that satisfy the constraint. For the pur-
pose of the PSF model of (2.3), this means that the non-zero portions of the PSF
centered at (4,7) must overlap the non-zero portion of the PSF centered at (i - 1, ),
(i+1,5), (i,7—1), and (i,j+1). If the Airy-pattern of (2.4a) is not an impulse function
(i.e. B is finite), then the overlap condition must always exist since the support of
this function is infinite. Otherwise, the sums (A; + 2R) and (A, + 2R) must both be
greater than unity to guarantee perfect precision. Figures 3.6(a) through 3.6(d) show
the loci curves for a few different PSF's of chapter 2. Again, the cartesian coordinate
systems are used only for clarity and the actual line parameters are found using the

standard conversion to polar coordinates. Despite the differences between the loci
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for each PSF, all have equal potential for allowing perfect precision under infinite

radiometric resolution so long as the size of the PSF is large enough.

The ability to obtain perfect precision also applies to space variant PSFs as well,
although the overlap conditions are more difficult to visualize. In the case of the
isoplanatic approximation to a space variant PSF, each individual pixel will have a

different set of loci curves that can be computed by a simple integral of the form:

E;; = //PSF;',-(::: —i,y—j)U(p — zsind — ycos8)dydz, (3.12)

R. R,
where R, and R, are the ranges of z and y respectively (possibly infinite). Thus space-
variance in the PSF model will not necessarily cause a loss of precision. Because of
the complexities introduced by space-variant PSFs, this aspect will not be probed

further.

The final issue is whether ambiguity may result. The two-way or four-way am-
biguity encountered in the example of subsection 3.1.2 will always be encountered
when using only two pixels to determine the parameters of the edge. In order to
encounter more complex ambiguities, it would be necessary for the p(8) loci curves
to be multivalued. However, since the PSF is assumed to be positive over its entire
range, a multivalued p(6) is impossible. As the light side of the edge approaches the
center of a pixel (i.e. as p decreases), E can only increase since there are no negatives
to decrease it. It is possible to contrive a PSF in which zero-valued regions between
non-zero regions will cause a multivalued p(6) function. The result would be akin
to the case of impulse sampling, in which a line parallel to either coordinate axis
can be moved a distance of one pixel without changing the pixel values. This can
be viewed as a form of ambiguity which cannot be solved. In any event, ambiguity
arising from such contrived PSF’s is not important since our PSF models do not have

such properties.

Overall, we have seen that a PSF with a sufficiently large support allows us to

unambiguously recover the step edge parameters exactly (in the absence of noise).
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In the next section, quantization will be added to the approach used in this section,

and will form the method by which precision may be determined for a given PSF.

3. cts of quantizatio

In section 3.1 it was shown how the PSF, when sufficiently large in relation to
the sampling interval, dramatically increased our ability to locate an edge. Now
quantization will be introduced in order to gauge its effects. It will be assumed that,
prior to quantization, sampled image values are in the range 0 < E < 1. Letting Q be
the number of grey-levels to which the samples are to be quantized, (e.g. @ = 256 for
an 8-bit imaging system), the transformation from the case of infinite radiometric
resolution, E, to the quantized case, L, is given by:

L= LE—%ﬁ (3.13)

Notice how one-half a level is added after the truncation. This means that L will

always be within +1/2 level (each level is 1/Q units) of the actual value E.

Consider again the case of finding the parameters for a step edge and the rectan-
gular PSF of subsection 3.1.2. Equation (3.10) related the sample value of a pixels,
E;;, to the edge parameters (p,6). The mapping from E to (p,8) was shown to take
the form of a single-valued function, p(), several plots of which are shown in Fig. 3.6.
Now it is necessary to find a mapping from L to (p,0). That is, given a value of 6,
what values of p will produce a pixel with a quantized sample value L? Clearly p(8)
is no longer single-valued. Enin = (L —(1/2Q)) and Epnez = (L + (1/2Q)) are the mini-
mum and maximum values of E that will produce L. These in turn define pmin and
Pmaz. LThe mapping will be Enin = pminy Emaz = Pmaz 10T Epin > 0.5 and Emin = pmax,
Epaz = pmin 10T Egar < 05. This reversal of the mapping is a direct consequence
of the fact that the edge must pass through the center of the pixel when E = 0.5.
For the special case of Epip < 0.5 < Epar, We g€t pmin = 0, pmaz = Max(plE,e.rPlEmin)-
Letting pmin = min(p|En.yss PlEmia) a0d pmar — co covers the special cases of Eme: =1
and Ep;, = 0. All values of p in the range pmin < p < pma- (recalling thai this was for

a given value of 8) will produce a pixel value of L. So the locus of all points from pmin
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to pmar Over all 6 represents the region of the (p,8) space that could have produced
a pﬁxel with value L. Such a region is referred to by Havelock [59] as the feasible
region of the pixel. The contours plotted in Figs. 3.6(a) through 3.6(d) are special
in that they correspond to those values of E that are midway between quantization
levels for Q = 16. These contours, henceforth referred to as “boundary loci”, partition
the (p,0) space into the feasible regions for each quantization level. For instance, in
Fig. 3.6(b), the area outside of the outermost circle is the feasible region for L = 0/16
and L = 15/16. The region between the two outermost circles is the feasible region for
L =1/16 and L = 14/16, and so on until the region within the innermost circle which
is the feasible region for L = 7/16 and L = 8/16. Note that the plots of Fig. 3.6 were
made for a pixel centered at the origin. For other pixels, the formula of (3.11) must
be applied to transform the pnqr and pmis values to the origin. This transformation
deforms the feasible region of the pixel such that it will intersect the feasible region
of the pixel centered at the origin. The region(s) of intersection are those values of
(p,0) that simultaneously satisfy the feasible regions for both pixels. Figures 3.7(a)
through 3.7(d) show the effect of adding pixels on the intersection of the feasible
regions. As can be seen, as more pixels are added, the intersection of feasible regions
decreases radiply in area. If the feasible regions for a subset of pixels in an image
are intersected, the result is referred to as a “locale”, a region in the (p,0) parameter
space in which the subset of quantized pixels will not change. As can be seen in
Fig. 3.7(b), locales need not be connected. A paper by Havelock [77] investigates
the topologic properties of locales and concludes that the locales generated for most
images are well-behaved in terms of their connectivity and adjacency. For an image
of size N, there will be:

Q2N +1)’ (3.14)

different combinations of pixel values, and each combination will have its own locale
associated with it. Even a small image of size N = 1 (3x3 pixels) and a modest 16 grey
levels of quantization, will result in approximately 6.8 x 101° different possible combi-

nations. To be sure, most of these combinations of pixel values could not have been
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produced by a step edge and will result in locales that are empty regions. Nonethe-
less, inspection of equation (3.14) reveals the enornmous magnitude of enumerating

the locales for all but the smallest and most coarsely quantized images.

Despite the impractical nature of the locales theory, the ideas it contains are
fundamentally important. For a given subset of pixels (in this dissertation, the only
subsets considered will be images of size N), each locale represents a region in (p,6)
over which edges are indistinguishable. Now the issue of ambiguity has changed.
The question is no longer whether ambiguity exists, (this is implied by the nature of
the feasible regions) but rather how much ambiguity exists. Both the size and shape
of the locale determine the precision with which we can recover the parameters. For
each set of quantized pixels that maps to a non-empty locale, a decision must be
made as to which value (5,6) is to be used as the estimate for the actual value (p,6).
The decision must be guided by the definition of precision if optimal precision is

desired.

The worst-case error precision measure of (2.15) is, conceptually at least, the
easier of the two to define. The value of (5,6) for each locale is chosen so as to
minimize the maximum distance from (5,4) to any point in the locale. The distance
measure used is the “city-block” distance (|p— 5|+ |0— 6]) and minimization can occur

independently in the p and 6 dimensions. Hence the minimization occurs simply by

choosing:

5= max(p) ;L min(p) (3.15a)
and

j = max(9) -2+ min(6) (3.15b)

(i.e. the midpoints between the extremes of both dimensions). The precision, 8,, is

simply max(| max(p) — 5|) over all locales. A similar formula is used for g,.

The average absolute error precision measure (2.16) is minimized by choosing
(,6) such that the mean distance from (5,4) to any point in the region is also min-

imized. Again, because of the definition of distance, the minimization may be done
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independently in p and 6. This independence is more than just a notational conve-
nience, it means that it is not possible to trade off precision in 8 for precision in p or
vice versa. For a given locale, let P,(p) be the projection of the locale, weighted by
the parameter PDF, onto the p axis. The average absolute error, {|p—5|), is minimized

when:

p 00
[ Bioyio= [ Eordp. (3.16)
-00 ]
If we instead minimize the average squared error, {(p — 5)?), we get:

T #Pop)dp
m— (3.17)
_{o Py(p)dp

which is the centroid of the projection of the locale onto the p axis. While the
squared-error measure is slightly easier to compute, the original definition of absolute
error resulting in (3.16) will continued to be used. It should be realized that there
is no right or wrong measure. The squared-error measure simply tends to penalize
large errors more, and hence produces estimates somewhere in between the average
absolute error and worst-case error measures of precision. In any event, given a
set of locales and a definition of precision, we can compute the best estimate (5,6)
for each locale. The precision obtained for the worst-case measure is the maximum
worst-case error over all locales. The average case precision is obtained by summing
the precisions for each locale, weighing them by their areas as a fraction of the total

area (making sure to account for the PDF of the parameter space).

Having defined the process by which an estimate is produced given a locale,
and how to use these estimates to find the precision, we are almost ready to pursue
our goal of investigating how precision is affected by the PSF. The only problem
left is a computational one. In order to make the theory presented an effective
tool for evaluating the effect of a PSF on precision, it must be possible not only to
enumerate the locales efficiently, but also compute their sizes and shapes accurately.
If enumeration of all locales is a must, there are two general approaches to the

problem. The first approach is to enumerate the locales using a tree-structured
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search algorithm. Two pixels from the image are chosen for the root of the tree.
Branches occur only for combinations of (L;, L) which correspond to a non-empty
locale. For each such branch, a third pixel is added and new branches are formed
for combinations (L;, Lz, Ls) which correspond to non-empty locales. This process
of branching and adding pixels continues until all pixels in the image have been
considered. This method of enumeration is most efficient when pixels are chosen in
an order that results in the fewest possible branches. Unfortunately, there is no clear
way to order the pixels to achieve this result. As well, determining whether a set,
(L1, La,...,L,), will produce an empty locale or not is an extremely difficult problem,
even when n is relatively small. This is because of the large number of ways in which

the boundaries defining the feasible regions can intersect to form a locale.

The other approach to enumeration of the locales is to vary the parameters over
a range for each value and compute the resulting quantized image values. Here
every combination of image values so computed is guaranteed to have a valid locale
associated with it. The drawback of this approach is in finding a way to vary the
parameters such that all locales are found. Again, the problem is too complex to
approach systematically and even if it were possible, we are still faced with the
problem of finding the exact locale boundaries. In fact, the boundaries between levels,
such as those of Figures 3.6(a)~3.6(d), are computed using numerical methods and
do not have a closed-form associated with them. This makes a closed-form solution

to the intersection of several such regions impossible.

What must be settled for is a way to approximate the locale boundaries in order
to estimate the precision measures. What can be done is to choose suitable small in-
crements, (Ap, Af), and compute the quantized image over the entire parameter space
sampled at these increments. Each quantized image is assigned a unique ID number
and the ID number can be placed on an “image” of the parameter space. All points
with the same ID number are part of the same locale. Each locale in the parameter
space image can have (approximate) precision measures made on it. The accuracies
of these measures are dependent on the number of locales in the parameter space.

For the worst-case precision measure, the maximum error in the estimated values for
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B, and By are +Ap and +A6 respectively. The number of locales found is also depen-
dent on Ap and Af. Using this algorithm to estimate the precision means that we are
never guaranteed to find all the locales no matter how small Ap and Aé are made.
Fortunately, only the smallest locales (those that contribute least to the measures
of precision) are the ones (if any) that will be missed. Despite these problems, this
approach is ideal in that it can be used with any PSF regardless of the complexity of
its analytical form. This makes it useful for objective comparison of several different
image formation systems. The approach is also superior to Havelock’s use of “lineal
bounds” based on the number of locale boundaries crossed in one dimension of the
parameter space [74]. With proper selection of Ap and A8, the approach outlined
here provides a far tighter bound on the achievable precision and is more applicable
to comparisons than the lineal bound (due to the approximate nature of the lineal
bound).

Now the case of finding step-edge parameters as a function of increasing image
size will be revisited. Two quantization levels were used (as in the impulse sampling
case) and the locales were estimated using (Ap, Af) = (1/1000,7/4000). Recall that it
is assumed that —1/2 < p < 1/2,0 < 6 < n/4. The graphs of Figures 3.8(a) and 3.8(b)
illustrate the results. Note the similarity between these graphs and the graphs of
Figures 3.2(a) and 3.2(b) created using the least-squares algorithm of (3.9). Note
again how the worst case precision, 8,, is constant with increasing image size while
the average case, f§,, declines. The reason 8, = 1/4 for this algorithm (as opposed
to 8, = 1/2 for the least-squares method) is that the enumeration of locales took
place over the restricted range —1/2 < p < 1/2. The algorithm took advantage of
this implicit knowledge and the worst-case precision was cut in half. In reality, no
algorithm would be able to do better than 8, = 1/2 and had the locales been extended
beyond the range imposed, this would have been the case. This does not present a
problem though since the precisions will usually be much better for a real IFS and
the assumption that p can be found to +1/2 pixel prior to the application of the

locale enumeration algorithm will not be violated as it was in this case. The other
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three measures, §,, 8s, and fs, all conformed well to the results of the least-squares

algorithm confirming the stipulation that it was near-optimal in terms of precision.

Figures 3.9(a)-3.9(d) show the effect of varying @ for a rectangular PSF with
(Az = 1,Ay = 1). As expected, increasing @ results in decreased error. In fact, in
both measures of precision, the errors are roughly halved every time Q is doubled,
regardless of the image size. Of special interest is that the worst-case precision, 3,,

is a constant (as in the binary image case) for each value of Q.

