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ABSTRACf 

The kanban system is the most popular technique for implementing the 

Just-In-Time production philosophy. Previous papers in the literature address a wide 

range of topics related to the kanban system. Several stochastic and deterministic 

models have been developed to better understand the behavior of the kanban system. 

However, existing models assume simple structures such as a single product and 

infinite capacity or restricted kanban turnover rates. 

In this dissertation we develop mathematical models for the deterministic, 

capacitated, single kanban system. Three different production structures are studied. 

The models are used to analyze the system, understand the need and behavior of 

kanbans, and compute good solutions for the number of kanbans to allocate for each 

part. The first model applies to the single-stage, single-item system. Optimal solu

tions for the number of kanbans for this system are developed. The next model is 

built for the multi-stage, single-item system. We develop a feasibility test for a set 

of kanbans. The feasibility test is used to develop heuristic and optimal solution 

procedures. The heuristic procedure is tested and shown to perform very well com

pared to optimal solutions. 

The last model is built for the single-stage, multi-item system. Necessary 

and sufficient conditions for the feasibility of a set of kanbans are developed. The 

conditions are used to develop heuristic and optimal solution procedures. The 

heuristic procedure is tested over randomly generated problems and is shown to per

form very well compared to the optimal solution procedure. 



CHAPTER 1 

INTRODUCTION 

1.1 Background 
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Just-In-Time (nT) production systems have received much attention in 

recent years due to their role in improving the competitiveness of Japanese industry. 

The ill system was introduced first in Japan in the early 1970's, and was brought to 

the attention of American industry in the mid seventies. The JIT system does not 

restrict itself to one particular technique or methodology, instead nT is a philosophy 

in production control. 

Implementing Just-in-time requires an overall change in management pol

icy and thinking. It also may require changes in the company's structure. As 

O'Grady [1988, p. 35] puts it, "nT is, therefore, best defined as a philosophy that, 

when implemented correctly, will permeate every section of the company and 

change the way in which everyone operates." Companies that adopted the JIT sys

tem as an overall change in production philosophy greatly improved the performance 

of their manufacturing systems (Myers [1988]). 

The idea behind the nT system is to produce at each workcenter the right 

amounts, at the right times, just in time for it to be consumed. The purpose of this 

philosophy is to reduce the in-process inventory, which in turn leads to improvement 

in quality, reduction in waste and lead times, and improvement in system respon

siveness and productivity. Inventory reductions also translate into space and 

material handling savings. 
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One of the most important prerequisites for implementing the ill philoso

phy is reduction or elimination of setup times between product changeovers. Long 

setups hinder the workcenter from quick product changeovers which is an essential 

element for a just in time production. Flexible workforce and equipment is also 

important to ensure the capability to switch between products. 

The TIT production system can be implemented by several techniques. An 

ideal implementation of the TIT production philosophy would be a time-continuous 

Material Requirements Planning (MRP) system controlled by a very powerful com

puter information system. The current computer technology required to implement 

such a system is cost ineffective. However, with rapid advances in computer tech

nology, we expect that in the future the time-continuous MRP system will be the 

predominant control strategy for the TIT production. 

One of the leaders in implementing the ill philosophy is Toyota Com

pany via the Toyota Production System (Monden [1983]). Toyota developed the 

Kanban system which is by far the most popular technique in implementing TIT. 

This popularity is due mainly to the simplicity of the system, and to the fact that 

Toyota, which has an excellent reputation in production and quality control, has per

fected this technique. 

1.2 The Kanban System 

Kanban is a Japanese word that means card. The kanban system uses 

cards as an information management tool for controlling inventory. The use of kan

bans (cards) in controlling in-process inventory has proven to be a simple and 

effective method in implementing the TIT philosophy (Monden [1983]). Several 
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types of kanban systems exist. Each kanban system serves a particular purpose in the 

production process. For example, the signal kanban is used to implement the two

bin inventory control policy in lot ordering. A card with the name of the part and 

the size of the lot is placed on a part in the lot. If withdrawals are made down to 

the tagged position of this kanban, the production order is set in motion. Other 

examples of kanban types along with their description can be found in Monden 

[1983]. 

In this thesis we are interested in production or in-process kanbans. Pro

duction kanbans are used to trigger production for different parts in the workcenter. 

The production kanban system used by Toyota is referred to by the dual kanban sys

tem (Schonberger [1983]). This system uses two types of cards: a withdrawal kanban 

and a production-ordering kanban. Withdrawal kanbans are used by subsequent 

processes to control the number of units withdrawn from the preceding process. 

Production-ordering kanbans are used by the preceding process to trigger production 

of each part type. A more detailed description of the operational procedure for the 

dual kanban system can be found in Monden [1983] and Schonberger [1983]. 

The most popular production kanban system is referred to as the single 

kanban system since only one kind of kanban is issued for each part to control in

process inventory (Schonberger [1983]). The popularity of this system is due to its 

simplicity in implementation. In the next section we describe in detail the opera·· 

tional procedures of the single kanban system. 

1.3 Operational Procedures 

Figure 1.1 illustrates the operational procedures of the single kanban sys-
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tern for two workcenters, A and B. A set of containers and kanbans are issued to 

each workcenter. Kanbans are either attached to a full container, attached to a con-

tainer being filled or are held on a scheduling post with other detached kanbans. 

Kanbans on the scheduling post constitute authorized work orders. When operator A 

is ready to make parts, the operator checks the post for available, detached kanbans. 

If there are no detached kanbans, then the operator does not produce, and waits for 

detached kanbans to arrive. If there is at least one detached kanban, the operator 

takes a kanban and attaches it to an empty container and starts producing parts to fill 

the container. Once the container is full, the operator moves the container with its 

associated kanban to a storage area. Full containers and the kanbans remain in 

storage until needed at workcenter B. When an operator from B needs parts, the 

kanban is removed and placed on the scheduling post and the container of parts is 
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moved to workcenter B. 

Two systems exist for moving kanbans between A and B: the constant

cycle and the constant-quantity systems (Monden [1983, p. 167]). In the constant

cycle system a kanban can turn over at most once during a period. Such systems are 

used mainly for controlling kanbans for vendors since transportation from vendors is 

costly and is done periodically. In a constant-cycle system, detached kanbans do not 

necessarily trigger production since they are held at the successor station until the 

end of the period. This allows a station to be starved even if its predecessor station 

had enough capacity. The constant-quantity kanban system is more popular in the 

manufacturing floor. The constant-quantity system allows kanbans to turn over 

when the number of released kanbans exceeds a certain number. 

The system addressed in this thesis is the constant-quantity single kanban 

system with one kanban as trigger for moving released kanbans. From now on, we 

will refer to this system simply as the kanban system. 

1.4 Purpose and Scope 

It is evident from the above description of the kanban system that the 

number of kanbans distributed for each part plays a major role in determining the 

performance of the system. Kanbans allow a certain amount of inventory to accumu

late to act as a safe guard from variability in system capacity and demand. Distri

buting more kanbans than required allows unnecessary inventory to accumulate, and 

distributing less kanbans than needed may prevent the system from meeting demand. 

Therefore, in any kanban system, the major quantity to be detennined is the number 

of containers to allocate for each part. 
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The purpose of this thesis is to build mathematical models for the deter

ministic, capacitated kanban system to better understand the behavior of the system 

and determine good solutions for the number of kanbans to allocate for each part. 

This thesis is structured as follows. The next chapter provides a survey of 

the literature related to the topic. In Chapter 3 we present a non-linear mathematical 

model of the single item, single stage kanban system and compute optimal solutions 

for the number of kanbans. The single item, multi-stage, assembly structure kanban 

system is analyzed in detail in Chapter 4. Heuristic and optimal solution procedures 

are developed in Chapter 4, and computational results on randomly generated prob

lems are provided for the solution procedures. The multi-item, single stage kanban 

system is addressed in Chapter 5. Heuristic and optimal solution procedures are 

developed and tested over randomly generated problems. Chapter 6 includes some 

concluding remarks and suggestions for future research. A major section of Chapter 

6 includes suggestion for research on the multi-item, multi-stage kanban system. 

Throughout this thesis, the notation [x]+ denotes the smallest integer greater than or 

equal to x, and [x r denotes the largest integer smaller than or equal to x. 



CHAPTER 2 

LITERATURE SURVEY 

2.1 Non-technical Discussions 
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The first wave of literature addressing the JIT concept and the kanban sys

tem focused on discussing general non-technical questions about the topic. Many 

papers addressed the question of applicability of Japanese production control systems 

in the United States industry. Rice and Yoshikawa [1980] presented lessons that can 

be learned from the Japanese production management techniques that can be applied 

to the MRP system. Their paper aimed at presenting people as an essential element 

of any manufacturing system. They discussed aspects of human relations (e.g. 

motivation) which, if given more attention, would result in productivity improve

ment. In another paper, Rice and Yoshikawa [1982] compared the kanban and MRP 

concepts. The comparison included issues such as work flow, lot sizing, and 

scheduling and control. Other papers that discussed applicability of the JIT produc

tion system in the United States include Putnam [1983], Plenert [1985], and Wilson 

[1985]. These papers discussed advantages and disadvantages of the kanban system 

in the American industry, and presented ways for applying these production concepts 

to the current industry in the U.S .. 

Some of the literature discussed implementation ideas for the JIT system. 

Finch [1986] presented implementation strategies for the JIT system for small 

manufactures. He argued that because of the nature of small manufactures, most 

advantages of the JIT philosophy can be gained by improving internal conditions 

only (e.g. WIP levels, productivity, etc). Finch emphasized that components of the 
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system that require influence over customers or suppliers (e.g. JIT deliveries, uni-

form demand, etc.) may be infeasible to implement. Crawford et at. [1988] reported 

the results of a survey of 39 early implementations of the nT philosophy in the 

United States. They presented summaries of the benefits, implementation problems, 

and operating problems of the ill system. They also provided future implementa

tion suggestions. O'Grady [1988] in his book "Putting the Just-in-time Philosophy 

into Practice" gave detailed steps of a successful implementation of the JIT produc

tion system. The major implementation steps he suggested are education, process 

improvements, control improvements, and vendor/customer links. Crawford and Cox 

[1990] presented guidelines for designing performance measurement systems for JIT 

operations. They discussed their concerns about traditional performance criteria and 

suggested 10 propositions for building a comprehensive performance measurement 

system. 

2.2 General Models 

In practice, the number of kanbans is set to cover lead time demand plus 

some arbitrarily selected safety factor. Monden [1983] provided equations used by 

Toyota for computing the number of kanbans for the different systems. For exam

ple, for the constant-quantity kanban system, the number of kanbans are set equal to 

average daily demand x lead time x (1+ safety coefficient) 
container capacity 

(2.1) 

These models are used for their simplicity as a first pass at determining the number 

of kanbans. The number of kanbans are then adjusted continuously to accommodate 

for changes in the system. Later adjustments are done mostly by the floor supervi

sors using trial and error. 
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Miyazaki et al. [1988] provided an alternative model for determining the 

minimum number of kanbans required for the constant-cycle kanban system. They 

first presented equations to determine average inventory levels for the system. Using 

these equations they derived a formula for computing the minimum number of kan

bans required. They also presented an algorithm to determine the optimal cycle 

(period) length in the planning horizon. 

Sipper and Shapira [1989] developed a model for a two-station determinis

tic serial production system to analyze performances of two opposite production pol

icies: WIP and JIT. They defined the WIP policy to represent hedging against late 

delivery penalty by holding costly work-in-process. The JIT policy represents risk 

taking by eliminating WIP costs in favor of late delivery penalty if and when it 

occurs. The authors came up with a decision rule which indicates, for a given pro

duction system, whether JIT or WIP type policies should be most appropriate. 

Gravel and Price [1988] presented a model for using the kanban system in 

a job shop environment. The authors used simulation to test several job assignment 

rules while using kanbans. The model was applied to a pilot program in a small 

manufacturing firm using shortest processing time rule for job assignments. They 

indicated the program was successfully implemented. 

Gupta and Gupta [1989] developed a simulation model of a multi-line, 

multi-stage dual-card kanban production system. The model was used to analyze the 

impact of several controlled and uncontrolled factors on the performance of the sys

tem. The factors studied are production stoppages, various inventory policies, varia

bility in supply rates, increase in capacity, imbalanced production lines, and variabil

ity in processing times. 
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2.3 Stochastic Models 

Several stochastic models were developed in the literature to analyze 

and/or optimize the performance of the JIT and kanban systems. Rees et al. [1987] 

applied equation (2.1) to develop an algorithm for dynamically adjusting the number 

of kanbans in an unstable production environment. The authors built an estimate of 

the density function of lead times. Using forecast demand, the authors then 

developed a discrete density function for the number of kanbans using a simplified 

form of equation (2.1). The density function was used to compute the minimum 

cost number of kanbans taking into consideration cost of shortages and inventory. 

Deleersnyder et al [1989] placed the kanban determination problem into 

the context of the overall push system implementation problem. A discrete time 

Markov process model was developed for an N-stage serial system subject to 

machine failures and demand uncertainty. The performance measures used were 

inventory levels, backlog level, job flow times, and average duration of backlog and 

frequency of backlog. A three-stage serial system was used to study the impact of 

several factors on the performance measures. The factors studied are the number of 

kanbans, machine reliability, demand variability, and safety stock. 

Askin et al. [1990] developed a stochastic model to determine the number 

of kanbans with the objective of minimizing the sum of inventory holding and 

backorder cost. Steady-state results were derived for the cases of a few and many 

part types per workcenter. A simulation model was run to demonstrate the accuracy 

of the stochastic model for an example problem. Graphs were provided to compute 

optimal kanban numbers for systems with various characteristics. 
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Kimura and Terada [1981] described the operation of kanban systems and 

examined the accompanying inventory fluctuations in a JIT environment. Davis and 

Stubitz [1987] applied simulation and discrete optimization to configure a kanban 

system for a custom door manufacturer. So and Pinault [1988] proposed a method 

of estimating the amount of safety stock in a JIT pull system needed due to variation 

in processing times, machine breakdowns, and demand fluctuation in order to meet a 

predetermined desired level of performance. 

2.4 Deterministic Models 

Bitran and Chang [1988] provided a mathematical model for the deter

ministic, assembly structure constant-cycle kanban system. The model they 

developed gave us the insight for this dissertation. For that reason, we will discuss 

their paper in more detail later. Li and Co [1991] used the model by Bitran and 

Chang [1988] to develop a dynamic program for computing optimal kanban alloca

tions. The authors implicitly assumed infinite capacity at each workcenter which 

greatly simplified the search for feasible solutions and facilitated finding optimal 

solutions. Philipoom et al. [1990] noted the importance of processing time variabil

ity in determining lead time and hence proper kanban levels for signal kanban 

(reorder point) systems. The authors developed two integer mathematical models for 

optimally determining the lotsize to be used in conjunction with signal kanbans. A 

simulation model was subsequently employed to test the effectiveness of the integer 

programming models and to explore some of the characteristics and conditions a 

firm might encounter when implementing a nT system. 

The remainder of this section focuses on the paper by Bitran and Chang 

[1987]. As mentioned earlier, Bitran and Chang modeled the assembly structure, 
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Figure 2.1: Example System for the Bitran and Chang Model 

constant-cycle, kanban system. An example of the system they modeled is shown in 

Figure 2.1. The authors assume a workcenter n has a production process P n and an 

inventory point In. Parts are produced at pn to fill containers. Full containers are 

stored with a kanban attached to it at In. The successor stage of n uses parts from 

In to produce its own parts. When the first part of every container is used, the as so-

ciated kanban is detached and put aside. At the end of each period, all detached 

kanbans are moved to pn and can serve as production orders for pn. Once pn fills 

a container, the kanban that triggered the production is attached to the container and 

is sent to In. Note that all containers produced at any period are available for con

sumption by the successor stage at that same period. However, kanbans that are 



23 

detached at any period cannot serve as production orders until the next period. This 

restriction on movement of kanbans disrupts the continuity of the production flow. 

In other words, a kanban allocated to stage n can trigger production at most once 

every period. Also, a station can be blocked (starved) even though its successor 

(predecessor) station has ample capacity for production. 

Another element that disrupts production flow is that the authors assume 

implicitly in their mathematical formulation that only an integer number of full con

tainers can be produced at any period. That is, partially filled containers are not 

allowed to be produced. The authors, however, allowed containers to be consumed 

partially by the successor station. 

For the purpose of simplifying the notation, the authors assumed zero. pro

duction lead time. The way this assumption simplified the models is by allowing 

containers produced at period t in stage n to be used to produce containers at period 

t in the successor stage of n . 

In Bitran and Chang's model, the maximum inventory allowed by allocat

ing kanbans serves two purposes: to offset shortages in capacity in future periods; 

and to provide enough parts to be used by the successor station at any period to 

meet its own demand (note that the maximum number of parts than can be con

sumed by the successor station at any period equals the number of kanbans times the 

container size of the predecessor station). 

The authors provided a non-linear integer mathematical model for the 

above described system. Following that, they transformed the model to an integer 

model that is linear in constraints. Then they used the transformed model to study 
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characteristics of three special cases of the system. The cases addressed assume 

three values for the number of containers of part n required to make one container 

of the successor part of n. The values were 1, l/{integer number), integer number. 

For each of these special cases, the authors provided simplified models to represent 

the system. 

