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ABSTRACT 

Matrix difference equations have been used to model the discrete time dynamics 

of a variety of populations whose individual members have been categorized into a 

finite number of classes based on, for example, age, size, or stage. Examples of such 

models include Leslie's age-structured model and the Usher model, a size-classified 

model which has been applied to trees, corals, sea turtles, copepods, and fish. These 

matrix difference equations can incorporate virtually any type of nonlinearity arising 

from the density dependence of fertility and survival rates and transition probabil

ities between classes. Under a fairly general set of assumptions, it can be shown 

that the normalized class distribution vector equilibrates, and thus an asymptotic 

or limiting equation for total population size can be derived. 

In this research we assume the existence of a dynamically modeled resource in 

limited supply for which the members of the species compete, either exploitatively 

or through interference. The existence and stability of population size equlibria or 

cycles is then studied by means of bifurcation theory. 

Several biological considerations are addressed, including the Size-Efficiency Hy

pothesis of Brooks and Dodson, the effects of changes in individual physiological 

parameters on the size and competitive success of a species, and the effects of delays 

on the viability of a species . 

.. - --.-_._---_._------ . -- - --- - _ .. _-------------.- -. - - '.'_.'. 
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CHAPTER 1 

Introduction 

Since the development of the classical ordinary differential equation (O.D.E.) mod

els of population dynamics by A. Lotka and V. Volterra in the early 1900's, systems 

of interacting populations have been modeled with varying assumptions and ap

proaches. There have been O.D.E. models of, for example, competitive interactions, 

predator-prey interactions, cannibalism, and mutualism, as well as combinations 

of these in food web models. Delay-differential equations have been introduced to 

include phenomena such as maturation and gestation periods, while reaction diffu

sion models have been used to study populations under the assumption of spatial 

heterogeneity. Discrete models of populations have been studied as well and have 

focused interest on such topics as period-doubling bifurcations, symbolic dynamics, 

and chaos. 

While much work has been done modeling systems of interacting populations, 

most of it has been carried out at the population level, using such aggregate mea

sures as total population size and biomass as dynamic variables, and thus treating 

all individuals within a species as identical. These models, while exhibiting quite 

accurate qualitative behavior in many cases, unfortunately neglect the role that 

structure within a species plays on its dynamics. To some extent this has been a 

-------_ ... _-_. -. 
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necessary result of the trade-off between complexity of the model and tractability 

of the resulting equations; however, biologists have come to recognize that structure 

within a species can playa significant role in the dynamics of a species as a whole. 

This recognition can be seen in a wide variety of areas such as population dynam

ics, genetics, cell dynamics, and epidemiology. Indeed, a great deal of biological 

research involves measurements on individual organisms which can only be taken 

into account very qualitatively and phenomenologically in non structured models of 

the classical type. Thus there is currently a great deal of interest in models which 

bridge the gap between the physiological properties of the individual organisms and 

dynamics at the population level. 

The earliest discrete population models which incorporated species structure 

were developed by Lewis [32] and Leslie [29]. These models divide the population 

into age classes; by following the dynamics of the vector of age-class densities, it 

is possible to discern the effects of individual age-specific physiological parameters 

on population level dynamics. These early matrix models were used primarily for 

human demography and were based on age-structure. In addition, these models 

were often linear. A fairly complete treatment of this subject is contained in the 

book by Impagliazzo [26]. 

In many cases, chronological age is not the most important structuring variable 

of a population. Many individual parameters depend heavily upon the size or life 

cycle stage of the individual. For example, metabolic rate usually scales as a power 

of weight (Calder [5]), home range has been shown to scale with body size (Linstedt, 

et al. [33]), and reproductive capability is often determined by body size or devel

opmental stage. Since physical characteristics such as body size, weight, stage, and 

--------------- --_. - . '-'- .- . . ..• _.- ....... .. ...... . 
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reproductive capability may not correlate well with age, it is useful to consider pa

rameters such as these as structuring variables .. In addition, because linear models, 

while simple to analyze, yield exponential growth or decay, it is necessary for the 

consideration of long term dynamics to incorporate density (or nonlinear feedback) 

effects. Leslie [30] did study some nonlinear age-structured matrix models. More 

recently, a wide range of biological systems have been studied using nonlinear ma

trix models structured by age, size, and other variables. By means of such models, 

population-level behavior such as equilibration or oscillations, stability, and growth 

rates can be related to individual parameters such as rates of growth, resource up

take, birth, and death, conversion factors of resource, and metabolic rates, all of 

which can vary with the age, body size, weight, etc. of the individual. 

One of the most fundamental interactions of interest in theoretical and field 

ecology is competition, both within a species and between different species, for a 

resource such as food, space, sunlight, etc. This competition can occur through 

exploitation, interference, or some combination of these, and is the focus of many of 

the classic principles and experiments in ecology. Experimental and field ecologists 

have provided us with many examples of complex competitive interactions in such 

species as the flour beetles Tribolium castaneum and Triboleum confusum (Park et 

al. [39]), the barnacles Chthamalus stellatus and Balanus balanoides (Connell [7]), 

the protozoans P. aurelia, P. caudatum, and P. bursaria (Gause [17],[18]), and the 

freshwater diatoms Asterionella formosa and Synedra ulna (Tilman et al. [43],[44]). 

The concepts of the ecological niche (Hutchinson [25]), niche differentiation and 

limiting similarity (MacArthur and Levins [35]), and the Principle of Competitive 

Exclusion are some examples of theories that have been developed in an attempt to 
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more fully understand the competitive interactions that are observed in nature. 

It is important to the success of studies of such phenomena to acknowledge that 

competition takes place between individuals and to model the interactions accord

ingly. Most of the classical models, however, have treated species as completely 

homogeneous and thus have ignored the effects that differences between individuals 

can have on the dynamics of the population. It has been pointed out, most notably 

by Werner and Gilliam [51], that competition in the biological world at the level 

of the individual is exceedingly complex and heavily dependent on the physiologi

cal characteristics of the individuals involved in the competition. Discrete shifts in 

resource use based on size or life cycle stage changes have been shown to occur in 

amphibians and holometabolous insects (Wilbur [52]), fish such as the largemouth 

bass (Gilliam [19]) and the pinfish (Stoner et al. [41],[42]), and reptiles such as the 

watersnake Nerodia (Mushinsky, et al. [37]). The juvenile bottleneck phenomenon 

documented by Neill [38] is a mechanism by which the adults of a smaller species 

negatively affect the juveniles of a larger species by out-competing them, and among 

carnivorous species this bottleneck phenomenon may be further complicated by the 

adults of the larger species preying upon the smaller species. One example of a mixed 

competition/predation interaction is found between the rainbow trout Salmo gaird

neri and the redside shiner Richardsonius balteatus in Paul Lake, British Columbia 

[51]. Such complicated interactions at the level of the individual clearly affect the 

dynamics of the population as a whole, and it is important to consider population 

models that can study them. 

In attempting to understand these complex interactions, many questions arise, 

including the following: 'What individual characteristics make a successful competi-

--------_ .. _- --
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tor? Is body size correlated with competitive success? Can one predict the result of 

a competitive interaction from a knowledge of individual level characteristics? Few 

attempts have been made to develop models which address these questions. 

The purpose of this research is to develop and study a general competition model 

for several structured species in order to promote some understanding of the ques

tions listed above. FQllowing Werner and Gilliam [51] we use size as the structuring 

variable. Many physiological parameters have been shown to scale to a power of 

body size T (i.e. /'oJ 87') with T E [2,3] ([5],[51),[33]). For conciseness we will use 

specifically T = 2, although the methods could be used for other choices of T with 

little or no mathematical change. The model to be studied here uses total body 

surfac~ area as its structuring variable. It is similar to a model studied by Cushing 

[9), the primary difference being that the resource is no longer assumed to remain 

at a constant level, but is dynamically modelled. 

The matrix difference equation for a si~gle species is derived in Chapter 2, along 

with the difference equation governing the resource dynamics. Both of these equa

tions are written in general terms, with the main assumption on the population 

that all newborns lie in the first size class. In addition, it is assumed that there is 

a constant input of resource.at each time unit and that the unconsumed resource is 

subject to a degradation or washout process. This allows the system to be thought 

of as, for example, a model of an alpine lake which undergoes a seasonal snowcap 

runoff. 

Also in Chapter 2 we state a Nonlinear Ergodic Theorem which states that, under 

some fairly general assumptions on the matrix equation governing a population, 

the normalized size-class distribution will equilibrate to a constant vector. Thus 

.. ----- - .~--------------.----. 



15 

for each species we are able effectively to reduce the matrix difference equation 

to a scalar equation for the dynamics of total population size, making analysis 

of the system much simpler. This theorem, a generalization of results obtained by 

Cushing [9] and Impagliazzo [26], is proved in the Appendix. By using the Nonlinear 

Ergodic Theorem we are able to discover the long-term behavior of the size-class 

distribution and the total population size seperately, while still maintaining their 

interdependence. In addition, the resulting scalar equation for total population size ' 

involves a parameter (denoted by 6) which incorporates all the size structure of 

the species, enabling us to bridge the gap between individual and population level 

dynamics. 

Making use of this reduction obtained from the Nonlinear Ergodic Theorem, we 

study in Chapter 3 the equilibrium dynamics of first the single species and then 

the multi-species systems by means of the resulting dynamical equations for total 

population size. In the single species case, the techniques of bifurcation theory are 

employed using the parameter 6 to show the existence and stability of a nontrivial 

equilibrium. For more than one species the model suggests the usual result of com

petitive exclusion; only one species can exist under the assumption of all equilibrium 

dynamics. 

We then turn to nonequilibrum dynamics and in Chapter 4 we study both single 

species and multi-species oscillatory and chaotic dynamics. It is shown that the 

nontrivial single species equilibrium can only lose stability via a flip bifurcation; 

i.e. a single eigenvalue leaving the unit circle through -1. Thus if a bifurcation 

occurs, it must be to a two-cycle, not an invariant circle, and we demonstrate such a 

bifurcation numerically. 'Vith this result we are able to study (using two bifurcation 

._-.'-'- ----------------.-- ..•. -
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theorems which are stated and proved in the Appendix) the existence of a "lift-off" 

of a stable k-cycle in n species to a stable k-cycle in n+ 1 species, thus demonstrating 

competitive coexistence in an oscillatory setting. 

In Chapter 5 we make use of the dependence of the bifurcation parameter 0 on 

all the individual physiological parameters to study the relationship between the 

population level dynamics of the species and the individual based, size-specific pa

rameters upon which the model is based. In addition we examine how competitive 

success is related to the size of the species involved, using average adult size as 

a measure of species size; to life-cycle strategies involving growth and reproduc

tion trade-offs; and to other size specific parameters such as resource-to-growth / 

reproduction conversion factors, size at birth, etc. 

We conclude with a brief summary of results and a discussion of the relation

ship between these results and several important biological concepts such as the 

Size-Efficiency Hypothesis, Gause's Principle, and the possibility of competitive co

existence of 2 or more species. In addition we include an Appendix that contains 

proofs of theorems stated in the chapters, as well as two additional theorems (along 

with proofs) for mathematical background . 

. _._ ... __ ._-......... _- -.----------~-.. ---"--., ...• -,,-,, .... '- .. ,,', 
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CHAPTER 2 

Model Derivation 

2.1 General Discrete Model 

We begin by describing a general discrete model for the dynamics of a single struc

tured population with a finite number m # 1 of classes. Let Xi(t) denote the number 

or density of individuals in class i, 1 ::; i ::; m at time t, for t = 0,1,2, ... , and let 

x (t) = col (Xi( t) )~1 be the column vector of these densities. Then the dynamics of 

the population are described by the matrix difference equation 

X (t + 1) = l' x (t) (2.1) 

where the projection matrix l' can be decomposed into the sum of a class transition 

matrix T and a fertility matrix 8; i.e. l' = T + B. 

A general form for the m x m transition T is 

7r
mflmfm 1 

7rmhmfm 
· · · 

7rm(1- fm) 

(2.2) 

representing the transitions among all classes that occur over one unit of time. Here 

7rj is the probability that an individual of class j survives one unit of time. We 

assume that after one unit of time a fraction 1; of the surviving individuals leave 

--"-'-' 



18 

class j, with a fraction lij of this group moving to class i :/: j. The fraction of 

j-class individuals who move into class i :/: j is then 7rj/ij/j, while the fraction that 

survives and remains in class j is 7rj(l - /;). 

In addition to these transitions, classes may also obtain new members due to 

births. (We will ignore immigrations and emigrations.) Let bij be the number of 

births of i-class individuais per j-class individual in one unit of time. We assume that 

the census is taken immediately following reproduction by surviving individuals, so 

the class distribution vector of offspring at time t + 1 is given by B x (t), where 

[ 

7rlbu 7r2b12 7rm b1m 1 
7r1b21 7r2b22 7rm b2m 

B = : : = [7rj bij] • 

7r1bm1 7r2bm2 7rm bmm 

(2.3) 

(If, on the other hand, the census were taken immediately before reproduction, then 

B would be given by [7ribij].) 

