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ABSTRACT 

Certain conservative discretizations of the NLS can produce irregular behavior. 

We consider the diagonal discretization as 0. conservative perturbation of the inte

grable discretization and study the homoclinic crossings in its nonlinear spectrum. 

We find that irregularity sets in for the two unstable mode regime and, in this case, 

many and continual homoclinic crossings occur throughout the irregular time series. 

We undertake an analysis to determine the mechanism that causes the "chaotic" 

behavior to appear in this conservatively perturbed NLS equation. This analysis 

involves the construction of explicit formulas for the homoclinic orbit, a description 

of the relevant finite dimensional phase space and a Melnikov analysis for the various 

regimes studied. 

For the two unstable mode regime, we determine that two distinct homoclinic 

orbits persist in the perturbed system. The presence of these two homoclinic orbits 

in the perturbed system does not necessarily imply the onset of chaotic motions in 

neighborhoods of the homoclinic. orbit. We use a condition on the angles that the 

homoclinic orbits make with the local unstable and stable manifolds as they leave 

and enter a neighborhood of the fixed point which allows for sufficient stretching 

and folding to occur to enable construction of a horseshoe type map on an invariant 

set in the neighborhood of the fixed point and thereby obtain irregular motions 

in configuration space. We verify whether the homoclinic orbits in the perturbed 

system satisfy this angle condition and correlate our findings with the results from 

the study of the nonlinear spectrum. 
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CHAPTER 0 

Introduction 

The Nonlinear Schrodinger Equation (NLS) is one of the fundamental equations in 

nonlinear wave theory which governs the slowly varying dispersive wave envelope 

of a fast oscillation in a weakly nonlinear medium. It arises in many fields: laser 

propagation in nonlinear optics, the theory of deep water waves and Langmuir waves 

in plasma physics. 

Two significant discretizations of the NLS are the integrable discretization, ab

breviated as IDNLS, and the standard diagonal discretization, or DDNLS. The 

integrable discretization is important because it is a completely integrable system 

and so preserves many of the features of NLSj it provides a good finite dimen

sional model for testing ideas about NLS. The diagonal discretization has physical 

applications in biomolecular dynamics where it describes self-trapping phenomena, 

nonlinear dimers. 

One important phenomena in nonlinear wave theory is self modulation. Self 

modulation can lead to instability and this instability is responsible for filamentation 

in laser beans, for the breakup of monochromatic wavetrains in water, and other 

singular dispersive phenomena. Further, it is responsible for producing irregular or 

"chaotic" behavior in solutions of the DDNLS. There is an intrinsic relation between 
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the modulational instability for periodic potentials and the underlying homoclinic 

structures of IDNLS. We view the diagonal discretized NLS as a perturbation of 

either the integral discretization or in the continuum limit of the PDE. It is our goal 

to determine the role played by the homoclinic orbits in the integrable system as 

sources and mechanisms for producing chaotic behavior in the perturbed system. 

In Chapter 1 we view the diagonal discretization as a perturbation of the in

tegrable discretization and do a preliminary numerical study, using the spectral 

theory of the integrable discretization, to detect homoclinic crossings in the per

turbed system. We consider two regimes, the one unstable mode regime and the 

two unstable mode regime. We show that the irregular time series, when two unsta

ble modes are present, contains many homoclinic crossings; thus it seems reasonable 

to pursue the consequences of the presence of such homoclinic structures. The usual 

approach, which is now standard for low (2-3) dimensional ode's, is called "Melnikov 

Analysis". For the damped driven Sine-Gordon and NLS equations the underlying 

homoclinic orbits do playa central role in the associated chaotic phenomena and a 

Melnikov analysis of these models has been initiated in [17]. A similar analysis is 

of interest here, where the system is of high dimensions, while the perturbation is a 

conservative one. Such an analysis in the near integrable models begins with homo

clinic orbits constructed explicitly by Backlund Transformations from the Inverse 

Scattering Theory. For this conservative perturbation where we consider compli

cated homoclinic structures, the Melnikov analysis is most simple in a continuous 

framework. We now view the diagonal discretization as a perturbation of NLS. 

In 2.1 we present the spectral theory of the NLS. The classes of initial conditions 

we have considered in our numerical experiments are within an €-neighborhood of 
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the homoclinic manifolds corresponding to one or two unstable modes. For solutions 

of the NLS with a finite number of unstable modes the significant dynamics occur 

in a finite dimensional subspace. In 2.2 we present a description of the geometric 

structure of the relevant finite dimensional submanifolds that exist in the phase 

space of the NLS. 

For the classes of initial data considered, u(t) = aei(2a
2
t+-ro) is a hyperbolic pe

riodic orbit for the unperturbed system. It is connected to itself by the homoclinic 

manifold U(x; a, 1-). Before we can implement a Melnikov analysis of the homoclinic 

behavior that was observed in the numerical experiments, we need a parametriza

tion of the homoclinic manifold of the unperturbed system. Coordinates for the 

homoclinic manifolds corresponding to the one or two unstable mode regime are 

obtained by a single (or iterated) Backlund transformation acting on u(t) = ae2ia2t. 

In Chapter 3 the relevant Backlund theory is given and the explicit formulas for 

the homoclinic manifolds are derived. To understand the mechanism for the chaotic 

behavior, a description of the geometric structure of the finite dimensional phase 

space is needed. In section 4.1, we describe the structure of the unperturbed phase 

space and then go on to examine the perturbed phase space for both the one and 

two unstable mode regimes. In order to detect the existence of homoclinic man

ifolds in the perturbed system, we compute a Melnikov function which measures 

perturbatively the distance between stable and unstable manifolds in the perturbed 

system. 

The technical details of the determination of the correct Melnikov functions is 

in Section 4.2. We establish that for the one unstable mode regime the Melnikov 

function is identically zero and so there is no splitting of the stable and unstable 
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manifolds in the finite dimensional model. This is consistent with the numerical 

observations when only one unstable mode is present and the time series is regular: 

very few crossings and no chaos. For the two unstable mode regime, the Melnikov 

function has a unique zero, and the existence of this zero guarantees the persistence 

in the perturbed system of two distinct homoclinic orbits. We investigate the dy

namical consequences of the existence of these homoclinic orbits in the perturbed 

system. In section 4.3 we present Holmes' condition for the existence of horseshoes 

in a 4-dimensional hamiltonian system. In section 4.4 we apply Holmes' condition 

to our system and correlate our findings with the numerical studies. 
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CHAPTER 1 

Chaotic and Homoclinic Behavior for Numerical Discretizations of the Nonlinear 

Schrodinger Equation 

1.1 Introduction 

The modulational instability is an extremely important instability in nonlinear dis

persive waves. For example, it is responsible for envelope solitons and cavitons in 

plasmas, for filamentation of laser beams, and for the break up of monochromatic 

wavetrains in water. This instability produces chaotic waves when a conservative 

system is perturbed by damping and driving [1, 2]. Recently it has been shown 

to produce striking effects in numerical approximations of conservative waves [3]. 

A sample of such numerical effects is reproduced in Figure 1.1 for one particular 

discretization of the Nonlinear Schrodinger Equation. 

The most basic model used to study phenomena related to the modulational 

instability is the self focusing Nonlinear Schrodinger Equation (NLS): 

(1.1 ) 

with periodic boundary conditions 

'IjJ(x + L, t) = 'IjJ(x, t). (1.2) 
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Figure 1.1: Sample time series of one nonintegrable discretization of the Nonlinear 
Schrodinger Equation, 0 < t < 100, N = L/h = 32. 

The x-independent plane wave solution 'lj; = ae2ilal2t is known to be linearly unstable. 

When examining perturbations of this solution of the form 

'lj;(x, t) = (a + w(x, t))e2ilaI2t, (1.3) 

subject to the initial condition 'lj;(x, 0) = a + w(x, 0), it is found that for a(x, t) = 

eO'te iKX6:, the linear growth rate (7 is given by (72 = _K2(K2 - 4IaI 2 ). The long waves 

are unstable provided 

(1.4 ) 

Furthermore, the number of unstable modes is given by the largest integer N such 

that 0 < N < laIL/7r. 

Such intabilities for special plane-wave solutions could be studied for a wide class 

of partial differential equations, not just this integrable NLS equation. However, 



21 

since NLS is integrable via soliton mathematics, one can understand much more 

about its instabilities and their consequences. In particular, for this integrable 

equation one can [10,17] 

1. Identify all instabilities of a general (rather than just a plane wave) solution, 

and calculate the dimensions of it's stable and unstable manifolds. 

2. Follow (exponentiate) each local linear instability into a global homoclinic 

orbit. 

3. Understand the structure of level sets and orbits in a full phase space neigh

borhood of the critical level sets on which these stable and unstable manifolds 

reside. 

4. Numerically detect all such instabilities precisely and continuously 

monitor them in time even in the presence of perturbations. 

More geometrically, the flow for the integrable system takes place on level sets of 

constants of motion. Typically, these level sets are tori, whose dimension equals 

one half the dimension of the phase space. (In the pde setting, the phase space is a 

function space which is infinite dimensional, with infinite dimensional tori. However, 

each numerical approximation is finite (2N) dimensional. Of course, N increases with 

the inverse of the discretization scale h, N ~ h-1 and can be very large.) Denoting 

the phase space by S, the integrable flow resides on the level sets of N commuting 

constants 

{Hj : S -+ RIHj = hilj = 1, ... ,N}. (1.5) 

For almost all values of the real numbers hj, these level sets are N-tori TN. However, 
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there can exist certain special "critical values" hj, and associated "critical level sets" 
, 

H*, with the following properties: 

1. The invariant tori TM in a critical level set no longer have maximal dimension; 

rather, their dimension is M which can take any value less than N. 

2. At TM C H*, the constants {Hi: S --t R,j = 1,2, ... ,N} no longer have 

linearly independent gradients. 

3. The critical values hj are not local maxima or minima; rather they are saddles 

for the constants Hi' 

4. Locally, at least, the critical level set H* has the product structure 

together with various "boundary components" of the form 

J=M+l, ... ,N. 

5. The boundary component of smallest dimension is the invariant torus TM 

itself. All orbits in the critical level set approach the torus TM in both forward 

and backward time. 

We define the term "homo clinic crossing" as follows: Consider a trajectory u( t) 

in phase space which is evolving in time t according to a dynamical system which 

is a perturbation of an integrable system. When the constants of motion {Hil for 

the integrable system, evaluated on this perturbed trajectory, cross a critical value 

hj, we say that a homoclinic crossing has occurred. As described below, for soliton 
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systems these homoclinic crossings can be precisely detected numerically by the 

spectral transform. 

Thus integrability via soliton mathematics provides a theoretical and numerical 

tool with which to analyze the chaotic consequences of these instabilities. 

Previously, such studies were pursued for the damped driven Sine-Gordon and 

NLS equations [6, 7]. Here we apply this program to the interesting phenomena in 

conservative discretizations of the NLS equation identified by Ablowitz and Herbst 

[3]. 

Specifically, we study the natural diagonal discretization (DDNLS) 

(1.6) 

as a perturbation of the integrable discretization (IDNLS) [16] 

(1. 7) 

with h = LIN the mesh size and under periodic boundary conditions qj+N = qj. It 

is clear that equation (1.6) can be viewed as an O(h2) perturbation of the integrable 

discretization (1.7), i.e. (1.6) can be written as 

which is (1.7) with a perturbation of order h2lql2qxx. 

The latter discretization (1. 7) is integrable because it is equivalent to consistency 

of the following linear problems: 

Vn+1 = Ln(z,qn(t))Vn 

'In = Tn(z, qn{t))Vn 

(1.9) 

(1.10) 
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where 

(1.11) 

(Here h has been set equal to 1). Thus (1.7) can be integrated with the discrete 

inverse spectral transform associated with the Lax pair [Ln, Tn]. We developed 

this Lax pair, which is slightly different from an equivalent pair in the literature 

[16], specifically to be able to handle the spectral theory associated with periodic 

potentials [15] (see [29]). 

Quite generally we are interested in understanding the role played by homoclinic 

orbits in integrable systems as causes, sources, and organizers of chaotic behavior in 

nearby systems. For soliton systems we have previously developed theoretical [12,13] 

methods for the detection of homoclinic crossings and have implemented these meth

ods numerically [1, 2] in damped-driven situations. The problem studied here differs 

because the nearby systems remain conservative; moreover, the perturbed systems 

themselves are of independent interest for numerical analysis. Specifically, certain 

difference schemes can produce irregular time series, a phenomena which becomes 

important when different schemes are compared at the same fixed discretization size. 

We apply the numerical tools of [1, 2] to these conservative difference schemes and 

show with our measurements that the irregular time series do indeed contain many 

and continual "homoclinic crossings". In addition, we find that irregular behavior 
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in these conservative time series is associated with "multiple homoclinic structures" 

(M> 1) which are more complicated than single homo clinic orbits (.!vI = 1). When 

only a single homo clinic orbit is present, the time series tested behave regularly 

(although admittedly, we have only performed a limited number of experiments). 

1.2 Spectral Theory Background 

Discretization (1.7) can be integrated with Inverse Spectral Theory, actually with 

Floquet Theory since the coefficients of the linear difference operator in (1.10) are 

periodic of period N. The homoclinic crossings are detected by numerically imple-

menting the inverse spectral theory. In this section we present the relevant features 

of then Floquet Theory for the difference operator (1.10) which we use to analyze 

the numerical experiments and a more detailed description is given in [29]. 