2.5 Relation to Deterministic Lot-sizing Models 

The kanban system and the MRP system both serve the same purpose and 

that is to control production. The philosophy behind the two systems are different. 

The MRP system schedules production for a planning horizon to meet forecasted 

demand. Production must be monitored periodically to meet the planned schedule. 

During the planning horizon, a workcenter is not sensitive to the status of down

stream workcenters. 

The kanban system operates differently from the MRP system. The main 

control element of the kanban system is the number of kanbans allocated to each 

part. The purpose of the kanbans is to act as an information link between the 

workcenters. If production is disrupted at a downstream process, the production at 

upstream operations will eventually be affected by using up all their kanbans and 

thus stopping production. In a multi-part production system, the kanban system will 

still require a production schedule, but does not necessarily meet it since the availa

bility of kanbans has a higher level of control on production than the schedule. 

Though the philosophy in control is very different, the mathematical 

models of the two systems are very related. To compare the modeling aspects of 

both systems we will use the single item, assembly structure system. We first 



25 

present a model by Afentakis et al. [1984] for the MRP lot sizing problem, and gra

dually make the transfonnation to a model of the kanban system. Afentakis et al. 

[1984] used the following notation: 

Xjt = the lot size of item i in period t; 

Iii = the inventory level of item i at the end of period t; 

Sj= the setup cost for item i; 

hj = the unit inventory cost per period for item i; 

dt = the demand for the final item (i.e. item 1) in period t 

M = a large number; 

s (i )=the successor part of item i; and 

the number of parts of item i required to make one part of item s (i). 

The model presented, which they called IP , is to 

N T 
minimize 1:1: (SiYit + h;lil) 

subject to 

11,(/-1) + Xlt -Ill = dt 

I j ,(/-l) + Xii - lit - ei,s(jfs(j),t = 0 

Xii S Yit M 

Yit E {O,l} 

XilJit ~ 0 

i=I/=1 

t=l, ... ,T 

i=2, ... /V, t=l, ... ,T 

i=l, ... /V, t=l, ... ,T 

i =1 , ... /V , t=l, ... ,T 

i=l, ... /V, t=l, ... ,T 

(2.2) 

(2.3) 

(2.4) 

(2.5) 
(2.6) 

(2.7) 

The objective of the above model is to minimize setup and inventory cost. 

Constraints (2.3) and (2.4) are inventory balance equations. Constraints (2.5) and 

(2.6) are to ensure that setup is accounted for when production occurs. Constraints 
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(2.7) are the non-negativity constraints. 

Note that in model IP the crucial element of the model is setup. In the 

JIT environment, setup is required to be minimized, so the assumption that setup is 

negligible is common is TIT modeling. Besides, since kanbans are used to store 

parts for infeasible periods, the capacity is a crucial element to consider in modeling. 

By eliminating setup and adding capacity, modeliP becomes, 

N T 
minimize L L hi lit 

i=1t=1 

subject to (2.3), (2.4), (2.7), and 

i=l, ... ,N, t=l, ... ,T (2.9) 

where ci/ is the capacity in units of station i during period t. The above model is 

linear and is relatively easy to solve. To transform the above model into a kanban 

system model we have to consider two facts. First, inventory is always limited by 

the number of kanbans. Thus, production is limited by the amount of storage. To 

model that restriction we need to add the following constraints, 

i=l, ... ,N, t=l, ... ,T (2.10) 

where rj is the container capacity, and Ui is the number of kanbans allocated. 

The second restriction in the kanban system is that parts move only in 

containers. A container can be thought of as a lot, and part movement is done only 

in lots. This restriction is modeled by altering constraints (2.3) and (2.4) so that 

parts cannot be consumed unless they arrive in lot quantity. These two constraints 

become, 
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t=l, ... ,T (2.11) 

[ 

ei.s(i)~XS(i) .. t] + [ ei,S(i}!XS(i),'t] + 
[. t l+X't-['t = ,. - ,. for all i and t(2.12) 
" - '" ,. ' r· , , 

A final restriction on the kanban system is that production at any stage 

and period must equal to the minimum of capacity, limits on inventory set by the 

number of kanbans, and availability of predecessor parts. The complete model of 

this system is provided in Chapter 4. 

The differences between Afentakis et al. model and the model we 

developed is summarized in four parts: (1) in the kanban model we eliminate setup 

cost; (2) the kanban model has limited capacity; (3) parts move between stations in a 

predetermined lot size equal to the container size; and (4) production is set equal to 

the minimum of capacity, limits by inventory, and availability of predecessor parts. 



28 

CHAPTER 3 

SINGLE·STAGE, SINGLE·PART, KANBAN SYSTEM 

3.1 Introduction 

As an initial step in analyzing and understanding the kanban system we 

model the single stage, single item kanban production system .. The objective of this 

chapter is to develop basic insights into the kanban system and understand the need 

and behavior of kanbans. Understanding this behavior will set the direction for 

analysis of more complex production models in following chapters. 

3.2 Mathematical Model 

In this section we suggest a nonlinear mathematical model for the single 

stage, multi period, capacitated single kanban system. We assume the planning hor

izon is broken into periods, and there is no inventory at the beginning of the hor

izon. External demand in number of containers is allowed at each period and can 

vary from period to period. We assume once demand occurs for a container, the 

associated kanban is available for use immediately. Production is limited by the pro

duction capacity at that period, and by the maximum allowable inventory, which in 

turn is determined by the number of kanbans in the workcenter. Setup is negligible. 

Demand occurs at beginning of a period. Backlog is not permitted. 

Define the problem parameters to be 

g = cost of having one container; consists mainly of inventory value; 



D, = demand in number of full containers during period t. 

C, = production capacity in items in period t; 

r = container capacity; 

T = the number of periods in the planning horizon. 

Let the decision variables be 

I, = inventory level at the end of period t (10=0); 

X, = production level in period t; 

U = the number of kanbans available at the workstation. 

The mathematical model, which we call P, is to 

minimize P (U) = gU 

subject to: 

I, = 1,- 1 + X, - rD, 

X, = mint C
" 

rU - 1
'
- 1 + rD, } 

I, ~ 0 

t=l, ... , T 

t=l, ... , T 

t=l, ... , T 

U ~ 1, and integer 
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(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

The cost in equation (3.1) consist of cost of containers. Constraints (3.2) 

are the inventory balance equations. Constraints (3.3) limit production to equal the 

minimum of the production capacity and the limit of inventory at the end of the 

period. Constraints (3.4) insure the non-negativity of the decision variables I" Note 

that the non-negativity of the x, variables are insured by constraints (3.3). Con

straint (3.5) insures that the number of kanbans is an integer greater than 1. Note 

that if the number of kanbans is 0, then production will halt. 
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The inventory balance equations (3.2) can be written in the following for-

mat 

t 
It = l:(xs - rDs) t=1, ... ,T (3.6) 

s=1 

3.3 The Complement of U 

Given any positive integer V, define the complement of V as a vector 

(x,I) such that (V,x,I) satisfies constraints (3.2), (3.3), and (3.5). That is, the com-

plement of V is a vector (x,I) that satisfies all the constraints except for the non-

negativity constraints on inventory levels. Given any positive integer V, consider 

the following algorithm, which we call ALG03.I, for computing a complement for 

V: 

Step 1: set t =1, and 10=0. 

Step 2: Let xt = min {Ct , rV - It - 1 + rD,}' I, = 1'-1 + X, - rDt , and t=t+1. 

Step 3: if t > T then stop; otherwise, go to Step 2. 

By step 2 of the above algorithm, the vector (x,I) generated satisfies con

straints (3.2) and (3.3). Moreover, since by assumption, V satisfies constraint (3.5), 

then the vector (x,I) generated by ALG03.1 is a complement of V. 

Theorem 3.1: For any integer V~l, there exists one and only one complement of 

V. 

Proof: Let V be positive and integer. By ALG03.1 we showed that at least one 

complement exists for V. We only need to show that this complement is unique. 

Let (i,l) be any other complement for V. We will show recursively that (x ,f) and 
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(x,l) are equal. For t=l x, = x, = min{ C
" 

rU+rD, }, and I, = ~ = xl-rD, . 

Assume for any t>l that x-Fx-r and i?l-r for 't=l, ... ,t-l. Then for t, x, =X, = 

min{ C
" 

rU-I,_l+rD, }, and I, = i, = 1,_l+x,-rD" 

(Q.E.D.) 

By Theorem 3.1, a positive integer U is feasible to problem P if and only 

if its complement (x,I) satisfies constraints (3.4). This provides us with a simple 

method for testing for the feasibility of a given U. We will refer to the unique 

complement (x,I) simply by the complement of U. 

3.4 Feasibility Tests 

In this section we present two theorems which provide necessary and 

sufficient conditions for the feasibility of problem P in general, and the feasibility of 

a positive integer U. 

I 

Theorem 3.2: Problem P is feasible if and only if L(Cs - rDs) ~ 0 for 
s=l 

t = I, ... ,T. 

Proof: 

(~) Assume problem P is feasible. Let (U,x,I) be any feasible solution to P. 

I 
Assume there is t such that L(Cs-rDs ) < O. Then from equation (3.6) 

s=l 

I I 

I, = L(xs - rDs) ~ L(Cs - rDs) < O. 
s=l s=l 
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Thus, I, < 0, which contradicts the feasibility assumption. 

, 
(~) For a given problem P, assume that I: (Cs-rDs ) ;?! 0 for t = 1, ... ,T. Con-

s=} 

sider the solution (U,x,I) where 

x, = C, t=l, ... , T 

I, =I'_~ :X~~{:, m~ (~h.· ,T 

From the above definition it can be seen that the solution (U,x,I) satisfies constraints 

(3.2), (3.3), and (3.5). Besides, from equations (3.8) 

, , 
I, = I: (xs-rDs) = I:(Cs-rDs ) ;?! 0 

s=} s=1 

Thus the solution satisfies constraints (3.4), and (U,x,I) is a feasible solution to P. 

(Q.E.D.) 

For future discussions, consider the set of variables F, defined as follows 

FT = max {O, rDT - CT }, and 

F, = max (O, rD, - C, + PHd for t= 1, ... , T-l. 

Theorem 3.3: If Problem P is feasible, then for any integer U ;?! 1, U is feasible to 

problem P if and only if rU ;?! P, for t= 1, ... , T. 

Proof: 

(~) Assume P is feasible, and let U;?!} be any feasible solution to P. Let (x,I) be 

the complement of U. 

Assume there is t such that rU < P,. By definition of P" there exists t;?! t such 



t 
that Ft = l:(rDs-Cs )' Thus, 

s=t 

t 
Ir = It-I + l:(xs-rDs ) 

s=t 

t 
~ rU + l:(Cs-rDs ) 

s=t 

t 
= rU - l:(rDs-Cs ) 

s=t 

< 0, 

Which is a contradiction to the assumption that (U,x,I) is a feasible solution. 
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(~) Assume P is feasible. Let U~1 be any integer number where rU ~ Ft for 

t= 1, ... ,T. 

Let (x,I) be the complement of U. By definition of the complement, the solution 

(U,x,I) satisfies constraints (3.2), (3.3), and (3.5). Thus, we need to show (U,x,I) 

also satisfies constraints (3.4). That is, we need to show for every t= 1, ... ,T , 

It ~ O. The proof is done by recursion. 

It can be easily verified that for t=1, II~O for otherwise the problem would be 

infeasible. 

Given t, where l<t~T, assume I 't ~ 0 for't=l,oo.,t-1..sp 

By definition of the complement, xt = min {C,. rU - It- 1 + rDt }. Consider the 

following two cases, 

(a) xt = rU -It-I + rDt 

Then, 



I, = 1'-1 + X, - rD, = 1'-1 + (rU -1'-1 + rD,) - rD, = rU ~ O. 

(b) . X,=C, 

To show II~' consider the set 

s = {'t : 1 S; 't S; t -1, 't integer, and x't = rU - I't-l + rD 't} . 
, 
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If S is empty, then x-r;=C't for all 'tS;t, and II =I: (C't-rD 't). But since P is 
't=1 

feasible, then from Theorem 3.2, I,~. 

If S is not empty, let t = max 'to Then x, = rU -1'-1 + rD" and I, = rU. 
'tES 

Also, x't=C't for 't = t+ 1 , ... , t ; thus, 

I 

I, = I, + L (C't - rD't) 

I 

= rU - L (rD't - C't) 
't=r+l , 

But from the definition of F
" 

it can be verified that F ,+1 ~ L (rD 't-C 't); thus, 
't=l+l 

(Q.E.D.) 

Theorem 3.3 indicates that kanbans are needed to store parts for infeasible 

periods and the number of kanbans needed does not exceed the number required to 

store enough parts for the most infeasible period. 
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3.5 Optimality Test 

By the objective function (3.1) the optimal number of kanbans is the smal

lest feasible number of kanbans. Theorem 3.3 provides us with the minimum 

number of kanbans required. Thus, we can compute the optimal number of kanbans 

from Theorem 3.3 as shown in the following Theorem. 

Theorem 3.4: If problem P is feasible, then the optimal partial solution to P is 

Proof: Let t = argmax Ft ' then 

(1) [feasibility] 

[ F-] + F-
U• >_ -r

t 
..... -r

t 
,. thus, U· ..... F U· > F cIT B ~ r ~ I' or r - t lor t= I··· I • Y 

Theorem 3.3, U· is feasible. 

(2) [optimality] 

Let U be an optimal partial solution to P such that U "# U·. Consider the fol-

lowing two cases: 

(a) U < U· 

This implies U· > 1, and U < [ ;] +. By the integrality of U and the definition 

[ F-] + F-
of -;- ,U < -;-, or rU < Fl. By lemma 2, (} is infeasible, which leads 

to a contradiction. 

(b) (} > U· 

This implies that P «(I) ~ P (U·) which is a contradiction. (Q.E.D.) 
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3.6 Conclusion 

In this chapter we built an integer mathematical model for the single-stage, 

single-item kanban system. The model was used to demonstrated that kanbans are 

needed as means to store parts for infeasible periods. This observation was used to 

develop the optimal solution for the number of kanbans. 
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CHAPTER 4 

SINGLE-ITEM, ASSEMBLY STRUCTURE KANBAN SYSTEM 

4.1 Introduction 

The kanban system addressed in this chapter is the deterministic, assembly 

structure, single-item system. Figure 4.1 gives an example of an assembly structure 

system. There are two main constraints for such a structure: 1) each workcenter 

produces only one part; and 2) each part has exactly one successor part (except for 

the final product which has none). Multiple predecessor parts are allowed. Capaci

ties and demands are allowed to vary from one period to another. 

The purpose of this chapter is to model the deterministic assembly struc

ture kanban system and find good solutions for the number of kanbans to be allo

cated to each workcenter. A non-linear mathematical model is provided in the next 

section. The concept of a solution complement is explored for simplifying problem 

definition, gaining insight into problem structure, and reducing problem size. 

Characteristics of the model are derived and a fast test for feasibility is presented 

along with a solution heuristic. Computational results are provided for the heuristic. 

Comparison to optimal values generated by an improved enumeration algorithm indi

cates that the heuristic provides near optimal solutions. 
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Figure 4.1: An Example of An Assembly Structure System 

4.2 Mathematical Model 

4.2.1 Assumptions 
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In this section we present a nonlinear mathematical model for the assem

bly structure, multiperiod, constant-quantity, capacitated, single kanban system. We 

assume initial inventory levels are zero. The planning horizon is broken into control 

periods and demand and capacity are allowed to vary from period to period. Pro

duction is assumed instantaneous and takes place at the beginning of a period. Pro

duction at each workcenter is limited by three factors: 1) the production capacity in 

that period; 2) the maximum allowable inventory determined by the number of kan-
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bans; and 3) the availability of predecessor parts. Setup is assumed negligible. 

Backlogging is not permitted. We assume that parts are numbered such that if part 

j is a predecessor of part i, then j is greater than i. The basic control variables are 

the Ui's, where Ui is the number of kanbans in the system for the part made at 

workcenter i. One interpretation of the model is that it explicitly accounts for 

necessary inventory accumulations due to demand and capacity changes over the 

planning horizon. If lead time also contains delays for processing and conveyance, 

the number of kanbans should be increased to cover demand during this length of 

time. 

4.2.2 Notation 

Define the problem parameters 

Cit = production capacity of workcenter i in period t measured in number of parts; 

e ji = number of workcenter j parts required to make one workcenter i part where j 

is a predecessor of i; 

N = number of workcenters; 

P (i )=set of immediate predecessors of i; 

ri= capacity of a container of part i; 

T= number of time periods in the planning horizon; 

D t = external demand of part 1 at time t; 

gj= cost of one container of part i; the cost consists mainly of inventory value; 

s (i)= immediate successor of part i; 

d It = cumulative demand for periods 1 through t of the finished product, measured 

in containers, i.e. [(~D')lrl] +; 
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V It = number of containers of part 1 (final product) turned over at t. V It is basi

cally the number of containers required to fulfill demand at period t. For each 

t, V It can be computed as d It - d l,t-l • 

Let the decision variables be 

Iii = inventory level of i at end of t (10=<»; 

Ui = number of kanbans provided for part i; 

Xit = production level of i in period t; 

Yit = number of workcenter i parts in the partially used container at the end of 

period t; and 

Vii = number of workcenter i containers turned over at t for i=2, ... ,N and 

t=I, ... ,T. 

