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ABSTRACf 

The finite mixed Weibull distribution is an appropriate distribution in modeling 

the lifetime of the units having more than one possible failure cause. Due to the lack 

of a systematic statistical procedure of fitting the distribution to a data set, it has not 

been widely used in lifetime data analyses. Many areas on this subject have been 

studied in this research. The following are the findings and contributions. Through a 

change of variable, 5 parameters in a two Weibull mixture can be reduced to 3. A 

parameter'vector (Pb 'TI, (3) defines a family of two-Weibull mixtures which have 

common characteristics. Numerous probability plots are investigated on Weibull 

probability paper (WPP). For a given PI the 'TI-f3 plane is partitioned into seven 

regions which are labeled by A through F and S. The Region S represents the two 

Weibull mixtures whose cdf curves are very close to a straight line. The Regions A 

through F represent six typical shapes of the cdf curves on WPP, respectively. The 

two-Weibull mixtures in one region have similar characteristics. Three important 

features of the two-Weibull mixture with well separated subpopulations are proved. 

Two existing methods for the graphical estimation of the parameters are discussed, 

and one is recommended over the other. The EM algorithm is successfully applied 

to solve the MLE for mixed Weibull distributions when m, the number of 

subpopulations in a mixture is known. The algorithms for complete, censored, 

grouped and suspended samples with non-postmortem and postmortem failures are 

developed accordingly. The developed algorithms are powerful, efficient and they are 

insensitive to the initial guesses. Extensive Monte Carlo simulations are performed. 

The distributions of the MLE of the parameters and of the reliability of a two 

Weibull mixture are studied. The MLEs of the parameters are sensitive to the degree 

of separation of the two subpopulation pdfs, but the MLE of the reliability is not. 
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The generalized likelihood ratio (GLR) test is used to determine m. Under Ho: m=1 

and HI: m=ml>l, (, the GLR is independent of the parameters in the distribution 

of Ho. The distributions of ( or -21n( () with n=50, 100 and 150 are obtained 

through Monte Carlo simulations. Compared with the chi-square distribution, they fall 

in between X(4) and X(6), and they are very close to X(5). A FORTRAN computer 

program is developed to conduct simulation of the GLR test for 1 smO<ml~.s. 



CHAPTER 1 

INTRODUCTION 

1.1 • The Applications of the Finite Mixed Weibull Distribution 

14 

In reliability engineering and life testing, it is known that an electrical or mechan

ical unit may have more than one failure mode and its cause. For example, if a 

proportion of identical units is a freak product due to defects in the raw material or 

improper manufacturing, then the units belonging this portion will have short 

lifetimes or will fail at lower stress levels. The standard units will have longer 

lifetimes and will endure higher stresses. In this case, the probability density function 

(pdf) of the time to failure may have a bimodal or multimodal shape, as presented 

by Kao (1959), Stitch et al. (1975), Reynolds and Stevens (1978), and Jensen and 

Petersen (1982). Consequently, the finite mixed distribution may be a good 

candidate to represent these times to failure as shown by Dietrich (1967), Mann et 

ale (1974), Elandt-Johnson and Johnson (1980), Lawless (1982), Sinha (1986) and 

Kececioglu (1989). 

Finite mixture distributions have been used widely in a variety of areas, such as 

medicine, botany, zoology, and economics. Titterington et al. (1985) summarized 

many applications of these mixtures. This chapter mentions only some of the 

applications of mixed distributions in reliability engineering and life testing. 

Mendenhall and Hader (1958) divided the failures of a system or a device into 

two or more different causes. For example, the failure of an electronic tube may be 

caused by gaseous defects, mechanical defects, or normal deterioration of the 

cathode; a failed electronic tube results from only one of these causes. The time to 

failure for each type of cause has its own distribution; hence the life time of the 

electronic tube has a mixed distribution. 
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Kao (1959) introduced a two-Weibull mixture to represent the lifetime of 

electronic tubes. Failures are classified as catastrophic (or sudden) and wearout 

types. The most important causes for catastrophic failures are of a mechanical kind, 

such as glass failure, short circuits and open circuits. The causes for wear-out failures 

are of an electrical or chemical nature, such as the cathode element wears-out which 

is caused by the evaporation of the barium from the coating, the loss of the coating 

and of the barium due to ion bombardment, the formation of interface resistance, 

and others. 

Stitch et al. (1975) observed, in the accelerated tests of microcircuits, that the 

failures fit a bimodal distribution with separate freak and main subpopulations. 

Elimination of the freak subpopulation is the key to obtaining microcircuit reliability. 

Similar bimodal lifetime distributions of electronic components were observed by 

Reynolds and Stevens (1978), and Shaw (1987). 

Jensen (1989) used a mixed Weibull distribution to model the strength of 

mechanical components. He suggested that the deterioration in component strength 

is the result of flaw growth. A component will fail whenever the stress on the 

component is greater than its strength. The larger the flaw, the lower will be the 

strength. The lower strength of a component is caused by the size of the inherent 

flaw or defect which may be attributed to processing or workmanship failures. 

Singh and Sinclair (1972) pointed out that flood frequency is a very important 

factor which should be considered in designing bridges and drainage in large national 

highway programs. From statistical analyses they concluded that a mixture of two 

distributions fits the observed flood distributions better than a single distribution . 

. In designing steel bridges gross vehicle weights (GVW) of trucks is one of the 

major fatigue loads. The data from weight-in-motion for seven states were analyzed 
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by Tallin and Petreshock (1990). It was found that GVW follow bimodal distribu

tions. 

The mixed model requires statistical analysis such as estimation of parameters 

and hypothesis testing for practical use. For example, Stitch (1975) found that, for 

most microcircuit lots tested, the times to failure of the failed microcircuits fit a 

bimodal distribution with separate freak and main subpopulations. He suggested that 

performing high temperature stress screening improves the reliability of products. 

But realistic defect screening techniques require a knowledge of the failure 

distribution and their parameters. Unfortunately, in the field of reliability engineer

ing, there is not a comprehensive method to determine these parameters, especially, 

when the failure causes of the failed units are unknown. Reynolds and Stevens 

(1978) concluded that, in regard to the statistical models they adopted, multimodal 

distributions were often present which would be very difficult to dissect if the 

individual causes of failure were unknown. Lawless (1982, p. 259) indicated that 

mixture models with several parameters are often difficult to handle with regard to 

formal estimation. Sinha (1986, p. 108) pointed out that estimating the three 

parameters of a mixture of two exponential distributions when the causes of failure 

are unknown, is extremely difficult and not much work has been done. 

1.2 • The Scope and Accomplishments of This Research 

The Weibull distribution is one of the most popular models in reliability 

engineering, and this research focuses on the finite mixed Weibull distribution. The 

objectives of this research are to explore the unique features of the mixed Weibull 

distribution and to develop useful procedures and methods to employ the mixed 

Weibull distribution in reliability engineering and lifetime data analysis. 

Chapter 2 introduces the statistical model of the finite mixed Weibull distribu-
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tion, its identifiability and its useful properties. In order to understand the mixed 

Weibull distribution, the degree of separation between two subpopulation pdfs is 

defined. The degree of separation is a very important parameter of the mixed 

Weibull distribution. It gives strong indication for when a graphical method may be 

applied correctly in a data analysis process. In Section 2.5 the graphical behavior of 

a two-Weibull mixture is studied using a Weibull probability paper (WPP). Six typical 

types of cdf curves of two-Weibull mixtures are observed and classified, namely Type 

A through Type F. The classification of the two-Weibull mixture plays an important 

role in understanding the effect of the individual subpopulation on the mixture and 

in developing both graphical and analytical methods for fitting a mixed Weibull 

distribution to a data set. 

To develop parameter estimation methods for the mixed Weibull distribution is 

the theme of this research, and it is divided into two steps. The first step is to 

develop the methods of estimating the parameters of the mixed Weibull distribution 

when m, the number of subpopulations in the mixture, is known or hypothesized. 

The second step is to develop the procedures for determining m when it can not be 

obtained from sources other than the sample data. 

Chapter 3 covers parameter estimation when m, the number of subpopulations 

in a mixture is known or is hypothesized. It starts with a brief literature review, then 

followed by the discussion of the graphical parameter estimation methods. Three 

important features of the two-Weibull mixture with well separated subpopulations 

are presented and proved. Two existing methods for estimating parameters 

graphically are discussed, and one is recommended over the other. Section 3.3 

introduces data collections which cover most data structures encountered in 

reliability life testing and field operation. In the rest of Chapter 3, methods are 
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developed based on maximum likelihood estimates. In Sections 3.4 and 3.5 the 

background of the maximum likelihood estimates and the Expectation and 

Maximization (EM) algorithm are introduced, respectively. Section 3.6 gives the EM 

algorithm for the parameter estimation of mixed distributions. First the EM 

algorithm is applied to the sample with non-postmortem failures for complete, 

grouped, censored and suspended samples, then it is shown that the algorithm for 

the sample with postmortem failures is just a special case of the algorithm for non

postmortem failures. In Section 3.7 the algorithm for the mixed Weibull distribution 

is developed for a generalized sample which covers all data collections described in 

Section 3.3. In the subsequent subsections, detailed algorithms are developed for the 

sample with and without grouped failures, respectively. Numerical calculations follow 

and it is shown that the developed algorithms are powerful, efficient and reliable. To 

the best of author's knowledge this is the first time that the EM algorithm has been 

applied to estimate the parameters of the mixed Weibull distribution. In Section 3.8 

the Newton-Raphson method is applied to solve the log-likelihood equations directly. 

The purposes of using the Newton-Raphson method are to refine the MLE obtained 

from the EM algorithm, to verify the maximum of the log-likelihood function, and 

to obtain the asymptotic distributions of the MLEs. In Section 3.9 extensive 

simulations are performed, and the characteristics and the distributions of the 

maximum likelihood estimators of the parameters and the reliability at a given point 

in time are explored. 

Chapter 4 covers the determination of 1n, the number of subpopulations in a 

mixed Weibull distribution, from sample data. It starts with a brief introduction to 

this subject. Section 4.2 introduces the background of the generalized likelihood ratio 

(GLR) test and how to apply the GLR test to determine m. At the end of Section 
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4.2, a brief literature review is given to summarize the research and application of _ 

the GLR test in determining m for a mixed normal distribution. In Section 4.3 the 

GLR test is applied to determine m for the mixed Weibull distribution. Two 

theorems (Theorems 2 and 3) are proved, which are the foundation for constructing 

the distribution of the GLR test statistic, (, when the null hypothesis (Ho) is m=l 

and the alternative hypothesis (HI) is m=m/~2. The distributions of -2In( () for 

Ho: m=l against HI: m=2 are obtained using Monte Carlo simulations. They are 

given in graphic form, and their sample percentiles are tabulated, which are very 

valuable for those who are conducting the GLR test for making a decision between 

Ho: m=l and HI: m=2. The test procedure is developed and the power of the GLR 

test is explored. Section 4.4 introduces the bootstrap method which may be applied 

to conduct the GLR test when the null hypothesis is m=mo~2. Finally, in Section 4.5 

the general procedure for determining m for a sequence of GLR tests is given. The 

procedure is illustrated through a numerical example. 

------ ---- - - -------------
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CHAPTER 2 

MIXED WEIBULL DISTRIBUTIONS 

2.1 - Statistical Model 

A finite mixed distribution represents a population which consists of m categories 

or subpopulatiol1s. An observation from the m~ure belongs to one of these m 

subpopulations with, say, probability PI' Each subpopulation is represented by its 

own pdf. The m pdfs may have a common family of distributions, but they may also 

come from different families. This study focuses on the mixture of m Weibull 

distributions. 

Let T be a random variable, for example the lifetime of a unit, which takes on 

values in [0,00). If T can be represented by a pdf of the form 

'" 
/(tllP) = L PiJ;(tll1j'Pi) (2.1) 

i-I 

and 

i = l, . ."m, (2.2) 

then T has a finite, mixed Weibull distribution, where 

'" !" = (Pl,.,',Pm,1]l1 . .,,1]m,{3l1.,.,{3m), a parameter vector, 1]>0, (3>O, p;'~O and L Pi=l. 

Consequently T has the reliability function 

'" 
R(tllP)= L PiRi(tll1" P,), (2.3) 

'·1 
where 
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-C .. !.}I 
Ri(tl11i,p;)=e 111 , i=l, ... ,m. 

(2.4) 

It needs to be noted that when the shape parameters, /3;, i=l, ... ,m in Eqs.(2.1) 

through (2.4) take on the value 1, the mixture becomes the mixed exponential 

distribution. 

The parameters in Eq.(2.1) can be divided into three types. The first consists 

only of m, the number of subpopulations of a finite mixture. The second consists of 

the mixing proportions Pi' i=l, ... ,m. p; is the probability that an observation from the 

mixed distribution belongs to the ith subpopulation. The third consists of the 

component pdf parameter vectors f/!;=(TJ;, /3J~ i=l, ... ,m. The methods for estimating 

the parameters of the second and the third types will be presented in CHAPTER 

3. The methods for determining m will be given in CHAPTER 4. 

2.2 • Identifiability 

In general the parametric family ofpdfsl(t 1 'P) is said to be identifiable if distinct 

values of 'P determine distinct members of the family. Let I(t 1 'P) define a class of 

finite mixture densities and e be the parameter space. A class of finite mixtures is 

said to be identifiable for 'PEe if for any two members 

'" I(tl")= Ep;!,(tl tlri) (2.5) 
i-I 

and 

III· 

I(t 1"*) = EPIJ,(tl tIr ;), (2.6) 
i-I 

------- ----.---
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if and only if m = mO and we can permute the component labels so that PI = p/ and 

:t(1 I rJrJ=:t(1 I rJr;"), i=l, .. ,m. 

The mixed distributions may not be always identifiable. Everitt and Hand (1981) 

gave the following example: Let U( a,b) be an uniform distribution with the lower 

limit a and the upper limit b. Suppose a set of data is drawn from a mixture of two 

uniform distributions with pdf of 

1 2 j(x)=-U(-l, 1)+-U(-2, 2). 
3 3 

(2.7) 

There is no way to tell if this decomposition is correct or if 

(2.8) 

is the correct decomposition, because the pdfs given in Eqs.(2.7) and (2.8) are 

identical. 

Clearly, identifiability issues must be settled before we can meaningfully discuss 

parameter estimation of mixed distributions. Furthermore, identifiability is a 

necessary requirement for the usual asymptotic theory to hold, which will be 

discussed in Section 3.4.5. Some research in this area has been done, such as 

Teicher (1963), Yakowitz and Spragins (1968), etc. Recently, Ahmad (1988) proved 

that finite mixture of Weibull distributions are identifiable. This implies that a mixed 

Weibull distribution is uniquely defined by its parameter vector F. 

2.3 • Some Useful Properties of the Mixed Weibull Distribution 

Let Alt I rJrJ be the failure rate function of the ith subpopulation, i.e. 
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(2.9) 

Then it can be seen that the failure rate function of the mixed distribution is 

(2.10) 

where 

(2.11) 

Therefore, the failure rate of the mixed distribution at time t is the weighted sum of 

the subpopulation failure rates at time t. The weighing factor wlt), i = 1, ... , m, is the 

conditional probability that the unit belongs to the ith subpopulation given that it 

survived at time t. 

The following are some useful properties (Kececioglu, 1989): 

1. If m subpopulations have a decreasing failure rate then the mixture of these 

m subpopulations has a decreasing failure rate. 

2. If m subpopulations have a non-increasing failure rate then the mixture of 

these m subpopulations has a non-increasing failure rate. 

3. If m subpopulations are all exponentially distributed then their mixture has a 

decreasing failure rate. 

4. If m subpopulations are all exponentially distributed then 
III 

a. Ep, A, ~ A{t) ~ min{A1,AZ, ... ,A
III
), 

'-I 
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b. lim., ... l.(t) = min(1.1'1.2' ••. '1.",). 

It needs to be noted that the failure rate of m mixed exponential components no 

longer has a constant failure rate. 

2.4 - The Degree of Separation between Two Subpopulation pdfs 

As defined by Eq.(2.1) a mixed Weibull distribution is composed ofm subpopula

tions. The shape of the mixture pdf relies on the shapes of m component pdfs and 

their mutual locations. For example, a two-Weibull mixture is composed of two pdfs. 

The shape of the mixture pdf is influenced by the shape of each component pdf and 

the mixing weight. If the shapes of the component pdfs are very similar then the 

mixture is composed of two well mixed subpopulations, and it is difficult to tell to 

which subpopulation an observation from the mixture belongs. If the shapes of the 

component pdfs are different, and the center of one component pdf is located far 

from that of the other component pdf, then the mixture is composed of two well 

separated subpopulations. 

In practice, the degree of separation between the component pdfs is very 

significant in identifying the existence of a mixture, in determining the number of 

subpopulations in the mixture, and in determining the parameters of each subpopula

tion and the mixing weights of the mixture. For example, the simulation results of the 

estimator ofpz, the mixing weight of Subpopulation 1, presented by Woodward et a1. 

(1984) and Woodward and Gunst (1987) have superior bias and mean squared error 

when the separation of the component pdfs is large. 

Let's consider a mixture with two subpopulations, whose pdf is 

(2.12) 

To quantify the separation of two normally distributed subpopulations Woodward 
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et al. (1984) proposed a measure. For normal subpopulations, the parameter vectors 

in Eq.(2.12) become "'1 = (J.l.11 ulYand "'2= (J.l.2, UJT. It was assumed that Subpopulation 

1 is centered to the left of Subpopulation 2, i.e. J.l.l<J.l.2' The overlap area is defined 

as the probability of misclassification using the rul~: Classify an observation t from a 

two-normal mixture, as being from Subpopulation 1 if t < tc and from Subpopulation 

2 if t ;?! tel where tc is the unique solution of 

(2.13) 

between J.l.l and J.l.2' The overlap area is the shaded area as shown in Figure 2.1, which 

is the sum of the area under PI h(t I "'1) to the right of tc and the area under 

(l-PI)h(t I r;J to the left of tc' This measurement of overlap area is strongly 

influenced by PI' as may be observed from the following: 

1. When PI is small (close to 0) or large (close to 1), then Eq.(2.13) very likely 

has no solution. 

2. When the means of two normal components are close and the variance of one 

component is small and of the other is large, then Eq.(2.13) may have no 

solution between J.l.1 and J.l.2' 

3. In Woodward et a1. (1984) it may be found that the bias and the mean 

squared error of the simulated estimator of PI are smaller when the overlap 

area is 0.03 than when the overlap area is 0.10. The bias and the mean 

squared error are smaller when the underlyingpl=0.5 than whenpI=0.25. This 

implies that the separation of the two components is large when the mixing 

weight takes on the value of 0.5. 

For these reasons it is recommended to use the overlap area betweenh(t I "'I) and 

h(t I I/fz) instead of the overlap area between Plh(t I r;1) and (l-PI)h(t I r;z), and use 
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Figure 2.1 - A two - normal mixture, its component pdfs and their intersections. 



27 

(2.14) 

instead of Eq.(2.13) to determine tc. For two normally distributed components it is 

easy to see that h(t 11-'1, u1) is located to the left of flt 11-'2, uJ if the mean of 

Subpopulation 1 is less than the mean of Subpopulation 2. For two Weibull 

components the mutual location of their pdfs is not so obvious due to the flexible 

shape of the Weibull pdf. 

The following is the rule for determining the mutuallocation of two Weibull pdfs: 

1. If (31={32=P and '111¢rl2, h(t 11-'11 (31) and fit 11-'2, (3J have one intersection, i.e. 

a unique solution 

(2.15) 

which can be determined from 

The pdf with the larger scale parameter, '11i' i= 1 or 2, is located at the right side of 

the pdf with the smaller scale parameter. If '111<'112' the overlap area is the sum of the 

area of h(t 1 '111' (31) to the right of tc and the area of h(t 1 '112' {3J to the left of tc. 

2. If (31¢{32 h(t 1 '111' (31) and h(t 1 '112' {3J have two imersections with tcl <tc2, as shown 

in Figure 2.2. Without loss of generality it is assumed that (31<{32. Let d(t) be the 

distance function of two pdfs, i.e. 
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IJ, = 1.5, /3, = 1.5, 
1J2 = 2.38", /32 = 9.0. 
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Figure 2.2· Two Weibull pdfs and their intersections. 
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Using a change of variable Z=(t/fll)fi., and multiplying both sides by (TIt/P1)Z -(1-1/fi.) 

yields 

P -c.!.)' 
dl(z)=t.(zll, l)-.t;(zlll, p)=e-Z

-_( ~ )P-Ie 11 , 

11 fl 

(2.17) 

where fl =(ll:Jlll)PI and f3=(f3Jf3I»1. It may be seen that d(t)=O if and only if 

dlz)=O, therefore the number of zeros of d(t) is equal to the number of zeros of 

dlz) for t, z>O. 

Let 

Then dlz)=O when In[diz)] =0, dlz)<O when In[diz)J<O, and dlz»O when 

In[dR(z)]>O. It can be seen that dlz) >0 when z=O; dlz) <0 when z=17; and dlz) >0 

when z-oo. This implies that dlz) has at least two zeros. 

Recalling {3=(f321f31) > 1. it can be verified that the first derivative of In[diz)J with 

respect to z tends to -00 as z-O,' and tends to +00 as z_oo. The second derivative 

of In[diz)J is greater than zero for all z>O. Hence the first derivative of In[diz)J has 

only one zero, and In[diz)J has at most two zeros, and the same for dlz) and d(t). 

As shown in Figure. 2.2, the area under flt 1 1711(31) (or fit 1 172,f3J ) is partitioned 

into three subareas,AIl,A12 andAJJ (or An, All andA2J). We adopt the convention that 

!I(t 11711 {3J) is located to the left of h(t 1172' f3J and tc=tcu if All >AJJ. The overlap area, 
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or the probability of misclassification, is defined as the sum of the area under fit I "111J 

{3J to the left of tel and the area under !I(t I "1111 {31) to the right of tcH i.e. A 21+(A12+ 

AlJ). Similarly, !I(t I "1111 {31) is located to the right of flt I "112' {3J and tc=tc2' if All<AlJ. 

The overlap area is the area of (All+AlJ+An. It needs to be noted that, in this study, 

the overlap area is not the area common to both distributions. 

Furthermore, it can be shown that the overlap area of two Weibull pdfs depends 

only on {3={3J{31>1 and 11 =(11z/Tll)l1 l • 

Let the cumulative density functions (or the unreliability functions) of the two 

Weibull components be 

_(..!...)~I _(-14'2 
Ql(t)=l-e 111 , and Q2(t)=1-e 112 • 

By the change of variable Z=(t/Tll)111 and for {31<{32, then Qlt) and Qlt) become 

where {3={32/{31 > 1 and 11 =(Tlz/Tl 1)111• Let zcl=(tci11 1)111 and zc2=(tdTl 1)111• It can 

be seen from Eqs.(2.16) and (2.17) that if tel and tc2 are the intersections of!I(t I "I1b {31) 

and J;(t I "112' {3J, then Zel and Zc2 are the intersections of !I(z 11,1) and J;(z I "11,{3). Also 

_(Zd), 

Ql(tcl)=l-e -Zel=Ql(Zcl)' Q2(tcl)=1-e 11 =Q2(zc2)' 

-(~)' 
Ql(tc2)=1-e -ZC2=Ql(Za) and Q2(tc2)=1-e 11 =Q2(Zc2)' 

See Figures 2.2 and 2.3. The subareas, All' Au, Au, A 21 , An, and An remain 

unchanged, as well as the overlap area of !I(t I "1111 {31) and J;(t I "112' {3J. The overlap 

area depends only on {3 and "11. 
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Figure 2.3· Two Weibull pdfs and their intersections after the change of vaIiable 
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It can be shown that, for a fJXed 11, as f3 - 00 the overlap area is 

(2.18) 

and 

A (1n2) -+ 0.5 and A (1) -t 0.368. 

Without loss of generality, it is assumed that f31 = 1 and 111 =1, otherwise a change of 

variable z = (t/" l)PI can be made. It can be seen that as f3 - 00, the two intersections 

of flt 11,1) and fit 111, (3) move towards 11, i.e. teI - 11 and tel - 11, and fit 111, (3) 

degenerates at 11. As shown in Figure 2.3 the area under h(t 11,1) consists of 

According to the rule of determining the overlap area 

When 11 = In(2) 

A -+ min(l-e-ln2,e-ln2) = min (O.S,O.S) = 0.5. 

When 11 = 1 

A -+min(1-e-1,e-1) = min (0.632, 0.368) =0.368. 

The overlap area of two Weibull pdfs was calculated and its contour is plotted 

in Figure. 2.4. If 11=1, and f3=1, the two Weibull pdfs are the same, i.e. f31=f32 and 

111=112 and the overlap area of these two pdfs takes on the value of 1. From Figure. 

2.4 it can be seen that, for a fixed f3, the overlap area, A, is large when lI~I, and it 

tends to zero when 11-0 or 11- 00 • 
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There are many ways to obtain two well separated two-Weibull pdfs, for example 

a. Fix f31 and f32 and let '1]1 < < '1]2 or '1]1 > > '1]2' Then, either " = (1'12/" l)PI ... co 

or " = ("2/"1)P2 ", 0, and, therefore, the overlap area A ~ O. 

b. Fix '1]1 < '1]2 or '1]1 > '1]2' and let f32 > f31 ~ 00. Once again, ,,= (Th/"l)P, ... co 

or " = (Th/"l)P, ... 0, and the overlap area A ~ O. 

It needs to be noted that the degree of separation of two Weibull pdfs defined 

in this section is very useful in studying the graphical behavior of a mixed Weibull 

distribution, in estimating the parameters and in determining the number of 

subpopulations in a mixed Weibull distribution graphically. 

2.5 - The Behavior of the Mixed Weibull Distribution on Wei bull Probability 

Paper 

In this section the behavior of the mixed Weibull distribution is studied mainly 

through the cdf plot of the mixture on Weibull probability paper (WPP). It is known 

that the cdf of a single Weibull distribution on WPP is a straight line. For the mixed 

Weibull distribution, however, the cdf is no longer a straight line on WPP, but some 

vestiges of linearity may be observed. 

2.5.1 - Two-Weibull Mixtures 

Let's consider a two-Weibull mixture with cdf 

_(.!..)'1 _(.!..)'2 

Q(t) = PI [l-e 'It ] +(l-PI) [l-e 1\2 ]. 

First letting %=(..L. )PI and for f31 Sf3z, there results 
111 

--------

(2.19) 

(2.20) 
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Q(t) = Qz(z) or y=ln{ -In[l-Q(t)j}=ln{ -In[l-Qz(z)]}. Let x=ln(z)=f3in(t) 

-f3in(11I), and let X be the scale of the horizontal axis and Y be the scale of the 

vertical axis. Then the X-Y coordinate system forms a WPP. The curve of Qz(z) on 

WPP, compared with the curve of Q(t), is shifted by f3lln(11I) and is stretched (or 

squeezed) by a factor of f3l' Therefore the shapes of Q(t) and Qz(z) are the same if 

their mixing weights are the same. In other words, two-Weibull mixtures have the 

same shape on WPP if they have common values of /3 =f32If31>1 and 1) =(Tb!Th)Pt. 

Consequently, the five parameters in Eq.(2.19) can be reduced to three in studying 

the cdf curves of two-Weibull mixtures on WPP. 

In order to explore the relationships among the cdf curve of the mixture, the 

mixing weight, and the individual subpopulations, the following have been included 

in the cdf plots, as may be seen in Figure 2.5a: 

1. The cdf curve of the mixture. 

2. The cdfs of the individual subpopulations. 

3. Horizontal lines drawn at the levels of the underlying mixing weight, PI 

and (l-PI)' 

Two-Weibull mixtures with the parameter combinations of f3=l, (0.5), 8, and 

11=0.001,0.0015,0.003,0.006,0.010,0.015,0.030, 0.060,0.100,0.150,0.300,0.600,1.0, 

1.5, 3.0, 6.0, 10.0, 15.0, 30.0, 60.0, 100.0, 150.0, 300.0, 600.0 and 1000.0, were plotted 

for PI =0.3 and PI =0.5, respectively. It was found that there are six typical shapes of 

cdf curves on WPP, as given in Figures. 2.5a through 2.5f, namely, Types A through 

F, respectively. The curve type of each plot was recorded, and was plotted in Figures 

2.6a and 2.6b, for PI = 0.3 and 0.5, respectively. In Figures 2.6a and 2.6b the 11-f3 

planes were partitioned into seven regions which were labeled by A through F and 

S, respectively. Region S represents the two-Weibull mixtures whose cdf curves are 
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very close to a straight line. A single-Weibull distribution can be classified as a special 

case of a two-Weibull mixture with 17 = 1 and f3 = 1. The Type A curve occurs when 

the component pdf with a large shape parameter is located far to the left of the other 

one. The Type B curve is like the Type A curve, except that the overlap area of the 

two pdfs of the Type B curve is larger than that of the Type A curve. The Type C 

curve occurs when the shape parameter of one component's pdf is much larger than 

the shape parameter of the other one, and their scale parameters are very close. The 

Type D curve occurs when the component's pdf with the large shape parameter is 

located to the right of the other component's pdf, and the scale parameter of the pdf 

with the large shape parameter is larger than that of the other pdfs. For example, 

in Figure 2.6b, Type D curve occurs when PI =0.5, (3 = «(32/(31) ~ 2.3 and 

2 s 1l = (1l2/Tll)PI S 8. The Type E and F curves are close. They have a component 

pdf with larger shape parameter located to the right of the other one, and the two 

component pdfs have a very small overlap area. It has to be noted that the parameter 

vector takes values in a continuous parameter space, 9=(OsplS1, 171>0, '112>0, f31>0, 

f3z>O), therefore the cdf curves which fall close to the boundary of any two regions 

possess the characteristics of both curve types. 

One of the most important uses of probability plots is to identify an appropriate 

distribution type. In practical lifetime data analyses, a set of data is plotted on several 

different probability papers, such as the extreme value of the minima or of the 

maxima, the Weibull, the normal, or the lognormal distributions. It is possible that 

none of these plots fit the data well. In these cases, the data analyst may look for 

other alternatives. If the plot of the data on WPP falls in one of the six typical 

shapes, then a two-Weibull mixture may be a good model to use for the data set. 

In reliability life time data analyses there are many studies in which the Weibull 
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probability plots fall in one of the six typical curve types, e.g. 

1. Figure 2.7a is a Weibull plot for an accelerated life test of Winchester disk 

drives for mainframe computers. The plot appears to be a Type E curve. 

2. Figure 2.7c is a Weibull plot for a sample of 250 display units which were not 

burned-in prior to customer usage. The plot is a Type A curve. 

3. Figure 2.Th is a Weibul1 plot for gas generators, and Figure 2.7d is a Weibull 

plot for the lifetime of electronic tubes. These plots appear to be Type D 

curves. 

2.5.2 • Multiple Weibull Mixtures 

When the number of subpopulations in a mixed Weibull distribution is greater 

than two, the graphical behavior of the mixtures on WPP is very complicated. There 

is no simple rule, as there was for the two-Weibull mixture, to classify the cdf curves. 

In this subsection only the mixture with well separated subpopulations is discussed. 

Figure 2.8 is the Weibull plot of a mixture with three Weibull subpopulations. 

