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ABSTRACT 

This dissertation considers one- and two-electron-hole-pair excitations in ideally 
spherical semiconductor quantum dots with infinite or finite confinement potentials. 
The optical absorption edge of the semiconductor micsrocrystallites is found to be 
higher than that in the corresponding bulk semiconductor. This blue shift is approxi
mately proportional to l/R'l.. where R is the radius of the semiconductor microspheres. 
For small quantum dots with infinite confinement potential. the energies and wave
functions of quantum confined excitons and biexcitons are computed using a numeri
cal matrix diagonalization method. Both numerical matrix diagonalization and pertur
bative calculations prove that the binding energy of biexcitons is strictly positive 
regardless of material parameters. A general formula for the optical susceptibility of 
quantum dots is derived. from which. optical spectra are computed. The theoretical 
results qualitatively agree with recent experimental observations. Some novel optical 
properties of quantum dots are revealed by this study. such as the existence of 
excited biexciton states energetically above the exciton ground state resonance and 
modified optical nonlinearities. Extending our numerical scheme. we compute the 
effects of impurities or crystal defects in a simple model. The calculation shows that 
charged defects or impurities have only a small influence on the optical spectra of 
quantum dots. The details of the quantum confinement conditions. such as the finite 
value of the quantum confinement potential and different electron-hole masses inside 
and outside the dot. are studied within the framework of the variational scheme. 
Finally. we extend the numerical matrix diagonalization method to investigate the val
ence band coupling effect in quantum dots by including the Luttinger Hamiltonian. It 
is found that the concept of heavy- and light-hole has to be modified to describe the 
hole states in semiconductor quantum dots. Also. the valence band mixing due to 
spin-orbit interaction changes significantly the optical selection rules and consequently 
influences the allowed optical excitations in quantum dots. 
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Chapter I 

Elementary Electron-Hole Excitations in Semiconductors 

§ 1.1 Introduction 

The study of nonlinear optical properties of semiconductors is attracting exten

sive attention. and has become one of the most active fields in solid state physics. 

This is promoted both by the progress in the technology of preparing new semicon

ducting materials. and by the rapid development of high power and ultra-short pulse 

lasers. A complete knowledge of the electronic and optical properties of semiconduc

tors is. therefore. essential not only for a general understanding of solid state physics. 

but also for the engineering and optimizing of optical and electro-optical devices with 

desired characteristics. 

In the last few years. modern crystal growth techniques. particularly molecular 

beam epitaxy (MBE). chemical vapor deposition techniques. or direct growth of semi

conductors inside a host material. have allowed to manufacture semiconductor nanos

tructures such as quantum wells. quantum wires. and quantum dots. in which the 

carriers. i.e. electrons and holes. are only free to move in two. one. or zero dimen

sions. respectively. giving rise to the quantum confinement or quantum size effects. 

The novel electronic and optical properties of these kinds of artificial semiconductor 

structures make them candidates for ultra-fast and low energy electronic and optical 

devices for communications and computing. Among them. the quasi-two-dimensional 

quantum wells has been investigated in some detail [for reviews. see Dingle (1975). 

Chemia. (1985)]. Unusually pronounced excitonic effects are found in quantum wells 

even at room temperature. The absorption edge of quantum well structures is blue 
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shifted in comparison to the bulk material and the magnitude of the shift increases 

with decreasing width of the quantum wells. This shift is attributed to the quantum 

confinement effect. The quantum confinement effect in the quantum wells makes it 

possible to choose the working wavelength by changing the structure of the quantum 

wells. which could be very advantageous for the design of future devices. 

Motivated by the great success of quantum well structures in exhibiting quasi

two dimensional characteristics. there is a growing interest in lower dimensional 

structures with more pronounced quantum confinement effects. Examples are quan

tum wires and quantum dots. This dissertation presents a consistent theoretical in

vestigation of the optical and electronic properties of semiconductor quantum dots 

(QD). It is not the intention of the author to provide a comprehensive. review of the 

whole literature on bulk semiconductors. quantum wells or quantum wires in general. 

which can be found in review articles [for example. Haug and Schmitt-Rink. (1984) 

and the references therein]. 

The first theoretical discussion of electron-hole-pair excitations in semiconduc

tor quantum dots was reported by Efros and Efros (1982). In their idealized model. 

the authors assumed: (1) the electron (conduction) and hole (valence) bands are para

bolic and described by the effective masses me and mho respectively; (2) the quantum 

dots are ideal microspheres with a perfect surface and infinite confining potential; 

and (3) the electron mass me is much lighter than that of the hole. Thus. there are 

three different quantum confinement regimes in the theory of Efros and Efros~ In the 

strong confinement regime the radius R of the dot is much less than the Bohr radii. 

ae and ah' of electron and the hole. respectively. Therefore. both electron and hole 

are strongly confined and the Coulomb interaction is considered to be negligible. In 
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the moderate confinement regime. where ah « R « ae• the electron is strongly con

fined. while the hole experiences a much weaker quantum confinement. The hole 

also experiences the mean Coulomb interaction with the fast moving electron. 

Finally. the third regime is the weak quantum confinement regime. with R » ae » 

ah' Here. the motion of the electron-hole-pair is assumed to be separable into the 

center of mass motion of the pair and the relative motion of the electron and hole. 

Only the motion of the whole exciton is quantized. and the relative electron-hole 

motion is assumed to be unchanged from that in bulk material. For all three con

finement regimes. Efros and Efros showed that quantum confinement induces an in

crease of the kinetic energy (quantum confinement energy). The corresponding blue 

shift of the onset of optical absorption is proportional to R-2 with different mass pre

factors depending on the confinement regime. 

Various modifications have been made to the first model proposed by Efros 

and Efros (1982). In the frame work of variational calculation. Brus extended the 

theory by adding the effect of surface polarization and Coulomb correlation between 

the electron and hole in the moderate confinement regime [Brus. (1984). (1986)]. 

Improved variational schemes were used by other authors [Kayanuma. (1985). (1988) 

and Takagahara (1987). (1989)] to study the exciton ground state more precisely. By 

performing a variational calculation. Takagahara (1989) also computed the biexciton 

ground state. A negative binding energy of the confined biexciton was found for 

some parameters. indicating that two free excitons have a lower energy than the exci

tonic molecule. Banyai et al. (1988) extended the theory by Efros and Efros to in

clude biexciton states. A negative binding energy was also predicted by their calcu

lation. where the Coulomb interaction between electron and hole was treated in an 

approximate way. They also computed light induced absorption changes for the vari-
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ous confinement regimes [Banyai et ai, (1988)]. Hanamura (1987, 1988) studied 

Frenkel excitons in quantum dots and he predicted unusually large optical nonlineari

ties, which should increase as R3. Furthermore, local field effects were studied by 

Schmitt-Rink and co-workers (1989). They predicted that these effects in semicon

ductor quantum dots should be sufficiently strong to give rise to optical bistability 

without external feedback. 

Configuration-interaction (numerical matrix diagonalization) methods have been 

used in the study of the electronic properties in quantum dots. This technique was 

first applied to cubic quantum boxes by Bryant (1987, 1988). Hu et al. (1990,a.b.c) 

computed the exciton and biexciton states in semiconductor microspheres by numerical 

matrix diagonalization using expansion of the exciton and biexciton wavefunctions 

into appropriate sets of basis functions. A strictly positive binding energy of the 

biexciton is found. for O<R< 2-5aB and for all effective mass ratios me/mho These 

results have shown to agree well with perturbative calculations [Banyai (1989), Hu et 

al, (1990b)] and quantum Monte Carlo simulations [Pollock and Koch (1991), Hu et al. 

(1990b)]. The linear and nonlinear optical susceptibilities are also computed in the 

framework of the configuration-interaction approach. The obtained results explain 

the induced absorption feature observed in probe-pump spectra [Peyghambarian, et ai. 

(1989)]. Furthermore. these conclusions show the importance of the Coulomb interac

tion even for the smallest quantum dots. In subsequent publications [Hu et ai, 

(1990d)]. the effects of electrically active impurities or defects. DC Stark shift. and 

trapped states are included. The calculations show that impurity states are not of 

special importance in understanding the optical absorption spectra of quantum dots, 

however. they may be important to understand luminescence and dynamic aspects. 

Besides the small quantum dots, where R is smaller than or comparable with 
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the excitonic Bohr radius a B, the larger dots are also of interest. Taking into 

account the plasma effects in dots whose size exceeds the bulk exciton Bohr radius, 

Banyai and Koch (1987) predicted an excitation-induced blue shift of the exciton reso

nance as a consequence of plasma screening of attractive Coulomb Interaction 

between electrons and holes. A quasi-equilibrium theory of nonlinear excitonic 

absorption in microcrystallites under weak quantum confinement was published rec

ently [Bellegiue and Banyai, (1991)]. , Here, a blue shift of the excitonic resonances 

and an increase of absorption at higher energies are found as a consequence of the 

many-body effects. 

Thus far, all of the models mentioned have two common assumptions: para

bolic valence bands and infinite confining potential. The influence of finite potential 

was studied variationally [Tran Thoai et al., (1990)]. The modifications of excitonic 

energies were found to be more pronounced for the higher states. The dependence 

of exciton states on details of the bast material was also discussed by Tran Thoai, et 

al. Heavy- and light-hole coupling effects in quantum microspheres have been calcu

lated in the last two years. Xia ( 1989) solved the Luttinger Hamiltonian [Luttinger 

(1956), Baldereschi and Lipari (1973)] in the infinite spherical potential well approxi

mation. Sercel and Vahala [(1990), Sercel and Vahala, (1990)] applied the Kane 

model for the case of a finite potential well. As a result of these calculations. the 

hole quantum confinement energy is found to be less than that predicted by the 

effective mass approximation. Furthermore, the band mixing also changes the selec

tion rules for optical dipole transitions [Xia, (1989)]. Efros and Rodina (1989) calcu

lated the exciton, trion and biexciton ground state energy variationally by including 

the degeneracy of valence bands. They found that the biexciton has a higher energy 

than two unbound excitons for the small quantum dots. The validity of their conclu-
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sion is still questionable because in the effective mass approximation, a similar varia

tional scheme [Takagahara (1989)] which even uses more sophisticated test functions 

is in contradiction with the rigorous mathematical result of Banyai (1989). Another 

attempt to include the Coulomb interaction into Xia's work was made by Hu et al. in 

. the framework of the numerical matrix diagonalization scheme. This calculation is 

presented in Chapter 8 of this dissertation. Lippens and Lannoo (1989, 1990) calcu

lated the ground state energy of a particle in the tight-binding approximation. Large 

discrepancies between their results and that predicted in the effective mass approxi

mation were found. 

This dissertation is a summary of recent theoretical investigations of electron

hole excitations in semiconductor quantum dots, conducted by the author under the 

direction of Professor S. W. Koch. It is organized as following. The current 

chapter is an introduction to elementary electron-hole-pair excitations in semiconduc

tors. First, we briefly give an overview of excitonic excitations in general, and then 

especially for excitons confined in quantum wells and quantum wires. We also in

tmduce some experimental results obtained for quantum dot samples. In the second 

chapter, the one electron-hole-pair (EHP) states, which are loosely refereed to as 

excitons in quantum dots, are discussed for various quantum confinement regimes. 

The theory of two EHP states, or biexcitoDs, follows in the third chapter, where the 

energies and wavefunctions are computed using different approximations. In Chapter 

4. we derive the optical susceptibility of zero-dimensional quantum confined systems. 

where the energy bands are completely replaced by discrete energy levels. The opti

cal spectroscopy of quantum dots is the subject of Chapter 5, where we compare the 

computed spectra with the experimental ones to verify our theoretical understanding 

of the quantum confinement and Coulomb interaction effects. Chapter 6 is devoted 
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to the study of electrically active impurities. defects and trapped states in the quan

tum dots. In this chapter. we also study the DC Stark effect. In the first six 

chapters. the theoretical model is based on two approximations. First. we assume that 

the quantum confining potential well is infinitely deep so that the carrier wavefunc

tions vanish on the surface of the dots. Secondly. we assume that the parabolic band 

approximation is appropriate to quantum dots. and other material properties such as 

effective masses. dielectric constant and band gap are the same as those in the cor

responding bulk materials. In Chapter 7. we compute exciton states by assuming that 

the confining potential wells are finite. This work is conducted in the framework of 

variational schemes. Finally. in Chapter 8. we apply the reformulated Luttinger 

Hamiltonian. i.e.. the Baldereschi-Lipari Hamiltonian to spherical quantum dots. It is 

found that the coupling between the light hole and the heavy hole states is significant 

in understanding some experimental facts. such as two-photon spectra. Appendices 

are given at the end of this dissertation. These appendices cover the necessary 

mathematical materials which are. however. too lengthy or too technical to be inserted 

into the main text. 

§1.2 Electron-Hole Pair Excitations in Semiconductors 

In all crystals. the single particle wavefunction has to obey the Bloch theorem. 

W(r) - I/I(r) u(r). 

where I/I(r) is the envelope function. and u(r) is the Bloch wavefunction. In a first 

approximation. we assume that in the mescoscopic structures. such as quantum wells 
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and quantum dots. the quantum confinement has little influence on the Bloch wave

function. For more than a few ten of unit cells in any direction. the atoms near 

the surfaces or the interfaces represent only a very small friction of the atoms of 

whole microcrystal. For the overwhelming majority of atoms. the Bloch wavefunction 

can hardly "feel" the existence of the boundary on the mesoscopic scales because it 

is closely related to the parent atomic wavefunction. and modified dominantly by 

adjacent atoms. Henceforth. we have sufficient reasons to postulate. as a first 

approxi~ation. that the properties decided by the lattice field in semiconductors are 

not appreciably changed through the quantum confinements. Some examples are 

effective masses of electrons and holes. energy band gaps. and electric dipole 

moments between the conduction and the valence bands. etc. Another common fea

ture of semiconductors is the existence of an energy band gap between the empty 

conduction band and fully filled valence band. In the process of direct photon 

absorption. a photon of energy wand wavevector k is absorbed by the semiconductor 

crystal. creating an electron with momentum ke in the conduction band and a hole 

with momentum kh in the valence band. The magnitude of photon momentum is 

very small ( 5!! 10-4) compared with the scale of the Brillouin zone. so that we can 

neglected the photon momentum. In this limit. the optical dipole transitions occur if 

It is customary to call transitions satisfying this transition selection rule "vertical" or 

"direct" transition. Assuming a simple band structure with one valence band and 

one conduction band. we can study preliminarily the excitons and biexcitons in a 

simple. yet effective way: the two band approximation. All the discussions and cal-
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culations in this dissertation are with in the framework of parabolic band structures 

and effective mass approximation, except those in Chap. 8, where we include the 

coupling between the nearly degenerate top two valence bands. 

The optical electron-hole-pair excitations near the band gap are influenced 

strongly by the Coulomb interaction. The motion of the electrons and holes in the 

lattice field is described by the many-body electron-hole Hamiltonian [Halig and 

Koch, (1990)], which we use in the position representation, (we adopt the unit ii=l 

throughout the dissertation) 

where 

He '" L J dr ¢!(r,s) [Eg - 2~e V2] ¢e(r,s) 

S 

Hh .. L J dr ¢k(r,s) [- 2!h] V1 Wh(r,s) , 
s 

Vee 1 I:: J J dr dr' w!(r,s) lP:(r',s') V(r-r1 lPe(r',s1 lPe(r,s) , 

ss' 

V hh =! L J J dr dr' wk(r,s) ¢k(r',s') V(r-r1 lPh(r',s') Wh(r,s) , 

ss' 

Veh '" - L J I dr dr' l/I!(r,s) ¢k(r',s') V(r-r') ¢h(r',s') Weer,s) . 

ss' 

(1.1) 
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Here, !/Je(r,s), !/Jh(r,s) are the annihilation operators of an electron, hole with spin s at 

position r. me and mh are the effective masses of electrons and holes, respectively 

and Egis the band-gap energy. The spin index has the values -1/2 and 1/2. The 

field operators obey the usual anti-commutation rules. Notice, that the total numbers 

of both electrons and and holes with given spin are constants of motion under the 

Hamiltonian (1.1), because the operators 

(1.2) 

commute with H. 
Once we know the state structure of our system by solving the eigenvalue 

problem given by the Hamiltonian (i.1), we can 'couple the system to a light field. 

This coupling is described by the interaction Hamiltonian 

H inl - E(t) P+ + h.c. 

0: - Pcv E(t) 2:= J dr ¢:(r,s) !/Jk(r,s) + h.c. (1.3) 

s 

where pt is the interband polarization operator. Here, we used the rotating wave 

approximation and included only inter band dipole transitions. Notice that the opera-

tor pt creates electron-hole pairs. Hence only those states which have equal number 

of electrons and holes are optically coupled. To obtain the optical properties of the 
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QD we have to calculate the expectation value of the polarization operator (pt) from 

which we can extract the optical susceptibility by using the results derived in Chap. 

2. For this purpose we need the matrix elements of pt between the eigenstates. 

The eigenfunctions of the Hamiltonian (1.1) can be classified according to the 

number of electrons and holes in each state. Even though the interaction Hamiltonian 

(1.3) describes only the creation of electron-hole pairs, it turns out that the single-

particle states are still interesting since they provide a useful basis to analyze the 

properties of quantum dots. The single particle eigenstate is of the form 

(104) 

where 10 ) is the vacuum state, i.e. the state having no excited electrons or holes. 

The coefficient ¢(re ) has to be determined from the Schr&l.inger equation with the 

Hamiltonian (1.1). When acting on the state (1.4), Hh and the Coulomb interaction 

parts in (1.1) yields zero. Thus we have 
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2~e J dr' J dr cPe(r) 0(r-r1 [V2~! (r')] I 0 > 

J 
.... t 

'" Ee dr cf>e(r)l/Je (r) 10 ). 

This equation is satisfied if 

(1.5) 

Eq. (1.5) is the SchrOdinger equation of a neutral particle confined in a potential 

well. 

If the electron-hole density is low, it is meaningful to consider only the few 

lowest eigenstates. i.e.. one-pair and two-pair states. to obtain the third-order optical 

response for the system. We refer to these one-pair and two-pair states as exciton 

and biexciton states. respectively. 

Since the spatial part and the spin part of the wavefunctions are not correlated 

by the Hamiltonian (1.1), we can always write the total functions as products of these 

parts and normalize them independently. The exciton (one-pair) state has the general 
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J J dredrh ¢(l)(re.rh) L U(Se,Sh) Ifi;(re.se) I/lt(rh,Sh) ! 0 ) . 

seSh 
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(1.6) 

In the same way as for the sing1e-p~rticle states, we obtain the differential equation 

for the pair wavefunction ¢(l), 

Eq. (1.7) is called the Wannier equation. The spin functions a in Eq. (1.6) have to 

be chosen so that they satisfy the antisymmetric properties of Fermions. The normal-

ization of the state (1.7) yields the condition 

('lt l ! 'lt l ) '" J J dredrh ! ¢<l)(re,fh)j' L! a(Se,Sh)j' .. I. 

sesh 

The generalization of Eq. (1.7) to biexciton states is relativelY straightforward. 

For this case, we can use the fact that the spatial coordinates and the spin are 

uncorrelated to write the eigenfunctions in the general form 
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x 

The two-pair wavefunction cp(2) then obeys the equation 

(I. 9) 

In mesoscopic semiconductor systems. such as quantum dots. there exist other types of 

Coulombic interactions like the surface polarization interaction [Brus. (1984)]. Such 

interactions can be easily included in Eqs. (1.7) and (1.9). 

The normaiization of the biexciton state is 

.. 1. 

when the total coefficient cpu is assumed to be antisymmetric in the exchange of elec-

trons or holes. This can always be assumed because only the antisymmetric part of 

¢rr gives contribution in 11lt2 }. 
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The binding energy of the biexciton is defined relative to the ground-state 

energy of two unbound excitons as 

(1.10) 

This quantity is the measure of the stability of biexciton in semiconductors. 

§ 1.3 Excitons and Biexcitons in Bulk Semiconductors 

One of the elementary collective excitations in bulk semiconductors is the elec

tron-hole bound state, or exciton. which is of fundamental importance in determining 

optical properties of semiconductors. Excitonic effects have been studied for a long 

time beginning with the early theoretical work by Wannier and Frenkel. 

The excited electron in the conduction band interacts with all other valence 

electrons by the Coulomb potential. Equivalently, this many body interaction can be 

reduced to the Coulomb interaction between one conduction band electron and one 

valence band hole. Similar to the hydrogen atom or postionium, the electron and 

hole pair may form a bound state, exciton. It is usual to speak of two kinds of 

excitons in solids, the weakly bound Wannier excitons and the tightly bound Frenkel 

excitons. In Frenkel excitons. the electron and the hole usually appear in the same 

unit cell of the crystal. Frenkel excitons are found mostly in alkalihalde crystals and 

in other molecular crystals. The Wannier excitons. in which the electron and the 

hole are separated over many atoms, are of special interest in semiconductors having 

small band gap and large dielectric constant, such as most III-V and II-VI semicon

ductors. 
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Assuming the existence of parabolic conduction and valence band which are 

described by the electron effective mass me and hole effective mass mh' the motion 

of the exciton is governed by' the Wannier equation (1.7). The eigenenergies and eig-

enfunctions of Hamiltonian (I. 7) are well known for the hydrogen atom [see Schriff. 

(1968) for example]. Here we employ the results. The energy of the exciton is 

given by 

(1.1 I) 

where 

(1.12) 

(1.13) 

are the Rydberg energy and the Bohr radius of the exciton. respectively. 1:2 is the 

dielectric constant and fl., is the exciton reduced mass. l/fI., .. lIme + l/mh' K in 

Eq. (1.11) is the center of mass momentum of the exciton. The effective mass of the 

electron in the semiconductor is usually much smaller than mo. the mass of a free 

electron. for example, me ~ 0.13mo in CdS and me ~ 0.04 mo in GaAs. Furthermore. 

the dielectric constant in a typical III-V or II-VI compound semiconductor is of order 

of 10, consequently. the Bohr radius of the exciton is usually on the order of a few 

o 0 
tens of A to 100 A. and the Rydberg energy varies between a few meV to a few 

hundreds of meV. 
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Solutions of the Wannier Hamilton~an (1.7) provide knowledge of the wave-

functions and the corresponding energy eigenvalues for the discrete states of the exci-

ton and its ionization continuum. Using the results one can compute the interband 

optical polarization. Thus the linear optical transition of a semiconductor in the band 

edge region can be derived from the exciton wavefunctions. The explicit expression 

of the optical linear absorption O!(w) in a semiconductor was first obtained by Elliott 

(1957). 

lIn'}.) + 9(.6.) 'fre
rr
/.
iA 1 

sinh(1TIv'A) • 
(1.l4) 

where o!o is a combination of constants proportional to the absolute square of the in-

terband dipole matrix element. [see. e.g. Haug and Koch. (1990)]. and 9(x) is the step 

function which vanishes if x<O and 9(x) =1 for x"21l. The exciton absorption spec-

trum given in (1.14) consists of a series of sharp lines with rapidly decreasing oscil-

lator strength oc n-3 and a continuum absorption due to the ionized states. If we 

take into account a realistic broadening. only a few bound states are found to be 

spectrally resolveble. and the energetically higher states merge continuously with the 

absorption of the ionized states. Fig. (1.1) shows a computed spectrum. The Il-func-

tions in Eq. (1.14) are replaced by Lorentzian profiles with decay constant 'Y = 

O.02ER • The overall dominant feature is the Is exciton absorption peak. The 25 

peak is also resolved but with much less optical oscillator strength. The continuum 
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is not changed in a pronounced fashion over a large spectral region. Such spectra 

have been indeed observed in some well-prepared semiconductor samples at low tem

peratures. 

The possibility of the existence of excitonic molecules or biexcitons in semi

conductors is raised by an analogy to the hydrogen molecule. The first strong evi

dence of the existence of biexcitons was found in the direct band semiconductors 

CuCl and CuBr by Orun and coworkers [Oron et ai. (1970)]. The theory of the 

biexcitoh has been studied by a number of authors in the late sixties and seve~ties 

[see. for example. Sharma (1968). Hanamura (1970). Brinkman et ai (1973). Huang 

(1973) and Bassni and Rovere. (1976)] with different techniques and approximations. 

The most often used techniques are variational calculations with the two-pair Hamil

tonian (1.9). Neglecting the exchange interaction. the biexciton is found to be stable 

for all mass ratios of 5 =melmh' The binding energy of the biexciton. defined in Eq. 

(1.10). is of the order of 0.04 to 0.2 ER • Because of the small binding energy. the 

excited states of the biexciton may be energetically unstable. and no observations of 

excited states in bulk semiconductors have been reported to date. 

§ 1.4 Electron-Hole excitations in Quantum Wells and Quantum Wires 

The recent developments in semiconductor growth techniques make it possible 

to grow semiconductor hetero-stroctures with atomic monolayer precision. 

OaAs/AlOaAs multi-quantum-wells (MQW). for instance. consist of ultra-thin alter

nating layers of OaAs and AtOaAs. The energy band gap is AlOaAs exceeds that 

in OaAs. leaving a deep potential well near the interface of OaAs and AlGaAs. 

The carriers. e.g. electrons and holes. are therefore confined within the GaAs layers. 
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As the thickness of the GaAs layers becomes smaller than or approximately equal to 

300 Jt pronounced quantum confinement effects occur. If the layers are even 

thinner. the motion of the carriers becomes essentially quasi-two-dimensional. Quan-

tum wells are thus very interesting objects from the physics point of view. realizing 

some aspects of two-dimensional structures in the real world. 

To study electron-hole-pair excitations in quantum wells. we apply the effec

tive mass approximation to the free particle problem. If the z-axis is chosen as the 

quantization axis with the x.y axes being parallel to the layers. the free particle 

wavefunctions are 

(1.1 5) 

with 

kz - 21m n - 1 2 3 L' .••.... 

where L is thickness of the single quantum well. The wavefunctions (1.15) are eig-

enfunctions for the idealized case of an infinite potential well. They vanish on the 

surface of the well. The energy eigenvalues corresponding to the wavefunctions 

(1.15) are 

Ek fr. n" 1 (/(2 + k2 + 4rr
2,r] 

x y 2m x y L2 ', 

The modification of (1.15) to the case of a finite potential well is straightforward. It 
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should be emphasized. however. that as soon as tunneling out of the well is possible 

the effective mass of electrons and holes may depend on the position. For example, 

the electron effective mass in GaAs differs from that in AIGaAs ( see Chapt. 7 ). 

For the finite potential welI. the z-direction wavefunctions are still sinusoidal within 

the well. but exponential outside. 