Before leaving this section, lets take another look at the p(8) boundary loci of
Fig. 3.6. For any PSF, the precision to which an edge can be measured is completely
determined by @ equations of the form L; = pi(6). Yet many PSFs can produce the
same set of loci. Thus, the mapping from the space of all PSFs to p(8) loci is many-
to-one under quantization. When the issue of an optimum PSF for finding edges is
examined, a single optimum will not exist. For most applications, only limited control
over the PSF is available (varying the focus, aperture, etc.) and the complexity of
the optimality problem will be greatly reduced. For rotationally symmetric PSFs (as
in the models of (2.4a), (2.4b), and (2.5)) the loci are independent of ¢ (i.e. of the
form p; = constant). Thus @ constants completely define the subset of PSFs that are
rotationally symmetric. This represents an enormous compression of dimensionality.
When a PSF is symmetric about the origin (as in the models of (2.4c)), then so are
the loci. In this case the pg/2(6) loci must be equal to zero. For the special case of
Q = 2, this means that the estimates of the edge parameters are invariant over the
entire family of PSFs that are symmetric about the origin (of which the rotationally
symmetric PSFs are a subset). This gives one a big incentive to use binary images
in practical settings since the PSF never actually needs to be modeled beyond the
assumption of symmetry. It also suggests that as Q is increased, the sensitivity of
the optimal estimation method to variations (or errors) in the PSF may increase. Of
course, at the same time, the number of locales is increasing with @ and the precision

along with it.
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Overall, we have seen that quantization of intensity limits the precision to which
we can localize edges. At the same time, coarse quantization also reduces the sen-
sitivity of the edge localization algorithms to the effects of different PSFs. In the
next section, this algorithm will be applied to various PSF's in order to find out how

precision is affected. The image sizes used will henceforth be restricted to N <5 in

order to make computation practical.



j*+1 .

(@ P=(i,j+1/2)

i i+1

(®) P=(i+1/2, )

i i+l

j+l1 .

©) P=(i+1/2, j+1/2)

Figure 3.1 - Three different templates used to estimate
the location of an edge point, P, based on
two impulsively sampled pixels.
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Figure 3.3 - Six different cases of a step edge passing through
a pixel with a rectangular PSF,
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Figure 3.4 - Each curve in the set is the locus of pomts (p,9) re %resenung

the line parameters that can produce the pixel value
Rectangular PSF with Ax=1.0and Ay=1.0. N
that each curve has two values of E associated wnh it.

fora



Figure 3.5 - Two distance functions are shown, centered on their respective
pixels, The dashed curve represents the distance function of
the second pixel transformed with respect to the origin of the
first. Each of the four points where the dashed curve intersects
with the distance function of the first pixel represents a valid
set of line parameters. These points are indicated with arrows and
one of the points is used to illustrate how the line is defined by
a point. The ambiguity is resolved by inspecting pixel values to
either side of the lines,
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(a) - one pixel (b) - two pixels
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(c) - three pixels (d) - four pixels

Figure 3.7 - Illustration of how feasible regions
change as the number of pixels increases.
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CHAPTER 4.0

EFFECT OF PSF ON PRECISE MEASUREMENT OF EDGES

In this chapter numerous simulations are performed using various PSF compo-
nents to investigate how precision edge measurement is affected. The second section
confirms the result of the first section using more realistic PSF models in which the
individual components are combined. The third section includes the electronic PSF
component and resampling. The final section discusses how the results can be used

to compare PSFs.

4.1 Effect of varying the PSF

Having developed a method to determine the precision to which a step edge can
be measured under various quantization levels and PSF's, we are ready to investigate
how different PSFs affect the precision. The first and most important issue is how
to vary the PSF parameters in a systematic and goal-oriented fashion. If the PSF
model has only one or two parameters, an empirical approach might be worthwhile
in which the parameters are varied over some appropriate range and precision is
sampled. This approach does not necessarily allow us to draw conclusions about how
other PSF's will perform. Furthermore, this approach becomes infeasible, mainly for
computational reasons, as the number of parameters increases above two (as in the
PSF model of (2.1)). An alternative is to attempt to isolate properties associated
with PSF's and see how precision changes as these properties vary. While it will not
be possible to use the results to predict exactly the obtainable precision for a given
PSF, it should become readily apparent if one PSF can be expected to do better
than another based on their properties. What sort of properties do PSFs possess

that can be distilled into a single parameter? The following subsections will attempt
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to answer this problem, although it should be noted that this will only serve as a

basis on which to estimate the performance of PSFs.

4.1.1 size

The most obvious property is that of size. From the PSF models of (2.4) and
(2.5), the “size” of the PSF is clearly related to its parameters. For instance, the
defocus PSF, rectangular PSF, and Gaussian PSF can all be said to have sizes that
increase in direct proportion to their parameters. On the other hand, the Airy pattern
PSF has a size that is inversely proportional to its parameter. In this dissertation,
the term “size” is treated on a case-by-case basis for each PSF. The size of the
defocus PSF is R, the size of the rectangular and Gaussian PSFs are \/A;A, and
/G=z0y respectively, and the size of the Airy PSF is B-!.

The reason size is important is that, as the support of the PSF increases, more
and more pixels in the image are influenced by an edge at a given location. This effect
increases the number of valid locales that can be made. At the same time, the PSF
is assurmed to be lossless and as the size of the PSF increases, its magnitude must
decrease. This means the affected pixels change quantization levels more slowly as the
edge position is varied. When the range of the edge positions is restricted, the number
of locales will decrease. Thus there are two counteracting effects when the PSF size is
changed. The critical factor is the number of locales generated. Since the parameter
space in which the locales reside has a fixed area, as the number of locales increases
the average area of each locale decreases. This tends to translate into superior
precision, especially for the average-case measure. While it is conceivably possible
that several large locales that dominate the precision remain virtually unchanged
as the number of locales increases, this will usually not be the case. The fact that
the boundary loci will spread apart as the PSF size increases means the locales will
be continuously changing their shapes. This effect will also strongly influence the

precision, but is not as predictable as the other factors mentioned.

One other factor determining precision is the image size. If the image is small

relative to the PSF size, increasing the PSF size will have little positive effect since
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those pixels that are most influenced by such an increase are the ones corresponding
to the outermost boundary locus for the PSF. If this locus exceeds the image bounds,
the positive effects of increasing the PSF size are mitigated and only the detrimental

effects of reduced intensity resolution remain.

It is useful to attempt to quantify the bounds that a fixed image size imposes.
Clearly, as the size of the PSF approaches zero, an impulse PSF is the result, and
we achieve the precision of a binary image. Here the size of the defocus PSF is said
to go to zero when R — 0 and infinity when R — co. The size of the rectangular PSF
goes to infinity when both A, — o0 and A, — oo (with a similar definition for the
Gaussian PSF). If the size of the PSF is allowed to approach infinity, a binary image
is again the result (this should not be considered alarming since it is an artifact of
the model chosen and this issue will be resolved in chapter 5). This is because (for
PSFs with symmetry about the origin) the only locus that will not — oo is the p=0
boundary (which corresponds to E = 0.5). It was already mentioned in section 3.1
that the case of the rectangular PSF could always be reduced to the case of the
impulse PSF. This holds true for any PSF symmetric about the origin. Thus, not
only is the precision for the binary image case a bound for size — 0 and size — oo, but
it is also a limit for which we are guaranteed we can do no worse over 0 < size < co.
This makes the existence of a finite number of optimal precision points a virtual
certainty. To strengthen this statement, I will give an example of how to tighten
the bound size = co. Consider the equation of (3.11) relating the distance to the line
(defined by (p,0)) from an arbitrary pixel (defined by (ri;,v:;)). If we use the full

range of 0 < § < 27 and retain the range —0.5 < p < 0.5 we see that:

Prmin = —0.5 — max(ri,;) (4.1e)
and

Pmaz = 0.5+ max(ri;). (4.16)

For an image of size N, r;; has a maximum value of Nv2. Thus we have derived
bounds on the maximum distance a pixel may be from the step edge. Now consider

the defocus PSF of (2.4b). As mentioned, since this PSF is rotationally symmetric,
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its boundary loci are defined by Q values of p; of which pg =0 and PQ_y = Py
Let p}? be the loci values for the case of R = 1.0 (recalling that R is the radius of
the defocus PSF). Then the loci for any arbitrary defocus PSF radius is pf = Rp}?.
Simply put, the loci are scaled directly by the radius of the PSF. Now, as R — oo, all

lps| except |pg| will also approach infinity. In order to have a non-binary image, we

must have:

Rl’ls:io_l > Prmin (4.2a)
and

Rpg’,y < Prmas- (4.2b)

These two inequalities are equivalent because p,;, = —plnq-. Thus, rearranging (4.2b)

and substituting (4.1b) for p/,,. gives:

! ae  VZN 405
R< %— =5 (43)
PS4y P 4

Thus the bound grows linearly with the image size and is also dependent on the

number of quantization levels. For the case of @ = 4, we get:

V2N +0.5

R < 5703037

~~ 3.50N + 1.24. (4.4)

This method of quantifying the PSF “size” for which the image becomes binary is
directly applicable to any rotationally symmetric PSF. For PSFs that are symmetric
about the origin (such as the rectangular PSF), the idea behind computing the bound
remains the same, but is complicated by the fact that the loci p;(6) are functions of

8. A quick approximation to the bound can be achieved by using
min(p}5,,() (43)

in (4.3). Table 4.1 enumerates the bounds for three PSFs for image sizes in the range

1< N <5.
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Table 4.1 - Bounds on PSF sizes for Q = 4. This table shows
the PSF parameter values which, when exceeded,
will result in a binary image.

image size defocus PSF Gaussian PSF Airy PSF
N R Or = Oy B-!
1(3x3) 4.738 2.838 1.928
2 (5 x 5) 8.239 4.935 3.353
3(7Tx7) 11.740 7.031 4.778
4(9x9) 15.241 9.128 6.202
5 (11 x 11) 18.742 11.225 7.627

Here PSFs in the range 0 to 2 pixels in “size” will be examined. This is a realistic
range, especially in applications where relatively good image quality is required for
other processing steps. For this range, image sizes as small as 3 x 3 will still be

sufficient to prevent the image boundaries from limiting the precision.

To test the effect of PSF size on the precision, experiments were conducted for
the following four PSFs: rectangular (A, = A,), defocus (R), Gaussian (o, = o), and
Airy (B-'). While of little practical value, these PSF models can be interpreted as
limiting cases of a more general PSF model. The rectangular PSF represents the case
in which the optical components of the IFS are negligible compared to the sampling
component. The defocus PSF model would be useful only when a system is very out
of focus. The Gaussian model would be valid when the optical and sampling PSF
components are approximately equal in size. Tests were done using both @ =4 and
@ = 8 with image sizes in the range 1 < N < 5. Figures 4.1(a) through 4.1(d) show the
worst and average case precisions for all four PSFs for @ = 4 and N = 3. Figures 4.2(a)
through 4.2(d) show the same plots except that @ has been changed to 8. In all tests
the results had the same basic pattern. The error (both worst and average case)
declined monotonically from the smallest size (near-binary) to a global minimum.
From that minimum, the error increases and decreases, fluctuating several times, but
never again as low as the first minimum. Hence, for any of the PSFs tested, there
is an optimal parameter value associated for each precision measure. Tables 4.2(a)
and 4.2(b) tabulate these optimal parameter values to within +0.01 pixel along with
their associated precision measures. Note how the PSF sizes required to minimize

Bs are substantially larger than those required to minimize 8,. This relation is also
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true between 3; and B, although the differences are not quite as pronounced. The
average precisions, 8,, s, have a relatively flat response as a function of the PSF size
in the vicinity of their global minima. Hence, the average case precisions, especially
Bs, are much less sensitive to changes in the PSF size than the worst-case precision.

Nonetheless, both worst and average case measures vary significantly.

Surprisiﬁgly, the number of locales almost always decreased slightly from the
smallest PSF sizes to the sizes where the optimal precisions were obtained. Hence
the number of locales is not directly useful as an indicator of the point where optimal
precision is obtained. Several measures based on properties of the areas of the locales
were also examined including the average area of the locales (which is inversely
proportional to the number of locales). Variance in area, maximum area, median
area, and average area were all tested and proved disappointing in their responses to

increasing PSF size.

4.1.2 shape

Quantifying the “shape” of a PSF is even more intangible than its size. The
shape can be thought of as having two components associated with it. One is the
“smoothness” of the PSF profile, in which the defocus and rectangular PSFs would
be the least smooth and the Gaussian would be the smoothest. Like size, it is difficult
to concisely define this smoothness parameter quantitatively, especially when dealing
with multi-modal functions such as the Airy pattern. The other component is the
“compactness” and is related to how circular a function is. The defocus PSF could
be said to be more compact than the rectangular PSF. Because of the difficulty
in defining the shape of the PSFs, little attention will be paid to the issue of how
PSF shape affects the precision to which we can find geometric features. We note
from Tables 4.2(a) and 4.2(b) that the optimal precision values for all four PSFs
are comparable with the rectangular PSF performing slightly better than the others.
This suggests that there is little sensitivity to changes in the shape of the PSF

especially when compared to changes in the size of the PSF.
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varying the optic
While instructive, the simulations of section 4.1 concentrated only on the indi-
vidual PSF components of (2.4) and (2.5). In this section, more complicated models
involving combinations of these components are investigated. Noting that differences
between the results for the individual PSF components were slight, we anticipate sim-

ilar results when PSF components are combined. Nonetheless, such an exercise will

provide useful information on how precision is affected by various designs.

We start by assuming a rectangular sampling function (2.4c) that is square (A, =
A,) in which (A < 1.0). As previously mentioned, this is treated mathematically as
a convolution of the image with a rectangular PSF followed by impulse sampling.
The reason we distinguish it as rectangular sampling is that the rectangular PSF
size will be fixed in all simulations performed and will thus not be a factor in system
optimization. The constraint on A reflects the fact that the individual rectangular
elements of CCD arrays are designed so that A, is as close as possible to 1.0. This
is done to maximize the light gathering capabilities of the individual elements and
indeed the IC as a whole. A lower bound on A; can be chosen arbitrarily to reflect the
fact that CCD arrays are simply not designed that violate the objective of maximizing
light gathering ability. For the simulations presented here, two rectangular PSF's will
be considered: A, = 0.8 and A, = 1.0. In each instance, the fixed rectangular PSF
will be convoled with the optical components of the PSF (Airy pattern (2.4a) and
defocus (2.4b)) to produce the net PSF.