Define two solutions 4>(n,z),'IjJ(n,z) of the linear problem (1.10) by the initial 

conditions 

4>( 1, z) = ( ~ ) , 'IjJ(I,Z)=(~). (1.13) 

Then the fundamental matrix for (1.10) is given by 

/{(n, z) - [4>(n, z) 'IjJ(n, z)] 

- Tn-l (z, t)[4>(I, z) 'IjJ(I, z)], n = 2, ... , N + 1, (1.14) 

where 
n 

Tn(z, t) = IT Lj(z, qj(t)) (1.15) 
j=l 

TN(Z, t) is the transfer matrix which maps solutions of (1.10) across one period N 

of the potentials qn(t). In general, any solution of (1.10) will have the form 

(1.16) 
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where C is constant vector. The behavior of the solution is then determined by the 

behavior of (TN)k. To ensure stability of the solution as it is mapped across the 

lattice, the eigenvalues of TN(z, t) must lie within or on the unit disk. The spectrum 

of this operator is then defined to be: 

u(TN(z, t)) = {z E CI~N(Z, t) zs real, -2 :$ ~N(Z, t) :$ 2} (1.17) 

where ~N(Z, t), the Floquet discriminant, is given by 

(1.18) 

~N(Z, t) is analytic in Z in the finite complex plane - {O} and 

(1.19) 

where ak = ak( ql, ... ,qN, qi, ... ,q'N) is a polynomial in its arguments. The integra-

bility of IDNLS (1. 7) follows from the invariance of ~N(Z, t), which actually contains 

all N constants of motion for this integrable hamiltonian system. 

A few additional spectral quantities will be needed: the "simple periodic spec-

trum" is 

(1.20) 

and the "double points" of the spectrum are 

(1.21 ) 

where the prime denotes the derivative with respect to z. 

The spectral plots presented later, display ~N(>., t) instead of ~N(Z, t) where 

Z = e±i'\. This is done to enable a convenient comparison with the spectrum of 

the NLS given by (1.1). All future references to the spectrum of the DNLS will be 
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with respect to the complex variable A. Since U(TN) has the following symmetry, 

A E (; (TN) then A* E u(TN), only the upper half A plane is displayed in the spectral 

plots. 

• 

Remark 1 (To interpret the spectral plots) The entire real axis is always con

tinuous spectrum for TN for all N and no special marking is indicated. The discrete 

or periodic spectrum is marked as follows: 

o corresponds to ~N(A, t) = +2 

o 

o 

~N(A, t) = -2 

~N(A, t) = O. 

There is no notational distinction between whether an element of the discrete spec

trum is a simple point or a double point, so care must be exercised. Analytically one 

can show simple points are always the end points of a spine of spect1'um and double 

points must lie on a spine of spectrum. The large + and x correspond to continuous 

spectrum where the discriminant ~N is respectively positive or negative. The small 

+ and x correspond to curves of real ~N which are not spectrum and which are 

respectively positive or negative. 

., 

The spectrum of the initial plane wave consists of the real axis and a single band 

of spectrum along the imaginary axis in the upper half plane. Complex double points 

can reside on this band of spectrum. The significance of these complex double points 
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is that there is a one-to-one correspondence between the number of complex double 

points and the number of exponential instabilities of the linearized IDNLS. Further, 

the tori in the level sets for even (about x = a ) potentials lose one dimension for 

each of these complex double points. In the case of two purely imaginary complex 

double points, these tori have dimension N-2, with stable (unstable) manifolds of the 

torus TN -2 in this level set having dimension N, two more than the dimension of the 

torus itself. Coordinates for these stable (unstable) manifolds can be constructed 

with Backlund transformations which use the complex double points as parameters. 

This construction is given in continuous pde cases in [10, 17] and in the discrete 

NLS case in [29]. Under small, even perturbations q(x), purely imaginary double 

points open either into gaps in the spectrum (gap state) or form spines of spectrum 

(cross state). In this even, purely imaginary, situation, continuity forces spectral 

configurations which pass from a gap state to a cross state to pass thru a double 

point and thereby cross the associated homoclinic structure. So by examining the 

changes in the spectrum under the perturbed flow we will be able to detect the 

homoclinic crossings. 

It is found upon examining an €-neighborhood of the homoclinic orbit, that the 

distinct (even) spatial structures that exist nearby correspond to distinct spectral 

configurations near to the complex double point. This association of spectral con

figurations with spatial structures has been discussed for the Sine-Gordon [12, 13] 

and the NLS [17]. In the next three examples, for the IDNLS (1.7), we establish a 

similar correspondence using initial conditions that are prescribed in section 3.2.1. 

Figure 1.2a is the surface plot for the homoclinic orbit associated with one complex 



double point. The initial condition is 

qn = .5 + 100(1 + i) cos pXn 

Xn - -L/2+(n-l)L/N, n=I,2, ... ,N+l 

29 

(1.22) 

( 1.23) 

where 100 = 10-5 , N = 32, p = 27r / L, L = 2V2 7r. The homoclinic orbit is char

acterized by a single mode which is centered in the middle and the asymptotic 

decay of the homoclinic orbit to the plane wave is clearly visible. Figure 1.2b is 

the corresponding spectral plot which shows the one purely imaginary double point. 

Figure 1.2c is the phase portrait where we see the right lobe of a separatrix. In 

the phase portraits we are considering the phase space formed by the following two 

variables 

A(t) = Iq(O, tW - 0.25 

dA 
At = dt 

(1.24 ) 

(1.25) 

where A(t) represents the departure of the norm of the amplitude from equilibrium. 

There exists a second homoclinic orbit corresponding to the double point shown 

in Figure 1.2b. It is obtained by a space translation and the spatial excitation is 

centered in the wings and its phase orbit is the left lobe of an asymmetric separatrix. 

In an f-neighborhood of this homoclinic orbit we have the distinct spatial struc

tures specified by the initial conditions 

qn = .5 +.1 COSPXn ( 1.26) 

and 

qn = .5 + .li cos pXnl (1.27) 
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Figure 1.2a: The homoclinic solution of the IDNLS for 0 ::; t ::; 50 with initial 
condition q(x,O) = ~ + 100(1 + i)cospx. The nonlinear spectrum with one purely 
imaginary double point. 

Figure 1.2b: The homoclinic solution of the IDNLS for 0 < t < 50 with initial 
condition q(x, 0) = ! + 100(1 + i) cos px. The surface q(x, t). 
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Figure 1.2c: The homoclinic solution of the IDNLS for 0 < t < 50 with initial 
condition q(x,O) =! + fo(1 + i)cospx. The phase portrait. 

where L, p, Xn and N are the same as before. Their spectral and surface plots and 

phase orbit are shown in Figures 1.3a-3b-3c and Figures 1.4a-4b-4c, respectively. 

Figures 1.3a-3b-3c show the correlation between a "gap" spectral configuration, the 

spatial excitation locked either in the center or in the wings, and the phase orbit 

trapped within the right or left lobe of the separatrix, respectively. Figures 1.4a-

4b-4c show the correlation between a "cross" spectral configuration, the waveform 

traveling between center and wings and phase orbit lying outside the separatrix. 

Moon [18] illustrates that for the damped-driven NLS frequent homoclinic crossings 

correspond to a random flipping between these waveform types. A bifurcation de

scription of the phenomena, together with its connection to the connectivity of the 

level sets, may be found in [17]. 
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Figure 1.3a: The solution of the IDNLS for 0 ::; t ::; 50 with initial condition 
q(x,O) = ~ + .1 cospx. The nonlinear spectrum with one imaginary gap. 

Figure 1.3b: The solution of the IDNLS for 0 ::; t ::; 50 with initial condition 
q(x,O) = ~ + .1 cos px. The surface q(x, t) showing an excitation locked in the 
center. Also there exists a second case, which is not shown, with the excitation 
locked in the wings. 
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Figure 1.3c: The solution of the IDNLS for 0 < t < 50 with initial condition 
q(x,O) = ~ + .1 cos px. The phase orbit . 
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Figure 1.4a: The solution of the IDNLS for 0 ::; t ::; 50 with initial condition 
q(x,O) = ~ + .li cos px. The nonlinear spectrum with one complex cross. 
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Figure l.4b: The solution of the IDNLS for ° ::; t < 50 with initial condition 
q(x,O) = ~ + .1icospx. The surface q(x,t) with a standing wave whose maximum 
travels between the center and the wings. 
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Figure l.4c: The solution of the IDNLS for ° < t < 50 with initial condition 
q(x,O) = ~ + .1icospx. The phase orbit. 
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1.3 Numerical Diagnostics 

We begin by integrating discretizations (1.6) and (1.7) numerically using the Runge

Kutta routine in the IMSL library with a relative error of 10-6 • This relative error 

was checked by successively halving the tolerance level of the integrator routine and 

by comparison with known analytic solutions. 

The discriminant t::..N ().., t), and in particular, the periodic spectrum, is invariant 

in time when qn(t) evolves by IDNLS (1.7). In the Hamiltonian framework for 

periodic solutions the periodic spectrum provides the actions (one half of the degrees 

of freedom of the system) in an action-angle description and they are constants 

of motion. These N constants of motion provide an excellent check in the time 

integrator and when they remain constant, at least one half of the variables are 

being integrated. 

For the DDNLS (1.6) there is much less information to check as there are only 

two constants of motion, the L2 norm -

N-l 

1= L: Iqjl2 (1.28) 
j=O 

and the Hamiltonian 

(1.29) 

We are considering periodic even solutions and we want this feature to be pre

served in our numerical solutions. This spatial symmetry allows us to work on half 

the x-interval, 0 < x < L/2. By imposing this symmetry condition at x = L/2 we 

prevent the loss of symmetry as time evolves. In our numerical experiments, time 

series of H and I remained constant to six significant digits. Once the time series is 
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generated, we analyze it with both diagnostics from dynamical systems theory and 

from inverse spectral theory. The dynamical systems diagnostics presented here are 

the phase plane z(t) = (z(t), Zt(t)) for z(t) = Iq(D, t)12 - .25 and the temporal power 

spectra A where A = Iq(D, t)l. 

In our numerical experiments, we consider small values of the parameter 8 = 
h2 /12, so we are in a near-integrable situation. It seems reasonable then to apply 

the nonlinear spectral transform and we consider this diagnostic even more illuminat

ing. At each time t, we take the numerically generated solution {qn(t) In = 1, ... ,N} 

and perform the spectral transform by numerically determining O'N(A). For solu

tions generated by the IDNLS (1.7), the spectrum is constant. But for solutions 

generated by DDNLS (1.6), the perturbation causes the spectrum to change and so 

the spectrum must be measured successively in time. The spectrum O'N(A) provides 

a measurement of the components of the waveform at time t. Further, by observing 

when the spectral configuration passes thru a double point we are able to detect 

the homo clinic crossings. We are thus able to determine (as a function of time) the 

content of the waveform and the homoclinic crossings for the perturbed system. 

The spectral plots are crucial to the identification of the homoclinic crossings 

and these were obtained using E. Overman's spectral solver code as was done in 

[1,2]. We have used a slight adaptation for the discrete case but a general complete 

description is provided in [6]. Without the spectral solver machinery, it is only 

known that the double points (and instabilities) are present initially. The numerics 

presented here show that the crossings persist throughout the time series and can 

be correlated with the onset of irregular behavior. This detection of homoclinic 

crossings is precise because we are in a near-integrable scenario and we have the 
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nonlinear spectral transform to provide an accurate measurement of the spectrum. 

For the DNLS, this is even simpler as we are dealing with difference operators and 

~N(>" t) = cPl(N + 1, >.) +7f12(N + 1, >.) is determined by direct matrix multiplication. 

1.4 Homoclinic Crossings 

We consider the diagonal DNLS as a perturbation of the integrable DNLS. This 

allows us to apply the previous spectral theory even though the spectrum is no longer 

constant under the perturbed flow. Upon examining the spectrum of the perturbed 

flow we obtain the homoclinic crossings as a function of time for a variety of initial 

spectral configurations (variations on the one or two double point scenario) and 

mesh sizes (perturbation strengths) and correlate these findings with the physical 

features of the solutions in an effort to understand the effects of the underlying 

homoclinic structures on the system. 

We would like to make a few preliminary remarks. One can speak of the class of 

initial conditions that are within an €-neighborhood of the one double point regime or 

of the two double point regime. From the more extensive numerical experiments we 

have performed that are not mentioned explicitly here, we have found that initial 

conditions within the same class have the same qualitative behavior in terms of 

homoclinic crossings or breakdown of spatial structures. Secondly, we do not classify 

the one or two double point regime by their initial spectral configuration alone. For 

example, one may initially have a gap and a double point on the imaginary axis. 