4.2.3 Model PA 

The mathematical model, which we call PA, is then 

Subject to: 

N 
minimize PA (U) = L gi Ui 

i=1 

lit = I i ,t-l + Xii - ri Vii for i=I, ... ) and t=l, ... ,T 

Cit 

Xii = min ri Ui - I i ,t-l + ri Vir 

! [ ±Xj't] ) r· 1 t-l 
min _J 't= - LX' 

jeP(i) eji rj 't=1 l't 

(4.1) 

(4.2) 

(4.3) 



_ [ ei,s(i)~XS(i)''t] + 
Vit -

r· , 

t t 

Yit = rj LVi't - ei,s(i)LXs (j),1: 
't=1 -r=1 

xit ~ 0 

lit ~ 0 

Vj ~ 1 and integer 

for ;=1, ... ,[ and t::l, ... ,T 

for ;=2, ... / and t=l, ... ,T 

for ;=1, ... / and t=l, ... ,T 

for ;=1, ... / and t=l, ... ,T 

for ;=1, ... / and t=l, ... ,T 

for ;=1, ... / and t=l, ... ,T 
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(4.4) 

(4.5) 

(4.6) 
(4.7) 

(4.8) 

Equation (4.1) constitutes the sum of the costs of containers. The cost 

function represents the maximum possible cost of inventory. Constraints (4.2) are 

the inventory balance equations. Constraints (4.2) can also be written in the follow

ing fonnat: 

t 
[. = ~(x· - r· V· ) 11 ~ 11: 1 l't for ;=1, ... / and t=l, ... ,T (4.9) 

't=1 

Constraints (4.3) compute production for each period and at each workcenter as the 

minimum of capacity, inventory limit, and the production limit dictated by the least 

available predecessor part. Note that constraints (4.3) limit inventory at the end of a 

period to be less than or equal to the available space. That is, Iii gj Vj for all i and 

t. Constraints (4.4) compute the number of containers that turn over each period for 

parts ; =2, .. JV . Vii equals the total number of containers needed up to period t 

minus the number of containers needed up to period t-1. Equations (4.5) compute 
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the number of parts in the partially used containers at the end of each period. The 

Yit variables do not affect any of the other variables and thus constraints (4.5) can be 

omitted; however, we chose to include them for the sake of completeness. Con

straints (4.6) and (4.7) insure non-negativity of production and inventory. Con

straints (4.8) insure the non-negativity and integrality of the number of kanbans. 

Constraints (4.8) also insure there will be at least one kanban allocated to each 

workcenter so the kanban system can function properly. 

Except for workcenter capacity limits, model PA does not restrict the 

number of times a kanban can tum over in a period. The major role of the number 

of kanbans is to restrict end of period inventory. The assumption of zero lead times 

indicates instantaneous production of parts and transportation of kanbans. This 

assumption was made to simplify the presentation of the model. One way of incor

porating lead times is by defining time periods for each station differently. That is, 

instead of having periods 1,2, ... ,T, let t;'t be the start of period 1: of station i. The 

periods will be defined first for the final station, then for each station i, t; -Fts (; }t-Lj , 

where Lj is the lead time of transporting one container of part i. With this 

definition a successor station is allowed to use predecessor parts that had enough 

time to be moved to the successor station. If the time spent in producing and con

veying the parts in a container is significant, the number of kanbans installed should 

be increased in an amount equal to demand during this length of time. 

Since production is assumed to occur continuously, variables x and I are 

not restricted to be integers. That is, time periods do not disrupt the production 

flow. Time periods serve as discrete points at which demand rates may change and 

as snap shots of the system at which the system is tested for compliance with the 
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kanban production rules. 

An important characteristic of model PA is the existence of many equality 

constraints. These equality constraints reduce the solution space significantly and 

will facilitate computing feasible solutions as will be shown in the next section. 

4.3 The Complement of a Vector U 

4.3.1 Definition 

Consider the folJowing terminology. Given any integer vector U~l, a 

complement of U is a vector (x,I,V,y) such that the vector (x,I,V,y,U) satisfies con

straints (4.2)-(4.6) and satisfies Iii ~ 0 for ;=2, ... ) and t=l, ... ,T. That is, (x,I,V,y) 

is a complement of U if and only if the vector (x,I,V,y,U) satisfies all the constraints 

of model PA except for the non-negativity constraints on the inventory of the first 

part. 

4.3.2 Computing the Complement 

Given any integer vector U~l, consider the folJowing algorithm, which 

we call ALG04.1, for finding a complement vector (x,I,V,y) of U: 

Step 1: Set lio=O for all ;. Set AiJ=O for all ; and t. Set t=1. 

Step 2: Starting with i=N down to ;=1 compute 

Ail = min 

! [,-1 ]-) LXj1: + Ajl 
r· 1 1-1 

• J 1:= "" mm - - ~x· 
jeP(i) eji rj 1:=1 11: 



Step 3: Compute Xlt = min(A It ,rIU 1 -/1,t-I + rl V It}' and 

lIt = II,t-I + X It - r I V It 

Step 4: Starting with i=2 to i=N compute 

Vii using equation (4.4), 

Xj, = min{AiI~jUi - Ii,t-I + rj Vir}' 

Iii using equation (4.2), and 

Yit using equation (4.5). 

Step 5: If t=T stop; else, set t=t+1, and go to step 2. 
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The main difficulty in finding a complement of a vector U is that produc

tion levels at each workcenter depend on production levels of both its predecessor 

stations and successor station. Thus, whether one starts computation of x's from 

i=l to i=N, or from i=N down to i=l, in either case sufficient information for 

computation would be unavailable. The way AW04.1 alleviates this problem is by 

computing at each period the maximum possible production at each workcenter (i.e. 

Aj, 's) taking into account production at previous periods and production capacity of 

predecessor stations. Following that, and progressing with i=l to i=N, the algorithm 

computes production levels as the minimum of Ail and the limit set by the number 

of kanbans. 

Lemma 4.1: Given any integer vector U~l, the vector (x,I,V,y) computed by 

AW04.1 is a complement of U. 

Proof: From ALG04.1 and the definition of U, it is apparent that the vector 

(x,I,V,y,U) satisfies constraints (4.2), (4.4), (4.5), and (4.8). We need to show that 

(x,I,V,y,U) satisfies (4.3), (4.6), and lit?O for i=2, ... ,N and t=l, ... ,T. 



Constraints (4.3): 

From ALG04.1 we have 

Xii = min {Ail or, by the definition of A jl 
ri U i -li,I-1 + ri Vii 

Cil 

Xii = min r·U· -I· I 1+ r·V:, I I I, - I u 

! [ ':EXjt + Ail] ) 
min l t=1 _ 'i:X' 

jeP(i) eji rj t=I It 

Thus, we need to show two statements: 

I 

LXjt ! [ ]-) r· 1 I-I 
(1) Xii ~ .mi~ -}- t= - LXit 

}eP(I) eji rj t=1 

For any j E P (i) there are two cases for the value of Xjl : 

a) Xjl = A jl which directly implies (1); 

b) Xjl < Ajl which implies that 

X· = r·U·-I· I I+r· V'I }I }}}, - }} 

Thus, 

I-I I 

= r·U· - ~x· + r· ~V'I }} kJ}t J kJ } 
t=1 t=I 

[ ]

+ 
I 

eji LXit 
I-I I 

= r.U.- ~x· +r. t= 
} } kJ}t} r. 

t=1 } 
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LXj't + Ajl 

1-1 
- ~X· LJ l't 

-r=1 

[ 

1-1 1-
r· 1 1-1 

(2) If xiI = -}- 't= - LXi't for some j E P (i) then 
eji rj 't=1 

[ 

I 1-LXj't 
rj 't=1 1-1 

XiI = - - LXi 'to 
e·· r· ....... 1 }I } ..-

46 
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By (1) we have 

[ r I 

LXj't 
1-1 rj 1=1 

X· s- -l:X' 
U e.. r. ,'t 

J' J 1=1 

Thus, 

['_1 r [ r I 

LXj't + Ajl 
1-1 

LXj't 
1-1 rj 1=1 

- LX' s rj 1=1 
- LX' 

ejj rj 
l't e·· r· 

l't 
1=1 J' J 1=1 

But since A jl ~ Xj/' then 

[ r [ ,-I ] 
I 

LXj't + Ajl 
1-1 

LXj't 
1-1 rj 't=l 

- LX' = 
rj 1=1 

- LX' 
ejj rj 

l't 
ejj rj 

l't 
1=1 1=1 

Constraints (4.6): Xjl ~ 0 for i=l, ... ,N and t=l, ... ,T 

From ALG04.1 xii is computed by 

X. = min {Ail 
II r· U· - I· I 1 + r· V'I " '. - " 

Also by (4.2) and (4.3) lit S rj U j • Thus, to show Xii ~ 0, it is sufficient to show that 

Ail ~ 0 and V jl ~ O. Both statements are proved by induction. 

For i such that P (i )=0, Ail = C iI ~ O. Assume for a given i that A jl ~ 0 for all 

j E P (0. Then 

l
en 

Ajl = min A-
r· '1 min _J ___ J_ 

jeP(I) ejl [ rj ] 



Thus, Ail ~ O. For any j E P (i) and t > 1 

or 

Since A jt ~ 0, then 

But since 

Ait = min 

then Ail ~ O. 

1-2 
- "'x· ~ l't 

t=I 

! [ 1-1 ] ) I;xj't + Ajt 
r· 1 1-1 

• J t= '" mm - - ~X· 
jeP(i) ej; rj 't=I l't 
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Now, given all Ait ~ 0, to prove xit ~ 0, it is sufficient to show Vit ~ 0 for 

all i,1. This will be established by induction. For i =1, V 11 = d It - d 1,1-1 ~ 0 for 

t=1,oo.,T. Assume for a given i that Vs(i)t ~ 0 for all t; thus it follows that Xs(i)t~O 

for all t. Therefore, 

_ [ e;,S(i)~XS(i)''t] + 
V't -

I r. 
I 

~ o. 
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Constraints lit ~ 0 for i=2, ... N and all t 

In ALG04.l, Ii' is computed using equation (4.2) which is equivalent to equation 

I 

(4.9). Thus IiI=l:(Xj't-rj Vj't). To show Iii ~ 0 for i=2, ... N it is sufficient to show 
t=1 

I I 

that l:Xj't ~ rj l:Vj't . 
t=1 t=1 

By (4.3), for any couple i and s (i) 

[ 

I ]-l:Xj't 
ri t=1 I-I 

XS(i)1 ~ -- - l:Xs(i)t for i=2, ... N and t=l, ... ,T. 
ejs(i) rj t=1 

Thus, 

[~~il ~ _e
lS

_, (_i)_~_ilX_S_(j)_'t 
By the definition of [xr, 

(Q.E.D.) 

4.3.3 Uniqueness of the Complement 

Theorem 4.1: Given any integer vector U~I, there exists one and only one comple

mer.t to U. 

Proof: Lemma 4.1 shows the existence of at least one complement for the vector U. 

We only need to show the uniqueness of such complement. The proof is done by 
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contradiction. 

Consider any integer vector U~l. Let (x,I,V,y) and (x ,i,v ,y) be two different 

complements of U. Since the variables I, V, and y can be written exclusively in 

terms of x, for (x,I,V,y) and (x ,f,v ,y) to be different, the two vectors x and x 

have to be different. 

Let t = min{'t : Xj'" '* Xj"" 1~'t~T, and l~j~}. 

Let i 1 = min{j : Xj",::I: Xj"" l~j~, and 1:=1}. 

Then, 

Xit = Xit for i==I, ... ,N and t=I, ... ,1-1 

and xit = xit- for i=I, ... ,i 1-1. 

Thus, Vilt = l\t and lit=iit for i=I, ... ,N and t=I, ... ,1-1. 

Assume without loss of generality that x. t- < X. t-' Since I. t- 1 = i. t- 1 and 'I 'I '1- '10-

V. -t = V. t-' then from equation (4.3), there exists i 2EP (i 1) such that 
'I 'I 

But since xit = Xit for i=I, ... ,N and t=I, ... ,1-1, then Xi2t < xi7J-. Thus, from equation 

(4.3), xi7J- has two possible values: 

(1) 



(2) 

Case (1) is impossible since it results in the following: 

1-1 I 
= ri,Piz - LXiz't + rizL Viz't· 

't=1 t=1 

Thus, 

But since the right hand side is an integer, then 

Since Uiz~1, then, 

I-I 
- LXi1't > xi.t 

t=1 

51 



52 

which contradicts the previous conclusion that the two quantities are equal. This 

shows that case (1) is impossible and there exists i 3EP (i 2) such that 

This results in Xi3t < Xi
3
t. The same above analysis can be done recursively until we 

reach a stage j that is a predecessor of i 1 such that P U)=0 and Xjt < Xjt . How-

ever, this is a contradiction since, 

lCjt 
X.- = min 

jl r· U· - I. - + r· V.-
j j j ,1-1 j JI 

But it was shown earlier that Xjt:l: rjUj -lj ,t-1 + rj Vjt; thus, Xjt = Cjt and 

Xjt > Cjt which contradicts the definition of a complement. Thus the complement is 

unique. 

(Q.E.D.) 

The uniqueness of the complement is the result of the equality constraints 

that govern the performance of the kanban system. It implies that once the number 

of kanbans is determined for each workcenter, the rest of the production variables 

are also determined. Thus, the number of kanbans is the main factor in describing 

the performance of the system. 

4.3.4 Feasibility of a Vector U 

An intuitive understanding of the complement of a vector U is given as 

follows. Given the number of kanbans allocated to every workcenter, the comple-
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ment describes how the kanban system will behave during the production horizon. 

The complement gives the production levels for each workcenter at each period, the 

inventory levels at the end of each period, and the number of containers that turn

over during each period. A set of kanbans, U, is feasible to model PA if it provides 

adequate buffer capacity to meet final demand in all periods. Note that the comple

ment is defined whether or not U is feasible. In the case of an infeasible set of kan

bans U, the complement indicates the backlog resulting at the end of each period if 

any. A backlog occurs at period t if 11t<0, and the amount of backlog is -lIt. The 

uniqueness of the complement is an indication of the simplicity of controlling the 

kanban system. Managers need simply allocate kanbans to stations. 

Corollary 4.1: Let problem PA be feasible. Let U ~ 1 be an integer vector, and 

(x,I,V,y) be the complement of U. Then the set of kanbans U is feasible to PA if 

and only if 11t~O for t=l, ... ,T. 

The above corollary is a direct result of the definition of the complement and its 

uniqueness. For any feasible problem PA, corollary 1 gives us a simple method of 

testing the feasibility of a set of kanbans U. This feasibility test will be the basis of 

the heuristic discussed in later sections. 

4.4 Characteristics of Model P A 

4.4.1 Characteristics of a Feasible Vector (x,I,y,V,U) 

In this section we examine the structure of problem PA with the intent of 

developing properties useful in its solution. We begin with a characterization of part 

flow between stages. This leads to a test for the existence of a feasible solution to 

problem PA. The feasibility requirements lead to a test for feasibility of any partial 
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solution vector. Lastly, a special case for which the optimal solution is easily found 

is described. 

For future discussions, consider the following two parameters: 

d;t= cumulative demand in number of containers from period 1 to period t for part 

i; and 

Bit= actual production capacity at workcenter i in period t taking into account 

capacities of predecessor stations up to time t and assuming that station i pro-

duced to actual capacity up to time t-1. 

An expression for d It was given in Section 2. For i =2 to i =N compute djt as fol

lows 

d. = [ ej,s(i} 'sCi) dS(i).t ] + 
a ,. 

I 

t=l, ... ,T 

Bit may also be computed recursively. For t=l to t=T the following is performed: 

Starting with i=N down to stage i=l compute Bit as 

Bit = min 

! [ ]-) 
t 

LBj't 
. 'j 't=I t-l 

mm - - LB· 
jeP(i) eji'j 't=I l't 

The definition of Bit and d it generalizes the concept of feasibility for a workcenter 

to include interaction with the rest of the system. 

Theorem 4.2: Let (x,I,V,y,U) be any feasible solution to PA, then the following 

hold: 



t t 
(1) 1:Xj,'t ~ rj 1:Vj't for i=l, ... ,N and t=l, ... ,T. 

't=1 't=1 

t t 
(2) rj 1:Vi't ~ rS(i)ej,s(i)1:Vs(j),'t for i=2, ... ,N and t=l, ... ,T. 

't=1 't=1 

t 
(3) 1:Vi't ~ djt for i=l, ... ,N and t=l, ... ,T. 

't=1 

t t 
(4) 1:Xj't $; 1:Bj't for i=l, .... ,N and t=l, ... ,T. 

't=1 't=1 

Proof: 

t t 
(1) Assume there exists i and t such that 1:Xj't < rj 1:Vj 't, then, 

't=1 't=1 

t t 

ljt = 1:Xj't - rj 1:Vj't < 0 
't=1 't=I 

which contradicts the assumption that (x,I,V,y,U) is feasible. 

(2) For any pair i, s (i), where i =2, ... ,N , 
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(Q.E.D.) 

