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ABSTRACT 

A mechanistic model was developed, which described the growth 

of a bacterial colony on an agar medium. Diffusion of substrate (nu

trients/oxygen> through the colony are considered. Rate of substrate 

use by the organisms is assumed to follow Michaelis-Menton kinetics 

for substrate concentrations between prescribed limits. Above and 

below the prescribed concentration limits, the substrate use rate is 

assumed constant and zero, respectively. Supply of substrate to the 

colony was assumed to be non-limiting. Under these conditions, the 

model predicted that diffusion of substrate through the colony will 

eventually control colony growth. It also described a slower eponen

tial growth rate of the colony when the organisms utilized an alternate 

substrate for one that became deficient throughout a portion of the 

colony, and a constant linear growth rate when an alternate substrate 

was not utilized. 

Consistent with published literature, a mathematical descrip~ 

tion of substrate supply through the agar indicated that, under normal 

conditions, glucose supply through the agar to the colony would not be 

expected to limit colony growth before oxygen diffusion through the 

colony limited growth. 

ix 



CHAPTER 1 

INTRODUCTION 

It is often observed that the growth of a microorganism in the 

soil does not strictly adhere to the exponential growth rates of that 

microorganism in liquid culture. It is often assumed that if water 

availability does not limit growth of soil microorganisms, then the 

availability of one or more nutrients or of oxygen limits growth. 

Similarly, the growth of microbial colonies on nutrient agar departs 

from the growth kinetics observed for the microbe in liquid culture. 

The reason for the non-exponential growth of colonies on an agar medium 

was explained by Pirt (1967) as due to insufficient energy supply from 

the agar.' The explanation of the limitation was that the concentra

tion of the growth limiting nutrient would become so low near the center 

of the colony that colony growth would be restricted to some outer 

peripheral zone of constant width. 

This dissertation study was undertaken in an attempt to eluci

date the effects of diffusion processes on bacterial colony growth. 

Because of the complexities of a soil system, the colony was assumed 

to be situated on a solid agar medium. From the aspect of diffusion 

processes, vertical colony gro\~h will be controlled by substrate 

concentration in the agar, diffusion of substrate through the agar and 

diffusion of substrate (including oxygen) through the colony. The 

third chapter of this study considers a one-dimensional system to 

1 
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clarify the effects of diffusion through the colony on v.ertical colony 

growth. A consideration of the consequences of one-dimensional diffu

sion through the colony is presented in Chapter 3. Chapter 3 also 

considers the three-dimensional growth of a bacterial colony. If the 

colony organisms grow in a random manner, the colony profile should 

be hemispherical. Thus, in this study, diffusion processes are applied 

to a hemispherically shaped colony. 

During this study, it was found that the application of diffu

sion processes to a hemispherically shaped colony resulted in the 

prediction that the colony shape would eventually resemble a spherical 

segment. The few bacterial colony profiles reported in the literature 

were shaped as spherical segments. Based upon the model prediction 

and literature reports, the importance of studying effects of diffu

sion on growth colonies shaped as spherical segments was obvious. This 

portion of the study is presented in Chapter 3, following the section on 

hemispherical colonies. 

At the end of Chapter 3, diffusion of substrate through the 

agar to a bacterial colony is discussed. 

For the cases of substrate diffusion throug~ the colony, a 

rate of substrate use by the colony which is a function of the substrate 

concentration and biomass concentration will be considered. 



CHAPTER 2 

LITERATURE REVIffi'1 

The growth of a bacterial colony located on the surface of a 

porous media is not well understood. Pirt (1967) used calculations 

from diffusion theory to attanpt to describe the growth of a colony 

on an agar surface. His calculations allowed him to relate the sub

strate concentration in the agar and the substrate use rate of the 

colony to the maximum height a colony could attain. He assumed the 

use rate would remain constant and that growth would continue until 

the substrate concentration was zero. From his calculations, Pirt 

concluded that the thickness of a growing layer of bacteria will be 

small and not vary greatly. 

If the supply of all substrates to the cells of a colony is 

not limiting growth~ the colony should exhibit an exponential radial 

increase with time. However, the radial growth rates of many 

bacteria appear ·to be linear (Pirt, 1967; Cooper, Dean and Hinshelwood, 

1968; Palumbo et al., 1971; Wimpenny, 1979). In older colonies linear 

radial growth is followed by a linear increase in area (Cooper et al., 

1968). These two growth phenomena appear to be connected by a clear 

transition point (Pirt, 1967; Rieck, Palumbo and t'7itter, 1973). Rieck 

et al. (1973) presented data which suggested that the transition point 

occurred when the colony growth was limited by glucose availability. 

3 



Nutrient composition was found to affect the height of 

Pseudomonas fluroescens (Palumbo et al., 1971). Pirt (1967) reported 

that the radial growth rate of Escherichia coli is a linear function 

of the square root of substrate concentration. Pirt also proposed a 

relationship bettl7een radial growth rate and the specific maximum 

growth rate of the organism in liquid culture. 

Cooper et al. (1968) presented a detailed study of the growth 

of bacterial colonies on agar plates. They reported that the growth 

of Aerobacter (Klebsiella) aerogenes colonies was not exponential 

4 

after the colonies reached a radius of 0.150 rom, but rather the diameter 

increased linearly with time. 

Johnson et al. (1970) demonstrated a linear rate of increase 

of colony diameter with time for Pseudomonas fluorescens growing on 

glucose-salts-agar at several temperatures from OC to 30C. 

Palumbo et al. (1971) measured colony height, viable cell count 

and colony diameter for Pseudomonas fluroescens and colony diameter 

for Micrococcus caseolyticus as indices of colony growth. They also 

calculated colony volume and viable cell density for colonies of 

Pseudomonas fluorescens. To evaluate the influence of nutrients they 

measured colony diameter. Most measurements were taken from about 10 

hours to 80 hours after inoculation. None of the measurements indicated 

a truly exponential phase. 

Rieck et al. (1973) found that under conditions of low glucose 

concentrations, the initial linear gorwth phase of pseudomonas 

fluroescens changed to a second and slower linear phase. 
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Wimpenny and Lewis (1977) grew colonies of two swarming 

organisms, Bacillus subtilis and Proteus vulgaris, and four non

swarming organisms, Bacillus cereus, Enterobacter cloacae, Escherichia 

coli and Staphylococcus albus, on solid media. Only young colonies 

of B. subtilis demonstrated exponentially increasing oxygen uptake. 

Oxygen uptake was measured from about 4 hours to at least 10 hours for 

all organisms. 

Reyrolle and Letellier (1979) used 3H leucine as a labelled 

precursor of protein to label the sites of bacterial proliferation 

within colonies of Pseudomonas aeruginosa, Pseudomonas putida, Bacillus 

thuringiensis, Staphylococcus aureus and Escherichia coli. Autoradio

graphs were prepared to observe the labelled regions of the colonies. 

In aerobic species the central growth site was limited to the zone 

near the colony surface. In facultative anaerobic species bacterial 

multiplication depended upon nutrient supply, as bacteria at the base 

of the colonies were more strongly labelled than those near the surface. 

This implies that the facultative anerobes were able to continue their 

metabolic processes and grow under conditions of reduced oxygen supply. 

It also implies that the rate of use of 3H leucine by the anaerobic 

portion of the colony was greater than the use rate by the aerobic 

portion. This may result from a decreased 3H leucine concentration 

near the outer surface of the colony because of diffusion effects com

bined with 3H leucine use by the anaerobic portion of the colony. 

Wimpenny (1979) demonstrated a method for measuring the profiles 

of bacterial colonies. Profiles were determined for colonies of 



Bacillus cereus, Escherichia coli and ~taphylococcus albus of dif

ferent ages. Colony mass, measured turbidimetrically, increased 

exponentially for all three colonies during part of the growth 

6 

period. Measurements were made from about five hours to about 25 hours 

after inoCUlation. The exponential growth rates were slower for the 

plate colonies than for the liquid cutlures. 

Lewis and Wimpenny (1981) found that for Pseudomonas fluorescens 

with all the nutritional conditions they tested, the liquid culture 

growth rates exceeded colony growth rates. Colony height generally 

increased linearly with time, as did colony radius. Radial growth 

rates were much faster than vertical growth rates. 



CHAPTER 3 

THEORY 

Introduction 

Attempts have been made to describe colony growth on an agar 

surface (Pirt, 1967) based upon calculations from diffusion theory. 

Attempts have also been made to relate oxygen concentration and oxygen 

consumption by bacterial colonies in a soil system (Papendick and 

Runkles, 1965). 

This study is an attempt to develop equations which describe 

the growth of a bacterial colony on an agar surface. The first section 

of the study presents the growth equations for a colony growing one-

dimensionally on an agar surface. Most of the discussion will be 

directed toward the colony growth rather than toward diffusion 

processes occurring within the agar, although will also be considered. 

