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ABSTRACT 

Let M denote a 2n-dimensional globally defined 

orientable manifold from which is constructed the product 

space N = M x~. It is assumed that N is endowed with a 

h 
set of 2n independent smooth I-forms {nh,n :h = 1, .. ,n}. 

Certain conditions are imposed 

existence of local coordinates 

on {nh,n
h

} which imply the 

h 
{q ,Ph} on M and a function 

H(qh,Ph,t) on N, where t is the single coordinate on ~, 

such that dn = nhA nh, where n has the structure of a 

Cartan form on N. The assumption that the function 

h = PhaH/aph-H is non-zero on a region DeN, implies that 

n has maximal class on D. This construction gives rise to 

a local adapted contact structure on N and a local 

symplectic structure on M. 

A vector field X on N is said to be a contact field if 

7 

there exists a smooth function a:N ~ m such that ixn = an. 

A vector field Z on N is called a canonical vector field if 

it admits the representation Z = a/at + (H, ) where ( 

denotes the Poisson bracket on M. For a given function 0, 

a prescription is given for the construction of the space 

ea(N) of contact fields in terms of solutions F of the 

p.d.e. Z<F> = oh. The vector space e(N) = U ooea(N) is 
aEC 



shown to have the structure of a Lie sub-algebra of the 

Lie algebra of vector fields on N. 

It is shown that the associated subspace A(n)={x:xJn=o} 

is such that e~(N) n A(n) = {a}. This implies that there 

is an X in e~(N) such that xJn ¢ O. Thus, if the function 

H that appears in the Cartan form n is such that H = xJrr 

for any X E e~(N) it is possible to deduce that PH/at ¢ 0, 

which shows that such vector fields may be of relevance to 

the theory of non-conservative systems. 

- -h A different set of 2n I-forms {nh,rr } is introduced on 

N that are subject to analogous conditions which ensure 

-h -the existence of local coordinates (q ,Ph) on M and a 

- -h - -function K(q ,Ph,t) that gives rise to a new Cartan form 

- - - 1\ -h rr on N such that dn = rrh rr. By definition, the 

fundamental invariant of a parameter-dependent canonical 

transformation on N is drr = du. In this new setting a 

contact field X satisfies the condition ixu = ~ for some 

function ~:N ~~. The relationship between the contact 

vector fields X and X is investigated in depth. 

8 
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Differential-Geometric Aspects of Adapted 

Contact Structures 

o. Introduction. 

A. The Adapted Contact Structure. 

We begin our study with the introduction of an adapted 

contact structure (N,n) (Rund [1]) where N is the product 

space of a 2n-dimensional globally defined orientable 

manifold M with ~, N = M X~. The single coordinate on ~ 

is denoted by t and the imbedding of M in N is such that M 

can be represented as a hypersurface t = t = constant of o 

N. 
1 

Let us denote the space of 1-forms on N by A (N); then, 

for the inclusion map i:M ~ N, the resulting induced maps 

i*:A1(N) ~ A1(M) are such that i*(dt) = O. In the 

development of an adapted contact structure, it is supposed 

that the 2n+1 dimensional manifold N is endowed with a set 

of 2n independent smooth 1-forms {nh,u
h

: h = 1, •. ,n}, these 

being such that the 

the cotangent space 

set {nh,nh,dt} constitutes a 

A1(N) at each point p in N. 
p 

basis in 

We also 

impose the following two conditions on the 1-forms nh and 

h n , namely 

Condition I: The pull-backs i*nh' i*nhare closed 1-forms 

on M; 

Condition II: The 2-form nhA n
h 

is closed
1

. 

1Unless otherwise noted the usual summation convention 
over repeated indices h,j, .• = 1, •• ,n is implied. 
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The above construction taken together with conditions I 

and II establishes the following results): 

i) Condition I implies the local existence of a set 

h 
of O-forms {Ph,q : h = 1, .. ,n} on M in terms of 

which we have i*nh = dPh and i*nh = dqh. 

Thus there exists a set of 2n differentiable 

functions of (Ph,qh,t) on N, denoted by 

h 
{fh,f :h = 1, •• ,n }, such that 

n d f dt nh = dqh - fhdt • h = Ph - h ' 

This implies that 

ii) By virtue of the independence of {nh,n
h

} it 

follows that the rank of nhA nh 
must be 2n and 

since the class of any closed 2-form is 

identical with its rank, condition II implies 

that the class of nhA n
h 

is maximal, namely 2n. 

Also, it can be shown that the 2-form 

(fhdPh - fhdqh) A dt) in (0.2) is closed if 

and only if there exists a differentiable 

function H on N such that 

h h aH 
(f dPh - fhdq ) = dH - at dt. 

0.1 

0.2 

0.3 
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Thus we may write 

= dH A dt = d(Hdt). 0.4 

If we denote the 2-form by w, then upon 

substituting (0.4) into (0.2) we obtain 

0.5 

where 

0.6 

Henceforth we shall refer to the I-form n as the 

Cartan form since it is structurally identical with 

the Cartan form in the classical theory of integral 

invariants. 

It is immediately evident from (0.3) that 

0.7 

h thus we may express the I-forms {nh,n } in (0.1) as 

0.8 
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We now impose an additional condition on the function 

H in (0.3), that is,we shall assume henceforth that H is 

not homogeneous of first degree in Ph on a region D of N. 

This is to say that there exists a non-zero function h on D 

such that 

with 

8H 
h = 8p Ph - H 

h 
0.9 

0.10 

The significance in adhering to the above assumption 

is due to the following theorem: 

THEOREM 0.1 In order that the class of the Cartan form n 

in (0.5) be maximal, that is (2n+1), on a 

region D of the manifold N, it is necessary 

and sufficient that condition (0.10) be 

satisfied. 

Under the conditions of this theorem, it is clear that 

we have defined a local contact structure on D which we 

shall refer to as the adapted contact structure. 

We refer to it in this manner since its construction 

depends on the given set of 2n smooth I-forms {uh,nh} in 

contrast to the usual definition of a contact structure 

that depends on a single 1-form of maximal class 2n+l. 



Also, from (0.8) it is evident that the 2n 1-forms 

{dPh,dqh} are independent as a consequence of the 

h 
stipulated independence of {nh,n }. 

Thus, we write 

which has rank 2n and is therefore nondegenerate on M. 

This 2-form therefore defines a local symplectic 

13 

0.11 

structure on M. We observe from (0.5) that w admits the 

representation 

w = dn + dH A dt = w + dH A dt. 0.12 

Also, since the rank of a closed p-form coincides with 

its class, we conclude that w has class 2n. 

We next introduce a vector field Z on N called the 

canonical vector field Z associated with the function H. 

This field is defined by two conditions, namely 

i) zJn = h 0.13 

and 

ii) zJdn = zJw = O. 0.14 

It can be shown that these conditions determine Z uniquely, 

with coordinate representation 

0.15 
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Thus, for any differentiable function F on N, we have 

Z<F> of = ot + (H, F) 0.16 

where ( , ) denotes, as usual, the Poisson bracket. 

We note some additional properties of the canonical 

vector field Z for future reference, viz., 

a) by condition (0.14) together with (0.5) we have 

and by the independence of {nh,n
h
}, we have 

zJnh = 0 and zJnh = OJ 

b) by (0.15) the integral curves of Z are those 

curves on N which satisfy the following 

system of first order ordinary differential 

equations 

~ 
dt = 

oH 
op , 

h 

oH = - --

whose structure is identical with that of 

the canonical equations of the classical 

calculus of variations (hence the name 

canonical vector field); 

0.17 

0.18 
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c) by (0.5) dw = 0 and since zJw = 0 by (0.14) 

we have w invariant by Z in the sense that 

0.19 

We use (0.12) in conjunction with the above 

result to obtain: 

o = ! W = ! (w - dH A d t ) z z 

from which we may write 

= d(Z<H»A dt - d<z<t>A dH 

0.20 

.. 
We observe from the above results that w is 

invariant by Z in the sense of (0.19), and 

that this is not true, in general, for w. 

d) by (0.15) we obtain the following useful 

identities: 

Z<t> = 1; 
8H 

= - 8qj; 0.21 
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It can be shown that there exists a relationship 

between the concept of a canonical vector field Z and that 

of a Hamiltonian vector field on N. To see this we write 

Z as 

a 
Z = at + ZM 0.22 

where ZM denotes a vector field in X(M}, i.e., 

Thus from (0.11) and (0.22) it follows that 

zJw=zJw 
M 

0.23 

which is now used in conjunction with (0.12) and (0.14) 

to yield: 

z Jw = zJw = zJ(dH A dt) = (zJdH)dt - (zJdt)dH 
H 

= Z<H>dt - Z<t>dH 

which, because of (0.15) and (0.21), becomes 

z Jw = aH dt - dH 
H at 

_ (BH dp BH 
d qh) = -

ap
h 

h aqh 

= - i )I: (dH ) = -d ( i *H) . 

Here we recall that i* refers to the pull-back of the 

inclusion map i:M ~ N which suggests that we define 

0.24 
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1< h h 
the function i H = HM(q ,Ph) = H(q ,Ph,t O )' where to 

denotes a constant value of t on N. Thus (0.24) may 

be written as 

0.25 

Thus ZM is the Hamiltonian vector field on M generated 

by HM with respect to the symplectic structure W on M 

given by (0.11). 

In a more general context let us suppose that the 
~ 

2-form W is invariant by some vector field X on N in the 

sense that 

0.26 

~ 

Thus, since W is exact the above condition is tantamount 

to the requirement that 

d(xJw) = 0 0.27 

so that we may infer the existence at least locally of a 

function f such that 

df + xJw = o. 0.28 

We may regard the vector field X as a locally Hamiltonian 

vector field with respect to w which is generated by the 

function f on N. 



The above analysis suggests that any differentiable 

function on N may generate a locally Hamiltonian vector 

field. However, upon applying zJ to (0.28) we obtain 

18 

zJ d f + xJ ( zJ Ul) = 0 0.29 

which, by virtue of (0.14), is equivalent to 

Z<f> = o. 

Thus, we observe an additional condition which must be 

satisfied by f in order that it generate vector fields 

characterized by (0.26). Consequently, only solutions 

of the first order partial differential equation (0.30) 

may be used to generate locally Hamiltonian vector 

fields on N. 

0.30 
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B. The Introduction of ~ Contact Vector Field. 

It is the purpose of this work to investigate some 

differential-geometric aspects of an adapted contact 

structure. To this end we now introduce the concept of a 

contact vector fielcr X which we characterize (initially) 

as those vector fields on N which satisfy 

f rr: = 0 x 

where rr: is the Cartan form (0.6) introduced in the 

previous section. 

We immediately observe, upon taking the exterior 

derivative of (0.31), that such vector fields are 

also locally Hamiltonian vector fields on N, i.e., 

where we recall that drr: = w from (0.5). 

Let us put 

F = xJn 

so that dF = d(XJrr:) and by (0.31) we may write 

0.31 

0.32 

0.33 

0.34 

2This terminology has been used before in a different sense 
(cf. Bishop and Goldberg, [1] p. 271; Arnold, [1] p. 360) 
and, in the present context, no reference to these previous 
definitions is implied. 
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Thus, according to (0.28) the contact field X on N 

may be regarded as a locally Hamiltonian vector field 

generated by xJn. 

Let us now assume that there exists a contact field 

X on N which we write as 

0.35 

where XO, X
j

, Xj are known functions of the coordinates 

which must satisfy certain conditions in order that (0.34) 

remains valid. The analysis to exhibit these conditions 

is made much easier if, instead of proceeding with X as 

written in (0.35), we first write X in terms of the 

canonical vector field Z (0.15) and a vector field 

R E X(M), that is, 

0.36 

where 

R
j 8 8 

R = + R j a. 
8qj Pj 

0.37 

Thus X may be expressed as 

0.38 



which, when compared with (0.35), reveals that 

xJ = RJ + XO oH op ; 
j 

x = R _ XO oH 
J j oqj 

We now use (0.36) in conjunction with (0.14) to 

write 

j j ~I = Rjdq - R dP j 
- (~dH)dt 

21 

0.39 

0.40 

so that by virtue of (0.34), i.e., dF + xJw = 0, we obtain3 

of 
ot = R<H>; 

of 0.41 

Here F is given by (0.33) which, because of (0.36) and 

(0.13), may be written as 

3 

We use the usual notation RJdH = R<H> 
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so that, with the aid of (0.41c), we obtain: 

o of 
F = X h + Pja--. 

Pj 
0.42 

The relations (0.41) and (0.42) establish the necessary 

conditions which must be satisfied by the components of X 

in order that it be a contact field in the sense of (0.31). 

As a consequence of the structure of the Cartan I-form 

n given by (0.6) and by the conditions (0.41), (0.42) which 

establish X as a contact field on N, the above analysis 

can be shown to have applications in classical mechanics. 