However, if as time evolves the gap closes down to a double point we are in the two 

double point regime. 
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The One Complex Double Point Regime 

We consider the homoclinic orbit which corresponds to one complex double point 

and one unstable mode. The initial condition is given by 

qn = .5 + E(l + i) cos PXn (1.30) 

where L, E, p, X n , N are the same as before. We have already seen the solution for this 

under the integrable discretization (1.7) (see Figures 1.2a-2b-2c). The solution to 

the diagonal discretization (1.6) with initial condition (1.30) is well behaved as can 

be seen in Figures 1.5a-5c which are the surface, phase portrait, and power spectrum 

for this case. Initially the nonlinear spectrum has one imaginary double point (the 

spectral plot is the same as Figure 1.3b). Under the diagonal discretization, as 

times evolves, this double point opens up into a small cross (see Figure 1.5d for a 

representative spectral plot) and then closes down to the double point. We examined 

the spectrum for 0 < t < 100 and later at a time slice 975 < t < 1000 and we 

observed the pattern (double point to cross to double point to cross) repeating 

itself. However we did not detect any homoclinic crossings. The spectrum is in a 

cross state for a very short time and the double point lasts, comparatively, for a 

much longer time. Hence we do not see the traveling between center and wings as 

you would if the cross persisted for a sufficiently long time. (It must be emphasized 

that the time interval between spectral plots was chosen sufficiently small to ensure 

that no crossings were missed.) In examining the double points along the real axis, 

we observed that no spreading to higher nonlinear modes in A-space occurs. When 

we decrease the size of the mesh to N = 16 (and increase the perturbation strength) 

and examine the solution for the initial condition (1.28), in the same time frame as 
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Figure 1.5a: The solution of the DDNLS for 0 ::; t ::; 100 and N = 32 with initial 
condition q(x,O) = ~ + <::(1 + i) cospx. The surface q(x,t) showing an excitation 
recurnng. 

before, it is still well behaved. Four homoclinic crossings occur for 0 ::; t ::; 100. 

The spectral configuration is mostly in the cross state and when it does switch to a 

gap, the gap is very small. We do not consider these homoclinic crossings significant 

since the spectral configuration is in the gap state for such a short time that the 

waveform does not randomly flip between center and wings and in general does not 

produce irregular behavior. The surface is given in Figure 1.5e. '"''Ie do not present 

the phase or spectrum, as they are qualitatively the same as Figures 1.4a-4c. The 

instability and homoclinic orbit associated with one complex double point seems an 

insufficient mechanism to trigger temporal irregularity in this time series. 
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Figure 1.5b: The solution of the DDNLS for a :5 t :5 100 and N = 32 with initial 
condition q(x,O) = ! + €(l + i)cospx. The phase portrait of q(O,t) with the inner 
right lobe visible. 
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Figure 1.5c: The solution of the DDNLS for a :5 t :5 100 and N = 32 with initial 
condition q(x, 0) = ! + €(1 + i) cos px. The power spectrum of q(O, t). 
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Figure 1.5d: The solution of the DDNLS for 0 ~ t ~ 100 and N = 32 with initial 
condition q(x, 0) = ! + €(1 + i) cos px. The nonlinear spectrum at t = 1000 showing 
one very small cross. 

Figure 1.5e: The solution of the DDNLS for 0 ~ t ~ 100 and N = 16 with initial 
condition q(x,O) = ! + €(1 + i)cospx. 
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The Two Complex Double Point Regime 

The second and much more interesting case, is for a combination homoclinic orbit 

which corresponds to two complex double points and whose initial condition, within 

an €-neighborhood, is given by 

(1.31 ) 

where N = 32,L = 4y'27r,a = .5,P3 = 2Pl = 27r/L,xn = -p/2 + (n -l)p/N,€l = 

1O-4,€3 = 10-5 , and the r/;js are given by Pi = 2asinr/;,i,j = 1,3. This initial 

condition is determined in Section 3.2.1. The solution to IDNLS (1.7) for initial 

condition (1.31) is presented in Figure 1.6a. The homoclinic orbit is characterized 

by the two modes cos PIX and cos P3X and that the homoclinic orbit exponentially 

decays to the plane wave. Its corresponding phase orbit which appears as a double 

separatrix can be seen in Figure 1.6b and its nonlinear spectrum showing the two 

pure imaginary double points in Figure 1.6c. 

When (1.31) evolves under the DDNLS (1.6) we obtain considerably different re

sults. Figures 1.7a-7c are the surface, phase portrait, and power spectrum for (1.31). 

One sees a breakdown in spatial structure, the abrupt temporal onset of irregular 

behavior and the corresponding irregular motion in phase space. Figures 1.7 d-7 g 

show the various spectral configurations that we found for (1.31). Moreover we can 

correlate the changes in the spectrum with the behavior of the surface. Initially 

there are two imaginary double points. For 0 ~ t ~ 30, only 2 homoclinic crossings 

occur. However, for t > 30 there is a rapid generation of homoclinic crossings and 

their density increases markedly. This occurs simultaneously with the breakdown 

in spatial structure. 
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Figure 1.6a: An €-neighborhood of the homoclinic solution of the IDNLS with i.c. 
q(x, 0) = a(l + 4i( 101 sin cPl ei<Pl cos PIX + 103 sin cP3eicP3 cos P3X)) for a ~ t ~ 100 and 
N = 32. The surface q(x, t). 
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Figure 1.6b: An €-neighborhood of the homoclinic solution of the IDNLS with i.c. 
q(x, 0) = a(l + 4i( 101 sin cPl ei<Pl cos PIX + 103 sin cP3eicP3 cos P3X)) for a ~ t ~ 100 and 
N = 32. The phase portrait of q(O, t) showing a double separatrix. 
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Figure 1.6c: An f-neighborhood of the homoclinic solution of the IDNLS with i.e. 
q(x,O) = a(1+4i(flsincPleit/>lcosPlx+f3sincP3eit/>3cosP3X)) for 0::; t::; 100 and 
N = 32. The nonlinear spectrum with two purely imaginary double points. 

Figure 1.7a: The solution of the DDNLS for 0 ::; t ::; 100 and N = 32 with initial 
condition q(x,O) = a(l + 4i(fl sin cPleit/>l COSPIX + f3 sin cP3eit/>3 COSp3X)). The surface 
q(x, t). 
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Figure 1.7b: The solution of the DDNLS for 0 ~ t ~ 100 and N = 32 with initial 
condition q(x, 0) = a(l + 4i( €1 sin <PIeit/ll cos PIX + €3 sin <P3eit/l3 cos P3X)). The chaotic 
motion in the phase space of q(O, t). 
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Figure 1. 7c: The solution of the DDNLS for 0 ~ t ~ 100 and N = 32 with initial 
condition q(x,O) = a(l + 4i(€1 sin <PIeit/ll cos PIX + €3sin<P3eit/l3 COSp3X)). The power 
spectrum. 
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Figure 1.7d: The solution of the DDNLS for 0 :::; t :::; 100 and N = 32 with initial 
condition q(x, 0) = a(1+4i(€1 sin <Pleit/>l COSPIX+€3 sin <P3eit/>3 COSp3X)). The nonlinear 
spectrum at t = 32 showing a cross-gap configuration . 
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Figure 1. 7e: The solution of the DDNLS for 0 :::; t :::; 100 and N = 32 with initial 
condition q( x, 0) = a(l +4i( €1 sin <PI eit/>l cos PIX+€3 sin <P3eit/>3 cos P3X)), The nonlinear 
spectrum at t = 42 showing a gap-cross configuration. 



47 

.. .. 
.. .. 

.. .. .. , .. 
~ • .. .. 

.. .. .. .. . . 
.. .. ~ 4> .. 

~ 
1B IIJ • ~ ~ 

-0.4 -0.2 0 0.2 0.4 
DISC 

~~I~Cy 
Figure 1.7f: The solution of the DDNLS for 0 ::; t ::; 100 and N = 32 with initial 
condition q(x, 0) = a(l +4i( €1 sin 1>leirP1 cos P1X+€3 sin 1>3eirP3 cos P3X)). The nonlinear 
spectrum at t = 46.6 showing a cross-cross configuration . 
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Figure 1.7g: The solution of the DDNLS for 0 ::; t ::; 100 and N = 32 with initial 
condition q(x, 0) = a(l +4i( €1 sin 1>1 eirP1 cos P1X+€3 sin 1>3eirP3 cos P3X)). The nonlinear 
spectrum at t = 49 showing a gap-gap configuration. 
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Figure 1.8: The time line of the homoclinic crossings of a combination homoclinic 
orbit (N = 32). 

The time line (Figure 1.8) shows that many homoclinic crossings were observed 

as there are 40 for mode 1, 38 for mode 2 (0 ::; t ::; 100), and they occur (apparently) 

irregularly throughout the time series. Inspecting the time line of the homoclinic 

crossings we see that rarely do mode 1 and mode 2 simultaneously cross. However 

by varying the initial conditions within the same class it is possible to obtain a case 

where they are simultaneously crossing. In the time range studied, the 3rd to 5th 

nonlinear modes become excited and there is an oscillation in their excitation but 

we did not detect any spreading in A-space further than that. This excitation of the 

3rd to 5th nonlinear modes makes it difficult to observe a flipping between waveform 

patterns located spatially in the center versus ones located in the wings, as was seen 

for the damped-driven NLS [18]. Upon decreasing the perturbation, i.e. N = 42, 

the solution to DDNLS (1.6) with initial condition (1.31) exhibits this selection in 

the waveform pattern until, as in the 32-particle case, the higher nonlinear modes 
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become active. This flipping can be seen in Figure 1.9a and the crossings of the 

homoclinic orbit in phase space in Figure 1.9b. Here, as expected, irregularity takes 

longer to set in. Nevertheless, we find 13 crossings for mode 1 and 4 for mode 

2 (0 :::; t ::; 100) as shown in the time line (Figure 1.9c). When we increase the 

mesh further to 64, the solution to DDNLS (1.6) for initial conditions (1.31) has no 

significant homoclinic crossings. Small gaps have opened in the spectrum and so 

the spatial excitations repeat themselves instead of dying down to the plane wave. 

See Figure 1.10 for the surface to DDNLS (1.6), for N = 64, with initial conditions 

(1.31). 

The variance in the regularity of the solution, as the mesh is varied, indicates 

that the homoclinic crossings depend on the perturbation parameter ~~ = 8. If 8 

is taken too small, 8 < 8critica/' one obtains regular behavior, while if 8 is too large, 

8> 8 .. , we cannot apply our integrable diagnostics. For the one double point regime, 

as long as we are in the near-integrable scenario, 8 < 8 .. , we obtain regular behavior. 

But for two double points, there is a critical region, 8critical < 8 < 8., where we are 

in the near integrable scenario and yet obtain irregular behavior. The many 

homoclinic crossings that occur irregularly throughout the time series for two double 

points, for 8critical < 8 < 8 .. and the corresponding breakdown in spatial structure is 

in striking contrast to the regular behavior and few homoclinic crossings that were 

observed for one double point for 8 < 8... Thus having detected many homoclinic 

crossings for two double points, it is plausible that this more complicated homoclinic 

behavior is the source of the irregular temporal evolution. 
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Figure 1.9a: The solution of the DDNLS for 0 ~ t ~ 100 and N = 42 with initial 
condition q(x,O) = a(l + 4i(fl sin <pIeicP1 cos PIX + f3 sin <P3eicP3 cOSp3X))j The surface 
q(x, t) showing an irregular flipping between center and edges . 
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Figure 1.9b: The solution of the DDNLS for 0 ~ t ~ 100 and N = 42 with initial 
condition q(x,O) = a(l + 4i(fl sin <pleicP1 COSPIX + f3 sin <P3eicP3 COSp3X))j the motion 
in the phase space of q(O, t). 
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Figure 1.9c: The solution of the DDNLS for 0 :::; t :::; 100 and N = 42 with initial 
condi tion q( x, 0) = a (1 + 4i ( ~I sin <PI eiq,l cos PI x + ~3 sin <P3eiq,3 cos P3X )) j the time line 
of the hornoclinic crossings of a combination hornoclinic orbit. 

Figure 1.10: The solution of the DDNLS for 0 :::; t :::; 100 and N = 64 with initial 
condition q(x,O) = a(l + 4i( ~I sin <PIeiq,l cos PIX + ~3 sin <P3eiq,3 cos P3X))j The surface 
q(x, t). 
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1.5 Conclusion 

In observing the behavior of time series for the DDNLS, it is found that one obtains 

smooth qualitative behavior for a short time before the solution becomes abruptly 

"chaotic". The complicated homoclinic structure of either the integrable NLS equa

tion or the integrable IDNLS equation can be a potential source of this irregular 

behavior. We have studied numerically, for several representative sample experi

ments the nonlinear spectrum and its cross-gap structure in the limited parameter 

regime of one or two complex double points. We definitely establish that these 

homoclinic crossings occur throughout the time series and can quantify them as a 

function of time. Our results show that for the DDNLS, in the parameter regime of 

one unstable mode, few homoclinic crossings occur where on the other hand, with 

two unstable modes we detect many continual homoclinic crossings. Moreover we 

correlate this generation of many homoclinic crossings with the temporal onset of 

irregular behavior and a breakdown in spatial structure. 
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CHAPTER 2 

Spectral Theory and the Lagrangian Foliation 

The nonlinear Schrodinger equation NLS 

(2.1) 

is an integrable PDE. The phase space is a function space 

F = CC(Sl) = {Complex valued smooth functions on the circle of perimeter L}. 