If the quantum well is narrow enough. the quantum confinement energy is 

much greater than the binding energy of the exciton. so that the quantization in the 

direction vertical to the layers essentially decouples the Coulomb interaction from the 

two directions parallel to the layers. The exciton becomes virtually two-dimensional 

with total energy 

where the first term is the quantum confinement energy of the center of mass and 

£(2D) is the binding energy of exciton. fLr is the reduced mass of exciton. The 2D 

Wannier equation is 

(1.16) 

with p -./7+jJ. Eq. (1.16) yields a series bound state with energy [Shinada and 

Sugano. (1965). (1966)] 
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E12D
) = - (n~i2)Z' n "" O. 1. 2. 3.···· • (1.17) 

and the ground state exciton wavefunction is given by 

q,(p.9) .. U(2D)(P) eim9 

(1.18) 

It is instructive to compare the excitonic properties of purely two- and three-dimen-

sional systems. For example. the ground state exciton binding energies are related by 

E)2f) .. 4E)~D). while the 2D Bohr radius is half of its counterpart in 3D. a~D) "" 1/2 

a~D) • Furthermore. the probability of finding the electron and the hole in the same 

unit cell varies like 

I • .t2D) 0 I 2 I I ,,(2D) I 2 u~ (p -) - (2n-!)3 v ls (p - 0) • n .. 1. 2. 3.···· • 

whereas in 3D 

I U<lD)(r-O) I 2 .. ~ I u')3!')(r=0) I 2 • n - 1. 2. 3.···· . 
n 

Thus the excited excitonic states decrease more rapidly in 2D than in 3D. A similar 

conclusion can be drawn for the scattered states. 

As in the bulk semiconductors. the optical spectra near the band edge of 

quantum wells are also strongly influenced by the electron-hole pair Coulomb correla-

tion which is responsible for the resonances below the band gap and enhances the 
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transitions above the band gap. Elliott's's formula is extended to the pure 2d limit 

by Shinada and Sugano (1965. 1966). 

4 + e(~) 
(n+ 1/2)3(i [~ + I ] (n+I/2)2 

err/vA ] 
cosh(7T/.JA) . 

(1.19) 

In Fig. (1.2). we show the computed absorption spectrum in 2D for a broadening 'Y = 

O.IER : In comparison with the 3D spectrum Fig. (1.1). the 2D Is exciton is spec

trally better resolved as a consequence of the 4 times larger binding energy. The 

resolution of the excited states. however. is not as good. Experimentally. it is found 

that the excitonic effects are enhanced in the absorption spectra of quantum wells 

[Dingle. et al. (1974). Chemla. (l983).and (1985). Miller and Kleinman. (1985)]. The 

most remarkable property of quantum-well structures is the persistence of excitonic 

resonances at room temperature and at even higher temperatures [Miller et al. (1982). 

Weiner et al. (1985)]. The enhanced oscillator strength and the larger binding energy 

play key roles in understanding these observations. In 3D. the dominant electron-

phonon interaction in polar semiconductors is that with LO phonons [Lieble et ai. 

(1985)]. Increasing the exciton binding energy by increasing the electron mass or 

decreasing the dielectric constant of the semiconductor also increases the electron-

phonon coupling. Consequently. excitonic resonances can only be seen at very low 

temperatures [Chemla et ai. (1987)]. In quantum wells. however. the binding energy 

is increased by quantum confinement. without any significant changes in the electron-

phonon coupling. as indicated, e.g., in Raman scattering experiments [Zucker et al. 

(1983)]. The electron-LO phonon coupling in quantum well structures is treated theo-
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retically by Huang and Zhu (1988a. b) and by Rudin and Reinecke (1989). 

Most realistic quantum well structures. which possess finite thickness and 

finite potential depth. have properties intermediate between pure 2D and 3D materi

als. Furthermore. the hole motion in the quantum well is more complicated than that 

predicted by the parabolic band approximation. This is especially true in III-V and 

II-VI compounds. In quantum wells made of III-V materials. the degeneracy of the 

valence bands at the r point is lifted. giving rise to two series of subbands. which 

are mixtures of heavy- and light-hole states. Highly non parabolic valence band 

dispersions often appear in quantum wells [Chang and Schulman. (1983)]. For this 

reason. the concept of simple effective masses is not well defined for hole bands in 

quantum wells. To compute the valence band dispersion relation. one often uses the 

Luttinger Hamiltonian [Luttinger. (1957)] and includes confining barriers as contribu

tions to the potential energy. The conduction band is usually assumed to be para

bolic. 

Attempts to fabricate semiconductor quantum wires by etching small strips out 

of quantum well material have been made. The additional boundary effectively con

fines the carriers to a quasi-one-dimensional (lD) system. Measurements of the opti

cal properties of quantum wires have been carried out by several groups [see. e.g .• 

Petroff et ai .• (1982) and Arakwa et ai. (1985)]. The theory of quasi-ID Wannier 

exciton in quantum wires was first developed by Banyai et ai (1987) as an extension 

of the theory of Loudon (1959). Ideal ID Frenkel excitons and their nonlinear optical 

properties were studied by Ishihara and Cho (1990). 

Denoting the coordinate in the unconfined direction by z. we write down the 

electron-hole equation 
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[ I d e2 1] - 2p., dz + 1:2 rzr cp(Z) '" EZ cp(Z). (1.20) 

where the ground state energy is 

Here. we assume a cylindrical quantum wire and R is the radius of the cylinder. 

The constant eta is the first root of the zeroth order Bessel function Jo(x) '" O. 

Loudon (1959) solved Eq. (1.20) explicitly for the ID limit. For this case. he proved 

that the ground state has an infinite energy and a nodeless wavefunction. This sin-

gular solution is closely related to the ID geometry in which the Coulomb interaction 

results in a discontinuous slope of the wavefunction at the origin [for the detailed 

discussions. see Haug and Koch. (1990)]. Banyai and co-workers developed a model 

of an exciton confined in a quantum wire for finite radius R which avoids success-

fully the singularity at z '" 0 [Banyai et ai. (1987)]. In their calculations. the 3D 

Coulomb interaction is taken into account and reduced to an effective potential in 

ID. The numerical solutions show that the ID exciton binding energy increases 

strongly with decreasing of R. even at R :!! ao. The binding energy is enhanced by 

two to three times. thus. the excitonic resonances are expected to be pronounced even 

at room temperature. The mixing of light- and heavy-hole states in quantum wires 

has been investigated by Sercel and Vahala (1990). although. the Coulomb correlation 

was not included in their model. 



39 

§1.5 Recent Experiments with Quantum Dots 

One of the first observations of 3D quantum confinement or size effects was 

reported by Ekimov and Onushchenko (1981) in semiconductor microcrystallites doped 

silicate glass. The microcrystallites in these glasses form out of a supersaturated 

solution of the basic constituents originally brought into the glass melt. There are 

some indications that the average size of crystallites obeys a growth rule R ex t1h• 

where t is the duration of the heat treatment during which the crystallites actually 

grow [Lifshitz and Slyozov. (I 959)]. Even through this growth law is not always real-

ized. it is always true that the average crystallite size increases with increasing- heat 

treatment time. Therefore the desired size can be achieved by controlling the heating 

time and the temperature. The semiconductor microcrystallites distribute randomly 

throughout the host glass. with a size distribution centered around the average size. 
o 

Quantum dot samples with microcrystallites of an average size of 10 A have been 

reported [Hall and Borelli. (1988)]. This dot size is much less than the exciton Bohr 

radius. Generally. quantum ~onfinement effects for semiconductor in glasses have 

been shown in various materials. such as CdS. CdSe. CdTe. ZnS. ZnSe. CuCI. etc. 

Quantum dot samples can also be perpared in colloidal suspension of semicon-

ductor particles [Brus. (1986). Weller et ai. (1986). Alivisalos. et ai .• (1988). for a 

recent review, Bawendi et al (1990)]. Synthesis in solution creates a metastable col-

loid consisting of semicoductor clusters whose size are of the same order of the exci-

ton Bohr radius in the corresponding bulk material. One special feature of these 

clusters is that. for example in CdSe clusters. Se atoms are derivatized with organic 

molecules added in the solution. which prevents further aggregation of the microcryt-

sallites and makes them chemically stable [Bawendi. et al. (1990)]. Some of the sam-
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pIes are also subjected to heat treatments. These treatments sharpen the room tem-

perature absorption spectrum. Till now. CdSe or CdS microcrystallites in the range 
o 0 

20 A to SO A have been successfully prepared [Bawendi. et aZ. (1990)]. 

A number of other crystal growth techniques are being developed to fabricate 

different semiconductor quantum dot samples. such as electron-beam lithography 

[Reed et aZ. (1986) and (1988). Kash et aZ (1986). Gilbert et aZ (1986). Wu et af (1986). 

and Scandroff et af (1989)]. or organic thin films [Wang et aZ. (1989). (1990)]. Despite 

the tremendous efforts. growth techniques for quantum dots are still at a less con-

trolled stage in comparison with the sophisticated level of quantum-well-structure 

growth. Improvement of quantum dot sample quality such as sharpening the size 

distribution. i.e .• more uniform sizes and reducing the size to reach stronger quantum 

confinement limits still remains as a challenging problem in material science. 

The optical spectroscopy of quantum dots shows indications for discrete 

energy levels and obvious size effects. Until now. a number of experimental methods 

have been employed to study the optical properties of quantum dots. Examples are 

hole-burning spectroscopy [Alivisatos et aZ. (1988). Peyghambarian et ai. (1989). Fluegel. 

et az.. (1990)]. photoluminscence spectroscopy [Uhrig et aZ. (1990)]. two-photon spec-

troscopy [Kang et ai. (1991)]. resonance scattering Raman and infrared absorption 

[Steigerwald. et ai. (1988). Zhao. et aZ. (1991)] and valence-band photoemission [Colvin. 

et ai. (1991)]. The size of quantum dots is characterized usually by transmission 

. electron microscopy. X-ray diffraction. small X-ray scattering. and by NMR 

[Alivisatos. et al. (1988)], 

Extensive spectroscopic measurements have revealed many novel optical pro-

perties of quantum dot samples. Here we summarize the important observations 

made in recent experiments. 
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(1) Excitonic resonance energies are above the band gap of the corresponding 

semiconductor. showing the quantum size effect. The blue shift and the spacings 

between two discrete levels are approximately proportional to W'J. [Ekimov and 

Onnshchenko. (1982)]. In Fig. (1.3). we show as an expample the linear absorption 

spectra of CdS doped glass [by Peyghembarian et at. from Hu et at. (I 990b)]. where 

the blue shift of excitonic resonance is seen clearly. 

(2) In the hole-burning spectra. an example of which is also shown in Fig. 

(1.3) for CdS doped glass. obvious bleaching of saturation peaks is seen at the exci

tonic resonance energy. The spectral hole moves with the pumping energy as one 

expects from hole-burning spectroscopy. In small quantum dots. the homogeneous 

broadening is quite large. often a good fraction of the total linewidth [Alivisatos et ai. 

(1988). Peyghambarian et al. (1989). Park et al. (1990)]. The unexpected feature is the 

existence of the induced transitions midway in between the first two excitonic peaks. 

Induced absorption has not been observed below the ground state excitonic peak. 

(3) The homogeneous broadening is found to increase with increasing tempera

ture and decreaseing cyrstallite size [Alivisatos et al. (1988)]. A typical time for par

tial recovery observed in hole-burning spectroscopy is of the order of a few hun

dreds of femtoseconds [Peyhambram et al. (1989a). Park et al. (1990)]. However. nan

osecond times for total recovery have also been observed in recent experiments [Esch 

et al. (1990)]. 

(4) Photo-luminescence spectra show a narrow emission band coinciding with 

the low energy wing of the absorption edge. and a more pronounced broad peak 

onset in the transparent region. The spacing between the narrow emission and the 

absorption increases if R decreases [Uhrig. et al(1990)]. In small quantum dots. the 

emission band is insensitive to the pumping intensity. however more pronounced in-
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tensity dependence has been found for larger quantum dots [Kang. et at. (1991)]. 

(5) No observable shift is seen between the ground state one-photon peak and , 

the lowest two-photon absorption peak in CdS quantum dots [Kang. et at. (1991)]. in-

dicating that the s-exciton and p-exciton are nearly degenerate. An example is given 

in Fig. (1.4) [from Kang. et aI. (1991)]. 

(6) Photon darkening effects occur in quantum dot matrix glasses. in which 

the glass becomes absorptive after a long time of intensive pumping. The saturation 

spectral peaks are reduced in the presence of the photon darkening effect. The car-

rier recovery time is decreased as well. 
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Chapter 2 

Exciton States 

The ultimate quantum confinement effects occur in very small semiconductor 
o 0 

microcrystals (usually from lOA to several hundreds A ). in which laser excited elec-

tron hole pairs are confined in all three dimensions. Here. we model quantum dots 

(QD) as an incoherent ensemble of ideal spherical semiconductor microcrystallites. 

embedded in host dielectric material. Assuming sufficiently small concentrations of 

quantum dots allows to restrict the study to only individual dots with different radii. 

For the work reported in this dissertation. we define a quantum dot as a 

microsphere. satisfying Ie « R E!! aBo where R is the radius of microsphere. aB is the 

excitonic Bohr radius in the corresponding bulk material. and Ie is the characteristic 

length of the semiconductor lattice. namely the lattice constant. The quantum dot is 

thus a macroscopic structure compared with the unit cell. but it is small in compari-

son with the characteristic length of the elementary pair excitations. such as excitons 

and biexcitons. Generally. systems such as quantum dots. quantum wires and quan-

tum wells. are often referred to as mesoscopie structures. As the size of the quan-

tum dot is comparable to. or even smaller than. the quantum coherence length of 

excitons. significant modifications arise in the electronic and optical properties of 

semiconductors. 

Coulomb interaction between electrons and holes plays a very important role 

in bulk or quantum well semiconductors. e.g. leading to the existence of excitons and 

biexcitons. which strongly influences the optical spectra below the band gap. In 

semiconductor quantum dots, a crude estimation shows that the Coulomb effects 

decrease as IIR. where R is the size of QD. In contrast. the quantum confinement 
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energy is proportional to I/R2. Therefore, it has been often argued that Coulomb in

teraction energy is less important compared to the confinement energy. The so-called 

strong confinement approximation, where the Coulomb interaction between the elec

tron and the hole is completely neglected. provides a very simple and effective 

method to estimate the energy levels as well as wavefunctions of the pair states. 

Nevertheless. we will see in the next few chapters that it fails to explain a variety 

of feature in linear and nonlinear optical spectra. In this chapter, we concentrate on 

studying the excitonic excitations in semiconductor quantum dots. First. we analyze 

the single-particle states in an infinite potential well. Next. we discuss the noninter

acting pair states in ultra-small quantum dots. Finally. we treat excitons in two size 

regimes. In the first case the size of the dot is very large compared with the exci

ton Bohr radius. so that the surface boundary acts only as a perturbation. In the 

second case, the dot size is comparable with or even smaller than the Bohr radius. 

§ 2.1 Single Particle States in an Infinite Potential Well 

Except the analysis presented in Chapter 7. we always consider the excitations 

in a spherical quantum dot where we model the confining potential as a "hard" 

spherical box. In other words. we assume that the band gap of the host dielectric is 

very much higher than that of the quantum dot mater~al. This assumption can be 

justified to some degree when the energy structure of the surrounding material has a 

large gap in the optical region. Examples of this kind system are the semiconductor 

colloid liquids and semiconductor doped glasses. Effects of finite potential barriers 

will be considered in Chapter 7. 

The confinement potential is assumed. for the sake of simplicity, as a step 
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potential 

for r~R 

(2.1) 

for r ~ R 

As the first step. we consider a single particle. with effective mass m. confined in 

such a box. Even though this model is over-simplified. it is extremely useful in our 

discussion of pair excitations in quantum dots. We will show that it explains the 

most pronounced quantum confinement effects. and approximately gives the energy 

levels of the pair states in the quantum dots. More importantly for our subsequent 

analysis is that the obtained solutions for the single-particle wavefunctions provide a 

convenient basis. into which both excitonic and biexcitonic wavefunctions can be 

expanded. 

The SchrOdinger equation of a single confined particle is 

(2.2) 

with the boundary condition ¢(r .. R) =0. Here. Eg is the band gap of the bulk semi

conductor. It is convenient to separate the radial variable r from the angular vari

ables (9. r/J). by working in a spherical coordinate system. The eigenfunctions can be 

written as 

(2.3) 
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where rim (8.f/J) are the spherical harmonic functions. The radial wavefunction ~(r) 

satisfies the equation 

[ ;2 :, r2 Ir + (2m(E-Eg ) _l(l~l) n ~nl(r) .. 0 for r < R. 

(2.4) 

with the boundary condition 

The solutions of Eq. (2.4) must be regular at the center and vanish at the surface of 

the microsphere. The appropriately normalized wavefunctions are 

(2.5) 

n .. 1. 2. 3 .. · .. ··• 

1 .. 0. 1. 2 .. ·····• 

m .. -i .-i+1. .....• [-1. i. 

where if denotes the lth order spherical Bessel function [Abramowitz and Stegun. 

(1972)] and an,i is the nth root of the eigenvalue equation jl (x) = O. The normaliza

tion constant in Eq. (2.4) is obtained from 
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R 

J d ·" [ r ] R3'2 ( ) r J1 tl.n,Z R = 2" JI+] tl.n,Z • 
o 

by using the recurrence relations between the spherical Bessel functions [Abramowitz 

and Stegun. (1972)]. 

. () . () 2/+ I . ( ) 
JZ+] x + JI_] x - x JZ x. 

The corresponding energy of a confined particle is 

(2.6) 

where ER and aB are the Rydberg energy and the Bohr radius. respectively. given 

by 

where £2 is the dielectric constant of the semiconductor. Henceforth. ER and aB are 

used as the scales of energy and length. respectively. For the s-states. in which 1 '" 

O. the zeroth order spherical Bessel function has the simple analytical form io(x) = 

sin(x)/x. Then the eigenvalues are a.n - mr. n - 1. 2. 3.·· ... For higher angular 
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momentum states. the eigenvalue equation. jz(x) = o. is solved numerically. A few 

lower eigenvalues are tabulated in table (2.1). 

Table (2.1) Roots of Spherical Bessel Function h(x) 

nil 0 I 2 3 4 5 6 

I rr 4.493 5.764 6.988 8.183 9.356 10.51 

2 2rr 7.725 9.095 10.42 11.71 12.97 14.21 

3 3rr 10.90 12.32 13.70 15.04 16.35 17.65 

4 41T 14.07 15.15 16.92 18.30 19.65 20.98 

5 51T 17.22 18.69 20.12 21.53 22.90 24.26 

6 61T 20.37 21.85" 23.30 24.73 26.13 27.51 

Some important features of three-dimensional quantum confinement are already 

revealed by this simple calculation. First. Eq. (2.6) shows that the continuous energy 

bands in bulk semiconductors are replaced by discrete levels. The energy shifts are 

proportional to 1/R2. Second. the wavefunction (2.5) depends only on the size of the 

quantum dot and is independent of the particle mass. This result is a direct conse

quence of the assumption that the confining potential is infinitely deep. In Chapter 

7. we will show that the dependence of the results on the effective mass is more 

important in a quantum dot with "soft" boundary. where the potential barrier is not 
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infinitely deep. The fact that electrons and holes have identical wavefunctions as 

long as we ignore the Coulomb interaction strongly influences the selection rules of 

optical transitions in the QDs. Only the electron-hole pairs in which the electron and 

the hole have the same set of quantum numbers (n. t. m). are created or annihilated 

in a dipole transition. However. we already note. at this point. that this simple 

selection rule will be modified by the Coulomb interaction as well as the heavy-hole 

light-hole coupling. 

§ 2.2 The Strong Confinement Approximation 

If one considers microcrystallites. whose radii R are much smaller than the 

Bohr radii of electrons and holes in the corresponding bulk material. the confinement 

energy is the dominant energy contribution. Therefore. in the so-called strong con

finement approximation. the Coulo~b potential is neglected in comparison with the 

kinetic energy caused by the quantum confinement. In the strong confinement 

approximation one can separate the electron variables from the hole variables in the 

Wannier equation (1.7). Then the wavefunctions for the exciton are products of the 

single-particle wavefunctions (2.5). 

(2.7) 

and the quantum confinement energy of the one-pair states is 
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(2.8) 

where N - (n, [, m), indicating the complete set of quantum numbers of a single par-

tide confined in QD. JL, is the reduced effective mass of electron hole pair. The 

first three quantum confinement levels for the electron and the hole, the 1s, 1p and 

1d levels, are shown in Fig. (2.1). The ground state energy of the conduction elec-

tron is higher than the band gap energy Ego This blue shift is proportional to I/R2. 

and so are the spacings between different energy levels. The increased energy origi-

nates from the uncertainty principle. The smaller the region in which a particle is 

confined, the greater its kinetic energy. 

In the pure strong-confinement approximation, the exciton binding energy van-

ishes. However, one may obtain an improved approximation by averaging the Cou-

lomb energy over the ground state, 

(2.9) 

where f2 is the static dielectric constant of the semiconductor and r> is the larger one 
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among r 1 and r 2• The size dependence of the ground state energy is approximately 

E, - ER [ [ a: r n' - 3.572 [a: II (2.10) 

Eq. (2.10) shows that. when R < aa. the Coulomb energy is negligible compared to 

the total exciton energy. For example. in the case that R ... 1/2 aB' the quantum con

finement energy is about 5.3 times of the Coulomb interaction energy. Obviously. in 

very small quantum dots. the strong confinement approximation provides a good esti

mate of the total energy of the electron-hole pair. 

§2.3 ·Exciton in Large Quantum Dots 

In the regime of weak quantum confinement. where R » aB. the influence of 

the quantum confinement on the relative motion of the electron-hole pair can be neg

lected. However. the exciton is totally confined within the quantum microsphere. In 

this case. it is reasonabie to assume that the relative motion of the electron-hole-pair 

is approximately that of a hydrogen-like exciton in the corresponding bulk semicon

ductor. The center of mass motion of the exciton is nevertheless quantized like that 

of a single confined Boson. The electron-hole pair wavefunction is thus assumed to 

have the form 

(2.11 ) 

where 
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(2.12) 

is the position vector of the center of mass of the electron-hole pair (exciton). If we 

neglect the influence of the surface boundary on the relative motion. then the Wan-

nier equation (1.7) can be separated into an equation for the center-of-mass motion 

and another for the relative motion. The equation for the center-of-mass is 

(2.13a) 

and the boundary condition is ¢(X ... R-aB) = O. Here. we treat the exciton as a rigid 

ball so that the center of mass cannot appear within one Bohr radius near the sur-

face. The equation for the relative motion is 

(2.13b) 

with the boundary condition I/>(r-+oo) -. O. The ground state solutions of Eqs. (2.13a) 

and (2.13b) are given in Eqs. (2.7) and (1.12). respectively. If R » aBo we have 

:l 

Ecm .. (m::::)2 [ R~B] 1I2ER• 

and 

The total energy of the ground state exciton E 1 is 
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2 1 [R:
B

] -1 . (2.14) 

The wavefunction, 4>, in Eq. (2.11) is the ground state wavefunction of the relative 

electron-hole motion (hydrogen wavefunction), and 

<,heR) = S(R' _ X) [sin rr X / R' ] 
J2rrR' X 

(2.15) 

describes the motion of a particle in an infinite potential well of radius R', with R' = 

R - aBo S(X) is the usual Heavyside step function. 

§2.4 Exciton States in a Small Microsphere 

When the size of the quantum dot R is of the order of the exciton Bohr 

radius. aBo the pair-state properties are strongly modified by the quantum confine-

ment. In this regime. the Coulomb interaction is not negligible because it contributes 

to the total energy almost as much as the quantum confinement energy. On the other 

hand, the confining boundary can no longer be treated as a perturbation as we did 

in the weak confinement limit (§2.3). Therefore. the basic picture of this system is 

that of an interacting electron-hole pair being confined in an infinitely deep spherical 

box. 

The motion of the exciton is governed by the Wannier equation (1.7). To in-

elude the surface polarization effect [Brus, (1984)] and other electrically active imper-

fections. we rewrite Eq. (1.7) as 
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(2.16) 

with the exciton Hamiltonian 

Here. V is the direct Coulomb potential energy. 

(2.17) 

where «:2 is the dielectric constant of the semiconductor. e is the angle between the 

two vectors rl and f 2• p[ is the lth order Legendre polynomial. and '> ('<) is the 

larger (smaller) one of '1 and '2' W is the pair interaction between the two charged 

particles which is mediated by the induced surface charges. This surface polarization 

interaction in QDs was first studied by Brus [Brus. (1984). see also Appendix A]. 

We have 

(2.18) 

with 
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where € = E2/f l • In Eq. (2.18). - (+) is for the -opposite (equal) charge sign and €I is 

the dielectric constant of the surrounding host material. QI is the interaction of the 

electron (or the hole) with its own induced surface charges. while Qz is the interac-

tion between the electron and the hole through the induced surface charges. 

The boundary condition requires the wavefunctions to vanish on the surface 

of the microsphere. i.e. 

A general analytical solution of Eq. (2.16) has not been published. However. various 

different approaches have been developed to understand pair excitations in quantum 

dots. Next. we discuss the numerical matrix diagonalization method appropriate for 

the experimentally available quantum dot samples. 

Conservation of Angular Momentum 

We define the total angular momentum of exciton as L ... Le + Lh . For 

example. we have the commutation relations 
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i .. x. Y. z. 

where Lx. Ly and Lz are the X-. y-. and z-component of the total angular momentum 

operator I. It can be proven that these commutation relations are equal to zero as 

follows. The Legendre polynomial Pl(cos(9» in Eqs. (2.17) and (2.18) can be 

expanded in terms of spherical harmonic functions. 

i 

Pi (cos(S» .. 2(:1 L (_l)m Ylm(Ol.if!l) Yl-m (02, if!2 ) . (2.19) 

m=-l 

For comparison. we express the eigenstate of the total angular momentum 

operator L in the position representation by 

I 

Ill. 0 0 ) - L < l,l; m.-m 100 > YZm(Ol.if!I) YZ-m(02.if!2 ) 

m .. -l 
l 

= L j~l=l Ylm(Ol.if!l) YZ-m (02, if!2)' 
m .. -l 

(2.20) 
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The term < [,I ; m.-m 100 > in Eq. (2.20) is a Clebsch-Gordon coefficient. 

These coefficients are defined as the coupling constants of two angular momenta to 

form an eigen-state of the total angular momentum operator. For the work pre-

sented in this thesis. we adopt the Cordon-ShortIynotation of Clebsh-Gordon coeffi-

cients [Cordon and Shortly. (1951)]. For a fixed pair of angular momenta [I and [2' 

the total angular momentum j could be 1/1-/21 ~ j ~ [I + [2. If the z-component of j 

is m. the eigenstate of the total angular momentum operators (j'-.jz) is given by 

I j. m; II' 12 )... L (11' 12: mi' m2 I jm) III' ml ) li2• m2 ) 

mlm2 

Detailed discussion on Clebsch-Gordon coefficients can be found in many textbooks 

[see for example. Edmonds (1960) or Weissbluth. (1978)]. Here we only give a general 

formula of these Clebsch-Gordon. coefficients. which was derived by the Racah 

(1942). without proof: 

U1+i2-j)I UI+j-jJI U2+j-jl)l (2j+1)1 

U+it+i2+l)1 

(2.21) 

One of the most often used Clebsch-Gordon coefficients. < [1' [2' mi' m2 I O. 0>. has 

a simple expression 
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If we compare the wavefunction (2.20) and the expansion of Pt(cos(9) ). (2.19). 

we find that Pi (cos(S» is an eigenfunction of the angular momentum operator Li• 

The corresponding eigenvalues are zero. Therefore, the commutator [Li • V ] = o . 