To see this, let curves on N be parameterized by t (i.e., 

as is customary in classical dynamics, the 2n+1 coordinate 

t on N is treated as the preferred parameter time): 

0.43 

Let us also suppose that the function H in the Cart an 

I-form (0.6) is identified with the Hamiltonian of a 

dynamical system. Then the integral curves of the 

canonical vector field Z, that is, the 2n first order 

partial differential equations (0.18) (p 0.6), are 



the familiar canonical equations in the Hamiltonian 

formulation, i • e. , 

j j 
o j 8H(t,q ,P

j
) 8H~t,q ,P j ). q = PJ = 8p

j 8q J 

The function H may be used to construct a Lagrangian 

L = L(t,qJ,qJ) of class C2 on N. Because of the 

non-homogeneity condition (0.10) we have 

23 

0.44 

0.45 

so that (0.44b) may be solved locally for P
J 

in terms of 

j 0 j 
(t,q ,q), 

0.46 

This is now used in conjunction with H to construct the 

aforementioned Lagrangian, namely, 

J oj J j OJ OJ 
L(t,q ,q ) = -H(t,q '~J(t,q ,q » + ~Jq • 0.47 
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Remark. Upon taking respective derivatives of the above 

Lagrangian we obtain the following identities: 

em = - at ; em 
= - c3qJ; 0.48 

Let us now assume that there is a contact field X on N 

which satisfies two conditions, namely, that the component 

XO in (0.36) is 1 and that the function F (= xJn) in (0.33) 

is identified with -H. Here H is the Hamiltonian of the 

dynamical system described above and F is a function of 

the coordinates (t,qh,Ph) such that at each point in the 

domain D of H we have 4 F(t,qh,Ph) = 
because of (0.9), we have 

Thus, 

which is (0.42) with XO = 1. Also, by virtue of (0.41) 

we obtain: 

c3H 
c3t = -R<H>; 

0.49 

0.50 

4This condition ensures that H, when expressed in terms of 

(t,qJ,qJ) (by way of (0.46» in the construction of the 
Lagrangian L (0.47), may be replaced by F at each point in 
D. 
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Now, with (50a) taken in conjunction with (0.50b,c), we 

conclude that 

aH 
at = -R<H> (H,H) = o. 0.51 

Remark 1. In this case, it is evident that H must be 

a t-independent function in order that ixx = O. 

As such, because of (0.48), the dynamical system 

described by H must be conservative. 

Remark 2. The above results may also be obtained directly 

from (0.34) taken together with (0.30) with 

the contact field X regarded as a locally 

Hamiltonian vector field generated by xJx. 

That is, if F = -H (= xJx) then (0.34) becomes 

-dH + xJw = 0 

and after applying zJ, recalling that zJw = 0, 

we obtain 

Z<H> = O. 0.52 

Thus, because of the form of Z as given by 

(0.16), we have 

aH 
at = O. 



Remark 3. Upon substituting R. and R
j 

from (50b,c) 
J 

together with XO = 1 into (0.39) we obtain 

XJ = 0 and Xj = 0 so that, according 

to (0.35), the contact field X is 

a 
X = at' 

It is apparent from (0.52) that the t-independent 

nature of H is established as a consequence of having H 

H generate X as a contact field in the sense expressed 

in (0.31). This suggests that we modify our initial 

definition of a contact field in order to include more 

general dynamical systems, i.e., systems described by 

t-dependent Hamiltonians. 

To this end, let us suppose that there is a vector 

field X on N and a prescribed i-form e E A1(N) such that 

26 

0.53 

If H = xJn then according to (0.53) we may write 

dH + xJ~ = e 0.54 

and with zJ applied to both sides we obtain 

Z<H> = zJe. 0.55 

Thus, unless zJ~ = 0, the function H is not t-independent. 
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It is evident that the conditions which must be 

satisfied by the components of the vector field X in 

order that (0.53) be valid are dependent upon the 

nature of e. Also, in the analysis of dynamical systems 

the significance of the integral curves 1(s) of the vector 

fields which describe such systems becomes apparent. For 

this reason, we shall, in the following section, consider 

integral curves of those vector fields which satisfy (0.53) 

for a given e. 

C. General Contact Vector Fields. 

As suggested by the aforementioned remarks we now 

modify our definition of a contact vector field given 

by (0.31). To this end we introduce some preliminary 

remarks. 

Let X be an arbitrary vector field on N with 

domain D over which n is assumed to be of maximal class 

(which, we recall, is tantamount to the requirement that 

h ~ 0 on DeN). We denote the tangent space of each point 

P E D by T (N) and the vector X E T (N) by X. There 
p p p 

exists, at least locally, a unique integral curve of X 

which we denote by ¥ (s), S E ~ where 1 (0) = p. This p p 



28 

curve is referred to as the orbit of p. We also denote the 

I-parameter ~roup (or flow) of X by ~B(P)' where: 

~ (p) = "I (s). 
s p 

0.56 

Suppose now that ~ maps the point p to the point 
8 

Q(= "I (s» so that if the coordinates of p are denoted by 
p 

(t,qh,Ph) then ~B(P) = Q has coordinates (T,Qh,Ph ) given 

by: 

h 
T = T(s,t,q ,Ph); 

Q h = Qh( h) s, t, q ,Ph ; } 0.57 

Let us define the I-form nQ € T~(N) as 

0.58 

* so that by means of the pull-back ~ we have 
B 

~*:T*(N)~T*(N). This defines a I-form e € T*(N) 
B Q p p p 

given by 

0.59 

which must admit the representation 

0.60 



where, h according to (0.59), the components (Sa,Sh'S ) 

in (0.60) are given by: 

To obtain explicit expressions for the above 

29 

0.61 

components we write (0.59), with the aid of (0.58) and 

( 0 • 57), as 

e cp*1C ( aQj aQj h 
+ aQj ) = = PJ ~dt + --dq aphdPh p 8 Q aqh 

( aT aT d h + ~ d Ph) • -H --dt + -- q at oqh Ph 

A comparison with with (0.60) yields 

e aQj HaT = P jot -
0 at 

e ~ _ HaT } = P J h h aq aqh 

Sh oQJ HaT = P --
jOPh oPh 

Thus, it is evident that the structure of the 

Cartan form 1C
Q 

given by (0.58) is not preserved under 

the action of cp*. We recall that, in the development 
8 

0.62 

0.63 
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of an adapted contact structure, N is assumed to be 

h 
endowed with a set of 2n+1 smooth 1-forms {nh,n ,dt} which 

1 
constitutes a basis in the cotangent space A (N) at each 

p 

point in N. Also, we recall that dn at p is given by 

nhA nh. This suggests that, in order to maintain the 

nature of the the adapted contact structure at each point 

in N, we consider those vector fields X for which, at every 

point in the domain of the flow of X, ~*n is a scalar 
e Q 

multiple of n. Such vector fields are referred to as 
p 

conformal infinitesimal transformations of the 1-form n 

(P. Libermann and C.-M. MarIe [1], p. 352): 

Definition 0.1 Let X be a vector field on N and let ~ be 

5 

o 

a 1-parameter group generated by X. Given 

a p-form a on N, if there exists a positive 

differentiable function A of-the single 

variable s defined over the domain of ~ 
a 

such that 

* ~ a = Aa 0.64 
8 

(where A(S) = 1 when s = 0), then X is 

said to be a conformal infinitesimal 

transformationS of a. 

In the case when A = 1 the vector field X is referred to 
as an infinitesimal automorphism of a 



We now recall that for any p-form a on N, the Lie 

derivative of a with respect to a vector field X on N is 

defined in terms of q/ as i a = lim (1/s){<P*a - a} so that 
s x s 

s-+o 

in the context of the above discussion we may write: 

* lim (l/s){<P1t - 1t}. 
s Q P 

s-+o 

Let us now assume that the vector field X on N is a 

conformal infinitesimal transformation of 1tQ so that, 

according to definition 0.1, (0.64) implies that 

0.65 

0.66 

In this case, with (0.66) substituted into (0.65), we 

obtain: 

where 

i rc 
x p 

= 1 im (11 s ){ Arc - rc } 
p p 

9-+0 
= (1 im l; ( s ») rc 

8-+0 p 
0.67 

0.68 

31 



If the limit which appears in (0.67) exists we shall 

denote it by a = O{t,qj'Pj)' that is, 

32 

a = lim ~(s) 
9-+0 

0.69 

and according to (0.67) we obtain 

i rc = arc • 
x P P 

0.70 

Remark 1. The above result is quite general and is valid 

for any p-form a in AP(N) which satisfies 

condition (O.64) and for which the limit in 

(0.69) exists. In the case when a is the 

Cart an form n of the adapted contact structure, 

we shall then refer to those vector fields X, 

which satisfy (0.70), as contact vector fields
6 

on N. 

Remark 2. If 0 = 0 identically then ixT( = 0, and X is the 

contact field (0.31) as initially introduced 

in the previous section. 

6 Such a vector field is also referred to as an 
infinitesimal contact automorphism of the contact 
structure(L. Libermann and C.-M. MarIe, p. 318). 
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Suppose there exists a contact vector field7 X on N, 

that is, (according to Remark 1) a vector field for 

which there is a nonvanishing function a on N such that 

ixn = on. We then may write 

0.71 

to which we apply zJ, (recalling that zJw = 0 together 

with zJn = h), to obtain 

zJ (d ( xJ n ) + xJ W) = zJ (an) 

which reduces to: 

z<xJn> = <7(zJn) = ah. 0.72 

Because of this, let us suppose that, at each point 

in D, xJn is identified with -H where H is the Hamiltonian 

of a dynamical system. We recall that in the previous 

section with ixn = 0, a similar procedure established the 

t-independent character of H, viz., (0.51). Now, with 

xJn = -H, (0.72) becomes 

Z<-H> = <7h 

and since h is assumed non-zero on D it follows that 

Z<-H> ¢ 0 on D whenever a ¢ 0 on D. Thus, by the 

7A prescription will be given in the next chapter to 
construct such a vector field on N for a given a. 

0.73 
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definition of Z, we have 

Remark. In this case, it is evident that the dynamical 

system described by this Hamiltonian is 

non-conservative. 

It is of interest to express the contact vector field 

X in (0.71) explicitly. To this end, with H = -xJn, we 

write (0.71) as -dH + xJw = on, that is, 

xJw = dH + (In 0.74 

where (J is given by (0.72), i.e., 

-1 -1oH 
(J = -h Z<H> = -h at. 0.75 

Recalling our previous procedure, we use (0.40) 

to write (0.74), (noting the decomposition 

X = xOz + R and the definition of n = Pjdq - Hdt), as: 



From this last equation we then have 

8H 
8qj + (Jp j ; R<H> 8H = - at + aH 

which we use in conjunction with (0.39) to obtain the 

components (XJ,x
j

) of X, that is, 

XJ Rj + XO 8H (Xo_l)8H = = 

35 

0.76 

8pj 8pj 

} 0.77 

X = R - XO 8H _(Xo_l)8H + (JPj. = j j 8qj 8qj 

We determine XO from the assertion that -H = xJn, that is, 

using zJn = h together with (0.76b) we obtain 

so that 

which, because of the definition of h, i.e., (0.9) 

yields 

Xo = 1 . 0.78 
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Now with (0.78) taken in conjunction with (0.77) we obtain 

XJ = 0 and X = ap and the contact field X becomes: 
j j 

= 

= 0.79 

where we have used (0.75) in the last step. 

Remark 1: It appears that the components (XO,Xj,x j ) of 

the above vector field (0.79) follow directly 

from (0.77) taken together (0.76a,b), that is, 

with only two of the three conditions (0.76) 

which establish X as a contact field on N. 

However, we now observe that condition (O.76c), 

when used in conjunction with (0.76a,b) implies 

(0.75) which was used in the last step in the 

development of (0.79). To see this, we first 

recall that Z<H> = aH/at and write (0.76c) as: 

R<H> = -Z<H> + aH 

so that 

Rj~H + RJaH - aH = -Z<H>. 
Pj aqj 



Upon substitution of (0.76a,b) into this last 

expression we obtain (0.75), that is: 

= O(p ~H - H) = oh. 
j Pj 

Remark 2. In the event that H is t-independent, which 

according to (0.75) is tantamount to the 

condition that 0 = 0, then (0.79) reduces 

to X = a/at which is recognized as the vector 

field in the previous section, viz., remark 3. 

It is evident, from the results of this section, that 

the introduction of a contact vector field on the adapted 

contact structure is of interest and may be useful in 

describing certain non-conservative dynamical systems. 

37 

As such, we begin our next chapter with the development of 

such fields on N. 
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1. Contact Vector Fields. 

A. The Development of a Contact Field. 

Let us begin with a given adapted contact structure 

(N,n) subject to the assumptions of the previous chapter. 

Also, suggested by the results from this last chapter, 

we formally state the following definition wherein we 

we denote the Lie algebra of vector fields on N by X(N). 

Definition 1.1 A vector field X E X(N) is said to be a 

contact field of the adapted contact 

structure (N,n) if there exists a 
Cl) 

a E C (N) such that: 

Here the I-form n is the Cartan form 

(0.6) which we now write as 

The function a that appears in (1.1) is 

called the contact coefficient of the 

contact vector field X. 

1.1 

1.2 
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Given a a E AO(N), definition 1.1 naturally raises the 

question of what conditions must be satisfied by the 

components of a vector field X, such that (1.1) holds. 

As we observed before, the analysis to reveal these 

conditions is made much easier if we first decompose the 

vector field X in terms of Z and a vector field
1 R E X(M), 

that is, 

1.3 

where XO is a differentiable function of the coordinates 

on N, and Z is, as usual, the canonical vector field on N. 

It is evident that to reveal the conditions which must 

be satisfied by X, when represented as in (1.3), in order 

that (1.1) holds requires an explicit expression for Lxn. 

To this end· we write (1.1) as 

d(x:Jn) + xJw = an 1.4 

and use (1.3) together with (0.13), i.e., zJn = hand 

(0.14), i.e., zJw = 0 respectively to obtain the following 

expressions for xJ nand xJ w: 

} 1. 5 

1Here , and in the sequel, X,Y, .. E X(N) and R,Q, •• E X(M). 
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Since R E X(M) we recall (0.37), 

h 
where Rand Rh are differentiable functions of the 

coordinates on N. Thus, with rr given by (1.2» it 

follows that 

1.6 

and (1.5a) may be written as 

1.7 

Also, because of (0.5) and «1.2) we have 

so that, recalling (0.40), (1.5b) becomes: 

h h = Rhdq - R dPh - R<H>dt 1.8 

Now with (1.8) and (1.7) substituted into (1.4) we 

obtain the following expression for ixn, that is, 

1.9 



Now, using (1.1) together eith (1.9) we obtain after 

some rearrangement 

ix1f = 

= 

= 

[Ph 
aR

h 
+ 

~hXO) 
] dp j ap j ap j 

+ [Rj + Ph 
aRh 

+ ~hXO) ] dqj 

- [R<H> 

em 

apjdqj 

aqj 

aR
h 

- Ph at 

- aHdt 

aqj 

~hXO)Jdt 
at 

Equating respective terms in (1.10), we obtain the 

41 

1.10 

following first order system in terms of the components 

XO, Rh , Rh of the vector field X: 

[Ph 
cmh 

+ 
~hXO) ] 0 ap j ap j 

= 

[Rj + Ph 
aRh + ~hXO) ] = aPj } 1.11 
aqj aqj 

[R<H> -
aRh 

a(hXO)] aH Phat at = 
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It is apparent from the preceeding analysis that only 

° h those vector fields X, with components X , R , and Rh that 

satisfy (1.11) for a given 0, are contact fields. We will 

now show that we may construct such vector fields when 

certain conditions are satisfied. 