The parameters of this mixture are 

PI=0.20, 1JI= 1.00, f31=3.00, 

Pz=0.40, 1Jz=10.00, f3z=4.00, 

P3=0.40, 1J3=50.00, f33=6.00. 

The degree of the separation between Subpopulations 1 and 2 is 0.001927, between 

Subpopulations 2 and 3 is 0.001776, and between Subpopulations 1 and 3 is 2.761x 

10-8
• In Figure 2.8, three straight lines, Qlt), Qz(t) and Qlt), represent Subpopula

tions 1, 2 and 3, respectively. Two horizontal lines, HI and Hz, represent the mixing 

weight PI and PI+PZ' The curve represents the mixed distribution. 

It can be seen that there are two horizontal portions on the cdf curve, and their 

Y-axis readings are very close to HI and Hz. These two horizontal portions divide 
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Figure 2.8 - The Weibull plot of a three-Weibull mixture with well separated 
subpopulations. 
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the cdf curve into three segments. Since the overlap between Subpopulations 1 and 

2 is very small, Segment 1 which is below HI is contributed mostly by Subpopulation 

1. Similarly, the overlap between Subpopulations 2 and 3 is small. Segment 3 which 

is above H2 is contributed mostly by Subpopulation 3. Segment 2 which is in between 

HI and H2 is contributed mostly by Subpopulation 2. The two tangent lines at the left 

end and the right end of the cdf curve are approximately parallel to Qlt) and Qlt), 

respectively. There is no significant relation between the slope of the cdf curve in 

between HI and H2 and the straight line Qlt). In conclusion, a Weibull plot of the 

multiple Weibull mixture with well separated subpopulations has horizontal portions, 

and these portions are the approximate demarcations of the subpopulations. This 

can be used to determine the number of subpopulations in a mixture, and can be 

used to group the observations according to the subpopulation to which they belong. 

The parameter estimation for each subpopulation can be conducted separately 

afterwards. 

Before concluding this Chapter the author would like to emphasize that the 

probability plot of an m mixed Weibull distribution is not simply composed of m 

segments of straight lines, and trying to fit the probability plot of a mixed Weibull 

distribution by pieces of line segments does not result in a correct estimation. 
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The extensive applicability of the mixed distributions has generated much 

research on them starting with Karl Pearson (1894). In the area of parameter 

estimation of a finite mixed distribution, when the number of subpopulations in the 

mixture is known or hypothesized, the most interesting methods are the maximum 

likelihood estimates (MLE), graphical, and moments methods. In particular, as 

computational facilities have increased, the MLE method has become the major tool 

for parameter estimation for mixture distributions. A considerable amount of work 

has been devoted to this area; however, the models used have been mixtures of 

normal or exponential distributions, e.g. Hasselblad (1966), Day (1969), Wolfe 

(1970), McLachlan and Jones (1988), Ashour (1985) and Cheng, Fu and Sinha 

(1985). 

Some research has been done on parameter estimation of the mixed Weibull 

distribution. Kao (1959) proposed a graphical procedure to estimate the parameters 

of a two-Weibull mixture. Later Cran (1976) gave some theoretical bases to support 

Kao's procedure. Jensen and Petersen (1982) gave another graphical procedure for 

parameter estimation of a two-Weibull mixture when the two subpopulations are 

well separated. 

Falls (1970) attempted to find the five parameters of a two-Weibull mixture by 

the method of moments. He employed the technique of equating population 

moments about the origin to the corresponding sample moments. Unfortunately, he 

could not solve the resulting system of five equations simultaneously. He obtained 

the mixing weight of Subpopulation 1 (Sub. 1), PI' with the aid of Kao's (1959) 
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graphical method. Cheng and Fu (1982) proposed a weighted least-squares method 

for the parameters of a two-Weibull mixture when the data are grouped with 

postmortem. See Section 3.3 for the definition. 

Olsson (1979) directly searched the maximum of the log likelihood function of 

the mixed Weibull distribution through the NeIder-Mead Simplex Procedure [52, 53]. 

He pointed out that the procedure is applicable to the two-Weibull mixture, but not 

for the mixture of more than two subpopulations. In Olsson's procedure an 

approximate log-likelihood function is used when the data are grouped. Sinha (1986) 

gave an iterative procedure to obtain the MLE of a two-Weibull mixture for 

postmortem data. The approach is extended from the approach of Mendenhall and 

Hader (1958) which is the MLE of a mixed exponential distribution. 

The major works closest to this study are those of Kaylan (1979), Kaylan and 

Harris (1981), Mandelbaum (1982) and Mandelbaum and Harris (1982). Similar to 

Hasselblad's (1969) scheme, Kaylan developed an iterative procedure, named 

Algorithm A, for solving the likelihood equations of the log-likelihood function (L) 

of a mixed Weibull distribution when all n times to failure are available. The 

procedure is a typical fixed point iteration procedure (Conte 1980, p. 88). It has been 

shown that the direction of the two points generated from two succesive iterations 

is in the direction of increasing the log-likelihood, but there is no guarantee that 

there will be an actual improvement. Thus a rule that the step length chosen leads 

to an improvement in the value of L at each iteration, must be incorporated. Based 

on Algorithm A, Kaylan developed Algorithm B in which the second partial 

derivatives of L with respect to the mixing weights, Pi' were used. From numerical 

calculations the author pointed out that Algorithm A is very slow. To increase the 

speed of convergency a "two-phase method" was proposed. The computation starts 
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with Algorithm A or B, then switches to the Newton-Raphson method after 

achieving a point in the close neighborhood of a local maximum around which 

concavity is guaranteed. After Kaylan's work Mandelbaum (1982) developed 

algorithms for the progressive censoring sample for non-postmortem cases. Also, the 

author expanded some of the principles to the postmortem case. 

The focus of this chapter is on the parameter estimation of finite, mixed-Weibull 

distributions when the number of subpopulations is known or is hypothesized. In 

Section 3.2 graphical methods are studied. In Section 3.3 reliability lifetime data 

which cover most of the testing and the field operation cases are classified. In 

Section 3.4 the Maximum likelihood estimate and its properties are introduced. In 

Sections 3.5 and 3.6 the EM algorithm is introduced, especially the application to the 

parameter estimation for finite mixed distributions. In Section 3.7 the EM algorithm 

is applied to the mixed-Weibull distribution for complete, censored, grouped and 

suspended sample, and for both postmortem and non-portmortem failures. This is 

one of the most important contributions of this research. In Section 3.8 the Newton

Raphson procedure for the parameter estimation of mixed Weibull distributions is 

derived in a general form. In Section 3.9 extensive simulations are conducted, and 

the characteristics and the distributions of the maximum likelihood estimators are 

explored. 

3.2 • Graphical Methods 

The graphical parameter estimation method is very popular in reliability data 

analysis due to its simplicity and visibility. In this section three interesting features 

of a two-Weibull mixture with two well separated subpopulations are explored. Two 

existing graphical parameter estimation methods are discussed, and one is recom

mended over the other. 
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3.2.1 • Three Features of a Well Separated Two-Weibull Mixture 

The cdf, Q(t), of a two-Weibull mixture is defined by Eq.(2.19). From the 

discussion at the end of Section 2.4 it is known that a well-separated, two-Weibull 

mixture may be obtained as follows: 

1. Fix f31 and f32 and let 111< <112 or 111> >112' 

2. Fix 111<112 or 111>112t and increase f31 and f32' 

Three important features of the cdf curves on Weibull probability paper (WPP), 

as proved in Appendix A, when the two subpopulations are very well separated, are the 

following: 

1. The slope of the mixture cdf tends to zero in a certain region, i.e. 

: .. 0, for which Q(e%) .. PI for some x, (3.1) 

where 

(3.2) 

and 

Y = In{ -1n[1-Q(t)]} = In{ -1n[1-Q(e%)]}. (3.3) 

These indicate that, if the two subpopulations are well separated, there exists 

an essentially horizontal portion on the cdf curve, and its Y-axis reading is 

equal to the mixing weight, PI' See Figure 2.5f. 

2. The unreliability for t=l1l<l12t is 

(3.4a) 

and for t=112 
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(3.4b) 

These imply that when PI is known, 111 (or 112) can be determined by entering 

the plot at the O.632pl (or Pl+0.632(1-Pl)) level horizontally, intersecting the 

cdf curve, dropping down vertically, and reading 111 (or 112) from the X-axis 

directly. 

3. The tangent lines drawn at the two ends of the cdf curves are asymptotically 

parallel to the straight lines which represent the two individual subpopula

tions, respectively, i.e. 

dY dx .. PI' as x .. -00 (or as t .. 0), 
(3.5a) 

and 

dY - .. P2, as x .. +00 (or as t .. +00). 
dx 

(3.5b) 

These three features of the cdf curves on WPP are the bases for the graphical 

method of parameter estimation of a two-Weibull mixture when two subpopulations 

are well separated. The degree of separation is defined in Section 2.4. 

3.2.2 • Graphical Methods for Parameter Estimation 

The parameter estimation of mixed distributions is much more difficult than that 

. of a single population. The difficulties are caused by the involvement of more 

unknown parameters in mixed distributions. First let's consider the simplest case, i.e. 

when the mixture is composed of two Weibull subpopulations. The cdf of such a 

mixture is given in Eq.(2.19). Two graphical methods have been proposed to 

estimate the parameters. One method is by Kao (1959) and Cran (1976), which we 

--------------
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call it the Kao-Cran method. The other method is by Jensen and Petersen (1982), 

which we call it thelensen-Petersen method. In this section the applicabilities of these 

two methods are discussed. 

The Kao-Cran Method - The detailed procedure of the Kao-Cran method can be 

found in Kao (1959) or Cran (1976). The key step of the Kao-Cran method is to 

determine the mixing weight, PI as follows: 

1. Plot the sample data on WPP and fit a smooth curve by inspection. See 

Figure 3.1. 

2. At the left end and at the right end of the fitted cdf curve draw a tangent 

line, denoted by Lit) and Lit), respectively. 

3. At the intersection of Lit) with the upper borderline of the WPP draw a 

vertical line whose intersection with Lit) gives Pl' the estimate or PI which 

is read from the Y-axis. 

From Section 2.5 it is known that there are six typical types of cdf curves on 

WPP, namely, Type A through F. It is not difficult to see that the Kao-Cran method 

can not be applied to Type A, Band C curves, and most of Type E and F curves, 

because the line tangent to the left end of the curve can not intersect the vertical 

line which is drawn from the intersection of the right-end tangent line with the upper 

borderline. Now let's try to apply the Kao-Cran method to the Type D curve. For 

example, in Figure 3.1 the cdf curve has been plotted using the same parameters 

used in Example 2 of Cran (1976). Following the procedure of the Kao-Cran 

method, the estimate of the mixing weight is Pl = 0.5900. This estimate is not 

acceptable when compared with the actual underlying mixing weight of PI=O.25. The 

reason that the Kao-Cran method leads to a big error is the following: As illustrated 

in Figure 3.2, the tangent line Lit) is a good approximation ofplQit) only for very 
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small values of t. Kao and Cran used Llt) to approximate the curve PIQlt) in the 

entire domain OfpIQlt). This leads to "an unbounded error" when t - 00. Also Kao

Cran's estimate of PI strongly depends on the upper borderline of WPP, and the 

upper borderline is chosen arbitrarily depending on the Y-axis scale range of the 

Weibull plotting paper used. Therefore, the Kao-Cran method is not recommended. 

The lensen-Petersen Method - The Jensen-Petersen method can be briefly described 

as follows: 

1. Plot the sample data on WPP and fit a smooth curve by inspection. See 

Figure 2.5f. 

2. Determine the place with the smallest slope on the cdf curve, and read the 

corresponding PI value from the Y-axis. PI represents the mixing weight ofthe 

subpopulation located at the left side. 

3. Determine .. and Th "2 by entering the Y-axis at 0.632 fll and 

fll +0.632(1-fl
1
), horizontally; intersecting the cdf curve and dropping down, 

then "1 and "2 can be read from the X-axis. For example, in Figure 2.5f 

wherepl =0.30, 0.632pl=0.1896, In[ -In(1-0.1896)]= -1.560,Pl+0.632(1-Pl)= 

0.7424, and In[ -In(1-0.7424)] =0.3048. Then "1 ... 5.0 and "2"'500.0, which 

are the values of the input parameters, 111 and 112 used in the cdf plot. 

4. Determine PI and P
2 

from the slopes of the tangent lines, Llt) and Lit), 

which are drawn at each end of the cdf curve. 

From Eqs.(3.1), (3.4) and (3.5) and the discussion in Section 3.2.1, it can be seen 

that the Jensen-Petersen method possesses solid theoretical bases for mixtures with 

well separated subpopulations. For the Type F curve, it gives accurate estimates 

provided that the sample size of the data is large enough. For example, in Figure 

2.5f all five parameters can be determined with a negligible error. For the Type A 
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and E curves in Figures 2.5a and 2.5e, the Y-axis readings at the places with the 

smallest slopes on the cdf curves are very close to the underlying mixing weights of 

the subpopulation located at the left end of the mixture. 

In general, if the overlap area between two Weibull component pdfs is less than 

0.05, the Jensen-Petersen method gives accurate graphical parameter estimates. 

When the overlap area takes on values between 0.05 and 0.10 the Jensen-Petersen 

method can still be used to determine the parameters of each subpopulation but 

with less accuracy. When the overlap area is greater than 0.10, such as 'Ij1pes C and D 

curve, the Jensen-Petersen method is not recommended. In these cases, the maximum 

likelihood estimation method given in the rest of the chapter can successfully solve 

the problem. 

If the mixture consists of more than two well separated subpopulations, the 

Jensen-Petersen method can be adapted indirectly. As shown in Figure 2.8, the 

horzontal portions on the fitted curve can be taken as the demarcations between the 

subpopulations, and the observations grouped accordingly. The mixing weights can 

be determined from the Y-axis readings of these horizontal partitions. For example, 

from Figure 2.8, PI can be found to be HI=0.2, and P2=H2-HI=0.6-0.2= 0.4. The 

parameters for each subpopulation can be determined separately from those 

grouped observations. 

3.3 • Data Collections 

Practically, reliability life test data are provided in a variety of forms or 

collections. Different data collections expose the underlying population at different 

levels, and need to be treated differently in data analyses. Therefore, it is necessary 

to classify the life test data. 

The life test data of the failed units can be classified as follows: 

-------_ .. 
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Postmortem failure. These are life test data where the causes of the failure of the 

failed unit are known through failure analysis. 

Non-postmortem failure. These are life test data whose failure causes are unknown. 

It needs to be noted that, in many cases, a data set consists of both postmortem 

and non-postmortem times to failure, as well as unfailed observations. 

Let f(t I 91) be the pdf of the lifetime of a unit, let ~, T2 , ... , Tn be a random 

sample drawn fromf(t I 91) and n be the sample size. The following sampling methods 

are commonly encountered in reliability life testing. 

Complete sample. These are the life test sample data when all units in the test are 

tested to failure. In other words, all n time-to-failures are observed at time 

points, i.e. t1, t2 , ... ,tn• The concept of a complete sample defined here is 

different than the concept of complete data defined later. 

Censored sample. These are the life test sample data when not all units a~e tested 

to failure, and the test is terminated either at a predetermined time or when 

a predetermined number of failures is reached. For the failure terminated 

test, the test is terminated when the Il,th failure occurs, the Il, failures are 

observed at the failure times, t
1
, t

2
, ... , t ra , and Il -Il, units survive at time tra' , , 

For the time terminated test, Il, failures are observed before the test is 

terminated at time tr and n-Il, units survive at time t7" 

Grouped sample. These are the life test sample data when the times to failure are 

observed in time intervals. Let 0<Yl<Y2<'" <Y.< 00 be v distinct values which 

partition the interval (0,00) into v+ 1 time intervals. For the grouped sample 

only the number of failures in each time interval is observed, e.g. 1j failures 

are observed in time interval (YJ-b yJ, j=l, ... ,v. The observations which fall in 

the (v+l)st interval are those units which survived at time Y •. 
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Suspended sample. These are the life test sample data when some of the units are 

withdrawn from the test before failure, and the withdrawal time can be any 

value between zero and infinity. For example, n, failures at t1 1. t were , 2' ... , rat' 

observed and n, units were withdrawn at time Si' j=l, ... ,n" and n=n,+n,. 

In the following sections the algorithms of parameter estimation for the mixed 

Weibull population from a data set drawn by these four sampling methods will be 

developed. The algorithms will be applied to postmortem failures and non

postmortem failures, as well as the mixture of these two types of failures. 

3.4 - Maximum Likelihood Estimation 

3.4.1 - Likelihood Function 

From Section 3.3 it is known that in reliability life testing there are serveral 

sampling methods. For different sample data the likelihood functions have different 

forms. For the complete sample as described in Section 3.3, the joint pdf of the 

sample is 

ra 

~ = ~(t; 1J.1) = II/(tjI 1J.1), ,-1 
and is called the likelihood function. 

(3.6) 

For the censored sample, from a failure terminated test the likelihood function 

is 

ra, 

~ = ~(t; 1J.1) = C[II/(tjl1J.1)][R(tral1J.1)]ra-II" 
J-I ' 

(3.7) 

where C is a constant of 1p. If the test is a time terminated test, the time to the n,th 

failure in Eq.(3.7), t, should be replaced by tT , the predetermined time to 
ra, 
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terminate the test and the rest of the equation remains unchanged. 

For a grouped sample as described in Section 3.3, the likelihood function is 

where 

,,+1 

~ = ~(y; 1p) = C[II P}1, ,-I 

'I 

P, = J /(1: 11p) d1:, 
'1-1 

(3.8) 

(3.9) 

For a suspended sample, as described in Section 3.3, the likelihood function is 

II, ". 

~ = ~(t,s; 1p) = C[IIf(t,I1p)][II R(s,I1p)]. (3.10) 
,-I ,-I 

where C is a constant of Y, and R(sj I !l') is the reliability function defined in Eq.(2.3). 

3.4.2 • Maximum Likelihood Estimate 

A maximum likelihood estimate is a value (or a vector of values) of 1p, whicr. will 

be denoted by +, that maximizes Eqs.(3.6), (3.7), (3.8) or Eq.(3.10). Since the 

logarithm is a monotonic function, maximizing ~ is equivalent to maximizing 

L=ln[Sf] which is often more convenient to work with. 

The MLEs possess many desirable properties (Cox and Hinkley 1974, and 

Wetherill 1981). Under certain general conditions, the MLEs are consistent, and 

have the asymptotic properties of efficiency, normality and unbiasedness. Further

more, the MLEs are functions of sufficient statistics if they exist, and the MLEs of 

the functions of unknown parameters are the functions of the MLEs of the 
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parameters. 

3.4.3 • Unbounded Likelihood Function 

The likelihood function of a mixed distribution is often unbounded. For the 

mixed normal distribution, let /J.I and UI be the mean and the standard deviation of 

the ith subpopulation, respectively. If O<p/< 1, /J.1=tJ, j=I, ... ,n,-1 or nIl and ul-O then 

the likelihood function tends to infinity. For the mixed Weibull distribution, the pdf 

of the ith subpopulation, j;(t I 111, f3J, degenerates at tE(O, «I), if 111=t and f3;-«I. 

Therefore the likelihood function defined in Eqs.(3.6) or (3.8) tends to infinity when 

11;=tJ, j=I,2, ... ,n,-I, or n" and f3;-«I. Si(t,2')=«1 solutions are pathological for 

practical purposes and they do not yield useful results (Everitt and Hand 1981, p.9). 

3.4.4 • Admissible Solution 

The parameter space of the mixed Weibull distribution is 9=(Osp;SI, 11/>0, 

f31>0, i=I, ... ,m). Often the log-likelihood function attains its largest local maximum 

at several different points in 9. For example for a two Weibull mixture, the value 

of Eq.(3.6) will not be changed if the component pairs (PH 111' (31) and (I-pu 112' (32) 

are interchanged in 9. That is 

(3.11) 

if PI = (I-p/), 111=112: f31 =f32" 112=11/ and f32=f3/· If (PI' 11uf3I' 112,(32) is the largest local 

maximum then so is (PI:11I:f3I:112:f32'). This is called the symmetric solution. 

To solve this problem one can define an "admissible solution" to avoid the 

symmetric solutions (Mandelbaum 1982). To be admissible, -+ must satisfy 

PI ~P2~",~PIII' If the equality signs hold for some of these estimates, 

say P1o=P2,=P".0, m·~m, then 1l1.~;bo~".~1l1ll0 is required. In other words, the 

pairs (1111 (31),(112, (32), ... ,(112, (32) must be ordered lexicographically. Furthermore if 
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(71/, (3/) = (71" (3J)' then p,=PJ is required. Now the symmetric solution to an admissible 

one is either identical or else inadmissible. 

3.4.5 - Maximum Likelihood Large-Sample Theory 

This subsection introduces briefly the asymptotic distribution of the maximum 

likelihood estimator, t. The asymptotic distribution of t is a k-variate multinor

mal distribution, where k is the length of t. It will be used to estimate the 

approximate confidence interval of !l' in Section 3.9. 

In general, let tIl t2, ... ,t" be a random sample from a distribution with pdf!(t I !'), 
where !" =("'11 rJr2, ... , rJrJ is a vector of unknown parameters taking on values in 

parameter space e. The log-likelihood function for !" is 

n 

L = L(t; 'P) = E In[f(tjl'P)]· 
J-I 

(3.12) 

Let t be the maximum likelihood estimate of 'P. In many cases t can be found 

by solving the so-called likelihood equations 

aL 
U,('P) = a., = 0, i = 1, ... ,k. (3.13) 

The Ul!l')'s are called scores, and vector U (!') = [Ul !l'), ... , u,.{ !l') JT is called the score 

vector. Because the t/s are i.i.d. so are the In[f(tJI !l'»)'s and {aln[f(tjl !l')]1 arJrJ's. 

From Eqs.(3.12) and (3.13) it can be seen that the scores are sums of i.i.d. random 

variables. Under general conditions (Cox and Hinkley 1974), they are asymptotically 

normally distributed. In addition, it can be shown that U(!') has a 0 mean and a 

covariance matrix I(!,), with entries (Lawless 1982, p.523) 

I,i'P) = _E(&ln(L»), i, j=l, ... ,k. a.,a.J 

(3.14) 
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The matrix I(!') is called the Fisher (or expected) information matrix. 

Another important quantity is the kxk observed information matrix 10- This has 

(i,j) entry 

1 (m) - - &1n(L) .. 1 k 
O,iJ T - a,l. a,l. ' I,} = , ••. , . (3.15) 

'1'1 'I'J y-t 

Under mild conditions 10 is a consistent estimator of 1('1'). 

It has been shown that as n-oo the joint distribution of V=(1fr
1
,1fr

2
, ••• ,1fr

k
) is 

multivariate normal with mean vector of lP=(lIr
1
,lIr

2
, ••• ,lIr

k
) and covariance matrix 

(Mann et aI, p.83) 

The pdf of the k-variate normal distribution is 

For a proof of these results the reader is referred to Cramer (1946, p.500). 

3.5 • The EM Algorithm 

(3.16) 

(3.17) 

First we introduce the following concepts of complete data and incomplete data 

defined by Dempster, Laird and Rubin (DLR for short) (1977): ''The term 

incomplete data in its general form implies the existence of two sample spaces Y and 

X and a many-one mapping from X to Y. The observed data yare a realization from 

Y. The corresponding x in X is not observed directly, but only indirectly through y. 

More specifically, we assume there is a mapping x .... y(x) from X to Y, and that x 

is known only to lie in X(y), the subset of X determined by the equation y=y(x), 

-- --------
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where y is the observed data. We refer to x as the complete data." 

Simply, if we refer to n times to failure as the complete data, then the data 

censored at the n,th failure (n,<n) is incomplete data. For a mixed population, the 

data set which has non-postmortem failures is an incomplete data as compared with 

the data set in which all failures are postmortem, provided the rest conditions are 

the same, because the information on the failure cause is missing. 

The Expectation and Maximization (EM) algorithm is an iterative procedure 

which takes advantage of the simple parameter estimation procedure when the data 

are complete data, and is used to obtain the parameter estimates when the data are 

incomplete data. The general EM algorithm works as follows: Suppose we have to 

find y =" maximizing the likelihood function defined by Eq.(3.6), where t is a set 

of incomplete data. Let x denote a typical complete version of t, X(t) denote the set 

of all such possible x, let ~c(%; V) denote the likelihood from complete data, x. 

The EM algorithm generates, from some initial approximation, "CO), a sequence 

{"Ch}} of estimates. Each iteration consists of the following two steps: 

Estep: 

(3.18) 

M step: 

Find Y = V<II+1) to maximize Q(V, y<II». (3.19) 

The E and M steps are alternated repeatedly in their subsequent executions. Starting 

from an arbitrary initial guess, say !"CO), a very important feature of the EM algorithm 

is that the log-likelihood function can never be decreased after an EM sequence, and 

if certain conditions are satisfied "CO) converges to "., the maximum of the log-
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likelihood function. 

3.6 - The EM Algorithm for Mixed Distributions 

First the EM algorithm for non-postmortem failures is developed for complete, 

grouped, censored and suspended samples. Then in Subsection 3.6.2 it is shown that 

the EM algorithm for postmortem failures can be treated as a special case of the 

EM algorithm for non-postmortem failures, and the developed algorithms can be 

applied to both postmortem and non-postmortem failures. 

3.6.1 - For Non-postmortem Failures 

3.6.1.1 - Complete Sample 

Let's consider a complete sample from a mixture of m-subpopulations, i.e. n, 

times to failure were observed at individual time points, but their failure modes are 

unknown. Let's refer to n, times to failure with known failure modes as complete 

data, and refer to n, times to failure with unknown failure modes as incomplete data. 

Let t = t
1
,t

2
, ... ,t" be the times to failure with pdf 

I 

1ft 

f(tl'P) = LP,.t;(tl.,), (3.20) 
1-1 

where !" = (P11 ... ,Pm, r;11'''' r;m) and r/T; is the parameter vector of the ith subpopulation. 

Let the vector of indicator variables zJ = (ZlJ"",ZmjY represent the failure mode of the 

jth failure, then 

{ 
1, tJ € Sub. i, . 

z'J= . I = 1, ... ,m. 
0, otherwtse, 

(3.21) 

Let ZI = Zl""'Z and ZI""'% are i.i.d. with a multinomial distribution consisting 
", II, 

of one draw on m categories with probabilities PlI ... , Pm, respectively. The density 
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function of t} given z} now can be written as 

III 

II [f,(tjI1lJi)]~' j=l, ... ,n" (3.22) 
i-I 

and the likelihood function for the complete data is 

III n, 
where ", = E r

i
, and r

i 
= E Zjj is the number of failures of Sub. ~ i = 1, ... , m. Hence 

the log-lik~iihood for the j~~mplete data, ignoring the constants with respect to ~ is 
given by 

It, III 

Lc(t,z,; lP)=In[~C(t,Z,; lP)]=E E Z;j{ln(Pi)+In[f,(tj I 1IJ j )}. (3.24) 
J-l i-I 

Treating 1., = ZI""'%" as missing data, from Eq.(3.18), the E step at the hth iteration , 
is 

or 

It, III 

Q(lP, lP(It» = E E E(z;jltj , 1f(l»(InPi+In[f,(tjI1lJi]}' (3.25) 
j-I i-I 

where E(zqlt" !F(II)) is the posterior probability that t} belongs to Sub. i given t} and 

_(II) • 
r ,I.e. 

E(Z,I.lt'j' lP(It» Pi!,(tjl.~, i=l, ... ,m, j=l, ... ,,,,. 
t f(tjllP) 

(3.26) 

------



The M step is to find '" = ",(/1+1) which maximizes Eq.(3.25). 

3.6.1.2 - Grouped Sample 
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Suppose there are v distinct values in [0,00), and they are ordered increasingly, 

i.e. 

then interval [0,00) can be partitioned into v + 1 intervals, i.e. 

[O'Yl]' (YHY2], ... ,(Y .. HYv],(Yv, 00). 

Let lj be the number of observations which may represent Ti times to failure falling 

in the jth interval,j=l, ... ,v, and Tv+l be the number of observations which are greater 
,,+1 

thanyv and may represent Tv+l survivals at time Yvt and n = E T
J

• The failure modes 

of the failures are unknown. Let the vector of indicator v~rlables Zik = (ZlikJ ... , ZmjkY 

represent the failure mode of the kth observation in the jth interval, k=l, ... , Ti , 

j=1, ... ,v+1, then 

{
I, the kth observation in jth intervalE Sub. i, . (3.27) 

Z'Jk= 0, . , = 1, ... ,m, 
otherwtse, 

let Zl1=Zik, j=l, ... , v+ 1, k=l, ... ,lj, and Zi"'S are Li.d. according to a multinomial distribu

tion consisting of one draw on m categories with probabilities Pb ... ,Pm' respectively. 

The probability that the kth observation occurred in Interval j given Zik is 

1/1 

IIP~", (3.28) 
I-I 

where 

'1} 

P,J= J !,('t 11I1~d't, j = 1, ... , v+l, i = 1, ... ,m, (3.29) 

0= Yo < YI < ••• < Y" <Y,,+I = 00, 
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where [.(t 1 r;J is the pdf of the ith subpopulation. The likelihood function for the 

interval data with known failure modes is 

where 
'J 

Tij= E 1.;1'" is the number of failures in the jth time interval and belong to the ith 
"-1 subpopulation, 
" .. I 

T, = E Til' is the total number of failures belonging to the ith subpopulation, 

and 
I-I 

III 

n = ETi • 
i-I 

Hence the log-likelihood function for the interval data with known failure modes, 

ignoring the constant with respect ~ is 

III " .. I 'J 

Lc(Y ,T '%0; '1) = E E E 1.;j,,{ln(Pi) + In(Pil} 
;-1 I-I "-I 

(3.31) 

Treating %11 as missing data, from Eq.(3.18), the E step at the hth iteration is 

(3.32) 

or 

III " .. I 'J 
Q('P, '1(11» = E E E £(1.;I"ly,T, 'P(1I»){ln(Pi) +In(Pq) I, (3.33) 

i-I ,-I "-I 

where E(zUkly,r, '1'(/1») is the posterior probability that the kth observation in the jth 

interval belongs to Sub. i given y, rand '1'(/1), i.e. 



E( I m(h» - P'P'j '-1 '-1 1 k-l %'jt Y,r, T - --, 1- , ... ,na, J- , ... ,v+, - , ... ,rj , 
Pj 

where Pij is defined in Eq.(3.29), and 

YJ '" 

Pj = f J<t 11f)dt=Lp,P'r j = 1, ... ,v+l, i = 1, ... ,m, 
Y '-I 'I-I 

o = Yo < Yl < ... < Y" < Y,,+l = 00. 

The M step is to find !" = !"Ch+l) which maximizes Eq.(3.33). 

3.6.1.3 • Censored and Suspended Samples 
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(3.34) 

(3.35) 

Censored samples and suspended samples are composed of times to failure and 

times to withdrawal. Let's first consider a suspended sample. n, times to failure were 

observed at t
1
, ... ,t", n.=n-n, units were withdrawn at times Sl""'S", and failure , . 

modes of the failed units are unknown. Similar to the complete sample discussed in 

Section 3.6.1, let the vector of indicator variables %J = (ZI}"'" ZmjY represent the 

failure mode of the jth failure, then 

{
I, tj E Sub. i, 

%Ij= 
0, otherwise, 

i = 1, ... ,m. 

