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ABSTRACT 

Correspondence Analysis (CA) is a multivariate method that has been 

developed from different perspectives, for a variety of purposes. There 

have been reservations on the use of CA for data measured on a ratio 

scale, which is the usual type of data encountered in the earth and 

environmental sciences. These reservations have to do to with the usual 

approaches to CA, which are restricted to count type data, and with the 

actual nature of CA, as being either an exploratory or an inferential 

method. 

We present CA as an exploratory technique that provides an algebraic 

model for data matrices with non negative entries. This model can be used 

for dimension reduction or for pattern recognition purposes. 

As with any other exploratory technique, the use of CA has to be 

supplemented with diagnostics and post-analysis, if we are to have some 

measure of confidence in the results. We provide a set of diagnostics and 

a methodology for post-analysis, and we test its use on three example data 

sets from the earth and environmental sciences. 
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Correspondence Analysis (CA hereafter) has been developed many times 

from different perspectives and it is an increasingly popular multivariate 

data analysis technique. It is usually used to analyze frequency data 

which have been tabulated in the form of a contingency table, but it has 

also been applied to data matrices of a more general nature. 

CA has been presented, without exhausting the list, as a form of 

weighted averaging, as a special case of canonical correlation, as 

simultaneous linear regression, and as a variant of principal components 

analysis. One of the more popular approaches presents CA as a 

generalization of the X2 test of independence for two-way contingency 

tables, providing CA with a probabilistic interpretation, which is hard to 

justify when CA is applied to data which are not frequencies. 

The richness of approaches and some carelessness in the applications 

have confused the evaluation of CA as a tool for data analysis. Adding to 

this state of affairs is an ongoing discussion (see, for example, 

Statistica Neerlandica 42 (1988), p. 81-102), permeating all uses of 

multivariate techniques: although some authors would emphasize an 

exploratory point of view, others would insist on the need for a more 

traditional classical inferential approach to any data analysis. The 

inferential and exploratory aspects of CA have not been successfully 

blended and this interaction is one of the main current research topics in 

the theory of the method. 

Environmental problems have not, in general, been amenable to 

traditional inferential statistical analyses. The reasons for this may be 

varied: poor quality of the data, lack of data, excess of data (which is 
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not the same as excess of information), lack of a model, poor fit of a 

model, etc. In this situation, we would argue that the best strategy for 

data analysis is to employ methods which are data-driven, robust, 

interactive and tractable. Our philosophy is then, by necessity, more 

exploratory (in the sense defined in, for example, Mallows and Tukey 

(1982» than confirmatory. 

The main purpose of this work is the development of CA in a form 

suitable for use with data which are measured in a ratio scale, as it is 

usually the case for environmental data, providing a unified approach to 

both the theory and the application of the method. When seen as an 

exploratory technique, diagnostics have to developed in order to address 

the issues of sensitivity, robustness and stability of the results. 

The two topics constituting the main body of this work, the approach 

to CA and the systematic use of diagnostics, have novel features and 

extend the theory of the method found in the literature. The novelty of 

the approach to CA is the use of the reconstruction formula as the 

starting point, and casting the method in purely algebraic terms without 

any recourse to probabilistic concepts. The development of diagnostic 

measures includes the definition of error profiles, which allow for a more 

comprehensive interpretation of the results. 

A second objective of this work is to show the power of CA and to 

display its advantages as an exploratory technique for the analysis of 

environmental data. This is done through the presentation of case studies. 

When the data sets presented have been analyzed before by other methods we 

compare the previous results with ours. This may not prove the rightness 

of our approach, but, in some cases, the comparison can provide some sort 

of external validation. 

Our work is subdivided as follows: 

The second chapter is mostly review. We give an historical review of 
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CA, we present in a related way some of the different approaches that have 

been utilized in the literature, and we define the terminology used in CA. 

In chapter three we develop CA from a strictly algebraic 

perspective, using basic results from linear algebra. Our approach allows 

for the exploratory analysis of data which are measured in a ratio scale 

and provides directions for further extensions of CA. 

In chapter three we also discuss the application of CA to closed 

data sets, and in chapter four we use these results for a discussion of 

some issues of the stability of the results of CA. One of the case studies 

in chapter five is devoted to this type of data, and in another case study 

we use a closed set of variables for part of the analysis. 

The fourth chapter explores the use of different goodness of fit 

measures and diagnostics, addressing the issues of quality, sensitivity 

and stability of the results, residual analysis and influential 

observations. For this last topic, we use an approach based on influence 

functions, following recent similar work in regression analysis and other 

multivariate techniques. One consequence of the development in chapter 

three is an algorithm for "reconstructing" missing values. We describe a 

modification of the implementation found in the literature, and its 

potential use for cross-validation purposes. 

The fifth chapter deals with detailed case studies of several 

environmental data sets. Our objective is to prove the worth of CA as a 

dimension reduction and pattern recognition method. 

In the sixth chapter we present some conclusions and give an overall 

comparison of the method against other multivariate techniques. 

In order to make this work mathematically self-contained, we have 

included an appendix with the definitions and the main results that are 

used in the main body of the dissertation. This appendix also contains a 

section about the notation used in the dissertation. 
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All the CA computations were obtained with a program written for use 

on a PC. The program incorporates most of the theoretical concepts 

discussed in this work and it has several advantages over similar programs 

found in commercial packages. A discussion of the program is found in 

another appendix. 

All the data sets that were used in the case studies are also 

collected in an appendix. 

Since this is a dissertation dealing with applications of 

mathematics, the emphasis is on the description of the theory and its use, 

and not on the proofs of the theorems. However, to comply with the 

mathematical traditions, the definitions and theorems are stated 

explicitly, and proofs are provided for new and/or non trivial results. 
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CHAPTER 2 

REVIEW OF PREVIOUS WORK 

2.1 Introduction 

This chapter is mostly review. We present CA from several 

perspectives, showing the mathematical equivalency between them, and 

highlighting the insight that each one brings to the understanding of the 

method. The presentations of CA that we discuss, without exhausting the 

possibilities, were chosen primarily for mathematical reasons, and because 

some of them are the most popular approaches to the method. To do justice 

to the history of the subject we include a section with chronological anc 

bibliographical details. 

2.2 Notes on the history of CA 

In this section we describe some aspects of the history and 

development of CA, providing the main references to previous work on the 

subject. We don't intend to give a complete review, and refer to Nishisato 

(1980), Greenacre (1984), and Gifi (1990). 

CA has been "discovered" several times, under different names and 

from different perspectives. It has been called "method of reciprocal 

averages" in the United States, "dual scaling" in Canada, "quantification 

III" in Japan, and "analyse des correspondances" in France. This last 

name, translated as Correspondence Analysis is the one that we use in this 

work. 

One of the first papers where the mathematics of CA appears 

explicitly is Hirschfeld (1935), in which he shows how to introduce scores 

on the rows and columns of a discrete bivariate distribution in such a way 

as to produce simultaneous linear regressions on both variates. 
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Other papers that can be considered as forerunners of CA are Fisher 

(1940), and Maung (1941), whose aim was to maximize a correlation 

coefficient of two variables in a two-way contingency table. 

Independently, Guttman (1941) obtained the same results in a different 

context and developed what is now called multiple CA. 

In the 1950s CA was developed in Japan by Hayashi (1950), and in 

Australia by Williams (1952). An important paper by Lancaster (1958), 

presents a version of CA without referring to it explicitly. All of these 

papers dealt with the analysis of categorical data, they did not have any 

geometrical displays, the results were not used for exploratory purposes 

and the examples were very much constrained by the computational aspects 

of the method. 

During the 1960s, CA was developed and popularized in France by a 

group of data analysts led by Jean-Paul Benzecri (Benzecri (1970», who is 

the main researcher associated with the name analyse des correspondances 

(it seems that the first time that this name was used, was in the thesis 

of Escofier-Cordier (1965». 

The French approach emphasized the geometrical interpretation of CA, 

which was developed to analyze large two-way tables of non-negative 

entries representing the "correspondence" between a row and a column. In 

this approach CA is made, explicitly, a descriptive technique, in 

accordance to Benzecri's two principles of data analysis: "statistics is 

not the same as probability" and "the model must fit the data and not vice 

versa". This radical point of view and the complicated algebraic notation 

used to explain CA did not make it popular in English speaking countries. 

In the 1970s the be.oks by Benzecri (1973), Cailliez and Pages 

(1976), and Lebart et al. (1977), set the standard in France. Outside 

France the method was popularized by Hill (Hill (1973), and Hill(1974», 

who used his own definition of CA motivated by ordination problems in 
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Ecology, and by the appearance of several papers dealing with applications 

of CA in different fields of science. In a latter section we will discuss 

the applications to the earth and environmental sciences. 

In the 1980s there appeared two books in English, by Greenacre 

(1984), and by Lebart et al. (1984), dealing exclusively with CA and 

written from the French point of view. They have become the standard 

references, although the entry on CA in the Encyclopedia of Statistical 

Sciences was written by Hill (Hill (1982)), giving his own version as the 

main approach to the method. During this decade there appeared papers 

synthesizing different approaches to CA (Tenenhaus (1982), Buyse (1983) 

and Tenenhaus and Young (1985)), and papers comparing CA to other methods 

of data analysis, log-linear models in particular. 

2.3. CA applied in the earth and environmental sciences 

One of the original motivations for the present work was the fact 

that in most of the literature of applications of CA the method was 

presented as a "black box", with little insight on what the method is 

about, sometimes because the presentation, natural in other contexts, 

looked artificial for the application at hand. ~he first paper on CA that 

we ever read was an application to geology_ 

2.3.1. CA in the Earth sciences 

Perhaps the first attempt to apply CA to problems in the earth 

sciences is the thesis by Cazes (1970), written when CA was starting to 

gain popularity in France and Benzecri was the main proponent of the 

method and builder of the French school of analyse des donnees. 

One of the earliest papers on CA written in English is the paper by 

David et al. (1974), followed by a discussion by May (1974). The method is 

presented in the mode of the French school developed by Benzecri (1970), 

and it is applied to the interpretation of chemical data of the 
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Bourlemaque batholith, aiming to separate and identify magmatism and 

metamorphism. The discussion of the results is based on the plots of the 

first two factors, without any reference to the contributions of 

particular variables or samples, which are mentioned only in the reply to 

May. The paper, and the discussion, spend some time comparing CA to factor 

analysis and PCA, and in particular, on the issue of rotating the factors 

as it is customary in factor analysis. This type of discussion is still 

carried over today. 

Two early papers presenting CA and its use in geology were written 

by Teil (1975), and Teil and Cheminee (1975), who also described CA from 

the Benzecri point of view. The interpretation of results and the 

discussion on the types of data are, at best, questionable. The main 

application is to the geochemistry of magmas, and although the example is 

very interesting, the discussion of the results is constrained by the 

methodological framework adopted and by the lack of the original data set. 

The reader may end up with the feeling that CA is a powerful and 

mysterious method which can be used automatically. 

The paper by David et al. (1977), has been very influential. It 

provided a complete description of CA from a probabilistic foundation, 

which then did not play any role in the interpretation of the results, 

opening the debate about the correctness of not only the approach, but 

ultimately the use of the method. The paper has three interesting 

examples, and the results from CA are interpreted on geological terms. It 

also has a listing of a FORTRAN IV program, which has been used 

extensively by practitioners, and formed the starting basis for our 

current program, and surely of several others. 

The paper by Zhou et al. (1983), is very important because it 

addresses several key issues: the comparison of CA to other multivariate 

techniques, the duality of R-mode and Q-mode solutions, the use of CA on 
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ratio scale data, and the interpretation of the results from its use. The 

main points of the paper, which are also found in the book by Davis 

(1986), are well taken and constitute a standard in the subject. The 

justification for CA when applied to measurement data is done using 

"profile distance" measures. 

Valenchon (1983), discussed the use of CA for closed systems, common 

in geochemistry, and gave an example analyzing the lavas of Paricutin, a 

volcano in Mexico, which were previously analyzed using a Q- mode method 

by Miesch, who then wrote a short note objecting to the use of CA on 

theoretical grounds. We think that with a proper formulation of CA these 

objections would be meaningless. 

The paper by Bergametti et al. (1983), applies CA to samples taken 

on three Italian volcanoes in a three year period, with the purpose of 

establishing differences in the volcanic activity of the sites. The 

language is that of correlations and factor analysis and CA is referred to 

Benzecri. Use is made of supplementary points and quality of 

representation to clarify the interpretation of the results. 

The paper by Bonham-Carter et al. (1986), presents an application to 

biostratigraphy using CA as developed by Hill (1973), under the name of 

"reciprocal averaging", and with the objectives of constructing a 

biostratigraphic zonation and determining faunal trends. 

The paper by Grunsky (1986), provides an application to the study of 

the lithogeochemistry of the volcanic rocks of the Ben Nevis area of 

Ontario, Canada. The discussion proceeds along traditional lines and the 

use of CA is complemented with dynamic cluster analysis. The 

interpretation of CA is similar to the one in David et al. (1977) but 

acknowledging Zhou et al. (1983). A remarkable feature is that five 

factors are displayed and used in the analysis. 

A recent paper by Garcia Pereira et al. (1990), applies CA in 
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conjunction with geostatistical methodology to improve a reservoir 

description phase in extensively recognized oil fields. 

The use of CA in the earth sciences (geology, hydrology, soil 

sciences, ... ) is increasing and more references can be found in scores of 

unpublished dissertations and theses. 

2.3.2 CA in the environmental sciences 

The application of CA to the description of data sets obtained in 

environmental studies is fairly recent. One reason for this neglect of the 

method may be that in this research field the technique of choice is 

factor analysis, with its many variants. Although the list of references 

that are familiar to us is short, it can be ascertain that the popularity 

of CA is increasing, and that some researchers have found interesting 

problems on which the use of CA has proved useful. 

Dutot and co-workers have published several applications of CA, some 

noted in the previous sub-section. A recent work (Dutot et ale (1988)), 

uses CA to analyse aerosol samples for the purpose of evaluating emission 

sources. The presentation of CA is with reference to the Benzecri 

approach, and apparently this is why the data had to be coded in a special 

form. The discussion of the results exemplifies the use of the 

contributions to evaluate the quality of the displays, the use of the 

method for clustering purposes, and the use of the reconstruction formula. 

A previous related paper is Dutot et ale (1983), and a similar approach is 

found in Colin et ale (1986), were CA is applied to analyse test results 

of a surface water treatment. 

Recent papers are Oleson and Carr (1990), and Rhodes and Myers 

(1991), with applications to water quality data. A case study presented in 

chapter five of this dissertation will appear in print this year. (Avila 

and Myers (1991)). 
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2.4 Various approaches to Correspondence Analysis 

We will discuss several equivalent approaches to CA: The 

"simultaneous linear regression" approach due to Hirschfeld (1935), The 

"reciprocal averaging" approach of Hill (1974), and the "principal 

component analysis" approach of the French school (see, for example, 

Lebart et al. (1984)). In order to make the equivalency more apparent we 

will use the same notation throughout the section. 

We will assume that n ~ p. Let F be the n x p matrix 

f11 fl2 f lP 

f21 f22 f 2P 

with non negative entries f ij and assume that their sum is equal to one. 

Define 

and construct diagonal matrices 

fl. 0 [f~' 0 

0 f 2• f.2 
and 

0 0 

0 f n• 0 f. p 

which will always be denoted Dn = diag (f1,) and Dp = diag (f tj ) respectively. 

2.4.1 Simultaneous linear regressions 

Let F represent a two-dimensional discrete probability distribution. 

Define random variables X: {XI' ... ,xn)-->R, and Y: {YI" .. ,Ypl-->R such that 

P(X=xd = fitl i=l, ... ,n, and P(Y=Yj) = f'j' j=l, ... ,p. The Xi'S vlill be 

called "scores" for the rows of F and the Yj'S will be "scores" for the 

columns. The problem is to find scores such that the regression of X on 
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Y and the regression of Y on X are both linear; that is, we need to find 

scalars ~, y, Xlf ••• , X n , Ylf ••• , Y p ' such that 

E ( X I Y) - Ilx = ~ ( Y - Ily ) (2.4.1.1) 

and 

E( YI X) -Ily y ( X - Ilx ) (2.4.1.2) 

Note that 

Ilx (2.4.1.3) 

E( X I Y = Yj ) 
f' f, 
~ X "J 
"-1 i r:; 

(2.4.1.4) 

(2.4.1.5) 

and 

E( Y I X = Xi ) (2.4.1.6) 

Thus, the regression equations can be written in the following way: 

~(Yj-Jly), j=l, ... ,p (2.4.1.7) 

Y(Xk -llx), k=l, ... ,n (2.4.1.8) 

After some algebra these equations are transformed to 



(Xl - Jl·X) fijfJcj 

fhf. j 

k=l, ... , n 
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(2.4.1.9) 

(2.4.1.10) 

If we put x = (Xl' •• .,Xn)t, Y = (Yl' .. . ,Yp)t and 1" = (1, ... , 1n)l, 

define the centered scores Xo = x - Jlx1n, Yo = Y - )ly1p, and put A = py, then 

we can wri~e the previous equations in matrix form as 

(2.4.1.11) 

(2.4.1.12) 

(2.4.1.13) 

and 

(2.4.1.14) 

This means that the centered scores are the components of the 

eigenvectors of the matrices on the left hand side of equations (13) and 

(14). For computational purposes let 

(2.4.1.15) 

so that 

wwtu = Au wtWv = Av (2.4.1.16) 

allowing us to obtain Xo and Yo from a symmetrical eigenvalue problem 

involving positive definite matrices. The following theorem is then easy 

to prove. 



26 

Theorem 1.- Let F be a n x p matrix representing a two-dimensional 

discrete probability distribution. The problem of finding centered scores 

on the rows and the columns of F, such that equations (11) and (12) hold, 

has at most min{n,p} solutions. We have that Xo = 1n, Yo = 1p and A = 1 is 

always a solution, and for any other solution we must have 0 ~ A ~ 1. Only 

one set of scores, Xo or Yo, need to be found, and they can be obtained by 

solving one of the eigenvalue-eigenvector problems posed in (16). 

2.4.2 Reciprocal averaging 

Use the same notation of the previous section. For k 1,2, ... , 

generate the following sequences: 

and 

Y 
(k) 

j , 

(k) 
Xi 

j=l, .. . ,p 

i=l, ... ,n 

(2.4.2.1) 

(2.4.2.2) 

Here the row scores Xi (k) are weighted averages of the column scores 

and reciprocally the column scores are weighted averages of the row 

scores. Starting with arbitrary scores the averaging is iterated until 

convergence. Define a zero-order correspondence analysis solution of F as 

a triplet (P,x,y) that satisfies the equations 

(2.4.2.3) 

It is clear that the reciprocal averaging problem is equivalent to 

the simultaneous linear regression problem when we identify A with p2, x 

with Xo and y with Yo. Therefore, the following theorem is just a rewording 
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of Theorem 1 from the previous section. 

Theorem 1. - Let F be a n x p matrix with non negative entries 

summing up to one. Then (l,ln,lp) is a zero-order correspondence analysis 

solution of F, and for any other solution (P,x,y) we have p2 < 1. 

Since the eigenvectors of a symmetrical matrix are orthogonal, 

equations (2.4.1.15) and (2.4.1.16) imply the following 

Theorem 2. - For any zero-order correspondence analysis solution 

(P,x,y) of F, we have that Dnl/2x is orthogonal to Dnl/21n and Dpl/2y is 

orthogonal to D/121p. That is, the scores must satisfy (the centering 

equations) : 

o (2.4.2.4) 

and 

o (2.4.2.5) 

2.4.3 The Principal Components Approach 

Start with a n x p data matrix A = (a ij ) with non-negative entries. 

CA is performed on the normalized matrix F = (f ij ) nxp' where 

(2.4.3.1) 

Define, as before, Dn=diag(fit ) and Dp = diag(f tj ) and note that 

fjj a jj f
ij a jj (2.4.3.2) r;; ai .. r:; a. j 

which means that we are only interested in the profiles of the rows and 

colunms. 

The matrices Dn and Dp are used to scale F and to define distances. 
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We think of the rows (row profiles) of Dn-1F as vectors in a p-dimensional 

space where the metric is weighted by Dp-1, and of the columns (column 

profiles) of FDp-l as vectors in a n-dimensional space where the metric is 

weighted by Dn -1. 

In analogy to the geometrical approach to principal component 

analysis (see, for example, Stuart (1982)), it follows that the second 

moment, measuring the variation, of a linear combination of vectors, in 

either space, is given by a weighted quadratic form, and we define CA as 

the problem of finding vectors, u in n-dimensional space and v in p-

dimensional space, having size one in the norms induced by the matrices Dn -
1 

and Dp-l, and giving the directions of maximum variation. Mathematically we 

have the following dual problems: 

In "column space" 

In "row space" 

maximize (FtD~lU) tD~l (FtD~lU) 

sUbject to utD~lU = 1 

maximize (FD~lV) tD~l (FD~lV) 

sUbject to vtD~lV = 1 

(2.4.3.3) 

(2.4.3.4) 

After finding these unit vectors u and v, we can then search, in a 

sequential way, for new solutions, orthogonal with respect to the inner 

product defined by the weighing matrices, to all previous solutions. 

It is easily seen, using Lagrange multipliers, that the CA problem 

is equivalent to two eigenvalue-eigenvector problems, namely, 

FD~lFtD~lU = AU 

FtD~lFD~lV = AV 
(2.4.3.5) 

It is also clear that there is a relationship between the solutions 

to the row problem and the solutions to the column problem which can be 



expressed by the equations 

u = A-I/2FD~,IV 

V = A-1I2FtD~IU 

where A is an eigenvalue for either of the two problems 
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(2.4.3.6) 

(they have the 

same set of eigenvalues), and u and v are the corresponding (eigenvector) 

solutions. We call these vectors principal axes, and define the factors to 

be the vectors x = Dn-lu and Y = Dp-lv. 

Note that the factors were called "scores" before, and that they 

satisfy equations (2.4.1.13) and (2.4.1.14), and the transition formulas 

(2.4.2.3). In the next chapter we will give additional properties of the 

factors, obtaining them from yet another approach to CA. 