To this end, we begin with a given function 0 on N 

and a function F which is assumed to be a solution 

of the partial differential equation 

Z<F> = oh. 1.12 

From some solution F we construct XO in the following way 

1.13 

which is certainly acceptable since h is assumed to be 

non-zero over a region D of N. 

Having constructed X
O 

in this way we next introduce 

the following lemma which yields a prescription for the 

determination of the components of R such that X is 

a contact field. 
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LEMMA 1.1 Given the following 
<Xl 

(i) a function a E C (N);and 

(ii) a function F, a solution of (1.12); and 

(iii) the vector field X expressed as X = XoZ + R 

such that X
O 

is given by (1.13); then, X 

is a contact field with contact 

coefficient a provided that the components 

of R are given by 

and 1.14 

Proof: It is required to show that (1.13), (1.14) 

taken together with (1.12) are sufficient to 

ensure that (1.11) is satisfied. To show 

this we write (1.13) as 

which we differentiate with respect to Pj 

and qj respectively to obtain 

and 

o = p a (aF) + 
h ap j L8Ph 

1.15 

1.16 

1.17 
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Now it is clear that if (1.14a) holds then (1.16) 

becomes 

which is (l.lla). 

Also, (1.14b) is equivalent to 

= 

When (1.18) and (1.14a) are substituted into 

(1.17) we have 

which is(l.llb). 

Finally, we show that condition (1.12) taken 

together with (1.14a) and (1.14b) implies 

(l.llc). To this end we first write the 

expression for R<H> into which we substitute 

h 
for Rand Rhfrom (1.14a,b), that is, 

R<H> = Rh 

= (88pF )88Hh + (O'Ph- 8F ) 8H 
h q 8qh 8Ph 

1.18 

1.19 
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We now return to (1.15) and differentiate with 

respect to t to obtain 

where in the last step we have substituted 

from (1.14a). Upon adding (1.19) to (1.20) 

we obtain 

aF 
R<H> + at 

which after rearrangement becomes 

= - ~Ft - (H,F) + oP
h 

~H + 
v vPh 

where, in the last step, we have used the 

canonical vector field Z (0.15). 

We recall (0.9) which we now write as 

aH 
a --a P = aH + ah 

Ph h 

1. 20 

1. 21 

1. 22 

and substitute into the middle term on the 

right hand side of (1.21) to obtain 

1. 23 
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Thus (1.23), because of (1.12), reduces to 

= 

which is (1.11c). .. 

Remark. For future reference we observe that a contact 

vector field, constructed via lemma 1.1 may be 

written as 

where 

and 

with Xo, Rh, and Rh given by (1.13) and 

(1.14a,b). 

1. 24 

1. 25 
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Definition 1.2 The contact field X is said to be generated 

by F, a solution of (1.12), when X is 

constructed according to the prescription 

introduced in lemma 1.1. 

We note that, in general, there exist many solutions F 

of the first order equation (1.12), Z<F> = oh, for a given 

function a on N. Thus, for this a the solutions F generate 

a set of contact vector fields on N according to the 

prescription given in lemma 1.1. 

Notation. The class of functions F on N that satisfy 

Z<F> = oh for a given a constitutes a set 

which we denote by ~o(N). Also, we denote the 

set of contact vector fields X on N generated 

by the functions F in ~o(N) byeo(N). 

LEMMA 1.2 Given a contact vector field X € eo(N) then 

xJ71€:f"o(N), that is 

Z<xJ 7l> = oh. 

Proof: We first write (1.1) as 

i 7l = d ( xJ 7l ) + xJ d1l = (J1( 
X 

to which we apply zJ to obtain 

1. 26 

zJ (d ( xJ 7l ) + xJ d71) = zJ d ( xJ 7l ) + zJ xJ d71 = a ( zJ 7l ) 
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and from (0.13, 0.14), viz. zJdn = 0 and zJn = h, 

we have 

zJd(xJn) = z<xJn> = ah. II 1. 27 

We observe that if F is an arbitrary function in ~a(N) 

and if X is an arbitrary contact vector field in ea(N) 

then Z<F> = ah and z<xJn> = ah. We thus obtain an 

immediate corollary to the above lemma. 

Corollary. Given X in ea(N) and F in ~a(N), then 

Z<F - xJn> = O. 

Lemma 1.2 taken in conjunction with our next lemma now 

establishes a converse to lemma 1.1. 

LEMMA 1.3 Given a contact field X with contact coefficient 

a then the components of X, when written as in 

(1.3), are such as to satisfy the relations 

Xo = h-
1 
(xJ n ) _ O(xJ n ») 

Ph op 
J 

1. 28 

R
j = o{xJ n) 

OPj 
1. 29 

Rj = ap -
o{xJ n) 

j oqJ 
1. 30 

Proof: Using (1.3) together with (1.5b) we have 



and upon differentiating (1.31) with respect 

to PJ we obtain 

Now since X is assumed to be a contact field, 

then system (1.11) (in particular (l.lla» 

must hold, thus (1.32) reduces to 

which is (1.29). 

Similarly, we differentiate (1.31) with 

respect to qJ to obtain 

49 

1. 31 

1. 32 

= O'p - R 
j J 

1. 33 

where in the last step we have used (l.llb). 

Clearly we observe (1.33) to be (1.30). 

To complete the proof we note that when RJ as 

given in (1.29) is substituted into (1.31) we 

may solve for XO to obtain (1.28) •• 
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Remark. If X is a contact field then it is clear from 

lemmas 1.2 and 1.3 that if we identify xJn with 

the function F (in definition 1.2) then xJn 

generates x. 

The above results are now summarized in the following 

theorem: 

THEOREM 1.1 Let X E X(N). Put F = xJn together with 

a = Z<F>/h. Then X is a contact field on N 

with contact coefficient a if and only if X, 

when written as X = XoZ + R, has components 

given by (1.13) and (1.14), that is 

XO = h -1{F - aF } 
Ph aph ' 

Rh aF 
= aph 

, 

Rh OPh 
aF 

= - -h· 
ag 

Remark. If F is identified with-H (with H the Hamiltonian 

of a dynamcal system) at each point in the domain D, 

then the components (XO,Rj,R
j

) given by the above 

theorem reduce to a previous result, namely, 

(0.76a,b) and (0.77) from which we obtained the 

particular contact field X given by (0.79). 



B. Local a-Contact Fields. 

We next consider the following observation. Let 

X E ea(N), thus Lxn = an and since w = dn (0.5) we 

may write 
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d(xJn) + xJw = an. 1. 34 

We now take the exterior derivative of (1.34) to obtain 

d(xJw - an) = 0 1. 35 

from which we have the existence, at least locally, of 

a differentiable function f on N such that df + xJw = an. 

This result suggests our next definition: 

Definition 1.3 A vector field X E X(N) is said to be a 

local a-contact field if, for a given a on 

N, there exists a differentiable function f 

on N such that 

df + xJ w = an. 1. 36 

The vector field X is then said to be a 

local a-contact field generated by f with 
~ 

respect to w. 

We observe that relations (1.34) through (1.36) taken 

together with definition 1.2 establish our next lemma: 

LEMMA 1.4 Given X E ea(N), then there exists a function f 

on N that generates X as a local a-contact 

vector field on N. 
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Let X be a local a-contact field on N generated by f. 

Thus df + xJw = an and we suspect that certain conditions 

must be satisfied by f in order that it generate X as a 

local a-contact field. This suggests our next lemma: 

LEMMA 1.5 If a given function f on N generates X as a 

local a-contact vector field with respect to w, 

then f is in ~a(N). 

Proof: We apply zJ to (1.36), which holds by hypothesis, 

and recalling that zJw = 0 and zJn = h we obtain 

ZJdf = Z<f> = ah. • 

Remark. In view of the above lemma it is natural to 

consiqer the converse of lemma 1.4. We observe 

that a local a-contact field X on N which is 

generated by a given function f is not necessarily 

a contact field in ~_(N). To see this let X be 

generated by f on N as a local a-contact field, 

i.e., df + xJw = an, and let us assume that this 

implies that X is in ea(N), that is, 

d(xJn) + xJw = an, Thus d(f - xJn) = 0, from 

which we would conclude that f and (xJn) differ 

by a constant (refer to lemma 1.7). 

However, no such condition was placed on f in 
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generating X as a local a-contact field and 

generally this is not the case. Thus if we denote 

the set of local a-contact fields on N by Xa(N) 

then by lemma 1.4 we have ea(N) c Xo(N). 

Although a converse to lemma 1.4 is not immediate, we 

do have a converse to lemma 1.5, namely: 

LEMMA 1.6 Given a differentiable function f in ~a(N) 

then there exists an X in X(N) such that 

df + xJw = on, and furthermore, this X is 

Proof: We use f to obtain the following functions on 

N: 
XO = h -1{f - Ph 8f } 

8P
h 

' 

} 1. 37 

We now use these relations as components to 

construct the vector field X on N as follows 

= 1. 38 

where Z is the canonical vector field on 



N and we recall that R E X(M) is given by: 

We thus obtain: 

Because zJw = 0 (0.14), we may write 

xJw as 

and with w = dpjA dqj - dH A dt, we recall 

(0.40), that is: 
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1. 39 

1. 41 

1. 42 

where in this last step we have used (1.39). 
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h 
Now with the components (R ,R

h
) of R, given by 

(l.37b,c), substituted into (1.42) we obtain 

1. 43 

which, after some rearrangement, becomes: 

xJw = 

By hypothesis we have Z<f> = ah which we may 

write, using the definitions of Z from 

(0.16) and h from (0.9), as 

Z<f> of 
+ (H, f) + 3H _ H} ah. 1. 45 = ot = = hOPh 

Thus we have 

(H, f) (J 8H of - aH. 1.46 - PhOP = - ot 
h 
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Upon substitution of (1.46) into the last term 

in (1.44) we obtain: 

xJw (
af af h af ) = - ap dPh + :-hdq + at dt 

h vq 

1.47 

which, because of the definition of n from 

(0.6), is (1.36). 

Finally, we observe that (1.37) taken together 

with the hypothesis of the lemma, viz., 

f E ~o(N), satisfy the conditions (i) - (iii) 

of lemma 1.1 if f is identified with F in 

that lemma. Thus X, as constructed in 

(1.40) is in eo(N). • 

We now summarize lemmas 1.5 and 1.6 in the following 

theorem: 

THEOREM 1.2 In order that a differentiable function f on 

N be capable of generating a local o-contact 

field X with respect to w, it is necessary 

and sufficient that f be in ~o(N). 



Let X be in ~a(N) so that, by lemmas 1.4 and 1.5 

(pp 1.14-15), there exists a function f in ~a(N) which 

generates X as a local a-contact field on N, so that we 

may write df + xJw = on. Also with X E ~a(N) we have 

on = i n = d(xJn) + xJw. In view of of these relations x 

the following lemma is immediate. 

LEMMA 1.7 Given X E ea(N) and f a generator of X as a 

local a-contact field on N, then f and xJn 

differ at most by a constant. 

Proof: The assertion immediately follows after 

comparing df + xJw = on with 

on = ixn = d(xJn) + xJw to obtain 

d(xJn - f) = O. • 

Theorem 1.2 taken together with lemma 1.7 suggests 

our next lemma which may be considered a corollary to 

theorem 1.1, that is, 
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LEMMA 1.8 Let X in ~a(N) be a local a-contact field 

generated by f. If X is written in terms of 

the canonical vector field Z and a vector 

R E X(M), X = XoZ + R, then the components of 

X, viz., (XO, Rh, Rh ) are given by: 

hXO {f at} a E IR = - p - + a h ap , 
h 
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Rh af 
} 1.48 = aph 

, 

Rh ap - af 
= -h· h aq 

Proof: By hypothesis and lemma 1.7 we have 

xJn - f = a, a E IR. 

Also with X E ea(N) we have, by lemma 1.2 

z<xJn> = ah thus 

a = z<xJn>/h. 

Now if we denote xJn by F, then (1.49) and 

(1.50) may be written as: 

F = f + a 

1. 49 

1. 50 

and } 1.51 

a = Z<F>/h. 



We now apply theorem 1.1, that is, given X 

a contact field, with xJrr denoted by F, 

and with a given by (1.51b), we have the 

hypotheses of the theorem satisfied. Thus, 
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upon substitution of (1.51a) into the relations 

o h 
for the components (X , R , R

h
), the assertion 

of the lemma is now immediate. • 

We recall that if X in ~a(N) is generated by some 

function F in ~a(N) according to the prescription given in 

lemma 1.1 then it is also a local a-contact field 

generated by a function f in ~a(N) (i.e., by lemma 1.4). 

In view of this, we use lemmas 1.1 and 1.8 to 

establish our next lemma. 