Let %1 = %1' ... ,:,. and %1' ... ,%" are LLd. with a multinomial distribution consisting , , 
of one draw on m categories with probabilities PII ... , Pm' respectively. The density 

function of I} given %} now can be written as 

III 

II lJ,(tjlt,)]Zj/, j=l, ... ,n,. 
'-1 

n. survivals are observed, and eventually the kth withdrawal will fail in interval 
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(Si'OO) , k=l, ... ,n., with unknown failure mode, of course. Let the vector of 

indicator variables Zit = (zn, ... ,z",JT represent the failure mode of the kth withdrawal 

in interval (Si'oo) ,k=l, ... ,n •. Then 

_{ I, the kth observation in (Si' 00) € Sub. i, 
%ji- . 

0, otherwise, 
i = 1, ... ,m. (3.36) 

Let %111 = %1""'%" and %1""'%" are i.i.d. with a multinomial distribution consisting , . 
of one draw on m categories with probabilities Pb''''Pm' respectively. The probability 

that the kth observation occurs in interval (s",oo) given Zit is 

'" n [Rj(Skl"'i)]t,I, (3.37) 
1-1 

where 

-
Rj(Sklwi) = f J,(T IWi)dT, i = I, ... ,m. (3.38) 

81 

From Eq.(3.7) the likelihood function for the censored sample with known failure 

modes is 

(3.39) 

III n, 
where "8 = E "6' and "$ = E Z,i' is the number of withdrawals belong to the ith 

i-I ' '" 'i-I n, 
subpopulation, ",=Er

" 
and ri=Ez,} is the number of failures ofSub.i, i=l, ... , 

m, and n=n,+n.. H~nce the loi-ilkelihood function, ignoring the constant with 



respect to F, is 

lI, lit 

LC(t,1.1,1.m; 'P) = E E %IJ(ln(pI)+ln[f,(tJI1Ir,)]} 
J=I 1=1 

". lit 

+ E E Ztk(ln(P,)+ln[R,(Skl 1lr,)]}· 
k-l '-I 
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(3.40) 

Treating 1.1 = %1'''''1.,. and %m = %1'''''1.,. as missing data, from Eq.(3.18), the Estep , . 
at the hth iteration is 

or 

II, lit 

Q('P, 'PCII» = E E E(%,JltJ, yCi»(In(P,)+In[f,(tJI 1Ir,)]} 
J=I ' .. I 
". III 

+ E E E(%'klsk,'PCII»){ In(p,) +In[r,(sk I 1Iri)], 
k-I '-I 

(3.41) 

where E(zqltj, '1'(h» is the posterior probability that tj belongs to Sub. i given tJ and 

'1'(11), as defined by Eq.(3.26), and E(Ziklsk, 9'(11» is the posterior probability that the 

kth withdrawal at time Sk belongs to Sub. i given that it survived at Sk and P'h), i.e. 

I (lIh P,R,(skl1lr~._ -
E(ZtJ sk' 'P "- I ' J-l, ... ,m, k-l, ... ,n". (3.42) 

R(Sk 'P) 

If the sample is a censored sample drawn from a failure terminated test, the 

above derivation is unchanged except that SL = t for all k=l, ... ,n., where t is the 
.. II, II, 

time at which the n,th failure occurs, i.e., the time when the test is terminated. Hence 

the E step at the hth iteration is 



74 

II, III 

Q('l', 'l'<II» = L L E(z" It" y<l>){ln(P,)+ln [J,(t, I lJr,)]} 
,=1 'a1 (3.43) 

'" +n"L E(zu:ltll ,'l'<11>){ In(P,)+ln[R,(tll IlJr,)], 
'=1' , 

where E(zijltj , rp(h)) is defined by Eq.(3.26), and 

(3.44) 

If the sample is drawn from a time terminated test, the time t in Eqs.(3.43) 
II, 

and (3.44) should be replaced by tn the predetermined time of test duration. Finally 

the M step is to find ,,= rp(h+I) which maximizes Eqs.(3.41) and (3.43) for the 

suspended sample and the censored sample, respectively. 

3.6.2 • For Postmortem Failures 

In the previous subsection the EM algorithms for non-postmortem failures have 

been derived. The failure mode of a unit was described by an indicator vector, e.g. 

Zj= (Zlj' ... , Z",)T for the failures at time point, Z,,= (Zl'" ... , zmJeY for the withdrawals and 

Zjk= (Zljk' ... , ZmjJT for the failures observed in time intervals. Zj' Zit and ZJk are random 

variables which represent the uncertainty of the failure mode of a non-postmortem 

failure or an unfailed unit, as shown in the log-likelihood function such as Eqs.(3.24), 

(3.31) and (3.40). In Eqs.(3.25), (3.33) and (3.41) Zj' z" and ZJk are replaced by their 

expectations, and the computation of these equations is called the E(Expectation)

step. A M(Maximization)-step follows to find rp= rp (h+l) which maximizes the 

expectation equation. 

In many cases, from reliability life testing, the failure modes of some failures may . 
be obtained from failure analysis, but the failure modes of the rest of the failures are 

-------



75 

unknown. Such a data set consists of both postmortem and non-postmortem failures. 

For a postmortem failure, its failure mode is certain, i.e. Zj or zjI' is known. 

Let xlj be the time to failure of the jth failure with ith failure mode. Let Zj=(ZIJ' 

... , z".j, for /=l, ... ,m, z'j=l if /=i and Z'j=O if /¢i. Consequently, 

(Ah _ {1' I=i, . _ E(Z,jlx,j'1p OJ - • 1 -1, ... ,m. 
0, 1*1, 

(3.45) 

Similarly, for interval failures, let rij be the number of failures in the jth interval 

having the ith failure mode. Then the failure mode of the kth failure among those 

rlj failures is Zjk=(ZIjk"",ZmjJ, and zUk=l if l=i and ZlJk=O if /¢i. Consequently, 

(A) _{ 1, I=i, ._ 
E(Z,jkly,r'J'1p )- . 1 - 1, ... ,m. 

0, 1*1, 
(3.46) 

Therefore a postmortem failure can be taken as a special case of a non-postmortem 

failure. The indicator vector of failure mode is no longer a random variable, but a 

deterministic vector. The Expectations in Eqs.(3.45) and (3.46) are either 0 or 1. It 

may be seen that the EM algorithm devived in the previous sections are still valid 

for postmortem failures. For a data set having n, non-postmortem failures and nz 

postmortem failures its E-step simply becomes 

'" n, 
Q(1p ,1p(A) = E E E(z,jltl' 1p(A~{ln(p,) + In£t;(tj I W,)]} 

'=1 j=l 

'" n .. , 

+ E E {In(P,)+ln[f,(x'jlw,)]}, 
'-1 j-1 

(3.47) 

'" where n., is the number of the failures with the ith failure mode, n - ~ nand 
A % - ~ %' 

'-1 ' n=n,+n ... 

Similarly, for interval failures, the E-step becomes 



II 1/+1 rJ 

Q('P, 'P(1J~ = E E E E(z,lkly,r, 'P(II» (1n(p,) +In(P'I)} 
'al Jal kal 
II 1/ 

+ E E r'l (In(p~+1n(P,)}, 
'=1 J=1 
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(3.48) 

where Tjj is the number of failures in the jth interval with the ith failure mode. In 

Eqs.(3.47) and (3.48), the first terms are contributed from the non-postmortem 

failures and the second terms are contributed from the postmortem failures. 

Let's consider the case when all units are tested to failure and the failure modes 

of all failures are known. Let n"j be the number of failures belong to ith subpopula-

'" tion, then n = E n%. In this case Eq.(3.25) can be rewritten as 
'-I ' 

III II", 

Q('P, 'P(II» = E E In(P,)+ln[!,(x'JI'iJi )]· '-I J-l 

(3.49) 

Actually, Eq.(3.49) is the log-likelihood function when the constant with respect to 
II 

" is ignored. Considering the constraint of E Pi = 1, it has be shown in Jiang and 
i-I 

Kececioglu (1990b) that 

(3.50) 

i.e. " is only determined by those failures that belong to the ith subpopulation. 

3.7 • The EM Algorithm for the Mixed Weibull Distribution 

Almost all existing EM algorithms for the MLE of mixed distributions have the 

feature that, in the M step, the maximization of Eq.(3.19) can be expressed in 

explicit form. For example, Hasselblad (1966), Day (1969) and Wolfe (1970) used 

the iterative procedures to obtain the MLE of the mixture of two normal distribu-
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tions, with the successive estimates of the unknown parameters given by explicit 

formulas. Their procedures were essentially the EM algorithm of DLR's (1977). 

Unfortunately, for the mixed Weibull distribution, the maximum is no longer in an 

explicit form in the M step, because the MLEs of a single Weibull distribution are 

not in explicit forms. 

In this section the EM algorithm is applied to all the data collections described 

in Section 3.3. The likelihood functions of different data collections are different. 

In order to introduce the principle of the algmithm, a generalized sample and its 

likelihood function are described in Subsection 3.7.1. The EM algorithm. for the 

generalized sample is developed in Subsection 3.7.2. In the following subsections the 

algorithm is developed in more detail for each data collection followed by numerical 

calculations. 

3.7.1· Generalized Sample Description and its likelihood 

Let n be the total number of units in a reliability test, i.e. 

n = sample size, 

and let 

nn= total number of observations with failure mode unknown (non-postmortem), 

np= total number of observations with failure mode known (postmortem), 

therefore, 

Let 

n,= total number of non-postmortem individual failures, 

n,,= total number of postmortem individual failures, 

n,= total number of suspensions, 

(3.51) 



"/,,= total number of non-postmortem interval failures, 

nlp= total number of postmortem interval failures. 

Then we have 

Let 

t=tJ, j=l, ... ,Il" be non-postmortem individual failure times, 

78 

(3.52) 

x=xij, i=l, ... ,m, j=l, ... ,IlJd , be postmortem individual failure times, where IlJd is the 

number of failures belong to Subpopulation i, 

s=Sj, j=l, ... ,Il., be the times to withdrawals. 

Let 

Y=(Yl1""Y.)' and 0<Yl<Y2<'"<Y.< 00, theny partitions [0,00) into v+l intervals. 

Let 
III V 

nip = E E 'I}' where'ij' i=l, ... ,m, j=l, ... ,v, is the number of failures in the jth 
MM III 

interval with known failure mode ~ Then ',}= E 'ij is the number of failures 
v i-I 

in Interval j, and '" = E 'i} is the number of failures which belong to 

Subpopulation i. 
}-1 

Let 
v 

n
/n 

= E '}' where Tj,j=l, ... ,v, is the number of non-postmortem failures in the jth 
J-l 
interval. 

The above sample is a generalized sample which includes almost all possible data 

collections which will be encountered in practical applications. The log-likelihood 

function of this generalized sample is composed of the following five parts: 

1 - Non-postmortem individual data give the log-likelihood of 



II, 

Ll = E In[/(tj l1f)], ,-I 
where /(t I !') is defined in Eq.(2.1). 

2 - Postmortem individual data give the log-likelihood of 

IfI IfI ".11 

L" = :E nxi In(p,) + E E lnr.t; (x" I'll" P,)], '-I i-I J-l 

where /;(x 1110 f3;) is defined in Eq.(2.2). 

3 - Suspended data give the log-likelihood of 

". 
L3 = E In[R(s,I1f)], ,-I 

where R(s I 9') is defined in Eq.{2.3). 

4 - Non-postmortem interval data give the log-likelihood of 

" L4 = ETjln(P), 
j-l 

where ~ is defined in Eq.(3.35). 

5 - Postmortem interval data give the log-likelihood of 

IfI " m " 
L, = E E T"ln(P,) + E E T"ln(Pi,), 

i-I ,-I '-I ,-I 
where Pij is defined in Eq.(3.29). 
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(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

The log-likelihood function of the generalized sample, ignoring the constant with 
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respect to the parameter vector qr, is 

(3.58) 

Practically, a data set may be composed of some of these five data types, and the 

likelihood function is just the sum of the corresponding likelihoods. For example, a 

data set might have both postmortem and non-postmortem failures, and all times to 

failure were observed at points in time. The log-likelihood function is the sum of Ll 

and L 2• If, additionally, thi:; data set also has suspended observations, then the 

likelihood function is the sum of LIJ L2 and L J• The EM algorithm of this data set 

is developed in detail in Subsection 3.7.3. If a data set has both postmortem and 

non-postmortem failures, and all times to failure were observed in time intervals, and 

all suspensions were observed at points in time, then the likelihood function is the 

sum of L J , L" and L j • The EM algorithm of this data is developed in Subsection 

3.7.4. 

3.7.2 - The EM Algorithm for the Generalized Sample 

In Eq.(3.58) Ll and L2 are the likelihoods from individual observations, L" and 

L j are the likelihoods from interval failures, and LJ is the likelihood from suspended 

observations which can be classified as a special case of the interval observations, i.e. 

the failures will occur in interval (s"eo). On the other hand the data from which the 

likelihood L2 and L j are formed are postmortem. Apply Eqs.(3.25), (3.47), (3.41), 

(3.33) and (3.48) to quantify L 1, L 2, L J, L" and L" correspondingly. Then the log

likelihood function for complete data from the generalized sample is 

---- - --- -----~--------------------
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Lc(t,x,s,y,r,zl,zll,zm;"P) = 
m ~ M ~ 

E E ~(ln(p,)+ln~(tJITJ"P,)]} + E E (In(p,)+ln~(x'JITJ,,P,)]} 
'-I J-t '-I J-l 

M n. M v rJ (3.59) 
+ E E Zq{ln(P,)+ln[R,(sJITJ"P,)]} + E E E Zqk{ln(P,)+ln(Pq)} 

where 

and 

'=1 J=1 '=1 J=1 k=1 
m v 

+ E E rq{ln(p,)+ln(Pq)}, 
'=1 J=1 

>'. 

Pll = fl,(1: ITJ"P,)d1: = l-R;ly1 ITJ"P,), 
o 
>'J 

p'J = f I,('f: 1'1" P,)d'f: = Rj (YJ-1ITJ" P,) -R,(yJITJ" P,), 
>'1-1 

i = 1, •.. ,m, j =2, ... , v, 

>'. m 

PI = fl('f:I"P)d1: = Ep,Pll , 
o '-I 
>'J M 

PJ = f 1(1: I "P)d'f: = Ep,p'J' 
>' '-I N 

j =2, ... , v. 

Treating ZI, ZII and Zm as missing data, the E step is to evaluate 

or 

(3.60) 

(3.61) 



1ft II, 

Q(V,V(II» = E E E(zljlti , V(II»{ln(p,)+ln[f,(ti ITl" ~,)]} 
i-I i-t 

lit ".11 

+ E E {In(p,) +In[f,(X'i ITl " ~i)]} 
'-I i-I 
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II ". 

+ E E E(Z'ilsi' V(II»{ln(P,)+ln[R,(Si ITl" ~,)]} (3.62) 

where 

'=1 i=1 
lit l' '1 

+ E E E E(Z,}i;ly,TJ' 1f'(II» { In(p)+ln(P,)} 
I-I i-I k-I 
III l' 

+ E E T,j{ln(Pi)+ln(Pjj)} , 
I-I )-1 

(3.63) 

The M step is to find !"= !,,(1I+1) which maximizes Eq.(3.62) given E(zij I tjJ !,,(II)), E(zij I 
lit 

si' !'(It)), and E(Zijk ly,lj, !'(It)). Considering the constraint Epi=l, maximizing Q( ~ 
'-I 

!,(II)) in Eq.(3.62) with the constraint is equivalent to maximizing 

II 

Q,,(1f',1f'(II» = Q(1f', 1f'(II» -A,(Epi- 1), (3.64) 

'-I 
without constraint, where A, is the Lagrange multiplier. Taking the derivative of 

Eq.(3.64) with respect to PI and setting it to zero, the Lagrange multiplier, A, is found 

to be A=n, by multiplying 8QA/8PI=O by PI and summing over i. A new value of PI' 



83 

from the hth EM iteration, is 

(3.65) 

i=l, ... ,m. 

Taking the derivatives of Eq.(3.64) with respect to l1j and {3j, and setting them to zero 

yields 

and 

There are only two unknowns, 111 and {3j in Eqs.(3.66) and (3.67) knowing E(z/j I ti , 

'1'(/1»), E(z/j I s" '1'(/1»), and E(zljlt Iy, lj, '1'(/1»). They can be solved simultaneously using the 

Newton-Raphson method. PI is explicitly determined by Eq.(3.65). 
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3.7.3 • The EM Algorithm for a Sample with Individual Failures and Withdrawals 

3.7.3.1 • Derivation of the Algorithm 

If all failures as well as suspensions are observed individually, i.e. nIp and nln are 

zero, then the log-likelihood function for complete data can still be expressed by 

Eq.(3.59). The E-step of the EM algorithm can still be expressed by Eq.(3.62), but 

in Eqs.(3.59) and (3.62) 1j=0 and rij=O for allj=l, ... ,v and i=l, ... ,m. Similarly, the 

estimate of PI from the hth EM iteration is 

i=l, ... ,m, (3.68) 

and Eqs.(3.66) and (3.67) can be simplified as follows: 

First it can be shown that 

(3.69) 

and 

aln[R,(sITl" P,)] = ~(.!...)p, '=1 
, I , ... ,m. 

aTl, TI, TI, 
(3.70) 

Substituting Eqs.(3.69) and (3.70) into Eq.(3.66), recalling 1j=0 and rij=O, and 

rearranging yields 

It, II.d fl. 

E E(~JltJ' 1p<II» tj' + E x~' + E E(~J ISJ' 1p<II",>sj' 
TI:'- J-I J-l J-I (3.71) 

fir 

Similarly, 

E E(~ilti' 1p<II»+n,d 
i-I 
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and 

aln[R,(sltt"P,)] = -(,!",)P1ln('!"') '=1 , I , ... ,m. 
a P, tt, tt, 

(3.73) 

Substituting Eqs.(3.72) and (3.73) into Eq.(3.67), recalling rj=O and rij=O, and 

rearranging yields 

(3.74) 

Substituting Eq.(3.71) into Eq.(3.74) and simplifying, yields 

(3.75) 

Equation (3.75) has only one unknown, PI' It can be solved by the one dimension 

Newton-Raphson method (see Appendix B for details). 111 can be determined from 

Eq.(3.71) knowing PI' PI can be determined from Eq.(3.68) explicitly. 
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The algorithm for the MLEs of the parameters of a mixed Weibull distribution 

for the sample with individual failures and withdrawals can be summarized as 

follows: 

1 S . h ... I f (0) (0) d a(O) • 1 . tart WIt an ImtJa gue3s 0 Pi ,11i an fJi ,1= , ... ,m. 

2. In the hth iteration, calculate E(ZiJ I ti, '1'(/1» and E(Zil lSi' '1'(/1» using Eq.(3.63). 

3. In the hth iteration find the MLEs of Pi(/l+l), 11r+
1
) and (3i(/l+l), i=1, ... ,m, given 

E(Ziiltl' 'P(h» and E(Zi/lsi' '1'(/1» as follows: 

(a) Using the Newton-Raphson iteration find the MLE for (3/(/I+1) from 

Eq.(3.75). 

(b) Using Eq.(3.71) calculate 11i(/l+l). 

(c) Using Eq.(3.68) calculate p/h
+I

). 

4. Repeat Steps 2 and 3 until the desired accuracy is reached. 

Sometimes it is more convenient to initialize the EM iteration by assigning the 

"membership" to each non-postmortem observation. These memberships of the non

postmortem observations are the estimates of E(Zii I ti, '1'(0» and E(Zii lSi' '1'(0) for 

failures and suspensions, respectively. In this case the algorithm starts with Step 3 

and then calculates Step 2. The advantage of performing the EM algorithm by this 

sequence is that the membership estimation can easily be obtained from the 

probability plot or histogram of the data at hand. For example, if we know that, from 

the probability plot, tl1 ... ,tk are very likely drawn from Subpopulation 1, then E(Zll I 
tl, '1'(0)=1, for j=1, ... ,k. 

The one dimension Newton iteration converges very fast, but it requires that the 

initial guess is close enough to the solution, otherwise, it will diverge. In this study, 

the initial guess for {3/ is determined by the percentile estimator (Mann et a1., p.188), 

i.e. 
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p_ -2.99 , 

1n(tao.1673n] + l~ -1n(tao.9737n] + l~ 
(3.76) 

where 0 < t1 < t2 < ... < t" < 00 are the observations of the order statistics of T, 11 is 

the sample size, and [x] of the bracketed quantities is the maximum integer less than 

or equal to x. 

3.7.3.2 - Numerical Examples 

Example 3.1 - From graphical studies on two-Weibull mixtures in Section 2.5.1, it 

was found that the cdf curves of the mixtures on Weibull paper may be classified 

into six types, namely, Type A through F. The Type A, E and F curves represent 

cdfs which are composed of two well-separated subpopulations, and their parameters 

can be estimated through graphical methods. The Type B, C and D curves represent 

cdfs which are composed of two well-mixed subpopulations to which the graphical 

method can not be applied. In this example the proposed algorithm is used to 

estimate the parameters of all six types of curves assuming that the data are 

non-postmortem. 

Six sets of data were generated by Subroutine WEll given in Appendix C. Table 

3.1 gives the data description from which the exact same data can be reproduced. 

For each set of data the iteration started from 9 different initials. The first K 

observations were assigned to Subpopulation 1 and the remaining were assigned to 

Subpopulation 2, where K=20(20)180, or P(ll t)=l, j=l, ... K, and P(ll t)=O, 

j=K+1, ... ,200. The computations stopped when the relative errors of all five 

parameters, say p, "11' f317 "12 and f32 reached 10-4• Taking "11 as an example, the 

relative error is defined as !'11 =(1l~Ia+l)-'111a~/1l~1a). The MLEs of the parameter sets 

and the log-likelihood, and the number of the EM iteration are given in Tables 3.2 

.- ... _-_._---.---



Table 3.1 -The data description for Example 3.1. 

Type of curve Type A TypeB T~eC TypeD TypeE TypeF 

Random number generator: WEll, Sample size: 200 

Seed -121 -137 -162 -311 -627 -413 ! 

Input parameters 

p 0.30 0.30 0.30 0.30 0.30 0.30 

1Ii 5.00 5.00 5.00 5.00 5.00 5.00 

f31 1.00 1.00 1.00 1.00 1.00 1.00 

112 0.05 0.50 5.00 20.0 50.0 500.0 

i32 3.00 3.00 3.00 3.00 3.00 3.00 

Table 3.2 - The maximum likelihood estimates for Example 3.1. 

T~ofcurve T~eA T}'PeB Typ_e C T}'Pe D TypeE TypeF 

ft 0.2977 0.3101 0.2999 0.29013 0.3103 0.3099 

.q1 5.4305 4.8613 5.9266 4.54996 4.4561 4.7143 

p, 1.1856 1.2259 1.2141 0.8587 1.0138 1.1458 

.q,. 0.0524 0.4948 4.5724 20.038 49.584 483.49 

p., 3.3212 3.1405 2.7242 2.9178 3.3844 2.9428 

L -111.2528 -189.2710 -450.2631 -686.4501 -831.2038 -1175.382 ~ 



Table 3.3 - The number of the EM iterations from each initial guesso 
------- --~ -

Type of curve Type A TypeB TypeC TypeD TypeE TypeF 

Initial K· P(1ltJ=l, j=l, ... ,K and P(1ltJ=O, j=K+l, ... ,200. 

K= Number of iterations 

20 23 (46
0

) (**) 91 28 9 

40 14 27 (*.) 85 25 6 

60 12 24 143 63 20 4 I 

! 

80 11 21 128 72 32 10 

100 10 19 116 81 41 13 

120 9 17 97 86 45 14 

140 6 11 89 90 47 15 

160 9 17 113 94 49 17 

180 12 21 .(102
001 99 52 19 

• Sequence converges to a local maximum where LO=-290.6227 . 

•• Sequence tends to a pathological solution, see Section 3.7.4.3 for details. 

* •• Sequence converges to a local maximum where LO=-451.5899. 

~ 
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and 3.3, respectively. From the results the following may be seen: 

1. The estimates vary randomly around the input parameters used for data 

generation. 

2. Generally, the number of iterations are few when the subpopulations are well 

separated. 

3. Multiple local maxima have been found, and detailed discussion is given in 

Subsection 3.7.4.3. 

4. The algorithm is not sensitive to the initials. For the data generated from 

Types B, D, E and F curves, started from 9 different initials, the iterations 

converge to the same point. 

Example 3.2 • A set of data were generated from a three-subpopulation, mixed

Weibull distribution by Subroutine WEll. The data description is given in Table 3.4. 

200 times to failure were generated. It was assumed that all 200 items were tested 

to failure. Two local maxima were found. Each local maximum can be reached from 

several initial guesses, and only one of the initial guesses is listed in Table 3.4. Also 

the value of the log-likelihood function for each maximum is given in Table 3.4. The 

probability plot of this data set and the plots of the estimated distributions from the 

two local maxima, are given in Figure 3.4. The discussion of the multiple local 

maxima is given in Section 3.7.4.3. 
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Table 3.4 • Data description and output for Example 3.2. 

Random number generator: WEll (Seed=-173) 

Sample size: 200 

Input parameters p=(0.1,004,0.5), ".,=(0.2,1.0,5.0) and (3=(2.0,4.0,6.0) 

Initial guess Output 

The first p(O) = (0.05,0.05,0.90) p=(0.05347,0.39090,0.55563) 
local ".,(0)=(0.13,0.35,3.6) ".,=(0.14052,0.94768,5.06862) 
maximum (3(0)=(6.5,3.6,1.6) (3=(5.94627,3.32962,6.21196) 

L=-301.45367 

The second p(O) = (0.5,0.25,0.25) p=(Oo44910,0.27300,0.27790) 
local ".,(0)=(1.1,4.5,5.7) ".,=(0.87185,4040218,5.57546) 
maximum (3(0)=(1.0,13.0,14.0) (3=(2.08856,7.05203,11.06829) 

L =-315.82144 

Example 3.3 - A set of data of size 500 were generated from a five-subpopulation 

mixed Weibull distribution by Subroutine WEll. The data description is given in 

Table 3.5. Starting with the initial guess of the parameters given in Table 3.5, after 

Table 3.5 • Data description and output for Example 3.3. 

Random number generator: WEll (Seed=-171) 

Sample size: 500 

Input parameters p=(0.05,0.10,0.20,0.25,0040), ".,=(0.2,1.0,5.0,20.0,50.0) 
and /3=(2.0,3.3,3.5,5.0,5.0) 

Initial guess Output 

p(O) = (0.06,0.10,0.20,0.24,0.40) p=(0.0466,0.0774,0.2051,0.2481,0.4229) 
".,(0)=(0.27,1.68,6.76,21.0,49.6) ".,=(0 . .2105,0.9952,4.9832,19.812,48.812) 
(3(0)=(2.0,2.0,2.3,6.4,5.6) (3=(2.9257,3.1243,3.3055,5.5176,5.0335) 

L=-1934.5352 
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32 iterations the relative error of 10-4 was reached for a1114 parameters. From this 

example it may be seen that the proposed algorithm is powerful. 

Example 3.4 - Estimate the parameters of a two-Weibu11 mixture from the data given 

in Tables 4.1 and 4.2 of Sinha (1986) (Appendix F). These data were generated from 

a two-subpopulation, mixed Weibu11 distribution with parameters: 

p=0.3333, 'II =250 homs, 1'Jz=375 hours, PI =1 and Pz=1. 

From the first subpopulation 50 times to failure were generated and from the second 

subpopulation 100. It was assumed that the test is terminated at 650 hours. In the 

first subpopulation 47 times to failure were less than 650 hours and in the second 

subpopulation 86 times to failure were less than 650 hours, hence 

n=150, 71=47 and 7z=86. 

Using the algorithm derived in this section, the MLEs were found. These MLEs are 

listed in Table 3.6, compared with the solution of Sinha. The relative error is 10-4 for 

all 5 parameters. The CPU time was 1.3 seconds on a VAX 8650 computer. It can 

be seen that the results obtained in this paper and those obtained by Sinha (1986) 

agree well. It implies that the EM algorithm proposed in this study is a very efficient 

tool for the MLE with postmortem data. 

Example 3.5 - A sample of 208 observations of a gas generator were observed by 

Natesan and Jardine (1986). There were 39 failures and 169 suspensions which were 

withdrawn randomly from the test. In their study, the failure observations were 

collected and new increments, order numbers and median ranks were calculated 

using the method of Kapur and Lamberson (1977). The median ranks were plotted 

on Weibu11 probability paper, and the points on the plot fell closely to two line 



Table 3.6 - Comparison of the results obtained in this example and in Sinha~ 1 

Results of this paper Results of Sinha r8, pp.1151 

p=0.3533 p=0.35325 

";1=277.0 ";1 =277.8026(179.4046·) 

";2=320.7 ";2=322.0543(619.7663·) 

131=0.9290 PI =0.92229 

132=1.120 P2=1.11336 
CPU = 1.3 seconds (VAX 8650) N/A 
E'=1O-4 N/A 

'" 81 ='';~1=277.8026'>·92229=179.4046 and 82=..;:2=322.05431•11336=619.7663 

were obtained by Sinha (1986, p. 115). 
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986). 

segments. These median ranks have been replotted in Figure 3.3 of this study. A two

Weibull mixture was assumed. The observations were grouped into two subpopulat

ions by a graphical examination. 138 out of 208 observations were grouped into 

Subpopulation 1, and the rest of the observations were grouped into Subpopulation 

2. The parameters of each subpopulation were estimated from separate probability 

plots. For each probability plot the median ranks were determined based on the size 

of each subpopulation. The fitted distribution function was 

_( t-YI)PI _(t-Y2l 2 

Q(t) = P1 [l-e 111 ] + (I-P1) [l-e 112 ], 

where PI=138/208=0.6635, YI=O, 111=13,000, f31=0.99, Y2=3,750, 112=6,925 and 

f32=1.22. The fitted cdf is plotted in Figure 3.3. 

The same data set has been fitted with a two-Weibull mixture using the EM 

algorithm developed in this section. To initialize the EM sequence, the first 20 

failures were assigned to Subpopulation 1 and the rest of the observations were 
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Figure 3.3· The Weibull plot of the raw data and the fitted cdf curves for 
Example 3.5. 
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assigned to Subpopulation 2. After 145 iterations the EM sequence converged to 

P1=0.4937, ""1=16,204.7, f31=0.8891, ""2=5,864.18 and f32=6.2146 with an error of 10-4
• 

The fitted cdf curve is given in Figure 3.3 compared with Natesan and Jardine's 

result. It can be seen that the MLE through the EM algorithm gives a much better 

fit. The maximum distances between the median ranks and the fitted cdf curve were 

calculated for both methods, and it was found that Dmta=0.3023 for Natesan and 

Jardine's estimate and Dmta=0.0556 for the MLE. 

