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ABSTRACT 

The formation and evolution of secondary vortical structures in a plane 

mixing layer subjected to spanwise-nonuniform excitation has been studied in a 

closed-return water facility. It is shown that secondary vortices may result from 

spanwise-nonuniformities in the nominally two-dimensional vorticity layer close to 

the How partition, or from spanwise core deformations of the primary vortices 

further downstream. These distinctly different mechanisms are excited by time

hannonic wavetrains with spanwise amplitude or phase variations, respectively, 

synthesized by a mosaic of surface film heaters Hush-mounted on the How partition. 

The appearance of the secondary vortical structures is accompanied by sig

nificant distortions in transverse distributions of the streamwise velocity compo

nent. Inflection points, which are not present in corresponding velocity distribu

tions of the unforced How, suggest the formation of locally unstable regions of large 

shear in which broadband perturbations, already present in the base flow, undergo 

rapid amplification. This amplification is followed by breakdown to turbulence 

thus producing the small-scale motion necessary for mixing transition. 

The present investigation further shows that the How is extremely receptive 

to spanwise-periodic amplitude excitation at any wavelength synthesizable by the 

heater mosaic. Spanwise-periodic phase excitation leads to substantial deforma

tions of the primary vortices, although the receptivity of the flow appears to have 

a short wavelength cutoff. Spanwise-nonunifonn amplitude and phase excitations 

at a subharmonic frequency of the Kelvin-Helmholtz instability result in complex 

pairing interactions of the primary vortices. 
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CHAPTER 1 - INTRODUCTION 

1.1 Motivation 

Efficient mixing of chemical species, in free shear flows, is dominated by fluid 

motions induced by a heirarchy of coherent vortical structures. Free shear flows 

such as jets, wakes, and shear (or mixing) layers are of great technological impor

tance in many applications and hence an understanding of the flow mechanism 

leading to small-scale mixing is essential for successful design and optimization of 

these fluid systems. Improved understanding of the fundamental fluid mechanics 

will result in enhanced performance in many applications including combustors and 

chemical lasers. 

In the plane shear layer, mixing between the flow streams is accomplished 

in two stages. The spanwise (primary) vortices, resulting from amplification of the 

nominally two-dimensional Kelvin-Helmholtz instability, entrain irrotational fluid 

from both streams into the shear layer. Small-scale turbulent motions, due to the 

amplification of secondary spanwise instabilities, lead to enhancement of mixing 

between the flow streams. Since the evolution of the mixing layer is governed by 

two- and three-dimensional instabilities of the mean flow, this implies mixing may 

be effectively manipulated by appropriate controlled excitation of these instability 

modes. 

This dissertation reports an experimental investigation of the vortical struc

tures in the plane shear layer which lead to enhancement or delay of mixing be

tween the flow streams. These vortical structures have their origin in two- and 

three-dimensional instabilities of the base flow and are excited using a mosaic of 

thirty-two discrete surface film heaters flush-mounted on the flow partition. The 

experiments are conducted in a closed-circuit water shear layer facility. Flow diag

nostics include hot-wire anemometry and Schlieren visualization. 
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1.2 Technical Background 

1.2.1 Streamwise Vortices 

The roll-up of the spanwise vorticity into nominally spanwise-uniform (two

dimensional) vortical structures results from an inviscid inflectional instability of 

the mean flow (Kelvin-Helmholtz instability) and has been viewed as a conglomera

tion of interacting instability waves which propagate and amplify in the streamwise 

direction (Ho & Huerre 1984). Several experimental studies have demonstrated 

that the shear layer is susceptible to small-amplitude two-dimensional periodic dis

turbances (Oster & Wygnanski 1982, Ho & Huang 1982, and Roberts 1985). Such 

forcing allows for enhancement of individual instability modes present within the 

broad disturbance spectrum associated with noise in real (experimental) flows. The 

use of forcing has provided a powerful tool for the manipulation of some instabil

ity modes with dramatic effects on the global properties of the shear layer such 

as growth rate (Oster & Wygnanski 1982) or mixing and reaction rates (Roberts 

1985). Furthermore, measurements which are phase-locked to the reference ex

citation signal allow for spatial and temporal reconstruction of the evolution of 

instability modes (and vortical structures). 

Although entrainment is governed by the evolution of the large-scale span

wise vortices, efficient mixing between the flow streams is accomplished by small

scale three-dimensional motions. The rate at which a reaction product is formed 

in a mixing layer between two reacting streams can increase by an order of magni

tude through a mixing transition downstream of the flow partition (Roshko 1981). 

The small-scale three-dimensional motion necessary for such mixing enhancement 

has been connected by Roshko with the appearance of streamwise counter-rotating 

vortex pairs first observed by Miksad (1972) and Brown & Roshko (1974). 

A visible reaction product in a chemically reacting shear layer (Breiden

thal 1981) revealed the evolution of spanwise-nonuniformities along the primary 

(spanwise) vortices. These nonuniformities are nominally sinuous with consid

erable variation in spanwise wavelength. As the sinuous structure is convected 

downstream, its amplitude grows rapidly (apparently as a result of stretching by 
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consecutive spanwise vortices), with no appreciable change in spanwise wavelength, 

and it appears to evolve into streamwise counter-rotating vortex pairs. In plan

view time-exposure photographs, these streamwise vortices appear as continuous 

streaks, having their origin at the onset of the sinuous structure. The spanwise 

spacings of these streaks correlate with the undulations of the sinuous structure. 

Farther downstream the streaks are obscured by a marked increase in the (visible) 

reaction product. 

Time-exposure photographs were also obtained by Konrad (1976) and 

Bernal & Roshko (1986) over a large range of Reynolds number (Re) in a gas 

mixing layer facility. These authors found that the mean onset Re of the streaks 

increases with shear layer velocity ratio, and although they are not necessarily 

equally-spaced over a considerable distance downstream of the flow partition, their 

mean spanwise spacing scales with the vorticity thickness at the streamwise loca

tion where they first become visible. Similar observations were reported by Miksad 

(1972). Contour plots of time-averaged streamwise velocity in a plan-view at a fixed 

cross-stream elevation (Jimenez 1983) closely resemble the streamwise streaks in 

the time-exposure photographs. An important feature common to these observa

tions is the preservation of spatial coherence and spanwise spacings of the streaks, 

despite concomitant pairing of the spanwise vortices. 

Based on flow visualization and high-speed cinematography, Bernal (1981) 

and Bernal & Roshko (1986) suggested that the streamwise vortex pairs in the plane 

mixing layer are part of a single vortex that continuously loops back and forth in 

the braid region between adjacent spanwise vortices. The mean spanwise spacing 

of the streamwise vortices appears to increase somewhat as they are convected 

downstream, although at a much smaller rate than the rate of change in the cross

stream (or streamwise) dimension of the primary vortices. A somewhat different 

view concerning the structure of the streamwise vortices was proposed by Hussain 

(1983). Unlike the model of Bernal & Roshko, Hussain's model emphasizes that 

the braid region is comprised of slender discrete vortices (dubbed "ribs") randomly 

displaced with respect to each other in directions normal to their axes. 
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A nwnber of nwnerical and analytical studies have shown that the stream

wise vortical structures can result from nonuniformities of the spanwise vorticity in 

the braid region between the primary vortices. Lin & Corcos (1984) showed that 

a weak spanwise-periodic variation in streamwise vorticity in a uniform straining 

flow (as between two consecutive spanwise vortices) can evolve into concentrated 

round streamwise vortices. These findings were further confirmed by Ashurst & 

Meiburg (1988) via simulations based on inviscid vortex dynamics. The direct 

Navier-Stokes simulations of Metcalfe, Orszag, Brachet, Menon, & ruley (1987) 

show that spanwise instability modes triggered by upstream nonuniformities in the 

spanwise vorticity are convected with the flow, grow at rates similar to those of 

the two-dimensional modes, and lead to the formation of pairs of counter-rotating 

streamwise vortices in the braid region. Metcalfe et al. also remark that pairing of 

the primary vortices may inhibit the three-dimensional instability, while suppres

sion of pairing may drive the three-dimensional modes to turbulent-like states. 

Experimental evidence suggests that the streamwise vortices tend to lock 

onto small geometric details (imperfections in the flow partition, orientation 

of screens, etc.) in the experimental apparatus (Bernal 1981; Jimenez 1983). 

Lasheras, Cho, & Maxworthy (1986) showed that small vortex-generating elements 

mounted on the flow partition could move the origin of these vortices consider

ably upstream; in the absence of these devices and by careful removal of flow 

disturbances, the origin could be displaced significantly downstream. In related 

flow visualization experiments, Lasheras & Choi (1988) studied the evolution of a 

spanwise-periodic pattern of streamwise vortices produced by flow partitions with 

corrugated and indented trailing edges. Recent experiments in a mixing layer ex

cited by a spanwise array of surface film heaters (Nygaard 1987; Fiedler, Glezer, & 

Wygnanski 1988) conclusively demonstrate the ease with which a nearly arbitrary 

spanwise distribution of streamwise vortices can be generated. That the mixing 

layer is receptive to a broadband of spanwise perturbations is also demonstrated in 

the results obtained by Ashurst & Meiburg (1988) and Pierrehumbert & Widnall 

(1982). 
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It is clear that time-invarient spanwise vorticity nonuniformities, due to ir

regularities in the experimental apparatus upstream of the trailing edge of the 

flow partition, continuously influence the vortex sheet which subsequently becomes 

part of the spanwise vortices and the braid region. Although spanwise vorticity 

nonuniformities within the braid region lead to the formation of streamwise vor

tices, experimental and numerical evidence suggests that under some conditions 

the same disturbances cause little or no distortion of the primary vortices. In the 

vortex simulations of Ashurst & Meiburg (1988), an initial spanwise-periodic per

turbation leads to the formation of streamwise vortices in the br~d region but has 

little effect on the primary vortices themselves. An out-of-phase waviness between 

cores of successive spanwise vortices, observed in the early stages of Ashurst & 

Meiburg's simulations, is also seen in the experiments of Lasheras & Choi (1988). 

However, Ashurst & Meiburg note the waviness of the primary vortices seems to 

decay downstream due to the continuous rotation of their cores, which is also 

suggested by the flow visualizations of Lasheras & Choi. It is also apparent in 

the experiments of Lasheras & Choi that streamwise-continuous vortex pairs form 

immediately downstream of a flow partition with an indented trailing edge, consid

erably upstream of the first rollup of the primary vortices. These findings suggest 

that the formation of streamwise vortices in close proximity to the flow partition is 

mainly the result of upstream nonuniformities in either the experimental apparatus 

or the flow partition's upstream boundary layers. 

1.2.2 Core Deformation of Spanwise Vortices 

An important feature of the time-exposure photographs of Bernal & Roshko 

(1986) is the gradual disappearance of the streamwise streaks downstream of the 

domain where they exhibit remarkable spanwise coherence. Spanwise plots of time

averaged streamwise velocity at a number of streamwise stations by Huang & Ho 

(1990) suggest a slow streamwise increase of the characteristic spanwise spacing of 

the streamwise structures, indicating either a loss of spanwise coherence or disap

pearance of these vortices. Bernal & Roshko further reported that in the region 

where time-exposure photographs no longer show the presence of streaks, single 
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instantaneous snapshots showed streamwise vortices having mean spanwise spac

ing nominally larger than that of the upstream streaks. Furthermore, the spanwise 

locations of these streamwise vortices vary with downstream distance in a manner 

clearly unrelated to (fixed) structural features of the experimental apparatus. The 

observations regarding the streamwise vortices which are not affected by upstream 

conditions indicate that far enough downstream of the flow partition, streamwise 

vortices may result from an instability of the primary vortices. A spanwise core 

instability of the primary vortices is a viable mechanism because it is accompanied 

by distortion of the strain field within the braid region and consequently introduces 

three-dimensional perturbations to the vorticity distribution there. 

Spanwise deformations of the primary vortices in an unforced nominally 

two-dimensional plane mixing layer have been apparent in a number of experimen

tal investigations. The characteristic spanwise wavelength of these deformations is 

typically larger than the streamwise wavelength of the Kelvin-Helmholtz instability 

of the two-dimensional base flow. Of particular note is the work of Chandrsuda, 

Mehta, Weir, & Bradshaw (1978) who studied both single- and two-stream plane 

mixing layers with large amplitude free-stream turbulence. A smoke visualization 

photograph in the spanwise (x - z) plane suggests spanwise-nonuniform (" helical") 

pairing between two adjacent primary vortices, and what appears to be a bifurca

tion of a primary vortex further downstream. Chandrsuda et al. reported that these 

three-dimensional vortex interactions were accompanied by a significant reduction 

in spanwise correlation of streamwise velocity fluctuations with downstream dis

tance. Simultaneous measurements of the streamwise velocity component at twelve 

spanwise stations having the same streamwise and cross-stream positions within a 

plane mixing layer (Browand & Troutt 1980 & 1985) revealed spanwise irregulari

ties which the authors identified as "vortex termination" or "vortex branch". These 

irregularities were attributed to spanwise-nonuniform pairing interactions between 

adjacent primary vortices. In the experiments of Chandrsuda et al. and Browand 

& Troutt, the characteristic spanwise wavelength of the deformations or irregular

ities of the primary vortices was typically larger than the streamwise wavelength 

of the Kelvin-Helmholtz instability of the two-dimensional base flow. 
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In an analysis of a shear layer modelled by an array of Stuart vortices, Pierre

humbert & Widnall (1982) identified two spanwise instability modes of the primary 

vortices. The first mode, referred to as "translative instability", is spanwise- and 

streamwise-periodic. Corcos & Lin (1984) also asserted that roll-up of spanwise 

vorticity into a streamwise-periodic array of vortices gives rise to a translative core 

instability which allows spanwise perturbations to grow in such a way that all span

wise vortices are identically distorted. Pierrehumbert & Widnall suggested that the 

translative instability can lead to the formation of the streamwise vortices observed 

in the experiments of Breidenthal (1978). This view is also supported by Jimenez 

(1983) who observed spanwise deformation of the mixing layer which he related to 

the presence of cross-stream vorticity associated with secondary streamwise vor

tices, and proposed a model of in-phase core distortion leading to the formation of 

streamwise vortices. The second instability mode discussed by Pierrehumbert & 

Widnall corresponds to spanwise-Iocalized pairing of the primary vortices and has 

a short spanwise wavelength cutoff (this will be discussed in more detail in Section 

1.2.3). 

Core deformation of the primary vortices may be related to the general in

stability of a line vortex. The evolution of wave motion on the core of an isolated 

vortex, with axial flow within the core, was investigated by Maxworthy, Hopfin

ger, & Rcdekopp (1985) and they observed helical waves, rotating plane standing 

waves, and isolated kink-waves. In the mixing layer, an individual spanwise vor

tex is subjected to a strain field imposed by adjacent spanwise structures while it 

is advected in the streamwise direction with the average speed between the two 

streams. A general stability analysis for elliptic vortices subject to an imposed 

strain field was carried out by Moore & Saffman (1971) for disturbances of large 

axial wavelength. They found that three-dimensional perturbations were amplified, 

although at a reduced temporal growth rate as compared to the two-dimensional 

instability. Hama (1963) examined the deformation of a perturbed line vortex and 

related an "amplifier effect", which increased the magnitude of the deformation, 

to the background shear. Calculations by Aref & Flinchem (1984) showed that 
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solitons act as nucleation sites for transverse, dispersive waves along a vortex fila

ment. FUrthermore, the imposition of a shear layer background" (i.e., a hyperbolic 

tangent cross-stream velocity distribution) resulted in vortex deformation bearing 

considerable resemblence to Breidenthal's (1978) sinuous "wiggle". 

An important connection between generation of small-scale motion within 

elliptic vortex cores and instability of these vortices was made by Pierrehumbert 

(1986). He showed that elliptic two-dimensional vortices are unstable to three

dimensional perturbations with no short-wave- cutoff. Pierrehumbert conjectured 

that energy need not be transferred down through a cascade of diminishing scales 

to the dissipation range (where the smallest eddies dissipate due to viscous effects), 

but rather can be injected directly into this range from the large eddies. This "el

liptical instability", confirmed by Bayly (1986), qualifies as a generic mechanism for 

secondary instability in shear flows, which allows a direct energy transfer from large

scale nominally two-dimensional flow structures to fine-scale three-dimensional mo

tions (Bayly, Orszag, & Herbert 1988). 

That the primary vortices in the plane mixing layer are receptive to deliber

ate spanwise-nonuniform excitation is demonstrated by the experiments of Browand 

& Prost-Domasky (1990). A spanwise array of speakers was used to excite adjacent 

segments of harmonic wavetrains of slightly different frequency. This excitation re

sulted in spanwise defects in "distributions of the streamwise velocity which could 

lead to the nucleation of additional spanwise defects further downstream. Because 

these measurements were taken at the outer edge of the mixing layer, they indicate 

that defects are associated with evolution of three-dimensional vortical structures. 

In a related experiment, Williams-Stuber & Gharib (1989) used a two-segment 

spanwise surface heater mounted on the flow partition to excite a mixing layer 

with two adjacent harmonic wavetrains of different frequencies. Dye visualization 

suggested evolution of branching and reconnection of the primary vortices at span

wise locations corresponding to the discontinuity in excitation frequency. In a flow 

visualization study of the evolution of streamwise vortices in a plane mixing layer, 

Lasheras & Choi (1988) showed that spanwise variation in the velocity of both 

streams could lead to substantial distortion of the primary vortices. The above 
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experiments suggest that spanwise phase nonuniformities of the primary (Kelvin

Helmholtz) instability may lead to deformation of the cores of the primary vortices. 

Because the primary vortices are advected in a nominally two-dimensional strain 

field, the core deformations can increase with downstream distance. 

1.£.9 Pairing of Spanwise Vortices - Three-Dimensional Aspects 

Near the trailing edge of the flow partition, at a fixed streamwise position, 

the passage frequency of the spanwise vortices corresponds to the (fundamental) 

frequency of the initial Kelvin-Helmholtz instability. As the spanwise vortices are 

advected downstream, a subharmonic instability, one-half the frequency of the ini

tial Kelvin-Helmholtz instability, reaches a large enough amplitude to result in 

pairing of adjacent spanwise vortices, in which alternating primary vortices are 

displaced above and below the shear layer centerline and coalesce to form a sin

gle spanwise structure (Ho & Huerre 1984). Pairing of the spanwise vortices has 

been connected with cross-stream broadening of the mixing region and the contin

ual entrainment of irrotational free-stream fluid into the mixing region (Winant & 

Browand 1974). However, mixing layer growth, through pairing interactions be

tween spanwise vortices, is not necessarily sufficient to promote efficient mixing. 

Small-scale motions must be present, following pairing, to complete the mixing pro

cess. These motions are induced by the secondary streamwise vortical structures 

(Section 1.2.1). 

The persistence of streamwise vortices from their inception near the trail

ing edge of the flow partition through a substantial streamwise domain in which 

the primary vortices undergo pairing interactions, has been observed in several 

experiments (e.g. Brown & Roshko 1974, Huang & Ho 1990). The measurements 

of Huang & Ho showed that the ratio between the streamwise wavelength of the 

spanwise vortices and the average spanwise wavelength of the streamwise vortices 

remained approximately constant throughout the streamwise domain of their mea

surements. These authors suggest that the streamwise vortices undergo spanwise 

pairing when primary vortices coalesce. A different view is presented by Rogers 

& Moser (1989) who asserted that the streamwise vortices retain their original 
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spanwise spacing following pairing of the primary vortices. Huang & Ho also con

clude that in an unforced mixing layer, pairing of spanwise vortices is necessary 

for the onset of mixing transition. Ostensibly, in an unforced shear layer, low-level 

background disturbances may act as excitation and lead the rapid formation of 

streamwise vortices due to large strain rates in the braid region. 

Another form of three-dimensionality can arise due to spanwise-nonuniform 

pairing interactions between primary vortices. The subharmonic instability iden

tified by Pierrehumbert & Widnall (1982) is manifested in spanwise-Iocal pairings 

between adjacent spanwise vortices. This instability mode is excited by a super

position of two subharmonic oblique waves of equal and opposite angles. A similar 

instability was also observed by Meiburg (1990) in a numerical simulation of a 

mixing layer excited with subharmonic oblique waves. Unlike Pierrehumbert & 

Widnall's translative instability, in which all spanwise vortices are identically de

formed, this instability causes the spanwise vortices to deform in the streamwise 

direction such that there is a 7T' spanwise phase shift between adjacent primary 

vortices. This instability has a short spanwise wavelength cutoff, below which 

three-dimensional disturbances do not amplify. 

In the numerical simulations of a temporally-evolving mixing layer, Comte 

& Lesieur (1990) investigated the evolution of the subharmonic instability and 

the topology of the longitudinal vortices. They showed that application of small 

isotropic random three-dimensional disturbances resulted in spanwise-nonuniform 

pairing between adjacent spanwise vortices having a spanwise wavelength which 

was four times greater than the streamwise wavelength of the Kelvin-Helmholtz 

instability. They also found that deformation of the spanwise vortices depends cru

cially on the three-dimensionality of the initial disturbance since two-dimensional 

excitation entirely suppressed the spanwise-nonuniform pairing between primary 

vortices. This is consistent with the observations of Moore & Saffman (1971), as 

they showed that three-dimensional perturbations of elliptic vortices (subject to a 

strain field) amplified at rates slower than that of the two-dimensional instability 

(Section 1.2.2). For this case, Comte & Lesieur observed an in-phase waviness 

of the cores of paired primary vortices and the appearance of streamwise vortices 
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in the braid region. This supports Nygaard & Glezer's (1990) conjecture that a 

core instability of the primary vortices is viable mechanism for the formation of 

streamwise vortices far downstream of the flow partition and the continuation of 

the mixing process following mixing transition. 