LEMMA 1.9 The function F E ~a(N), which generates X as a 

contact field in ~a(N), and the function f, 

which consequently generates X as a local 

a-contact field in ~a(N), differ at most by 

a constant, that is 

F - f = a; a E ~. 1.52 

Proof: We use (1.13) and (1.14) (pp 1.5-6), i.e., 

lemma 1.1, to generate the components of X 

in terms of F: 
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Also, the components of X when expressed in terms 

of f are given by lemma 1.8: 

hXO () 8f = f+a - Ph 8p j 
h 

The desired result now follows upon comparing 

the above equivalent components, that is, 

and 

so that 

8(F-f) = OJ 
8Ph 

8(F-f) = OJ 
8qh 

of of 
F - p ~ = (f+a) - Ph --

h vPh 8Ph 

It is of interest to consider !xG = X<G> for X E eu(N) 

and G an arbitrary function in ~u(N). To this end we 

establish our next lemma: 
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LEMMA 1.10 If X in ea(N) is generated by F E ~a(N), and 

G is an arbitrary function in ~a(N), then !xG 

is given by 

! G = X<G> = aF + (F,G) - ap (a(~-G»). 
x j p j 

Proof: We write X in the usual way as X = XoZ + R 

to obtain: 

Now by hypothesis, with X generated by F, 

we have the components Rh and Rh given by 

(1.14a, b), so that: 

X<G> 

1. 53 

Now since Z<G> = ah, this last result becomes: 

where we have used (1.13) in the last 

step. -
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Lemma 1.9 immediately establishes a corollary to the above 

lemma: 

Corollary Under the conditions of the above lemma, if 

G is an arbitrary function in ~a(N) and f 

generates X in ea(N) as a local a-contact 

field, then it follows that: 

where a E rn. 

C. Hamiltonian Functions On N. 

In view of the results from the foregoing sections 

1.54 

let us now summarize, in the following lemmas, some of the 

results from the last two sections of chapter 0, i.e., 

from sections Band C in that chapter. To this end, let us 

assume two conditions, namely, that the function H in the 

Cartan 1-form (0.6) is identified with the Hamiltonian of a 

dynamical system, and, that at each point p in the domain D 

of N there exists a contact vector field
2 

X with contact 

coefficient a such that H = -xJn. 

2We will show in the next chapter that it is possible to 
make such an assumption. 
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LEMMA 1.11 Given X in ~a(N) such that H = -XJrr at each 

point in D, where H is the Hamiltonian of a 

dynamical system, then H is t-independent if 

and only if a = O. 

Proof: By hypothesis and lemma 1.2 it follows that 

-H E ~a(N) so that by the definition of Z given 

by (0.15) we have Z<-H> = -aH/at = ah. The 

desired result in now immediate since h is 

assumed non-zero on D. • 

The vector field X which satisfies the conditions 

of the above lemma can be constructed according to the 

prescription given by Theorem 1.1. That is, with 

F in the theorem replaced by -H and a given as 0, 

the components of X, as specified in the theorem, reduce 

to: 

= h -1 (-H + Ph ~:J = 1 ; 

where h is given by (0.9). 

aB. 
Bp , 

h 
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We now use the above components
3 

together with (1.25) and 

(1.24) to obtain the aforementioned vector field: 

a x = at. 1.55 

Now, conversely, let us suppose that X = a/at, 

so that 

1. 56 

and 

xJw = xJ (dpjAdqj - dHAdt) = -xJ (dHAdt) 

= -X<H>dt + X<t>dH 

= - ( OH / at) d t + dH 

so that 

1. 57 

Thus, for a conservative system described by a 

Hamiltonian H (i.e., with aH/at = 0) we obtain, 

3We recognize the components (Rh,Rh ) to be identical with 

those from a previous calculation, viz., (0.50b,c). 



with the aid of (1.56) and (1.57), a converse to the 

previous lemma, that is, 

LEMMA 1.12 If H is the Hamiltonian of a conservative 

dynamical system then there exists a 

vector field X on N, namely, X = a/at 

such that X E ~o(N) and H = -xJrr. 

We summarize the conclusions of lemmas 1.11 and 1.12 in 

the following theorem: 

THEOREM 1.2 Let the function H in the Cartan I-form rr 
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be identified with the Hamiltonian of a 

dynamical system at each point in the domain 

D of N. In order that H = -xJrr such that 

X E eo(N) it is necessary and sufficient that 

the system be conservative and that X = a/at. 

Remark 1. In view of the above theorem we now assert that, 

in the case of a non-conservative system, there 

exists a vector field X E ea(N) with a ~ 0 such 

that H = -xJrr. In order to prove this assertion 



66 

we recall from the previous chapter, viz. (0.79), 

the vector field X given by 

a a 
X = at + apjOp, 1.58 

J 

where, by (0.75), a = -h-
1
(oH/at). Now with the 

o j 
components of X in (1.58) given by X = 1, X = 0, 

and Xj = ap
j

, we obtain the following expressions 

for xJ 1C and xJ w: 

1. 59 

and 

= X dqJ - XJdp - X<H>dt + X<t>dH 
j j 

1. 60 

where X<t> = 1 by (1.58). 

Thus, using (159) and (1.60), we obtain 

1. 61 



We next show that with X given by (1.58) we 

have X<H> = aH provided that (1h = -aH/at: 

X<H> h ~ aH 
-(1 + UPjap 

j 
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= -(1 (h _ p aH ) 
jap j • 

1. 62 

Now, with h defined by (0.9), h 

(1.62) reduces to X<H> = aH so that (1.61) 

becomes: 

1. 63 

Thus, with X given by (1.58), the assertion 

follows immediately when (1.59) is taken 

in conjunction with (1.63). 

Remark 2. In view of the above remark, we also 

observe that upon differentiating H along 

an extremal curve, that is along a curve 

satisfying the canonical equations: 

then dH/dt = aH/at - ah by (1. 63) and (0.15) 

Thus the contact coefficient a appears as a 

measure of energy dissipation. 



Thus, it is readily seen that the space of contact 

vector fields ea(N) (with a ¢ 0) may be of relevance to 

the theory of non-conservative systems. As such, our 

next chapter begins with introduction of the space e(N) 

as the union of sets ea(N) generated by ~a(N). 
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2. The Space e(N). 

A. The Structure of eu(N). 

In this section we introduce the space e(N) as the 

union of sets eu(N) generated by ~u(N). It is natural 

then to consider the stucture of eu(N) for a given u. To 

this end we state the following lemmas. 

LEMMA 2.1 Given X E eu(N) and Y E ep(N) then 

(X-Y) E eu_p(N). 

Proof: Clearly by hypothesis: 

= i TC = x-v (u - P)TC. • 

If X E ~u(N) n ~p(N) then u = p since ixTC = UTe = pre, and 

our next lemma is immediate. 

LEMMA 2.2 ~u(N) and ep(N) are disjoint whenever u ~ p. 

Notation. Let ~(N) denote the set of vector fields on N 

that are contact fields, that is, 
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~( N) = U ro ~u (N ) 2.1 
UEC 

Let us define the relation X ~ Y for X,Y E e(N) if and 

only if X,Y E eu(N) for a given u. Certainly X ~ X, and; 

X ~ Y implies Y ~ X; also if X ~ Y and Y ~ Z then 

LEMMA 2.3 " " defines an equivalence relation on ~(N). 
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If we are given an X E ~a(N) and an arbitrary function 

g on N, it is natural to consider the vector field gX with 

with regard to its structure as a contact field. To this 

end we recall the following property of the Lie derivative 

for any function g and any vector field X 

2.2 

Now with X E ea(N) and with (xJn) a O-form, (2.2) may be 

written as: 

f. n = (ga)n + (xJn)dg 
gX 2.3 

and we immediately observe that gX is not, in general, 

a contact field for an arbitrary function g on N. 

However, we do observe that if g is constant then 

gX E ~ga(N) whenever X E ~a(N), and, conversely, for 

X E ~a(N), if gX E ega(N) then g is constant provided 

that (xJn) is non-zero. 

We shall now show that if X E ~a(N) and (xJn) = 0, 

then X must be O. For this purpose we state some 

preliminary lemmas, first recalling the definition of 

the associated subspace A(n) of the tangent spaces T (N) 
p 

of N at each point pEN, namely 

A(n) = {x E T (N): xJn 
p 

2.4 



LEMMA 2.4 If ea(N) n A(n) ~ {O}, then ixn = O. 

Proof: Let X E ~a(N) n A(n) so that xJn = O. 

With dn = w, we then have 

i n = d(XJTC) + xJw = xJw = aTC. x 

• ~ A h 
We now use (0.5)~ V1Z., W = TC

h
,\ TC , to 

write (2.5) as: 
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2.5 

h 
and substitute for TChand TC , from (0.8), i.e., 

into (2.6) to obtain, after some rearrangement 

h h [ oH h OHl -TC (X)dPh + TCh(X)dq - TCh(X)op: n (X)--h dt 

= aTC. 2.7 

Recalling that n = Phdqh- Hdt, we compare 

coefficients in (2.7) to write 

h 
-TC (X)= 0, TCh(X)= aP

h 

and 

2.8 

2.9 

Now, after substituting from (2.8), equation 

(2.9) reduces to 

2.10 
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which is to say 

o = (1 [p ~H - H] = (1h 
h Ph 

2.11 

where h is given by (0.9). Then (1 = 0 since 

h is assumed to be non-zero, and the desired 

result is now immediate -

THEOREM 2.1 e(1(N) n A(n) = {O}. 

Proof: Let us assume there exists a non-zero 

X E e(1(N) n A(n) so that, by the previous lemma, 

(1 = O. Thus 

£ n = 0 and xJ n = 0 x 

and, returning to (2.8) with (1 = 0, 

2.12 

2.13 

We next express X in terms of its components 

o h 
X , X

h
, and X on N, that is 

2.14 

so that by (2.13), (2.14), and the definitions 

of n
h 

and n
h

, we see that 



0 = 7t
h 

(X) = xJ 7t
h = XJ{dqh

- ~hdt} 

= _XoBH + 
BPh 

Xh 

and 

0 = 7th (X) = xJ 7th = XJ{dPh + 8H dt} 
Bqh 

= XoBH 
+ X h • Bqh 

We now substitute Xh and X
h

' as given by 

(2.15) and (2.16), into (2.14) to obtain 

+ (_X OBH )L 
B h Bp 

q h 
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2.15 

2.16 

2.17 

Using (2.12b) together with zJ7t = h it follows 

that 

2.18 

We thus have XO = 0 which by (2.17) implies 

X = o. • 



Remark. The above theorem implies that there is an X 

in eo(N) such that xJn ~ O. Thus, if the 

function H that appears in the Cartan form n 

is such that H = xJn for any X E eo(N), then 

according to lemma 1.2 we have 

Z<H> = oh 

which, because of the definition of Z, is 

equivalent to 

Now since h is assumed non-zero on D it follows 

that oH/ot ¢ 0 on D whenever a ¢ 0 on D. 

We recognize this result to be similar to 

a previous one, viz., (0.73) where H, in that 

calculation, was identified with the Hamiltonian 

of a dynamical system. Thus, in this case it 

is evident that the dynamical system described 

by this Hamiltonian must be non-conservative. 
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This last theorem may now be used in conjunction with (2.3) 

to prove 

THEOREM 2.2 Given a non-zero vector field X E e (N) and a a 

differentiable function g on N then gX E e (N) ga 

if and only if g is constant. 

Proof: i) Clearly, by (2.3), Le., 

£ 1T = (ga)1T + (XJ1T)dg, gX 

if g is constant, then gX E ega(N). 

Conversely; 

ii) If gX E ega(N) then !gX1T = (ga)1T. 

Comparing this with (2.3) we obtain 

( xJ 1T ) dg = o. 

Since X is assumed non-trivial it follows 

by theorem 2.1 that xJ1T ¢ 0, so that 

2.19 

dg = O. • 2.20 

Remark. We note that for an arbitrary function g on N 

(not necessarily constant), gX may be a contact 

field for some contact coefficient 1 whenever 

X E ea(N). However, by (2.3), this would 

imply that 

£ 1T = (ga)1T + (XJ1T)dg = 11T gX 2.21 

which is tantamount to imposing an additional 



condition on g, namely, the requirement that 

dg be proportional to n. To assume such a 

restrictive condition on dg risks a loss of 

generality. 

The above theorem taken together with (2.1) and 

lemma 2.1 clearly establishes 

LEMMA 2.5 e(N) is a vector subspace over ~ of the vector 

space X(N). 

In view of theorem 2.1 it is natural now to examine 

the intersection of ea(N) with A(dn). If X € A(dn), then 

by definition (2.4), with dn = w we have 
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xJ dn = xJ w = O. 2.22 

Now, let X E ea(N) 0 A(dn) so that by (2.22) we have 

2.23 

which is to say 

d(xJn) 

2.24 



Thus, comparing coefficients we obtain the following 

system: 

8( xJ rr) 
at = 8(xJrr) = a O. 

Ph 
-aH, 

We now write X in terms of Z and R, R E X(M), 

( 1 • 3 ), as 

Since X E ~a(N) we may use the results from lemma 

1.3 namely (1.28), (1.29), and (1.30) together with 

(2.25) to obtain 

Rh = 8~xJrr) = 0 
8P

h 

Rh = aP
h 

- 8~xJrr) = aP
h 

- aP
h = O. 

c3q h 

Thus R = 0 and by (2.26) we obtain 
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2.25 

2.26 

2.27 

2.28 

2.29 

2.30 

We now observe that XO in (2.30) is not arbitrary since 

an additional requirement on X must be satisfied, that 



is, if we use (2.27) together with (2.25a) we obtain 

= = -aH. 

Thus, we have established 

THEOREM 2.3 Given a function a on N, and an 

X E ea(N) n A(dn), then X = XOZ where XO 

is given by 

XO = -h-1J~aH)d~. 
to 

Given X = XOZ for an arbitrary XO then by (0.14) 

X E A(dn), however; by (2.32) X is not necessarily a 

contact field on N. Suppose that X = XOZ such that 

XO is given by (2.32), then by (0.13) and (0.14) we 

have Lxn = xJ~ + d(XJn) = d(Xoh) so that for X to be 

in ea(N) would require 

where we have used (2.32) in the first term above. 
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2.31 

2.32 
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We immediately observe that by the definition of n, two 

additional conditions must be satisfied by XO in order that 

X be in ea(N), namely 

and 

We conclude that, in general, we do not have a converse to 

theorem 2.3. 