(2.2) 

The symplectic structure on this space is given by the Poisson bracket 

. fL 8F 8G 8F 8G 
{F, G} = -z Jo 81jJ 81jJ* - 81jJ* 81jJ dx (2.3) 

where F and G are Frechet differentiable functional on F. (2.1) itself is Hamiltonian 

with respect to (2.3) with Hamiltonian 

Geometrically, the integrability of (2.1) means that solutions in F exist for all times 

and F is stratified by Lagrangian submanifolds, M (typically infinite dimensional) 

which are invariant under the NLS flows. This means that 

{} M := {I : F ~ ellis Frechet differentiable and I is constant on the strata} 
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contains H and is a maximal involutive set; i.e., it is maximal with respect to the 

condition that {It,I2 } = 0 VIj E rJ M • For NLS and other soliton PDE's arising 

from soliton theory there is a very compact description of the maximal involutive 

set rJ. It is expressible in terms of the spectral theory of an associated eigenvalue 

problem. This will be briefly described in subsequent sections. 

We remark that the Lagrangian manifolds are all homeomorphic to the product 

of finitely many copies of R1 with (usually infinitely many) copies of 8 1 • In finite di

mensional Hamiltonian systems this would follow directly from the Arnold-Liouville 

theorem. In our PDE setting it has only been rigorously established for equations 

with self-adjoint eigenvalue problems such as KdV (see [10],[11]). For a description 

of partial results in the non-self-adjoint setting see [12,13,20]. 

In this work we will be primarily interested in a submanifold of :F consisting 

entirely of finite dimensional M which are close to the "plane wave" solution of 

NLS. This we refer to as the finite phase submanifold P. We will further restrict 

our attention to the even subspace of :F, denoted :Fe, which is invariant under NLS, 

and the associated even, finite phase manifold, pe. 

2.1 Spectral Geometry 

The spectral problem associated to NLS is due to Zakharov and Shabat [8]: 

if =)./ (2.4) 

where 

A .(1 O)d (0 
L = z 0 -1 dx + _1jJ" 

Formally, (3) has two spectral symmetries: 



(i) reality (viz. 'IjJ* = complex conjugate of 'IjJ) implies that if f = ( ~~gj ) 
is an eigenfunction of L with eigenvalue A, then ( 1{i~;) ) is an eigen

function at ). * j 

(ii) in addition if 'IjJ is even ('IjJ( -x) = 'IjJ(x)) then (~~=~: =~:~ ) IS an 

eigenfunction at -).*. 
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NLS defines an "isospectral flow" for this linear problem, the spectrum of which 

provides sufficient invariants to establish the integrability of NLS. 

More precisely, the operator L is viewed as an operator on the Hilbert space 

where 

and 'D = HI(R) ® 0 2 is the (dense) domain of L. In this setting L has only 

continuous spectrum O'(L). Since L is not self-adjoint, its spectrum need not be 

real. These complex curves of spectrum are invariant under the NLS flow. 

The spectrum O'(L) can be characterized through an analytic function ~('IjJ, 'IjJ*j ).), 

called the Floquet discriminant, which is defined as follows: One begins with the 

fundamental matrix solution AI, 

LM = ),111 

(2.5) 

AI (x = y, Y j ).) = (~ ~), 
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and then defines .6. through its trace, 

.6.( 1jJ, 1jJ*j A) == tr M(y + L, Yj 1jJ, 1jJ*j A) (2.6) 

The Floquet discriminant .6.( 1jJ, 1jJ*j A) is invariant under the NLS flow, and the 

spectrum 0' is then characterized in terms of this constant of the motion, 

O'(L(1jJ,1jJ*)) = P E CI.6.(1jJ,1jJ*jA)isrealand - 2 ~.6. ~ 2} (2.7) 

Two other spectral quantities are important, (i) critical points and (ii) multiple 

points: 

critical points: 

(2.8) 

multiple points: P E CIA is a critical point and .6.(A) = ±2} 

The curves of spectrum terminate at periodic or antiperiodic eigenvalues Pj}, 

.6.( 1jJ, 1jJ*j Aj) = ±2. (2.9) 

Two curves of spectrum can join or touch at a multiple point, creating an eigen

value of higher multiplicity (see Figure 2.1) 

The following succinct description of the critical level sets for the NLS equation 

in terms of these spectral quantities is taken from [17]. "The Floquet discriminant 

.6.(1jJj A) is analytic in both of its arguments, the function 1jJ(x) and the complex 

parameter A. The description proceeds by interplaying these two dependencies. 

First, one uses the Floquet discriminant to define the "isospectral class of 1jJ" , 

MI/; == {r' E .1'1.6.(7·j A) = .6.(1jJj A) \fA} (2.10) 



/ Simple Eigenvalue 
/ Double Point 

./ Critical Point 
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Figure 2.1: A double point is formed when two simple eigenvalues coalesce, neces
sarily at a critical point. 

Since, for every complex A, the Floquet discriminant ~('l/Jj A) is invariant for 

the NLS equation, ~ provides an infinite set of constants of the motion which are 

ordered by A. These generate the set () described earlier. Moreover, these integrals 

can be shown to be in involution and to be complete. Thus, the isospectral class M 

consists of a closed union of Lagrangian submanifolds. 

By completeness, the generic level sets of the map 

~ ::F --+ { analytic f unctions of A} 

(2.11) 

are (possibly infinite dimensional) Liouville tori. The critical values of ~, viewed 

as a functional of 'l/J, occur at functions Q for which the spectrum O'(L(Q)) contains 
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multiple points. (Generically such multiple points are double, and that is the only 

case that we treat.) Note that, in this fashion, the critical behavior of b., viewed as 

a functional of 1/J, is related to its multiple behavior in the complex parameter >.. 

Our arguments in reference [12,13] for the sine-Gordon equation can be readily 

adapted to this NLS case. These methods show that the configuration of double 

points for b.(>.) completely determines the structure of the critical level sets. This 

result may be stated concisely as 

Theorem 1 Let 1/J(x) be a potential for which 0'(£(1/J)) has 2N simple eigenvalues, 

while it has 2.M double points oj] of the real axis, with the remaining eigenvalues 

double and real. The associated critical set is a disjoint union of manifolds dij]eo-

morphic to 

(2.12) 

where TN is a real N -torus, Sl is the circle, and all values a ~ j ~ !II occur." 

Let P±(x, >.) denote the independent Floquet eigenfunctions of L. We introduce 

the squared eigenfunctions 

g(>.) = p+p-
1 1 

h(>') -F2+ F2- (2.13) 

f(>.) = ~ (Fl F2- + F1- Ft) 

The following facts are straightforward to check: 

(i) (j2 + gh) (>.) is invariant under the NLS flow (1); 

(ii) g*(>'*) = -h(>.) and /*(>.*) = f(>.); 
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(iii) If 'l/Jo is a solution of NLS, then both g( 'l/Jo, A) and (Fl± ('l/Jo, A)) 2, for any 

A, solve the linearization of NLS at 'l/Jo. 

2.2 Finite Phase Manifolds 

The finite phase initial data for NLS consists of potentials 'I/J(x) for which (g, h, f) 

have polynomial growth, in A at 00. In that case, these squared eigenfunctions can 

be normalized to be polynomial: 

g(A) 

h(A) 

f().) 

n+l 
= - IT (A - Ji-I) = - (An+1 + alAn + ... + an+l) 

1=1 
n+l 

= II (A - VI) = (A n+1 + (31 An + ... + (3n+1 ) 
1=1 

= !IAn + '" + !n+l 

The coefficients depend on (x, t) through 'I/J. 

2n+l 
f2 + gh = IT (A - Ak) := S2(A) 

k=O 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

with {Ad invariant under the NLS flow. {Ad also must satisfy certain transcen

dental conditions which are consequences of the periodicity of 'I/J( x) and will be 

described subsequently. 

We consider the map 

(2.18) 

The level sets M X of this map are (n + 1 )-dimensional complex manifolds as long 

as the {Ad are distinct. For real 'I/J(x), 2.13(ii) implies that (3j = aj, !j is real and 

{Ad is invariant under conjugation. (Such points in C3n+3 will be referred to as 
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"real points".) We will impose this last requirement from now on; but, for the time 

being it will be convenient to leave a, il independent. 

The level set M,\ can be locally coordinated by {(Jlo, S(Jlo)), ... , (Jln, S(Jln))} := 

{Po, ... , Pn}. Jlj and S(Jlj) are defined implicitly, in terms of (a, il,1) by 2.14 - 2.17 

with X held fixed. 

The {Pj} determine 9 and j; h can then be recovered from j2 - gh = S2. 

Let n be the Riemann surface of the irrational function S(Jl) with A held fixed. 

The level set M X is isomorphic to (n - {001, 002} )(n+1) where 001 and 002 are the 

two points on n which lie over A = 00, and (. )(n+1) denotes the (n+ 1 )-fold symmetric 

product. Let n* denote n with a double point at infinity, i.e. with two points 001 

and 002 identified [27]. 

We now introduce the Abel map which linearizes the NLS flow: 

A: (n*)(n+1) ~ Jac(n*) = cn / A x C* 

{Pd ~ [L:i=O it:; Vo 1 
",n JF; L.Jj=O '\0 Vn 

Definition of terms and remarks: 

(2.19) 

(2.20) 

(i) A canonical basis ao . .. an; b1 ... bn is chosen for the homology group of one

cycles on n. The cycle ao encircles 001 where n* is punctured. 

The choice of the other a-cycles is constrained by a reality condition whose repre-

sentation will be deferred until we have reduced by a symmetry corresponding to the 

restriction to even potentials (see (2.21-24) below and figure (2.3). Canonical means 

that under the intersection pairing (.,.) one has (aj,aj) = (bj,bj ) = O,(aj,bj ) = Ojj 

where 1 ::; i, j ::; n. (ii) V1, ••• Vn is a basis for the space of holomorphic differentials 
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on n normalized so that 

1 Vj = Dij. 
a; 

Vo is a holomorphic differential on n'" which vanishes when integrated around 

aj-cycles (j 2:: 1) but which extends to n as a meromorphic differential with simple 

poles at 00t, 002 with respective residues +1,-1. (iii) A is the lattice of periods of 

A. It consists of the integer linear combinations of {Ia; v, Ib; v} for 1 ~ i ~ n. Note 

that 

1 Vo = 27l"i 
ao 

which accounts for the factor C" in (2.19). (iv) A is a biholomorphic map between 

(n*)(n+l) and Jac(n*). 

For the class of even potentials 'IjJ(x), the branch points {Aj} are invariant under 

the involution 

(2.21 ) 

The quotient of n* by the involution I is the Riemann surface n; defined by 

S;(E) = EII(E - E1) (2.22) 
I 

where E = .A2 and E/ = .Af. In order for 'IjJ to be real, the branch points {Ez} must 

be invariant under conjugation; in order for it to be periodic of period L we must 

have Iff: n commensurate to 7l" / L for all j, where 

(i) n is holomorphic on n; - {oo}. 

(ii) fa. n = o. 
J 

(iii) n '" ((-1)i/e + holo) d~ near OOi the two points over E = 00 on the 

desingularization of n;. 



62 

Figure 2.2: Spectrum of a constant a 

2.3 The Topology of Level Sets 

V.,re now focus attention on a neighborhood of a small complex constant, a, in Fe. 

The spectrum, a(L(a)), is as depicted in Figure 2.2. 

The number of double points on the positive imaginary axis is equal to N = 

[laIL/,1l']. In all our considerations we will take N to equal 1 or 2. For simplicity we 

will describe just the situation when N = 2, which is the one depicted in Figure 2. 

The description for N = 1 is entirely similar. 

We can now define the finite phase manifold pe. Its periodic/anti-periodic spec

trum has four distinct configurations which we show in Figure 2.3 together with 

associated cycles. 

Remark 2 We can now choose a natura11Jath of integration for defining J 0.; we 
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Figure 2.3: a-cycles and b-cycles on ne 
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Figure 2.4: Path of integration for J n 

represent it in the case of Figure 2.4. 

Thus, 

j = 0,1,2. (2.23) 

and 

0'1 - O'i . .} 2 - /1 IS even III x (2.24) 

where 0'1 E C and /1 E n are defined in (2.13-15) with x-dependence implicitly 

given by (2.12) and 

4 

S; = EII{E - E1) (2.25) 
1=0 
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(2.26) 

pe is a six dimensional manifold which includes limiting cases of the spectral con-

figurations shown in Figure 2.5. 

The subset of pe corresponding to Figure 5a(i,ii) consists codimension 1 subva

rieties of pe. These intersect in the codimension 2 subvariety with spectral configu

ration shown in Figure 5b. The level sets corresponding to such configurations are 

called singular. 

We now define a natural embedding 

Under this map, 

(j,g) --+ [1/!(x) = 0:'1; O:'i -,1 is even in x] 

,\2 

D.( 1/!,)..) = 2 cos r o. 
lEo 

(2.27) 

(2.28) 

The following theorem describes the topology and connectivity of the level sets, 

singular as well as nonsingular, of the finite phase submanifold pe embedded in :Fe. 

For the method of proof of these topological results we refer the reader to [20J. The 

following notation is used below: if X, Yare topological spaces and A C X, BeY 

are subspaces, then XU Y denotes the space which is the disjoint union of X and 

Y and XUYjA == B denotes the space with the quotient topology in which A and 

B have been identified. 

Theorem 2 (i) If {Ed are fixed and all distinct with 2j real (j = 0,1,2) 

(2.29) 
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Figure 2.5: Spectrum of the homoclinic separatrices 



has 2i connected components each homeomorphic to 8 1 X 8 1 X 8 1 • 

(ii) If {Ed are fixed and El = E2 while E3, E4 are distinct (or E3 = 

E4 with E1, E2 distinct), then each connected component of M{E;} is 

homeomorphic to 

(81 
X 8 1 

X R*) U (81 
X 8 1 

X {O,oo})/ 8 1 x 8 1 
X {a} 

_ 8 1 X 8 1 X {oo}. (2.30) 

If E3, E4 (respectively El, E2) are real, then M{E;} has two connected 

components, otherwise just one. 