3.7.4· The EM Algorithm for a Sample with Grouped Failures 

3.7.4.1 • Derivation of the Algorithm 

If all failures are observed in time intervals, then in Eq.(3.59) n,=O and nzj=O for 

i=1, ... ,m; consequently, the log-likelihood function for complete data becomes 

'" II, 

Lc(s,y,r,zll,Zm; 'J!) = E E Zq{ln(p,) +In[R,(s} ITI"P,)] } 
1=1 }=I 

'" v ~ '" v 
(3.77) 

+E E E ZUk{ln(P,)+ln(PU>} +E E rq{ln(p,)+ln(PU>}. 
I-I }-I k-I I-I }-I 

The E-step becomes 

.. II, 

Q('J!, 'J!(II» = E E E(Z" Is}, 'J!(")]){ln(PI)+ln[R,(s}ITI" P,)] } 
' .. I }=I (3.78) 

'" v 'J '" v +E E E E(Z'}kly,r}, 'J!("»{ln(PI)+ln(P,)} +E E rl}{ln(pI)+ln(P,)}, 
I-I }-I k-I I-I }-I 

The estimate of Pi becomes 
~ v ~ v 

p:"+I) = l{E E(z,} Is}, 'J!("» + E E E(Z'}kly,r}, 'J!("» + E r(f}' (3.79) 
n }=I }=I k .. t }=I 

i=l, ... ,m. 

The likelihood equations for ""i and f3i become 
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. (3.80) 

and 

(3.81) 

There are only two unknowns, 'TIl and f31 in Eqs.(3.80) and (3.81) knowing E(z;; I Sj, 

'P(h)) and E (Z;;k I y, 'i, 'P(h»), they can be solved simultaneously using the two dimensional 

Newton-Raphson method which is developed in detail in Appendix B. PI is explicitly 

determined by Eq.(3.79). 

H the variances of the subpopulations are relatively large compared with the 

length of the intervals, then the PIj in Eq.(3.60) can be approximated by the length 

of the jth interval multiplied by the pdf evaluated at the class midpoint i.e. 

(3.82) 

where 

In Eq.(3.80) 
aln(p'l _ 1 ap,) _ 4X) a!,(X) I'll" P,) 

a '1'1, - P,j a'll, - !,(Xj I '1'1 " P,)4Xj a'll, 

or 
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(3.83) 

Similarly, in Eq.(3.81) 

aln(p'J) ::I alnl!, (xJI'I" P,)] 
ap, ap, 

(3.84) 

Substituting Eqs.(3.83) and (3.84) into Eqs.(3.80) and (3.81), using Eqs.(3.69), (3.70), 

(3.72) and (3.73), and rearranging yields 

(3.85) 

and 

where 

(3.87) 

and 

(3.88) 

For the approximate solution 
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(3.89) 

The proposed algorithm for the exact (or the approximate) MLE of a 

mixed-Weibull distribution can be summarized as follows: 

1 S . h ... I f (0) (0) d a(O) • 1 . tart Wit an ImtIa guess 0 Pi , l1i an ,.,i ,1= , ... ,m. 

2. In the hth iteration, calculate the E(Zij I Sj, '1'(/1» and E(Zij "Iy, Sj, '1'(/1» using 

Eq.(3.63) for the exact solutions, or using Eq.(3.89) for the approximate 

solutions. 

3. In the hth iteration for the approximate solutions, find the MLE of p/h
+

1
), 

l1r+1) and f3r+1), for i=l, ... ,m, given E(ZijISj, '1'(h» and E(zlj"ly, Sj, '1'(/1», as 

follows: 

(a) Using one dimensional Newton-Raphson method, solve for f3r+1) from 

Eq.(3.86). See Appendix B. 

(b) Using Eq.(3.85) calculate l1r+1), knowing f3r+1). 

(c) Using Eq.(3.79) calculate Pi(/l+I). 

For the exact solutions use the following procedure: 

(a) Using the two dimensional Newton-Raphson method, solve for 111(/1+1) 

and f3r+1) simultaneously from Eqs.(3.80) and (3.81). The approximate 

solution can be used as the initial guess. 

(b) Using Eq.(3.79) calculate PI(/I+l). 

4. Repeat Steps 2 and 3 until the desired accuracy is reached. 
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For the two dimensional Newton-Raphson method the initial point of the 

iteration is very crucial. To obtain the exact solution of Eqs.(3.80) and (3.81), taking 

the approximate solution of Eqs.(3.85) and (3.86) as the starting point is strongly 

recommended. 

3.7.4.2 - Numerical Examples 

Example 3.6 - 1,000 observations are generated from subroutine WEll which is given 

in Appendix C, with input parameters PI = 0.5, 7'Jl = 5.0, 7'J2 = 50.0, f31 = 0.8 and 

f32=3.0, and the seed of -131. The data are assumed to be non-postmortem. 

Case 1 - Assume that 1,000 observations were observed individually, i.e. the 

observations are ungrouped. Using the algorithm developed in Section 3.7.3, the 

MLE of the parameters for a two-Weibull mixture were obtained and are listed in 

Table 3.7. The error was 10-4
• 

Case 2 - Assume that the test was terminated at time 88. These 1,000 observations 

are grouped into a total of 89 intervals. The observations in the first 88 intervals are 

assumed to be failures, and the observations in the last interval are assumed to be 

survivals. The first 88 intervals are equally spaced with the interval width of 1.0. The 

last interval starts at 88 and goes to infinity. See Table 3.8. In Table 3.8, j is the 

interval number, Tend is the end point of the interval and the starting point is the end 

point of the previous interval. jj is the number of observations in the jth interval. 

The MLE of the parameters for a two-Weibull mixture are estimated using the 

two methods derived in Section 3.7.4.1. The first method gives the exact solution, and 

the second gives the approximate solution. For each solution several initial guesses 

of the parameter set were used and they converged to a common point which is 

given comparatively in Table 3.7. The error was 10-4
• 

Case 3 - Assume that, as in Case 2, the test was terminated at time 88. The times 
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to failure were grouped into 44, 22 and 11 equally spaced intervals with the interval 

width of 2.0, 4.0 and 8.0, respectively, and the last interval for each partition case 

was from 88 to infinity. The reader can obtain the number of observations in each 

interval for each partition from Table 3.8. For example, for the case of the 

45-interval partition, the number of observations in the first interval which starts at 

zero and goes to 2.0, is 108+70= 178, with the help of Table 3.8. The same 

procedure as used in Case 2 was followed. Both the exact solution and the 

approximate solution were obtained. The results are listed comparatively in Table 

3.7. 

It is known that the complete sample, as assumed in Case 1, provides all of the 

times to failure, except the failure mode of each failed unit. The grouped data can 

not provide the exact time to failure and only gives the time intervals in which the 

failures fell. Thus the grouped data provides less information than the complete 

T bI 37Th MLE f Ex I 3 6 a e • - e so amp:e .. 
Method Data p "1 "2 P1 P2 

Complete sample: 0.4571 4.624 50.242 0.8295 3.055 

Grouped sample: 

Exact 89 intervals 0.4551 4.591 50.166 0.8384 3.043 

45 intervals 0.4590 4.710 50.332 0.8256 3.064 

23 intervals 0.4645 4.800 50.553 0.7833 3.082 

12 intervals 0.4562 4.806 50.268 0.8539 3.004 

Approx. 89 intervals 0.4324 4.214 49.214 0.9869 2.888 

45 intervals 0.4210 4.203 48.696 1.1265 2.796 

23 intervals 0.4053 4.342 47.874 1.4504 2.646 

12 intervals 0.4230 5.980 48.899 1.956 2.775 
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T bl 38Th d 1 ~ Ex 1 36 a e . . e JII'ouoe samo.e or ample . . 
j T...." f: ; T /; j T_ .. f: ; T_ f: 
1 1.0 108 26 26.0 5 51 51.0 16 76 76.0 3 

2 2.0 70 27 27.0 9 52 52.0 15 77 77.0 2 

3 3.0 63 28 28.0 7 53 53.0 8 78 78.0 2 

4 4.0 30 29 29.0 5 54 54.0 10 79 79.0 1 

5 5.0 33 30 30.0 12 SS 55.0 7 SO SO.O 0 

6 6.0 20 31 31.0 16 56 56.0 8 81 81.0 2 

7 7.0 22 32 32.0 16 57 57.0 12 82 82.0 1 

8 8.0 15 33 33.0 9 58 58.0 11 83 83.0 1 

9 9.0 12 34 34.0 7 59 59.0 8 84 84.0 0 

10 10.0 16 35 35.0 12 60 60.0 5 85 85.0 0 

11 11.0 10 36 36.0 14 61 61.0 14 86 86.0 1 

12 12.0 16 37 37.0 10 62 62.0 8 87 87.0 0 

13 13.0 10 38 38.0 10 63 63.0 9 88 88.0 0 

14 14.0 5 39 39.0 8 64 64.0 6 89 >88.0 3 

15 15.0 10 40 40.0 19 65 65.0 6 

16 16.0 6 41 41.0 16 66 66.0 9 

17 17.0 7 42 42.0 13 67 67.0 8 

18 18.0 8 43 43.0 10 68 68.0 5 

19 19.0 6 44 44.0 11 69 69.0 5 

20 20.0 8 45 45.0 15 70 70.0 2 

21 21.0 3 46 46.0 10 71 71.0 3 

22 22.0 6 47 47.0 15 72 72.0 4 

23 23.0 9 48 48.0 10 73 73.0 5 

24 24.0 8 49 49.0 11 74 74.0 2 

25 25.0 11 50 50.0 12 75 75.0 4 
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sample. Therefore, the MLEs in Case 1 represent the unknown parameters best if 

the effect of the limited sample size on the variation in the estimates of the 

parameters is disregarded. In this example, using the exact method, the MLEs of 

each parameter from the grouped data with different partitions are close. For the 

approximate method, it can be seen that as the interval width increases, in general, 

the MLEs get worse compared with the MLEs from the complete sample. Also, the 

exact method gives much better estimates than the approximate method. 

Example 3.7 • The postmortem data given in Tables 4.1 and 4.2 of Sinha (1986, 

pp.113-114) have been grouped and are listed in Table 3.9. The sample size is 150. 

47 failures belong to Subpopulation 1,86 failures belong to Subpopulation 2, and 17 

survive at the time of 650 hours. The exact solution was obtained. The algorithm 

starts from several initial guesses and converges to the solution listed in Table 3.10 

comparatively with the MLE when the data are ungrouped. On the average, 45 

iterations (approximately 1.5 seconds CPU time on VAX 8650) were needed to 

obtain the solution with an error of 10-4
• This example indicates that the algorithm 

derived in Section 3.7.4.1 is efficient for solving the MLE for grouped postmortem 

data. Also it can be seen that the MLEs from grouped and ungrouped data are 

relatively close. 

3.7.4.3· Discussion of the EM Algorithm and the MLE 

The EM Algorithm and its Convergency 

In general the EM algorithm is an iterative procedure which takes advantage of 

the simple parameter estimation procedure when data is complete data, and is used 

to obtain the parameter estimates when the data is incomplete data. For example 

Eq.(3.49) is the likelihood function of a complete data, and the MLEs can be easily 

determined from Eq.(3.50). Compared with incomplete data, complete data provides 
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Table 3.9· The grouped data for Example 3.7. 

Interval Time interval, Observations Observations 
number, hours in Sub. 1 in Sub. 2 

j Iii f2j 

1 0-50 10 7 

2 50 - 100 8 19 

3 100 - 150 6 13 

4 150 - 200 4 8 

5 200 - 250 3 8 

6 250-300 5 5 

7 300 - 350 2 4 

8 350 - 400 3 5 

9 400 - 450 0 6 

10 450 - 500 1 0 

11 500 - 550 2 3 

12 550 - 600 2 4 

13 600 - 650 1 4 

14 > 650 17 



Table 3.10· The MLEs of Example 3.7. 

Method Sample MLE of the parameters 

P "1 " PI P2 112 

The EM Ungrouped 0.3533 277.0 320.7 0.9290 1.120 

algorithm sample 

Sinha (1986 Ungrouped 0.3533 277.8 322.1 0.9223 1.113 

p.115) sample (179.40') (619.77") 

The EM Grouped 0.3616 290.9 312.6 0.8760 1.133 

algorithm sample 

* 81 =,,~1=277.80260.92229=179.4046 and 82=,,:2=322.0541•11336=619.7663 

were obtained in Sinha (1986, p. 115). 

104 

additional information. For a finite mixed population a postmortem observation 

provides both the failure time and failure mode of a failed unit. Failure mode is not 

available for a non-postmortem or survived observation. Therefore non-postmortem 

or non-failed observations are incomplete data. 

Our objective is to find ,,= + maximizing the log-likelihood function for an 

incomplete data set, t. Since the complete data set is unobservable, we replace the 

log-likelihood of a complete data set by its conditional expectation given t and 

current fit !"(/I). This is the E(Expectation)-step. The M(Maximization)-step is 

accomplished by finding !,,(/I+I) which maximizes the above conditional expectation. 

Starting from an arbitrary initial guess, say !,CO), a very important feature of the EM 

algorithm is that the log-likelihood function can never be decreased after an EM 

-- ---- - --- --------------------------
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sequence. Hence, the log-likelihood function for the mixture models satisfies 

L(t; 'P(h+l»~L(t; 'P(h», 

which implies that L(t; ,,(/I) converges to some L(t; ".) for a sequence bounded from 

above. It needs to be noted that the convergence of L(t; ,,(II) to L(t;!"') does not 

automatically imply the convergence of ,,(/I) to a point !"', which relies on the 

behavior of the likelihood function, L. It has been shown (Bain 1978, p.209) that, in 

the hth iteration, the M-step produces unique solutions of Eq.(3.75) which are 

continuous in 'P(") and 'P("+I). If 'P("+I) - 'P(/I) - 0 and the limit points are discrete, then 

from Theorem 6 of Wu (1983), 'P(/I) converges to a stationary point 'P. with L(t; 'P.) 

=L·. Numerically, the convergence criterion of the proposed algorithm has been set 

up such that Ep=('P("+I)- 'P(It)I'P(/I) - 0, then 'P(/I) - 'P •• From numerical computations 

given in the previous subsections, it has been verified that all limit points are local 

maxima through the first order and the second order derivatives of L. For more 

detailed mathematics the reader may refer to Dempster, Laird, and Rubin (1977) 

and Wu (1983). 

Multiple Local Maxima 

From numerical calculation it has been found that multiple local maxima exist 

for the log-likelihood function of the mixed Weibull distribution. In Example 3.1 two 

local maxima were found for the data generated from Types Band C curves, 

respectively. In Example 3.2 two local maxima were found. All these local maxima 

possess zero first order derivatives and a negative definite second order derivative 

matrix of the log-likelihood function. 

It is not difficult to determine the largest local maximum among the available 

solutions by choosing the solution with the largest maximum value of the log-
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likelihood. The difficulty is to find all the local maxima. As Redner and Walker 

(1984) pointed out, there is currently no adequately efficient and reliable way of 

systematically determining all local maxima. From the author's experiences the 

graphical examination method is recommended. The raw data and the fitted cdf 

curves from two local maxima of Example 3.2 were plotted in Figure 3.4. Curve 1 

which was the result from the larger local maximum is acceptable, and the searching 

of the largest maximum may stop after such a fitted curve has been found. If Curve 

2 is found first, further searching is needed. In addition, the following goodness-of-fit 

test may help us to stop further searching for the largest maximum. Chi-square 

goodness-of-fit tests were conducted for Curves 1 and 2 of Figure 3.4. The time axis 

was divided into 21 intervals. The first 20 intervals are started at zero to 6.0 with 

increment of 0.3. The 21st interval starts from 6.0 to infinity. The chi-square statistic 

was calculated from 

where 

Il = sample size, 

IlJ = number of observations in the jth interval, 

P
J 

= area under the fitted pdf curve and within the jth interval. 

Since 8 unknown parameters were estimated from the data, the degrees of freedom 

of the chi-square statistic is 21-1-8=12. The observed ~ value for Curves 1 and 

2 are 

~(Curve 1) = 13.71857 and ~(Curve 2) = 32.6677. 

The critical value at the significance level of 0.05 is ~12.a.os = 21.03. Compared with 
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Figure 3.4 - The Weibull plots of the raw data and the fitted curves of two local 

maxima for Example 3.2. 
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the observed Z values it can be seen that Curve 2 is rejected. This agrees well with 

the graphical examination method. 

Pathological Solutions 

Two EM sequences from the data generated from Type C curve of Example 3.1 

were found to be pathol~gical. See Section 3.4.3 for the definition. During the EM 

iteration the shape parameter f31 was increasing sharply and exceeded a value of 100, 

when the corresponding mixing weight, PI - lin, and 711 - tn where n, is the 

sample size and tl is the smallest observation. From Section 3.4.3 the pathological 

sequences are expected, and the iteration should be restarted from new initial 

guesses of the parameter set. 

3.8 - Newton-Raphson Method and the Asymptotic Distribution of t 
In this section the Newton-Raphson method for the MLE of mixed Weibull 

distributions is developed. The purposes of using the Newton-Raphson method are 

the following: 

Refine the MLE obtained from the EM algorithm developed in Section 3.7. 

Verify the maximum of the log-likelihood function. The zero of the first order 

derivative vector and the negative definite second order derivative matrix of 

L at t implies that t is a local maximum of L. 

Obtain the asymptotic distribution of t. 
3.8.1 - Introduction 

To Maximize the log-likelihood function such as Eq.(3.12) the following 

procedure may be employed. LetL=L(!') =L(t; P) defined over the parameter space 

e. We shall consider situations in which the point t at which L(!') is maximized 

is a local maximum and satisfies the likelihood equation Eq.(3.13), i.e. 
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Suppose that ",(0) is an initial guess of + and expand function U(!') in a Taylor 

series about ",(0) to first order. This gives 

(3.90) 

where G(!') is the kxk matrix with entries 

(3.91) 

Since U( t) = 0, Eq.(3.90) yields the approximation 

(3.92) 

In practice, Eq.(3.92) is written in the form 

(3.93) 

Equation (3.93) is an iteration procedure. In the hth iteration a new value of '" is 

calculated from the value obtained from the previous iteration. Starting from an 

initial guess, '" (0), the iteration sequence may converge to the solution 

of U( t) = O. This procedure ,is usually called the Newton-Raphson iteration 

procedure. The Newton-Raphson iteration converges quadratically to the solution 

of U( t) = 0 provided that the initial guess, ",(0), is close enough to t (Conte, 

1980). 

3.8.2 • The Newton.Raphson Method for the MLE of Mixed Weibull Distributions 

In this subsection the Newton-Raphson method is employed directly to solve for 
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the maximum of the log-likelihood function of the generalized sample in Eq.(3.58). 

Without adding any confusion let's redefine the terms used in Eq.(3.58) as follows: 

Letf(t)=f(t I 'P),flt)=flt I 'rI;,f3J,R(s)=R(s I 'P) andRls)=Rls I 'rI/Jf3J. Then Eq.(3.58) 

can be rewritten as 

ft, l' ". • 

L = E 1n[J(9] + E 7) In (p) + EIn[R(s)]+En%lIn(p,) 
)=1 )=1 )=1 '=1 (3.94) 

m ~ m v m v 

+ E E 1nrJ,(xjj)] + E E ri)ln(pj) + E E rjjln(Pij)' 
i-I )-1 i-I )-1 i-I j-l 

For the MLE of the mixed Weibull distribution the first order derivative vector in 

Eq.(3.93) becomes 

where 

(3.96) 

(3.97) 



The second order derivative matrix G(!') is 

&L &L &L 
o,,~ o"laPl c31l lapl 

&L &L &L 
aPl""l ap~ aplapl 

&L &L &L 
apt"" 1 aptaPl ap~ 

G(!') = 

&L &L 
at} lm,,,, c31l lap", 

&L &L 
aplm,,,, aplap", 

&L &L 
apl""'" aplap", 

&L &L 
""! m,,,,ap,,, 

&L &L 
ap"'''''1II ap! 

111 

(3.99) 



The entries of Eq.(3.99) are 

{
I, k=i, 

q= 
0, otherwise, 

{
I, k=i, 

q= 
0, otherwise, 
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(3.100) 

i=I, ... ,m, k=I, ... ,m, 

(3.101) 

i = 1, ••• ,m, k= 1, .•. ,m, 
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(3.102) 

(3.103) 

i=l, ... ,m, k=l, ... ,m, 
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(3.104) 

i=l, ... ,m-l, k=l, ... ,m, 

(3.105) 

i=l, ... ,m-l, k=l, ... ,m, 
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where 

and 

aRieS) =Rj(s)i!(-!l', 
m,j 11j 11, 

aR,(s) = _ Rj(s) ( .!.-)PI In(.!.-), 
ap, 11j 11, 

cPR,(s) =Rj(s)( ~)2(.!.-)PI[('!'-)p
'
- 1-..!.], 

m,~ 11, 11, '1'1, P, 
(3.107) 

cPRj(s) ";R,(s)[ln(.!.-)]2(.!.-)P1[(.!.-)P'-l], 
ap~ 11, 11, 11, 

cPRj(s) =R,(s)i!(.!... )PI{1.. +In(.!.-)[1-(.!... )P1n. 
m,jap, '1'1, 11, p, '1'1, '1'1, 
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From Eq.(3.60) it is known that 

Hence the partial derivatives of Pq in Eqs.(3.96) through (3.105) can be written in 

terms of the partial derivatives of Rly), i.e. 

(3.108) 

where the partial derivatives of Rly) are given in Eq.(3.107). 

Finally the Newton-Raphson iteration procedure for the MLE of mixed Weibull 

distributions can be summarized as follows: 

1. Start with an initial guess of rp(O) = (PI (O), ... ,P ... _1 (0),111 (0), ... ,11 ... (0),{31 (O), ... ,{3m (D)). 

2. knowing rp(/l-l) in the hth Newton-Raphson iteration: 

a) Calculate the second order derivative matrix G( rp(/l-l)) in Eq.(3.93) from 

Eqs.(3.99) through (3.108). 
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b) Calculate the inverse matrix of G('P(1a-I), [G('P(h-'))J -I (Press et at., 

1986). 

c) Calculate the vector U('P(1a-I) in Eq.(3.93) from Eqs.(3.95) through 

(3.98) with Eqs.(3.106) through (3.108). 

3. Calculate the new value of 'P, 'P(h), from Eq.(3.93) knowing [G( 'P(1a-I) ]-' and 

U('P(1a-I). 

4. Repeat Steps 2 and 3 until the desired accuracy is reached. 

In this study the Newton-Raphson method has been applied to refine the MLE 

obtained from the EM iteration. The iteration of finding the MLE for a data set 

starts with the EM algorithm. When the estimate is close enough to a local 

maximum, switch the iteration to the Newton-Raphson procedure. This two step 

iteration procedure has the following advantages: 

1. It is insensitive to the initial guesses of the parameter set. 

2. The solution has smaller error compared with the solution obtained from the 

EM algorithm only. 

3. The first and the second order derivatives of the log-likelihood function can 

be obtained; consequently, the local maximum obtained for the iteration 

procedure can be verified. 

4. The covariance matrix of the asymptotic normal distribution of , can be 

obtained. See next subsection for the details. 

3.8.3 • The Asymptotic Distribution of ., 

If the MLE, , is obtained by the Newton-Raphson method, or if it is refined 

by the Newton-Raphson method, then, from Eq.(3.15) the observed information 

matrix, 10 can be obtained from Eq.(3.99), i.e. 
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which is the second order derivative matrix of L evaluated at t. From Eq.(3.16) 

the covariance matrix of fj is 

the inverse matrix of 1
0
(t), and the pdf of t is given in Eq.(3.17). 

The following is an example of the application of the Newton-Raphson 

procedure in the parameter estimation of mixed Weibull distributions. 

Example 3.8 - A data set was generated by subroutine WEll given in Appendix C. 

The seed for WEll was -1317, the sample size was 200, and the input parameters 

were P1 =0. 7, 111=0.5, f31=3.0, 112=5.0, and f32=1.0. 

The EM sequence started from 

'1'(0)=(P/0), 11/°), f3/0), 11/°), f3l») =(0.5, 0.419, 4.206, 3.298, 0.876). 

After 16 EM iterations 

'1'(16)=(0.7045, 0.5185, 3.2643, 5.8699, 1.1693), 

the log-likelihood function 

L= -195.327020633, 

and the first order derivatives are 

U('1'(16»)=(-7.7605X10-2, -0.1042, 1.108X10-2, -3.0256X10-J
, -2.563 X 10-2). 

After an additional 5 Newton-Raphson iterations were performed, fj becomes 

t = (0.7043, 0.5185, 3.2641, 5.8706, 1.1695), 

and the log-likelihood function increased up to 

L= -195.32698444. 
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The first order derivatives at tare 

U( f) = (-3.04S1xl0-3, -2.3338xl0-4, 2.142Sxl0-', -4.6622xl0-6, -3.9296xl0-s) 

The second order derivative matrix at t is 

-0.2727xlQl -0.4001xl()2 0.3688xl0 0.1487xl0 O.I240xl()2 

-0.4001 xl()2 -0.4SS0xl<r 0.SI84xl()2 0.4870xl0 O.I022xl()1 

10= 0.3688xl0 0.SI84xl()2 -0. 1807 x 1()2 -0.4708 -o.3271xl0 . 

0.1487xlO 0.4870 x 10 -0.4708 0.21S1xlO O.600SxlO 

-0. 1240 x 1()2 0.1022xl()2 -0.3271xl0 0.600Sxl0 -0.63S4xl()2 

The eigenvector of 10 is 

l=(-63.58098, -1.50511, -17.27498, -4551.162, -273.09105). 

The covariance matrix is 

-0.3766xl0-2 -0.2006 x 10-4 0.3187xl0-3 0.6094 x 10-2 0.1291xlO-2 

-0.2006xlO-4 0.2277xl0-3 0.6279xl0-3 0.4730xl0-4 0.496Sxl0-3 

V= 0.3187xlO-3 0.6279 x 10-3 0.5887 x 10-1 -0.5339 x 10-2 -0.2616xl0-1 • 

0.6094xl0-2 0.4730xl0-4 -0.5339 X 10-2 0.6567 0.6468xlO-1 

0.1291 X 10-2 0.496Sxl0-3 -0.2616xl0-1 0.6468 x 10-1 0.2239xlO-1 

From V the asymptotic standard deviations are 

0'1 = 0.06137, aill = 0.0151, a~1 = 0.2426, ailz = 0.8104, and a~z = 0.1496. 

Compared with the sample standard deviations 

0'1 = 0.0400, aill = 0.0152, a~1 = 0.2389, a~z = 1.0438, and a~z = 0.1717 

which were obtained by simulation and are listed in Table 3.11, the asymptotic 

standard deviations are close to the simulation results. 
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From Example 3.8 it can be seen that the additional Newton-Raphson iteration 

does increase the accuracy of the solution, because the absolute values of the first 

order derivatives are decreased after the Newton-Raphson iterations. The obtained 

MLE is a local maximum because the five eigenvalues of matrix 10 are negative and 

the first order derivatives are very close to zero. The variation of the obtained MLE 

may be estimated by the asymptotic covariance matrix V. 

3.9 • Simulations of the Maximum Likelihood Estimator 

It is known that the maximum likelihood estimator, MLE, of the parameter of 

a distribution is a random variable. In reliability lifetime data analysis it is necessary 

to understand the characteristics of the estimator used, such as the mean and 

variance of the estimator, or the distribution of the estimator given a sampling 

method. In this subsection the MLEs of the parameters and the reliability of two

Weibull mixtures are simulated. The purposes of the simulations are the following: 

To study the MLE of each individual parameter for different sample size and 

for different types of two-Weibull mixtures. 

To study the MLEs of the reliability function at different reliable lives with 

different sample size and different types of two-Weibull mixtures. 

3.9.1 • The Simulation Procedure 

The simulation procedure for the MLEs of the parameters and the MLE of the 

reliability function can be described as follows: 

1. Choose an underlying mixed Weibull distribution, f(t I !l'), for a given F, and 

choose a sample size. Compute the reliable life of the underlying distribution, 

tRJ for a given reliability, R. 

2. Generate a random sample of size n fromf(tl !l'). 

3. Use the EM algorithm developed in Section 3.7 to estimate f: The 
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parameter set of the underlying distribution is taken to be the initial guess of 

the parameter set, i.e. !p(0)=!P. 

4. Refine t obtained in Step 3 by performing additional Newton-Raphson 

iterations. 

5. Compute the first order derivative vector and the second order derivative 

matrix of L at t to verify the maximum of L. 

6. Compute RR' the MLE of the reliability function at the reliability life of tR• 

7. Repeat Steps 2 to 6 k times, and collect k estimated parameter sets and k 

reliability values for a given tR• 

In this study the six typical types of two-Weibull mixtures which have been 

classified in Section 2.5 are simulated. For each type of mixture the underlying 

distribution has been chosen as the same as the distribution given in Table 3.1. In 

order to compare the simulation results based on the same scale, four out of a total 

of five parameters in Table 3.1 are chosen to be identical for six types of two

Weibull mixtures, i.e,Pl=0.30, 1'/1=5.0, f31=1.0 andf32=3.0. These parameters are also 

given in Table 3.11. For each underlying distribution the simulations were performed 

for four different sample sizes, i.e. n=50, 100, 200 and 500. The number of 

replications for each sample size was 100. 

3.9.2 - Results and Discussion 

Individual Parameter Estimator 

For each underlying distnbution and a given sample size of n the sample mean, Ii, 

and the sample standard deviation, a, were calculated from 100 replications. These 

are listed in Table 3.11. 

- Bias: It may be seen that the estimators of f31 and f32 are biased, i.e. 

i=1 or 2, 
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T bl 311 Th a e . . I e sampi e means an d sample s n a eVlations of the MLEs. I tadrdd" 

Type of curve Type A TypeB _~C TypeD TypeE TypeF 

Sample size PI = 0.30 

500 0.2988 0.2992 0.3080 0.2916 0.3023 0.3028 

flp1 200 0.3009 0.2973 0.3285 0.2739 0.3031 0.2974 

100 0.3032 0.2939 0.3495 0.3150 0.3030 0.3022 

50 0.3007 0.3007 0.4309 0.3144 0.3012 0.2997 

500 0.0218 0.0269 0.0642 0.0558 0.0300 0.0225 

°Pl 200 0.0370 0.0400 0.0994 0.0758 0.0446 0.0332 

100 0.0449 0.0548 0.1600 0.1455 0.0626 0.0470 

50 0.0738 0.0822 0.2297 0.1426 0.0800 0.0715 

Sample size 131 = 1.00 

500 1.0101 1.0474 1.0167 1.0398 1.0160 1.0123 

fl~1 200 1.0259 1.0717 1.0607 1.0863 1.0172 1.0119 

100 1.0320 1.1482 1.1045 1.2189 1.0729 1.0330 

50 1.1040 1.2793 1.3109 1.3494 1.2154 1.1184 

500 0.0731 0.1105 0.0997 0.1041 0.0965 0.0635 . 
200 0.1201 0.1717 0.1822 0.2074 0.1410 0.1023 O~1 
100 0.1773 0.2818 0.2776 0.3820 0.2216 0.1321 

50 0.2826 0.5714 0.5267 0.5188 0.4191 0.1877 

Sample size 1/1 = 5.00 

500 4.9458 5.1545 5.0341 4.8536 5.0485 4.9877 

fli\l 200 4.9489 5.2409 5.0412 4.1288 5.2625 5.1485 

100 4.8659 5.3060 4.7066 5.0686 5.4879 5.0127 

50 4.8781 5.3027 4.7300 4.6071 5.6209 5.1846 

500 0.4599 0.7116 0.4842 1.2901 0.7809 0.4241 

°i\1 200 0.6687 1.0438 0.8308 1.4851 1.5805 0.7721 

100 1.0655 1.3688 1.3965 3.2090 2.0765 0.9392 

50 1.4246 1.4863 1.7201 2.7773 3.2198 1.7229 
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Table 3.11 • (Con'd). 