A progression in complexity will occur as a colony growing three-

dimensionally will next be considered, with a hemispherically shaped 

colony and a colony shaped as a spherical segment representing two 

possibilities. 

One-Dimensional System 

Growth of a Bacterial Colony on an 
Agar Surface--Basic Relationships 

As stated in the introduction, a one-dimensional system is 

first considered to clarify what effects diffusion of substrates 

through a colony may have on vertical growth of the colony. 

7 
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We postulate the existence of a bacterial colony as a monolayer 

on an agar medium (see Figure 1). The agar surface is completely 

covered by the monolayer colony and the colony is constrained to one 

dimensional growth. The energy source is glucose, at some initial 

concentration S (1 ) . in the agar. Nitrogen is present in the agar 
g uc a~ 

+ 
as NH4 -N and N03-N, at concentrations of S(NH

4
)ai and S(N0

3
)ai' respec-

tively. Oxygen is present in the atmosphere at normal concentrations 

and is in equilibrium with oxygen dissolved in the colony, S(02) iO 

Other nutrients are p:resent in the agar media as needed, and will be 

postulated as non-limiting. 

The equation describing one-dimensional nutrient diffusion 

through the colony and simultaneous nutrient uptake by the colony is 

'as 
at - Q(S) (1) 

The symbols of equation (1) are defined as follows. S is the concen-

tration of the substrate within the colony at some time, t, and some 

distance, Z, from the boundary. Z is measured in the direction of 

decreasing substrate concentration. D is the diffusion coefficient 

of the given substrate through the colony. They symbol Q(S) repre-

sents uptake rate per unit volume of colony. 

The form of the substrate uptake function, Q(S) is: 

Q (S) = q X (2) 
s 

where .qs is the specific rate of substrate consumption and X is the 
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z 

COLONY Z=O 

Figure 1. Scha~atic of a ~onolayer bacterial colony growing on 
an agar medium. 
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biomass density of the colony. The specific rate of-substrate con-

sumption is defined as 

OMID{ 

V 
s 

S 
K +s , 

s 

S <: S . 
llm~n 

S . ~ S S smin 

smin 
)lmax 

K +sf1in 
s )lmax 

)lm~n )lmax 

smin <: S <: 
llmax s 

o 

(3) 

where vMAX is the maximum possible specific rate of substrate uptake, 
s 

llmax . K is the Michaelis-Menton constant for the substrate, and q ~s the 
s ,s 

specific rate of substrate consumption necessary for maximum growth of 

the organism. 

Evaluating the meaning of equation (3); the rate of substrate 

consumption is given by a Michaelis-Menton relationship when an organism 

experiences a substrate concentration between S . and smin 
)lm~n )lmax If the 

substrate concentration is less than S . , we postulate the substrate 
llm~n 

consumption rate is zero. If the substrate concentration is greater 

than smin we postulate that the internal kinetics of the organism 
)lmax' 

limits the rate of substrate consumption, rather than the external 

substrate concentration limiting the consumption" rate (see Figure 2). 

The intial and boundary substrate conditions for equation (1) 

are: 

S = f (Z) , 0 ~ Z ~ h 
lim' 

t = 0 

S = <P(t), Z 0, t > 0 (4) 

as Z h t > 0, = lim' 0 at 



qs 

q"max 
5 

q"min 
5 

S"min 

SUBSTRATE 
CONTROLLED 

S 

--------
ORGANISM 
CONTROLLED 

min 
S "max 

Figure 2. Substrate consumption versus substrate concentration. When S < S~~~x , the consumption 
rate is controlled by substrate concentration following MichaeliS-Menton kinetics. 
When S > SW~~x ' the consumption rate is controlled by the internal kinetics of the 
organism, rather than following a Michaelis-Menton relationship (dotted line). I-' 

I-' 
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Initially the colony height, h is h. It is assumed that the c 0 

initial concentrations of substrates within the agar and colony permit 

each of the organisms to have a specific rate of production, R = R • max 

The colony volume will initially be V = Ah , where A is the area of 
o 0 

the agar/colony interface. since growth is not substrate limited, the 

volume of the colony, V, at any time, t, is 

V = V exp (R (t-t) 
o max 0 

(5) 

Since A is constant in this model, V = Ah , and by substitution for V 
o 

and V in equation (5), we get 
o 

h = h exp (R (t-t» c 0 max 0 
~) 

Initially the substrate concentrations experienced by each of 

the colony organisms is greater than, or equal to, some value necessary 

min This value will be designated by the symbol S • 
~max 

for maximum growth. 

Once the nutrient concentration at some location, Z = h* (see Figure 3), 

within the colony decreases below smin , the one-dimensional colony can 
umax 

be viewed as being composed of two layers. Within the layer closest to 

min 
~ S ,and thus 

~max 
the nutrient source all the organisms experience S 

have a specific production rate of R • The colony layer which 
max 

experiences S < smin contains organisms which are producing cells at 
~max 

some reduced rate. It is assumed that each organism within this second 

layer has a specific production rate of R = R(S); that is, that the 

specific production rate is a function of the substrate concentration 



min 
S = SJ,Lmax 

DIRECTION 
OF 
COLONY 
GROWTH 

z=o 

Figure 3. Schematic representation of one-dimensional colony, indi
cating the differentiation of grovlth kinetics into regions 
based upon substrate concentration. 
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experienced by an organism. The production rate of the organisms 

within the portion of the colony where S , ~ S < S is related to 
wm~n 0 

the rate of substrate uptake as 

R= (7 ) 

where R, the specific (per unit mass) rate of production, may be viewed 

as the specific rate of growth of the organisms which experience the 

b 
The symbol A represents the specific 

s 
substrate concentration S. 

amount of substrate assimilated and dissimilated for biosynthesis 

m and q is the specific rate of substrate dissimilation for maintenance 
s 

(f > ) F S > smin t t or R - R 'n. or - , R = cons an = R • 
m~ wmax max 

Eventually the 

substrate concentration at some location (Z = hI' ) within the colony 
Ul 

will decrease to below the minimum substrate concentration necessary 

for growth, S]..IIIlin A third layer of organisms will then exist 

(see Figure 4). This layer where S < S " contains organisms that 
]..IIIl~n 

are undergoing decay at some rate, A, are "resting," or that are using 

an alternate substrate in place of the one which is available at con-

centrations less than S , , and thus are producing cells at some 
]..IIIl~n 

R=R alt· 

Two scenarios can be visualized: 

(1) Some nutrient within the agar is more limiting than the 

others. This may be due to a low initial concentration, a low diffusion 

coefficient, and/or a high metabolic use rate, relative to the other 

nutrients and oxygen. Eventually, the concentration of the most 



min 
S= Silmax 
al. t •· 

DIRECTION OF 

COLONY GROWTH 

R = R (S) 

15 

Z =h,. 1m 

S = So Z = 0 

Figure 4. Schematic representation of one-d~lensional colony, indica
ting three regions of organisms. The differentiation into 
regions is based upon the growth kinetics of the organisms 
within each region. The organisms above Z = hI. may be 
gro\'ling on an alternate substrate, "resting," oi:mdecaying. 
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limiting nutrient decreases to S , at the upper surface of the colony, 
).II!\~n 

Z = hlim (see Figure 41. organisms below the height Z = hlim will 

continue to be produced at rates dependent upon the concentration of 

the most limiting nutrient experienced by each of the organisms. 

Suppose there exists, within the colony above Z = h
l

, , a 
~m 

nutrient which the organisms can utilize in place of the one which is 

no longer available to them in sufficient concentrations. Then the 

cells above Z = hlim will continue to produce organisms at a rate 

dependent upon the concentration of the alternate nutrient experienced 

by each cell in this region. If such an alternate nutrient is not 

available, the cells of the hlim may decay at some rate consistent 

with the metabolic requirements of the organism under such conditions. 

It amy also be possible that the organisms above hlim may neither decay 

nor grow on an alternate substraote. Rather, they may cease all meta-

bolic activity and enter a "resting" state. This third alternative is 

postulated so that the effect of such a response may be compared with 

the effects of the first two alternatives. 

(2) The colony height becomes large enough, h
lim

, so that the 

oxygen concentration at the bottom of the colony is equal to S , 
).II!\~n 

(see Figure 5). If the organisms which compose the colony are facul-

tative anaerobes, the cells near the agar may begin to use an alternate 

terminal electron acceptor (e.g. NO;-N) since oxygen is not sufficiently 

available to them. If an alternate terminal electron acceptor is not 

available for metabolic use, or the organisms are strict aerobes, we 

postulate that either the organisms at the bottom of the colony cease 



S=S o 

ATMOSPHERIC 
OXYGEN 

DIRECTION 
OF 
COLONY 
GROWTH 

DIRECTION 
OF 

OXYGEN 
DI FFUSION 

Figure 5. Schematic representation of o:~ygen diffusion through a 
bacterial colony. 
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metabolic activity and enter some "resting" state, or they begin to 

decay. 