While seemingly straightforward, this model presents technical obstacles worth
mentioning. Because the PSF components used in section 4.1 had only one param-
eter each, the “shape” of the PSF was constant and only its size increased. Thus
computation of the boundary loci used in computing the precision need only be per-
formed once. Once computed for a single size, the loci for all other sizes could be
obtained by application of scaling formulae such as (pff = Rp}?) for the defocus PSF
(see equation (4.2)). This approach is especially helpful for PSFs such as the Airy
pattern in which analytical simplifications of the integrated intensity of (3.12) are

not possible and intensive use of numerical integration is called for.
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In the new model, the rectangular sampling PSF compofxent is held fixed as
the optical PSF components are varied in size. Thus, the shape of the PSF will
be changing continuously from a rectangular PSF for the smallest size and getting
progressively more like the optical PSF as the size increases. This in turn necessitates
recomputing the boundary loci for each PSF size. This task is further complicated by
the fact that the resulting PSF will be hard to manipulate analytically and piecewise
solutions (such as those that can be obtained for the rectangular and defocus PSFs)
will not occur. Nor can approximations to the analytical form be used (such as
those that can be used for the Gaussian PSF). This leaves no alternative but to use
numerical methods for each PSF size, a considerable computational burden. As well,
the fact that the rectangular component will always be present eliminates the hope
of reducing the computation by using the property of rotational symmetry inherent
in the optical PSF models. The results of section 4.1 were generated using a SUN
Sparcstation computer and the plots of Figs. 4.1 and 4.2 took 2-16 hours (per PSF)
to run depending on N and Q. In contrast, the plots to be presented in this section
took 1-8 days (per PSF) to run on the same machine. With this said, it is hoped
that the reader will attempt to appreciate the enormous computational requirements

used in obtaining the results to be presented.

For each fixed value of A;, the values of R and B to be considered will be in the
range (0.0 < R < 1.0) and (0.0 < 2/B < 1.0). These constraints allow for a wide range of
PSF sizes, in fact probably far larger than most optical system designers would be
inclined to consider. The first analysis combined a variable-sized defocus PSF with
the rectangular PSF. Figures 4.3(a) through 4.3(d) show the precisions in p and 6
as a function of R for @ = 4 and N = 3. In Figs. 4.3(a) and 4.3(b) for the worst-
case precisions, we see that the precision values correspond closely to those found in
section 4.1 for the individual components (especially for PSF sizes in the range 0.3
- 1.0). Again, each plot has plot has a distinct minimum. For g, and A. = 0.8 we
see this minimum occurs at R~ 0.5 and for A, = 1.0 the minimum is at R~ 0.3. The
value of R that produces the minimum decreases as the sampling PSF increases in

size. This is expected since the size of the net PSF can be approximately equated to
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the sum of the individual components. Similar observations can be made about the

worst-case precision in ¢ (Fig. 4.3(b)).

For the average-case precisions presented in Figs. 4.3(c) and 4.3(d), we note again
that they correspond well to the plots for the individual PSF components. However,
in this case, the fixed rectangular component forces the precision into a relatively
flat region over which the minima are not pronounced. Nonetheless, it is still evident
that increasing the sampling PSF size resulted in a decrease in the size of the defocus
PSF required to achieve similar results (this is most apparent for large values of R
where a loss of precision starts to occur). The next analysis combined a variable sized
Airy PSF with the rectangular PSF. The result of this analysis was much the same
as that for the defocus PSF. As well, the two experiments were repeated with Q = 8.
The results were similar to those when @ = 4, however the form of the precisions
were much more erratic when plotted as a function of PSF size. Inspection of the
plots for the individual components when @ = 8 (Figs. 4.2(a) — 4.2(d)) shows that the
behavior of the precision, as a function of PSF sizes over the range (0.3 - 1.0), to be
similarly erratic. More importantly, the precision values themselves are comparable
between the case of the individual PSF components and the combined PSFs. This
confirms the applicability of using simpler PSF models for more realistic (and more
complex) models when trying to analyse precision. Again when the rectangular
sampling PSF size was increased from A, = 0.8 to A, = 1.0 there was a consistent
decrease in the size of the optical PSF needed to obtain optimal precision. Tables
4.3(a) and 4.4(a) summarize the optical PSF sizes that result in optimal precision
for @ = 4 and Q = 8 respectively. Tables 4.3(b) and 4.4(b) summarize the resulting
optimal values of precision for Q = 4 and Q = 8 respectively. These tables can be
compared with Tables 4.2(a) and 4.2(b) to verify that the precisions are comparable.
Hence, we saw in this section that it is possible, albeit computationally expensive, to
determine the precision obtainable using some of the more sophisticated PSF models

involving combinations of various PSF components.
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4.3 Effect of the electronic PSF
In this section the effects of the electronic portions of the IFS are briefly exam-
ined. The major effect of the electronics is to introduce asymmetry into the PSF.
The sources of this asymmetry are discussed first, after which an experiment is pre-
sented showing how this asymmetry affects the precision to which a step edge can

be measured.

4.3.1 Sources of asymmetry in the PSF

The electronic portion of the IFS starts with the CCD array and, as modeled
in (2.1), is followed by the application of an electronic LPF and resampling in one
dimension (horizontally). This leads to asymmetry in the PSF. Specifically, the z-
profile and y-profile of the PSF will differ in both size and shape. This asymmetry
did not exist in the PSFs examined in previously. In fact, asymmetry was specifically
avoided by always setting (A, = A,) for the rectangular PSF and (o, = 0,) for the
Gaussian PSF.

Even in the case where the electronic LPF and resampling are removed and the
CCD elements are quantized directly to form the digital image, asymmetry may still
exist. The reason is that most CCD ICs are mass-produced to fulfill the needs of
the video market. While incorporation of such ICs into systems designed specifically
for machine vision would certainly mean a large improvement over use of “off-the-
shelf” video cameras, the very nature of ICs produced for video systems will lead to
asymmetry. As a concrete example, consider the TC241 CCD IC used in the Cohu
4810 series video camera. In order to conform to the video standard, the IC was made
to accomodate the 4/3 aspect ratio required. The light-sensing portion of the IC is
8.8mm horizontally by 6.6mm vertically. In the non-interlaced mode, there are 244
(vertical) rows of elements on the IC and 754 (horizontal) columns. The elements
themselves are large enough to leave only a small gaps between their neighboring
elements. Neglecting these gaps we see that, for this specific IC, A; = 11.7um and
A, = 27.0um. Thus, the rectangular elements are actually much taller that they are

wider. Not only is the rectangular portion of the PSF asymmetric, the sampling
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rate is “asymmetric” too, with more samples/unit in the z-dimension than in the

y-dimension.

In addition to the possible asymmetry in the sampling array, our model includes
an electronically-applied LPF. This filter is modeled as a one-dimensional convolution
operation. While we will retain this model for convenience, we note that it is not
correct. Once the image has been put into a 1-D “raster” format, it is no longer a
spatial signal. Instead it is a time signal in which the intensities of the spatial image
have been mapped into a time sequence of voltage levels. The ramification of this is
that the filtering process is affected by causality. The 1-D convolution in (2.1) has
infinite limits of integration and does not reflect this causality. Inclusion of the effect
would complicate matters greatly. For instance, the filtered output of a positive-
going step edge and a negative-going step edge would not be mirror images of each
other as in the case when the filter is non-causal. Fortunately, the reconstruction
filter will have a relatively small spread of less than two pixels in size. Thus we
can rationalize that the difference between the causal and non-causal models of the

electronic filter will be slight.

If, as in the case of the TC241 IC, the PSF is taller than it is wider, the electronic
LPF will compensate for this asymmetry in the PSF. If the sampling PSF is nearly
square, then the electronic LPF will make the net PSF wider than it is taller. Finally,
we assume that the resampling rate is always set so that the final sampling rates in

the z and y dimensions are equivalent.

4.3.2 Effect of asymmetry on precision

Having noted that our primary concern about the electronic components of the
IFS is their effect on the symmetry of the PSF, we are ready to conduct experiments
to investigate the effect of asymmetry on the precision to which step edges can be
measured. To do this, three different sampling arrays were considered. In the first
case (A; = 1/3,A, = 1) and the sampling rate in the z-dimension was 3 samples/unit.

In the second case (A; = 1/2,A, = 1) and the sampling rate in the z-dimension was
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2 samples/unit. In the third case (A; = 1,A, = 1) and the sampling rate in the z-
dimension was 1 sample/unit. In each experiment a small defocus PSF (R = 0.1) was
added representing the optical component of the overall PSF. In all cases a fourth-
order butterworth LPF was applied in the z-dimension only with cutoff frequencies
in the range (1/2 < f. < 20) cycles/unit. As well, in all cases the y-dimension sampling
rate was 1 sample/unit and the z-dimension was resampled to 1 sample/unit after

the application of the LPF.

Figures 4.4(a) and 4.4(b) show the results of these experiments for the average-
case precisions in p and 0 respectively. The response as a function of the Butterworth
LPF cutoff frequency is somewhat flat in each case, with the error generally increas-
ing as f. decreases. This is expected since, as in the experiments of section 4.2, the
fixed components of the PSF (rectangular and defocus) are near to the optimal PSF
size. An interesting thing to note is that as the initial sampling rate is increased,
the error increased slightly. Why this should be so is not readily apparent. However,
since the increasing Butterworth PSF component does not seem to compensate for
the loss of precision, it must be concluded that it is due to the effect of the chang-
ing rectangular PSF size. Similar conclusions were drawn regarding the worst-case

precision measures.

4.4 Comparijson of PSFs

In this section, we address the problem of objective comparison of image for-
mation systems as characterized by their PSFs. As an example of how the criteria
of (2.17) can be used, consider the two-dimensional space define by R and B, the
parameters of the defocus and Airy PSF components respectively. We can compute
the criteria of (2.17) for each PSF as a function of increasing PSF size. The IFS
that produces the lowest value for ¢ (or ¢) is deemed to be better than the other. By
vaying y,, we can determine the relative sensitivity of the IFSs to varying importance
of p. We can effectively reduce this aspect of the problem to one dimension by using

values of v, subject to the constraint:

7 + (“_Z")2 =1.0. (4.6)
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The reason 7, is scaled by 4/7 is to normalize the range of ¢ (in radians) so that
it is equivalent in magnitude to that of p. This tends to make the importance of
p and 8 somewhat equal, although true equality can never be obtained without an
objectively defined application (see section 2.4). Using this principal, Figs. 4.5 and
4.6 show a mapping of which IFS is better as a function of R and B. Fig. 4.5 was
done using ¢ as the decision criterion and Fig. 4.6 was done using ¢ as the criterion
(both were for N = 8 and Q = 8). In these figures the light regions indicate those
points where the defocus PSF is deemed better than the Airy PSF. The dark regions
indicate the opposite. Note how convoluted the decision boundaries are, another
consequence of the non-linear nature of the problem. One striking property of these
plots is that they change relatively little over the entire range 0.0 < 7, < 1.0 (subject
to the constraint of (4.6)). Thus it can be concluded that when one PSF is better
than another for measuring p, it is also usually better for measuring 6. As well,
comparison of Fig. 4.5 with Fig. 4.6 shows that the two measures, ¢ and ¢, act in very

similar ways. This same pattern of results was observed for other pairs of PSFs and

for both Q =4 and Q =8.

The preceeding experiment demonstrated that objective comparison of IFSs can
be achieved using criteria based on the precision to which step edges can be found.
This approach to comparison can be useful any time a decision must be made as
to which IFS should be used. The comparison may be between a finite number
of choices, such as when several off-the-shelf systems are being compared, or the
comparison might involve an infinite number of choices, such as when a system
with a set of continuous parameters is to be designed. Both cases may be posed as
problems in optimization, with the evaluation criteria of (2.17) being used as the

optimization criteria.
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Table 4.2(a) - Optimal PSF sizes for Q@ = 4. This table shows the PSF parameter values
which produced the best precision for several PSFs. As well, the actual

precision measures are shown below the PSF parameter values.

PSF size parameter Bo B, Be Bo
N (pixels) (pixels) | (degrces) | (degrees)

Rectangle 1 A=Ay 1.06 1.23 1.31 1.26
precision 0.131 0.037 9.018 2.409
Defocus 1 R 0.62 0.71 0.77 0.71
precision 0.123 0.037 9.018 2.440
Gaussian 1 o = 0y 0.37 0.43 0.46 0.42
precision 0.123 0.037 9.018 2.439
Airy 1 B-? 0.25 0.29 0.32 0.29
precision 0.123 0.037 9.018 2439
Rectangle 2 A=Ay 1.06 1.17 1.31 1.14
precision 0.131 0.027 4.554 1.044
Defocus 2 R 0.62 0.71 0.80 0.64
precision 0.123 0.028 4.554 1.059
Gaussian 2 0z =0y 0.37 0.43 0.48 0.38
precision 0.123 0.028 4.554 1.058
Airy 2 B! 0.25 0.29 0.33 0.26
precision 0.123 0.028 4.554 1.059
Rectangle 3 A=Ay 1.06 1.23 1.28 1.44
precision 0.131 0.021 3.036 0.599
Defocus 3 R 0.62 0.73 0.78 0.83
precision 0.123 0.022 3.036 0.606
Gaussian 3 oz = oy 0.37 0.44 0.47 0.50
precision 0.123 0.022 3.036 0.606
Airy 3 B-1 0.25 0.30 0.32 0.34
precision 0.123 0.022 3.036 0.606
Rectangle 4 A=Ay 1.06 1.06 1.25 1.08
precision 0.131 0.018 2.232 0.384
Defocus 4 R 0.62 0.74 0.79 0.72
precision 0.123 0.018 2.232 0.390
Gaussian 4 o; =0y 0.37 0.44 0.44 0.43
precision 0.123 0.018 2.232 0.390
Airy 4 B-1 0.25 0.30 0.32 0.29
precision 0.123 0.018 2.232 0.390
Rectangle 5 Az =4y 1.06 1.24 1.25 1.07
precision 0.131 0.016 1.696 0.271
Defocus 5 R 0.62 0.74 0.76 0.54
precision 0.123 0.016 1.786 0.275
Gaussian 5 oz =0y 0.37 0.45 0.44 0.33
precision 0.123 0.016 1.786 0.275
Airy 5 B-! 0.25 0.30 0.31 0.22
precision 0.123 0.016 1.786 0.275
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Table 4.2(b) - Optimal PSF sizes for @ = 8. This table shows the PSF parameter values
which produced the best precision for several PSFs. As well, the actual

precision measures are shown below the PSF parameter values.