Type of curve Type A Type B I Type C TypeD TypeE I TypeF 

Sample size /J, = 3.00 

500 3.0202 3.0001 3.1050 3.0040 3.0128 2.9932 

.. 200 3.0147 3.0428 3.1778 2.9596 3.1074 3.0374 
1l~2 

100 3.0699 2.9987 3.4414 3.5051 3.1235 3.0836 

50 3.1196 3.2553 5.0421 3.6256 3.1878 3.1818 

500 0.1244 0.1612 0.2568 0.2171 0.1619 0.1270 

O~2 
200 0.2028 0.2389 0.5521 0.3909 0.3023 0.1912 

100 0.3084 0.3365 1.0344 1.6013 0.4660 0.2837 

50 0.4603 0.8248 5.1687 1.6044 0.7854 0.4520 

Sample size 112=0.05 112=0.50 172=5.00 172=20.0 172=50.0 172=500.0 

500 0.0501 0.4992 5.0010 19.813 50.065 498.82 

l1'h 
200 0.0498 0.5002 5.0083 19.566 50.267 496.51 

100 0.0500 0.5009 5.1720 19.871 50.103 498.35 

50 0.0503 0.5003 5.5442 19.961 49.583 500.30 

500 0.0010 0.0099 0.1336 0.5912 1.0555 9.281 

.. 200 0.0015 0.0152 0.2065 0.9568 1.7918 15.646 
°il2 100 0.0023 0.0233 1.3560 1.4183 2.7245 21.298 

50 0.0035 0.0304 2.4486 1.9448 3.9427 28.833 
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especially for Types B, C, D and E mixtures when the sample size is less than or 

equal to 100. For f31 all 24 sample means in Table 3.11 are greater than f3lt the 

parameter of the underlying distribution, and for f32 22 out of 24 are. For the rest of 

the parameter estimators there is no significant evidence to draw a similar 

conclusion. In general, as sample size increases the differences between the sample 

means and the parameters of the underlying distributions decrease. This implies that 

the estimators of the five parameters are asymptotically unbiased. 

- Variation: The sample standard deviations for P1' 1'11' f31 and f32 are plotted in 

Figures 3.5a through 3.5d. It can be seen that the sample standard deviations of all 

five parameters decrease as the sample size increases. Recalling the definition of the 

degree of separation defined in Section 2.4, the overlap areas of the two component 

pdfs for the six types of mixtures were calculated and were ordered increasingly, i.e. 

A7}p<F=O.0008 < A7}p<A=O.0200 < A TypeE=O.0719 < A7}p<B=O.1632 < A7}p<D=O.2512 < 

A Type c=O. 7235. In general, the sample standard deviation decreases as the overlap 

area decreases. In other words, if the underlying mixture has two well separated 

component pdfs, then the variation of the parameters estimators will be small. 

-Normality: From Section 3.4.5 it is known that t has an asymptotic multi-variate 

normal distribution with the mean vector of !" and the covariance matrix V, 

consequence the marginal distributions are univariate normal distribution (MOOD 

etal., 1974 pp.167). Hence the distributions of PI' ill' PI' ilz and Pz are asymptotic 

univariate normal distributions. Figures 3.6a through 3.6e are the normal probability 

plots of PI' ill' PI' ilz and Pz from the Type F mixture given in Table 3.1. The 

following may be observed: 

1. PI appears to have good normality for sample size of 50, 100, 200 and 500. 

2. PI appears to be right skewed and the median is significantly off f31=1 when 
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Figure 3.6a • The normal probability plot of fl, (Pi = 0.3) from a Type F two-Weibull 
mixture for n=50, 100, 200 and 500. 
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Figure 3.6d • The normal probability plot of TJ2(1'h =5(0) from a Type F two
Weibull mixture for n=50, 100,200 and 500. 
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the sample size is 50; slightly right skewed for n=100; and have reasonably 

good normality when n ?!200. 

3. P
2 

appears to be right shewed and the median is off f32=3 for n=50 and 100, 

and have reasonably good normality when n ?!200. 

4. 'lil appears to be right skewed when n=50 and have reasonably good 

normalily when n?!100. 'li2 appears to be normal for all four sample sizes 

used. 

In general, when n ?!200 the distributions of the five estimators are very close to 

normal distributions. This agrees well with the maximum likelihood large sample 

theory. P
l 

and P
2 

have right skewed distributions when n is small, and as n 

increases the right skewness disappears gradually. 

Reliability Estimator 

It is known that a function of MLEs is still an MLE. Therefore the MLE of R(t) 

is 

During the simulations R(t) was calculated knowing ". The reliability function was 

simulated at ten reliable lives of the underlying distribution, i.e. R = R (t
R
), for 

R=50% (5%) 95%. For each underlying distribution and a given sample size the 

bias, (jlJ - R) and sample standard deviation of R(t
R

) were calculated from 100 

replications, and listed in Table 3.12 and Table 3.13, respectively. 

- Bias 

From Table 3.12 it may be seen that there is no significant bias of It 
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Table 3.12 • The bias of Ra(p-j-R). 

R til n=50 n=l00 n=200 n-500 

Type A 

0.95 0.0208 -0.0001 0.0001 -0.0011 0.0004 

0.90 0.0267 0.0014 0.0010 -0.0015 0.0008 

0.85 0.0310 0.0027 0.0018 -0.0018 0.0009 

0.80 0.0346 0.0035 0.0023 -0.0020 0.0010 

0.75 0.0379 0.0039 0.0027 -0.0023 0.0009 

0.70 0.0411 0.0039 0.0028 -0.0025 0.0008 

0.65 0.0441 0.0036 0.0027 -0.0027 0.0006 

0.60 0.0471 0.0031 0.0024 -0.0028 0.0003 

0.55 0.0503 0.0025 0.0020 -0.0028 -0.0001 

0.50 0.0537 0.0019 0.0016 -0.0027 -0.0004 

Tv1>eB 

0.95 0.1923 0.0005 -0.0024 0.0005 -0.0001 

0.90 0.2531 0.0035 -0.0028 0.0011 -0.0002 

0.85 0.2973 0.0060 -0.0027 0.0015 0.0003 

0.80 0.3341 0.0076 -0.0025 0.0017 -0.0003 

0.75 0.3671 0.0082 -0.0022 0.0018 -0.0003 

0.70 0.3979 0.0078 -0.0018 0.0016 -0.0003 

0.65 0.4276 0.0064 -0.0014 0.0013 -0.0002 

0.60 0.4570 0.0044 -0.0011 0.0010 -0.0002 

0.s5 0.4870 0.0022 -0.0007 0.0005 -0.0001 

0.50 0.5185 0.0003 -0.0004 0.0001 0.0001 

TypeC 

0.95 0.8447 -0.0013 -0.0032 -0.0001 0.0008 

0.90 1.5438 -0.0021 -0.0059 -0.0011 0.0014 

0.85 2.0733 -0.0012 -0.0063 -0.0012 0.0023 

0.80 2.4977 0.0009 -0.0052 -0.0006 0.0032 

0.75 2.8589 0.0026 -0.0035 0.0002 0.0038 

0.70 3.1802 0.0043 -0.0018 0.0010 0.0042 

0.65 3.4756 . 0.0062 -0.0003 0.0017 0.0044 

0.60 3.7543 0.0074 0.0004 0.0022 0.0042 

-0.55 4.0229 0.0074 0.0010 0.0024 0.0039 

0.50 4.2869 0.0063 0.0009 0.0023 0.0033 
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Table 3.12 • (Con'd). 

R t1L n=SO n=]OO n-200 n-500 

TypeD 

0.95 0.910 -0.0002 0.0032 -0.0030 0.0012 

0.90 2.010 -0.0065 0.0000 -0.0065 0.0010 

·0.85 3.357 -0.0128 -0.0015 -0.0072 0.0008 

0.80 4.983 -0.0144 -0.0001 -0.0055 0.0012 

0.75 6.801 -0.0130 0.0017 -0.0032 0.0017 

0.70 8.608 -0.0110 0.0027 -0.0033 0.0020 

0.65 10.264 -0.0087 0.0031 -0.0027 0.0018 

0.60 11.754 -0.0065 0.0032 -0.0036 0.0012 

0.55 13.109 -0.0044 0.0034 -0.0048 0.0005 

0.50 14.370 -0.0023 0.0033 -0.0059 -0.0004 

I Ty~E ; 
0.95 0.912 0.0042 0.0021 -0.0003 0.0002 

0.90 2.026 0.0037 0.0028 -0.0002 -0.0001 

0.85 3.458 0.0020 0.0028 -0.0002 -0.0007 

0.80 5.448 0.0017 0.0031 0.0002 -0.0013 

0.75 8.614 0.0042 0.0045 0.0017 -0.0013 

0.70 14.447 0.0054 0.0052 0.0038 -0.0009 

0.65 21.571 0.0019 0.0037 0.0048 -0.0009 

0.60 26.941 -0.0001 0.0032 0.0056 -0.0009 

0.55 31.168 -0.0004 0.0036 0.0063 -0.0008 

0.50 34.796 -0.0003 0.0041 0.0068 -0.0006 

'I'vPe F 

0.95 0.912 0.0027 -0.0012 0.0011 -0.0003 

0.90 2.027 0.0042 -0.0008 0.0023 -0.0008 

0.85 3.466 0.0027 -0.0012 0.0031 -0.0016 

0.80 5.493 -0.0002 -0.0021 0.0036 -0.0025 

0.75 8.958 -0.0014 -0.0024 0.0038 -0.0032 

0.70 35.458 0.0014 -0.0017 0.0029 -0.0028 

0.65 210.019 0.0036 -0.0013 0.0020 -0.0036 

0.60 268.093 0.0058 -0.0006 0.0014 -0.0039 

0.55 311.224 0.0068 -0.0004 0.0007 -0.0040 

0.50 347.765 0.0070 -0.0005 0.0002 -0.0039 
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Table 3.13 • The sample standard deviation of R. 

I R I tl/. I n=50 I n=1oo I n=2oo I n-500 I 
I I 

0.95 0.0208 0.0217 0.0164 0,0108 0.0063 

0.90 0.0267 0.0352 0.0258 0.0168 0.0100 

0.85 0.0310 0.0454 0.0325 0.0210 0.0127 

0.80 0.0346 0.0535 0.0373 0.0241 0.0146 

0.75 0.0379 0.0601 0.0408 0.0265 0.0162 

0.70 0.0411 0.0657 0.0431 0.0284 0.0174 

0.65 0.0441 0.0703 0.0445 0.0300 0.0184 

0.60 0.0471 0.0742 0.0451 0.0314 0.0193 

0.55 0.0503 0.0772 0.0452 0.0326 0.0120 

0.50 0.0537 0.0790 0.0449 0.0336 0.0206 

TvPeB 

0.95 0.1923 0.0199 0.0154 0.0108 0.0061 

0.90 0.2531 0.0314 0.0230 0.0167 0.0098 

0.85 0.2973 0.0399 0.0287 0.0211 0.0126 

0.80 0.3341 0.0460 0.0329 0.0244 0.0146 

0.75 0.3671 0.0501 0.0361 0.0267 0.0161 

0.70 0.3979 0.0527 0.0386 0.0284 0.0172 

0.65 0.4276 0.0545 0.0405 0.0296 0.0180 

0.60 0.4570 0.0560 0.0419 0.0304 0.0186 

0.55 0.4870 0.0577 0.0430 0.0310 0.0190 

0.50 0.5185 0.0593 0.0437 0.0313 0.0194 

TypeC 

0.95 0.8447 0.0275 0.0186 0.0150 0.0080 

0.90 1.5438 0.0380 0.0275 0.0215 0,0108 

0.85 2.0733 0.0446 0.0327 0.0254 0.0124 

0.80 2.4977 0.0497 0.0364 0.0283 0.0140 

0.75 2.8589 0.0544 0.0392 0.0307 0.0157 

0.70 3.1802 0.0590 0.0415 0.0326 0.0172 

0.65 3.4756 0.0617 0.0434 0.0340 0.0185 

0.60 3.7543 0.0631 0.0450 0.0348 0.0195 

0.55 4.0229 0.0636 0.0464 0.0351 0.0200 

0.50 4.2869 0.0633 0.0475 0.0349 0.0202 
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Table 3.12 • (Con'd) 

R I" n=50 n=l00 n=200 n=500 

TypeD 

0.95 0.910 0.0313 0.0197 0.0129 0.0083 

0.90 2.010 0.0418 0.0312 0.0185 0.0121 

0.85 3.357 0.0447 0.0368 0.0227 0.0144 

0.80 4.983 0.0501 0.0382 0.0263 0.0162 

0.75 6.801 0.0561 0.0407 0.0288 0.0179 

0.70 8.608 0.0597 0.0430 0.0301 0.0191 

0.65 10.264 0.0611 0.0439 0.0311 0.0197 

0.60 11.754 0.0615 0.0436 0.0320 0.0201 

0.55 13.109 0.0617 0.0430 0.0330 0.0205 

0.50 14.370 0.0620 0.0422 0.0337 0.0207 

~E 

0.95 0.912 0.0244 0.0188 0.0127 0.0081 

0.90 2.026 0.0394 0.0289 0.0191 0.0109 

0.85 3.458 0.0485 0.0354 0.0242 0.0130 

0.80 5.448 0.0516 0.0398 0.0281 0.0154 

0.75 8.614 0.0532 0.0433 0.0308 0.0181 

0.70 14.447 0.0579 0.0459 0.0333 0.0210 

0.65 21.571 0.0625 0.0465 0.0356 0.0216 

0.60 26.941 0.0654 0.0474 0.0365 0.0209 

0.55 31.168 0.0673 0.0487 0.0370 0.0202 

0.50 34.796 0.0681 0.0496 0.0370 0.0197 

I TypeC I 
0.95 0.912 0.0265 0.0198 0.0123 0.0086 

0.90 2.027 0.0384 0.0274 0.0194 0.0131 

0.85 3.466 0.0474 0.0325 0.0251 0.0163 

0.80 5.493 0.0555 0.0371 0.0299 0.0189 

0.75 8.958 0.0635 0.0417 0.0334 0.0210 

0.70 35.458 0.0714 0.0469 0.0333 0.0225 

0.65 210.019 0.0676 0.0434 0.0338 0.0224 

0.60 268.093 0.0655 0.0422 0.0346 0.0225 

0.55 311.224 0.0641 0.0418 0.0351 0.0222 

0.50 347.765 0.0628 0.0414 0.0351 0.0218 
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- Variation 

oJ, the sample standard deviations of R, have been plotted in Figures 3.7a 

and b, and Figure 3.8. Figure 3.7a and b give oJ for Type A and Type C mixtures, 

respectively. It may be seen that as the sample size increases the variation 

of R decreases, and as the reliable life, tR, increases the variation of R decreases, 

especially, when R>85%. Comparing Figure 3.7a with 3.7b it can be seen that the 

overall variation of R for Type C and Type A mixtures are very close. Furthermore 

Figure 3.8 indicates that, for a given sample size n and reliable life tR, the variations 

of R are close for all six types of two-Weibull mixtures. 

- Normality 

Figures 3.9a, 3.9b and 3.9c, and Figure 3.10 are the normal probability plots 

of R. Figure 3.9a gives 10 sets of data which were simulated from the Type F 

mixture in Table 3.1 with sample of size of 500. The data set at the most left is the 

reliability function estimator evaluated at the time when the underlying reliability 

function reaches a reliability of 50%, the second most left is for 55%, etc. Figures 

3.9b and 3.9c are the same as Figure 3.9a except that they are for sample sizes of 

200 and 100, respectively. These normal probability plots indicate that R is very 

close to a normal distribution even when n=100, which was expected according to 

maximum likelihood large sample theory. Figure 3.10 gives two groups of plots. One 

is for R at reliable life of tso! the other group is for R at reliable life of t9S' From 

Figure 3.10 it can be seen that R at t9S has smaller variation than at tso-
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Figure 3.78· The sample standard deviation of R for Type A two-Weibull mixture. 
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Figure 3.9b - The normal probability plot of R from Type F mixture when n=200. 
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Figure 3.10 - The normal probability plot of R from Type F mixture at Iso and 19" 



CHAPTER 4 

DETERMINING THE NUMBER OF SUBPOPULATIONS IN 

A MIXED WEmULL DISTRIBUTION 

4.1 - Introduction 
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The most important parameter in a finite mixed distribution is m, the number 

of subpopulations in the mixture. Practically, m may be determined based upon 

theoretical knowledge of the application at hand. For example, the number of the 

failure causes of a component may be found from failure analysis. However, there 

are many situations where the decision to apply a mixed distribution and the decision 

of how many subpopulations are involved, must be based on the sample data. In 

these cases m will be the first parameter to be estimated. Without knowing m we 

cannot go further in the process of estimating the mixture's pdf. In reliability 

engineering significant research on determining m has not yet appeared. Kaylan 

(1979) pointed out that determining m is a very difficult problem and needs to be 

considered in future research. 

It can be shown that fitting a data set to a mixed Weibull distribution improves 

by increasing the number of subpopulations, given a certain parameter estimation 

method. For example, using the MLE method developed in Chapter 3, the value of 

the log-likelihood function evaluated at the MLEs when m=mH is less than the value 

when m=m2>m1• Figure 4.1 gives a data set of size 200 and three fitted mixed 

Weibull distributions of m=l, 2 and 3, where when m=l the mixed Weibull 

distribution becomes a "single" Weibull distribution. It can be seen that as m 

increases the goodness-of-fit is getting better; also, the value of the log-likelihood 

function at the MLE increases. Therefore, estimating m is to determine the smallest 

value of m compatible with the data. Many attempts have been made to determine 
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Figure 4.1· The probability plot of a raw data set and fitted mixed Weibull 

distributions with m=l, 2 and 3. 
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m from the data. Perhaps the first candidate to be considered when assessing 

whether a mixed distribution might be appropriate and how many subpopulations 

are involved in a mixture is the graphical technique, including determining the 

sample histogram and probability plotting. When the samp~e size is large and the 

underlying random variable does have a multimodal distribution, the sample 

histogram will represent the feature of multimodality of the underlying distribution. 

The number of the modes in the histogram might be a good estimate of m, 

especially, when these subpopulations are well separated. Figure 4.2 gives the 

histogram of a sample of size 500 drawn from a mixed Weibull distribution with 

Pl=O.10, 'r/l=20.00 ~1=2.5, 

P2=OAO, 'r/2=100.0 ~2=4.0, 

P3=0.50, 'r/3=500.0 ~3=6.0. 

It can be seen that the histogram does represent the underlying mixed Weibull 

distribution. 

Probability plotting can also explore the multimodality of the underlying 

multimodal distribution. In Section 2.5, extensive studies were conducted on the 

shape of the cdf curve of two-Weibull mixtures on Weibull probability paper. Six 

typical curve types were found, which are shown in Figures 2.5a through 2.5f. If the 

Weibull probability plot of a data set falls in 'one of these six types of curves then a 

two-Weibull mixture may be used to model this data set. Consequently, m is equal 

to two. When m is greater than 2, there is no simple way to classify the shapes of the 

cdf curves of the mixtures. If the subpopulations of the mixture are well separated 

then the changing slope of the cdf curve might indicate the existence of 

multimodality. For example, in Figure 2.8 a horizontal portion on the cdf curve may 

indicate the existence of a demarcation of two subpopulations, consequently, m may 
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be determined accordingly. Other probability plotting techniques for determining m, 

for mixed normal distributions, can be found in Everitt (1978) and Fowlkes (1979). 

Formal procedures for determining m involve statistical hypothesis tests. The 

statistical hypothesis tests are usually composed of the Null Hypothesis that the data 

came from an mo-subpopulation mixture, against the Alternative Hypothesis that the 

data came from an m1-subpopulation mixture with m1>mO' or 

(4.1) 

The hypotheses in Eq.(4.1) are not easy to obtain even for the simplest case 

Ho: m=l against HI: m=2. (4.2) 

Some very special cases have been considered. For example, Tiago (1965) 

introduced a statistic, which is asymptotically normally distributed, to test the 

hypothesis of Eq.( 4.2) when the pdfs of the subpopulations of the mixture are 

known. Johnson (1973) constructed a statistic which is asymptotically standard 

normally distributed to test the null hypothesis Ho: mixture of two known densities 

which are symmetrical and have equal variance. Most existing procedures to test the 

hypothesis given in Eq.{4.1) are the likelihood ratio test. In Eq.{4.1) the null 

hypothesis Ho can be regarded as a special case of the alternative Hit hence the 

likelihood ratio test can be applied directly. The likelihood ratio test is discussed in 

more detail in Section 4.2. 

Because of the importance of the parameter m, the number of subpopulations 

in a mixed distribution, the objective of this research is to develop procedures to 

determine the parameter m for mixed-Weibull distributions. In Section 4.2 the 

generalized likelihood ratio(GLR) test is introduced, which is the foundation of the 
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method proposed in the rest of the sections. In Section 4.3 the fact that the 

distribution of GLR is independent of the underlying distribution for mo=1 and 

mI>mO is proposed and proved. The distribution of GLR is generated by Monte 

Carlo simulations. For mo> 1, the distribution of GLR can be found by the bootstrap 

method which is given in Section 4.4. 

4.2 - General Procedure to Determine the Number of Subpopulations in a Mixture -

Generalized Likelihood Ratio Test 

4.2.1 - The Background of the Generalized Likelihood Ratio Test 

In general, a statistical hypothesis is an assertion or conjecture about the 

distribution of one or more random variables. Practically, the assertion might be, e.g. 

1. Is the mean lifetime of a unit at least some specified amount, 60? 

2. Do the observed times to failure come from an exponential population with 

mean life of 1000 hours? 

If the statistical hypothesis completely specifies the distribution of the random 

variable, then it is called simple, such as Assertion 2 in which the distribution of the 

lifetime of the unit is exponential with mean of 1000 hours. Otherwise, it is called 

composite, such as Assertion 1 in which the hypothesis only specifies that 6'r?6o-

The hypothesis given in Eq.(4.1) is a composite hypothesis, although it looks like 

a simple one. In Eq.(4.1) Ho: m=mo implies that the random variable have a pdf 

Il1o 

!(tIV) = LP,I,(tITl" P,), 
'-1 

which is a family of distributions, and their pdfs are formed from mo-Weibull 

subpopulations. The alternative hypothesis HJ: m=mJ > mo which specifies an even 

larger family of distributions and their pdfs are formed from mI-Weibull 
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subpopulations . 

Formally, let !" be a parameter vector, and let 9 denote the parameter space 

which is the set of all possible !"for the distribution family with m=ml>mo- Let 9 0 

denote the parameter space of the mixed Weibull distributions with m=mo- It may 

be seen that 9 0ee. Taking the mixed exponential distribution for example, let mo=l 

andml =2, then 9= (OSPISl, 81>0, 82>8/) and 9 0= (PI =1, 81>0, 82>81), where 81 and 

82 are the means of Subpopulation 1 and 2, respectively. Here we only consider the 

admissible parameter vector which is defined in Section 3.4.4. Obviously, 9 0 is a 

subset of 9. In other words a single expon~~tial distribution is a special case of two

mixed exponential distributions, where PI=l. In most cases what we are interested 

in is whether !" belongs to a particular subset of 9, say 90! or not, a pair of 

hypotheses, Ho and HI can be expressed in the form (Hoel et al., 1971 p.83) 

(4.3) 

Let SI(t,· !")=SI(tll ... ,tn; 2') be the likelihood function for a random sample having 

joint pdf 

where 2'E9. The generalized likelihood ratio(GLR), denoted by (is defined to be 

(Bain and Engelhardt 1989, p. 394) 

max"ee. ~(t; 1p) 52(t; +0> 
'(t) = ,(t., ... ,t,,) = =. 

max"ee 52(t; 1p) ~(t; +) 
(4.4) 

It can be seen that (is a function of tl, ... ,t". (is a function of the random sample, 

and itself is a random variable. In fact, (is a statistic since it does not depend on 
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unknown parameters. 

In Eq.( 4.4) (satisfies Os (Sl. (~O since the numerator and the denominator 

are non negative, and (Sl since the supremum taken in the denominator is over a 

larger set of parameter values than that in the numerator. Hence the denominator 

can't be smaller than the numerator. The numerator is the likelihood function 

evaluated at the maximum likelihood estimator over parameter space 9 0c:9. The 

denominator is the likelihood function evaluated over parameter space e. 
To test the hypothesis of Eq.(4.1), the generalized likelihood ratio (GLR) test 

rejects Ho if (s (0' and accepts Ho otherwise, where (0 is a value such that 

P(C s '0 IHJ = IX for all 1J.1 under HO' (4.5) 

and a is the level of significance or the size of the test. The GLR test described 

above covers a very large class of hypothesis testing problems. 

The GLR test possesses a good feature. Wilks (1938) showed that under certain 

regularity conditions of!(t I !P), -21n( () is asymptotically Chi-square distributed with 

degrees of freedom equal to the difference in the number of the unspecified 

parameters between the two hypotheses Ho and HI' 

4.2.2 • Applying the Generalized Likelihood Ratio Test to Detennine m 

Let eo denote the parameter space of the mixed Weibull distribution with mo 

subpopulations, and let e denote the parameter space of the mixed Weibull 

distributions with m l subpopulations. Therefore, Eq.(4.4) can be rewritten as 

, Sf(t;:olm=mJ , 
Sf(t;V Im=m.) 

(4.6) 

where to is the MLE of 1J! given that m=mo, and t is the MLE of 1J! given that 
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m=m,. The GLR test rejects Ho if (s (0 and accepts Ho otherwise, where (0 is 

determined by Eq.( 4.5). If certain regularity conditions are met, from Wilks (1938), 

-2In( () is asymptotically Chi-square distributed with degrees of freedom of 

3(m,-mo) which is the difference in the number of unspecified parameters between 

the Ho and H,. Then for a given level of significance a, the test accepts Ho if the 

observed value of -2In( () is less than or equal to X3( _~\ otherwise rejects Hoo 
"'1-"'0" II ' 

Unfortunately, with mixed distributions, regularity conditions do not hold for 

-2In( () to have its usual asymptotic null distribution of Chi-square, because under 

Ho: m=mo<m" which implies thatp;=O for i=mo+l, ... ,m" the parameter Yin 9 0 is 

on the boundary of the parameter space 9 with a consequent breakdown in the 

standard regularity conditions. 

4.2.3 - Literature Review 

The straight likelihood ratio test with an asymptotic Chi-square distribution was 

applied by Hasselblad (1969) and by Aitkin and Wilson (1980), to determine the 

number of subpopulations in a mixture. Hasselblad pointed out that the test may 

provide useful information in determining m, and Aitkin and Wilson recognized the 

theoretical incorrectness of their approach. Titterington et ale (1985) considered the 

test of the form given by Eq.( 4.2) when the pdfs of the subpopulations are known. 

They showed asymptotically under Ho that -2In( () is zero with probability 0.5 and 

with the same probability, is distributed as Chi-square with one degree of freedom. 

In more general problems, use of the likelihood ratio test to determine m is much 

more difficult. Wolfe (1971) proposed an approximation for the test of Eq.(4.1) for 

d-variate normals given that the covariance matrices in the mixture of normals are 

equal. Based on a small simulation study, he suggested that, approximately 
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(4.7) 

where n is the sample size. Hartigan (1977) speculated that -21n( () is in between 

X(d) and X(d+l). Everitt (1981) performed more extensive simulation for the 

simple case of the form in Eq.( 4.2), for d, the dimension of the multinormal pdf, up 

to 10 and for n, the sample size, between 25 and 500. The results indicate that 

Hartigan's conjecture is wrong, and Wolfe's (1971) approximation appears to be 

valid if the sample size is of the order of ten times the number of d, the dimension 

of the variable. 

Aitkin, Anderson and Hinde (1981) performed a small simulation to test the 

hypothesis of Ho: m=l against HI: m=2, and of Ho: m=2 against HI: m=3. The 

procedure is essentially a bootstrap approach which was introduced by Efron (1979). 

In McLanlan's (1987) work, a bootstrap is generated under the hypothesis of 

Eq.( 4.2) for mixed-normal distributions. Attention is to be focussed on Ho: a single 

univariate normal distribution versus HI: a mixture of two normal distributions with 

a common variance. It turns out that the bootstrap is fairly close to X(2) which 

agrees with the approximation of Eq.( 4. 7). Another bootstrap was simulated without 

the constraint of "common variance," and the bootstrap is found to be very close to 

a X(6). 

4.3· The Generalized Lik.elihood Ratio Test to Determine m for a Mixed Weibull 

Distribution 

4.3.1 • The Distribution of C for a Mixed Weibull Distribution 

It is known that the GLR defined by Eq.( 4.4) takes on values between 0 and 1. 

Intuitively, (close to 1 implies that the value of the likelihood function evaluated 
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at '4' is close to that at '4'0' and very likely Ho is true. The value of (tends to 0 

when Ho is not true. In Eq.( 4.5) a is the risk of rejecting Ho when Ho is true. For a 

given a, Eq.( 4.5) gives the critical value (0' GLR test rejects Ho if the observed value 

of (is less than or equal to (Ot and accepts Ho otherwise. It is desirable to compare 

the GLR statistic with the Chi-square distribution. In this case the GLR statistic may 

take the form of -2In( (). For a given a, GLR test rejects Ho if -2In( ()~-2In( (oJ, 

and accepts Ho otherwise, where (0 is determined from Eq.( 4.5). 

The key to perform the GLR test is to determined the distribution of the test 

statistic, (, or -2In( (). The following theorems are the foundation to construct the 

distribution of (under H~' mo=l and Hz: mz>mO' It has been found numerically and 

analytically that, if Ho: m=l and Hz: m=mz>l, the random variable (defined by 

Eq.(4.4) is independent of the parameters in the distribution of HO' 

Let Yfollow a Weibull distribution with parameters 11=1 and {3=1 (or standard 

exponential distribution), i.e. 

(4.8) 

and let yz, ... ,y" be the observations of Y, among which there are r failures and n-r 

survivals. Let "11 and P 11 be the maximum likelihood estimators of 11 and (3, 

respectively, from yz , ... ,y" assuming that Y has a Weibull distribution, and the 

corresponding likelihood is 

5£(Y;+011) = ( nl)lnl:f(yJIi\l1'Pll)][R(yrli\l1'~l1)]lI-r. (4.9) 
n-r J-I 

Let Pill' "Ill and Pill i=l, ... ,mz be the maximum likelihood estimators ofp;, 

11; and {3; from yz , ... ,y", assuming that Y has an mz-Weibull mixture and the 

corresponding likelihood is 
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Then the likelihood ratio is 

(4.11) 

Similarly, let T follow a Weibull distribution with parameters 11 and {3, and let tl1 ••• ,tn 

be the observations of T, among which there are r failures and n-r survivals. 