Several well-studied age- and size- structured models are included in this general 

model. One such model is the age-structured model of Leslie [29]. In this model 

the stages are age classes of one time unit in length so that /; = 0 and lij = 0 

if i :/: j + 1 in Equation (2.2); i.e. all surviving individuals must advance one 

age class in one unit of time. Since newborns have age 0 we have bij = 0 for all 

j and all i :/: 1 in Equation (2.3), and so P becomes a Leslie matrix. Another 

example, a generalization of the Leslie model, is the Usher model, which occurs 

if individuals either remain in their class or move to the next class in one unit of 

time. This assumption yields a projection matrix called an "Usher", or "standard 

size-classified" matrix (Caswell [6]). Usher matrix models have been used in size

structured models of tree-forest dynamics (e.g. Usher [46], [47], [48], [49] and Ek 

ei al. [13], [14]), and other studies of this general ~lass of models include those by 

-_ ...... -----.--- --- .-- .--
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Barclay [1], Buongiorno and Michie [3], Cushing [8]-[12], Levin and Goodyear [31], 

Liu and Cohen [34], Travis, et al. [45], and Hassell and Comins [21]. 

We now make several modeling assumptions. We are interested in the dynamics 

of structured populations of species competing for a common resourCe in limited 

supply when the species' ability to obtain this resource is class-dependent. In addi

tion, we want to allow both fertility and transitions between classes to depend upon 

resource consumption and thus we assume that the birth rates bij and the fraction 

Ii of j-class individuals who leave class j in one unit of time are proportional to a 

"per unit resource uptake functional", u = u(t). We write 

bij = tPijU(t), 
fj = tPju(t), 

,/,. .. > 0 
'YIJ -
,/,.. >0 
'YJ -

(2.4) 

where the time dependence of u(t) can be explicit, or implicit, such as through a 

dependence on population density of the species or of a competing species. For 

example, consider a size-structured population for which resource consumption is 

dependent upon both body size and time dependent resource availability, such as 

the competing ceriodaphnia and daphnia magna populations discussed by;Neill [38]. 

Here we will focus on differences in growth and fertility rates between individuals 

in different classes, as opposed to differences in survival rates. Thus we will also 

assume that the probability of surviving a unit of time is the same for all classes of . 

a species and is constant (i.e. 71'j = 71'(t, x (t» E (0,1». While this assumption is 

simplistic and a bit unreasonable biologically, it will enable us to perform a good 

deal of analysis on a system that would otherwise be quite complicated. Although in 

many examples survivability is highly correlated with body size, in examples where 

this assumption is roughly accurate or where differences in survivability between 

classes are less significant than differences in fertility or growth rates this assumption 
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will yield a set of model equations which may be analyzed more completely. We 

hope that by focusing on class-dependent birth and transition rates alone we will 

gain some understanding of their impact on the dynamics of competing populations. 

Now define the functions aCt) = ?r(1 - cPqu(t» and bet) = ?ru(t) where cPq is the 

largest cPi (i.e. cPq ~ cPi for all i). Under the modeling assumptions made above, 

Equation (2.1) can be written in the general form 

X (t + 1) = pet) x (t), pet) = a(t)Z + b(t).c 

where.c is the matrix 

cPq - cP1 + cP11 
hlcPl + cP21 

- fq1 cP1 + cPql 
fm1cP1 + cPm1 

f12cP2 + cP12 
cPq - cP2 + cP22 

fq2cP2 + cPq2 
fm2cP2 + cPm2 

ftqcPq + cPlq 
hqcPq + cP2q 

ftmcPm + cPlm 
hmcPm + cP2m 

fqm cPm + cPqm 
cPq - tPm + cPmm 

(2.5) 

and Z is the m x m identity matrix. Note that .c is a constant nonnegative matrix. 

Let w be a given vector in ~n with w~ 0 and wlo. Then the inner product 

wTx= ET=l WjXj(t) defines a "weighted po~ulation size"; call it pet). For example, 

if all the components of ware 1, then pet) = Ej;l :tj(t) is the total population size 

at time t. Let 7i (t) = ;f;l denote the "normalized class distribution". We then 

have the following result, a proof of which appears in the Appendix. 

Theorem 1 (Nonlinear Ergodic Theorem) Assume that the following two hy

potheses hold. 

H1 There exist constants ao and bo such that 0 < a(t) 5 ao and 0 < bo 5 b(t) for 

all t = 0,1,2, .... 

H2.c has a strictly dominant positive simple eigenvalue .\+ > 0 with an associated 

't ,. ....+ h' h . I' d th t .... T .... + 1 posz we ezgenvector v 1 w ZC zs norma zze so a W v = . 

- _.- - --- .. ---- --'--- --- . -
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Also assume that x (t) ~O is a solution of Equation (2.5) such that x (0) ~O, 
~ .... .... .... + 
x (0) =FO and P(t) > 0 for t > O. Then fJ (t) --.v as t --. +00. 

This is a generalization of a result of Cushing [9], who assumed the Cis diagonaliz

able, and in the special case of (age-structured) Leslie matrices this result is known 

as the Fundamental Theorem of Demography. 

Before applying this theorem, a discussion of its second hypothesis is in order. It 

is well known from the theory of positive matrices that the dynamics of x (t) will be 

determined by the eigenvalue of largest magnitude of the transition matrix. If this 

eigenvalue has modulus greater than one then at least one solution of Equation (2.5) 

will tend to 00 exponentially as t ~ +00, while if this eigenvalue has modulus less 

than one then all solutions of Equation (2.5) will tend exponentially to zero as 

t --. +00. Since the transition matrix 'P(t) is just a shift of b(t).c, we are concerned 

with the eigenvalues of C. 

Since .c is nonnegative, it must have a nonnegative real eigenvalue.x l ~ 0 with 

corresponding eigenvector VI which is also nonnegative, and the moduli of all other 

eigenvalues cannot exceed ).1 (d. Gantmacher [16]). According to Perron's theorem, 

if .c strictly positive then so is ).1, and the moduli of all other eigenvalues are strictly 

less than ).1' However, in most applications to population dynamics .c will have 

some zero entries and so we must consider Frobenius' generalization to Perron's 

theorem in which the requirement of positivity of .c is replaced by the requirements 

of nonnegativity and irreducibility of £. 

Recall that a matrix .c is reducible if the index set I = {O, ... , m} can be par-

titioned into two disjoint subsets J = {jl, ... ,jo} and I( = {k17 ... ,kp} such that 

the j kth element of .c is zero for all j E J, k E 1(. In other words, a permutation of 

........ _._-_._--- ._--- .. 
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C (a permutation of rows together with the same permutation of columns) can be 

performed so that C is placed in the block form 

where A is Q X Q, 8 is {J X Q, and C is {J X p. In terms of population models, this 

means that there exists a subset of classes which are unreachable from the remaining 

classes from transitions and births. 

According to Frobenius' theorem, if C is both nonnegative and irreducible then 

the (real) eigenvalue Al is positive and algebraically simple, has a corresponding pos

itive eigenvector, and is greater than or equal to the moduli of all other eigenvalues 

of e. In addition, all eigenvectors of C are nonnegative. 

Another concept of importance is the primitivity of a matrix. The matrix e is 
primitive if Al is strictly larger than the moduli of all the other eigenvalues. There 

are several tests used to determine the primitivity (or imprimitivity) of matrices. 

According to Gantmacher, a matrix N is primitive if and only if Nn > 0 for some 

finite integer n. In addition, it is known that a Leslie matrix is primitive if it contains 

no two consecutive nonzero entries in its top row. The following result, applicable 

to the matrices considered here, is due to a comment by J. M. Cushing. 

If N is any nonnegative m X m matrix, it can be written as the sum of a 

nonnegative matrix Q and a Leslie matrix C. Then 

Nn = en + :l: nonnegative matrices. 

If N has no two consecutive nonzero entries in its top row then neither does e. Thus 

e is primitive (i.e. there is some integer n > 0 such that en > 0) and so Nn > 0 

and N is primitive. Thus a sufficient condition for the primitivity of a nonnegative 
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matrix is that no two consecutive entries in its top row are zero. 

The significance of the primitivity of £ is that it enables us to draw conclusions 

with regard to the ergodicity of the system. In fact, if £ is primitive then the dynam

ics of the total population size are governed by .\1 and it is possible to completely 

describe the stable size distribution and the long-term behavior of the population 

using only .\1 and its associated eigenvector VI. We now apply this theory to our 

model. 

Forming the inner product of the first equation of (2.5) with til we obtain 

_T _T_ 
pet + 1) = (a(t) w Z + bet) w £) x (t) 

and, noting that til C x (t) =til c 7i (t)P(t), we have 

pet + 1) = (a(t) + bet) -ul £ 7i (t») pet). (2.6) 

By Theorem 1, we know that til C r; (t) -;iil c v+ = .\+ tilV'+ = '\+, and thus 

Equation (2.6) is asymptotic to the limit equation 

(2.7) 

and it is this equation that will be used to study the dynamics of the weighted 

population size pet) in our specific models. It should be noted that the question of 

the equivalence of solutions of Equations (2.6) and (2.7) is not a trivial one and, at 

least in the case of aperiodic trajectories of pet), has not been completely answered. 

For a treatment of this issue see LaSalle [28] or Cushing [10]. 
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2.2 Single Species Competition Model 

We now apply the results of the preceding section to a class of size-structured com

petition models in which the population is structured by size-classes according to 

body length s. Many species' resource uptake rates are proportional to s'" with T 

between 2 and 3 (Werner and Gilliam [51], Calder [5], Hall et al. [20»; i.e. an 

individual's ability to consume food scales with body surface area or volume. Here 

we assume that the resource uptake rate scales with body surface area, so T = 2 and 

m 

pet) = LS~Xi(t) 
i=l 

is the total surface area at time t, although a similar analysis can be carried out for 

T = 3. (For T = 3 the structure of the model given below remains unchanged; only 

the expressions for the growth and reproductive coefficients Pi and 'Yi are slightly 

different.) For conciseness we will give the details for only the case T = 2 in this 

dissertation. Examples of species for which resource uptake scales as body surface 

area are such filter feeders as zooplankton, mollusks, and anemones (Hall et al. [20». 

\Ve also assume that the resource in question, denoted by R, is in limiting supply, and 

that intraspecific competition, both exploitative and possibly interference, occurs. 

We first consider a model of the resource. 

Model of Resource 

We consider a resource in limited supply and denote the amount of resource available 

for consumption at time t by R(t). We assume that there is a constant amount of 

resource 10 input each unit of time and that the resource not consumed over the 

q:ml'se of one unit of time is subject to a non-cqnsumptive decrease or loss, for 

---- -----------
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example through degradation or through a. washout process. Thus the amount of 

resource a.vailable at time t + 1 is given by 

R(t + 1) - e [ amount of resource ] + 1. 
- remaining after consumption 0 

where e E [0, 1) is the fraction of unconsumed resource remaining after one unit of 

time. 

Let r( R) be the inherent resource uptake rate per unit body surface area of 

consumer at resource level R and let 1 - c(P) be the fractional decrease in the 

uptake rate due to the presence of P competitors. We assume 

At reO) = 0, r'(R) > 0, limR_+oo r(R) = rO < +00 

A2 c(O) = 1, c'(P) ~ 0, c(P) ~ 1 for P > O. 

An example of such an r is the Michaelis-Menten uptake function r(R) = ~ 

with m, a> O. The density term c(P) can also be modeled in various ways ranging 

from purely exploitative competition (c(P) == 1) to strong nonlinear effects (e.g. 

c(P) = e-dP, d > 0). In the models we consider, if c(P) ¢ 1 we will assume that 

c(P) < 1 for P > 0 and that c'(P) < O. As one example of such a fun~tion, let 

1-e-d (d > 0) be the fractional decrease in resource uptake of an individual per unit 

body surface area of a competitor. Then at time t, a fraction e-dP(t) of the per unit 

inherent uptake r(R(t» is actually consumed. Note that if d = 0 we have the purely 

exploitative case c(P) = 1, and larger values of d result in stronger competitive or 

density effects. 

Then the resource uptake rate per unit body surface area at time t becomes 

u(R(t), P(t» = r(R(t»c(P(t» as long as the total amount of resource consumed 

does not exceed R(t}; i.e. as long as R(t) ~ r(R(t»c(P(t»P(t). Since the amount 

of resource available at time t is R(t), the maximum resource consumption per unit 

.. --- ----- - -------------, ,----



body surface area is 'l:J. 
Thus we have the following model of the dynamics of the resource R: 

where 

R(t + 1) = {[R(t) - u(R(t), P(t»P(t)] + 10 

u(R, P) = {r(R)_RpC(P) if R ~ r(R)c(P)P 
if R < r(R)c(P)P . 