1.3 Research Objectives and Approach 

The literature cited in Section 1.2 indicate that spanwise-nonuniformities in 

the plane mixing layer can evolve in two different modes. The first mode leads to the 

appearance of streamv:ise vortices which lie in the braid region between adjacent 

spanwise vortices. These structures result from fixed disturbances in the upstream 

conditions which can be attributed to irregularities in the experimental apparatus. 

The second mode corresponds to core deformation of the spanwise vortices which 

also leads to the formation of streamwise vortices. This mode can be triggered due 

to spanwise nonuniformities in the free-stream velocities, or in the phase speed (or 

frequency) of the Kelvin-Helmholtz instability. Further downstream a nominally 

spanwise-uniform subharmonic instability emerges and results in pairings between 

consecutive spanwise vortices. This yields complicated interactions between pri

mary and secondary flow structures. Although several numerical and theoretical 

investigations have studied various aspects of the three-dimensional development 

of the mixing layer, there is very little work which clarifies the dynamics of the 

coherent vortical structures arising from these instabilities. 

This dissertation describes new findings concerning the spanwise and 

streamwise evolution of three-dimensional vortical structures in the plane mixing 

layer. This is an experimental study of mechanisms which lead to for the formation 

of streamwise vortices and the generation of enhanced small-scale motion neces

sary for mixing between the two streams. Extensive spatial measurements of the 

streamwise velocity component and Schlieren flow visualization are used to draw 

a number of quantitive and qualitative conclusions regarding the dynamics and 

topology of the vortical structures. These experiments point to techniques that 

can be used to manipulate the evolution of large- and small-scale flow structure for 

the purpose of achieving active control of fluid mixing. 
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Chapter 2 describes the experimental facilities in detail, including the actua

tors implemented for :Bow control. Chapter 3 focuses on various aspects concerning 

the evolution of the streamwise vortices including their origin, interactions with 

the spanwise vortices, and the mechanism leading to mixing transition. Spanwise

nonuniform phase excitation is described in Chapter 4 with topics including oblique 

phase excitation, core deformation of primary vortices and formation of secondary 

vortical structures, interactions between spanwise-nonuniform phase and amplitude 

disturbances, and spanwise-nonuniform pairing of primary vortices. Summary and 

conclusions are presented in Chapter 5. 
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CHAPTER 2 - EXPERIMENTAL APPARATUS AND TECHNIQUES 

2.1 Shear Layer Facility and Flow Diagnostics 

The facility is shown in Figure 2.1. The flow is driven by a single pump 

powered by a 10 hp motor equipped with a solid-state speed controller (Toshiba 

VF Pack-PI). The velocity of each stream can be independently varied, and test

section velocities up to 200 cm/sec can be realized. Two interchangeable (100 cm 

long) test sections with cross-sections of 10 cm x 22 cm and 22 cm x 22 cm were 

used throughout the duration of the experiments. Each test-section has Lucite 

walls that allow the flow to be observed in the spanwise and cross-stream planes. 

The convergence of the walls of the test-section on either side of the shear layer 

can be easily adjusted in order to vary the streamwise pressure gradient. This 

capability allows for control of the growth rate of forced instability waves, and will 

be discussed in more detail in Section 2.2. 

Each test section is connected with a matching contraction (with contraction 

ratios of 9: 1 and 7: 1). The contractions have rectangular cross-section with constant 

aspect ratios and their contours are fifth-order polynomials with zero slope and 

curvature at the inlet and outlet. This design helps to minimize the boundary layer 

thickness on all wetted surfaces. Turning vanes and "turbulence manipulators" 

(honeycombs and screens) are placed upstream ofthe contraction to reduce velocity 

variations and fluctuations. 

The flow partition is made from poly-vinyl-chloride, and is equipped with a 

removable trailing edge which is made from Delrin and instrumented with a mosaic 

of surface film heaters. Figure 2.2 is a schematic of the test section geometry and 

trailing edge of the flow partition. Fifteen equally-spaced dye-injection ports are 

located on each side of the flow partition for flow visualization at different spanwise 

stations of the test-section. 

Twenty channels of hot-wire/film anemometry (AA Lab Systems) are avail

able for measurement of instantaneous streamwise velocity distributions using a 
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rake of thirty-one evenly spaced (2 mm) hot-wire probes (developed and built in

house). The rake is constructed using a 3.2 mm thick printed circuit epoxy board 

with thirty-one No. 12 quilting needles (0.4 mm in diameter) mounted on each 

side. The wires (10 J.l Platinum-Iridium) are welded to the needle tips using a 

DISA type 55A12 welding unit and have nominal resistance of 5 ohms. Leads (28 

gauge wire), for anemometer connections, are soldered to the base of the needles 

and bundled inside tygon tubing for water isolation. The body of the rake is encap

sulated with water-proof epoxy and the needles and weld joints are covered with a 

thin polyurethane coating for electrical isolation and prevention of weld joint degra

dation. The wires are calibrated using a miniature pitot-static tube (mounted on 

the hot-wire rake) connected to a pressure transducer (Rosemount Model 2051). 

The calibration procedure consists of a least-squares fit of a fourth-order polyno

mial to data from anemometer readings at seven different free-stream velocities. 

The probes are calibrated at the beginning and end of each run and a correction 

scheme (Gu 1991) is implemented to minimize the effect of drift in anemometer 

output voltage. 

The rake is mounted on a three-axis, computer-controlled traverse mecha

nism which allows for detailed spatial measurements within the test section. During 

each run, up to fifteen channels of anemometry can be sampled simultaneously (the 

sixteenth channel is reserved for the pressure transducer). Experiments, consisting 

of a traverse in either the spanwise or cross-stream plane at a fixed streamwise 

position, are repeated as many times as necessary to utilize all the hot-wires and 

provide higher spatial resolution in the plane of the rake. Data acquisition is con

ditional on a trigger from the excitation waveform. The ensemble-averaged data 

can be collated and sorted after completion of all runs for spatial and temporal 

reconstruction of the streamwise velocity field and various deriyed quantities. 

A Masscomp laboratory computer system (MC-5500), including sixteen 

channels of twelve bit AID and sixteen channels of D / A, is dedicated to exper

iment control and data processing. The anemometer output voltages and pressure 

transducer voltage are digitally sampled by the AID and stored on magnetic tape 

for later conversion to velocity. Post-processing and graphical data analysis is 
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done (via an ethernet connection) on a VAX 11/750 mainframe and CONVEX 

C240 minisupercomputer. 

2.2 Surface Film Heaters 

Two- and three-dimensional instability modes are excited using an array 

of surface film heaters flush-mounted on the flow partition (Figure 2.2) and are 

used to modify the temperature distribution of the flow partition's boundary layer. 

Previous investigations have shown that heating may be employed in either "pas

sive" or "active" modes. Passive heating (or cooling) is utilized as a time-invarient 

method that modifies the mean (or base) flow to achieve desired stability charac

teristics, such as delay of the boundary layer transition. Lees & Lin (1946) showed 

that by suitable variation of the wall temperature they could vary the critical Re 

of boundary layer transition. Liepmann & Fila (1947) related the term * ~~ ~; in 

the steady two-dimensional boundary layer momentwn equation with temperature 

dependant viscosity 

to a modified streamwise pressure gradient. For wall heating in liquid flows (where 

viscosity decreases with increasing temperature), ~ Iy=o > 0, ~~ Iy=o < 0, and 

~; Iy=o > 0 and hence the mean flow becomes more stable since the product of 

these terms may be viewed as a favourable pressure gradient in the momentum 

equation. Alternatively, if the fluid is a gas, the flow becomes less stable since the 

viscosity increases with increasing temperature. 

In most engineering applications passive heating is not desirable because of 

the large power inputs necessary to modify the mean flow characteristics (Fasel 

1987). The above arguments regarding the utilization of surface heating to modify 

the stability characteristics of the base flow can easily be extended to the unsteady 

equations of motion. As pointed out by Liepmann, Brown, & Nosenchuck (1982), 

the effect of streamwise-Iocalized time-periodic surface heating can be compared to 

small normal velocity oscillations at the wall, which can lead to redistribution of the 
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vorticity. Such forcing has been successfully utilized to manipulate the evolution 

of both two-dimensional and oblique Tollmien-Schlichting waves in a laminar flat

plate boundary layer. (Liepmann et al. 1982, Liepmann & Nosenchuck 1982, Robey 

1986, and Schneider 1989). 

In extending the methodology of active surface heating to the flow partition 

of the plane mixing layer, it is important to recognize that small oscillations in 

a laminar boundary layer amplify (or decay) according to linear stability theory. 

Excitation of the shear layer from the flow partition's boundary layer may not be 

effective if: 

or 

1) the induced disturbances decay appreciably before reaching the trailing edge 

of the flow partition, 

2) the spatial amplification rate of the time-harmonic disturbance is not large 

enough to overcome the effect of broad-band disturbances already present 

in the base flow. 

These difficulties may be avoided by using the boundary layer as an amplifier of 

the disturbance that will excite both spanwise and streamwise instability modes 

of the mixing layer. By carefully extending the trailing edge of the flow partition 

into the test section and adjusting the divergence of the side walls, the streamwise 

pressure gradient is adjusted so that it becomes slightly adverse. This results in 

a destabilized boundary layer which is receptive to a wider range of temporal and 

spatial disturbances (Wazzan, Okamura, & Smith 1968). 

Two mosaics of surface heaters were constructed after considerable devel

opment. Mosaic I consists of 14 spanwise-uniform elements and two 16-element 

spanwise rows and was used for the experiments involving the small contraction 

and test section (Sections 3.1 and 3.2). Mosaic II (Figure 2.2), used in the large 

contraction and test section for the experiments described in Sections 3.3-4.6, con

sists of 4 spanwise-uniform heating elements and a spanwise row of 32 discrete 

heating elements for the excitation of spanwise-uniform and spanwise-nonuniform 

disturbances, respectively. The heaters are etched from Inconel deposited on a thin 

Kapton sheet using standard printed circuit fabrication techniques. This circuit 
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is then glued on an epoxy board, with the heaters sandwiched between the epoxy 

board and Kapton. This assembly is then mounted flush on the removable trailing 

edge of the flow partition. The Kapton, which is a thin polymeric film, protects 

the surface of the heaters from corrosion and provides electrical insulation from the 

water. 

Each heater is wired through the epoxy board and flow partition to an in

dividual DC power amplifier which is capable of continuously driving 10 amperes 

into a load of 2-4 ohms. The total combined power output of all 36 channels is 

limited to 2.4 kW by the 2 power supplies (Adtech Power Brute Series III). The 

amplifiers are directly driven by the laboratory computer via a 16 channel D / A 

interface. This allows for the input of arbitrary temporal waveforms to the heaters 

without any distortion, by compensating in software for variations in heater resis

tance with temperature and for the quadratic dependence of Joulean dissipation 

on input voltage. 

In the present experiments, the typical total power levels to the heater array 

result in a (rms) power distribution of approximately 9 watts/cm2 • The power 

delivered to the flow is somewhat less due to conduction losses to the substrate. 

The importance of bouyancy effects in forced convection boundary layers may be 

evaluated from the ratio K = Gr / Re2 , where Gr is the local Grashof number and 

Re is based on the boundary layer thickness (Schlichting 1968). For the largest 

estimated surface overheat, K < 10-3 • Bouyancy effects can be neglected if K « 1. 

2.3 Flow Visualization 

The introduction of vorticity perturbations into the flow partition's bound

ary layer by the surface heaters is accompanied by small localized density gradients 

in the adjacent fluid. The corresponding refractive index gradients are exploited 

for flow visualization by means of a sensitive double-pass Schlieren system ideally 

suited for observation of small density gradients in water (Fiedler, Nottmeyer, We

gener, & Raghu 1985). This technique allows the effect of forcing to be studied 

nonintrusively in planes parallel and normal to the flow span. The Schlieren view 
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can be thought of as a planar projection of streaklines of slightly heated fluid el

ements. For the experiments reported here, the Schlieren view is in the spanwise 

(x - z) plane of the mixing layer and consists of a circle of diameter D" = 13.2 cm, 

centered in midspan at a streamwise position X B from the trailing edge of the flow 

partition. 

Figure 2.3( a,b) present photographs of the flow subject to spanwise-uniform 

(two-dimensional) harmonic excitation. The flow is from left to right. In the cross

stream (x - y) plane (Figure 2.3a) the flow is visualized by dye injection at midspan 

of the low-speed side boundary layer. Schlieren visualization is used in the spanwise 

(x - z) plane (Figure 2.3b). Since the flow is forced, the passage frequency of the 

primary (spanwise) vortices is phase-locked to the excitation waveform. Figure 

2.3b is comprised of two photographs taken at the same instant in phase relative 

to the excitation wavetrain at two different streamwise stations (xs = 7.6 cm and 

15.2 cm). The composite photograph shows the streamwise domain 1 cm ::; x ::; 

21.8 cm. The dye and Schlieren photographs have the same scale and were taken 

at the same phase relative to the excitation signal. 

In order to identify the features in the flow visualization photographs with 

coherent vortical structures, the dimensionless vorticity, energy, and concentration 

equations for a two-dimensional, incompressible flow are considered (neglecting 

viscous dissipation in the energy equation and assuming constant fluid properties): 

gt nz = Je v 2nz Spanwise Vorticity 

.J2..T = _1_ V 2T Energy 
Dt RePr 

gt W = R:Sc V 2 W Concentration 

The energy and concentration equations are identical to the vorticity equation ex

cept for a scaling parameter in the diffusion term. It is obvious that if the boundary 

conditions are identical, and Pr = Be = 1 then the species conc::entration and tem

perature fields are identical to the vorticity field. In the present investigation, 

however, Pr ~ 7, Be ~ 1, and the boundary conditions are not identical, hence 

prominant features in the flow visualization photographs may only qualitatively 

characterize the nominally two-dimensional vortical structures. Note that when 
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the flow is three-dimensional, the vorticity equation contains an additional vortex

stretching term n· Vii so that no direct relation exists between material lines of 

fluid marked by a given temperature or concentration level and vortex lines. At 

least for short distances it is possible to argue that since both dye and heat are 

injected into the flow partition boundary layer they continuously mark the vortic

ity shed from the trailing edge of the flow partition which form the ensuing vortex 

sheet. Indeed streaklines of dye and slightly heated fluid particles (Figure 2.3) sug

gest the formation of coherent vortical structures (it is important to recognize that 

the Schlieren view is a planar projection in the cross-stream direction from which 

all depth information has been lost). Dye and Schlieren visualizations are used ex

tensively in the present manuscript to describe the vortical structure of the mixing 

layer. Such flow visualization, coupled with streamwise velocity measurements, is 

extremely valuable in the investigation of the temporal and spatial evolution of the 

flow. 

The Schlieren image of the primary vortex immediately downstream of the 

first rollup (Figure 2.3b) is characterized by sharp intensity gradients along its 

upstream and downstream edges caused by the strong curvature of the thin layer 

of heated fluid which is rolled into the vortex. The slight spanwise-nonuniformity 

in Figure 2.3b also characterizes the ensemble-averaged flow (cf., Figure 3.9a and 

the discussion in Section 3.4). Since the excitation waveform corresponding to 

Figure 2.3b is spanwise-uniform, these results also suggest the formation of natu

rally occurring streamwise vortices in the braid region, as well as the evolution of 

spanwise-nonuniformities in the cores of the primary vortices. The development 

of small-scale motion within the cores of the spanwise vortices is apparent at the 

downstream end of the composite Schlieren view. 

As noted by Landahl (1990), streamwise streaks in transitional flat-plate 

boundary layers have been identified as regions of high- or low-speed velocity per

turbations not necessarily associated with continuous concentrations of streamwise 

vorticity. Nevertheless, because of the remarkable similarity between the present 

flow visualization and three-dimensional cross-stream and streamwise vorticity con

centrations in the numerical simulations of Rogers & Moser (1989) and Buell & 
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Mansour (1989), hereinafter the streamwise streaks in the Schlieren flow visual

ization will be referred to as streamwise vortices. It is emphasized that reference 

to a "streamwise vortex" in this work does not refer to a domain containing only 

streamwise vorticity, nor does it imply that the axis of the vortex is parallel to the 

streamwise direction. An approximation to the cross-stream vorticity, presented in 

Section 3.6, clarifies the topological features of these streamwise vortices. 
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CHAPTER 3 - EVOLUTION OF STREAMWISE VORTICES 

This chapter discusses the onset and evolution of streamwise vortices which 

appear across the span of the plane shear layer within the braid region between 

adjacent spanwise (primary) vortices. These vortices are triggered by spanwise

nonuniform amplitude modulation of a time harmonic wavetrain. Attention is 

focused on the modification of the base flow by the appearance of the stream

wise vortices, interactions between streamwise and spanwise vortices, generation of 

small-scale motions, and the coherent structure of the streamwise vortices using an 

approximation to the cross-stream vorticity component. Additional experiments 

examine the evolution of streamwise vortices during coalesence of the spanwise 

vortices. 

3.1 Spanwise-Uniform Excitation (The Base Flow) 

This section presents the response of the mixing layer to spanwise-uniform 

(two-dimensional) excitation and establishes the base flow for comparison of the 

results for spanwise-nonuniform excitation. The free-stream velocities are U1 = 30 

cm/sec, and U2 = 10 cm/sec. These free-stream stream velocities are used in all 

the experiments presented in this chapter with the exception of the measurements 

outlined in Sections 3.2 and 3.7. For the measurements in this section input power 

to the heaters is given by : 

E(z, t) = E(t) = 1'[1 + sin(27rvft)] 

where l' is a parameter specifying the time-averaged power of the excitation wave

form. 

As discussed in Section 2.2, spanwise-uniform excitation results in the am

plification of Tollmien-Schlichting waves in the boundary layer of the flow parti tion 

(Liepmann et al. 1982). The waves induce time-periodic velocity perturbations at 
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the trailing edge of the flow partition, and these disturbances then excite the Kelvin

Helmholtz instability of the ensuing free shear layer. Successful excitation of the 

shear layer is accomplished by recognizing that curves of marginal stability for the 

boundary layer and shear layer must overlap so that temporal disturbances used 

to force the Kelvin-Helmholtz instability are sufficiently amplified by the boundary 

layer. It has been known for some time that spanwise-uniform excitation of a shear 

layer results in a flow which is approximately time-periodic and phase-locked to 

the forcing wavetrain (e.g., Oster & Wygnanski 1982). This allows for a phase re

construction of the flow field from phase-locked streamwise velocity measurements 

taken in the y - z plane. 

Time-harmonic excitation of the primary (two-dimensional) instability is 

demonstrated in power spectra P(Vj) of the streamwise velocity component, where 

Vj is the excitation frequency (Figure 3.1). These spectra were measured 2.5 cm 

downstream of the flow partition and 1 cm above its centerline (on the high-speed 

side). Several runs over a range of forcing frequencies Vj were made. Figure 3.1 

shows P(Vj), indicating the composite receptivity of the high-speed-side boundary 

layer and the shear layer to spanwise-unifonn harmonic excitation. In connection 

with these measurements it is important to note that the hot-wire probe is operated 

at a 4% overheat ratio, which renders it sensitive to temperature variations of the 

order of O.l°C. As shown in Figure 3.1, the probe does not respond to excitation 

frequencies outside of a relatively narrow band, and hence it may be concluded that 

temperature fluctuations in the shear layer, associated with the surface heating, 

are very small. 

Figure 3.2 shows cross-stream profiles of the dimensionless streamwise ve

locity (;(1]) = [U(1]) - U21/jj.U, plotted as a function of the usual similarity vari

able 1] = (y - Yo)/(x - xo), where U(1]) is the mean velocitYl at constant span

wise position measured at a number of streamwise stations, Xo is the virtual 

origin, and jj.U = UI - U2 • Here Yo( x) is the cross-stream elevation at which 

U(y) = (UI + U2 )/2, hereinafter defined as Uc • The flow is excited near the 

"natural" (fundamental) frequency (i.e., the frequency of the Kelvin-Helmholtz 

instability in the absence of forcing) and its first subhannonic (6 Hz and 3 Hz, 
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respectively) using spanwise-uniform excitation from Mosaic 1. These data demon

strate that the forced shear layer spreads more in the cross-stream direction than 

does the unforced flow, in agreement with the findings of other investigators (e.g. 

Ho & Huang 1982). 

Power spectra P(v) of the streamwise velocity at x = 10.2 cm (Ree = 216), 

17.8 cm (Ree = 663), and 25.4 cm (Reo = 1450) for y = Yo are shown in Figures 

3.3(a-c). The Reynolds numbers at these x-stations are based on the momentum 

thickness 

1 1+00 

6(x) = (.6U)2 -00 [U(x) - U2][U1 - U(x)]dy . 

The spectra in Figures 3.3(b,c) correspond to spanwise-uniform harmonic excita

tion at v / = 6 Hz and 3 Hz, respectively. The establishment of small-scale motion 

in free shear flows is often connected with the existence of an inertial subrange in 

which the slope of 10g[P(v)] versus log[v] is -5/3. At sufficiently high Reynolds 

numbers in a homogeneous, stationary, isotropic turbulent flow, the inertial sub

range is the low wavenumber part of an equilibrium range of wavenumbers in which 

negligible viscous dissipation occurs (Batchelor 1953). Free shear flows, however, 

are not homogeneous, and if forced, are not statistically stationary, so that the 

extent of the inertial subrange (which implies local isotropy) in laboratory flows 

is limited even at relatively high Reynolds number (Champagne 1978). Further

more, mixing transition does not depend on the existence of an inertial subrange, 

but rather on the presence of turbulence or fine-scale random vortical structures, 

which can exist even at relatively low Reynolds numbers. In fact, the characteristic 

time necessary for the establishment of an inertial subrange may lead to its ap

pearance farther downstream from where mixing transition actually takes place. In 

the present experiments the inertial subrange at x = 25.4 cm is estimated to be 5 

Hz < v < 32 Hz (d., Jimenez, Martinez-Val & Rebollo 1979), and the logarithmic 

slope of the power spectrum within this range is approximately -5/3. Ho & Huerre 

(1984) assert that typical transition Reynolds numbers in liquids fall in the range 

750 < Reo < 1700. 
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3.2 Isolated Streamwise Vortex 

Several experimental investigations of plane nuxmg layers have demon

strated that streamwise vortices in the braid region can be triggered by spanwise

nonuniform amplitude excitation using either passive (e.g., Lasheras & Choi 1988, 

Bell & Mehta 1989) or active (Nygaard & Glezer 1989) devices mounted on the 

flow partition. Because evolution of the streamwise vortical structures appears to 

be phase-locked to the two-dimensional instability of the base flow, an important 

attribute of active devices such as the surface film heaters is that they allow for 

relatively independent excitation of spanwise and streamwise instability modes. 