(Q.E.D) 

(3) Proof done by induction. For i = 1, by definition of V Itt V 11 = d 11 and 

V It = d It - d I,t-I for t=2, ... ,T. Thus, 

t t 
LV I't = d It or 1:V I't ~ d It for all t. 
't=I 't=I 

t 
For any i, l<iGY, assume 1:Vs(j)'t ~ ds(j)t for all t. Then, 

't=I 



d
" 

= [[ eis(i)"(I)d'(I~ ] 1'1 r :;; [[ e"(I)',(I) ~ V'(I)t] 1,/ r 
From (2), the above quantity is 

But, since V it'S are integer by definition, then, 

t 
and thus, dit ~ LVi't. 

't=1 
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(Q.E.D.) 

(4) Proof done by induction on t within an induction on i. Let i be any station 

t t t 
such that P (i)=0. Then Bit=Cit> and LXi't ~ LCi't = LBi't. 

't=1 't=1 't=1 

t t 
Let i be any station such that for all j E P (i), LXj't ~ LBj't for all t. First, let 

t=1, then 

I
Cil 

< . 
xiI - mm -

r' x'l min _1 __ 1_ 

j<P(I) 'jl [ 'j ] 

I
Cil 

< . _mm B-
r' 'I min _1 ___ 1_ 

j<P(I) 'jl [ 'j ] 

= Bil . 

't=1 't=1 
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I-I I-I 
Second, assume for some t>l, l:Xi't S; 'LBi't. There are two possible cases for 

't=1 't=1 

I I 

(a) Bit = Cit . Thus, xit S; Bit , and 'LXi't S; 'LBi't . 
't=1 't=1 

! [ ]-) 
I 

'LBj't r, I I-I 
(b) Bit = ,min, _J_ 't= - 'LBi't . 

JeP(I) eji rj 't=1 

Then, 

! [ ]-) 
I 

'LXj't 
. rj 't=1 I-I 

X'I S; mm - - 'Lx, 
I jeP(i) eji rj 't=1 l't 

! [ ]-) 
I 

'LBj't 
r' I I-I • J 't= ~ 

S; ,mm, - - ~Xi't. 
JeP(I) eji rj 't=I 

1-1 
By rearranging the above inequality and subtracting 'LBi't from both sides, 

't=I 

we get 

By definition for this case, the right hand side of this inequality is Bit. 

t t 
Therefore, 'LXi't S; 'LBi't . 

't=I 't=I 

(Q.E.D.) 
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The results of Theorem 4.2 are intuitive conclusions of the definition of 

each of the variables. Result (1) states that at each period, the cumulative number 

of parts moved by containers is less than or equal to the cumulative production. 

Result (2) is an extension of (1) and limits the number of parts moved at the succes

sor station to the number of parts which have arrived from predecessor stations. 

Result (3) states that the cumulative number of containers moved should be greater 

than or equal to the demand in number of containers. Result (4) stresses the fact 

I 

that the quantity 'LBj-r is a limit on the cumulative production levels at each station 
-r=I 

and period. 

4.4.2 Feasibility of Problem PA 

The results from the previous section are used here to develop sufficient 

and necessary conditions for the feasibility of problem PA. This is provided in the 

following theorem. 

I 

Theorem 4.3 Problem PA is feasible if and only if 'LB I-r ~ rId 11 for t=l , ... ,T. 
-r=I 

Proof: 

( -7) Proof by contradiction. Assume Problem PA is feasible, and assume there 

I 

exists t such that LB l't < rld lt . Let (x,I,V,y,U) be a feasible solution to PA, 
-r=I 

then 

I I 

III = 'LXI-r- rI'LVI-r 
't=I -r=I 

and by Theorem 4.2 parts (3) and (4), the above quantity is 

I 

$; l:Bl't - rld II < 0 
't=I 



59 

which contradicts the assumption that (x,I,V,y,U) is feasible to PA. 

I 

(r) Assume 1:BI't - rld ll ~ 0 for t=l, ... ,T. Consider the vector U, where Uj = 
't=1 

1:Cj't 

1 [ T ]+) 
max 1, 't=~i • Let (x,I,V,y) be the complement of U. To show that 

(x,I,V,y,U) is feasible to PA, it is sufficient to show that III~ for t=l, ... ,T. 

For any i and t 

I-I I 

rj Uj-li,I-1 +rj Vit = rj Uj - 1:Xi't +rj 1: Vj't 
't=1 't=1 

I-I 
~ rj Uj - 1:Xj't since Vj't ~ 0 

't=1 

by previous assignment of Uj and thus 

Thus, from equation 3, XiI can be written as 

Xii = min 
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By the above fonnula we will show recursively that xil=Bjt for all i and t. For 

all i without immediate predecessors (P(i)=0) we have Bjl=Cjt and Xil=Cil ; 

thus, xil=Bjt. Let i be such that P(i):#2J, and for all jeP(i), xjl=Bjl for all t. 

Then, for t=l 

Assume for some t>l that xj-r;=Bj't for't=l, ... ,t-l. Thus, 

Xjt = min 

! [ ]-) 
I 

LXj't 
r· 1 1-1 • J 't= ~ mm - - k/X' 

jeP(j) ejj rj 't=1 l't 

= min 

! [ ]-) 
I 

LBj't 
r· 1 1-1 

• J 't= ~B mm- -k/' 
jeP(i) ejj rj 't=1 l't 

Since this latter expression is Bjl by definition, xj,=Bil for all i and t. By 

I 

definition of V 11, LV lrd 11. Therefore, for any t=l, ... ,T 
't=1 

I I 

III = L Xl't - rlLV1't 

't=1 't=1 
I 

= LBl'C - rldl1 ~o 
't=1 

(Q.E.D) 
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Note that the feasibility test includes only a check for the final product 

since the variable B 11 takes into account capacities of all other parts in the system. 

4.4.3 Special Case of an Optimal Vector U 

It still remains to develop a procedure for finding the solution vector U. 

This will be the topic of the next section. However, before proceeding, note that the 

only purpose of having kanbans in model PA is to accommodate shortages in capa

city in future periods. Thus, if each workcenter had enough capacity to meet con

tainer demand each period, there would be no need to have more than one kanban at 

each station. All predecessor workcenters can meet demand of their successor by 

producing in the same period in which the demand occurs. This is stated more for

maIly in the following theorem. 

Theorem 4.4: Let Problem PA be feasible, and assume for each i and t, 

Cjl';?rj(djl-dj,I_I)' Then the optimal solution to PA is U*=1. 

Proof: Since U* is the smaIlest possible solution to any problem it suffices to show 

that U* is feasible. Let (x,I,V,y) be the complement of U*. We only need to show 

that lIt ';? 0 for all t. 

I I I 
Since III = LXI't - rILVI't it suffices to show that LXI't ';? rId l1 for all t. To 

't=1 't=1 't=1 

I-I 
establish this result we first show by induction that A jl ';? rj diJ - LXj't for all i and 

't=I 

(. The desired result will then follow. 

For (=1 the first step in ALG04.1 is to compute the A's. For each i such that 

P (i)=0 , Ai} = ei} ';? rj dj}. Given any other i, assume A j I ';? rj dj 1 for all j E P (i). 

Then, 
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But, for each jeP (i) 

r· [A. 1]- r· [r.d. 1]- r· [ ]-_J_ __J_ ~ _J_ _J_J_ = _J_ d
j 

1 

ejj rj ejj rj ejj 

r· 
Since dj1 is an integer, the above quantity is equal to -J-djt . By definition, 

ejj 

_J ___ J_ > _J_ JI I J > r.d.
1 

r· [A. 1]- r· [e .. r.d. I ]+ 
- - I I 

ejj rj ejj rj 

Therefore, 

{
eil 

A· I ~ min d 
I r· .1 

J J 

{
rjdjl 

~ min d 
rj jl 

= ridil . 

Thus, by induction we showed that Ail~rjdil for all i. Following Step 3 of 

ALG04.1, the x's are computed as follows, 

Xu = min{A 11 ,rl+r1V 11 } 

= min{A 11 ' rl+rld 11} 

~ min{rldu , rt+r ld 11} 

= rtd 11 

For each other ;>1 assume xs(i)l ~ rS(i)ds(i)t, then 

X·I = min{A· I r.+r.V· t } I I , I I ~ 



- . {A + [ei ,s(i'fS (i)1] +} - mm iI' ri ri 
r· , 

...... . { d [ ei 'S (i)rS (i)dS (i)1] +} ::::. mm ri il , ri+ri 

= min{r·d· 1 r·+r·d· 1} , , " " 

r· , 

Thus, by induction we showed that xi 1 ~ ri di 1 for all i . 

1-1 
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Assume for a given t>1 , LXi't ~ ridi,l-l for all i. Then by ALG04.1 Step 2, the 
't=1 

values of A 's are computed as follows: For each i such that P (;)=0 , Ail= Cjl' 

1-1 
Thus, Ail ~ rjdjl-rjdj.t_l ~ rjdjl - LXj't. 

't=1 

t-l 
Assume for some i, P (i ):#:0, that A jt ~ 'jdjt - LXj't for all j e P (i). Then for each 

't=1 

jeP (0, 

r· 
= _l_d./ 

e.. 1 
l' 

r· [e"'.dil ] + = _1- 1" 

ejj 'j 



Therefore, 

Ail = min 

! [,-1 ] ) LXj't + Ajl 
r· 1 1-1 • } 't= ~ 

mm - - ~X' 
jeP(j) ejj rj 't=1 l't 

(

r.d. -r·d· 1 I II I I,t-

~ min 1-1 

r·d· - "" X· 1 II ~ l't 
't=I 

1-1 
= r·d· -~X· I II ~ l't 

't=I 

1-1 
We have just shown by induction that Ail ~ rjdjl - LXj't for all i and t. 

't=I 

I 
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We conclude the proof of Theorem 4.4 by showing that LXl"C ~ rid II for all t. 
't=I 

From ALG04.1 Step 3, 

By definition of VII , 



Thus, 

~ min 

t-I 
rId It - LXI't 

't=I 
t-I 

rI - LXI't + rId It 
1:=1 

t-I 
= rIdIt-LXI't 

't=I 
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(Q.E.D.) 

A system satisfying the conditions in Theorem 4.4 resembles a balanced, reliable 

assembly line. 

So far in this chapter we developed a method for testing the feasibility of 

a set of kanbans. In the following section we use the facts we gathered to develop 

solution procedures for solving problem PA. 

4.5 Solutions to Problem PA 

4.5.1 Lower and Upper Bounds 

In this section we describe heuristic and optimal solution procedures for 

problem PA. Both solution procedures require the knowledge of lower and upper 

bounds on each Uj • Consider the following upper bound, called UUj , on Uj : UUj = 

max [('fBj't - rjdit)/rj ] +. The upper bound UUj is basically the number of con
I~t~T 1:=1 

tainers required to store the maximum possible inventory. Following Theorem 4.4, 
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lower bounds (ULi ) can be computed from the following algorithm, which we refer 

to as ALG04.2: 

Step I:For each j=l, ... ,N set ULj = 1 Set i=1. 

Step 2:Set Ui=ULi and Uj=UUj for j~i. 

Step 3:Compute the complement of U and test for feasibility of U. If feasible then 

go to Step 4; otherwise, set Ui=Ui+l and repeat Step 3. 

Step 4:Set ULi=Ui . If i=N then stop. Otherwise, set i=i+1 and go to Step 2. 

ALG04.2 computes the lower bounds as the minimum number of kanbans feasible to 

problem PA. This is done by setting the rest of the U's to their upper bound and 

finding the minimum Ui that makes the set of kanbans 

4.5.2 Heuristic Solution Procedure 

The heuristic procedure implicitly assumes non-negative echelon costs. 

That is, the heuristic assumes a value-added structure such that for each i, £ ~ 
ri 

L gj. The heuristic proceeds from stage 1 to N at each stage setting Ui equal 
jeP(i) rj 

to the minimum feasible kanban value given partial solution (U I, ... , Ui-I)' When 

setting Ui , Uj , j > i, are assumed to be at their upper bounds. Denoting the heuris

tic solution by U, the algorithm, which we refer to as ALG04.3, for computing the 

solution is as follows: 

Step 1 : Let OJ=UUj for j=l, ... N. Set i=1. 

Step 2: Set 0i =ULi . 
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Step 3: Compute the complement of U and test for feasibility. If feasible then go to 

Step 4; otherwise, set 0;=0;+1 and repeat Step 3. 

Step 4: If i=N then stop. Otherwise, set i=i+1 and go to Step 2. 

Note that the ALG04.3 encourages storage of parts up-stream in the production pro

cess as much as possible. This is based on the assumption of non-negative echelon 

costs. 

4.5.3 Optimal Solution Procedure 

The procedure for finding an optimal solution is a basic enumeration tech

nique that explores all values within the upper and lower bounds. The procedure 

starts with i=l and progresses to i=N. Assume that at level i, the number of kan

bans for j=1, ... ,i-1 are currently set to Uj • Then the procedure exhausts all possi

ble values of Ui between U min and U max where U min = min ( Ui : ULi ~Ui ~UUi , 

and (U I ,U2, ... ,Ui-ltUi,UUi+I"" ,UUN ) is feasible to PA}, and Umax = max ( 

Ui: ULi~Ui~UUi , and PA(U I,U2, ••. ,Ui-I,Ui,ULi+I,'" ,ULN ) <PA*} where 

PA* is the incumbent value. That is, for a given combination of (U l' ... , Ui-I)' 

U min is the smallest value that could result in a feasible solution, and U max is the 

largest value that could result in a solution better than the incumbent. Note that 

U min and U max have to be computed at every combination of (U I""'Ui- I), If 

U min>U max' then that search path is aborted. 

4.5.4 Example Problem 

To illustrate the heuristic and optimal solution procedures consider the 3-

station example shown in Figure 4.2. Assume there exists five planning periods in 

the system and that demand for the final part equals 100 for all periods. Table 4.1 
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lists the system parameters for the example. Given these parameters the "actual" 

capacity (i.e. B jt ) was computed for all parts and is listed in Table 4.1. Note that 

for parts with no predecessor stations, the value of Bit equals the capacity Cit. Also, 

for part 1, Bjt equals Cit for all periods but period 1. This is due to the high capa

city level of predecessor workstations. Using the fonnula in section 4.5.1, the upper 

bounds on the Uj ' s were computed as 50, 25, and 12 for U l' U 2' and U 3 respec

tively. The lower bounds were computed using ALG04.2 from section 4.5.1 and 

equal 30, 3, and 4 for U 1, U 2, and U 3 respectively. 

Figure 4.2: Structure of Multi-stage, Single-item Example Problem 

Given the lower bounds and using ALG04.3 given in section 4.5.2, the 

heuristic solution was computed as U 1=30, U 2=5, and U 3=6. The objective value 

for the heuristic solution is 101. This value was used as an initial incumbent value 

for the optimal procedure. Table 4.2 lists the enumeration steps taken by the 

optimal procedure. For each part and each search path, Table 4.2 lists U min and 

U max described in section 4.5.3. If U min> U max then that search path is tenninated. 

The incumbent value was optimal for this problem; thus, good upper bounds were 
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provided at each search path, and the enumeration procedure terminated in very few 

steps. 

Table 4.1 

Example Problem For Multi Stage, Single-item System 

CapacIty l'or Penod 

Part gj r· , 1 2 3 4 5 

1 3 1 150 80 130 70 100 

2 1 2 140 100 110 100 90 

3 1 5 160 100 90 90 90 

BIt 14U ~U LSU "'U 100 

B21 140 100 110 100 90 

B3t 160 100 90 90 90 

Table 4.2 

Optimal Solution for Multi-stage, Single-item Example 

Pan 1 Part 2 Part 3 

(Vmin,Vmu) VI (V min'V max) VI (Vmin,Vmu) VI U PM(U) PM* 

(30,31) 30 (5,7) 5 (6,6) 6 (30,5,6) 101t 101 

6 (6,5) 101 

7 (6,5) 101 

31 (5,4) 101 

t Optimal solution 
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4.6 Computational Results 

In this section we compare the performance of the heuristic to the optimal 

solution procedure over 300 randomly generated The two solution procedures were 

programmed in PASCAL and run on a VAX 8650. Figure 4.3 illustrates the four 

basic production structures tested. Table 4.3 lists 32 different systems tested. Prob

lems are described by the setting of four factors: 1) the structure type shown in Fig

ure 4.3; 2) the number of periods (10 or 25); 3) the average utilization of machines 

(80% or 95%); and 4) the range of container sizes (1, or uniformly distributed 

between 1 and 10). While generating the data, the problems were tested for feasibil

ity. Infeasible problems were discarded and another problem generated in their 

place. For problem types 26 and 30, high utilization and a large number of 

workcenters made it difficult to find feasible problems. 