Vector fields that are parallel to the canonical vector 

o 
field Z, in the sense that X = X Z, although not 

necessarily contact fields, nevertheless, do have an 

interesting property as illustrated in our next lemma. 

LEMMA 2.6 Given X = XOZ for XO an arbitrary function on N, 

then 

2.33 

Proof: We write X in terms of the components of Z using 

(0.15), Le. 

XO a XO aH a _ XO aH a = at + aph aph 
. 

aqh aqh 

T1
0 a h a a 

= at + T1 + T1h aph aqh 
2.34 

where 

° XOj h XO aH 
T1h -Xo aH 

T1 = T1 = ap
h 

j = 
aqh 

2.35 



Now using (2.34) we write 

div(X) = + + 

and obtain an expression for each term in 

(2.36) using (2.35), that is: 

axO aH 
=-ap ah 

h q 
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2.36 

2.37 

2.38 

2.39 

Upon substitution of the above relations into 

(2.36), after cancelling similar terms, we 

obtain our desired result, viz., 

div(X) 
C3H axO 
aqh OPh • 2.40 

As a special case we observe that if XO is set to 1 in 

° X = X Z, then X = Z and by (2.33) we have the following 

Corollary. The canonical vector field Z is divergence 

free. 



The above results suggest that we consider the 

expression for the divergence of an arbitrary contact 

field. To this end let X E ea(N) be generated by 

F E ~a(N) and recalling (1.3), we write X as 
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X
o 8 

= at 8H + Rh)a8 
8qh Ph 

nO a nh a = 0, at + 0, 8qh 

where 

° XOj 11 = 

We now substitute for 

(1.14a,b) to obtain 

° XO j T} = 

T}h XO 8H = - + 8Ph 

Rh and 

8F 
8Ph 

8 
+ I1h 8P

h 

Rh in (2.42) 

T}h _Xc 8H + aPh 
BF = -h' 

8qh 8q 

from 

Using the above relations we obtain our next lemma. 

2.41 

2.42 

} 2.43 



LEMMA 2.7 Given X in ea(N), then 

d i v ( X) = z < X 
0 > + [a + p oa ] 

h oPh 

Proof: We use (2.36) together with (2.43) to write 

oT1 h a (xo oH + of J = oqh oqh oPh oPh 

oxO oH 
+ X

O o2H 
+ 

o2F 
= oqh c3Ph c3Ph c3Ph oqh oqh 

J 

= 
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2.44 

2.45 

Upon substitution of (2.45) into (2.36), after 

cancelling similar terms, we obtain 

div(X) + + 

which is (2.44). • 



The following corollary to lemma 2.7 is stated for future 

reference. 

Corollary. Given X E eo(N), that is, with a = 0, then 
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div(X) = Z<Xo>. 2.46 

In view of the conclusions from this and the 

foregoing chapters it is natural to consider Hamiltonian 

vector fields on e(N). To this end our next chapter 

begins by introducing locally Hamiltonian vector fields 

on the adapted contact manifold N. 
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3. Hamiltonian Vector Fields and Poisson Bracket Relations. 

A. Hamiltonian Vector Fields on ~(N). 

We first consider locally Hamiltonain vector fields on 

the adapted contact structure (N,n). We recall the 

definition of a locally Hamiltonian vector field on N: 

Definition 3.1 A vector field X € ~(N) is a locally 

Hamiltonian vector field with respect 

to the 2-form w if 

3.1 

~ 

Since W is exact we infer from the definition the 

(local) existence of a differentiable function f on N such 

that 

df + xJw = o. 3.2 

We say that the function f on N generates X as a locally 

Hamiltonian vector field on N. Also, we recall (0.30), 

that is, in order that f be capable of generating a locally 

Hamiltonian vector field on N it is necessary and 

sufficient that f be invariant by the canonical vector 

field Z, 

Z<f> = o. 3.3 



Recalling the notation from chapter 1, we observe 

that (3.3) is tantamount to the requirement that f be 

in ~o(N). Each solution f of (3.3) thus generates a 

locally Hamiltonian vector field on N. 
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Notation. We denote the set of locally Hamiltonian vector 

fields on N as ~(N). 

Definition 3.1 suggests our next lemma and its converse, 

that is: 

LEMMA 3.1 Given a contact field X with a = 0, that is, 

X,E ~o(N), then X is a locally Hamiltonian 

vector field generated by xJn. 

Proof: By hypothesis we have fxn = 0 and upon taking 

the exterior derivative we obtain 

o = d{f n }= f dn = fx~ x x 
~ 

where we have used dn = ~, (0.5), in 

the last step. Also, by (1.26) with a = 0, 

we have 

z<xJn> = 0 

thus xJn E ~o(N). • 

3.4 

3.5 
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Conversely, we have 

LEMMA 3.2 If X is a locally Hamiltonian vector field on N 

generated by xJrr then X is a contact field with 

contact coefficient 0, that is, X E eo(N}. 

Proof: By hypothesis we have f in (3.2) replaced by xJrr, 

i . e. , 

° = d ( xJ rr ) + xJ W = LXrr 

thusXEeo(N} .• 

We summarize these results in the following theorem: 

3.6 

THEOREM 3.1 In order that the vector field X E X(N) be a 

locally Hamiltonian vector field generated by 

xJrr, it is necessary and sufficient that X be 

a contact field with contact coefficient 0. 

The validity of the above theorem depends on the 

condition that the locally Hamiltonian vector field X 

be generated by xJrr. This, however is a very restrictive 

condition in the sense that any differentiable function 

f on N may generate such a vector field provided that f 

satisfies (3.3). Our next lemma takes into consideration 

this more general circumstance. 
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LEMMA 3.3 Given a locally Hamiltonian vector field 

X E ~(N) generated by f then there exists 

a local function g on N, such that 

£ rr: = dg x 3.7 

where g, up to a constant, is given by 

g = xJrr: - f 3.8 

Proof: Using (3.1) together with (0.5) we have 

3.9 

Thus we have the local existence of a function 

g such that 

3.10 

We now write (3.10) as 

xJ (;) + d ( xJ rr: ) = dg. 3.11 

and, by hypothesis, replace xJ(;) with -df 

so that (3.11) becomes 

d(f + g) = d(xJ7C). 3.12 

Thus we obtain (3.8) up to a constant. -
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By (3.3) we have Z<f> = 0 and the following corollary is 

immediate: 

Corollary Under the conditions of lemma 3.3 

z<xJn - g> = o. 3.13 

Remark 1. In the case where the locally Hamiltonian 

vector field X is generated by xJn, that is, 

if f = xJn, then lemma 3.3 reduces to our 

previous result, namely, lemma 3.2. 

Remark 2. Not all locally Hamiltonian vector fields are 

contact fields since, from (3.7), this would 

require the additional condition 

! n = dg = em x 

for some (J. 

We now assume the existence of a function g on N 

such that (3.7) holds and assert, in our next lemma, 

the converse of lemma 3.3. 

3.14 



LEMMA 3.4 Given a vector field X E X(N) and a local 

function g on N such that ixn = dg, then X 
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is a locally Hamiltonian vector field generated 

by a function f which, up to a constant, is 

given by 

f = xJn - g 3.15 

Proof: We have X satisfying (3.1) since, by hypothesis, 

Lx" = Lxd" = d{ Lx"} = d ( dg) = O. 

Also, we must show that f, given by (3.15), 

satisfies (3.2) and (3.3). 

To this end we note, again by hypothesis, that 

from which we obtain 

Applying zJ to (3.17) and using (0.14), 

i.e., zJw = 0, we see that 

ZJ{d(xJ" - g)} + zJxJ" = Z<xJ" - g> = O. 

Thus, we obtain the desired result if we 

identify f with (xJn - g) in (3.17) and 

(3.18) .• 

3.16 

3.17 

3.18 
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Lemmas 3.3 and 3.4 have thus established: 

THEOREM 3.2 In order that X E X(N) be a locally Hamiltonian 

vector field generated by f it is necessary and 

sufficient that ixn = dg where g is given 

xJn - f. 

The following corollary is clear from Remark 2. 

Corollary. A locally Hamiltonian vector field X generated 

by f is a contact field on N if and only if 

there exists a a on N such that 

dg = an 

where 
g = (xJn- f). 

We now recall our results from chapter 1, namely 

definition 1.2 and observe, by (3.2), that a locally 

Hamiltonian vector field X on N may be said to be 

a local O-contact field on N generated by f with 

respect to w. We also have by lemma 1.5 (with a = 0), 

that the function f satisfies (3.3). We are thus 

led to our next lemma, namely: 

3.19 
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LEMMA 3.5 A vector field X in X(N) is a local O-contact 

field on N if and only if it is a locally 

Hamiltonian vector field. 

Proof: i) Suppose X on N is given as a local O-contact 

field, thus there exists a function f on N 

such that 

df + xJw = 0 

from which we obtain d(XJw) = O. Since 

dW = 0, we may write, from (0.5): 

0 = d(XJw) + xJ dW = i w 
x 

which is (3.1). 

ii) Given X on N'a locally Hamiltonian vector 

field, the converse of (i) is clear since 

i w = 0 implies 0 = d(XJw) from which we may x 

infer the existence of a function f such that 

df + xJw = 0 together with Z<f> = o. • 

We now note that for X, X' E e~(N) we have. by 

lemma 2.1, the vector field (X - X') E eo(N). Thus, by 

lemma 3.1 we have established: 

LEMMA 3.6 Given X and X' E e~(N), then the vector field 

(X-X') is a locally Hamiltonian vector field on 

N generated by (X-X' )Jrr. 
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By lemma 3.5 we have the following corollary 

Corollary. Given X and X' E ea(N), then the vector field 

(X-X') is a local O-contact vector field on N. 

LEMMA 3.7 With a = 0, eo(N) is a vector subspace over m of 

the vector space ~(N). 

Proof: By lemma 2.1 for X and X' in eo(N) we have 

(X - X') in eo(N}. Also by (2.3) with 

g E ~ and a = 0 we have gX E eo(N). Thus eo(N) 

is a subspace of e(N), and by lemma 3.1 every X 

in eo(N) is also in ~(N), but not conversely 

by remark 2. • 

B. Poisson Bracket Relations on ea(N). 

In view of the above theory it is important to consider 

the Poisson bracket (f,g) of any two functions f and g on 

N. Let X and X' in ea(N) be local a-contact fields on N, 

generated respectively by f and g. That is, by definition 

1.2 and lemma 1.4, we have 

df + xJw = an and dg + x'Jw = an. 3.20 

We now write w = n A nh 
(0.5) and use the definitions 

h 

h 
of nhand n from (0.8) to obtain the following 

expressions for xJw and x'Jw : 
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rc (X) d h rc h (X ) d - (rc
h 

(X) em + rch 
( X) OH

h
) dt • = h q - Ph 0 

Ph oq 
3.21 

Sirnilary for X/JW: 

L- 3.22 

We now substitute (3.21) into (3.20a) and equate 

components to obtain: 

+ 

of + rc
h 

(X) = O'P
h oqh } 3.23 

h 
- rc (X) = O. 

Similary we substitute (3.22) into (3.20b) to obtain: 

+ 

~ + TC
h 

(X' ) = 
oqh 

(JP
h } 3.24 

~ rch 
(X' ) = O. 

oP
h 
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We next recall the definition of (f,g) into which we 

substitute (3.23b,c) and (3.24b,c) to obtain: 

= nh(x)nh(x') - nh(x)nh(x') + OPh{nh(x)-nh(x' )}, 

L- 3.25 

- 1\ h Since w = n
h 

n (0.5) we use the definition of the 

exterior product, that is 

3.26 

to obtain 

We now substitute (3.27) into (3.25) and write (f,g) 

in terms of W, that is 

3.28 
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We now establish, with the aid of (3.28), the 

following equivalent Poisson bracket relations for future 

reference. To this end we denote the vector field (X - X') 

as U and write 

U = X - X'. 3.29 

Thus (3.28) may be restated in terms of U to establish our 

our first Poisson bracket relation: 

RELATION 1: ~ J h (f,g) = 2W(X,X') + aPh(U n ) 3.30 

where U = X-X'. 

To establish our next relation we return to X and 

X'E ea(N) and note, by lemma 3.6, that U (= X-X') 

is in eo(N) and, as such, is a Hamiltonian vector field 

on N generated by uJn. We now express U in terms of Z and 

R E X( M) as 

3.31 

so that for the term uJnh
, which appears in relation 1, 

we may write: 



where, in this last step we have used zJnh = 0 

(0.17) and the definition of nh = dqh_ 8H dt 
8Ph 

(0.8) taken together with R E X(M), i.e., 

R = Rh 8 8 + Rh -8 • 
8qh Ph 

Upon substitution of (3.32) into (3.30) we obtain 

Since U (= X-X') is a contact field with contact 
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3.32 

3.33 

coefficient 0 generated by uJn we have, by theorem 1.1, 

that the components of R, that is, Rh and Rh 

(with a = 0) are given by: 

and 3.34 

where, according to the prescription of the theorem, ~ 

(formerly denoted by F in the theorem) is given by uJn, 

that is: 

~ = uJ n = ( X - X' ) J n . 3.35 



We now substitute (3.34a) into (3.33) to obtain 

RELATION 2: ( f , g) = 2&1 ( X, X ') + O"p (~'I' ) 
h Ph 

where 'I' is given by (3.35). 