In particular, forcing at the natural (most unstable) frequency produces a region 

downstream of the flow partition in which the passage frequency of the primary 

vortices is equal to the forcing frequency and pairing is inhibited (e.g., Roberts 

1985). The evolution of the streamwise vortices can than be studied phase-locked 

to the excitation waveform and in the absence of interactions between the primary 

vortices. 

In preliminary experiments (Nygaard 1987, Fiedler et al. 1988) several 

spanwise-periodic time-harmonic waveforms defined by 

E(z, t) = -y(z)[1 + sin(27rllft)] 

were utilized to study the formation process of streamwise vortices at relatively 

low velocities (U1 = 18 cm/sec and U2 = 6 cm/sec). Since a source of error in 

the ensembled reconstruction of the velocity field is phase jitter in the arrival time 

of the spanwise vortex at the measurement station, this effect is minimized by 

decreasing Uc • It was found that streamwise vortices form at spanwise locations 

corresponding to minima of -y(z), and at least close to the trailing edge of the 

flow partition, resemble lambda vortices in a transitional flat-plate boundary layer 

(Saric & Thomas 1983). Within the spanwise resolution of the heating mosaic, 

the shape of the streamwise vortices was almost invarient with respect to different 

spanwise distributions of -y(z) having the same wavelength )'z. 
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Given these results, the evolution of a spanwise-isolated streamwise vortex 

was further studied (using heating Mosaic I) by forcing the flow with a superposition 

of two excitation waveforms 

where 

E(z, t) = E2d(t) + E3d(Z) 

E2d(t) = "Y2d[1 + sin(27rvlt)] 

E3d(Z) = "Y3d[1 - cos(27rz/ ,\z)] 

,\z = 6.25 cm and vI = 3.7 Hz (Figure 3.4 shows the discretized waveform of 

E3d). The velocities of the two streams were 25 and 9 cm/sec corresponding to 

'\K H ~ 4.6 cm. Measurements of the streamwise velocity component were obtained 

using the rake of hot-wire probes described in Section 2.1. The length of the velocity 

time series at each measurement point corresponds to 400 cycles of the harmonic 

excitation, with the data sampled at a rate of 128 VI (this is the standard format 

of the data records used in the experiments described through the remainder of 

this chapter). 

The flow was illuminated in the x - Z plane by the strobe triggered at a 

phase delay relative to the zero-crossings of sin(27rVlt) and photographed using 

the Schlieren technique described in Section 2.3. The flow in the y - Z plane was 

visualized by dye injected at midspan and photographed separately at the same 

phase using a second strobe. Figures 3.5{a-h) are a composite of eight pairs of side

(x - y) and span- (x - z) views taken at equal time intervals during the excitation 

period (l/vI). The field of view is between 2.5 and 12.4 cm downstream of the 

flow partition. 

Figure 3.5 suggests that spanwise-nonuniform vorticity concentrations [at 

the upstream (left) end of the (x - z )-view in Figure 3.5a], referred to as 'Vi, first 

appear on the crest of the two-dimensional wave, prior to the rollup of the vortex 

sheet into a primary vortex. Owing to the spanwise-nonuniform excitation, VI 

develops an upstream bend about its middle as it is advected downstream. The 

streamwise structures formed during previous cycles of the excitation wavetrain are 
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observed at the center and downstream end of the Schlieren view in Figure 3.5a 

(referred to as V2 and Va, respectively). In Figures 3.5(b-d) the legs of V2 appear 

to be connected to 'VJ. and form a nearly quadrilateral vortex structure imbedded 

in the deformed vortex sheet, marked by dye in the corresponding side-view. The 

downstream edge of the quadrilateral structure lies on the high-speed side of a 

spanwise vortex, while the upstream edge is deformed and stretched by rollup of 

the spanwise vortex. 

As a result of stretching of 'VJ. and rollup of the spanwise vortex sheet, 

a new hairpin eddy-like structure forms near the region of maximum curvature 

of the upstream bend (Figure 3.5e). Previous experimental investigations on the 

formation of streamwise vortices in the braid region (Lasheras et al. 1986, Lasheras 

& Choi 1988) emphasize that streamwise vortices begin to form near a stagnation 

point (in a reference frame moving with Uc ) between two adjacent spanwise vortices 

and are subsequently stretched in both the upstream and downstream directions. 

Figures 3.5(a-h) suggest that variations in the streamwise strain field due to the 

Kelvin-Helmholtz instability lead to formation of streamwise vortices even before 

rollup of the primary vortices is completed. Streamwise vortices appear near the 

high-speed edge of a primary vortex during its rollup, and are then continuously 

stretched in the upstream direction towards the low-speed side of the subsequent 

spanwise vortex. Consistent with the numerical simulations of Buell & Mansour 

(1989), at least within the streamwise domain considered here, neither the heads 

nor legs of the hairpin eddies appear to be ingested into the spanwise vortices. 

As demonstrated by the experimental work of Lasheras, Cho, & Maxwor

thy (1986), the streamwise location at which streamwise vortices first appear is 

probably related to the amplitude of the upstream disturbances which lead to 

their formation. Appearance of streamwise vortices before rollup of the primary 

vortices is reported by Huang & Ho (1990) in an unforced plane mixing layer at 

relatively high Reynolds number, and is also evident in the experiments of Lasheras 

& Choi (1988) where streamwise counter-rotating vortex pairs appear immediately 

downstream of a flow partition with an indented trailing edge. While the Lin

Corcos mechanism for the formation of streamwise vortices (Lin & Corcos 1984) 
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may be valid upstream of rollup of the primary vortices, streamwise vorticity can 

also develop in a spanwise- and streamwise-uniform base flow. An example is the 

formation of Langmuir circulations (counter-rotating vortex pairs) when the wind 

blows over water surfaces. The axes of these vortices are nearly parallel to the 

wind direction and their crosswind (i.e., spanwise) spacing scales with the vorticity 

thickness (Leibovich 1983). 

While there is no question that spanwise-nonuniform excitation alters the 

nominally two-dimensional base flow, it is a nontrivial matter to extract a three

dimensional vortical structure from data of a single velocity component. Never

theless, such a three-dimensional structure would be invaluable as a first step in 

understanding the dynamics of the ~ow. Such a vortical structure can be dis

tinguished from the rest of the flow by the high intensity of rms velocity fluctu

ations u'(x, t) = J[u(x, t) - U(X))2 which contain a broadband of spectral com

ponents. The high frequency components marking the presence of smaller-scale 

vortical structures. Therefore, a scheme which selectively recognizes the small

scale turbulent fluctuations due to the appearance of three-dimensional vortical 

motion is implemented. This scheme, which builds on a technique developed by 

Glezer, Katz, & Wygnanski (1989), is essentially a digital high-pass filter of the 

streamwise velocity fluctuations using the following algorithm: 

1. A discrete Fast Fourier Transform of a time-series of the streamwise veloci ty 

component u(v) = FFT{u(t)} is computed. 

2. The transformed velocity is high-pass filtered in the frequency domain using 

the filter 
k(v) = 0 

_( "-"c )2 = l-e " 

v < Ve 

where Ve = 4vf is the cutoff frequency and (j = vf the roll-off rate of the 

filter. 

3. The inverse transform u = F FT-l (uk) is computed. 

4. u~rmll(t) = Ju(t)2 is computed. 

This last step essentially corresponds to computing a convolution of uk with itself in 

the frequency domain, inverting the result, and taking the square root. It can easily 
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be shown, using convolution properties of delta functions (e.g., see Gaskill 1978), 

that the convolution of the spectral decomposition of an amplitude modulated 

signal with itself leads to a component at the modulating frequency. Thus this 

technique yields small-scale velocity fluctuations associated with the large-scale 

spanwise vortices. 

Time-series of these rms velocity fluctuations (u~rms(x, t)}, phase-averaged 

over the excitation period (where ( ) denotes the phase-averaging), are computed 

from detailed measurements of the streamwise velocity in the y - z plane at x = 15 

cm, where ReO(x) for the two-dimensionally excited flow is 570. The domain of 

measurements is rectangular (6 em x 5.2 cm in the y - z directions, respectively), 

and the measurement points are equally spaced (2 mm apart) in each coordinate. 

Figures 3.6a,b show the surface (u~rmAx, t)} = 0.085 em/sec in z-t-y coordinates 

during two periods of the spanwise-uniform and spanwise-nonuniform excitation 

waveforms. Note that in this figure, as in all phase-locked plots below, time increases 

to the left to facilitate comparison with the Schlieren and dye photographs in which 

the vortical structures are advected to the right. Although these are not surfaces of 

constant vorticity, they appear to effectively capture three-dimensional features of 

the streamwise vortices which are similar to the numerical results of Metcalfe et al. 

(1987) and Buell & Mansour (1989). This data demonstrates that the streamwise 

vortex resulting from spanwise-nonuniform excitation induces substantial spanwise 

variations of (u~rm8(X, t)} within the primary vortex and in the braid region. Of 

particular note is the expansion of turbulent interfaces, corresponding to small

scale motion on the high-speed edge of the primary vortex (Figure 3.6b). These 

modifications of the nominally two-dimensional base flow are further discussed in 

Section 3.4. 

3.3 Receptivity to Excitation Wavelength 

The effect of ,\Z on the ensuing streamwise vortices was studied at U1 = 30 

em/sec and U2 = 10 cm/sec. The excitation frequency was v.f = 5 Hz. The am

plitude of the excitation waveform was piecewise-continuous and spanwise-periodic 
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with wavelength Az • To define the waveform, let z = Zo + Az 8, where Zo is an arbi

trary reference and 0 < 8 < 1. Then in each spanwise wavelength of the excitation 

waveform, ,),(z) is given by ,),(z) = ')'H for 0 < 8 < 8}, ,),(z) = ')'L for 81 < 8 ::; 82, 

and ')'( z) = ')'H for 82 < 8 < 1. In the present experiments, Az is taken as the 

widths of 2, 4, 8, and 16 elements of Mosaic II, (82 - 81)Az is equal to the width 

of one heating element, and ')'L = O.3')'H. Figures 3.7a-d show the spanwise dis

tributions of ')'( z) corresponding to the four different spanwise forcing wavelengths 

utilized for excitation in the Schlieren visualizations of Figures 3.8a-d. Each frame 

is comprised of two photographs taken at the same phase relative to the harmonic 

excitation. 

As mentioned in Section 3.2, the forced streamwise vortices bear consider

able resemblance to lambda vortices in a transitional flat-plate boundary layer. 

In the present experiments, the interior included angle 1jJ between the legs of 

the streamwise vortex decreases with decreasing Az • For relatively long Az (i.e., 

Az > AK H) 1jJ is unchanged because spanwise interaction among streamwise vor

tices are reduced due to the larger separation distance between their cores (Figure 

3.8a). The existence of spanwise-isolated streamwise vortices for Az > AKH (Fig

ures 3.8a,b) indicates that these structures are not part of a single vortex that 

continuously loops back and forth between adjacent primary vortices, as conjec

tured by Bernal & Roshko (1986). Figure 3.8 further suggests that for a given 

excitation frequency, virtually any spanwise wavelength synthesizable by the heat

ing array can be excited and can lead to the formation of streamwise vortical 

structures. This is supported by the flow visualization study of Lasheras & Choi 

(1988), where the average spanwise spacing of the streamwise vortices (their Figure 

26a) appears to be much smaller than the spanwise wavelength of their corrugated 

flow partition. 

An important aspect of spanwise-nonuniform excitation at long Az is shown 

in Figure 3.8(a,b). In Figure 3.8a the central spanwise vortex deforms at midspan 

and develops an upstream bend. As shown in the experiments of Lasheras & Choi 

(1988), the three-dimensional alignment of the approximately streamwise vortices 

in the braid region is determined by the' orientation of the strain field induced 
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by the primary vortices. The spanwise undulations of the primary vortex modify 

the strain field in the braid region and consequently induce a significant increase 

in t/J. Farther downstream, the upstream bend in the spanwise vortex (on the 

right) is increased, and smaller-scale vortical tubes appear to form near the head 

of the streamwise vortex. When Az is reduced (Figure 3.8b), the first spanwise 

vortex downstream of the flow partition (on the left) develops spanwise undulations 

having the wavelength of the excitation. As in Figure 3.8a, the forced streamwise 

vortices are located at the upstream bend of these undulations, and 'Ij; increases 

with downstream distance. 

Of particular note are additional vortex tubes which appear along the legs 

of the streamwise vortex in the braid region between the spanwise vortices in the 

center and left of Figure 3.8b. These vortex tubes are probably associated with 

rollup of the streamwise vortices. Such a mechanism is discussed by Pullin & Jacobs 

(1986) in their numerical study of the nonlinear evolution of an array of inviscid 

counter-rotating vortex pairs subjected to applied stretching strain field. This 

leads to rollup of multiple "secondary" streamwise vortices near each of the legs 

of a "primary" streamwise vortex. All secondary streamwise vortices associated 

with a given primary leg have the same sense of rotation. Lasheras et al. (1986) 

studied a streamwise vortex forced by a small hemisphere mounted on the flow 

partition of a plane mixing layer and proposed an induction mechanism for its 

spanwise spreading. The appearance of additional vortical tubes in the experiments 

of Lasheras et al. is clearly connected with undulation of the spanwise vortex. This 

deformation significantly modifies the vorticity and strain distributions in the braid 

region, and hence may trigger the secondary instability of Pullin & Jacobs. In 

fact, forced streamwise vortices show little spanwise spreading when the spanwise 

vortex remains nominally two-dimensional (Figure 3.8c,d). An upstream bend of 

the spanwise vortex is also apparent in the photographs of Lasheras et al. (their 

Figure 15, corresponding to Figure 3.8b here). 

The undulations of the spanwise vortices result from an instability of their 

cores and will be discussed in detail in Chapter 4. It appears that as a result of 

this instability, the primary vortices undergo spanwise deformation, the wavelength 
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of which typically exceeds >'KH, and induce secondary vortical structures through 

defonnation of the strain field in the braid region. Although the core instability 

is apparent in a number of previous experiments (e.g., Chandrsuda et al. 1978, 

Browand & Troutt 1985, and Lasheras & Choi 1988), no previous investigation 

has established its connection to the fonnation of streamwise vortices in the braid 

region. 

3.4 Modification of the Base Flow by Streamwise Vortices 

This section discusses the effect of spanwise-nonuniform excitation on the 

nominally two-dimensional base flow. The spanwise wavelength of the excitation 

waveform E(z, t) is synthesized by four-element groups of Mosaic II (>'z = 2.54 cm 

corresponding to Figure 3.8c). The response of the flow to spanwise-nonuniform 

excitation may be evaluated from ensembled-averaged [phase-locked to E( z, t)] time 

series of the streamwise velocity perturbation: 

(Upert(x, t)) = (u(x, t)) - U(x) 

where U(x) is the mean flow velocity computed from the ensemble-averaged data, 

1 iTI U(x) = T (u(x, t)) dt 
f 0 

and 

is the temporal period of E(z, t). 

The response of the mixing layer to spanwise-uniform and spanWlse

nonuniform excitation, close to the trailing edge of the flow partition, is shown 

in Figures 3.9(a,b), respectively, using contour plots of (upert"(Z, t») measured at 

x = 5.1 cm, and y = Yo. The duration of the ensemble-averaged time series is 

4T" and the data are taken equidistantly (2.5 mm apart) along the span. Shaded 

regions correspond to (upert) < O. Despite some spanwise-nonunifonnity (see also 

Figure 2.3b), the base flow is quite two-dimensional. Even though the contour 

plots in Figures 3.9( a,b) are planar cross-sections of a three-dimensional flow at a 
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fixed cross-stream elevation, they contain useful structural information. The dark 

spanwise bands in Figure 3.9a represent times of most rapid velocity increase (or 

decrease) and can be associated with phase fronts of the excited Kelvin-Helmholtz 

instability. Note that the v-elevation of the probe is such that (upert) < 0 during 

passage of the (high-speed) crest of the two-dimensional instability wave. 

At this streamwise station, the primary vortex rollup has just begun (Figure 

2.3a) and the vortical structure excited by the spanwise-nonuniform heating already 

has an upstream bend about its middle as it is advected downstream (e.g., Figure 

3.5c). The induced velocity fluctuations (Upert(z, t)) in Figure 3.9b are consistent 

with these observations. As discussed in Section 3.2, the upstream bend of the 

streamwise vortical structure first appears on the (high-speed) crest of the two

dimensional wave lying above the cross-stream elevation of the probe at y = Yo (Le., 

for (upert(z, t) < 0) in Figure 3.9a). Because the streamwise vortex is advected in a 

shearing flow, its induced velocity field acts to move fluid down (or up) from higher 

(or lower) cross-stream elevations. The streamwise velocity at a given y-elevation 

may then be higher or lower than it would be in the absence of spanwise-nonuniform 

excitation, and the presence of the streamwise vortices is marked by local minima 

or maxima of (upert(z, t)). For example, higher-momentum fluid (from the high

speed side) is moved down between counter-rotating legs of a streamwise vortex, 

and similarly lower-momentum fluid (from the low-speed side) is moved up between 

legs of adjacent streamwise structures. This results in alternating local maxima 

and minima of velocity perturbations within the negative (shaded) regions. The 

strength of the velocity perturbations induced by the streamwise vortices is time

periodic because these vortices, inclined in the streamwise direction as they are 

advected past the measurement stations, are themselves time-periodic. 

Even though spanwise-nonuniform excitation has a marked effect on the 

phase-averaged data close to the flow partition (cf., Figure 3.9b), its effect on the 

approximately two-dimensional mean base flow is felt only farther downstream as 

can be deduced from cross-stream profiles of the time-averaged mean streamwise 

velocity. These profiles are shown in Figure 3.lOa for spanwise-uniform excitation 

and Figures 3.10(b,c) for spanwise-nonuniform excitation. The velocity profiles 
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in Figures 3.10b and 3.10c are measured at spanwise stations corresponding to 

passage of the head of a streamwise vortex (i.e., its downstream tip) and halfway 

(Az/2) between heads of two adjacent streamwise vortices (hereinafter referred to 

as the "tail"), respectively. The velocity profiles in Figure 3.10a are similar to 

those found in other investigations of mixing layers subjected to harmonic forcing 

by other means (e.g., Weisbrot 1984). Of particular note is the development of a 

slight velocity overshoot (exceeding U1 ) at the high-speed side, reported earlier by 

Gaster, Kit, & Wygnanski (1985) for a mechanically forced flow. In addition to a 

velocity overshoot on the high-speed side, the measurements of Weisbrot reveal a 

velocity undershoot at the low-speed side. 

To the extent that streamwise derivatives of the time-averaged cross-stream 

velocity component (av/ax) are small compared to au/ay (e.g., Townsend 1980), 

the mean spanwise vorticity nz of the flow will be dominated by the latter. The 

velocity overshoot evident in Figure 3.lOa may mark the appearance of (small) 

negative values of nz on the high and low-speed edges of the mixing layer. Although 

negative spanwise vorticity may also be present in the unforced flow, its mean 

magnitude is likely to be considerably smaller owing to substantial variation among 

the cross-stream widths of the primary vortices. The phase-averaged measurements 

of Weisbrot (1984) indicate the existence of small vorticity peaks at the high- and 

low-speed edges of the primary vortices; however, it is not clear that these peaks are 

negative. It is also noted that the streamwise velocity overshoot (or undershoot) 

on the high-speed (or low-speed) edge of the mixing layer may lead to a significant 

diminution in the momentum thickness, even though the width of the mixing layer 

(as measured by the presence of vorticity) does not necessarily decrease. 

When the excition waveform is spanwise-nonuniform, the mean velocity pro

files significantly distort downstream. Because the approximately streamwise vor

tices in the braid region are inclined in the x - y plane, the profiles in Figures 

3.10(b,c) are most strongly affected near their high- and low-speed edges. Because 

"localized" inflection points of the distorted mean velocity profiles mark regions of 

large shear, their appearance has important consequences from the standpoint of 
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mixing transition. These regions may be viewed as thin, inviscidly unstable, inter

nal shear layers, in which the growth rate of small disturbances is proportional to 

the local rate of strain and inversely proportional to the shear layer thickness (Lan

dahl & Mollo-Christensen 1986). These internal shear layers lead to the formation 

of small-scale motions because the wavelength of the most amplified disturbance 

scales with their thickness. This type of rapid amplification of small-scale distur

bances is similar to the inviscid instability observed by Klebanoff, Tidstrom, & 

Sargent (1962) in a transitional boundary layer. 