(iii) If E1 = E2, E3 = E4 are fixed, then M{E;} is homeomorphic to 

(81 
X R* x R*) U (81 

X {O,oo} x {O,oo})/ 8 1 x {O,oo} x {O,oo} 

_ 8 1 x {a} X {O}. (2.31) 

67 
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CHAPTER 3 

Backlund Transformations and Construction of the Homoclinic Orbits 

3.1 Backlund Transformation 

In this section we employ a Backlund transformation to obtain explicit formulae 

for the orbits homoclinic to unstable solutions of the NLS (1). These orbits will be 

shown to be homoclinic to "torus translates" of the solution. First we present the 

Backlund transformation with an overview of its relevant features. Vie then con

struct the formulae for the orbits homoclinic to the two classes of initial conditions 

considered in our numerical experiments and which are crucial for the subsequent 

Melnikov Analysis. 

Backlund transformations were first used to obtain homoclinic orbits in studies 

of the geometry of the modulational instability for the Sine-Gordon [12], and [12J 

offers a comprehensive treatment of the subject. The following form of the Backlund 

transformation is derived in [22] and is used in studies of the driven NLS [17]. 

Proposition 1 Let u(x, t) be a solution of the NLS with a double point at >. = v. 

Let </> be a general eigenfunction for the associated linear system (2.3) at (u, v), 

(3.1) 
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{3.2} 

where ¢+, ¢- is the Floquet basis of eigenfunctions for {2.3}. Define U(x, t) by 

(3.3) 

Then U(x, t) is also a solution of the NLS {1}. 

Define the transformation matrix Q as: 

_ (( - v 
Q = Q((,v, ¢» = N 0 o ) N-1 

(- v* 
(3.4) 

where 

N = (:~ -¢>~2). (3.5) 

If"jl( x, tj 0 solves the system {2.3} at (u, () then 

W(x, tj 0 = Q((, Vj ¢»~(x, tj 0 (3.6) 

solves {2.3} at (U, O. 

Equations (3.3-3.6) for U(x, t) and W(x, tj 0 are the Backlund transformation 

for the coefficients and eigenfunctions of (2.3), respectively. This can be represented 

symbolically by 

( 
~(x, t) ) ~ ( '!(x, t) ) 
¢>( u, 0 \It (U, 0 (3.7) 

where B(v) depends on both v and ¢(x, t, v). By choosing two linearly independent 

eigenfunctions of (2.3) at ((, u), (e.g. 

¢>+((, u) and ¢>-((, u)), a basis of eigenfunctions for system (2.3) at ((, U) can be 

generated. This allows the Backlund transformation to be iterated. 
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The Backlund transformation (3.3-3.6) applies to any potential u(x, t) satisfying 

NLS but the generated U(x, t) will not be homoclinic to u(x, t) unless u(x, t) satisfies 

the conditions in the following theorem [17]: 

Theorem 3 Let u(x, t) be an L-periodic solution of NLS which is linearly unstable 

with an exponentially growing mode associated to a complex double point v in the 

spectrum u(L(U)). 

Then U(x, t) as defined by the Backlund transformation (3.3-3.6) satisfies the fol

lowing: 

i} U(x, t) is also an L-periodic solution of NLS. 

ii) u(L(U)) = u(L(u)). 

iii} U(x, t) is homoclinic to u(x, t) in the sense that 

U(x, t) -+ ei9±u(x, t), t -+ ±oo (3.8) 

at the rate u( v) which is the growth rate associated to the complex double 

point v. 

The key assumption in the theorem is that the starting solution u(x, t) is linearly 

unstable. There is an intrinsic connection between the modulational instability for 

periodic potentials and the homoclinic orbits. If u(x, t) is linearly stable and thus 

has only real double points, the transformation reduces to the identity U = u. 

We would like to make a few remarks about Theorem 3: 

i) The fact that the transformation (3.3) depends only on x-periodic func

tions, i.e. Floquet eigenfunctions evaluated at a periodic double pont v, 

is what guarantees the periodicity of U. 



ii) U(x, t) belongs to the same isospectral class as u(x, t); one can show 

that the transformation (3.3) does not alter the Floquet discriminant 

(see [12]). Assume now that u(x, t) is an N-phase quasiperiodic function 

and has 2N simple eigenvalues and 2M complex double points with the 

remaining double points real. The level set M for N-phase quasiperiodic 

functions contains an N-torus TN. Assuming u E TN, then the Back

lund transformation associated to a complex double point maps u E TN 

outside TN. More explicitly, from the representation (3.3) for U(x, t) we 

see that one free (nonzero) complex parameter c = c+/c_ is introduced 

by the transformation. Hence the Backlund transformation defines a 

family of quasiperiodic solutions to NLS parametrized by c, where c can 

be represented by (R1 x 51). Each time the transformation is iterated, 

one more complex parameter is introduced and so 

U(x,t) E TN x (R1 x 51)i,j = 1, ... ,M. (3.9) 

We treat spatially even periodic (N = 1) potentials in the numerical 

experiments; in this case, a discrete set of points on 51 is picked out and 

the product structure of each connected component of M drops to 

U(x,t) E Tl x Ri,j = I, ... ,.}\{. (3.10) 

iii) The squared eigenfunction components used in calculating U(x, t) (i.e. 

ifJiifJi) behave like e±O't as t --+ 00. The transformation (3.3) is asymp

totic to a torus translate of u(x, t), so U(x, t) is homoclinic to TN. 
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Each of the points (i-ii-iii) will be seen explicitly in the following construction of 
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homoclinic orbits for the two classes of initial conditions considered in the numerical 

experiments. 

3.2 Construction of Homoclinic Orbits 

Let's recall the structure of the spectrum for the case of the plane wave solution 

u = aei(2a
2

t+'YO) under periodic boundary conditions u(x + L, t) = u(x, t). 

The associated linear system (2.3) has constant coefficients and so the Floquet 

discriminant which characterizes the spectrum is easily computed, i.e. 

(3.11) 

The entire real axis is spectrum and there is one band of spectrum lying on the 

imaginary axis which terminates at ±ia (refer to Figure 2.2). There is a double 

point in the spectrum for each integer n, given by 

(3.12) 

for L small enough (P < a2/1['2) all of the double points are real. As L increases, 

for a fixed a, double points move onto the band of spectrum on the imaginary axis. 

If 

(3.13) 

then there are 2n purely imaginary double points. This condition is the same as the 

condition for linearized instabilities. When we discussed the modulational instability 

for the plane wave we saw that the growth rate of perturbations is given by 

(3.14) 
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(linearized instability condition), so for 0 < (rZ-) 2 < a2 the perturbations are unsta

ble. Moreover, we saw that the squared eigenfunctions of (2.3) generated solutions 

of the linearized NLS about the solution Uo, i.e. for 

(3.15) 

(3.16) 

A basis of prO, L] can be constructed from ¢;(x, (n) where (n runs over all the 

double points in a(L(uo)). With this basis, the growth rates of the linearized modes 

can be obtained from the Bloch wave structure 

(3.17) 

and from this one obtains that only the imaginary double points have nonvanishing 

growth rates. 

By Fourier analysis, there exists a complete set of squared eigenfunctions given 

by 2kn = 21m/ L. There are two states associated to k = 0 (simple spectra), and 

the rest of the modes are labeled by the double points kn = J(2 + a2 = mr / L. So 

the condition for the linearized instability is precisely the same as the condition for 

complex double points, and there is a one-to-one correspondence between the two. 

One Complex Double Point 

Let's consider the plane wave solution to the periodic NLS, u = ae i (2a
2
t+"YO), where 

the initial conditions have been specified to permit one pure imaginary double point 

/11 in the spectrum a(L(u)) (e.g. a = 1/2, L = 2J211", refer to Figure 1.2a). 
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The Bloch wave basis for (2.3) when the coefficient u = ae i (2a
2

t+"Yo) is: 

(3.18) 

with the wave number kn = Ja2 + (~ = n7r/L and (n any element of the periodic 

spectrum. 

The homoclinic orbit to the plane wave with one unstable mode is obtained with 

a single application of the Backlund transformation 

(3.19) 

where 

(3.20) 

and its corresponding basis of eigenfunctions are: 

(3.21 ) 

A = ( ((1¢112 + 1¢21
2
) -v1(1¢112 -1¢212) 

-(VI - vi)¢i¢2 

-(VI - Vi)¢l¢'2 ) 

((1¢112 + 1¢212) - v;(1¢112 -1¢212) 
(3.22) 

where ¢1 and ¢2 and its conjugates are evaluated at (x, t; vd. 

For a = 1/2, L = 2~:h as given in the experiments, only one unstable mode, 

k1 = 7r / L, is allowed. The basic relationship among the coefficients is 

k1 = 7r/L = Ja2 + vf, (3.23) 

which has the polar representation 

(3.24) 
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The growth rate is given by 

(3.25) 

and the constants c± are arbitrary; we set 

(3.26) 

The squared eigenfunction ingredients for the transformation [21,22] are 

14>112 + 14>212 = 2a2 (lc+12e-u1t + ic_12eu1t + 2ic+c_1 sinpcos 2klX) , (3.27) 

14>112 -14>212 = 4a2ic+L 1 cos psin 2kl x, (3.28) 

Since we are interested in solutions that are even in x, we impose the following 

restriction: p+ - p_ = p - 1r /2. To aid computation, we let 4> = 11"/2 - P so that 

kl = asin4>, and e"Yl = Ic_/c+lsinp and 7' = t + ,t!O"I' Upon simplifying, one 

obtains 

(3.30) 

where (a,r,1'o) E Rl X Rl X SI. 

U(x; a, 7', 1'0) represents a family of homoclinic orbits. One sees that the Backlund 

transformation adds an extra real component to the product structure 

(u E Tl, U(x; a, 7', 1'0) E Tl x Rl). The amplitude and phase of the original plane 

wave solution are given by a and i'o, respectively, and 4> carries information on the 

position of the complex double point. As .:yo is varied, a particular homoclinic orbit 

is picked out. The phase point is centered on the homoclinic orbit by r E (-00,00). 

U(x; a, 7', .:yo) is an even periodic solution to the NLS (1.1) associated to the mode 

cos 2kl x. 
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Since 0"1 is real we have 

(3.31 ) 

exponentially at rate 0"1' 

For T --. -00, the homoclinic orbit leaves the periodic orbit aei(2a
2
THo) and 

for T --. +00 it returns to aei(2a2THo)e4icP. Notice that the "torus translate" ()± is 

determined by the location (¢) of the complex double point. Appropriate initial 

conditions are determined by linearizing (3.30) about T = O. The linearized initial 

condition is 

(3.32) 

where € = eO"lT. We see U(x, T) tends exponentially to the plane wave in Figure 1.26 

which is the surface of U(X,T) for the initial condition 

U(X,O) = ~ + €o(l + i) cos 2k1x (3.33) 

with L = 2V27r, €o = 10-5
• 

Two Complex Double Points 

Let's assume that the initial conditions have been specified to permit two complex 

double points V1,V2 in the spectrum O"(L(u)) (e.g. a = 1/2,L = 4V27r, refer to 

Figures 1.6a-1.6c). Upon iterating the Backlund transformation we can construct 

the homoclinic manifold that is characterized by the two corresponding unstable 

modes. 

Symbolically, the procedure is: 

( 
u(xja,O"o) ) B(1I1) (U(Xja,T,-ro) ) B(1I2) U-( - ) 
~±(a,() --'--+ ~±(U,() --'--+ Xja,T,Q"o· (3.34) 
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We have already performed the first step in obtaining U(x; a, T, .:yo) and its eigen

functions ~±(U, (). Define 

(3.35) 

The eigenfunctions are scaled to take into account the twist aspect of the homo clinic 

orbits and PI,P2 are specifications of the location of the two double points. We now 

fix ( at V2 and form a general linear combination 

(3.36) 

The homoclinic manifold is given by 

U(x; a, T, .:yo) = U(Xj a, T, .:yo) - 2i(V2 - v;) 1 I:IZ~ 12 ' (3.37) ZI + Z2 

The relationships among the coefficients are kn = n7r / L = Ja 2 + v~, n = 1,2 

with kn + Vn = aeipn
• Let cPI = 11"/2 - PI, cP2 = cPI + 11", cP3 = 11"/2 - P2, cP4 = cP3 + 11". 