In scenario number one, the total number of organisms above 

hlim will continue to increase as cells below hlim are pushed upward, 

and as growing cells above hlim produce more cells (see Figure 4). 

In scenario number two, the total number of organisms in the 

anaerobic region will continue to increase as the co~ony grows. This 

results as the portion of the colony where the oxygen concentration 

is greater than or equal to S . moves further from the agar (see 
lJm~n 

Figure 6) as a result of colony growth. 

Colony Heights and 
Substrate Profiles 

In order to determine the substrate distribution within the 

colony, and thus to know what the colony growth is like, it is neces-

sary to solve equation (1) subject to the appropriate initial and 

18 

boundary conditions. Some simplifying assumptions must be made before 

an adequate solution to equation (1) may be found. First, it will be 

assumed that the colony height is changing slowly relative to diffusion 

rates. Secondly, it will be assumed that ~(t) is constant, as is the 

case for oxygen. Thirdly, it will be assumed that fez) = S , constant. 
o 

These three assumptions are reasonable for the system size. They allow 

us to solve equation (1) with as 
at = o. 

Substituting expression (2) for Q(S), equation (1) can be 

written for steady state conditions as 
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Figure 6. Schematic representation of oxygen diffusion through 
a bacterial colony indicating a zone of oxygen depletion 
(anaerobic region). 
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(8 ) 

Defining the following dimensionless quantities 

D(Smin 
~max 

- S .) 
]Jm~n 

(9a) 

2VrnaxX h 2 
s 0 

max h 2 
E 

qs 0 = 
A b D 

(9b) 

s 

S - S ]Jmin 
C = Smin - S lJInin lJInax 

(ge) 

s - S 
C 

0 ]Jmin = 
0 smin S -

~rnax ]Jmin 

(9d) 

K s 
k = 

smin - S 
~max ]Jmin 

(ge) 

K + S ]Jmin 
k' 

s 
= smin - S 

jJrnax jJmin 

(9f) 

m 

M 
qs 

= max 
(9g) 

qs 

Ah 
2 

A' 
0 = D 

(9h) 

Dt 
T = 

h 
2 

(9i) 

0 

X 
Z = h 

(9j) 

0 



H 
h 

= h 
0 

L = 
hlim 

h 
0 

{: 
(1 k 

M) ; 1 < C < C ----
l+k' 0 

R' = 

(1 k 
M) ; a < c < 1 - c;::+k' - - -

Equation (9) can be written as 

d2c q (cl 
dx2 

= 

where the function q(c) is defined as 

1 [1 k k,l a < c < 

2u2 c + - -
q (e)' = 

1 [1 k ] 1 < C < 

2u
2 1 + k' 

The boundary conditions for equation (10) are 

de 
dX = 0, c = 0, X = L 

C=C,X=o 
o 

21 

(9k) 

(91) 

(9m) 

(10) 

1 

(11) 

C 
0 

(12) 

From Kamke (1948), § 6.23.2, page 113, equation (10) can be integrated 

to yield 

de 
C!X = (13) 



The integral fC q{c}dc can be evaluated as 
o 

[C - k In C + klJ. 0 ~ C ~ 1 
k' , 
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{l4} fC q {c'} dC' = 
o 

1 

2u
2 

1 
. 2 

2u 
[ {l- _k_} (C-l) + {l-k In l+k' }1. 1 < C < C 

1 + k I k I 'J ' - - 0 

Since 
dc 2 
dX = 0 when C = 0, then n, = 0, so that equation {l3} becomes 

dc 
dX 

f C q {c' }dc' 
o 

{lS} 

The negative radical was chosen fro~ physical considerations, i.e. C 

decreases as X increases. Rearranging equation {IS} gives 

Upon integrating 

and 

dX = dc 

equation {16} we get 

c 

=J dc 
X 

';2 fC q {c ' }dc' C 0 
0 

C dc 
L= f 0-;::========= 

o .j2fCq{C 1 }dC' 
o 

c dc 
= fO 

" 2 fC a (c' ) dc I C o • 

{16} 

{17} 

(18) 

Equations (l7) and (lS) can be solved analytically for the portion of 

the colony where 1 ~ C ~ Co' They may be solved numerically for the 

portion of the colony where 0 ~ C ~ 1. 



L can be evaluated as 

c 

=(["(1 
U 

) ] de + L 
k l+k' --- ) (C-1) + (l-k 1n 1t' 

1 l+k' 

{l-/C-k 
U 

J de c+k' 
1n 1t' 

0 

The first integral is easily evaluated as 

c 

{I-In 
1 

k ---l+k' 

2U 
1 __ .:..:k __ 

C1+k' ) 

U 

(C-1) +" (l - k 
l+k' ) ] de = 

1n 1t' 

t
.fc1 - _1<_ (C -1) + (l-k 

(l+k') 0 

-"r-
1
-_-

k
-, 1-n-1-+-k-' -) 

k' 

"l+k' 
1n kt 
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(19) 

(20) 

However, the second integral of equation (19) must be evaluated numeri-

cally. 

Figure 7 indicates profiles of glucose concentrations with 

colony height in the trans~tion zone, where R' < R' max It can be 

seen that the change in concentration with height is least rapid at the 

upper edge of the colony, where the organisms are growing slowest. 

The maximum height to which a colony can grow and still obtain 

substrate from the agar (or oxygen from the atmosphere) can be calculated 

from equation (19). Using physiological parameters from Harris (1981), 

the maximum height was calculated for various glucose concentrations in 
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the agar. The magnitudes obtained for colony height were in general 

agreement with values obtained from the equation of pirt (1967). As 

the initial substrate concentration increased, the heights obtained 

from the equation of Pirt and equation (19) were in better agreement. 

Pirt1s equation is 

(s - s ,) (21) 
o )Jm~n 

The assumption made in the derivation of equation (21) is that for 

colony heights greater than h*, the substrate use rate q is constant 

)Jmax 
and equal to qs The assumption made in the derivation of equation 

(19) is that the substrate use rate follows a Michaelis"';Menton relation-

ship. These different assumptions account for the differences obtained 

in calculated heights (Table 1). 

since the necessary physiological parameters are not yet avail-

able for calculating hI' for substrates other than glucose, equation 
. ~ 

(21) was used to obtain an estimate of hlim for oxygen and phosphorus, 

as well as for glucose (Table 2). It can be observed that except 

in cases of low initial glucose concentrations, oxygen may first limit 

colony growth. If this was the case, colony growth rates would be less 

than expected from consideration of the agar glucose concentration. 

Growth Rates, Before Depleted 
Zone Formation 

The height of the colony at any time is a function of the pro-

duction rate, the initial height and the length of time from the 



Table 1. Calculation of hlim for various glucose concentrations in 
the agar using equation (19) and Pirt's equation (equation 
21). 

S D XV max hlim 
0 c s 

lJm 

26 

g/cm 
3 

cm
2
/hr 

3 g/cm hr (Eq. 19) (Eq. 120) 
-. 

2.5 x 10-3 2.16 x 10 
-2 

0.21 272 272 

2.5 x 10-4 
86 86 

2.5 x 10-5 
40 27 
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Table 2. Estimates of the maximum height, h1im, a colony can attain 
before diffusion through the colony of the given substrate 
growth. From equation (21). 

XV max D S h1im s c 0 

Substrate 3 2 
g/cm 

3 
g/cm hr cm /hr lJIl'I 

-2 10-3 272 Glucose 0.21 2.16 x 10 2.5 x -4 2.5 x 10_5 
86 

2.5 x 10 27 

Phosphate - P 2.6 x 10-3 1.8 x 10-4 
6.0 x 10-4 100 

Oxygen 7.2 x 10-2 
6.8 x 10-2 

8.0 x 10-6 40 
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measurement of the initial height until present. Since the colony is 

constrained to grow vertically only, the rate of colony growth is 

H 

~~ = f R' (C)dX (22) 

o 

The production rate, R' (C) is constant and equal to R' as long as max 

C -: 1. Equation (22) then becanes simply 

dH 
d1' = R~x J 

o 

which is easily solved as 

H 
dX= R' max 

.H = exp (R' (. - l' » 
max 0 

H (23) 

(24) 

Equation (24) describes the exponential growth observed when bacterial 

growth is not limited by substrate availability. This exponential growth 

can continue until the substrate concentration decreases to below 

C = 1 at some point in the colony. The height to which the colony 

has grown when C = 1 will be designated H* (see Figure B). H* can be 

calculated by integrating the R.H.S. of equation (16) from C = C to 
o 

C = 1, which gives 

1 

H* = [ 

o 

dC 

....; 2 !c q(c' )dC' 
o 

C 

=f 0 "-;2==!=c =:=:=c =, )=dC=':--
1 0 

(25) 



L 

1:'= L1 = 1:'* Hlflo 

r-7: - 0 

Figure 8. 