. Following the same procedures. one can also find that [ Li , W ] .. O. if the surface 

polarization is inserted. Thus. (L2,Lz ) are constants of motion in the presence of 

direct Coulomb forces and surface polarization. Therefore. we have 

[ HI L2 ] - [ HI' Lz ] - 0 . 

The exciton states must also be ei~enstates of the total angular momentum operator L. 

Without solving the Wannier equations (2.16), the symmetry arguments enable us to 

write the quantum confined exciton wavefunction as 

ILM h .. L !f:th (re·rh) L <le.lh; me.mhILM} lie.me ) Ilh.mh ). 

lelh me mh 

(2.22) 

Here, the expansion coefficient !(re,rh) is the radial part of the wave function. which 

has to be obtained by solving the Wannier equation (2.16). The angular part of the 

wavefunction. however. is an eigenstate of the total angular momentum operators ( £2. 
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Lz ) with eigenvalues Land M. respectively. This angular wavefunction is expanded 

in terms of the spherical harmonic functions which are the eigenfunctions of the 

single particle angular momentum operators. Ie and Lh • 

Configuration Interaction Equation 

Analytical solutions of Eq. (2.16) are not easy even for the simplest situations. 

A linear matrix equation equivalent to Eq. (2.16) is derived in this section. It is 

especially suitable for approximate numerical solutions in small quantum dots. 

In the strong confinement approximation. the radial wavefunction is the nor-

malized spherical Bessel function given in Eq. (2.5).· satisfying the boundary condition 

~(r .. R) = O. Hence. the coefficient ft:th (re.r" ) in wavefunction (2.22) can be 

expanded into the spherical Bessel functions. as 

(2.23) 

The expansion (2.23) automatically satisfies the boundary conditions of the electron 

and the hole inside the quantum dot. Inserting (2.23) into (2.22). we obtain 

(2.24) 

where the basis vectors are 
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Ine.le;nh.lh>LM .. L L <le.lh.me.mhILM> Ine.le.me > Inh.lh.mh >. (2.25) 

me mh 

The state vector I n. l. m > describes the single-particle confined state has been 

written explicitly in Eqs. (2.3) and (2.5). Eq. (2.24) is a consequence of the fact that 

the products of spherical Bessel functions and spherical harmonic functions provide a 

complete set of orthogonal functions. into which all functions that satisfy the boun-

dary conditions can be expanded. 

Substituting the expansion (2.23) into Eq. (2.16). and applying the orthogonality 

of the basis functions (2.25). we acquire a matrix equation 

(2.26) 

where Land M denote the total angular momentum and its z-component. respectively. 

-and I is the identity matrix. The elements of the configuration interaction matrix HI 

are defined by 

I 
2me + 1 

2mh 

(2.27) 
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Here. N stands for the complete set of quantum numbers of the electron-hole pair 

- -state. N = (ne .ie• nh .ih ). CNN, and W NN' are the matrix elements of the Coulomb 

interaction and the surface polarization. respectively. The exciton energies and wave-

functions (2.22) are obtained by diagonalizing the matrix HI. However. before we 

solve the linear equation (2.26), we need to take a closer look at the matrix elements. 

Coulomb Matrix Elements 

The direct Coulomb interaction elements are determined by the 6-dimensional 

integral 

1 

= 2Ee. [a:] J dre drh Enele (re) En'el'e (re ) ~nhlh(rh ) ~n'hl'h (rh ) r~r~ 
o 

(2.28) 

Substituting the expansion formulas (2.17) and (2.19) into the angular integral in 

(2.28). we get a product of two angular integrals 
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The integral of the product of three spherical harmonics is given by the so-called 

Gaunt formula [Weissbluth. (1978)] 

(2.29) 

which vanishes unless 

l1 + 12 + 1 .. even number 

Hence, we see that the integral (2.29) provides the selection rules for the Coulomb 

coupling between different angular momentum states. With the help of Eq. (2.29), 

the integral (2.28) is reduced to a relatively simple 2-dimensional integral, which can 

be computed numerically. 
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Surface Polarization 

The induced charges on the interface between the quantum dot and its sur-

rounding material interact with the electrons and holes confined inside the dot. This 

interaction is described by the Hamiltonian (2.18). The interaction matrix elements 

W N N' are given by the integrals 

< n .f .m I Ql I n'.l'.m'> 
1 

= linn' IiU' limm, ER [a: ] f ri.[ J dr r21+1 Enl(r) En'l'(r). (2.30) 

[=0 0 

and 

00 1 1 

= 2ER [a: ] L ri.[ J dr rl~2 Enl
l 
(r) ~n'II/(r) J dr' r'I+2E~[2 (r) ~n'212'(r) 

[ .. 0 0 0 

(2.31) 

where the expansion (2.19) was applied once again. The numerical evaluation of the 

integral (2.30) is relatively straightforward. The angular integral in Eq. (2.31) is 

identical to the angular integral in Eq. (2.28). Hence it can also be simplified to a 

2-dimensional integral. 
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In summary. we have transformed the SchrOdinger equation (2.16) into the 

matrix equation (2.26). The matrix representation is more suitable for further approx-

imations. as the energy matrix can always be written as 

- [ [aB]2 - [aB] -] Hl .. ER If T + 2 If C • (2.32) 

where T is a diagonal matrix. attributed solely to the confinement energy. and C 

- -stands for all kinds of Coulomb interaction. Both T and C are size independent. 

For the small quantum dots. the diagonal elements dominate the off-diagonal ones. 

showing the kinetic energy is more important than the Coulomb contributions. There-

fore. the Coulomb interaction can be treated perturbatively by truncating the infinite 

energy matrix Hl into a finite matrix. In the next section. numerical codes. devel-

oped to diagonalize the truncated energy matrix HI for one-electron-hole pair states, 

are described. Consequently. we can obtain the approximate eigenenergies and eigen-

functions from this numerical scheme, 

§2.5 Numerical Matrix Diagonalization: Exciton Energies and Wavefunctions 

-If the infinite matrix Hl is truncated into a matrix of finite dimensional. the 

linear equation (2.26) can be solved numerically. By applying the root values of 

spherical Bessel functions given in the Table (2.1). the calculation of the kinetic 

energy matrix T in Eq. (2.31) becomes trivial. Therefore. we will focus on the rele-

vant details of the Coulomb matrices. The basis vectors are selected starting from 

the energetically lowest state and increasing the number of the states until the desired 

accuracy is achieved. The dimension of the basis is. of course. limited by the capa-
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bility of the computer. In the case of small QDs. where R ::;; 3aB. a mainframe com

puter is usually sufficient. Most of the computation presented in this work were 

performed on the Micorvax II or the Sun Station 3/60. 

The first 18 single-particle radial wavefunctions are employed to build up the 

basis set. Those are ~nO(r). n - I,.· 6; ~nl (r). n - 1. 2. 3.; ~n2(r). n - 1. 2. 3.; ~n3(r), n 

= 1. 2. ~n4(r).n ;: 1.2. ~15(r) and ~16(r). Here. ~nl(r) is the normalized spherical Bessel 

function. defined in (2.4). Combining the radial functions with the spherical har

monic functions. as in Eq. (2.4). and applying the definition (2.25). we find a total of 

64 basis functions for the single pair states with L - M .. O. 

Eq. (2.28) provides the basic formula for the Coulomb interaction matrix. In 

order to shorten the computational time. we create several data files. which are repe

atedly used in the calculation. For instance. the selection rules from the angular in

tegration (2.29) are computed and stored in a data file, so that for a given electron

hole configuration ( llml' l2m2' lm ). the integral of (2.28) can be picked quickly from 

the computer memory. Also. we evaluate all the possible E!! 15.000 radial integrals 

appearing in Eq. (2.28). Those values are used for· both one- and two-electron-hole 

pair states. Moreover. to reduce the CPU time. as well as to save the storage space. 

we make use of the fact that the electron is equivalent to the hole in the Coulomb 

interaction. i.e.. if the quantum numbers of the electron are exchanged with those of 

the hole. the Coulomb matrix element remains unchanged. 

As to the surface polarization. similar techniques are employed. The data file 

containing the angular integrals is also useful in this problem. However. an additional 

new data file for the radial integration is necessary. In practice. we construct two 

data files corresponding to the normalized Ql and Q2 interactions. Both depend only 

on the ratio of dielectric constants E2/E1• The other numerical procedure is almost the 
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same as that for the Coulomb matrix. After evaluating the Coulomb matrices. we 

diagonalize the energy matrix numerically by applying an IMSL routine. This way. 

we can solve the pair state equation (2.16). Next we show some numerical results 

for various material parameters. 

Fig. (2.2) shows the exciton ground state energy in semiconductor quantum 

dots versus the dot size R. Results are compared for different numbers of basis 

vectors. as those given in Eq. (2.25) .. We see that only a very small number of basis 

vectors· is required for small QDs. For instance. the curve corresponding to n ::: 4 

agrees with that given by n .. 64 within a few percent. for the size R S;; 1 aB' Of 

course. more basis functions are essential to obtain the same degree of accuracy for 

large QDs. All in all. we find that n .. 64 is sufficient for the accuracy require

ments in the regime of R S;; 5aB' The computed curves are very close to the predic

tions of the strong confinement approximation. for R S;; 1/2 aB' On the other hand. 

for R :!! 5aB the binding energy of exciton is about -O.7ER• as compared to the value 

of the exciton binding energy in the bulk semiconductor. -ER • We conclude that the 

numerical matrix diagonalization is an ideal method for estimating the pair state ener

gies in semiconductor quantum dots not larger than 5aB' 

In Fig. (2.3a). we compare the exciton energy for different mass ratios me/mho 

finding that the mass dependence is not significant for the limits R :!! O. and R .. 00. 

Here. all energies are normalized to the exciton Rydberg energy in the corresponding 

bulk semiconductor. The energy difference between large mass ratio and small mass 

ratio is noticeable only in the regime aB S;; R S;; 4aB' In Fig. (2.3b). we compare the 

exciton energy with and without the surface polarization. Once again. we find that 

this effect is negligible for small QDs and large QDs. but. it is more obvious for in

termediate size. In Fig. (2.4). we compare the matrix diagonalization result with the 
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weak quantum confinement result. given in Eq. (2.14). We can see that for R > 3aB' 

both results agree fairly well. indicating that it is a good approximation to separate 

the center-mass variables from the relative motion variables. 

The binding energy of an exciton confined in a quantum dot can be written 

as 

2 

5E I .. [a:] 7T
2 E R - E I. (2.33) 

The first term of (2.33) is the lowest energy of a non-interacting electron-hole pair in 

a semiconductor quantum dot. while the second term is the computed ground state 

exciton energy. We plot 5E I versus R in Fig. (2.5). showing that 5E I increases as R 

decreases. Hence. the Coulomb interaction becomes stronger in smaller dots even 

though the relative strength is weaker than the confinement energy. The first order 

perturbation formula (2.9). as shown by the dashed curve in Fig. (2.5). gives a close 

estimate of 6E1 for quantum dots which R < aBo 

-The eigenvectors of the matrix HI contain the approximate wavefunctions of 

the ground state and all excited states contained in the expansion basis set. The 

radial probability distribution of the electron. Pe(re). in the ground state is computed 

from the normalized wavefunction 



Pe(re) .. L I: CNCN, (t. i. m. -mIOO) (001 1',1', m',-m~ 
NN' {NHN'} 

NN' m 

- 2fT L CN CN' anhnh, all' amm, ~nl(re) ~n·l'(re). 
NN' 
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(2.34) 

where N stands for the complete set quantum number of a single confined particle. N 

= ( n. i. m). C N are the expansion coefficients of the ground state wavefunction 

expressed in terms of the basis vector IN). The probability density of the hole. 

Ph (rh)' has the same expression except the subscript e is exchanged to h. and vice 

versa. Pe(re) is independent of angular coordinate (6.r/» which is not surprising 

because the state we are dealing with has a total angular momentum L .. O. In Fig. 

(2.6a). we plot the 4fTrZP(r) versus r for various material parameters. The computed 

wavefunctions are compared with the strong confined ground-state wavefunction. We 

see that. as a consequence of the attractive electron-hole Coulomb interaction. the 

holes are pushed toward the center of the microsphere. This effect is more pro-

nounced for the larger QDs. Although the wavefunction of the heavier hole is more 

modified than that of the electron. the differences between the computed electron 

wavefunction and the strong confinement approximation are still quite significant 
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even for R .. 1/2aB • Our conclusions do not support the widely used "adiabatic 

approximation" [Efros and Efros, (1982), Banyai et al (1988)], in which it is assumed 

that the electron wavefunction is not changed by the Coulomb interaction. The 

ground-state wavefunctions in the presence of the surface polarization effects are 

shown in Fig. (2.6b). The parameters in Fig. (2.6b) are them same as those applied 

in Fig. (2.6a), except for the dielectric constants ratio which is changed as €2/€1 =10. 

In this case, both the electron hole is pushed more strongly toward the center of the 

microsphere by the surface charges. However the overall functional form of the 

wavefunctions is not significantly changed in comparison to the case that €2 - €2' 

The modification of the wavefunctions can be attributed to the mixing of higher 

states with the ground state. 
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When an appreciable density of excitons is created in a bulk semiconductor. 

the overlapping envelope wavefunctions give rise to various nonlinear effec!s. such as 

carrier collisions. creation of excitonic molecules (biexcitons). or formation of electron

hole plasmas. Similarly. an intensive laser field can excite more than one electron

hole-pair in semiconductor quantum dots. In contrast to the bulk semiconductor. car

rier collisions or electron-hole plasma effects are less important in small quantum 

dots. This is because the energy continuum in bulk or quantum-well semiconductors 

is replaced by well separated discrete energy levels in the dots. Consequently. only 

two electron-hole-pairs can be excited to the energy level which is in resonance with 

the laser frequency. On the other hand. biexciton states affect optical nonlinearities 

more pronouncedly in quantum do~ than in bulk materials. In bulk semiconductors. 

the binding energy of a biexciton is typically about 1-10 meV [Brinkman et al. 

(1973)]. meaning that biexcitons are usually not stable at room temperature. There

fore. excited biexciton states are difficult to observe. 

The external confining boundary of quantum dots prevents the electrons and 

holes from moving apart. resulting in a remarkably large exciton wavefunction over

lap. It is thus essential to understand not only the exciton but also the biexciton 

states and their influence on optical nonlinearities in semiconductor quantum dots. In 

this chapter. we first extend the interacting Boson theory [Banyai et al. (1988)]. into 

the regime of large quantum dots. Then we apply the configuration interaction 

theory [Bryant. (1987)] in two different approaches: perturbative approach and 

numerical matrix diagonalization method for the small dots. 
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§3.1 Interacting Boson Model of Weak Quantum Confinement 

In this section. we briefly discuss biexcitons in the regime of weak quantum 

confinement. where the radius R of the quantum dots is much larger than the exciton 

Bohr radius in the corresponding bulk material. In this case. we may apply the so-

called Boson model to discuss the properties of two-electron-hole-pair states. The 

Boson model has been developed for- bulk semiconductors and we first outline this 

case for later reference. Here. we treat the excitons as non-ideal Bosons which have 

two possible spin states: spin up and spin down. denoted by X .. + I and -1. respec-

tively. An excitonic molecule or a biexciton may exist as a consequence of the van 

der Waals attraction between two excitons. The energy of a biexciton is reduced' by 

its binding energy. 8E2. compared to the energy of a state with two free excitons. 

In this chapter. we consider only the biexciton singlet state. 

Let us denote the one-pair state as 

IIX ) .. et 10 > X .. ±l, (3.0 

where e! is the exciton creation operator and the two-electron-hole-pair state is 

12 > '" et et· I 0 ) 

_ ~ (e!)2 10 ) (3.2) 

with energy 
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(3.3) 

The superscript 0 on E2e indicates the energy of two non-interacting excitons. The 

biexciton state is 

I b > = bt 10 > (3.4) 

where bt is the biexciton creation operator. and the energy is 

(3.5) 

Exx is the van der Waals interaction between the two excitons. i.e .• the binding 

energy of the biexciton. In the interacting Boson model. both excitons and biexcitons 

are assumed to obey Bose commutation relations. 

In the remainder of this section. we discuss the modifications of the Boson pic-

ture, which arise as results of the weak quantum confinement. Since the micro-

sphere radius exceeds the exciton Bohr radius. it is reasonable to assume that the rel-

ative motion of the electron-hole-pairs in the bound states (excitons and biexcitons) is 

basically not influenced by the quantum confinement. However. the center-of-mass-

motion of excitons and biexcitons are modified by the boundary conditions at the 

surface of the sphere. The corresponding quantization of the kinetic energies yields 

t: E9. + I (rr/R) 2 (3.6) 

and 
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(3.7) 

The binding energy of a ground-state biexciton in a large quantum dot is thus 

(3.8) 

showing that the spectral distance between the excitonic and biexcitonic absorption 

peaks varies as function of the microsphere radius (oc R-'-). Furthermore, the confin-

ing geometry of a microsphere introduces deviations of the wavefunctions, and there-

fore, of the electric dipole-moment matrix elements from their bulk values. These 

modifications are easy to understand if one keeps in mind that excitons and biexci-

tons in reality are not elementary bosons, but bound states of electrons and holes. 

Subsequently, in a finite volume, two excitons cannot be treated separately, but the 

Fermi nature of their components has to be taken into account. These arguments can 

be made quantitative by writing the wavefunction of the exciton as (see §2.3) 

where X is the center-of-mass position of the exciton, given by 

x-

Here, cP is the ground-state wavefunction of the relative electron-hole motion 

(hydrogen wavefunction), and 



¢(X) = f(R' _ X) [Sin nX / R' ] 
J2nR' X 
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describes the motion of a particle in an infinite potential well of radius R'. with R' = 

R - aBo r is the usual Heavyside step function. 

Now we may construct the different spin states of two excitons using the exci

ton wavefunctions 'It(re.rh)' The singlet state is 

(3.9) 

and the triplet state is 

(3.10) 

with the normalization factor 

(3.11) 
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Estimates of the radius dependent corrections of optical dipole moments (el rl b) of 

singlet and triplet states can be obtained by using Eqs. (3.9) - (3.11). These c~lcula

tions are straightforward but lengthy. We suppress the details here, because these 

cases are not especially important. As a result of the discussed modifications. the 

nonlinear contributions around the exciton resonance do not vanish anymore, like in 

the bulk limit [Banyai, et al (1988)]. 

A word of caution should be mentioned here regarding the bulk limit, R -. 00. 

When considering electron-hole systems in bulk semiconductors it is actually not cor

rect to keep only the lowest energy levels to compute the nonlinear optical response. 

The contributions of the excited levels become more and more important with incre

asing QD size since the energetic separation of the states decreases as R-2. There

fore, when using Eqs. (3.9) - (3.11), we do not have a description which asymptoti

cally approaches the correct infinite volume limit. To obtain the correct limiting 

behavior one has to include the contributions of the increasing number of quantum 

confinement levels. Detailed calculations for electronic structure and optical nonline

arities in large quantum dots can be found in the references [Bellegiue and Banyai, 

(1991)]. 

§3.2 Biexciton States in Small Quantum Dots 

In ultra-small quantum dots, the Coulomb interaction is a few orders of mag

nitude smaller than the quantum confinement energy. Thus one may apply the 

strong confinement approximation, when the Coulomb interaction can be neglected, to 

estimate energies of the biexciton states. In the strong confinement approximation. 

the trivial solutions of the two-electron-hole-pair SchrOdinger equation (1.9) are 
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(3.12) 

where iflN are the single-particle spatial wavefunctions defined in (2.5). In the wave-

function (3.12), + (-) is chosen for the spatially symmetric (antisymmetric) solution. N 

denotes the complete orbital quantum numbers of (n, i, m). The corresponding con-

finement energy of the wavefunction (3.12) is 

(3.13) 

Comparing the ground-state energies of (2.8) and (3.13), we find immediately that the 

binding energy of the biexciton is exactly zero, which is an artifact of the strong 

confinement approximation. Nevertheless, Eq. (3.13) provides a rough measure of 

biexciton total energy. however, the details of electronic structure in quantum dots 

are washed out by neglecting the Coulomb interaction. 

In order to include the direct Coulomb interaction and surface polarization 

effects, we extend the two-pair SchrOdinger equation (1.9) to 
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(3.14) 

with the biexciton Hamiltonian 

- V(r -rh) - V(r -rJ.) - V(r -rh) - V(r -rh) - V(r -rJ.) e" e, "2 e" e" e, "2 

where W is the interaction between the surface charges and the electron-hole pairs. 

which is given in Eq. (2.18). and V is the direct Coulomb potential energy. In an 

infinite potential well. the boundary conditions are 

and rp(2) (fe .fe .fh .fJ. ) has to be fegular at fi .. O. 
I , 1 "2 

In the case of one electron-hole pair. we proved that the total angular momen-

tum of the exciton is conserved under Coulomb interaction and surface polarization 

(see §2.4). Similarly. we can show that the total angular momentum of the biexciton 

L .. Le + Le + Lh + LJ. generates two good quantum numbers (L2, Lz ). For the 
I 2 I "2 

sake of simplicity. we may only compute [ L2. V(re -re )]. Other terms in V and W 
I 2 

can be treated in the same way. It is found that 



= 2 L [ Lei + Le2 ' V(ret -re2 ) }Lhj = O. 

j 

where the commutation relationship [Li+~' V(ri-rJ ] = 0 was used. 
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In order to apply the numerical matrix diagonalization method developed for 

the exciton states, we need to choose appropriate basis functions. It turns out that, 

there are a number of equivalent ways to construct the basis wavefunctions. One 

basis set can be transferred into another by a similarity transformation without influ-

encing the eigenvalues or eigenvectors. We choose the following way to construct 

the two-pair wavefunctions. First we pair the electrons and the holes separately. 

Let 

L. 
2[t+ONhlN~] mhl,m~ 

x [ I nhJhl,mhl >hl I n~,l~,m~ )~ ± I n~,l~,m~ )hl I nh
1
,lht ,mh

1 
)~ J. 

(3.15) 
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where + H is chosen according to the spatial symmetry of the wavefunctions. Then 

we couple the electron pair and the hole pair into the two-pair states. The biexciton 

wavefunctions can be expanded by using the two-pair basis wavefunctions 

I nelne2nhlnh,leJeJhJ~.lelh.LM ) '" L (le.lh; me.mhl LM) 

memh 

I ne .ne • Ie .le. le.me ) I nh .n" • lh .l". [h.mh ) • 
1 2 1 2 1'~ 1 '''2 

(3.16) 

where (L. M) stand for the total angular momentum and its z-component. This con-

figuration helps us to apply the anti-symmetry properties of Fermions in our later 

discussion. 

states for those two-pair states with total angular momentum L and M. Then it is 

straightforward to transform Eq. (3:14) into the matrix representation 

(3.17) 

-Here. Ez is the biexciton eigenenergy. and I is the unity matrix. Hz is the energy 

matrix of the two-pair state Hamiltonian. expanded in terms of the basis states (3.16). 

The matrix elements of Hz are given by 

z 

HNN' • < N I n, I N' > - Buu' Eo [~ ] [ :;, (a",J" +<t"~l., 1 
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(3.18) 

used. The Coulomb matrix elements C NN' and the surface polarization matrix ele-

ments W NN' are the overlap integrals of the corresponding interaction between the 

two-pair unperturbed states IN} and IN' >. respectively. For example, the matrix 

element of V(r e -r e ) is related to 
1 2 

x J dre dr 1 e2 

(3.19) 

where the single-particle quantum numbers Ne .. (nc ' Ie. me) have been used. The 

integral (3.19) is exactly the same as that in Eq. (2.28). except that e and hare 

replaced by el and e2' respectively. By this method. the Coulomb and surface polari-

zation matrices of one-pair states can be directly employed in the two-pair situation. 

§3.3 Binding Energy of Biexciton: Perturbative Approach 

For small semiconductor quantum dots, the Coulomb interaction is a weak per-

turbation in comparison with the large confinement energy. Banyai (1989) first applied 

Rayleigh-Schrooinger perturbation theory to study the biexciton binding energy in 
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QDs. and reached the important conclusion that the binding energy does not vanish in 

the limit R ... O. Moreover. he found that. up to the second order. the "binding 

energy" is always positive for all possible material parameters. In the present sec-

tion. we adopt the basis functions (2.25) and (3.16) for one and two-pair states. 

respectively. These unperturbed functions differ from those used by Banyai. How-

ever. we obtain the same result as expected. Furthermore. we present the third 

order formalism. which reveals the trend of the biexciton binding energy in the 

regime of small quantum dots. 

In Appendix B. the second-order and the third-order perturbation formalism is 

briefly derived. Here we only quote the results. we assume a system which is 

described by a Hamiltonian 

H - Ho + V. (3.20) 

where Ho is the unperturbed Hamiltonian with eigenstates { I k > } and eigenenergies 

{ EIc. }. V is the small perturbation. Then the energy of the kth state. corresponding 

to the unperturbed state I k ). is given by the perturbative expansion 

(3.21a) 

~) .. (kl V I k) • (3.21 b) 

(3.21c) 
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For small QDs. we treat the kinetic energy as Ho and the Coulomb effects as V. In 

the limit R ... O. the biexciton binding energy is. therefore. 

We find that the first two orders vanish exactly if the ground state functions in 

(2.25) and (3.16) are inserted into Eqs. (3.21a) and (3.21 b). 

To simplify the lengthy expression. we define a shorthand notation for the 

one-pair basis states with L .. O. as 

I N l.Nz ) .. L (ll.lZ.;ml.mzl 00) I nl. /l. ml )e I n2./z.m2 )h . (3.23) 

mlm2 

similarly. for the two-pair basis states :vith L - O. we have 

I 

I Nl.N2.Ns.N4.1) .. L (1.1; m-m 100) I nl.n2.11.1z.l.m)e I ns.n4.ls.l4.1.-m )h 

m--l 

(3.24) 

where each N stands for the quantum numbers (n.!) of a single particle. Then the 

one-pair state matrix elements can be written as 
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where we use 0 to denote the lowest unperturbed one-pair state. V is the normal-

ized Coulomb matrix element extracted from Eq. (2.28). which is size independent. It 

is easy to see that the second-order correction is size independent as well. if we 

insert W N1N: into Eq.(3.2Ic). 

(3.25) 

In Eq. (3.25), the energies of the unperturbed wavefunctions (3.13) inserted. The 

factor of 7r2 comes from the lowest unperturbed energy (the first root of Ux) .. 0 ). 

Accordingly, the direct Coulomb interaction matrix element 

between the ground state and the. two-pair unperturbed state I N1• N2, Ns• N4 ) is 

found to be 

(3.26) 

Here. the delta functions are defined as fW N = 6n n_ 0ll' Furthermore. 6lll means 
1 : 1--. 1 : 1 : 3 
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6 ". 1 if 11 - I'}. ... [s and 0 .. O. otherwise. Substituting the matrix elements given in 

Eq. (3.26) into Eq. (3.21c) and using the orthogonality of the basis wavefunctions 

(2.5). we find that the second order two-pair state energy is 

(3.27) 

Comparing (3.27) and (3.25). one obtains the second order biexciton binding energy 

[Banyai. (1989)]. 