The growth rates are given by O"n = kn J4a 2 - k;'. The constants introduced are 

n± 

C± 

Further we let 

IC-I -C+ 
In_I 
n+ 

T = 
Q' = 

Ajk = 

.± 

= In± le'P2 , 

.± 
= ic± le'Pl . 

e"ll sin PI, 

e"l2 sinp2, 

t + /I/O"I, 

/2 - /10"2/O"I, 

[Sin W; - ¢k)r 
sin HcPj + cPk) 

(3.38) 

(3.39) 

(3.40) 

(3.41 ) 

(3.42) 

(3.43) 

(3.44) 



Upon simplification 

U- ( . - ) _ i(2a2THo) g(x; a, T, 0.) 
X,a,T,o.,"Yo - ae f( ) 

X;a,T,o. 

where (a, T, 0.,1'0) E R3 x 51 and 

+ 2 [A13 cos 2(k1 + k2)X + A 23 cos 2(k2 - k1)X] e(0'1+0'2)T+a 

+ 2A 13A 23A34 cos 2kl xe(O'l +20'2)T+2a 

+ 2A12A13A23 cos 2k2xe(20'1+0'2)T+a 

+ A A 2 A 2 A e2 (0'1 +0'2 )T+2a 
12 13 23 34 

g(x;a,T,o.) = 1 + 2e2i
<pl cos 2kl xeO'l T + A12e4i<pl e2

0'1 T 

+ 2e2i<p3 cos 2k2xe0'2T+a + A34e4i<p3e2(0'2T+a) 
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(3.45) 

(3.46) 

(3.47) 

U(x; a, T, 0., 1'0) E T x R2 and U(x; a, T, 0., 1'0) is characterized by the two modes 

cos 2k1x and cos 2k2x. Again, U is homo clinic to u(t) = ae i (2a
2

t+"Yo) and tends 

exponentially to u(t), i.e., 

(3.48) 

where ()_ = 0, ()+ = 4( <PI + <P3)' As before, the location of the double points deter-

mines the translation ()±. 
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The NLS equation has the following symmetry: If u(x, t) solves the NLS, so does 

u(x - Xo, t). In particular, given the homoclinic orbit U(x; a, T, a, 1'0) it is possible 

to generate other solutions to the NLS thru a space translation. However, imposing 

eveness and periodicity allows U(x + L/2; a, T, a, 1'0) as the only other even periodic 

solution to the NLS equation generated by translating U in x. Thus we have two 

distinct homoclinic manifolds U(x; a, T, a, 1'0) and U(x+L/2; a, T, a, 1'0). Linearizing 

(3.45) about T = 0 where we take €1 = eO'l T, €2 = e0'2
T

, we obtain the linearized initial 

condition 

(3.49) 

Figure 1.6a is the surface plot of U(x; a, T, a, 1'0) and Figure 3.1 is the surface plot of 

U(x + L/2;a,T,a,1'0) for the initial condition (3.49) with L = 4V27r,a = 1/2,€1 = 

€2 = 10-4,Pl = 27r/L,P2 = 2P1 and <Pn = kn/a,n = 1,2. 

Notice in the surface plots in Figure 1.6a that for U(x; a, T, a, 1'0) the spatial 

excitation corresponding to the first mode is centered in the middle whereas for 

U(x + L/2; a, T, a, 1'0) it is centered in the wings. 

There is another feature worth mentioning: the parameter a determines the 

temporal separation between the two modes. This can be seen in the surface plots 

of U(x; a, T, a, 1'0) for initial condition (3.49) where we have varied a (e.g. Figure 3.2a 

for a = 5.5 and Figure 3.2b for a = 3). 
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Figure 3.1: Surface plot for U(x). 
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Figure 3.2: U( z, Q) 
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CHAPTER 4 

Melnikov Analysis 

4.1 Introduction 

We now consider the autonomous hamiltonian perturbation of the completely inte-

grable NLS: 

(4.1 ) 

with 8 = h2 /12.The system can be written in the form 

. (7/J) ( 8Hs/87/J ) 
zfJt 7/J* = J 8Hs/87/J* (4.2) 

where the Hamiltonian Hs is defined by 

and 

( 4.4) 

We will refer to the system obtained by setting 8 = 0 as the unperturbed system. 

The unperturbed NLS is a completely integrable system and possesses an infinite 

number of conserved quantities. In the subsequent analysis we will use the following 
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3 conserved quantities: 

I = 10
L 

11/J12 dx, (4.5) 

C5 = 10
L 

(l1/Jxx I2 + 211/J16 - (!11/J12)2 - 611/JxI211/J12) dx, (4.6) 

Ho = - 10
L 

(-I1/JxI2 -11/J14) dx. (4.7) 

The perturbed system has only the two invariants I and Ho. 

The nonlinear spectral transform was used as a diagnostic on two classes of initial 

conditions. The first class of initial conditions are within an t neighborhood of a 

one dimensional homo clinic orbit corresponding to one complex double point. The 

second class of initial conditions are within an t neighborhood of a two dimensional 

homoclinic manifold corresponding to 2 complex double points. Vie treat the two 

cases separately, but the method of analysis is the same. 

To justify a Melnikov analysis for understanding the type of chaos observed nu

merically, we need to understand better the geometrical structure of the relevant 

phase space of the system. To achieve this we reiterate the important association 

between the complex double points, unstable modes (hyperbolic directions in the in

finite dimensional phase space) and homoclinic orbits to justify that the interesting 

dynamics occurs in a low dimensional phase space. Corresponding to each complex 

double point there is associated one stable and one unstable direction (and one ho

moclinic orbit). So there exists one degree of freedom for each complex double point. 

Further for the band of spectrum there corresponds one excited mode (center-like) 

or one active degree of freedom. For solutions with a finite number (N) of unstable 

modes, the interesting dynamics is well represented in a (2N + 2) dimensional phase 
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space 

(4.8) 

where VCR is an open set corresponding to the existence of double points. Real 

double points do not add to the dimensional count as they correspond to closed 

degrees of freedom where dynamically the motion takes place on a much longer time 

scale (i.e. excitation of these modes is O(t) when the others are 0(1)). First we 

describe the structure of the unperturbed phase space. 

For these classes of initial data, the unperturbed system has a hyperbolic periodic 

orbit u(t) = ae i (2a
2

t+"YO) connected to itself by the homoclinic manifold U(x; a,;;y) 

where 1 is a N + 1 vector of parameters. U(x; a, 1) is the nontransverse intersection 

of the stable and unstable manifold Wei, vVa of the plane wave u(t). 

Next we examine the perturbed phase space. 

Under the perturbed flow, u(t) persists as a hyperbolic periodic orbit (i.e. u(t) 

solves (1) for 8 i= 0 also), and for 8 sufficiently small, lV;'u are 8 close to vV~'u, 

respectively. Vve want to determine whether Wt and lVsu intersect transversally and 

detect the existence of homoclinic manifolds in the perturbed system. To do this, we 

compute a Melnikov function which measures perturbatively the distance between 

WI and vVsu, up to first order in the perturbation parameter 8, along the direction 

normal to U(x; 1) within the energy manifold. 

The phase space for the NLS is infinite dimensional. However, we are pretend

ing to be in finite dimensions. Using the nonlinear spectral transform, our numerics 

confirm that, for the regimes studied, the chaotic dynamics takes place on a finite di

mensional submanifold spanned by the first few nonlinear modes and that the higher 

nonlinear modes become active on a much longer time scale. Consequently, this pre-
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tense is not unjustified. Since we do not explicitly construct the finite dimensional 

model, but we use it to picture the situation, all the computations are carried out 

by means of infinite-dimensional objects. With this in mind, we'll use the following 

analogies which enable us to give a (finite dimensional) geometric interpretation to 

our infinite dimensional calculations. 

Infinite Dimensional 

Setting 

Plane wave ae i (2a
2
t+'Yo) 

. U(Xj a, T, 1'0) 

U(Xj a, T, a, 1'0) 

Finite Dimensionall\1odel 

----+ hyperbolic l-dimensional periodic orbit. 

----+ l-dimensional homoclinic orbit corresponding 

to one complex double point. 

----+ 2-dimensional homoclinic manifold correspon-

ding to two complex double points. 

----+ 0(8) measurement of the splitting of the inva-

riant manifold in the direction perpendicular 

to the unperturbed level set of the energy. 

----+ 0(8) measurement of the splitting of the inva

riant manifold in the direction perpendicular 

to the unperturbed level set of the invariant Cs. 

{A B} . rL (M 8B M 8B) d , = -z Jo 8",6",. - 6",. 8", X ----+ {A B} = "'~ (8A 8B _ 8A 8B) 
, L.J,=1 8x; 8y; 8y; 8x; 

H8 = fl (11fx12 - 11f14 + 811fxx1 2
) dx ----+ 



86 

4.2 Melnikov Analysis 

One Complex Double Point: 

For the class of initial conditions corresponding to one complex double point, the 

relevant phase space is 4-dimensional. This phase space is homeomorphic to (refer 

to Chapter 2) 

(4.9) 

where VcR is an open set. 

The unperturbed system possesses a 2-dimensional hyperbolic invariant man

ifold, i.e. the family of periodic orbits ua(t) = ae i (2a
2
t+-ro) parametrized by the 

amplitude a and the phase /0. u(t) has 3-dimensional stable and unstable manifolds 

denoted by Wo, Wlf, respectively. U(x; a, T, 1'0) is the 3-dimensional nontransversal 

intersection of lVo and Wlf where 

(4.10) 

with 

(4.11) 

Since I is invariant for the perturbed system, we reduce out I and its conjugate 

variable 00 and we consider the 2-dimensional reduced system. We note that in the 

reduced phase space, U is I-dimensional, the tangent space of W~·u = Tx lV~'u = 

span(J\l Ho), and \l Ho is orthogonal to TxW~'u (Figure 4.1). 

We now describe the structure of the perturbed phase space: For 8 sufficiently 

small, u(t) persists as a hyperbolic fixed point and has the same stability type. W;·u 

are 8 close to lV~'U, respectively and dim W;·u = 1. Since Ho is invariant for the 
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Figure 4.1: Poincare section of the unperturbed phase space for the case of one 
complex double point. 

perturbed system, the orbits are restricted to lie on I-dimensional energy surfaces 

given by Ho = constant. For a transverse intersection 

dim{Wt} + dim{Wt} - dim{H-l(c)} = 1. (4.12) 

Thus, by dimension count, they do not split within the energy manifold. Conse

quently, we expect no splitting of the stable and unstable manifolds. 

To support this, we compute the Melnikov function which measures the distance 

between Wt and Wt at a point Po on the unperturbed homoclinic orbit along the 

direction \7 Ho (Figure 4.2). 
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Figure 4.2: The distance is measured along II = 'V Bo. (P6", 00 ) E lV! and (pt, 00 ) E 
Wl· 
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M = i: {Ro,Rd (U(xia,r,-yo)) dr 

( 4.13) 

Integrating by parts, this is found to be identically O. Thus there is no transversal 

intersection and this is consistent with the interpretation of no splitting of the stable 

and unstable manifolds in the finite dimensional model. 

The spectral diagnostics used to study the nonlinear spectrum for this class 

of initial conditions found that there were no significant homoclinic crossings (see 

Section 1.4.1). The time series for lui, the power spectrum, and the motion in phase 

space were regular and well behaved. The result of no generic transversal intersection 

is consistent with the numerical study. We cannot completely exclude a role for the 

higher nonlinear modes, but this only increases the number of "center-like" (non 

hyperbolic) degrees of freedom. Thus a splitting of the homoclinic orbit in this 

higher dimensional phase space would be non-generic. Thus our finite dimensional 

analysis appears to correctly interpret our numerical study. 

Two Complex Double Points: 

Consider now the dynamics for the class of initial conditions corresponding to two 

complex double points. The relevant phase space is 6-dimensional and is homeomor-

phic to R4 x V x S\ where VcR is an open set. The structure of the unperturbed 

phase space is as follows: the system has the 2-dimensional hyperbolic invariant 

manifold, given by 

(4.14) 
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where (a, 10) E R x S1. 

u(t) now has 4-dimensional stable and unstable manifolds Wo, WIf, respectively. 

U(Xj a, T, 0, 1'0) is the 4-dimensional intersection of lVo and vVIf 

U(Xj a, T, 0, 1'0) = aei(2a2'THo) ~~Xj a, T, o~, 
Xja,T,O 

where (a,T,O,1'o) E R3 x S1 

(4.15) 

Note that U depends on all 4 parameters (a,T,O,1'o) in the 6-dimensional phase 

space. The parameters (a, 1'0) correspond to the values of I and of the initial phase 

00 , respectively. 

Again, since I is invariant, we reduce out I and its conjugate variable O. We 

consider then the 4-dimensional reduced system. ° labels the particular homo

clinic orbit and T is the time coordinate along the homoclinic orbit. Thus (0, T) 

parametrize the 2-dimensional invariant manifold once I and 0 have been fixed. 

In R\ \I Ho and \lCs are linearly independent and {Ho, Cs} = o. W~·u = U is 

2-dimensional. The tangent space of H/~'u = TxW~'u = span(J\I Ho, J\lCs). The 

space complementary to TxW~'u is given by span(\I Ho, \lCs) (see Figure 4.3). 

For the perturbed phase space, we have the following general result; u(t) persists 

as a hyperbolic fixed point in the reduced system, u(t) has 2-dimensional stable and 

unstable manifolds W;·u 6 close to W~·u. The perturbed system is Hamiltonian in the 

4-dimensional phase space, and so WI and 1V6' are constrained to the 3-dimensional 

energy surface given by Hs = constant. By dimension count, a generic transversal 

intersection of the 2-dimensional WI and Wsu in 3 space consists of I-dimensional 

curves. Consequently, we expect that only one measurement is needed to determine 

whether WI and W6' intersect. 