C = Co 

Schematic representation of the one-dimensional colony 
indicating the relationships between the dimensionless 
quantities of height, concentration of substrate (other 
than oxygen), time and production rate. 
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Equation (25) is evaluated analytically as given by equation (20). If 

L = L when H = H*, then 
o 

1 
Ll - LO = (R' ) In H* 

max 
(26) 

As the colony continues to grow beyond the height H* (see Figure 

8), the production rate, R', of the organisms located at X > H* is a 

function of C. Then 

dH 
dL 

= R' H* + fH 
max H* 

R' (C) dX (27) 

which indicates the colony growth rate results from production within 

two distinct regions (see Figure 8). The region where C ~ 1, produces 

organisms at the constant rate R' H*. The region where C < 1 produces max 

organisms at the rate 

H f R' (C) dX, 

H* 

dC 

where dX = ",,2 fC q (C') dC' 
o 

and R' (c) k 
= E (1 - -- - M) ctk' 

Thus 

dH 
d .,. = R' H* + E , max 

from equation (16), 

from equation (9m). 

·k 
c+k' - M) 

dC, 
q (C' )dC' 

from equations (9m), (16) and (27). 

(28) 
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The solution of equation (28) can be obtained by defining the 

relationship between colony height, H, and the substrate concentration 

at the location X = H. In setting the limits of integration of equa-

tions (25) and (28), it was assumed the steady state substrate profile 

through the colony given by equations (17) and (18) were conservative 

approximations for the time dependent cases. For H/L close to one, 

such an approximation is very good. Applying this to equation (28) 

and rearranging terms gives 

= [(1 .. h { q(C'ldC'l (R' H* + E l max c 

1 
k 

(1 - C+k' - M) 

dC' 
dC ] 

(29) 

for T >T
l

• If the colony reaches the height L at T2 (see Figure 8), 

the length of time ~T = T2 - L l , for the colony to grow from H = H* = L 

is from equations (14) and (29): 

[ 
(30) 

1 

dC'] de 

/1 1 -
k 

- M T2 - Tl = U 
0 

(,",C-k 1 cl-k l 
c'+k' 

(R' H* + UE n "k' max o ..../C'-k c'+k' In---
c' 

The magnitude of the colony height when C = 0 is given by equation (19). 

Figures 9 and 10 show the relative growth rates of the colony as 

the colony growth transitions from exponential growth to another growth 

type, such as linear or a decay. The value of k (dimensionless 

Michaelis-Menton constant) determines the location of L r~lative to H*. 
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The intial concentration determines the length of time required to 

transition. The curve numbers indicate the dimensionless uptake rate, 

E. Somewhat surprisingly, the larger the value of E, the longer rela-

tive time required to attain a relative height. The larger the value 

of E, the less time required for the colony to reach the height H*. 

It is also observed from Figure 7 that the larger the value of E, the 

smaller the value of H when C = 1. Thus, the larger E, the smaller the 

biomass within the C > 1 growth zone, and consequently the longer it 

takes to produce enough organisms to reach C = 0 at L. 

The rate of growth prior to the initiation of the transition 

zone is, as shown by equation (7), exponential. First order kinetics 

describe such growth. However, first order kinetics with respect to 

biomass is not an adequate description of colony growth once some 

portion of the colony is located in the transition zone. 

Figures 9 and 10 also show that it is possible for diffusion 

through a bacterial colony to control its growth kinetics. The assump-

tion throughout the derivation was that diffusion of substrate to the 

colony was not limiting growth. 

Growth Rates, After Depleted 
Zone Formation 

At L = L2 , the total height of the colony reaches L, and a 

layer of organisms begins to be formed in which the substrate concen-

tration is too low for growth. The organisms within this layer must 

do one of three things. 
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(1) Use an alternate substrate (e.g. the use of N0
3

-N as a 

terminal electron acceptor in facultative anaerobic organisms). 

(2) Decay at some rate. 

(3) "Apparently" cease all metabolic activity resulting in 

neither decay nor growth, but a "resting" state. 

Use of an alternative substrate. Assume an alternative sub-

strate is available to the layer of organisms where S < S . (for the 
lJm~n 

primary substrate) (call this layer the depleted zone). If the alter-

nate substrate is in sufficiently high concentrations the specific rate 

of uptake of the alternative substrate by the depleted zone is constant. 

The rate of production of organisms by the colony with the primary 

substrate available is 

dHL I ~ - R' H* + U of E (1 dT - max 
k - ---c+k M) 

-{e-k 1 C+k' 1 
In 'k' 

de 

dHL/dT is constant, so long as the original assumptions for steady 

state diffusion still hold. Since the colony height containing 

(31) 

organisms with access to sufficient substrate is a constant, L, all 

the organisms produced within this portion of the colony result in a 

gain of organisms by the depleted zone. Thus, the rate of increase in 

colony height equals the rate of increase in the height of the 

depleted zone. Let H represent the colony height and Hd represent c ep 

the height of the depleted zone. Then (see Figure 8) 
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H = L + H 
c dep 

(32) 

and 

dH dHd c ep = dT dT (33) 

The assumption was made that the specific rate of uptake of the alter-

native substrate by the depleted zone is constant. This implies the 

specific rate of production of organisms within the depleted zone is 

constant, and equal to Rd' • ep 

Thus 

dH 
C 

dT = 
dHd ep 

dT 

dH
L =---dT 

+ R' H 
dep dep 

Since is constant, let it be represented by PL. 

dH c = dT 

= 

Rearranging terms gives 

PL + R' dep 

PL + R' dep 

dH 
c 

H dep 

(H 
c 

P - R' L + R' H 
L dep dep c 

- L). 

Equation (37) can be integrated to give 

Then 

In ~ _____ ~e~p~ ____ ~e~p~~ 
(

PL - Rd' L + Rd' HC) = 
P

L 
R' (1' - l' ) dep 2 

(34) 

(35) 

(36) 

(37) 

(38) 



37 

with '2 defined as the time , when H = L. Rearranging equation (38) 

gives 

1 
H =~-

C R' dep 
(39) 

which indicates that the growth of the colony will appear to be an 

exponential function of time, but reduced from the initial exponential 

rate at Rd' is reduced from R' ep max 

Decay of Depleted Zone Organisms. In this scenario, new cells 

produced within the non-depleted zone will also result in a gain of 

organisms by the depleted zone, which will subsequently decay. Again 

't ' th dH ~ ~s true at c from equation (-3), but now there is no 
d, 

specific rate of producation, Rdep ' of organisms within the depleted 

zone. Rather there is a specific rate of decay, AI, such that 

dH
C 

dH
L 

-- - -- - A I H - P - A I (H - L) d, - d, dep - L C (40) 

But this is equation (34) with R' dep replaced by A I, so that 

H 
1 

[PL 
+ AIL - P exp (-A I (, - '2) )] = F c L 

(41) 

which indicates a decaying growth rate with time. The maximum height 

the colony can attain under steady conditions is 

+ L (42) 
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which might be expected, is related to the ratio of the specific rates 

of production and decay. 

"Resting" Depleted Zone Organisms. If the organisms within the 

depleted zone neither decay nor grow, Raep = OSo the only change in 

the colony and depleted zone heights will be as the result of cell 

production within the non-depleted zone. Thus 

dH c 
d. = 

as given by equation (31). 

Growth Rates, Comparison 
with Experiments 

dH 
c 

d. (43) 

Lewis .and Wirnpenny (1981) measured the colony height growth 

rates of Escherichia coli Y~2 grown on agar media under various nutri-

tiona 1 and aeration conditions. During the early part of ·the growth, 

the colony height growth rates were generally linear. In most cases, 

the colony height increased linearly with time for the entire 46 hour 

period of measurement. Measurements of growth were not made earlier 

than 17 hours after inoculation. Such linear vertical growth is 

described by equation (43), with the exception that PL would be approxi

mately one-third of dHL of equation (31), since the problem is three
d. 

dimensional rather than one-dimensional. 

Equation (43) describes the linear vertical growth rate of a 

one-dimensional colony. Equation (40) describes the vertical growth 

rate of a one-dimensional colony with a portion of the colony decaying 
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at some rate, A'. If A' is small compared with the specific growth 

rate, equation (40) indicates the growth rate will appear linear until 

the colony height becomes large compared with L (see Figure 11). This 

result suggests that the vertical growth rates of a slowly decaying 

colony and of a "resting" colony will be indistinguishable until 

A' (Hc-L) is within an order of magnitude of P
L

, a situation which may 

not occur during the times of measurement of many experiments.' 

~Jimpenny and Lewis (1977) reported that the oxygen rates of 

several bacteria species growing on solid media increased at rates 

which were not strictly exponential. Colonies of only one bacteria 

(Bacillus subtilis) exhibited respiration rates when grown on solid 

media which increases exponentially at about the same rate as in 

liquid media. Growth rates of plate cultures of most of the organisms 

were from 10% to 25% of the growth rates measured in liquid culture, 

when growth rates were calculated from dry weight increases. Two 

notable exceptions were two swarming bacteria that exhibited growth 

rates of plate colonies calculated from dry weight increases similar 

to those in liq~id culture. The authors state that oxygen diffusion 

restrictions to growth would be expected to be minimized by the swarming 

bacteria. 