(3.28) 

where l:' indicates summation over all one-pair basis states IN). in which neither 

electron nor hole is in the single particle ground state. 11.0.0 ). The states do not 

appear in the summation of Eq. (3.28) have either the electron or the hole in its 

ground states. For these states. the contributions from the one-pair and the two-pair 
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states conceal each other exactly. Eq. (3.28) shows that. up to the second order. 5E2 

is always positive regardless of the material parameters. 5E2 can be evaluated 

numerically by computing the matrix element for the one-pair states I V NO 12 . 

The upper and lower bounds of the biexciton binding energy can be easily 

estimated by applying Eq. (3.28). The lowest contributing excited state to the sum-

mation (3.28) is the state 

I 

II }.. L (1.1; m.-mllO} 11.I.m >e II.I.-m}h . 

m .. -l 

Therefore. by replacing all higher order energy denominators by the lowest one. we 

have the inequality 

Furthermore. all terms in Eq. (3.25) are greater than zero. so that. 

This way. we obtain both the lower and the upper limits of the biexciton binding 

energy for very small quantum dots as 
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(3.29) 

where the coefficients C1 and Cz are determined only by the dielectric constant ratio 

tZ/tl' The numerical evaluation shows [Banyai. (1989)] 

C I(10) '" 0.104 

Cz(lO) .. 0.710 

C I (4) '" 0.076 

Cz(4) .. 0.790 

CI(l) .. 0.052 

C2(l) .. 0.55 . 

For instance. in the case of me1mh - I and tZ/Cl -I. we have the lower bound on OE2 

as 0.3ER• and for another limit. me1mh .. 1O-z, the lower bound of 8£2 is as large as 

Eq. (3.28) gives a size-independent "binding energy" for the biexciton. The 

third order perturbation formalism may be used to study the size-dependence of OE2 

in the regime of small QDs. Unfortunately. in this case. one can no longer reduce 

the two-pair matrix elements in terms of one-pair elements. and hence no third-order 

equation similar to Eq. (3.28) exists. For instance, the one pair state I n. I ) = II. 0 ) 

does not contribute to the exciton ground-state energy by Coulomb interaction. How

ever. it may couple to another 11.0 > state to form a two-pair state with I LM ) ... 

100). Nonetheless. one can still apply Eq. (3.21d) separately for one-pair and two-

pair states. Then the third order correction of binding energy is 

(3.30) 
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This asymptotical approach proves that the binding energy of the biexciton in 

ultra-small quantum dots exceeds that in bulk semiconductor. This conclusion is 

mathematically exact under the effective mass approximation if one neglects the val-

ence-band mixing effects. 

The existence of the positive binding energy in ultra-small quantum dots is 

due to the fact that the electrons and holes have identical unperturbed wavefunctions, 

which results in the cancellation of the lowest two order corrections. In real semi-

conductors, however, unperturbed wavefunctions of a hole under quantum confine-

ment considerably differ from those of an electron, because of the light- and heavy-

hole coupling (see Chapter 8). If we assume that the electron and hole have differ-

ent unperturbed wavefunctions lPe(r) and IPh(r), the first-order Coulomb corrections 

are 

IlPe(rl)i a IlPh(rJI a 

I r 1 - r 2 I 

IlPe(r1)1 a IlPe(rJl
2 

+ IlPh(rl)1
2 

IlPh(r2)1
2 

- 41IPe(rl)1
2 

IlPh(r2)12 
I fl - f2 I 

Thus, the binding energy of the biexciton can be expressed as 
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where p(r) is the net charge density inside the dot. 

Integrating the charge density distribution p(r). which can be obtained by using the 

method developed in Chapter 8. the first order correction of the biexciton binding 

energy is found to be 10-2 - 10-1 ER (aBIR) for semiconductor quantum dots. while 

the second-order binding energy 6£(2) ::!! 1 E R (size-independent). This rough estimate 

of the first-order correction nonetheless shows that a negative binding energy may 

appear only when R is of the order of 10 percent of aB or smaller. in which regime 

quantum dots are reduced to atom clusters. 

§3.4 Binding Energy of Biexciton: Numerical Approach 

As we have seen in §3.3. the Coulomb matrix elements for the two-pair states 

can always be decomposed into matrix elements of the one-pair states. Thus. the 

data files constructed for the one-pair states can also be used for the two-pair states. 

although the over all computation is much more complicated. It is worthwhile to 

mention that the two electrons (holes) are symmetric to each other. and so is the elec-

tron pair to the hole pair. This enables us to simplify the computation appreciably. 

For example. the Coulomb matrix element between a certain two-pair state and the 

(NsN4)(N1NJ. Once again. N denotes the complete set of quantum number (n.l.m) for 

a single particle. Consequently. the overlap integrals can be calculated numerically 
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only for those of states (Ne Ne )(Nh Nh ) satisfying Ne ~ N e • Nh ~ NJ. and Ne ~ 
I 2 I 2 1 2 I "2 I 

N h' Here. we arrange the single-particle wavefunctions according to their unper-
I 

turbed energies. For instance. we denote N .. 0 for the ground state 11.0.0 > and N '" 

I for the first excited state 11.1.0 > and so on. The matrix elements of all other 

possible configuration are obtained by using the symmetry properties mentioned 

above. 

With the same set of single-particle wavefunctions. it is easy to see that the 

number of basis functions. on which the two-pair wavefunctions are expanded. 

exceed that of the one-pair states by a large number. Therefore. less numerical 

accuracy is expected for the two-pair calculation. To reduce computational efforts. 

we select the basis states which 

(1) have total angular momentum L os O. and. 

(2) are directly ·coupled to the basis ground state by the 

Coulomb interaction. e.g .• at least two of the four particle 

have the quantum numbers (n.l. m) - (1. O. 0). 

from the complete set (3.16). The second condition ensures that we only choose these 

basis vectors from a much larger function space which contribute most to the ground 

state. By this method. we dramatically reduce the number of two-pair state basis 

functions from a few thousands to only about 300 - 400. using the same single parti-

de waveftinctions chosen for the one-pair states in §2.S. Using this optimized basis. 

we follow the numerical procedure applied in the one-pair state calculation to obtain 

the size-independent Coulomb matrix and surface polarization matrix. Again. we use 

the matrix diagonalization routine to solve the eigenvalue problem. 
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The binding energy. 8Ez• of the biexciton is numerically computed by diago-

- -
nalizing the truncated matrices HI and Hz. separately. For the sake of simplicity. we 

employ only the spatially symmetric basis functions into the two-pair calculation 

because the antisymmetric functions are not coupled to the ground state. In Fig. 

(3.1). 8Ez is plotted vs quantum dot radius R. We find that 8Ez is always positive. 

regardless of material parameters. confirming the conclusion obtained in §3.3. This is 

clearly in contradiction with predictions obtained by the variational calculation 

[Takagahara. (1989)]. and by the "adiabatic approximation" [Banyai et ai. (1988)]. 

The failure of the "adiabatic approximation" is attributed to the following reasons: (1) 

the hole wavefunction and the electron wavefunction are almost equally influenced 

by the Coulomb interaction. as shown in Fig. (2.6). Therefore. one cannot neglect the 

Coulomb correlation between the electron and the hole to correctly estimate the 

energy for the pair states. (2) Even though it is more likely to find the hole near 

the center of the microsphere than the electron. the possibility of the hole appearing 

near the surface cannot be neglected. This is where the "harmonic oscillator approxi-

matian" [Banyai et ai. (1988)] is violated. As to the variational scheme. the Hamilto-

nian of the one-pair state is not the same one as that of the two-pair state. so the 

calculation only provides the upper bounds of El and E2 separately. Therefore. the 

variational principl~ cannot be applied to estimate the upper bound of biexciton bind-

ing energy. 

Beside the numerical matrix diagonalization method. we also insert the Cou-

lomb matrix elements into the second- and third-order perturbation results, Eqs. (3.21) 

and (3.30). The dashed curves in Fig. (3.1) are computed using the perturbative for-

mulas (3.21) and (3.22). Both results agree with each other considerably well in the 

limit of ultra-small quantum dots and satisfy the inequality (3.29). Furthermore. 
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recent quantum Monte Carlo simulations [Pollock and Koch. (1991). Hu et al. 

(I 990b)]. also support the numerical results given in Fig. (3.1) within the computa

tional error [see Hu et al ( 1 990b)]. 

In summary. we have proved that the binding energy of the biexciton. 8£2' in 

semiconductor quantum dots is always positive. and increases as R decreases. We 

have also compared 8£2 in Fig. (3.1) for different mass ratios me1mh and dielectric 

constant ratios £2/£1' All results unanimously lead to the same conclusion that the 

biexciton binding energy increases with decreasing dot size. Furthermore. we will 

see in Chapter 6 that other electrically active imperfections may enhance the binding 

energy in small QDs. as we will see in Chapter 6. 
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Chapter 4 

Optical Susceptibilities of Quantum Dots 

In this chapter, we study the optical susceptibility of semiconductor microcrys

tallites. Subsequently, optical nonlinearities, such as optical saturation, pump-probe 

spectroscopy, and two-photon interband transitions of semiconductor quantum dots are 

studied. Analytical expressions of ·optical nonlinearities for plane waves are obtained 

by solving Liouville's equation [Bloembergen. (1965)] perturbatively. A numerical 

method for laser pulses with arbitrary shapes and lengths is discussed briefly in the 

last section. We use the density matrix method to find the optical polarization of a 

multi-level medium. The induced polarization is the source in Maxwell's equations. 

The macroscopic absorption coefficient is obtained from the imaginary part of the 

optical susceptibility. while the refractive index is proportional to its real part 

[Sargent, et ai, (1974)]. 

When the dot size is of the same order of the Bohr radius of the exciton in 

the bulk sample, the energy levels are well separated. as we have seen in Chap. 2 

and Chap. 3. Therefore, the one- and two-electron pair are responsible for essen

tially all optical transitions. Due to this, only exciton and biexciton states are taken 

into account in the present chapter. Lastly. we want to point out that all the results 

in the present chapter are valid for any systems with discrete energy levels. although 

they are here applied only to quantum dots. 

Ii 4.1 Interactions of CW Wave and Multi-Level Media 

If a quantum mechanical system is described by a time-independent Hamilto-
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nian Ho. we have the Schrooinger equation 

Ho In) '" €n In). 

where { In) } are the eigenstates of the Hamiltonian Ho and { En } are the corres

ponding eigenenergies. The eigenvectors. { In> }. form a complete set of orthonor-

mal states. 

The response of this system to a time-dependent perturbation H1(t) appears in 

the time-dependent wavefunction I ¢(t) ). which is a linear superposition of { In) }. 
e.g. 

I¢(t» .. L Cn(t) In}. 

n 

The corresponding density matrix is defined by p '" 1!fJ(t)}(!fJ(t)l. The matrix elements 

are 

The expectation value of an operator 0 at time t is given by 

(4.1) 

Introducing a phenomenological decay constant "I.. Liouville's equation 

[Bloembergen. (1965)]. 
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(4.2) 

can be derived directly from the time-dependent Schrooinger equation 

a . at I ¢(t) ) = ( Ho + HI ) I ¢(t) ) . 

In Eq. (4.2). Po is the unperturbed density matrix of the Hamiltonian Ho. Also. we 

assume the external perturbation is applied at t '" 0 and hence the initial condition is 

If we choose to investigate only the dipole allowed transitions in the nonlinear 

medium. the Hamiltonian HI' which describes the interaction between a plane electro-

magnetic wave and the nonlinear medium. is 

HI = -P Eocos(wt). (4.3) 

where Eo and ware the strength and the frequency of the electric field respectively. 

and P is the interband dipole moment operator (the interband polarization operator). 

In the rotating wave approximation (RWA), HI(t) is expressed as 

where pt and P- are the polarization components corresponding to creation and anni-

hilation of one electron-hole pair, respectively. Assuming that the envelope functions 

vary slowly on the scale of the unit cell. we can expand the polarizations in terms of 
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electron and hole operators as. 

(4.4) 

where the interband dipole matrix elements Pcv .. e (elrl v). Ie) and I v ) are the 

Bloch wavefunctions of the conduction and the valence electrons. respectively. 'ifle/h 

is the annihilation operator of the electron/hole. The spin index of the electron or the 

hole is omitted hereafter because the spin is a constant of motion in the current situ-

ation. 

In the following. we transfer Eq. (4.2) into a form suitable for perturbative 

solutions. For convenience. a new set of operators is defined 

fi.1Nw 
2 

- 1 ,.. 
H ... Ho - 2 Eoi' - n. (4.5) 

Here. Ne and Nh are the number operator for electrons and holes. respectively. 

Furthermore. because in most cases the energy eigenstates in a semiconductor are also 

eigenstates of the carrier number operator. we assume [ a . Po ] ... O. Bearing these 

in mind. we can prove 
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eint pt e-int = eiwt pt 

"' eint p- e-int _ e-iwt p-. (4.6) 

Using Eqs. (4.5) and (4.6) on both sides of Eq. (4.2), we transform Liouville's equation 

into 

(4.7) 

with the ,initial conditipn p(O) = p0 • The solution of Eq. (4. 7) is 

t 

/l(t) - /l(O) + 'Y I dt' eilt' Po e- iHt' e'Yt' . 

0 

Using the definitions (4.5) and performing partial integrations, we obtain the solution 

of Eq. (4.2) as 

t 

p(t) - Po - ie-iOt I dt' e'Y(t'-t) eiH(t'-t) [ H. Po J e-Ui(t'-t) &0.. 
0 

(4.8) 

In the present section, we are interested only in the steady state situation. From Eqs. 

(4.1), (4.3), and (4.8) we find the expectation value of the polarization at t -+ oo, as 
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o 

(P± )(t) '" - i~O e±iwt Loo dt'e'Yt ' Tr{eUit' [ H. Po ] e-Uit' P± } • (4.9) 

In the rotating wave approximation. the macroscopic polarization is related to 

the external field and optical susceptibility X by 

(4.10) 

where V is the volume of the sample. We compare Eqs. (4.9) and (4.10) to identify 

o 

X'" ~ J-oodt' e'Yt' ([e-Uit' P- etHt' • P ])0' (4.11) 

where (····)0 denotes the average over the initial density matrix Po. For most practi-

cal purposes. Eq. (4.11) cannot be evaluated analytically. To obtain a basis for 

approximate solutions. we substitute the well known expansion l
• 

",«.m •• M { 1 + f~. ."A O,';A + f ~. f~~, . ->.,Afie";'. -,Ail.,;' + ..... } 
o 0 0 

(4.12) 

into Eq. (4.11) and let X = it. A - Ho ... Ho-fi. and B .. -Eo( pt + P- )/2. The per-

1 Define an operator function I(,X) .. e-Me"(A+B). Then one has aj/ax '" e-MBeM/(X). 

and /(0) .. 1. Eq. (4.12) can be obtained by inserting fCh) onto the right hand side repe-

atedly. 
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turbative form for X is reached by truncating the expansion (4.11), after the order in 

E~. We obtain 

where 

In the intermediate steps we made use of the relations [ P,Po ] ... 0, and Tr(AB) 

Tr(BA). Then, the first three orders of the optical susceptibility are found to be 

o 

X(l) .. -~ J~ dt ([ p(t), P-(O) ])0 e'Yt, (4.13a) 

(4.13b) 

Since the time-dependence of the second order polarization is e-2iwt , there is no con-

tribution to the total polarization with frequency w from the second order and X(2) is 

exactly zero. But in general, X(2) is responsible for the effect of second harmonic 

generation and some other nonlinear phenomena in some asymmetric atomic systems 
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or solids [see. e.g .• Shen (1984)]. 

Since equations (4.13a) and (4.13c) are not readily applicable to real problems. 

we transform them into more explicit forms. The system is assumed to be initially 

in the ground state. i.e. there is no electron in the conduction band while the valence 

band is completely filled. Furthermore. we restrict our basis of states only to the 

energetically lowest electron-pair state. which may be degenerate. The second 

assumption is valid. especially for the small quantum dots in which the energy levels 

are w~ll separated. as shown in Fig. 4.1. Indices o. e. and b in Fig. (4.1) refer to 

ground state. exciton states. and biexciton states. respectively. Applying the closure 

relationship in the subspace spanned by the ground-state wavefunctions. we rewrite 

Eq. (4.13a) as [Banyai. et al. (1988)] 

-
p- (0) - p- (0) eiHot 

o 
::at J-oo dt < 0 I P-(O) elHt pt(O) I 0 > e-iwet+'yt 

i "'" fL~e "'v L i(c"e - W)+1 (4.l4a) 
e 

where we is the one-pair ground state energy and fLoe is the dipole moment between 

the ground state 10 ) and the one-electron-hole pair state Ie). i.e. fLij CI (il pt I J). If 

we look at the imaginary part of X(I). Eq. (4.140) yields a Lorentzian profile for the 

linear absorption spectrum. Through a similar but much more lengthy algebraic caI-
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culation, X(3) is simplified to 

(4.14b) 

where /leb - (bl pt I e), is the dipole moment between the biexciton state I B ) and the 

exciton state Ie}. In Eq. (4.l4b). the degeneracy of the one-electron-hole pair 

ground state was neglected. With the knowledge of the electronic structure parame-

ters. such as we • wb • floe and fLeb • we are in a position to evaluate the saturation, 

or bleaching, by employing Eq. (4.l4b). 

§ 4.2 Optical Susceptibility in the Presence of a Strong Pump 

Pump-probe spectroscopic techniques are widely exploited to investigate the 

size quantization effects in CdS. CdSe and some other microcrystallites. Spectral hole 

burning experiments at room temperature and at low temperatures have been reported 

by several groups worldwide. Femtosecond four-wave-mixing and differential 

transmission spectroscopic experiments are also employed to explore the excited state 

dynamics and relaxation time of quantum dots. The goal of this section is to relate 

the observable pump-probe spectra and electronic structures of multi-level systems 

such as semiconductor quantum dots. 

As a first approximation in this section, we treat both the pump and probe 
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beams as plane waves. The external laser field is written as 

where Land P indicate the laser pumping field and the probe field. respectively. 

The energy levels are the same as the ones we used in the previous section. schemat-

ically shown in Fig. (4.1). We write Ho and H] in Eq. (4.2) as 

Ho .. L we Pee + L Wb Pbb • (4.15) 

e b 

and 

H1 = -L ILea ~(t)Peo - L ILbe Pbe + h.c .• (4.16) 

e e.b 

where the operator Pij is the projection operator, which in the bra-ket formalism has 

a form 1,)01. As we have seen in §4.I, an exact solution of Eq. (4.2) for more than 

three levels is very tedious or impossible even for the case of single-beam excitation. 

Once again. we restrict ourselves to the third order susceptibility X(3). which can be 

analytically calculated from the total polarization 

p - (pt) - L JLoe Pea + L JLeb Pbe • (4.17) 

e eb 

where Pij are the elements of the density matrix. To analyze a typical pump-probe 
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experiment, we have to compute the signal traveling in the probe direction. For this 

purpose, we need to compute only P p' the component of the polarization along the 

probe propagation direction. The pump-probe susceptibility Xp(w p' ED w [) is then 

determined from 

(4.18) 

In Eq. (4.18), the factor of ltV is omitted, because what we are interested in is the 

profile of the linear and nonlinear spectra of semiconductor quantum dots and not 

their absolute magnitudes. 

As usual in perturbative calculations, we expand the density matrix in power 

of ED 

p(t) .. p(O)(t) +. P<l)(t) + P(2)(t) + p(3)(t) + ...... (4.19) 

Liouville's equation (4.2) then becomes a set of coupled equations 

(4.20a) 

i at:> . [ H1 ' P<O) ] + L(p(l) (4.20b) 

i a~~) .. [ H1 ' p<l) ] + L(p<2) (4.20c) 

(4.20d) 
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where L represents all incoherent dissipative processes. For the same reasons as 

stated in the previous section. we assume at t .. -00. pet) .. p(O)(t) - 10)(01. From the 

expression for pO and Eq. (4.20b). we find 

rf.1) - L p~~ 1 e)(OI + h.c. . (4.21) 

e 

Inserting the ansatz (4.21) into Eq.(4.20b). the expansion coefficients are found to be 

solutions of 

a (I) 
Peo -C.( » (I) . E( ) ---at" l we- Wo + "1 Peo + l/Leo t (4.22) 

The initial condition is p~~( -00 ) - O. The steady state solution of Eq. (4.22) is 

Ep e-
iwpt 

] 
-/::-·(w-e.!._-w-p-:-) -+-'Y-

eo
- • (4.23) 

where we put the reference frequency Wo .. O. 

Similarly. we can derive the second-order correction p(2). by solving Eq. 

(4.20c). The solution is given. without the details of the lengthy calculation: 
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and 
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p(2) .. P~J 10)(01 + L p~~, 1 e)(e'l + L pCfJ 1 b}(OI + L p~2 I O)(bl. (4.24) 

ee' b b 

EpE~e~WL-WP)t ] 

+ """i(W-e--W~P-:")+";"'Y-e-o """i(W-e -~w-e-='-:""w-P-+-W-L""')+-'Y-e-e' • 

P(2) .. _ '" p(2) 
00 L... ee' 

e 

In Eq. (4.24), all terms with E~'EL and I Ep 12 have been neglected. because they do 

not make contributions to susceptibility x~ measured in probe propagation direction, 
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Inserting the solution (4.24) into Eq. (4.20d). we find the solution for p(3) as 

p(3) - I: p~~ I e}(OI + I: p't) I b)(el + I: p'fJ I b)(OI + h.c. • (4.25) 

e ~e b 

where the expansion coefficients are 

+ I ] + I 
i(w L -<.&>e' )+1' e'o i(we -<'&>e'-<'&> p-<.&> L)+1' ee' 
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and 

(3).~ I EL 12Ep e-iwp t [ ~--=--:---Pbe .. 'L..,; fJ.oefJ.be'fJ.e'o -:-:-() 
I We-We' +'Ye'e 

e'b 

The terms Pbe \ e)(b\ do not have the e-iwpt time-dependence and therefore do not 

contribute to x~), the nonlinear optical susceptibility of the probe beam. 

Combining Eqs. (4.17), (4.18) and (4.23), we obtain the linear susceptibility 

(4.26a) 

e 

Not surprisingly, Eq. (4.26a) is identical to Eq. (4.140), both of which describe the 

linear response of the system to' the time dependent perturbation. Similarly, we 
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obtain the third-order susceptibility for the probe in the presence of a strong pump 

field E L as [Hu. et ai .• (l990c)] 

(4.26b) 
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The imaginary and real parts of X~) are measures of the changes of the absorption 

coefficient and of the optical refractive index of the probe beam, in the presence of 

a strong pumping beam. As expected, x~) is proportional to the intensity of the 

pump field. 

§4.3 Two-Photon Interband Transitions 

The properties of the band structures of direct gap semiconductors can be 

qualitatively understood, if we assume that the lattice periodic part of the Bloch 

functions are still closely related to the parent atomic orbitals. This approach yields 

the correct symmetries of the conduction and valence bands. In this picture, the 

conduction band is mainly formed by the first unoccupied s-levels of the atoms, e.g. 

the 4s-level of Ga in GaAs, and the valence bands are correspondingly made up from 

the highest occupied levels, general1y p-Ievels of the anions. e.g. the 4p-level of As in 

GaAs. From this type of electron configuration, one concludes that only excitons 

with orbital angular momentum L .. 0 (s-state excitons) can be created in direct 

band-band transitions. To obtain additional information. two-photon interband transi

tions can be used to observe p-state excitons in semiconductor quantum dots [Kang et 

ai, (1991)]. 

In this section. optical susceptibilities of two-photon transitions are derived 

analytically from Liouville's equation, Eq. (4.2). To achieve this goal. we concentrate 

on exciton states and ignore the contribution from the biexciton states, which only 

have higher order corrections. The energy scheme is plotted in Fig. (4.2), where e 

still stands for excitonic states. In Fig. (4.2), I e) and I e") are two examples of the 

exciton states with total angular momentum L "" O. The states with L = 1. such as 
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I e'} in Fig. (4.2), are coupled to I e) or I e") by the dipole transitions as shown in 

the dashed lines. Two photons. whose energy is roughly half of the band gap, can 

be absorbed creating an electron-hole pair with the total angular momentum L = 1. 

The Hamiltonians are 

HI .. -L /Leo Peo E(t) + h.c. 

e 

(4.27) 

E(t) is the same plane electromagnetic wave as that in Eq. (4.3). Expanding the den-

sity matrix. as in Eq. (4.19), and inserting Eq. (4.27) into Eqs. (4.20), we obtain the 

density matrix up to the third-order. The first order density matrix is 

...{I) .. I' L /Leo E(t)e-
iwt 1)( I h P' "() e 0 + .c.. 

l We-W +'Yeo 
(4.28) 

e 

And the second order density matrix is 

,J.2) DP~~ IO}(OI + L [p~~ I e)(OI + L P~~' I e)(e'l ] , (4.29) 

e e' 

where 



(2) £Z ~ fl.ee'fl.e'o 
Peo = L- i(we'-w)+'Ye'o 

e' 

Correspondingly. the third-order density matrix is 

p(3) .. L p~~ 1 e)(OI + L p~~, 1 e)(e'l 

e ee' 

in which the expansion coefficients are 

) L fl.ee'fl.e'e"ILe"o. I I 
p~~ S!! - iEe-iwt 1 EI2 

·i(we"-w)+'Ye"o i(we,-2w)+'Ye'o i(we-w)+'Yeo 

P(3), '" 
ee -

e'e" 

L fl. fl. '''IL'' iEe-iwt 1 EI2 . oe e e e ° 
I(We"-W)+'Ye"o 

e" 

110 

(4.30) 

For the sake of simplicity. only the terms contributing to two-photon transitions are 

listed in Eq. (4.30). All other terms. related to saturation and bleaching. are neg-

lected because the photon energy in this case is approximately one half of that neces-

sary to cause the direct band transitions and no absorption resonances exist at this 

frequency. Repeating the procedure of §4.2. we have the lowest order two-photon 

susceptibility. x~~. from Eq. (4.30) as 



x~~ - _il£12 L 
ee'e" 

Poe Pee' Pe'e" Petro 
i(we"-w)+'Ye"o 

III 

i(we,-2w)+'Ye'o 

(4.31) 

It is worth mentioning that when w '" we '" 1/2 we', (this case hardly ever 

happens in semiconductor quantum dots), x~~ can be either positive or negative, dep

ending on the lifetime of carriers in the intermediate levels and final levels. If the 

lifetime in the intermediate level 1 e ) is longer than that in the final level 1 e' ). the 

two-photon absorption dominates the stimulated emission from the intermediate states 

to the ground state. Otherwise. the two-photon absorption is bleached by stimulated 

emissions. An appropriate example of such systems is the quantum harmonic oscilla-

tor. Typically in the semiconductor quantum dots. the band gap is around I to 3 eV. 

which is much greater than the spacings between the quantum confinement levels. 

Therefore. the second term in Eq. (4.31) is practically negligible in quantum dots. 

Moreover. if the incoming photon is near the resonance of two-photon-transition. i.e. 

W ~ 1/2we' , the transitions from the ground state to the intermediate states are more 

or less off-resonance, so that the two-photon interband transitions are expected to be 

rather weak. compared with other nonlinear optical phenomena studied in §4.1 and 

§4.2. 