PSF size parameter By [_i,, Bs Be
N (pixels) (pixels) | (degrees) | (degrees)

Rectangle 1 A =4y 1.03 111 1.14 1.08
precision 0.063 0.017 3.929 1.104
Defocus 1 R 0.58 0.62 0.64 0.63
precision 0.065 0.017 4.464 1.113
Gaussian 1 oz =0y 0.31 0.35 0.45 0.35
precision 0.071 0.017 4.732 1.132
Airy 1 B-1 0.20 0.23 0.30 0.23
precision 0.075 0.017 4.5564 1.147
Rectangle 2 Az =4y 1.03 1.11 1.14 1.05
precision 0.063 0.012 1.964 0.470
Defocus 2 R 0.58 0.63 0.65 0.58
precision 0.065 0.012 2.143 0.475
Gaussian 2 0z =0y 0.31 0.36 0.46 0.33
precision 0.071 0.012 2.143 0.478
Airy 2 B! 0.20 0.23 0.31 0.22
precision 0.075 0.012 2.143 0.480
Rectangle 3 A=Ay 1.03 1.10 1.15 1.05
precision 0.063 0.010 1.250 0.264
Defocus 3 R 0.58 0.63 0.66 0.62
precision 0.065 0.010 1.339 0.267
Gaussian 3 Oz = 0Oy 0.31 0.34 0.45 0.35
precision 0.071 0.010 1.429 0.268
Airy 3 B-1 0.20 0.23 0.31 0.23
precision 0.075 0.010 1.339 0.267
Rectangle 4 A =4y 1.03 1.11 1.13 1.05
precision 0.063 0.008 0.893 0.167
Defocus 4 R 0.58 0.64 0.65 0.61
precision 0.065 0.008 0.982 0.170
Gaussian 4 o = 0y 0.31 0.34 0.41 0.34
precision 0.071 0.008 0.982 0.169
Airy 4 B-1 0.20 0.23 0.31 0.22
precision 0.075 0.008 0.982 0.168
Rectangle 5 A=A, 1.03 1.11 1.09 1.05
precision 0.063 0.007 0.714 0.115
Defocus 5 R 0.58 0.64 0.65 0.54
precision 0.065 0.007 0.714 0.116
Gaussian 5 oz =0y 0.31 0.36 0.38 0.34
precision 0.071 0.007 0.714 0.115
Airy 5 B! 0.20 0.23 0.24 0.23
precision 0.075 0.007 0.714 0.115

94



95

0.25 4

0.20 -

Worst-case
precision
inp
(pixels)
0.15 1

0.10

—_—— Rectangular sampling, Ax = 0.8
_ Rectangular sampling, Ax = 1.0
0.05

0.00 T T T T T
0.0 0.2 04 0.6 0.8 1.0

Defocus PSF size, R (pixels)

Figure 4.3(a) - Worst-case precision in p as a function
of varying defocus PSF size for Q=4, N=3,
and two cases of rectangular sampling.



96

5.00

4.00 -

Worst-case
precision
in@
(degrees)
3.00 4

2.00

—-—-=  Rectangular sampling, Ax = 0.8
————  Rectangular sampling, Ax = 1.0
1.00

0.00 1 I | I I
0.0 0.2 04 0.6 038 1.0

Defocus PSF size, R (pixels)

Figure 4.3(b) - Worst-case precision in 0 as a function
of varying defocus PSF size for Q=4, N=3,
and two cases of rectangular sampling.



97

0.025 -

Average-case
precision
inp
(pixels)

0.020 ~

——- Rectangular sampling, Ax = 0.8
- — Rectangular sampling, Ax = 1.0

0.015 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Defocus PSF size, R (pixels)

Figure 4.3(c) - Average-case precision in p as a function
of varying defocus PSF size for Q=4, N=3,
and two cases of rectangular sampling.



98

0.70 +

Average-case

precision
in® 7
(degrees)
0.60 -
—_— Rectangular sampling, Ax = 0.8
—_— Rectangular sampling, Ax = 1.0
0'50 1 I | I ]
0.0 0.2 04 0.6 0.8 1.0

Defocus PSF size, R (pixels)

Figure 4.3(d) - Average-case precision in 0 as a function
of varying defocus PSF size for Q=4, N=3,
and two cases of rectangular sampling.



Table 4.3(a) - Optimal PSF sizes for combined PSFs SQ =4, N =23).
This table shovis the PSF parameter values which
produced the best precision.

PSF parameter By B, Be Be
(pixels)
Rectangle A; = 0.8 R 0.50 0.65 0.75 0.80
®Defocus
Rectangle A, = 0.8 B-1 0.30 0.45 0.55 0.10
@Airy
Rectangle A, = 1.0 R 0.30 0.60 0.70 0.75
@®Defocus
Rectangle A; = 1.0 B! 0.10 0.35 0.40 0.50
®Airy
Table 4.3(b) - Optimal precision values for combined PSFs (Q =4, N = 3).
This table shows the values of the precision measures
for the corresponding PSF sizes in table 4.3(a).
PSF By Bp Be Bo
(pixels) (pixels) (degrees) | (degrees)
Rectangle A, = 0.8 0.128 0.022 3.060 0.612
@®Defocus
Rectangle A, = 0.8 0.126 0.022 3.060 0.610
®Airy
Rectangle A, = 1.0 0.124 0.022 3.060 0.611
@Defocus
Rectangle A, = 1.0 0.130 0.022 2.970 0.610
®Airy




Table 4.4(a) - Optimal PSF sizes for combined PSFs (@ = 8, N = 3).

This table shows the PSF parameter values which

produced the best precision.

PSF parameter Bo B, Be Bs
(pixels)
Rectangle A, = 0.8 R 0.35 0.45 0.50 0.45
®Defocus
Rectangle A, = 0.8 B! 0.20 0.25 0.30 0.25
®Airy
Rectangie A; = 1.0 R 0.20 0.30 0.35 0.20
®Defocus
Rectangle A; = 1.0 B-! 0.05 0.10 0.15 0.10
®Airy
Table 4.4(b) - Optimal precision values for combined PSFs (Q = 8, N = 3).
This table shows the values of the precision measures
for the corresponding PSF sizes in table 4.3(a).
PSF By Bo Bo Be
(pixels) (pixels) (degrees) (degrees)
Rectangle Az = 0.8 0.072 0.010 1.440 0.271
®Defocus
Rectangle A, = 0.8 0.068 0.010 1.440 0.269
®Airy
Rectangle A, = 1.0 0.062 0.010 1.440 0.269
®Defocus
Rectangle A, = 1.0 0.064 0.010 1.440 0.0267
®Airy
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CHAPTER 5.0

MEASUREMENT OF OTHER FEATURES

In chapters 3 and 4 an in-depth study of how the PSF affected our ability to
determine the precision of step edge measurements was undertaken. It was found
through use of the theory of locales and numerical methods that the precision could
be optimized by setting the spread of the PSF to ~ 0.6—0.7 pixels in radius for the case
of the defocus PSF, with similar observations for other PSFs. In this chapter, the
feasibility of modifying the approach of chapter 3 will be investigated. Unfortunately,
such modifications are not straightforward, as several obstacles stand in the way. The
first section addresses problems of increased dimensionality. The second section will
address the problem of unknown image contrast. Also covered in the second section
will be the problem of finite feature size, which will be shown to be related to the
problem of unknown contrast. The third section will deal with the effects of noise
on the precision to which features can be resolved. The fourth section looks at the

problem of determining values that are functions of the image feature parameters,

such as area and perimeter.

5.1 Dealing with dimensionality

In chapters 3 and 4 the step edge of known contrast (2.8) was examined. In this
problem, the feature model had only two free parameters (p,8). However, consider the
feature models of (2.10) through (2.13). Even if we assume contrast is known, these
feature models all have at least three free parameters. In fact, the rectangle feature
of (2.12) has five free parameters. Conceptually the extension from two to three or
more parameters is easy. However this increase in dimensionality represents a major
obstacle to the current approach to finding precision. Specifically, determining the

precision of a step edge for a given PSF model involved determining the boundary
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loci and then using them to determine a saﬁlpled version of the locale map over a
finite parameter space. When we examine a feature with three parameters, such as
the infinite corner of (2.10), the boundary loci become three-dimensional surfaces in
the (zo,v0,0) space defining the corner. Again, due to the periodicity of the sampling
grid, we can limit the range of the parameters without loss of generality. Hence let
(0.5 < zo,y0 < 0.5,0 < 0 < w/4) be the chosen ranges. Even if the boundary surfaces
for this problem could be computed, sampling the parameter space at the same
intervals (1/250 of the range of each dimension) as in the step edge analysis increases
the computational expense beyond our current capabilities. We could reduce the
sampling interval to (say) 1/25 of the range for 3-D parameter spaces, but this
approach sacrifices the accuracy of the results. As well, this approach is not viable
for dimensionality higher than three. An alternative is to hold all parameters but
two fixed and see what happens as the two free parameters are varied. This reduces
the problem back to the original form used in chapter 3. The problem is that, by
fixing parameters at particular values, we are implicitly assuming that the response
of the two remaining parameters to a varying PSF is essentially invariant to the fixed
parameters. This, of course, we know to be untrue. We could attempt to sample the

fixed parameters at several points (in each dimension), but this saves us little over

the fully sampled space.

The underlying problem with using the theory of locales is that the locales are so
complex as to be virtually impossible to compute and manipulate mathematically.
Yet determining the optimal estimates using this theory demands full knowledge of
the locales. Thus we are faced with two choices. The first is that we may attempt to
analyse each feature model to try to find reasonably accurate ways to approximate
the precision bounds within the framework of locales theory (such as Havelock’s use
of the “lineal bound”). The second alternative is that we can abandon locales theory
altogether and attempt to create other algorithms that are based on more tractible
optimality criteria (such as the least-squares algorithm of (3.9)). The advantage of
this second approach is that the algorithms generated are typically less demanding

of computer time than are those based on the locales of theory. However, like (3.9),
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the fact that quantization is an integral part of our model virtually precludes an
algorithm that can be manipulated directly as a function of the PSF. Thus the

parameter space must still be adequately sampled.

Both alternatives produce estimates that are sub-optimal in the sense that they
won’t minimize the precision measures of (2.15) and (2.16). Despite this, it may
be reasonable to assume the sub-optimal estimates respond in much the same way
as the optimal estimates as the PSF and image size are varied. We saw this to be
true for the least-squares algorithm of (3.9). Now we can attempt to determine the

conditions under which such an assumption holds true.

Figures 5.1(a) through 5.1(d) show the (p,6) parameter space for the unit step
edge. The space has been partitioned into the locales for a 3x 3 image and for defocus
PSF radii of 0.1, 0.2, 0.3, and 0.4. One of these locales has been shaded in each image.
Note how it changes size, shape, and most importantly position (i.e. the location of
the centroid) as the PSF changes. The estimates of (p, §) that minimize the RMS error
reside at the centroid. If we assume the locales are well-behaved topologically {77]
and hence are nearly convex, the estimates that minimize the maximum error and
average absolute error will also reside near the centroid of the locale. Any algorithm
that attempts to estimate (p, §) without knowledge of the PSF will produce estimates
that are fixed with respect to the PSF size. This will tend to produce precision values
that change much differently than for the optimal estimates. For instance, if a locale
is shrinking but has a centroid that is moving away from a fixed estimate, the RMS
error could actually increase even though the optimal error is decreasing. While one
might reason that this effect is essentially cancelled out by the summation of errors
over all locales, it is difficult to verify with any generality. If, on the other hand,
an algorithm is able to account for the PSF and can consistently place its estimates
near the centroid of the locale, then its behavior should be consistent with that of
the optimal estimates. To show that such algorithms exist, consider again the unit
step edge and a rotationally symmetric PSF. For each pixel (¢,;) we can let E;; = L;;
where L;; is defined in (3.13). With knowledge of the PSF, we can then determine
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the corresponding value of 4/; by numerically inverting the integral of (3.12). Finally,

we can use (3.11) to define the error measure:
€= (pij — §i;) = (p— isin 8 — jcosf — ;). (5.1)

Using this in a least-squares minimization problem, the symmetry in the definition

of the coordinate system for an image of size N can be exploited to give the following

estimates:
Py
p= m (5.2a)
PR
6 = tan—? (—’—J—:—) . (52b)
‘Z %:JP“;‘

This particular solution is flawed in that the pixels with grey levels |EQ] = 0 and
|EQ) = (Q — 1) are not adequately represented by their respective values of p{;. This
can be easily overcome by excluding pixels with these grey levels or by using pairs
of adjacent pixels across which a change in grey level occurs. Regardless, the point
is that such algorithms use the PSF directly and can be expected to behave much as

the optimal estimates do.

Returning to the problem of dimensionality, one must (reluctantly) accept the
untenability of dimensionality greater than two. Even use of algorithms designed with
the PSF incorporated into them will not solve this problem. At best, two dimensional
slices of higher dimensional parameter spaces could be examined. Since it is doubtful

how much insight such an exercise would produce, it will not be attempted.

ow i e
The models of (2.9) through (2.13) each include feature contrast parameters, K
and AK, representing the background (dark) and the level above the background
respectively of the image of the geometric feature. While it is convenient to ignore
these parameters, especially since they do not pertain to the geometry of the feature
model, to do so belittles their importance in practical imaging systems. To have an

imaging system calibrated to the point that (X = 0,K + AK = 1) with certainty is
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unrealistic, especially if the system is to deal with scenes that are in any way general.
It is, however, reasonable to assume that the system has been calibrated to the point
where the output of each sample is linearly proportional to the scene radiance. While
there are nonlinearities in all imaging systems, these are usually insignificant in solid-
state (CCD) systems as long as the saturation point of the sensor is not approached.
Thus the quantization process will still work as in (3.13) and we can, without loss
of generality, impose the constraint: (0 < K <1, 0 < K + AK < 1). Furthermore, it is
obvious that the number of quantization levels used will be at most Q.;jective = AKQ.
Thus, lowering the contrast, AK, effectively lowers the number of quantization levels,
leading to a loss of precision. This however is not what we are trying to observe.
What we really want is to keep the effective number of quantization levels fixed while

K and AK are varied. Thus we let Q.sscctive = @ and further constrain K and AK to

the ranges:
0< K< % (5.30)
Ol kiak<l (5.3b)

Q

Now the uncertainty in each parameter has been constrained to +1/2 quantization
levels and Q.jyective has been fixed. This is reasonable since images of sufficient extent
allow easy selection of background and foreground that satisfy these constraints. By
varying K and AK within these ranges we can observe the effects on the precision

without undue regard to the loss of precision that naturally occurs when contrast is

decreased.