Equation (39) describes an exponential growth rate of colonies 

on agar that is slower than the exponential rate of liquid media cul

tures. It is based upon the assumption that one substrate has became 

limiting and that the organism is substituting an alternate substrate 

in its place, with a corresponding decrease in the production rate. 
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Substrate Supply 

In the developmen't of the one-dimensional model it was assumed 

that the boundary substrate concentration, S = ¢(t), was constant. For 

relatively short time periods this is a reasonable assumption. It is 

desirable to know for what length of time such an assumption can be 

considered true under the conditions imposed, i.e. an exponentially 

increasing extraction rate of substrate from the agar over the entir.e 

area of the agar at the agar/colony interface. Since in reality 

colonies do not completely cover the agar surface the calculations 

here will result in comparatively short times relative to actual condi-

tions, but such calculations will be informative, especially for pur-

poses of determining which agar substrates would be expected to be 

most limiting. The concern in this case is diffusion of substrate 

through the agar, not diffusion through the colony. As far as condi-

tions within the agar are concerned, the colony can be visualized as 

a sink. The agar occupies a finite region 0 < Z < i, with constant 

initial concentration of some substrate of S = S. The concentration 
a 0 

of the same substrate wit~in the colony is also taken as S = So. The 

agar/colony interface is at Z = i. The colony removes substrate at 

( ) ... (_ lJmaxX) some rate f t = -qc • hc per un~t t~e per un~t area qc - qs • 

Here we assume, as before, that qlJmax and X are constant within the 
s 

time interval, and h (t) has a given exponential form for the time c 

period. The differential equation is 

a2 
S 

D = _--:-a~ 
a az2 

= 
as 

a 
at (44) 
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with initial and boundary conditions of 

s = s = s , t = 0 a 0 
(45a) 

as 
h~= Da a q h , Z 9." + - = t = 0 az at c c 

(45b) 

The substrate concentration in the agar is by Cars1aw and Jaegar (1959, 

esp. Eq. 3.13 (13): 

co 

2 (cos (a Z)} (exp (Do. t 

s (Z,t) = s 
a 0 

- Z E 
n n 

9.,(cos (a 9.,» 
n 

t» J 
n=l 

o 

exp (Do.~ t) (-~.hc(t» dt. (46) 

2 
The a terms are the roots of o.tano.9., = h-ko. , of Cars1aw and Jaegar 

n 

(1959), equation 3.13(12}. 
2 

In this particular case, h-ko. ~ 0, so that 

a = (TI/9.,) (n-1). 
n 

(47) 

s (z,t) is the substrate concentration in the agar at some 
a 

distance Z from the bottom of the agar at some time t. S is the initial 
o 

concentration of substrate in the agar (as defined earlier). D is the 

diffusion coefficient through the agar and qc is the colony use rate of 

substrate per unit volume of colony. The colony height, h , is not a c 

constant, but is a function of time as described in equation (6). 

becomes 

For the case where h = h exp (~t), equation (6), equation (47) 
c 0 
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r<exp<"t» ~ <exp 
t Da + II n 

2 
(-Da 

n 

(48) 

The location of greatest interest is the colony/agar interface, where 

Z = .Q,. Equation (48) then simplifies to 

00 [ (exp (llt» -
2 <- <-Da! t»] 1 S (t) = S 2 q h { 1: a 0 c 0 n=l .Q,(Da + ll) 

(49) 
n 

If a large number of colonies are grown on an agar plate, 

equation (49) provides a good approximation of the order of magnitude 

of the time when the substrate concentration at the colony/agar 

interface may limit growth. Using the physiological constants from 

-3 3 Harris (1981), for S = 2.5 x 10 g/cm, only about 4 hours of 
o 

exponential growth can be supported. 

Hemispherical Growth-
Basic Relationships 

Three-Dimensional System 

The equations from the one-dimensional system can be used to 

calculate the most limiting substrate. Under most conditions of 

bacterial grwoth on an agar plate oxygen will limit growth before the 

energy substrate does (see Table 2). If the organisms initially grew 

in a random manner, the colony \vould be shaped as a hemisphere. . The 

concentration at the colony/atmosphere interface will be constant over 
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time, a function of the partial pressure of oxygen in the atmosphere 

and the solubility of oxygen in the colony. The differential equation 

will be 

as D 
at = 2 

r 
(50) 

where S, t and D were previously defined, q is the oxygen use rate of 
c 

r is the radial distance. The solution is related to Carslaw and Jaeger 

(1959) equation 9.8 (1), and follo'>ls directly from equation (50) for 

the steady-state case. The solution is given by 

S(r) = S 
o 

2 2 
(a - r ) (51) 

Equation (51) can be used to calculate the larg~st sized hemispherical 

colony that can exist with all the organisms maintaining a maximum 

specific production rate, R , before dxygen depletion limits 
max 

production at the colony center. 

S = smin for oxygen at r = 0 so lJIllax 

aRmax = a*y 6D 
qc 

Growth Rates, Before Anaerobic 
Zone Formation 

The maximum radius occurs when 

that 

(S _ smin ) 
0 )Jmax 

When the colony radius, a, is less than a*, the colony grows 

exponentially with a specific production rate of R , and the growth max 

equations can be calculated as follows. 

Figure 12), is 

The colony voume, V (see 
c 
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2 3 
Vc = '3 'IT a 

and the rate of change is 

dV c 
dt 

2 da 
= 2 1T a dt 

46 

(53) 

(54) 

But if the colony organisms have a specific production rate of R 
max' 

the growth of the colony volume is also given by 

dV c 
dt 

2 R 
max 

3 

Equating equations (54) and (55) we get 

da 
a 

R 
=~dt 

3 

so that upon integrating we find 

3 
'IT a 

Also, by equation (53) the volume is given by 

v 
c 

2 3 = -3 'IT a
o 

exp (R max 
(t - t ) 

o 

As soon as a > a*, at time t = t l , a central volume (see 

Figure 13) of the colony will experience an oxygen concentration 

(55) 

(56) 

(57 

(58 ) 

S < Smin and will thus have a specific rate of production R(S) < R , 
~max' max 

where R(S) is a function of oxygen concentration. The colony's central 



5 = 50 

R = Rmax 

5 = 5 min 
"max 

.----.. 
R = R (S) • ...- (). ~f{lO)l. 

a* 

a 

Figure 13. HemisDheri~al colony with central volume where S < smin • 
.I.. 1Jma~{ 

I 

,j::> 
...... 



volume use rate for oxygen q (S), will also change as a function of c 

oxygen concentration. 

48 

Equation (52) does not show the dependence of aR on colony 
max 

radius when a > a*. Rearranging equation (51) gives 

(59) 

where r is the radial distance from the center of the colony to the 

location of the concentration S(r), and a is the total colony radius. 

The thickness of the outer hemispherical volume where R = R is 
max 

_ /6D 2 
= a - r1Vqc (So - S(r) + r - r (60) 

If the radius of the central volume where the specific production rate 

is R(S), is b
R

, equation (60) can be written as 

aR = ~:D 
max ""C 

(S - smin ) + b 2 - b 
o ~max R R 

The volume of the outer shell (see Figure 13) where R = 

a 

= J 
a-a

R max 

2 
2 1Ta da 

(61) 

R is max 

(62) 

The organisms produced within this shell are not all retained within 

the volume where S > groin 
~ax 

Some are "lost" from this shell and 

"pushed," as it were, into the inner hemisphere where R = R(S). The 



The rate of loss of organisms from the S > smin shell is 
lJIllaX 

(dV ) 
l.l,SC lost = dt R V

R max max 

dV 
R max 
dt 

49 

(G3) . 

The rate of increase of the volume of organisms within the oentral 

hemisphere where S . < S < smin is 
).lIlll.n )JItlax 

The rate of change of colony volume then becomes 

dV c 
dt 

dVRIr.ax 
=-~-dt + 

dV1L which upon substitution of the expressions for ~wax 

dV 
c 

dt 

dt 

= 

and 
dV 

R 
dt 

(G4) 

(G5) 

is 

(GG) 

The colony volume, V , can be written in terms of the radius, a, as 
c 

The volume of the outer shell where S > smin 
jJmax 

is V - ~ Rmax - 3 

(G7) 

3 3 
(a - (a - a Rmax)} from equation (G2). The volume of the central 

hemisphere where S . < S < Sma~ is 
).lIlll.n l.lml.n 

= fa 2 ( }2 da 7T a - an.... o ·'ffiax (Ga) 
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Equation (57) can therefore be written as 

2 da 2TI [3 3 a 2TIa --= -- R (a - (a-a~ » + 3 f R(S) (a-dt 3 max -~ax 0 

Observing that a = bR + a~ and substituting for a~_ fram equation 
-max '~ax 

(61), the expression for b
R 

is obtained as 

= a - aFrnax (70) 

when bR < blim)R' where (blim)R is the maximum thickness of the central 

portion of the colony where R = R(S). 

bn from equation (70) in place of (a 

da 
dt 

1 
[ Rmax 

3 
(a -

Substituting the expression for 

ao_ ) in equation (69) yields L'iIlax 

+ 3 ,aRIS ) la2 
- lao)2) daj 

(71) 

Since R(S) is a function of substrate concentration, equation (71) can 

be solved only if rewritten in terms of substrate concentration similar 

to equation (29). 