64.4 Numerical Solution of Liouville's Equation 

In the preceding sections, only CW fields were considered in the calculations. 
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Although there exist analytical solutions for certain optical excitations with special 

pulse shapes [Lindberg and Koch. (1989)]. it is still impossible for us to obtain analyt-

ical solutions for the arbitrary shaped pulses. Nevertheless. we have to deal with the 

finite length pulses in certain circumstances because of the practical importance of 

short pulse experiments. Next. we therefore describe a simple numerical method. 

which is can be utilized to analyze the interactions between pico- or femto-second 

pulses and nonlinear media. This method is efficient. particularly for systems where 

the number of relevant levels is small. such as strongly confined quantum dots. 

The density matrix elements are determined by Eq. (4.2). which is rewritten 

in an explicit form as follows 

~ .. [ (W/-Wj)-i'YIJ Plj + L (P/J.Pk.rPk.jPuJ £(t) • 

k 

(4.32) 

where the electric field £(t) '" EL(t)cos(wLt) + £p(t)cos(wpt). and Pij is the dipole 

matrix element between the itk level and jtk levels. £ L(t) and £ p(t) are the slowly 

varying envelopes of pumping and probe pulses. respectively. and wL and wp are the 

corresponding frequencies. We solve Eq. (4.32) numerically on the base of step by 

step integration. starting from the initial condition which is assumed to be Pn(t=O) = 

1. and Pij (t .. O) - O. for all other i and j. Choosing a time ;;tep 8t appropriately. we 

discretize the coupled differential equations (4.32). and get a set of difference equa-

tions 



113 

(4.33) 

the superscript m denotes the mth step in time. The numerical solution of PiJ{t) is 

then straightforward by solving the linear equations (4,33). 

In practice. a somewhat more sophisticated method is used to ensure the 

numerical stability of the computation. At the mth step. by inserting C'i.p\'F) + 

(l-O/)plr l ) ( 0 :$; C'i. :$; 1) to replace Pij on the right hand side of Eq. (4.32). we obtain 

'(p(m-I) 
I ij [. ) (m-I) E """ em-I) . em-I)] - -Il-t- + (1-0/) (wcWrl"Yij Pij + (t) L (Pi/c.Pkj -PkjPki • 

. k 

(4.34) 

Eq. (4.34) is a set of n2xn2 coupled linear equations, where n is the number of energy 

levels involved in the optical transitions. 0/ is an adjustable parameter. We use a 

numerical routine to solve the linear equations from the old values of p(m-I) to get 

the density matrix P at t - m·llt. When 0/ ~ 0.5, we always have numerically stable 

solutions from Eq. (4.34). These solutions are independent of C'i., as long as the time 

step. Ilt, is small enough. 

The time-dependent macroscopic polarization is related to the density matrix P 

by, 



pet) ... L ILlj Pjl(t) • 

ij 
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(3.35) 

(see Eq. (4.1). When EL - O. i.e. the pumping beam is absent. the absorption coef-

ficient and the optical refractive index. are determined by the Fourier transform of 

pet) at frequency wp 

+00 

P(wp ) - J dt e-iwpt pet) • 
o 

The optical susceptibility is thus 

(4.37) 

When the pumping pulse is present. we compute the density matrix generated solely 

by the pump. PL. and obtain the density matrix in the presence of both pump and 

probe. PT. If the two pulses propagate in the same direction. the density matrix 

attributed to the weaker probe pulse is given by 

~p(t) ... Pr(t) - PL(t) • 

where Pr is the total density in the presence of both the pump and probe pulses 

while PL is the density matrix induced only by the pump pulses. The density mat-

rices PT and PL can be computed separately. Inserting ~p(t) into Eq. (4.35) to replace 

pet). we obtain the polarization induced by the probe. in the presence of the pump 

pulse. The susceptibility X is then calculated with the help of Fourier transform 
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again. 

As an example of this numerical scheme, the imaginary part of X is plotted 

for a six level system in Fig. (4.3). The inset is the schematic plot of the energy 

levels used in the calculations, which is the simplest model describing the heavy- and 

light-hole coupling in semiconductor quantum dots. Long square pulses are used to 

simulate the plane waves and the pumping field is 10 times of the probe field. The 

broadening constant is chosen as 0.1 SE R while we assume the exciton ground state 

energy is lER • The linear absorption, ct, and DTS, -.6.ct, are plotted in Fig. (4.3). 

DTS is defined as the difference of absorption in the presence, and in the absence of 

the pump. Detailed discussion of linear absorption and DTS is the subject of the 

next chapter. 
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Chapter 5 

Optical spectroscopy of Quantum Dots 

§ 5.1 Linear and Saturation Spectroscopy 

In Chapters 2 and 3, the elementary electron-hole pair excitations in semicon-

ductor quantum dots are modeled within the frame work of the effective mass 

approximation. Now we apply those results to study the linear and the third order 

nonlinear optical properties of the QD's. 

Assuming that the intraband transitions are negligible, the polarization, 

described by the operator pt can be reduced in terms of the electron and the hole 

operators, as shown in Eq. (4.4). The relevant dipole matrix elements are those 

between the vacuum state and the one-pair states and between the one-pair states 

and the two-pair states. respectively. For the one-pair state matrix elements, we 

have 

/leo'" (,zrehIPtI O) - PC'J L J dr <,zrehI1/l!(r,s) I/I~(r,-s) 10) 

s 

.. Pcv J dr (.p(I)(r, r»* L O'(s,-s) , 

s 

where the one-pair state wavefunction 

(5.1) 
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was inserted. Here 10 > is the ground state and r/l(l)(re.rh) is the spatial wavefunc

tion of the exciton state. The factor PcP'" e<vlrl c) comes from the overlaping integ

ral of the conduction and valence Bloch wavefunctions. Ie> and I v >. if it is 

assumed that the envelope wavefunction. q,(re,rh) is a slowly varying function com-

pared with the Bloch wavefunctions. The spin parts of the wavefunctions. O'(se,sh)' 

can be chosen so that only one eigenstate (with total spin zero) is coupled to the 

vacuum and the other three combinations (with total spin one) are not. For the spin

zero state we have the coefficients 0'(5,-5) .. ll..fi and 0'(5,5) .. O. We now expand r/l(I) 

in terms of the single-particle wavefunctions r/lN(r) defined by Eq. (2.5) 

r/l(I)(r,r') '" L eN•N, rPN(r) r/lN'(r') • 

NN' 

(S.2a) 

The expansion coefficients, CNN" can be obtained using the numerical matrix diago-

nalization scheme. In Chapter 2. we discussed details of the numerical matrix diago-

nalization methods. In practice. we expanded the exciton wavefunctions into the 

eigenstates of total angular momentum operator. L - Ie + Ih • The 5-type exciton 

wavefunction can be written as 

ifJ(1)(re,rh) - L enn'l I n,l;n',l )00' 

N 

(5.2b) 
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where the pair state. I n.l;n'.l )00' is defined by Eq. (2.25). C are the expansion coef

ficients for the basis state. I n.l;n'.l )00' Inserting the wavefunctions (5.2a) and (S.2b) 

into Eq. (5.1). we obtain the dipole moment matrix elements in terms of the expansion 

coefficients 

fleo = (1¥ehIPt I O) = v'2Pcv L (_I)m Cnlm•nl-m = v'2Pcv L J21+1 ennf 0L.O . (5.3) 

IV nl 

The constant J2 in Eq. (5.3) is due to the contributions of the spin wavefunction 

O'(s.-s). Another factor (_l)m is attributed to the fact that 

When the wavefunction (S.2b) is used. this factor. (_I)m. canceals with the Clebsh-

Gordon coefficient (1.I;m.-mIO.O). The expansion coefficients Cnnl are obtained by 

numerically diagonalizing the truncated one-pair-state Hamiltonian H l • We usually 

choose a few tens of basis states to expand the exciton wavefunction (see §2.4). 

Next. we want to calculate the dipole moments between the one- and two-pair 

states in terms of the coefficients obtained by the matrix diagonalization. The biexci-

ton wavefunctions can be expanded in terms of the basis functions defined in Eq. 

(3. 16). Using the numerical matrix diagonalization methods developed in Chapter 3. 

we can compute the biexciton wavefunctions and energy levels. The wavefunctions 

if>(2) for the two-pair states are either spatially symmetric. if>~2). or anti-symmetric. if>~). 

both for the electron and hole coordinates. The spin part then must be chosen cor-

respondingly. so that the total coefficient is independently antisymmetric in both vari-
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abIes. This leads to different combinations. the most important of which are the ones 

where the spatial part is symmetric and the spin part is antisymmetric. because these 

states are low in energy. We write for the biexciton state 

11lt~ = J J J J dreldre/rhldr~y q,~2)(rel·re2·rhl·r~) 

x l/J!(re//z) ~!(re2.-1/2) l/J~(rh//Z) l/J~(r~.-l/J 10 } . (S.4a) 

where cfJ~2) is the normalized symmetric spatial wavefunction of the biexciton. From 

Eq. (S.4a) and the exciton wavefunction. we find the dipole matrix element between 

the one-pair state and the two-pair state as 

The factor of .J2 in Eq. (S.5a) is a consequence of the summation over the antisym

metric spin wavefunction. 

If the spatial wavefunction is antisymmetric in both electron and hole coordi

nates. we have two different kinds of functions that are dipole coupled to the one

pair state. These two configurations correspond to the triplet spin states: I S.Sz} = 

II.O} - 1/.J2 (It}el~}h + I~}elt}h) and IS.Sz} .. 11.1) os It)lt} or IS.Sz} - 11,-1> = 

I J.} I .I.). where S is the total spin of the electron-hole-pair. The first spin configura

tion has the form of Eq. (S.4a) as the spatial wavefunction (except s replaced by a) 

and the second one is of the form 
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x L 1/I!(re1 ·s) 1/I!(re2 ·s) 1/Ik(rh
l

' S) 1/Ik(rh
2

' s) 10) • (S.4b) 

s 

The wavefunction (S.4b) differs from Eq. (S.4a) by a factor of (l1.Ji). which is the 

normalization constant of the spin part of the wavefunction. In the case of (S.4a). 

only one possible spin configuration exists while in the case of (S.4b) there are two 

possible spin configuration corresponding to spin up and spin down. The dipole 

matrix element between the state given by Eq. (S.4b) and the one-pair state is 

The dipole moment for the state given by (S.4b) is .Ji times that for the state given 

by (S.4a). This is because one has to add the contributions from the spin-up state 

and spin-down state in Eq. (S.Sb). The transition probability to the spatially symme-

tric state (singlet state) is only one third of that to the antisymmetric state (triplet 

state). In the first case the pairs have opposite spins and in the latter case they 

have the same spins. All other dipole matrix elements. involving a totally antisym-

metric spatial wavefunction for the two-pair state. are zero. Also those states for 

which the spatial wavefunction is antisymmetric in one of the coordinates and sym-

metric in the other are not dipole coupled. 

With the knowledge of the optical dipole moments and eigenenergies. we are 

able to compute the optical susceptibilites X by using the formulas derived in Chapter 



4. The absorption coefficients a(w) is related to X by 

a(w) = 41TW 1m X(w) , 
noc 
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where no is the background optical refractive index and c is the speed of light. In 

the remaining part of this dissertation, we use the normalized linear absorption 

al(w) = -\ 1\2 Im(x(l)(w» , 
Pcv 

(5.6) 

and the third order nonlinear absorption 

(5.7) 

to obtain the approximated lineshape of both linear and nonlinear optical spectra. 

In the strong confinement approximation, the wavefunctions of the one-elec-

tron-hole pair and the two-electron-hole-pair states are given by Eqs. (2.7) and (3.12), 

respectively. The overlap integrals in 'Eqs. (5.2) and (5.5) are computed applying the 

orthogonality of the eigenfunctions (2.25). Hence, in the strong confinement approxi-

mation we obtain the matrix elements of the electric dipole moment as 
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factor of 2 is due to the two spin states. The two-pair-state has the configuration 

(Ne • Ne • N h , N h ) .. (ne • Ie • ne • Ie • nh' lh' n" • z,,). The corresponding energy 
1 2 1 2 1 1 2 2 1 1 '''2 '''2 

levels of one EHP and two EHP states are already given in Eqs. (2.8) and (3.13). 

Substituting the dipole moments and corresponding energy levels into Eq. (4.14a). the 

linear optical absorption coefficient is found to be 

(5.8) 

Here. the subscript i stands for the ith s-type exciton state, Ii) ... I ne.l. nh. i )00 .. ~ 

(i.l; m.-mIO,O) I ne.l.m)e I nh. l• -m>. The single beam saturation spectrum given by 

In Eqs. (5.8) and (5.9), the spin contributions are neglected. In the strong confine-

ment approximation, the biexciton bleaching peaks overlap with the linear transition 

peaks. Therefore. the biexciton energies can be expressed in terms of the exciton 

resonance energies. 

Eq. (5.8) shows that the linear spectrum of a single quantum dot consists 

series of Lorentzian peaks centered at the one-EHP energies. £)1). The linear and 

saturation absorptions are plotted in Fig. (S.la) and (5.lb), respectively. for various 
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decay constants. The linear absorption is strictly positive. The absorption peaks 

occur on the high energy side of the bulk semiconductor band gap. This absorption 

blue shift is a consequence of the quantum confinement. The negative peaks in Fig. 

(5.1b) are due to the bleaching of the excitonic transitions. Note that the saturation 

spectrum is exactly centered at the linear resonance frequencies. because the binding 

energy of the biexciton is mathematically zero in the strong confinement approxima

tion. The same cannot be said in the case with Coulomb interaction. where some 

extra transitions are observable. As a matter of fact. the full optical susceptibility in 

the strong confinement approximation is essentially that of a two-level system [Allen 

and Eberly. (197S)]. which can be computed analytically. 

The numerical schemes. in which the one-EHP and two-EHP states are calcu

lated in the presence of Coulomb interaction and surface polarization. are discussed 

for different regimes of quantum confinement. The most interesting regime. from 

both experimental and theoretical points of view. is that where the radii of the dots 

are of the same order of the exciton Bohr radius in the corresponding bulk semicon

ductor. In this quantum confinement regime. the numerical matrix diagonalization 

method discussed works very well. The electron-hale-pair states generated by one 

photon excitation have total angular· momentum L ... O. The dipole moment matrix 

elements and energy levels. by which the optical spectra are determined. can be 

obtained from the results of the matrix diagonalization. 

In Fig. (S.2o). we plot the single-beam saturation spectra. -A0!3' near the first 

excitonic transition peak in the presence of Coulomb interaction. The radius of the 

quantum dot is R = aBo me1mh = 0.2. In Fig. (5.2b) the surface polarization effect 

(Brus. (1984). see also §2,4 and Appendix A) is taken into account. The parameters 

in Fig. (S.2b) are the same as those used in Fig. (S.2o). except the ratio of the dielec-
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tric constants in the host material and in the semiconductor is taken as £2/f.1 .. 10. 

The bleaching peaks appear at the frequencies where the excitons are created. how

ever. a small positive peak occurs at the low energy side of the first excitonic transi

tion peak. which is attributed to the creation of the ground state biexciton in the 

quantum dots. In Fig. (S.2a.b). we use 'Y = 2 ER and the feature due to the crea

tion of the ground state biexciton is completely washed out. We conclude therefore 

that the predicted induced absorption on the low energy side of the excitonic reso

nance is difficult to observe in actual experiments. because the binding energy of the 

biexciton is small in comparison with 'Y. The unusually short carrier life time and 

large inhomogeneous broadening (size fluctuation in the sample) cover the details in 

the optical saturation spectra. Introducing the surface polarization does not change 

the optical saturation spectra qualitatively. 

To compare the theoretical results with the real measurements in quantum dot 

systems. it has to be considered that there is a certain distribution of dot sizes F(R), 

around a mean value Ro. Since the single particle energies depend strongly on R. the 

size distribution introduces a pronounced inhomogeneous broadening of the observed 

spectra. This can be modeled theoretically by noting that the absorption O!(w) in Eqs. 

(5.6) and (5.7) is actually a function of R. i.e. O!(w.R). The average absorption is 

then 

O!(w) - J dR F(R) O!(w.R). 
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§5.2 Pump-Probe spectroscopy 

For the case of pump-probe spectroscopy. the so-called differential transmis-

sion spectrum (DTS) of the probe beam is defined as 

Aot(w) = ot'(w) - ot(w). 

where ot is the linear absorption while cr' is the absorption of the probe when the 

pump beam is turned on. The optical susceptibility X in the presence of a strong 

pump is studied in §4.2. Clearly. the DTS. Act. is proportional to Im(x(3) multiplied 

by the pump intensity. given in Eq. (4.26). If the absolute magnitude of the DTS is 

not of special interest. we may normalize Act by 

where 1 E L 12 is proportional to the intensity of the pump laser. 

Inserting the wavefunctions and energies obtained from the numerical matrix 

diagonalization method into Eq. (4.26). we can compute DTS for various material par

ameters. The computed results can be compared with the experimental spectra. In 

pump-probe experiments. a biexciton is created by absorbing one pump photon and 

one probe photon. Simply speaking. the biexciton is formed by combining two exci-

tons which angular momentum is O. Thus. only the biexciton states with the total 

orbital angular momentum L .. 0 are of importance in pump-probe experiments. The 

transitions to other angular momentum states are dipole forbidden in this kind of 
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experiments. Therefore. we need to compute only the biexciton states with L = O. 

Fig. (5.3) shows the computed change in optical transmission. -6.0! of a quan

tum dot sample. for the frequency regime around the lowest exciton resonance E1• 

For simplicity. we took all damping constants rij = "1 in Eq. (4.26b) equal. We 

assumed the pump is tuned to the lowest excitonic transition frequency E1• Fig. (5.3) 

shows a positive peak around the pump frequency. indicating the saturation 

(bleaching) of the one-pair transition. Additionally. we see negative structures on the 

low and high-energy side of the positive peak. These negative peaks show increasing 

probe absorption due to the generation of two-electron-hole pair states via absorption 

of one pump and one probe photon. The resonance on the low-energy side of the 

positive peak is caused by the creation of the ground state biexciton. This kind of 

feature is well known in the bulk semiconductors. such as CuCI. which have a large 

biexciton binding energy. Fig. (5.3) shows that this resonance is visible in quantum 

dots only for relatively small broadening ('y '" 1.2ER ). It is suppressed by the satu

rating one-pair resonance by increasing "1 (for example "1 os 3ER). 

The induced absorption on the high-energy side of the saturating one-pair reso

nance is caused by transitions to excited-state biexcitons. These transitions are possi

ble since the Coulomb interaction changes the selection rules· for dipole transitions. 

Taking a closer look at the possible excited two-pair states shows that the energeti

cally lowest of these states are actually those where one or two of the heavier holes 

are not in their ground state. The relevant examples are where the main quantum 

numbers of the state (el.e2.h1.h0 are n ... 0.1.1.1). 1 = (0.0.1.1) and n = 0.1.1.2) and 

1 '" (0.0.0.0). respectively. These pure product states could not make a dipole transi

tion to the one-pair state. In reality. however. such a transition becomes possible 

since the Coulomb interaction causes a mixing of the independent particle states. In 
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simple terms. one can explain this induced absorption as a consequence of the sym

metry breaking through the presence of the pump-generated electron-hole pair. In 

this situation. the probe photon generates an electron-hole pair in the presence of the 

pump-generated pair. Since the Coulomb interaction changes the dipole selection rules. 

the possibilities for dipole transitions involving the probe photon are different than 

those of the pump photon. In this sense. the induced absorption resembles the 

"excited state absorption" in atomic physics. This induced absorption on the high

energy side of the saturating one-pair resonance has been observed in several quan

tum-dot samples. 

In Fig. (5.4). we compare the DTS spectra with and without the surface pol

arization effects. The size of the quantum dot in Fig. (5.4a.b) is 1/2 aBo and the 

mass ratio is chosen as me1mh .. 0.2. The decay constant 'Y - 8ER • In Fig. (5.4a). 

the dielectric constant ratio EJEl =1. in this case there is no induced surface charge. 

In Fig. (5.4h). the dielectric constant ratio is chosen as f2/El .. 10. other parameters 

are the same. The insets of Figs. (5.4) and (5.5) show the energetic position and the 

normalized oscillator strengths of the one- and two-pair transitions. As shown in 

Fig. (5.3). the assumed relatively large homogeneous broadening leads to the suppres

sion of the increasing absorption for the ground-state biexciton. However. the incre

asing absorption due to the excited-state biexcitons is clearly visible. In fact. this in

duced absorption feature is even enhanced through the surface polarization effects. 

which are present in Fig. (5.4h). These additional Coulomb terms increase the differ

ences between our results and those of the strong-confinement approximation. We 

also compare the DTS spectra for larger quantum dots in Fig. (SAc. d). where the size 

R .. aB • 'Y .. 4ER • and other parameters are the same as Fig. (5.4a.h). The induced 

absorption on the high-energy side is enhanced compared with the smaller dots. This 
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is because that in the larger dots the Coulomb interaction is more significant that that 

in the smaller dots. As a result. the mixing between the ground state and the 

excited states is enhanced in the larger dots. 

§ 5.3 Two-Photon Absorption 

Only excitons with vanishing total orbital angular momentum. L = O. are 

observable in the usual pump-probe spectroscopy. as a consequence the selection rules 

for dipole transitions. The states with higher angular momentum can only be 

observed by multiphoton spectroscopy. For example. two-photon spectroscopy is an 

appropriate tool to detect p-type excitons. which have total angular momentum L = I. 

Comparing one- and two-photon absorption spectra allows a more complete optical 

analysis of quantum dot properties. such as resonance energies. broadening. etc. 

The relevant equations needed to analyze two-photon nonlinearities in quantum 

dots have been formulated in §4.3. Especially. the two-photon optical susceptibility 

x~t has been derived using the stationary perturbation theory. From these results. 

the two-photon absorption coefficient is obtained as 

A two-photon absorption process can be decomposed into two subsequent one-photon 

processes. In the first transition. an off-resonance photon is absorbed to create an 

exciton with L = O. This process is followed by a second transition in which the 

exciton is excited into a state with L .. I. The matrix elements of electric dipole 

moment between the vacuum state and the L '" 0 exciton states can be computed by 
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using Eq. (5.1). The dipole moments between the one-pair intermediate state and the 

final state is 

where ¢e is the wavefunction of the s-type exciton while ¢e' is for the p-type exci-

ton. Here. HI is the dipole interaction Hamiltonian. The laser field is assumed as 

polarized plane wave where we choose the electric field polarization direction along 

the z-direction. Eq. (5.10) can be evaluated as 

where ~nlm is the single particle radial wavefunction in the quantum dots. The 

second term ( e-h ) means exchange the subscript e by h. The angular integral. 

is zero unless I - I' = :!: I and m = m' (see Eq. (2.29». The transition rule. therefore. 

is Al = ±l and Am = 0 for one particle. The quantum numbers of another particle 

are kept unchanged in the transition. The two-photon transitions create the electron-

hole pair states with L = 1. 
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We compute the wavefunctions of states with L '" 0 and L = 1 by using our 

numerical matrix diagonalization scheme. Substituting the obtained numerical wave

functions into Eq. (5.11). we evaluate Eq. (5.1l) for the two-photon transition spectra. 

In Fig. (S.6a). the computed two-photon absorption spectrum is compared with the 

linear spectrum. for me/mh =0.2. €2/f.l =1. and R=0.5aB' As we have discussed in 

Chapter 2. in the strong confinement approximation. the first two transition peaks in 

the one-photon spectrum correspond to the creation of the excitons with the electronic 

configuration (Ne.Nh ) os (1s.is). and (1p.ip). respectively. The two pronounced transi

tion peaks in the two-photon spectrum are attributed to the exciton states with (1s.ip) 

and (1p.is). As one expects. the two-photon transitions occur between the two one

photon peaks. The spectral spacing between between (IsIs) and (1 sip). in the frame 

work of effective mass approximation. is solely decided by the effective mass ratio 

me/mho For instance. if me .. mho the two two-photon peaks are degenerate. In 

another limit. if me « mho the (lsip) peak overlaps with the (lsis) peak and (1pis) 

peak overlaps with the (lpip) peak. since the hole has virtually zero kinetic energy. 

Fig. (5.6) shows that introducing the Coulomb interaction between the electron and 

hole does not change this conclusion qualitatively. In Fig. (5.6b). we also plot the 

same spectra with surface polarization. the dielectric constants ratio f.2/€1 .. 10. Once 

again. it shows that the surface polarization is not an important factor in spectroscopy 

of semiconductor quantum dots as long as ideal quantum confinement is assumed. 

We also plot the two-photon spectra for a larger dot R - aBo for the parameters 

chosen in Fig. (5.7). The similarity between Figs. (5.6) and (5.7) is obvious. 

Recent two-photon spectroscopy experiments in CdS doped glass show that the 

(lsip) transition is not clearly distinguishable from the (IsIs) peak [see Fig. (1.4). 
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Kang, et ai, (1991)], which may indicate that the hole mass mh is much greater than 

electron mass me' However, this conclusion is in contradiction with measurements of 

the effective mass parameters in bulk CdS. A detailed discussion of the failure is 

given in Chapter 8, wher e will reveal the deficiency of the assumption of purely 

parabolic bands without band mixing effects. As we show in Chapter 8, our exten

sion of the theory to include confinement induced band mixing explains the observed 

two-photon spectra without the need to modify the bulk material parameters signifi

cantly. 
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Chapter 6 

Effects of Crystal Imperfections 

There are usually several kinds of crystal imperfections in solids. two exam

ples of which are impurities and crystal defects. So-called point defects. e.g .• miss

ing ions or an occasional ion in the wrong place. exist in the lattice as electrically 

active centers. One speaks of impurities when some foreign atoms replace the host 

atoms in some lattice sites. An example are. an arsenic atoms in a germanium cry

stal. resulting in the appearance of a negative charged center. Crystal imperfections 

are basically unavoidable even in the best prepared samples. only the concentration of 

these defects can vary. The study of impurities and defects has been one of the 

major activities in the field of solid state physics. In the previous chapters of this 

dissertation. we discussed only the electron-hole pair states in the intrinsic semicon

ductor. quantum dots with perfect lattice structure. In the present chapter. we 

expand these studies by estimating the modifications caused by point imperfections. 

Additionally, we also study the excitonic excitations in quantum dots with the exter

nal static electric field. This is the phenomenon of the quantum-confined DC stark 

effect. 

§6.1 Effects of Point Charges 

We model an electrically active defect as a fixed point charge q inside or on 

the surface of the quantum dot. The position of q is assumed to be rq - (O,O,z). 