Structure Structure Structure 
1 2 3 

Structure 
4 

Figure 4.3: Production Structures Used for the Test Problems 
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Table 4.3 
Test Results For 

Multi-stage, Single-item System 
Struc- No. Uliliz- Contnr Total Opt lieu 

Type ture Periods alion Size Prbls Hell/Opt CPU CPU Pt 
1 1 10 95% 1 10 (10/10) 0.04 0.02 100.0 
2 1 10 95% 1-10 10 ( 9/10) 0.03 0.02 99.4 
3 1 10 8M'o 1 10 (10/10) 0.02 om 100.0 
4 1 10 80% 1-10 10 (10/10) 0.Q1 0.01 100.0 
5 1 25 95% 1 10 (10/10) 0.15 0.08 100.0 
6 1 25 95% 1-10 10 (10/10) 0.11 0.06 100.0 
7 1 25 80% 1 10 (10/10) 0.05 0.02 100.0 
8 1 25 80% 1-10 10 (10/10) 0.03 0.03 100.0 

9 2 10 95% 1 10 (10/10) 0.81 0.08 100.0 
to 2 to 95% 1-10 10 (10/10) 0.11 0.07 100.0 
11 2 10 80% 1 10 (10/10) 0.22 0.05 100.0 
12 2 10 80% 1-10 10 ( 9/10) 0.08 0.04 99.3 
13 2 25 95% 1 10 (10/10) 10.88 0.37 ]00.0 
14 2 25 95% 1-10 10 ( 7/10) 0.50 0.2] 99.1 
15 2 25 80% 1 10 (10/10) 0.28 0.13 100.0 
16 2 25 80% 1-10 10 (10/10) 0.20 0.13 100.0 
17 3 10 95% 1 10 ( 9/10) 0.07 0.04 99.9 
18 3 10 95% 1-10 10 ( 9/10) 0.05 0.03 99.3 
19 3 10 80% 1 10 (l0/10) 0.03 0.02 100.0 
20 3 10 80% 1-10 10 (10/10) 0.03 0.02 ]00.0 
21 3 25 95% I 10 (10/10) 0.46 0.14 ]00.0 
22 3 25 95% 1-10 10 ( 9/10) 0.19 0.11 99.9 
23 3 25 80% 1 10 (10/10) 0.09 0.05 100.0 
24 3 25 80% 1-10 10 (10/10) 0.08 0.05 100.0 
25 4 10 95% 1 10 ( 4/6) 1969.60* 2.43 98.7 
26 4 10 95% 1-10 0 
27 4 10 80% I 10 (10/10) 16.85 1.67 100.0 
28 4 10 80% I-to 10 (10/10) 2.63 157 100.0 
29 4 25 95% I 10 (0/0) 3600.00* 11.69 
30 4 25 95% 1-10 0 
31 4 25 80% 1 10 ( 9/9) 424.46* 452 100.0 
32 4 25 80% 1-10 10 ( 8/10) 8.88 4.18 99.5 

Optimal Objective .. t P = the average of H . . 01;' . xl00 over problems wuh known opllmaJ value. 
eUTlsllc lectlYe 

* Underestimate of actual CPU time. 

The heuristic was able to solve all problems generated. The enumeration 

procedure was allowed to run up to one hour of CPU time per problem instance, 

after which the program was terminated. Table 4.3 lists the results of the experi

ment. The column Heu/Opt in Table 4.3 refers to the ratio of the number of 
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problems solved optimaIly by the heuristic to the number of problems the enumera

tion procedure was able to solve optimally. The CPU times are measured in 

seconds. Note that some of the CPU averages for the enumeration algorithm listed 

in Table 4.3 are underestimates of the actual average time. This is because some 

problems terminated at 3600 seconds without finding an optimal solution. For 

example, the enumeration procedure was unable to find the optimal solution for any 

of the problems of type 29. Thus, the average CPU for problem type 29 was set to 

3600 seconds. The heuristic CPU is the average CPU time of all the problems 

solved. The measure p is computed over problems solved optimally by the 

enumeration algorithm. 

It is apparent from Table 4.1 that the heuristic performed quite well both 

in terms of computational time and solution quality. The heuristic was never worse 

than 7.4% over optimal for any problem, and on the average the heuristic was only 

0.15% above optimal. The heuristic failed to find the optimal solution in only 12 of 

285 problems. 

It can also be noted that in general it took longer to solve problems with 

95% average utilization than problems with 80% average utilization. Also, problems 

with container sizes of 1 took more time to solve than problems with random con

tainer sizes between 1 and to. This difference in time is due to a smaller range of 

lower and upper bound solutions on the number of kanbans. 

4.7 Conclusions 

We have described a model for determining the optimal number of kan

bans in a single kanban, lust-in-time system when demand and/or capacity may vary 
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over the planning horizon, workcenters operate in a continuous-time fashion, and 

shortages are prohibited. Upper and lower bounds are given for the optimal number 

of kanbans at each workcenter in an assembly system to minimize maximum inven

tory (and hence throughput time). A simple test for feasibility of a set of kanban 

values is also provided. Based on these results a single-pass heuristic is described 

for setting kanban levels over a planning horizon. The heuristic has been shown to 

have a high probability of finding the optimal solution. 
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CHAPTER 5 

MULTI-ITEM, SINGLE-STAGE KANBAN SYSTEM 

5.1 Introduction 

In this chapter we discuss the single stage, single kanban system with mul

tiple parts allowed at the workcenter. As in previous chapters, the system addressed 

here is deterministic and capacitated. A set of kanbans is distributed for each part. 

The workcenter produces parts to meet external demand. The workcenter stops pro

duction of a particular item if all the kanbans allocated to that part are attached to 

full containers. Production at any period continues until all kanban authorizations of 

all parts are filled or until all production capacity is consumed. When multiple parts 

share the resource of the workcenter many complexities are introduced to the model. 

In the single item system, allocation of resources was not a problem; however, in the 

multiple part system, allocation of resources requires special attention since the 

workcenter needs to be aware of the status of all parts at all periods. 

The interest in this chapter is to model the multi-item, single stage system 

and find good solutions for the number of kanbans to allocate for each part. In the 

next section we introduce a non-linear mathematical model for the system. A 

second model is introduced which is shown to be equivalent to the first model in 

terms of the solution of the number of kanbans. The second model is simpler in its 

constraints and is used throughout the chapter to explore the system and find solu

tions to the number of kanbans. Following that we discuss the concept of a feasible 

production schedule for a given set of kanbans and we present an algorithm for 

computing a production schedule. The production schedule is used next to develop 
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characteristics of the mathematical model and of the set of solutions for the number 

of kanbans. The model characteristics are used to develop a heuristic and an 

optimal solution procedure for finding a set of kanbans. Both the heuristic and the 

optimal procedures are tested over randomly generated problems and the results are 

discussed. Finally, some concluding remarks are provided. 

S.2 Mathematical Model 

5.2.1 Assumptions 

The system modeled in this section allows multiple items to be produced 

at the workcenter. The planning horizon is broken into control periods and demand 

and capacity are allowed to vary from period to period. External demand in number 

of full containers occurs for each part. Initial inventory is assumed zero. Whenever 

demand occurs for a kanban, we assume that the kanban is immediately available for 

replenishment. During each period, capacity is shared by all parts. The workcenter 

allocates capacity over parts so as to meet external demand. Whenever excess capa

city is available, production continues until all the containers are filled or until the 

capacity is used up. Thus, the number of kanbans plays an essential role in the pro

duction schedule during each period. However, in the case of excess capacity it is 

not clear to which parts should this capacity be allocated. Thus, fixing the number 

of kanbans alone does not necessarily determine a unique production schedule for 

the workcenter. 

5.2.2 Notation 

Define the problem parameters to be 
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N = number of parts; 

T= number of time periods in the planning horizon; 

C, = production capacity available in period t; 

rj= capacity of a container of part i; 

dit = external demand in number of containers of part i at time t; 

g j = cost of one container of part i; the cost consists mainly of cost of maximum 

allowable inventory; 

qj= amount of capacity required to produced one unit of part i; 

Let the decision variables be 

/ il = inventory level of i at end of t (/0=<»; 

Uj = number of kanbans provided for part i; 

Xjl = production level of i during period t; 

5.2.3 Model PM! 

The first mathematical model, which we call PM 1, is to 

Subject to: 

N 
minimize PM (U) = I: gj Uj 

j=1 

(e, - I:qjXjl )/qj 
j¢j 

rjUj - I j ,1-1 + rjdjl 

for i=I, ... ,N and t=I, ... ,T 

for i=I, ... ,N and t=I, ... ,T 

(5.1) 

(5.2) 

(5.3) 
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Xit ~ 0 for i=l, ... ,N and t=l,oo.,T (5.4) 

lit ~ 0 for i=l,oo.,N and t=l,oo.,T (5.5) 

liQ = 0 for i=l,oo.,N (5.6) 

Uj ~ 1 and integer for i=l,oo.,N (5.7) 

Equation (5.1) consists of the cost of kanban allocation. Constraints (5.2) 

are the inventory balance equations. These constraints can also be written in the fol

lowing fonnat: 

t 
lit = }2(Xit - ridit) for i=l,oo.,N and t=l,oo.,T (5.8) 

t=1 

The above representation of constraints (5.2) are very helpful in future analysis of 

the model. Constraints (5.3) are the basic control equations for the system. For 

each part, constraints (5.3) limit production by the available capacity at each period 

and by the inventory limits set by the number of kanbans. Note also that constraints 

(5.3) force the workcenter to fill up all the containers whenever capacity is available. 

These constraints represent a departure from earlier models in that the production 

level of other parts produced at the same workstation appear in the expression for 

xiI' Constraints (5.4) and (5.5) are the non-negativity constraints on production and 

inventory levels. Constraints (5.6) explicitly set the initial inventory for each part to 

zero. Constraints (5.7) enforce the integrality constraints on the number of kanbans, 

and allocates at least one kanban for each part so the system can function properly. 

5.2.4 Model PM2 

In this section we present an alternative model to PM 1. The purpose of 

this model is to simplify the presentation of the system constraints and facilitate 

solving the problem. For this model we assume the workcenter does not necessarily 
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have to fill all the containers when capacity is available. The number of kanbans act 

only as a limit to production and not as a target for production. With this in mind, 

the mathematical model, which we call PM 2, is to 

N 
minimize PM(U) = I: gi Ui 

i=l 

Subject to (5.2),(5.4),(5.5),(5.6),(5.7), and 

N 
I:qiXit S Ct 
i=l 

for t=l,oo.,T 

for i=l,oo.,N and t=l,oo.,T 

(5.9) 

(5.10) 

Constraints (5.9) and (5.10) provide an alternative operating procedure to 

constraints (5.3). Production limits are enforced, but it is not required to fill the 

containers. Even though the operating procedures for this model differ from that of 

PM 1, as we will show later, the set of feasible kanbans are the same for both 

models. 

S.2.S Equivalence of PMl and PM2 

In this section we will show that models PM 1 and PM2 are equivalent in 

terms of the solution of number of kanbans. First, it is trivial to show that any solu-

tion (U,x ,I) to PM 1 is feasible to PM 2. This follows since (5.3) implies (5.9) and 

(5.10). Thus, given a solution vector (U,x,l) for PM 2, we are only interested in 

finding a vector (U ,x,f) that is feasible to PM 1. Consider the following algorithm, 

which we call ALGO 5.1, for finding such a schedule. 
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ALGOS.I: 

Step 1: Set lio=O for all i=l, ... ,N. Set t=1. 

Step 2: For i=1 to N set wit = min {Xi' -
riUi -li ,,-1 + ridil 

Step 3: For i=l to N set 

1 
i-I N 

(C, - LqjXj, - L qjWj,)lqi 
j=1 j=i+l 

x:, = min -
I r.U. -I·, 1 + r·d:. I I I, - I u 

Til = li.t-l + Xi, - ridil 

Step 4: If I=T stop; otherwise, set t=I+1 and goto step 2. 

Given a solution (U,x,1) feasible to PM2, ALGO 5.1 generates a vector 

(x,I) that is feasible to PM 1 by filling up part containers whenever possible and 
, 

ensuring that cumulative production (Lii't) for each part is greater than or equal to 
't=1 

the cumulative production set by (U,x,l) so as to meet external demand. The fol

lowing lemma and theorem show that in-fact the vector (x, I) generated by 

AWO 5.1 is feasible to PM 1. 

Lemma 5.1: Let (U,x,l) be feasible to PM2 and let (w,x,I) be the corresponding 

vector generated by ALGO 5.1. Then the following holds: 

(1) lit S; ri Ui for i=l, ... ,N and t=l, ... ,T. 

(2) wi' ~ 0 for i=l, ... ,N and t=l, ... ,T. 

(3) X;, ~ wil for i=l, ... ,N and t=l, ... ,T. 

, I 

(4) LX;'t ~ LXi, for i=l, ... ,N and t=l, ... ,T. 
't=1 't=1 



Proof: 

(1) For t=O, lio = 0 $; riUi • 

For t~l , lit = li,t-l + Xit - ridit 

$; J. 1 + (r·U· - J. t 1 + r·d:,) - r·d:, I,t- I I I, - I.. I .. 

=r·U· I I 

(2) Consider the following two possibilities: 

a) wit = Xit ~ 0 . 

b) wit = riUi -li,t-l + ridit· 

By (1), li,t-t $; riUi' thus wit ~ ridit ~ O. 

(3) For ;=1, 

N N 
Ct - 'LqjWjt ~ Ct - 'LqjXjt ~ qtxlt ~ qlw lt· 

j=2 j=2 

l<C, - f;./jWj/)/q, 
Thus, xlt = min -

rl U I- I l,t-l +rld lt 

For i ~2, from step 3 of ALGO 5.1 

i-2 N 
qi-1Xi-l,t $; Ct - 'LqjX"jt - 'LqjWjt. Rearranging terms, 

j=1 j=i 
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(Q.E.D.) 

(Q.E.D.) 
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Wit 
~ min 

wit 

(4) Proof is done by induction over t. 

For t=l: 

Since (U ,x,I) is feasible to PM2, then rjUj + rjdil ~ Iil + rjdil = XjI. 

Thus, 

{

XiI 

Xi I ~ Wj I = min U + d 
rj j rj j I 

~ min {
XjI 

XjI 

=Xil· 

1-1 1-1 
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(Q.E.D.) 

Assume for some t~2 that LXi't ~ LXj't. Consider the following two possi-
't=1 't=1 

bilities for wit: 
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I I-I I 

Then using (3), l:ii't ~ l:Xj't + Wjt = l:Xj't . 
't=1 't=1 't=1 

b) wjJ = rjVj -I;,t-I + rjdjJ. 

By (3), xjJ ~ Wjt = rj V j -I;,t-I + rj djJ. Also, by step 3 of ALGO 5.1 iit ~ 

rj Vj-I;,t_l+rjdjl. Thus, xjJ = rj Vj-I;,t_I+rjdjJ, and 

I I-I 

l:ii't = l:ii't + rj V j-I;,t_l+r jdjl 
't=1 't=1 

t-I 
~ l:ii't + IjJ-I;,t_l+rjdjJ 

't=1 
I-I t t t-I I-I 

~ l:ii't + l:Xj't - l:rjdj't - l:ii't + l:rjdj't + rjdjJ 
't=1 't=1 't=1 't=1 't=1 

t 

= l:Xit. 
't=1 

(Q.E.D.) 

Theorem 5.1: Let (U,x,l) be feasible to PM2 and (X-,f) be the corresponding 

vector generated by AWO 5.1. Then, the vector (U ,x-,f) is feasible to prob

lem PM1. 

Proof: 

We need to show that (U ,x-,f) satisfies constraints (5.2)-(5.7). By construc

tion, (U ,x-,f) satisfies constraints (5.2) and (5.6). Constraints (5.4) and (5.5) 

follow directly from Lemma 5.1. Constraints (5.7) are satisfied directly by the 

assumption that U is feasible to PM 2. To show that (U ,x-,f) satisfies con

straints (5.3) it suffices to show the following statements: 

1) iit ~ rj V j -li,t-I + rjdjJ for i=l, ... ,N and t=l, ... ,T. 

N 
2) l:qjXjt ~ Ct for t=l, ... ,T. 

j=1 

3) For t=l, ... ,T, if there exists i such that xjJ < rjVj-li,t_l+rjdjJ then 

N 
l:qjXjt=Ct · 
j=l 
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Statement (1) follows directly from step 3 of AW05.1. Statement (2) follows 

N-l 
from step 3 for i=N where qiXi, ~ C,- L qj~" 

j=l 

To show the third statement, assume for some t there exists i such that 

i-I N 
Xi, < ri Ui-li,t-l+ridil' Then, by step 3, qiXu = C'-Lqj~'-LqjWj" Also, 

j=1 i+l 

N 
since Xu ~wil (from Lemma 1) then qiXi, ~ C,-Lqj~" or LqjXjt ~ C,. 

j"'i j=1 
N N 

But, ALG05.1 ensures LqjXj, ~ Ct , then Lqj~t = C,. 
j=1 j=1 

(Q.E.D.) 

Consider the following terminology. A vector U is feasible to PM 1 

(PM 2) if and only if there exists a vector (x,l) such that (U ,x,l) is feasible to PM 1 

(PM 2). Moreover, if U is feasible to PM 1 (PM2), then the vector (x,1) is afeasi

hie production schedule to U in PM 1 (PM 2) if and only if the vector (U,x,l) is 

feasible to PM 1 (PM 2). Since we are interested in working only with PM2, it is 

necessary that we show that the two models are equivalent. This is presented in the 

following theorem. 

Theorem 5.2: Problem PM 1 is feasible if and only if problem PM 2 is feasible. 

PM 1 and PM2 have the same set of feasible solutions U and the same set of 

optimal solutions U. 