Let il and P be the maximum likelihood estimators of 11 and {3 from tb ... ,tn 

assuming that T has a Weibull distribution, and the corresponding likelihood is 

~(t;to> = ( nl)I[rrf(tJ1il , P)][R(trlil, p)]lI-r. 
n-T )-1 

(4.12) 

Let P" il, and P" i=1, ... ,m1 be the maximum likelihood estimators of Pi' 11i and 

(3i from t1, ... ,tn' assuming that T is an m1-Weibull mixture and the corresponding 

likelihood is 

Then the likelihood ratio is 

(4.14) 

Theorem 1. PIP and Pu, and P1n(il/1}) and Puln(ilu) are identically distri

buted, respectively. See Appendix D or Thoman, Bain and Antle (1969) for the 
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proof. 

Theorem 2. Similar to Theorem 1, Pi and Pm' PilP and Pill' and Pi In(il.lll) 

and Pmln(ilm) are identically distributed, respectively. 

Proof: 

For mixed Weibull distribution the likelihood function, for a failure terminated 

sample, is 

(4.15) 

"'l 
Considering the constraint LPi = 1, the log-likelihood function with the Lagrange 

i-I 
multiplier, ,t, is 

Taking the derivative of Eq.( 4.16) with respect to Pi and setting it to zero, yields 

where the Lagrange multiplier, A, was found to be A = n, by multiplying Eq.(4.17) 

by Pi and summing over i. Then Eq.( 4.17) becomes 

(4.18) 

Taking the derivatives of Eq.( 4.16) with respect to 'T1i and /3i' respectively, and setting 

them to zero yields 
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(4.19) 

(4.20) 

i = 1, ... ,ml' 

where 

a R, (t, I 1'1 " P,) = R (t I A) p'(.i)Pt a ' , 1'1" tI, ' 1'1, 1'1, 1'1, 

and 

After simplification, Eqs.( 4.18), (4.19) and (4.20) become 



Let a, = l1f', then we have 

and 

,p, 
P -:1-

I - I P,-1 8, 
J,(tJ ai' P,) - - t, e , a, 

lIt1 

f(tJI") = E p,J,(tJll1l' Pi)' 
1-1 

lIt1 

R(tJI") = E p, R,(tj ll1l,P,), 
1-1 

Then Eqs.(4.21) through (4.23) can be rewritten as 
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(4.22) 

(4.23) 
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, A ~(t la A) l' l' E I',}, 'j "P, [-+In(+)+ln(t:~+l] 
}=1 I(tjlt) 6, 6, (4.26) 

.A R (t IE) a) l' t~' 
+ (n-r)I', , , ~' P, [-...!....In('';-)] = 0, 

R (t, I Y) a, 6, 

Substituting the relation tj='TJ(yl/fJ or tj=(8yl/fJ into Eqs.(4.24) throuth (4.26), we 

have 

where 

a, = (a,'6)~"P and 

Hence Eqs.( 4.24) through (4.26) become 



~', ~ I ~ ~', 0, t'j 0, .A. R,(t. 12,,0,) 0. t. 
[ __ -_] + (n-r) 1', [-_' ] =0, 
a. a, a, "'I a, a, 

EP,R, (trla,,~,) 
'·1 

s S 
.A R (t 112 ~) t ' t ' 

+ (n-r) 1', , r '" [-7 ln(.!..)] = O. 
"'1 a, a, 
Ep, R, (trla,,~,) 
'·1 
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(4.28) 

(4.29) 

Directly using Eqs.( 4.24) through (4.26) for a sample from a standard exponential 

distribution we have 

(4.30) 

(4.31) 
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(4.32) 

Comparing Eqs.( 4.27) through (4.29) with Eqs.( 4.30) through (4.32) it can be seen 

that 

or 

Pi = Pill' 

(11,1 'Il )~, = 11~~1 , i = 1, ... ,ml' (4.33) 

Theorem 3. (zl and (defined in Eqs.(4.11) and (4.14), are identically distributed. 

Proof: 

From Theorems 1 and 2 it can be shown that if the sample 111 ... ,1" is generated from 

the sample yz, ... ,y", i.e. 

t 
YJ=( ~)p , i = 1, ... ,n, 

'Il 
(4.34) 



then 

and 

where 

/(Yj I,; 11 , Pll) = Cj/(tjl,;, P), 
R(Y,1,;11' Pll) = R(t,I,;, P), 

-. -. 
EJJmJ;(Yjl';l1l' Pm) ;; Cj E JJ,!,(tj 1';" P,), 
'=1 '=1 

-. -. 
Eftill ~(y,I';ill' Pill) = Ep,~(t,li\i' P,), 
~1 ,~ 

C - T)
P

t 1- P 
J--J . 

P 
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(4.35) 

(4.36) 

Substitute Eqs.(4.35) and (4.36) into Eq.(4.11), and compare the resulting equation 

with Eq.( 4.14) then (11 = (follows. 

It needs to be noted that the proofs of Theorems 1 and 2 are for failure 

terminated censored sample. Therefore, it is easy to see that Theorem 3 is valid for 

failure terminated censored sample as well. Numerically, Theorem 3 has been 

verfied. A more detailed discussion is given in section 4.3.2. 

4.3.2 • Monte Carlo simulation of C 

The distribution of the GLR can't be found in an explicit formula. The Monte 

Carlo simulation may be used to construct the distribution of ( or -21n( (). The 

following is the procedure for sampling (by Monte Carlo simulation. 

1. Specify the parameters, T'J and~, which are the parameters of the distribution 

under Ho: m=l. Specify the alternative hypothesis HI: m=mI ~ 2 and the 
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sample size n. 

2. Generate a random sample of size n from a single Weibull distribution with 

the specified parameters, 11 and {3. 

3. Estimate il and P by the MLE method, assuming m=1, from the data 

generated in Step 2. 

4. Estimate Pi' ili and Pi' i=1,oo.,m1, by the MLE method discussed in Section 

3.7, assuming m=m lJ from the data generated in Step 2. 

5. Calculate (defined by Eq.( 4.6). 

6. Repeat Steps 2 to 5 K times independently. 

To verify Theorem 3, (was simulated for mo=1, m1=2 and n=50. Three 

different parameter sets of 11 and {3 were used, and they were ({3=1, 11=1), ({3=2, 

11=10) and ({3=5, 11=1). These parameter sets represent different underlying 

distributions under Boo The simulations were started with a common seed of -101 

which was used to initialize the random number generator. Ten replications were 

obtained for each parameter set. The observations of (are the same for all three 

underlying distributions. See Table 4.1. This result indicates that the random variable 

( is independent of 11 and {3. 

T bl 41 T a e . . r f . en repJ lcatlons 0 Slmu ate d(. . 
j ( j ( 

1 0.82597 6 0.03265 

2 0.18064 7 0.07429 

3 0.09019 8 0.08660 

4 0.13308 9 0.02538 

5 0.00935 10 0.02641 
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Based on Theorem 3 the distributions of (for mo=l and mI=2 were constructed 

by Monte Carlo simulation. The simulation procedure consists of the 6 steps 

mentioned above. In Step 2, for a given sample size n, a random sample was 

generated from a Weibull distribution with ",=1 and (3=1. In Step 3 the EM 

algorithm was employed to obtain the MLE for a two-Weibull mixture. For each 

sample the initial guesses were chosen by the following rule: 

Let tl1 ... ,tn be the observations generated from Step 2, and let 1 sksn. The first 

k observations, tl , ... ,t~ were assigned to Subpopulation 1, and the rest of the 

observations were assigned to Subpopulation 2. To obtain the globe maximum in the 

MLE iteration, for each sample, three different initial guesses were chosen, i.e. 

kI=[O.ln), k2=[0.5n) and k3=[0.9n), where [x) is the largest integer which is less 

than or equal tox. For a given sample size n, 500 samples were generated and hence 

500 observations of (or -2In( () were obtained. In order to compare with the Chi

squared distribution, -2In( () was used. A FORTRAN computer program has been 

developed to perform the above simulation and it is given in Appendix E. 

In Figure 4.3 the empirical cdf of -2In( () for n=150 from 500 replications was 

plotted against Chi-square cdfs with degrees of freedom of 4, 5 and 6. It can be seen 

that -2In( () for n=150 falls in between i(4) and i(6), and it is very close to i(5). 

Compared with i(5), -2In( () is greater than i(5) when it is less than its 80th 

percentile and is less than i(5) when it is greater than its 80th percentile. The 

variation of -2In( () is smaller than i(5). 

In Figure 4.4 the empirical cdfs for n=50, 100 and 150 were plotted against the 

cdf of i(5). It can be seen that the three empirical cdfs are very close. The effect 

of the sample size n on the distribution of - 21n( () is hard to see from the plots 

which were drawn from 500 Monte Carlo replications for each sample size. In other 
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Figure 4.3 - The empirical cdfs of -2In( () for n=150 and the cdfs of chi-square 

variables. 
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words, the effect of the sample size on the distribution of -2In( () may be ignored. 

Also it can be seen that ~(5) is an acceptable approximation of -2In( (). 

Table 4.2 gives the percentiles of -2In( () for n=50, 100 and 150 comparatively 

with the percentiles of ~(5). The 4th row of Table 4.2 is the average of the first 

three rows. It may give better estimate of the true percentiles of -2In( (). 

Table 4.2 - The percentiles of -21,,( (). 

n a 

0.05 0.10 0.25 0.50 0.75 

50 1.367 1.962 2.996 4.843 6.944 

100 1.503 1.989 3.046 4.685 6.684 

150 1.127 1.927 2.984 4.570 6.667 

Ave. . 1.332 1.959 3.009 4.699 6~765 

~(5) 1.150 1.610 2.670 4.350 6.630 

* The average of -2111 ( ()a from n=50, 100 and 150. 

4.3.3 - The GLR Test for mo=1 against m1=2 and Its Power 

4.3.3.1 - The GLR Test for mo=1 against m1=2 

0.90 0.95 

8.613 10.200 

9.307 10.527 

8.746 10.078 

8.889 10.268 

9.240 11.070 

The distributions of -2In( () for mo=l and m1=2 were obtained in Section 4.3.2 

by Monte Carlo simulations. From a data set, the decision for choosing m between 

m=l and m=2 for a mixed Weibull distribution can be made using the following 

procedure. 

1. Compute the -2In( () from the data set: 

a) Estimate ,; and P by the MLE method assuming m=J. 

b) CaJculate the log-likelihood function at (,;, P), i.e. L m_1• 

c) Estimate PI' ';1' PI' ';1 and P1 using the algorithm developed in Section 
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3.7 assuming m=2. 

d) Calculate the log-likelihood function at <P., ".' p, "2' P2)' i.e., L m_2• 

e) Calculate -2In( () 

(4.37) 

The computer program given in Appendix C can be used to estimate (", P) 
and <P., "., p, "2' P2), and to calculate Lm_z and Lm_2• 

2. Choose a significance level a and check the critical value of -2In( ()a from 

Table 4.2, or from Figure 4.4. In Figure 4.4 enter the Y-axis with the (J -a) 

value, intercept the empirical cdf of -2In( (), and then read the approximate 

-2In( ()a from the X-axis. There are three empirical cdfs of -2In( (), and they 

are very close. One may choose -2In( ()a from the empirical cdf with the 

sample size closest to the size of the data set, or take the average of the critical 

values from the three empirical cdfs. 

3. Compare the observed -2In( () to the critical value -2In( ()a' If 

-2ln(C) > -2ln(C)cz 

the hypothesis of Ho: m=l is rejected, otherwise Ho is accepted. 

4.3.3.2 • The Power of the GLR Test 

The power of above hypothesis test is the probability of rejecting Ho: m=l when 

Ho is not true. In Section 2.5.1 the shapes of the cdf curves of the two-Weibull 

mixture have been studied. Figures 2.6a and 2.6b summarize the shapes of those cdf 

curves. For a given pz and {3>1, point (11, (3) represents a unique shape of a two

Weibull mixture on Weibull paper. On the 11-{3 plane (11, (3)=(1,1) represents a 

"single" Weibull distribution, and its probability plot is a straight line. In the 
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neighbourhood of (1,1) there is a region called S region. See Figures 2.6a or 2.6b. 

Any two-Weibull mixture in the S region has a shape very close to a straight line. As 

the distance between (1], (3) and (1,1) gets larger, the shapes of the cdf curve of a 

two-Weibull mixture appear to be curved and these curved shapes have been 

classified into six typical types of cdf curves in Section 2.5.1. Intuitively, if (1], (3) is 

close to (1, 1), then the mixture is indistinct, and if (1], (3) is far from (1, 1), then a 

two-Weibull mixture is obvious. 

Figure 4.5 gives four two-Weibull probability plots and these four mixtures are 

situated on the boundary of the S region. They are (1], (3)=(10, 1), (1], (3)=(6, 2), (1], 

(3)=(1,2.5) and (1], (3)=(0.4, 2.0). It can be seen that all four cdf curves have strong 

linear trend, or vague curvature, compared with the cdf curves given in Figures 2.5a 

through 2.5f which represent six typical two-Weibull mixtures. 

In practice, if the shape of the Weibull probability plot of a data set falls outside 

of the S region, or if it is close to one of the six typical shapes given in Figures 2.5a 

throught 2.5f, then m=2, otherwise m=l, if the decision is made only between m=l 

or m=2. It needs to be noted that the shape of the cdf curve on the probability 

paper is obtained by smoothing the data points. If the data points on Weibull paper 

are not dense enough, then the underlying two-Weibull mixture will get less 

exposure; consequently, an incorrect decision may be made. For example, if the 

underlying distribution is on the four two-Weibull mixtures given in Figure 4.5 and 

the data points on the probability plot are sparse, then it is very difficult to tell that 

the data were drawn from a two-Weibull mixture. Consequently, the decision ofm=l 

is very likely to be made. 

Numerically, the power of the GLR test can be evaluated using Monte Carlo 

simulation. From the previous discussion it can be seen that, for a given significance 
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Figure 4.5. Four Weibull plots from four two-Weibull mixtures which are on the 
boundary of the S region in Figure 2.6b. 
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level of a, the power of a test is a function of sample size, n, and the underlying 

mixture which is defined by (Pb"', f3), and it is denoted by '7T'(1I, Pb "" f3), where 

P = P2/P1, Tl = (Tl2/Tl 1)1', and f311 "'11 f32 and "'2 are defined in Eq.(2.19). Two 

special subsets on the ",-f3 plane of Figure 2.6b (Pl=0.5) were selected as the 

underlying distribution to evaluate the power of the GLR test. The first subset is 

f3=1 with 1 s",s100. The second subset is ",=1 with 1 sf3S5.0. Monte Carlo 

simulations were conducted to evaluate the power of the GLR test, and certain 

representives of the underlying distributions were selected from these two subsets. 

For f3=1 ", takes on values of 2, 6, 10, 20, 60 and 100. For ",=1 f3 takes on values 

of 1.5 (0.5) 5.0. For each ",-f3 combination, e.g. (f3, ",)=(1, 2), 200 samples were 

generated with sample sizes of 50 and 100, respectively. Three steps of the GLR test 

given in subsection 4.3.3.1 with a=0.05 were used to test the generated samples. In 

Step lc, three initial guesses were selected to start the EM algorithm for the MLE 

of the parameters of a two-Weibull mixture for each sample. The rule for selecting 

the initial guesses were similar to the rule used for simulating the distribution of 

-2In( () under Ho: m=l, which has been discussed in Section 4.3.2. The -2111 ( () 

were calculated and they were compared to the critical value of -2111 ( ()o.OJ=10.268 

which is the average of three critical values at a=0.05 when n=50, 100 and 150. See 

Table 4.2. If the simulated -2111 ( () is greater than -2111 ( ()o.OJ' Ho: m=l is rejected, 

otherwise it is accepted. The total number of rejections was recorded. The simulated 

power was found to be the percentage of the rejections among the total 200 

replications. 

It can be shown that, when Pl=0.5 and f3=1 (or f31=f3J, two mixtures with 

Tl21 = (Tl2/TlI)P, Tlu = (Tll/Tl2)P2 are identical. ("'211 1) and ("'121 1) are two points 

symmetric about ",=1 on a 10g(",)-axis, and this implies that any two mixtures with 
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{3=1 which are symmetric about TJ=1 on the log(TJ)-axis have the same shape of cdf 

curve on Weibull paper. Therefore the power function is symmetric about TJ=l when 

it is plotted on a log(TJ) scale. 

Figure 4.6 gives two power functions for n=50 and 100, respectively. It can be 

seen that the power of the GLR test with n=100 is much higher than the power with 

n=50. For example, when the underlying distribution is on the boundary of the S 

region, the power for n=100 is 0.5, and for n=50 is 0.3. For both n=50 and n=100, 

the power is low when the underlying mixture is inside of the S region, the power 

functions increase sharply when they cross the boundary of the S region, and the 

power functions approach 1 when TJ is away from the boundary of the S region. This 

agrees well with the graphical partition given in Figure 2.6b. 

Similarly, Figure 4.7 gives the power functions for TJ=l and PI =0.5. In Figure 4.7 

the power, similar to Figure 4.6, is much higher when the sample size is 100 than 

when the sample size is 50. The power is low when the mixture is inside of the S 

region. For example, on the boundary of the S region the power is 0.47 for n=100 

and the power is 0.25 for n =50. The power function increases as f3 increases. For 

example, to achieve a power value of 0.5 the {3 value needs to be 2.6 for n = 1 00, and 

3.4 for n =50. In general, the sample size is very critical. 

4.4 • The Bootstrap Method 

Bootstrap is a powerful technique which permits the variability in a random 

quantity to be assessed using just the data at hand. An estimate of the underlying 

distribution, say P , is formed from the observed sample, and the true distribution, 

say F, of the random quantity is replaced by P which provides an approximation to 

F. The detailed procedure of applying bootstrap to the likelihood ratio test for the 

test of Eqs.( 4.1) and (4.2) may be found in McLachlan (1987), and it can be briefly 
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Figure 4.6· The power function of the GLR test for mo=l against m1=2 with {3=1 
and PI =0.5. 
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described as follows: Proceeding under HOI a bootstrap sample is generated from a 

mixture of mo-subpopulations where, in the specified form of their pd/s, unknown 

parameters are replaced by their MLEs formed under Ho from the available data. 

Each value of -2In( () is calculated from the bootstrap sample after fitting mixture 

models for m=mo and mI' This process is repeated independently K times. The 

replicated values of -2In( () formed from the successive bootstrap samples provide 

an assessment of the bootstrap, hence of the true, null distribution of -2In( (). 

From Theorem 3 it can be seen that distribution of (for mo=l and ml '2!2 from 

a bootstrap is the true distribution of (, because (is independent of the null 

distribution in this case. If mo> 1 Theorem 3 can not be applied and the bootstrap 

method can be used. The procedure of using the bootstrap method to obtain the 

distribution of -2In( () is the same as the six steps given in Section 4.3.2, and the 

procedure of the GLR test is very similar to the test procedure given in Section 

4.3.3.1. A FORTRAN computer program has been developed to construct the 

bootstrap for 1 smo<ml s5, and it is given in Appendix E. 

Usually, the bootstrap is very time consuming. Aitkin, Anderson and Hinde(1981) 

introduced a method to use the limited replications from the bootstrap to perform 

the GLR test with an approximate risk a. The test rejects Ho if -2In(') for the 
... "'o-ml 

original data is greater than the jth smallest of its k bootstrap replications, and the 

approximate risk a is 

«= 1-...L. 
k+1 

(4.38) 

Assuming that the bootstrap and true null distributions of -2In( () are the same, 

then the original and subsequent bootstrap values of -2In( () can be treated as the 
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observations of a random sample of size k+ 1, and the probability that a specified 

member is greater than j of the other is 1-j/(k+1). In Section 4.5 an example is 

given to illustrate the application of the bootstrap method when the hypothesis is H,; 

m=2 against HI: m=3. 

4.5 - Applying the GLR test to determine m 

In the previous sections the techniques of the GLR test for a given hypothesis 

and its alternative have been developed. Usually, to determine m for given data 

needs more than one GLR test. The general procedure for determining m starts 

from the test hypothesis with the smallest possible m with an alternative of m + 1, e.g. 

Ho: m=l against HI: m=2. If Ho is accepted then no further test is needed. If Ho 

is rejected then one more subpopulation will be added to both Ho and HIt and a new 

GLR test has to be conducted. The procedure will stop when the first acceptance 

of Ho has occured. The following is an example to illustrate the application of the 

GLR test in determining m. 

The data set of 200 times to failure were plotted in Figure 4.1. The MLEs of the 

parameters were obtained for m=l, 2 and 3, respectively. From Figure 4.1 it can be 

seen that m=3 gives the best fit, m=l gives the worst and m=2 is in between. For 

this data set, the procedure starts withHo: m=l, and HI: m=2. From Figure 4.1, the 

log-likelihood function at the MLEs are L m_1=-437.88975 and L m _2=-416.53181. 

Using Eq.(4.37) the observed -2In( ()1.2 is 

-21n({)1_2 = -2(-437.88975+416.53181) = 42.71588. 

Compared with the critical value -2In( ()o.OJ =1 O. 268, Ho can easily be rejected. 

A second test with Ho: m=2 against HI" m=3 has to be conduced. From Figure 

4.1, Lm_2= -416.53181 and L m_J = -412.24907. The the observed -2In( ()2.J for the 
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second GLR test is 

-2ln(C)2_3 = -2(-416.53181 +412.24907) = 8.565. 

For the second hypothesis neither Table 4.2 nor Figure 4.4 can be applied, and the 

bootstrap method needs to be used. The MLEs of the parameters for m=2 were 

obtained from the data set, and they are 

PI = 0.3365, '11 = 1.0842, PI = 1.1393, '12 = 5.2534 and P2 = 2.8974. (4.39) 

The bootstrap takes these MLEs as the parameters of the underlying distribution. 

Using the computer program given in Appendix E, 375 replications were obtained. 

In each replication the parameter estimation for m=2 starts from one initial guess 

of the parameter set for the EM iteration, and it is the parameter set of the 

underlying distribution. For m=3 two initial guesses of the parameter set were used 

to start the EM iterations. These two initial guesses were determined using the 

following rule. Let's order increasingly a bootstrap sample of 200 observations 

Assign tl , ... ,t
k1 

toSubpopulation 1, t
k1

+
1
, ... ,t

A2 
toSubpopulation2,and t

A2
+
1
, ... ,t

200 

to Subpopulation 3. For the first initial guess k2=[P1n} =[0.3365 X200} =67, kl=[kJ2} 

=[67/2} =33. For the second initial guess kl =[P1n} =[0.3365 X200} =67, k2=[kl+(200-

kl}/2}=[67+(200-67)/2}=133 where [x} is the largest integer less than or equal to 

x. From Figure 4.1, it may be seen that the underlying distribution for the bootstrap 

is a Type D two-Weibull mixture. Also this can be checked from Figures 2.6a and 

2.6b, i.e. 
P = (P2/P I ) = 2.8974/1.1393 = 2.5431, 
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11 = (112/111)P1 = (5.2534/1.0842)1.1393 = 6.0367, 

or (11, (3)=(6.0367, 2.5432). It can be found that, from both Figures 2.6a and 2.6b, 

(11,{3) falls in the region of Type D two-Weibull mixture for bothPI=0.3 and PI =0.5, 

and 0.3SPI=0.3365S0.5. From the author's experience, when three subpopulations 

are assumed in parameter estimation, and the data set was drawn from a two

Weibull mixture, usually, there will be two local maxima. The reason is that the data 

has the nature of a two-Weibull mixture. If only two subpopulations were used the 

fitted model should have a reasonably good fit. When the third subpopulation is 

added to reinforce the fitting, it will only help to adjust the fitting of either one of 

the primary subpopulations to the corresponding observations. In this example, most 

of the first 67 observations of a bootstrap sample should belong to Subpopulation 

1 of the underlying mixture, and the majority of the last (200-67) =133 observations 

should belong to Subpopulation 2. When m=3 is assumed in the parameter 

estimation, for the first initial guess, the first 67 observations were assigned equally 

to Subpopulations 1 and 2, and the rest of the observations were assigned to 

Subpopulation 3. This may guide the iteration sequence to converge to one local 

maximum. Similarly, the second initial guess with kI=67, k2=133 may guide the 

iteration sequence converge to the second maximum. 

375 replications were obtained and the 95th sample percentile was found to be 

9.4306. Compare the observed -2In( ()2.J=8.565 to the 95th sample percentile of 

9.4306, Bo: m=2 can not rejected. In conclusion, the number of subpopulations in 

the mixed Weibull distribution which represents the data given in Figure 4.1 is two. 

In addition, the empirical cdf of - 21n( (hJ was plotted compared with the cdf of 

the Chi-square distribution. It can be seen that the empirical cdf of -2In( ()2.J from 
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the underlying distribution with the parameters given in Eq.( 4.42), falls in between 

~(4) and ~(6). The empirical cdf of -2In( ()2.J agrees with ~(5) well at lower 

portion of the cdf. When it is greater than its 65th percentile, it starts moving 

towards ~(4). Comparing Figure 4.8 with Figures 4.3 and 4.4, it can be seen that the 

-2In( ()s are reasonably close. 



183 

-21n( ()(n=200, mo=2 and m J=3) 
Q • -
eft • Q 

CD • 
r(6) Q 

c.... · Q 

~ 

~ 
• 

Q 

U an • c 

... r(4) • Q 

." • C 

0.0 2.5 5.0 1.5 10.0 12.5 15.0 17.5 20.0 

i, -21n«() 
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The finite mixed Weibull distribution has been recognized in reliability 

engineering and lifetime data analysis for more than three decades. It has been 

found that it is an appropriate distribution in modeling the lifetime of units having 

more than one possible failure cause. It has been used by many authors in modeling 

the lifetime of electrical and mechanical devices. Due to the lack of a systematic 

statistical procedure of applying the mixed Weibull distribution, it has not been 

widely used in the area of lifetime data analysis. The objectives of this research are 

to explore some of the unique features of the mixed Weibull distribution and to 

develop useful procedures and methods to apply it. Many areas in this subject have 

been studied in this research. The following are the significant findings and 

contributions. 

1. The Degree of Separation between Two Subpopulation pdfs 

In order to understand the finite mixed Weibull distribution the degree of 

separation between two subpopulation pdfs is defined in Section 2.4. It is the 

probability ofmisclassification (or overlap area) of two subpopulation pdfs and takes 

on values between 0 and 1. The overlap area approaching 0 implies that two 

subpopulation pdfs are very well separated. The degree of separation between two 

subpopulation pdfs is an important measure to determine the applicability of the 

graphical method in data analysis process for mixed Weibull distributions. In general, 

if the overlap area is less than 0.05, the graphic parameter estimation procedure 

gives accurate results. When the overlap is in between 0.05 and 0.10 the graphical 

method may still give acceptable estimates. It has been shown, in this research, that 

the overlap area depends only on p = P
Z
/P 1 and 11 = (11 z/111)'''. The contour plot 

---------
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of the overlap area is given in Figure 2.4. From Figure 2.4 the overlap area of any 

two Weibull distributions can be determined. 

2. The Classification of the CDF Curve of a Two Weibull Mixture on WPP 

A Weibull distribution has a shape parameter, /3, and a scale parameter, '11. 

Changing the value of /3 results in a change in the shape of the distribution on a 

linear-linear scaled plot. If a Weibull cdf is plotted on a Weibull probability paper 

(WPP) it remains a straight line. For a two-Weibull mixture, the shape of the cdf on 

a linear-linear scaled plot depends on five parameters, i.e. Pl1 '111' /3l1 '112 and /32' In 

this research, the shape of the cdf of the two-Weibull mixture has been investigated 

on WPP. Analytically, it has been shown that through the change of 

variable Z = (t/'fIl)PI, two-Weibull mixtures have an identical shape on WPP if their 

PI' P = (P1/P2) and 'fI = ('fI2/'fI1)P1 are the same. For a given PI the shape of the 

cdf of the two-Weibull mixture can be classified in the '11-/3 plane. Graphically, two

Weibull mixtures with the parameter combinations of /3=1,(0.5),8, and TJ=O.OOl, 

0.0015, 0.003, 0.006, 0.01, 0.015, 0.03, 0.06, 0.1, 0.15, 0.3, 0.6, 1.0, 1.5, 3.0, 6.0, 10.0, 

15.0, 30.0, 60.0, 100.0, 150.0, 300.0, 600.0 and 1000.0 were plotted for PI =0.3 and 

Pl=0.5, respectively. It was found that there are six typical shapes of cdf curves on 

WPP, as shown in Figures 2.5a through 2.5f, namely Types A through F, respectively. 

The curve type of each plot was recorded, and was plotted in Figures 2.6a and 2.6b, 

for Pl=0.3 and Pl=O.5, respectively. In Figures 2.6a and 2.6b the TJ-/3 planes are 

partitioned into seven regions which are labeled by A through F and S, respectively. 

Region S represents the two-Weibull mixtures whose cdf curves are very close to a 

straight line. A "single" Weibull distribution can be classified as a special case of a 

two-Weibull mixture with TJ=l and /3=1. 

One of the most important uses of probability plots is to identify an appropriate 
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distribution type. In practical lifetime data analyses, a data set may be plotted on 

several different probability papers, such as the extreme value of the minima or of 

the maxima, the Weibull, the normal, or the lognormal. It is possible that none of 

these plots fit the data well. In these cases, the data analyst may look for other 

alternatives. If the plot of the data on WPP falls in one of the six typical shapes, 

then the two-Weibull mixture may be a good model to use for this data set. 

On the other hand, in Figures 2.6a and 2.6b, a single point in the 'Y'J-f3 plane 

represents a family of distributions, such as (1,1) which represents all Weibull 

distributions. A family of two-Weibull mixtures represented by a single point, ('Y'J, f3), 

in the 'Y'J-f3 plane have common features or properties. It is not difficult to visualize 

that the mixtures represented by those ('Y'J, f3)'s in a certain region have similar 

characteristics. The classification of the cdf curve on WPP provides a rational 

partition of two-Weibull mixtures in studying their statistical characteristics, such as 

the behavior in parameter estimation process or the characteristics of their 

estimators. 

3. The Graphical Parameter Estimation Methods 

In this research three features of a well separated two-Weibull mixture have 

been proposed and proved. They are the following: 

1. The slope of the mixture cdf on WPP tends to zero in a certain region. 

2. The unreliability, Q('Y'Jl)-O.632Pl for t='Y'Jl<'Y'JZ, and Q('Y'JJ- PI +0. 632(1-Pl) for 

t='Y'Jz,. 

3 The tangent lines drawn at the two ends of the cdf curves are asymptotically 

parallel to the straight lines which represent the two individual 

subpopulations, respectively. 

Two existing graphical parameter estimation methods, namely the Kao-Cran 
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method [10, 34] and the Jensen-Petersen method [31], are discussed. It has been 

shown that the Kao-Cran can not be applied to Type A, B, C, E and F curves, and 

it is not recommended to be applied to the Type D curve either. The method has 

no solid theoretical basis. The above three features of a well separated two-Weibull 

mixture are the theoretical bases to support the Jensen-Petersen method. For Types 

F and A curves the Jensen-Petersen method gives accurate estimates. For the Type 

E curve the method still can be applied. For Types B, C and D curves the graphical 

method can not be applied. In these cases the parameters of a two-Weibull mixture 

can be estimated successfully using the EM algorithm developed in this research. 