When the factors are computed, it is possible to "reconstruct" the 

matrix F in a similar way to the spectral reconstruction of a symmetric 

matrix or the SVD of a rectangular matrix (see A.1.2). This process is 

known as the reconstruction formula, and it will be the starting point of 

our development of CA in the next chapter. The first part of the following 

theorem is another rewording of Theorem 1 from the previous sections. 

Theorem 1.- Let F, Dn and Dp be defined as before. Then there exist 

(p-1) non-trivial pairs of factors (xlIyd, ... , (xp-lI Yp-I)' corresponding to 

(p-l) non-trivial (i.e. not equal to one) eigenvalues All" .,Ap-l , 

satisfying the transition formulas (2.4.2.3). For i = 1, ... ,n and j = 

1, ... ,p, we have the following reconstruction formula: 

(2.4.3.7) 

A proof of the theorem will be given in the next chapter. Here, we 

only comment that it follows easily from the GSVD of a matrix Dn-IFDp- l . 

We will finish this section with some comments on the choice of 
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metrics and the data transformations involved in this approach to CA. 

First, note that when the entries of A are frequencies then F is a two-

dimensional probability distribution and the profiles are conditional 

probabilities. The distance between two row profiles i and 1 is defined to 

be 

d 2 (i, 1) (2.4.3.8) 

with an analogous formula for the distance between two column profiles. 

This metric is called the X2 metric and it can be seen to be either a 

weighted Euclidean metric on the space of profiles, or the usual Euclidean 

metric on rescaled vectors with coordinates 

(2.4.3.9) 

This type of rescaling, particular to CA, is different from the 

traditional standardization used in statistics, where the variables are 

divided by their standard deviation after subtracting their mean. Here, 

the corresponding transformation is 

(2.4.3.10) 

giving rise to a p x p cross-products matrix S with entries 

(2.4.3.11) 

or, if centering by fi.f'j is not performed, to the p x p matrix vlith 
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entries 

(2.4.3.12) 

The effect of centering is to make the trivial eigenvalue equal to 

zero instead of one, but it leaves the non trivial solutions, and the 

reconstruction formula, unchanged. Note that the symmetric matrix defined 

by (12) is precisely the matrix wtw introduced in (2.4.1.15) and 

(2.4.1.16) . 

Note also that the trace of S is the X2 statistic used for the test 

of independence between rows and columns, hence the name of the metric. 

The transformation used in CA is unchanged by the transposition of 

F, which is precisely what is needed to perform symmetrical R- and Q- mode 

analysis. This is not true of the standardization transformation, which is 

why different analyses are needed on the rows and columns of the data 

matrix when PCA or Cluster Analysis are chosen. We could say that in CA it 

is irrelevant whether the columns represent variables and the rows 

represent samples, or vice versa. 

2.5 Other approaches 

There are other approaches to CA which we will not review. There is, 

for example, the correlation approach (Fisher (1940», which is similar to 

the simultaneous linear regression approach, and the dual scaling approach 

(Nishisato (1980», which is similar to the reciprocal averaging approach. 

There are different ways of explaining PCA, giving rise to "different" 

approaches to CA, which have conveniently been summarized through the use 

of "duality diagrams" (see, for example, Cailliez (1984» by Tenenhaus 

(Tenenhaus (1982), and Tenenhaus and Young (1985». 

Most of the approaches presented in this chapter dealt, at least 
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implicitly, with data in the form of a contingency table. The reciprocal 

averaging approach appears to be more general because it does not 

explicitly restrict the nature of the data matrix, but it lacks a 

geometrical interpretation and it's usually confined to the analysis and 

interpretation of the first factor. In the next chapter we will describe 

another approach to CA, and we will generalize it to provide us with a 

framework in which we can deal with data measured in a ratio scale. 
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CHAPTER 3 

CA FOR RATIO SCALE DATA 

3.1 Introduction 

In this chapter we introduce an approach to CA based on the 

reconstruction formula. For contingency tables this approach is known as 

the bilinear model or as the canonical correlation model. However, when 

seen as an algebraic identity, the reconstruction formula can be used as 

the starting point for a development of CA suitable for any data matrix 

with non negative entries. This approach will also allow us to discuss the 

issues of missing values and the application of CA to closed systems. 

The reconstruction formula has a long history. Perhaps the first 

paper having this type of formula is Mehler (1866), where there is a 

reconstruction of the bivariate normal density in terms of Hermite 

polynomials. A continuous version of the SVD, which can be considered a 

reconstruction formula, can be found in Schmidt (1907), in the context of 

integral equations. For discrete distributions Maung (1941), cites Fisher 

(1940), as the source of the formula reconstructing a discrete bivariate 

distribution in terms of its marginals and canonical variates. Lancaster 

(see, for example, Lancaster (1958)) has done much research in this topic 

and his results generalize both the discrete and the continuous case. 

Still more general is Chesson (1976). All this work is relevant for a 

discussion of a continuous version of CA along the line started by Naouri 

(1970). It is also the starting point for the development of the method 

known as disjunctive kriging in geostatistics (see, for example, Journel 

and Huijbregts (1978)). 

The canonical correlation approach has been the starting point for 

recent presentations of the CA of contingency tables, notably Goodman 
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(1986), and Gifi (1990). This approach has also been the starting point 

for research on the inferential aspects of CA (see, for example, O'Neill 

(1978a), and O'Neill (1978b)), which up to now has not yielded useful 

results for practitioners (see comments in Lebart et al. (1984), and 

Greenacre (1984)). We will not pursue these inferential aspects in this 

work. 

3.2. Bilinear model approach 

The notation and assumptions are the same as in chapter two. Given 

a two-way n x p contingency table F with marginals fit' i = 1, ... ,n, and 

f+ j , j = 1, ... , p, we search for values of the parameters, xn, Yjk' and cr., 

k = 1, ... ,p-l, such that the following equality, called the reconstruction 

formula, holds: 

(3.2.1) 

subject to the following constraints: 

(3.2.2) o k 1, ... , p-l 

and 

o kl , k, 1 = 1, ... , p- 1 (3.2.3) 

This model is called the saturated RC canonical correlation model. 

The parameters X ik and Yjk are called standardized scores and the cr's are 

the canonical correlations. We will prove the existence of the parameters 

by showing that the bilinear model is equivalent to the transition 

formulas of chapter two. Thus, we have another formulation of CA. 

Theorem 1.- A necessary and sufficient condition for the existence 

of standardized scores satisfying (1) subject to (2) and (3), is that the 
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following equations hold: 

(3.2.4) 

l, ... ,p-l, and, as usual, 

Proof Let \lI 

diag{l,O'lt""O'p_d. We will start by proving the sufficiency, that is, if 

the transition formulas hold, then we must have the reconstruction 

formula. 

From (4), it is seen that \P satisfies the eigenproblem Dn-lFDp·IFt\}l 

\lIL2. Rewrite this equation in the following form: 

(3.2.5) 

showing that Dn1/2 \l1 is the solution to a symmetric eigenproblem and, 

therefore, is an orthonormal matrix. This means that \lItDn\ll = In' which is 

precisely one part of (2) and (3), with a similar development using <I> 

proving the other part. We also have that \P\pt = Dn-I, which together with 

(4) gives Dn-1FDp-1 = \PL<I>t. This last equation is the reconstruction formula. 

The necessity is obvious, going backwards on the development in the 

last p~cagraph. In fact, the proof of the theorem becomes a triviality 

once we recognize that the reconstruction formula is nothing more than the 

generalized singular value decomposition of the matrix Dn-1FDp -
1 with respect 

to the matrices Dn and Dp. 

Now that we have shown that the bilinear model approach is 

equivalent to the other approaches seen in chapter two, we can obtain 

additional properties of the scores, also known as factors. 

Theorem 2 . - The parameters O'~, x ik , and Yj~' k=l, ... , p-l, i=l, ... , n 

and j=l, ... ,p, of the saturated RC canonical correlation model of the two-



way contingency table F satisfy 

I 
j-l 

I 
j-l 

II 
1-1 j-l 

(f1j - f1+f+ j) 2 

f1+f+ j 

( f 1j _ f 1j ) 2 

f f II 1+ 1+ = <T2 (x _ X ) 2 
f v k 1k 1k , 

+ j k-l 
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(3.2.6) 

i,l=l, ... ,n (3.2.7) 

j,l=l, ... ,p (3.2.8) 

These formulas, and others in the same spirit, will be used 

repeatedly in the following sections. Equation (6) relates the X2 statistic 

to the squared canonical correlations; equations (7) and (8) relate the 

X2 metric to the squares of the differences between standardized scores. 

3.3 Correspondence Analysis for ratio scale data 

This section contains a reformulation of CA, algebraically 

equivalent to all the previous formulations, but with a different 

explanation. We introduce a slightly different notation that will be used 

in the rest of this work. 

3.3.1. Justification 

Correspondence Analysis has been explained in a variety of 

mathematically equivalent ways. Although each approach highlights a 

different aspect of the method, the applications are usually to frequency 

type data, contingency tables for example, where CA can be given a 

probabilistic interpretation. 

When data are measured in a ratio scale, which is usually the case 

in the environmental sciences, CA is not adequately explained by a 

probabilistic interpretation. This is a valid criticism of some earlier 
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applications of CA to the earth sciences (for example, David et al. 

(1974), Teil (1975), Teil and Cheminee (1975), and David et al. (1977», 

and some attempts (Zhow et al. (1983), and Davis (1986» have been made to 

present CA eschewing the traditional frequentist approach. We will provide 

another explanation which allows for a unified treatment of "diagnostics", 

and advocates an interactive attitude from the user of the method. 

The fact that with our approach CA can be applied to any data matrix 

with non negative entries does not mean that it will always produce useful 

or interpretable results. Lebart et al. (1984), suggest that CA is most 

appropriate for the description of large, homogeneous matrices about which 

little is known a priori. 

For ratio scale data, homogeneity refers to the fact that variables 

should be measured in the same, or comparable, units, ensuring that 

transformations like equation (2.4.3.1) are dimensionally meaningful. When 

there are heterogeneous measurements, CA should be applied to a 

homogeneous subgroup of active variables keeping other variables 

supplementary, as will be explained in chapter four. It should be 

emphasized that this use of supplementary variables is characteristic of 

CA and can be a very helpful diagnostic tool. 

We present CA as an algebraic approximation method which provides 

a bilinear model for the data in terms of two sets of "factors" which can 

be plotted and interpreted in a similar way to principal components. The 

similarity of the CA model to models provided by other methods, biplots 

(Gabriel (1971» for example, is well known, but we feel there are 

significant conceptual and practical differences that help it stand on its 

own and can prove advantageous for some applications. 

Our development goes backwards with respect to the traditional 

approaches, since I ... e take the reconstruction formula as the starting 

point, but we think it is more natural in terms of the data to which it 
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will be applied and in terms of software development. It is also the 

simplest way of defining several goodness of fit measures which will be 

used in what we call "error analysis". 

3.3.2. The mathematical model 

Briefly put, given a data matrix F, with non negative entries f ij , 

i=l, ... ,n, j=l, ... ,p, summing to one (just a mathematical convenience), CA 

gives a representation of F in terms of two sets of vectors called 

factors. This representation can be used for algebraic (dimension 

reduction) or geometrical (interpretation) purivses. 

Explicitly, CA of F means finding a set of scalars AI' A2 , ••• , Ap _ l , 

a set of p-1 vectors cj>l
t = (cj>1.1'tf>2,1' ••• ,cj>p,d, ••• , cj>P_I

t = (cj>I,P-I'cj>2,P-I' ..• ,cj>p,p

I) in RP, and a set of p-1 vectors 'lilt = ('1'1.1''1'2,1' •. . ,'I'n,I)" .. ' 'l'lt = ('I'I,p-

l' 'I'2,p-1' ••• , 'I'n,p-l) in Rn, such that each element of F can be written as a 

bilinear form 

(3.3.1) 

where fit and f tj are defined as Ljfij and Lifij respectively, and where, for 

each K ~ p-1, the truncated bilinear expansions 

(3.3.2) 

give the best approximation to f ij in a well defined least squares sense. 

We have noted before that if F is a two-way contingency table, then 

this representation of the entries of F is a generalization of the 

statistic used in the chi-square test of independence, comparing fil to 

fitf tj . However, even if the data matrix is not a contingency table, formula 

(1) still makes sense as a matrix factorization. 

The following theorem is a rephrased version of Theorem 1 of the 
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previous section, casting CA as a method of finding bilinear 

approximations to a matrix F which are optimal with respect to a 

generalized least square criterion. 

Theorem 1.- Let F be a n x p matrix with non negative entries f ij 

such that [ij f ij = 1. Assume that n ~ p. 

Let Dp and Dn be diagonal matrices with diagonal entries f lj = [ifi) 

and fit = [jfij respectively. These sums are called the weights of the 

variables (columns) and of the samples (rows). 

Define the (Dn-1,Dp-1) -norm of a n x p matrix A to be 

(3.3.3) 

Let 1n be a vector in Rn with all the coordinates equal to one. 

Then, there exist (p-l) triplets (/1.1,'l'1,<Pl)' .•. ' (Ap-tr'l'P-l,<PP-l)' where 

Al~A2~ ••• ~Ap_l~O, 'l'tr ••• , 'l'p-l are vectors in R" and <Ptr ••• , <P p-l are vectors 

in RP, such that: 

i) For every k,l 1, ... , p-l 

(3.3.4) 

and 

(3.3.5) 

ii) For every k 1, ... , p-l 

(3.3.6) 

and 

(3.3.7) 
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iii) For every k= 1, ... , p-l 

(3.3.8) 

and 

(3.3.9) 

iv) If, for every K=l, ... ,p-l, 

(3.3.10) 

then, FK is the least squares approximation to F in the (Dn-1,Dp- 1)-

norm, and 

8 '1
k II F - F K II~, p = L I\, 

k-K+l 

(3.3.11) 

The proof of the last assertion of the theorem follows from the 

optimality properties of the GSVD (see Theorems 3 and 4 in Appendix Al) . 

The ~'s and the ~'s will be called factors and sometimes 

standardized scores. The factors are unit vectors (in the norms induced by 

'~he matrices Dn and Dp) and can be obtained from an eigenvalue-eigenvector 

problem, namely equations (5) and (6). It is seen that only one set of 

factors need to be obtained, since the other set can be computed from the 

transition formulas (7) and (8), these express a duality principle that 

distinguishes CA from other methods, and that allows for the simultaneous 

analysis of row and column structure. 

In CA there are only p-l (when n > p) non trivial factors. There is 

one factor, corresponding to the "trivial" eigenvalue, representing the 
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induced "correlation" due to the closure imposed on the data, and taken 

into account in the reconstruction formula as the term ln1p. The optimality 

of the non trivial factors is expressed in iv) of the theorem. The case 

K=p-l gives the reconstruction formula (1). When K < p-1 factors are kept, 

we can estimate the global error of the approximation when the model FK is 

used, by looking at the matrix norm of the difference F-FK • In the next 

chapter we will see more refined ways of analyzing this error. 

We now recapitulate the essence of our approach to CA. The data 

matrix F must have non negative entries in order to ensure that the 

diagonal weighing matrices Dn and Dp are positive definite. The restriction 

that the total sum of the entries is equal to one is just a convenience. 

CA is defined as the process of finding the generalized singular value 

decomposition of the transformed data matrix Dn-1pDp -
1 with respect to the 

weighing matrices. This decomposition, written as a reconstruction 

formula, provides a sequence of algebraic approximations to the original 

data matrix F, optimal in a least squares sense, which can be used for 

dimension reduction and pattern recognition purposes. The duality of the 

row and column transformations on the data matrix is a characteristic of 

the method. 

We end this section with a generalization of CA along the lines of 

the previous paragraph, characterizing the main theoretical ingredients of 

the method. It is just the introduction to research in progress. 

Let X be a n by p matrix of rank K with non negative entries summing 

to one. Let ~ and n be positive definite (weighing) matrices of orders n 

by nand p by P respectively. A generalized correspondence analysis (GCA) 

of X means finding (factor) matrices ~ and ~ such that 

where 
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<I> 

and 

In other words, the GCA of X is the GSVD of ~-lxQ-I with respect to 

~ and Q. The transition formulas have the same form as before, and the 

optimality of the approximation model obtained by keeping the first K· 

factors of the decomposition is proven with respect to the corresponding 

A particular case of this generalized CA, which has been used for 

sensitivity analyses (Tanaka (1984)), is the following. As before, let Dn 

= diag{xit ) and Dp = diag{xtj ). Let Wn = diag{w k ), where wI, ... ,wn are 

positive numbers. Put ~ = DnWn and Q = diag{ffi j ), with 

The usual case of CA is where all the w's are equal to one. Note 

that with the generalized CA we can introduce a non symmetrical treatment 

of the rows and columns of the data matrix. 

In classical CA there is a property, the distributional equivalency 

principle, which states that if two profiles are identical, then they can 

be added together without affecting the geometry of the dual space. This 

property is a consequence of the definition of the X2 metric, i.e., of the 

choice of weighing matrices, but, as can be easily proven, it is true only 

for that particular choice, thereby characterizing classical CA. 

When ~ and Q are not diagonal matrices, let ~ = L~/Lt and Q = M!2/Mt 

be their spectral decompositions, with Land M orthogonal and ~d and Q d 

diagonal. The transformations Xl = LtXM, (1)1 = Mte!> and \P I = Lt\P produce a 

generalized CA with diagonal weighing matrices: 
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and 

In PCA the solutions (i.e. the factors) are frequently subject to 

rotations to make them more easily interpretable, and there are several 

criteria for finding convenient rotations. We have shown that in GCA the 

rotation (orthogonal transformations) of the solutions are related to the 

choice of the weighing matrices. This is a topic for further theoretical 

and practical research which will not be pursued here. 

3.3.3 Closed Systems 

Suppose that all the rows of the data matrix A have a constant sum, 

which, without loss of generality, can be taken to be one. Systems which 

are represented by matrices of this type are called closed systems and, 

for example, they are common in geochemistry, where the rows of the matrix 

represent mineral samples and the columns represent the components of the 

mineral, measured as percentages. CA has been applied to these types of 

matrices before, and basic results can be found in Valenchon (1983), and 

Royer (1983). 

If ait = 1, for all i = 1, .. ,n, then a tt = n. Write a' j 

~j is the mean of the j-th column of A. The transformations 

and 

produce the CA matrix S 

fjj - fj.f. j 

~ fj.f. j 

(Sij) pxp with entries 
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Sjk = (3.3.3.1) 

In particular, the diagonal entries are 

(3.3.3.2) 

where cr j is the standard deviation of the j-th column. 

The X2 metric between two column profiles j and k is 

(3.3.3.3) 

which, after some manipulation, can be written in the following form: 

(3.3.3.4) 

where CVj denotes the coefficient of variation of the j-th variable and Pj' 

is the correlation coefficient between columns j and k. 

From this last equation we get the following inequalities: 

(3.3.3.5) 

and, in particular, we can see that the profile distance between two 

variables is zero iff the variables have a correlation of one and the same 

coefficient of variation, i.e., if one is proportional to the other. 

We also see that for closed systems the variables having the highest 

coefficients of variation will be the most influential on the composition 

and directions of the factors since they will tend to be separated from 

the rest of the variables. 

The reconstruction formula can be written as 
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or, when K factors are retained, in a form which resembles the 

factorization used in factor analysis 

K 

Jl j L <l>ik'l'jk + e K 
(3.3.3.6) 

k-l 

where e K is the error term, but with the significant difference that here 

this last term is also "structured". 

In chapter five we will discuss an example of a closed data set, and 

illustrate the theoretical points developed here. 



CHAPTER 4 

DIAGNOSTICS FOR CA 

4.1 Introduction 
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Whenever an exploratory method, such as CA, is used, there is the 

possibility that the results are an artifact of the method. If this the 

case, then a slight change in the data may cause a significant change in 

the results. The study of this likelihood has been called "sensitivity 

analysis" by some authors, and "stability analysis" by others. We choose 

to use the second name as the general title, and use "sensitivity 

analysis" in the restricted sense of current statistical research (see, 

for example, Krzanowski (1984), Tarumi (1986), and Benasseni (1990)). 

In a very general sense, stability of a technique means that a small 

perturbation of the data, or the technique, or the model, should produce 

only small changes in the results. Gifi (1990), lists eight types of 

stability: replication stability, statistical stability, stability under 

data selection, stability under model selection, numerical stability, 

analytical stability, algebraic stability and stability under selection of 

technique. 

Not all of the above types of stability apply to our study of CA. 

In this chapter we will be discussing stability under model selection, 

stability under data selection and algebraic stability, and in the next 

chapter, in the discussion of the case studies, we will comment on 

stability under selection of technique. 

Under stability under model selection, we consider the problem of 

deciding the number of factors that should be used, that is, the problem 

of choosing a value for the free parameter K, the dimension of our model. 

To this end, we define global and local goodness of fit measures that help 
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in the selection of the number of factors needed to ensure a stable 

interpretation of the results of CA. 

Algebraic stability and stability under data selection (internal 

stability in the terminology of Greenacre (1984)) are related in that both 

are concerned with the effect of a single sample/variable, or a subset of 

them, on the results. On this subject, Critchley (1985), mentions two 

possible courses of action: either "robustify" the method in some way, or 

perform standard analyses in parallel with appropriate diagnostic 

statistics and graphical displays. The algebraic stability approach would 

seek inequalities bounding the effects of data perturbations, while the 

"influence functions approach" would try to describe the influence of a 

perturbation through the properties of a function. 

One nice feature of CA is that the results can be put in graphical 

form, which makes interpretation easier than by just looking at a set of 

numerical tables. When putting the results in graphical form we should be 

aware of the possible pitfalls of interpreting the graphs. For this 

reason, we will devote a section in this chapter to the issue of plotting 

the results from CA. 

The stability under selection of technique can only be assessed when 

the same data set is analyzed with different techniques having the same 

purpose. For example, if \"Ihen it is used as a dimension reduction 

technique, CA gives the same results as PCA, then we would have a degree 

of confidence in the results. We will see some examples of this in the 

next chapter. 