Models of Size-Structured Populations 
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(2.8) 

Let 0 < So < SI < .. ,sm define m size classes [Sj_l,Sj), j = 1,2, ... m • Let Xj(t) 

denote the number or density of individuals in the ph size class [Sj_l, Sj), and let 

Sj be a representative length of an individual from size class j (e.g. Sj = Sj or 

Sj = !j-~Hl) and define the following size-specific parameters. 

a· J length of the jth size class ( Sj - Sj_l ) 

pj body density (assume uniform so that body weight is pjS~) 
(1' J constant of proportionality relating surface area to sf 
",. 

J fraction of consumed resource allocated to growth 
7]j conversion factor of resource units to body weight 
Wj conversion factor of resource units to offspring body weight 

Table 2.1: Individual size specific parameters for species j 

We assume that all newborns lie in the smallest size class [so, SI), 'that no indi

vidual can shrink in size, and that the size class intervals have lengths aj such that 

an individual can grow in length no more than into the next size class in one unit of 

time. In addition, we assume that the resource uptake functional is dependent upon 

Rand P explicitly, and thus is implicitly time-dependent; i.e. u = u(R(t), P(t». 

~ - - ~~~-- ----------. - ~ ... -
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Then the transition matrix T becomes 

1- It 0 0 0 0 
11 1-12 0 0 0 
0 12 1- fa 0 0 

T=1r 
0 0 

0 0 0 Im-l 1 

where the 1 in the lower right-hand corner signifies that no individual can grow 

larger than size 8m and 1r represents the probability that an individual survives one 

unit of time. 

Thus we need only model the fraction of survivors growing to the next size class. 

Since the body weight of a j-class individual is Wj = J'jS~, the weight change 

of such an individual over one unit of time, AWj, is approximately 3J'js~Asj, 

where ~Sj is the change in length of the individual over one unit of time. But 

the weight change can also be expressed in terms of resource consumption; i.e. 

AH'j = KjO'jsJu(R,P}/T/j. Solving for ASj we see that the growth rate per unit 

time of an individual of size sJ' is ASj = /(jl1t(R,P) = {3jDju(R, P}, where 
IJJ'IJ 

{3. _ KjO'j 

J-3u'n'D' rJ·,J J 

is defined to be the "growth coefficient" of size class j. Thus the fraction Ii of 

individuals of size Sj growing to the next size class is 

f · - {3jDju(R, P} - {3. (R P) 
J - D' - JU , , 

J 

- - ---------- ------ --- - --
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and the transition matrix T > 0 is the bidiagonal matrix given by 

1- Plu(R,P) 0 0 0 
Plu(R,P) 1- P2u(R,P) 0 0 

0 P2u(R,P) 0 0 
'1r 

0 0 
(2.9) 

0 0 Pm_lu(R,P) 1 

Now consider the fertility matrix B. Under the assumptions above, B will be 

given by 

[~ "12 ... 

Il 8 = 1ru(R,P) ! 0 ... 
. 
: ... 
0 ... 

(2.10) 

where 
(1 - ICj)UjsJ 

'Yj = WjW
1 

IS defined to be the "reproductive coefficient" for size class J. (Here 

WI = J1.IS~ is the weight of an individual at birth.) 

Thus the dynamics of the population surface area pet) and the population area 

vector x (t) are governed by Equation (2.5) with 

aCt) = 71"(1 - Pqu(R(t), P(t»), bet) = 7I"u(R(t), P(t» 

where C becomes the Usher matrix 

Pq - PI + "11 "12 'Yq 'Ym-l 'Ym 
PI Pq-P2 0 0 0 

C= 0 0 0 0 0 

0 O. 0 Pq - Pm-l 0 
0 0 0 Pm-l Pq 

with Pq defined to be the largest Pi. 

------------------ ----
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Preliminary Results 

Clearly r, ;:: 0 and since the Pi are chosen so that 1 - fJiu(R, P) > 0, we know that 

there exists an ao such that 0 ~ a(t) ~ ao = 7r. Thus in order to apply Theorem 1 

we need only show that b(t) is bounded away from O. To this end we consider the 

boundedness of P(t) and R(t). 

Theorem 2 lfx (t) is a solution of Equation (2.1) with T and B given by Equa

tions (2.9) and (2.10) where c(P) ~ 1 with x (0) ~ '0 (#'0), then x (t) ~ '0, P(t) > 0 

and both sequences are bounded for all t > O. 

Proof First, if '0 ~ x (t) # '0 then P(t) ~ 0 for all t, and Equation (2.1) gives 

x (t + 1) > '0. In addition, if x (t + 1) = 0' then x (t) = 0', a contradiction of 

x (t) # 0'. Thus x (t + 1) # '0 and by induction 0' ~ x (t) # '0 for all t. Thus 

P(t) > 0 for all t > O. 

Now, to bound x (t) (and hence P(t» above, consider 0 ~ s(t) = E~l Xi(t). 

From Equations (2.1),(2.9), and (2.10) we see that 

m 

s(t + 1) = 7rs(t) + 71'u(R(t), P(t» L "YiXi(t) 
i=l 

and thus for t ~ 0 we obtain 

o ~ s(t + 1) < F(s(t» (2.11) 

with s(O) = EXi(O) > 0 where F(s) = 7r(1 + "Y·roc(s·s»s. Here we define s· = 
min UjSj2 and "Y. = max "Yi. (Hence u(R(t),P(t»E"YiXi(t) < roc(s·sh·'Exi(t) = 

roc(s·sh·s.) Clearly F(s) ~ 0 for all s ~ O. In addition, there is an s' ~ 0 such 

that for s > s' we have 

------.- ... -. 
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• F( s) is monotonically increasing 

• F(s) < s 

ma: 
• [O,s'] F(s) = F(s'). 

Now, if s(t') ~ s' for some t' 2: 0 then by Equation (2.11) we have set' + 1) ~ 

F(s(t'» ~ F(s') ~ s' and by induction s(t) ~ S' for all t 2: t'. If, on the other hand, 

s(t) > s' for all t 2: 0 then we see by Equation (2.11) that s(l) ~ F(s(O» ~ s(O) 

and by induction s(t + 1) ~ F(s(t» < s(t) < s(O). In either case, set) is bounded 

and hence so are x (t) and P(t) . .. 

In the case where c(P) = 1, boundedness depends upon the choice of parameters 

contributing to the 'Yi. If we let s(t) be defined as in the proof above, we arrive at 

the inequality 

set + 1) < 1I'e[1 + ro'Y·]s(t) (2.12) 

where 'Y. is again defined to be max 'Yi. Clearly for 'Y. small enough, 

1I'e[1 + ro'Y*] < 1, implying set) -+ O. While picking 'Yi that small would be use

less, this certainly shows that for 'Yi small enough set) (and hence x (t» is bounded 

above. In fact, there are ranges of parameters for which x (t) is bounded and 

x(t) 1.0. 
Now consider the bounded ness of R(t). While a lower bound on R(t) is all that 

is needed to apply Theorem 1, for the sake of completeness we will include the upper 

~oundedness proof here as well. 
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Theorem 3 If R(t) is a solution of Equation (e.S) with u(R, P) as defined previ

ously and with r(R) and c(P) satisfying assumptions Al and A~ respectively, then 

for R(O) > 0 we have R(t) > 10 for t > 0 and R(t) bounded above. 

Proof Upon inspection of Equation (2.8) it is clear that R(t) > 10 for all t > O. 

Now clearly 0 < R(t + 1) =5 eR(t) + 10 , so consider the difference equation 

y(t + 1) = ey(t) + 10 with y(O) = R(O). This equation has the unique fixed point 

fi = ~ and it is attracting since e E [0,1). Then since 0 =5 R(t + 1) =5 y(t + 1), we 

have limsupR(t) =5 ~ and thus R(t) is bounded above. .. 

If we let bo = 7rr(10 )c(POO) where poo is an upper bound for P(t), we have 

o < bo :5 bet) for all t 2:: O. Now as long as l satisfies H2 of Theorem 1, the 

dynamics of pet) are determined by the scalar difference equation 

P(t + 1) = 7r(l + Ou(R(t),P(t»)P(t) (2.13) 

with P(O) =ul; (0) > 0 where 0 = A+ - {3q. Since A+ > 0 is the dominant 

eigenvalue of l, 0 is the eigenvalue of the matrix 

with largest real part. 

2.3 M ultispecies Competition Model 

''''Ie now consider a model of competition among n size-structured species for a 

common limiting resource. We describe the dynamics of each species by a model 

-----_ .. _ .. -
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of the type discussed above with species j represented by an mj vector i j (t) = 
COl(.xij(t))~l of size class densities. We use the same length scale for each species, 

but not necessarily the same size classes or number of size classes. We thus obtain a 

system of n coupled nonlinear matrix difference equations and one scalar difference 

equation (representing the resource). The ergodic theorem again applies to each 

matrix equation and we find that the normalized size distribution tPj (t) of each 

species asymptotically approaches the normalized positive eigenvector v; of Cj 

where 

{3jq - {3jI + "'tjl "'tj2 "'tjq "'tjm-l "'tjm 
{3jI {3jq - {3j2 0 0 0 

.£j = 0 0 0 ... 0 0 

0 0 0 {3jq - {3j m-l 0 
0 0 0 {3jm-l {3jq 

and {3jq is the largest (3 for species j. Thus the dynamics of the population sizes 

Pj (t) are governed by the system of equations 

R(t + 1) = e [R(t) - t. uj(R(t),P (tllPj(t)] +10 (2.14) 

Pj(t + 1) = 0 'lrj [1 + Ojuj(R(t), P (t))] Pj(t) (2.15) 

with uj(R(t), P (t)) given by 

o(R -) = {rj(R)C(P) if R ~ Ei=l rj(R)c(P)Pj (2.16) 
uJ ,P - ERp

J 
if R < Ei=l rj(R)c(P)Pj 

where P (t) = (PI (t), ... , Pn (t)) is the vector of population sizes at time t. 
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CHAPTER 3 

Equilibrium Dynamics 

3.1 Single Species 

First we consider the dynamics for one species. From Chapter 2 we have the limiting 

equations: 

R(t + 1) = e[R(t) - u(R(t),P(t»P(t)] + 10 

P(t + 1) = 11"[1 + Ou(R(t), P(t»]P(t) 

(3.1) 

(3.2) 

where u(R(t), P(t», the resource uptake rate per unit area at time t, is given by: 

u(R P) = {r(R)C(p) if'R > r(R~c(P)P 
, ~ otherWIse 

For all 0 ~ 0 Equations (3.1) and (3.2) have the trivial equilibrium (Ro,O), 

in which the population level is zero and Ro is defined by.Ro = ~. To study 

the stability of this equilibrium, we first compute the Jacobian of Equations (3.1) 

and (3.2) for any equilibrium (Re, pe) satisfying Re ~ r(Re)c(pe)pe. At such an 

equilibrium we have 

:T(Re,pe) = 

( 
e[1 - pec(pe)r'(Re)] 

1I"Or'(Re)c(pe)pe (3.3) 
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At (~,O) we have 

:r(.~, 0) = (~ ?r(;-!rJ:tt») 

which has eigenvalues e and ?r(1 + Or(~». Since e E (0,1), the stability of the 

trivial equilibrium is determined by ?r(1 + Or(~», which is clearly positive. Thus 

the trivial equilibrium is asymptotically stable if ?r(1 + Or(~» < 1; that is, if 

1-?r 
o < ?rr(~) = OCT. 

Nondepleted Positive Equilibria 

Next we look for a nontrivial equilibrium (Re, pe), pe :f: 0 such that Re > 10• Such 

equilibria will be called "nondepleted" since the equilibrium resource level is greater 

than the input amount; i.e. the resource is not being depleted at each time interval. 

Interference Competition (c(P) '¢ 1) 

A nondepleted equilibrium (Re, pe) must satisfy Re > r(Re)c(pe)pe as can be seen 

from Equations (3.1) and (3.2). Thus we obtain the equilibrium equations 

Re = e[Re - r(Re)c(pe)pe] + 10 

?r[1 + Or(Re)c(pe)] = 1 

Equation (3.5) can be rewritten as 

(3.4) 

(3.5) 

(3.6) 

Equation (3.4) can be rewritten as Re(1 - e) = 10 - er(Re)c(pe)pe, and upon 

substitution for r(Re) this becomes Re = ~ - (l;;)e pe, thus giving 

(3.7) 
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The equilibrium equations (3.4) and (3.5) are equivalent to Equations (3.6) and 

(3.7). 