Inspecting the definition of E;; in (3.12), the addition of the contrast parameters
means we will have sample values Ej; that are a linear function of the sample values

in the known contrast case:
Ej; = K + AKE;;. (5.4)

Thus, raising and lowering K has the effect of radially shifting the boundary loci. All
loci are shifted in the same “direction”, with those corresponding to a negative values
of p being shifted away from the origin with increasing K and loci corresponding to

positive values of p being shifted towards the origin. Because of constraint (5.3a),
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the loci can at most shift from their “normal” position (corresponding to K = 0)
to the position of the loci at the next highest quantization level. If ¥ and AK are
allowed to vary without bound, then as K increases (with AK constant) the shifting
of the loci is periodic. Thus the obtainable precision as dictated by the theory of
locales is also periodic in K with a period of one quantization level. Increasing AK
(with K constant) also causes the loci to shift in the same directions as increasing
K. However, because it is a multiplicative factor, increasing AK affects those loci -
corresponding to higher quantization levels more than those for lower levels. The
loci for the highest level will, at most, shift to the loci for the second highest level as
AK decreases from unity. The loci for the lowest quantization level will only move
slightly by the distance required to change the integrated intensity of (3.12) by 1/Q>2.
An interesting consequence of this shifting is that the boundary locus for £f; = 0.5
which is a point at the origin for (K = 0,AK=1) becomes a circle of non-zero radius
(for a rotationally symmetric PSF) when K # 0 or AK # 1. This means that as the
PSF size increases to infinity, all loci will shift out to +co and the resulting image
will not even be binary. In such a case, the worst-case precision in p for the step
edge can be as high as 0.5 (in contrast to the maximum of 8, = 0.25 when (X = 0,
AK = 1)). In fact, this same observation holds true if (K = 0, AK = 1) and the
number of quantization levels, Q, is odd. To illustrate this point, consider the plots
of Fig. 5.2 which shows g, as a function of defocus PSF size for several values of AK
(K =0, @ =4, N =0 (one pixel)). As predicted, the error steadily increases with
decreasing contrast. As the PSF size increases, the increases in error become large

until (Qesyective = 3), at which point we get the maximum possible error of 0.5.

If K and AK are known, but the system has not been (or cannot be) calibrated,
we could easily use (5.4) to recompute the boundary loci. Since the spacing between
the loci (being a function of the PSF) will be relatively unchanged, it might seem
reasonable to assume that the precision obtained as K and AK are varied will be
relatively constant. Certainly, as Q increases, the effect of K and AK must decrease
since they become asymptotically closer to the “calibrated” values. However, for

coarsely quantized images the variation in precision can be substantial, especially for



111

large PSF sizes. Consider the following experiment in which K was varied over its
range in increments of 1/10Q while AK was held constant. Figure 5.3 shows plots of
B, as a function of the defocus PSF size (with Q.sscctive = 4 and N = 3) for several
values of K. It is interesting to note that the precision got better as K — 1/2Q. As
well, the optimal PSF size decreased from R ~ 0.65 to R ~ 0.45 as K went from 0
to 1/2Q. The overall form of the plots remained similar as K varied, especially for
R < 1. For R > 1 the plots were less similar. This same pattern of results was observed
for the other precision measures as well, although it was noted that the average-case
precision measures stayed fairly constant in form as K increased over the entire range
0 < R < 2. The next experiment involved varying AK while K was held constant.
Again, the defocus PSF was used with @ =4 and N = 3. The result of this experiment
showed that as AK increased from (Q —1)/Q to 1, the precision improved slightly for
all measures. The PSF size that produced optimal precision varied substantially
as well. For all precision measures it was again noted that the form of the plots
were similar when R < 1 but became increasingly dissimilar for R > 1. Figure 5.4
shows several plots of 8 as a function of increasing PSF size in which the changes in
precision and optimal PSF size can be clearly seen. The same experiments were also

run using the rectangular and Gaussian PSF models and produced the same type of

results.

If, as is more likely, contrast is truly unknown, then we have added two more di-
mensions to the problem of parameter estimation. The two contrast parameters could
then be lumped together with the geometric parameters and a multi-dimensional lo-
cale map could theoretically be computed, from which the precisions would follow.
Such an approach is not computationally feasible, nor is it desirable to include these
contrast parameters in any of the alternatives discussed in section 5.1. We shall
instead argue that because the relative spacing in locales is unchanged as K changes,
we will still retain the form of the plots of precision versus PSF size. That this
should be so for features other than step edges follows from the fact that the con-
trast and geometry are unrelated parameters. A practical approach that could be

used in an algorithm would be to estimate (K = 1/2Q,AK = 1-(1/2Q)), the midpoints
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of the quantization levels defining the range of the feature contrast. These estimates
are based on the assumption that the actual values of K and AK are uniformily

distributed.

Now consider the effects of finite feature size. In the step edge model, the plane
containing the image feature in divided into two half-planes, one dark (E;; = 0) and
one bright (E;; = 1). Any PSF when used in the integral of (3.12) can make the
resulting intensity, E;; become arbitrarily close to zero or one just by increasing
the distance from the edge. Similar comments can be made regarding the corner
model of (2.10) and the circular edge model of (2.13). Features such as the disk
and the rectangle of (2.12) have limited extent and when convolved with a PSF
can potentially produce a peak value E,..; < 1. Any PSF of infinite extent will be
guaranteed to produce such a result. How severe this effect is depends on the relative
difference between the size of the PSF and the size of the feature. As the PSF size
increases relative to a fixed feature size, Ep.qr will steadily decline. This effect can
also occur with features of infinite extent such as the infinite bar model of (2.11).
The consequence of this is that as the PSF size increases, there will be a steady
loss of precision due to the decreasing dynamic range of the image (represented by
Qefsective)- While it is possible to compute Ejp..; for each PSF and then normalize it
to unity, questions arise as to whether this is a “fair” way to compare the effect of
the PSF on such features. Indeed, since it is the PSF that is actually causing the

loss of dynamic range, the answer would seem to be that normalization is not fair.

The loss of dynamic range is somewhat akin to the loss that occurred for the
step edge section 4.1 as the PSF size increased relative to a fixed image size. In that
case, the images ultimately became binary beyond which no further loss of range
could occur. When finite features are used, there will be a PSF size that will reduce
Epear. to below one quantization level, at which point the image feature is completely
lost. The difference is that for the infinite features, such as the edge, the concept of
“largeness” does not apply. Whereas for finite-sized features, a small high-contrast
feature might be measured more precisely than the same feature but larger and with

lower contrast. Hence the question of fairness is only relevant when one is trying to
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consider the effects of the PSF on features of different sizes. To say that a feature
of one size can be measured more precisely than a feature of another size must be

qualified by a statement as to their relative contrasts,

As the PSF size increases, Qesyective decreases monotonically. Thus, the boundary
loci become increasingly “spread out”. This results in larger feasible regions for
each pixel/quantization level in the image and ultimately results in fewer and larger
locales. If K is unknown, for a fixed PSF size, the same periodicity in precision
discussed for features on infinite size will also occur for features of fixed size. But
because of the increasing distance between loci, the effect has the potential to be

more prominent. The same holds true for changes in AK.

5.3 e _effects ojse

Up to this point, all quantities have been treated as being completely determin-
istic. The only uncertainties in the estimates of feature parameters have been due
solely to sampling and quantization. In reality, noise throughout the IFS contributes
to the uncertainty in the estimates. In the ideal case, the precision lost by the intro-
duction of noise would be a constant fraction of the noise-free precision regardless of
the PSF. In such a case, the issue of noise could be ignored since we are primarily
interested in the form of how precision varies with the PSF. In the worst case, noise
would cause changes in precision that are a rapidly varying function of the PSF,
Q, and the feature parameter values. This would lead to an intractible situation in
which few, if any, insights could be gained other than that noise will obviously cause
a loss of precision. The purpose of this section is to provide convincing evidence of
which of these two extremes the introduction of noise tends towards. In doing so,
an attempt will be made to expand the theory of locales framework to accommodate

some simple noise models.

To start with, consider again the infinite step edge of known contrast. Under

the assumption of infinite radiometric resolution we can use (3.12) to get the pixel
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values E;;. Noise is then modeled by applying independent, identically-distributed

noise additively to each pixel. Thus let:
&; = Eij + Nij, (5.4)

where the noise pdf, Pa(n;0,0x) is Gaussian with zero mean and a variance of oy.

Under this noise model it is easy to see that:
Pe,; (&5 |Eij) = Pu(n; Eij, o). (5.5)

That is, the conditional probability on &; is just the noise probability with mean
E;;. Now assume that P,(p) is uniform over the interval —0.5 < p < 0.5. Similarily,
Py(8) is uniform over 0 < 0 < 7/4 and is assumed to be independent of p. Under the
assumption of independent noise processes:
Pg'(ﬂ(l’,a)) = HPM(gij;Eij, on), (5.6)
ij
and a simple application of Bayes theorem yields:

P:(£l(p,0)Po(p)Po(6)
15 . (5.7)

Py ((p,0)IE) =

where £ = (;,-N < i,j < N) is the vector representation of an image of size N.

Now we must choose a method to produce estimates (5(£),6(£)) when given £. One

- A = me

all (p,8). Another common method is to define:
(&) = ((p - B(E))) (5.8a)
eo(£) = ((6 — 6(£))?). (5.8b)
Recognizing this as the mean-squared (MS) error, it can be easily shown that setting:

T °fo PP(E(p,8))P ,(p)Ps(8)dpds
ﬁ(é) = —z—: . (5.90)
I [ P(El(p,0))P,(p)Py(6)dpds

=00 =00
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and o o
I J 0P(€l(p,0))Po(p)Po(6)dpds
6(6) = 22— (5.96)
I [ P(El(p,8))P o(p)Po(8)d pdé

=00 =00

minimizes this error measure. Regardless of the method chosen to obtain (5(£),6(£)),

the total MS error in p is:

[ [ [ [] [eo-s&rPEio.onpupPuodpe]az. 5.10)

Despite the simplicity of this formula, it is extremely difficult to evaluate analytically,
even for relatively simple noise and PSF models. This largely stems from the fact

that P(£](p,0)) is a function of E;; which is in turn of the form:
E;; =f{(p— isinf — j cosb), (5.11)

where () is an integral function derived from the PSF (see (3.12)). Analytic deriva-
tion of f() is difficult, and the resulting functions are complicated and usually only
piecewise continuous. Problems in evaluating (5.10) are compounded by the fact that
#(£) is also a function of P(£](p,0)). Numerical solution of (5.10) is not possible from
a computational standpoint since 5(£) is not separable in £ for either the maximum

likelihood estimate or the estimate of (5.9).

Rather than dwell on this unfortunate situation, it is better to forge ahead and ex-
amine the case of quantized radiometric resolution. Letting L represent the quantized
image, with elements L;; taking on discrete values (0.5/Q,1.5/Q,2.5/Q,...,(Q - 0.5)/Q).

It is easy to see that:

(1@
I P(&;l(p,0))dE;; for L;; = 0.5/Q;
Ly +05/Q
P(Li;|(p,0)) = { T PEle0)ds for 16/QS Ly < @~ 15)/0; (5.12)
T P(&;l(p,0))dey  for Lij = (@ — 0.5)/Q.
L (@-1)/@

Again:
P(LI(p, 0)) = [T P(Lis (o,0)). (5.13)
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An approximation to the estimate of (5.9) for minimizing the MS error can be ob-

tained by replacing the integrals with summations yielding:

3 ;Eg)pp(fl(p,ﬂ))
o(L) = = . .
AL) L PR (5.14)
The total error is then:
g L5 Ly & SXe - DRI, 0], (5.15)
p 6

with similar equations for 4.

Again, direct computation is clearly not possible because of the number of sum-
mations in (5.15). However, in this form it is easier to understand the underlying
reason why computation is not practical. We see, from the theory of locales view-
point, that the introduction of noise has made every image correspond to a non-empty
locale. As discussed at length in chapter 3, enumeration of all images is not possible,
even when the image size is very small. With noise added, the locales associated
with each image overlap, covering the entire position space. How this overlapping
occurs is complex and unpredictable. In developing his position-decoding algorithm
[74], Havelock concentrated on working in image space. If an image was generated
that could not have been generated in the noise-free case, that image was mapped
to the nearest non-empty, “noise-free” locale of minimum Hamming distance. This
approach, while reasonable for practical implementation of an algorithm is ques-
tionable from a theoretical standpoint. Because of the way locales overlap, images
corresponding to small noise-free locales might actually have a larger probability of
arising from nearby images with larger locales. Thus, mapping a noisy image to such
a small locale will not necessarily minimize the expected error as the equation of
(5.14) will (in which the estimates are allowed to vary directly as a function of L

regardless of whether it corresponds to a locale in the noise-free sense).

To compute (5.15) we have two choices. The first is to generate values of (p,6)
at random according to their uniform distributions. These can then be used, along

with a noise and PSF model to compute L. Finally (5.12), (5.13), and (5.14) can be
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used to compute (,6). If large numbers of these images and the resulting parameter
estimates can be generated efficiently, then an estimate of the MS error can be
easily produced just by averaging the individual squared errors. A more involved
approach is to estimate (5.15) by evaluating the inner two sums over (p,6) only for
those P(L|(p,0)) that are most likely to occur. While practical for low amounts of
noise, this approach may also become impractical as noise is increased. This is due
to the fact that, for multidimensional PDF's, the tails of the distribution become
increasingly significant as the dimensionality is increased. This will always be the
case since the number of dimensions is equal to the number of pixels. Thus, for large
amounts of noise, the number of images that will be comparable in probability to

the most probable images will grow rapidly.

Consider first the case of the binary image. Here we note that as the PSF size
approaches infinity, E;; — 0.5. For a PSF symmetric about the origin, sample points
on the dark side of the edge approach this limit from below 0.5, while sample points
on the light side of the edge approach from above. In the noise-free case, this led to
the observation that a binary image was invariant to the PSF size. But now consider
the fact that, for a noisy system, the E;; are the means of a noise process prior to

quantization. Thus, as the PSF size approaches infinity:
P(&:51(p,0)) — Par(£ij0.5,00). (5.16)

Thus, each pixel converges onto a single common mean, creating an image in which
the edge cannot be distinguished. This makes sense since the signal/noise ratio
steadily decreases with increasing PSF size. While this applies to any value of Q, the
ramifications in the binary image case is that the precision is no longer invariant to
the PSF size.

A practical simplification of this problem that allows us to observe this effect is to
consider the case where it is known that 6 = x/2 (vertical edge). In Figure 5.5(a) the
case of one row of pixels is shown. Here a “row” will consist of only two pixels with

sampling points z = —0.5 and z = 0.5 producing output values E_ and E, respectively.
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Note how the origin has been centered between the pixels for convenience. For the

rectangular PSF shown:

_f1 for p > 0;
and
_Jo forp<o;
Ey = {p for 55 0 (5.17b)

over the range (—0.5 < p < 0.5) which is assumed uniformly distributed. Letting L.
and L; be the quantized versions of £_ and £, respectively, we see that (for the
binary case) there are only four different possible images: L = (0,0),(0,1),(1,0),(1,1).