LEMMA 3.8 The function 'I' in (3.35) is given, in terms 
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3.36 

of the local generators f and g in (3.20), as 

'I' = f - g + c, c E m 

Proof: By (3.35) we have 

'I' = uJ n: = xJ n: - X I J n: • 

and with X and X' both in ~~(N) generated 

locally by f and g respectively it follows 

from lemma 1.7 (with c
t

' c
2

E ~) that: 

xJ n: - f = c and 
1 

X' J n: - g = C 
2 

The desired result is immediate upon 

substitution of (3.39) into (3.38) • 

3.37 

3.38 

3.39 
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We now use relation 2 in conjunction with the above lemma 

to write: 

RELATION 3. ( f, g ) = 2w(X,X') + aPh 8(f-g) 
8P

h 

We now use lemma 1.5 together with (3.40) to obtain 

our next relation. That is, with X, X'€ ea(N) 

generated locally by f and g respectively, we have 

Z<f> = ah and Z<g> = ah, so that, 

-1 -1 a = h (Z<f» = h (Z<g». 

We now substitute (3.41) into (3.40) in the 

following way: 

3.40 

3.41 

3.42 

and using the definition of canonical vector field Z (0.15), 

we write (3.42) as: 

which may be rearranged to obtain: 
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+ (H,g)~f - (H'f)~}. 
Ph Ph 

L-- 3.43 

Remark 1. We observe that in the case of local O-contact 

fields (local Hamiltonian vector fields), 

relations 1, 2, 3, and (consequently) 4 reduce 

to a familiar result: 

(f,g) = 2W(X,X'). 

Remark 2. We remark that two additional relations follow 

RELATION 5. 

RELATION 6. 

immediately from (3.42) and (3.41), viz., 

(f,g) - -1 O~ = 2W(X,X') + h Z<f>PhOp • 

- -1 O~ (f,g) = 2w(X,X') + h Z<g>Pha
Ph 

3.44 

3.45 

where, in both relations, ~ is given by 

~ = (f - g + c). 
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C. Poisson Bracket Relations on e(N). 

The above results suggest that we consider the Poisson 

bracket of any two functions F and G on N which are the 

respective local generators of the contact vector fields X 

in ea(N) and Y in e~(N) for the case where a and ~ are not 

necessarily equal. (We use F and G as the local generators 

to distinguish this case from our previous case where 

(J=a=~.) 

We proceed in the same manner as before, that is, as 

in (3.20), we have 

dF + xJw = CX1C and dG + yJw = ~n:. 3.46 

We next use (3.23) and (3.24) suitably modified with f 

and (J in (3.23) replaced respectively by F and a; and, 

with g and (J in (3.24) replaced by G and p, to obtain: 

of + n:h (X) aPh = 
oqh 

of - n:h 
(X) 0 

oPh = 
} 3.47 

and 

oa 
+ 1rh (Y) PPh = 

oqh 

oa n:h 
(Y) O. 

oPh = 
} 3.48 
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We use (3.47) and (3.48) to obtain the following exp~ession 

for (F,G): 

of oG 
( F , G) = op h oq h 

= nh(X)nh(y) - nh(x)nh(Y) + Ph{pnh(X) _ onh(y)} 

= nh(X)nh(y) - nh(x)nh(y) + Ph{nh(px - uy )} 

= 2W(X,Y) + Ph{nh(px - uy)} 3.49 

where in the last step we have substituted 2W(X,Y) 

from (3.27). 

Remark. We note that (3.49) differs significantly from our 

previous result, viz., (3.28), that is, 

(f,g) = 2W(X,X/) + aphnh(X - X') 

wherein the vector field (X-X') made its 

appearence as a local Hamiltonian vector field by 

lemma 3.6. This suggests that, in our 

present case, we investigate the nature of the 

vector field (Px-ay) for X E ea(N) and Y E ep(N). 

To this end we establish the following lemmas. 
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LEMMA 3.9 Given the contact vector field X E e (N) 
0: 

generated locally as a a-contact field by F, 

and Y E e(3{ N) generated locally by G as a 

local (3-contact field such that both 0: and (3 

are constant, then the vector field ({3x - aY) 

is a locally Hamiltonian vector 

field generated by «(3F - aG). 

Proof: By hypothesis we have 

dF + xJ w = <X1C, dG + Y J w = {3IT. 3.50 

The result follows by multiplication of 

(3.44a), (3.44b) by a, {3 respectively 

and by subsequent subtraction: 

{3dF - o:dG + ({3X - ay)Jw = o. 3.51 

Now with 0:,/3 constant by assumption, we may 

write (3.51) as: 

d«(3F - aG) + ({3X - ay)Jw = o. • 3.52 
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We now compare (F,G) in (3.49) to our previous 

expression (f,g) in relation 2 (3.40), wherein 

~ = P (= ~». Although (3.49) differs significantly 

from (3.40), we may express (3.49) in a way which reveals 

a structural similarity to a previously stated relation, 

namely, relation 4. To this end, we write 

(3.49) as: 

3.53 

We now decompose X and Y, in the usual manner, that is, 

we write for X E e~(N) and Y E e~(N): 

and 

where P and Q in X(M) have respective components 

h h 
(p , Ph) and (Q , Qh)' Thus, according to lemma 1.8, 

these components may be expressed in terms of F and 

and G the respective generators of the contact 

fields X and Y as): 

and 
oG 
op • 

3.54 

3.55 

3.56 
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We now use (3.54) in conjunction with the definition of 

n
h (= dqh_ ~:hdt) together with zJn

h = 0 to obtain 

expressions for nh(x) and nh(y): 

3.57 

and 

3.58 

In view of (3.57) and (3.56) we thus obtain: 

nh 
(X) ph of 3.59 = = oPh 

nh(y) Qh oG 3.60 = = oPh 
. 

Upon substitution of (3.59) and (3.60) into the last 

term in (3.53) we obtain: 

(F,G) = 2w(X,y) + Ph~["h(X)l _ ex [ nh 
( y ) ] } 

2W(X,Y) { of oQ...) = +p {3--<x h oPh 
o • 

Ph 
3.61 

Since F generates X as a local <X-contact field and Y 

generates G as a local {3-contact field, it follows 
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from lemma 1.5, that a and ~ are given by: 

and -1 
~ = h Z<G>. 3.62 

which may now be substituted into (3.61) to yield: 

(F,G) 3.63 

We observe that (3.63) has a structure that is identical 

with that of (3.42) wherein the respective generators 

of the local o-contact fields X and X' are given as 

f and g, both of which are in ~o(N). We also observe 

that relation 4 (3.43) follows directly from (3.42). 

This suggests that we write (3.63) as: 

which we rearrange to obtain: 

RELATION 4'. (F,G) = 2W(X, Y)+ 

1-- 3.64 
where F E ~a(N) and G E ~~(N). 
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Remark 1. We denote the above relation by 4' because of 

its structural similarity to relation 4, i.e., 

(3.43). We also observe that in contrast 

to relation 4, the above relation is quite 

general since it is valid for functions 

F E ~a(N) and G E ~~(N) which generate the 

respective contact fields X in ea(N) and Y in 

Relations 4 and 4' now establish our next theorem: 

THEOREM 3.3. If X E ea and Y E e~ are generated locally 

by F E ~a(N) and G E ~~ respectively, then, 

the Poisson on bracket (F,G) is given by 

(3.64). 

We conclude this chapter with the following 

observation. Let X and X' be contact fields in eo(N) 

generated by the respective functions f and g on N as 

local a-contact fields. Thus, according to (3.25) and 
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(3.27) the Poisson bracket (f,g), with a = 0, is given 

by: 

(f,g) 

N 

Recalling that w = h 
TC , we write 

so that 

Combining this with (3.65) we obtain: 

(f,g) = x'JxJw 

We now write ix(X'Jw) in two equivalent ways in 

order to establish a relationship between x'JxJw and 

the Lie bracket [X,X'], that is, 

and 

so that we obtain: 

3.65 

3.67 



Now with X, X' in eu(N) it follows that ixW = 0 together 

with d(X'Jw) = 0 and, under these conditions, (3.68) 

reduces to: 

[X,X' ]Jw = d(xJX'JW). 3.69 

Thus (3.67) may be written 
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d(f,g) + [X,X']Jw = o. 3.70 

We recognize (3.69) to be analogous to a basic result 

of symplectic geometry in which [X,X'] is the Hamiltonian 

vector field generated by (f,g) where X and X' are the 

respective locally Hamiltonian vector fields generated by f 

and g with respect to a symplectic 2-form. It is natural 

therefore to consider the Lie bracket relations on e(N). 

To this end we begin our next chapter by considering the 

behavior of the Lie bracket [X,X'] for X and X'in eu(N). 
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4. Contact Fields and the Lie Bracket 

A. The Structure of the Space ~. 

The introduction of the subspace eo(N) naturally raises 

the question concerning its structure as a Lie sub-algebra 

of X(N). To investigate this question we consider the 

behavior of the Lie bracket [X,X'] for X and X'E eo(N). 

To this end we recall the identity 

and noting that the Lie derivative is a derivation we 

may write 

Thus we have 

L[X,X,]rr = Lx(Lx,rr) - LX' (Lxrr) 

= Lx(oorr) - LX' (oorr) 

4.1 

= (x<oo» 7r + OO(Lxrr)} - {(x'<a»" + a(ix''')} 

= (x<o> - X' <0> Jrr 

= (X - X' )<oo»rr = qm 4.2 

where 

tp = (X - X') <a> 4.3 



We immediately observe, by (4.2), that (X,X'] is not, in 

general, an element of ea(N). For, if it were, it would 
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be necessary that L[x,X,]n = an for the given o. In view 

of (4.2) this is tantamount to the requirement that 

(X-X' )<a> = a. 

Since (4.4) is not, in general, satisfied for arbitrary 

X, X' E ea(N) it is clear that eo(N) is not a Lie sub

algebra of X(N). 

4.4 

This last result is expected since ea(N) is a very 

restrictive subspace of X(N), however; we observe that 

(X,X'], although not an element of ea(N) is nevertheless, 

by (4.2), a contact field on N with contact coefficient 

~ = (X-X' )<0>. 

This suggests that we consider the more general case of 

the Lie bracket [X,Y] when X E ea(N) and Y E e~(N). To 

this end we again use (4.1) together with 

4.5 

to evaluate L[X,y]n, that is, 
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f[X,y]TC = fX (fyTC) - fy (fXTC) = fx (fJn) - fy (we ) 

= {X<~>" + ~(£X")} - {Y<<x>" + (X ( fyn) } 

= G<~> - Y<<x>}" + {(/I<x)7f - (<x~)"} 

= {x<~> - Y<<x>}" 

= T}1f 4.6 

where T} = {x<~> - Y<<x>} 4.7 

Thus, according to (4.7), [X,Y] E ~T}(N) whenever X and 

Yare contact fields with respective contact coefficients (X 

and fJ, and we have established 

THEOREM 4.1 The vector space ~(N) of contact vector fields 

has the structure of a Lie sub-algebra with 

composition being defined by the Lie bracket. 
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B. The Lie Bracket Relations on ~a(N). 

We now return to the contact fields X and X' in ~a(N) 

respectively generated by f and g in ~a(N). It is useful, 

for future reference, to express £[X,X,]n in terms of 

(f,g). To this end, we recall (3.20) and write 

df + xJw = an together with dg + x'Jw = an. We now use 

the Poisson bracket relations from chapter 3 to 

establish the following lemmas, wherein we use the 

following identity which is valid for any X, X' in X(N): 

X' J xJ w = 2W ( X , X' ) • 4.8 

LEMMA 4.1 If X, X' E ea(N) are generated locally by f and 

g respectively, then 

[X,x']Jn = 2W(X,X') + a~ 

where ~ is given by 

~ = f - g + c, c E ~. 

Proof: We use lemma 1.7, that is, given any 

any X E ea(N) with f as its local generator 

then xJn and f differ at most by a constant. 

Thus, by hypothesis, for X, X' E ea(N), 

respectivley generated by f and g, we have, 

with c
1
,c

2 
E ~: 

xJn - f = x'Jn - g = 

4.9 

4.10 

4.11 
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together with 

df + xJw = (T7C, dg + x'Jw = (T7C. 4.12 

We now take the Lie derivative of (4.11b) with 

respect to X to obtain: 

4.13 

and with Lx a derivation (4.13) becomes: 

4.14 

Since LxX' = [X,X'] and Lx g = XJdg, we write 

(4.14) as: 

4.15 

into which we substitute for dg (= -x'Jw + en) 

from (4.12b) to obtain: 

[X,X' ]JTC + x'J (iXTC) = XJ{-X'JW + eTC} 

= -xJ X' J W + e ( xJ TC) • 4 • 16 

Now with X in ee(N) we have Lxn = eTC and 

(4.16) becomes: 



114 

[X,X']Jrc + a(x'Jrc) = - xJX'Jw + a(xJrc) 

which we write as: 

[X,X']Jrc = -xJX'Jw + (T(xJrc) - (X'Jrc)j. 4.17 

Now by (4.8) we have - xJx'Jw = 2W(X,X') 

which, when substituted into (4.17), together 

with (4.11a,b), yields the following result: 

[X,X' ]J" = 2(;,(X,X') + ,,{(JU,,) - (X' J")} 

= 2W(X,X') + a{f - g + c} 
which is (4.9) with (f - g + c) denoted 

by 'fl. • 

The above lemma is now used in conjunction with 

Poisson relation 2 from chapter 3, viz.,(3.40) 

to derive our next lemma. 



LEMMA 4.2 If X, X' E ~a(N) are generated locally by 

f and g respectively, then 

=qrn 

where ~ is given by (4.10), that is, 

~ = f - g + c, c E R 

and where ~ is given by (4.3), namely 

~ = (X-X' )<a>. 

Proof: Using Poisson bracket relation 2 (3.40) 

we may write (for X, X' E ea(N) 

generated by f and g respectively): 

2W(X,X' ) O~ = (f, g) - ap -
h oP

h 

where ~ = (f - g + c). 
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4.18 

4.19 

This is now substituted into (4.9) from lemma 

4.1 to yield an expression for [X,x']Jn in 

terms of (f,g), that is, 

[X,x']Jn = 2W(X,X') + a~ 

= (f, g) + a ( ~ - Ph ~: h ). 4 • 20 
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The assertion now follows from the definition of 

the Lie derivative together with (4.20), (4.2) 

and (4.3): 

i[X,X,]7r = [X,X' ]Jw + d{[X,X' ]J7r} 

= [X,X']J" + d{(f,g] + "('I' - Ph ~:J} 

=cpn 

which is (4.18). • 

In view of (4.18) and definition 1.2 a corollary 

to the above lemma is immediate. 