In the finite model the unperturbed homoclinic manifold is determined by the 
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Figure 4.3: Tangent space of W;,u within the 4-dimensional Poincare section for 
Ho =constant. 

intersection of level surfaces of Ho and Cs. The Melnikov function measuring the 

splitting along V' Ho is given by 

JOO dHol .M1 = - dr. 
-00 dt - _ 

u=U(x;a,T,o<,'YO) 

(4.16) 

However V' Ho is "parallel" to V' Hs to order 0(8), i.e. V' Ho is a direction com

plimentary to the energy surface Ho since Ho = Ho + 8H1 is a constant. Thus M1 

gives no information about the splitting of the homoclinic manifold at order 0(8). 

Therefore we only need to measure the splitting along the direction V'Cs (see Fig

ure 4.4). This result is established by Lerman & Umanski [26] in their treatment of 

Hamiltonian perturbations of a 4-dimensional conservative systems and is stated in 

the following generalization [19]. 

Lemma 1 For Hamiltonian perturbations, where dim{H!S,u} = n, only n - 1 ill-



92 

Figure 4.4: Splitting of the manifold along the direction \lCs 



93 

dependent measurements are needed rather than n, to determine whether Wt and 

WeSt' Intersect, i.e., for any point P, on the homoclinic manifold in the unperturbed 

system, let PttJ. be the corresponding points on W;,u. The distance between Wt and 

W6' is defined as 

d(p,8) = IPt - Ps'l (4.17) 

and the components of the distance between Pt and P6' along the n directions 

"V J(i, i = 1, ... ,n where J(i are the n constants of motion for the system, are denoted 

by di(P, 8), i = 1, ... ,n. Then for Hamiltonian perturbations 

Pt = Pt ¢:} di(P, 8) = 0, i = 2, ... , n. (4.18) 

We define the Melnikov function which measures the splitting of ltV6u and Wt at 

a point Po on the homoclinic manifold U(x; a, T) along the direction "VCs as 

M(a) = 100 

6S(~(X,T))1 _ dT 
-00 ",(x,t)=U(X;Q,'T) 

= 1: {Cs , HI} IO(x;Q,'T) dT 

= - ~ 1: 10L 1m (~xxxx[61~14~* + 6~(~;)2 + 411/'xI2~* 
+ 2~xx(~*)2 + 8~;xl~12])lo dxdT (4.19) 

Recall that the homoclinic manifold U depends only on the two parameters (a, T) 

once I and () have been reduced out. The parameter for the time coordinate along 

the homoclinic orbit is T and consequently the Melnikov function depends on the 

parameter a. 

The Melnikov function, M(a), as a function of a is shown in Figure 4.5. This 

is for U(x, a, T) specified by (3.45), with L = 4V271', a = 1/2 as in the numerical 

experiments for the two double point regime. 
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Figure 4.5: The Melnikov function as a function of the parameter o'. 

In particular, we obtained that the Melnikov function has a unique zero, 

0'* = -0.6527. 

We utilize the following theorem [19] in order to conclude the transverse inter-

section of Wt and Wg'. 

Theorem 4 Let a = 0'* E R exist such that .M(O'*) = 0 and .111'(0'*) i= O. Then for 

{) sufficiently small, Wt and Wg' intersect transversally near 0'* in the 3-dimensional 

energy surface. 

Moreover, since the perturbation is autonomous, and .111(0'*) = 0 "It, then Wt and 

Wsu intersect in a I-dimensional homo clinic orbit that is {) close to the homoclinic 

orbit U(Xj 0'*, r) of the unperturbed system. 

Recall that if U(xjO',r) is a solution to the unperturbed NLS (4.1), then U(x + 
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L /2; a, r) is another distinct even periodic solution to (4.1) that is obtained by trans

lation (refer to Figure 3.1). The Melnikovfunction M(a) is invariant with respect to 

the translation x ~ x + L/2. Consequently, the simple zero a* of M(a) guarantees 

the persistence in the perturbed system of two distinct one dimensional transverse 

homoclinic orbits 0(8) close to U(xja,r) and U(x + L/2ja,r), respectively. One 

can check that there are no other spatial symmetries for M which preserves the eve

ness and periodicity constraints. Hence we conclude that in the perturbed system 

there survive two transverse homoclinic orbits. 

When we developed the formula for the homoclinic orbit U(x; a, r) we no

ticed that the homoclinic orbit was characterized by the two modes cos 271'x/ Land 

cos 471'x/ L and that a determined the temporal separation between the modes. The 

phase orbit appeared as a double separatrix (refer to Figure 1.6a for the surface 

of lUI for a = 2.4 and Figure 1.6b for the phase plane). For the critical value of 

a = a*, the two spatial excitations have merged into one coherent structure (see Fig

ure 4.6 for the surface IU(xj a*, r)I). For a = a* the surface has become structurally 

equivalent to the surface of U for the one complex double point which has only one 

coherent structure (refer to Figure 1.2b). In the phase portrait for U(x; a*, r), the 

inner lobe of the double separatrix has collapsed to the origin (see Figure 4.7) and 

we have essentially one lobe which again is similar to the phase orbit for U(x; t) 

(refer to Figure 1.2c). Further the coherent structure observed in Figure 4.6 is qual

itatively similar to the structure observed in the perturbed system after the onset 

of irregular behavior (Figure 1.7a). These observations are in agreement with our 

conclusion that WI and Wsti intersect in a one dimensional homoclinic orbit 0(8) 

close to U(x; a*, r). 
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Figure 4.6: U(x;a*,r) 

12 

11 

• 
• 

2 • 
• < .. 

... 
-2 

.... . 

-8 

-,. 

-'!~.,~~.u.~.,~~,~.,~~,~.'~2~.~'~2~.,~~a~ .• ~~,.~,~.~.~.~ •. , 
',,:-:1 - •• -2 

Figure 4.7: The phase portrait for U 

96 



97 

4.3 Dynamical Consequences of the Existence of a Simple Zero of the Melnikov 

Function 

In the previous section we established the existence of a value a* for which the 

Melnikov function has a non-degenerate zero. Based on this Melnikov calculation 

we concluded that, from the two dimensional unperturbed invariant manifold, two 

distinct homoclinic orbits survive in the perturbed system. In this section we will 

discuss the consequences of the existence of these two transversal homoclinic orbits 

on the perturbed dynamics. 

First we recall the situation under study. We begin by considering the reduced 

model: i.e. the 4-dimensional Hamiltonian system that is obtained by fixing the 

invariant I = 1 and a section () = (}o for its conjugate angle. (Recall that the pertur

bation does not introduce a coupling between the angle () and the other dynamical 

variables). In this representation we require the existence of a non-linear change of 

variable such that 

1. The origin is the hyperbolic fixed point with eigenvalues ±I, ±k, 0 < k < I. 

The vector field linearized about the origin is given by 

Xl = IxI, ( 4.20) 

i2 - kX2) (4.21) 

'lit = -lyI, ( 4.22) 

Y2 - -kY2' ( 4.23) 

2. The local stable and unstable manifolds of the origin are given by 

( 4.24) 
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Figure 4.8: Geometry of the homoclinic orbits near the origin. 

(4.25) 

respectively (Here (x,y) == (Xl,X2,yt,Y2) and 1·1: R2 ~ R+ is the Euclidean 

norm). 

The phase portrait for the perturbed reduced system is shown m Figure 4.8 

where Ua and Ub are the two surviving homoclinic orbits that connect the origin to 

itself. Ua and Ub are assumed to be in a "generic" position which will be defined 

later on. 

The presence of homoclinic orbits transverse to a saddle point of an autonomous 

Hamiltonian 4-dimensional system, such as in our model, does not necessarily imply 

the onset of "chaotic" or complicated motions in neighborhoods of the homoclinic 

orbits. An argument developed by P. Holmes [21] gives conditions under which it is 

possible to construct a horseshoe type map on some invariant sets in a neighborhood 
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of the hyperbolic fixed point. This gives rise to an infinite number of saddle-like 

periodic orbits of any period on the energy surface of the fixed point. These periodic 

orbits are characterized by sensitivity to initial conditions and by divergence in time 

of initially close orbits. The resultant dynamics appear as irregular motion in the 

configuration space. 

We will use Holmes' argument to deduce some considerations about the exis-

tence of irregular dynamics in the perturbed non-linear Schrodinger equation (4.1) 

as a consequence of the existence or non-existence of chaotic solutions in the 4-

dimensional reduced model. In what follows we first give Holmes' condition for 

horseshoes with a condensation of its derivation. We then check the condition by 

computing suitable quantities using the continuous system which will be interpreted 

in the context of the finite dimensional system. Finally we draw some conclusions 

from our results and connect them to the numerical studies of the discrete system. 

Holmes' condition for the existence of horseshoes 

We briefly sketch the main result of Holmes' argument [21]: 

Consider a 4-dimensional Hamiltonian system of the form 

if = J\l JI(if) ( 4.26) 

where 

( 4.27) 

o. 
Assume that the higher order terms are smooth enough so that we can assume 

that a nonlinear change of variables can be found which "rectifies" the local stable 
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Figure 4.9: 4-dimensional system. 

and unstable manifolds of the origin, i.e. 

Wl~c(O) = {a E R4 : Xl = X2 = A}, 

Wl~c(O) {a E R4 : YI = Y2 = O}. 
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( 4.28) 

( 4.29) 

Suppose that the origin has 2 isolated homo clinic orbits Ua and Ub connecting 

the origin 0 to itself. Ua leaves a neighborhood of 0 in the first quadrant of lVi~c(O) 

and re-enters in the second quadrant of W,~c(O); Ub leaves a neighborhood of 0 in 

the third quadrant of Wl~c(O) and re-enters in the fourth quadrant of lVi~AO) (See 

Figure 4.9). 

Define the solid torii 

r;u = {(x,Y)E~llxl=r,IYI:::;pu}, 

r;s _ {(x,Y)ER4 1Ixl:S;ps,lyl=r}. 

( 4.30) 

(4.31 ) 



and their centers 

U
U = {(x,y) E ~Ullyl = OJ, 

US = {(x,y) E ~811xl = OJ. 
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( 4.32) 

( 4.33) 

For r sufficiently small Ps, Pu < r, these submanifolds are transversal to the orbits 

of the system. 

Let Ua and Ub intersect U U and US transversally at the points Pa (Pb) and qa (qb), 

respectively (Refer to Figure 4.9) 

Let Bu, Bs be the angles parametrizing the points of intersection Pa(Pb) and qa(qb). 

The main idea is to construct a Poincare map for the system and show that it has 

a hyperbolic invariant set on which its dynamics is of horseshoe type. Therefore 

define the local Poincare maps: 

D~ ~ D~, 

Db ~Db' 

(4.34 ) 

(4.35) 

where D~, D~, Db' Dg are neighborhoods of Pa, qa,Pb, qb in ~u n H-l(O), ~s n H-l(O), 

respectively. 

<Pa associates to each point in D~ the first intersection of the orbit with base at 

that point with D~. <Pb is analogously defined. (see Figure 4.10) 

One wants to analyze the action of the induced maps 

7/Ja: D~/us ~ (~UnH-l(O))/uu, 

7/Jb: Dblu ll ~ (~UnH-l(O))/uu. 

( 4.36) 

( 4.37) 
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Figure 4.10: The images of rectangles within cross-sections near the origin. 

Apriori it is not guaranteed that the images of 'l/Ja . Sa and 'l/Jb' Sb are contained 

in (D~ U Dn/uu
• 

One may estimate that the image of a point with coordinate Os in Sa has an 

angular coordinate between 0 and an angle Ou which satisfies the following inequality 

I tan Ou . tan Osl > ~ exp [ (1 - ~) In ;J . (4.38) 

An identical inequality holds for the coordinate of the images of points in Sb 

Therefore the condition for the images of Sa, Sb to be in (D~ n D~)/ UU is that 

Pa, Pb lie at angles Otl such that 

I tan Ou . tan Os I < ~ exp [ (1 - ~) In ;J . (4.39) 

Then the images of sufficiently narrow "vertical" strips in Sa USb will be "hor

izontal" strips in (D~ U D~) / uU. More than that, one can prove that the maps 
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<Pa : D~ ~ D~, <Pb : Db ~ Db map strips parallel to UU into strips transverse to 

US (vertical strips). Using this information one may constructively prove that the 

full Poincare map 

{ 

<Pa' tPa on S: 
p = <Pa . tPb on st 

<Pb • tPa on S;; 
<Pb . tPb on S;; 

( 4.40) 

possesses an invariant hyperbolic set A C Da U Db on which there exist saddle type 

orbits of all periods. Intuitively, the condition on the angles allows for sufficient 

stretching and folding to enable the construction of a horseshoe type map on some 

invariant sets in a neighborhood of the hyperbolic fixed point. 

This is summarized in the following: 

Theorem 5 Under the previous assumptions there exists a hyperbolic invariant set 

in a neighborhood of the homoclinic orbits on which the Poincare map has saddle 

type periodic orbits of any period which can be described by bi-infinite sequences on 

two symbols a and b, which label the tubular neighborhoods of Ua , Ub whe1'e the nth 

iterate of Plies. 

4.4 Verification of the Angle Condition 

There are several issues we have to resolve in order to apply the angle condition 

specified in Holmes Theorem. The first is that we do explicit computations with 

infinite dimensional quantities and from this we have to extract information about 

projections onto one-dimensional subspaces. The second is that we do not have 

the analytical expression for the homoclinic orbit that persists in the perturbed 

system, we only know it is O(b') close to U(Xj r) (from now on we will suppress the 

parameter dependence on (a, 0'*, 1'0)' Moreover we introduce an error by replacing 
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the local invariant manifolds of the plane wave in the perturbed system with the 

linearized eigenspaces of the plane wave. This is done since we do not have enough 

information about the form of the higher order terms of the finite dimensional model. 