Now we study the conditions under which a solution (RC, PC) of Equations (3.7) 

and (3.6) will exist. A substitution of (3.7) into (3.6) yields the equation 

(3.8) 

a solution Re on the interval 10 < Re < Ro of which yields a positive nondepleted 

equilibrium. By the assumptions on r(R), the left-hand side of (3.8) is increasing 

with Re. Also, as Re increases, Ro-Re must decrease, so c«l:~)~(Ro-Re» increases. 

This in turn implies that the right-hand side of (3.8), RHS(Re), is a decreasing 

function of Re. 

Upon inspection of Figure (3.1) it is clear that an equilibrium (Re,pe) (deter

mined by an intersection of the curves) will exist if and only if r(Io) < RHS(Io) 

and RH S(Ro) < r(Ro). The first of these conditions can be expressed as 

7rOIo ( 7r 100 ) 10 
1 - 7r c (1 - 7r)(1 - {) < r(Io) 

(3.9) 

while the second condition simplifies to give 

1-7r 
o > 7rr(Ro) ( = OCT ). (3.10) 

--- - .. --.-
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Figure 3.1: Right- and left-hand sides of Equation (3.8) as functions of Re. 

By the monotonicity of r(R) and c(P) it is clear that such an intersection must 

be unique; hence a positive non depleted equilibrium exists and is unique for each 

o > Ocr such that Equation (3.9) holds, which is true at least for () ~ (}CJ'. We thus 

have the following equilibrium diagram: 

pe 

e 

Figure 3.2: Equilibrium diagram for c(P) ¢ 1. 

-----_ .. _- .--. 
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Exploitative Competition (c(P) = 1) 

In this case the nondepleted equilibrium equations become 

(3.11) 

(3.12) 

From Equation (3.12) we see that r(RI!) = 1;; and since r(R) is one-to-one this gives 

a unique RI! with RI! < ~ for () :5 ()b, where ()b = 1f~(I:)' (Note that () > ()b implies 

that r(RI!) < r(lo), which in turn gives RI! < 10 , a contradiction to Equation (3.11).) 

Then since r(RI!) = r(~) at () = ()cr, we have (RI!, pI!) = (~, 0), while for () E 

«(Jcr, (Jill we have RI! < ~ and thus pI! > O. Also, from the equations for r( RI!) and 

pI! it is clear that RI! decreases monotonically and pI! increases monotonically with 

increasing (J. 

We thus have the following equilibrium diagram for exploitative competition: 

(J 

Figure 3.3: Equilibrium diagram for c(P) = 1. 

------ .. ~ .. -. 
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Depleted Equilibria 

Now we consider an equilibrium (R,e,pe) with pe ¢ 0, such that 

"depleted". The depleted equilibrium equations are 

and Equation (3.14) then yields 

Ir =10 

pe = TrOlo . 
I-Tr 

10 
-y(}c(--y(}) ~ r(Io) 

Call such an equilibrium 

(3.13) 

(3.14) 

(3.15) 

where 'Y == ;!~ is a constant. Upon comparison of Equations (3.9) and (3.15) we 

see that when a depleted equilibrium exists, it arises from an equilibrium for which 

the resource remains undepleted, and this switch occurs at a value of 0 such that 

-yOc(--y(}) = lyo)' We exam~ne several examples of competition functions c(P) to 

show the possible changes of equilibrium type which might occur. 

Example 1 For c( P) = e-dP, Equation (9.15) becomes -yOe-d-rO = ,.(Yo)' In this 

case, a depleted equilibrium will occur if and only if Je ~ ,.(Yo)' and then only for a 

finite range 0/ () values, 0 E [f!.,O], as shown below. 



1'Dc( 1':)~ ___ _ 
de I 

10 
r(/o) 
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1 
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o 

Figure 3.4: Range of 8 for which a depleted equilibrium will exist for c(P) = e-dP• 

Example 2 For c(P) = l';dP' Equation (9.15) becomes l.l!-rO > ,(Yo)' In this 

case, a depleted equilibrium will occur if and only if ~ ~ ,(Jo)' If this condition is 

met, then there will exist a depleted equilibrium for all 8 > !J.., as shown below. 

,.Oc(-yO) 

1 
d 

10 

---------------------------

r(Jo) - - --

o 

Figure 3.5: Range of 8 for which a depleted equilibrium will exist for c(P) = ~. 

--.---.--
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Example 3 For c(P) = ~, Equation (9.15) becomes ,9 I > ~, and 
1+dPlI' 1+d(9) "(/o) 

a depleted equilibrium will always occur lor (J large enough. 

-r8cC-r8) 

10 
r(/o) 

Figure 3.6: Range of f) for which a depleted equilibrium will exist for c(P) = ~. 
l+dP7 

Example 4 For c(P) = 1, we see from Equation (9.15) that a necessary and 

sufficient condition for a depleted equilibrium to exist is "If) ~ r{'lo>, but this can be 

rewritten as f) ~ ?I'~fio) = f)b, and solutions of the limiting equations are unbounded 

there. Thus under the restriction to purely exploitative competition where c(P) = 1, 

the only type of equilibrium which may occur is nondepleted. 

Stability Results 

We now state the following existence and stability results for trivial, nondepleted, 

and depleted equilibria. Parts (i) - (iii) of Theorem 4 have already been shown, 

while the proof of part (iv) is contained in the Appendix. We begin with the results 

for the trivial and nondepleted equilibria . 

. ---------- --_ .. -- -- --
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Theorem 4 For the system given by Equations (9.1) and (9.2), there exists a value 

(J = (JeT' such that the following statements hold. 

i. There exists a unique equilibrium (Ro,O) for all (J > o. 

ii. The trivial equilibrium (Ro,O) is locally asymptotically stable if (J < (JeT'. 

iii. A positive nontrivial equilibrium (Re, pe) exists if and only if (J > (JeT'. 

iv. This equilibrium is locally asymptotically stable for (J ~ (JeT' • 

The next theorem deals with the stability of depleted equilibria. 

Theorem 5 A depleted equilibrium (Re, pe) of Equations {9.l} and {9.2} is asymp

totically stable whenever it exists. 

Proof The Jacobian of Equations (3.1) and (3.2) at a depleted equilibrium (Re, pe) 

is given by 

.J(ff,P') = ["~Io ~], 
which has eigenvalues 0 and 7r. Since both of these eigenvalues are between-l and 

1 and independent of (J, the depleted equilibrium (Re, pe) is asymptotically stable . 

.,. 

While the stability results given above for the nontrivial equilibria are local, a 

global result may be obtained for the trivial equilibrium . 

.. . . _-------- --- --- - -
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Theorem 6 For 0 < ocr, (~, 0) is globally attracting. 

Proof Let (R(t),P(t)) be any solution of Equations (3.1) and (3.2), and let 0 < Ocr. 

Then for anye > 0 there exists a T(e) > 0 such that for t > T(e) 

o < pet + 1) - 71' [1 + Ou(R(t), pet))] pet) 

=:; 71' [1 + Or(R(t))] pet) 

< 71' [1 + Or(~ + e)] pet) 

since by Theorem 3 in the previous chapter limsupR(t) < ~. If e is chosen small 

enough that 71'[1 + Orella + e)] < 1 (which is possible since 0 < ocr), we then have' 

o < pet + 1) < 71'[1 + Orella + e)]P(t) and thus pet) -.. 0 and R(t) -.. lla as 

t -.. +00 ... 

We now have the following bifurcation diagrams. Figure (3.7) shows the equilib

rium dynamics for a nondepleted equilibrium, while Figure (3.8) shows the dynamics 

for a depleted equilibrium. 



43 

..... g& u -
~~------~~----------------------- ----, ..... .SS81.a2 

Figure 3. 7: Bifurcation diagram showing the exchange of stability from the trivial 
equlibrium (Ro, 0) to the positive (nondepleted) equilibrium (R'\ pe) 

.174£+82 
p• 

I 

.. l. 
------~----~6~~--------~----------------, .eeeE.ee 

.771E .. .1SSE.e1 

Figure 3.8: Diagram showing the change of equilibrium type from nondepleted to 
depleted 
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3.2 Multispecies Dynamics 

We now study the equilibrium dynamics for the multispecies case. For n species we 

have the system: 

R(t+ 1) - e [R(t) - t,U;(R(t),P (t))P;(t)] +10 (3.16) 

Pj(t + 1) - 7I"j [1 + Ojuj(R(t),P (t))] Pj(t) j = 1, ... ,n (3.17) 

where P (t) = (P1(t), ... , Pn(t)) and c(P (t)) is such that c(o) = 1 and :;. < 0 for 
J 

j = 1, ... , n. The per unit body surface area uptake rate for species j, denoted by 

uj(R(t), P (t)), is given by 

uJ.(R, p) = {rj(RnkC(P) if R ~ Ej=l rj(R)c(P)Pj 
- otherwise 2:,=1 Pj 

For j = 1, ... , n, let Or be given by 

Of:! = 1 - 7I"j 
J - 7I"jrj(Ro)' 

Lemma 1 If Pj(O) > 0 and OJ < Or then Pj(t) -. 0 as t -. +00. 

Proof Let (R(t),P (t)) be any solution of the system (3.16),(3.17). Then for any 

e > 0 there exists a T(e) > 0 such that for t ~ T(e) 

o $ Pj(t + 1) - 7I"j [1 + Ojuj(R(t), P (t))] Pj(t) 

$ 'lrj [1 + Ojrj(R(t))) Pj(t) 

< 1I"j [1 + Ojrj(Ro + e)) Pj(t) 

since limsupR(t) $ Ro. If we choose e such that 7I"j[l + Ojrj(Ro + e)) < 1 (possible 

since OJ < Or), we then have 0 < pet + 1) < 7I"j[l + Ojrj(Ro + e)). Thus x(t) -. 0 as 

t -. +00, and so Pj(t) -. 0 as t -. +00 as well. eft 

--- -.-_. 
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The preceding lemma shows that if OJ < OjeT' then species j will go extinct, so 

we assume without loss of generality that 

OJ > OjeT' for j = 1, ... , n. 

The next lemma shows that the only possible equilibria are the trivial equilibrium 

and the n one-species equilibria. 

Lemma 2 Let (Re,Pi, ... ,P~) be an equilibrium of the system given by Equa

tions {3.16} and {3.17}. For a generic choice of parameters e, 1rj, OJ, PJ #: ° for 

at most one j. 

Proof 'Without loss of generality, we consider an equilibrium 

(Re, Pi, ... , P{, 0, ... ,0) with PJ #: ° for i = 1, " .. , k k > 2. Then 

for the non depleted case and 

for a depleted equilibrium. In either case, we have k ~ 2 equations in one unknown, 

namely c(pe) in the undepleted case, and Ej=l PJ in the depleted case, and thus 

the system of equations is not solvable for a generic choice of parameters. .. 

In light of the preceding lemma, we need only consider the trivial equilibrium 

(Ro, 0, ... ,0) and the n axis equilibria given by 

(Rj,Pl ej) = (Rj,O, ... ,O,PJ"O, ... ,O) 
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where the pair (Rj, Pf) is an equilibrium of the single species system for species j. 

We say that (Rj, Pf ej) is inherently asymptotically stable if (Rj, Pl) is asymptoti

cally stable in the single species system. 

We begin to study the stability of these equilibria by first noting that due to the 

assumption OJ > Olf' for j = 1, ... , n, the trivial equilibrium (Ro, 0) is unstable since 

the Jacobian.at that equilibrium has eigenvalues e and 71'j(1 +Ojrj(Ro)), j = 1, ... , n, 

the last n of which have magnitude greater than one. We now state a stability result 

for (Rj, Pf ej). 

Theorem 7 The axis equilibrium (Rj, Pf ej) is asymptotically stable if and only if 

it is inherently asymptotically stable and f'''HEJ .!!.IL.o
O
cr < f'~~~l:tr for k # j. f''' " f'J i 

Proof \Vithout loss of generality we consider the case j = 1. The proof is given 

for the non depleted case, but the extension to the depleted case can be made by 

considering r(R) = Rand c(P) = Lj Pj. The (n + 1) x (n + 1) Jacobian is upper 

block triangular 

:1 = [~ ~] 
where C is the (n - 1) x (n - 1) diagonal matrix 

i = 2, .. '., n 

and A is the 2 x 2 matrix 

The submatrix A is simply the Jacobian of the single species equilibrium (Re, pe). 

Thus for an equilibrium (Ri, P{ ft), stability occurs if and only if 

------.. ------., 
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1. The single species equilibrium (R~,Pf) is asymptotically stable in the absence 

of competition, and 

Condition 2 occurs if and only if 

for k =F 1, 

and since from the equilibrium equations (}1 = ( 1-)11'( )' Condition 2 occurs if 
"'1 r1 Rf C P1eeJ 

and only if 

or 

(3.18) 

for k,# 1. .,. 