Distortion of the streamwise velocity profiles due to spanwise-nonuniform 

excitation is not restricted to the cross-stream (x - y) plane. Surfaces of mean 

streamwise velocity are also deformed in the y-z pane [Figure 3.11( a,b) for x = 10.2 

cm, and Figures 3.12(a,b) for x = 17.8 cm]. Spanwise-uniform excitation results 

in a reasonably two-dimensional distribution of the mean streamwise velocity at 

x = 10.2 cm, while at x = 17.8 cm some nonuniformity associated with "natural" 

evolution of three-dimensional flow structures is developed (see downstream edge 

of Schlieren view in Figure 2.3b). The disturbances leading to these flow structures 

are most likely associated with imperfections in the experimental apparatus. The 

respective Reynolds number based on the spanwise-averaged momentum thickness 

B( x) are 340 and 570. When the excitation waveform is spanwise-nonuniform, the 

time-averaged mean streamwise velocity distribution develops trough- and ridge

like distortions aligned in the y-direction, and alternating in z with the spanwise 

wavelength of the excitation waveform. Distortion of the mean streamwise veloc

ity distribution results in a substantial increase in B( x) at these two streamwise 

locations, and consequently an increase in the respective values of ReO(z) (490 and 

950). Although this distortion is strongest along the high- and low-speed edges of 

the mixing layer (i.e., at the heads and tails of the streamwise vortices), it is evi

dent throughout the entire velocity surface and is accompanied by approximately 

spanwise-periodic inflection points in the spanwise profiles of the mean streamwise 

velocity at fixed y-elevations. As does the distortion of the cross-stream profiles, 

these inflection points suggest the formation of local maxima of spanwise strain rate 
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and rapid amplification of small disturbances. The breakdown of these rapidly am

plifying structures leads to generation of small-scale turbulence. The formation of 

localized shear layers by interaction among the streamwise and spanwise vortices is 

also suggested by Corcos (1988). Such shear layers may be formed by the wrapping 

of spanwise vortex lines around cores of streamwise vortices. 

The role of streamwise vortices in the formation of spanwise concentrations 

of small-scale flow structures is demonstrated in spanwise contour plots of velocity 

power spectra P(z, v) of the streamwise velocity component. Figure 3.13 shows 

measurements obtained at x = 10.2 cm for spanwise-uniform [Figure 3.13(a,c)] 

and spanwise-nonuniform [Figure 3.13(b,d)] excitation at two different cross-stream 

elevations corresponding to the high-speed edge [Figure 3.13(a,h)] and low-speed 

edge [Figure 3.13(c,d)] of the mixing layer. Figure 3.14(a-d) are measurements of 

P(z, v) at x = 17.8 cm. These data are plotted at y-elevations of the inflection 

points on the high- and low-speed edges of the mean cross-stream velocity profiles 

which result from spanwise-nonuniform excitation [cf., Figures 3.10(b,c)]. The 

spanwise profile of the mean streamwise velocity at the y-elevation of each contour 

plot is shown to the left. 

Bands of high-frequency spectral components which are approximately 

spanwise-periodic form when the flow is subjected to spanwise-nonuniform exci

tation. These bands are centered about spanwise extrema of U, and the sharp 

spanwise gradients along their edges approximately coincide with spanwise inflec

tion points of U [Figures 3.13(b,d) and 3.14(b,d)]. Note that the spanwise positions 

of the bands near the high- and low-speed edges of the mixing layer are offset by 

Az/2, as are the heads and tails of the streamwise vortices. The formation of these 

bands near the inflection points suggests that the inflection points play an impor

tant role in the generation of high-frequency small-scale motion. Furthermore, at 

the spanwise locations of the bands, the amplitude of the spectral components at 

the excitation frequency vf and its first harmonic 2vf undergo considerable atten

uation between x = 10.2 cm and 17.8 cm, indicating spanwise-nonuniform energy 

transfer from low to high frequencies. This process is accompanied by a substan

tial reduction in the amplitude of higher harmonics of the excitation frequency. 
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A similar trend is apparent in the streamwise variation of the power spectra of 

streamwise velocity in an unforced mixing layer undergoing small-scale transition 

(Huang & Ho 1990). 

Amplitudes of the spectral components of (Upert(x, t)) integrated in the 

cross-stream direction, at the forcing frequency and its first hannonic, denoted 

by Al and A2 , respectively, are shown in Figure 3.15 for spanwise-uniform and 

spanwise-nonuniform excitation [cf., Figures 3.10(a-c)]. To the extent that the lo

cal slope of each curve is a measure of local streamwise amplification rate (cf., 

e.g., Gaster et al. 1985), the value of x at which the slope vanishes is the loca

tion of zero spatial amplification. When the flow is excited by a spanwise-uniform 

wavetrain, Al increases somewhat between x = 5.1 cm and 7.6 cm, and then 

remains almost unchanged until x = 15.2 cm, where it begins to decay (except 

possibly at the head location). The first harmonic content of (upert(x, t)) for the 

case of spanwise-uniform excitation is indicative of nonlinear behavior of the two

dimensional spanwise vortices. It is remarkable that when the flow is subjected to 

spanwise-nonuniform excitation, streamwise distributions of Al and A2 at span

wise locations of the heads and tails of the streamwise vortices are quite similar 

to corresponding amplitude distributions under spanwise-uniform excitation. This 

suggests that at least within the streamwise domain considered here, the evolu

tion of the nominally two-dimensional spanwise vortices is almost unaffected by 

spanwise-nonuniform excitation and the accompanying formation of the stream

wise vortices. In view of this finding, it is concluded that attenuation of spectral 

components at the forcing frequency and its higher harmonics is limited to the 

neighborhood of spanwise inflection points induced by spanwise-nonuniform exci

tation (Figures 3.13 and 3.14). The direct numerical simulations of Riley, Mourad, 

Moser, & Rogers (1988) show that two-dimensional instability modes of the plane 

mixing layer also appear to be unaffected by three-dimensional disturbances. How

ever, these conclusions may not be valid if ,\Z is long enough to excite the core 

instability [cf., Figures 3.8(a,b)]. 
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3.5 Evolution of Small-Scale Motion 

The phase-averaged flow structure resulting from spanwise-nonuniform ex

citation is studied in detail in y - z planes at x = 10.2 cm and 17.8 cm. These 

streamwise stations are chosen because Schlieren visualization and preliminary 

measurements indicated that at x = 10.2 cm the streamwise vortices are fully 

developed, and between this station and x = 17.8 cm, three-dimensionality within 

the spanwise vortices and in the braid region increases substantially. These data 

are taken on a rectangular grid measuring 8.9 cm and 5.9 cm in the spanwise and 

cross-stream directions, respectively. 

The small-scale streamwise motions associated with passage of large coher

ent vortical structures at the measurement station are studied using zone-averaged 

turbulent intensity of the streamwise velocity component defined as 

( ' (-0») = (u~rm8(x,t)i(x,t») 
Uzrms x,t (i(x, t») 

which emphasizes structural details of interfaces (or boundaries) separating tur

bulent and non-turbulent fluid. The phase-averaged turbulent fluctuations of the 

streamwise velocity component (U~rm8(X, t») are calculated from instantaneous ve

locity records using the digital high-pass filtering technique outlined in Section 3.2. 

The intermittency i(x, t) identifies turbulent structures in terms of the presence or 

absence of small-scale fluctuations in space or time. In the present experiments, 

the temporal intermittency is computed pointwise from the streamwise velocity 

u(x, t) using the procedure of Glezer & Coles (1990). The local rms deviation 

e( X, t) from a least-squares linear fit of three consecutive data points in the time

series is computed for the middle point and compared with a prescribed threshold. 

If e(x, t) exceeds the threshold, the flow is called turbulent and the intermittency 

is set to unity at the middle point, otherwise it is set to zero. The result is a 

time series i(x, t) of ones and zeros. The ensemble-averaged intermittency (i(x, t») 

varies between zero and one, and may be thought of as a measure of the proba

bility that the flow is turbulent. It is noted that an intermittency detector should 

be based on a scheme which determines if the vorticity fluctuations are random in 



56 

both space and time (Champagne 1991). Similar to the calculation of turbulence 

intensity (u~rms(x, t), this intermittency detection scheme relies on the premise 

that high-frequency streamwise velocity fluctuations are associated with rotational 

fluctuations due to vortical motions rather than potential (irrotational) oscillations. 

Zone-averaged quantities are normally biased towards (and hence emphasize) flow 

features near turbulent boundaries, characterized by low values of (i(x, t). The 

values of (u~rms(x, t) where (i(x, t) R: 1, are approximately equal to (u~rms(x, t). 

Although (U~rm8(X, t) and (i(x, t) vanish outside turbulent regions, (u~rm8(x, t)} 

is calculated only for (i(x, t)} ~ 0.005. 

Figures 3.16(a-c) present contour plots of (U~rm8(X, t)}, (i(x, t)}, and 

('U~rms(x, t)} at x = 10.2 cm in the y - t plane for spanwise-uniform excitation. 

At this measurement station, passage of the spanwise vortex can be recognized 

by concentrations of small-scale velocity fluctuations in a relatively small region 

closer to the low-speed edge of the vortex (Figure 3.16a). The cross-stream in

termittency distribution during passage of the spanwise vortex (Figure 3.16b) has 

two maxima, upstream and downstream, which appear to be associated with en

trainment of irrotational fluid from the low- and high-speed streams, respectively. 

Three equally-spaced, weak intermittency maxima in the braid region correspond 

to higher harmonics in the velocity spectra (c.f, Figure 3.13a) and can be connected 

with a Kelvin-Helmholtz instability of the material interface separating the low

and high-speed fluid. Similar structures are also apparent in the numerical results 

of Lummer discussed by Fiedler (1988). It is noteworthy that unlike (i(x, t)}, cor

responding levels of (u~rm,,(x, t)} in the braid region are considerably lower than 

within the spanwise vortices. This is because the intermittency data are sensitive to 

the presence of turbulent interfaces and are not a measure of turbulence intensity. 

Even though the base flow is nominally two-dimensional at this measurement sta

tion, the braid region is more apparent in the contour plot of of the zone-averaged 

turbulent intensity (Figure 3.16c). 

That the phase-averaged structure of the base flow in the y - t plane is 

substantially modified by spanwise-nonuniform excitation is demonstrated in con

tour plots of (U~rm8(X, t)} in the y - t plane at x = 10.2 cm [Figures 3.17(a-d)). 



57 

These contour plots are cross-sections of a streamwise vortex at four equally-spaced 

spanwise locations between its head and tail. The head of the streamwise vortex 

(Figure 3.17a) appears to be separated from the spanwise vortex at the latter's 

upstream edge, as may be inferred from a narrow region of lower turbulence inten

sity between them. Note also the upstream extension (towards the braid region) of 

the low-speed edge of the primary vortex at the spanwise location corresponding 

to the tail of the streamwise vortex (Figure 3.17d). It appears that the heads and 

tails of the streamwise vortices do not "wrap" around the spanwise vortices (as 

suggested, for example, by the sketches of Lasheras & Choi 1988) but protrude 

in the downstream direction towards the braid region. As observed by Bernal & 

Roshko (1986), the streamwise vortices tend to move away from the spanwise vor

tices, i.e., towards the high- and low-speed streams. Thus, the heads (or tails) of 

the streamwise vortices are advected faster (or slower) than the spanwise vortices 

and can protrude into the downstream (or upstream) braid regions. Similar behav

ior is evident in the direct numerical simulation of a temporally developing mixing 

layer (Rogers & Moser 1989) after pairing of the spanwise vortices. 

A cross-section through a leg of the streamwise vortex (Figure 3.17b) shows 

a considerable increase in turbulence intensity in the braid region. The local peak 

in turbulence intensity within the leg is due to its intersect.ion with the y - t plane 

at a small angle. The interaction between the tail of the streamwise vortex and the 

spanwise vortex is shown in Figures 3.17( c,d) and is accompanied by reduction in 

turbulence intensity within the core of the primary vortex. This reduction occurs 

at spanwise locations which approximately coincide with legs of the streamwise 

vortices at the low-speed edge of the primary vortex (see also Figure 3.18g below). 

The phase-averaged How structure is also studied in y - z planes at different 

phase delays relative to the zero-crossings of the time-harmonic excitation E(z, t). 

Shown in each of the Figures 3.18(a-h) for x = 10.2 cm, and Figures 3.19(a-h) for 

x = 17.8 cm, are four pairs of contour plots of (u~rm"(x, t)} taken at equal time 

intervals during the excitation period. These times are referred to below as tl, t2, 

t 3, and t4, (shown as dark tic marks in Figure 3.16a) and are chosen so that tl and 

t3 correspond approximately to passage of the centers of the braid region and the 
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core ofthe spanwise vortex (as measured by the peak of (U~rmB(X, t»)), respectively. 

The contour plots a-d of each figure are for spanwise-uniform excitation. Because 

cross-sections in the y - z plane are extremely sensitive to spanwise undulations 

of the primary vortices, the data in Figures 3.18 and 3.19 (as well as in Figures 

3.23 and 3.24) are actually plotted along lines of constant spanwise phase of the 

nominally two-dimensional base flow. The necessary phase information is obtained 

from a discrete Fast Fourier Transform of the velocity time series measured at a 

y-elevation outside of the mixing layer on the high-speed side (the largest spanwise 

phase variation is 27°). 

Spanwise concentrations of zone-averaged turbulence intensity in the braid 

region are clearly associated with the legs of the streamwise vortices (Figure 3.l8e), 

in agreement with the observations of Breidenthal (1981). In the absence of the 

streamwise vortices (Figure 3.18a) there is very little turbulent activity in the braid 

region. The y - z plane at t = t2 is closer to the downstream spanwise vortex, so 

the streamwise vortices are at higher y-elevations than at t = tl. Furthermore, 

at t = t2 (counter-rotating) pairs of streamwise vortices are closer to each other, 

indicating the arrival of the heads. The tails of the streamwise vortices from the 

downstream braid region appear at the low-speed side. The heads and tails of 

the streamwise vortices are also apparent at the downstream edge of the spanwise 

vortex (t = t4 , Figure 3.18h). 

The contour plots at t = t3 [Figure 3.18(c,g)] represent cross-sections 

through the center of the core of the spanwise vortex (as may be measured by a 

maximum of the turbulence intensity). Modification of the structure of the primary 

vortex by spanwise-nonuniform excitation is evident in the appearance of concen

trations of turbulent intensity at spanwise locations of the heads of the streamwise 

vortices and from breakdown of the primary vortex core into spanwise-periodic con

centrations of small-scale motion, having a spanwise wavelength of approximately 

>"z/2. The spanwise locations of these turbulence concentrations also coincide with 

inflection points of the mean spanwise profiles of streamwise velocity (e.g. Figure 

3.13). Furthermore, as discussed in Section 3.6 below, breakdown of the core is 

connected with the formation of approximately spanwise-periodic concentrations 
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of all three vorticity components within the spanwise vortex as a result of its inter

action with the streamwise vortices. This breakdown appears to be a precursor to 

the rapid spreading of three-dimensional small-scale motion within the core of the 

spanwise vortex, which is necessary for mixing transition. Figures 3.19(e-h) show 

that at x = 17.S cm the flow is clearly dominated by the streamwise vortices as 

evidenced by strong spanwise concentrations of turbulence intensity. Of particular 

note is the reduction in spanwise periodicity of the concentrations of small-scale 

motion within the core of the primary vortex (compare Figure 3.19g to 3.1Sg), 

which suggests enhanced spanwise mixing. This evolution is accompanied by a 

significant increase in the cross-stream width of the mixing layer. The correspond

ing data for spanwise-uniform excitation [Figures 3.19(a-d)] show less cross-stream 

spreading and significantly less spanwise nonuniformity within the primary vortex 

and the braid region. 

As noted in Section 3.2, isosurfaces of zone-averaged rrns streamwise velocity 

fluctuations may be useful in studying the three-dimensional structure of the flow. 

Figures 3.20( a,b) and 3.21( a,b) show the surface (u~rms(x, t)} / f:l.U = 0.03 in z-t-y 

coordinates at x = 10.2 cm and 17.S cm, respectively, during two periods of the ex

citation waveform. These and the following isosurface plots (Figures 3.22 and 3.25) 

begin at t = tl -Tf/S, i.e., at a cross-section in the y-z plane close to the center of 

the braid region [cf., Figures 3.1S(a,e)]. When the excitation is spanwise-uniform, 

the spanwise vortices and the braid region are approximately two-dimensional. 

The spanwise trough along each primary vortex separates upstream and down

stream regions of concentrated velocity fluctuations, apparently connected with 

entrainment of high- and low-speed fluid, respectively, into the spanwise vortex. 

Spanwise-nonuniforrn excitation leads to the formation of structures with substan

tial spanwise nonuniformity. The heads of the streamwise vortices appear on the 

high-speed side of the primary vortex, with spanwise spacings approximately equal 

to the excitation wavelength Az • The legs of the streamwise vortices in the braid 

region are not all of equal strength, presumably due to spanwise variations in the 

strain field, which in turn is affected by the primary vortices. As shown in Figure 

3.S, spanwise undulations of the primary vortices have a substantial effect on the 
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evolution of the streamwise vortices. Figure 3.20b further suggests that appearance 

of the streamwise vortices results in substantial enlargement of turbulent interfaces 

into the free streams. 

For spanwise-unifonn excitation, Figure 3.21a shows that farther down

stream, the primary vortices have developed spanwise irregularities. These appear 

to be associated with fonnation of unforced streamwise vortices. Note the decrease 

in the inclination relative to the x-direction of the major axis of the nominally 

oval cross-section of these vortices. Because the fundamental instability mode be

comes neutral where the major axis is orientated nonnal to the streamwise direction 

(roughly at x = 10.2 em in these experiments) and decays thereafter, this change 

has been connected by Weisbrot (1984) with spatial amplification of harmonically 

excited waves. For spanwise-nonunifonn excitation, Figure 3.21b shows a substan

tial increase in the cross-stream width of the mixing layer (as may be defined by 

spreading of turbulent interfaces), although this surface does not show details of 

the streamwise structures. For x = 17.8 cm, the surface (u~rmlJ(x, t)) / AU = 0.055 

(Figure 3.22) indicates that the heads and tails of the streamwise vortices protrude 

into the downstream and upstream braid regions, respectively. As discussed above, 

this protrusion is possible because the heads and tails are advected at higher and 

lower velocities than the high-speed and low-speed edges of the spanwise vortex, 

respectively. This results in nominally streamwise stretching of the streamwise 

vortex which leads to an increase in the magnitude of vorticity (and small-scale 

fluctuations) within its core. Figure 3.22 also suggests the formation of approx

imately toroidal regions of (u~rmlJ(x, t)) around the primary vortices apparently 

due to the upstream and downstream protrusion of the streamwise vortices into 

the braid region. 
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3.6 Cross-Stream Vorticity Approximation 

Attention is now focused on the phase-averaged cross-stream vorticity 

Assuming that all terms in the phase-averaged continuity equation are of the same 

order, it may be argued that 

where ~z = >'z/2 and ~x = >'KH are appropriate characteristic length scales in 

the spanwise and streamwise directions, respectively. In the present experiments 

(~z/~x)2 ~ 1/16 and hence the ensemble-averaged cross-stream vorticity compo

nents may be approximated by 

- f) 
(ny) = f)z (u(x, t)) . 

Although it is clear that this approximation makes it impossible to distinguish be

tween vortical and irrotational distortions of the streamwise velocity profile, its use 

allows reconstruction of the three-dimensional structure of the streamwise vortices. 

The spanwise derivative of (u(x, t)) is calculated by an analytic differentiation of 

a least-squares fit third order polynomial to five consecutive spanwise data points. 

Because there are twelve data points per spanwise excitation wavelength, spanwise 

wavelengths which are greater than >'z/6 can be resolved. Contours of (ny) are 

shown in Figures 3.23(a-h) for x = 10.2 cm and Figures 3.24(a-h) for x = 17.8 cm at 

t = tI, t2, t3, & t4 [cf., Figures 3.18(a-h) and 3.19(a-h)]. In most of the braid region, 

the vorticity within the secondary structures is likely to have approximately equal 

components in the x- and y-directions (n:r; and ny ). Streamwise vortices in the y-z 

plane at t = tl (Figure 3.23e) are then recognized by alternating concentrations of 

positive and negative (ny), coinciding with concentrations of (U~rm8(X, t)) in Figure 

3.18e. It should be noted that the level of (ny) is quite low for spanwise-uniform 

excitation (Figure 3.23a). Another feature of the results for spanwise-nonuniform 
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excitation [Figures 3.23( e-h) and 3.24( e-h)] is the downstream preservation of span

wise (and streamwise) coherence of the phase-averaged flow features. In contrast, 

contour plots of (u~rm"(x, t) have less spanwise coherence at x = 17.8 cm [Figures 

3.19(e-h)] than at x = 10.2 cm [Figures 3.18(e-h)]. 

Of particular interest is the distribution of (ny) within the primary vortex 

core when the mixing layer is subjected to spanwise-nonuniform excitation. Note 

for comparison the corresponding distributions for spanwise-Wliform excitation in 

Figure 3.23c for x = 10.2 cm and Figure 3.24c for x = 17.8 cm. The distribution 

of (ny) in the y - z plane at t = t3 (Figures 3.23g and 3.24g) is comprised of three 

approximately regular spanwise rows, each consisting of approximately spanwise

periodic concentrations of (ny) of alternating signs having a wavelength Az /2. 

Concentrations of (ny) of the same sign in the top and bottom rows occur at 

approximately the same z-coordinate and appear to be associated with streamwise 

vortices in the upstream and downstream braid regions, respectively. The middle 

row (within the core of the spanwise vortex) is offset in the z-direction relative to 

the upper and lower rows by Az /2. 

A strikingly similar distribution of streamwise vorticity nx is fOWld in direct 

numerical simulations of a spatially-developing mixing layer (Buell & Mansour 

1989). The spanwise distribution of nz leads to spanwise-periodic intensification 

and weakening of the spanwise vorticity Qz and the formation of "cup-shaped" 

concentrations. The cups form at the center of quadrupoles comprised of four 

adjacent concentrations of nz (two in the middle row), which produce positive 

spanwise strain (i.e., stretching of spanwise vorticity). The spanwise locations of 

the resulting cups alternate above and below the middle row much like the heads 

and tails of the streamwise vortices. The distribution of cross-stream vorticity ny 
also has a quadrupolar structure very similar to that of Figures 3.23g and 3.24g 

(Buell 1990). These distributions of nx and Qy within the cores of the primary 

vortices may result from vortex lines looping between cups. In connection with 

the spanwise-periodic concentrations of (u~rm"(x, t) in Figure 3.18g, note that the 

upper and lower cups in the results of Buell & Mansour appear at similar spanwise 
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locations and are likely related to the spreading of small-scale motion within the 

core of the primary vortex. 