As the colony increases in size, eventually at t = t 2, bR = 

(blim)R) the maximum thickness of the central aerobic zone that can be 

supported under the imposed oxygen conditions and with the given 

physiological properties of the organisms (see Figure 14). The colony 

radius, a, at which b
R 

= (blim)R can be calculated from equation (61) as 

(72) 



min 
S = 5",max 

5 = 50 

R = Rmax 

R = R(5) 

5 = 5",min 

(b'im)R 0* --I 

a 

Figure 14. Hemispherical colony just prior to central anaerobic zone formation. U1 ..... 
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where (a*) is given from equation (52) and (blim)R is given by 

(73) 

The value of ~ in equation (.73) can be taken as some average value 

for the range of substrate concentrations experienced by the organisms. 

Because of the dependence of q on oxygen concentrations, equation (73) 
c 

is one way of attempting to reasonably approximate some average situa-

tion existing within the colony, but is not an exact representation. 

Growth Rates after 
Anaerobic Zone Formation 

When the colony radius, a, becomes larger than a = 

~(blim)2 + (a*)2 a central region of the colony (see Figure 15) exists 

wherein S < S . for oxygen,· and either this region is undergoing decay, 
IJm~n 

resting or is growing at some rate dependent upon the terminal electron 

acceptor being used in place of oxygen (facultative anaerobes). 

The thickness of the middle aerobic shell where R = R(S} is 

dependent upon the colony radius in a manner similar to the dependence 

of a R upon the radius. Once the central region of the colony is no 
-max 

longer aerobic, the thickness of the middle aerobic shell becomes 

- C Ran 
(74) 

where C
Ran 

is the radius of the central anaerobic region of the colony. 

Since C = a - a - b and setting r = a - an- in equation (60) Ran Rmax R .[,max 

so that 



min 
S = Sllmax 

S = So 

S<Sllmin 

S = Sllmin 

I- CRan-l 

bR 

~aRmax-l 

Figure 15. Hemispherical colony after formation of a central anaerobic zone. lJ1 
W 
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a
RrnaX 

(.75) 

we get 
(76) 

a 2_(a*)2 - b
R

)2 - (~a2_(a*)2 - b
R

) 

Equation (76) can be rearranged to give 

(77) 

Equation (77) gives the thickness of the middle aerobic shell for any 

colony radius, a, after the formation of a central anaerobic region at 

some time, t = t2 (see Figure 14). 

The total thickness of the aerobic portion of the colony is 

a + b As indicated by equations (75) and (77), the magnitudes Rmax R· 

of a Rmax and bR continued to decrease as a increases. The minimum 

limiting thickness for a Rmax + b is the length hlim of the one-

dimensional case. 

Once the central anaerobic region is formed, the organisms 

within this region must respond in one of three alternative manners. 

(1) Use an alternate terminal electron acceptor, or 

(2) Decay at some rate, or 

(3) Enter a "resting" state. 

All three of the mentioned alternatives results in a colony volume 

change which would be different from that manifested prior to the 

formation of the anaerobic region. 
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Use of an Alternative Substrate. Assume the alternative 

terminal electron acceptor is available to the anaerobic region organ-

isms in sufficiently high concentrations so that the specific rate of 

uptake of the alternative terminal electron acceptor is constant. This 

implies the specific rate of production of organisms within the 

depleted zone is constant. If the specific rate of production of 

organisms within the anaerobic reg ion is R , the colony volume would 
an 

change as 

dV (dV ) 
dt

C 
= ~ax x VRmax - Rmax lost 

(dV ) 

dt 

+ dVRan 
dt 

(78 ) 

h Rmax lost 
were dt 

(dVR) lost 
and dt are the respective rates at which 

organisms are "lost" from the S > smin and ~in > S > S . aerobic 
)lmax j..lmax )lm~n 

zones. As mentioned earlier, this "loss" is not a physical decrease 

in the number of organisms within the colony, but represents the 

difference between the rate or production of organisms within the 

specific aerobic growth zone and the rate of increase in volume of that 

zone due to increasing radius. In effect, what physically occurs is 

that as new organisms are produced the radius of the colony increases. 

As the radius increases, the aerobic zones move further from the center 

of the colony (see Figure 15). The organisms within the aerobic zones 

nearest the colony center then find themselves in an environment of 

lower oxygen concentration. Organisms which previously experienced 
./ 
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oxygen concentrations of S = S . , now experience oxygen concentrations 
).Jm~n 

of S < S ., and those which previously experienced oxygen concentra
).Jm~n 

tions of S = smin , now are in an environment where S . < S < Smin • 
).Jmax ).Jm~n ).Jmax 

In equation (78) 

dV 
Ran 

dt = R V + an Ran 

(dV ) 
Rmax lost 
dt 

(dV)l t R os 
+ dt 

so that equation (78) can be written as 

dV 
c 

dt = R max 
V 

Rmax + 
bR 

f 
C ran 

R(S) dV
R 

+ R 
an 

V Ran 

(79) 

(80) 

The colony 
3 

21Ta 

volume, v , can be written in terms of the radius, a, as 
c 

v 
c = 3 

from equation (53). 

The volume of the outer aerobic shell where S > smin is 
).Jmax 

V Rmax 
21T 

=-
3 

from equation (62). 

The volume of the middle aerobic shell where S . < S < smin 
).Jm~n ).Jmax 

is 

V
R 

= ~( (a - a
Rmax

) 3 - (a - a - b ) 3 
3 Pmax R 

(81) 

The volume of the central anaerobic region is 

V
Ran 

= 
21T 3 

(a - a - b) = 3 Rmax R 
(82 ) 

where C
Ran 

is the radius of the central anaerobic region." 
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Assuming that a is sufficiently large so that a = h* and 
Rmax 

bR = (hlim)R' the volumes of the three zones can be written as 

v = fdV = 
R ~R 

a-h* 
2 J 21Ta da 

a-h* - (h ) 
lim R 

Substituting for V , V
Rm 

' V , V in equation (83) yields c ax R Ran 

2 da ! R 3 3 
a dt = 3 max (a - (a-h*) ) + 

(83) 

(84) 

(85) 

(86) 

If some average, R , for R(S) can be calculated for the region an 

from C to bR then 
Ran 

b 
21T f R 

CRan 

2 R(S) a da = R V avg R 
(87) 

and equation (86) can be solved numerically. For long times (i.e. 

a » h* + (hlim)R) equation (86) describes growth that will be 

exponential, but at a slower rate than initially as R is less than an 

R • max 
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Decay of Anaerobic Zone Organisms. If oxygen depletion 

results in the decay of organisms in the anaerobic zone, the colony 

height would be expected to approach some maximum height, analogous 

to the situation of the one dimensional colony with a decay zone. 

As the radius of the colony increased, the radius of the anaerobic 

region would increase. As organisms within the anaerobic region 

decayed, a volume loss would occur, which would cause a subsidence 

of the colony overlying the decay region. At the same time new cells 

would be produced within the aerobic region. Effectively, the decay 

of the anaerobic region would result in a flattening of the colony 

profile. 

Assume that the height, n, of the colony at the outer edge 

of the colony is consistant (see Figure 16) and equal to hlim and 

the outer edge eventually exhibits some shape which it maintains. 

The radial thickness, ~, of the aerobic outer edge would be approxi

mately 

(.88 ) 

where Kl is a constant relating n and ~ as n = Kl A. 

Any shape in which the shape is maintained with the height 

and length constant will result in a volume of revolution of the 

aerobic outer edge that increases as the distance from the center 

of the colony to the aerobic edge increases. 

Let VG be the volume of the aerobic leading outer edge, with 

a constant cross-sectional area, A
G

• This volume is not meant to 
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include any organisms which are overlying the decay region. The 

specific rate of production of the leading edge will be assumed 

constant and equal to RLE • The volume is 

(89) 

If the cross-sectional area of the leading edge is retangular, AG = na. 

n If the cross-sectional area is triangular, AG = I (a-r)r, where a is 

the colony radius at time tl and r is the radial distance from the 

center of the colony to the point of interest (i.e. a - ~ or a, in 

this case) (see Figure 16). 

As the radius of the colony increases, some of the newly 

produced organisms are within the leading edge volume and continue 

to produce biomass at R = ~, and some will become part of the 

anaerobic/aerobic center. The volume of organisms that become part 

of the central portion of the colony (see Figure 16), and thus is 

lost from the purely aerobic leading edge is 

a-~ a-~ 

V lost =j 21T Alost dr =/ 21Tnrdr (90) 

a -~ a -~ 
0 0 

The cross-sectional area of the organisms "lost" from the aerobic 

edge is nr independent of the shape of the aerobic edge cross-section. 