The theory of the stability of multivariate methods is still in the 

process of being developed, and even some basic problems are open. Much of 

what is known on the subject is of a practical nature with little or no 

theoretical basis. Therefore, some of material presented in this chapter 

should be considered preliminary to work in progress. 
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We recall the following results from chapter three: F is a n by p 

matrix of non negative entries which, by convenience, sum up to one. CA of 

F means finding a set of scalars Au Au ... , Ap-u a set of p-l vectors <P 1 t 

(<Pl.U<l>2.U" .,<PP,I)"'·' <PP_l
t = (<PLP-U<P2,P-U" ·,<Pp,p-d in RP, and a set of p-l 

that each element of F can be written as a bilinear form 

(4.l.1) 

The A's are non negative and listed in decreasing order. The ~'s and 

the <p's are called factors, and for every k,l = 1, ... , p-l, we have that 

each set of factors as weighted averages of the other set of factors. 

For every K=l, ... ,p-l, if 

(4.l. 2) 

then 

(4.l.3) 

4.2 Diagnostics for CA 

In this section we develop several measures that will help in the 

interpretation of the results from CA. Most of them are well known to 

practitioners of CA, except for what we call the error profiles. We define 

the error profiles in order to decompose the global error, similar to that 

in the ANOVA procedure, so that we can analyze the local error due to a 

particular entry, row or column. 

We emphasize here that our methodology involves the use of 
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diagnostics during the process of model fitting, and not just as part of 

the analysis of the output from the program. 

Our analysis will be based on the following equalities: 

4.2.1 Global measure of goodness-of-fit 

Define the cumulative percentage of explained variation as the ratio 

(4.2.1.1) 

which is a global measure of fit when K factors are retained, each Ak 

giving the contribution of a particular factor. Note that the ratio can 

also be written as 

1 -
IIF - FKII2 

IIF-FIi2 o 
(4.2.1.2) 

Its name comes from the terminology used in peA, although here the 
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term variation does not refer to "variance" in the usual statistical 

sense. It is an increasing function of K, and it is used to choose the 

number of factors to be kept, usually by prescribing a percentage of 

variation to be explained (90% for example), and choosing the 

corresponding K. Note that this is a way of saying that the addition of 

more factors does not significantly increase the global quality of the 

chosen model, which, in this sense, becomes stable. 

In peA there are other criteria used to choose K, based on the graph 

of the lambdas, or on their statistical distribution (Jolliffe (1986». We 

will consider any such choice of the number of factors, i.e. the model, 

based on a global measure of fit, as a first step in a multistep procedure 

that also involves an analysis of the local errors. 

4.2.2 The contributions 

We define two types of coefficients that will help describe the 

composition and orientation of the factors. 

For every k = 1, .. . ,p-1, define 

j=l, ... ,p (4.2.2.1) 

and 

i=l, ... ,n (4.2.2.2) 

These are called the absolute contributions of column j or row i to 

factor k and they measure the size of the components of the factors. 

The absolute contributions help in understanding the composition of 

a particular factor and are quoted as percentages. By an abuse of the 

language we say that a particular factor "is composed of" certain 

variables/samples if they have a high absolute contributions to that 

factor. Note that the sum of the absolute contributions for a particular 

variable or sample is equal to one. 
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For every k 1, ... ,p-l, define 

RCk (j) f... k<l>~k j= 1, ... , p 

I: f...1<1>~1 (4.2.2.3) 

1-1 

and 

RCk (i) f...k~k 
i=l, ... ,n 

I: f...1~1 (4.2.2.4) 

1-1 

These are called the relative contributions, or squared 

correlations, of factor k with column j or row i. 

The relative contributions provide a measure of the row or column 

variation explained by a particular factor. We normally quote the relative 

contributions as percentages and refer to them as "squared correlations" 

although they are not correlations in the strict probabilistic sense since 

we are not assuming an underlying probability distribution. They do 

however measure the size of the projection onto a particular factor, which 

is directly related to the cosine of the angle between the factor and the 

given row or column, hence the name of squared correlations. 

When K factors are kept, the sum of the relative contributions of a 

given row or column, sometimes called the cumulative relative 

contribution, provides a measure of the quality of representation of the 

row or column in the space determined by the K factors. Note that the sum 

of the relative contributions for a particular factor is equal to one. 

The first factor may tend toward the points having the highest 

weight unless a point with low weight has a high contribution to the 

factor because of its large variation. Usually a large absolute 

contribution implies a large relative contribution, but not conversely. 

A sample/column that does not contribute to the factors, and is not 
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well represented when K factors are retained, could be considered an 

outlier (Hawkins and Fatti (1984)), since it lies, essentially, in the 

orthogonal complement of the factor space, which is supposed to represent 

the "structure" present in the data set. 

4.2.3 The error profiles 

From the series of equalities given at the beginning of this 

section, we get several decompositions of the global error in terms of 

column errors, row errors and single entry errors. We will call these 

local errors the errors of reconstruction or error profiles, since they 

measure how well a particular entry, row, or column is approximated by the 

model having the retained factors. 

For every j = 1, ... ,p, define the error profile for column j to be 

EP(j) 

For every i 1, ... ,n, define the error profile for row i to be 

EP(i) 

For every i = 1, ... ,n and j 1, ... ,p, define the error profile of 

the (i,j) entry to be 

(4.2.3.3) 

Thus, the global error (equation 4.1.3) can be written as a weighted 

sum of the error profiles: 



n 

= I: f 1+EP (i ) 
1-1 

= f ftjEP (j) 
j-1 

= f f fl+ftjEP (if j) 
1-1 j-1 
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(4.2.3.4) 

The row and column error profiles can also be interpreted in terms 

of the norm of the orthogonal complement to the factor space, giving an 

algebraic sense to the idea of outlier. Note also the following 

relationships between rela<tive contributions and error profiles: 

K EP (j) I: RCk (j) + 1 
k-1 ~ AA)~k (4.2.3.5) 

k-1 

and 

K 
EP (i) I: RCk (i) + 1 

k-1 I: Ak~k (4.2.3.6) 

k-1 

The above equations show that a large local error can be disguised 

by a small weight, that a row or column with a high weight and a small 

local error can contribute significantly to the global error, and that 

there is a complementary relationship between the quality of 

representation and the error of reconstruction of a row or column. This 

relation is qualified by the sum of the projections of the row or column 

onto the factors. 

4.2.4 Supplementary points 

A notion that is very important in CA is that of a supplementary 

element, which can be either a row or a column. Typically, a supplementary 

column would be a variable that is not used in the analysis, that is, that 

does not contribute to the formation of the factors, but nonetheless can 
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give information about the meaning of the factors. The reasons for not 

using that particular variable could be that it has a different nature, or 

that is measured in different units or scale, or simply because we want to 

evaluate the change in the results from CA when the variable is not taken 

into account, so as to have a measure of its influence. The same reasons 

can be given for having a supplementary row. 

In order to display a supplementary point in CA, we project the 

point onto the factors using the transition formulas. Note that for 

convenience the supplementary point can be assigned a weight of zero, so 

that the absolute contributions can also be given the value of zero. The 

relative contributions will give a measure of the quality of its 

representation on the display. 

A given supplementary row (f'H f'H ... , f. p ) can be projected onto the 

k-th principal axis, with its projection (coordinate) being equal to 

\jIsk (4.2.4.1) 

Analogously, for a supplementary column 

projection onto the k-th principal axis is 

~sk (4.2.4.2) 

4.3. Plotting in CA 

A visual display of the results from CA can be obtained by graphing 

the factors, typically, two-dimensional graphs of one factor versus 

another. Since the variation "explained" by a particular factor is given 

by the corresponding eigenvalue, the overall quality of a graph can be 

measured by the cumulative percentage of variation explained by the 
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plotted factors. This means that the best two dimensional display of the 

rows consists of the graph of the points ('I'll' '1'12)' ('I'2lf '1'22) , ••• , ('I'nl' 'l'n2) , 

and the corresponding display for the columns is the graph of (<P11' <P12) , 

(<P21' <P22) ••• , (<PPlf <PP2). Note that a row with entries (fn , ... , f tp ), or a 

column with entries (fl+' ... ' f n,), would be projected onto the origin of the 

corresponding graph. 

The fact that the two sets of factors are "paired" through the 

duality formulas, suggests that the rows and the columns (their 

projections, to be more precise), can be graphed together in the same 

diagram. This possibility, of plotting both sets of projections on the 

same graphs, has been quoted as an advantage of CA, and simultaneous 

plotting has been the usual practice in the applications of the method. 

However, there are concerns about both the theoretical and practical 

foundations of this type of plotting. Before examining this issue from the 

perspective of our model of CA, we comment on previous works. 

Lebart et al. (1984), advocate the simultaneous plotting of the two 

sets of factors and use graphs to demonstrate the rules for interpreting 

a CA, although they explicitly point out the danger of interpreting 

proximity between points belonging to vectors of different spaces. 

Greenacre (1984), gives the same warning and prefers to display the 

factors on different diagrams, although in earlier papers he used 

simultaneous displays (Greenacre (1981)). Davis (1986), uses simultaneous 

plotting, which is standard practice in the applications of CA to the 

Earth sciences. In the last five years, there has been an ongoing 

discussion about the geometrical interpretation of CA, with papers by 

Hoffman and Franke (1986), Carroll et al. (1986), Greenacre and Hastie 

(1987), Carroll et al. (1987), Greenacre (1989) and Carroll et al. (1989). 

Two references with a point of view similar to the one that we present 

here are Goodman (1986), and Gifi (1990). 
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In our approach, we start with the reconstruction formula, written 

in the following form 

f ij - fi+f+ j 

fi+f+ j 

{LJ.3.1) 

The right hand side of the formula has the form of an inner product. 

Define the coordinates of the factors o/k $k' k = 1, ... ,p-l, to be 

'T! k [i": 'Ilk 

<l>k = [i":<!>k 

so that now equation (1) can be rewritten 

f ij - fi+f+ j 

fi+f+ j 

(4.3.2) 

(4.3.3) 

which suggests that for Euclidean displays it would be better to plot one 

set of factors together with the dual set of coordinates, i.e., the o/k'S 

with the coordinates of the $k'S, or the $k'S with the coordinates of o/k'S, 

because then the left hand side of (3) would represent the cosine of the 

angle between them. 

If this suggestion is followed we can obtain an interpretation of 

the proximity between a column point and a row point. The transition 

formulas, written as 

%k I f ij <!> i 1, ... , n T jk 
j-l 1+ 

(4.3.4) 
n f

ij 
<1> jk L -'Vlk j I, ... ,p 

1-1 f+ j 

for k = 1, ... ,p-l, show that the coordinates of one set of factors are 

plotted as weighted averages of the other set of factors. A column (row) 

point will therefore be nearer to the row (column) points contributing 
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most to this average and will be aligned in the direction of the factors 

on which these points contribute the most. 

Now, in terms of the coordinates of the factors, we can rewrite 

formulas (3.2.7) and (3.2.8), and relate the X2 distance between rows or 

columns and the Euclidean distance between coordinates. If dE denotes the 

Euclidean metric and d is the X2 metric then, for rows i and 1 we have that 

(4.3.5) 

and for columns j and k we have that 

(4.3.6) 

This means that a graph of the coordinates will give a faithful 

representation of the distances between profiles. Note however, that there 

can not be a formula for the distance between a row profile and a column 

profile, and the notion of "nearness" discussed before can not be defined 

in metric terms. 

In the case studies discussed in the next chapter we always plot the 

coordinates of the factors on separate graphs. 

4.4. Sensitivity Analysis 

In this section we describe an approach to the analysis of algebraic 

stability based on the concept of influence functions. 

4.4.1 Influence functions 

Let F be a (cumulative) distribution function and e = T(F) be a 

parameter of F, expressed as a functional. The theoretical influence 

function I(x;9) at x is defined (Radhakrishnan and Kshirsagar (1981)) as 
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I(x;8) 
lim (e - 8 ) 

E ~O E 
(4.4.1.1) 

where e = T(F) and F = (1 - elF + eOx is a perturbation of F by a unit 

mass distribution concentrated at x. 

The theoretical influence function is thus a Gateaux derivative of 

a, when a is considered as a functional of F, and measures the change of 

the parameter in the direction of a perturbation by x. In practice, we 

almost always work with the sample influence function. 

In recent years there have been studies dealing with the sensitivity 

of multivariate methods which are based on the eigenstructure of matrices. 

We mention Sibson (1979), Radhakrishnan and Kshirsagar (1981), Krzanowski 

(1984), Tanaka (1984), Critchley (1985), Tanaka and Tarumi (1986), Tarumi 

and 'fanaka (1986), Tarumi (1986), Tanaka (1988), Pack et al. (1988), 

Tanaka and Odaka (1989a), (1989b), and (1989c), Tanaka (1989), Tanaka and 

Castano-Tostado (1990), Bemassem1 (1990), and Scarponi et al. (1990), 

without exhausting the list. 

We want to derive the influence functions for the eigenvalues and 

eigenvectors of a symmetric matrix, considering its entries as parameters 

of a certain c.d.f. It turns out that this is an easy task (Sibson (1979), 

Radhakrishnan and Kshirsagar (1981), Critchley (1985». 

Theorem 1 .- Let A be a symmetric matrix of order p. Let A be an 

eigenvalue of A, and u its unit norm eigenvector. Then, the influence 

function of A at x is 

I( XiA) = utI( XiA)u (4.4.1.2) 

where I(XiA) is the influence function of A at x. 

Theorem 2.- Let A be a matrix of rank p and distinct eigenvalues. 

Then, the influence function of a normalized eigenvector u corresponding 

to an eigenvalue A is given by 
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(4.4.l.3) 

A proof of the theorems and the case of repeated eigenvalues can be 

found in the references. This is the starting point for a sensitivity 

analysis of PCA. A different, but equivalent, expression for the influence 

function of an eigenvector is given by Tanaka (1988). 

Theorem 3.- Under the same assumptions as in Theorem 2, we can write 

the influence function I(XiU1 ) in the following form: 

(4.4.1.4) 

Proof: Write A 

note that 

Substituting into (4.4.1.3) gives the result. 

4.4.2 Sensitivity analysis for CA 

The basic results are found in Tanaka (1984), and Tarumi (1986). The 

mathematical justification of the power method can be found in Kato 

(1980), or Rellich (1969). We will only describe some specific cases. 

Let wp w2f"" wn be non negative numbers. Define Dw = diag (wJ, /j. 

DnDw and Q = diag (XtDw1n) . The entries of Q are weighted sums of the columns 

of X (see end of Section 3.3.2). Write the GSVD of Dn-IXQ-1 with respect to 

/j. and Q as X = Dn~E~tQ. Ordinary CA has all the w's equal to one, but to 

assess the influence of the first row, lets assume that WI = 1 - £, while 

Computationally, we would first obtain the following spectral 

decomposition, involving a symmetric matrix S 

(4.4.2.1) 
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If we think of S as a function of e, S = S(e), then S(O) gives the 

matrix for ordinary CA, and we can apply the theorems of the preceding 

section to obtain the influence functions of its eigenvalues and 

eigenvectors. 

Note that if we expand S S(O) + eSl + ... , then I(XiS) SI is the 

influence function of S. 

Theorem 1.- Let S be defined by (4.4.2.1) and expanded in a power 

series S = S (0) + eSl + Then, the entries of Sl are 

(4.4.2.2) 

Proof: The elements of S are of the form 

(1-e)x1jx 1k + t: XijXik 

xl> HI Xi. 

where d j = (1 - e)x1j + x2j + ... + xnj . Formula (4.4.2.2) can be obtained 

by taking the derivative with respect to e and then setting e = o. 

From the influence function of S we can obtain the corresponding 

influence functions of the factors. This has not been implemented yet in 

the program described in Appendix 2. 

4.5 An introduction to algebraic stability 

We will confine ourselves to some simple examples of how a 

particular row can have a significant effect on the results of CA. The 

basic ideas can be found in Escofier and Le Roux (1976) and (1977), and in 

Greenacre (1984), but this is an area where there is much to be done. 

Suppose that the first row is projected onto the first factor, that 

is, suppose that o/lk = 0, for k > 1. We will assess the effect of deleting 

this first row on the ordering of the factors. 

The ordering of the factors is determined by the ordering of the 

eigenvalues, which are equal to the variation explained by them. 
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Originally, we have that 

k 1, ... , p-1 

The row (f tl , ft2f ... , f. p ) projects onto the origin of the factor space. 

When the first row is deleted, the entries of the data matrix have to be 

rescaled by a factor 1/(1 - fl+)' and the new origin of the factor space 

is determined by projecting the row with entries 

j=l, ... ,p 

onto the factor space. Since row one affected only the first factor, the 

only change in the origin of the factor space is a translation along the 

fir.~t axis, of size 

Now, the variation explained by the second, third, etc. factor, will 

only change by a factor of 1/(1 - fl+), whereas the variation along the 

first factor is now 

Therefore, a change in the ordering of the factors will occur if 

'I ( fh ),,;;, 'I 
11.1 - 1 f '/'11 < 11.2 

1, 

(4.5.1 ) 

Although this is a theoretical example, we will see in the course of 

the discussion of the case studies instances where the deletion of a row 

causes a shift in the ordering of the factors, i.e. a rotation, without 

affecting significantly their composition. 
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4.6 Missing Values and cross-validation 

Our approach to CA allows for a relatively easy treatment, although 

computationally intensive, of missing values. We will describe a modified 

version of a method for entering data, first analyzed by Nora-Chouteau 

(1974) (see also de Leeuw and van der Heijden (1988». Suppose that only 

the entry fm is missing. 

Algorithm for missing values 

(a) Assign an arbitrary value to ~=. 

(b) Perform CA, iterating on the number of factors, until row rand 

column c are well represented by the factors chosen. 

(c) Reconstruct f re using the reconstruction formula. 

(d) Return to (b), until there is convergence. 

If the number of factors to be retained in each iteration step is 

determined and fixed beforehand, then, in some cases, there are proofs 

(Nora-Chouteau (1974» of the convergence of the algorithm to a certain 

value, which, of course, can't be proven to be the unique "real" value of 

f re , but which is "compatible" with the model defined by the number of 

factors chosen. Our modification, the iteration step on (b) above, 

exploits the relationship between the relative contributions and the error 

profiles to obtain a suitable number of factors for use in the 

reconstruction formula; on the other hand, the algorithm found in the 

literature assumes that the number of factors has been determined prior to 

the reconstruction. 

When each f re is known, then treating f re as an unknown and 

reconstructing a value f re ' would allow us to design a cross-validation 

procedure for CA, similar to the jackknife. An outline is as follows (see 

Holmes-Junca (1985) and Escoufier (1988» 

Assume that n > p - 1. Suppose that K - 1 factors have already been 

chosen, and we want to validate the inclusion of the K-th factor. Delete, 
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in turn, each row of the data matrix and obtain K factors from the 

modified matrix; repeat the procedure deleting one column at a time. 

Denote by O"(i)k' 'If (i)k' <l> (ilk) the solutions when the i-th row is deleted, 

and by O"(j)k' 'If(j)k' <l>(j)k) the solutions when the j-th column is deleted. 

Construct a matrix FK with entries 

and decide on the inclusion of the K-th factor based on a performance 

measure. Suggestions for this measure are the following: 

i) A measure (norm) of the difference F - FK • 

ii) A measure related to the PRESS statistic (vlold (1978), 

Krzanowski (1987)). For example, if 

PRESS (K) 

then a measure such as 

PRESS (K-1) - PRESS (K) 
PRESS(Rj 

representing the increase in reconstructive power of the K-th factor could 

be used to decide its inclusion. 

iii) A measure based on the RV coefficient (Robert and Escoufier 

(1976)) of either F and FK or F K- 1 and F K • 

Since the implementation of any of these suggestions can be very 

demanding, in terms of computer resources, we will not provide numerical 

examples of these cross-validations procedures. 
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In this chapter we present three case studies of data sets being 

analyzed with CA. The data sets were chosen to illustrate the main 

features of the technique, and also because they are typical of the data 

that arises from environmental problems. Two of the cases involve data 

that were previously analyzed with other multivariate methods, giving us 

the opportunity to make a comparison of the results. In the next chapter 

we will provide a more general comparison of CA to other multivariate 

techniques. 

The case studies are ordered in terms of their complexity. The first 

case is an example of a closed data set, and we include its analysis more 

for expositional purposes than for its intrinsic importance. 

The second case study involves twelve data sets coming from three 

related sources. The sets have not been previously analyzed by other 

methods, and we use them to illustrate the pattern recognition 

possibilities of CA. 

The third case study involves a data set which has been analyzed 

before with published results. The complexity of the data set allows us to 

explore most of the features of CA and prove its worth as a multivariate 

descriptive method. 

5.2. Differentiation series of an igneous complex 

5.2.1 Introduction 

Davis, in his book on statistics and data analysis in geology (Davis 

(1986)), analyzed a data set consisting of eight major oxides contained in 
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twenty samples collected from an igneous complex. Each sample was given a 

name by petrographic analysis: syenite (four samples), monzonite (three 

samples), diorite (three samples), gabbro (two samples), hypersthene 

gabbro (two samples), no rite (two samples), quartz diorite, quartz 

syenite, altered syenite and diabase. For each sample the analyzed 

constituents add up to one hundred percent. The constituents are the 

following: silica, alumina, ferric oxide, ferrous oxide, magnesium oxide, 

calcium oxide, sodium oxide and potassium oxide. The complete data set is 

reproduced in Appendix 3. 

A Q- mode analysis using a cosine e similarity matrix was performed 

with the objective of placing each sample in its proper place within a 

differentiation series. Five factors were extracted and the first two were 

used for rotation and plotted. The loadings of the rotated factors were 

interpreted as heavily weighing the relative abundance of silica plus 

alumina and the plot showed a gradational sequence in the form of a 

circular arch with hypersthene gabbro (sample 14), at one extreme and 

quartz syenite at the other (sample 16). The sequence was interpreted as 

a gradation between sialic and femic extremes. A second analysis, cluster 

analysis using the weighted pair-group averaging of the correlation 

matrix, gave essentially the same sequence. 

5.2.2 Results from CA 

We performed CA on this set, and we will describe the results in 

terms of the theory developed in Section 3.3.3. The seven non trivial 

eigenvalues, rounded to three decimals, and with their explained variation 

in parenthesis are: 0.067 (65%), 0.017 (17%), 0.010 (10%), 0.004 (4%), 

0.003 (3%), 0.001 (1%) and 0.001 (1%). A preliminary choice of three 

factors, accounting for 92% of the variation, was made. 