The existence of spanwise concentrations of (fly) in the upper and lower 

rows of Figures 3.23g and 3.24g may be jointly due to tilting of spanwise vortices 

by streamwise vortices in the upstream and downstream directions. It should be 

noted that axial flow along the legs of the streamwise vortices (associated with 

vorticity transport) can also contribute to mixing (or at least stirring) of fluid 

from both streams. The apparent "tagging" of the streamwise vortices by (ny) 

allows for study of their protrusion into the upstream and downstream braid re

gions, as contour plots of (ny) at t = tl and t4 [Figures 3.24(e,h)] show vertical 

stacks of concentrations (pairs and triplets) of the same sign, representing cross

sections of streamwise vortices from the upstream and downstream braid regions. 

As mentioned in Section 3.5, the numerical results of Rogers & Moser (1989) show 

that (after pairing of the spanwise vortices is completed) streamwise vortices are 

stretched beyond the upstream and downstream spanwise vortices and towards 

the respective upstream and downstream braid regions. Contours of :z (v) in the 

braid region (approximating (S1 x ) measured by Huang and Ho (1990) show the ap

pearance of cross-stream (vertical) pairs of concentrations of S1 x • Those data were 

obtained downstream of the first rollup of the primary vortices, and the authors re

marked that the formation of streamwise vortices began immediately downstream 

of the flow partition. 

Given the qualitative agreement between these measurements· and the nu

merical results of Buell & Mansour (1989) and Rogers & Moser (1989), it appears 

that even though (f2y) is only an approximation for the cross-stream vorticity 

component, it is nevertheless useful in marking the streamwise vortices. Figures 

3.25(a,b) show the surface (fiy) = 4 sec-1 at x = 10.2 cm and 17.8 cm plotted in 

z - t - Y space for two periods of the harmonic excitation (cf., Figures 3.20b and 

3.21b). At x = 10.2 cm, the legs of the streamwise vortices in the braid region 

are unmistakable. Although the primary vortices are not immediately visible here, 

they can be identified by the curvature of the nearby streamwise vortices and by 

spanwise concentrations of (f2y) (Figure 3.23g). At x = 17.8 cm, the protrusion 
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of streamwise vortices at some spanwise locations gives the appearance of a "cats

eye"-like surface around the primary vortex. In the braid region, this surface is 

comprised of the "local" streamwise vortex, as well as streamwise vortices from 

the upstream and downstream braid regions. A cross-section of this structure in 

the y - t plane (at x = 17.8 cm, Z = -1.3 em) is shown in Figure 3.26. At this 

spanwise location the "cats-eye" structure is already apparent at the high-speed 

edge, while the leg of the streamwise vortex at the low-speed edge is stretched in 

the upstream direction. A vertical stack of three streamwise vortices in the braid 

region can also be identified at some spanwise locations in contour plots of (ny) 

(Figure 3.24e) and, as mentioned above, is also evident in the numerical results of 

Rogers & Moser. 

3.7 Spanwise Vortex Pairing and Streamwise Vortices 

The persistence of secondary structures over a large streamwise domain in 

which the primary vortices undergo several pairings has been observed in the ex

periments of Brown & Roshko (1974) and Huang & Ho (1990). This section focuses 

on the evolution of the streamwise vortices before, during, and after coalesence of 

adjacent spanwise vortices. For the data considered here, the free-stream veloci

ties are 42 cm/sec and 14 em/sec, the fundamental excitation frequency is V/ = 9 

Hz (AKH = 3.1 cm) and the corresponding subharmonic excitation frequency is 

Vsub = 4.5 Hz. The higher speeds and frequencies are implemented so that single 

Schlieren visualizations covers approximately 4AKH in the streamwise direction and 

includes two pairing events. Four different programs of time-harmonic excitation 

are explored (using Schlieren visualizations of the x - z plane): 

F2D) Spanwise-uniform excitation at the fundamental frequency, which 

suppresses pairing of the primary vortices 

E(z, t) = "Y/2d[1 + sin(w/t)]. 
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F AM) Spanwise-nonuniform excitation (Az = 2.54 em, Figure 3.7 c) at the 

fundamental frequency, which leads to the formation of streamwise 

vortices but suppresses pairing of the primary vortices 

E(z, t) = 'Y/am(z)[l + sin(w/t)]. 

F 2DS2D) Spanwise-uniform excitation at the fundamental and subharmonic 

frequencies, which leads to pairing of the primary vortices 

FAMS2D) Spanwise-nonuniform excitation (Az = 2.54 em) at the fundamen

tal frequency and spanwise-uniform excitation at the subharmonic 

frequency, which leads to the formation of streamwise vortices and 

pairing of the primary vortices 

Figures 3.27( a-d) are Schlieren plan-views which correspond to excitation 

programs F 2D, FAM, F 2DS2D, and FAMS2D, respectively. The streamwise field 

of view is 3.6 em < x :5 16.8 em (roughly 4>'KH which allows for observation of 

two consecutive pairing events). Spanwise-uniform excitation at the fundamental 

frequency results in formation of nominally two-dimensional spanwise vortices at 

the streamwise excitation wavelength (Figure 3.27a). Note the primary structures 

do not coalesce within the visualized domain since background disturbances at the 

subharmonic frequency are not amplified to a level which results in pairing. The 

apparent low concentrations of small-scale flow structures at the downstream edge 

of the Schlieren view are due to relatively weak secondary vortices generated by 

small core deformation of the primary vortices ( discussed in more detail in Chapter 

4). When the flow is forced with a spanwise-nonuniform wavetrain FAM (Figure 

3.27h), streamwise vortices form upstream of the first roll-up of the spanwise vortex 

and induce considerable small-scale motion in the downstream edge of the Schlieren 

view. The response of the shear layer to the excitation programs F2D and FAM 
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is discussed in more detail in Sections 3.3-3.6 and presented here for comparison 

with the subharmonic excitation programs F 2DS2D and FAMS2D. 

Huang & Ho (1990) speculate that small-scale transition results from 

stretching and compression of the streamwise vortices during coalesence of adjacent 

spanwise vortices. They assert that an instability similar to that of a vortex subject 

to a contracting strain (Robinson & Saffman 1984) may be the mechanism for gen

erating random fine-scale turbulence within the cores of paired primary vortices. 

It is well established that the initial appearance of streamwise vortices is related 

to fixed disturbances in the upstream conditions and that the flow is receptive to 

broadband excitation wavelengths. Thus, the streamwise onset of mixing transi

tion may depend on both the strength and spanwise wavelength of the streamwise 

vortices. That the generation of small-scale motions, during pairing, depends on 

the presence of streamwise vortices is demonstrated by the response of the mixing 

layer to subharmonic excitation. Pairing of the spanwise vortices in the absence 

of streamwise vortices is shown in Figure 3.27c (program F 2DS 2D ). Similar to 

program F2D, the weak naturally occuring secondary vortices induce little small

scale motion within the cores of the pairing primary vortices at the downstream 

edge of the Schlieren view. However, when streamwise vortices are excited at 

the fundamental frequency and the spanwise vortices undergo pairing due to the 

subharmonic excitation (program FAMS2D, Figure 3.27d) there is a remarkable 

increase in fine-scale flow structure at the downstream edge of the Schlieren view. 

The temporal and spatial evolution of the streamwise vortices during pair

ing of the primary vortices was studied using Schlieren visualizations at four equal 

time intervals during the excitation period of the sub harmonic wavetrain [Figure 

3.28(a-d) for program FAMS2D ]. As in Figure 3.27, the streamwise field of view 

corresponds to 3.6 cm < x < 16.8 cm. In Figure 3.28a, the streamwise distance 

between the two primary vortices (denoted by PI and P2 ) is approximately AKH, 

indicating that the amplitude of the subharmonic disturbance is not large enough 

to induce pairing between PI and P2 • Dye visualization in the cross-stream plane 

(not shown here) has suggested that the subharmonic disturbance causes PI to be 

displaced above the plane y = Yo while P2 is displaced below this plane, as they 
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are advected in the streamwise direction [Figures 3.28(b-d)]. Hence, the convec

tion velocities of PI and P2 are approximately equal to U1 and U2 , respectively, 

leading to rapid increase in the extensional strain of the braid regions upstream of 

PI and downstream of P2 • This is accompanied by streamwise stretching of sec

ondary vortices within these regions and leads to the intensification of nx and ny • 

Concomitantly, the secondary vortices in the braid region between PI and P2 are 

compressed and rotated in the x-y plane. In fact, when PI is directly above P2 (as 

shown in the downstream edge of Figure 3.28a), the axis of the secondary vortices 

are approximately aligned with the cross-stream direction. Rogers & Moser (1989) 

remark that their temporal numerical simulations show that streamwise vortices 

which are ingested into the paired spanwise vortex create a core structure contain

ing a "complex agglomeration of 3-D vortical structures that distort each other 

dramatically in time." This is also apparent in the downstream regions of Figures 

3.28(b-d), which show that concentrations of small-scale structures rapidly increase 

over a short streamwise distance. 

While further downstream the core of the paired primary vortex exhibits 

almost no spanwise-periodic structure, this is not the case in the braid region. 

Figure 3.29 shows the evolution of the secondary vortices during pairing for 8.6 

cm ~ x ~ 21.8 cm. The most notable feature in this figure is the preservation of 

the upstream spanwise wavelength of the streamwise vortices. It appears that the 

streamwise vortices in the braid region upstream and downstream of the pairing 

spanwise vortices do not coalesce with each other, as was suggested by Huang & 

Ho (1990). Also of note is that the heads (or tails) of the streamwise structures 

appear to protrude into the braid regions downstream (or upstream) of the paired 

spanwise vortices in a manner which is very similar to that discussed in Section 3.6 

and evident also in the simulations of Rogers & Moser (their Figure 12). 

The evolution of further ,pairings (i.e., sub-subharmonics) further down

stream presumably progresses in a manner similar to that discussed ab'ove. The 

streamwise vortices in the braid regions upstream and downstream of the pairing 

spanwise vortices are stretched, while the streamwise vortices between the pairing 

spanwise vortices are tilted, compressed, and induce small-scale motion within the 
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core of the new spanwise structure. The continual stretching of the streamwise vor

tices can eventually lead to their decay by viscous dissipation, thus implying that 

the appearance of additional streamwise structures further downstream must be the 

result of a different mechanism other than fixed vorticity disturbances originating 

at the How partition. The next chapter focuses on the formation of streamwise 

vortical structures by core deformation of the primary vortices. 
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CHAPTER 4 - SPANWISE-NONUNIFORM PHASE EXCITATION 

Previous experiments (e.g. Browand & Prost-Domasky 1990, Nygaard & 

Glezer 1990) have demonstrated that a core ip.stability of the primary vortices in 

the plane mixing layer can be effectively excited by a time-harmonic wavetrain 

where "'( is a spanwise-invariant amplitude, vI = wI /27r the excitation frequency, 

and q,r(z, t) is a programmable spanwise phase distribution. In Sections 4.1-4.5, 

the flow is excited at the fundamental frequency and as a result spanwise-uniform 

pairing of the primary vortices is inhibited within the streamwise domain consid

ered here, and a number of modes of the core instability are effectively excited 

using q,r(z, t). (The spanwise phase distribution q,r(z, t) is measured relative to 

a reference wavetrain of the same frequency). Section 4.6 discusses core defor

mations due to spanwise-nonuniform pairing interactions forced by a subharmonic 

wavetrain having spanwise-nonuniform amplitude or phase distributions. 

4.1 Oblique Phase Excitation 

When the spanwise phase distribution varies linearly with z, i.e. q,r(z) = 

f3(z - zo), [zo is an arbitrary reference (Figure 4.1)], the shear layer is effectively 

excited with an oblique wavetrain the spanwise wavenumber of which is f3. The 

streamwise wavenumber a is 27rVI/Uc and the spanwise wavenumber f3 is 21in/Zmax 

where n is an integer and Zmax = 22 cm. The free-stream velocities are U1 = 30 

cm/sec and U2 = 10 cm/sec, and VI = 5 Hz. The response of the flow to oblique 

phase excitation is shown in Figure 4.2 for n = 1, 2, and 3. These photographs show 

that the mixing layer is receptive to a broad range of excitation wave-numbers, 

which in the present experiments is limited by the 32-element discretization of 

q,r(z). The wave-angles cp = arctan[nUc/vlzmaxl (between the wave-vector (a, (3) 

and the streamwise coordinate) in Figures 4.2a, b, and c are 100
, 200 and 290

, 



70 

respectively. The most striking feature in these photographs is the inclination of 

the primary vortices relative to x as they are advected in the downstream direction 

even though the spanwise velocity distribution of the free-streams is unchanged. 

The angles between the inclined vortices and the streamwise direction are virtually 

identical to the corresponding wave-angles of the excitation wavetrains, and are 

almost invariant over the streamwise domain shown here. It appears that upstream 

variations in spanwise phase of the excitation wavetrain impede the nominally two

dimensional roll-up of the primary vortex so that its roll-up occurs along lines of 

constant phase of the input disturbance. The How visualization further suggests 

that at least within the present range of wave-angles, the amplification of oblique 

waves does not vary appreciably with spanwise wave-number. 

The streamwise inclination of the primary vortices is apparently accompa

nied by a change in the direction of the strain field in the braid region between 

them. As a result, streamwise vortices in the braid region are approximately aligned 

with the wave-vector of the excitation wavetrain. These secondary vortices may 

result from spanwise-nonuniformities in the experimental apparatus (e.g. Jimenez 

1983), or from deliberate harmonic forcing with a spanwise-nonuniform amplitude 

distribution as shown in Chapter 3. In this chapter, the amplitude of the excitation 

wavetrain is spanwise-invariant. The quality of the How in the shear layer facility 

is such that when f3 = 0, almost no streamwise vortices are formed in the braid re

gion between the primary vortices (Figure 2.3b). When f3 is increased, additional 

streamwise vortices which are aligned with the apparent direction of maximum 

strain appear within the braid region between two adjacent primary vortices. The 

concentration of these streamwise vortices increases with the cross-sectional area of 

the primary vortices, corresponding to an increase in streamwise distance from the 

How partition. The appearance of additional vortical structures in the braid region 

is probably related to spanwise discontinuities in phase due to the discretization 

of <P r . These nonuniformities become more pronounced as f3 is increased. In fact, 

Robey (1986) points out that oblique waves may cause onset of a Hat-plate laminar 

boundary layer transition to move upstream, since these waves contain all three 
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vorticity components which allow for vortex tilting and stretching. Figure 4.2 sug

gests that small-scale flow structure appears to increase in the downstream edge of 

the Schlieren view as the spanwise wave-number is increased. 

It is of particular note that when cp is increased, the primary vortices become 

undulated along their cores with a wavelength which is longer than the streamwise 

wavelength of the Kelvin-Helmholtz instability. When cp = 29° (Figure 4.2c), the 

primary vortex at the downstream edge of the Schlieren view exhibits a bifurca

tion which is also apparent in the photograph of Chandrsuda et al. (1978) (their 

Figure 3). Similar bifurcations may be inferred from the data of Browand & Prost

Domasky (1990) and were also observed by Nygaard & Glezer (1990) as a result 

of spanwise-nonuniform phase excitation. Although the formation of such bifurca

tions is not well understood, they may be the result of an instability of the primary 

vortex which results in complex three-dimensional vortical structures. 

4.2 Time-Periodic Spanwise Phase Excitation 

The effect of the magnitude of the phase disturbance on the evolution of the 

core instability is studied using a spanwise-periodic phase program, the amplitude 

of which varies linearly in time. This is accomplished by an excitation waveform 

having spanwise-periodic (with wavelength Az ) frequency variations vf(z) which is 

comprised of two piecewise-constant frequencies v} and vJ (Figure 4.3) 

E(z, t) = ')'[1 + sin(27r vf(z) t)]. 

The phase difference between two adjacent spanwise segments of the excitation 

waveform is given by 

~q,(t) = 27r(vJ - v} )t. 

When ~vf = vJ - v} is small, ~q, is slowly varying (linearly) with time between 0 

and 27r over the beat period 1/ 6.v f. The response of the mixing layer to spanwise

nonuniform frequency excitation at a fixed spanwise wavelength, Az = 7.6 cm, 

is studied using Schlieren photography and velocity measurements taken phase

locked to the beat frequency ~vf' Phase-locking is accomplished by a conditional 
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trigger derived by a logical" AND" of the pulse trains associated with the respec

tive zero-crossings of sin(211"v}t) and sin(27rvJt). This generates a pulse train of 

frequency ~vf, which can be delayed to achieve a desired phase relative to the 

data-acquisition clock. 

The effect of two-frequency excitation at v} = 4.9 Hz and vJ = 5.0 Hz is 

shown in a sequence of x - z Schlieren photographs taken at seven equal time in

tervals during the beat period 1/~vf = 10 sec [Figure 4.4(a-g)] corresponding to 

~«p = (2j - 1) 211" /14 (j = 1,2, ... , 7). The spanwise field of view is approximately 

1.5,\% and the frequency of the center segment is 4.9 Hz. In Figure 4.4a, all span

wise segments of the forcing waveform are in phase and the primary vortices are 

nominally two-dimensional. Since the frequency of the center segment is slightly 

lower than that of the outer segments, the excitation waveform at the center seg

ment begins to develop a phase-lag with respect to the excitation waveforms of the 

outer segments. Hence, the response of the flow in the spanwise domain influenced 

by the center segment begins to lag its response in the spanwise domains influ

enced by the outer segments. As a result, the primary vortices develop symmetric 

undulations about midspan (Figure 4.4b). 

Similar to the oblique roll-up of the spanwise vortices discussed in Section 

4.1, it appears that upstream variations in spanwise phase of the excitation wave

train impede the nominally two-dimensional roll-up of the primary vortex so that 

the roll-up of vortex segments which are affected by the lower frequency wave

trains are delayed relative to roll-up of adjacent vortex segments affected by the 

higher frequency wavetrains. It is remarkable that the undulations of the primary 

vortices persist and even appear to intensify with downstream distance (Figure 

4.4c). Because primary vortices in an unforced plane mixing layer are advected in 

a nominally two-dimensional strain field, and presumably deform in a plane which 

is aligned with the direction of maximum strain and the amplitude of the deforma

tion can increase with downstream distance. There is a striking similarity between 

the spanwise vortices in Figures 4.4b and c and the translatively unstable Stuart 

vortices studied by Pierrehumbert & Widnall (1982). Their results suggest that the 

most unstable translative disturbance has a spanwise wavelength which is equal to 
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two-thirds of the spacing of the undisturbed vortices, although disturbances having 

a broad band of spanwise wavelengths can be amplified. Pierrehumbert & Widnall 

also suggested that the translative instability leads to the formation of secondary 

streamwise vortices. Figure 4.4 clearly shows the formation of secondary vortices 

when the primary vortices distort along their spans. 

As noted in Section 3.3, secondary streamwise vortices form in the braid 

region near maxima of the spanwise curvature maxima of the primary vortices. 

Although, these secondary vortices are similar in appearance to streamwise vor

tices which form due to spanwise-nonuniform amplitude excitation (e.g., Section 

3.3), there is a considerable difference in the spanwise widths of the secondary 

vortices which result from the two different excitation waveforms. While the span

wise widths of the former scale with the deformation of the primary vortices, the 

spanwise widths of the latter (in the absence of core deformations of the primary 

vortices) is significantly smaller (Figures 3.8c,d). It is clear that spanwise defor

mations of the primary vortices increase with ~q> (Figure 4.4c) and the induced 

streamwise vortices become considerably more pronounced. 

When ~q> = 7r (Figure 4.4d), the structure of the primary vortices in the 

x - z plan-view is drastically altered. The vortical structures form a continuous 

pattern of diamond-shaped cells (" chain-link" like structure) which repeat in the 

spanwise and streamwise directions. As will be shown below, these structures are 

comprised of streamwise-periodic rows of vortices which are spanwise-distorted in 

planes tilted relative to the streamwise direction. The "branches" of these vortices 

may undergo pairing at spanwise locations corresponding to the edges (or" knots" ) 

of the diamond-shaped cells. Of particular note is the fact that the number of 

"spanwise" vortices is actually doubled, and their passage frequency is equal to 

twice the forcing frequency. The streamwise length of each cell, measured between 

knots, is equal to >'KH of the two-dimensionally forced How. 

As mentioned in Section 1.2.3, the second spanwise instability mode identi

fied by Pierrehumbert & Wjdnall (1982) corresponds to spanwise-localized pairing 

of the primary vortices. This instability mode has a streamwise wavelength which 
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is twice that of the two-dimensional base How and, in contrast to the translative in

stability, has a short spanwise wavelength cutoff. There is no question that the core 

instability corresponding to A~ = 7r appears to be similar to the pairing instabil

ity of Pierrehumbert & Widnall. However, its streamwise wavelength is essentially 

equal to >'KH at spanwise locations corresponding to knots of the cellular struc

ture. Similar to results of Pierrehumbert & Widnall, the next section confirms that 

the core instability has a short spanwise wavelength cutoff (approximately equal 

to >'KH). 

It is also noted in passing that the evolution of vortical structures in a plane 

mixing layer is extremely sensitive to the functional form of the prescribed spanwise 

phase distribution. It was found that the magnitude of Aqi, the wavelength >'Z! or 

the local slope 8qir/8z of the phase excitation can significantly affect the topology 

of phase deformation of the primary vortices. In particular, when the phase exci

tation is not spanwise-periodic, the ensuing vortical structures are quite different. 

For example, a spanwise hat-shaped phase discontinuity with A<P = 7r in the center 

segment of the excitation waveform leads to bifurcations of the spanwise vortex into 

upstream and downstream branches which form a closed diamond-shaped vortical 

cell (Nygaard & Glezer 1990). 