Note that if the inherent dynamics of all the species are equilibria then Condi

tion (3.18) can be rewritten as ;:f~B < 1 or R~ < Rt for k '# 1. Thus the winning 

species is that species which can deplete the resource to the lowest level. In addition, 

since at equilibrium we have (}/c = (l-;h~ _)' in the depleted equilibrium case 
"'/er" R% c :e" 

Condition (3.18) becomes PIe> PI for k '# 1; that is, the species that wins. is the 

one that can maintain the highest equilibrium level on the resource amount 10 • 
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46.88759 r----:::====================_] 

e.eBB83L--------=::==========================:J 
.1.eBBBB 188.888B 

Figure 3.9: Two species competition with species 1 winning and species 2 going 
extinct. In this example r1(R) = r2(R) = l:R' c(P) = e-O.1(Pl+P:!), 1r1 = 1r2 = 0.5, 
and e = 0.8. 01 = 50, corresponding to the eventual winner, and O2 = 40. 

-----_ .. _ .. _. 
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CHAPTER 4 

Nonequilibrium Dynamics 

In this chapter we investigate, both analytically and numerically, the existence and 

stability of nonequilibrium solutions of both the single species and the multispecies 

models. We begin by studying the loss of stability of the single species equilibrium, 

recalling that only non depleted equilibria can lose stability. 

4.1 Single Species Equilibria 

Theorem 8 Let..\ and I' be the eigenvalues of the linearization of the system given 

by Equations (3.1) and (3.2) at a nondepleted equilibrium (Re,pe). Suppose that 

both ..\ and I' lie inside the unit circle for 0 < Oh and 1..\1 > 1 for 0 > Oh. Then at 

0= Oh, ..\ = -1 and 11'1 < 1. 

Proof Let:r be the Jacobian of Equations (3.1) and (3.2) at (Re,pe). Then 

by assumption, at 0 = Oh we have 1..\1 = 1. We now state the following lemma 

concerning the determinant of :r. 
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Lemma 3 At (J = (Jh, Det.1 :f: 1. 

Proof 

After some simplification this yields 

e [c'(pe) rl(Re)] 
Det.1 = e + 7r(Ro - R) (J c(pe) - r(Re) < e < 1 

since ((J~l::? - ~«;:n < O. Thus Det.1 :f: 1. '" 

Returning to the proof of the theorem, we see that since Det.1 =1= 1, we cannot have 

a complex conjugate pair of eigenvalues on the unit circle, so any eigenvalues of unit 

modulus must be real, hence equal to 1 or -1. We now state a lemma concerning 

the possible eigenvalues of .1. 

Lemma 4 At (J = Oh, 1 is not an eigenvalue of.1. 

Proof Suppose ..\ = 1 is an eigenvalue of .1 at (J = (Jh. By the characteristic equation 

..\2 - (Tr .1)..\ + Det.1 = 0, we have Tr.1 = 1 + Det.1. This gives 

which reduces to 
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which is clearly impossible since r'(Re) > 0 and c'(pe) < O. '" 

Returning to the proof of Theorem 8, we see by Lemma 4 that ,x f: 1, and 11"1 = 
IDI~tl. Since both ,x and I" are inside the unit disk for 8 < 8h , we know that 

IDet31 = 1,x1"1 < 1 for 8 <. (}h. By continuity IDet31 < 1 at 8 = 8h and hence 

11"1 = IDI1(1 . IDet31 < 1. Suppose 11"1 = 1. By Lemma 4, I" = -1 and hence -1 

is a double root. This implies Det3 = I",x = 1, in contradiction to Lemma 3. Thus 

11"1 < 1. '" 

Since the loss of stability occurs through an eigenvalue crossing at -1, we are led 

to suspect that the equilibrium bifurcates to a two-cycle. Unfortunately, a formal 

proof of this conjecture does not seem to be mathematically tractable; however, 

numerical studies, some examples of which follow, bear out this hypothesis for the 

model with interference competition (i.e. c(P) ¢ 1). 
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Interference Competition (c(P) ~ 1) 

Here we show a typical bifurcation diagram (Figure 4.1) illustrating the loss of sta

bility of a nondepleted equiHbrium and the resulting periodic and aperiodic behavior 

of the system . 

• 288E+84 

Figure 4.1: Bifurcation diagram for a single species with e == .8, 7r = .5, r(R) = l~R' 
c( P) = e-dP • Time series for the indicated values of () are shown on the ~ollowing 
pages. 

-- ---------- ---
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Figure 4.2: Time series of P(t) and R(t) under two-cycle dynamics. 81 = 550 
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Figure 4.3: Time series of P(t) and R(t) under four-cycle dynamics. (J2 = 900 
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Figure 4.4: Time series of P(t) and R(t) under aperiodic dynamics. ()3 = 2500 
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Figure 4.5: Time series of P(t) and R(t) under three-cycle dynamics. (}4 = 3800 

---------- ... --



57 

Exploitative Competition (c(P) = 1) 

For the case c(P) == 1 we know that the only equilibria must be nondepleted, hence 

we can easily explore the existence of the bifurcation point. In this case, we have 

(4.1) 

(4.2) 

For purposes of contradiction, suppose that the equilibrium (Re, pe) loses stability 

at () = ()h. Referring to Theorem 8, we let Jl be the eigenvalue of the Jacobian lying 

inside the unit circle. Then at () = ()h we obtain 

Det.J - e [1 - 7rr'(Re)pe] = -Jl 

Tr.J - 1 + e - er'(Re)pe = Jl- 1. 

These equations imply 

r'(Re)pe = 2(1 + e) . 
(1+7r)e 

Equations (4.1), (4.2), and (4.3) yield, at () = (}h, the Jacobian 

which, since ·,1 is an eigenvalue, satisfies Det(.J + X) = 0. But 

4(e2 -1) 
Det(.J + X) = e(1 + 7r) 

(4.3) 

and e E (0, 1), so that Det(.J + X) ::I 0, a contradiction. Thus there is no (}k at 

which a bifurcation through -1 occurs, and thus we have the following corollary to 

Theorem 8. 

Corollary 9 For c(P) = 1, the (nondepleted) equilibrium (Re,pe) does not lose 

stability. 
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4.2 Multispecies Dynamics 

We now turn to the case of several species exhibiting oscillatory dynamics. We will 

. again use bifurcation theory techniques to arrive at some general analytical results, 

and then show some numerical results. We begin by stating the main result of this 

section. 

Theorem 10 Let kEN, k > 1, and assume there is a stable k-cycle of Equa

tions (3.16) and (3.17) in ~n+1 with Pn. == O. Then there exists a critical value e~iJ 

at which there bifurcates from this k-cycle a locally asymptotically stable k-cycle in 

int(~n+1)+ . 

Proof Let q = (R"', Pt, ... , P:- I , 0) be an element of a stable k-cycle of Equa

tions (3.16) and (3.17). Then it is also a stable fixed point of the k-composed 

system, so we have a system of equilibrium equations 

R - Fo(R,Pt, ... ,Pn ) 

PI - FI(R,Pt, ... ,Pn.) 

(4.4) 

where the Fi are the functions giving the equilibrium equations of the k-composed 

system derived from Equations (3.16) and (3.17). We can expand about the equi

librium (R"', PI"', . .. , P:-I , 0) as follows: 

Let Xo = R - R"', Xi = Pi - Pt for i = 1, ... , n, where P: = 0 by.definition. 

Then we have 

(4.5) 
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where 

with A is an n x n matrix and C is a scalar. The submatrix A of Fo; (iJ) arises 

from the linearization of Equations (4.4) restricted to ~n about (R*,Pi, ... ,P:-1 ) 

and by assumption all eigenvalues of this matrix lie within the unit circle. Thus we 

turn our attention to C, the n + l't eigenvalue, which arises from the linearization 

of Pn = Fn(R, PI,' .. , Pn). 

The k-cycle is completely given by 

_ _ _ _ _(2) _ _(k-l)-, 
Orb(q) = {q,F (q),F (q), ... ,F (q)). 

Now the last equation of System (4.4) can be expressed as 

Pn = 1l"![I+Onrn(R(t+k-I))C(P(t+k-I))] 

... [I + Onrn (R(t)) C (p (t))] Pn (4.6) 

and upon expansion about 7i , this becomes 

z = 1l"! [I + Onrn (p(k-l) (7i)) C (p(k-l) (7i))] 

... [I + Onrn(7i)C(7i)] z + 0 (II X 112) 

- Cz + 0 (II x W) . 

Upon inspection of this expression for C, it is clear that at On = 0, we have C = 
1l"~ E (0, I). As On increases, so does C, until at some On = O~i/ we have C = 1. \\'e 

can now turn to Theorems 14 and 15 in the Appendix. 

Let v and ill be the (respectively) right and left eigenvectors of 

p- (O,O~i/), and consider the derivative of p- with respect to On. Since the only 
:r: :r: • 

-_ ... _---------_ ... _. -. 
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equation in the k-composed system (4.4) that depends on On is the last one, the 

derivative of P-; will appear as 

- - b'J [0 0] F-;,9n (0,0':)= 0 Be • 
89n 

According to Theorems 14 and 15, we need to study the quantity 

- W 0 P- 9 (O,O~J) V, which is equal to z, n 

Jl = -Wn+1 (:~ 19~i/) Vn+1 o 

The left eigenvector, w, of F-; (0) has the form (0,000,0, W n+1), while the right 

eigenvector, V, must be a solution of the n equations in n + 1 unknowns given by 

(P-; (0) - I) v=O', so we can assume that Vn+1 = 1. Then to make w 0 v= 1, we 

need only let Wn+1 = 1 as well, 

By Theorems 14 and 15 the existence and direction of bifurcation are determined 

by the sign of po Here we have 

ae 
p = - aOn 9 _9bi / 

n- n 

k-l , (_(j) _) (_(j) _) - -71'! f; O~J Tn F ( q) c F ( q) 

~ [1 + O~J Tn (p(i) (i)) c (p(i) (i))] 

< 0 

So by Theorem 14, the bifurcation of a k-cyde occurs, and by Theorem 15, the 

resulting k-cycle in the positive cone of ~n+1 is locally asymptotically stable, " 

The preceding theorem shows that it is possible to "lift off" a k-cycle (k 2:: 2) 

from ~n to ~n+1 dimensions (for n 2:: 2). Thus we can see oscillatory coexistence 
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of any number of species in certain parameter ranges. While this theorem does not 

include the lifting off of a chaotic orbit, it is possible to demonstrate such a lifting-off 

(and hence chaotic coexistence) numerically. In Figure 4.6 below we see a typical 

example of a bifurcation diagram illustrating the "lift-off" of a stable two-cycle from 

one to two species. Figures 4.7 and 4.8 show time series of two species coexisting 

with oscillations. 

Figure 4.6: Bifurcation diagram illustrating the "lift-off" of a stable 2-cycle from 
one species to two species 

.. --- - .... - ._-----------
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99SB.BBB 18888.88 

Figure 4.7: Time series showing two species coexisting with two-cycle dynamics. 
Heree = .8,11"1 = .5,11"2 = .4, rl(R) = l~R' r2(R) = l~RR' and C(P1,P2) = e-·lPl-.lP2. 

Also 01 = 100 and O2 = 33. 

2BB.BBBB~----------------------------------------------------~ 

B.BBB 
UB.BeBB 18BB.BeB 

Figure 4.8: Time series showing two species coexisting with aperiodic dynamics. All 
parameters are as in Figure 4.7, with 01 == 200 and O2 = 55. 

--- ---... - .. -
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CHAPTER 5 

Biological Considerations 

While models for competing species have been studied in a variety of forms and 

under a multitude of assumptions, most of these studies have been modeled at the 

population level only, without consideration of the structure within the species. On 

the other hand, nonlinear models of structured populations tend to become unwieldy, 

and rigorous analytical results are hard to come by. By reducing the matrix differ

ence equations of Chapter 2 to a scalar equation via a nonlinear ergodic theorem, 

we have derived a model of the dynamics of the population for which considerable 

analysis can be accomplished, yet which still incorporates the crucial size-specific 

physiological parameters through the quantity (J. Thus by relating the dynamics 

of the system to the value of (J (in our case by using (J as a bifurcation parameter 

for the system) and then examining the dependence of (J on individual physiological 

parameters, we can address some of the biological considerations associated with 

these models. 

---... --. -
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5.1 Role of (J in the Dynamics 

We begin the study of the relationship between 0 and the dynamics of the model 

by first considering the single species model with (J small; i.e. 0 ~ (JeT. It was 

shown in Section 3.1 that .regardless of the strength of the competition, a positive 

equilibrium (RC, PC) will bifurcate from the trivial equilibrium (~, 0) at (J = (JeT. 

Thus for small values of (J, an increase in (J is clearly to the benefit of the species, 

allowing it to survive on the amount o( resource available to it. In addition, for 

(J 2:, (JeT, an increase in (J results in an increase in pc, making the species more likely 

to survive fluctuations in the environment and hence contributing to its viability. 