The constituents contributions are listed in Table 5.2.1, and the 

sample contributions are listed in Table 5.2.2. It is seen that the 



VAR. C.V. AC (1) RC (1) AC(2) RC(2) AC (3) RC(3) 

Si02 0.1 6.3 81.4 0.5 1.7 0.7 1.4 
Al 20 J 0.1 0.3 7.6 0.9 5.5 5.1 17.8 
Fe 20 J 0.4 1.2 21.2 0.2 0.8 0.1 0.2 
FeO 0.8 30.6 71.2 34.5 20.4 22.1 7.6 
MgO 0.7 36.3 83.3 0.1 0.0 46.7 15.9 
CaO 0.5 6.7 28.9 57.3 63.0 6.6 4.2 
Na 20 0.5 8.9 79.5 1.7 3.8 2.4 3.2 
K20 0.6 9.7 65.2 4.9 8.4 16.4 16.4 

Table 5.2.1.- Absolute and relative contributions of the oxides 
for the first three factors. The coefficient of variation is 
also included. 
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# SAMPLE 

1 Syenite 
2 Syenite 
3 Syenite 
4 Monzonite 
5 Diorite 
6 Diorite 
7 Diorite 
8 Quartz D. 
9 Gabbro 

10 Gabbro 
11 Norite 
12 Norite 
13 H. Gabbro 
14 H. Gabbro 
15 Syenite 
16 Quartz S. 
17 Altered S. 
18 Monzonite 
19 Monzonite 
20 Diabase 

AC ( 1) 

3.0 
7.7 
2.0 
0.0 
0.0 
5.3 
2.7 
0.1 
0.5 
0.8 
6.6 
6.3 
8.7 

25.4 
7.6 

14.0 
2.3 
3.7 
3.2 
0.1 

RC ( 1) 

80.6 
94.5 
56.5 

5.4 
1.3 

72 .5 
81.7 
13.3 
25.8 
44.5 
46.3 
75.8 
52.3 
70.2 
96.8 
88.5 
25.0 
82.3 
70.9 
10.3 

AC ( 2) 

0.2 
0.7 
1.6 

.4 
8.6 
0.0 
1.2 
0.1 
3.0 
1.0 
8.3 
3.5 

29.5 
35.5 

0.4 
3.3 
0.2 
1.3 
1.0 
0.2 

RC( 2) 

1.6 
2.2 

11.2 
11.3 
56.3 
0.0 
9.2 
4.6 

42.2 
14.5 
14.9 
10.8 
45.2 
25.0 
1.3 
5.3 
0.6 
7.0 
5.7 
3.5 

AC( 3) 

2.0 
0.0 
0.6 
1.7 
0.0 

11. 8 
0.6 
0.4 
2.0 
0.2 

32.5 
1.0 
0.2 
8.9 
0.0 
2.3 

31.7 
1.8 
0.0 
2.1 

RC( 3) 

7.8 
0.0 
2.6 

29.3 
0.0 

23.9 
2.88 
12.3 
16.5 
2.1 

34.1 
1.9 
0.2 
3.7 
0.0 
2.1 

51.5 
5.8 
0.0 

24.3 

Table 5.2.2.- Absolute and relative contributions of the samples for 
the first three factors. 
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constituents with the most (coefficient of) variation are responsible for 

the formation of the first factor. The first three oxides do not 

contribute significantly to a~y of the three factors, although silica is 

highly correlated to the first factor due to its high correlation (in the 

sense of the r coefficient) with ferrous oxide (r = -.74) and magnesium (r 

= -.76). On the sample space, the pair of hypersthene gabbro samples 

contribute significantly to the first two factors, with a sample of norite 

and the sample of altered syenite making a high contribution to the third 

factor. 

The error profiles are listed in Tables 5.2.3 and 5.2.4. It is seen 

that samples 17 (altered syenite), 5, 3, 19, 12, and 20 have the larger 

reconstruction error, while samples 8, 20 and 4 are not well correlated 

with the factorial space determined by the three factors. Of the oxides, 

the ferric oxide has the largest reconstruction error and the lowest 

correlation, and alumina is also poorly correlated with the factors, this 

being explained by the fact that neither oxide is well correlated (in the 

sense of the r coefficient) with the other oxides (-.40 < r < .44). 

The plot of the samples on the plane determined by the first two 

factors (Figure 5.2.1), exhibits the same pattern that is shown on page 

573 of Davis (1986), with the samples being ordered by the first factor 

(Table 5.2.5). This ordering, combined with the second coordinate, 

produces a counter-clock arch on the graph with the same type of 

clustering as the one shown on page 574 of Davis (1986). 

Note that CA reproduced the results from the other two multivariate 

methods, but we get more information from CA by looking at the plots 

(Figures 5.2.2 and 5.2.3), determined by the coordinates (Table 5.2.6), of 

the oxides. On Figure 5.2.2, we see the opposition of the magnesium, 

calcium and ferrous oxides to the rest of the constituents. This suggests 

that the graph is somewhat similar to a variation diagram derived from u!; 



SAMPLE ERROR PROFILE SUM OF REL. 
CONTRIBUTIONS 

1 0.005 90.1 
2 0.004 96.8 
3 0.015 70.3 
4 0.006 46.1 
5 0.022 57.6 
6 0.004 96.4 
7 0.003 93.7 
8 0.005 30.2 
9 0.004 84.4 

10 0.009 61.0 
11 0.009 95.3 
12 0.013 88.5 
13 0.005 97.6 
14 0.005 98.9 
15 0.002 98.1 
16 0.009 95.9 
17 0.028 77.2 
18 0.003 95.1 
19 0.014 76.7 
20 0.011 38.1 

Table 5.2.3.- The error profiles of the samples when three 
factors are retained. 

69 



VAR. ERROR PROFILE SUM OF REL. 
CONTRIBUTIONS 

Si02 0.001 84.4 

Al 20 3 0.012 30.9 

Fe20 3 0.111 22.2 

FeO 0.004 99.3 

MgO 0.004 99.3 

CaO 0.009 96.1 

Na20 0.028 86.4 

K20 0.032 89.9 

Table 5.2.4. - The error profiles of the oxides when three 
factors are retained. 
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Figure 5.2.1.- Plot of factor one (horizontal) versus factor two 
(vertical). The samples. 
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SAMPLE Factor 1 Factor 2 Factor 3 

16 0.4283 -0.1043 0.0665 
2 0.3206 -0.0489 0.0048 

15 0.3191 -0.0367 0.0046 
18 0.2224 0.0649 -0.0590 
19 0.2070 -0.0586 0.0054 

1 0.1997 -0.0284 0.0622 
7 0.1910 -0.0642 -0.0355 
3 0.1678 -0.0749 -0.0362 

20 0.0427 0.0250 -0.0657 
4 0.0253 0.0366 0.0588 
5 0.0253 0.1693 0.0030 
8 -0.0302 0.0178 0.0291 
9 -0.0783 0.1001 -0.0626 

10 -0.1027 0.0586 -0.0221 
17 -0.1759 0.0277 0.2525 

6 -0.2685 -0.0029 -0.1542 
12 -0.2916 0.1098 0.0459 
11 -0.3002 -0.1700 -0.2574 
13 -0.3398 0.3159 0.0187 
14 -0.5820 -0.3471 0.1331 

'- '1',' .- .' 

Table 5.2.5.- The coordinates of the samples on the first three 
factors. 
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Figure 5.2.2.- Plot of factor one (horizontal) versus factor two 
(vertical). The oxides. 
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Figure 5.2.3. - Plot of factor one (horizontal) versus factor three 
(vertical). The oxides. 
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VAR. Factor 1 Factor 2 Factor 3 

Si02 0.0867 -0.0124 0.0112 

A1 20 3 0.0364 0.0308 -0.0555 

Fe20 3 0.1740 0.0328 -0.0161 

FeO -0.6273 -0.3355 -0.2053 

MgO -0.6449 0.0129 0.2818 

CaO -0.2528 0.3731 -0.0967 

Na 20 0.4077 -0.0889 -0.0813 

K20 0.4516 -0.1618 0.2265 

Table 5.2.6.- The coordinates of the oxides on the first three 
factors. 
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index of the form cSi02 + K20 - MgO - CaO - FeO, as defined in Larsen 

(1938), and inspired by the lime-alkalic series. 

Note also that the distances between oxides could be computed from 

equation (3.3.3.4), for example d(K20,FeO) 1.15, but since the diagram 

is only a two dimensional representation the distances will appear 

distorted. A distance matrix could be constructed and used in further 

analysis (Zhou et al. (1983) and Davis (1986)). 

The plot of factor one versus factor three (Figures 5.2.3 and 

5.2.4), show that factor three is related to magnesium content and it 

helps to separate the magnesium rich samples. 

The approximated data matrix, obtained from the reconstruction 

formula with three factors, is shown in Table 5.2.7, and it can be 

compared to the original (Appendix 3). We already know, from the error 

profiles, where there may be significant deviations. Equation (3.3.3.6) 

can also be used to obtain a description of the local errors eiJ. 

5.2.3 Conclusions 

We have shown the application of CA to closed data sets. For the 

particular data set exercised here CA gave the same differentiation series 

as the Q- mode analysis and the cluster analysis, but, in addition, also 

gave a variation diagram for the constituents. A model with three factors 

gave a satisfactory global fit, although more factors would be needed to 

give a good reconstruction of some entries of the data matrix. The 

possibility of this localized error analysis may be taken as an advantage 

of CA over other multivariate techniques. 
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# Si02 A1 20 J Fe20 J FeO MgO CaO Na 20 K20 

1 59.0 16.0 2.90 2.40 3.90 4.60 4.50 4.80 
2 61. 0 17.0 3.10 1. 70 1. 20 3.70 5.40 5.10 
3 56.0 16.0 2.70 4.20 2.60 4.30 4.60 3.90 
4 55.0 16.0 2.60 3.70 6.30 7.00 3.40 3.50 
5 55.0 17.0 2.70 2.60 5.60 10.0 3.30 2.70 
6 48.0 17.0 2.10 9.90 6.90 9.40 2.40 0.56 
7 57.0 16.0 2.80 3.90 2.30 4.50 4.70 4.10 
8 54.0 16.0 2.50 4.90 6.60 7.20 3.20 3.10 
9 53.0 17.0 2.50 5.50 6.00 9.90 3.10 1. 90 

10 52.0 16.0 2.40 5.80 6.80 8.80 2.90 2.20 
11 47.0 17.0 2.00 l3.0 5.60 7.00 2.90 0.31 
12 48.0 15.0 2.10 6.70 10.0 10.0 1. 50 1. 40 
13 47.0 16.0 2.20 4.90 11. 0 15.0 0.82 0.18 
14 47.0 12.0 1.30 15.0 16.0 3.00 0.74 2.20 
15 61. 0 17.0 3.10 1. 60 1. 20 3.90 5.30 5.00 
16 64.0 16.0 3.20 0.48 0.64 1.50 6.00 6.40 
17 52.0 13.0 2.10 4.20 12.0 6.80 1. 70 3.80 
18 59.0 18.0 3.00 2.10 1. 60 7.10 4.80 3.70 
19 58.0 16.0 2.80 3.20 2.80 4.20 4.70 4.40 
20 54.0 17.0 2.60 4.80 4.00 7.30 3.80 2.70 

". " ,'- '.--. 

Table 5.2.7.- The reconstructed data using the first three factors. 
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5.3 Geochemistry of the sediments from three coastal 

lagoons in Sonora, Mexico 

5.3.1. Introduction 

Coastal lagoons are important ecosystems, not only because of their 

ecological significance, but also because of their great value for human 

well-being. They offer great economical potential in terms of commercial 

fishing, aquaculture, tourism activities, etc., but as they are developed, 

the anthropogenic activity has an adverse effect on their biotic 

communities and on the quality of their water. 

The CICTUS, a research center at the Universidad de Sonora, has been 

involved, in the last decade, in hydrological studies and environmental 

impact projects in some coastal areas in the Mexican state of Sonora. A 

knowledge of the general behavior of some coastal lagoons has been 

obtained from these studies, but particular information about specific 

sites, like Bahia de Guasimas (Guasimas Bay), Bahia Lobos (Lobos Bay) and 

Estero los Algodones (Estuary los Algodones) is lacking, although some 

studies about phytoplancton populations, pesticide pollution, and 

fisheries activities, have been made. 

The characterization of a depositional environment, like a bay or an 

estuary, is made through a study of the properties of the sediments 

contained within. The existing hydrodynamic and aerodynamic conditions 

directly affect the sediment transport and deposition, which in turn has 

an influence on the life of planktonic and nectonic organism living in the 

area. There is a direct relationship between the benthos and the sediment 

characteristics: the biotic productivity of the estuaries is directly 

responsible for the nature of the substrate and for the community of the 

living organisms living in their marine soil; therefore, a knowledge of 

the substrate geochemistry would be an important part of integral studies 

of these areas. 
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A study was made on the substrate geochemistry of the three coastal 

lagoons mentioned above, with the object of characterizing their 

physiographic differences: Bahia de Guasimas is a coastal lagoon with null 

or scarce anthropogenic activity, Estero de Algodones receives fresh water 

from a river, and Bahia Lobos has some symptoms of anthropogenic 

modification since it receives effluent from an agricultural district. 

5.3.2. Location and general characteristics of the study 

areas 

The three coastal water bodies studied share the following 

characteristics: 

- They are located in the Sonoran part of the Gulf of California, 

and are classified as belonging to region C, type II, subtype A in 

the physiographic province of the desert zone of Sonora. 

- They are located in zones of arid climate. 

- The rivers are usually dry, and some have low volumes, but with 

seasonal flooding. 

- Extensive deltas in the adjacent continental part. 

- Moderate tidal energy. 

Bahia Guasimas (27°55'N - 110 0 35'W) is separated from the waters of 

the Gulf of California by a sand bar of approximately seven Km., extending 

in a SE direction. It has an area of 38 Km. 2 and receives scarce input of 

fresh water. 

Estero de Algodones (27°40'N - 110 0 25'W) has a sand bar of about 

four Km. forming a mouth where there is continuous mixing of sea water and 

fresh water coming from the Yaqui river. This river is the principal 

source of sediments. 

Bahia Lobos (27°20'N - 110 0 30'W) has a large sand bar of about 

seventeen Km. known as Isla Lobos (Island). There is contact with the open 

sea at both ends of the bar. This water body, the largest of the three 
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being studied, has an area of 112 Km. 2
, and is on the receiving end of the 

pollution coming from the contiguous agricultural district Valle del 

Yaqui. 

5.3.3. Sampling strategy 

There were four sampling points in each of the three systems, chosen 

as being representative of specific areas within the system. A deep diving 

operation at each sampling point collected a sediment nucleus (identified 

as N1, N2, N3, and N4), being careful to not perturb the sediments when 

taking the sample. The samples were kept at 50 C avoiding contact with 

light and air during their shipment to the laboratory. 

In the laboratory the nuclei were divided in transversal sections of 

two cm. starting from the top of the superficial sedimental layer and to 

a depth of forty cm .. The metal content of portions of three to five grams 

of dry and pulverized sediment was obtained by acid digestion and atomic 

absorption spectrophotometry. 

The heavy metals that were identified were cadmium, nickel, copper, 

lead, manganese, iron, zinc, cobalt and chromium and their concentrations, 

in parts per million, were tabulated as the columns of matrices having as 

rows the sections of the samples. In some samples there was some variation 

in the number of sections that could actually be produced, the number of 

rows in the matrices varied between sixteen and twenty. The complete data 

sets are reproduced in Appendix 2. 

5.3.4. Results from CA 

CA was applied to each of the twelve data sets with the objective of 

obtaining a descriptive profile of each depositional environment. Thus, CA 

was used as a pattern recognition technique, chosen over other 

multivariate methods because of its emphasis on the graphical display of 

the results. For the purpose of this dissertation we will only show part 

of the analyses, since the complete analysis would be too extensive. 
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CA on N1 of Bahia Lobos produces a first factor dominated by the 

anomalous concentration of chromium on section 7 of the column (upper half 

of Table 5.3.1 and Figure 5.3.1). A second run of the program, with this 

section made supplementary shows (Figure 5.3.2 and bottom half of Table 

5.3.1) the spurious effect of that single value. A shift in the ordering 

of the factors can be observed, with chromium now contributing to the 

third factor, and, even though the global quality of the displays is 

almost the same, a change in the quality of the representation of the 

individual variables, with zinc, copper and cadmium being poorly 

represented. 

CA on N2 of Bahia Lobos produces a different pattern, with zinc 

dominating the first factor and manganese the second factor. These are the 

only elements that are well represented on the plot of the first two 

factors (Table 5.3.2. and Figure 5.3.3) . chromium and cadmium are not well 

correlated with the space generated by the first four factors. 

CA on N4 of Bahia Lobos shows on the first run a similar pattern as 

N2 (upper half of Table 5.3.3 and Figure 5.3.4), but in this case there is 

a section with an anomalous concentration of zinc near the bottom of the 

nucleus. When this section is made supplementary there is a reversal in 

the order of the first two factors (Figure 5.3.5), but the other factors 

remain essentially unchanged. Cadmium and nickel are poorly represented 

with four factors, but the change in the quality of copper and lead (Table 

5.3.3), suggests that the "deleted" section should be treated as an 

influential sample and not as an outlier. 

This is an instance where the example of Section 4.5 can be applied. 

The first three eigenvalues of the original analysis are 0.003786, 

0.000706 and 0.000144, the weight of the deleted section is 0.0467 and its 

coordinates are (-0.2577, -0.0102, -0.0030, ... ). Since the section 

projects almost entirely onto the iirst factor, we can use the inequality 
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VAR AC (1) RC{l) AC(2) RC(2) AC(3) RC(3) AC (4) RC (4) 

Cd 0.1 5.0 0.1 1.5 1.7 12.3 5.2 10.0 
Ni 0.9 8.0 3.1 12.7 45.8 66.0 31. 3 11.8 
Cu 0.1 4.9 0.2 7.2 2.1 32.9 0.0 0.2 
Pb 0.1 1.5 0.0 0.1 31.2 63.8 57.8 31. 0 
Mn 0.3 0.6 94.0 98.3 2.6 1.0 0.5 0.1 
Fe 0.1 14.4 1.5 80.4 0.2 4.8 0.0 0.0 
Zn 0.2 6.0 0.4 7.2 2.5 14.7 3.4 5.2 
Co 0.2 4.4 0.6 5.9 13.2 48.1 0.9 0.8 
Cr 98.1 99.8 0.1 0.1 0.7 0.1 0.9 0.0 

------------------------------------------------------------

Cd 0.1 1.5 1.7 14.3 7.2 25.4 1.1 2.1 
Ni 2.8 12.9 44.8 72.6 1.5 1.0 28.8 10.5 
Cu 0.1 6.9 2.0 34.4 0.1 0.7 0.3 1.3 
Pb 0.0 0.2 31. 6 65.1 9.6 8.4 56.0 26.0 
Mn 94.3 98.9 2.6 1.0 0.2 0.0 0.8 0.1 
Fe 1.5 93.6 0.3 5.5 0.0 0.3 0.0 0.1 
Zn 0.5 8.3 2.5 15.8 1.5 4.1 0.4 0.6 
Co 0.5 5.4 13.0 49.2 3.9 6.3 6.7 5.7 
Cr 0.2 1.6 1.5 3.9 76.0 85.3 5.9 3.5 

~ + • - ~ .~ .- ~.". -_ .. -- ._- - . ~ 

Table 5.3.1. - Contributions of the variables for the first four 
factors for N1 of Bahia Lobos. The upper half is the analysis on the 
original data ; the second half shows the change when a sample with 
an anomalous concentration of Cr is supplementary. 
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Figure 5.3.1.- Plot of factor one (horizontal) versus factor two 
(vertical) for N1 of Bahia Lobos. No supplementary points. Factor one 
explains 58% of the variation and factor two explains 27%. 
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Figure 5.3.2.- Plot of factor one (horizontal) versus factor two 
(vertical) for N1 of Bahia Lobos. A sample with an anomalous 
concentration of Cr has been made supplementary. Factor one explains 59% 
of the variation and factor two explains 21%. 
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VAR AC(l) RC (1) AC(2) RC(2) AC(3) RC (3) AC (4) RC (4) 

Cd 0.0 7.3 0.2 10.6 0.1 2.7 2.0 16.0 
Ni 0.0 3.1 0.0 2.1 1.2 33.6 1.7 12.9 
Cu 0.0 0.1 0.7 7.4 0.6 2.5 51.2 62.9 
Pb 1.6 11.0 0.2 0.4 93.6 88.1 0.8 0.2 
Mn 4.1 12.4 92.8 87.5 0.1 0.0 0.9 0.1 
Fe 0.7 58.6 1.6 39.9 0.1 0.8 0.1 0.2 
Zn 93.4 98.3 4.4 1.5 1.7 0.2 0.0 0.0 
Co 0.1 3.5 0.2 1.7 0.0 0.1 43.1 56.9 
Cr 0.1 3.7 0.0 0.0 2.7 24.3 0.2 0.5 

... _. -.~. " " _. 