When A<P > 7r, the secondary vortical structures weaken and become pairs 

of hairpin-like counter-rotating vortices with their legs trailing their heads (Figures 

4.4e-f). The heads of these vortices appear near upstream bends of the primary vor

tices. Because the wavetrain in the center segment is now leading in phase relative 

to its adjacent segments, the center segment of the primary vortex is symmetrically 

bent around midspan in the downstream direction. The secondary vortices appear 

near upstream bends corresponding to the outer segments and they are displaced 

in the spanwise direction by >'z/2 compared to the secondary vortices which result 

from phase excitation with Aqi < 7r (cf., Figure 4.4c). Similar to Figures 4.4b 

and c, the core instability of the primary vortices in Figures 4.4e and f appears 

to be "translative" in the parlance of Pierrehumbert & Widnall. Finally, as A<P 

approaches 27r (Figure 4.4g), the spanwise vortices become almost two-dimensional 

again. 
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Some features of the phase-averaged three-dimensional vortical structure 

resulting from spanwise-nonuniform phase excitation are extracted from distribu

tions of (u~rm .. (x, t). The free-stream velocities for this case are U1 = 36 cm/sec 

and U2 = 12 cm/sec, with v} = 6.9 Hz and V] = 7.0 Hz. Time series of the 

streamwise velocity component are measured phase-locked to the beat frequency 

6.vf, with each record consisting of 4480 data points equally-spaced over the 10 

sec beat period. The ensemble-average is calculated from 40 such data records. 

The data shown in Figures 4.5( a-d) are measured at x = 10.2 cm, the domain of 

measurements is rectangular (6 cm x 8.9 cm in the y and z directions, respectively), 

A% = 7.6 cm, and the measurement points are equally-spaced by 2.0 and 2.5 mm in 

the y and z coordinates, respectively. The surfaces (u~rm"(x, t) = 1.0 cm/sec are 

plotted in the y - z - t coordinate during two consecutive periods of the excitation 

wavetrain for vf = 7 Hz and are shown in Figure 4.5a, b, c, and d with the first 

time point of each plot corresponding approximately to 6.tP = (2j - 1)27r,/14, j = 

1, 3, 4, and 5, respectively (and hence to Figures 4.4a, c, d, and e). Note that 

because time increases to the left, the How appears to be moving to the right. 

When 6.tP R:: 0 (Figure 4.5a), the excitation wavetrain is nominally two

dimensional and the primary vortices appear to be almost spanwise-uniform. As 

mentioned above Figures 4.5b-d correspond to Figures 4.4c-e, respectively, and 

clearly show the evolution of the secondary vortical structures. Of particular note 

is what appears to be spanwise-Iocalized pairing of the distorted spanwise vortices 

when 6.tP = 7r'. One may also conclude that the spanwise vortices are distorted in 

planes which are inclined relative to the streamwise direction. 

Figure 4.6 is a "waterfall" plot (Browand & Prost-Domasky 1990) in the z-t 

plane of ensemble-averaged time-series (phase-locked to the beat frequency) of the 

streamwise velocity perturbation (upert(x, t)} = (u(x, t)} - U(X) where U is the 

mean streamwise velocity calculated from the ensemble-averaged data. In Figure 

4.6 (upert(x, t)} is plotted at x = 10.2 cm and at a cross-stream elevation which 

corresponds to a spanwise- and time-averaged streamwise velocity of 30 cm/sec. 

These types of plots have been used by Browand and his coworkers (1980, 1985, 

& 1990) to capture global structural features of the primary vortices which appear 
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as dark bands. Figure 4.6 is essentially a time sequence of spanwise profiles of 

(upert{x, t)) during one beat period (10 sec) of the two excitation wavetrains. 

At t = 0, the flow is nominally two-dimensional (cf., Figure 4.4a). As ~~ in

creases, the primary vortices begin to develop spanwise undulations of wavelength 

Az • Note that because time increases from left to right, the bend in the center 

segment of the spanwise vortex points to the right. The effect of the secondary 

vortices which are apparent in Figures 4.4b and c is not felt at this cross-stream 

elevation until their strength becomes comparable with the primary vortices (t > 3 

sec). When t = 5 sec (~~ = 7r), it is not possible to distinguish between the "sec

ondary" and "primary" vortices, and a spanwise-cellular vortex structure emerges. 

The center segment appears to be "dislocated" ("vortex termination" in the par

lance of Browand & Troutt) from the outer segments. It is important to recognize, 

however, that these data are a cross-section of three-dimensional flow structures at 

a fixed cross-stream elevation. When ~~ > 7r, the secondary vortical structures 

weaken (as can be asserted by their induced velocity perturbations) and the span

wise undulations of the primary vortices are essentially out of phase with respect 

to the undulations for ~~ < 7r. Although ~~ varies linearly in time, the spanwise 

response of the flow as shown in Figure 4.6 is not exactly symmetric in time with 

respect to the instant when ~ ~ = 7r. This is probably the result of spanwise phase 

distortion already present in the nominally two-dimensional base flow (cf., Figure 

2.3b). These data, interpreted along with the surfaces of (u~rm"(x, t)) in Figure 

4.5, demonstrate that the" dislocations" , observed in Figure 4.6 and in the work of 

Browand and his coworkers, are clearly part of a three-dimensional flow structure. 

4.3 Receptivity to Excit,ation Wavelength 

The observations in the preceding two sections suggests that the primary 

vortices are extremely susceptible to spanwise-nonuniform phase excitation. This 

section discusses the effect of the wavelength of a spanwise-periodic phase distribu

tions on the primary vortices and, in particular, the existence of a short-wavelength 

cutoff, below which the spanwise vortices appear to be stable to phase excitation. 

{Recall that the core instability of the primary vortices in an unforced mixing 
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layer appears to be have a spanwise wavelength .Ac which exceeds .AK H). The 

flow is forced with a steady spanwise-periodic piecewise-constant phase distribu

tion (Figure 4.7) synthesized by N segments (each of M heating elements) such 

that «pr(z) = «P~ for Zi+I > Z > Zi, .Az = Zi+I - Zi, where 1 ~ i < N. The magni

tude of the phase discontinuity is ,6.<1) = «p~+I - «P~, and the data presented here 

correspond to ,6.<1) = 7r. The excitation wavelength .A z is decreased from 10.16 cm 

and 1.27 cm. The evolution of the core instability at a fixed spanwise wavelength 

.A z for various ,6.<1) will be discussed in more detail in Section 4.4. 

Figure 4.S shows Schlieren photographs in the x - Z plane (4.S cm ~ x ~ 

IS.0 cm) of the mixing layer forced with the phase distribution discussed above 

(UI = 30 cm/sec, U2 = 10 cm/sec, VI = 5 Hz, and .AKH = 4 cm). Figures 4.Sb, c, 

... , i correspond to .A z = 10.16 - 1.27j em, where j = 0, 1, ... , and 7, respectively. 

The response to spanwise-uniform excitation is shown for reference in Figure 4.Sa. 

When .A z > 5.0S cm (Figures 4.4b-f), .A z > .AKH, and the primary vortices are 

distorted into diamond-shaped cells the spanwise width of which are approximately 

equal to the forcing wavelength. As.Az is decreased and becomes smaller than 

.AK H (Figures 4.Sg-i), the primary vortices become nominally spanwise-unifonn. 

These results suggest the existence of a critical spanwise excitation wavelength 

.Acrit below which spanwise phase disturbances apparently decay. Figures 4.8(g,h) 

further imply that .Acrit ~ .AK H. It is emphasized that the phase disturbance is 

advected in the flow partition's boundary layer before reaching the ensuing shear 

layer so that the results of Figure 4.S indicate the combined receptivity of the 

boundary layer and the shear layer to spanwise-nonuniform phase excitation. In 

particular, it is impossible to determine in which of the flow regimes (boundary layer 

or shear layer) the short wavelength disturbances Figures 4.8(g-i) is attenuated. 

Pierrehumbert & Widnall (1982) observed a short wavelength cutoff for a 

subhannonic instability in which the primary vortices are spanwise undulated out

of-phase with respect to each other. Similar to the arguments put forth by these 

authors, the short-wave cutoff in the present experiments suggests that .Acrit in

creases with .AKH with downstream distance. Hence phase disturbances of a given 

spanwise wavelength gradually decay as they are advected downstream. Since the 



78 

flow is forced, >"KH is almost unchanged within the streamwise domain of Figure 

4.8 and consequently the magnitude of the phase deformations appears to remain 

constant with x. On the other hand, in an unforced mixing layer, amplification of 

the three-dimensional instability mode leading to deformations of the primary vor

tices may be overwhelmed by the amplifying two-dimensional instability modes. 

It is noteworthy that phase distortions of the primary vortices are most read

ily observed in spanwise forced mixing layers (Browand & Prost-Domasky 1990, 

Lasheras & Choi 1988, Nygaard & Glezer 1990) or mixing layers subjected to large 

free-stream turbulence (Chandrsuda et al. 1978), suggesting that relatively large 

amplitude disturbances may be necessary for excitation of the core instability. 

The photographs of Figure 4.8 also reveal interesting features concerning 

the small-scale flow structure. As the spanwise wavelength is decreased (but is 

still greater than >"erit), small-scale flow structure appears within the cores of the 

primary vortices ostensibly as a result of mean flow distortion. As will be shown in 

Section 4.4, such phase excitation may result in a higher-order inviscid inflectional 

instability which amplifies broadband disturbances (cf., Section 3.4). This higher

order instability is identified by measurements which show appearance of increased 

amplitudes of the high frequencies in power spectra of the streamwise velocity 

component correspond to regions of cross-stream distortion of the mean streamwise 

velocity profile. 

4.4 Time-Invariant Spanwise Phase Excitation 

The response of the shear layer to spanwise-periodic (>..% = 5.1 cm) time

invarient phase excitation (c.f., Section 4.3) for ~q, = 7r /2 and 7r is shown in 

Figures 4.9a and b, respectively. The free-stream velocities are 30 and 10 em/sec, 

and VI = 5 Hz. Cross-stream velocity distributions of the streamwise velocity were 

measured at a number of streamwise (x) stations at three equally-spaced spanwise 

locations Zl = 0, Z2 = )..%/4, and Z3 = >'%/2. The spanwise phase distributions 

q}r(z) is symmetric relative to Z = 0, ~q} = q,r(zt} - q,r(Z3), and Z2 corresponds 

to a spanwise discontinuity in q,r( z). The spanwise locations of the measurement 

stations are marked in Figure 4.9a. 
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Contour plots of phase-averaged turbulent fluctuations (u~rm"(x, t») in the 

y-t plane at Zl, Z2, and Z3 with x = 15.2 cm are shown in Figure 4.11 (~cp = 7r/2), 

and Figure 4.12 (~cp = 7r). A corresponding plot for spanwise-uniform excitation 

at a single spanwise location (Zl) is shown for reference in Figures 4.10. These data 

include two periods of the time-harmonic excitation waveform. When the excita

tion waveform is spanwise-uniform (Figure 4.10), passage of the spanwise vortex 

at the measurement station can be recognized by concentrations of small-scale ve

locity fluctuations. At this streamwise position, the cross-stream distribution of 

(u~rm.(x, t») within the spanwise vortex exhibits a fairly broad, large peak displaced 

towards the low-speed edge of the spanwise vortex and two smaller peaks. This 

distribution of (u~rm"(x, t») is similar to that discussed in Section 3.5 (Figure 3.16), 

for measurements at x = 10.2 cm. The small variations in (u~rm"(x, t») between 

these two stations are presumably due to the onset of weak naturally-occuring 

streamwise vortices (cf., Figure 2.3). 

The phase-averaged structure of the base flow is substantially modified by 

spanwise-nonuniform phase excitation as shown in contour plots of (u~rm"(x, t») 

in y - t plane. For ~cp = 7r/2 (Figure 4.11), the y - t planes Z = Z17 Z2, and 

Z3 correspond to cross-sections in which these planes intersect with a secondary 

vortical structure at its upstream edge (the "tail"), its leg in the braid region, and 

its downstream edge (the "head"), respectively. At the spanwise locations of a tail 

(z = Zl) and head (z = Z3) of the secondary vortices, regions of small-scale motion 

propagate further towards the the high- and low-speed streams in comparison with 

the case of spanwise-uniform excitation (Figure 4.10). FUrthermore, the intensity 

of fluctuations, at locations of the head (the high-speed edge of the spanwise vortex 

at Z = Z3) and tail (the low-speed edge of the spanwise-vortex at Z = Zl) of the 

secondary vortex, are substantially increased in comparison with spanwise-uniform 

excitation. A cross-section capturing the leg of the secondary vortex in the braid 

region (z = Z2) reveals a large increase in (u~rm"(x, t») within the braid region. 

It is noted that the streamwise structures resulting from core deformation of the 

spanwise vortices are similar in their structure, and their effect on the base flow, to 
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the streamwise vortices resulting from spanwise-nonuniform amplitude excitation 

(Sections 3.2-3.6). 

When 6. «P = 7r, the planes Z = Zl and Za correspond to cross-sections 

through knots of the diamond-like vortical structures, while the plane Z = Z2 is a 

cross-section, halfway between the knots, through branches of the primary vortex 

system. The double peak in concentrations of (u~rm"(x, t)} in the planes Z = Zl and 

Za at x = 15.2 cm (Figure 4.12) suggest that the location of knots of adjacent pri

mary vortices are displaced relative to each other towards the high- and low-speed 

streams. At Z = Z2, (u~rm"(x, t)} exhibits a distinct double-peak structure within 

the fundamental excitation period (l/vf), suggesting that the passage frequency of 

the primary vortices is 2vf. Note that the distributions of (u~rm"(x, t)} at Zl and 

Za are virtually identical to each other except for a displacement in time of v f /2. 
The above data (as well as the surface of (U~rm8(X, t») in Figure 4.5c) confirms that 

the spanwise-deformation of the primary vortices occurs in a plane tilted relative 

to the streamwise direction. 

It appears that spanwise phase excitation at 6.«P = 7r results in spanwise

nonuniform roll-up of the primary vortices. Immediately downstream of the flow 

partition at spanwise stations corresponding to the center of each segment of the 

excitation wavetrain, the wavelength of roll up of the vorticity layer corresponds to 

the excitation frequency and is equal to AKH. However, as shown in Section 4.1 

roll-up of the primary vortices appears to occur along lines of constant phase of 

the excitation wavetrain. At spanwise stations corresponding to the discontinuity 

in «Pr (e.g., Z = Z2), vortex lines must connect between adjacent spanwise segments 

of the vorticity field. The above data suggests this results in a double rollup of 

oblique vortices at Z = Z2 during each excitation period which are separated by 

AKH/2. Figure 4.13 is a cross-stream view where the dye is injected at midspan 

(i.e., Z = zt}. This photograph, as well as the measurements of (u~rm8(x, t)}, 

indicate that the double roll-up continues to propagate along the span of the flow 

as the vortices are advected downstream, and that vortex lines which roll-up at a 

rate v f at Zl (or za), evolve into two concentrations of vorticity in the cross-stream 

plane. 
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Amplification of the core instability is considered by using streamwise dis

tributions of cross-stream integrated amplitudes of the spectral components of 

(Upert(.x, t)), evaluated at the forcing frequency and its first harmonic (denoted 

by Al and A 2, respectively). Figure 4.14 presents Al (closed symbols) and A2 

(open symbols) for the cases of spanwise-uniform excitation, and phase excitation 

with ilcp = 7r/2 and ilcp = 7r. The data corresponding to spanwise-uniform exci

tation was obtained at Z = ZI and is plotted for reference at the other spanwise 

locations (z = Z2 and Z3). When the flow is excited with a spanwise-uniform 

wavetrain, Al increases somewhat between x = 5.1 and 7.6 cm and then remains 

almost unchanged until x = 15.2 cm, where it begins to decay (this is the same 

data presented in Figure 3.15 for spanwise-uniform excitation). When the flow is 

forced with ilcp = 7r/2, Allz=zl and Allz=z3 increase for x < 10.2 cm, somewhat 

attenuated at x :::::: 10.2 cm, amplified further for 10.2 cm < x < 15.2 cm, and begin 

to decay for x > 15.2 cm. However, Allz=Z2 does not exhibit this trend and evolves 

in a manner very similar to that of the spanwise-uniform excitation although at a 

slightly lower amplitude. These results suggest that the core instability amplifies at 

different rates at different spanwise positions. Recall that this is not the case when 

the flow is forced with spanwise-nonuniform amplitude excitation at a relatively 

short wavelength (Section 3.4) since the primary vortices do not develop spanwise 

undulations. When ilcp = 7r the spanwise and streamwise variations in amplifica

tion rates become even more pronounced. At spanwise stations corresponding to 

knots of the cellular structures (z = ZI and Z3) A 1 Iz=Zl&Z3 amplify for x < 7.6 

cm, are attenuated for x :::::: 7.6 cm and then continue to amplify throughout the 

remaining streamwise domain of measurements while Allz=z2 is significantly at

tenuated compared to the case of spanwise-uniform excitation. In connection with 

this attenuation, note that contour plots of (u~rm,,(x,t)} (Figure 4.12) indicate that 

the cross-stream width of the mixing layer is diminished at this spanwise station. 

For both cases of phase excitation (il<p = 7r/2 and 7r), the streamwise develop

ment of A2 does not appear to significantly vary across the span and is similar 

to the results of spanwise-uniform excitation and spanwise-nonuniform amplitude 

excitation discussed in Section 3.4. 
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Composites of cross-stream contours of power spectra P( v, z) and profiles 

of U at Zl, Z2, and Z3 are shown in Figures 4.16(a,b) (Ll~ = 7r/2) and Figures 

4.17(a,b) (Ll~ = 7r). Corresponding plots for spanwise-uniform excitation at a 

single spanwise location are shown in Figures 4.15(a,b) for reference. The data 

were taken at x = 10.2 cm (Figures 4.15a, 4.16a, and 4.17a) and 15.2 cm (Figures 

4.15b, 4.16b, and 4.17b). When the excitation waveform is spanwise-uniform, the 

power spectra have pronounced peaks at the excitation frequency and some of its 

higher harmonics. Also note the appearance of a cross-stream band of spectral 

components at higher frequencies (associated with the presence of small scale mo

tion) close to the low-speed edge of the mixing layer (C£., Figures 4.10). When 

the flow is forced with Ll~ = 7r /2 (Figures 4.16a and b), the appearance of sec

ondary vortices is accompanied by distortion of cross-stream profiles of the mean 

streamwise velocity. Such a distortion is most apparent at the spanwise location 

of the tail of the streamwise vortex (z = Zl). The degree of distortion of the mean 

velocity profiles indicates that the streamwise vortices resulting from core deforma

tions at this spanwise excitation wavelength may be weaker than the streamwise 

vortices resulting from spanwise-nonuniform amplitude excitation discussed in Sec

tion 3.4 (C£., Figure 3.10). The appearance of the streamwise vortex is accompanied 

by spreading of small-scale motion (or propagation of turbulent interfaces) towards 

the low-speed side, thus indicating a spanwise-Iocalized broadening of regions where 

mixing may be enhanced. The distortion of U and spreading of turbulent inter

faces at the high-speed edge of the mixing layer which are associated with the head 

of the secondary vortex (z = Z3) are less pronounced, but still greater than that 

corresponding to spanwise-uniform excitation. 

When Ll~ = 7r [Figures 4.17(a,b»), the mixing layer appears to undergo 

considerable cross-stream broadening at Z = Zl and Z3 compared to Z = Z2. Cross

stream broadening of P( v, z) is clearly accompanied by the appearance of high

frequency spectral components. At x = 10.2 cm (Figure 4.17a), P(v,z) has a 

sharp peak at 2v f which is larger than all other spectral components at this y

elevation. This peak is associated with the doubling of the passage frequency of the 

primary vortices at the measurement station. At x = 15.2 cm (Figure 4.17b), the 
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spectral peaks at the excitation frequency and its higher harmonics are considerably 

diminished and there is a pronounced cross-stream increase in the amplitude of 

high-frequency spectral components. These high-frequency components appear to 

form two cross-stream bands near the high and low-speed edges of the flow which 

at Z = Zl and Z3 correspond to the appearance of additional inflection in the 

cross-stream distribution of U (note that cross-stream distributions of U at Z = Zl 

and Z3 are almost identical). The bands correspond to concentrations of turbulent 

fluctuations within the cores of the primary vortices as evidenced by the cross

stream distributions of (u~rm"(x, t)) in Figure 4.12. 

The spanwise evolution of P( v, z) at a constant cross-stream elevation mea

sured at x = 10.2 cm with U1 = 36 cm/sec, U2 = 12 cm/sec, VI = 7 hz, and 

Az = 7.6 cm are shown in Figures 4.18 and 4.19 for spanwise-uniform excitation 

and spanwise-nonuniform phase excitation (~<I> = 71"), respectively. Figures 4.18a 

and 4.19a show U(z) at this elevation. For spanwise-uniform excitation the power 

spectrum is spanwise-uniformly dominated by spectral peaks at the fundamental 

forcing frequency and its higher harmonics. Figure 4.19b shows that phase exci

tation results in spanwise-nonuniform transfer of energy into the high frequency 

end of the spectrum. In addition, the spectral component at the fundamental 

frequency (VI = 7 Hz) undergoes spanwise-nonuniform attenuation, and there is 

a spanwise-nonuniform increase in amplitude of the first harmonic. The regions 

of high-amplitude fundamental component correspond to spanwise locations of 

knots of the cellular vortical structures, where the primary vortex branches un

dergo spanwise-Iocal pairing (z = Zl and Z3). Figures 4.18c and 4.19c are plots 

of the one-dimensional spectra at two different spanwise stations offset by approx

imately Az/4, which further demonstrate the degree of spanwise attenuation of 

spectral components at the fundamental frequency and its higher harmonics. Sim

ilar plots of power spectra, obtained at x = 17.8 cm, are shown in Figures 4.20 and 

4.21. At this streamwise position when ~cp = 71", the slope of the power spectra in 

the inertial subrange is approaching -5/3, and small-scales are present across most 

of the flow span. Spanwise nonuniformities are apparent in Figure 4.20, this is pre

sumably due to the appearance of weak naturally-occurring streamwise structures 
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(d. Figure 2.3), however the amplitudes of the high frequency spectral components 

are still significantly less than for spanwise-nonuniform phase excitation (6<1> = 7r). 