Also, since the bifurcation to a positive equilibrium occurs transversely, the stability 

of the equilibrium increases with increases in (J for (J 2:, (JeT. 

As (J is increased beyond OCT, its effect on the equilibrium (RC, PC) depends upon 

the type and strength of competition present. In the case of purely exploitative 

competition (c(P) = 1), an increase in e causes an increase in pro fi:>r all (J E .((JCT, (}~). 

As was shown previously, the equilibrium exists for all (J in this range without losing 

stability, so an increase in (J can only help the species to survive. 

When interference competition also occurs (c(P) ¢ 1), the effect of increases 

in (J on species survivability is slightly ambiguous. At first, increases in (J produce 

the previously noted increases in equilibrium level. Further along, these increases 

may even be strengthened if the species equilibrium becomes depleted, since pc 

grows linearly with (J in a depleted regime. Thus if interference competition occurs 

only weakly (e.g. c(P) = l+~JP)' then increases in (J will certainly produce a more 

viable equilibrium since the eigenvalues of the linearized system remain fixed and 

within the unit circle while the population size increases. On the other hand, in 

.. ----- ... _-- ....... _.- _._-------------_ ..•. -"'''--'-'' ,... .... - .. ...... .. ,. 
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the presence of strong interference competition (e.g. c(P) = e-dP), (R.e,pe) will be 

depleted for only a finite range of (J values, if at all. Eventually the equilibrium will 

revert to a nondepleted type (with a correspondingly lesser increase with increase 

in (J) and from there will bifurcate to a 2-cycle, 4-cycle, and on to chaotic dynamics 

with increases in (J (See Figure (4.1». While the range of values of such a cycle is still 

quite high, and such cycles appear to be strongly stable, a change from equilibrium 

to nonequilibrium dynamics may nevertheless be considered destabilizing. 

We now consider the role of the (J values in the multispecies model. In general, 

the jih species will equilibrate and win the competition, 'thus driving the other 

species extinct, (i.e. the axis equilibrium (Rj, PI ej) is asymptotically stable) only 

if its equilibrium is inherently asymptotically stable and (J" is small enough (less 

than some multiple of (Jr) for k :F j. Hence an increase in (J" for some other species 

k will enhance its competitive efficiency and promote its chances of being the winner 

and hence not being driven extinct. In the case of nonequilibrium dynamics, it was 

proven in Chapter 4 that any number of species can coexist in an oscillatory fashion; 

again the techniques of bifurcation theory were employed. It was shown there that 

the species k is able to "invade" and exist in a k - 1 species oscillating system if 

(J" is larger than (J~iJ. Clearly, then, it is to the advantage of species k for (J" to 

increase. In addition, if (J" is increased enough, species k will out-compete the other 

k - 1 species and become the only species to survive, while experiencing an increase 

in the level of its population. 

Thus in almost every instance; an increase in the (J value of a species is to its 

benefit, either allowing it to survive on a low resource level, increasing its equilib

rium level, or enabling it to better compete with other species. Recalling that () is 

---------------- .. ""._-- - _."-------------_ .. __ .---,,,.,,---,,, "- - "'''". "-."--
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the largest eigenvalue of the matrix M, which is comprised of the growth and repro

ductive efficiency parameters, Pi and 1i, we turn our attention to the dependence of 

() on these parameters. 

5.2 () as a Function of Pi and ;i 

We begin this section by recalling that () is the (real) eigenvalue with largest real 

part of the m x m matrix 

-f3I + 11 12 1m-I 
f3I 

M= 0 

0 

According to Caswell [6], 

-f32 0 

f32 

-f3m-l 
0 f3m-I 

8() 
8M ,'J' = .... + .... + <w ,v > 

1m 
0 

= [Mij]. 
0 

'0 

(5.1) 

where w+ and v+ are the (respectively) left and right eigenvectors of M correspond-

ing to O. Thus we next find general forms for the eigenvectors of M. 

Theorem 11 Let..\ be any eigenvalue of the m x m matrix M. Then the correspond

ing right eigenvector v is given (up to scalar multiplication) by v = (VI, V2, .•• , vm)T 

where 

Vm = f3I ••• Pm-l 

-----------_._---_.- . - -----
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(Here Po is defined to be 1). 

Proof Since v is the right eigenvector of M corresponding to ,\ we have M v = ,\ v 
and writing this equation out, we. obtain 

-PIVI + "Y2V2 + ... + "YmVm 

PIVI - P2V2 

f32V 2 - P3V3 

Pm-2Vm-2 - Pm-l Vm-l 

Pm-IVm-l 

=,\ 

Vm-l 

Vm 

If we let Vm = PI ••• Pm-l then the last line of Equation (5.2) gives 

A 
Vm-l = -P Vm = API'" Pm-2 

m-l 

while .the next to last line gives 

(5.2) 

so the general form in Theorem 11 of the eigenvector entry is true for j = 2. For 

purposes of induction we assume the form is true for j = k - 1. At j = k the 

characteristic equation gives 

and hence 

Vm-k -
(A + Pm-k+1 )Vm -k+1 

Pm-k 

- A A + Pm-k+1 if (A + Pi) 'It Pi 
Pm-k i=m-k+2 i=O 

m-l m-k-l 

- A II (A + Pi) II Pi .,. 
i=m-k+1 i=O 

--------... -
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Theorem 12 Let A be any eigenvalue of the m x m matrix M. Then the corre

sponding left eigenvector to is given (up to scalar multiplication) by to= (Wb"" wm ) 

where 

W = '\~+PJ)w 
2 l1'm m 

for j = 4, ... m - 1. 

Proof The characteristic equation to M = ;\ to gives the system 

-f3IW! + f3IW2 

'"Y2 W I - f32W 2 + f32W 3 

'"Y3W I - f33W 3 - f33W 4 

'"Ym-IWI - f3m-l Wm-1 + f3m-I W in 

'"YmWl 

the last line of which gives 

T 

=A 

Then the first line of Equation (5.3) can be solved to give 

WI 

W2 

W3 

Wm-l 

Wm 

T 

(5.3) 

and substituting these two equations into the second equality of Equation (5.3) we 

obtain 

---- ----... - .---
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For k = 3, ... , m - 1 we see that 

and for j = 4 this becomes 

so the closed form solution is true for j = 4. Now assume that this solution is true 

for j = k - 1. Then for j = k we have 

Wk (5.4) 

_ A + (31:-1 (A(A + (3k-2)'" (A + ,81) _ A"Yk-2 _ I: A"Yi IT A + (31) 
(3k-l (31 ••• (3k-2"Ym (3k-2"Ym i=2 (3i"Ym I=i+l (3, 

A"Yk-2 
W m - Wm 

(3k-2"Ym 

_ (A(A + (3k-l)'" (A + (31) _ A"Yk-2(A + ,8k-l) _ I: A"Yi (IT A + (31) 
(31 ••• (3k-l "Ym "Ym(3k-2(3k-l i=2 (3i"Ym I=i+l (3, 

A + Pk-l A"Yk-2) 
---::~- - Wm 

(3k-l (3k-2"Ym 

_ (A(A + (3k-l)'" (A + (3d _ I: A"Yi (IT A + (31) _ A"Yk-2) Wm . .,. 
PI ..• (3k-l "Ym i=2 "Ym(3i l=i+l,8, (3k-2"Ym 

Note that all entries of w+ and v+ are nonnegative and the vectors are both 

nonzero; hence <w+, v+ > > O. Following Caswell [6] we calculate ::j and :~. 
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For j = 1, ... , m - 1, 

ao 1 Vj - = _+ _+ (-WjVj + Wj+!Vj) = _+ _+ (Wj+! - Wj) (5.5) 
apj <W, v > <W ,V > 

and since _;vi-.+ > 0, the sign of :pB, is determined by the difference Wj+! - Wj. 
<til tV > J 

This says that (J will increase with an increase in Pj if and only if the reproductive 

value of an individual in size class j + 1 is greater than the reproductive value of an 

individual in size class j. 

Similarly, for j = 2, ... , m, 

a(J 1 
- = _+ _+ WIVj > 0 a,j <W, v > 

(5.6) 

In other words, an increase in ,j (reproductive efficiency of an individual in size 

class j) increases (J. However, it must be remembered that ,j is composed of several 

physiological parameters, some of which also appear in Pj. Thus we must consider 

the effects of physiological parameters such as I\,j (fraction of consumed resource al

located to growth), Wj (conversion factor of resource units to offspring body weight), 

and TJj (conversion factor of resource units to body weight) on (J in order to obtain 

an accurate picture of how a species can become more (or less) able to survive. 

5.3 (J as a Function of Individual Physiological Parameters 

We now study the dependence of (J on the individual physiological parameters I\,j, 

Wj, and TJj, beginning with the growth allocation fraction I\,j. Recall first that the 

definitions of Pj and ,j are 

and 
(1 - I\, ·)r·{7·s'l: ",. _ 3 3 3 3 

13 - • 
WjWl 



Note that both pj and "'/j depend upon "j and that 

lJPj _ Ujrj pj 
~", - 31l'n,6, = ~ v J rJ'tJ J J 

and 
lJ"'(j rjujsj "'/j 

lJ"j = - Wj WI - 1 - "j • 

We then have the following theorem relating changes in "j to changes in (). 

Theorem 13 For j = 2, ... , m - 1, ::. > 0 « 0) if and only if 
J 

3W6 ''I' 
Wj+1 - Wj - J ~ J WI > 0 « 0). 

Wj I 

Proof Following Caswell, 

8() _ 8() 8Pj + 8() 8"'(j 

8"j 8Pj 8"j lJ"'(j 8"j 

_+Vj_+ [~~ (Wj+1 - Wj) - 1 ",/j" ' WI] 
<w ,V > J - J . 

71 

and thus the sign of ::. will be determined by the sign of the bracketed term; i.e. 
J 

~ > 0 if and only if ~(Wj+1 - Wj) - -!LI'Y' . WI > 0, which occurs if and only if 
OKj "J -KJ 

"'''/" 3W6 'TJ' 
Wj+1 > Wj + f3 (1 J J ) WI = Wj + J ~ J WI. .. 

j - "j Wj I 

Thus an increase in "j will increase () if and only if the reproductive value of an 

individual in size class j + 1 exceeds the reproductive value of an individual in size 

class j by a sufficient amount. 

As another example, consider the effect on () of a change in the conversion factor 

Wj. Since Wj occurs only in '"'/j, we have 

8() _ 8() 8"'(j _ _ WIVj (1 -"j)rjUjsj) _ _ WIVj '"'/j 

8wj - 8"'(j 8wj - <w+ v+ > wJWI - <w+ v+ > Wj , , , 

--- .---... -.. -. 
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and hence 1& < 0 and an increase in Wi must always decrease (J. 
J 

As a final example, consider the result of a change in the 1/i' Since 1/i occurs 

only in fJi, we have 

{}(J {}(J {}fJj 
{}1/j = 8fJi {}71j -

v' ~'u'r' 
-_-:-+...:;J_-+"--(Wi+1 - Wj)3/~.5'1/J:, 
<W , v > rJ J J 

V· fJ .. 
;...+ J_+ J (Wi - wj+t) 

<W , v > 1/i 

and so (J will increase with an increase in 1/i if and only if Wi > wi+1 j i.e. the 

reproductive value of an individual in size class j + 1 is less than the reproductive 

value of an individual in size class j. 

In summary we present the results obtained thus far: 

1/ p~runeter ~j ~ 
~. 

J &. > 0 
"j 

W' J 0 

1/i _!!i < 0 
'Ii 

!!:J.i.. 
8IPj 

_...:JL < 0 
1-"i 

_2L < 0 
Wi 

0 

89 
8IPj 

p.( )~. 
~ Wi+1 - Wi - ~W1 "J 1-"J 

_1i.. < 0 
Wj 

Wj - Wj+1 

II 

Table 5.1: In this table we summarize the dependence of the parameters fJi' ;j, 
and (J on the individual parameters Ie;, Wj, and 1/i' The entries in the table are 
the quantities upon which the sign of the partial derivatives depend. If the partial 
derivative is always of one sign, it is noted. 
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5.4 The Dependence of Body Size on Physiological Parameters 

Having obtained results describing the effects of changes in size-specific parameters 

on 0 (and hence species survivability), we now explore the effects that those same 

changes have on species size. In doing so we hope to draw some conclusions concern

ing the relationship between a species size and its competitive success. We begin by 

defining what we mean by species size. 

Several different notions of species size have been used in biological studies. 