Corollary If X, X' E ~a(N) are generated locally by f and 

g respectively, then the vector field [X,X'] is 

a local ~-contact field generated by: 

4.21 

We express (4.18) in an alternative form in terms of 

the vector field (X-X'). To this end we use lemma 4.1 

in conjunction with the Possion relation 1 from chapter 3 

where the vector field (X-X') is denoted by U, 

to establish our next lemma. 



LEMMA 4.3 If U denotes the vector field (X-X'), where 

X and X'E ea(N) are generated locally by 

f and g respectively, then 

=rpTC 

where ~ is given by (4.3). 

Proof: We use (4.9) together with (4.10) and 

(4.11) to write: 

[X,X' ]Jrr = 2w(X,X') + a~ 

= 2w(X,X') + a(f - g + const.) 

= 2W(X,X') + "{(lun) (X'Jn)} 

= 2W(X,X') + ,,{(X-X' )In)} 

= 2 w ( X , X') + a ( uJ rr) • 
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4.22 

4.23 

We now use Poisson bracket relation 1 (3.30) 

to write 2W(X,X') in terms of (f,g) 

as: 

4.24 

which is now substituted into (4.23) to 

obtain: 



[X,X' ]Jrr = {(f,g) - aPh"h(U)} + a( uJ IT) 

= {(f ,g) - ap h ( uJ "h ) } + a (uJ rr) 

= (f,g) + a{ (uJ,,) - Ph (uJ "h) } 

= (f,g) + a{ uJ (" - Ph "h ) } • 

Now with rrh = dqh_ ~: dt, that is, by 
h 

h (0.8), and with rr = pdq - Hdt, taken 
h 

together with the definition of h 

(0.9) , i. e. , 

express the 1-form (n - Phrrh) in (4.25» as 

" - Ph"h = {Phdqh - Hdt} - Ph{d
qh 

- ~~hdt} 

= {Ph ~~h - H }dt 

= hdt. 

Thus, with (4.26) substituted into the last 

last term in (4.25), we may write: 

[X,X' ]Jrr = (f,g) + ah(uJdt). 
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4.25 

4.26 

4.27 



The desired result is now established by 

using the definition of the Lie derivative 

together with (4.27), (4.2), and (4.3): 

t rr = [X,X' ]Jw + d{[X,X' JJrr} [X,X' J 

= [X,X']Ji.i + d{(f,g) + (1h(UJdt)} 

= qm 

where ~ is given by (4.3), that is, 

~ = (X-X' )<a>. -
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The following corollary follows immediately from (4.22): 

Corollary If X, X' E ea(N) are generated locally by f and 

g respectively, then the vector field [X,X'] is 

a local ~-contact field generated by: 

( f ,g) + ah (uJ dt ) . 4.28 

Remark. In the case when X, X' E eo(N), that is with 

a = 0, the above corollary implies a familiar 

result, namely, (3.70). 
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C. The Lie Bracket Relations on erN). 

The results from our previous section suggest that we 

consider the Lie bracket relations for the contact vector 

fields X and Y in the more general sense. That is, we let 

X in ea(N) and Y in ep(N) be locally generated by F and 

G respectively. Thus, by definition 1.2 we have 

dF + xJ W = ttTC and dG + yJw = pre. 

We again use the Poisson relations from chapter 3 

to establish the following lemmas: 

4.29 

LEMMA 4.4 If X in ea(N) and Y in ep(N) are contact fields 

respectively generated by F and G on N, then 

[X,y]Jn = 2W(X,Y) + (PA - aB) 4.30 

where 

A = F + const. and B = G + const. 4.31 

Proof: We proceed to prove the assertion in a similar 

manner as was used in lemma 4.1. That is, we 

use lemma 1.7 applied to X (locally generated 

by F) and Y (locally generated by G) to write: 

xJre - F = const. and yJre - G = const. 4.32 
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We now take the Lie derivative of (4.32b) with 

respect to X to obtain (recalling Lx to be a 

derivation) : 

= [X,y]J:rr + a(yJ:rr). 4.33 

Where the last step follows from the definition 

of LxY taken together with Lx:rr = <X7r. Also, 

since LX(G) = XJ(dG), we have from (4.29b): 

LX(G) = xJ (dG) = xJ (-yJ(;) + p:rr) 

= -xJyJ(;) + P(xJ:rr). 4.34 

Comparing (4.34) and (4.33) we obtain 

[X,y]J:rr = -xJyJ(;) + P(xJ:rr) - a(yJ:rr) 

= 2W(X,y) + P(xJ:rr) - a(yJ:rr) 

= 2W(X,y) + P(F+const.) - a(G+const.) 

where, in this last step, we have used (4.8) 

in conjunction with (4.32). • 
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Noting the definitions of A and B, viz., (4.31) used 

in the above lemma we obtain the following relations: 

i) A generates X as a local a-contact field, and; 

B generates Y as a local ~-contact field: 

dA + xJ w = a:TC and dB + yJw = ~rr:. 

ii) (F,G) = (A,B). 

iii) Z<F> = Z<A> and Z<G> = Z<B>. 

Remark. With X and Y generated locally by F and G, 

-1 
respectively, we have a = h Z<F> and 

-1 
~ = h Z<G>, which may be substituted into 

(4.30) to obtain an alternative expression 

for [X,y]Jrr:, that is, 

[X,y]Jrr: = 2w(X,Y) + h- 1 (Z<G>A - Z<F>B) 

Z<A>B} 

The above result taken together with the results from 

chapter 3, namely (3.67), establish our next lemma. 

4.35 

4.36 

4.37 

4.38 
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LEMMA 4.5 If X in ea(N) and Y in ep(N) are contact fields 

respectively generated by F and G on N, then 

i[X,V)" = [X,YjJ6i + d{<A'B) - h-l(Z<A>~ - Z<B>II)} 

L 4.39 

where A = F + const. and B = G + const. 

with 
vA 

A - P -h vP
h 

• 4.40 

Proof: Using (3.67) in conjunction with (iii) above 

we may write (F,G) as: 

(F,G) = (A,B) 

~ -1 {OA oB ) = 2W(X, Y) + h Ph Z<B>a- - Z<A>a-p • 
Ph h 

L 4.40 

We now substitute 2W(X,Y) from (4.40) into 

(4.38) to obtain: 

which upon rearrangement becomes: 
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- Z<B+ - Ph ~ZJ} 

= (A,B) - h-'{ Z<A>~ - Z<B>~} 

where ~ and ~ are defined as in (4.40). 

The assertion is now immediate upon 

substitution of the above expression into 

the definition of the Lie derivative: 

We may express (4.39) in· terms of the vector field 

(PX - ay) which we now denote as W, i.e., 

W = PX - aYe 

To this end, we use (3.51) together with (4.36), 

and (4.41) to write: 

(F,G) 
~ h 

= (A, B) = 2w (X, Y) + ph:n (W) 

~ J h = 2w(X,Y) + Ph(W :n ). 

Using lemma 4.4, namely, (4.30), together with (4.31), 

(4.32), and (4.41), we have: 

4.41 

4.42 



[X, Y1JTC = 2W(X,y) + ({3A - cxB) 

= 2W(X,y) + (3(F + a) - cx(G + b) 

= 2W(X,y) + (3(XJTC) - CX(yJTC) 

= 2w(X,y) + ({3X - cxY )J TC 

= 2W(X,y) + wJ TC. 

Upon substitution of 2~(X,y) from (4.42) into (4.43) 

we obtain: 

[X,Y1JTC = (F,G) - Ph(WJTC
h

) + WJTC 

= (F, G) + w-l (1( - Ph 1(h ) 

= (F, G) + W-t (hdt ) 

where, in this last step, we have used (4.26). Our 

next lemma now immediately follows from (4.43) taken 

together with the definition of the Lie derivative, 

that is: 
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4.43 

4.44 

LEMMA 4.6 If X in ~cx(N) and Y in ~(3(N) are contact fields 

respectively generated by F and G on N in the 

sense expressed in (4.2), then 



We now recall that in this more general setting, 

that is with X E ~a(N) and Y E e~(N), we have by 

(4.6) and (4.7): 

where ~ = {x<~> - y<a>}. 

Thus, according to lemma 4.6, with n given above, we may 

write 
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4.46 

where F and G are the respective generators of the 

local a-contact field X and the local ~-contact field Y 

in (4.29a,b), and, where W = ~X - aY is given by (4.42). 

Remark. In the special case when a = ~ = 0 then n = 0 

and (4.46) reduces to our previous result 

(3.70), that is, 

[X,y]Jw + d(F,G) = o. 

We now recall (4.29) which we take in conjunction 

with lemma 1.5 to conclude that F E ~ (N) and a 

G E ~~(N). However, because of the term h(WJdt) in 



(4.46) the Poisson bracket (F,G) ¢ ~ry(N) unless 

h(wJdt) = hW<t> = 0 

which, by virtue of the assumption that h # 0 on D, 

implies that 
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w<t> = ~X<t> - aY<t> = 0 4.47 

where we have used (4.42) in the last step. 

We thus establish our next lemma: 

LEMMA 4.7 Given X in ~a(N) and Y in ~~(N) respectively 

generated by the local F and G on N (in the 

sense expressed in (4.2», if #X<t> = aY<t> 

then (F,G) € ~ry(N) and [X,YJ € ~ry(N), that 

is, 

Z«F,G» = nh 4.48 

where, by (4.7), ry = X<~> - Y<a>. 

Guided by these results we conclude this chapter with 

the following remark which may be considered a corollary 

to the above lemma: 

Remark. If F and G are invariant by Z, i.e., Z<F> = 0 

and Z<G> = 0, which is tantament to the requirement 

that a = # = 0, then so is (F,G). 
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5. Canonical Transformations on N. 

A. Introduction. 

We recall the theory of the adapted contact structure 

(N,n) which begins with the introduction of a set of 2n 

h 
independent 1-forms {IT , nh : h = 1, .. ,n} subject to 

conditions I and II of chapter O. Because of these 

conditions local coordinates {ph,qh: h = 1, .• ,n} 

exist on H, in terms of which these 1-forms admit the 

representation (0.8) expressed in terms of the function 

(Rund [1]). This approach immediately suggests 

that we adopt a similar procedure when considering 

canonical transformations on N. 

We begin with a different set of 2n independent 1-forms 

on N {IT
j 

IT j
: j = l, •. ,n} to which we adjoin the variable 

t such that the cotangent spaces of N have bases 

- -j -{nj,n ,dt}. We denote the imbedding of the hypersurface 

M of N on which t = to= const. by I*:M ~ N,so that 

I*(dt) = o. We also assume that the 1-forms IT
j 

and nj 

satisfy analogous conditions I and II which ensure 

that M is endowed with local coordinates {Pj,qJ: j = 1,.,n} 

in terms of which these I-forms may be expressed as: 



where K is a differentiable function of (pj,qj,i) 

on N. 

~ /\ h We now regard the 2-form w (= rr
h 

n) on N as the 

fundamental invariant on N (Rund [1] so that: 

~ /\ h - A -j w=rr rr =rr rr. 
h j 

~ 

Since w = drr the invariance condition (5.2) may be 

expressed as: 

w = drr = d7r 

where rr, by analogy with (0.6), is given by: 

- - -j - -K(Pj,q ,t)dt. 
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5.1 

5.2 

5.3 

5.4 

The invariance condition (5.2) now establishes the local 

existence of a function S on N such that: 

dS = 1C - 1C 5.5 

that is 

dS = Pjdqj - K(pj,qj,i)di - (Pjdqj - H(Pj,qj,t)dt). 

L- 5.6 
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If the coordinate transformation from the coordinates 

(Pj,qj,t) to the new coordinates 

by the (2n+1) equations: 

- - j -(Pj,q ,t) is characterized 

then, by virtue of the stipulated condition (5.6), it is 

seen that (5.7) represents a t-dependent canonical 

transformation on N (Rund [3]). 

We now state the following results which characterize 

such a transformation on N (Rund [1]): 

1. Theorem: If Z denotes the canonical vector field 

on N (0.15) then the functional determinant of the 

t-dependent canonical transformation (5."7) is 

given by 

Z(t) 5.8 

2. By (5.2), taken together with zJw = 0, (i.e., by (0.14), 

we have 0 = zJw = zJ(njA n J ) which, by the 

- - j independence of {Xj'X }, implies that 

zJn = 0 and zJn
j = o. 

j 
5.9 
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Thus, by (5.1) we obtain 

Z<P j > 
aR z<E> and Z<qj> aR z<E>. = - - = aqj ap. 

J 

5.10 

We now use ( 5 . 7 ) together with (5.10) to write the 

vector field Z in terms of the new coordinates 

- -h 
(Ph' q , t ) , that is, 

Z 
a aH a aH a = at + ap

h 
- - ap

h aq h aq h 

(at +OH at c3H at) a = - aqh aph at at ap
h aqh 

( - j c3H aqj OH a-
j
) a + £q ~-at + ap

h 
--

aph aqj aqh aqh 

Z<t>~ + z<qj>~ + - a = Z<p j >-_-
at aq ap j 

Z<t> ~t aR a aR a ) = +--
- aqj ap . aPjaqj j 

5.11 

This result suggests the definition 

- ~ aR a aR a ) Z= -t-+--- ----
ap aqj - aqj ap 

j j 

5.12 

as the canonical vector field on N associated 

with the new coordinates. 
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Now with (5.12) substituted into (5.11) together with 

with z<t> = 1 we have: 

z = z<i>z 5.13 

and thus, 

z<t> = Z(i)z<t> = 1. 5.14 

Based upon these results we have a corollary to the 

above theorem (Rund [1]), namely, 

Corollary. The functional determinant (5.8) of the 

t-dependent canonical transformation (5.1) 

does not vanish on any region D of N on which 

the the I-form n has maximal class, that is, 

2n+1. 