4.5 Interactions Between Phase and Amplitude Disturbances 

Simultaneous spanwise-nonuniform amplitude and phase excitation are used 

to study the effect of core deformation of the primary votices on the formation and 

evolution of secondary streamwise vortices. The excitation waveforms are shown 

in Figure 4.22. In Chapter 3, it was demonstrated that forcing the mixing layer 

with spanwise-nonuniform amplitude excitation of the form 

E(z, t) = ,),(z)[1 + sin(wft)] 

where ,),(z) is spanwise-periodic (Figure 4.22a, Az = 5.1 em) leads to the formation 

of streamwise vortices in the braid region (Figure 4.23a). The streamwise vortices 

appear upstream of the first roll-up of the primary vortex. As was noted in Section 

3.3 and shown in Figure 4.23a, core deformations of the primary vortices (having 

a spanwise wavelength Az) can be triggered by spanwise-nonuniform amplitude ex

citation if Az > AK H and are accompanied by streamwise vortices which appear 

upstream of the first rollup of the primary vortex. At the downstream edge of 

the Schlieren view, small-scale motion is significantly increased at spanwise loca

tions corresponding to the heads of the streamwise vortices, when compared to 

the spanwise-uniform excitation of Figure 2.3. These results suggest a coupling 

between appearance of streamwise vortices at relatively long wavelength and core 

deformation of the primary vortices. The experiments discussed in the remainder 

of this section address this interaction and in particular focus on suppression of the 

primary core undulations which has a substantial effect on the streamwise vortices 

and leads to a reduction in small-scale How structure. 

The spanwise phase distortion <1>pv(z) of the primary vortices was determined 

from Figure 4.23a and the response of the flow to phase excitation of the form 
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is shown in Figure 4.23b (~pv is shown in Figure 4.22b). Note that the core defor

mations of spanwise vortices are almost identical to the core deformations shown in 

Figure 4.23a except that streamwise vortices form downstream of the first rollup. 

As mentioned in Section 4.2, the shape and apparent strength of the streamwise 

vortices are affected by the magnitude of deformations of the primary vortices. In 

common with Figure 4.23a, Figure 4.23b shows the formation of multiple stream

wise vortices at upstream bends of the primary vortices. There is, however, an 

apparent diminution in small-scale motion at the downstream edge of Figure 4.23b 

compared to the spanwise-nonuniform amplitude excitation of Figure 4.23a. 

The response of the mixing layer to combined amplitude-phase excitation is 

shown in Figure 4.23c. The flow is forced with 

(-y(z) and ~pv are shown in Figure 4.22c) and the spanwise deformations of the 

primary vortices are completely cancelled. It should be recognized that the combined 

excitation is not a linear superposition of the appropriate amplitude and phase 

disturbances. The combined excitation waveform is generated from a single three

dimensional row of surface heaters. This is in contrast to the two-dimensional 

boundary layer experiments of Liepmann & Nosenchuck (1982), where a linear 

disturbance excited by an upstream surface heater was cancelled by a phase-delayed 

input to a downstream surface heater. 

As a result of the combined excitation, the spanwise vortex remains almost 

undistorted throughout the streamwise domain shown in Figure 4.23c. The stream

wise vortices still form upstream of the first rollup of the spanwise vortex, but the 

included angle 'I/J between their legs is smaller compared to 'I/J in Figure 4.23a. 

Futhermore, the multiple streamwise vortices which are present in Figure 4.23a 

and 4.23b are clearly absent. While the results of Sections 3.4 and 3.5 show that 

excitation of streamwise vortices can move the transition region upstream, the re

sults presented in this section suggest a method for selectively delaying small-scale 

transition. A closed-loop control scheme is proposed such that a single spanwise 
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array of sensors continuously measures the spanwise phase relation of velocity fluc

tuations at the desired streamwise position. This phase information can then be 

processed for input to the spanwise array of heaters, resulting in cancellation of 

phase deformation of the spanwise vortices and suppression of secondary vortices 

due to primary core deformation. 

4.6 Spanwise-Nonuniform Pairing of Primary Vortices 

The subharmonic instability discussed by Pierrehumbert and Widnall (1982) 

corresponds to spanwise-Iocalized pairing of the primary vortices and is excited a 

superposition of two subharmonic oblique waves having spanwise wave-numbers 

±{3. This superposition results in spanwise amplitude modulation (i.e., a standing 

wave) of the subharmonic mode. The authors speculate that adjacent primary 

vortex cores are displaced alternately above and below the plane y = 0 and undergo 

spanwise-nonuniform pairing, resulting in phase dislocations of the primary vortex 

structure. In a recent numerical investigation, Comte & Lesieur (1990) show that 

random three-dimensional disturbances, superposed on the base flow, can lead to 

phase-dislocations of the primary vortices similar to the results of Pierrehumbert & 

Widnall. Comte & Lesieur show primary vortices develop out-oj-phase undulations 

with respect to adjacent spanwise structures and assert that the undulations result 

in spanwise-nonuniform pairing of the primary vortices and gives rise to a "vortex

lattice" structure. 

The experiments presented in this section focus on simultaneous excitation 

with a spanwise-uniform wavetrain at the fundamental frequency and a spanwise

nonuniform subharmonic wavetrain, having either spanwise amplitude or span

wise phase variations. The fundamental excitation results in nominally spanwise

uniform roll-up of the primary vortices which subsequently undergo spanwise

nonuniform coalesence due to the subharmonic wavetrain. 

The response of the flow to an excitation waveform which includes a sub

harmonic component having spanwise amplitude variations 

E(z, t) = //und[l + sin(wft)] + /sub(z)[l + sin(wsubt)] 
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(where 'Y"ub(Z) is spanwise-periodic with wavelength )'Z and shown in Figure 4.24) 

is shown in Figures 4.25a and b for )'Z = 20.3 cm and 10.2 cm, respectively. he 

free-stream velocities are 42 cm/sec and 14 cm/sec, with vI = 9 Hz and Vsub = 4.5 

Hz. In Figure 4.25a, the How is forced such that the discontinuity of 'Y..ub(Z) is at 

midspan. As a result of the spanwise discontinuity in the subharmonic excitation 

amplitude, the shear layer below midspan in the x - Z plane is exposed to a larger 

subharmonic disturbance than above midspan. Consequently, the portion of the 

spanwise vortex below midspan begins to coalesce with its adjacent downstream 

neighbor at a streamwise position further upstream than that above midspan. The 

spanwise-nonunifonn pairing leads to a spanwise core deformation of the primary 

vortex system and subsequent generation of secondary vortical structures in the 

braid region. The appearance of secondary vortices contributes to the small-scale 

flow structure in the downstream edge of the Schlieren view. When).z is decreased 

to 10.2 em (Figure 4.25b) the ensuing vortical structures consist of spanwise cells of 

paired vortices which are reminiscent of Comte & Lesieur's vortex-lattice structure 

(their Figure 1b). The amplitude of the subharmonic disturbance is largest at 

midspan of the Schlieren view and the streamwise length of the cell at this spanwise 

position is approximately 2).K H. 

An important consequence of spanwise amplitude modulation of the sub

harmonic component of the excitation wavetrain is that the streamwise region of 

pairing interactions is strongly influenced by the spanwise-nonuniJorm amplitude 

distribution oj the subharmonic disturbance at any particular streamwise position. 

This may be envisaged by considering a subharmonic disturbance with cross-stream 

integrated amplitude distribution A~ub(z) at a streamwise position xrel near the 

trailing edge of the flow partition where pairing of primary vortices does not occur. 

Considering the amplification of the subharmonic instability as a linear process 

and assuming the subharmonic amplification rate is spanwise-unifonn and that 

)'Z is sufficiently large to allow for a local two-dimensional stability analysis, then 

In[A"ub(x, z)/A~ub(z)] = a"ub(x - xre/) where A"ub(X, z) is the cross-stream inte

grated amplitude of the subharmonic disturbance at any streamwise position down

stream of xrel and a"ub is the spatial growth rate of the sub harmonic disturbance. 



88 

A criteria for pairing of primary vortices can be defined as A.mb(X, z) > A!:~r (say), 

where A~:~r is the amplitude the subharmonic disturbance just before pairing of 

adjacent primary vortices. Thus, spanwise-nonuniform pairing is prescribed by 

the streamwise amplification rate of the spanwise-nonuniform subharmonic distur

bance. This suggests that the spanwise phase relation of the core deformations of a 

spanwise vortex with respect to its upstream or downstream neighbor is strongly de

pendent on the spanwise variations of A.mb(X, z), as well as the streamwise amplifi

cation a"ub. These arguments may explain the wide variety of spanwise-nonuniform 

pairing interactions apparent in plane mixing layers in the absence of subharmonic 

excitation (e.g., Chandrsuda et al. 1978, Browand & Troutt 1980 & 1985, and 

Keller, Ellzey, Pitz, Shephard, & Daily 1988). 

The evolution of spanwise phase nonuniformities of the subharmonic excita

tion wave train (Figure 4.26) is shown in Schlieren photographs in Figure 4.27. The 

combined spanwise-uniform fundamental and spanwise-nonuniform subharmonic 

phase excitation waveform is 

where the magnitude of <Pr is ~<P = 'fr. Similar to the spanwise-nonuniform am

plitude distribution of Figure 4.25, the spanwise excitation wavelengths are 20.3 

cm and 10.2 cm, and the subharmonic phase discontinuities occur at the same 

spanwise locations as the amplitude discontinuities. This mode of excitation al

lows for better control of the streamwise location of pairing through manipulation 

of <pr(z) compared to the excitation mode with spanwise-nonuniform amplitude 

distribution. For ~<p = 'fr, A"ub(X,Z) = A"ub(X + >'KH,Z + >'z/2), so that the 
I 

primary vortices develop out-of-phase spanwise undulations with respect to their 

neighbors. Spanwise-nonuniform pairing of adjacent spanwise vortices ostensibly 

occurs at streamwise and spanwise positions where A6Ub(X, z) > A~:~r, resulting 

in pairing interactions which are reminiscent of Pierrehumbert & Widnall's sub

harmonic instability. Similar to the evolution of secondary streamwise vortices in 

Figure 4.25, the primary core deformation due to spanwise-nonuniform subhar

monic phase excitation also leads to the formation of secondary vortical structures 
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as discussed in Section 4.3. The secondary structures are accompanied by enhanced 

small-scale flow structure at the downstream edge of the Schlieren view of Figure 

4.27, compared to the two-dimensionally forced flow. The visualizations presented 

in this section reveal that spanwise variations in amplitude or phase of the subhar

monic wavetrain can lead to phase deformation of the primary vortex, generation of 

secondary vortical structures, and occurrence of highly three-dimensional pairing 

interactions between consecutive primary vortices. 
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CHAPTER 5 - CONCLUSIONS 

Previous investigations have clearly demonstrated that an unforced mix

ing layer is extremely receptive to fixed (time-invariant) spanwise-nonuniform per

turbations of the vorticity layer close to the trailing edge of the flow partition. 

These disturbances result from imperfections in the experimental apparatus and 

subsequently lead to the formation of spanwise concentrations of streamwise and 

cross-stream vorticity downstream of the flow partition. These "streamwise" vor

tical structures bear considerable resemblance to lambda vortices in a transitional 

boundary layer. In the present work, streamwise vortices are induced by a time

harmonic heat input having a spanwise-periodic amplitude distribution, using a 

mosaic of surface film heaters flush mounted on the flow partition. The streamwise 

vortices form downstream of the flow partition, but upstream of the first roll-up of 

the primary vortices, presumably due to the streamwise strain and the nominally 

two-dimensional wave-like motion of the vorticity containing layer between the two 

streams. Following the next roHup of the primary vortices, streamwise vortices 

reside in the braid region between consecutive primary vortices. 

It is found that for a given excitation frequency, virtually any spanWlse 

wavelength }.Z synthesizable by the heating mosaic can be excited and can lead to 

the formation of streamwise vortices. When the excitation wavelength is smaller 

than the initial wavelength of the Kelvin-Helmholtz instability (}.K H), the stream

wise vortices become narrower with decreasing }.Z due to spanwise interactions. At 

longer excitation wavelengths the streamwise vortices become nearly isolated in the 

spanwise direction, and their shape becomes wavelength-independent. In connec

tion with these results, it is important to recognize that in all laboratory facilities, 

spanwise-nonuniform vorticity distributions are transported through boundary lay

ers on the flow partition and may undergo amplification or decay. Therefore, the re

ceptivity of these boundary layers is inherently coupled to that of the ensuing shear 

layer. Furthermore, the sensitivity of the plane mixing layer (and the upstream 
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boundary layers) to spanwise-isolated disturbances suggests that the streamwise 

growth of the streamwise vortices is the result of a localized, rather than global, 

spanwise instability mechanism. 

The spanwise excitation wavelength has a profound effect on the primary 

vortices. When,.\z exceeds "\KH, the primary vortices develop spanwise undu

lations persisting throughout the streamwise domain of the present observations. 

These undulations appear to be associated with a translative core instability of the 

primary vortices. Because the strain field within the braid region is dominated by 

the adjacent spanwise vortices, these undulations are accompanied by an increase 

in spread angle of the streamwise vortices, and the appearance of additional vortex 

tubes along their legs. When ,.\Z is less than "\K H, the spanwise vortices appear to 

be stable (as may be judged by the absence of spanwise undulations) to upstream 

disturbances which lead to the formation of streamwise vortices. Because of subse

quent interaction among the streamwise and spanwise vortices, the direct effect of 

these disturbances on the vorticity distribution within the spanwise vortices cannot 

be assessed. 

An important objective of the present experiments has been the identifica

tion of a mechanism, which following the appearance of streamwise vortices, leads 

to the generation of small-scale motion and possibly to mixing transition. It was 

discovered that the appearance of streamwise vortices is accompanied by signifi

cant distortions in the cross-stream and spanwise distribution of mean streamwise 

velocity. These distortions have the shape of troughs and ridges aligned in the cross

stream direction, alternate at the excitation wavelength '\z, and are strongest at 

the high- and low-speed edges of the mixing layer (i.e., at the heads and tails of 

the streamwise vortices). These distortions result in spanwise-periodic inflection 

points not present in corresponding velocity distributions of the spanwise-unforced 

flow. Inflection points of the mean velocity distribution indicate the fonnation of 

locally unstable regions of large shear in which broadband perturbations already 

present in the base flow undergo rapid amplification and breakdown to small-scale 

motion. Velocity spectra at cross-stream elevations of the inflection points develop 
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spanwise-periodic bands of high-frequency spectral components centered around 

the heads and tails of the streamwise vortices. 

As a result of the interaction with the streamwise vortices, the primary vor

tices develop spanwise-periodic concentrations of small-scale motion having span

wise wavelength of approximately >"%/2 within their cores (Figure 3.18). It is 

believed that this breakdown of the cores of the primary vortices is a precursor 

to mixing transition because farther downstream, corresponding distributions of 

small-scale motion have less spanwise coherence (Figure 3.19). However, this loss of 

coherence does not affect other phase-averaged quantities, such as velocity pertur

bations. The establishment of spanwise-periodic concentrations of small-scale mo

tion is probably associated with the inflectional instability of the mean streamwise 

velocity distribution discussed above, because such instability at the low- and high

speed edges of the mixing layer leads to spanwise-periodic entrainment variations. 

FUrthermore, these inflection points are presumably related to spanwise-periodic 

concentrations of all three vorticity components within the spanwise vortices. The 

evolution of these vorticity concentrations has been discovered by direct numerical 

simulation (e.g. Buell & Mansour 1989), and their presence in the flow can be 

deduced from the present data. The numerical simulations predict the formation 

of cup-shaped concentrations of spanwise vorticity, the spanwise locations of which 

almost coincide with small-scale motion in the present data. The apparent connec

tion between spanwise concentrations of small-scale motion and the changes in the 

vorticity field are indicative of the mechanisms which precede the onset of mixing 

transitions. 

A number of previous experiments (e.g. Brown & Roshko 1974, Huang & Ho 

1990) have demonstrated that the streamwise vortices persist over a large stream

wise domain in which the primary vortices may undergo multiple pairings. The 

present experiments have demonstrated that the presence of streamwise vortices 

during amalgamation of spanwise vortices has a significant effect on the produc

tion of small-scale flow structure within the cores of the coalesced primary vortices 

(Figures 3.27c and 3.27d). Although it is shown in Sections 3.4 and 3.5 that small

scale flow structures can evolve within the core of the primary vortices even in 
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the absence of pairing, it appears that ingestion of streamwise vortices into the 

coalesced primary vortex core leads to substantial enhancement of the small-scale 

structure within the spanwise vortex core. The streamwise vortices ingested into 

the core of the paired primary vortex rapidly breakdown and lose their spanwise 

coherence within one period of the fundamental excitation (Figure 3.28). This ob

servation is consistant with the direct numerical simulations of Rogers & Moser 

(1989). The streamwise vortices which reside in the braid region between coalesced 

spanwise vortices are rapidly strained, but retain their original 3panwi3e 3pacing. It 

is conjectured that these streamwise vortices retain their identity until the subse

quent pairing between upstream and downstream primary vortices. As a result of 

multiple pairings, the remaining streamwise vortices undergo streamwise stretching 

and may decay at some spanwise stations due to viscous effects. Ostensibly this 

mechanism can lead to a streamwise increase in the average spanwise spacing of 

the streamwise vortices, as was observed for example by Bernal & Roshko (1986) 

and Huang & Ho (1990). Further downstream, streamwise vortical structures may 

appear which are not locked to steady disturbances in the upstream conditions, 

suggesting a change in the mechanism leading to their formation. 

The investigations of Chandrsuda et al. (1976) and Browand & Troutt (1980 

& 1985) suggest that the plane shear layer is receptive to spanwise-nonuniform 

phase perturbations arising from spanwise-nonuniformities in the phase-speed or 

frequency of the fundamental two-dimensional instability. The present study has 

demonstrated that spanwise-nonuniform phase excitation leads to significant modi

fications of the primary and secondary vortices. In particular, the primary vortices 

appear to be unstable to phase excitation having a characteristic spanwise wave

length which exceeds AKH (Figure 4.8). The core instability of the primary vortices 

is effectively excited by spanwise phase distortion of the fundamental (Kelvin

Helmholtz) instability. An important consequence of this type of excitation is that 

the undulations of the primary vortices induce the appearance of secondary vor

tical structures in the braid region. The shape, orientation, and strength of the 

secondary vortices depend on the magnitude of the core deformation of the primary 

vortices. 
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When the shear layer is excited with an oblique time-harmonic wavetrain 

the roll-up of the primary vortices is inclined relative to the trailing edge of the 

flow partition while they are advected in the streamwise direction. The inclination 

angle is almost equal to the wave angle of the (oblique) excitation wavetrain and 

the flow appears to be receptive to a broad range of excitation wave-angles. In 

the present work, the largest excitation wave-angle was 29° which corresponds to 

streamwise inclination of approximately 3>'KH across the span of the test section. 

An important observation is that secondary streamwise vortices in the braid re

gion between adjacent primary vortices are approximately normal to the primary 

vortices which indicates that the strain field is oblique relative to the streamwise 

direction. The present results suggest that the maximum inclination angle of the 

primary vortices is limited by a core instability which leads to their deformation 

and bifurcation. 

The core instability of the primary vortices is excited using a time-harmonic 

wavetrain comprised of spanwise segments having piecewise-constant and spanwise

periodic (with wavelength ,\z) phase distribution. The magnitude of the phase 

discontinuity between adjacent segments is 6.~. When the spanwise phase dis

tribution is time-periodic, the primary vortices undergo spanwise deformations, 

and induce secondary vortical structures within the braid region. The shape and 

strength of the secondary vortices vary with Ll~. For Ll~ < 7r or Ll~ > 7r, the 

secondary vortices resemble streamwise vortices which form in the braid region 

between adjacent primary vortices in an unforced mixing layer. While the forma

tion of the streamwise vortices due to spanwise-nonuniform amplitude excitation 

(Chapter 3) appears to be independent of the roll-up of the primary vortices, the 

secondary vortices resulting from spanwise-nonuniform phase excitation are clearly 

induced by deformation of the primary vortices. When Ll~ = 7r, the primary and 

secondary vortical structures are indistinguishable from each other and the vortex 

system resembles chain-link like cells in the spanwise Schlieren view. Measurements 

of turbulence intensity and flow visualization in the cross-stream plane suggest the 

spanwise-undulated vortices are formed at twice the excitation frequency. The 

spanwise-periodic deformations of a given primary vortex are displaced by ,\z/2 
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in the spanwise direction yielding out-of-phase deformations relative to adjacent 

primary vortices. Hence, the primary vortices appear to undergo spanwise-periodic 

pairings at the knots of the cellular structure. 

Similar to spanwise-nonuniform amplitude excitation, spanwise-nonuniform 

phase excitation can result in significant spanwise and cross-stream distortion of 

time-averaged profiles of the streamwise velocity and subsequent generation of 

small-scale motion. Measurements of power spectra (of the streamwise velocity 

component) show that when ~<]} = 7r, the width of the mixing layer increases sub

stantially as indicated by cross-stream spreading of high-frequency spectral com

ponents associated with small-scale motion. 

Deformations of the primary vortices may also occur when a subharmonic 

disturbance (natural or forced) has spanwise nonuniformities in phase or amplitude. 