The Coulomb interaction on the electron-hole pair is given by the Hamiltonian 
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(6.1) 

Under the Hamiltonian (6.1). the total angular momentum of the electron-hole pair L 2 

is not conserved. However. the z-component of the angular momentum. Lz • is still a 

good quantum number because the z-axis is chosen in such a way that rotation sym-

metry still exists along this axis. The one-pair Hamiltonian becomes H "" H 1 + He • 
I 

where H1 is the pair Hamiltonian. which is given by Eq. (2.16). Now. our matrix 

diagonalization method can be extended to solve the new eigenvalue problem. again. 

using the basis spanned by the strong confinement wavefunctions (2.25). The matrix 

elements of He between exciton states can be obtained from the matrix elements 
I 

between the single particle states. For example. 

where the matrix elements between the single particle states is 

(6.2) 

Here. N denotes the orbital quantum numbers of a single particle confined in 

the sphere. N - (n.l. m). r,(N1.N2.z) is the overlap integral 
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00 Z+\ zlR Z 

T/(N,N',rq )" L[ [~] J rl+2dr ~nl(r)~n.(r) + [~] 
[=0 0 

1 

X J r-[tldr ~nl(r)~n.(r)J X I dn Yz1ml(n) YI.m:.(n) Pi(cos(Bn . (6.3) 
z/R 

The leading term in the radial integral in Eq. (6.3) is the term with [ = O. The cor-

responding angular integral is 

4
1 I dn Y7[ m (n) Y[ m_ (n) .. -41 6[[ 6m m_ • 
7r I I 1"" 7r 1 1 1·· .. 

Thus only the electron-hole-pair states with the same angular momentum are coupled 

by the leading term. Other terms in the expansion. however. couple the states I::i.L = 

i, which are considerably small in. comparison with the leading term. Consequently. 

it turns out that violation of the conservation of angular momentum L2, in the pres-

ence of a fixed point charge. is a relatively weak effect. If no high accuracy is 

required, the functions with L .. O. defined in (2.25). are still the reasonable approxi-

mate basis for the ground state and the energetically lowest excited states. The 

numerical integrations needed to evaluate Eq. (6.3) are performed by applying the 

relations (2.28) and (2.29). 

For the two-pair states. the total Hamiltonian is H; - H2 + He • where the • 
additional part. describing the interaction of the biexciton with the impurity, is 
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~{L 
i=1.2 

(6.4) 

The numerical scheme computing the matrix elements of He is an direct extension of 
2 

the formulas (6.2) and (6.3). 

To illustrate the effects of a charged point defect, vie choose q = +e and Zq 

R. The electron and hole probability densities inside the quantum dots which were 

defined in Eq. (2.34), are plotted in Fig. (6.1). Comparing Figs. (2.6) and (6.1), we 

see that the hole wavefunction is noticeably pushed toward the center of the micro-

sphere due to the additional repulsion by the defect charge. At the same time, the 

electron wavefunction change relatively. Because the electron wavefunction for this 

case is more mostly determined by the quantum confinement effects. In Fig. (6.2), 

DTS, in the presence of the external point charge (the parameters are the same as 

those used in Fig. (6.1», is plotted: From Fig. (6.2), we see that the induced absorp-

tion feature which was attributed to the Coulomb interaction between electrons and 

holes in the perfect dots is noticeably enhanced in the presence of the charged 

defects. There are additional calculations for different impurity locations show that 

the generic functional forms of computed optical spectra have no dramatic changes. 

We therefore conclude that the induced absorption feature is due to the creation of 

excited biexciton states with or without additional presence of imperfections. 

§ 6.2 Quantum Confined DC Stark Effect 

If a quantum dot sample is placed into an external static electric field E, the 

DC Stark effect occurs in the quantum confined system. Miller et al. (1988) studied 
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this effect in the strong confinement approximation. where. because of the omission 

of the Coulomb interaction. it is often called "quantum confined Franz-Keldysh 

effect" . Here we extend their calculation to include the Coulomb interaction between 

the electron and the hole. 

As a consequence of the applied field. an additional interaction appears in the 

Wannier equation (1.7). 

(6.5) 

where the direction of E is chosen as z-axis. The total angular momentum of the 

exciton. in the presence of the applied field. is not conserved. The z-component of 

the total angular momentum is. however. a constant of motion. The DC field causes 

the mixing of the exciton states with different angular momentum state. The matrix 

elements of the interaction. Hs. can be decomposed in terms of the matrix elements 

between two single-particle states. 

(n.l.ml rcose I n',l'.m') .. J r 3dr q,nl(r) q,n'['(r) J J dn Yim(n) Y['m,(n) cos(8) 

(6.6) 

where 



Aim .. 
U+1)2-m2 

(2i+ I) (2i+3) 

The property of spherical harmonic functions [Abramowitz and Stegun. (1972)]. 

cos(O) Yi,m - Aim Yi+I,m + Al-1m Yi-l,m' 
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was used to lead to Eq, (6.6). The conservation of Lz is assured because of I)mm" 

The exciton states with AL '" ±I are coupled by the external electric field E. which 

leads to the terms proportional to Oi,hl in Eq. (6.6). In small quantum dots we know 

that the exciton ground state can be expanded using the basis states with L - ie + lh 

"" O. The mixing with high angular momentum states decreases as L increases. In 

practice. we choose 1 LM ) III 10.0 >. 11.0 ) and 12.0 > as the basis states. into which 

we expand the excitonic eigenfunctions. The calculation of the matrix elements of 

Hs and of the Coulomb interaction is done using Eqs. (2.28) and (6.6). Finally. the 

wavefunctions and energies of the electron-hole pairs in small quantum dots with an 

applied electric field. E. are obtained using again our numerical matrix diagonaliza-

tion scheme. 

The optical absorption spectra are computed once again by inserting the dipole 

matrix elements and energy eigenvalues. which are obtained from the numerical 

matrix diagonalization scheme. into the X<I) and X(3) formulas. The computed linear 

absorption spectrum in the presence of an external electric field is compared with the 

linear absorption spectrum. in Fig. (6.3a). The external electric field is chosen as E <: 

ERlan :'!! 1<)6 Vim. all other parameters are the same as those used in Fig. (6.1), The 

differential transmission spectrum (DTS). which is defined as the difference between 
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the absorption with and without the external electric field. is plotted in (6.3b). The 

noticeable feature of the DTS is that the external field E results in a red shift of the 

absorption edge. The red shift itself is proportional to the external field E. This 

spectral feature at low frequency regime agrees with recent experiments [Esch et ai, 

(1990)]. However. the large positive peak near the second excitonic transition is sup

pressed in experiments. This is probably because more transitions are allowed in 

real samples where the light-hole band contributes to the optical spectra. 
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Chapter 7 

Influence of Finite Potential Wells 

In the previous chapters. the theoretical description of the electron-hole-pair 

excitations in three-dimensional quantum confinement were all based on the "hard

box" model, where the confining potential barrier is infinitely high. Consequently. 

the electron and hole wavefunctions vanish on the surface of the dot. As we 

showed in Chaps. 2-6. this simplified model is very successful in understanding the 

basic effects of both the quantum confinement and the Coulomb interaction. However. 

especially in the case of small crystallite radii. the infinite boundary potential model 

overestimates the quantum-confinement-induced blue shift in comparison with experi

mental results [Ekimov and Onushchenko. (1982). and Weller et al (1986)]. 

In this chapter. we compute variationally the energy of the lowest two dipole 

allowed quantum-confined electron-hole pair states in quantum dots. by taking into 

account a confining potential with finite barrier height. The variational calculations 

are within the framework of the effective mass approximation. Moreover. the differ

ence of the effective masses in the semiconductor quantum dot and in its surrounding 

is also included in our consideration. For instance. for the case of quantum dots in 

a liquid. we assume the electrons are mobile outside the quantum dots and use the 

free electron mass rno for the electron in the liquid. For the case of quantum dots in 

glass. we model the electrons in the glass as being bound in the localized states with 

very low mobility and correspondingly very large effective mass. 
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§7.1 Single Particle States 

Let us consider first a particle confined in a quantum dot with radius R. the 

SchrOdinger equation of the particle is 

(7.1) 

where Eg is the band gap. HI< is the kinetic energy Hamiltonian. The quantum 

confining potential V is spherically symmetric. 

for r!5:R 

V(r) = 

{ 

0 

Vo 

(7.2) 

for r~R 

In general. the effective mass of the given particle in the semiconductor may differ 

from that in the surrounding material. The simplest spatial dependence of the effec-

tive mass is 

for r!5: R 

m(r) .. (7.3) 

for r ~ R . 

For simplicity. we neglect. in this chapter. the contributions of the surface polariza-

tion. 
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Since the conventional definition Ht-. .. - V2/2m is not an Hermitian operator 

for a space dependent mass. as in Eq. (7.3). Ht-. in (7.0 must be redefined. To 

assure the Hermitility. the kinetic energy operator Hft was suggested having a form 

of [BenDaniel and Duke. (1966)]: 

Hft =_ I _I V_I V_I 
2mfZ. mP mfZ. 

with 

21X+/3 .. 1. 

Recent studies in semiconductor quantum wells show that ct .. 0 and /3 .. I is a fair 

approximation to fit the experimental data [Fu and Chao. (1989). and Einevoll et al 

(1990)]. In the following. we adopt the definition 

\7.4) 

Substituting Eq. (7.4) into Eq. (7.1) and integrating Eq. (7.1) over a very small 

region near the interface r .. R. we obtain the boundary condition 

(7.5) 

Other boundary conditions require the wavefunctions to be regular at r .. 0 and at r 

..... 00 and to be continuous at r - R. The subscripts I and 2 in Eq. (7.5) denote the 

the area inside and outside the dot. respectively. 

The angular part of the wavefunction ~(r) is the spherical harmonic function 
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Ylm(O). and the radial solutions ~(r) of the differential equation (7.1) are 

for r ~ R 

~(r) ex (7.6) 

for r ~ R 

where jl(r) is the lth order spherical Bessel function while h}I)(r) is the spherical 

Hankel function of the first kind. The wavevectors are related to the eigenenergies 

by 

(7.7) 

The eigenvalues are determined by the boundary conditions on the surface r '" R. 

The s-state wavefunction. if both spherical Bessel and spherical Hankel func-

tion are written explicitly in terms of sine and exponential functions. is 

for r ~ R 

~s(r) .. (7.8) 

for r ~ R. 

The wavefunction (7.8) is chosen to be continuous on the surface. Inserting the 

wavefunction (7.8) into the eigenequation (7.5). we find that the eigenvalues are solu-
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tions of the equation 

(7.9) 

Similarly, the p state radial wavefunctions are 

sin(kpr) _ cos(kpr) 
k~r2 kpr 

for r ~ R 

(7.10) 

[sin(kpR)-kpRcos(kpR)]q; e-qp(r-R) r [ _1_ +1 ] 
(qpR+I)k~ qp qpr 

for r ~ R 

Correspondingly, the eigenequation for the p states is 

(7.11) 

The eigenequations (7.9) and (7.ll) can be solved numerically to obtain the 

eigenvalues ki and energy levels Eki - k2/2m1• In Fig. (7.1), we plot the lowest eig-

envalues of single particle (in the reminder of this chapter, ks and kp denote only 

eigenvalues of Is and ip states, respectively), for various radii. The confining poten-

tial Vo '" 80ER, where ER is the Rydberg energy of the particle, which is used as 

the energy scale throughout this section. The ratio of inside and outside masses, 
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m/ ma. is 0.235. This value is chosen to model CdS quantum dots in liquid. All 

lengths are normalized to the Bohr radius. As expected. at large R. both curves in 

Fig. (7.1) convert to their infinite potential well limits. i.e .• ksR = 1T and kpR '" 4.493 

respectively. One also notices that the Is state reaches its bulk limit faster than the 

Ip state. In other words. the infinite potential well approximation yields larger 

errors in the energetically higher states. Below a certain critical point. for example R 

= 0.46aB for the Ip state and R '" O.22aB for the Is state. no numerical solutions are 

found. In this case. the quantum confined states become extended states in which 

the particle is no longer localized in the volume around the dot. Equivalently. for 

the same confining potential. there exist more quantum confinement levels in larger 

dots compared with smaller dots. 

In Fig. (7.2). the lowest two single particle energies are plotted for various 

quantum confinement potential strengths Vo. with R .. aB/2 and m/m2 = 0.235. 

Both ks and kp increase with increasing quantum confinement potential Vo. The Is 

state reaches ksR - 7r more rapidly than the Ip state. Also the bound state solutions 

vanish at Vo == 35 ER for the Ip state and at Vo == 10ER for the Is state. Actually. 

it can be shown that the product of VoR is the factor deciding the number of quan

tum confinement levels [see i.e .• Schiff. (1968)]. 

Another important parameter in the current problem is the effective mass ratio 

m/m'}.. Fixing R ... aB and Vo - 80ER• we give Es and Ep as functions of ml/m2 in 

Fig. (7.3). We see that the eigenvalues of Eqs. (7.9) and (7.II) both decrease with 

increasing outside mass or decreasing inside mass. We verified the overall energy as 

function of mass ratio. m/m'}.. by solving the SchrOdinger equation for a one-dimen

sional potential well. Using the same boundary condition as Eq. (7.5). we reach a 

similar conclusion that the energy of the confined states decreases with increasing 
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outside mass. Fig. (7.3) shows that for small mass ratio. e.g .• for mlO!m2' the infinite 

potential approximation is better than that for m2 »ml' In the case of m2 » mi' 

the quantum confinement energy is very close to zero. Furthermore. by using the 

eigenvalues we can compute the wavefunctions. We find that the penetration depth 

of the wavefunction into the potential barrier is quite small while the wavefunction 

inside potential well is roughly constant. This fact is a direct consequence of the 

boundary condition (7.5). which may be used as a criterion to verify the validity of 

Eq. (7.S). and therefore. the kinetic energy Hamiltonian H" defined in Eq. (7.4). 

67.2 Electron-Hole Pair States 

Now let us consider the Coulomb effects when both the electro;1 and the hole 

are confined in the finite potential wells. The numerical matrix diagonalization is 

not a convenient tool to study the electron-hole pair excitations in the finite confining 

potential because the single-particle solutions are sensitively determined by material 

parameters such as R. m/m2• and Vo. As a consequence. the basis functions. which 

we used to expand the pair wavefunctions in the infinite potential wells. are strongly 

parameter-dependent in finite potential case. Alternatively. variational calculations 

have been applied to compute the ground state energy of semiconductor quantum dots 

with infinitely deep confinement potentials by various authors [Kayanma. (1988). 

Takagahara. (1987).(1989)]. The variational method is suitable to study energetically 

lower states in a large range of quantum dots. In this section. we use this method to 

compute the energies of the two energetically lowest states: (IsIs) and (lpIp). 
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Ground State 

In order to calculate the ground-state energy of the electron-hole pair we choose 

the trial wavefunction as 

(7 .12) 

where ~s is the variational parameter. The functions ~e (~h) for the electron (hole) 

are the radial eigenfunctions corresponding to the lowest energy state in a spherical 

well of finite depth. given in (7 .8). The trial wavefunction (7 .12) has the required 

asymptotic behavior for both small and large size limits. Letting R -+ 0 and ~ -+ 0. 

the wavefunction (7 .12) is reduced to the product of 1 s wavefunctions. which is the 

exciton eigenstate under the strong confinement approximation. In the case of R -+ oo 

and ~ -+ l/a8 • the wavefunction (7.12) becomes exactly the same as the Js excitonic 

wavefunction in the bulk. We also have the wavevectors 

q~ - 2m· 2 V · - k~ l,S l, Ol l,S 

i - e.h • (7 .13) 

where me, I. mh,l. and me,2 • mh, 2 denote the effective mass of the electron and the 

hole inside and outside the microcrystallite. The Hamiltonian of the electron-hole 

pair is 
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(7.14) 

where H ke ( H kh ) is the electron (hole) kinetic energy defined in Eq. (7 .4) 

The ground-state energy of the interacting electron-hole pair is computed by 

minimizing the expectation value of the Hamiltonian (7 .14). with the trial wavefunc-

tion (7 .12). Using the orthogonality of the functions ~. we find the expectation value 

of the ground state energy as 

E • -2 I ().~ + k!.s ) + -2 I ().~ + k~.s ) 
· s 11Je.l mh.l 

:;: + ;ks { [ m!.l- m!.2] Ae,s + [ m!.l - m!.2 ] Ah,s} 

_ ).~ { [-1 _ ·_1 ] B + [-1 __ I ] Bh } 
Ns me,l me,2 e,s mh,l mh.2 .s • 

where we introduced the following quantities 

00 

N5 • I dre drh '• rh ~L(r,) ~L<r.) F 1(2'1..5 ,r,,rh) , 
0 

00 

Cs • I. dre drh '• rh ~!.s<r,) ~~. 5 (rh){e-2AsJre-rhl_ e-2AsJre+rhl}. 

(7 .15) 

(7.16) 

(7 .17) 



148 

00 

Ae,s - ~~. 5 (R) I drh rh €L<rh) S1(2A5 ,R,rh) , 
0 

(7 .18) 

00 00 

Be,s - ~L(R) I dre re I drh rh ~~. 5 (re) ~L(rh) F 1(2A5 ,re,rh) , 
R o 

(7 .19) 

and correspondingly Ah,s - Ae,s I . B h·s-B e•s I . Furthermore. in Eqs. 
e~~h e~~h 

(7. 16-7 .19). we defined 

with 

and 

Di('A.x1.x2) 

2x1x2 

-xjxr+:r-=-2-xl-xy 
1 2 

e • 

I 
1 -xjx:+~-=-2-x;xy 
dy xi-1 e jX2+X2-2x1x2Y 

1 2 

-1 

(7 .20) 

(7 .21) 

(7 .22) 
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(7 .23) 

The integrations in F. D. and G can be evaluated analytically. and the explicit 

expressions are given in Appendix C. As usual. we now have to determine the 

variational parameter As from the minimization of Es. 

First Excited State 

The first optically excited state is the state constructed by 1 p electron and 1 p 

hole. For this state. we choose the variational wavefunction to be 

(7 .24) 

where 9 denotes the angle between the position vectors re and rh. ~ and 'AP are the 

variational parameters. The wavefunction (7 .24) can be reduced to (i) the product of 

strong confinement 1 p wavefunctions of electron and hole by letting R ~ 0. and 'A ~ 

0; and (ii) 2s hydrogenic exciton wavefunction if R ~ 0, and 'A ~ 2/(a8 ). One of 

the variational parameters is fixed by the condition that the wavefunction (7 .24) has 

to be orthogonal to the ground-state wavefunction (7 .12). From this condition. we 

obtain 



00 I d'e d'h 'e 'h ~e.s('e) ~e.p('e) ~h.s('h) ~h.p('h) Fl"s+Xp"e"h) 
o 

ISO 

5 = Xp 00 (7.25) 

I d'e d'h 'e 'h ~e.s('e) ~e.p('e) ~h.s('h) ~h.p('h) Dl"s+Xp"e"h) 
o 

As for the ground-state calculation. we use the boundary conditions for the wave-

function (7.24) to determine the excited-state energies of the non-interacting electrons 

and holes from the relation (7.11). where ki •P and qi.p are defined as in Eq. (7.13) 

with the index s being replaced by p. The expectation value of the Hamiltonian 

(7.14) with the wavefunction (7.24) gives the excited-state energy of the interacting 

electron-hole pair as 

+.:.:..rL- -- - -- A + -- - -- A },,2 {r 1 1] [ 1 1] " 
4N p l me. ! me.2 e.p mh.! mh.2 h.P} 

(7.26) 

where 

00 

De.p = I d'e d'h 'e 'h ~~.p('e) ~~.p('h) {[ 0+8)2 + },,~ (,~ + ,~) ] F 3(2Xp"e"h) 
o 



00 

Ae,p = ~~,p(R) J drh rh E~,p(rh) S2(2Ap .R.rh) • 

o 

00 

Be,p .. ~.p(R) J
R 

dre drh re rh E~,p(re) E~,p(rp) 
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(7.27) 

(7.28) 

and correspondingly Ah,p .. Ae,p I e-h B h•p - Be,p I e-h' In the calculation. we 

obtain the Coulomb interaction energy as 

00 

C p • J dre dJ'h re rh ~~,p(re) ~lp(rh) {52Gs(2'f...p.re.rh) 

o 

and the normalization constant 

00 

Np .. J dre drh re rh ~~,p(re) Ei,p(rh) {[ 52 + 'f...~(r~ + r~) ] Fs(2"Ap.re. rh) 

o 

(7.30) 
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(7.31) 

where 

(7.32) 

and Fi• Gi and Di are defined in Eqs. (7.21-7.23) and expressed explicitly in Appen

dix C. 

Numerical Results and Discussion 

We numerically evaluate the" expressions derived in the previous section and 

minimize Es and Ep by variation of As and Ap. respectively. For all our calculations 

we choose material parameters appropriate for CdS. i.e.. effective electron mass 

me.! = 0.235 mo. effective hole mass mh.l .. 1.35 mo' band gap Eg - 2.583 eV. exci

ton binding energy ER .. 27 meV. and exciton Bohr radius aD '" 30.1 A Because the 

effective hole mass is relatively heavy in these materials. we neglect for simplicity 

the tunneling effects of the hole and choose Voh .. 00. i.e .• the hole is completely con

fined inside the microcrystallites. 

In Fig. (7.5) we plot the energies of the two quantum-confined states as func

tion of quantum dot radius for a confining potential Voe .. 40 ER and me.2 '" mo. 

This situation is. more or less. appropriate for quantum dots in a liquid solution. 
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where we assume that the electrons can move freely once they have tunneled out of 

the microcrystallites. The solid lines are the results obtained for infinite confinement 

potential. i.e.. ideal quantum confinements. and the dashed lines are the results of our 

variational calculations. As expected. the lower potential barrier reduces the quan

tum-confined energy levels. and the changes are larger for the energetically higher 

state. For radii R smaller than!!!! 0.4 aB our calculations predict the disappearance 

of the excited state for the chosen parameters. In the limit R» aB our results 

approach the correct bulk semiconductor values of -ER for the ground state and 

-ER/4 for the excited state. respectively. 

To demonstrate the potential dependence of the energy states we plot in Fig. 

(7.5) the variation of our computed energy levels as a function of electron confine

ment potential for a crystallite radius R .. 0.5 aB' Both levels increase with increas

ing quantum confinement. and the increase of the excited state is clearly more pro

nounced than that of the ground-state level. Again. for a confinement potential less 

than !!!! 30 ER the first exited state is no longer quantum confined for the chosen 

parameters. 

In Fig. (7.6) we plot the dependence of the energy levels on the electron mass 

outside the semiconductor material for R • 0.5 aB and Voe - 80 ER• We see that 

the quantum dot levels decrease with increasing outside mass. This indicates that for 

quantum dots in glass. where the electrons outside are most likely in localized states 

simulated by a very heavy effective mass. the confined energy levels are lower than 

for the same size quantum dots in a liquid solution. 

In Fig. (7.7). we compare our ground-state energies for Voe - 40ER (dashed line) 

and Voe=OO (solid line) to the experimental results for CdS colloids obtained by Weller 

et al (1986). The radius of the CdS crystallites was determined by electron micros-
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copy (closed circles) or by the fluorescence quenching method (squares). Our results 

for a finite potential barrier show good agreement with the experimental observations. 

whereas the infinite potential-barrier calculation clearly overestimates the confinement 

energy. 

In conclusion. we have calculated the lowest two energy levels of the quantum 

confined states of an electron-hole pair in semiconductor clusters. including the tun

neling effects of the electron. We found reasonably good agreement between our the

oretical- results and experimental data indicating the importance of the confinement 

conditions. Recent calculations [Xia. (1989). Sercel and Vahala (1990)]. have shown 

that the effective-mass approximation. especially for the holes. may not be adequate. 

This is because the mixing between the heavy and the light-hole states in small 

quantum dots. which is the subject of Chapter 8. cannot be neglected. Clearly. for a 

truly quantitative analysis these modifications must be taken into account. in addition 

to the effects .: oinsidered in the present and previous chapter. 
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Chapter 8 

Excitons in Non-parabolic Valence Bands 

Thus far. our discussions of excitonic properties of semiconductor quantum 

dots are based on the assumption of parabolic conduction and valence bands. where 

both conduction and valence bands are sufficiently remote from other bands and the 

spin-orbit interaction is relatively weak compared with the Coulombic forces between 

electrons and holes. Therefore. the energy dispersion relation of a non-interacting 

quasi-particle. i.e. an electron or a hole. can be described by the effective mass 

approximation of the corresponding bulk semiconductor. As we have seen. this sim

plified model has achieved a clear physical insight into quantum confinement and 

Coulombic effects in quantum dots. and succeeded in explaining qualitatively the opt

ical spectra and other excitonic properties observed in the quantum dots. 

However. it is also known that in most II-VI and III-V compound semiconduc

tors. two. at k "" 0 (f point). almost or completely degenerate valence bands exist. 

This band picture will be modified as soon as the crystal symmetry is reduced. 

Especially. in the small quantum dots discussed in this dissertation. one expects con

finement induced valence band mixing. It is therefore necessary to consider the val

ence bands and their coupling in a more sophisticated theory. In bulk material. both 

heavy- and light-hole bands are approximately parabolic. and correspondingly they 

are characterized with two different effect mass parameters mhh and mlh' In the 

semiconductor microcrystallites. the quantum confinement mixes the heavy- and light

hole states significantly. The concept of heavy- and light-hole does not apply in this 

case. In the present chapter. we study the influence of the valence band mixing on 

the electron-hole-pair excitations in quantum dots. We assume that the conduction 
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band and the spin-orbit-split-off band are still parabolic. i.e. far away from the top 

two valence bands. 

The energy band structure of a direct band semiconductor is plotted schemati-

cally in Fig. (8.l). Generally. the top two valence bands are degenerate (Ii = 0) at k 

- 0 ( r point ) in the cubic crystals (GaAS or CdTe for example). and nearly degen

erate in the wurtzite structures (CdS and CdSe for example). To study the confine-

ment induced band mixing in such systems. we apply the Baldereschi-Lipari Hamilto-

nian [Baldereschi and Lipari. (1973)]. which is a simplified form of the Luttinger 

Hamiltonian [Luttinger. (1956)] for the case of cubic semiconductors. Beyond that we 

will use a simple phenomenological Hamiltonian [Banyai. (1990)] to estimate the 

effects of the small band offset in the wurtzite structures. 

§8.1 Baldereschi-Lipari Hamiltonian 

Luttinger (1956) first introduced an effective Hamiltonian. now called Luttinger 

effective mass Hamiltonian. describing the spin-orbit coupling effects in the cubic 

direct band semiconductors. Details of the derivation are sketched in the Appendix 

D. where we work in the k·p perturbation theory. The Luttinger Hamiltonian is 

[Luttinger. (1956)] 

where lab} == (ab+ba)/2; mo is the free electron mass; p is the linear momentum oper-
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ator and J is the angular momentum operator corresponding to spin 3/2. 11' 12' and 

13 are the parameters introduced by Luttinger for the description of the hole disper-

sion relation near the center of the Brillouin zone ( r point). The physical meaning 

of these Luttinger parameters is discussed briefly in the Appendix D. The Luttinger 

Hamiltonian is valid for crystals with cubic symmetries and in the limit of strong 

spin-orbit coupling. i.e .. when the spin-orbit splitting a (see Fig. (8.1» at the center 

of the Brillouin zone is much larger than the relevant energies like the binding 

energy. oEI • of the exciton. 