Furthermore, it is easy to show that, under the Gaussian noise model:

erf(=22)  for p > 0;

P(L_ =0lp) = {erf( Bade) for b 20 (5.180)
P(L_=1]p)=1-P(L_ = 0}p) (5.185)
P(L4 = 0)p) = {2;&27_%) Ei ﬁ Z g; (5.18¢)
P(Ly =1|p) =1~ P(L4+ = 0|p) (5.18d)

Slightly more complicated functions can be derived for the defocus PSF. Using (5.13)

we can numerically compute:

0.5 -
] PP(Llp)dp

M) = <g———, (5.19)
_of i P(L|p)dp

which is used to compute the MS error:

1 1 0.5
o= 3| [ o-s@yrPEind). (5.20)
L.=0L4=0_35

Since there are only four additions in this sum, this model is clearly practical to
evaluate. However, the cas of two pixels is of limited interest. Instead, consider
the case of Fig. 5.5(b) where there are M rows of pixels instead of one row. While
normally the introduction of so many pixels would make the problem intractible,

we can make use of some special properties of the model. We first note that the
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statistics for each row are identical. Thus we can sum the pixel values in the two
columns to give:
M
L= Y L_(row) (5.21a)
Irow=1

M

Li= ) Ly(row). (5.21b)
row=1

Both £ and £, are in the range (0 < £_,£; < M). Since the probabilities for each

row are the same, then it is easy to show that:
M\ x m-x
P(£_=X|p)=(x)r s 0<X <M, (5.22)

where s = P(L. = 0|p) and r = P(L_ = 1|p) for any row in the image. A similar formula
exists for P(L,|p). Thus £ can take on any of (M + 1) different values. This is in
sharp contrast with the 22¥ different images that exist. Hence we can efficiently

enumerate the sum of probabilities in (5.20) even for values of M in the hundreds.

Figure 5.6 shows the RMS error for this model using noise in the range (0.0 <
o < 0.5) as a function of defocus PSF size for M = 5. Note that when o = 0 (no
noise) we have a constant RMS error of 1/v/12 invariant of the PSF size (as predicted
earlier). When noise is added, we note that the RMS error actually decreases. This
is not unreasonable since the image has been so coarsely quantized that addition of
randomness allows us to recover some of the lost information. In fact, as M — o0
we have L./M — £, Lo /M — £, and given a sufficiently large PSF we could
compute p exactly. Note however, as the noise increases (for a finite M), our ability
to successfully detect the edge (i.e. localize it to the range (-0.5 < p < 0.5)) will
necessarily decrease. If this is considered, the overall RMS error will be greater than
shown in the results of Fig. 5.6. As is, we note that as ¢ increases, the PSF value
that produces the optimal RMS error shifts from oo towards the origin quickly over
the range 0 < ¢ < 0.2. For ¢ > 0.2 the RMS error steadily increases while the optimal
PSF size remains almost constant at ~ 0.75 pixels in radius. This value is comparable
to those found for the step edge in section 4.1. Thus, even for a binary image, it is

best to have a PSF of some finite size.
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We can investigate the same problem using more quantization levels. For @
quantization levels, the sums of (5.21) now take on the values (0 < £_,L, < M(Q -
1)). There are then (M(Q — 1) + 1)? permutations of images of equal probability of
occurrence and hence this many computations are needed to compute the RMS error.
Figure 5.7 shows plots of RMS error versus the defocus PSF size when (Q = 8, M = 5)
for the same noise values as in Fig. 5.6. As can be seen, increasing noise again has
little effect on the PSF size where optimal precision is achieved. While this cannot
be directly extended to the general edge model, these results certainly suggest that

the effect the PSF has on precision is insensitive to the level of noise present in the

image.
ent of ctions o rameter

Until now, we have concentrated solely on the measurement of the parameters
that define the geometric feature models. Often situations arise in practise that
require only functions of these parameters. Examples are the area and perimeter of
the disk and rectangle models. Such problems might seem to be easier to evaluate
since there is only one value to be determined. Unfortunately, all parameters of the
model affect the value sought after even though some of these parameters may not
be used in the definition of the function. For instance, the area of a disk of radius
r is determined solely by that radius, yet its precision is strongly influenced by the
centroid (zo, o) of the disk. Continuing with this example, it would be helpful if the
precision to which we could measure area could be related directly to the precision to
which we can measure r. Clearly, the precision to which we can measure the perimeter
of a disk is related to the precision in r by a multiplicitive constant of 2= for both
precision measures. With area we are not so lucky since A o r2. We have no choice
but to repeat the procedure for determining the precision in r and substitute =r? and
x72 into the error measures rather than r and #. This is not unreasonably complex
nor conceptually difficult. As to the question of how the precision is affected by
varying the PSF size, one might again suspect that it will be similar to the variation
of the precision in r. But again, there is no way to verify this in general, especially

for the maximum error measure.
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Things get even more complicated when we use the rectangular feature model.
Here the area is the product of two parameters | and d and the perimeter is twice
their sum. The precision for neither area or perimeter can be computed directly from
the precisions of these parameters because the correlation between their accuracies
is unknown. In fact, this same effect prevents us from even estimating the precisions
of transformations of parameter spaces (such as the (p,6) — (m,b) transformation
of a line). Another function of parameters that is often used is the conversion of

feature centroids (specifically for the cases of (2.10), (2.12), and (2.13)) in their error

measure to a simple Euclidean distance \/(zo — £0)2 + (30 — 90)?.

In summary, we see that functions of parameters are easy to deal with concep-
tually but are complicated enough that their behavior with respect to the PSF size
cannot be directly inferred from the feature parameter precisions. Thus to gauge
the behavior of such functions, it is necessary to sample the parameter space in its
entirety and compute the precisions for each sample point by evaluating the func-
tion of the parameters. In the case where an algorithm has been created to directly
estimate the function (such as counting pixels over a threshold intensity value to
estimate the area of a disk) without estimating the parameters defining the feature
as an intermediate step, care must be taken to adequately sample the parameter

space if conclusions are to be drawn as to how the algorithm performs.
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Figure 5.1 - Example of how locales partition the parameter space.
Here the locales are shown as a function of increasing
defocus PSF size (N=1, Q=4). The shaded locale serves

to illustrate how locales can change size, shape, and
position.
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CHAPTER 6.0

OTHER ASPECTS OF THE PROBLEM

In this chapter, the utility of the theory and results of the previous three chapters
is demonstrated. Two applications were chosen to illustrate the far-reaching scope
of problems encountered. In the first section the effect of PSF modeling errors is
examined. In the second section the effect of the PSF on the orientation precision of

first derivative operators is explored.

6.1 Evaluation of PSF modeling errors

As was discussed in chapter 2, even when several components are convolved
to produce a net PSF, there are still substantial discrepancies between it and the
Gaussian that approximates it in the least-squares sense (Figs 2.2(a)-(c)). While it
was shown in chapter 4 that PSFs of all shapes, including the Gaussian, produce
precisions that are comparable for the step edge, it was assumed that the PSF itself
was always known with certainty. In reality there will always be measurement errors
in the PSF. This is compounded by the fact that many researchers model the PSF
with a Gaussian for reasons discussed in section 2.1. Hence, if we attempt to apply
the theory of locales with such a model, error levels above those that occur using
the correct model will be possible. The purpose of this section is to determine the
magnitude of these errors as a function of the actual PSF size. For simplicity, these
tests will be conducted using the rectangular and defocus PSFs. For each PSF size,
the Gaussian that approximates it best will be computed as described in section 2.1.
While this approximation minimizes the squared error between the actual PSF and
the Gaussian, this will not necessarily be the Gaussian that optimizes the precision

in the edge parameters.
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To compute the precision using the Gaussian PSF approximation, the locale
maps (i.e. the partioning of the parameter space into regions corresponding to the
locales) of both the Gaussian PSF and the actual PSF are computed. For each
locale in the Gaussian locale map, estimates of p and 6 are determined as in section
3.2 to minimize the maximum error and average absolute error. The set of digital
images represented by the locale map of the actual PSF are assumed to be those
generated by a Gaussian PSF, even though they were not. This reflects the belief of
the person using the Gaussian approximation that his model is correct. When the
estimates derived from the locale map of the Gaussian PSF are used as the estimates
for corresponding locales in the actual PSF locale map, precision will not, in general,
be optimal. This precision is computed over the actual PSF locale map and can be
compared to the precision obtained if the actual PSF is known. In the event a locale
occurs using the actual PSF that does not occur in the Gaussian locale map, the
estimates used will come from the locale of nearest Hamming distance in the Gaussian
locale map. In the event two or more locales satisfy this minimum Hamming distance,
estimates are taken from the locale of largest area. If the Gaussian is indeed a good
approximation to the actual PSF, the number of these “non-corresponding” locales
should be few. Regardless, this will allow us to compute estimates for all locales in
the parameter space for the actual PSF. The optimal precision obtained when full
knowledge of the PSF is available is also determined from the actual PSF locale map
and the difference between these optimal precisions and the non-optimal precisions

obtained using the Gaussian can be plotted.

While, as mentioned, the precision is more a function of PSF size than PSF
shape, the locale maps of PSFs of different shapes but similar sizes were never com-
pared. It is possible for collections of locales to be radically different in shapes, sizes,
and positions to give rise to precisions that are nearly equal, simply because the
precision measures are so limited. If this is the case, then we expect the Gaussian
approximation to do poorly. On the other hand, if PSF's of different shapes produce

locale maps that are similar, then the error of using a Gaussian will be only slight.
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Finally, returning to the issue of whether the least-squares approximation is
appropriate, we see it would be better if we could instead optimize the Gaussian PSF
parameters based on minimization of the difference in precision of the Gaussian and
actual PSFs. To do so would entail far too much computation however and instead
we appeal to intuition that the least-squares method must produce a Gaussian of
near optimal size if it is to fit the actual PSF. As always, an analytical solution is
virtually impossible using the theory of locales. In practise, the Gaussian parameters
are almost always derived from an experimental setup [45] or, in the case of more
theoretical works [44], the Gaussian is chosen for convenience without mention of
more realistic PSF models. For this reason, it is better not to dwell on whether the
least-squares method is optimal since more realistic PSF models are rarely used to

determine the Gaussian in practise.

Figures 6.1(a) and (b) show the precisions §, and §, respectively when a Gaussian
is used to approximate a rectangular PSF. In this example N =3 and Q =4. As can
be seen, there are substantial disparities between the precision obtained using the
Gaussian approximation and that which was obtained using the actual rectangular
PSF. We can measure the “disparity” by expressing the difference in precisions as a
percentage relative to the optimal precision. The average disparities in 3, and §; were
15.0% and 17.9% respectively. The disparity was < 30% for 5, and < 40% for §, over
the whole range shown in Figs. 6.1(a) and 6.1(b) with disparities growing larger as
the PSF size increased. For PSF sizes in the range (0.0 < A, < 1.0), the disparity was
always < 17.0% for both 5, and ;. Thus, the loss of precision that occurs when using
a Gaussian to approximate a rectangular PSF, while significant, may be acceptable
when one takes into account the advantages of working with the Gaussian model.
For the worst-case precision measure, the results were predictably less favorable. For
B, the average disparity over the same range of A. use in Fig. 6.1 was 17.6% with
a maximum of 105.6%. For g, the average disparity was 37.2% with a maximum of
85.4%. Again, the largest disparities occured for A; > 2.0. Note that the number
of points in the sampled (p,6) parameter space for the rectangular PSF that did not

have corresponding locales in the locale map for the Gaussian PSF were very few (<
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0.1%). This suggests that the primary cause of precision loss was due to the changing
size, shape, and position of locales rather than from non-corresponding locales. The
same experiment was run using the defocus PSF over the range (0.0 < R < 4.0) with
N =3 and @ = 4. The Gaussian approximation to the defocus PSF was much better
since both functions are rotationally symmetric. This translates into precisions that
are nearly identical for both the actual defocus PSF and its Gaussian approximation.
The average disparities for for all measures of precision were < 1% and the maximum

disparities for 4, and G, were < 2%.

Next the same experiments were run using Q = 8. Figures 6.2(a) and 6.2(b) show
the results for a rectangular PSF with N = 3. We note that they are very much like
those for Q = 4, but with larger disparities. The average disparities for 3, and 3,
were 83.6% and 93.9% respectively. That is, on average, the errors obtained using
the Gaussian approximation were almost double those when the PSF was known
exactly. We also note again that the disparities increase with increasing PSF size. In
this experiment, substantial numbers of points in the parameter space for the actual
PSF were from locales with no corresponding locales in the parameter space for the
Gaussian approximation. The number of the non-corresponding samples increased
from < 0.1% for A; = 0.1 to ~20% of the total number of samples for A, = 4.0. Thus,
for A = 4.0, approximately 20% of the parameter space will generate digital images
with the rectangular PSF that could not have been generated using the Gaussian
PSF. This may account for the larger disparities for Q = 8 relative to those for Q = 4.
The same pattern of results were obtained when a defocus PSF was tested with
Q = 8. In this case, even the fact that both PSFs were rotationally symmetric did
not prevent a substantial loss of precision. The average disparities for 3, and 3, were

82.7% and 93.8% respectively.

Figure 6.3 shows the effect of varying the approximating Gaussian, o, on the
precision, 3, when the actual PSF is rectangular with A; = 1.0. In this instance
N =3 and Q = 4, but similar results were obtained when @ = 8. As well, the same
form was obtained for 8,, B, and gy, with each showing a pronounced minimum in

the range (0.30 < ¢ < 0.35). It was found numerically that the least-squares fit to the
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rectangular PSF occurs when o, = 0.340929A;. Thus it can be seen that the least-
squares approximation is also near-optimal in terms of the precision produced. The
same was found true for the defocus PSF, wherein ¢ = 0.600561R is the least-squares
solution and is also nearly optimal for precision. Figure 6.4 shows a profile of a
Gaussian with ¢ = 1.0. Superimposed are the profiles for the rectangular and defocus
PSF's that are best fit by the Gaussian in the least-squares sense. These PSFs can

be thought of as being “equivalent” in size.