The present investigation studied spanwise-nonuniform pairing and core deforma

tion of the primary vortices by excitation with a spanwise-uniform fundamental 

disturbance and a subharmonic disturbance having spanwise-nonuniform ampli

tude or phase distributions. An important consequence of spanwise amplitude 

modulation of the subharmonic wavetrain is that the streamwise domain of pair

ing interactions is affected by the streamwise amplification of spanwise-nonuniform 

amplitude distribution of the disturbance. Therefore, it is extremely difficult to 

exercise precise control over the spanwise distribution of relative phase between 

adjacent spanwise vortices. The spanwise distribution of relative phase can be bet

ter controlled by spanwise-nonuniform phase excitation as shown in Figure 4.27. 

When spanwise-nonuniform pairing is initiated, the primary vortices develop span

wise undulations and induce secondary vortical structures which are ingested into 

the cores of the coalesced primary vortices and lead to enhanced small-scale motion 

further downstream compared to spanwise-uniform pairing. 

In what follows, the fundamental stages leading to small-scale mixing in 

the plane shear layer are summarized. Downstream of the trailing edge of the 

flow partition the two-dimensional Kelvin-Helmholtz instability amplifies and re

sults in roll-up of the vortex sheet into spanwise-uniform vortices which entrain 
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irrotational fluid from both streams. Concomitantly, three-dimensional spanwise

nonuniformities in the vorticity layer amplify and lead to the formation of stream

wise counter-rotating vortex pairs. Downstream of the first rollup of the primary 

vortices the streamwise vortices induce higher-order inflectional instabilities where 

broadband perturbations already present in the base flow are amplified and re

sult in spanwise-nonuniform concentrations of small-scale motion. IT the spanwise 

wavelength of the streamwise vortices is larger than the streamwise wavelength of 

the Kelvin-Helmholtz instability, or if there are inherent spanwise-nonuniformities 

in phase or frequency of the fundamental Kelvin-Helmholtz instability, a core in

stability of the primary vortices is excited and amplified. Core deformations asso

ciated with this instability induce the formation of additional streamwise vortical 

structures in the braid region which lead to enhancement of small-scale motions 

necessary for mixing. Following the saturation and decay of the fundamental two

dimensional instability, amplification of the subharmonic instability leads to pairing 

between adjacent spanwise vortices and is accompanied by a substantial increase 

in entrainment from the free-streams. The streamwise vortices ingested into the 

core of the coalesced spanwise vortices undergo compression and lead to break

down to turbulence, while the streamwise vortices in the braid region are stretched 

and retain their original spanwise spacing. The subharmonic instability may de

velop spanwise phase or amplitude nonuniformities and lead to the formation of 

streamwise vortical structures due to core deformation of the primary vortex as 

spanwise-nonuniform pairing is initiated. 



97 

APPENDIX A - ILLUSTRATIONS 
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Figure 2.1 Water shear layer facility. 
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Figure 2.2 Schematic drawing of (aJ cross-stream and (bJ span views of flow par
tition. The span view shows heating Mosaic II, which is comprised of 
four spanwise-continuous elements upstream of a linear array of thirty
two elements. Also shown is the Schlieren view and coordinate system. 



Figure 2.3 Side (x - y) and plan (x - z) views showing the streamwise evolution 
of spanwise-uniform harmonic excitation (UI = 30 cm/sec, U2 = 10 
cm/sec, vI = 5 Hz). The side (a) and plan (b) views are dye (injected 
at midspan) and Schlieren visualizations, respectively. They have the 
same scale and are photographed at the same phase relative to the 
excitation waveform. The grid in (a) is square and measures 2.54 em 
on the side. The plan view in (b) is 20.2 cm long and 13.2 cm wide 
(in the x- and z-directions, respectively). Its upstream edge begins at 
x = 1 cm. 
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Figure 3.1 Power spectra P(vf) of the streamwise velocity component in response 
to spanwise-uniform harmonic excitation, where vf is the excitation 
frequency and P( v f) is measured at 2.5 cm downstream of the flow 
partition and 1 cm above its centerline. 
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Figure 3.2 Mean streamwise velocity profiles at twelve equally-spaced streamwise 
stations (6.4 cm < x < 28.3 cm). (a) unforced; and spanwise-unifonn 
hannonic excitation (b) vI = 6 Hz; (c) vI = 3 Hz. 
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Figure 3.3 Evolution of P(v) with x (x = 10.2,17.8,25.4 cm). (a) unforced; and 
spanwise-uniform harmonic excitation (b) vI = 6 Hz; (c) vI = 3 Hz. 
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Figure 3.4 Spanwise distribution of E3d(Z) implemented for spanwise-nonunifonn 
amplitude excitation of flow in Figures 3.5 and 3.6. Heating Mosaic I is 
used to synthesize a discretization of 1- cos(27rz/ A,t), where A,t = 6.35 
cm. The distance between tic marks correspond to the width of an 
individual heating element and the full spanwise width corresponds to 
the spanwise width of the Schlieren plan-view in Figure 3.5. 



Figure 3.5 Composite of eight pairs of side and plan views photographed at equal 
time intervals during the excitation period and showing the streamwise 
evolution of a spanwise isolated streamwise vortex (U1 = 25 cm/sec, 
U2 = 9 cm/sec). The two views of each pair are photographed at the 
same phase relative to the 3.7 Hz excitation wavetrain. The field of 
view is 9.65 cm long (in the x-direction) and begins at x = 2.54 cm. 
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Figure 3.6 The surface u~rm"(Y' z, t) = 0.085 cm/sec, at x = 15 cm, during two 
periods of the spanwise-uniform (a) and spanwise-nonuniform ( b) exci
tation wavetrains. Flow conditions as in Figure 3.5. 
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Figure 3.7 The spanwise distributions of ")'( z) for spanwise-nonunifonn amplitude 
excitation shown in Figure 3.8. (a),\z = 10.2 cm; (b) ,\Z = 5.1 cm; 
(c) ,\Z = 2.54 em; (d) ,\Z = 1.27 cm. The distance between tie marks 
correspond to the width of an individual heating element and the full 
spanwise width corresponds to the spanwise width of the Schlieren 
plan-views of Figure 3.8. Note the relative amplitude of ,,),(z) varies 
between 0.3 and 1. 
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Figure 3.9 Contours of (upert(z,t)} at x = 5.1 em and y = Yo. (a) spanwise
uniform excitation; (b) spanwise-nonuniform excitation. Shaded re
gions correspond to (upert(z, t)} < O. Contours start at 0.0, with con
tour increments of 1.0 (-1.0) em/sec. 
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Figure 3.10 Mean streamwise velocity profiles U(y) at six equally-spaced stream
wise stations (5.1 cm ~ x ~ 17.8 cm). (a) at midspan with spanwise
uniform excitation; (b) spanwise-nonuniform excitation (..\z = 2.54 cm) 
at a spanwise location corresponding to the head of the streamwise vor
tex; (c) as in (b) but at a spanwise location corresponding to a tail. The 
high- and low-speeds of each profile are 30 and 10 em/sec, respectively. 
The velocity scale is shown on the horizontal axis of (c). 
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Figure 3.11 Mean streamwise velocity surface U(y, z) at x = 10.2 cm. (a) spanwise
uniform excitation; (b) spanwise-nonuniform excitation. 
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Figure 3.12 As for Figure 3.11, with x = 17.8 em. 
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Figure 3.13 Contours of P(z, v) at x = 10.2 cm and at two y-elevations of inflection 
points of U(y) which result from spanwise-nonuniform excitation (cf., 
Figures 3.lOb,c). (a) spanwise-uniform excitation, at y - Yo = 1.1 cm 
(close to the high-speed side); (b) spanwise-nonuniform excitation, at 
y - Yo = 1.1 cm; (c) spanwise-uniform excitation, at y - Yo = -0.7 cm 
(close to the low-speed side); (d) spanwise-nonuniform excitation, at 
y - Yo = -0.7 cm. Spanwise distributions of mean streamwise velocity 
U(z) are shown to the left of each contour plot. Contour increments 
are logarithmic, starting at 10-3 cm2 /sec2 • The ratio of consecutive 
contour levels is 10°.25 • 
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Figure 3.14 As for Figure 3.13, with x = 17.8 em. (a) y - Yo = 1.5 em; (b) 
y - Yo = 1.5 em; (c) y - Yo = -1.4 em; (d) y - Yo = -1.4 em. 
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Figure 3.15 Cross-stream integrated amplitudes of the spectral components of 
(upert(x, t) at the forcing frequency (AI) and its first harmonic (A2 ). 

( 0) spanwise-uniform excitation at midspan; spanwise-nonuniform ex
citation at spanwise locations corresponding to the head (<I) and a tail 
(0) of a streamwise vortex (cf., Figure 3.10). 
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Figure 3.16 Contour plots of turbulent intensity, intermittency, and zone-averaged 
turbulent intensity for spanwise-uniform excitation at x = 10.2 cm. 
(a) {U~rm5(Y' t»)/AU (contours start at 0.01 with contour increments 
of 0.01); (b) (iCy, t») (contours start at 0.1 with increments of 0.1); 
(c) (U~rm5(Y' t») / AU (contours start at 0.01 with contour increments 
of 0.01). The four equally-spaced bold time marks in (a) correspond 
(from left to right) to tl through t4 and are for reference in Figures 
3.18, 3.19, 3.23, and 3.24. 
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Figure 3.17 Contour plots of {u~rm3(y,t»)/t::.U at x = 10.2 cm for spanwise
nonuniform excitation at four equally spaced spanwise stations between 
the head and tail of a streamwise vortex. Contours start at 0.01, with 
contour increments of 0.01. 
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Figure 3.18 Contour plots of (u~rm3(Y' Z )}/ AU at x = 10.2 cm and four evenly 
spaced points in time during the excitation period. (a - d) spanwise
uniform excitation at tl -t4' respectively. (e-h) spanwise-nonuniform 
excitation at tl - t4, respectively. Contours start at 0.01, with incre
ments of 0.01. 
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Figure 3.20 The surface (u~rmB(y,z,t»)/AU = 0.03 at x = 10.2 cm. (a) spanwise
uniform excitation; (b) spanwise-nonuniform excitation. Surfaces begin 
at t = tt - Tf 18. 
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Figure 3.21 As for Figure 3.20, with x = 17.8 em. 
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Figure 3.22 The surface (u~rmAy, z, t))/6U = 0.055 at x = 17.8 cm for spanwise
nonuniform excitation. Surface begins at t = tl - Tf /8. 
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Figure 3.23 Contour plots of (ny(y, z)) at x = 10.2 em and four evenly spaced 
points in time during the excitation period (as in Figure 3.18). (a - d) 
spanwise-uniform excitation; (e - h) spanwise-nonuniform excitation. 
Contours start at 0.8 (-0.8) sec-I, with contour increments of 1.6 (-1.6) 
sec-I. Negative contours are dashed. 

..... 
l~ 
W 



a 

G ~(' "" -... 1(...... " .. '~'/@»\\~ ,~ ~(~A.~ 0 
.... ~I 

10 _ 
~ , 
C"I 

8 
to) 

~ 
I 
~1O 

0') 
~ ~ __ ~ __ ~ ____ L-__ ~ 

"-4.45 zem 4.45 

b 

Figure 3.24 As for Figure 3.23, with x = 17.8 em. 
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Figure 3.25 The surfaces (f2y(Y, z, t)} = 4.0 (dark) and -4.0 (light) sec-1 for 
spanwise-nonuniform excitation. (a) x = 10.2 crn; (b) x = 17.S crn. 
Surfaces begin at t = tl - Tf /S. 
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Figure 3.25 Continued. 
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Figure 3.26 Contour plot of (ny(Y, t)) at x = 17.8 cm, Z = 2.9 cm. Contours start 
at 0.8 (-.8) sec-I with contour increments of 1.6 (-1.6) sec-I. Negative 
contours are dashed. 



Figure 3.27 Plan-view showing the evolution of the streamwise vortices during pair
ing of spanwise vortices. (a) spanwise-uniform excitation at vI = 9 Hz; 
(b) spanwise-nonuniform excitation at vI = 9 Hz; (c) spanwise-uniform 
excitation at vI = 9 Hz and V~ub = 4.5 Hz; (d) spanwise-nonuniform 
excitation at vI = 9 Hz and spanwise-uniform excitation at V~ub = 4.5 
Hz. The free-stream velocities are 42 em/sec and 14 em/sec. 
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Figure 3.28 Plan-view showing the evolution of streamwise vortices as spanwise 
vortices pair. Flow conditions as in Figure 3.27d, with each frame 
(a )-( d) obtained at equal time intervals of the subharmonic excitation 
period. 
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Figure 3.29 As for Figure 3.27d, with Schlieren positioned at a further downstream 
station. 
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Figure 4.1 Spanwise distribution of 'Pr(z) implemented for spanwise-nonuniform 
phase excitation of flow in Figure 4.2. This distribution produces an 
oblique wave with angle cp relative to the streamwise direction. The 
distance between tic marks corresponds to the width of an individual 
heating element and the full spanwise width corresponds to the width 
of the Schlieren plan-views in Figure 4.2. 



Figure 4.2 Plan (x - z) view showing streamwise evolution of time-harmonic (v / = 
5 Hz) wavetrain having spanwise-linear phase distribution (a) cp = 10°, 
(b) cp = 20°; and (c) cp = 29°. Flow conditions as in Figure 2.3. 
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Figure 4.3 Spanwise distribution of v/(z) to synthesize time-periodic amplitude 
variations in q,r( z) for visualizations of Figure 4.4. The frequency varies 
periodically between 4.9 Hz and 5.0 Hz. This distribution causes Aq, 
to linearly vary in time between 0 and 211" over the ten second beat 
period. The distance between tic marks corresponds to the width of 
an individual heating element and the full spanwise width corresponds 
to the width of the Schlieren plan-views in Figure 4.4. 



Figure 4.4 Plan (x - z) view showing streamwise evolution of spanwise- and time
periodic phase excitation. The spanwise wavelength of the excitation 
wavetrain is Az = 7.6 cm wide. Each frame (a - g) is taken at equal 
time intervals during the 10 second beat period corresponding to ~<p = 
(2j - 1 )2rr /14 where j = 1,2, ... , 7, respectively. 
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Figure 4.5 The surface (U~rm"(Y, z, t») = 1.0 em/s, during two periods of the exci

tation wavetrain vI = 7.0 Hz. The frequencies of the center and outer 
segments are 6.9 Hz and 7 Hz, respectively, with Az = 7.6 em. The free 
stream velocities are 36 em/sec and 12 em/sec. The spanwise phase 
distributions in Figures 4.5a-d are approximately equal to the spanwise 
phase distributions of Figures 4.4a, c, d, and e, respectively. 
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Figure 4.5 Continued. 
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Figure 4.6 Time-displaced ("waterfall") plot of spanwise profiles of (upert(z, t)}. 
The measurement span includes three harmonically excited segments 
(1.5 Az) and the flow conditions are as in Figure 4.5. The measurements 
are at x = 10.2 em, and the y elevation corresponding to U = 30 
em/sec. 



138 

I-

-. 
l-
I-

. 

Figure 4.7 Spanwise distribution of q,r(z) implemented for spanwise-nonuniform 
phase excitation of How in Figure 4.8. This distribution produces 
spanwise-periodic (wavelength Az ) phase variations of the excitation 
wavetrain with peak-to-peak amplitude equal to /lq,. The distance 
between tic marks corresponds to the width of an individual heating 
element and the full spanwise width corresponds to the width of the 
Schlieren plan-views in Figure 4.8. 



Figure 4.8 Plan view of the response of the mixing to layer to time-harmonic (VI = 
5 Hz) spanwise-periodic phase excitation (AeJ? = 11') having different 
wavelengths. (a) spanwise-uniform excitation as in Figure 2.3 (>-'KH = 
4.0 em); (b) ..\Z = 10.2 em; (c) ..\Z = 8.9 em; (d) ..\Z = 7.6 em; (e) 
..\Z = 6.4 em; (I) ..\Z = 5.1 em; (g) ..\Z = 3.8 em; (h) ..\Z = 2.5 em; and 
(i) ..\Z = 1.3 em. Flow conditions as in Figure 2.3. 
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Figure 4.9 Plan (x-z) view showing streamwise evolution of time-hannonie (vI = 
5.0 Hz) spanwise-periodie (Ac = 5.1 em) excitation with(a) AlP = 7r/2; 
(b) AlP = 7r. Flow conditions as in Figure 2.3. 



140 

a 

b 



141 

Figure 4.10 Contour plot of (u~rm"(Y' t)). Spanwise-uniform harmonic excitation. 
Measurements at z = Zl and x = 15.2 cm. Flow conditions as in 
Figure 2.3. Contours start at 0.25 cm/sec, with contour increments of 
0.25 cm/sec. 
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Figure 4.11 As for Figure 4.10, with the spanwise-nonunifonn phase excitation 
shown in Figure 4.9a (~<p = 7r/2) . Tick marks in Figure 4.9a show 
the three spanwise measurement stations. 
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Figure 4.12 As for Figure 4.10, with the spanwise-nonuniform phase excitation 
shown in Figure 4.9b (~~ = 71'). 



Figure 4.13 Side (x - y) view of the streamwise evolution of the phase disturbance 
shown in Figure 4.9b. Dye is injected at midspan (i.e., Z = Zl) with 
the left-hand edge aligned with x = 1.0 cm. The grid major divisions 
are 2.54 cm x 2.54 cm. 
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Figure 4.14 Cross-stream integrated amplitudes of the spectral components of 
(upert(x, t)) at the forcing frequency (closed symbols) and its first har
monic (open symbols). (0) spanwise-uniform excitation as in Figure 
2.3; (<» phase excitation with L\q; = 7r /2 as in Figure 4.9a; and (0) 
phase excitation with L\q; = 7r as in Figure 4.9b. 
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Figure 4.15 Composites of contour plots of P(y, v) and profiles of U(y) at (a) x = 
10.2 cm and (b) x = 15.2 cm for spanwise-uniform harmonic excitation. 
Flow conditions as in Figure 2.3. Contour increments are logarithmic, 
starting at 10-3 cm2 /s2. The ratio of consecutive contours is 10°.5 • 
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Figure 4.16 As for Figure 4.15, with the spanwise-nonuniform phase excitation 
shown in Figure 4.9a (~~ = 7r /2). 
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Figure 4.17 As for Figure 4.15, with the spanwise-nonunifonn phase excitation 
shown in Figure 4.9b (.6.<P = 7r). 
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Figure 4.18 Evolution of P at a fixed cross-stream elevation for spanwise-uniform 
excitation at x = 10.2 cm. (a) spanwise distribution of mean stream
wise velocity U; (b) contour plot of P(z, v) with logarithmic contours, 
starting at 10-3 cm2 /sec2, such that ratio of consecutive contours is 
10°·5; and (c) cross-section of P(z, v) obtained at two different span
wise stations (data obtained at z = 1.8 em is displaced by 1 decade 
on plot). Flow conditions are U1 = 36 em/sec, U2 = 12 em/sec, with 
vI = 7 Hz. 
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Figure 4.19 As for Figure 4.18, with spanwise-nonuniform phase excitation.Ac = 7.6 
cm and A<P = 7r at x = 10.2 cm. 
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Figure 4.20 As for Figure 4.18, at x = 17.8 em. 
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Figure 4.21 As for Figure 4.19, at x = 17.8 em. 
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Figure 4.22 Spanwise distributions of-y(z) and q,pv(z) for spanwise-nonuniform am
plitude and phase excitation of Figure 4.23. (a) spanwise-nonuniform 
amplitude excitation with amplitude variations between 0.3 and 1.0; (b) 
spanwise-nonuniform phase excitation with peak-to-peak amplitude of 
0.17(27r); (c) simultaneous spanwise-nonuniform amplitude excitation 
as in (a) and conjugate of phase excitation as in (b). The distance 
between tic marks correspond to the width of an individual heating 
element and the full spanwise width corresponds to the full width of 
the Schlieren views of Figure 4.23. 



Figure 4.23 Interactions between spanwise-nonuniform amplitude and phase distur
bances with spanwise wavelength of 5.1 cm. (a) spanwise-nonuniform 
amplitude excitation; (b) spanwise-nonuniform phase excitation; and 
(c) simultaneous spanwise-nonuniform amplitude and phase excitation. 
Flow conditions as in Figure 2.3. 
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Figure 4.24 Spanwise distributions of ,~ub( z) for subhannonic spanwise-nonuniform 
amplitude excitation in visualizations of Figure 4.25. The excitation 
waveforms vary in relative amplitude between 0.3 and 1.0 with spanwise 
wavelengths (a) '\C = 20.3 cm and (b) '\C = 10.2 cm. The distance 
between tic marks is equal to the width of an individual heating element 
and the full spanwise width corresponds to the spanwise field of view 
in Figure 4.25. 



Figure 4.25 Plan-view of the mixing layer excited by a spanwise-uniform time
harmonic wavetrain of frequency vI = 9 Hz (fundamental) and a 
spanwise-nonuniform amplitude disturbance of frequency VlJub = 4.5 
Hz. (a) Ac = 20.3 cm; and (b) Ac = 10.2 cm. The high- and low-speed 
streams are 42 cm/sec and 14 cm/sec, respectively. 
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Figure 4.26 Spanwise distributions «pr(z) for subharmonic spanwise-nonuniform 
phase excitation in visualizations of Figure 4.27. The excitation wave
forms vary in relative amplitude between 0 and 7r with spanwise wave
lengths (a) Ac = 20.3 cm and (b) Ac = 10.2 cm. The distance between 
tic marks is equal to the width of an individual heating element and 
the full spanwise width corresponds to the spanwise field of view in 
Figure 4.27. 



Figure 4.27 Plan-view of the mixing layer excited by a spanwise-uniform time
harmonic wavetrain of frequency vI = 9 Hz (fundamental) and a 
spanwise-nonuniform phase disturbance of frequency Vsub = 4.5 Hz. 
(a) .xc = 20.3 cm; and (b) .xc = 10.2 cm. Flow conditions as in Figure 
4.25. 
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