For the aerobic leading edge, 

--= 
dt 

dV 
lost 
dt 

which for a triangular cross-section, becomes 

~ da ~ ~ d 
dt = 3 (3a-2~ ) - 2(a-~) d~ 

Rearranging terms of equation (92) and integrating yields 

where a is the measured colony radius at t = t • 
o 0 
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(91) 

(92) 

(93) 

It is of interest to note the form of equation (93) at large 

times (and thus large colony radii). Equation (92) can be rearranged 

to give 

( 3a-2~ 
2a-~ 

(94) 

For large values of a, e.g. a ~ 5~, equation (94) can be approximated 

by 

(95) 

Thus, for sufficiently large times and colony sizes, the radial growth 

rate should be approximately constant, until growth of the aerobic 

leading edge is limited by something, (e.g. substrate availability). 
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"p.esting" Anaerobic Zone Organisms. If the organisms within 

the depleted zone neither decay nor grow, the only change in the 

colony height and radius will result from new cell production within 

the aerobic zone. This volume change would be 

dV 
~- R V + dt - max Rmax (96) 

Assuming some average for R(S) can be calculated for the region from 

C to b
R

, then 
Ran 

(97) 

Substituting the expression for V , V
Prn 

and V
R 

from equations (83), 
c ax 

(84) and (85), equation (.97) becomes 

d (27f 3) 
dt . 3 a 

2 da 27f 3 3 
27fa dt = 3 Rmax (a - (a-h*) ) 

(98) 

which can be solved numerically. For large times (a » h* + (hlim)R 

equation (98) describes growth that is approximately linear. 

Growth as a Spherical Segment--Growth Rates 
and Dimensions Before Anaerobic Zone Formation 

It has been observed CWimpenny, 1979) that bacterial colonies 

grow with profiles which more nearly resemble spherical segments, 

rather than as hemispheres. Oxygen limiting conditions were mentioned 
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in the previous section on hemispherical growth, as one possible 

reason for non-hemispherical growth. The limitation of growth 

by some substrate in the agar, rather than by oxygen, would also 

result in non-hemispherical growth. other physical reasons could 

also be postulated to cause the colony to grow as a spherical 

segment even before nutrient limitations occurred. If a colony 

grew as a spherical segment of height h and radius a, its volume 

would be 

(99) 

If all the colony organisms have a specific production rate 

R = R ,the height of the colony must be less than the thickness 
max 

limited by oxygen and/or substrate diffusion (see Figure 17). In 

this case 

dV 2 2 dh da c 7T --=- 3 (a +h ) dt + 6ha dt dt 6 
(100) 

dV 
. c 

S~nce dt = R V max c' we get 

2 2 6 ha da 3 C.a +h ) dh + dt 
h(3a

2 h2) 
= R 

+ max 
- (101) 

If the colony maintains its shape (Lewis and Wimpenny, 1981), (a 

reasonable assumption under non-limiting conditions), h = K2 a, 

where K2 is a constant relating colony height and radius. This means 

that dh = K
2
da, so that equation (101) becomes 
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R 
da=~dt 
a 3 

(102) 

which integrates to 

R 
ln (~) max a = --3-

o 
tt-t ) 

o 

Replacing a with Kh equation (103) can be written as 
2 

(103) 

(104) 

Equations (103) and (104) are the same as we would expect for hemi-

spherical growth before oxygen and/or substrate availability limits 

growth. 

Colony Dimensions. It is informative to know the height to 

which a spherical segment could grow before oxygen diffusion would 

begin to limit growth. If R is the radius of the sphere of which 

the colony of radius a and height h is a segment. 

(105) 

Setting a of equation (75) equal to R of equation (105) results in 

a
RmaX 

= R...J R 
2 

- (a *) 2 (106) 

so that 
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(107) 

where a~ now represents the thickness of the outer aerobic shell 
="ax 

measured perpendicular to the tangent of the colony profile. SUbsti-

tuting for a and h in equation (107), the thickness of the aerobic 

min portion of the colony, where S > S , can be calculated. The 
jJmax 

maximum value of an... will be less than or equal to a *. The minimum 
L'l"ax 

value of a will be equal to h*. 
Rmax 

Two related equations of interest now arise. (1) For what 

values of a nad h does a Rmax = a* and (2) For what values of a and h 

does a Rmax = h*? 

To answer question one, a in equation (98) is set equal to 
Rmax 

a* which results in 

a Rmax = a* = (108) 

But 
2 h2 a + 

2h 
= R from equation (105), so that a = a* when a* = R' 

Rmax 

i.e. when the colony is hemispherical and a = R. Since this dondition 

does not exist for a colony that is not hemispherical, the conclusion 

is that for a colony shaped as a spherical segment a < a* for a.ll Rmax 

times. 

To answer the second question, a Rmax in equation (107) is set 

equal to h*, which results in 

(.a*) 2 + (h*) 2 

(h*) 
(109) 
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But a* ~ ~ h* so that equation (109) can be written as 

= 4h* (110) 

By substituting for a and h in equation (110) it can be determined if 

the limiting thickness of the outer aerobic shell is h*. If 

< 4h* 

then a > h*. If 
Rmax 

> 4h* 

then 

a
Rmax 

= h* 

and the maximum thickness of the outer aerobic shell will be the 

maximum one-dimensional thickness, with the one-dimensional calcula-

tions for oxygen diffusion being appropriate. 

This means that the maximum height of the outer aerobic shell 

will be h*. Since the colony radius is not the same as the radius 

of the sphere of which the colony represents a segment, the inner 

radius of the outer aerobic shell will not be a - h*. Rather the 

inner radius of the outer aerobic shell will be approximately a-K h*, 
3 

where K3 is Kl (see Figure 18). 
2 

If it is assumed that a colony is growing as a spherical 

segment with one-dimensional oxygen diffusion controlling the thickness 



min 
5=5 pmax 

5 = 50 

R = Rmax 

R = R (5) 

~ ~ -- - ~ - -- - - - ~ - ---t-
h* 

----j-

a - k3h~ ---i 

a 

Figure 18. Colony shaped as a spherical segment, indicating the two aerobic shells. 
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(Xl 



69 

of the aerobic shells, the volume of the outer aerobic shell where 

R = R is max 

7T 
[ (3K3

3 + 1) (h*) 3 - (3 (2K
3
a + 2 

h + h) V = - K3 Rmax 6 
(h*)2 

2 2 
(h*) ] + 3(h + 2K

3
ah + a ) 

(lll) 

obtained by applying equation (99) for a a = a, h = h, and for 

a = a - K3 (h), h = h, and then subtracting the two results. 

Equation (lll) can be slightly simplified by remembering that 

Vmax = ~ [ (3K/ + 1) (h*)3 - 3{3K3a + h) {h*)2 

+ 3 (h
2 

+ 3a
2

) (h*)] 

Before the formation of the central anaerobic region the 

volume of the middle aerobic shell where R = R,{S) is 

7T r 2 2] V = - (h - h*l 3(a-K h*) + (h-h*) 
R 6 3 

The increase in volume of the colony is 

dV 
c 

dt 
7T = -6 

from equation (100) and 

dVc bR 
---R V +/ dt - max Rmax R(S) dV R 

o 

(112) 

(113) 

(114) 
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Setting equations (loa) and (114) equal gives 

[ 3(a
2 + h

2
) 6ha: J 

b (.115) 

+JR 7T dh 
R(SLdVR "6 dt + = R V 

max Rmax 
0 

The left-hand side of which can be simplified by substituting h = K
2

a 

V and dV
R 

can also be written in terms of a. 
Rmax 

To 

solve equation (115), ReS) needs to be written in terms of a, or the 

entire equation written in terms of s. It can be solved using a 

numerical method. 

Growth as a Spherical Segment--Growth Rates 
and Dimensions After Anaerobic Zone Formation 

As soon as the height of the colony becomes equal to h
lim

, a 

central anaerobic region of the colony will form (see Figure 19). 

The response of the organisms within this region will be one of three 

al ternatives. 

(1) Use an alternate terminal electron acceptor, or 

(2) Decay at some rate, or 

(3) Enter a "resting" state. 