Table 5.3.2.- Absolute and relative contributions of the variables for 
the first four factors for N2 of Bahia Lobos. 
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Figure 5.3.3.- Plot of factor one (horizontal) versus 
(vertical) for N2 of Bahia Lobos. Factor one explains 
variation and factor two explains 21%. 
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VAR AC(l) RC (1) AC(2) RC(2) AC(3) RC (3) AC (4) RC (4) 

Cd 0.0 8.1 0.1 28.5 0.0 0.3 1.7 15.9 
Ni 0.0 0.1 0.0 0.9 0.0 0.4 13.4 30.2 
Cu 0.1 3.5 0.0 0.0 99.3 96.4 0.0 0.0 
Pb 0.1 12.5 0.1 4.4 0.2 1.3 50.1 59.1 
Mn 5.3 23.6 92.4 76.4 0.0 0.0 0.8 0.0 
Fe 0.8 82.3 0.9 17 .2 0.1 0.3 0.0 0.0 
Zn 93.5 98.9 5.7 1.1 0.1 0.0 0.0 0.0 
Co 0.2 51. 9 0.0 0.8 0.1 1.2 0.2 0.3 
Cr 0.0 1.1 0.7 21.0 0.2 1.2 33.8 33.1 

--------------------------------------------------------------

Cd 0.1 26.0 0.0 7.1 0.0 0.6 1.1 9.5 
Ni 0.0 0.7 0.2 11.3 0.1 1.8 2.0 4.1 
Cu 0.2 1.3 1.2 4.8 97.8 93.9 0.0 0.0 
Pb 0.0 1.5 0.3 10.9 0.5 4.3 27.5 35.6 
Mn 82.6 88.5 15.2 11.5 0.0 0.0 0.8 0.0 
Fe 1.5 98.5 0.0 0.0 0.1 1.0 0.0 0.0 
Zn 15.2 20.6 82.4 79.0 1.3 0.3 0.4 0.0 
Co 0.0 0.9 0.1 14.2 0.0 0.4 2.3 12.8 
Cr 0.3 10.1 0.5 12.4 0.1 0.7 65.9 58.4 

.. , ,. .. , M .. .. .. 

Table 5.3.3.- Contributions of the variables for the first four factors 
for N4 of Bahia Lobos. The upper half is the analysis of the original 
data; the lower half shows the change when a sample with an anomalous 
concentration of Zn is supplementary. 
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Figure 5.3.4.- Plot of factor one (horizontal) versus 
(vertical) for N4 of Bahia Lobos. Factor one explains 
variation and factor two explains 15%. 
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Figure 5.3.5.- Plot of factor one (horizontal) versus factor two 
(vertical) of N4 of Bahia Lobos. A sample with an anomalous 
concentration of Zn has been made supplementary. Factor one explains 52% 
of the variation and factor two explains 37%. 
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(4. 5 .1) to verify that a reordering of the factors will occur if this 

particular section is deleted from further analyses. After deletion, the 

new eigenvalues are 0.0008, 0.0006 and 0.00014, so that only factors one 

and two were affected, and the previous factor two has become factor one. 

CA on N1 of Algodones produces a first factor dominated by zinc 

(upper half of Table 5.4.4 and Figure 5.3.6), due to the last section of 

the nucleus which has a large value of this element. When that section is 

made supplementary, the first factor is reversed (Figure 5.3.7), but the 

rest of the factors remain essentially unchanged (lower half of Table 

5.3.4). The first two factors display the orthogonality between zinc and 

chromium. This nucleus produces almost a closed data set, where zinc and 

chromium have the largest coefficients of variation and manganese has very 

little variation. 

CA on N2 of Algodones produces a first factor dominated by zinc, and 

a second factor showing the opposition between cobalt and lead (upper half 

of Table 5.3.5 and Figure 5.3.8). Making supplementary a section with a 

anomalous large value of zinc produces a change in the factors, with the 

original factor two becoming factor one and the original factor one 

changing into the factor three (Figure 5.3.9 and lower half of Table 

5.3.5) . 

CA on N3 of Bahia de Guasimas produces a first factor dominated by 

manganese, and a second factor opposing zinc and lead (Table 5.3.6 and 

Figure 5.3.10). In this nucleus two factors account for 93% of the 

variation but the model with four factors gives a good representation of 

almost all the elements, with the possible exception of nickel. A look at 

the sample results (Figure 5.3.11) does not show an obvious outlier 

although the sections are not completely ordered with respect to the first 

coordinate, showing a small disturbance of the downward concentration 

gradient. The behaviour of this nucleous contrasts with nuclei taken from 
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VAR AC(l) RC(l) AC(2) RC(2) AC(3) RC(3) AC (4) RC (4) 

Cd 0.1 19.3 0.3 10.4 5.0 36.4 0.1 0.5 
Ni 0.1 5.4 11.8 82.3 1.1 1.8 0.7 1.1 
Cu 0.4 20.7 0.6 2.8 57.7 61. 4 5.6 5.3 
Pb 0.0 0.8 0.4 2.3 0.8 1.2 64.4 83.2 
Mn 0.6 31.3 0.5 2.0 32.6 33.5 23.4 21.3 
Fe 0.5 93.3 0.1 2.0 1.0 4.0 0.0 0.1 
Zn 98.1 100.0 0.3 0.0 0.0 0.0 0.2 0.0 
Co 0.0 0.8 0.4 13.4 0.0 0.3 5.2 36.1 
Cr 0.2 3.0 85.6 96.2 1.7 0.5 0.2 0.1 

--------------------------------------------------------------

Cd 0.2 19.5 0.2 7.1 4.7 37.2 0.0 0.1 
Ni 0.6 10.7 11.2 76.8 1.6 2.6 0.2 0.3 
Cu 1.3 16.6 1.3 6.3 58.0 67.6 2.0 2.0 
Pb 1.3 19.7 0.0 0.2 9.6 13.7 45.2 54.8 
Mn 0.5 7.2 0.5 2.5 22.0 29.5 48.6 54.7 
Fe 0.4 64.8 0.2 12.4 1.0 16.9 0.3 4.9 
Zn 92.9 98.6 3.1 1.3 0.2 0.0 0.0 0.0 
Co 0.0 3.9 0.6 19.7 0.7 5.4 3.5 23.9 
Cr 2.8 7.9 82.9 91.3 2.3 0.6 0.0 0.0 

,.- --- - . "' 

Table 5.3.4.- Contributions of the variables for the first four factors 
for N1 of Estero Algodones. The upper half is the analysis of the 
original data; the lower half shows the change when a sample with an 
anomalous concentration of Zn is supplementary. 
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Figure 5.3.6.- Plot of factor one (horizontal) versus factor two 
(vertical) for Nl of Estero los Algodones. Factor one explains 88% of 
the variation and factor two explains 8%. 
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Figure 5.3.7.- Plot of factor one (horizontal) versus factor two 
(vertical) for Nl of Estero los Algodones. A sample with an anomalus 
concentration of Zn has been made supplementary. Factor one explains 63% 
of the variation and factor two explains 25%. 
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VAR AC(l) RC(l) AC(2) RC(2) AC(3) RC(3) AC(4) RC (4) 

Cd 0.0 2.3 0.0 0.0 1.0 10.6 0.1 0.5 
Ni 0.0 1.9 0.0 0.1 0.4 3.0 19.0 57.5 
Cu 0.0 3.5 0.4 10.3 0.1 1.1 0.7 2.9 
Pb 0.0 0.5 59.5 77.5 37.8 21. 6 1.6 0.3 
Mn 0.1 11. 0 0.8 6.4 0.0 0.1 0.0 0.0 
Fe 0.2 90.8 0.0 0.9 0.1 1.1 0.4 1.9 
Zn 99.6 100.0 0.0 0.0 0.0 0.0 0.0 0.0 
Co 0.0 0.4 37.5 61. 7 48.4 34.9 10.7 2.8 
Cr 0.0 0.0 1.7 9.4 12.2 28.9 67.5 58.6 

--------------------------------------------------------------

Cd 0.0 0.0 0.7 7.9 0.3 1.7 0.0 0.1 
Ni 0.0 0.3 0.0 0.3 4.2 21.7 12.3 34.9 
Cu 0.4 12.4 0.2 2.3 0.4 3.2 0.0 0.0 
Pb 55.1 73.8 39.8 25.1 1.9 0.7 2.5 0.5 
Mn 0.4 3.8 1.0 4.2 16.1 39.2 15.8 21.0 
Fe 0.0 20.9 0.1 13.9 0.1 9.0 0.0 1.3 
Zn 2.9 11. 0 17.5 31. 0 51. 5 51.1 3.6 2.0 
Co 39.3 66.5 34.7 27.6 5.5 2.5 11. 9 2.9 
Cr 1.7 9.5 6.0 15.7 19.9 29.1 53.8 43.1 

"-., " - --- - .~". 

Table 5.3.5.- Contributions of the variables for the first four factors 
for N2 of Estero Algodones. The upper half is the analysis of the 
original data; the lower half shows the change when a sample with an 
anomalous concentration of Zn is supplementary. 
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Figure 5.3.8.- Plot of factor one (horizontal) versus factor two 
(vertical) for N2 of Estero los Algodones. Factor one explains 88% of 
the variation and factor two explains 7%. 
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Figure 5.3.9.- Plot of factor one (horizontal) versus factor two 
(vertical) for N2 of Estero los Algodones. A sample with an anomalous 
concentration of Zn has been made supplementary. Factor one explains 49% 
of the variation and factor two explains 23%. 
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VAR AC (1) RC(l) AC(2) RC(2) AC(3) RC(3) AC (4) RC (4) 

Cd 0.2 36.6 0.8 33.7 0.1 1.0 1.5 4.8 
Ni 0.2 27.1 0.0 0.0 0.2 1.9 12.6 35.7 
Cu 0.7 68.6 0.0 0.6 0.0 0.1 0.2 0.4 
Pb 4.0 25.6 31.6 51. 6 59.8 22.6 1.6 0.2 
Mn 88.0 97.3 9.5 2.7 0.0 0.0 0.0 0.0 
Fe 1.4 95.7 0.2 3.0 0.2 1.0 0.3 0.3 
Zn 5.1 25.2 49.7 62.9 39.5 11.5 2.9 0.3 
Co 0.4 14.4 7.4 67.0 0.1 0.2 17.9 12.1 
Cr 0.0 0.5 0.8 13.8 0.0 0.0 63.1 79.8 

" "-- . . .. 

Table 5.3.6.- Absolute and relative contributions of the variables for 
the first four factors for N3 of Bahia Guasirnas. 
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Figure 5.3.10. - Plot of factor one (horizontal) versus factor two 
(vertical) for N3 of Bahia de Guasimas. Factor one explains 74% of the 
variation and factor two explains 19%. 
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Figure 5.3.11. - Plot of factor one (horizontal) versus factor two 
(vertical) for the sections of N3 of Bahia de Guasimas. 
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the other lagoons and shows the difference between what would be called a 

"clean" environment and a polluted one. 

5.3.5 C6nclusions 

We have not shown the analysis for the complete set of nuclei. 

However, we have enough information to obtain several conclusions. 

Through the use of CA we have seen that each lagoon has its 

"signature", described by the relative position of the elements on the 

graphs, with nuclei from the same lagoon having the same pattern. We have 

seen that for the analyzed nuclei the graph pattern of Bahia Lobos is 

different than the graph pattern of Bahia Guasimas, and Estero los 

Algodones has its own pattern, described by the orthogonality of zinc with 

other elements. These characteristic features help in the description of 

the differences between the lagoons. 

In some cases, the influence of a single value was noted and its 

effects on the composition of the factors was analyzed through the use of 

supplementary samples and concepts of stability. From the factor 

composition and the orthogonality of the factors some information can be 

obtained about the depositional mechanism in the sediments and the 

influence of external sources acting on the lagoons. 

The graphs of the projection of the sections onto the factorial 

planes show that perturbations of the downward concentration gradient have 

occurred in some nuclei. In those graphs the sections are not well ordered 

(Figure 5.3.11) following a trend of increasing first coordinate, 

indicative of a concentration gradient. 

conditions, highlighted by CA, has been 

external factors affecting the lagoons. 

This breakdown of the natural 

useful in the study of the 



5.4 Chautauqua Lake sediments 

5.4.1. Introduction 

102 

In this case study we analyze data sets that were previously 

analyzed with a combination of PCA with rotations and cluster analysis. 

Our objective is to show that CA produces similar results to the ones 

obtained by the combined application of the other two methods, but giving 

more insight into the problem, and without requiring additional 

computations or transformations. 

5.4.2. Previous studies 

Chautauqua Lak~ is a narrow 24 kilometer long lake in northwestern 

New York State. It is a warm, shallow lake constricted near its midpoint. 

The lake was intensively sprayed with sodium arsenite, used as an 

herbicide, from 1955 to 1963 and there have been several studies (Lis and 

Hopke (1973), Ruppert et al. (1974), Hopke et al. (1976), and Hopke 

(1976)), describing the occurrence of and investigating the sources of 

arsenic found in the lake sediments. 

In the first study (Lis and Hopke (1973)), the possible relationships 

between the arsenic concentrations and other measured parameters are 

presented. In this study it is suggested that arsenic has become 

associated with the lake sediments as a consequence of its llse as an 

herbicide and it is being slowly released. 

In the second study (Ruppert et al. (1974)), 98 sediment grab samples 

were analyzed. The samples were collected during 1972. The sampling 

pattern consisted of transits made at half-mile intervals with 3 or 4 

samples taken along each transit. Additional samples were taken in areas 

of special interest such as a 23 meter hole which is the deepest part of 

the lake. 

The samples were analyzed by neutron activation analysis. The 

concentrations of europium, sodium, manganese, potassium, bromine, 



103 

arsenic, gallium, lanthanum, hafnium, cesium, terbium, scandium, iron, 

tantalum and antimony were determined. Analyses were performed to 

establish particle size distributions and to obtain the percentage of 

sand, silt and clay present in each sample. In addition, the percentage of 

organic matter in the sediments was determined. 

The highest linear correlation between arsenic and variables 

characterizing particle 

comparison with arsenic 

around the lake appears 

size occurs with percent clay (r=0.65). A 

levels in bedrock samples from sites near and 

to support the assertion that the levels of 

arsenic found in the lake sediments are not the result of naturally high 

concentrations in the rock and soils of that area. The conclusion is that 

the greater concentration of arsenic with increasing amount of clay in the 

sediments reflects the importance of ion exchange potential of these 

minerals to attract and retain arsenic. It is also concluded that there 

has been a loss of the arsenic in the coarse grained sediments near shore 

where spraying actually occurred. 

In the next study (Hopke et al. (1976», the linear correlation 

coefficients were used to describe the geochemical profile of the 

sediments. It was also found that for other elements a relationship is 

indicated between their concentration and the clay fraction of the 

sediment. The greatest pairwise correlation coefficients (r~O. 8) were 

those of the pairs cesium-scandium, cesium-antimony, scandium-antimony and 

lanthanum-clay. In addition, cesium, scandium, antimony and tantalum had 

similar contour plots. 

Sodium and hafnium had average concentrations significantly higher 

in the lake sediments than the source beds. They are the only two elements 

that show a positive correlation with sand and an intermediate negative 

correlation with silt. 

In the fourth paper (Hopke (1976», the results of two methods of 
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multivariate analysis on the set of 79 samples with complete data for all 

the variables are described. The variables were the concentrations of the 

15 elements analyzed in the previous studies, percent sand, percent silt, 

percent clay, percent organic matter, water depth above the sample, and 

several parameters describing the grain size distribution. Thirty two 

variables were used in the analysis. 

The results of this last paper were described as follows. Factor 

analysis was performed on the variables. The procedure did not converge to 

a good fit (Hopke (1976)), and the five factor solution gave the best fit 

to the data. The common factors accounted for 66.7% of the total system 

variance, while the remaining variance was contained in the unique 

factors. 

For some of the variables the unique factor had the highest loading. 

For example, manganese showed a communality of 0.19 implying that 

manganese concentrations are not linearly related to the common factors 

(Hopke (1976)). The nature of the unique factor was not explained. 

The second multivariate procedure described (Hopke (1976)), is 

hierarchical cluster analysis which was applied to the samples. The 

resulting dendogram classified samples as belonging to one of four 

clusters. Then, the average values of the variables and of the factors 

scores over each of the clusters were calculated to help in the 

description of the nature of the sedimental sources and the processes 

acting on the sediments. 

5.4.3 The data sets 

There are two basic data sets that will be analyzed. They were 

constructed using the values found in Ruppert et al (1974), and Hopke et 

al (1976). 

The first data set, referred to henceforth as CHAU98, consists of 

the concentrations of 15 chemical elements measured in 98 grab samples 
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identified by a code of the form G##. This set was published and analyzed 

by Hopke et al (1976). 

The second data set, referred to henceforth as CHAU88, is a subset 

of the first data set consisting of the 88 samples for which there were 

recorded percentages of sand, silt and clay found in the sediment. These 

values were published by Ruppert et al (1974), and were appended to each 

of the 88 samples of CHAU98 having them. 

The geographical coordinates of the samples are not available. There 

are also values for organic matter and water depth above the sample for 

most of the samples, but their inclusion in the data sets did not add to 

the interpretation of the results from CA, and they will not be used. 

5.4.4 CA for CHAU98 

CA was performed on the set CHAU98 using the 15 chemical variables. 

The values that were reported as below a certain threshold were given 

values equal to half the threshold value, which is a common practice. CA 

was also performed after setting those values equal to zero and latter 

after setting them equal to the threshold values. Essentially the same 

results were obtained in the three cases. This was due to the fact that 

the variables having large values, several orders of magnitude larger than 

the others, had the most influence on the results. 

Three factors account for 99.75% of the total variation (Table 

5.4.1), with the first one accounting for 63.35%. We analyze first the 

results for the variables starting with the composition of the factors 

(Table 5.4.2). 

The first factor is composed of sodium (78%), iron (13%) and 

potassium (7%). Sodium and iron are very well correlated with this factor. 

The second factor, accounting for 21.5% of the total variation, is 

composed mainly of mnnganese (83%) and this element is the only one that 

correlates highly with this factor. Potassium also contributes (16%) to 



EIGENVALUES 

0.14415 
0.04883 
0.03398 
0.00017 
0.00015 
0.00010 

******* 

CHAU98 

% VARIATION 

63.4 
21.5 
14.9 

0.1 
0.1 
0.0 

EIGENVALUES 

0.07370 
0.01516 
0.00715 
0.00015 
0.000l3 
0.00009 

******* 

CHAU93 

% VARIATION 

76.4 
15.7 
7.4 
0.2 
0.1 
0.1 
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Table 5.4.1.- The eigenvalues and the variation explained by the factors 
of CHAU98 and CHAU93. 



Factor 1 Factor 2 Factor 3 
(1,,=0.14) (1.=0.05) (1.=0.03) 

WEIGHT AC(l) RC(l) AC(2) RC(2) AC(3) RC(3) 

EU .00001 0.0 6.7 0.0 2.3 0.0 16.5 
NA .07200 78.2 95.2 5.0 2.0 9.6 2.8 
MN .01869 1.4 4.4 79.1 82.9 17.5 12.8 
K .13130 7.3 26.3 15.6 19.2 63.6 54.4 
BR .00011 0.0 0.0 0.0 5.0 0.0 12.6 
AS .00024 0.0 2.7 0.0 7.9 0.0 7.7 
GA .00018 0.0 3.6 0.0 0.9 0.1 12.2 
LA .00026 0.0 8.8 0.0 4.5 0.1 41.5 
HF .00016 0.0 29.6 0.0 0.9 0.0 0.1 
CS .00006 0.0 2.4 0.0 15.4 0.0 8.3 
TB .00001 0.0 3.7 0.0 5.7 0.0 5.3 
SC .00039 0.0 0.0 0.0 24.7 0.0 2.8 
FE .77654 13.1 85.7 0.2 0.4 9.0 13.9 
TA .00002 0.0 8.5 0.0 4.0 0.0 6.1 
SB .00003 0.0 2.9 0.0 9.2 0.0 0.0 

, 
" .. ' '. 

Table 5.4.2. - Absolute and relative contributions of the 
variables of CHAU98 for the first three factors. 
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the formation of this factor. 

The third factor, which accounts for 14.9% of the total variation, 

is composed of potassium (64%), manganese(18%), sodium (9%) and iron (9%). 

These are the only elements that contribute to this factor, but only 

potassium and lanthanum have relative contributions above 40%. 

We identify the elements that contribute most to the formation of 

the factors. For this data set these have the highest weights. We then 

analyze the graphical displays generated by CA (Table 5.4.3, Figures 5.4.1 

and 5.4.2) . 

In the first factor we note the opposition of sodium (positive) and 

iron (negative). In the second factor we see that only manganese, sodium 

and arsenic have positive coordinates. In the third factor only sodium has 

a significant positive coordinate. 

We now analyze the results for the samples (Figures 5.4.3 and 

5.4.4). Sample G41 is clearly anomalous; it has the highest value of 

sodium but typical values for the rest of the variables. Sample G93 has 

the lowest value of iron, and low values for several other variables. 

Sample G60 has the highest value of manganese followed by sample G98, 

which also has the highest value of iron. Sample G88 has a high value of 

manganese and the lowest value of potassium. 

It seems clear that the composition of the first three factors is 

the result of the influence of a small group of samples. This influence is 

related to the sample location. For example, samples G60 and G98 were 

taken from the deepest part of the lake, where there are iron-manganese 

nodules (Hopke et al. (1976)), whereas samples G41 and G93 were collected 

in the sandy northern part of the lake. 

5.4.5. CA for CHAU93 

CA was performed with samples G41, G93, G60, G98 and G88 deleted 

from the analysis and made supplementary. We call this data set CHAU93. 



Factor1 Factor2 Factor3 

EU 0.20246 -0.11850 -0.31686 
NA 1.25117 0.18340 0.21302 
MN -0.32954 1.43785 -0.56412 
K 0.28229 -0.24114 -0.40576 
BR 0.01882 -0.24219 -0.38582 
AS -0.13760 0.23743 -0.23425 
GA 0.17865 -0.08911 -0.32756 
LA 0.15670 -0.11175 -0.34103 
HF 0.44977 -0.07917 -0.01951 
CS -0.08458 -0.21426 -0.15728 
TB 0.11022 -0.13698 -0.13182 
SC 0.00625 -0.20658 -0.06955 
FE -0.15596 -0.01067 0.06281 
TA 0.17677 -0.12102 -0.14996 
SB -0.12084 -0.21629 0.01176 

Table 5.4.3.- Coordinates of the variables of 
CHAU98 on the first three factors. 
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Figure 5.4.1.- Plot of factor one versus factor two for the variables of 
CHAU98. The first factor accounts for 63% of the variation and the 
second factor accounts for 22%. 
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Figure 5.4.2.- Plot of factor one versus factor three for the variables 
of CHAU98. The first factor accounts for 63% of the variation and the 
third factor accounts for 15%. 
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Figure 5.4.3.- Plot of factor one versus factor two for the samples of 
CHAU98. 
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Figure 5.4.4.- Plot of factor one versus factor three for the samples of 
CHAU98. 
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The first three factors account for 99.5% of the total variation, 

but there is a change in the distribution of the variation among them 

(Table 5.4.1) . The first factor accounts for 76.4% and the second accounts 

for 15.7%. This reduces the variation accounted for by the third factor to 

half of what it was in the previous analysis. The results for CHAU93 are 

displayed in Figures 5.4.5-8. 