Proof: 

To prove the above theorem it suffices to show that for any vector U, U is feasible 

to PM 1 if and only if it is feasible to PM2. By Theorem 1, it is clear that if U is 
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feasible to PM2 then it is feasible to PM 1. To show the other direction, assume U 

is feasible to PM 1. Then, there exists a vector (x,I) such that (U,x,I) satisfies con-

straints (S.2)-(S.7). By constraints (S.3), for any t and i, qjXiI ~ Ct - LqjXjt or 
j~ 

N 
L qjXjt ~ Ct· Thus, (U?x,I) satisfies constraints (S.9). Also, by constraints (S.2) and 
j=l 

(S.4), 

Iii = Ij,t-l+Xjt-ridil 

~ Ij,t_l+rj Ui-/j,t-l+ridjt-rjdjt 

= rjUj . 

Thus, (U ,x ,1) satisfies constraints (S.lO). 

(Q.E.D.) 

By Theorem S.2 we have shown that finding a solution vector U for PM2 

is essentially the same as finding a solution for PM 1. Besides, given a solution vec

tor (U,x,l) for PM 2 we provided an algorithm to compute a feasible production 

schedule for U in PM 1. Throughout this paper we will limit our analysis to PM2. 

5.3 Finding a Feasible Production Schedule 

5.3.1 Purpose 

In the process of solving problem PM 2 it is essential to note that finding a 

good or optimal kanban allocation to parts is only the first step of the problem. 

Given the number of kanbans for each part, the operator has to realize the produc

tion schedule for each part at each period. With multiple parts sharing the 

resources, it is a complex problem to detennine the amount of resource to allocate 

for each part. In this section we introduce a method for computing a feasible 
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production schedule given a feasible set of kanbans U . 

5.3.2 The Complement of a Vector U 

Given a feasible U to PM 2, a feasible schedule for U is not necessarily 

unique. In this section we introduce one method for computing a production 

schedule. We refer to this schedule as the complement of a vector U. The comple

ment is defined for any integer vector U~l, and as we will show later, if U is feasi

ble, then the complement defines a feasible production schedule for U. Consider the 

following algorithm, which we call ALGO 5.2, for computing the complement: 

ALG05.2: 

Step 1: Set Ijo=O for i=l, ... ,N. Set t=1. 

Step 2: Set s=O and Wj,=O for i=l, ... ,N. 

Step 3: For i=l to N set 

N 

j-l N 
(e, - 'LqjXjt - 'L qj Wjt )/qj 

j=1 j=i+l 

Xjt = min Tj Vj + Tj dil - I j ,t-l 
t+s 

lmax(o, 'LTidi't -/i,t-d 
't=l 

Step 4: If (et= 'LqjXjt) or (Xjt=TjVj+Tjdjt-/j,t_l for all i) or (t+s=T) then go to 
j=1 

step 6. Else, go to step 5. 

Step 5: Set s=s+l and wil=xil for all i. Go to step 3. 

Step 6: Set lil=/j,t-l+Xil-Tjdjt for i=l, ... ,N. If t=T then stop; otherwise, set t=t+1 

and go to step 2. 
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Given an integer vector U~l, ALGO 5.2 computes the complement by pro

ducing as much as possible as early as possible in the planning horizon. At any 

period, capacity is allocated to parts based on demand. In the first pass of step 3 at 

each period, the algorithm attempts to meet the demand for each part at that period. 

If there is more capacity left in that period, then the algorithm proceeds to meet 

demand for parts for future periods one period at a time. At each pass of step 3, 

demand is considered for one extra period ahead in the planning horizon. If all con

tainers of any part are filled, then no more capacity is allocated for that part. Iterat

ing over step 3 terminates for any period if all the available capacity is allocated, if 

all containers of all parts are filled, or if demand is considered for all periods up to 

period T. The following lemma addresses some of the characteristics of the comple

ment generated by ALGO 5.2. 

Lemma S.2: For any integer vector U~l, the complement (x,I) generated by 

ALGO 5.2 satisfies the following: 

(1) Iii ~ rjUj for i=l, ... ,N and t=I, ... ,T. 

N 
(2) "LqjXjt ~ Ct for t=l , ... ,T . 

j=l 

(3) At the end of each iteration of step 3, Xjt~Wil for i=I, ... ,N and t=l, ... ,T. 

(4) Xjt ~ 0 for i=I, ... ,N and t=I, ... ,T. 

(5) Iii = Ij,t_l+Xjt-rjdjz for i=I, ... ,N and t=I, ... ,T. 

(6) For any t=I, ... ,T if there exists 1 g ~ such that I it <0, then the last iteration 

N 
of step 3 for t ended with s=O and 'LqjXjt=C/. 

j=l 



Proof: 

~ Ij,t-l+rjUj+ridit-li,t-l-rjdit· 

= rjUj • 
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(Q.E.D.) 

(2) For any t=l, ... ,T by step 2 of ALGO 5.2, for i=N we have qNXNt ~ Ct -

N-l 
L qjXjt' which proves the statement. 
j=l 

N 

(Q.E.D.) 

(3) At the beginning of each iteration of step 3 we have LqjWjt ~ C" Wit ~ 
j=1 

t+s 
rjUj+ rjdit - I j,t-1> and wit ~ max{O, Lrjdj-c - Ij,t-d. Thus, in the equa

't=t 

tion 

j-l N 
(Ct - LqjXjt - L qjWjt )/qj 

j=1 j=j+l 

Xjt = min rjUj +rjdit -/j,t-l 

t+s 
max{O, Lrjdj-c - li,t-l) 

't=t 

the last two terms on the right hand side are greater than or equal to Wit. 

i-I 
Thus, to show that xit~jt it suffices to show that qiWit ~ Ct - LqjXjt

j=1 

N N N 
L qjWjt· Since LqjWjt~ Ct , then for i=1 , qlWlt~ Ct - LqjWjt. For i~2 

j=i+l j=1 j=2 

j-2 N 
we have, qi-lXj-l,t ~ Ct - LqjXjt- LqjWjt. By rearranging the previous 

j=1 j=i 

j-l N 
inequality we get qjwit ~ Ct - LqjXjt- L qjWjt. 

j=1 j=i+l 
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(Q.E.D.) 

(4) Follows directly from part (3). 

(5) Follows directly from step 6 of ALGO 5.2. 

(6) For any t=l, ... ,T assume there exist r such that lIi<O. Then, Iii = Ir,t-l + 

Xli - rrdli < 0, and xli < rrdli - Ir,t-I' Also, since xlj~O, then rljdli -

Ir,t_I>O. By step 3, for s=O the equation for xli becomes, 

i-I N 
(Ct - 'LqjXjt - 'L qjWjt )/qi 

j=I j=i+I 

Xli = min rrUr + rrdlj - lr,t-l 

r4 .... t -lrt I 
l l " -

The last two terms of the min equation are greater than Xli; thus, qrxlj = 

i-I N 
C - ~q·x·-t ~ J Jt L qjWjt· Since Xit~Wi" then above equation results in 

j=l j=r+I 

N 
'LqjXjt = Ct , and at step 4, the algorithm stops iterating over step 3 with 
j=l 

s=O. 

(Q.E.D.) 

5.3.3 Feasibility of the Complement 

Lemma 5.2 shows that the complement vector (x,l) for any positive 

integer vector U satisfies all but one of the constraints of PM 2. The constraints that 

are not necessarily satisfied are the non-negativity of inventory levels (i.e. I it ~O for 

all i and t). Thus, for any feasible vector U, to show that the complement is a 

feasible production schedule for U we only need to show that lit ~O for all i and t. 

The steps required to show the above statement are complex and are presented in the 
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following two lemmas and theorem. The proof is done by contradiction. In the 

next two lemmas, given any positive integer vector U, we explore other characteris

tics of the complement in the event it does not satisfy the non-negativity constraints. 

These characteristics are used in Theorem 5.3 to prove that if U is feasible to PM2, 

then the complement must satisfy the non-negativity constraints. 

Lemma 5.3: Let problem PM2 be feasible. For any integer vector U~l, let (x,I) be 

the complement of U. Assume there exists i and t such that liJ<O. Let 1 = min {t: 

I 

there exists 1~$N, liJ<O}. For t = 0, ... ,1-1 define the set Q' = {i: Ij/< L rjdj,:l. 
't=t+l 

( Q I is the set of products with insufficient inventory to cover demand through 

period 1.) Then the following hold: 

(1) ~ q·x -= C-~_ J jl I • 
jeQ,-l 

(2) 

(3) 1:;t:1. 

(4) Q' c Q,-l & t 1 - 1 lor = , ... ,t- . 

(5) For any t=I, ... ,t-l, if the last iteration of step 3 in ALGO 5.2 ended with 

- . , 
t+s >t , then Ij/=rj Vj for J e Q . 

(6) For any t=1, ... ,1-1, if the last iteration of step 3 in ALGO 5.2 ended with 

_ I 

t+s9, then (a) I jl = L rjdj't for je(QI-1/Q'), and (b) if L qjXjl<C" then 
't=l+l jeQ,-l 

I 

Proof: Assume without loss of generality that 'Lrjdj't>O for j=I, ... ,N. 
't=l 



(1) L_ qjXjt = Ct' 
jeQ,-1 
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There exists 1~i~ such that lit-<O. Thus, by Lemma 5.2-6 the last iteration of 

N 
step 3 ended with s=O and Lqjx't = Ct' Since s=O, then for j e Qt-I , xJ't = 

. I J 
J= 

max{O, rjdjt-lj,t_l) = O. 

N 
Thus, ~qjXjt = L_ qjXjt = Ct' 

)=1 jeQ,-1 

(Q.E.D.) 

(2) L_ q/jt< O. 
jeQ,-1 

As in (1) above, the last iteration of step 3 ended with s=O, thus for jeQt-l, 

X ·- < J' -

rjdjt~O. 

Since we assume there exists at least one i e Q t-I with I jr < 0, then 

(Q.E.D.) 

(3) r:;t1 . 

N 
By definition of feasibility, C I ~ Lqjrjdjl . Thus, from ALGO 5.2, XiI ~ 

j=1 

rjdil and IiI ~ O. 

(Q.E.D.) 

(4) Q' ~ Q,-I for t=1, ... ,r-1 . 
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t 
Let ieQt-l, then I j,t-l ~ 'Lrjdj't ' and liJ = I j,t-l + xiJ - rjdiJ ~ Ij,t-l

't=t 

r 
rid;, ~ 'L rjdj't. Thus, i e Qt. 

't=t+l 

(Q.E.D.) 

(5) Assume for some 1~t~r-1, the last iteration of step 3 has t+s>t. Thus, at 

N 
previous iterations with smaller values of s, we have 'LqjXjt < Ct. Thus, at 

j=I 

iteration t+s=r, for jeQt, 

r 
But since jeQt, then Xjt< 'Lrjdj't -Ij,t-It which indicates that Xjt = 

't=t 

rj Vj + rjdjt -Ij,t-I' Thus, Ijt=rj Uj . 

More generally, if in a prior period of capacity allocation, slack capacity had 

existed, then all kanban containers were filled. That is, if period t capacity 

was not fully consumed by demand until a period greater than 1, then all con

tainers must have been filled in period t. 

(Q.E,D.) 

(6) Assume for some 1~t~r-1, the last iteration of step 3 has t+s9. Then: 

t 
(a) Assume Qt cQt-I, then for j e (Qt-l/Qt), Ij,t-I<'Lrjdj't. And, since 

't=t 

t 

'Lrjdjcl j ,t-l' Thus, Ijt= Ij,t-l+Xjt-rjdjt~ 
't=t 

- -t t 
since jeQt, then Ijt~ 'L rjdj't ; thus, Ijt= 'L rjdj't. 

't=t+l 't=t+l 

t 
'L rjdj't. But 

't=t+l 



(b) 
t 

Ij,t_l';?'Lrjdj", 
't=I 

I N 
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t+s 
max {O, 'Lrjdj",-Ij,t-l} S; 

'C=t 

max (O, 'Lrjdj",-Ij,t-tl = O. Thus, 'LqjXjt = 'L qjXjt < Ct. 
'C=t j=1 jeQ,-1 

Since capacity was not fully consumed, then by step 4 of ALGO 5.2 either 

Ijt = rjUj for j=I, ... ,N, or t+s=T. If t+s=T, then for jeQt 

I 
Xjt<'Lrjdj",-Ij,t_l; thus, by step 3 of ALGO 5.2 xil=ri Ui+ridil-li,t-l and 

'C=t 

Part (6.b) refers to the case where we have ample capacity to either fill up all 

containers or consider demand through period T. 

(Q.E.D.) 

Lemma 5.4: Let problem PM 2 be feasible. For any integer vector U';? 1 let (x,l) 

be the complement of U. Let I and Qt for t=O, ... ,1-1 be as defined in Lemma 

5.3. Assume for some 1 S; t S; 1-1 that for all V= t+l, ... ,I-l, there exists jeQv 

such that Ijv < rj Uj . Then the following hold, 

(1) IIi S; 0 for j e Qt . 

Proof: If t=I-1, (1) and (2) follow directly from Lemma 5.3-1 and 2. For t < 1-1 

the proof is as follows: 

(1) Since Qt!:: Qt-l and IjlS;O for jeQI-l (see proof of Lemma 5.3-2), it is 

sufficient to show that Ijl S; 0 for j e (Q t IQ 1-1). This will be done by showing 

that Ijl S; 0 for je(Qv-1/QV) for v=t+l, ... ,I-l. 
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For any v =t + 1, ... ,1-1, since there exist i e Q v with I jv < rj Vj , then by Lemma 

5.3- 5, at the last iteration of step 3 t+s ~t. Thus, by Lemma 5.3 - 6, 

r 
Ijv= L rjdj'C for je(Qv-I/Qv} and 

't=V+I 
L qjxjv=Cv· Also, since for 

jeQv-l 

't=v + 1 , .•• ,t, there exists i e Q 'C, Ij'C < ri Vi; then, by the same above analogy, 

L qjXjv = L qjxjv = C'C' That is, for jfi.Qv, Xj? 0 for't=v+l, ... ,t. Thus, 
jeQv jeQ'f-l 

- -t t 

Ijt = (Ijv - L rjdj'C) + L Xj'C = 0 + 0 = O. 
't=V+I 't=V+I 

(Q.E.D.) 

(2) By the same analogy of the proof for (1), by Lemma 5.3 - 5 and 6, for 

v=t+l, ... ,t-l, L qjXjv = Cv , otherwise, all containers for jeQv would be 
jeQv-J 

filled in violation of the assumption that there exists I jv < rj V j . Also, by 

Le 5 3 1 ~ C SI'nce Qv-l cQt, th ~ mma . - , Li qjx.,= t' en LiqjXjy= - } 
jeQI-I jeQ' 

t t 
L qjXjy= Cy for v=t+l, ... ,t. Thus, L L qjXj'C = 

jeQv-J 't=l+ljeQ' 
L C'C' 

't=t+l 

(Q.E.D.) 

The production allocation procedure defined by ALG05.2 will use avail

able capacity to fill up containers each period in any fashion helpful for preventing 

infeasibility. Thus if some lit < 0, we must have a set of adjacent periods for which 

production infeasibility can not be compensated for by earlier production. This may 

be because of a total shortage in production capacity or limited inventory levels set 

by U. The allocation algorithm prevents the problem being caused by poor alloca

tion of capacity at the workcenter. Theorem 5.3 will now use lemmas 5.3 and 5.4 to 

show that the complement, defined by ALG05.2, provides a feasible problem 
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solution if U is feasible. 

Theorem 5.3: Let PM2 be feasible. For any integer vector U~I and its comple

ment (x,l) generated by ALGO 5.2, If U is feasible to PM 2 then I il ~ 0 for i =1 , ... ,N 

and t=I, ... ,T (i.e. (U ,x ,I) is feasible). 

Proof: Proof done by contradiction. 

Let U be feasible to PM2. Assume there exists i and t from ALGO 5.2 such that 

lil< O. Let 1 and Qt for t=O, ... ,1-I be as defined in Lemma 5.3. Define the set 

S = {t: 1 ~ t ~ 1-1, Ijt= rjVj for jeQ'}. Consider the following two cases: 

(1) S = 0. 

This implies that for v =1 , ... ,1-1 there exists j e Q v such that Ijv < rj V j . Then 

I I • 0 
by Lemma 5.4 - 2, for t=O, L LqjXj't = LC't, and SInce Q ={ I,2, ... ,N}, 

jeQ~=1 1:=1 

then 

I N IN IN 
L(C-r - Lqj'jdj-r) = L LqjXj-r - L Lqj'jdj-r. 
1:=1 j =1 1:=lj =1 1:=lj =1 

I N INN 
But, L LqjXj-r - L Lqjrjdj-r = Lq/'I' Also, by Lemma 5.4 - 1, IT ~ 0 for 

1:=lj=1 1:=lj=1 j=1 J J 

j e Q 0 and since there exists I il-<O, then L q/jl <0. That is, 
jeQo 

I N 
L(e -r - "Lqj'jdj-r) < 0, 

1:=1 j=1 

which contradicts the assumption that PM 2 is feasible (to be shown in Theorem 

5.4). 