These include maximal adult size l maturation size, average individual size, and 

average adult size. Here we will use the last of these, average adult size. We 

know that as t -. +00, the normalized size distribution will approach ;+, the right 

eigenvector of M corresponding to 0, where II x (t)1I = E~l S1Xi(t) is the total 

surface area of the population at time t and II ;+ II = E~l S1Vi = 1. Then the 

average adult size of the species is 

m 

S = LS~Vi (5.7) 
i=j 

where j is the number of the first reproducing size class; i.e. "(j is the first nonzero 

We now want to consider 'the effects of the changes in "j, Wj, and TJj on S. For 

the sake of simplicity we will look at the case when m = 4 (i.e. there are four size 

classes) with "1 = 1 so that individuals in the first size class do not reproduce. Thus 

the matrix M is given by 

I] 

--_ .. _.--
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and the right and left eigenvectors of M corresponding to () are 

and 

Then in this case, S = S~()fJl(() + fJ3) + S~()fJlfJ2 + S~{Jl{J2{J3' 

First we consider the results of changes in /(,j. For j = 2 we obtain 

Since from the preceding section we know that 

ae = _+V2_+ [fJ2 (W3 _ W2) _ 1'2 WI] 
a/(,2 <W, v > /(,2 1 - /(,2 

we obtain 

as 
a/(,2 - _:2_+ [s~fJI(2e + fJ3) + S~,8lfJ2] [,82(W3 - W2) - 1 1'2 WI] 

<W ,V > /(,2 - /(,2 

, +,82 [S~,810 + S~,81,82] 
/(,2 

and thus 88S > 0 if and only if 
"2 

where 

Similarly for /(,3 we have that 88S > 0 if and only if 
"3 

"'-.'''''_.'''- ....... " .. "'---,-----------,--, ,"-
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where 

Recalling from the previous section that :~ > 0 if and only if wi+1 > wi+ I1lC~j) WI, 

we see that for an intermediate range of wi+1, ::. < 0 while ~ > O. See Table 5.2 
:J :J 

below. 

o 
lJ9 < 0 

lJ", . 
J 

lJS 
-lJ >0 ". J 

89 
->0 
8"j 

88 
-8 >0 
"j 

Table 5.2: Changes in 9 and S with changes in K.i over varying ranges of Wj+l 

(reproductive value of class j + 1) 

Thus for Wi+1 in the region (wi + I1lC~j) - Cj, wi + I1lC~j») an increase in species 

size via an increase in K.j, the proportion of consumed resource allocated to growth 

in the ph size class, results in a decrease in that species 8-value. 

Next consider the effects of changes in Wj on S. Since {3j is independent of Wj, 

... _------'----



we have 

as 
aw' J 
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Thus a decrease in 0 caused by an increase in Wj is always accompanied by a corre

sponding decrease in body size. 

Finally we consider the effects of changes in f/j. For j = 1 we have 

as 
aT/I = 

We know from the previous section that 

and so 

as 
aT/I -

and 

_+Vl_+ [S~0,81 + S~,81(O + ,83) + S~,81,82] ,81 (WI - W2) 
<w ,V > f/l 

- [s~O(O + ,83) + S~0,82 + S~,82,83] ,81, 
f/l 

so :~ > 0 if and only if 

where 

-_ .. _.,._. 
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Similarly we have ~ > 0 if and only if 

where 

'D2 = S~8f31 + S~f31f33 > 0 
_+~+ [s~f31(28 + (33) + S~f31f32] 

<w tV > 
and also ~ > 0 if and only if 

wher(! 

V3 = S~8f31 + S~f31f32 > 0 
_+":..+ [S~,81 (28 + (33) + S~f31f32] • 

<w tV > 
Recalling from the previous section that ::, > 0 if and only if Wj > Wi+! , we see 

that. for an intermediate range of wi+!' ::, > 0 while :~ < 0 as in Table 5.3 below. 

Thus for Wj in the region (Wi+! , Wj+! + Vj) an increase in 8 caused by an increase 

in 7Jj is accompanied by a decrease in the size of the species. 

Here we have seen three different types of relationships between a species size 

and its ability to survive. In the first case, in which the growth allocation fraction "-i 

was changed, there exist regions where size and survivability increase and decrease 

together, along with an intermediate parameter range in which an increase in size 

corresponds to a decrease in survivability. The second case, involving changes in the 

conversion factor of res,?urce units to offspring body weight Wj, shows a monotonic 

relationship between species size and survivability. Finally, in the case involving 

changes in the conversion factor of resource units to body weight flj, there are again 

parameter ranges where 8 and S increase and decrease together, along with an 

intermediate parameter range in which a decrease in size corresponds to an increase 

in survivability. 



o 
8() 0 -> 81]; 

8S 0 -> 
81]j 
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Table 5.3: Changes in 0 and S with changes in '7j over varying ranges of Wj+1 

(reproductive value of class j + 1) 

Thus there is no consistent relationship between increases (or decreases) in 

species size and corresponding increases (or decreases) in the species' ability to 

survive. In fact, it is the means by which a species changes these quantities (i.e. 

what individual physiological parameter is changed) that determines how its size 

and survivability are related. 

. __ .. ---.-
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CHAPTER 6 

Concluding Remarks 

As more interest has been focused on modeling the structure within a speCIes, 

whether age-, size-, or stage-classified, the use of discrete models such as those 

introduced by Leslie and Lewis has increased. These models lend themselves more 

easily to analysis than do even the most simple of continuous models incorporat

ing species structure. Several mathematical tools play key roles in this analysis, 

including the theory of positive matrices, Perron-Frobenius theory, and the ergodic 

theorems developed by Cushing and Impagliazzo and generalized here. 

Here we have been concerned with a model of size structured competition among 

n species for a limited resource which has been dynamically modeled. Using the 

aforementioned techniques, specifically the Nonlinear Ergodic Theorem, for each 

population the matrix difference equation for the size distribution vector is reduced 

to a (limiting) scalar difference equation for the total population size. This scalar 

equation contains a crucial parameter 0 which is related to the eigenvalue of the 

transition matrix with maximal real part and hence encapsulates all of the size spe

cific demographi~ parameters of the model. The parameter 0 is used as a bifurcation 

parameter in our study of the population level dynamics. 

In the single species case, a supercritical (and hence stable) bifurcation from the 

--- ---- -------- --- ---- - -- - ---. -. ._----------------- ._-- _. . -- - ._-- _. 
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trivial equilibrium to a positive equilibrium occurs at a unique critical value of O. 

Depending upon the strength of the competition present, this equilibrium will either 

persist or lose stability via a bifurcation to a 2-cycle as 0 increases. If this secondary 

bifurcation occurs, we then see the usual period doubling cascade. 

By analyzing the dependence of both the bifurcation parameter 0 and average 

adult size S on the individual physiological parameters lei (the fraction of consumed 

resource allocated to growth by the i,h size class), Wi (the conversion factor of re

source units consumed by the i,h size class to offspring body weight), and 7]i (the 

conversion factor of resource units consumed by the ith size class to body weight), 

we are able to comment on some biological issues related to structured popula

tion models, the Size-Efficiency Hypothesis, and the effects of delays on the species 

dynamics. 

The Size-Efficiency Hypothesis was proposed by Brooks and Dodson [2] in an 

attempt to explain the differences between lakes in the average individual sizes of 

their zooplankton populations. It suggested that, at least under low predation, 

the relatively' greater foraging efficiency of the larger zooplanktors, combined with 

their ability to ingest a greater range of particle sizes, would cause them to be the 

eventual winner of the competition for resource. Since in the model we consider, an 

increase in 0 virtually always increases a species' chances of surviving, we compare 

the changes in 0 and body size S resulting from changes in various of the individual 

physiological parameters. The results are mixed, with ranges of parameters existing 

where an increase in species size S is actually detrimental to the species. 

When there are two or more species present in the system, the number of species 

that can survive depends upon the inherent dynamics of the species. If in the 
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absence of interspecific competition the species would exhibit equilibrium dynamics, 

then our model corroborates one facet of the "Competitive Exclusion Principle" , or 

"Gause's Principle"; i.e. there is no differentiation of the species' niches and a single 

species survives. On the other hand, if the species are allowed to exhibit oscillatory 

dynamics, then competitive coexistence becomes possible. This was shown via the 

bifurcation theorems which allowed a stable k-CYcle in n species to be "lifted off" 

into the positive cone, thus forming a stable k-cycle in n + 1 species. 

The concept of oscillatory coexistence among competing species is not new. 

A partial reference list for this subject includes studies by McGehee and Arm

strong [36], Cushing [11], [8], Hsu, Hubbell, and Waltman [22],[24],[23], Keener [27], 

Smith [40], \\'altman [50], Freedman, So, and Waltman [15], and Tilman [44]. One 

of the main conclusions to be drawn from these references is that the type of re

source dynamics present in the system plays an important role in determining the 

possible coexistence of the species. It was shown by Butler and Wolkowicz [4] that 

competitive coexistence can not occur in the chemostat (having a nonself-renewing 

resource). On the other hand, if the resource in the chemostat is allowed to be 

self-renewing (through, for example, a logistic growth term) it has been shown that 

2 or more species can coexist in an oscillatory fashion ([27],[50],[40]). One interest

ing exception to this result is given by Freedman, So, and Waltman [15], who show 

numerically that under nonself-renewing resource dynamics species can coexist in 

the chemos tat through the introduction of a delay term. 

With the exception of the results due to Cushing, all of the aforementioned 

studies deal with continuous nonstructured models. Here we consider a discrete 

structured population model with "chemostat-like" dynamics. It is characteristic 
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of structured models that delay mechanisms can be more explicitly modeled and 

accounted for, and included in this model are time delays, both a delay in the 

maturation of the individuals and a built-in delay of one time unit in the conversion 

of resource to body mass (a characteristic of all discrete models). It was found to be 

possible for two or more species to coexist under oscillatory dynamics but, unlike the 

delay model proposed by Freedman et al. [15] (in which a vague "conversion" delay 

is the source of oscillations in the system), increasing the maturation delay time is 

not necessarily responsible for the ability of the species to coexist. In fact, as was 

discussed in Chapter 5, the effects of changes in such parameters as reproductive 

efficiency are highly dependent upon the individual parameters which were altered 

and it is in fact possible that a lengthening of the maturation delay could result in 

a decrease in (), making oscillations less likely to occur. 

Finally in conclusion, we mention the two main assumptions upon which this 

model and the analysis are based, and give some indication as to how the model 

could be generalized. One of the assumptions concerns the dynamics of the re

source. 'We have considered only a nonself-renewing resource which is only replen

ished through a constant input each time unit, and it would be fairly straighforward 

to modify the model for the case of a self-renewing resource. Since even simple 

logistic renewal of the resource in the chemostat can result in oscillations in the 

system, it is anticipated that a similar change in the discrete model would cause 

the appearance of non equilibrium dynamics for the weak competition cases which 

presently exhibit purely equilibrium behavior. 

The other main assumption concerns the appearance of the nonlinearities in the 

matrix difference equations. It was required that the nonlinearity be the same for all 

...... _-_._._._--- .---- .. -
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size classes; in effect that the survival rate and the density effects were independent 

of the size of the individual. While this can of course be justified if the differences 

between survival rates and between density effects are relatively small, it is a re

strictive assumption that inhibits our ability to study some biological phenomena. 

For example, another tenet of tbe Size-Efficiency Hypothesis is that the competi

tive advantages of being a larger species can be outweighed by the disadvantages 

when faced with size-specific predation. As another example we have the juvenile 

bottleneck phenomenon described by Werner and Gilliam [51] in which the adults 

of the smal1er species are able to out-compete the juveniles of the larger species and 

actual1y drive the larger species to extinction. Unfortunately, neither of these phe

nomena can be modeled without allowing the survival rates and competitive effects 

to be size-class dependent, and in doing so the matrix difference equation ceases to 

meet the requirements of the nonlinear ergodic theorem and we are forced to deal 

with the full matrix difference equations rather than their limiting equations. 
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APPENDIX A 

Proof of Theorem 1 Recall that Equations (2.5) were given by 

X (t + 1) = pet) x (t), 

pet) = a(t)I + b(t)C. 

Together these give 

x (t + 1) = (a(t)I + b(t)C) x (t). (A.l) 

Now assume that C has eigenvalues Al = A+, A2, .•• Aq, each with multiplicity 

m(i) so that mel) = 1 and L:1=1 m(i) = m. Then Al has corresponding eigenvector 
-
v+, and Ai has eigenvectors (and/or generalized eigenvectors) Vi,l, Vi,2,"" Vi,m(i) 

such that 

- +...... ...... ~ ...... ..... ... {- }-Q = v ,V2,b"" V2,m(2), V3,b"" V3,m(3),.'" Vq,l, vq,m(q) 

_is.Iinearly independent and thus spans ~m. The coefficient matrix a(t)I + b(t)C 

has eigenvalues aCt) + b(t)Ai with the same set, Q, of eigenvectors as given above. 