6.2 Effect of PSFs on small first derjvative operators

Small-template first derivative operators, such as the Sobel and Prewitt, have
been the subject of much investigation, particularly with respect to images of step
edges. Like most papers on this topic, the paper by Abdou and Pratt [17] con-
centrated more on the ability of these operators to detect edges rather than their
localization ability. Other evaluations that include these first derivative operators
were performed by Kitchen and Rosenfeld [23], Haralick [37], and by Delp and Chu
[26]. More recent studies by Kitchen and Malin [51] and by Lyvers and Mitchell [52]
concentrated on the ability of these operators to estimate the orientation and gradi-
ent magnitude of the edge. Both papers used a rectangular detector which integrated
a step edge over a 1 x 1 pixel square centered at the sampling point of the pixel. In
reality, many components contribute to an overall (or “net”) imaging sensor PSF,
the size and shape of which will affect the performance of any operator, including

the small-template operators.

Filters such as the Sobel were designed heuristically in an attempt to approxi-
mate the first derivatives in the z and y dimensions, and usually cannot lay claim
to optimality in any sense. If optimal measurements are desired when dealing with
quantized images, the theory of locales developed by Havelock [59] is an ideal frame-
work for establishing optimal estimates for small images. This theory takes into
account the PSF associated with the system. While fundamentally correct, the the-
ory of locales becomes impractical for larger template sizes and hence only 3 x 3

templates will be considered. In this section, we use the theory of locales to produce
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optimally precise estimates of step edge orientation over a number of PSF models.
These estimates establish a bound on the precision that can be achieved and can

serve as a useful basis for comparison between filters.

6.2.1 Modeling the system
In their most general form we have two 3 x 3 templates:
ann a2 Gi3 bu b2 bis
A= as; az2 Q3 B= ba1 b2z bo3 ’ (6'10)
az asz Ga3 bs1 b3z ba3

and an image window:

qu1 Q12 Q13
Q=1g1 g2 q3]. (6.1b)
g31 ¢32 Q33
By definition:
6. =Tr(ATQ) (6.2a)
s, = Tr(B"Q) , (6.2b)
and
0~ 6 =tan~! (ﬁ;-!) (6.3)

This definition of 4 is invariant to scale changes in the image pixel values, (g;; — Kg;;).
In order to make it invariant to changes in the gray level bias (g;; — K + ¢;;) we need

to constrain the general case so that:
[1 1 1JA[1 1 17 =0 (6.4a)

[1 1 1]B[1 1 1]7=0. (6.4b)

That is, the sum of the coefficients of each template must be zero. Finally, it is
reasonable to insist that a certain amount of symmetry exist between the two tem-
plates. Hence at a minimum the 8/8y template should be the transpose of the 8/6z
template (the result of interchanging the z and y dimensions). Thus, let B = A",

Further restrictions were imposed by many authors [17,52,78] in which the template

-1 0 1
A=|-v 0 w]. (6.5)
-1 0 1

was reduced to the form:
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Where w is the only remaining free parameter. The Sobel filter is obtained when
w = 2, the Prewitt when w = 1, and Frei and Chen’s [78] so-called isotropic operator
when w = v/2. Here the simplified template model of (6.5) will be examined in-depth

and the more general model will be examined briefly at the end.

Although the paper of Kitchen and Malin raised the issue of whether the square
PSF they used in their digitization model was realistic, they never addressed this
problem further. Their edge model consisted of a step edge within 1/2 pixel of the
origin (the origin is the center pixel of the 3 x 3 image) and orientation in the range
0 < 0 < w/4. While completely general for their analysis of the predetermined filters
used, we will extend the range for use in generating optimal templates. Thus our

edge model is:
E(z,y) = U(p — zsin(f — 7/2) — ycos(f — n/2)), (6.6)

where U(.) is the unit step function, —0.5 < p < 05, and 0 < 6 < 27. The =/2
angle reflects the fact that 4 is defined to be the orientation of line normal to the
step edge. The central concern in this study is how the PSF (incorporated into
the digitization model) affects the precision to which we can find edge orientation
using 3 x 3 templates. While noise regularly receives considerable attention in both
analytical and empirical studies, the PSF has been largely ignored by computer vision
researchers. Three basic PSF models will be tested. The first is a square PSF defined
by:

1 3 .
b= {5 LS80S o

This PSF was chosen because it has been used in several papers [17,51,52]. For
|A| < 0.5, this PSF is a reasonable approximation to the effect of a sensor element
in a CCD camera, although generality would require a rectangular PSF with two
parameters (Az,Ay). The next function is the PSF associated with defocusing a

camera [62]:

=l if (22+¢%) < RY,
haegoe(z,y) = {6R otherwise. ’ (6.:8)
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This function is especially interesting since the focal setting is one of the few param-
eters that can be easily adjusted on a commercial camera system. The last PSF to

be tested is the Gaussian:

) S
hGauoa(z,y) = -2”7(-3 (::’-H/’)/?a!. (6,9)

This function is often touted as being realistic through an appeal to the central-limit
theorem whereby several PSF components contribute to an overall “net” Gaussian
PSF, although we’ve shown this approximation is not necessarily good (see Fig. 6.2).
Again, it would be more general to use two parameters (o;,0y) in the product of two
one-dimensional Gaussians rather than use a single parameter. However, doing so
tends to confuse the issue since presentation of results gets “cluttered” by excessive
numbers of parameters. Again, it is necessary to point out that these three PSF
models are extreme cases of a more general model. However, the results for this ex-
ercise should provide a good indicator of what will happen using a more complicated

PSF model.

6.2.2 Optimization and criteria for optimization

Three optimization criteria have been chosen to illustrate the effect of varying

the PSF. They are:
rr;aéx(IG -4 (6.10a)

(16— 61,6 (6.105)

VIO —6)2),0. (6.10c)

The first measure is the maximum error that can occur over all possible step edges
defined by the bounds on p and @ given previously, and therefore represents the
worst-case situation. The second error measure is the expected (or average) absolute
error and the final measure is the RMS error. Implicit in these definitions is that p
and ¢ are uniformily distributed over their respective ranges. For applications where
edges are predisposed to occur at certain orientations or offsets, the measures of
(6.10b) and (6.10c) would need to be altered to explicitly include the edge parameter

distributions.
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Once one of these measures has been chosen, we are in a position to find the
optimal estimate of ¢ that will minimize the error. Using the theory of locales, we
can produce estimates that are optimally precise. These estimates put a bound on
the performance of all other algorithms and the closer an algorithm comes to these
estimates, the better it is. Optimal estimation of 6 involves chosing an estimate 6
independently for each locale. The §; can be easily computed to any desired accuracy
using numerical methods. For instance, the estimate of ¢ that minimizes the RMS

error of (6.10c) is:

[6dA
_L

1= Jhd/\,
L

D>

(6.11)

the 8 component of the centroid of the locale I, where L is the region of the (p,8) space
corresponding to locale I. Once the estimates for each locale have been determined,
the overall error can be easily found. Thus, for any PSF, we can compute error
bounds that will serve as the proverbial “gold standard” around which to judge the
algorithm. Note that the number of locales increases rapidly as the image size and
number of quantization levels increases. Hence the approach described will only be
practical to implement for small images and relatively few quantization levels. Here

we consider 3 x 3 images with 8 or fewer quantization levels.

Now consider the simplified first derivative template model of (6.5). Given a PSF
model, h(z,y), we can compute the image Q for any edge (p,) and given number of
quantization levels. Any of the error measures of (6.10) can then be estimated by
computing Q over the range of (p,6) (sampled at suitably small intervals). For each
sample, (p;,0;), we can compute 0;; using (6.3). The estimates of the error measures

of (6.10) are then:

max(|6 — 01) = max(16; — 6;;1) (6.12a)
Py 3

X ] M )
(16— 6o =~ 313 Y- > 165 - 6i5) (6.12b)

=1 j=1

\/———.— 1 XX -
0=~ ,|— (6; — 6i5). (6.12¢)
(0= 0)2)p,0 JMNX_:ZJ; i) ¢

1
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As the sample intervals Ap = 1/M, A8 = 2x/N decrease, the above approximations
become increasingly accurate. Hence, for any w we can estimate the error for a
given PSF and number of quantization levels. By varying w over a suitable range
—K < w< K in small steps, we can find the value of w that minimizes the chosen error
measure. In practice, the optimal value of w may be computed with little expense

by using any of a number of hill-climbing algorithms [68].

If we wish to find the optimal 3 x 3 templates in their more general form, recalling

that B = A", consider that we can rearrange (6.3) to get:
sin6 Tr(AT Q) ~ cos 6Tr(AQ). (6.13)
Using this result, we can define the error measure:
eij = sin6; Tr(AT Q,;) — cos 6, Tr(AQ;;) = 0, (6.14)

where Q;; is the image resulting from the edge (p:,6;) for a specified PSF. Thus we

wish to minimize:
PO S (6.15)
L |
Taking partial derivatives with respect to ax, the elements of A, we get the following

form:
May1,a12,...,83)" =0, (6.16)

where M is a 9 x 9 matrix with elements:

my = E Z(sin 0;qrs — cos 0;q,)(sin 0394y — cos0;qyy), (6.17)
L)

and where r = [k/3], s = (14 (k — 1)mod3), u = [I/3], and v = (1 + (! — 1)mod3).
Solution of (6.16) is, of course, a standard eigenvalue-eigenvector problem in which
the eigenvector corresponding to the eigenvalue of lowest norm contains the template

coefficients that will minimize the error of (6.15).

Unfortunately, this approach is not satisfactory for two reasons. The first is
that the error of (6.15) is not directly related to any of the measures of (6.12), nor

is it a viable substitute for those of (6.12) because it lacks scale-invariance (that
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is, a scale change in the template coefficients resuits in a like change of the error
measure even though the template remains a valid solution to (6.16)). The second,
and more serious, problem is that the error measure of (6.15) doesn’t distinguish
between the sign of the template coefficients since the template appears in both
terms of (6.14). Thus the templates produced tend to give orientations that fluctuate
between being approximately correct and approximately +180 degrees in error. While
it is conceivable that such errors could be detected and corrected unambiguously, its
is better to tackle the underlying problem directly. Rather than rearranging (6.3) to

give (6.14), we instead observe that to produce (6.3) we must have:
8, ~ sin 0 (6.18a)
6, ~ cos. (6.18b)
Thus we can define a new error measure:
€% = (sin6; — 6,)° + (cosb; — 6;)* = 0. (6.19)
Using this in a least-squares formula gives:
Ran,a1,...,03)" =e, (6.20)
where R is a 9 x 9 matrix with elements:
r= ) (graus + Qorduu) (6.21)
i
and where e is a 9 x 1 column vector with elements:

e = Z Z (8in 0;quy + cos Biquy ), (6.22)
LI

and where r,s,u,v have been defined previously in terms of ¥ and . Here a single
solution is found by inversion of R in (6.20). This solution does not suffer from the
problem of distinguishing signs since the two terms of (6.14) have been separated.
Furthermore, since we are forcing the templates to approximate the trigonometric

functions of (6.18), the resulting error measure of (6.19) is scale-invariant.
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6.2.8 Results of simulations

The case of two quantization levels (binary image) is interesting since it was
shown in section 3.2 for the unit step edge that the image output is invariant to the
PSF shape and size so long as it is symmetric about the origin. Table 6.1 shows
the results of the orientation errors using several different templates. As can be
seen, the Sobel, Prewitt, and isotropic operators all performed within one degree of
each other for all error measures. The isotropic operator performed best, followed
by the Sobel. For the case of the “optimal-w” operator, a different value of w was
computed for each error measure. The values are (Max. error; w = 1.891, RMS error;
w = 1.565, Average absolute error; w = 1.672). These values are comparable to the
other operators and the error measures were all within 1/10 degree of the isotropic
operator. Hence little is gained by using the optimal-w operator in the binary image
case. The errors produced using the theory of locales are also shown and are nearly
identical to those for the optimal-w operator. Thus the 3 x 3 operators have nearly

optimal performance for the binary image case.

Table 6.1 - Orientation errors for binary image.

Error Sobel Prewitt isotropic optimal theory of
(degrees) (w=2) (w=1) | (w=+v?) w locales

MAX 26.57 26.21 25.92 25.92 25.82

RMS 9.98 10.42 9.82 9.79 9.79
absolute 8.06 8.51 8.00 7.95 7.93

Next consider the case of 4 quantization levels. The parameters of each of the PSF
models of (6.7), (6.8), and (6.9) were varied over the range 0 to 5 pixels in increments
of 1/20 pixel. For each value, the error measures of (6.12) were computed using
(Ap = 1/250,A0 = 27/250), for each of the Sobel, Prewitt, isotropic, and optimal-w
operators, as well as errors from theory of locales. Figure 6.5(a) shows the maximum
error as a function of R, the defocus PSF radius. Tests run using the square PSF
and Gaussian PSF produced the same pattern of results. Graphs for the RMS and
average absolute errors are shown in Figures 6.5(b) and 6.5(c) respectively. In each
case, with the exception of the Prewitt operator, the error declines monotonically to

a global minimum with increasing R until R ~ 0.7. From there, the error increases,
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never again reaching the same low point. Due to the quantized nature of the images,
the maximum error understandably fluctuates more than the other two measures.
Considering the plots for the errors produced using the theory of locales, we note
that the 3 x 3 operators follow the form of these lower bounds fairly closely. In the
case of the RMS and average absolute errors, there is always a substantial difference
between the optimal bounds and the 3 x 3 operators. In contrast, for the maximum
error measure, the performance of the 3 x 3 operators is virtually identical to the
optimal over certain ranges of R (most notably 2.0 < R < 2.5). Figure 6.5(d) shows
how the parameter w for the optimal-w algorithm varies. The gap in the curve for
the maximum error coincides with the range of R in Figure 6.5(a) over which all
operators performed optimally. Over this range finding an optimum value of w was
not possible since all values of w produced the same result. Note how for images with
small PSF sizes (R < 1.0), w is closest to the Sobel filter. As the PSF size increases,
the optimal value for w changes considerably and is closer to that of the Prewitt filter.
This is consistent with Figures 6.5(a)-6.5(c), in which the Sobel filter outperforms
the Prewitt for R < 1.5 and R > 3.9 but is inferior to the Prewitt between this range.

Table 6.2 presents the minimum values of each of the error measures and the
PSF parameter values for which they occur for all three PSF shapes. Tabulating the
errors for the optimal PSF sizes is a convenient way of compacting the wealth of data
in plots such as those of Figure 6.5. These errors represent the best precision that
can be achieved by a given operator if complete control over the PSF size is available.
If a system with a fixed PSF size is given, there is no alternative but to examine
each operator and compare the the resulting errors. Nonetheless, the conclusions
that can be drawn from Table 6.2 are sufficiently broad to be useful in comparing
the overall performance of the operators. An interesting fact about Table 6.2 is that
regardless of the PSF shape (square, defocus, or Gaussian), the precisions that can be
obtained by any given operator were nearly the same. The Sobel operator performed
the best, being nearly as good as the optimal-w operator. The Prewitt operator
consistently performed the worst. In all cases, the optimal precisions obtained using

the theory of locales were lower than the optimal-w operator. (> 10.0% lower for all
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error measures). The sizes of the PSFs that produced optimal results were similar
(R~ 0.7-0.8, A~ 0.55 - 0.65, ¢ ~ 0.45 — 0.50) for all operators except the Prewitt

operator which needed sizes approximately double those of the other operators.