(2) S ¢ 0. 
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Let (x,f) be any feasible schedule to U, and let i = max t. Then, by the 
leS 

definition of S, lji=rjUj for jeQ'. For all periods v=t+l, ... ,t, there exists 

• I 

some ljv < rjUj . Then, from Lemma 5.4, lIi$.O for jeQ' and L. ~ qjXj't = 
jeQ''C=l+1 

I 
L C't. Thus, by the definition of ~, , 

't=l+1 

_ I I 

L qjl., = L q/ 'i + L L qjXj't - L L rjdj't 
• J • J.. '. 

jeQ' jeQ' jeQ' 1=t+l jeQ' 't=/+l 

and by feasibility of (x,f), the above term is 

- -I 1 

$. L qjrjUj + L C't - L L rjdj't. 
jeQi 't=l+1 jeQi 1=,+1 

Now, using the determination of t as the last period for which ljt = rj Uj and 

Lemma 5.4 - 2, the right hand side becomes 

1 1 

= L .q/ji + L. ~ qjXj't - L. ~ rjdj't. 
jeQ' jeQ' 1=1+1 jeQ' 't=I+l 

Using the definition of inventory ljl' we have 

= L .q/jl 
jeQ' 

which is < 0 since all ljl $. 0 and at least one ljl < O. This contradicts the 

assumption that (x,f) is a feasible schedule to U . 

(Q.E.D.) 

The complement not only provides us with feasible production schedules, 

but also with a way to test for feasibility of a vector U. By Theorem 5.3, a positive 

integer vector U is feasible to PM 2 if and only if the complement of U satisfies the 

non-negativity constraints on inventory levels. The complement is applied in the 



96 

next section to develop other characteristics of model PM2 including sufficient and 

necessary conditions for feasibility of a vector U . 

5.4 Characteristics of Model PM2 

5.4.1 Feasibility of PM2 

Without the limits on inventory set by the Ui's, the set of constraints 

governing model PM2 reduce to a simple production model with capacity limits and 

demand requirements. That is, setting the vector U to infinity, model PM2 would 

be feasible if and only if there is enough cumulative capacity to meet cumulative 

demand at each period. This is stated more formally in the following theorem. 

Theorem 5.4: Problem PM 2 is feasible if and only if 

t N 
:L(C-r - :Lqjrjdj-r) ~ 0 for t=l, ... ,T. (5.11) 
-r=1 j=1 

Proof: 

t 
(~)Let problem PM2 be feasible and assume there exists t such that :L(C-r

'[::1 

N 
:Lqjrjdj-r) < O. Let (U ,x,l) be any feasible solution to PM2. Then, 
j=1 

N t N N 
:Lq/jt = :L(:LqjXjt - :Lqjrjdj-r) 
j=1 '[::1 j=1 j=1 

t N 
~ :L(C-r - :Lqjrjdj-r) < 0 , 

'[::1 j=1 

which contradicts the assumption that (U ,x ,1) is feasible to PM 2. 

(~)Assume conditions 5.11 holds, we will show that a set of feasible Ui's exists. 
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N 
Setting Ui ~ 00, by step 4 of ALGO 5.2 l:Xjt = Ct for all t unless all demand 

j=l 

I I N 
is met. Moreover, since l:C 't ~ l: l:qjrjdj't, then by definition of inventory, 

't= 1 't=lj =1 

N t N I I N 
l:/jl = l: l:(qjXj't - qjrjdj't> = l:C't - L "Lqjrjdj't ~ O. However, by step 3 
j=l 't=lj=l 't=1 't=lj=l 

of ALGO 5.2, no Ijl > 0 unless all Ijl ~O. Therefore, Ijl ~ 0 for all j=l, ... ,N and 

t=l, ... ,T. 

(Q.E.D.) 

Note that feasibility of the production system is not affected by the use of 

the kanban system. This is another indication that kanbans are used only as an 

information tool to improve operational performance of the system within its current 

limitations. 

5.4.2 Feasibility of a Vector U 

The most direct way kanbans influence the performance of the system is 

by enforcing a bound on in-process inventory for each part. Inventory in the system 

is needed only to offset shortages in capacity during future periods. In case of 

resource shortages, kanbans should provide enough storage capacity to meet demand 

during infeasible periods. In other words, a set of kanbans U is feasible to the sys

tem if and only if it provides enough capacity so demand can be satisfied in all 

future periods. Moreover, a set of kanbans for any part in the system need not pro

vide more capacity storage than the amount of infeasibility in future periods, nor 

does it need to provide more capacity than the total future demand of that part. 

These results provide us with sufficient and necessary conditions for feasibility of a 

vector U. These conditions are stated in the following theorem. 



98 

Theorem 5.5: Let PM2 be feasible. Then for any integer vector U ~1. U is feasi

ble to PM2 if and only if 

N s s N 
L min {qjrjUj , Lqjrjdj't} ~ L(Lqjrjdj't - C't) 
j=l 't=l 't=t j=l 

for t=l, ... ,T and s=t , ... ,T. (5.12) 

The right hand side of (5.12) represent capacity shortage in periods t to s. The left 

hand side of (5.12) is the sum of effective storage capacity over all parts. Effective 

storage capacity is the minimum of container capacity and total demand from period 

t to period s. The proof of the theorem is as follows. 

Proof: 

(~)Assume U is feasible and let (x,l) be a feasible schedule for U. Assume there 

exists t and s ~t such that 

N s s N 
L min {qjrjUj , Lqjrjdj't} < L (Lqjrjdj't - C't) . 
j=l 't=t 't=l j=l 

s s 
Let R = {j: Uj~Ldj't}. Thus, for jeR, Uj>Ldj't. Therefore, 

't=t 't=t 

s s 
L q/js = L q/j.t-1 + L L qjXj't - L L qjrjdj't 

jeR jeR 't=l jeR 't=l jeR 
s s 

~ LqjrjUj + LC't- L Lqjrjdj't 
jeR 't=t 't=t jeR 

s s s N 
= LqjrjUj + L Lqjrjdj't+ LC't- L Lqjrjdj't 

jeR 't=t jaR 't=t 't=t j=l 
N s s s N 

= L min {qjrjUj , Lqjrjdj't} + LC't - L 'Lqjrjdj't 
j=l 't=l 't=t 't=t j =1 

< 0, 

which contradicts the assumption that (x,l) is a feasible schedule. 
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(t-)Assume conditions (5.12) hold. Let (x,I) be the complement of U. Let t and 

Q' for t=O, ... ,t-l be as defined in Lemma 5.3. Let 

s = {t: 1 S; t ~ 1-1, Ijl = Tj Uj for j e Q I }. Consider the following two cases: 

(1) S = 0. 

This case contradicts the feasibility of PM2 as shown in the proof for Theorem 

5.3. 

(2) S * 0. 

Let i = max t. Then, by definition of S, IJ.i=rj Uj for j e Q I. For all periods 
leS 

v=i+l, ... ,t, there exists some I jv < rjUj . Then, from Lemma 5.4, IIj'~O for 

~ I 

jeQ' and L L qjXj'C = 
jeQi't=i+l 

I 

L C'C. Then, 
't=i+l 

I N I I I 
L (LqjrjdjcC'C) = L L qjrjdj'C+ L L qjrjdj'C- L L qjXj'C 

'C::i+l j=l 'C::i+l jeQi 't=i+l jeQi 't=i+l jeQi 

and by the balance equations for Ij/' 

I 

= ~ L .qjrjdj'C - L .q/jl + L .q/ji' 
't=t+l jeQ' jeQ' jeQ' 

but L .q/jl < 0 since all/jl ~ 0 and at least one Ijl < 0, then 
jeQ' 

I 

> ~ L .qjrjdj'C + L .q/ji 
'C=t+l jeQ' jeQ' 

Now, using the determination of i as the last period for which Ijt = Tj Uj the 

right hand side becomes 
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the above tenn is 

N , 
= I: min ( qjrjUj , I: qjrjdj-r), 

j=1 -r=i+l 

which contradicts the assumption that conditions (5.12) hold. 

(Q.E.D.) 

Theorem 5.5 gives us easier and more compact conditions for testing for 

feasibility of a vector U than that of computing the complement. Conditions (5.12) 

are used next to develop lower and upper bounds on the Uj's as well as solution 

procedures for model PM2. 

5.4.3 Lower and Upper Bounds on U 

The insight gained from the previous section leads us to define parameters 

that are more descriptive of the feasibility status of each production period. These 

parameters along with others give us better understanding of the need for kanbans 

and help develop bounds on the Uj's. 

Consider the following parameter, 

N 
Fr = max (0, I:qjrjdjT - Cr ) 

j=l 

N 
F, = max (0, I:qjrjdj, - C, + F,+tl for t=T-l to 1 

j=1 

The F, 's represent the amount of capacity need to be stored from previous periods 

to meet shortages in demand during the current and future periods. It can be shown 

that problem PM2 is feasible if and only if F 1=0. That is, problem PM2 is feasible 

if and only if there is no need to have initial inventory to meet demand during the 
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planning horizon. It also can be shown that for every feasible production schedule, 

the sum of capacity stored in the form of inventory in period t-l must be greater 

than or equal to the infeasibility in capacity from periods t to T. That is, for any 

N 
vector (U ,x ,I) feasible to PM2, (U ,x ,I) must satisfy 'Lq/j,t-l ~ Ft. Moreover, 

j=l 

there is no need to store inventory if ample capacity exists. In other words, it can 

be shown that for any feasible vector U , there exists a feasible production schedule 

N 
(x,l) such that 'Lq/j,t-1=O if Ft=O. 

j=l 

In the event of an infeasible period (Le. Ft>O), not all inventory stored 

from the previous period can necessarily be used to offset shortages in capacity. For 

example, assume that for some 1 S t S T F t =I00, and for some part i, 

T 
'Lqiridii=50. Then, if q;!i,t-l>50, any inventory in excess of 50 does not contri-
't=t 

bute in offsetting shortages in capacity. To determine exactly how much each part 

can contribute to reversing infeasibility, define the following parameter for i=I, ... ,N, 

fil = min {F
" 

qjrjdjt + /;,I+tl for t=T-I to 1 

The f iI parameter gives us an upper limit on how much each part needs to store to 

ensure feasibility of the production schedule. For i=I, ... ,N define 

ubi = max {I, max [fil ]+}. 
lStST qjrj 

(5.13) 

Then ubj provide us with limits on the number of kanbans as shown in the follow

ing theorem. 
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Theorem 5.6: Let problem PM 2 be feasible and U· be an optimal solution to 

PM 2. Then for each i=l, ... ,N ut S; ubi' 

Proof: Proof done by contradiction. 

Let U· be optimal to problem PM 2. Assume for some 1 S;i s;N, U;*>ubj . Consider 

the vector U where Uj=uj for j ~i, and Uj=ubj . Assuming that the cost coefficient 

gj>O, then to contradict the assumption that U· is optimal, it is sufficient to show 

that U is feasible to PM2. 

By Theorem 5.5 we have for each t=l, ... ,T and s=t , ... ,T, 

s .• s N. • s 
"Lqjrjdj't + "L mm {qjrjUj , "Lqjrjdj't} ~ "L mm {qjrjUj , "Lqjrjdj't} 
1:=1 j~ 1:=1 j=I 't=1 

s N 
~ "L('Lqjrjdj't - C't) (5.14) 

't=I j=I 

By definition of ubj , qj rj Uj ~ max fit, thus by Theorem 5.5 to show that U is feasi
ISlif 

ble it would be sufficient to show that for each t=I, .. ,T and s=t , ... ,T 

* s s N 
fjl + "L min {qjrjUj , "Lqjrjdj't} ~ "L("Lqjrjdj't - C't) (5.15) 

j'f;j 1:=1 1:=1 j=I 

For any given t and s~t, let the set R = {'t: tS;'t~, andfj-r;=F't}. By definition of 

s N 
FI' FI ~ "L ("Lqjrjdj't- C't) for t=I, ... ,T and s=r, ... ,T. Consider the following 

1:=1 j=I 

two cases: 

(I) R=0. 

s s 
Then by definition of fit, fjl = "Lqjrjdj't + fj,s+I ~ "Lqjrjdj't which by (5.14) 

1:=1 

leads directly to the condition for feasibility stated in (5.15). 

(2) R~. 
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condition is satisfied. If v >t, then by definition of fit, 

v-I v-I s N 
fit = Lqjrjdj't + Fv ~ Lqjrjdj't + L(Lqjrjdj't - C't) 

't=t 't=t 't=V j =1 

and from (5.14) 

v-I N v-I s N 
~ L (Lqjrjdj't-C 't)-Lmin{qjrjUj , Lqjrjdj't}+ L(Lqjrjdj't-C 't) 

't=t j=I j",j 't=t 't=V j=l 
s N s 

~L(Lqjrjdj't-C 't) - Lmin {qjrj Uj , Lqjrjdj't} 
't=t j=I j",j 't=t 

which yields condition (5.15) upon rearranging. 

(Q.E.D.) 

Theorem 5.6 provides us not only with upper bounds on optimal Uj's, but 

also with upper bounds in the search for feasible vectors U. This is due to the fact 

that any feasible vector U is stilI feasible if for any or all i=l, ... ,N the value of Uj 

is set to equal min { Uj , ubj }. 

Lower bounds on the vector U are realized directly from Theorem 5.5. 

For any part i=l, ... ,N a lower bound on Uj can be computed as the smallest value 

feasible to conditions (5.12) given for j¢i, Uj is set equal to a very large number. 

In other words, a lower bound on Uj is set by the following, 

s N s 
qjrj U j ~ 'L(Lqjrjdj't - C't) - L Lqjrjdj't for t=l, ... ,T and s=t , ... ,T. 

't=t j =1 j ",j 't=t 
s 

Thus, qjrjUj ~ max L(qjrjdjcC't). 
lStSsST't=t 

Tighter lower bounds on the Uj's may be found if some of the Uj's are 

fixed. Assume for some set S Uj=Uj if i E S. Then for any i fi. S a lower bound on 
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Ui can be computed using conditions (5.12). Denoting the lower bound by fbi' we 

have 

(5.16) 

In this section we presented characteristics of model PM 2 that will help 

us find solutions for it. We first presented a test for the fea~ibility of PM2. Then 

we provided sufficient and necessary conditions for feasibility of a positive integer 

U. Using these conditions, we developed upper and lower bounds on U. These 

characteristics provide solid grounds for solving PM2 as presented in the next sec-

tion. 

5.5 Solving Model PM2 

5.5.1 Heuristic Solution Procedure 

The heuristic solution procedure developed is a greedy one that uses the 

lower bounds generated in the previous section. With the sufficient and necessary 

conditions set by (5.12) the new problem becomes to minimize (5.1) subject to 

(5.12) and the positive integrality constraints on the Uj's. In the heuristic we rank 

the parts by decreasing order of the cost per resource contribution of a full container 

(i.e. g;!(qjrj». That is, parts high in the rank cost more when their kanbans are 

used to offset infeasibility of any period. Starting with the first ranked part to the 
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last, the number of kanbans are set to the greater of 1 or their lower bounds as given 

in (5.16). When the number of kanbans for a part is set, the part is added to the set 

S with Ui = max{1, Ibd. 

5.5.2 Optimal Solution Procedure 

The optimal solution procedure is an improved enumerative algorithm that 

explores all values within upper and lower bounds. The lower and upper bounds are 

updated each time a new number of kanbans is explored for an item. The procedure 

starts with part 1 and progresses to part N. Assume at part i, the number of "kan

bans for j=l, ... ,i-l are set to Uj. The procedure then computes Ibj for j=i , ... ,N as 

given by (5.16). Then the algorithm explores all values of Ui between U min and 

U max where U min = max ( 1, Ibi ) and U max = max ( Ui : Ui ~Ubi' and 

PM (u l,u2 • ... , Ui-I,Ui , Ibi+l •... , IbN) <PM*} where PM* is the incumbent 

value. Lower bounds, U min' and U max are computed at every combination of 

(UI,U2"" ,ui-I)' If Umin>Umax' then that search path is aborted. 

5.5.3 Example Problem 

To illustrate the heuristic and optimal solution procedure consider the 

example listed in Table 5.1. The example problem has 3 parts and 5 control 

periods. We set rj and qi to equal 1 for all parts. Capacity is constant over the 

planning horizon and equals 10 (i.e. C 1 = C 2 = C 3 = 10). Table 5.1 also provides 

the values for the parameters F, and I iI' To illustrate the computations of F, and 

lit consider part 1 and periods 5 and 4. For period 5, F S = max (0, 

3 
".£qjrjdjs - C S) = max (0, 8 - 1O) = 0, and I IS = min (F 5, qlrld IS) = min (0,2) 
j=I 
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3 
= O. For period 4, F 4 = max {O, 'Lqjrj dj4 - C 4+F 5} = max {O, 14 - 10 + O} = 4, 

j=1 

and /14 = min {F4,q1r1d I4 } = min {4, to} =4. 

Table j.l 

Example Problem For Single Stage, Multi-item System 

lJemand .t'or Penod 
Part gj r· I qj 1 2 3 4 5 

I I I 1 3 4 3 10 2 
2 2 1 1 3 6 4 1 1 
3 3 1 1 1 2 0 3 5 

Total Demand 7 12 7 14 8 
Ft U 3 I 4 U 
fIt 0 3 1 4 U 
f2J U 2 1 1 U 
f 3t U 3 I 3 U 

Given the values of I it'S, the upper bounds on the number of kanbans are 

4,2, and 3 for parts 1,2, and 3 respectively. The maximum infeasibility equals 4 

over all periods. That is, we need to have enough kanbans to be able to store at 

least 4 parts. For this example, if we allocate the storage capacity carefully we only 

need to have a total of 4 kanbans in the system. (This is not necessarily the case for 

all systems. If at the maximum infeasible period a part i has Ijt = 0, then that part 

must be allocated at least one kanban even though that kanban cannot contribute to 

offset infeasibility.) 