Then for each k ~ 0 there is a Jordan matrix 3(k) similar to a(k)I + b(k)C (Le. 

a(k)I + b(k)£ = T 3(1;:)T-1 for some nonsingular matrix T) of the form 

~-~----.-~-- --~ .. -. -.---- -- --------------



where 3'1(k) = [a(k) + b(k)>'+] and for i = 2, ... ,q, .Ji(k) is given by 

Here Jij is a. square matrix of order kij given by 

a(k) + b(k)>'i 

I 

o 
o 

I a(k) + b(k».i 

where kil ~ ki2 > ... 2: kid(i) and E1~1 kij = m(i). 

Now Equation A.I has solution 

t-l 

x (t) - II (a(k)I + b(k)£) x (0) 
k=O 

- l' (}1 .7(k») 1'-' x (0) 

where 

g .7(k) = diag lu .7,(k), g .721(k), . .. , g .72d(2)(k), ..• , g .7'd(.)(k)]. 

L t .1., (k) - .7ij(k) Th e ij = o(k)+b(k)~+. en 

t ( t I ) t IJ 3'ij(k) = IJ a(k) + b(k)>'+ IJ .Jij(k) 
k-O . k-O k_O 

and 

g .7'(k) = (g a(k) +lb(k)~+ ) g .7(k). 

Note that since the first column of 7 is v+, we have 

[ 

1 0 

l' ~ ~ o 1 ... 0 .... ...+ 
.'. : 7-1 

x (0) = al v 

... 0 

- ._-------- ---. ,._. , -
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where a= (aI, a2, ... , am) = '7-1 Z (0), and hence 

z (t) = a1 (g(a(k) + b(k)'\+») ;+ 

000 0 

q d(i) 

+L:L:'7 0 0 o '7-1 Z (0). (A.2) 
i=2j=1 

o 0 o o 
If we define ITt as 

t-1 1 

ITt == II a(k) + b(k)'\+ 

then multiplying Equation A.2 by IT" we obtain 

Lemma 5 For i = 2, ... ,q and j = 1, ... , d( i), each element of n~;~ 3/j (k) goes to 

o as t --. +00. 

Proof First'note that n~;~3ij(k) is a lower triangular matrix for all i and j, so 

the rcfh element of each will be 0 for r < c. For r ~ c we have 

t-1 

rcth element of IT 3ij(k) 
k=O 

( 
t ) a(k) + b(k)'\i 

- r - c products of a(k) + b(k)'\+ 
of degree t - r + c in I 

numerator and denominator 

tr
-

c d" f '\i + p(k) 
< (r _ c)! pro uc~s 0 ,\+ + p(k) ... 

where p(k) = bfZl. 
It can be seen in the complex plane that ,\+ > 1'\11 implies that W~~ < 1 for all 

x > O. Since this ratio is continuous in x, we can choose some mi < 1 such that for 
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all x E [0, Po], 0 < t!t~ < mi. Here Po is the upper bound of P; i.e. Po = i:, which 

exists and is finite due to the assumptions on a(k) and b(k). Thus we obtain 

which approaches 0 as t -. +00. ,. 

Thus as t -. +00, x (t) -. alII;l tj+, and the normalized size distribution 'let) = 
z(t) n -+ .... + . _T_ 

Il
_ approaches 01 h" = v as t -. +00. Note that al > 0 SInce al =Wl x (0) 
z(t)1I 01 , 

where WI is the left eigenvector of C corresponding to ).1 = ).+, a positive vector. 

Proof of Theorem 4, part iv Since at 0 = Ocr the trivial equilibrium has 

eigenvalue 1, by considering 0 as a bifurcation parameter we have a bifurcation 

point (Ro,O) with bifurcation value O. We use the expansions 

r(Re) = r(Ro) + r'(Ro)(Re - Ro) + !r"(Ro)(Re - Ro)2 + ... 
2 

cepe) = 1 + c'(o)pe + !c"(o)pe2 + ... 
2 

to rewrite the Jacobian as 

:1= 

[ 
e + e2(1 - e)(Re - Ro) ~/n:l 
-1I"e20(1 - e)(Re - Ro)~(C::1 

-~ + (1 - e)(Re - Ro)~/::l ] 
1 - 11"0(1 - e)(Re - Ro)~l;eel + .... 

Plugging in the expansions for r(Re) and cepe), we get a 2 x 2 matrix :1 = (..1i,i) 

with entries as follows: 
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31.2 

If we then expand pe = e + e2PI + ... and 0 = Oct' + eOl + ... with e > 0, we have 

an epsilon expansion for the Jacobian: 

--Now let p.(e) = l+eP.1 + ... be the eigenvalue of 3(e) with p.(0) = 1 and let W(e)=Wo 
--+e WI + ... and V(e)=Va +e Vi + ... be the right and left (resp.) eigenvectors of 

.J(e) corresponding to p.(e), so that 

3(e) to (e) == Il(e) to (e) (A.3) 

and 

V (e).J(e) = 1l(E:) v (e). (A.4) 

Letting e = 0 in Equation A.3 we get 

Wo= [-~~] 
while letting e = 0 in Equation A.4 and requiring that Va· wo= 1 we get 

Va= [0 1]. 

Dividing Equation A.3 by e and letting e -+ 0 we obtain 
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By the Fredholm alternative, this equation is solvable if ( -:11 + 1'1) tVo is orthogonal 

to the null space of (:10 - I)T; that is, if (-:11 + 1'1) tVo .L~. This in turn is 

equivalent to ~ '(:11 + 1'1) tVo= 0, or 

1'1 - ~ ·:11 tVo 
o 1 [ -er'(~) r(~)f (c'(0) - 1rf~~») ] [ -¥rrkiJ 1 

- [ ] e2(1 - 1I"e) ~{Il:l (1 - 1I"e)c'(0) 1 

- -e(1 - 1I"e)(1 - e) ~(<;:1 + (1 - 1I"e)c'(0) 

< O. 

Thus the branch of equilibria bifurcating from (Ro,O) at ° = OCT is locally asymp

totically stable for ° ~ OCT. ,. 

Theorem 14 Let F: ~n x ~+ --t ~n be given by F=F (x, 0). Assume the following 

are true. 

Al FE C2(x,0), F (0,0) =0 for all 0. 

A2 F-;o (0, OCT) (the Jacobian ofF with respect to x at ° = OCT andx=O) has 

a simple eigenvalue of 1. 

Then there exists a solution ofF (x,O)- x=O with x#O locally about (x,O) = (0 

,OCT) . 

Proof First note that F (x, 0) can be written as 

F (x,O) = C(O) x + H (x,O) 

--_.-. - ---------------_ .. -- -_. --
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where ii (x, 0) = 0(11 X 11 2). Then by assumption A2, there exist v:#O,w:#'O such 

that £(OC7') v=v and w £(0C7') =w. 
Now look for a solution of iF (x,O)- x=O of the form 

.x - x (e) = c v +e z (e); z (e) = O(e), z J. v 
o - O(e) = OC7' + 1/(e). 

This must solve the equation 

£ (O(e» x (e)+ H (x (e),O(e») - x (e) ='0 (A.5) 

where £(0) = C(OC7') + C'(OC7')1/(e) + lC(e) with lC(e) = 0(e2 ). Collecting terms in 

Equation A.5 we obtain 

which is true by assumption A2, and 

0(e2
) C(OC7')e Z (e) + £'1/(e) (e v +e z (e») 

+1C(1/) (e v +e z (e») + H (x (e),O(e») - e z (e) :-'0 (A.6) 

Canceling an e in the last equation, we obtain 

(A.7) 

Then Equation A.7 is solvable if and only if RHS(A.7) is orthogonal to the null 

space of (C(OCT) - I)T; that is, if and only if 

(A.S) 

------.... - .-. 
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According to the Implicit Function Theorem, Equation (A.B) can be solved for 

1/ = 1/(e, z) where 1/(0,0) = 0 if f" LHS(A.B) #: 0 at (0,0). 

a 
0'1 LHS(A.8) = 

to .£'(ocr) v + to .£"(ocr) z (e)+ to '1C'(1/) (v + z (e») + to.~ ii 

and at e = 0, z=o we have ~ LHS(A.8) = to .£'(ocr) V. 

Thus Equation (A.8) can be solved for 1/ = 1/(e, z) if 

(A.9) 

If "We assume that Equation (A.9) holds, we then have 1/ = 1/(e, Z (e», and 

Equation (A.7) must now be solved for z=z (e). Let S denote the solution operator 

of Equation (A.7); that is, 

or 

8 (£'(ocr)TJ(e» v +S (£'(ocr)TJ(e» z (e) 

+8 (1C(1/» (v + Z (e») + 8 (~ ii) + Z (e) = 0 (A.10) 

Equation (A.lO) can then be solved for z=z (e) if it is solved by e = 0 and 

~ LHS(A.lO) is nonsingular at e = O. At e = 0 , we have that 'I = 0, Z=O, 
8% 

IC(TJ) = 0, and Ji (x (e),O(e» =0 since all of these terms are at least order e, and 

thus at e = 0, RHS(A.lO) = 0, so e = 0 solves Equation (A.10). 

------ .. -_. - --



Now consider ~ LHS(A.10). 
8% 

a a z LHS(A.tO) = 

s (.c'(Ocr')1/(e:» + (aazs (.c'(Ocr')1/(e:») z (e:) + s ("(1/» 

+ (aaz"(1/») (v + z (e:») + aaz s (~ H) + I, 

and at e: = 0 this becomes 

a ( a ) ... a (1) -= LHS(A.1O) = S (" (1/(0))) + -= "(1/) v .:=0 + -=s - + I. a z a z a z e: .:=0 
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Now ,,(0) = 0 implies that S(O) = 0, and H= 0(11 z //2) implies that 8~S H) /.:=0 = 

O. In addition·, since "(1/) = 0(e:2) and z= O(e:), we have that ~ "(1/) = (j at e: = O. 
8% 

Thus ~ LH S(A.10) = I at e: = 0 and so by the Implicit Function Theorem, 
8z 

z=z (e:) (and hence 1/ = 1/(e:». 

So we have shown that there is a solution 

------ .. _- . -
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Theorem 15 Let F: ~n x ~+ -. ~n. Assume that Al and A! from the 

previous theorem hold. In addition, assume that wF- 9 (0,0C7') v> 0 (resp. < 0). z, 

Then the eigenvalue 1-'(0) of the Jacobian Fo; (x,O) evaluated at the solution (x, 0) 

ofF (x,O)- x=O guaranteed by Theorem 14 satisfies 

• p.(0) < 1 (resp. > 0) for ° ~ 0C7' 

• p.(O) > 1 (resp, < 0) for ° ~ OC7', 

Proof By the preceding theorem, we can parametrise the branch of nontrivial 

solutions of F (x, 0) = x: 

..... 
x -

o _ OC7' + eOI + ' , , 

Equating powers of e in F (x, 0) = x we get 

which is true by assumption A3, and 

, el
: F- (x (0),0(0» xe (0)+ F9 (x (0), O(O))Oe(O) =v z 

which implies that 

or v=v, which is clearly true. 

e2 
: F; (x (0),0(0)) xee (0) 

- .. - . - ------------ .----... -- .. -



implies 

+ [Fii (z (0),0(0») ze (0)+ Fis (z (0),0(0») Oe(O)] ze (0) 

+ Fs (z (0),0(0») 01:1:(0) 

+ [Fsi (z (0),0(0») ze (0)+ Fss (z (0),0(0») Oe(O)] Oe(O) = zee (0) 

Fi (0, ocr) 2 X; + [Fii (0, ocr) v + Fis (O,Ocr)OI] v 
+ Fs (0,Ocr)202 + [Fei (0, ocr) v + Fee (O,Ocr)OI] 01 - 2 X; 

and hence 

[Fi (0, Ocr) - X] X; = 

94 

-~ [Fii (0, ocr) v + Fie (O,Ocr)OI+ Fs: (O,Ocr)OI] v. (A.ll) 

By the Fredholm alternative, for Equation A.ll to be solvable it is required that 

1 [- - - -] --- F--v + F-e 01+ Fe- 01 v 2 11:11: II: II: 

be orthogonal to the null space of 

[
_ _ ]T 
Fi (O,ocr) -X , 

that is, 

W· [FiiV + Fie 01+ Fe: 01] v= O. (A.12) 

Then since p, W, and v must be continuous functions of Fi' write 

p(c) = 1 + cPl + ... , v (e) =v +c Vi + ... , W (e) =w +c to; + .... 

We want v (e) to solve F (z (c),O(c» v (e) = p(c) v (e), so equating p~wers of c 

again we obtain: 

....... ----.---



95 

which is true by assumption A3, and 

which implies 

So by the Fredholm alternative we must have 

This equation, substituted into Equation A.12, gives to 1'1 V + tOFe"; 81 v= 0, 

which upon simplification gives to 1'1 V = -(tOF e"; v)8t, or 

---------- .. - ,,'_. 
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