Use of An Alternative Substrate. If the terminal electron 

acceptor available to the anaerobic region is present in sufficiently 

high concentrations, so the specific rate of production within the 

anaerobic region is constant, the colony volume change equation would 

resemble equation (8 a 1 ~ 



S = Spmin 

min 
S = Spmax 

S = So 
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a 
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Figure 19. Colony shaped as a spherical segment, indicating fornation of an anaerobic center. 
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h-h* dV 
c 

---R V + dt - max Rmax R(S) dVR + R V an Ran 
(116) 

h-h* -(hlim)R 

As before, if a suitable average for R(S) can be calculated, equation 

(116) can be solved numerically by making the proper substitutions 

for the volumes. Equation (116) indicates growth will be exponential 

but at a slower rate than initially (R < R ) • 
an max 

Decay of Anaerobic Zone Organisms. If oxygen depletion results 

in the decay of organisms in the anaerobic zone, the colony will 

ultimately grow, as described in the section on the decay of anaerobic 

zone organisms of a hemispherical colony. The height of the colony 

will approach a maximum height above the anaerobic region. The radius 

of the anaerobic region will continue to increase as the colony radius 

increases. As the colony radius, a, becomes much larger than the 

> radial thickness of the aerobic leading edge (e.g. a - 511), the radial 

growth rate of the colony will appear to be constant. 

"Resting" Anaerobic Zone Organisms. The situation is analoguous 

to that of a hemispherical and a one-dimensional colony with a zone of 

"resting" organisms. The volume change will be 

dV c 
dt = Rmax VRmax + 

h-h* 

R(S) dV
R 

h-h* - (hlim)R 

If some average for R(S) can be calculated then 

(117) 
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(118) 

which can be solved numerically after appropriate substitutions are 

made for the volumes. For large times (i.e. h » h* + (h
l

, ) ), 
unR 

equation (118) describes growth that is approximately linear. 

Growth Rates and Dimensions, 
Comparisons with Experiments 

Experimentally, Rieck et ale (1973) found that colonies of 

Pseudomonas fluorescens exhibited two linear radial growth rates, 

with the initial rate being faster than the second rate. Such find-

ings are consistent with other literature, including Pirt (1967). 

Rieck et ale (1973) varied the initial glucose concentration 

of the agar. They observed that the times at which the initial linear 

radial rate changed to the second and slower linear rate, so-called 

"transition points," were a function of the initial glucose concen-

tration. Greater initial glucose concentrations resulted in greater 

time periods before the "transition points" occurred. 

Equations (57) and (~03) describe exponential radial growth 

if growth is not limited. Equation (,95) describes linear radial 

growth if the growth rate is limited by oxygen diffusion through the 

colony. Thus, the initial linear radial growth rates reported by 

Rieck et ale (1973) may be expected if diffusion of oxygen or some 

other substrate through the colony is limiting growth. 
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Substrate Supply 

In the development 0 f the hemispherical and spherical segment 

growth models, the supply of oxygen was considered the limiting 

condition. The assumption was made that the supply of substrates 

from the agar was adequate for the growth which occurred. 

The case of the supply of substrate from an agar slab to a 

colony of bacteria coverin.g some area of the agar surface and growing 

here can be approximated by equation 10.5 (5) of Carslaw and Jaegar 

(1959). Substrate is used by the colony at some rate q per unit 

time per unit area for t > O. Flux of substrate occurs at the colony! 

agar interface across the circular area of the agar covered by the 

colony. 

The agar occupies the region Z > 0, and has an initial sub-

strate concentration S = S. The radius of the circular area of a 0 

the agar covered by the colony is a. The concentration of substrate 

at the distance Z, directly beneath the center of the colony is 

S (Z,t) = S 
a 0 { 

ierfc __ Z-::--:,: - ierfc 
2 (Dt)1!2 

where q will be taken as some average use rate per unit area per unit 

time, and a will be taken as some average radius: for the time period 

under consideration. 

If an agar plate is inoculated with only one colony, equation 

(.119) can be used to approximate the time of substrate limitation. 

Since equation (119) does not describe the system exactly, but only 
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some average area of coverage and some average uptake rate per unit 

area, some approximations will be made. 

It will be assumed that: 

(1) the colony has the shape of a spherical segment, 

(2) the colony height to radius ratio is 0.1, 

(3) the average uptake rate per unit area is equal to the uptake 

rate per unit volume of colony multiplied by the average 

colony height for the time period, 

(4) average height can be calculated from the mean value 

theorem for integrals, 

(5) a worst case situation exists wherein the colony radius is 

taken as its maximum size for the time period. 

-4 Reasonable values for q of equation (119) may range from 10 

2 -3 2 
g glucose/em hr to 5 x 10 g glucose/em hr, or slightly larger. 

-3 The colony radius may reasonably assume values from 10 to.5 em. 

-3 -2 2 D may range from 5 x 10 to 2.2 x 10 em /hr. Schantz and Lauffer 

(1962) report values of D for glucose diffusing through agar at 20 C 

to be nearly the same as those for glucose diffusion in water. In this 

-2 2 case, D will conservatively be selected as 10 cm /hr. Pirt (1967) 

uses q per unit volume of 0.16 g/em3 hr. The mean value theorem for 

integrals applied to an exponentially growing colony gives 

h = avg 

= 
1 

t-t 
o 

1 
t-t o 

l 
t 
o 

(h exp C (R/3}t ) dt 
o 

(120) 
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Designating h(t) = h exp (. (.R/3) <.t-t) ), we get 
o 0 

h 
avg 

= h (t) (3/R) 
t-t (121) 

o 

If a one-celled colony has an initial volume of 2 x 10-12 cm3, and a 

-1 
specific (per unit volume) growth rate of R = 0.7 hr , it will grow 

exponentially for the time necessary for h to reach some limiting 

height (e.g. 40 urn for O2 diffusion limitation). Substituting for 

r, the expression lOh, the volume at any time during exponential 

growth is 100~h3 = V expeRt). Solving for t using the aforementioned 
o 

values for R, V and h, we obtain t = 23 hours. 
o 

Equation (119) becomes 

S = S o 
- 4.6 x 10 

-4 (122) 

-4 3 
Thus for values of S greater than 4.6 x 10 g/cm, the concentration 

o 

of glucose at the center of the colony would be greater than zero, 

after 23 hours of exponential growth. The assumption of a worst case 

si tuation (i. e. the radius is maximum for entire time period), results 

in the estimate of the initial concentration being greater than 

actually necessary. 

Rieck et ale (1973) used the IItransition point II between the 

first and second linear radial growth rates as an indicator of when 

glucose limited growth. of pseudomonas fluorescens colonies on agar 

plates. They observed that a transition point occurred after approxi-

mately 80 hours when the initial glucose concentration in the agar was 
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1.0 x 10-3 g/cm3, with an unspecified agar volume, and after approxi

mately 24 hours when the initial glucose concentration was 1.0 x 10-4 

3 g/cm. They also measured the glucose concentration at the edge of 

colonies, over time. They observed that with an initial glucose 

-3 3 concentration of 1.0 x 10 g/cm, the glucose concentration at the 

colony edge did not change significantly until approximately 50 hours, 

when it decreased to 80% of the initial concentration. 

Thus, the application of equation (120) as well as literature 

results indicate that the initial linear growth rates of colonies 

growing on an agar surface do not result from a decreased glucose 

concentration within the agar. Further, the results of equations· 

(19) and (21), as presented in Table (1) and (2), indicate some other 

substrate would first be expected to limit the growth of such colonies. 



CHAPTER 4 

SUMMARY AND CONCLUSIONS 

The results of the one-dimensional system indicated that 

diffusion of substrate through the bacterial colony could limit colony 

growth even when the substrate concentration at the colony edge was 

very high. Furthermore, it was found that substrates other than the 

energy substrate tin this case, glucosel may limit colony growth before 

the energy substrate does. Depending upon the particular organism and 

the availability of alternative substrates, growth beyond the transi-

tion zone may be observed as slowly exponential or linear. Exponential 

decay may occur, but will probably not be reflected in observed growth 

rates during the time periods for which many experiments are conducted. 

Application of the one-dimensional results to two examples of 

a three-dimensional system resulted in similar observations. If a 

substrate becomes limiting to growth as a result of diffusion through 

and use by a colony, the observed growth may be slowly exponential or 

linear. If the growth rate is linear, both the vertical and radial 

growth rates will appear linear. Decay of organisms will be reflected 

by the vertical growth, but may not be observable unless the measure-

ments are continued for a long time (so that A (h-hlim) is within an 

order of magnitude of R h* + R(S) (hI" -h*) ). . max l.m 

Consideration of glucose diffusion through agar to an exponen-

tially growing colony on the agar surface, indicated that for typical 

78 
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glucose concentrations, the glucose concentration at the center of 

the colony would not be expected to limit growth before oxygen diffu

sion through the colony would. This observation was confirmed 

experimentally by results reported in the literature. 

This study has shown that the observed growth kinetics of 

bacterial colonies on agar media can be explained on the basis of 

diffusion of substrates through the colony. Substrate diffusion 

limitations of the agar need not occur for colony growth on agar to 

be slower than that observed in batch culture, whether the colony 

exhibits slow exponential growth or linear growth. An important 

consequence of growth limitations resulting from substrate diffusion 

through the colony is that colony growth should not be expected to 

follow first order kinetics with respect to colony biomass. Colony 

growth rates will not be proportional to colony biomass except during 

some initial growth phase. 
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