4. The EM Algorithm for the Mixed Weibull Distribution 

The Expectation and Maximization (EM) algorithm is an iterative procedure 

which takes advantage of the simple parameter estimation procedure when the data 

is complete, and is used to obtain the parameter estimates when the data is 

incomplete data. Each EM iteration consists of two steps, namely the E step and the 

M step, which are given by Eqs.(3.18) and (3.19). Treating the unknown failure 

mode of the non-postmortem failures and unfailed units as missing information, the 

EM algorithm has been applied to find the MLE for finite mixed distributions. In 

this research the EM algorithm has been applied to the mixed Weibull distribution 

successfully for complete, censored, grouped and suspended samples with non

postmortem failures. Also it has been shown that the postmortem failure can be 

treated as a special case of non-postmortem failures. Hence, the algorithm for non

postmortem failures can also be applied to postmortem failures. 

Numerically, if there are no interval failures in the data set only the one 

dimensional Newton-Raphson method is needed to find the maximum of the 

conditional expectation in the M step. In Examples 3.1 through 3.5 the algorithm has 
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been applied to two, three and five-Weibull mixtures with the samples having non

postmortem and postmortem failures. It was found that the algorithm is powerful. 

In Example 3.3, 14 parameters in a five-Weibull mixture were found without 

difficulty. In Example 3.1, the data sets generated from six typical types of two

Weibull mixtures were fitted. It was found that the number of EM iterations are few 

when the subpopulations are well separated. Also, for each data set nine different 

initial guesses of parameter sets were used to start the EM iteration. It was found 

that the algorithm is insensitive to the initials. In Example 3.5 the algorithm was used 

to find the MLE for the suspended sample given by Natesan and Jardine (1986). It 

can be seen in Figure 3.3 that the proposed algorithm gives much better estimates 

than the estimates of the authors. 

If the data set contains interval failures then the two dimensional Newton

Raphson method has to be used in the M step for the exact solution. If the interval 

width is small compared with the variance of the subpopulation pdfs, an 

approximation method can be used, and only the one dimensional Newton-Raphson 

method is required in the M step. The comparisons have been made between the 

exact and approximate methods. It has been found that the exact method is not 

sensitive to the interval width, but the approximate method is. As the interval width 

increases, the MLEs obtained from the approximate method get worse. Overall, the 

exact method gives much better estimates than the approximate method. 

5. The Multiple Maxima and Pathological Solution 

Whether the log-likelihood function for the mixed Weibull distribution has 

multiple maxima is strongly dependent on the sample data and the hypothesized 

number of subpopulations in the parameter estimation process. The data drawn from 

the mixture with well separated subpopulations will have a unique solution if the 
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number of subpopulations is assumed correctly. In general, multiple maxima are 

expected, especially, when the number of subpopulations used in the parameter 

estimation does not match the data. As discussed in Section 4.5, when the data are 

generated from a two-Weibull mixture and m=3 is assumed, then two local maxima 

are expected. To identify the global maximum from the obtained MLE, the graphical 

examination method is recommended. As shown in Figure 3.4 if the fitted 

distribution, Curve 1, is obtained, further searching for the largest local maximum 

may not be necessary, and the parameter of Curve 1 may be taken as the global 

maximum. In addition, other goodness-of-fit techniques, such as the Chi-square test, 

may help determine the MLE from a practical standpoint. 

As discussed in Section 3.4.3 the log-likelihood function for the mixed Weibull 

distribution is unbounded. If the initial guesses of the parameter set for the EM 

iteration were not appropriately chosen the EM sequence converges to a 

pathological solution at which the scale parameter of one of the m subpopulations, 

11j, tend to one of the times to failure, ti , and f3j tends to infinity, i.e. the ith 

subpopulation degenerates at Ii' L(t, qr)-oo solutions are pathological for practical 

purposes and they do not yield a useful mixture. In this case the EM iteration should 

be restarted from new initial guesses of the parameter set. 

6. Newton.Raphson Method 

The Newton-Raphson method has been used directly to solve the 3m-l 

likelihood Equations (3.13), simultaneously, for the mixed Weibull distribution. In 

this research the reasons for using the Newton-Raphson method are the following: 

1. Refine the MLE obtained from the EM algorithm - Example 3.8 shows that a 

few additional Newton-Raphson iterations does improve the accuracy of the 

solution. 
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2. Verify the maximum of the log-likelihood function, L - Zero of the first order 

derivative vector and negative definite second order derivative matrix of L 

at .p implies that .p is a local maximum of L. See Example 3.8. In Section 

3.9 extensive simulations of MLE have been conducted. All solutions were 

verified. If a solution was not a maximum, then the convergency accuracy was 

reduced and additional iterations were conducted. A similar rule was applied 

to the simulations performed in CHAPTER 4. 

3. Obtain the asymptotic distribution of .p - As an illustration an asymptotic 

distribution of .p was obtained in Example 3.8. Compared with the sample 

standard deviations obtained by simulations, the asymptotic standard 

deviations are close to the simulation results. 

7. The Maximum Likelihood Estimators of the Two-Weibull Mixture. 

Extensive simulations of the MLE of two-Weibull mixtures were conducted in 

Section 3.9. The six underlying distributions are given in Table 3.1. For each 

underlying distribution the simulations were carried out for four different sample 

sizes, i.e. 11=50, 100, 200 and 500. The number of replications for each sample size 

was 100. From the simulation results the following may be seen: 

For individual parameter estimator 

- Bias: The estimators of f3, and f32 are biased, i.e. illl,>P
l
, i=1 and 2, especially for 

Type B, C, D and E two-Weibull mixtures when the sample sizes are less 

than or equal to 100. For f3" all sample means, il~l in Table 3.11 are greater 

than f3" the parameter of the underlying distribution, and for f3b 22 out of 24 

are. For the rest of the parameter estimators there is no significant evidence 

to draw a similar conclusion. In general, as sample size increases the 

difference between the sample mean and the parameter of the underlying 
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distribution decreases. This implies that the estimators of the five parameters 

are asymptotically unbiased. 

- Variation: Sample standard deviations of all five parameters decrease as the 

sample sizes increase. See Figures 3.5a through 3.5d. The overlap areas of the 

six underlying distributions have been ordered increasingly, i.e. A 1}peF < 

A 1}peA < A 1}peE < A 1}peB < A 1}peD < A 1}peC' In general, the sample standard 

deviations are small when the overlap area is small. In other words, the MLE 

of the mixture with two well separated subpopulations have a small variation. 

- Normality: When n ';Z!200 the distributions of the five estimators are very close to 

normal distributions. This agrees well with the maximum likelihood large 

sample theory. PI and P
2 

have right skewed distributions when n is small, 

and as n increases the right skewness disappears gradually. 

For Reliability estimator 

- Bias: From Table 3.12 it may be seen that there is no significant bias of R. 

- Variation: It has been observed that as the sample size increases the variation 

of R decreases, and as the reliable life, tR, increases the variation 

of R decreases, especially, when R>85%. Comparing Figure 3.8 with Figure 

3.7b it can be seen that the overall variations of R for Type C and Type A 

mixtures are very close. Furthermore, Figure 3.8 indicates that, for a given 

sample size n and a reliable life t~ the variation of R is close for all six types 

of two-Weibull mixtures. III conclusion, the degree of separation between two 

subpopulation pdfs in a two-Weibull mixture only affects the variations of the 

individual parameter estimators, and it has no significant impact on the 

variation of the reliability estimator which is a function of all five individual 

parameter estimators. 
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- Normality: The reliability estimator has very good normality even when the sample 

size is equal to 100. 

8. Using the GLR Test to Determine m in a Mixed Weibull Distribution 

The most important parameter in a finite mixed Weibull distribution is m, the 

number of subpopulations in the mixture. In this research a procedure has been 

developed to determine m using the generalized likelihood ratio (GLR) test. Two 

theorems (Theorems 2 and 3) have been proposed and proved. From these two 

theorems it has been shown that if Ho: m=l and HI: m=mI>l, the GLR, (, is 

independent of the parameters in the distribution of Ho. Therefore the distribution 

of (or -2In( () depends only on sample size and the number of failures if the data 

is failure terminated. In Section 4.3.2 the distributions of -2In( () for sample size of 

50, 100 and 150 were obtained through Monte Carlo simulations. Their empirical 

cdfs are plotted in Figure 4.4 and their percentiles are given in Table 4.2. It was 

found that the three empirical cdfs of -2In( () in Figure 4.4 are very close. Hence 

the effect of the sample size on the distribution of -2In( () can be ignored in 

practical use. Also, from Figure 4.3 it may be seen that the empirical cdfs fall in 

between r(4) and r(6), and they are very close to r(5). 

Based on the simulated distributions, the GLR test for Ho: m=l and HI: m=2 

can be carried out easily. In Section 4.3.3.2 the power of the GLR test for Ho: m=l 

and HI: m=2 has been simulated. It was found that the power is sensitive to the 

sample size used. For example, the power of the GLR test is much higher when 

n=100 than when n=50. Figures 4.6 and 4.7 give the simulated power functions. It 

can be seen that the power is lower when the underlying distribution is in the S 

region. On the boundary of the S region the power is approximately equal to 0.5 for 

n=100 and 0.25 for n=50. If Ho: m=mo~2 the bootstrap method has to be 
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employed. In Section 4.4 a brief introduction is given, and a FORTRAN computer 

program has been developed to conduct the bootstrap of the GLR test for 

1 smo<mI s5, and it is given in Appendix E. In general, the bootstrap is relatively 

time consuming. 

To determine m through the GLR tests is an iterative procedure. The procedure 

starts from the test hypothesis with the smallest possible m with an alternative of 

m + 1. If Ho is accepted then no further test is needed, otherwise, one more 

subpopulation will be added to both Ho and HI' A new GLR test has to be 

performed. The procedure will stop when the first acceptance of Ho has occurred. 

An example is given in Section 4.5 to illustrate the application of the developed 

procedure. The first GLR test is Ho: m=1 and HI: m=2. It was carried out easily 

using the percentile given in Table 4.2. The decision made is that m > 1. The second 

GLR test is Ho: m=2 and HI: m=3. Three hundred seventy five replications of the 

bootstrap have been obtained, and the empirical cdf of -21n( () was plotted in 

Figure 4.8. It may be seen that it is close to the empirical cdfs given in Figure 4.4 

which are the cdfs of -21n( () for Ho: m=1 and HI: m=2. In the second GLR test 

the null hypothesis can not be rejected. Therefore the final decision is m=2. 
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Let R(t) be the reliability function of a two-Weibull mixture, and RitJ and Rit) 

be the reliability functions of the Subpopulations 1 and 2, respectively, then 

1. Using Eqs. (3.2) and (3.3), and taking the derivative of Y with respect to t, yields 

dY -1 Plft(t)+(1-Pt)A(t) 
-= 
dt In[P1 RI(t)+(l-PI)~(t)] PI RI(t)+(1-PI)~(t) 

CAl) 

Consider the effect of changing the values of 711 and 712: 

First fix 712, f311 f32 and t, let 711 _ 0, then PI Rit) _ 0 and pdit) _ 0, therefore 

dY _ -1 (l-pt)A(t) 

di - In[(l-PI)~(t)] (1-PI) ~(t) . 

Second fix f31, f32 and t, let 712 _ 00, then Rlt) _ 1 and fit) _ O. These lead to 

dY - .. O. 
dt 

Let's rescale the abscissa, and let x = In t, then t = ell. Taking the derivative of Y 

with respect to x yields 

dY dYdt dY z -=--=-e, 
dx dt dx dt 

(A2) 

therefore 



dY _ 0 when dY _ O. 
dx dt 

It can also be seen that 

because Rlt) _ 0 and Rlt) _ 1. 

2. Calculate Q(1'II) from 

-(~)~I _(~)P2 

Q(lll) = 1- [PI e 'II +(1-PI)e '12 ]. 

_(~)P2 

Since when I'll < < 1'12' e '12 - 1, then 

Also 

_(~)PI _( '12)P2 

Q(1l2) = 1- [PI e '11 + (I-Pl)e '12 ], 

_( '12)PI 

and since when I'll < < 1'12' e '11 - 0, then 
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3. For fIxed t it can be shown that Rlt) - 1 and fit) - 0 as 1'12 - 00, and that 

Rlt) - 0 and h(t) - 0 as I'll - O. From Eq.(A.2) 

dYdY"dY -=-e =-t. 
dx dt tIt 
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First fix the Subpopulation 1 and move the Subpopulation 2 far to the right, i.e. let 

TJ2 - 00, then Rlt) - 1 and fit) - 0, which yields 

Using L'Hospital's rule yields 

dY 
dx .. P 1 as t.. o. 

Similarly, fix Subpopulation 2 and move Subpopulation 1 to the left, i.e. let TJ, -- 0, 

then Rlt) - ° and flt) - 0, which yields 

Using L'Hospital's rule yields 

dY 
dx - P2 as t .. 00. 

The same conclusion can be obtained when TJl < TJ2' TJl and TJ2 are fixed, and {3, or {3~ 

is increased. 
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NEWfON·RAPHSON METHODS IN THE M·STEP 

Newton Rapbson Method for One Unknown 
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The Newton·Raphson method for solving Eq.(3.75) or Eq.(3.86) can be expressed 

as 

A (l-I), 
A(l) _ A(l-l) _ g(~, OJ 
~, -~, . 

gl(ptt~ 
(B.1) 

The new value of {3j at the lth iteration, {3//), is calculated from Eq.(B.l) when the old 

value of {3j is available. Rewrite Eqs.(3.75) and Eq.(3.86) as follows: 

Taking the derivative of Eq.(B.2) with respect to {3j yields 

For Eq.(3.75) 

II, 

A = L E(Z'i1ti' 'l'(h»+n.xl' 
i-I 

~ ~ ~ 

B(P,) = L E(Z'i1tJ' 'l'(h»tj'ln(tJ)+ L x~'In(x,)+ L E(Z'ilsi' 'P(h»sj'ln(si)' 
i-I i-t J-t 

II, II., ". 

C(P,) = L E(Z'i1ti' 'P(h»tj'+ LX~'+ L E(Z'ilsi' 'P(II»sj', 
i-I i-I i-I 

II, II., 

D = L E(Z'i1ti' 'P(II» In(ti } + L In(x,), 
i-I i-I 

(B.2) 

(B.3) 



~ ~ ~. 

B' (p/) = E E(zljltj , 1p(h»tj' In2(tj) + E x~' In2(X/)+ E E(zljls" 1p(h»Sj' ln2(S,), 
i-1 i-1 j-1 

and 

C'(p/) = B(p/). 

For Eq.(3.86) 

v '1 

A = E [E E(z/'kly , '}' 1p(h» +'/,] , 
j-1 k-1 

n. v '1 

B(p/) = E E(z/,Is}, 1p(h»sj' In(Sj) + E [E E(z/jl:!Y' '}' 1p(h» +,/,]xj' In(x,), 
}-1 1-1 k"l 
~ v ~ 

C(P j) = E E(z/} Is}, 1p(h»sj'+ E [E E(z'}kly , '}' 1p(h» +'/,] xj', 
}=1 j=1 k=1 

v '1 

D = E [E E(z,ikly , 'i' 1p(h» + Tjj ] In(x), 
}-1 k-l 

n. v '1 

B'(p/) = E E(z/JlsJ, 1p(h» SJ In2(SJ) + L [E E(z,Jkly, 'j' 1p(h» +TIj] xj' In2(x,), 
j-l i-I k-1 

and 

C'(p/) = B(P,). 

Newton Raphson Method for 1\vo Unknowns 
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In the M-step of the EM algorithm for grouped failure samples two unknowns 

have to be solved for simultaneously. From Eqs.(3.80) and (3.81), i.e. 

8Q,.. 
-=0, 
811, 

8Q,.. 
-=0. 
8P, 

(BA) 

.. --.-.- . -- .. _--- .. _------------------
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Applying the Newton-Raphson method which is given in Section 3.8.1 to Eq.(BA) we 

have 

( 
(1+1)] (I)] 

;;,+1) = ;;1) -

From Eqs.(3.80) and (3.81) we have 

a Qi') 
aTl~ 

a Qi') 
aTl,ap, 

a Qi') -1 

aTl,ap, 

a Qi') 
ap~ 

aoi') 
a", 
a Qi') 
ap; 

aQ" ~ 1 aRies) ~ ~ 1 ap,j - = LJ E,j-- + LJ [LJ E,jk +'1)- --. ap, j-l R,(sj) ap, j-l 1:-1 Pij ap, 

where Ejj=E(Zjj I Sj, '1'(h)), Ejjk=E(zjjkly,rj, '1'(/1)) and RlsJ=Rlsj lT7j,f3j). 

The second derivatives are 

(B.5) 

(B.6) 
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where 

a
Z 
P~ = [In(Yj-l )]Z(YJ-l)~IR'(yJ_l)[(Yj-l)PI -1] 

ap, TI, TI, TI, 

- [ In( YJ )]z( YJ )P1R,(Y) [( Yj )P'-1], 
TI, TI, TI, 

aZp'J = (~)(YJ-l)P'R(y )[_(YJ-l)P'ln(YJ-l)+ In(YJ-I)+l.] 
a'll,ap, TI, 'Il, 'i-I 'Il, 'Il, TI, PI 

-(~)( YJ)P'R,(Y) [ -( YJ)P1 ln( YJ)+ In( YJ)+l.]. 
'Il, TI, 'Il, 'Il, 'Il, P, 

and aR,(sJ) aR,(s) aZR,(sJ) aZR,(s) and aZR,(sJ) are defined in Eqs.(107) 

a 'Il, ' ap,' 8Tl~' ap7 8Tl,ap, 
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LIST OF SUBROUTINES 

Main subroutines: 

Page 

newbei: One dimensional Newton-Raphson method in the M-step 203 

propor: Estimate mixing weights in the M-step .................. 204 

probi: The E-step of the EM algorithm (works with pdf and rei) 204 

mnewtg: Two dimensional Newton-Raphson method in the 

M-step (works with usrfung) .......................... 205 

mnewt: Multi-dimensional Newton-Raphson method (works with usrfun, 

ludcmp, lubksb, Ukhod, tred2 and tqU) .................. 206 

weii: Mixed-Weibull random number generator (works with ran, 

ranO and order) ................................... 208 

Supporting subroutines and functions: 

pdf: pdf function ....................................... 209 

rei: 

Iikhod: 

usrfung: 

usrfun: 

par2: 

pldia: 

plndia: 

Reliability function ................................. 209 

Log-likelihood function (works with pdf and rei) ........... 209 

Internal function for mnewtg . . . . . . . . . . . . . . . . . . . . . . • . .. 210 

Internal function for mnewt (works with par2) . . . . . . . . . . . .. 212 

Calculate the second order derivative 

matrix, alpha (works with pldia, plndia, plsdia and plsodia) ..• 213 

The main-diagonal elements of alpha ................... 213 

The main-off-diagonal elements of alpha ................ 214 
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plsdia: Sub-diagonal elements of alpha . . . . . . . . . . . . . . . . . . . . . . .. 215 

plsodi: Off-sub-diagonal elements of alpha ..................... 216 

ludcom: Matrix LU decomposition (Press, et aI., 1986, pp. 35-36) 

lubksb: Back-substitution (Press, et al., 1986, pp. 36-37) 

tred2: Householder reduction of a symmetric matrix (Press, et aI., 

1986, pp. 355-356) 

tqli: QL algorithm to determine the eigenvectors of a matrix 

(Press, et al., 1986, pp. 361-362) 

ran: Uniform random number generator .................... 217 

ranO: Improved Uniform random number generator (Press, et aI., 

1986, p. 195) 

order: Order an array . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 217 

Common blocks: 

/xmain/x( ni): 

/pro/pro( ni,S): 

/par/p(5): 

et(5): 

be(5): 

/inte/m: 

n: 

r: 

/nfail/nfail( ni): 

/xend/xend(ni): 

/new/, /newt/: 

array, times to failure, 

array, probability of the membership for each time to failure, 

array, mixing weights of the subpopulations, 

array, scale parameters of the subpopulations, 

array, shape parameters of the subpopulations, 

integer, the number of subpopulations, 

integer, sample size, 

integer, the number of failures, 

integer array, the number of failures in each time interval, 

array, the end point (If each time interval, 

intermediary results in the calculation of the second order 

derivative matrix of the log-likelihood function. 



c -------------- ------
subroutine newbei(eta_k,beta_k,k,eps,ier) 

c -------- ---------
c estimate eta_k and beta_k, given pro(klxj) 
c and xj, using newton-iteration method. 
c 
c eta_k-the scale parameter of the Ith sub. 
c beta_k-the shape parameter of the Ith sub. 
c eps-convergency accuracy 
c ier-error indicator 

c 

implicit double precision (a-h,o-z) 
parameter(ni = 500) 
real*8 eta_k,beta_k,eps 
integer*4 r 
common Ixmainl x(ni) 
common Iprol pro(ni,5) 
common lintel m,n,r 

c calculate the percentile estimate of beta_k 
c 

ier=O 
rr=O.OdOO 
do 2 i=1,r 
rr=rr+pro(i,k) 

2 continue 
perl=0.1673dOO*rr 
peru = 0.9737dOO*rr 
rrO=O.OdOO 
do 51=1,n 
rrO=rrO+pro(I,k) 
if(rrO.ge.perO then 
irO=i 
goto 6 
end H 

5 continue 
6 do 71=irO+1,n 

rrO=rrO+pro(i,k) 
if(rrO.ge.peru) then 
ir1=1 
goto 8 
end H 

7 continue 
ir1=r 

8 tem1 =2.99dOO/(dlog(x(ir1»-dlog(x(lrO))) 
1 0 beta k=tem1 

c 

if(beta_k.gt.100)then 
ler=1 
return 
end H 

c newton-raphson iteration 
c 

a=O.OdOO 
b=O.OdOO 
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c=O.OdOO 
e=O.OdOO 
do 20 1=1,r 
al=dlog(x(O) 
ex=x(Q**beta_k 
a1 =pro(i,k)*ex 
b1 =pro(i,k)*al 
a=a+a1*al 
b=b+a1 
c=c+b1*ex*al 
e=e+b1 

20 continue 
a=a+(n·r)*pro(r+ 1,k)*ex*al 
b=b+(n·r)*pro(r+1,k)*ex 
c=c+ (n·r)*pro(r+ 1,k)*ex*al*al 
tem1 =1.dOO/beta k+e/rr·a/b 
tem1 =tem1/(1.doo/beta_k/beta_k+ (b*c·a*a)/b/b) + beta_k 
if«abs«beta_k·tem1)/beta_k).ge.eps).or.(mm.le.2» goto 10 
beta k=tem1 
etaj<=(b/rr)**(1.doo/beta_k) 

25 continue 
return 
end 

c •.. -.---.-... ---._.-. 
subroutine propor 

c ....... -.-----.---.• --..• 
c estimate p_k in the m·step. 

implicit double precision (a·h,o·z) 
integer*4 m,n,r 
common Iprol pro(ni) 
common lintel m,n,r 
do 5 i=1,m 
p(Q=O.OdOO 

5 continue 
do 20 j=1,m 
do 10 i=1,n 
pO)=pO)+pro(i,D 

10 continue 
pO) =pO)/dreal(n) 

20 continue 
return 
end 

c -------------------
subroutine probi 

c .. --_. ,-------
c the e·step of the em algorithm 

implicit double precision (a·h,o·z) 
dimension pdq(ni,5),pdqq(nQ 
integer*4 m,n,r 
common Ixmainl x(ni) 
common Iparl p(5),et(5),be(5) 
common lintel m,n,r 
do 20 1=1,r 
pdqq(Q =O.OdOO 
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do 20 j=1,m 
pdq (I,D =pm*pdf(x(Q,D 
pdqq(Q=pdqq(Q+pdq(l,D 

20 continue 
do 30 1=1,r 
do 30 j=1,m 
pro(I,D= pdq(i,D/pdqq(Q 

30 continue 
pdqq(r+ 1) =0.0 
do 40 j=1,m 
pdq(r+ 1 ,D =pm*rel(x(r),D 
pdqq(r+1)=pdqq(r+1)+pdq(r+1,D 

40 continue 
do 45 j=1,m 
pro(r+ 1 ,D =pdq(r+ 1 ,j)/pdqq(r+ 1) 

45 continue 
do 50 i=r+2,n 
do 50 j=1,m 
pro(i,D=pro(r+1,D 

50 continue 
return 
end 

c ----------------, 
subroutine mnewtg(ntrial,x,n,kk,tolx,tolf) 

c ---------------------------
c ntrial-upper limit of the newton trials 
c x-vector of unknowns 
en-number of unknowns 
c kk-the kk_th subpopulation in the M-step 
c tolx-the tolerance of x 
c tolf-the tolerance of func 
c 

parameter (np=2) 
dimension x(np),alpha(np,np),beta(np),indx(np), 

* Y(np,np),c(np,np) 
do 13 k=1,ntrial 

call usrfung(x,kk,alpha,beta) 
errf=O. 
do 11 i=1,n 

errf=errf+ abs(beta(Q) 
11 continue 

if(errf.le.tolf)goto 100 
call1udcmp(alpha,n,np,lndx,d) 
call lubksb(alpha,n,np,lndx,beta) 
eri'X=O. 
do 12 1=1,n 

errx=errx+abs(beta(Q) 
x(Q=x(Q+beta(Q 

12 continue 
If(errx.le.tolx)goto 100 

13 continue 
100 return 

end 
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c ---------------------------
subroutine mnewt(ntrlal,x,n,tolx,tolf) 

c --- -----
c ntrlal-upper limit of the newton trials 
c x-vector of unknowns 
c n-number of unknowns 
c tolx-the tolerance of x 
c tolf-the tolerance of func 

c 

Implicit double precision (a-h,o-z) 
parameter (np=15) 
dimension x(np),xO(np),alpha(np,np),beta(np), 

* indx(np),y(np,np),c(np,np),d(np),e(np),z(np,np) 
common Iparl p(5),et(5),be(5) 

call1ikhod(f1) 
fO=f1 
do 200 k=1,ntrial 
call usrfun(x,n,np,alpha,beta) 
errf=O. 
do 11 i=1,n 
errf= errf+ abs(beta(Q) 

11 continue 
if(errf.le.tolf)goto 100 
call1udcmp(alpha,n,np,indx,d) 
call1ubksb(alpha,n,np,indx,beta) 
af=1.0 
do 9 i=1,n 
xO(I)=x(Q 

9 continue 
10 if(abs(af).le.0.0001 )then 

do 8 j=1,n 
x(Q=xO(O 

8 continue 
x(n+1)=0.0 
do 7 1=1,n/3 
x(n+1)=x(n+1)+x(3+(i-1)*3) 

7 continue 
x(n+1)=1.-x(n+1) 
do 6 i=1,(n+1)/3 
be(Q=x(1 +3*(i-1» 
et(Q=x(2+3*(i-1» 
p(I)=x(3+3*(i-1» 

6 continue 
call1lkhod(f1) 
goto 200 

end If 
errx=O. 
do 121=1,n 
errx=errx+abs(beta(O) 
x(l) =xO(Q +af*beta(l) 

12 continue 
x(n+1)=0.0 
do 18 1=1,n/3 
x(n+1)=x(n+1)+x(3+(i-1)*3) 
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18 continue 
x(n+1)=1.-x(n+1) 
do 16 i=1,(n+1)/3 
be(O=x(1 +3*(1-1» 
et(I)=x(2+3*(1-1» 
p(O=x(3+3*(1-1)) 

16 continue 
calilikhod(f1) 
if(f1.1t.f0)then 
af=abs(af*0.25) 
goto 10 
end if 
if(errx.le.tolx)goto 100 
fO=f1 

200 continue 
100 call usrfun(x,n,np,alpha,beta) 

write(16,*)' the number of newton iteratlons=',k 
write(16, *),--matrix alpha---' 
do 140 1=1,n 
do 130 j=1,n 
c(i,D =alpha(i,D 

130 continue 
write(16,220)(alpha(i,j), j=1,n) 

140 continue 
1 do 221=1,n 

do 21 j=1,n 
y(i,j)=0 
alpha(i,D =-alpha(i,D 

21 continue 
y(i,O=1. 