The first factor is still composed of sodium (55%) and iron (19%), 

but now has a contribution by potassium (26%), and no other variable 

contributes to its formation. Those variables are the only ones that 

correlate well this factor, although lanthanum (37%) and hafnium (29%) 

have some correlation to it. 

The second factor is now composed principally of sodium (32%), 

manganese (23%) and potassium (42%) . No element is well correlated to this 

factor, but some have correlations between 10 and 40 percent. Only sodium 

and hafnium have large positive coordinates on this factor. 

The third factor is composed of manganese (75.5%) and potassium 

(17%), but only manganese is well correlated (61%) to it. It is clear that 

much of the variation of manganese was due to a small set of samples, and 

with their deletion the coefficient of variation of this element was 

reduced by more than half its previous value, from 246% in CHAU98 to 96% 

in the present case. The deletion of these samples also had an effect on 

the variation of sodium and produced a switch in factors two and three 

from the previous analysis which essentially become factors three and two 

in this analysis (compare Figures 5.4.1 and 5.4.6, and 5.4.2 and 5.4.5). 

The outstanding samples in this analysis are G17 which has the 

highest value of manganese; G95 with the highest values of arsenic and 

iron; G65 which has the highest values of cesium, scandium, tantalum and 

antimony, a large value of iron and a low value of sodium; and G55 having 

the lowest values of iron, tantalum and scandium. Sample G95 is in the 



115 

HF 
NA 

',., FE TA 
::: . ... ~ ······························5B············SC········ ...................................................... . 

: T8 
. :.,' 
'. ~ 
;::: 

! EU 

esS GA 

LA I< 

BR 

MN 
.... ! ............................................................................................................................................................................ . 

,::': 

~:. : : : : . ";::.:: " :. 

Figure 5.4.5.- Plot of factor one versus factor two for the variables of 
CHAU93 with five supplementary samples. The first factor accounts for 
76% of the variation and the second factor accounts for 16%. 
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Figure 5.4.6.- Plot of factor one versus factor three for the variables 
of CHAU93 with five supplementary samples. The first factor accounts for 
76% of the variation and the third factor accounts for 7%. 
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Figure 5.4.7.- Plot of factor one versus factor two for the samples of 
CHAU93 with five supplementary samples. 
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Figure 5.4.8.- Plot of factor one versus factor three for the samples of 
CHAU93 with five supplementary samples. 
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deepest part of the lake, sample G65 is in the center of the lake and 

sample G55 is on the shore. 

The supplementary samples G41, G60, G88, G93 and G98 are projected 

onto the factorial planes and when graphed with the rest of the samples 

their position on the graphs is essentially the same as when they 

contributed to the formation of the factors. It may be concluded that the 

main effect that these samples produce is a twofold increase of the 

variation of manganese, and when they are deleted from the analysis, the 

decrease in the "noise" results in a switch in the ordering of two 

factors: the second factor becomes the third factor and vice versa. The 

fact that manganese is almost uniquely responsible for the original second 

factor implies that there is no significant linear relationship between 

this element and the others. One reason for this lack of "correlation" is 

the spatial distribution of manganese in the lake. 

5.4.6. CA for a modified CHAU98 

CA was performed on CHAU98 with sodium, manganese, potassium and 

iron made supplementary. In this analysis, these variables do not 

contribute to the formation of the factors, but are projected onto the 

factorial planes determined by the other elements. 

The results (Table 5.4.4) show a first factor with a predominance of 

arsenic, a second factor with hafnium and bromide, a third factor composed 

of gallium and scandium, bromide contributing to the fourth and fifth 

factor, and lanthanum making more than 50% of the fifth factor. Five 

factors are needed to account for 97% of the variation which is now more 

"distributed" among factors and among elements. We plot the first three 

factors looking simultaneously at the resulting graphs (Figures 5.4.9-11 

and 5.4.12-14). The plots suggest some interesting conclusions. 

Arsenic is the nearest to manganese (related to depth) and far from 

sodium (related to shore locations); this was seen before (Figure 5.4.1) 



" " . .' ~ , - '., ~ > " --.' 

Factor 1 Factor 2 Factor 3 Factor 4 Factor 5 
(1.=0.16) (1.=0.07) (1.=0.07) (1.=0.04) (1.=0.02) 

WEIGHTS AC(l) RC(l) AC(2) RC(2) AC(3) RC(3) AC(4) RC(4) AC(5) RC(5) 

EU .00503 0.0 0.0 0.0 1.8 0.1 2.2 0.8 16.5 0.7 8.9 
BR .07367 0.1 0.4 26.4 46.8 5.9 9.6 32.9 28.6 26.7 14.5 
AS .16076 74.2 95.1 7.6 4.4 0.2 0.1 1.0 0.3 0.9 0.2 
GA .12238 1.2 3.7 9.4 13.4 52.6 68.2 15.4 10.8 8.9 3.9 
LA .17817 0.0 0.0 3.9 12.0 5.3 14.6 13.8 20.7 55.8 52.4 
HF .11115 12.9 31.8 50.7 56.0 3.1 3.1 13.2 7.1 5.3 1.8 
CS .04430 0.6 10.3 1.4 11.5 5.5 40.0 1.5 5.9 1.4 3.4 
TB .00568 0.1 18.7 0.1 7.8 0.1 3.5 0.1 3.4 0.0 0.0 
SC .26495 9.6 41. 6 0.0 0.1 22.1 39.1 16.6 15.9 0.0 0.0 
TA .01131 0.5 34.4 0.1 5.0 0.0 0.0 0.0 0.4 0.0 0.2 
SB .02261 0.8 12.0 0.2 1.3 5.3 33.6 4.7 15.9 0.2 0.5 
NA .00000 0.0 18.6 0.0 46.9 0.0 11.1 0.0 17.7 0.0 0.7 
MN .00000 0.0 64.7 0.0 2.4 0.0 11. 0 0.0 0.3 0.0 16.2 
K .00000 0.0 29.0 0.0 0.2 0.0 6.2 0.0 13.2 0.0 16.6 
FE .00000 0.0 8.4 0.0 0.2 0.0 0.1 0.0 6.3 0.0 56.9 

.. '.' ~ ~ '-' , .... '. , . ~ , ," 

Table 5.4.4.- Contributions of the variables of the modified CHAU98 (Na, Mn, K and Fe 
supplementary) for the first five factors. 
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Figure 5.4.9.- Plot of factor one versus factor two for the variables of 
the modified CHAU98 (Na, Mn, K and Fe are supplementary). The first 
factor accounts for 44% of the variation and the second factor accounts 
for 20%. 
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Figure 5.4.10.- Plot of factor one versus factor three for the variables 
of the modified CHAU98 (Na, Mn, K and Fe are supplementary). The first 
factor accounts for 44% of the variation and the third factor accounts 
for 18%. 
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Figure 5.4.11.- Plot of factor two versus factor three for the variables 
of the modified CHAU98 (Na, Mn, K and Fe are supplementary). The second 
factor accounts for 20% of the variation and the third factor accounts 
for 18%. 
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Figure 5.4.12.- Plot of factor one versus factor two for the samples of 
the modified CHAU98 (Na, Mn, K and Fe are supplementary) . 
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Figure 5.4.13.- Plot of factor one versus factor three for the samples 
of the modified CHAU98 (Na, Mn, K and Fe are supplementary) . 
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Figure 5.4.14.- Plot of factor two versus factor three for the samples 
of the modified CHAU98 (Na, Mn" K and Fe are supplementary) . 
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but it is evident in this analysis. It is also clear that arsenic is not 

strongly correlated with any of the other elements. 

Hafnium, on the other hand, is the only element found near sodium. 

It is also removed from the other elements. 

Scandium, cesium and antimony form a recognizable cluster, which 

apparently could also include tantalum and terbium, although we will see 

in the discussion of error profiles that this would be wrong. 

The plots of the samples show some anomalous points: G95 (highest 

value of arsenic), G60 (high value of arsenic), G41 (high value of 

hafnium, low values of others), G66 (high value of hafnium, low values of 

others), G87 (highest value of bromide), and G92 (highest value of 

gallium). We noted the effects of G41 and G60 on the previous analyses. 

5.4.7. Analysis of the error profiles. 

The error profiles can be seen as a partition of the global 

variation explained by the discarded factors. Although this variation may 

be small, a particular entry (row, column or element) of the input matrix 

may be poorly reconstructed when using only some of the factors. 

For CHAU98 the first three factors "explained" almost all of the 

variation which is due mainly to the overwhelming presence of a small 

number of samples and variables. However, as can be seen in Table 5.4.5, 

the other variables would be poorly reconstructed with only three factors, 

and since most of them are not well "correlated" to the factorial space 

defined by sodium, manganese, potassium and iron, i.e., the first three 

factors, their variation is not explained by this solution. 

When sodium, manganese, potassium and iron are made supplementary, 

it is seen that the variation of the remaining variables can be factored 

and this factoring provides another way to look at possible relationships 

between elements. We see in table 5.4.6 that five factors will not 

reconstruct europium, terbium, tantalum and antimony, although antimony is 



EP CRC 

EU 0.452 25.6 
NA 0.4E-6 100.0 
MN 0.7E-5 100.0 
K 0.4E-5 100.0 
BR 0.975 17.6 
AS 0.584 18.2 
GA 0.731 16.7 
LA 0.127 54.7 
HF 0.474 30.6 
CS 0.221 26.0 
TB 0.282 14.6 
SC 0.125 27.6 
FE 0.5E-7 100.0 
TA 0.301 18.5 
SB 0.446 12.1 

Table 5.4.5.- Error profiles and cumulative 
relative contributions for the variables when 
three factors are retained. 
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EP CRC 

EU 0.238 29. S 
BR 0.2E-3 100.0 
AS O.lE-S 100.0 
GA 0.9E-4 100.0 
LA 0.3E-3 99.7 
HF 0.9E-3 99.8 
CS 0.OS8 71.1 
TB 0.132 33.S 
SC O.OOS 96.6 
TA 0.114 39.9 
SB 0.168 63.1 
NA ***** 9S.0 
MN ***** 94.6 
K ***** 6S.2 
FE ***** 71.9 

Table S.4.6.- Error profiles and cumulative 
relative contributions of the variables of the 
modified CHAU98 (Na, Mn, K and Fe are 
supplementary) when five factors are retained. 
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correlated to the factorial space. We conclude that terbium and tantalum 

should not be clustered with scandium and cesium. 

We can use the error profiles to find the number of factors needed 

to reconstruct a particular element. For example, it is seen that four 

factors are needed to reconstruct arsenic, including the first three from 

the previous analysis. 

For the samples, a box plot of the error profiles (Figures 5.4.15 

and 5.4.16) will show those samples that are poorly reconstructed using 

the retained factors. These samples would not be outliers in the 

traditional statistical sense, and probably would not show well on the 

plots of the projections onto the factorial planes, but they would be 

related to the variables that did not contribute to the factors. For 

example, samples G87 and G92 which were discussed before and G73A which 

has high values of bromide and arsenic show as poorly reconstructed 

samples when using the three factors dominated by sodium, manganese, 

potassium and iron. These same three samples are not poorly reconstructed 

when sodium, manganese, potassium and iron are supplementary because the 

composition of the factors change; instead, sample G29, which has the 

highest value of europium, appears as the poorest reconstructed sample. 

5.4.8. CA for CHAU88 

CA was performed on CHAU88, using sand, silt and clay content as 

main variables. Sodium, manganese, potassium, gallium, lanthanum, 

scandium, iron, hafnium, bromide and arsenic were made supplementary and 

projected onto the factorial plane determined by the main variables 

(Figures 5.4.17 and 5.4.18) . 

The values of the soil variables add up to one hundred percent on 

each sample, and thus the dimensionality of the variable space is two. 

Since CA starts by making that type of normalization on the input matrix, 
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Figure 5.4.15.- Error profiles for the samples of CHAU98 and CHAU93 when 
three factors are retained. 
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Figure 5.4.16.- Error profiles for the samples of the modified CHAU98 
(Na, Mn, K and Fe are supplementary) when five factors are retained. 
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Figure 5.4.17.- Variables from CHAU88 projected onto the factor space of 
the soil variables. 
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Figure 5.4.18.- Samples from CHAU88 projected onto the factor space of 
the soil variables. 



135 

the linear dependency of the variables will not produce any spurious 

correlations; in fact, the dimension of the factor's space will be 

precisely two and the plot of the projection onto the factorial plane will 

reproduce 100% of the variation. The error profiles will therefore be 

equal to zero. 

The two non trivial eigenvalues account for 86% and 14% of the 

variation, respectively. The first factor separates sand from silt and 

clay, and the second factor separates silt from clay. Thus the soil 

variables plot (Figure 5.4.17) as vertices of a triangle, with the 

supplementary variables falling "inside" the triangle. From the graph it 

is easy to see that only sodium and hafnium are correlated to sand, with 

the rest of the variables lying near the vertex determined by clay. Note 

that this is particularly true of arsenic, suggesting that it is to be 

found in clay-rich sediments (Ruppert et al. (1974)). 

The projection of the samples (Figure 5.4.18) onto the factorial 

plane shows several clusters. Various methods to separate clu3ters could 

be given based on a distance measure, but, since sand, silt and clay are 

plotted on different quadrants, we will use this simple criterion: samples 

belong to different clusters according to the signs of their coordinates, 

(+, +), (-, +), (-, -) and (+, -). This leads to the following clusters: 

- A cluster of samples belonging to the northern portion of the 

lake, like samples G41, G42, G46, G47, G91, G92, and G93, or to shore 

locations, like samples G36, G66, G80 and G81. This cluster represents the 

group of samples from the sandy portions of the lake. 

- A cluster of samples from locations in the deepest portions of the 

lake, for example samples G39, G52, G65, G78, G82. The plot shows that 

depth is well correlated to clay and the cluster also includes samples 

from clay-rich sediments, for example sample G24. 

- A cluster of samples collected on the south end of the lake, for 
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example, samples G67, G68, G69, G69A, G72, and samples collected in the 

narrow center portion of the lake, like samples G18, G19, G20, G21, G22, 

and G32. This cluster is correlated with silt. 

- A cluster of samples from near-shore locations where there is a 

balance between sand and silt. Samples G29, G31, G43 and G70 belong to 

this group. 

5.4.9. Comparison with previous results and methods 

We emphasize here that the conclusions from the use of CA were 

obtained after a series of analysis and they are not to be taken as 

inferences in the traditional statistical sense. CA is an exploratory 

technique whose main objective is to describe patterns found in the data, 

without assuming a statistical model for the population from where the 

data was obtained. However, CA does assume an algebraic model which may 

not have a simple interpretation. A summary of our results and a 

con~arison with those found in previous studies can be given as follows: 

- CA discriminates sodium from the rest of the elements, relating 

this to the sand content of the sample. Only hafnium shows some similarity 

to sodium. 

- CA projects most of the elements near silt or clay. Arsenic and 

bromide, in particular, are strongly dependent on the clay content of the 

sample. 

- CA shows that scandium and cesium have similar profiles, and 

antimony is correlated to them. 

- CA highlights the uniqueness of manganese due to the localized 

nature of its occurrence. 

These results from CA are in agreement with the results that were 

found using factor analysis (Hopke (1976)), however no a priori number of 

factors have to be postulated in CA. Performing CA on different sets of 

variables, complemented with various supplementary variables, we found 
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"solutions" (i.e. models) with three, five and two factors, each solution 

highlighting specific aspects of the description of the data. 

The correspondence between analyses for rows and columns allows us 

to also describe the inter-relationships among samples. This we have done 

relating the behavior of certain variables to the effect of specific 

samples, and, correspondingly, using variables to explain sample clusters. 

The clusters found by CA are essentially the same ones proposed by Hopke 

(1976), using a dissimilarity measure. 

Through the use of diagnostics, CA was useful in identifying 

outliers and influential samples, and in isolating samples with 

distinctive features. This is not easy to do with other techniques unless 

an underlying model, such as multivariate normality for example, is 

assumed from the onset. 
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CHAPTER 6 

CA IN MULTIVARIATE ANALYSIS 

6.1 Introduction 

In this chapter we give a review of the status of CA as a method of 

multivariate analysis, a comparison with other methods, and some 

conclusions. 

6.2 CA in multivariate analysis 

CA is becoming increasingly popular, as attested by the number of 

publications in recent years. In continental Europe, specially in France, 

it has been the method of choice for the analysis of large data tables 

since the 1970's. In English speaking countries its acceptance has been 

more slow due, in part, to a difference in the traditions of data 

analysis; however, even in these countries CA has been used continually 

under different names for several decades. Its power as an exploratory 

tool has been proved in dozens of applications, but some theoretical 

developments, some of which could enhance the practical aspects, are still 

underdeveloped. 

Gnanadesikan and Kettenring (1984), did a review of multivariate 

methods, including CA. They proposed a set of general desiderata for 

multivariate methods. They are: 

(D1) Usefulness in revealing what is in the data 

(D2) Ease of use 

(D3) Diagnostic value 

(D4) Formally understood statistical properties 

From these desiderata they expanded into a list of specific criteria 

for assessing and comparing multivariate methods. Each method was 

evaluated with respect to each of the criteria, earning a mark of ++ if 
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the method definitely possesses the characteristic, a mark of 0 if 

neutral, a mark of -- if the method does not possess the characteristic, 

and a ? if not sure. In the following list, the first seven criteria are 

related to (01), the next eight are related to (02), the next four are 

related to (03), and the last two to (04). We put in [] the marks that 

they gave to CA: 

a) Useful for reducing dimensionality to individual variables, [-] 

b) Useful for reducing dimensionality to linear combination of 

variables, [+] 

c) Useful for finding clusters of "objects", [?] 

d) Can detect global structure in the response variables, [+] 

e) Can detect local structure, other than clustering, [-] 

f) Can detect nonlinear structure in the response variables, [?] 

g) Versatility, i. e., useful for several purposes, [+] 

h) Permutation invariant, [++] 

i) Scale invariant, [++] 

j) Handles large n ("objects"), [++] 

k) Handles large p (variables), [++] 

1) Handles p > n (i.e., stable in super-high-dimensional space), [?] 

m) Handles incomplete observations easily, [-] 

n) Computations do not entail iterative calculations, [++] 

0) Computations do not entail nonlinear optimization, [++] 

p) Insensitive to distributional assumptions, [0] 

q) Robust against outliers, [-] 

r) Goodness of fit, both global and local, easily judged, [-] 

s) Associated diagnostical graphical tools available, [+] 

t) Finite-sample, exact inference procedures available, [0] 

u) Asymptotic theory known, [?] 

The reference that they use for a description of CA is Lebart et al. 
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(1984), noting the similarity of CA to biplots. 

The main themes in our approach have been that CA should be 

developed free from distributional assumptions, emphasizing goodness of 

fit measures, both global and local, along with graphical displays for 

ease of interpretation of the results. 

We also feel that the present work is an attempt to change the ? in 

c) for a definite +, emphasize the + in g), change the - in m) to at least 

a 0, change the - in q) to 0, and put a strong + in r) . 

The usefulness of CA for finding clusters was demonstrated in the 

Chautauqua Lake sediments case study. In the same case study CA was used 

as a dimension reduction technique, and a methodology for handling 

outliers was implemented. 

In a different direction, there have some recent papers dealing with 

the ordination properties of CA (see Schriever (1983) f for an 

introduction). It is well known that if the samples have a natural 

ordering, a gradient for example, the first factor from CA will usually 

reproduce this ordering. This is one of the reasons for the development 

and popularity of CA in ecology, under the name of "reciprocal averaging" 

(Hill (1973)) and a favorable comparison of CA with other ordination 

techniques used in ecology can be found in Gauch et al. (1977). 

We have not pursued this subject at length, but it was mentioned and 

exemplified in the Coastal Lagoons case study were it was shown that CA 

detected a perturbed gradient. This could be taken as evidence of the 

detection of local structure by CA. 

The objective of CA of looking for linear combinations, subject to 

quadratic constraints, may be too restrictive when the underlying 

relationships are essentially non linear. In this dissertation we have not 

produced evidence against thhe marks for criteria a) and f) . 
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6.2 Relation of CA to other multivariate methods 

The relation and comparison of CA with PCA has been made explicitly, 

both theoretically (Section 2.4.3) and in practice (Section 5.4.9). There 

have also been comparisons with Q -mode analysis (Section 5.2.2) and 

cluster analysis (Section 5.4.9). Although it is not possible to 

generalize from specific cases, it was shown that CA performed at least as 

well as the other methods to the task at hand. 

During the 1980s there appeared papers comparing and/or relating CA 

to other methods of data analysis, log-linear models in particular, by 

Cavedon et al. (1982), Lauro and Decarli (1982), Israels et al. (1982), 

Gilula (1984), van der Heijden and de Leeuw (1985), Goodman (1986), 

Choulakian (1988), van der Heijden and Worsley (1988), and van der Heijden 

et ale (1989). In these papers the similarity between the reconstruction 

formula and some log-linear models, the so called RC association models, 

of the form 

is noted and used to establish a methodology that uses both methods in a 

complementary way. Here CA is restricted to contingency tables, where it 

is natural to assume an underlying probability model. In this 

probabilistic context there have been some papers (see, for example, 

Gilula(1984)), pointing to the connection of CA with other, more 

mathematical, statistical methods for the analysis of contingency tables. 

In a different vein, the papers by Tenenhaus (1982), Buyse (1983) 

and Tenenhaus and Young (1985), synthesize different approaches to CA, and 

establish the theoretical relationship with PCA and Canonical Correlation. 

6.3. Conclusions 

In this dissertation we have provided an unified development of 
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Correspondence Analysis, presenting it as a search of an algebraic model 

of a given data matrix. The models obtained satisfy an optimality property 

and can be used for dimension reduction purposes. The graphical display of 

these models can be used for pattern recognition purposes. We have shown 

that for these jobs CA can be as powerful and convenient as other popular 

multivariate methods. 