Table 5.2 lists the results of each iteration for the heuristic. The parts are 

ranked by decreasing order of gj/(qjrj). The column S lists the set of parts with 

fixed number of kanbans. The last column of Table 5.3 lists the number of kanbans 

allocated to each part. The value Ibj in the last column is computed by (5.16). The 
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allocation of kanbans is 2,1, and 1 for parts 1,2, and 3 respectively. The cost of this 

solution is 7. 

The results of the iterations for the optimal solution procedure are pro

vided in Table 5.3. For each part in Table 5.3 and at every branching node of the 

procedure a column lists the values U min and U max as computed in the previous sec

tion. Then all values between the U min and U max are explored for solutions. The 

optimal procedure terminated quickly since the starting incumbent value was 

optimal. To give a more thorough illustration of the optimal solution procedure we 

assumed a starting incumbent value of 18. Table 5.4 lists the iterations for this 

starting incumbent. 

Table 5.3 

Optimal Solution for Multi-item Example: First Incumbent 

Part 1 part L. Part j 

(V min'V max) VI (V min'V max) VI (V min'V max) VI U PM(U) PM'" 
(l,1.) I (l,U) I 

2 (1,1) 1 (1,1) 1 (2,1,1) 7t 7 

t Optimal solution 
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Table 5.4 

Optimal Solution for Multi-item Example: Second Incumbent 

Part 1 Part :l partT 
(V min,V mix) VI (V min,V mix) VI (V min,V max) VI U PM(U) PM'" 

(1,4) 1 (l,j) 1 (:l,j) :l (1,1,~) ~ ~ 

3 (1,1,3) 12 9 
2 (2,1) 9 
3 (2,1) 9 

2 (1,2) 1 (1,1) 1 (2,1,1) 7t 7 
2 (1,0) 7 

3 (1,0) 7 
4 (1,0) 7 

t Optimal solution 

The performance of the heuristic depends mainly on the distribution of the 

fjt values over time periods. To illustrate a worst case scenario, consider the fol-

lowing example. Assume for a particular system there exists 20 parts and 20 time 

periods. Let F 1 = 0 and Ft = 100 for t=2, ... ,20. For part 1 let f It = 100 for 

1=2, ... ,20. For parts i=2, ... ,20 let fjt = 100 if i=t and 0 otherwise. Note that for 

this system part 1 can be used to reverse infeasibility for all infeasible periods. 

Besides, for i =2, ... ,20 part i can be used to reverse infeasibility in period t=i, but 

cannot contribute at all to offset infeasibility in periods t:ti. Assume for this system 

rj= qj= 1 for all i. Also, assume that g 1=50 and gj=49 for i =2, ... ,20. It can be 

verified that for such a system the optimal kanban allocation would be U 1=81 and 

Uj =1 for i=2, ... ,20. However, since the heuristic allocates minimum number of kan-

bans first for parts with high values of gj, the heuristic solution would be U 1=1 and 

Uj =99 for i=2, ... ,20. The ratio of the optimal objective value over the heuristic 

objective value in this example is 5.4%. In the JIT environment demand for each 

part tends to be balanced over the planning horizon. That is, systems similar to the 

one presented above will most likely not exist. Nontheless, this aspect of the heuris-
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tic could be exploited in developing an improved procedure. 

Jafife-S3 
Test Results For Single Stage. Multi-item Problems 

No. No. Demand Contnr Opt Heu 
Type Parts Periods Range Size Heu/Opt CPU CPU Pt 

1 1 10 85-105 1 (10/10) 0.00 0.00 100.0 
2 1 10 85-105 1-10 (10/10) 0.01 0.00 100.0 
3 1 10 75-115 1 (10/10) 0.01 0.00 100.0 
4 1 10 75-115 1-10 (10/10) 0.00 0.00 100.0 
5 1 25 85-105 1 (10/10) 0.02 0.00 100.0 
6 1 25 85-105 1-10 (10/10) 0.02 om 100.0 
7 1 25 75-115 1 (10/10) 0.02 0.01 100.0 
8 1 25 75-115 1-10 (10/10) 0.02 0.00 100.0 
9 5 10 85-105 1 ( 9/10) 97.82 0.00 97.8 

10 5 10 85-105 1-10 ( 9/10) 0.03 0.00 99.7 
11 5 10 75-115 1 (8/8) 748.43* 0.00 100.0 
12 5 10 75-115 1-10 (10/10) 0.82 0.01 100.0 
13 5 25 85-105 1 (8/8) 1171.04* 0.03 100.0 
14 5 25 85-105 1-10 ( 8/10) 1.29 0.03 99.2 
15 5 25 75-115 1 (3/3) 3094.20* 0.03 100.0 
16 5 25 75-115 1-10 ( 7/10) 290.54 0.03 99.6 
17 15 10 85-105 1 (4/4) 2617.18* 0.02 100.0 
18 15 10 85-105 1-10 (10/10) 0.54 0.01 100.0 
19 15 10 75-115 1 (0/0) 3600.00* 0.02 
20 15 10 75-115 1-10 (8/9) 424.70* 0.02 99.9 
21 15 25 85-105 1 ( 1/ 1) 3244.21* 0.10 100.0 
22 15 25 85-105 1-10 ( 7/10) 15.13 0.10 99.7 
23 15 25 75-115 1 (0/0) 3600.00* 0.09 
24 15 25 75-115 1-10 (3/4) 2400.19* 0.09 99.8 
25 25 10 85-105 1 (7/7) 1548.49* 0.03 100.0 
26 25 10 85-105 1-10 (10/10) 0.46 0.03 100.0 
27 25 10 75-115 1 (0/0) 3600.00* 0.03 
28 25 10 75-115 1-10 (8/8) 725.54* 0.03 100.0 
29 25 25 85-105 1 (2/2) 2916.14* 0.16 100.0 
30 25 25 85-105 1-10 (10/10) 2.40 0.15 100.0 
31 25 25 75-115 1 (0/0) 3600.00* 0.16 
32 25 25 75-115 1-10 (2/2) 2880.50* 0.15 100.0 

t ~~~~ .. p = the average of II . . Ob' . xl00 over problems wlIh known optImal value. 
eUTlslle :leellve 

* Underestimate of actual CPU time. 

5.5.4 Computational Results 

The performance of the heuristic and optimal solution procedures were 
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tested over 320 randomly generated problems. The two solution procedures were 

programmed in Pascal and run on a V AX8650. Four separate parameter settings 

were used to generate the problems. There is a total of 32 different problem types 

with 10 problems generated for each type. All the problems were generated with an 

average system utilization of 95%. Table 5.5 lists the different problem types and 

their characteristics. The parameter values used are: 1) number of parts (1, 5, 15, 

and 25); 2) number of periods in the planning horizon (10 and 25); 3) variability in 

total demand in each period (uniformly distributed between 85%-105% or 75%-

115% of capacity); 4) container sizes (1 or uniformly distributed between 1 and 10). 

While generating the data, problems were tested for feasibility. Infeasible problems 

were discarded and other problems were generated in their place. 

The heuristic solution procedure was able to solve all the problems in a 

relatively short time. The optimal solution procedure was allowed to run up to 1 

hour of CPU time, after which the program was terminated. Table 5.5 lists the 

results of the test runs. The column (Heu/Opt) lists the ratio of the number of prob

lems the heuristic computed optimal solutions for, to the total number of problems 

for which an optimal solution was found. The column Opt CPU gives the average 

CPU time in seconds consumed by the optimal solution procedure over all the prob

lems. Problems that took 1 hour of CPU time without reaching an optimal solution 

were given a total run time of 3600 CPU seconds which is an underestimate of the 

actual CPU time it would have took to find an optimal solution. CPU time averages 

that are an underestimate of the actual average are indicated by a asterisk. The 

column Heu CPU provides the average CPU time it took the heuristic to compute 

the solution. The last column in Table 5.5 lists a measure of success of the heuristic 

in computing solutions close to optimal values. 
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The heuristic perfonned quite well in tenns of time and solution values. 

The heuristic computed solutions in fractions of a second for all problems. The 

heuristic was able to compute optimal solutions for 214 problems out of the 226 

problems for which an optimal solution was found. That is a 94.7% success rate in 

finding optimal solutions. For the 226 problems, the heuristic solution was on the 

average 0.2% percent away from optimality. The heuristic was very consistent in 

computation time. Computation time was mainly affected by the number of parts 

and the number of periods in the system. The time it took the optimal procedure to 

compute solutions varied drastically among problem types. The larger the container 

sizes and the smaller the variability in demand, the smaller was the gap between 

lower and upper bounds, and thus the faster optimal solutions could be found. 

5.6 Conclusions 

In this chapter we provided a non-linear integer mathematical model for 

the multi-item, single stage, capacitated kanban system. A transfonnation of the 

model was made to simplify its constraint set. We showed that the two models have 

the same set of optimal and feasible set of kanban solutions. Focusing on the 

second model we then provided an algorithm for finding a feasible production 

schedule, called the complement, for a given feasible kanban allocation U. The 

complement was used as a basis for developing several characteristics of the model. 

We provided sufficient and necessary conditions for the feasibility of the system. 

We also provided sufficient and necessary conditions for feasibility of an integer set 

of kanbans. The feasibility conditions were used to develop upper and lower bounds 

on the number of kanbans. These characteristics were used to develop a heuristic 

and an optimal solution procedure. An example problem was given to illustrate the 
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two solution procedures. Computational results for 320 randomly generated prob

lems were provided. The heuristic demonstrated the ability to find optimal solutions 

in a high percentage of the problems. A future extension of this chapter would be to 

improve the heuristic to perform better in problems such as the one presented 

towards the end of section 5.5.3. 
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CHAPTER 6 

CONCLUSIONS AND FUTURE SUGGESTIONS 

This dissertation focused on building mathematical models for the deter

ministic, capacitated, single kanban system. The models were used to analyze the 

system, understand the need and behavior of kanbans, and compute good solutions 

for the number of kanbans to alIocate for each part. The first model was built for 

the single-stage, single-item system. We were able to determine optimal solutions 

for the number of kanbans for this system. Even though this system is very simple, 

it gave insight into the problem and facilitated building models for the more com

plex production systems. The next model was built for the multi-stage, single-item 

system. For this system it was determined that given a set of kanbans, the produc

tion schedule is constant and depends on demand, capacity, and kanban allocation. 

The uniqueness of the production schedule facilitated testing for feasibility of a set 

of kanbans. The feasibility test was used to develop heuristic and optimal solution 

procedures. The heuristic procedure was tested and shown to perform very welI 

compared to optimal solutions. 

The last model was built for the single-stage, multi-item system. Having 

parts share resources was the main complexity added to this model. An algorithm 

was developed for this system to compute a production schedule, named the comple

ment, given a set of kanbans. It was shown that the complement was a feasible pro

duction schedule if the kanban allocation was feasible. The complement was used to 

develop necessary and sufficient conditions for the feasibility of a set of kanbans. 

The conditions were used to develop heuristic and optimal solution procedures. The 
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heuristic procedure was tested over randomly generated problems and was shown to 

perform very well compared to the optimal solution procedure. 

Several research issues can be addressed as extensions of this dissertation. 

One of the issues is analyzing the affect of setup on the performance of the kanban 

system. Even though setup is assumed negligible in nT systems, significant setup 

times and costs still exist in many processes in the manufacturing world. Applying 

the kanban system to such processes requires a different approach and different 

analysis procedure. Since full containers in the kanban system act as lots, one of the 

most important system parameters to address in such processes is the number of 

parts a kanban allows in one full container. Currently, most models assume a fixed 

number of parts allowed by one kanban. 

A second and most logical extension of this dissertation is modeling the 

kanban system for a multi-stage, multi-item production system. In the next section 

we suggest a mathematical model for such a system and present ideas for a solution 

procedure of the model. 

6.1 Multi-item, Multi-stage, Assembly Structure Kanban System 

In this section we suggest a nonlinear mathematical model for the assem

bly structure, multi-item, mUlti-period, constant-quantity, capacitated, single kanban 

system. Figure 6.1 gives an example of such a system. Multiple parts can be pro

duced at each workcenter. Each part may have multiple immediate successor and 

predecessor parts. For any workcenter n, parts produced at n have all their succes

sor parts in one workcenter m <n. Externcl demand is allowed only for parts at 

workcenter 1. Parts at a workcenter that have a common predecessor part share the 
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containers for that part. 

Figure 6.1: An Example of an Assembly Structure, Multi-item System 

The planning horizon is broken into control periods, and demands and 

capacities are allowed to vary from period to period. We assume initial inventory 

levels are zero. Production is assumed instantaneous and takes place at the begin

ning of a period. Production at each workcenter is limited by three factors: 1) the 
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production capacity in that period; 2) the maximum allowable inventory determined 

by the number of kanbans; and 3) the availability of predecessor parts. Setup is 

assumed negligible. Backlogging is not permitted. We assume that parts are num

bered such that if part j is a predecessor of part i, then j is greater than i. 

Define the problem parameters 

em= production capacity of workcenter n in period t; 

ejj= number of j parts required to make one i part where j is a predecessor of i; 

M = number of parts in the system; 

m (n )=the set of parts produced at workcenter n ; 

N = number of workcenters in the system; station 0 is added to the system to 

account for external demand; 

nj = the workcenter assigned for producing part i ; 

P (i )=set of immediate predecessors of i; 

rj= capacity of a container of part i; 

qj = capacity required to produce one item of i at station nj; 

T= number of time periods in the planning horizon; 

Djt= external demand of part i at time t (i Em (1»; 

gj= cost of one container of part i; the cost consists mainly of inventory value; 

s (i)= set of immediate successors of part i; 

Sn= successor station of station n; 

djt= cumulative external demand for periods 1 through t of part i E m (1), measured 

in containOfS, i.e. [[ ~Di"] Iri] +; 
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Vit = number of containers of part ; em (1) turned over at 1 and heading for the 

shipping station 0 to satisfy external demand. V it is basically the number of 

containers required to fulfill external demand at period 1. For i em (1), and for 

each 1, ViOl can be computed as d;, - di ,l-l • 

Let the decision variables be 

Iii = 

Ui = 

inventory level of i at end of 1 (/0=<»; 

number of kanbans provided for part i; 

production level of; in period t; 

number of containers of part iii m (1) turned over during period t and 

moved to the successor workstation. 

The mathematical model, which we call PMM, is then 

M 
minimize PMM(U) = L gi Ui 

i=1 
(6.1) 

Subject to: 

lit = li,l-l + Xii - ri V il 

(Cn;l- L qjXjl )Iqi 
jem(n;) 

r~i 

Xii = min riUi -li ,l-l +riVil 

min 1 
jeP(i) eji 

r. [~Xj~]-
J r. 

J 

for ;=1, ... ,M and 1=1, ... ,T 

I 

L ejkLXh 
kesU) ~1 

k¢i 

I-I 
- ~x, kJlt 
~I 

(6.2) 

for ;=1, ... ,M and 1=1, ... ,T (6.3) 



[ 
t:I: L eijXj't] + 

't=lj E Sr(',·.> 

Xu ~ 0 

fu ~ 0 

Ui ~ 1 and integer 

for i=l, ... ,M and t=l, ... ,T 

for i=l, ... ,M and t=l, ... ,T 

for i=l, ... ,M and t=1, ... ,T 

for i=l, ... ,M and t=l, ... ,T 
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(6.4) 

(6.5) 

(6.6) 

(6.7) 

The objective function (6.1) consists of the cost of kanbans. Constraints 

(6.2) are the inventory balance equations. Constraints (6.3) limit production for any 

part at any period to equal the minimum of the following: available capacity at the 

workcenter at that period; inventory limits determined by the number of kanbans; 

and, the availability of predecessor parts. Equations (6.4) determine the number of 

kanbans that turn over for all parts during any period. Constraints (6.5) and (6.6) 

are the non-negativity constraints on production and inventory levels respectively. 

Constraints (6.7) insure that positive integer number of kanbans is allocated for each 

part. 

A great deal of complexity evolves in model PMM by having parts share 

capacity and predecessor parts. Therefore developing characteristics for the model is 

a difficult and challenging task. One approach to solving model PMM is to develop 

a procedure for testing the feasibility of a set of kanbans. Depending on the 

difficulty of such feasibility test, one may develop a heuristic procedure similar to 

the ones developed in this dissertation for computing kanban levels. 

Another approach for finding solutions for model PMM is to apply the 

heuristic developed in chapter 5 for the single-stage, multi-item system. Starting 

with station 1, the system would apply the heuristic described in section 5.5.1 to 
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compute kanban levels for parts in station 1. Then, ALG05.2 would be used to gen

erate a feasible schedule for this set of kanbans. The feasible production schedule 

generates demand for predecessor parts. Then for each station greater than 1 the 

same procedure is applied. If at any station the problem was found infeasible, a 

back-track must be performed to generate an alternative set of kanbans or an alterna

tive production schedule to alter the demand pattern. The mechanism for back

tracking and finding alternative solutions will be a crucial element in the success of 

the algorithm. 
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