Baldereschi and Lipari (1973) introduced a transformed Luttinger Hamiltonian 

(8.1) in terms of irreducible spherical tensor operators. The definitions and important 

properties of irreducible spherical tensors are given in the Appendix D; here we only 

use the results without any proof. The cartesian operators in the Hamiltonian (8.1) 

can always be reduced to irreducible spherical tensors. Because the highest orders in 

(8.1) are p2 and .P. the Luttinger Hamiltonian can be written in terms of irreducible 

tensors of rank 0 and 2. The tensors of rank I do not contribute since the linear 

terms are absent in the Hamiltonian (8.1). Using the definitions of the scalar and the 

vector products of two spherical tensors (see Eqs. (E.4) and (E.5) in Appendix E). we 

can prove the useful reduction formulas [Baldereschi and Lipari. (1973)] 

and 

(Pili +p~p' +p~~) - j pZ.P + ~ (p(2) .p» + ! [p(2) xp) ]_l4) 

+ ~ [p(2) xp> 1~4) + ! [p(2) xP> 1l4) 
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The scalar product p.J and the vector product pxJ of irreducible spherical tensors 

are defined in Appendix E. Using these results. we expand the Luttinger Hamilto

I\ian (8.1) in terms of the irreducible components Pq(2) and J/2
). for q - -2. -I. O. I. 

2. as follows 

H 1'1 2 3'Y3+2'Y2( (2) .(2» 'Y3-1'2 
- - p - p .J' +--

2mo Smo 2mo 

[ 
[ (2) .(2) ] (4) ..;ro [(2) ..(2) ](4) [(2) .(2) ](4) ] 

x p xJ' -4 + 5 P xJ' 0 + P xJ' 4 (8.2) 

The expressions (8.1) and (8.2) are mathematically equivalent ways of writing 

the same kinetic energy Hamiltonian. The Hamiltonian (8.2) is composed in terms of 

spherical tensors which are irreducible under the full rotation group. This reduction 

is a straight consequence of the assumption of cubic symmetry. The first two terms 

in (8.2) are spherically symmetric. The vector product terms are usually referred to 

as the cubic terms. The rearrangement of the terms in the Hamiltonian (8.2) suggests 

a more convenient set of parameters for the description of the motion of the hole 

near the center of the Brillouin zone. Together with 1'1' Baldereschi and Lipari 

(1973) introduced two new parameters. which are equivalent to 12 and 1'3' 

(8.3) 
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Experimental values of the Luttinger parameters 'Yl' 'Y2' 'Y3' 1L and 5 are provided in 

table (8.1). from which one sees 5 « I for almost all semiconductors. The noticeable 

exception is Si. For the sake of computational simplicity. we neglect the cubic terms 

in the Hamiltonian (8.1). and have the Baldereschi-Lipari. Hamiltonian (8.2) in the 

spherical approximation 1 

Table (8.1) Luttinger Parameters of Some Semicon
ductors [Lawaetz (1971)]. 

'Yl 'Y2 'Y3 P. 5 

GaAs 7.65 2.41 3.28 0.767 0.114 
Si 4.22 0.39 1.44 0.483 0.249 
ZnS 2.54 0.75 1.09 0.751 0.134 
ZnSe 3.77 1.24 1.67 0.795 0.114 
ZnTe 3.74 1.07 1.64 0.755 0.152 
CdTe 5.29 1.89 2.46 0.844 0.108 

(8.4) 

The Hamiltonian (8.1) is good as a first approximation for most the the III-V 

and II-VI group semiconductors. where the cubic terms are relatively small. The sig-

nificance of the cubic terms was estimated by Baldereschi and Lipari (1974). and 

found to be small for most semiconductors with the exception of Si. 

1 The second term in (8.4) differs from Baldereschi and Lipari's original work by a 

factor of 1/9. which is due the fact that the spherical tensors in their notation are 3 

times of the definitions we apply here. 
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§8.2 Heavy- and Light-Hole Coupling 

Before we start to discuss exciton states in quantum dots, let us first study 

hole states under the 3-dimensional quantum confinement. First we present some 

details of the results in bulk semiconductors so that we See the difference due to 

quantum confinement effects better. In the bulk limit, the plane waves, eik' r , are 

still eigenfunctions of the Luttinger Hamiltonian (8.1) or the Baldereschi-Lipari Hamil-

tonian (8.4). We choose the basis states in such a way that (,]2, lz) are diagonal 

with eigenvalues ( 3/2(3/2+1), -3/2), (3/2(3/2+1) ,-1/2), (3/2(3/2+1), 1/2) and 

(3/2(3/2+1),3/2), respectively. In this representation, lx, 1)1' and lz are 4x4 matrices. 

Inserting the definitions of scalar product of two spherical tensors and the matrix 

representation of the angular momentum operator, J, we express the term p(2). J(2) in 

the Hamiltonian (8.4) as 

P(2) .J(2) ... {p (2) 1 (2) _ p (2) 1 (2) + p(2) .(2) _ P (2) 1 (2) + p (2) J (2) } 
+2 -2 +1 -1 0 J o -1 +1 -2 +2 

_k~2) 

(-Jik+~2» 

(-Jik+?» 
o 

<v'2k_l2» 

k~2) 

o 
(../2k+~2» 

(../2k_~2» 

o 
k~2) 

(../2k+12» 

Then the Baldereschi-Lipari Hamiltonian (8.4) becomes 
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_k~2) (Jik_~2» (Jik_~2» 0 

(-Jik+~2» k~2) 0 (-Jik_~2» 

}. "{ - ]I (-Jik+~2» 0 k~2) (-Jik_~2» 
H BL = - k2

[ - - p. 0 (Jik+~2» (Jik+~2» _k~2) 2mo 2 

(8.5) 

Here k(2) are the components of the r~nk 2 irreducible spherical tensors of the wave-

vector k and [ is the unity matrix. The irreducible spherical tensors of the wave-

vector k are defined, analogously as the linear momentum operator, by 

(8.6) 

where the spherical tensors of the rank I are defined by 

(8.7) 

Inserting the definitions (8.6) and (8.7) into the Hamiltonian (8.5) and diagonalizing the 

matrix (8.5), we find the energy dispersion relation of a hole in a bulk semiconductor 

to be 

(8.8) 

Eq. (8.8) describes two parabolic bands which are degenerate at k = O. These 

two bands correspond to a heavy- and a light-hole mass. The effective masses are 
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rna rna 
mlh = -(1-)- and rnhh = -(1 ) • +p. 11 -p. 11 

(8.9) 

for p. < l. In the case of the coupling constant p. .. I. the heavy-hole branch is flat. 

and correspondingly with infinite heavy effective mass. rnhh' For p. > I. the Lut-

tinger Hamiltonian describes the inversion band (or gapless) semiconductor. in which 

the heavy hole branch becomes a conduction-like band [Tsidilkovski. (1982)]. The 

band gap in this kind of semiconductors is zero because the heavy- and light-hole 

bands are degenerate at k .. O. In this dissertation. we only take the normal semi-

conductor into consideration where p. < 1. Eqs. (8.8) and (8.9) can also be obtained 

by using the cartesian coordinate system (see Appendix D). 

If we choose the hole propagation direction as the z-direction. along which the 

angular momentum is quantized. we find from Eq. (8.6) that all components of k(2) 

vanish except kb2) • Then the energy matrix (8.5) is diagonal. Substituting the 

expression of k~. (Eq. (8.6) for ko ~ k). into Eq. (8.5). we arrive at the energy disper-

sion relations (8.8) once again. Furthermore. this calculation shows clearly that the 

heavy-hole state has the angular momentum J z - ±3/2 while the light-hole branch has 

Jz .. ±1/2. Note that we always choose the k direction as the quantization axis 

along which all angular momenta are quantized. Because of the coupling of J and p. 

the other two components. J x and J)I' of the angular momentum operator J are not 

conserved. It should be emphasized that Eqs. (8.8) and (8.9) are obtained only for 

planewave solutions. which form a set of complete and orthogonal basis functions. 

Spherical wavefunctions of hole can therefore be expanded as a linear superposition 

of these planewave solutions. In most cases. it is impossible to distinguish the heavy-

hole state from the light-hole state. 
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In the quantum dots. the plane waves. eik•r • are not longer eigenfunctions of 

the Hamiltonian (8.4). So far. no analytical eigenfunctions have been found for 

spherical quantum dots with the boundary condition r/)(r=R) = O. Xia (1989) was the 

first who solved the Hamiltonian (8.4) numerically. following Baldereschi and Lipari's 

original work on shallow acceptor states in semiconductors. In the quantum dots. the 

total angular momentum F '" J+L is conserved in the presence of the spin-orbit cou

pling. Here. L is the orbital angular momentum operator. The term P(2).J(2) in the 

Hamiltonian (8.4) couples the two envelope states with angular momenta L1 and ~. if 

ILl - ~I '" 2. 0 (see Appendix E). Thus the general forms of the hole envelope 

wavefunctions can be written as [Baldereschi and Lipari. (1973)] 

ifJ(S3f2.Fz ) - fo(r) 10. 3/2. 3/2. Fz ) + goer) 12. 3/2. 3/2. Fz ) 

ifJ(P1/2.Fz ) = 11(r) 11. 3/2. 1/2. Fz ) 

ifJ(P3f2.Fz ) '" i2(r) II. 3/2. 3/2. Fz ) + g2(r) 13• 3/2. 3/2. Fz ) 

ifJ(Ps/2.Fz ) ... 13(r) 11. 3/2. 5/2. Fz ) + g3(r) 13• 3/2. 5/2. Fz ) 

The notation LF is used in ifJ(LF.Fz )' where L is the orbital angular momentum 

while F denotes the total angular momentum. The states I L.J.F.F z ) are eigenstates 

of (F2.Fz ) in the L-J coupling scheme: 

Here. J = 3/2 for the valence bands and L is the orbital angular momentum of the 
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hole. Applying the Wigner-Eckart theorem. Eq. (E. 6). and the expressions of the 

reduced matrix elements of (LIIP<2) ilL'} (see (E. 9». we find that the radial wavefunc-

tions fi(r) and gi(r) are determined by the set of differential equations. [Xia. (1989)] 

[

-(hC ){ !L + ~ !!.... - !Md:.D.} -E C { L + 2L+5 !!.... + (L+1)(L+3) } 1 
1 dr2 r dr r 2 dr2 r dr r 

C { ff.. _ 2L+l !!.... + UL+2)} -(1-C){ Jt... + ~!!.... _ (L+O(L+3)}E 
2 dr2 r dr r2 1 dr2 r dr r2 

x [her)] '" o. (8.10) 
gi(r) 

where the coefficient C1 and C2 in Eq. (8.10) are listed in Table (8.2). To solve Eq. 

(8.10). Xia chooses sine functions as the basis functions. and uses the expansions 

00 

li(r) = ~ JI Lain sin[ ~r ] 

n ... l 
00 

gi(r) • ~ JII: bin sin [ ~r 1 
. nal 

(8.11 ) 

The wavefunctions given in (8.11) clearly satisfy the boundary condition f(r .. R) .. 0 

and g(r-R) - O. Inserting the expansion (8.11) into Eq. (8.10) and using the orthogo-

nality of (8.11). one finds Eq. (8.10) becomes a set of linear equations or a matrix 

equation. By choosing an appropriate number of basis functions. Eq. (8.10) can be 

solved numerically. The matrix elements. which are related to the coefficients of 

these linear equations. can be evaluated numerically by integrating these basis func-
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tions and their derivatives. 

In order to include the Coulomb interaction into this calculation scheme. we 

do not use the expansions (8.11). Instead. we choose the spherical Bessel functions. 

Eq. (2.5). as a set of mathematically equivalent basis functions. Because p(2)'J(2) only 

couples the states with the orbital angular momenta I and I ± 2. we can write the 

radial wavefunctions as 

(8.12) 

where Clnl is the nth root of the lth order spherical Bessel function jl(r). The calcu

lation of the matrix elements of (p(2) .j.2» is briefly discussed in Appendix E. Here. 

we summarize the results necessary for calculating the matrix elements: 

2 

L 
q.,,-2 

x (3/2 J hz \j2) \3/2 J' hz)' 
-q 

(8.13) 



and 

(n,I,mlp(2)1 n',l',m') .. (/',2; m',qll,m) (n,IIlp(2)lIn',I') 
q 
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(8.14) 

The reduced matrix elements of (n,lllp(2) IIn'l'} are expressed explicitly in Eq. (E.9). 

In practice for our numerical computation, we use the same spherical Bessel functions 

as those employed in §2.4. With these basis functions. we compute the matrix ele-

ments of the Hamiltonian (8.4). Then we diagonalize the resulting energy matrix to 

obtain the eigenenergies and corresponding wavefunctions of a three-dimensional 

quantum confined hole. 

Table (8.2) Table of C-coefficients. [Xia (1989)] 

SI/2 Pl/2 P3/2 P5/2 D5/2 D7/2 

C1 0 P. -~ l!- -~ ~ 
5 5 7 7 

C2 0 ~ 2v6 2..16 3JS 
p. 

5 TP. -7-P. -7-P. 

By normalizing all length scales in Eq. (8.10) to the radius of the dot. R, we 

find that the quantum confinement levels and their spacings are inversely propor-

tional to R2. Therefore, we discuss only the case R/aB .. I, presently. The size 

dependence will be more important when the Coulomb interaction between the elec-

tron and the hole is introduced (see next section). In Fig. (8.2), the lowest few levels 
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for the states ~(S3/2) and ~(P3/2) are plotted as functions of the parameter JL defined 

in Eq. (8.3). For JL ... 0 we reproduce the well-known solutions of a parabolic val-

ence band. For the limit JL = I we obtain vanishing quantum confinement energies. 

This is associated with the fact that the heavy hole mass is infinite for this ultra-

strong spin-orbit coupling limit [Xia. (1989)]. Fig. (8.2) shows that for JL < 0.7 the 

ground state is not a sensitive function of the coupling constant JL. However. the 

ground state energy decreases significantly for narrow band semiconductors when /L 

is close to 1. Unlike other states. the state 1 P 1/2 } has only one component. 

1 J.L.F.Fz } - 13/2. 1.1/2.Fz }· It is found that only light-hole component contri-

butes to this state and the eigenenergies of this type of states linearly increase as /L 

increasing [Xia. (1989)]. For /L E!! 0.7. the lowest two quantum confinement levels are 

almost degenerate. This feature is dramatically different from that predicted by the 

parabolic band approximation showing clearly that the coupling between the light-

and heavy-hole is not negligible in semiconductor quantum dots. 

One may argue that by defining new effective mass parameters other than 

bulk values (8.9). we may still keep the concept of the effective mass because the 

size dependence of Eq. (8.10) gives the eigenenergy E oc l/R'J.. However. the numeri-

cal calculations show that this "effective mass parameters" depend strongly on the 

particular level of the hole. Consequently. introducing new "effective mass parame-

ters" does not provide any convenience in realistic problems since these masses have 

to be computed from the scheme discussed above. To explain these effects. let us 

define the "effective mass parameters" by. 

(8.15) 
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where Q! is the root of the spherical Bessel function. The numerically computed mi 

of the first two levels ( S3/2 and P3/2 ) are plotted in Fig. (8.3). It shows clearly 

that the "effective mass" of the Is-hole differs dramatically from that of the Ip-hole. 

Therefore, in a quantitative theory, the coupling of the heavy- and light-hole cannot 

be neglected and the Luttinger Hamiltonian must be exploited for the description of 

the quantum confined hole. 

Another interesting phenomenon is that the ground-state hole wavefunction 

remarkably differs from that of the electron. which is assumed to be in a parabolic 

conduction band. The electron and hole ground-stat~ wavefunctions are compared in 

Fig. (8.4). In Fig. (8.4a) we show the radial probability distribution of electron and 

hole. The radial probability distribution has already been expressed explicitly in Eq. 

(2.34). In Fig. (8.4b) we plot the radial charge distribution under the strong confine

ment approximation. i.e. we neglect the Coulomb interaction between the electron and 

hole. The charge distribution is dramatically influenced by the heavy- and light

hole coupling since in the paraboiic band approximation. the net charge distribution 

would be zero if one neglects the Coulomb interaction. 

As we have emphasized. the above results are obtained by assuming the exis

tence of cubic symmetry in the semiconductor crystal. However. some of the most 

well studied quantum dot samples such as CdSe and CdS have wurtzite structure at 

least as bulk materials. The difference between wurtzite structure and cubic or 

zincblende structure is that the wurtzite crystal has a special direction which is not 

equivalent to the other two principle symmetric directions. The underlying Bravasis 

lattice of the wurtzite structure is hexagonal [Aschroft and Mermin. (l976)]. In the 

absence of cubic symmetries. the top two valence bands are not degenerate. as shown 

schematically in Fig. (8.1). by the splitting o. Usually. this splitting is of the order of 
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1-2 E R' To include the splitting. one needs in principle to start from the k· p pertur-

baUon theory to obtain a Hamiltonian without applying the cubic symmetry. Further-

more. a phenomological band gap 5 should be introduced between the z-direction and 

x.y directions. Undoubtedly. the corresponding Hamiltonian will be very complicated 

and asymmetric. which is surely not convenient for applications. In order to over-

come this problem and nevertheless understand the effects of the crystal field split-

ting. a phenomological Hamiltonian is introduced [Banyai. (1990)]. This model is 

spherically symmetric and produces the expected bulk limits. 

First. let us define an inversion momentum operator p.1 in the function space 

{ jl(Ci.r) }. as 

where p.1 is a scalar integration operator. The explicit form of p.l is not necessary 

for our further discussions. and therefore we omit it here. Expanding plan waves in 

terms of jl. it can be shown that plane waves are also eigenstates of the operator 

p.l. Let p.l operate on the plane wave. eik•r• We have 

p.l eik-r - p.1 L 4rril Uz(kr)Yzm(U» YZm(Uk) - i eit .. r • 

l.m 

Second. we introduce an additional Hamiltonian. by using the operator p.l. 

The modified Baldereschi-Lipari Hamiltonian is 
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(8.16) 

Repeating the calculations in Eqs. (8.5)-(8.8), we find the energy dispersion relation in 

the bulk as 

(8.17) 

Eq. (8.17) shows that the light-hole band is separated from the heavy-hole band by a 

gap of 0 and the effective masses are still associated with 11 and p. by Eq. (8.9). It 

also remains valid that the heavy hole has Jz .. ±3/2 while the light hole jz= 1/2. 

The numerical schemes needed to solve the Hamiltonian (8.4) can be extended to the 

quantum dot problems with the g~p splitting o. The computed results are given in 

Fig (8.5) and Fig. (8.6). In Fig. (8.5), we plot the energy levels as functions of p., all 

the parameters are the same as those in Fig. (8.2) except 0 .. 2EhR (dashed curve); 

EhR is the hole Rydberg energy. Comparing Fig. (8.2) and Fig. (8.5), we confirm 

quantitatively that the influence of 0 is not significant enough to change our conclu-

sions from the cubic symmetry assumption. The ground-state probability distribution 

for the case of 0 - 2ER is compared with that of 0 .. 0, in Fig. (8.5). Figs. (8.S) and 

(8.6) reveal quantitatively that the crystal field effects are not very strong in the 

small QO's. We thus treat the crystal field splitting effects to be of minor impor-

tance for the understanding of the physics of light- and heavy hole coupling in semi-

conductor quantum dots. 
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§8.3 Exciton States in Nonparabolic Valence Bands 

The bound states of an electron-hole pair are determined by the Wannier 

equation 

(8.18) 

The first term in Eq. (8.18) is the kinetic energy of the conduction electron with a 

parabolic energy dispersion relation. the second term H BL is the Baldereschi-Lipari 

Hamiltonian. given in (8.4). For convenience. we define a mass parameter ~h '" 

mo/rl' which is related to heavy- and light-hole masses by 

The effective Bohr radius and Rydberg energy are deiined as 

and 

where fJ.r is effective reduced mass. i.e. I/fJ.r = lIme + IIp'h' In the following. all 

energies and lengths is normalized to the effective Rydberg energy and Bohr radius. 

respectively. 

Our matrix diagonalization method is suitable to treat Eq. (8.18) for small 

quantum dots. The total angular momentum of the. electron-hole-pair. F '" (Le+Lh) + 

(Je+Jh ). is conserved under the Hamiltonian in Eq. (8.18). Here. we have Je = 1/2 
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and J h = 3/2. In §2.4, we proved that the total orbital angular momentum L = 

(Le+Lh) is a good quantum number in the presence of Coulomb interaction and sur

face polarization. Unfortunately, the same is not true if light- and heavy-hole cou

pling occurs. However, in this case the energy eigenfunctions have to be eigenfunc

tions of the total angular momentum operator. F. Therefore the eigenfunctions can 

be expressed as 

1 nele,nhlh,U,FFz) = L (L.J;m,JzIF,Fz) (le.lh;me,mhIL,m) 

x (l/2,3/2;Jez ,J hz IJ.Jz) 1 ne leme. l /2 Jez ) 1 nh1hmh' 3/2 J hz), (8.19) 

where the single particle state 1 nlm.J,Jz ) has the orbital quantum numbers (n,l,m) 

and intrinsic angular momentum ( J. Jz). The wavefunction (8.19) has the total ang

ular momentum. F. and its z-component. Fz • In Eq. (8.19). we first couple the orbi

tal angular momenta of the electron and hole to obtain a total orbital angular momen

tum state 1 L.Lz}. In the same way. we can obtain the total intrinsic angular momen

tum state. 1 J.Jz)· Finally, we pair 1 L.Lz ) and 1 J.Jz ) into the eigenstate of the 

total angular momentum operator F. 1 F. Fz ). 

The calculations of the matrix elements of the Baldereschi-Lipari Hamiltonian. 

H BL, are discussed in the previous section. The contribution of the electron kinetic 

energy is a diagonal matrix determined by the roots of the spherical Bessel functions. 

iL. The matrix elements of the Coulomb interaction are discussed in §2.4. These 

calculations can be extended into the present problem. If one arranges the basis in 

an appropriate order. the Coulomb energy matrix is block diagonal according to dif-
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ferent total orbital angular momentum L = Ie +lh' 

We first study the states with the total angular moment. F = 1. The orbital 

functions 1£=0). 1£=1 } and 1£=2 ) (defined in Eq. (2.25)) are chosen as the basis. 

We numerically compute the matrix elements of the Baldereschi-Lipari Hamiltonian 

and the Coulomb interaction. This energy matrix is diagonalized numerically. Fig. 

(8.7a) shows the probability density of the electron and hole. for various coupling 

constant. p. In Fig. (8.7). we choose R = 0.5aB and me/~h = 0.6. Comparing Fig. 

(8.7a) with Fig. (8.5). we find the charge distribution in the small quantum dots is 

slightly modified by Coulomb interaction. This modification is much weaker than the 

effects of the valence band coupling. The net charge distribution in QD's is plotted 

in Fig. (8.7 b). The similarity between Figs. (8.7 b) and (8.4b) is obvious. confirming 

that the Coulomb effects. in this case. do not cause dramatic changes. The exciton 

ground-state energy. £1' which is obtained from the numerical diagonalization. is plot

ted in Fig. (8.8) for various quantum dot sizes. R. mass ratio. me/~h' and light- and 

heavy-hole coupling constant p. The lowest exciton energies in some real semicon

ductor quantum dots are also given in Fig. (8.8). We see clearly that the exciton 

binding energy increases with p. this effect is more significant for small quantum 

dots. where the light-hole heavy hole coupling is more pronounced than Coulomb in

teraction between the electron and the hole. 

The energy levels and corresponding dipole matrix elements determine essen

tially the optical spectra. The one-photon transitions can occur if the final state sat

isfies the selection rules due to the conservation of angular momentum: (i) the final 

state has a total angular momentum F ... I. (;1) the total orbital angular momentum. L 

= Ie + lh .. O. and (iii) the total spin of the electron-hole pair is zero. Applying 

these rules. we can compute numerically the electric dipole moment matrix elements 
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between two given basis states. Since the expressions are basically the same as those 

derived in Chapter 4. we omit all details here in this section; The computed linear 

absorption is shown in Fig. (8.9). The noticeable feature of these spectra is that with 

increasing /l a shoulder appears on the high energy side of the lowest transition. 

This is due to the fact that the coupling between the light hole and heavy hole opens 

new channels of dipole transitions [Xia (1989)]. In the parabolic band approximation. 

the ground state exciton contains mainly the electron-hole-pair wavefunction (N e' N h) 

.. (1s.1s). and the transition to the state (Ne.Nh ) .. (ls.ld) is dipole forbidden. How

ever. when the coupling strength /l is large. the coupling between holes with Id orbit 

and Is orbit becomes very important. In contrast to the parabolic band approxima

tion. the dipole transition between the Is-electron and the ld-hole is. therefore. dipole 

allowed. 

Next. we discuss two-photon transition. in the presence of band coupling 

effects. The one- and two-photon transitions and corresponding energy levels are 

plotted schematically in Fig. (8.10). Since the intermediate state has F .. l. there are 

two sets of final states for dipole allowed two-photon transitions. IF .. 2 > and IF,. 
o }. From the electronic configuration in Eq. (8.19). we find the lowest dipole 

allowed state corresponding to F .. 0 has higher energy than its counterpart with F .. 

2. If we are only interested in the transitions near the band gap. only the states 

with F .. 2 are of importance. We numerically compute the exciton wavefunctions 

with 1 F.Fz > - 12.0}. Based on these wavefunctions. we obtain the dipole matrix 

elements between the one-photon states and the two-photon state. The two-photon 

absorption is computed by using the x~; formula derived in 64.3. 

The computed two-photon absorption spectra are compared with the linear 

absorption curves in Fig. (8.10). where we used /l .. 0.7. The inserted vertical stra-
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ight lines stand for the dipole moment matrix elements the two-photon transition 

dipole moments. In fact. there are usually more than one intermediate level which is 

dipole coupled to the final state. In Fig. (8.10). only the largest dipole moment 

matrix elements are plotted. It is interesting to see that the lowest two-photon peak 

is very close to the linear absorption peak. in contrast to the predictions under the 

parabolic or the effective mass approximation (see §5.3). This is because the. first 

excited state of the hole is very close to its ground state for p. E!! 0.7. as shown in 

Fig. (8.2). As a consequence. the difference between the energy of the pair states 

(1s1s) and (lslp) is reduced from the value predicted in the parabolic band approxi

mation. This conclusion explains qualitatively recent two-photon experimental spec

trum (Fig. (1.4». in which no observable shift between one- and two-photon transition 

peaks occurs [Kang. et ai. (1991)]. 
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Summary and Conclusions 
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In this dissertation. we have presented our theoretical work on electron-hole 

pair excitations in semiconductor quantum dots. The conclusions are summarized 

here. 

As a first approximation. we assumed that the confinement potential is infin

itely deep and the energy dispersion relations of electron and hole can be described 

by the effective mass approximation. In this model. we found that the continuous 

energy bands of semiconductors are replaced by discrete energy levels. The quantum 

confinement energy turns out to be roughly proportional to 1/R2• where R is the 

radius of the semiconductor microsphere. 