We have stressed that in CA, as with any other exploratory 

technique, the use of diagnostics for post-analysis is crucial for any 

sort of validation of the results. This implies and attitude that rejects 

the use of CA as a "black box", and emphasizes the need for interactive 

and tractable tools. Some of the well know diagnostics and some new ones 

have been described here. 

The proposed methodology has been put to use in the analysis of data 

sets arising from environmental problems. We feel that CA has rroved 

useful in the cases where it has been applied. 

CA may be specially suited for the analysis of data sets where the 

variables are non negative by definition, concentrations, for example, and 

where statistical hypothesis, normality assumptions, for example, are hard 

to justify or plainly inappropriate. It may be specially useful when the 

variables are heterogeneous with respect to scaling and units because of 

its use of supplementary points. CA may also be chosen over other methods 

for the exploratory analysis of compositional data (closed data sets) . 

We have mentioned some open problems, among them, the relation 

between rotation of the solutions and the choice of weighing matrices, and 

a more detailed study of the various cross-validation procedures and 

stability indices. Research is being carried on these topics and there is 

hope for new results in the near future. 
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In this appendix we collect several mathematical definitions and 

results which were used throughout. The proofs will be omitted, but 

references are given. 

A.l.l Notation 

Throughout the text, matrices are denoted by bold uppercase letters, 

vectors by bold lowercase letters and scalars by lowercase letters; 

typically, the entries of a matrix or of a vector are represented by the 

same letter with subscripts. The dimension of a matrix or of a vector is 

sometimes written as a subscript. Rows of a matrix are named first and all 

vectors are assumed to be column vectors. Thus, a matrix with n rows and 

p columns can be represented as A = A"xp = (a ij ) nxp with columns a 1 , ••• , a p 

written as n-dimensional (column) vectors. 

Diagonal matrices are matrices having all non-diagonal entries equal 

to zero. For such matrices a notation such as D = diag(d i ) is used, with 

the dimension explicitly noted only when needed. 

The equations are numbered sequentially within a given section. When 

citing from another section the complete reference is given, for example, 

"equation (2.2.1.3)", and "Theorem 2 from section (2.1)". 

As customary, iff means "if, and only if". 

A.l.2 Results from Linear Algebra 

The following theorem gives the singular value decomposition (SVD) 

of a n by p matrix X. 

Theorem 1. - Let X be a n by p matrix. There exist orthogonal 
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matrices U and V of orders n by nand p by p respectively such that X = 

ULVt, where L min{n,p}, r rank(X) and 

This factorization is sometimes known as the Eckart-Young 

decomposition (Eckart and Young (1936», and several proofs can be found 

in the literature, for example in the book by Golub and Van Loan (1989). 

If we define the Frobenius norm of X by I Ixi 12 = tr{XtX), then the 

following theorem relates the SVD of a matrix X to an approximation 

problem using the distance induced by the norm. 

Theorem 2.- If the SVD of X is written as 

where r 

x 

rank{X), then 

minimum 
r(H)=h~p 

with the minimum attained for H 

r 

IIx - HW L~ 
l-p+l 

(A. 1 .2.1) 

(A. 1 .2.2) 

The theorem on SVD can be generalized as in the next theorem, 

providing a generalized singular value decomposition (GSVD) 

Theorem 3. - Let A be a n x p matrix of rank Ki let .1 and n be 

positive definite matrices of orders n by nand p by p, respectively. 

Then, there exist matrices Nand M such that 

A (A. 1 .2.3) 

where N (nlf ••• ,nK ), M = (mlf ••• ,~), D = diag{O"k), and 

1 (A. 1 .2.4) 

A proof of the theorem can be found in Van Loan (1976). The GSVD can 

be rephrased in a different language. Define a n by n matrix X to be .1-
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symmetric iff ~X is symmetric and ~-orthogonal if xt~x = In. 

Let ~ be a n by n positive definite matrix. For n-dimensional 

vectors u and v define their inner product to be <u,v> = ut~u, inducing the 

vector norm I Ivl 12 = vt~v. Call this the ~-norm of the vector v and note 

that it's also the usual euclidean norm of the vector ~1/2V. A vector v is 

~-unitary if vt~v = 1. 

For n by p matrices X and Y define their (~,Q)- inner product to be 

<X, Y> = tr (xt~YQ) . This inner product induces a norm I I .1 I such that I I xl 12 

tr(xt~xn). Call this norm the (~,Q)-Frobenius norm. 

Note that xt~xQ is a Q-symmetric matrix, that xQxt~ is a ~-symmetric 

matrix and that both matrices have the same rank as x. 

Theorem 4.- Let X be a n by p matrix of rank r. Let k ~ r be given, 

and let G and H be matrices of rank k and sizes n by k and p by k 

respectively. Then 

i) 
r 

IIX-GHtI12 ~ 2: Ai (A. 1 . 2 . 5) 
i-k+l 

ii) A necessary and sufficient condition for equality to hold in i) 

is that 

(A.1.2.6) 

where vJl ... , v k are the ~-orthonormal eigenvectors associated with the 

first k eigenvalues AI' ... ' Ak of xQxt~, and c i = Xt~Vi. 

For a proof see Darroch (1965), and Deniau and Oppenheim (1976). 

Note that for i = 1, ... , k, the Q-norm of the Ci is Ai. 
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A.l.3 Principal Components Analysis (PCA) 

References for the material in this section are Rao(1964), Deniau 

and Oppenheim (1976), and Jollife (1986), or any book on multivariate 

analysis. We will describe the sample principal components. Let X be a n 

by P data matrix where the n rows JCl t = (xll , ••• , x lp ) , ••• , xn t = (xnl , ••• , xnp ) 

represent n independent drawings from some p-dimensional population having 

a mean vector ~ and a covariance matrix L. The data have a sample mean 

vector ~, a sample covariance matrix S and a sample correlation R. The 

sample principal components, principal components for short, are defined 

as the uncorrelated linear combinations of the form 9'1 = CitXj = C1iXll + 

C21Xj2 + ... + C p1Xjp having the maximum sample variance. Specifically: 

c l maximizes ctSc subject to ctc 1. 

o. 

It is well known that the ci's are the normalized eigenvectors of the 

covariance matrix S corresponding to the decreasing sequence of 

eigenvalues Al , ••• ,Ap, and that the variance of the i-th sample principal 

component 9'1 is precisely Ai. Thus, for the total sample variance we have 

that 

When the variables are measured in different units, it is advisable 

to standardize the data before obtaining the principal components. This 

means that R is used instead of S. It should be noted that the principal 

components obtained from the correlation matrix are not the same as the 

principal components obtained from the covariance matrix, and that their 

interpretation would be different in each case. 

The previous definition can be generalized using the Frobenius norm 

defined before. Let /1 and Q be positive definite matrices and u a /1-
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unitary vector. Define the component of X associated to u to be the vector 

c = xt,:lu. 

A principal component of X is a component associated to an 

eigenvector of xQxt,:l. The principal components are thus characterized by 

Theorem 4. 

The theory of PCA can be developed from the concept of the RV 

coefficient (Robert and Escoufier (1976)). This coefficient is a 

generalization of the coefficient of correlation r, and it is defined as 

follows: 

J Tr (,XQxt,:l) 2 Tr (yytQ) 2 

The PC's are obtained maximizing RV subject to normalizing 

conditions. 
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In this appendix we give some information about the program that was 

used to perform CA. 

A.2.1 Description of the program 

The CA program that was used for these analyses was written in 

FORTRAN77 and compiled with a Microsoft tm compiler. The program is based 

on the code given in the paper by David et al. (1977), with many changes 

and additions. The main changes are that it runs on a microcomputer and 

that it is interactive; the main additions are the inclusion of more 

diagnostics and input and output options. 

The program shows several screens with intermediate results from CA, 

allowing the user to change previous options. Only when the user is 

satisfied with the fit, or when certain limits are reached, are the 

results written to output files. The output includes: 

- Basic descriptive statistics on the variables and supplementary 

elements. This is optional. 

- List of eigenvalues and percent of variation explained by each. A 

simple histogram of the percent of variation is also printed on the 

side. 

variable and/or sample coordinates and/or factors. The user 

chooses between factors, coordinates or both for variables, samples 

or both. 

Variable and/or sample weights, and absolute and relative 

contributions for each of the factors retained. 

Error profiles and sums of relative contributions for each 

variable and/or sample. This is optional. 
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- A reconstructed matrix from the set of retained factors. This is 

optional. 

- Coordinates and relative contributions of supplementary variables 

and/or samples on each of the retained factors. This is optional. 

- Files for plotting, or graphs of factorial planes with the user 

specifying the factors to be plotted and what is to be plotted: 

variables and/or samples factors and/or coordinates. 

The output files are ASCII files, with the option of being written 

in the format of the package GEO-EAS, developed by the EPA, Nevada. 

The program computes the basic statistics for the variables and 

performs some checks on the input values to prevent overflow errors. In 

its present version it can handle matrices with up to ten thousand 

entries. 

A.2.2 Comparison with commercial packages 

The following comparison are based on our limited knowledge and 

expertise of the programs for performing CA in some well known commercial 

packages. In these established programs, CA has been a recent addition to 

the current, or next to last, version. 

The first distinction is that our program is public domain, and 

therefore, available to anyone that asks for it. 

The numerical accuracy of the results has been tested against the CA 

program in SAStm, and in all the examples, the significant digits were the 

same up to 10-6 • 

The program is a stand alone program that requires less than 120KB 

of storage and 640KB of RAM to operate. It is called directly, as an 

executable, with no options. The commercial packages that include CA, like 

SAS tm and BMDptm can't perform CA unless the complete package is installed. 

The output from the program includes almost all the options that the 
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SAS tm package has. The program includes the output of the error analyses, 

which no commercial package has. 

The program is not oriented toward contingency tables, as are the 

commercial packages. This restricts the input to the program to consist of 

real numbers in floating point format. 

The graphs from the program are ASCII files that can be printed on 

a dot matrix, and are crude by today standards. This is a section that 

could be improved. 
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APPENDIX 3 
THE DA'l'A SETS 

A.3.1 The data for case study 5.2 

This data set was taken from Davis (1986) , p. 569. 

# name Si02 A120 3 Fe20 3 FeO MgO CaO Na20 K20 

1 Syenite 61.7 15.1 2.0 2.3 3.7 4.6 4.4 4.5 
2 Syenite 58.3 17.9 3.2 l.7 1.5 3.7 5.9 5.3 
3 Syenite 51.2 17.6 3.5 4.3 3.2 4.5 5.7 4.4 
4 Monzonite 54.4 14.3 3.3 4.1 6.1 7.7 3.4 4.2 
5 Diorite 58.0 15.7 0.7 2.8 5.0 10.9 3.0 3.2 
6 Diorite 46.9 15.9 2.9 10.0 7.0 9.6 2.7 0.7 
7 Diorite 58.0 17 .3 2.2 3.8 2.2 4.3 4.3 4.1 
8 Quartz D. 55.5 16.5 1.7 4.6 6.7 6.7 3.2 2.5 
9 Gabbro 55.4 15.3 2.7 5.5 5.8 9.9 2.9 1.5 

10 Gabbro 55.9 l3.5 2.7 5.9 6.5 8.9 2.4 1.7 
11 Norite 47.2 14.5 1.6 l3.8 5.2 8.1 3.1 1.2 
12 Norite 48.2 18.3 1.3 6.1 10.8 9.4 1.3 0.7 
13 Hyper. G. 44.8 18.8 2.2 4.7 11. 3 14.6 0.9 0.1 
14 Hyper. G. 47.0 14.1 0.8 15.0 16.0 2.3 0.4 1.7 
15 Syenite 59.8 17.3 3.6 1.6 1.2 3.8 5.0 5.1 
16 Quartz S. 66.2 16.2 2.0 0.2 0.8 1.3 6.5 5.8 
17 Altered S. 50.0 9.9 3.5 5.0 11. 9 8.3 2.4 5.0 
18 Monzonite 57.4 18.5 3.7 2.1 1.7 6.8 4.5 3.7 
19 Monzonite 59.8 15.8 3.8 3.3 2.2 3.9 3.0 4.4 
20 Diabase 52.2 18.2 3.3 4.4 4.7 6.5 4.6 1.9 

Sample 8 is Quartz diorite, samples l3 and 14 are Hypersthene gabbro, 
sample 16 is Quartz syenite and sample 17 is Altered syenite. 
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A.3.2 The data sets for case study 5.3 

The following data sets are taken from an unpublished study done by 
CICTUS, a research Institute at the Universidad de Sonora, in Hermosillo, 
Mexico. 

In all the data sets, the columns are labeled by Cd, Ni, Cu, Pb, Mn, 
Fe, Zn, Co, and Cr, in that order. The rows represent consecutive two cm. 
sections measured from the top of the column of sediment, up to a depth of 
40cm. 

Bahia Lobos, Nl 

3.00 24.00 18.00 19.00 
2.50 30.00 16.00 26.00 
2.50 26.00 14.00 22.50 
4.50 24.00 13.00 29.00 
5.50 38.00 21.00 32.00 
0.50 15.00 12.00 17.50 
1.50 14.00 12.00 22.00 
2.50 18.50 13.00 17.00 
3.00 19.00 13.00 12.00 
3.00 16.00 12.00 19.00 
2.00 21.00 13.00 18.00 
3.50 14.00 13.00 18.50 
4.00 32.50 14.00 20.00 
2.50 18.00 13.00 18.00 
3.50 24.00 15.00 13.00 
2.00 24.00 16.00 22.00 
2.50 23.00 15.00 26.00 
3.50 34.00 15.00 23.50 

3.00 
2.50 
3.00 
1.50 
2.00 
3.00 
2.50 
2.50 
2.50 
3.00 
3.00 
3.00 
3.00 
3.00 
2.50 
3.00 
2.50 
3.00 
2.50 
3.00 

Bahia Lobos, N2 

46.50 39.50 55.00 
45.00 37.00 55.00 
46.50 34.00 32.00 
47.50 38.00 53.00 
48.00 38.00 33.00 
50.10 36.00 33.00 
41.50 33.50 59.00 
43.00 33.00 48.00 
43.00 31.00 43.00 
43.50 34.50 37.00 
42.50 32.00 55.00 
42.00 31.00 51.00 
43.00 31.00 50.00 
42.50 30.00 50.00 
46.50 33.30 23.00 
42.00 29.00 34.00 
39.50 23.00 49.00 
38.50 23.00 39.00 
40.50 23.00 43.00 
42.50 26.00 54.00 

400.00 27950.00 
400.00 25400.00 
350.00 21925.00 
250.00 22050.00 
400.00 32450.00 
250.00 20100.00 
300.00 20900.00 
250.00 21900.00 
325.00 21625.00 
300.00 21100.00 
300.00 21950.00 
400.00 22325.00 
350.00 22050.00 
250.00 21450.00 
300.00 23650.00 
300.00 19250.00 
250.00 20550.00 
350.00 20325.00 

736.00 37750.00 
687.00 38100.00 
691.00 36750.00 
737.00 37550.00 
738.00 38500.00 
729.00 37550.00 
737.00 37250.00 
748.00 35600.00 
745.00 35050.00 
782.00 35650.00 
728.00 35400.00 
788.00 35550.00 
779.00 35250.00 
783.00 35750.00 
803.00 37300.00 
758.00 35450.00 
515.00 33750.00 
787.00 34700.00 
746.00 33450.00 
765.00 34750.00 

61. 00 45.00 
55.00 45.00 
47.00 40.00 
47.00 41.00 
82.00 55.00 
40.00 37.00 
39.00 33.00 
42.00 30.00 
43.00 32.00 
41.00 35.00 
40.00 42.00 
41. 00 34.00 
42.00 51.00 
48.00 38.00 
47.00 39.00 
40.0041.00 
42.00 39.00 
42.50 38.00 

137.00 28.00 
131. 50 32.00 
106.00 29.00 
113.00 27.00 
112.00 36.00 
128.00 32.00 
126.00 27.00 
112.00 29.00 
207.00 29.00 
257.00 34.00 
105.00 30.00 
103.00 38.00 
141. 00 30.00 

99.00 27.00 
130.00 30.00 
215.00 30.00 
113.00 31.00 
172.00 35.00 

86.50 24.00 
86.50 36.00 

22.00 
23.50 
22.00 
22.00 
43.50 
14.00 

101.50 
20.00 
34.50 
22.00 
26.00 
24.00 
25.50 
22.50 
22.25 
20.50 
24.50 
22.75 

43.00 
41. 50 
45.50 
44.00 
46.00 
54.00 
40.50 
43.50 
43.00 
42.50 
43.50 
38.50 
40.10 
37.50 
42.00 
42.50 
36.00 
44.00 
41.00 
39.00 
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Bahia Lobos, N4 

3.00 53.00 26.00 48.00 443.00 46500.00 101.00 34.00 26.50 
3.00 57.00 27.00 46.00 418.00 44750.00 103.00 39.00 22.00 
3.50 56.00 26.00 44.00 472.00 44250.00 111.00 35.00 39.00 
2.50 55.50 32.00 38.00 456.00 43100.00 111.00 41. 00 41. 00 
3.50 55.00 22.00 41. 00 449.00 41600.00 181. 50 35.00 31. 00 
3.00 56.50 25.00 45.00 431. 00 39050.00 167.00 33.00 34.00 
3.00 53.00 27.00 42.00 442.00 42250.00 259.00 32.00 31. 00 
3.00 56.50 23.00 55.00 431. 00 41200.00 175.00 32.00 27.50 
2.50 58.00 31. 00 41. 00 421. 00 38050.00 105.00 32.00 24.00 
3.00 58.00 29.00 38.00 448.00 38950.00 102.00 33.00 29.00 
3.00 51. 00 88.00 42.00 457.00 41450.00 104.00 34.00 25.00 
2.50 54.50 44.00 34.00 456.00 39900.00 107.00 37.00 28.50 
2.50 52.00 31.00 49.00 485.00 41050.00 97.50 35.00 28.00 
3.50 51.00 28.00 42.00 607.00 39400.00 137.00 33.00 27.00 
3.50 54.00 29.00 46.00 629.00 39900.00 96.00 38.00 26.50 
4.50 58.50 31. 00 51. 00 662.00 36150.00 83.00 33.00 17.50 
3.50 52.00 22.00 52.00 708.00 36950.00 769.00 47.00 28.00 
3.50 51. 00 23.00 39.00 705.00 37400.00 93.50 32.00 15.00 
2.50 47.50 29.00 45.00 708.00 38400.00 98.00 31. 00 26.00 
3.00 42.50 28.00 34.00 721.00 39150.00 306.00 33.00 25.00 

Estero Algodones, N1 

3.20 49.50 28.00 39.00 548.00 37050.00 88.50 35.00 43.00 
2.50 49.00 31. 00 42.00 562.00 37025.00 144.00 34.00 40.00 
2.30 52.00 33.00 38.00 578.00 37550.00 95.00 30.00 39.00 
2.50 45.00 32.00 58.00 588.00 38400.00 165.00 38.00 38.00 
2.50 46.00 35.00 49.00 629.00 39400.00 212.00 39.00 39.00 
4.50 72.00 38.00 39.00 612.00 39250.00 123.00 40.00 90.50 
2.60 48.00 41. 00 43.00 620.00 38100.00 134.00 37.00 39.00 
3.50 45.00 48.50 48.00 634.00 40250.00 118.00 35.50 21. 00 
4.70 47.00 48.00 49.00 636.00 39250.00 119.50 37.00 38.00 
3.50 44.50 46.50 42.00 611.00 38550.00 109.00 39.00 37.00 
4.10 45.00 46.00 41. 00 645.00 38250.00 110.00 32.00 38.50 
3.60 51.00 38.00 42.00 638.00 39050.00 113.00 37.00 35.00 
3.10 46.00 34.00 42.00 659.00 39525.00 208.00 35.00 34.75 
2.50 48.00 35.00 50.00 649.00 39530.00 226.00 39.00 35.00 
2.50 47.00 28.00 34.00 592.00 38000.00 170.00 34.00 23.50 
3.20 47.00 29.00 45.00 621. 00 36250.00 197.00 33.00 38.00 
2.50 46.00 31.00 29.00 639.00 37750.00 95.00 32.00 37.00 
2.30 47.00 29.00 42.00 702.00 39550.00 548.00 35.00 35.00 
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Estero Algodones, N2 

4.50 48.00 35.00 28.00 620.00 37500.00 80.50 44.00 45.00 
2.50 46.50 30.50 31.00 599.00 37250.00 83.50 49.00 43.00 
4.50 46.50 30.00 35.00 575.00 37900.00 119.00 44.00 46.00 
3.00 46.00 29.00 30.00 585.00 38000.00 84.50 49.00 45.00 
3.00 48.50 30.50 35.00 603.00 37750.00 87.00 46.00 44.00 
3.00 46.00 32.50 28.00 598.00 38100.00 87.50 44.00 43.50 
4.50 44.00 32.50 32.00 592.00 37600.00 84.50 44.00 40.50 
3.00 50.50 33.00 39.00 599.00 38000.00 89.00 48.00 41. 00 
3.50 55.50 32.50 41. 00 610.00 38400.00 83.00 43.00 64.50 
3.50 44.50 28.00 31.00 585.00 36500.00 81. 50 46.00 41. 50 
3.00 41.50 28.50 40.00 573.00 37250.00 88.50 47.00 41. 50 
2.50 39.50 25.50 30.00 572.00 35100.00 79.50 39.00 45.00 
2.50 42.50 25.60 52.00 570.00 35150.00 97.00 4.00 49.00 
3.00 47.50 29.00 50.00 582.00 36750.00 82.00 43.00 43.00 
4.50 41.50 28.00 58.00 575.00 35500.00 76.00 44.00 40.10 
4.00 44.50 28.50 44.00 597.00 35300.00 77.00 41. 00 40.00 
3.50 44.00 32.00 57.00 592.00 37500.00 89.00 41. 00 42.00 
3.00 43.50 30.00 38.00 589.00 36500.00 91. 00 46.00 39.00 
4.00 46.00 30.00 43.00 595.00 38250.00 383.00 44.00 46.00 

Bahia Guasimas, N3 

1. 00 26.00 32.00 26.00 350.00 35600.00 83.00 38.00 15.50 
1. 00 32.00 28.00 18.00 300.00 34250.00 120.00 41. 00 28.00 
1.50 29.50 24.00 15.00 250.00 32750.00 117.00 36.00 15.50 
1. 00 28.00 31. 00 22.00 300.00 31150.00 75.00 38.00 13 .50 
0.50 21.50 26.00 14.00 400.00 33250.00 75.00 35.00 10.50 
2.50 26.50 25.00 22.00 300.00 33250.00 77.00 35.00 14.50 
2.00 35.00 29.00 30.00 450.00 38250.00 94.00 48.00 31. 00 
2.00 33.00 33.00 28.00 500.00 37100.00 88.00 42.00 24.50 
1.50 39.00 31. 00 20.00 550.00 36450.00 92.00 51. 00 28.00 
2.00 42.00 30.00 25.00 450.00 36600.00 84.00 38.00 21. 50 
2.50 37.00 32.00 19.00 600.00 38450.00 90.00 49.00 27.00 
2.50 39.00 33.00 20.00 550.00 38250.00 97.00 51. 00 28.00 
4.50 40.50 38.00 34.00 550.00 37550.00 0.00 71.00 32.50 
4.50 35.50 39.00 115.00 700.00 37100.00 0.00 82.00 29.50 
3.50 40.50 47.00 40.00 800.00 38000.00 104.00 49.00 21.00 
2.00 39.00 42.00 32.00 1100.00 40550.00 111.00 40.00 21. 00 
4.50 45.00 49.00 52.00 1100.00 38800.00 0.00 61. 00 22.50 
2.50 42.00 43.00 34.00 900.00 38950.00 120.00 48.00 22.00 
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A.3.3 The data sets for case study 5.4 

The following data set is taken from Ruppert et al. (1974), and Hopke et 
al. (1976). The order of the columns is as follows: 

G9 
30.49 

G10 
34.03 

G13 
23.74 
24.0 
G12 
30.84 
0.6 
G6 
30.89 

G11 
26.57 
18.0 
G20 
22.12 
2.5 
G8 
11. 69 

G7 
27.35 
8.0 
G14 
18.51 
24.0 
G17 
23.89 
3.7 
G19 
29.87 
2.7 
G16 
28.86 

5.6 
G5 
27.29 
1.9 
G18 
11. 46 
3.5 
G27 
22.1 

Na Mn K Br As Ga 
Cs Tb Sc Fe Tb Sb 

Sample Id. Eu 
La Hf 

% Sand % Silt % Clay Organic_matter Depth 

Blank spaces represent missing values. There are 98 samples. 