22 continue 
call1udcmp(alpha,n,np,indx,d) 

do 23 j=1,n 
call lubksb(alpha,n,np,indx,y(1,j» 

423 continue 
write(16,*),-beta ---' 
write(16,*)(beta(O,I=1,n) 
write(16, *)' ---Invers matrix alpha--' 
do 160 1=1,n 
write(16,220)(y(i,D, j=1,n) 

160 continue 
220 format(n(e12.4)) 

call tred2(c,n,np,d,e) 
call tqli(d,e,n,np,z) 
write(16, *)'---elgenvalues--' 
write(16,*)'- if all englnvalues are negative-' 
write(16,*)' the the matrix Is negative definit-' 
write(16,*)(d(O,I=1,n) 

retum 
end 
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c ------
subroutine well(m,pl,bel,etl,n,tt,r,t) 

c 
c generate complete, time-terminated or failure 
c -terminated sample from mixed weibull 
c distribution. perform with functions ranO 
c and ran1, and subroutine order. 
c 
c parameters: 
c m=number of subpopulations, input. 
c pl(m)=input array, m mixing weights. 
c bei(m)=lnput array, m shape parameters of 
c m subpopulatlons. 
c etl(m)=input array, m scale parameters of 
c m subpopulations. 
c n=total number of individuals in the life 
c test, Input. 
c tt=tlme to terminate the test, input tt=o 
c Implies that the test is complete or 
c failure-terminated. 
c r=output integer, number of failed individuals. 
c t(n)=output array, n tlme-to-failure, In 
c the value of increasing order. 
c ** initialize ranO before calling this 
c subroutine. 
c 

integer m,n,r 
real pl(m),bei(m),eti(m),t(n),tt 
real pp(10) 

c 
pp(1)=pl(1) 
do 51=2,m 
pp(0=pp(I-1)+pi(0 

5 continue 
do 20 i=1,n 
u1 =ranO(inO 
do 10 j=1,m 
if(u1.le.ppm) then 
t(O =etim*(-alog(ranO(lnO»**(1./belm) 
goto 20 
end if 

10 continue 
20 continue 

call order(t,n) 
if«tt.eq.O.O» return 
do 30 1=1,n 
if(t(O.gt.tt) then 
r=I-1 
return 
end if 

30 continue 
r=n 
return 
end 



c --------.---
double precision function pdf(y,k) 

c ----------------------

c 

implicit double precision (a-h,o-z) 
parameter(nl=500) 
integer*4 m,n,r 
common Iparl p(5),et(5),be(5) 

qe=be(k)*dlog(y/et(k» 
if(qe.ge.6.56) then 
pdf=O.O 
return 
end if 
pdf= be(k)/et(k)*(y/et(k»**(be(k)-1.)*rel(y ,k) 
return 
end 

c --------------------------
double precision function rel(y,k) 

c ------- -------

c 

c 

c 

c 

implicit double precision (a-h,o-z) 
parameter(ni=500) 
integer*4 m,n,r 
common Iparl p(5),et(5),be(5) 

qe=be(k)*dlog(y/et(k» 
if(qe.ge.6.56) then 
rel=O.OdOO 
return 
end if 
qe=dexp(qe) 
rel=dexp(-qe) 
return 
end 

subroutine likhod(f) 

implicit double precision (a-h,o-z) 
parameter(ni=500) 
integer*4 m,n,r 
common Ixmainl x(ni) 
common Iparl p(5),et(5),be(5) 
common lintel m,n,r 

q=O.OdOO 
do 10 i=1,r 
qq=O.OdOO 
do 5j=1,m 
qq=qq+pm*pdf(x(i),D 

5 continue 
q=q+dlog(qq) 

10 continue 
if(r.ge.n) then 
f=q 
return 
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end If 
qq=O.O 
do 15 j=1,m 
qq=qq+pO)*rel(x(r),D 

15 continue 
f=q+dreal(n-r)*dlog(qq) 
return 
end 

c --------
subroutine usrfung(xx,kk,alpha,beta) 

c -----
c xx-vector of unknowns 
c kk-the kk_th subpopulatlon In the M-step 
c alpha-the matrix of the second order derivatives 
c of the log-likelihood function 
c beta-the vector of the first order derivatives of 
c the log-likelihood function 
c 

c 

implicit double precision (a-h,o-z) 
parameter(ni=200,np=2) 
dimension xx(np),alpha(np,np),beta(np),rj(nO 
dimension toe(nO,exteb(ni), elnte(nl), 

* pp1 e(nO,pp1 b(nO,pp2e(nO,pp2b(nl), 
* pp2eb(ni),pji(nl) 

common lintel nsub,n,nk 
common Infaill nfall(nO 
common Ixendl xend(nO 
common Iprol pro(ni,5) 

do 10 j=1,nk 
toeO) =xend~lIxx(1) 
extebO) =toeO) **xx(2) 
elnteO) =alog(t08O» 
rjO)=exp(-extebO» 

10 continue 
beet=xx(2)/xx(1 ) 

c 
c calculate pjl 
c 

pjl(1)=1.-rj(1) 
do 20 j=2,nk 
pjI0)=rJO-1)-rjO) 

20 continue 
pjl(nk+1)=~(nk) 

c 
c calculate the derivatives 
c 

do 25 j=1,nk 
toeO) =xend~lIxx(1) 
extebO) =toeO)**xx(2) 
elnteO) =alog(toeO» 
~O)=exp(-extebO» 

25 continue 
pp1 e(1) =-beet*exteb(1 )*rj(1) 
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pp2e(1)=-exteb(1)*rj(1)*(beet**2*exteb(1) 
* -XX(2)*(xx(2)+1.)/xx(1)**2) 

pp1 b(1)=exteb(1)*elnte(1)*rj(1) 
pp2b(1) =-elnte(1 )**2*exteb(1 )*(exteb(1 )-1.)*rj(1) 
pp2eb(1)=-beet*rj(1)*exteb(1)*(-exteb(1)*elnte(1) 

* +elnte(1)+1./XX(2» 
pp1 e(nk + 1) = beet*exteb(nk) *rj(nk) 
pp2e(nk + 1) =exteb(nk)*rj(nk) * (beet**2*exteb(nk) 

* -xx(2)*(xx(2)+1.)/xx(1)**2) 
pp1 b(nk+ 1) =-exteb(nk)*elnte(nk)*rj(nk) 
pp2b(nk+ 1) =elnte(nk)**2*exteb(nk)*(exteb(nk)-1.)*rj(nk) 
pp2eb(nk+1) =beet*rj(nk)*exteb(nk)*(-exteb(nk)*elnte(nk) 

* +elnte(nk)+1./xx(2» 
do 30 j=2,nk 
pp1 eO) = beet*(extebO-1 )*rjO-1 )-extebO)*rJO» 
pp2eO)=extebO-1)*rjO-1)*(beet**2*extebO-1)-

* xx(2)*(xx(2)+1.)/xx(1)**2)-
* extebO)*rjO)*(beet**2*exteb~} 
* xx(2)* (xx(2)+ 1.)/xx(1)**2) 

pp1 bO)=-extebO-1 )*elnteO-1)*rJO-1)+ 
* extebO)*elnteO)*rJO) 

pp2bO)=elnteO-1)**2*extebO-1)*rJO-1)*(extebO-1)-1.)-
* elnteO)**2*extebO)*rjO)*(extebO)-1.) 

pp2ebO)=beet*rjO-1)*extebO-1)*(-extebO-1)*elnteO-1) 
* +elnteO-1)+1./xx(2»-
* beet*rjO)*extebO)*(-extebO)*elnteO) 
* +elnteO)+1./xx(2» 

30 continue 
c 
c calculate alpha matrix 
c 

alpha(1,1) =0.0 
alpha(1,2)=0.0 
alpha(2,2) =0.0 
do 40 j=1,nk+1 
if«pjiO).le.1.0e-30).or.(proO,kk).Ie.0.0»goto 40 
alpha(1, 1)=alpha(1, 1)+nfailO)*proO,kk)* 

* (pp2e~)/pjI0)-(pp1 e~)/pjI0»**2) 
alpha(1 ,2)=alpha(1 ,2)+nfaIl0)*proO,kk)* 

* (pp2ebO)/pjI0)-pp1 eO)/pjI0)*pp1 bO)/pji@ 
alpha(2,2) =alpha(2,2) + nfailO)*proO,kk)* 

* (pp2b~)/pji~}(pp1 bO)/pjiO»**2) 
40 continue 

alpha(2, 1) =alpha(1 ,2) 
c 
c calculate the vector 
c 

beta(1) =0.0 
beta(2) =0.0 
do 50 j=1,nk+1 
if«pjI0).le.1.0e-30).or.(proO,kk).le.O.0»goto 50 
beta(1) =beta(1 )-nfaIl0)*proO,kk)*pp1 eO)/pjlO> 
beta(2) = beta(2)-nfaIlID *proO,kk) *pp1 bID/pjlID 

50 continue 
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c 

c 
c 

c 

return 
end 

subroutine usrfun(xx,novr,np,alpha,beta) 

implicit double precision (a-h,o-z) 
parameter(ni=500) 
integer*4 novr,r,np 
dimension xx(np),alpha(np,np),beta(np),beet(5) 
common Ipar/p(5),et(5),be(5) 
common lintel m,n,r 
common Ixmainl x(nO 
common Inewl toe(ni,5),exteb(ni,5), elnte(ni,5), 

* flt(ni,5),ff(nO,pf1 e(ni,5),pf1 b(ni,5), 
* pf2e(ni,5),pf2b(ni,5),pf2be(ni,5) 

common Inewt/ toet(5),extebt(5),sintet(5),ritt(5), 
* rrt,pr1 e(5),pr1 b(5),pr2e(5),pr2b(5),pr2be(5) 

do 10 j=1,r 
ffO)=O.OdOO 
do 10 i=1,m 
toeO,O =xO)/et(O 
elnteO,O =dlog(toeO,O) 
extebO,O =toeO,O**be(O 
if(extebO,O.ge.700.dOO) goto 10 
fltO,O=be(O/et(O*extebO,O/toeO,O*dexp(-extebO,O) 
ffO) =ffO) +p(i)*fltO,O 

10 continue 
do 15 i=1,m 
beet(O = be(O/et(O 

15 continue 
c 
c calculate the derivatives 
c 

do 20 i=1,m 
do 20 j=1,r 
pf1 eO,O =fltO,O*beet(0*(extebO,i)-1.dOO) 
pf1 bO,O=fltO,O*(elnteO,O*(1.dOO-extebO,O)+ 1.dOO/be(O) 
pf2eO,O =fltO,i)*beet(i) **2* (-extebO,O + 1.dOo/be(0 

* *(extebO,O-1.dOO)+(extebO,O-1.dOO)**2) 
pf2bO,O=fItO,O*«elnteO,O*(1.dOO-extebO,O) 

* + 1.doo/be(O)**2-elnteO,O**2*extebO,O 
* -1.dOO/be(O**2) 

pf2beO,O =fltO,O*beet(0*«extebO,O-1.dOO)* 
* (2.doo/be(0-elnteO,i)*(extebO,O-1.dOO»+ 
* extebO,O*elnteO,O) 

20 continue 
c 
c calculate the second order derivative matrix 
c 

do 100 1i=1,3*m-1 
do 100 Ik=Ii,3*m-1 
alpha(Ii,lk) = par2(Ii,lk) 
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alpha(lk,IO =alpha(Ii,lk) 
100 continue 
c 
c calculate the vector 
c 

c 

do 150 1=1,m 
11 =1 +3*(i-1) 
12=2+3*(1-1) 
i3=3+3*(1-1) 

beta(11)=0.OdOO 
beta(12) =O.OdOO 
beta(13)=0.OdOO 
do 140 j=1,r 
beta(13) =beta(13) + (fitO,O-fitO,m»lffO> 
beta(i2) = beta(12) + pf1 eO, OlffO> 
beta(11)=beta(11)+pf1 bO,OlffO> 

140 continue 

c 

beta(i2) = beta(12) *p(l) 
beta(i1)=beta(i1)*p(O 

beta(i3) =-(beta(i3) + (n-r)*ritt(O/rrt) 
beta(12) =-(beta(12) + (n-r)*pr1 e(i)*p(i)/rrt) 
beta(i1) =-(beta(i1) + (n-r)*pr1 b(i)*p(O/rrt) 

150 continue 
return 
end 

c ----,------
double preCision function par2(Ii,lk) 

c -----------

c 

c 

Implicit double precision (a-h,o-z) 
integer*4 1I,lk 

i= (11-1)/3+ 1 
k=(lk-1)/3+1 
Indl=II-3*(1-1) 
Indk=lk-3*(k-1) 

if(i.eq.k) then 
If(indl.eq.lndk) then 
par2=pldia(indl,O 

else 
par2=plndla(lndl,indk,O 

end If 
else 
1f(lndl.eq.lndk) then 
par2=plsdla(lndl,i,k) 

else 
par2=plsodl(lndl,lndk,l,k) 

end If 
end If 
return 
end 
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c ------------------------
double precision function pldla(lndl,~ 

c 
c calculate the second derivatives of the 
c diagonal elements of matrix alpha. 
c 

c 

Implicit double precision (a-h,o-z) 
parameter(ni = 500) 
Integer*4Indi,l,r 
common Ipar/p(5),et(5),be(5) 
common lintel m,n,r 
common Inewl toe(nl,5),exteb(ni,5),elnte(ni,5), 

* fit(ni,5),ff(n~,pf1 e(nl,5),pf1 b(nl,5), 
* pf2e(ni,5),pf2b(nl,5),pf2be(ni,5) 

common Inewt! toet(5),extebt(5),elntet(5),ritt(5), 
* rrt, pr1 e(5) , pr1 b(5) , pr2e(5) ,pr2b(5) ,pr2be(5) 

tem=O.OdOO 
goto (30,20,10), Indi 

10 do 11 j=1,r 
tern =tem + (fitO, ~/ffm) **2 

11 continue 
pldia=-tem 
if(n.eq.r)goto 100 
pldia= pldia-(n-r) * (ritt(i)/rrt)**2 
goto 100 

20 do 21 j=1,r 
tem=tem+p(~/ffm**2*(ffm*pf2eO,i) 

* -p(i)*pf1eO,~*pf1eO,~) 
21 continue 

pldia=tem 
if(n.eq.r)goto 100 
pldia= pldla + (n-r) *p(~/rrt**2* (rrt* 

* pr2e(i)-p(~*pr1 e(i)**2) 
goto 100 

30 do 31 j=1,r 
tem=tem+p(i)/ffm**2*(ffm*pf2bO,~ 

* -p(~*pf1bO,~*pf1bO,~) 
31 continue 

pldia=tem 
pldia= pldla+ (n-r) *p(~/rrt**2* (rrt* 

* pr2b(~-p(i)*pr1 b(~**2) 
retum 
end 

c -
double precision function plndla(lndl,indk,~ 

c ------
c calculate the second derivatives of the 
c sub-off diagonal elements of matrix alpha. 
c 

c 

Implicit double precision (a-h,o-z) 
parameter(nl=500) 
Integer*4 Indl,lndk,l,r 
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c 

common Ipar/p(5),et(5),be(5) 
common lintel m,n,r 
common Inewl toe(nl,5),exteb(nl,5), elnte(nl,5), 

* fit(nl,5),ff(n~,pf1 e(nl,5),pf1 b(ni,5), 
* pf2e(ni,5),pf2b(nl,5),pf2be(nl,5) 

common Inewt! toet(5),extebt(5),elntet(5),ritt(5), 
* rrt,pr1 e(5),pr1 b(5) ,pr2e(5) ,pr2b(5) ,pr2be(5) 

tern = O.OdOO 
goto (30,20,10), (indi + Indk-2) 

10 do 11 j=1,r 
tem=tem+ (1.dOO/ffO)-p(~/ffO)**2*fitO,O)*pf1 eO,i) 

11 continue 
plndia=-tem 
if(n.eq.r)goto 100 
plndla= plndia + (n-r) *pr1 e(~* (1.dOO/rrt-p(Q *ritt(Q/rrt**2) 
goto 100 

20 do 21 j=1,r 
tem=tem+ (1.dOO/ffO)-p(i)/ffO)**2*fitO,i»*pf1 bO,i) 

21 continue 
plndla=-tem 
if(n.eq.r)goto 100 
plndia= plndla + (n-r) *pr1 b(i) * (1.dOO/rrt-p(l) *ritt(O/rrt**2) 
goto 100 

30 do 31 j=1,r 
tem=tem+ pf2beO,~/ffO)-p(~*pf1 eO,~*pf1 bO,~/ff0)**2 

31 continue 
plndia=tem*p(~ 
if(n.eq.r)goto 100 
plndla=plndla+ 

* (n-r)*p(O*(pr2be(~/rrt-p(O*pr1 e(~*pr1 b(~/rrt**2) 
100 return 

end 
c ---,---------------

double precision function plsdia(indi,i,k) 
c ------------------------
c calculate the second derivatives of the 
c sub-diagonal elements of matrix alpha. 
c 

c 

c 

Implicit double precision (a-h,o-z) 
parameter(ni=500) 
integer*4 indi,l,k,r 

common Ipar/p(5),et(5),be(5) 
common lintel m,n,r 
common Inewl toe(ni,5),exteb(nl,5), elnte(nl,5), 

* fit(nl,5),ff(n~,pf1 e(nl,5),pf1 b(nl,5), 
* pf2e(nl,5),pf2b(nl,5),pf2be(nl,5) 

common Inewt! toet(5),extebt(5), elntet(5),ritt(5), 
* rrt,pr1 e(5),pr1 b(5) ,pr2e(5) ,pr2b(5) ,pr2be(5) 

tem=O.OdOO 
goto (30,20,10), Indl 

10 do 11 j=1,r 
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tem=tem·fitO,O*fitO,k)/ff(j)**2 
11 continue 

plsdia=tem 
if(n.eq.r)goto 100 
plsdia= plsdia·(n·r) *ritt(O *ritt(k)/rrt**2 
goto 100 

20 do 21 j=1,r 
tem=tem·pf1 eO;O*pf1 eO,k)/ff(j)**2 

21 continue 
plsdia=tem*p(O*p(k) 
if(n.eq.r)goto 100 
plsdia=plsdia·(n·r)*pr1 e(O*pr1 e(k)/rrt**2*p(O*p(k) 
goto 100 

30 do 31 j=1,r 
tem=tem·pf1 bO,O*pf1 bO,k)/ff(j)**2 

31 continue 
plsdia=tem*p(O*p(k) 
if(n.eq.r)goto 100 
plsdia=plsdia·(n·r)*pr1 b(O*pr1 b(k)/rrt**2*p(O*p(k) 

100 retum 
end 

c .... -.--.-------.-----.-.----
double precision function plsodi(indi,indk,i,k) 

c .--------.----- ----------------
c calculate the second derivatives of the 
c off·diagonal and off sub·diagonal elements 
c of matrix alpha. 
c 

c 

c 

implicit double precision (a·h,o·z) 
parameter(ni=SOO) 
integer*4 indi,indk,i,k,r 

common Ipar/p(S),et(S),be(S) 
common lintel m,n,r 
common Inewl toe(ni,S),exteb(ni,5),elnte(ni,5), 

* flt(nl,5),ff(nO,pf1 e(ni,5),pf1 b(ni,5), 
* pf2e(nl,5),pf2b(ni,5),pf2be(ni,5) 

common Inewt! toet(5),extebt(5), elntet(5),ritt(5), 
* rrt,pr1 e(5),pr1 b(5),pr2e(5),pr2b(5),pr2be(S) 

tem=O.OdOO 
if(indi.lt.indk)then 
1i=1 
I=k 
k=II 
end if 
goto (30,20,10), (Indi+lndk-2) 

10 do 11 j=1,r 
tem=tem·fltO,O/ff(j)**2*p(k)*pf1eO,k) 

11 continue 
If(k.eq.m) then 
do 12 j=1,r 
tem=tem·pf1 eO,k)/ff(j) 

12 continue 
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end If 
plsodi=tem 
If(n.eq.r)goto 100 
plsodi= plsodi-(n-r)*ritt(Q *pr1 e(k)/rrt**2*p(k) 
if(k.eq.m) then 
plsodl=plsodi-pr1 e(k)/rrt 
end If 
goto 100 

20 do 21 j=1,r 
tem=tem-fitO,Q/ffO)**2*p(k)*pf1 bO,k) 

21 continue 
If(k.eq.m) then 
do 22 j=1,r 
tem=tem-pf1 bO,k)/ffO) 

22 continue 
end If 
plsodi=tem 
If(n.eq.r)goto 100 
plsodi=plsodi-(n-r)*ritt(Q*pr1 b(k)/rrt**2*p(k) 
If(k.eq.m) then 
plsodi=plsodi-pr1 b(k)/rrt 
end if 
goto 100 

30 do 31 j=1,r 
tem=tem-pf1 bO,k)*pf1 eO,Q/ffO)**2 

31 continue 
plsodi=tem*p(Q*p(k) 
if(n.eq.r)goto 100 
plsodi=plsodi-(n-r)*pr1 b(k)*pr1 e(Q/rrt**2*p(Q*p(k) 

100 If(indi.It.lndk)then 
Ii=i 
I=k 
k=1i 
end if 
return 
end 

c -----------
function ran(iseed) 

c 
parameter(ia= 7141,ic=54773,im=259200) 
Iseed=mod(lseed*la+lc,im) 
ran =float(iseed)/float(lm) 
return 
end 

c 
subroutine order(x,n) 

c 
c order array x In increasing order. 

integer n 
dimension x(n) 
do 30 j=1,n 
do 20 l=j+1,n 
If(xO).ge.x(Q) then 
q=xO) 



x(j)=x(Q 
x(i)=q 
end if 

20 continue 
30 continue 

return 
end 
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APPENDIXD 

THE PROOF OF THEOREM 1 OF CHAPTER 4 

Let II be the sample size, and r be the total number of failures. The log

likelihood function for a failure terminated sample is 

1 ' L(t; 11, (3) = In_n -+ E In[f(tJ 111 ,(3)] +(n-r)ln[R(trl11.P)]. (D. 1) 
(n-r) 1 J-I 

Take the derivatives of Eq.(D.1) with respect to 11 and (3, respectively and set them 

to zero. After simplification, yields 

, 
r[E tJ In(tJ) + (n-r)t!ln(t,.)] , 

- J=I +Eln(t)+ ~ =0, 
, ~ ~ J-I P E tJ +(n-r)t, -

(D.2) 

J-l 

and 

(D.3) 

where tj ,j=l, ... ,n, represent a sample from a Weibull distribution, and ,; and pare 

the MLEs of 11 and (3, respectively. 

Let YJ' j=l, ... ,n, be a random sample of size n from a standard exponential 

distribution and tj, j=l, ... ,n, be the random sample from a Weibull generated by 

taking 

(D.4) 

Now p, the MLE based on t/s satisfies Eq.(D.2). If Eq.(D.2) is expressed in terms 
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of the y/s it becomes 

But the solution of Eq.(D.5) for (PIP) is the same as the solution of 

for P
ll

• Thus PIP = P
ll 

whenever P and P
ll 

are based on samples related in the 

manner of Eq.(D.4), and it follows that PIP has the same distribution as P
ll

• 

From Eq.(D.3) 

(D.7) 

where P satisfies Eq.(D.2). Making the subsititution 

1 

tJ=T)(y)i, j=l, ... n, 

we have 

PIn(,;/T) =,.J ![E y!"S 
+ (n-r)y!IP1], 1r J-I 

(D.8) 

where the y/s represents a sample from a standard exponential distribution. However, 

direct use of Eqs.(D.2) and (D.3) to obtain the MLE of /31n(11) when in fact the 

sample is standard exponential gives 
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(D.S) 

From Eqs.(D.7) and (D.S) and the previous result of PIP - P
11

• It follows that for 

the related samples P1n(~/TJ) = Pl11n(~ll)' and thus they have the same distribution. 

----- -- - --------
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APPENDIXE 

COMPUTER PROGRAM FOR THE SIMULATION OF -2In(C) 

This computer program simulates -21n( () under the null hypothesis ofHo: m=mo 

and the alternative hypothesis of H 1 : m=m1• It works with the main subroutines, 

newbei, propor, probi, mnewt and weii, and their supporting subroutines and functions 

given in Appendix C. 

Input parameters: 

ini = 

mdat = 

mO= 

m1= 

n= 

r= 

eps = 

pi = 
eti = 

bei = 

Seed for the random number generator. 

The number of the subpopulations used to generate the random 

sample. 

The number of the subpopulations under Ho: m=mO' 

The number of the subpopulations under H 1: m=m1• 

Sample size. 

The number of failures. 

Convergent accuracy. 

Array, the mixing weights of the underlying mixture. 

Array, the scale parameters of the underlying mixture. 

Array, the shape parameters of the underlying mixture. 

Input initial guesses: 

irepO = The number of the initial guesses for m =mO' 

irep1 = The number of the initial guesses for m=m1• 

isubOG,i) = The initial guess of the number of observations in the jth subpopulation 

for the ith initial guess under m=mO' 



223 

isubl(j,i)=The initial guess of the number of obselVations in the jth subpopulation 

for the ith initial guess under m=ml • 

Output results: 

nsim = Order number of the simulation. 

ier(i) = The error indicator for the solution started at the ith initial guess, if 

ier(i)=O no error; ier(i)=l pathological solution; and ier(i)=2 the 

accuracy has not been reached yet. 

rO(i) = 

fOCi) = 

n(i) = 

The variable - 21n( C) for the solution started at the ith initial. 

The log-likelihood function under Ho started at its ith initial guess. 

The log-likelihood function under HI started at its ith initial guess. 

c Simulate the likelihood ratio of -2In(zeta) under 
c H_O: m=m_O and H_1: m=m_1. 
c 

c 

implicit double precision (a-h,o-z) 
parameter(ni=500) 
character*4 cm,duplicat 
real*8 pi(5),etl(5),bei(5),pO(5),etO(5),beO(5) 
real*8 param(15),y(15,15) 
real*8 fO(5),f1 (5),rO(5) 
real*8 pro(ni,5) 
integer*4 m,n,r,ler(5),nler,nrO(ni),ierm 
integer*4 irepO,irep1,mO,m1 
Integer*4 Isub(5,5) ,lsubO(5,5) ,Isub1 (5,5) 
real*8 out_pO(5,5),out_etO(5,5),out_beO(5,5) 
real*8 out-p1 (5,5),out_et1 (5,5),out_be1 (5,5) 
common Ixmainl x(nQ 
common Iprol pro(ni,5) 
common Iparl p(5),et(5),be(5) 
common lintel m,n,r 
open(unit=15,file='nsub.in',status='old') 
open(unit= 16,file= 'nsub.out',status='new') 

c Input parameters for simulation 
c 

read(15,*)ini 
read(15, *)mdat 
read(15, *)mO,m1 
read(15,*)n,r,eps 
do 2 j=1,mdat 
read(15,*)pIO),etIO),beI0) 

2 continue 



write(16,*)' seed = ',Ini 
write(16,*)' mdat = ',mdat 
write(16,*)' mO=',mO 
write(16,*), m1 =',m1 
write(16,*)' n=',n 
write(16,*)' r=',r 
write(16,*)' eps=',eps 
write(16, *)' -sub.--pro--eta---beta--' 
do 3 j=1,mdat 
write(16,110)j,pim,etim,belm 

3 continue 
110 format(5x,i3,3f13.6) 

c 

write(*,*)' enter the number of simulations: ' 
read(*,*)nnsim 
write(*, *)' enter the number for starting the simulation: ' 
read(*,*)nr 
write(*,*)' enter the max number of iterations in one lOop:' 
read(*,*)nmax 

c read in the Initials 
c 

read(15, *)irepO,irep1 
do 220 i=1,irepO 
do 220 j= 1,mO 
read(15, *)isubOO,Q 
write(16, *)isubOO,i) 

220 continue 
do 221 i=1,lrep1 
do 221 j=1,m1 
read(15,*)lsub10,Q 
write(16, *)lsub1 O,Q 

221 continue 
ndisplay=50 
nler=O 
insim=1 
epsn=eps*0.5 
ram=ranO(inQ 
write(16,*)' nslm --Iers', 

* '--ratios--', 
* '-LO L1---' 

do nn nsim=1,nnsim 
write(*,*)' -niter- ',niter 
write(*,*)' ############ nslm=',nslm,'#############' 
idupp=O 
niter=O 
duplicat='no' 
cm='mO' 
call weil(mdat,pl,bel,eti,n,tt,r,x) 
if«nsim.lt.nr»goto nn 

101 if(cm.eq.'mO')then 
m=mO 
Irepp=lrepO 
do 22 1=1,lrepO 
do 22j=1,mO 
IsubO,I) =lsubOO,Q 
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22 continue 
else 
m=m1 
Irepp=lrep1 
do 231=1,lrep1 
do 23 j=1,m1 
IsubO,O=lsub10,1) 

23 continue 
end If 
do 24 j=1 ,irepp 
lerO) =0 

24 continue 
477 do 7776Irep=1,lrepp 

1f(ler(lrep).eq.1)goto 7776 
If( dupllcat.eq.'yes')then 
do 131 j=1,m 
pO)=out_p10,lrep) 
etO)=out_et1 O,lrep) 
beO)=out_be10,lrep) 

131 continue 
call probl 
goto 449 
end if 
do 4 j=1,m 
do 41=1,n 
pro(i,D=O.O 

4 continue 
nssub=O 
do 50 j=1,m 
nlsub=nssub+1 
nusub= nssub+isubO,irep) 
do 30 i=nlsub,nusub 
pro(i,D=1. 

30 continue 
nssub= isubO,irep) + nssub 

50 continue 
do 51 i=nssub+1,n 
pro(i,1)=1. 

51 continue 
call propor 

449 niter=1 
do 361=1,m 
pO(O = 1./dreal(m) 
etO(O=1.0 
beO(O=1.0 

36 continue 
66 do 68 j=1,m 

ler(irep)=0 
call newbei(etO),beO),j,epsn,ler(irep» 
If(ier(lrep).eq.1 )then 
write(*,*)'EM converge to a solution beta>100 at nsim=',nsim 
goto 7776 
end if 

68 continue 
call propor 
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call likhod(f) 
If(n10.ge.ndisplay)then 
write(*,*)' **nsim=',nsim,' **niter=',niter,' **idupp=',idupp 
write(*,*)' p = ',p 
write(*,*)' et= ',et 
write(*,*)' be= ',be 
write(*,*)' f= ',f 
n10=0 
end If 
n10=n10+1 
do 46 j=1,m 
If( (abs«pO(j)-p@ I pO@.gt.eps) 

* .or. (abs«etO(j)-etO» I etO@.gt.eps) 
* .or. (abs«beO(j)-be@ I beOO».gt.eps»then 

call probi 
do 45 i=1,m 
pO(i)= p(i) 
etO(i) = et(i) 
beO(i) = be(i) 

45 continue 
niter= niter+ 1 
If(niter.gt.nmax)then 
ier(irep)=2 
write(*,*)'EM does not converge at nsim=',nsim 
goto 141 
end If 

goto 66 
end If 

46 continue 
. 141 calilikhod(f) 

If(cm.eq.'mO')then 
fO(irep)=f 
else 
f1 (irep)=f 
end If 
do 62 i=1,m 
param(1 +3*(i-1» = be (i) 
param(2+3*(i-1»=et(i) 
param(3+3*(i-1»=p(i) 

62 continue 
If(cm.eq.'mO') goto 105 
call mnewt(1 ,param,3*m-1 ,0.00001 ,0.00001) 

105 continue 
do 95 i=1,m 
If(cm.eq.'mO') then 
out_pO(i, irep) = p(i) 
out_etO(I,lrep)=et(i) 
out_beO(i,lrep)= be(i) 

else 
out_p1 (1,lrep)=p(i) 
out_et1 (1,lrep)=et(i) 
out_be1 (i,lrep)=be(i) 

end If 
95 continue 
7776 continue 
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if(cm.eq.'mo') then 
cm='m1' 

goto 101 
end if 
r1=1.0d-50 
leri=3 
do 7775 1=1,lrep1 
rO(~=-2.0dOO*(fO(1)-f1 (0) 
if(ier(~.ne.1)then 
if(rO(~.gt.r1) then 
r1 =rO(i) 
ieri=i 

end if 
end if 

7775 continue 
if(ier(ierl).eq.2) then 
dupllcat= 'yes' 
if(idupp.gt.10) goto 1111 
idupp=idupp+ 1 
goto 477 

end if 
write(16,111 0) nslm,ler(1), ier(2), ier(3), 

* rO(1),rO(2),rO(3),fO(1),f1 (1),f1 (2),f1 (3) 
Inslm=insim+ 1 

7777 continue 
111 0 format(15,1 x,3i2,1 x,3f8.3,1 x, f8.2,1 x,3f9.2) 
1120 format(i5,2x,i5,f13.7) 

stop 
end 

227 
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APPENDIXF 

THE DATA FOR EXAMPLE 3.4 

The data from Table 4.1 of Sinha (1986). 
221.48 175.48 50.12 561.47 617.23 
53.28 99.77 45.13 83.21 127.86 

153.58 393.08 7.51 247.09 285.28 
20.25 183.08 207.13 260.29 547.35 

349.85 370.96 95.20 27.68 87.64 
108.10 251.98 550.68 44.98 28.53 
121.51 131.90 460.74 269.52 40.84 
98.36 294.45 137.16 548.72 104.59 
5.12 336.39 70.85 187.36 353.66 
4.54 15.26 

The data from Table 4.2 of Sinha (1986). 
199.00 198.24 558.29 231.73 12.65 
31.06 410.51 385.90 53.23 209.86 

163.83 110.41 119.62 632.05 192.72 
55.12 82.34 72.55 199.56 446.78 

431.84 62.29 148.96 168.42 362.58 
141.87 521.03 239.33 92.47 110.21 
637.54 381.92 431.27 585.20 347.89 
244.63 75.55 8.23 124.94 64.06 
144.12 382.59 258.42 284.19 430.93 
14.49 567.16 117.13 191.27 94.05 
58.50 218.84 88.51 228.21 335.37 
62.14 630.15 27.55 102.55 71.18 

112.35 58.71 320.65 514.83 95.27 
290.72 68.17 257.56 295.61 587.47 
149.12 601.55 513.19 446.74 71.85 
181.05 37.75 17.74 87.62 320.89 
122.76 111.92 209.14 70.12 219.89 
363.92 
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