When 8 quantization levels are used, the form of the results are much the same
as when there were 4 quantization levels, but with much lower error values. Figure
6.6 shows the RMS error as a function of R. Again, the best PSF size remains
R ~ 0.7 for the Sobel and optimal-w filters. The Sobel outperforms the Prewitt for
R < 1.8 and is outperformed by the Prewitt for larger PSF sizes. The isotropic
operator falls between these two over the entire plot. Again, the optimal precision
bound established by the theory of locales is substantially less than the 3x3 operators,
though the form of the functions are similar. Table 6.3 contains the optimal PSF sizes
for each operator along with the resulting error. In this case there was slightly more
variation in the errors between PSF shapes than for the case of 4 quantization levels
indicating increasing importance of the PSF shape as the number of quantization
levels increases. The optimal sizes of the PSFs were also slightly smaller than for 4
quantization levels. Notice how the isotropic operator starts to behave more like the
Prewitt operator with optimal performance occuring at larger PSF sizes. Again, the

3 x 3 operators fell short of the theoretically optimum values of precision.

Finally, tests were run using the optimal least-squares template generation for-
mula of (6.20). Shown below are three templates generated for the defocus PSF with
radii R=0.25, R=0.5, and R =1.0 for 4 quantization levels.

—0.0452 0.0000 0.0452

Alg=02s = | —0.0554 0.0000 0.0554 (6.23a)
—0.0452 0.0000 0.0452
—0.0450 0.0000 0.0450

A|r=050 = | —0.0606 0.0000 0.0606 (6.23b)
—0.0450 0.0000 0.0450
—0.0496 0.0000 0.0496

A|r=10= | —0.0604 0.0000 0.0604 (6.23c)
—0.0496 0.0000 0.0496

It is gratifying to see that they correspond very closely to the less general form

of (6.5). When the corner elements are normalized to unity, these templates have
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values of w= 1.226, 1.346 and 1.218 respectively which are between the Prewitt and

isotropic filter values. It is also interesting to note that the bias-invariance condition

of (6.4) holds even though it was not included in the optimization criterion of (6.19).



Table 6.2 - Orientation errors for 4 quantization levels,
The first number in each entry is the error in degrees.

Directly beneath it is the PSF parameter value in pixels.

PSF Error Sobel Prewitt | isotropic | optimal |theory of
measure (w=2) (w=1 |[(w=v2) w locales
square MAX 10.80 13.52 11.40 10.80 9.32
A 0.60 1.20 0.60 0.60 0.65
defocus MAX 10.80 13.52 11.40 10.52 9.32
R 0.75 1.50 0.75 0.75 0.80
Gaussian MAX 10.80 13.52 11.40 10.52 9.32
o 0.45 0.90 0.45 0.45 0.50
square RMS 3.79 4.92 4.34 3.78 3.26
A 0.57 1.22 0.57 0.60 0.65
defocus RMS 3.79 4.92 4.34 3.79 3.33
R 0.70 1.50 0.70 0.75 0.75
Gaussian RMS 3.79 4.91 4.36 3.79 3.33
o 0.45 0.90 0.45 0.45 0.45
square absolute 3.05 4.02 3.55 3.04 2.62
A 0.57 1.25 0.57 0.57 0.62
defocus absolute 3.05 4.02 3.54 3.05 2.67
R 0.70 1.55 0.70 0.70 0.70
Gaussian absolute 3.05 4.03 3.57 3.05 2.68
o 0.45 0.90 0.45 0.45 0.45
Table 6.3 - Orientation errors for 8 quantization levels.
The first number in each entry is the error in degrees.
Directly beneath it is the PSF parameter value in pixels.
PSF Error Sobel Prewitt | isotropic | optimal |theory of
measure (w=2) | (w=1) |(w=?2) w locales

square MAX 6.55 7.56 7.21 6.01 3.59
A 0.53 1.50 0.50 0.55 0.57
defocus MAX 6.45 7.89 7.73 5.79 4.30
R 0.65 1.85 0.60 0.85 0.65
Gaussian MAX 6.37 7.99 8.12 548 4.30
o 0.45 1.15 1.15 0.50 0.45
square RMS 2.18 2.52 2.42 2.04 1.43
A 0.55 1.50 1.62 0.60 0.55
defocus RMS 2.14 2.53 2.40 1.95 1.45
R 0.70 1.85 1.85 0.80 0.65
Gaussian RMS 2.05 2.76 2.67 1.82 1.48
o 0.45 1.15 1.10 0.45 0.35
square absolute 1.756 2.01 1.94 1.64 1.14
A 0.55 1.60 1.52 0.60 0.55
defocus absolute 1.73 2.02 1.92 1.57 1.16
R 0.70 1.80 1.85 0.85 0.65
Gaussian absolute 1.66 2.23 2.15 1.48 1.17
o 0.45 1.15 1.10 0.45 0.35
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Figure 6.1(a) - Comparison of average-case precision in p as a function of varying
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available.
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between the optimal precision obtained when the PSF is known and the
precision obtained when only a Gaussian approximation to the PSF is
available.
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Figure 6.4 - Comparison of profiles for PSFs fitted to a
Gaussian in the least-squares sense. The
solid square is the profile of a rectangular
PSF and the dashed square is the profile of
a defocus PSF.
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CHAPTER 7.0

SUMMARY AND CONCLUSIONS

In this final chapter, the results of the dissertation are summarized on a chapter-

by-chapter basis. Conclusions are then drawn, followed by suggested paths for further

research.

7.1 Summary

In the first chapter, the issue of quantitative measurements in computer vision
was raised. Several greoups of measurement tasks were listed, of which the group
dealing with measurments of geometric features was selected. The measurement of
geometric features was selected because of the importance of these measurements in
determining measurements within other groups (such as reliance on geometric targets
in stereo range measurement). A review of the literature showed a lack of compre-
hensive treatment of the effect of the point-spread function on the precision to which
geometric features could be measured. The measurement of edges, by far the most
prevalent type of geometric feature in literature, was largely explored in the context
of algorithms for measuring edges. This approach is considered inadequate for the
investigation of the underlying problem of precision measurements in computer vi-
sion. A method of investigation was outlined based on a recent advance, known as

the theory of locales, that can be used for determining precision independent of any
algorithm.
The second chapter was devoted to modeling the image formation system and

the scene. Emphasis was placed on modeling the various point-spread function com-

ponents and spatial sampling, with a lesser effort on modeling noise. Six different
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geometric features were modeled for use throughout the remainder of the disserta-
tion, although only the step edge was used in detail. Several concepts in defining

precision were discussed and precision measures were defined.

The third chapter concentrated on the effect of spatial sampling and radiometric
quantization on the measurement of step edges. When spatial sampling alone was
considered (“infinite radiometric resolution™), it was shown that the PSF, when over a
certain size, allowed exact recovery of the step edge parameters. This was shown with
generality, although an analytical formulation was not possible. Next radiometric
quantization was introduced and was shown to destroy the unique correspondence
that allowed exact solutions to be obtained. The concept of computing “boundary
loci” associated with the PSF was introduced and used in conjunction with the theory
of locales to produce a practical method for estimating the precision to which step

edge parameters can be found.

Chapter 4 made use of the algorithm of chapter 3 in a series of simulations of
increasing complexity. The first simulations concentrated on how precision varied
as a function of the various PSF components. The results were then confirmed for
more complicated models using combinations of PSF components and re-sampling.
The problem of quantitative comparison of image formation systems based on the

precision of edge measurements was then explored.

Chapter 5 investigated methods to extend what was found for the step edge
to more complicated models. Problems involving dimensionality greater than two
were exposed as being intractable, especially within the theory of locales framework.
The case of unknown (non-unit) contrast was examined using the step-edge models
in simulations. The problem of finite feature size was also briefly examined and
related to the problem of unknown contrast. Noise within the system was then
examined and was shown to be intractible to solve even for two dimensions. A
one-dimensional formulation of the noisy step-edge problem was considered. The

problem of determining the precision of functions of feature parameters was then

briefly considered.
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Finally, chapter 6 showed how the results of chapters 3 and 4 could be used to
study some other related aspects of how the PSF affects precision geometric mea-
surements. The first study showed the effect of using a Gaussian PSF in place of a
real (but ur;khown) PSF. The second study showed how the PSF affected the ori-
entation precision of several first derivative “edge-detection” operators. The results
were compared with the optimal orientation estimates obtained using the theory of

locales.

7.2 Conclusions

A number of important conclusions have been drawn from the results of this
study. The first conclusion is that the PSF does not necessarily limit precision. In
fact, it is the PSF that allows us to achieve precisions greater than those that can
be achieved by impulse sampling alone. When quantization is introduced, the effects
of the PSF become even more important. This is because qua.ntizatio'nvdestroys the
unique association between the line parameters and the pixel intensities. The size
and shape of the PSF changes the size and shape of the resulting regions of ambiguity

(locales) and hence influences precision.

Based on numerous simulations, it was concluded that the size of the PSF is
far more important than the shape of the PSF in influencing the precision to which
step edges can be found. The differences in optimal precision values between the
different PSF shapes tested were negligible compared to the variation in precision
encountered as the PSF size was increased. It should be noted however, that this
conclusion was drawn based on simulations in which @ = 2, 4, and 8. As the number
of quantization levels increases, the effect of the PSF shape could potentially be
of increased significance. When combinations of components were used, the size
of the resulting net PSF was approximately equal to the sum of the sizes of the
individual components. Overall, the optimal PSF size for measuring step edges
was in the range 0.6-0.7 pixels in “radius” with optimal precision in p occuring for
slightly smaller PSF sizes than that for . Objective comparison of PSFs was shown

to be a straightforward task. However, the form of the decision function (defining
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which of two PSFs is better) is complicated and does not lend itself to an analytical
approximation. Surprisingly, the decision function changes form little as the relative

importance between p and 6 (expressed by the weights v, and v5) is varied.

Problems involving three or more unknown parameters were shown to be in-
tractible to approach using the theory of locales due to computational and memory
requirements. Feature contrast, even when known, proved to have a large influence
on the precision, especially for large PSF sizes. Despite this, the optimal PSF size is
relatively constant. An investigation into the effects of noise was easy to to formu-
late within the theory of locales, but also proved intractible to evaluate. A simplified
one-dimensional model did show that the PSF influences precision in noisy images

much as it does in the noise-free case.

A study of how use of a Gaussian PSF to approximate an actual, but unknown,
PSF showed a significant loss of precision that increased as the PSF size increased.
The loss of precision for smaller PSF sizes was low enough that it may be worthwhile
to use a Gaussian approximation depending on the intended application. An analysis
of the orientation precision obtained using common first derivative operators showed
that they can produce precisions very close to, but less than those obtained using the
theory of locales. The PSF size that optimizes the performance of these operators
was again in the range 0.7-0.8 pixels in radius. Methods for generating optimal
template coefficients were demonstrated and showed that as the PSF size changes,
the optimal template coeflicients change significantly. Thus no one operator can be

expected to do consistently well over a broad range of PSF sizes.

1.3 Going further

While many significant facts were uncovered in this dissertation, some elements of
the problem remain largely unsolved. Perhaps the biggest problem with the approach
used throughout the dissertation was the inadequacy of the theory of locales when
dealing with geometric features having more than two degrees of freedom. This is
a very difficult problem to solve and is worthy of being a separate research topic in

itself. Since the underlying formulation of the theory of locales is not conceptually
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difficult, effort should be directed towards solving the computational requirements
of evaluating precision over parameter spaces with dimensionality greater than two.
While results found for the noisy vertical step edge suggested that the form of how
precision varies with the PSF is insensitive to noise, the results should be confirmed
for the general two-dimensional case. Again, direct application of the theory of

locales, while conceptually easy, is computationally infeasible.

The techniques used in this dissertation could potentially be of use for other
features such as the disk or rectangle models. To do this would involve a detailed
study of how the parameters of features could be constrained to two dimensions while
allowing measurements of precision that could apply over the entire parameter space.
One approach might be to concentrate on special cases of feature models, such as
a disk centered at the origin or midway between pixels. This approach is especially
attractive if the special cases are of practical importance. Such generalizations may
not be possible and methods to vary the fixed parameters in a systematic way (but

one that does not increase the computational burden excessively) must be found.

Another problem is the lack of a unified definition of PSF size. In this disser-
tation, the definition of size was treated on a case-by-case basis for each PSF. The
definitions for size used the PSF parameters directly. Similarly, when results for
optimal PSF sizes were tabulated, they were given as parameter values for each dif-
ferent PSF. When compari;g results between PSFs, it would be helpful to have a
single global definition of size. Furthermore, such a definition should be independent
of any PSF parameters. This allows the PSFs to have arbitrarily complex functional
forms or, in the case of an empirically measured PSF, no form at all. One method
that could be investigated is to define the size of a PSF as the distance, s, from the

origin such that:

/ / PSF(p,0)dpdd = K 0<K<l1 (7.1)

-7 0
(that is, the circle of radius s needed to cover a certain portion, K, of the energy in
the PSF). This measure could potentially be used to standardize the definition of

PSF size.
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It may be noted that the results of this dissertation were for relatively coarse
levels of quantization (@ = 2,4,8). Although most systems today have at least 256
quantization levels, we see that even for Q = 8 the precisions achieved in simulations
are quite good (worst-case error of ~ 0.07 pixels in p and ~ 2.0 degrees in 6 for N = 3).
Despite the coarse quantization, these errors are lower than those normally obtained
in practice (especially for such small images). Thus more investigation is needed
into bringing the results of this dissertation into practice (especially attempts to use
real images in a controlled setting). The problems associated with the theory of
locales may be partially circumvented when large numbers of quantization levels are
used (@ > 100). In such cases, the image samples may be assumed to be of infinte
radiometric resolution. With this done, the issues of noise and systematic errors in
the system can be potentially investigated more readily than when quantization is

present.

Finally, more investigation is needed into how algorithms behave as the PSF is
varied. If it could be established that a class of algorithms behaves near optimally
over a wide range of PSF sizes, it could be used as a substitute for the theory of

locales.
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