0.93 
18.21 

0.66 
18.56 

0.58 
27.05 
61.5 
0.77 
16.06 
62.4 
0.66 
12.55 

0.68 
27.26 
69.0 
1.54 
24.06 
84.5 
0.11 
25.48 

0.62 
7.69 
65.0 
0.49 
10.98 
64.5 
0.64 
6.0 
63.3 
0.68 
7.41 
69.3 
0.7 
8.87 

60.4 
0.72 
17.47 
66.1 
0.58 
21.26 
72 .3 
0.41 
13.62 

4612. 
12.69 

4246. 
12.61 

5993. 
6.01 
14.5 

3849. 
12.98 
37.0 

3386. 
10.82 

5456. 
8.5 
13.0 

5670. 
6.65 
13.0 

7387. 
2.53 

5478. 
5.46 
27.0 

7138. 
2.66 
11.5 
3693. 
5.13 
33.0 

4069. 
4.72 
28.0 

4719. 
6.14 

34.0 
4315. 
13.25 
32.0 

4960. 
8.53 
24.2 
6496. 
2.57 

3048. 
1.27 

1218. 
1.2 

792.5 
1.16 
14.0 

1514. 
1. 51 
9.0 

2019. 
0.98 

1065. 
1.12 
7.0 

818.3 
1.22 
8.0 

304.2 
0.58 

812. 
0.71 
5.0 

392.5 
0.11 
4.0 
6344. 
0.47 
13.0 

1072 . 
0.57 
10.0 

2550. 

8.0 
1163. 
1. 48 
8.0 

848.2 
1.17 
11.0 
292.8 
0.59 

16700. 
77.19 

14044. 
76.28 

10143. 
45.48 

6.3 
15551. 
83.5 

11.5 
18342. 
65.33 

10351. 
57.22 

6.5 
9251. 
46.2 

1.6 
7104. 
25.74 

3900. 
17.14 

7278. 
8.6 
3.75 

14146. 
14.03 
16.6 

11803. 
13.95 
6.0 

14241. 
19.92 

7.8 
16653. 
81. 22 

11042. 
52.44 

3.0 
7575. 
11.0 

16.91 36.69 
143833. 2.69 

12.53 21.49 
134091. 2.11 

4. 11.63 
75798. 1.91 

13.36 11.52 
152041. 2.54 

13.87 41.14 
120762. 1.76 

6.02 17.61 
99068. 2.34 

6.45 17.07 
72734. 1.94 

2.3 6.87 
43907. 1.07 

7.22 13.81 
49635. 0.8 

4.89 6.68 
29085. 0.8 

17.83 38. 
48156. 0.87 

12.41 18.21 
56137. 1.11 

13.4 29.72 
67557. 1.03 

11.31 12.91 
132780. 2.41 

5.51 11.13 
79939. 2.11 

8.54 
27005. 1.08 

23.05 
8.7 

20.48 
7.46 

12.88 
3.37 

14.54 
9.94 

16.63 
8.87 

19.13 
5.87 

10.96 
6.15 

11.82 
1. 49 

15.01 

19.36 

18.01 

19.32 

14.48 
7.61 

4.45 
5.92 
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11. 0 72.0 17.0 4.0 1.6 
G23 0.58 5608. 1029. 11383. 13.63 17.79 10.92 
24.48 8.1 4.08 0.36 12.02 26748. 1.17 
6.0 53.0 41.0 15.0 3.0 
G22 0.7 4081. 1257. 14988. 12.56 18.24 19. 
31.58 7.11 6.56 1.02 17.59 41033. 1.14 
1.5 77.5 21.0 13.0 7.0 
G28 0.61 6406. 958. 12378. 6.44 18.26 
21.12 9.88 4.33 0.45 13.11 35087. 1. 01 
3.3 64.2 32.5 8.0 3.6 
G29 2.32 6694. 484.5 6778. 6.18 16.63 14.89 
23. 8.18 2.03 0.38 8.37 26256. 0.71 
41.0 54.8 4.2 10.0 7.0 
G25 0.93 4241. 2238. 24595. 20.83 29.25 42.3 
49.32 9.86 9.53 0.95 61. 37 104996. 4.39 4.59 
1.25 57.75 41.0 13.0 10.0 
G30 0.37 7122. 351. 9 19898. 1.13 7.74 27.65 
16.5 15.44 1. 65 0.5 24.37 50120. 1.16 0.67 
74.0 21.2 4.8 1.0 0.80 
G26 0.82 4276. 1689. 22?38. 24.71 32.38 44.94 
38.93 11.11 8.89 0.86 58.56 95820. 1. 81 4.29 
10.5 67.5 22.0 13.0 10.0 
G24 0.97 6530. 1416. 14875. 13.81 24.67 28.24 
32.31 15.33 6.61 0.92 44.71 72369. 1. 58 3.22 
2.3 35.2 62.5 8.0 7.0 
G21 0.81 6733. 969.5 17484. 9.9 26.32 49.35 
30.78 14.34 5.78 0.95 39.71 60415. 1. 29 3.02 
11.0 73.5 15.5 10.0 1.7 
G74 0.84 5295. 540.9 16889. 22.11 18.09 12.01 
29.72 13.54 5.94 0.96 41. 88 47655. 1. 53 2.74 
13.0 62.0 25.0 18.4 4.0 
G81 0.41 7429. 524.5 13742. 1. 34 3.63 
11.3 26.02 2.01 0.43 24.74 24161. 1.22 0.76 
90.91 6.29 2.8 3.7 1.2 
G34 0.51 7630. 588.5 17400. 9.93 12.64 
20.96 12.16 3.64 0.56 30.66 57763. 1.14 1. 42 
66.0 28.2 5.8 13.7 0.7 
G88A 1.18 5273. 346.1 11173. 7.59 10.69 17.15 
10.5 13.03 3.32 0.67 23.4 30632. 1. 22 1.4 

G69A 0.58 8914. 193.9 9696. 4.46 6.29 
20.6 19.54 2.1 0.53 15.96 21534. 2.07 1.2 
7.55 85.45 7.0 9.8 2.3 
G72 0.84 6122. 555.3 12677. 4.63 15.81 7.9 
28.85 13.39 7.25 0.88 33.88 52965. 3.54 2.17 
6.3 76.7 17.0 12.3 2.3 
G73 0.71 7511. 348.2 8919. 5.92 
12.51 14.83 1. 87 0.41 16.22 24872. 1. 64 1. 82 
50.2 39.8 10.0 6.5 3.0 
G73A 0.78 8052. 691.1 6798. 27.58 47.33 
20.5 15.72 3.07 0.56 19.53 30693. 2.14 2.42 
67.7 25.0 7.3 15.0 3.0 
G88 0.64 7688. 10296. 936.3 5.08 20.15 43.15 
28.34 17.83 5.23 0.84 28.8 43757. 2.98 2.78 
5.2 78.8 16.0 7.6 2.0 
G87 1.29 4032. 871.1 13988. 65.4 18.18 22.01 
36.28 8.92 7.45 1. 03 39.18 52952. 2.17 1. 92 
6.18 61.82 32.0 10.6 4.0 
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G68 0.7 7l54. 419.2 11335. 5.92 12.23 
24.46 14.11 4.89 0.68 26.81 42442. 2.93 3.06 
3.2 77.8 19.0 9.7 1.3 
G69 6876. 525.8 10118. 9.18 17.12 63.77 
24.19 13.83 4.42 0.55 24.6 35236. 2.88 2.79 
3.74 78.76 17.5 12.12 2.3 
G92 0.62 10782. 858.2 9024. 1. 63 1.57 77.49 
9.35 37.27 0.36 0.63 33.57 53364. 3.51 
95.0 2.8 2.2 1.3 1.3 
G93 10025. 169.3 11674. 3.97 
5.09 4.19 0.46 0.14 5.7l 8491. 0.5 0.21 
98.8 0.5 0.7 7.7 1.3 
G91 9374. 17l.9 8293. 3.04 1.18 8.32 
10.5 31.35 1. 39 0.79 34.14 42017. 1. 42 0.88 
93.6 4.4 2.0 9.0 2.3 
G41 0.18 87782. 257.9 7879. 1. 43 2.41 6. 
8.78 41. 61 1.14 0.85 21. 78 33785. 1.35 0.78 
91. 8 4.9 3.3 4.6 2.5 
G66 0.12 6153. 687.4 6183. 1.55 3.29 4.34 
9.32 42.34 1. 75 0.79 22.15 40700. 1.16 1. 48 
91.0 4.5 4.5 11.0 5.1 
G47 0.43 6294. 440. 11994. 2.36 5.74 18.85 
18.85 61. 89 5.71 1. 86 46.09 75181. 2.95 3.6 
77.0 11. 0 12.0 4.0 3.4 
G89 0.95 5805. 971.9 17309. 20.6 26.67 30.78 
32.77 18.11 7.94 1.55 38.63 57l54. 1. 51 6.52 

G90 0.77 4562. 2914. 16842. 19.72 36.58 33.87 
38.03 19.4 14.7 1. 29 63.35 116470. 2.44 11. 21 
1.7 65.3 33.0 9.08 23.5 
G65 0.83 4157. 1388. 19239. 30.08 26.28 31.08 
42.9 27.54 38.81 183.4 315496. 5.77 29.72 
2.26 52.74 45.0 17.4 12.1 
G45 0.6 5177. 3727. 12260. 17.41 58.75 11. 56 
29.37 37.2 15.78 2.81 73.3 133439. 3.27 8.06 
0.65 67.35 32.0 11.3 6.0 
G59 0.25 6450. 140. 8837. 3.83 5.34 10.5 
13.25 14.85 2.56 0.77 18.75 34962. 0.95 1. 56 
60.31 30.99 8.7 5.5 1.3 
G53 0.92 4157. 3252. 16950. 18.63 34.68 18.97 
33.97 28.39 20.89 3.83 104.5 154943. 3.1 l3.83 
3.1 60.9 36.0 14.8 9.0 
G40 0.66 7376. 425.3 10113. 2.76 12.49 l3 .27 
24.25 12.48 3.2 0.52 16.7 27l81. 0.85 3.52 
23.0 65.0 12.0 8.25 4.0 
G52 1.27 4682. 4135. 15933. 17.27 49.12 24.93 
40.89 8.64 8.45 0.74 34.27 66482. 1.19 4.15 
0.3 54.7 45.0 8.8 10.5 
G33 0.69 8028. 509.5 7528. 5.9 6.67 7.23 
22.49 24.09 3.49 0.64 17 .87 26565. 1. 26 1. 94 
26.5 61.5 12.0 3.4 1.6 
G54 0.89 8331. 949.4 9872 . 4.37 9.88 10.24 
26.74 7.97 0.97 0.21 11. 78 20954. 0.63 1. 24 
27.1 61. 9 11.0 3.2 3.8 
G56 1.24 4032. 3318. 15493. 17.66 50.56 17.94 
40.7l 5.66 6.17 0.64 25.55 51528. 0.96 2.75 
1.7 54.3 44.0 9.7 10.0 
G44 0.59 9836. 305.3 9485. 3.04 6.94 12.15 
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19.09 13.16 2.35 0.34 13.17 18931. 0.79 l. 58 
23.0 64.0 13.0 6.0 4.0 
G42 9194. 300.2 7823. 2.74 4.88 9.59 
9.95 10.27 0.47 0.24 8.16 14065. 0.48 0.24 
93.8 3.2 3.0 0.5 2.25 
G35 1.26 4887. 1152. 14756. 15.43 26.14 22.93 
38.14 9.32 7.14 0.79 30.03 52211. l. 31 2.79 
2.7 65.3 32.0 18.7 5.0 
G55 0.94 6587. 1434. 11204. 12.41 18.84 14.34 
24.79 3.01 1. 55 0.2 6.19 10246. 0.18 0.66 
9.85 66.65 23.5 11.0 3.5 
G43 0.51 9726. 357.5 10689. 4.7 7.49 15.73 
18.31 12.25 1. 42 0.32 10.57 16641. 0.64 0.67 
47.0 48.0 5.0 5.0 2.0 
G36 0.23 6069. 156.2 7175. l. 66 3.32 
6.22 5.2 0.84 0.16 11. 61 24657. 0.49 0.35 
91. 6 2.2 6.2 1.5 l.6 
G49 0.58 3573. 3600. 13930. 20.39 49.75 9.41 
29.47 8.33 8.9 0.85 76.23 155501. l. 54 4.61 
1.6 55.9 42.5 8.1 8.5 
G48 0.78 4287. 2979. 13803. 15.22 23.51 23.5 
34.13 9.47 8.01 0.86 68.14 142276. 1. 51 3.97 
0.6 61. 4 38.0 9.0 7.0 
G38 0.43 5924. 420.8 8608. 8.8 18.91 
19.72 9.68 3.32 0.45 32.12 57854. 0.65 l. 78 
52.37 31. 63 16.0 8.7 2.0 
G58 0.63 6743. 832.2 8759. 9.4 4.9 6.74 
5.9 17.97 4.94 0.73 52.06 86114. l. 68 2.76 
16.9 71.1 12.0 3.9 4.5 
G39 1.1 3287. 1055. 17560. 31. 03 27.03 24.48 
33.45 6.57 9.23 0.92 75.06 120211. l. 49 3.93 
5.3 46.7 48.0 15.0 6.0 
G51 0.17 7113. 212. 6559. 4.23 24.36 7.73 
4.8 11.13 2.21 0.37 26.21 42765. 0.87 l. 24 
69.0 27.2 3.8 2.1 2.5 
G46 0.24 7190. 212.1 6003. 5.22 
7.91 9.94 0.85 0.24 21. 04 32656. 0.58 0.81 
89.8 6.5 3.7 2.0 3.0 
G47A 0.43 5641. 391.6 9549. 2.85 3.35 5.34 
10.82 11. 44 4.31 0.5 45.68 74035. l. 09 2.19 
30.0 54.0 16.0 1.7 3.4 
G32 0.43 4716. 1752. 12833. 8.02 28.14 16.49 
30.65 0.97 l. 05 0.1 8.79 15809. 0.2 0.61 
5.5 68.5 26.0 8.0 6.0 
G71 0.91 8078. 392.3 8475. 3.49 9.14 6.31 
12.95 23.1 3.13 0.7 25.41 46249. l.3 l. 58 
63.9 23.1 13.0 21.0 2.0 
G37 0.25 8593. 141.2 9362. 5.55 
8.13 9.35 0.86 0.3 15.11 23151. 0.53 0.24 

G57 1. 07 5071. 1587. 17459. 15.9 29.49 19.4 
35.06 16.13 11. 6 1. 46 74.8 138688. 2.23 6.32 
1.7 57.3 41.0 8.1 12.0 
G15 0.77 7102. 1245. 9048. 2.44 6.34 
13.13 13.38 2.53 0.47 21.65 49359. 0.84 l.3 

G50 0.69 9062. 595.8 10650. 4.47 5.51 
11. 47 23.57 2.73 0.55 24.67 40488. l.17 l. 47 
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56.0 35.4 8.6 1.9 3.5 
G77 1.27 5001. 1062. 15318. 17.22 25.95 22.65 
35.57 14.54 10.3 1.19 58.55 89505. 1. 99 3.44 
2.88 66.62 30.5 9.4 3.4 
G78 1.15 3673. 889.4 19065. 31. 68 28.23 24.79 
41. 65 9.37 11.93 1.36 67.62 103022. 1.72 5.73 
1.04 47.46 51.5 7.9 5.5 
G64 9220. 888.9 19065. 3.53 7.57 10.56 
12.97 16.44 2.62 0.52 24.99 45627. 1.0 1. 02 
69.76 18.24 12.0 6.3 
G82 1.34 3590. 1068. 16953. 28.1 23.37 22.27 
26.06 9.24 10.81 1.12 61. 38 97277. 1. 76 6.18 
1.39 51. 61 47.0 9.2 5.2 
G61 0.96 6328. 810.6 11947. 4.75 7.44 13.65 
23.77 17.97 7.39 1. 04 47.79 78972. 1. 89 3.11 
10.3 66.7 23.0 7.2 
G76 0.45 5808. 293.8 8205. 2.41 9.74 5.0 
18.68 15.17 2.96 0.47 22.25 33560. 0.8 1. 36 
22.0 64.8 13.2 3.4 4.0 
G63 0.64 5348. 1740. 13302. 2.89 24.69 18.97 
25.64 10.64 4.65 0.56 34.16 62891. 0.78 3.95 
14.76 58.24 27.0 14.1 
G75 0.31 4631. 979.1 15948. 8.74 26.12 20.37 
30.43 9.95 5.73 0.68 38.49 59073. 1. 01 3.05 
2.68 66.32 31.0 10.3 5.0 
G70 0.45 6904. 331. 3 6568. 1. 45 7.55 3.09 
13.84 13.0 1. 43 0.35 13.32 18623. 0.74 1.12 
40.0 53.0 7.0 5.3 1.3 
G95 1. 06 3361. 3444. 10189. 4.56 306.0 13.04 
28.71 6.4 3.5 0.63 25.54 341373. 0.58 2.17 
60.0 14.0 26.0 23.5 
G80 0.19 5930. 228.3 7931. 5.31 8.5 
7.49 14.13 0.97 0.26 13.98 23150. 0.59 0.67 
80.57 16.93 2.5 1. 04 3.3 
G31 0.59 6666. 362.9 8015. 0.76 7.62 11.93 
14.94 14.98 1. 81 0.37 17.72 31334. 0.69 0.69 
47.0 49.3 3.7 2.0 1.6 
G94 0.29 8408. 458.2 9738. 2.59 6.19 8.81 
13.46 5.2 1. 69 0.32 18.12 29157. 0.62 1. 35 
59.0 33.0 8.0 3.3 
G67 0.51 5998. 479.3 10284. 12.25 44.19 
20.9 12.03 3.37 0.42 23.45 35656. 0.93 3.01 
5.07 79.93 15.0 1.3 
G84 0.21 6222. 327.4 8553. 2.25 8.25 
11. 73 12.85 1. 46 0.23 14.46 24812. 0.65 0.65 
69.12 25.88 5.0 1.7 2.5 
G85 0.53 5531. 506.1 8996. 3.27 9.98 5.62 
21.57 22.84 4.53 0.78 24.38 43277. 1. 76 2.17 
42.94 46.06 11.0 4.4 3.2 
G79 1. 03 3441. 924.1 19823. 29.78 34.64 26.55 
40.07 13.75 14.33 1. 41 59.04 94134. 2.48 6.45 
0.76 54.24 45.0 9.4 6.0 
G97 0.77 4399. 1697. 17648. 15.59 46.87 25.18 
37.66 18.18 14.24 1.52 61. 47 110996. 3.01 
1.2 62.8 36.0 
G86 1. 32 4023. 970.5 17114. 37.42 28.23 20.44 
39.92 13.72 10.58 1.13 42.11 65835. 1. 98 4.23 
2.74 65.26 32.0 13.7 5.2 
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G96 0.81 4822. 643.2 31884. 10.92 3l. 96 
44.23 12.38 19.32 0.91 69.4 95897. 2.51 2.91 
0.1 39.9 60.0 23.5 
G62 0.97 4261. 2030. 18984. 15.9 32.42 23.07 
39.73 16.33 13.05 l.35 57.69 113026. 2.28 6.3 
l.0 56.0 43.0 13.2 
G83 l. 05 3711. 698.7 18729. 37.87 26.82 32.58 
44.22 14.54 13.52 l. 48 54.92 81993. 2.61 4.52 
2.12 60.88 37.0 12.3 5.5 
G60 0.73 4737. 37106. 8660. 140.0 14.14 
24.33 12.15 3.17 0.65 17.5 156818. l. 09 

G98 l.11 362.4 20271. 1131. 31.63 28.84 
66.25 0.54 3.21 587346. l. 41 
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