Based on the solutions in the strong confinement approximation. we developed 

a numerical matrix diagonalization ·method to study the Coulomb effects and their in

fluence on optical properties of quantum dots. Our computations show that the Cou

lomb interaction of the optically excited electrons and holes is not negligible even in 

the smallest quantum dots. Coulomb effects especially influence the optical spectra 

near the onset of absorption. The binding energy of the biexciton is found to be 

strictly positive and increases with decreasing radius. regardless of material parame

ters. This important conclusion is confirmed by independent numerical calculations 

using quantum Monte Carlo simulations. Because of the quantum confinement 

effects. the biexciton states in quantum dots are more strongly bound than their coun

terparts in bulk or quantum-well semiconductors. The Coulomb interaction modifies 

the dipole-transition selection rules. opening transition channels which would be for

bidden in the strong confinement approximation. Some previously unexplained fea-
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tures of experimental DTS spectra could be explained, especially a region of induced 

absorption between the lowest two one-photon absorption peaks. This induced 

absorption is attributed to the creation of excited biexciton states. 

By using the numerical matrix diagonalization method, we also studied the 

effects of charged impurities or defects. We found that external charges do not have 

significant influence on optical absorption properties of semiconductor quantum dots. 

The optical properties of quantum dots are essentially determined by quantum con

finement and Coulomb effects and are mostly independent of crystal conditions. 

These conclusions hold as long as experimental spectra suffer from strong inhomo

geneous broadening. High precision measurements in high quality samples could 

reveal the difference between intrinsic states and impurity or surface modified states. 

The quantum confined Stark effect was also studied using the numerical matrix diag

onalization method. The theoretical results qualitatively agree with measurements in 

quantum dot samples. Quite generally, the theoretical method we developed in this 

dissertation, i.e. the numerical matrix diagonalization technique, turns out to be suit

able for the study of semiconductor quantum dots when the size is comparable to or 

smaller than the exciton Bohr radius in the corresponding bulk semiconductor. 

In the second part of this dissertation, the influence of the finite confinement 

potential on the energy states of electron-hole pairs was studied variationally. In this 

case, both conduction and valence bands are approximated as parabolic bands 

described by effective masses. We find that the infinite potential well approximation 

overestimates the quantum confinement energy, especially for small quantum dots. 

The quantum confinement levels vanishes if the confining potential or the dot size 

fall below certain critical values. Furthermore, we found that the electron-hole pair 

excitations inside the quantum dots are influenced by the material properties of the 



178 

surrounding medium. i.e. host glass or liquid. 

In the third part of this dissertation. we studied the valence-band coupling 

effect and its influence on electron-hole pair excitations in quantum dots with infinite 

quantum confinement potentials by applying the numerical matrix diagonalization 

method. In this study. we found that the conventional concept of heavy- and Iight

hole in bulk and quantum-well semiconductors are no longer valid in quantum dots. 

Holes in quantum dots are mixtures of heavy- and light-hole states. Due to the band 

coupling effect. wavefunctions of a quantum confined hole differ significantly from 

those of an electron. even in the strong confinement regime. The heavy- and light

hole mixing also leads to modifications of the dipole transition selection rules and 

consequently leads to changes of the optical spectra. These changes c~n be measured 

by careful comparison of one- and two-photon absorption spectra. Both theoretical 

. and experimental studies show that the spectral spacing between the one- and two

photon absorption peaks is smaller "than that predicted by the effective mass approxi

mation. Furthermore. the difference between the electron and hole wavefunctions in 

quantum dots due to the heavy- and light hole coupling can induce a more pro

nounced Huang-Rhys effect. This enhanced ion-exciton interaction may be used to 

explain the Stoke's shift between the absorption and emission lines and the phonon 

sideband in the observed emission spectra. 

In conclusion, we have studied electron-hole-pair excitations in quantum dots 

with different approximations. Our theory can explain qualitatively most of the 

experimental facts observed in quantum dots in a glass matrix. Some of our predic

tions, such as a positive biexciton binding energy, could be verified in future experi

ments if one is able to reduce the width of the size distribution of quantum dot sam

ples and reduce the homogeneous broadening. 
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Appendix A 

Surface Polarization 

When a charged particle ql is confined in a dielectric microsphere. the static 

electric potential ¢(r) is a solution of the Poisson equation: 

r < R 

r> R (A. i) 

where r 1 is the position vector of charge ql: £2 is the static dielectric constant of the 

semiconductor embedded in a host dielectric medium £1; and R is the size of the 

microsphere. The boundary conditions are [see. e.g .• Jackson. (1975)] 

£2 [~J I r=R - £1 [~11 r=R 

[:e¢Jlr=R- [:e¢Jlr=R' (A.2) 

In (A.2). indices I and 2 stand for the solutions outside and inside the microsphere. 

respectively. Eq. (A.i) has a general solution. which is regular at both r - O. and r 

-I' 00; as 

00 l 

¢(r) .. Ed :~rll + L L Aim,l Yim(n) r < R 
[ .. 0 (rn--I) 



00 I 

¢(r) = L L Blm r-I- I Ylm(Q) 

1=0 (m",,-l) 

r 2 R. 

180 

(A.3) 

where Ylm is the spherical harmonic function. The expansion coefficients Aim and 

Blm are determined by the boundary conditions (A.2). Here. only the coefficient~ Aim 

are interesting in the case of infinite confining potential wells. By solving Eq. (A.2), 

we find 

1+1 
a.1 .. (f-l) f

2
(d+I+l) • (A. 4) 

Eq. (A.3) shows that the electric potential ¢ can be attributed to 

two parts. One is the direct Coulomb potentiai due to the point charge ql' And 

another one is the potential of the surface charges induced by ql' or surface polariza-

tion charges. Thus the interaction between ql and the surface polarization. or the 

self-energy of this quantum confined charge. is 

(A.5) 

If a second point charge q2 is added. the interaction between ql and q2 via the sur-

face polarization is 
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(A. 6) 

where 1'2 is the position of charge q2 and 9 is the angle between the two position 

vectors 1'1 and 1'2' The expansion formula (2.18) was used to derive Eq. (A.6). The 

total surface polarization energy of two charged particles in a dielectric sphere is 

therefore 

(A.7) 

Eqs. (A.5), (A.6) and (A.7) were first obtained and applied in the study of semiconduc-

tor quantum dots by Brus (1984). 
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Appendix B 

Third Order Perturbative Formalism 

Stationary perturbation theory is concerned with finding the changes in dis-

crete energy levels and wavefunctions of a system. when a small disturbance is 

turned on. Let H be a time-independent Hamiltonian. 

H .. Ho + XW. (D.l) 

where Ho is sufficiently simple that one can solve it analytically. The interaction 

strength A is relatively weak compared with the eigenenergies of H o. If the unper

turbed Ho has eigenstates { I un } } and corresponding eigenvalues { En }. then we 

have the SchrOdinger equation 

The eigenstates and eigenvalues of Hamiltonian H can be expanded in powers 

of X. as 

00 

I tPn } .. L Xm I tPn }(m). (D.2) 

m .. O 

00 

En .. L Am En(m) • (D.3) 

m-O 
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Substituting the expansions (D.2) and (D.3) into the SchrMinger equation 

H 1 <Pn ) ... En 1 <Pn ). 

we obtain 

(Ho +>"W ) (I ¢In )(O) + >.. 1 <Pn )(I) + h2 1 ¢In )(2) + A3 1 <Pn )(3) + .... ) 

... (En{O) + hEn(l) + h2En(2) + .... ) (I <Pn }(O) + h 1 ¢In )(1) + A2 1 <Pn )(2) + .... ). 

(B.4) 

Because the solutions of Eq. (B.4) are supposed to be valid for a continuous range of 

the parameter A. we can equate the coefficients of equal powers of h on both sides 

of the equation. Then the perturbative equations are. up to the third order. 

Ho I <Pn )(0) .. En(O) I ¢In )(0). (D.5a) 

Ho I ¢In >(1) + W 11111 )(0) ... En(l) I <Pn >(1) + En(O) I q,n )(0) • (B.5b) 

Ho l<Pn >(2) + W l<Pn >(1) .. En(2)I<Pn }(O) + En(J)I<Pn }(l) + En(O)I<Pn )(2), (BSc) 

Ho I <Pn >(3) + W I <Pn )(2) III En(3) I <Pn }(O) + En(2) I <Pn )(1) + En(1) I <Pn >(2) + En(O) I <Pn )(3). 

(BSd) 

Equation (B.5a) gives the unperturbed eigenfunctions of the Hamiltonian Ho. so 

we have the zeroth order solutions 

and I <Pn )(0) .. I un }. (B.6) 

Inserting the zeroth order solutions (D.6) into Eq. (B.5h). we find the first order cor-

rections 



En(1) . = W nn ... (un I W Iun>. 
I ifin >(1) ... k' Wkn I u" >. 

£"-€n 
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(B.7) 

where the matrix element W"n ,. (u,,1 W lun) and the summation k' runs over all 

possible unperturbed states I u,,), for k '" n. Repeating this step with Eq. (B.5c), 

we obtain the second order perturbative corrections of energy. which are 

(B.8) 

The detailed algebra leading to formulas (B.6) - (B.8) can be found in many popular 

quantum mechanics textbooks [e.g., Schiff. (1968)]. so only the results are given here. 

In order to estimate the third order energy corrections. it is necessary to com-

pute the second order perturbative wavefunctions. This formula is usually not in-

eluded in the textbooks. I ifin>(2) is assumed to be 

I ifin >(2) - L Cnl<.(2) I un >. 

k 

where the expansion coefficients enl<. are solutions of the equation 

We find that 

CnI<.(2) + L cnm(l) W nm .. £n cnI<.(2) + En(l} Cnk.(I) 

m 
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(B.9) 

Finally. we substitute Eqs. (B.6). (B.8). and (B.9) into Eq. (B.5d) to obtain the third 

order corrections to the eigenenergies, 

(B. 10) 

The first three orders of perturbative energy corrections are formulated in Eqs. (B. 7). 

(B. 8). and (B.lO). respectively. 
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Appendix C 

In Chapter 7. we encountered some integral functions. namely Di. Fi and Gi. 

appearing in calculations of the normalization constant and the expectation value of 

the energy. These integrations have analytical expressions. which are given here for 

reference. 

( 1) F i functions 

1 

Fi(a.,x1,xJ • 2x1x2 J dy yl-l 
-1 

(C.l) 

The analytical expressions of the integrals (C.l) can be derived by partial integration. 

The first few orders of Fi• which were used in Chapter 7. are 



F4(Ci.,Xl,x2) = [el(a..l Xcx21) + el(a..l Xl+x21 )] + _3_ (e2(a..l Xcx21) - e2(a..l Xl+x21) ] 
xlx2 
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+ 
6 

2 (e3(a.,j XcX2I) + e3(a..l X1+X2I )] + (2 
6 

)3 (e4(a..l XcX2I) - eia.,l X1+X2I) ]. (2x1x2) x 1x2 

(C.2) 

The functions ei (a.. x) are determined by the recurren~e equation 

aei+t (a..x) 2 e ( ) 8x ,. X i Ci.,X 

' .. 
The first few solutions are 

e4(a..x) -

_16 [ [x4 
+ 10x

3 
+ 45r + 105x + 105 ]e-r:a + x6 

3x
4 

+ 15r 1~85 ]· 
a.4 as a.6 a. 7 as 48a2 - a4 2a6 - '"" 

(C.J) 
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(2) Di Functions 

1 

I · I -o:.JXi+Xf-2xH J 2 2 2 Di(a.x1.x2) = 2x1x2 dy yt- e x 1+x2- x 1x2Y 

-1 

(C.4) 

Inserting Eqs. (C.2) and (C.3) into (C.4). we find the analytical expressions for 

(C.5) 

where 

(C.6) 



(3) Gi Functions 

1 

Gi(a,x1,x2) = 2x1x2 I dy yi-1 
-1 

From the definition (C.7), we find that Gi(a,x1x2) can be expressed as 

a 

Gi(a,x1,x2) - Gi(O,x1.x2) - I df3 Fi(fl,x,,x2). 
0 

integrating the F -functions, we can obtain the third order G-functions as 

G3(a,x1,x2) • G3(0,x1,x2) - [1r 1(a~ I xcx21) - 1r1(a.l X1+x21 )] - - 1- [1ria.l xcx21) 
x1x2 
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(C.7) 

+ 1r2(a.l x1+x21) ] - 2( I )2 [1r3(a.l x1-x21) - 1r3(a.l xi+x21 )]. (C.B) 
x1x2 

G3(0,x1,x2) is found, from the definition (C.7), to be 

G3(0,x1,x2) - - .,1 ( I x1-x21 - I x1+x21 ) + -3 2 ( I xcx213 + I x1+x213 ) 1 X1X2 

+ IS(:.x2)2 <I x,-x21' - I x,+X2j') J (C.9) 

The 11'-functions in Eq. (C.B) are found by integrating the corresponding 8-functions. 

The analytical expressions are 
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1T1(a!,X) = -2[ e-ax i]. --+X-
a 

1T,{a!,X) = 4[ [ ~+ 1 ]e-= - x3 x:- 1 J a3 -+ 2a - a3 a2 3 

1T,{a!,X) = -8[ [ x:- + Jx ·+ l_ ]e-= + 
xs x4 x2 ;2 J 15- -+ 2a3 -a3 a4 as . 8a 

(C.JO) 
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Appendix D 

k·p Method and the Luttinger Hamiltonian 

The k·p method was originally employed for studying perturbatively the struc-

ture of energy bands and wavefunctions in the vicinity of some selected symmetry 

points in the k space, usually the top of valence bands ( r point). In essence, the 

k·p method is a direct consequence of the Bloch theorem, and has extensive applica

tions in solid state physics [see, for example, Tsidilkovski, (1982)]. 

In the one-electron approximation, the solutions of the Schrooinger equation 

for the el-ectron wavefunction in the presence of a periodic lattice field are the Bloch 

functions, 

where n is the energy band index. The wavevector k is restricted to vary only 

within the first Brilloniou zone. The Schrooinger equation for the modulating func-

tions unt (r) is 

{ 
2 1 k2 } H t Unt (r) • ..1!:_

2 
+ -k ·p + -

2 
+ U(r) Unt • fn (k) Unt (r), 

mo mo mo 
(D.l) 

where U(r) is the lattice field, p is the linear momentum operator and m0 is the free 

electron mass. The kinetic · term p2/2m0 can be included in the atomic energy, and 

contributes only to the band gap. Therefore it is not the subject in our consideration 

of the band coupling. The term k2 I 2m0 gives rise to a parabolic energy dispersion 
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due to free particle motion. An additional term. k·p/mo• which does not occur in the 

ordinary Hamiltonian. may be considered formally as a perturbation. The appearance 

of this term is not linked with any realistic interaction potential. but is a result of 

the coupling of envelope wavefunctions and the atomic wavefunctions. In practice. 

we may expand the wavefunctions in the vicinity of the top of an energy band. 

Some very fruitful band calculations are based on this scheme. It is especially 

useful for estimating the energy bands in crystals with diamond or zinceblende struc

ture. which have cubic symmetries [Aschoft and Mermin. (1976)]. 

The k·p method is usually applied to the study of valence band structure. 

where the atomic wavefunction is 3 fold degenerate if the spin-orbit interaction is 

neglected. With cubic symmetry one finds the 3 linearly independent wavefunctions. 

into which unit may be expanded. as 

r/Jl oc yzf(r). r/J'l." oc zx/(r). r/Js oc xy/(r). 

where f(r) is a spherically symmetric wavefunction. The functions q,1.2.3 are eigen

functions of the operators Lx. L,. and Lz• respectively. The details of the cubic 

point group can be found in many standard textbooks [for example. Elliott and 

Dawber. (1979)] in group theory. which. however. will not be discussed here. The 

remote bands. such as conduction bands and other valence bands. are coupled to the 

valence bands of interest. by the k·p interaction. If these bands are sufficiently 

remote. the coupling can be treated perturbatively. which is referred to as the 

Lowdin renormalization [Lowdin. (1951)]. The valence band wavefunctions mix with 

the remote bands. The first order perturbative wavefunction is 
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(D.2) 

where i runs over all possible remote bands; j - 1. 2. and 3 indicate the three deg-

enerate valence bands. Applying the perturbed wavefunctions (D.2). the matrix ele-

ments of the k·p interaction are found to be 

(D.3) 

Applying the cubic symmetry. we find the matrix elements in (D.3) can be expressed 

explicitly in terms of the wavevector k. The Hamiltonian (D.l) is found. on the basis 

Ckxky 
Ak~+B(k;+ki) 

Ckykz 

where the coefficients A. B. and C are (let Ej - Eo ) 

A - 2~D + ~o L 01 Px I::_~J Px 11) 
j 

(D.4) 
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c = 1.. ~ (11 Px I ,WI Pv 12) + {II pyl,wl Px 12} 
rno L €o-fi 

i 

The expression for the matrix (D.4) can be simplified if we introduce the identity 

matrix and the Pauli matrices corresponding to a spin-l operator 

Hl and /z 

Then. Eq. (D.4) can be written as 

D - Ak2 - (A-B) (kili+k~l~+kil~) + 2C ({kxky}{lx1y} + 

{kykzHlylz } + {kzkx}{lzlx} ]. 

where tab} c (ab+ba)/2. 

(D.S) 

Until now. we have ignored the spin-orbit interaction. It is known that the 

spin-orbit interaction plays an important role in most semiconductors. By taking 

spin-orbit interaction into account, the valence bands in cubic crystals are split 

according to the angular momentum J • S + L, where S is the electron's spin and L 

is the atomic orbital angular momentum. For a p-type valence band, L '" 1. The 

bands corresponding to J-3/2 are degenerate in the presence of cubic symmetry, 

while J .. l/2 bands are separated by an amount A (see Fig. (8.1), letting 5 ~ 0 for 

cubic crystal). Usually. «5 ~ 10 - 100 meV for wurtzite materials such as CdS and 

CdSe. In the limit of strong spin-orbit coupling. the split-off band (J - 1/2 ) can be 

treated as one of the remote bands in the study of the top valence bands with J 
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=3/2. 

Luttinger introduced an empirical Hamiltonian [Luttinger. (1956)]. analogous to 

the Hamiltonian (D.5). In the limit of strong spin-orbit coupling, the Luttinger Ham-

iItonian is 

HL = ~ [11+ 5;2 }(2 -12(kiJi+k~~+k~.Pz) + 213 ({kxky}{JxJ;'} + 

{kykz}{JyJz} + {JzJx}{JzJx} } (D.6) 

where J are the 4x4 Pauli spin matrices corresponding to spin J .. 3/2; and 11.12.13 

are called the Luttinger effective mass parameters. If one neglects the spin-orbitaJ 

interaction. the 4x4 matrix given in (D.6) can be extracted from the Hamiltonian (D. 4). 

Comparing Eqs. (D.5) and (D.6). we find that the relation between the coefficients A. 

B. C and the Luttinger parameters is 

I 
- 11 - -2mo 

1 -"'2 --2mo 

! (A+2B) 

1 6 (A-B) 

I 1 
2mo 13 - - 6 c. 

Without the details of atomic wavefunctions. it is not easy to compute the Luttinger 

parameters from first principles. However. they can be measured experimentally in 

cubic semiconductor materials [Tsidilkovski. (1982)]. The Luttinger Hamiltonian can 

be expressed as a 4x4 matrix. on the basis spanned by the angular momentum eigen-

functions corresponding to Jz .. :!: 3/2 and:!: 1/2. Diagonalizing the 4x4 matrix (D. 6). 

we find the energy dispersion relation of a hole is 
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The Luttinger parameters are given in Table (8.l). from which we clearly see that 

for most semiconductors. 'Y2 E!! 13' Letting 'Y2 ... 'Y3' the energy dispersion relation 

(D.7) is reduced to two parabolic bands with different masses. called the heavy- and 

the light-hole bands. respectively. The two parabolic bands are 

where m+ (mJ is the effective mass of the heavy (light) hole. defined by 

p. ... h 
11 

(D.B) 

(D.9) 

Further calculations show that the Luttinger Hamiltonian (D.6) describes both normal 

semiconductors with two sorts of holes. and gapless (reverse band) semiconductors. 

depending on the ratio of 11 and 12 [Tsidilkovski. (1982)]. 
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Appendix E 

Irreducible Spherical Tensor Operators: p(2) and J(2) 

We start to examine the properties of irreducible spherical tensor operators in 

the three dimensional space. Given a vector R = (x. y. z). we define the spherical 

components of R. by analogy to the angular momentum operator. as 

fltl) = i- ~ ( X ± iy ) 

RbO • z. (E.l) 

where R(l) is called the spherical tensor of rank 1 [Edmonds. (1960) or W eissbluth. 

(1978)]. With the aid of this convention. we define the higher rank spherical tensor 

by vector coupling methods [Condon and Shortly, (1951). Edmonds, (1960)] to be 

(£.2) 

where (k1• k2;m1• m2 IL. m) are the Clebsch-Gordon coefficients, or the vector coupling 

coefficients, in Cordon-Shortly notation [Condon and Shortly (1951)]. For example. 

the rank 2 spherical tensor of fl.q2> is expressed explicitly as 

fl-q2> • L (1,1 ;m1.m2 l2.q) ~~-~~·R~. (£.3) 

mlm2 
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The scalar product of two spherical tensors T and U of the same rank k is defined 

by 

L 

L (-l)q ric.) U<1c.) 
q -q' (£.4) 

q .. -L 

Using the definition (£.4), we find the scalar product of two rank-l spherical tensors 

as 

Clearly. the definition (£.4) is consistent with the definition of the scalar product of 

two vectors. Similarly. the vector product of rfr.1
) and c}fr.J. which results in another 

spherical tensor of rank L. is defin.ed by its Qth components 

(£.5) 

where 

L - kl + k". kl + k2 -1 ....... I k1-k"l. 

q - - L. -L + 1. ....... L . 

The spherical tensors given in Eqs. (E.2) and (E.3) are irreducible under rota-

tions. The reason for the introduction of irreducible spherical tensors mostly stems 

from an important theorem known as the Wigner-Eckart theorem. 
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(r:J.jm I -fqk) 1r:J.'j'm'} .. v'2~+1 (j'.k;m.q Ij.m) (r:J.jll7ik)IIr:J.'j') . (E.6) 

The left side of Eq. (E.6) is a matrix element of an irreducible spherical tensor oper

ator taken between two states lotjm } and I a.'j'm' ). j.m are the quantum numbers 

for total angular momentum and its z-component. respectively. a. is referred to as the 

necessary quantum numbers other than angular momentum. (r:J.jmllp(k)llotjm) are the 

so-called reduced or double bar matrix elements. The reduced matrix elements are 

some constants which are independent of the z-components of the angular momenta. 

m, m', and q. For given angular momenta j.j', and q. the reduced matrix elements 

can usually be computed by using the definition Eq. (E.6). The proof of the 

Wigner-Eckart theorem is the subject of many standard textbooks [Elliott and 

Dawber. (1979). Weissbluth. (1978)]. so we do not discuss it in detail here. It turns 

out that, the Wigner-Eckart theorem can simplify the calculations involving spherical 

tensor operators. 

The spherical operators }(2) corresponding to the 3/2 spin and the linear mom

entum ,1.2) are of special interest to us. For reference. we give the explicit expres

sions for the spherical tensor of rank 2. . 

~:~-[~I)r 

£4~) .. "'; (£41) RloI) + RloI) ~I) 

Rb2) .. ~ [3( Rbi) ] 2 _R2 ] (E.7) 
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The reduced matrix elements are derived by exploring some specific examples. 

We calculate the reduced matrix elements for J(2) using Eqs. (E.6) and (E.7). and find 

(jjz I .102) I jjz>" (jjzl Sf (3Ji -.J2) Ijjz> 

- J 2j~1 (j.2; jz·O I JJz) <ilIJ(2) I IJ). 

By using Racah's formula (2.20) to compute the Clebsch-Gordon coefficient 

<i.2;jz.01 j.jz ) • we find the reduce matrix element 

<iIlJ(2) II,;.. ~ J(2j+3)(2j+2)(2j+ 1)(2,)(2j-l) . (E. 8) 

Similarly. we can obtain THE reduced matrix elements of 12) as [Baldereschi and 

Lipari. (1973)] 

(L-2 II P(2) ilL ) - - J L(L-l) [~- 2L+I !L + L2-1 ] 
2L-1 dr r dr r2 

(LIIP(2) ilL) - If L(2L+l)2L+2 [ if.. _ ~ !L + L2+L] 
(2L-I)(2L+3) dr r dr r2 

(LIIP(2) IIL-2 ) .. - ~ 

(LIIP(2) ilL') .. 0 for I L-L'I :I: o. 2. (£.9) 
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Fig. 1.1: Computed band edge absorption spectrum of bulk semiconductor 

using Elliott's formula. Eq. (1.14). The B-functions for the bound states are 

replaced by Lorentzian profiles. with the broadening '1 .. 0.02ER • 
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Fig. 1.3: Observed linear absorption (ex) and differential transmission stpectra 

(DTS) for a CdS quantum dot sample [Peyghambarian et at. phulished in Hu 

et at. (1 990b)]. 
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Fig. 1.4: Ovserved linear (solid curve) and two-photon (closed dots) absorption 

spectra in CdS quantum dot sample [from Kang et al .• (1991)]. 
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Fig. 2.1: Schematic plot of band structure in bulk semiconductor (left) and 

quantum confinement levels for electrons (e) and hole (h) in a quantum dot 

(right). The quantum confinement levels are computed in the strong confine-

ment approximation. for me1mh - 0.2. 
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I. (b) Ground-state energy of one electron-hole pair. in the presence of sur-
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Fig. 5.3: Change in optical transmission. -ArJ.. for various broadening con-

stants 'Y. The mass ratio me1mh ... 0.2. R ... aBo and E2/E1 ... 1. The broaden-

ing constant is (a) 'Y .. lER • (b) 'Y .. 2ER• and (c) 'Y ... 3ER • The spectra are in 

arbitrary units. 
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and in (b) €2/€1 .. 10. The other parameters are the same as in Fig. (5.3). 
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in (b) £2/£1 = 10. The other parameters are the same as in Fig. (5.4). 
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confined states for an electron microsphere versus the dot radius. mel = 

0.235 mo. me2 • lmo. mhl • 1.35mo. and the quantum confinement potential of 

the electron. Vo .. 80 E R • 
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Fig. 7.2: Eigenvalues of k for the lowest two quantum confined states of the 

electron in a quantum dot. with radius R .. 0.5 aBo as functions of the confine-

ment potential V Q' Other parameters are the same as in Fig. (7.1). 
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Fig. 7.3: Eigenvalues of k for the lowest two quantum confined states of the 
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ment potential Vo = 80ER • 
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Fig. 8.1: Schematic plot of the band structure in wurzite bulk semiconduc

tors. Eg is the band gap energy. A. is the spin-orbit-splitting band gap. and 8 

is the Crytsal-field splitting. 
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(see Eq. (8.3». The radius of the quantum dot equals the hole Bohr radius. 
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Fig. 8.7b: Plot of net charge density inside a quantum dot with R - O.5aB. 

The parameters are the same as in Fig. (S.7a). 
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Fig. 8.9: Computed linear absorption spectra of CdS quantum dot with cubic 

crystal structure for various heavy- and light-hole coupling constants. The 

energy band gap E8 .. 2.S8eV. the binding energy of the exciton in bulk CdS 

is 27meV. The radius R - aB and mass ratio me/P,h - 0.5. The broadening 

is chosen as 'Y '" 2E R • The inserted lines indicate the oscillator strengths. 
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