Remark 1. The field Z as given by (5.12) taken in 

conjunction with the I-form n and the invariant 

2-form W (given respectively by (5.4) and (5.2» 

preserve the defining properties of the canonical 

vector field in direct analogy with (0.13) and 

(0.14), that is, 

Kdi) = it 5.15 

where it 5.16 

5.17 

Remark 2. Result (5.8) has physical significance in the 
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sense that if t is regarded as the time coordi-

nate of an observer then Z<t> may be interpreted 

in terms of the evolution of t. The condition 

that the Jacobian of the transformation be 

positive at all times is tantamount to the 

exclusion of time reversal. 

B. Parameter-Dependent Canonical Transformations on N. 

We begin our discussion of canonical transformations 

on N with the introduction of homothetic vector fields. 

Definition 5.1 A vector field X in e(N) is said to be 

homothetic with respect to n if X is in 

et(N), that is, 

ixn = n. 5.18 

Consistent with the notation introduced in the previous 

section, we denote vector fields associated with the 

- -j - -coordinates {Pj,q ,t} by X and the space of contact vector 

fields with respect to the 1-form n by ~(N). Also, by 

direct anology with the notation from chapter 1, 

we denote the functions on N which generate vectors 

in e(N) by F = F(pj,qj,t). Thus, F E ~a(N) are 

- - -j-
functions which, for a given G(Pj,q ,t) on N, satisfy 

where k is given by (5.16). 

5.19 
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We now seek to establish some relationships between 

vector fields X E ~(N) and X E e(N) under at-dependent 

canonical transformation on N. To this end, we begin 

with homothetic vector fields on N, that is, we let 

X E ~l(N) and X E e
1

(N), so that, 

!n=n 
x and !-n = x n. 

We use the identity i[X,X]= [!x,ix ] to obtain the 

following lemma. 

LEMMA 5.1 Given X E ~ 1 (N) and X E e
1
(N), then both 

[5c,X] and (X-X) are locally Hamiltonian 

vector fields, that is, 

! - w = [,- w = o. [X,X] x-x 

Proof: We use (5.20) and (5.3) to obtain: 

f[X,X1 n = [fx,fxln = fx{fxn} - fx{fxn} 

= iin - ix {!j{ (n - dS)} 

5.20 

5.21 

5.22 
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We take the exterior derivative of (5.22) and 

apply the invariance condition (5.3) to 

obtain: 

i - d1l = i - w = d{i-1l - i it} [X,X] [X,X] X X 

=!- W, x-x 5.23 

Now with ix 1l = 1l and ix1l = 1l we have by (5.3): 

i- w = i w. x x 5.24 

which, when taken in conjunction with (5.23), 

yields (5.21). • 

We now return to (5.22) to establish the following 

corollary: 

Corollary. Under the conditions of lemma 5.1, 

l[X,Xl " = lx-x" + d{lx (S + lxS )}, 

Proof: We write (5.22) together with (5.2) and 

(5.5) as: 

5.25 

i - 1C = XJw + d(XJ1l) - (xJw + d(xJit») + d(ix(ix-S» [X,X] 
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which becomes, upon rearrangement, 

i - 1C = (X - X ) J (;) + d ( X -X ) J 1C + xJ d S) + d (i ( i - S ) ) 
[X,X] X X 

Remark With X in e
1

(N) and X in e
1

(N) it follows, by lemma 

5.1 together with lemma 3.5, that the 

vector fields [X,X] and (X - X) are local 

O-contact fields on N. 

The above results follow directly from the stipulated 

condition that both X and X are homothetic vector fields on 

N. We now generalize and consider arbitrary contact vector 

fields X and Y on N which are generated respectively by the 

functions F and F in the sense of definition 1.2. Thus, 

we use F € ~a(N) to generate X E ea(N) for a given a 

on N according to the prescription given in lemma 1.1, and 

similarly, we use F € ~q (N) to generate Y € eq(N) for a 

given a on N: 

Z<F> = ah and 5.26 

and i-1r = aTe. 
Y 

5.27 
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In this more general case we again seek to establish 

some relationship between the vector fields X E ea(N) and 

Y E ~a(N) under a t-dependent canonical transformation on 

N. To this end, we substitute dS = IT-IT into (5.26b) and 

(5.27b) in the following expression 

which upon rearrangement becomes: 

We immediately observe that (Y-X) is not, in general, 

a contact field and that the introduction of a and 

v significantly alters the results for the case of 

homothetic vector fields. 

Remark. We note, from (5.28), that i) Y-X E ec_a(N) if 

and only if £ydS = a(dS); and, (ii) Y-X E e(N) 

if and only if the I-form (£ydS - a(dS») is 

proportional to IT. These conditions however 

do not hold in general and, as such, will not 

be assumed here. 

Although a direct relationship between X and Y is 

not immediate we now state some preliminary results which 
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give rise to specific relationships between the respective 

generators F and F of X and Y as characterized by (5.26) 

and (5.27). 

We apply zJ to dS = n - n and, with the aid of (5.13), 

(5.15), and (0.13), obtain 

zJ dS = zJ n - zJ n 

= Z < t > ( zJ n ) - h 

= Z<t>k - h 

which we now write as: 

h = Z<t>k - z<S>. 

This last result thus establishes a general 

relationship between the functions hand k on N in 

terms of the function S. Also, by virtue of (5.14) 

(i.e., Z<t>Z<t> = 1), (5.30) may be rearranged to 

yield an equivalent relation: 

k = Z<t>h + Z<t>Z<S> 

= Z<t>h + Z<S>. 

We now use (5.26a) together with (5.13) and (5.30) to 

obtain 

Z<F> = Z<t>Z<F> = ah = a(z<t>k - z<S» 

5.29 

5.30 

5.31 

5.32 



which when used together with (5.14) yields an 

expression for Z<F>, that is, 

Z<t>(Z<E>Z<F» = a(Z<t>Z<E>k - Z<t>Z<S» 

thus 

Similarly, using (5.27a) in conjunction with (5.31) we 

obtain 

Z<P> = ok = O(Z<t>h + Z<S» 

which, with the aid of (5.13), may be written as 

Z<t>Z<P> = a(Z<t>h + z<t>z<s». 

so that 

Z<i>(Z<t>Z<P» = O(Z<E>Z<t>h + z<t>z<s» 

which because of (5.14) reduces to: 

Z<P> = O(h + Z<s». 

A comparison of (5.33) and (5.35) reveals a sign 

difference within the respective parentheses. Thus, we 
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5.33 

5.34 

5.35 

do not have a symmetric relationship between Z<F> and Z<P> 

in that sense. This distinction follows by virtue of the 

difference in sign between (5.30) and (5.31). 
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The desired relation that we seek between F and F 

is now established by using (5.35) together with (5.26a): 

Z<F-F> = a(h + Z<8» - ah 

= (a - a)h + aZ<8>. 5.36 

Also, using (5.33) with (5.27a) we have 

Z<F-F> = (a - a)k + aZ<8>. 5.37 

We observe that equations (5.30) through (5.37) 

may be considerably simplified if we impose an 

additional condition, namely, that the function 8 be 

a solution of Z<8> = O. We remark that this condition, 

by virtue of (5.13) and (5.14), also implies that 

Z<8> = 0, and conversely, on any region D of N on which 

ff has maximal class. We employ this condition in the 

following lemmas wherein we recall the notation 

and 

~a(N) = {F on N 

~-(N) = {~ on N a 

Z<F> = ah} 



LEMMA 5.2 The sets ~o(N) and ~o(N) coincide if and only 

if the function 8 is a solution of the first 

order partial differential equation Z<8> = O. 

Proof: i) If Z<8> = 0, equation (5.33) reduces to 
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Z<F> = ok and conversely, so that F E ~o(N), 

i.e., Z<F> = oh implies that F E ~o(N). 

ii) Let F E ~o(N); thus Z<F> = ok and by virtue 

of (5.13) and (5.14) we have 

Z<F> = Z<t>Z<F> = ok 

so that 

Z<F> = oZ<t>k. 

We now use equation (5.30) which, under 

the same hypothesis as (i), reduces to 

h = Z<t>k so that (5.38) becomes: 

Z<F> = oh 

thus F E ~o(N). • 

5.38 

5.39 

Corollary. If 8 satisfies the partial differential 

equation Z<8> = 0, then F in ~o(N) generates 

both the vector field X in eo(N) and a vector 

field X in eo(N). 



Under the conditions of the above corollary we may 

infer, from lemma 1.4, the (local) existence of the 

respective functions f and f on N which generate 

X E ea(N) and X E ea(N} as local a-contact fields on N. 

In addition, with the aid of lemma 1.5, we also have 

f and f as solutions to the partial differential 

equations Z<f> = ah and Z<f> = ak, which now establishes 

our next lemma: 
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LEMMA 5.3 If S satisfies the partial differential equation 

Z<S> = 0, then the vector fields X and X (both 

generated by F in ~a(N» are local a-contact 

fields generated respectively by local functions 

f and f on N which satisfy the partial 

differential equations: 

Z<f> = ah and Z<f> = ak. 5.40 

Remark 1. Since Z<S> = 0 follows in consequence of the 

condition Z<S> = 0 we have, from (5.35) and 

(5.31), analogous statements for the sets 

~G(N} and ~G(N) and the corresponding vector 

fields generated by F in ~G(N). 
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Remark 2. We also observe, from the above construction, 

that (Y-X) is in ea_~(N) for the vector fields 

X E e~(N) and Y E ea(N) generated by F in ~~(N). 

We now return to equations (5.36) and (5.37) which 

when subjected to the same condition, namely, Z<8> = 0, 

establish the following lemmas: 

LEMMA 5.4 If F is in ~a(N) and if F is in ~~(N), then 

(F-F) is in ~a_~(N) and ~a_~(N) if and only if 

Z<8> = O. 

LEMMA 5.5. Under the condition that Z<t> = h/k, if F in 

~~(N) generates both X E e~(N) and X E e~(N), 

and, if F in ¥q(N) generates Y E eq(N), then 

(F-F) generates (Y-X) in ~a_~(N). 

Proof: We write the vector fields X E ~~(N) and 

Y E ea (N) in terms of their respective 

generators F and F according to the 

prescription given in lemma 1.1, that is, 



i) X = xOz + R in ea(N) is generated by F in 

~a(N) and has components given by (1.13) 

and (1.14) (pp 1.5-6): 

- OF -h of of = - -
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XOk F Rh Ph R = = aPh oqh· oPh oPh 
L-

ii) Y = yoZ + Q in ea (N) is generated by F 

in ~a(N) and similarly has components 

given by: 

5.41 

yOk F - of -h of Qh 
of 

Q O'Ph-= - Ph = = 
oPh 

0-Ph 

By hypothesis and lemma 5.4 we have 

(F-F) in ~(a_O')(N) which we now use 

to generate the vector field 

w = (a-a)p- _ O(F-F) 
h h 

---=-h . aq 

L- 5.42 

5.43 
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Upon subtraction of the respective components 

(5.41) from (5.42) and comparing with (5.43) 

it follows that D = Y-X. • 

We recall that n is assumed to be of maximal class 

on a region D of N and, by our initial corollary, the 

functional determinant Z<t> of the t-dependent canonical 

canonical transformation on D, as given by (5.8), is 

non-vanishing. Thus by (5.30), (5.31), and (5.14) the 

condition Z<8> = 0 is tantamount to the requirement that 

and equivalently 
Z<t> = h/k 

Z<t> = k/h. 
} 5.44 

The above remarks are summarized in the following theorem: 

THEOREM 5.1 In order that a solution F of the equation 

Z<F> = ah be also a solution of Z<F> = ak, 

it is necessary and sufficient that t, of 

the t-dependent canonical transformation 

(5.7), satisfy the partial differential 

equation Z<t> = h/k. 

Remark. By (5.35) a similar statement holds for F a 

- - -- - - -h solution of Z<F> = ak with t = t(t,qh'P ) 

a solution of Z<t> = k/h. 



We now use lemma 5.3 together with theorem 5.1 to 

establish our next lemma, wherein we recall that F in 

~a(N) generates the contact field X in ea(N) and where 

we adhere to condition (5.44a). 

LEMMA 5.6 Under the condition that h = Z<E>k, if F 

generates X E ~a(N) and (consequently) 

X E ~a(N), then the respective functions 

f and f which generate X and X as local 

a-contact fields satisfy the partial 

differential equation: 

Z<f-f> = 0 
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5.45 

Proof: By hypothesis df + XJw = on and df + xJw = an. 

Thus, by lemma 1.5 it follows that 

Z<f> = ak and Z<f> = ah. 

Using (5.46a) together with (5.13) we have 

Z<f> = Z<t>Z<f> = ak 

so that, by virtue of (5.14), we obtain 

Z<f> = a( Z<E>k) = ah 

where in this last step we have used the 

assumed condition Z<E>k = h. 

The assertion follows upon comparison of 

(5.47) with (5.46b) • 

5.46 

5.47 



Since the above lemma implies that (f-f) is a 

member of ~o(N), the following corollary is immediate 

from theorem 1.2 and lemma 3.5. 
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Corollary. Under the conditions of lemma 5.6 the function 

(f-f) generates a local O-contact vector field 

and consequently a locally Hamiltonian vector 

field on N. 

In view of the foregoing results, we may conclude 

that a direct relationship between the contact fields 

X € e (N) and Y € e-(N) is not immediate. However, by a a 

virtue of (5.30), i.e., h = Z<t>k - Z<S>, together with 

the condition that Z<S> = 0, we have shown that certain 

relationships between X and Y can be established. 
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