However, we assume that the error introduced by the last approximation may be 

made smaller than 0(82
), (the size of the square of the perturbation parameter), by 

choosing sufficiently small neighborhoods of the plane wave. 

As far as the first two problems are concerned we first perform a rather crude 

approximation in order to assess the realizability of a more refined test. 

The basic idea is to compute the necessary quantities in the unperturbed system 

and to verify if within 0(8) of these unperturbed objects, there exist (relatively) 

large regions in the parameter space where the angle condition is met. 

We begin by calculating the linearized eigenspaces of the plane wave. 

Let u(x, t) = e2ia2t(a + Wl(X, t)), with 0 < f < 1. Then the linearized equation 

around the plane wave may be written as 

(4.41) 

Substituting for Ul(X, t) its Fourier expansion 

00 

Ul(X, t) = L: aj(t)e21rijx/L, (4.42) 
-00 

we obtain the second order ordinary differential equation for the coefficients aj(t): 

I.e. 

•• 2 0 aj-Wjaj= . 

( 4.43) 

(4.44 ) 
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The hyperbolic modes are obtained when wJ > a (for j = ±1, ±2) and the corre

sponding growth and decay rates are 

±k = ± 2; V4a2 _ (3[-) 2, 

±1 = ± 4; V4a2 - (7r. 
( 4.45) 

( 4.46) 

Substituting the values of a and L from the numerical experiments, we find k = .33 

and l = .49. Then Ul(X, t) = 2::2 ai(t)e2rrijx/L+ center-like modes. It is obvious 

that we satisfy the ansatz of Holmes' Theoremj we are working with a 4-dimensional 

system with a hyperbolic fixed point where the eigenvalues come in positive-negative 

pairs and there are two isolated homo clinic orbits connecting the origin to itself. 

Because of the symmetry between the two homoclinic orbits we will only check the 

angle condition for one homoclinic orbit. Imposing evenness, U} (-x, t) = Ul (x, t), 

we obtain that a basis for the 4-dimensional hyperbolic submanifold must have the 

form: 

¢l(x, t) = c-e-ktaei(2ia2t+1f-) cos 271"x 
1 L ' ( 4.47) 

¢'2(x, t) = I '(2' 2 0) 471" X C-e- tae' sa t+ - cos--
2 L ' ( 4.48) 

¢t(x, t) = + k '(2' 2 0) 271" X c e -tae, ,a t+ + cos--
1 L ' (4.49) 

¢t(X, t) -- C+ e1taei(2ia2t+£l+) COS 471"x 
2 L ' (4.50) 

where O± are the shifts in the phase of the plane wave to which the linearized 

eigenfunctions converge asymptotically for large positive and negative times. For 

the unperturbed homoclinic orbit il, we have 0_ = a and 0+ = 4(¢} + ¢3)j the 

cf E C, i = 1,2, can be found by substituting the expression for the ¢'s into the 
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linearized equation 

(4.51) 

and imposing the normalization (¢, ¢) = 1. 

In the space of even periodic solutions of the Schrodinger equation on the interval 

[0, L] the inner product is defined as 

(u, v) = 2Re {~ 10
L 

u· v* dX} . 

Consequently, we obtain: 

Therefore 

e4i(cPl+¢3) (2; _ iV4a' _ en ') , C1 = 
2a 

e4i(cPl +cP3) 
( ~ _ iV4a' _ (~) ') , c2" = 

2a 

cf - 2~ e; +i 4a'- (¥)' , 

cj ~ 2
1a (4; +iV4aL (~)'). 

ES(ae2ia2t) = span{ ¢l(x, t), ¢2"(X, tn, 
EU(ae2ia2t) = span{ ¢t(x, t), ¢t(x, tn. 

( 4.52) 

( 4.53) 

(4.54 ) 

(4.55) 

( 4.56) 

( 4.57) 

( 4.58) 

This basis can also be obtained by linearizing the homoclinic orbit U(Xj .) for large 

negative and positive times respectively as U(Xj.) describes the temporal evolution 

of the linearly unstable modes. 

We are now in a position to define the projections of the unperturbed homoclinic 

orbit for the critical value a = 0'* (0'* is such that .M(O'*) = 0) onto the coordinate 

axis of the linearized eigenspaces. 
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Let U(x; t, a*) = ae i (2a
2
t+'YO)ha .(x, t) be the corresponding homoclinic orbit. Re-

call that 

lim ha.(x, t) = 1 
t--oo 

( 4.59) 

( 4.60) 

The projections onto the axes of the linearized eigenspaces are: 

PUl = {I rL 1 (211" .J (271")') 2~x } 2Re L io ha • 2a T - Z 4a2 
- T cos L dx , (4.61 ) 

P u2 = {I rL 1 (411" . J (411")') 4~x } 2Re L io ha • 2a T - Z 4a2 
- T cos L dx , ( 4.62) 

PsI = {I rL e-
4i

(<Pl+4>3) (211" J (211")') 2u } 
2Re L io ha • 2a T - i 4a2 

- T cos L dx (~.63) 

P s2 = {
I rL e-4i

(<Pl+4>3) (411" J (411")') 4~x } 
2Re L io hat 2a T - i 4a2 

- T cos L dx (.4.64) 

Pub Pu2 are the projections onto the slow and fast growing directions of the 

unstable eigenspace whereas PsI, Ps2 are the projections onto the slow and fast 

decaying directions of the stable eigenspace. For large positive and negative times 

the equivalent quantities in the 4-dimensional model are shown in Figure 4.11. 

For sufficiently large It I we can replace the local invariant manifolds with the 

coordinate planes. In sec. 4.3 we define Ou as the angle parametrizing the intersection 

of U with aU and Os as the angle parametrizing the intersection of U with as. For 

large It I the tangents of these angles are computed as follows: 

P
ul 

¥-RI+V4a2_(¥-)211 
= Pu2 = t R2 + V4a 2 - (tf 12' 

tanOU (4.65) 

PsI clRI + C211 
= -= , 

Ps2 c3R2 + c412 
( 4.66) 



'" Ei t -+_00 

o p",2. 

, " .. --- ..... 

EO!. 
l. 

108 

Pst 0 

Figure 4.11: Projections onto the local invariant manifolds in the 4-dimensional 

model. 

where 

R1 = laL 
21l"X o Re{u} cos L dx, (4.67) 

R2 = laL 
41l"X o Re{u} cos L dx, ( 4.68) 

11 = laL 
21l"X o Im{u} cos L dx, (4.69) 

12 = laL 
41l"X o 1m { u } cos L dx, (4.70) 

and 

(4.71) 

(4.72) 

(4.73) 
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(4.74) 

(4.75) 

For sufficiently large Itl, we also compute the distances du, ds of the projections 

of the homoclinic orbit onto the linearized unstable and stable eigenspaces from the 

fixed point, i.e. 

du = j P;l + P;2' 

ds - jP;l + P;2' 

(4.76) 

(4.77) 

In Table 4.1 values of du, tan Ou, Pul , Pu2 are shown for a significant negative time 

interval. In Table 4.2 values of ds, tan Os, PsI, Ps2 are shown for a significant positive 

time interval. The determination of the significant time intervals is explained sub-

sequently. In Figure 4.12 we show the plots of tan Ou, tan Os as functions of time for 

negative and positive times respectively. In Figure 4.13 we show the plots of du, ds 

as functions of time for negative and positive times respectively. In Figure 4.14 we 

show the logarithmic plots of the tangents. 

Notice from the logarithmic plots that on the intervals [-5, -4] and [9,10]' the 

tangents behave linearly, and upon examining the distance plots we may conclude 

that we are working in sufficiently local neighborhoods of the plane wave (the fixed 

point of the model system) to assume that the dynamics is well approximated by 

its projections onto the linearized eigenspaces. Further, we observe that in these 

time intervals the projections onto the axes of the linearized eigenspaces are of order 

10-1 and 10-2 corresponding to the slow decaying/growing directions and to the fast 

decaying/ growing directions, respectively. 
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t du tan Ou Pu1 Pu2 

-5.1 0.09358 -10.798 0.09318 -0.008629 
-5.0 0.09653 -10.496 0.09610 -0.009156 
-4.9 0.09957 -10.204 0.09910 -0.009712 
-4.8 0.10271 -9.9233 0.10219 -0.010298 
-4.7 0.10593 -9.6527 0.10536 -0.010915 
-4.6 0.10924 -9.3921 0.10863 -0.011566 
-4.5 0.11266 -9.1412 0.11199 -0.012251 
-4.4 0.11617 -8.8998 0.11544 -0.012971 
-4.3 0.11978 -8.6671 0.11899 -0.013728 
-4.2 0.12349 -8.4440 0.12264 -0.014524 
-4.1 0.12732 -8.2293 0.12639 -0.015358 

Table 4.1: Values of du, tan Ou, Pu1 , Pu2 in the linear regime. 

t ds tan Os PsI P s2 

9.0 0.10915 -9.3762 0.10881 -0.011608 
9.1 0.10613 -9.6362 0.10556 -0.010955 
9.2 0.10290 -9.9062 0.10238 -0.010335 
9.3 0.09977 -10.186 0.09929 -0.009747 
9.4 0.09672 -10.477 0.09628 -0.009189 
9.5 0.09376 -10.779 0.09336 -0.008661 
9.6 0.09088 -11.092 0.09051 -0.008160 
9.7 0.08809 -11.416 0.08775 -0.007686 
9.8 0.08537 -11.753 0.08507 -0.007238 
9.9 0.08271 -12.101 0.08246 -0.006814 
10. 0.08018 -12.463 0.07992 -0.006413 

Table 4.2: Values of ds, tan ()s, Psb Ps2 in the linear regime. 
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Figure 4.13: The projection of the homoclinic orbit onto (a) the linearized unstable 
eigenspace (du) for t < 0 and (b) the linearized stable eigenspace (ds) for t > O. 
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Figure 4.14: To determine the linear regime we examine (a) log I tan Bul for t < OJ 
(b) log I tan Os I for t > 0 
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For the specific values of 1 = 0.5, k = 0.33 that arise in our model problem the 

condition on the tangents is 

(4.78) 

Taking values of the tangents in the significant time ranges mentioned above the 

angle condition for the onset of chaos is clearly not satisfied since the product of the 

tangents is of order 102
• 

However upon examining the values obtained for the projections, PuI , Pu2 , PsI 

and Ps2 , we see that they are subject to 0(8) corrections in the presence of the 

perturbation. For sufficiently smooth data, the angle parametrizing the intersection 

of (;6 with (J~'S, B~,s' can be expanded as 

O~,S = Bu,s + 8O~,s' (4.79) 

To first order 

tan B~ S 
I 

( 4.80) 

Upon examining specific values of tan OUIS and sec2 0u,s in the linear regime we 

find that when 80~ S is approximately 0.05 it would be possible to satisfy the angle 
I 

inequality. However, if it is much less than 0.05 then the corrections are not suffi

cient to alter the calculation of the angle condition. Consequently we arrive at two 

conclusions: 

1. If the order of the perturbation is o( 10-2 ) then the results obtained can be 

extended to the perturbed system and we can conclude that there are no 

homoclinic type chaotic dynamics. 
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2. However, if the perturbation is 0(10-1 ) or larger we need to refine our cal

'culation to better approximate the perturbed system in order to verify our 

conjecture of the onset of chaos in the system. 

These conclusions are consistent with the spectral diagnostics performed for the 

discrete system. Recall that the central idea behind the Melnikov analysis was to 

view in the continuum limit the discrete system as a perturbation of the PDE, 

where the strength of the perturbation is related to the mesh size of the spatial 

discretization, i.e. 0 = h2/12 where h = L/ N gives the mesh size, N is the number 

of lattice points. 

In our numerical studies using nonlinear spectral diagnostics and other dynamical 

system diagnostics, we detected for N ~ 48 frequent homoclinic crossings and irreg

ular temporal behavior. On the other hand, we observed that for N = 64, irregular 

behavior is inhibited and there are no homoclinic crossings. For N = 48,0 = 0.011 

so let Ocriticai ~ 0.01. Consequently for 0 > Ocriticai irregular ~otions appear in the 

system while for 0 < Ocriticai the motions appear regular after a transition region 

around the value Ocriticai. 

The approximation of 8criticai obtained from the spectral diagnostics agrees with 

the results obtained from the Melnikov analysis after a first linear approximation, 

i.e. from the Melnikov analysis we estimate that Ocriticai > 10-2 • 

We obtain the following conjecture: 

Conjecture 6 There exists a Ocriticai such that for 0 < Ocriticai the pertU1'bed system 

is not chaotic and for 0 > Ocriticai hyperbolic chaotic motions take place in a tubular 

neighborhood of the homoclinic orbit. 

In checking the angle condition of Holme's argument, as a first approximation we 
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have projected the unperturbed homoclinic orbit U onto the linearized eigenspaces 

of the plane wave. A more refined analysis, which would include first order cor

rections to the homoclinic orbits and the linearized eigenspaces introduced by the 

perturbation will be needed to fully verify the model and this is outlined below. 

The plane wave persists as a fixed point in the perturbed system and in the 

expression for the basis for the linearized eingenspaces only the growth and decay 

rates are affected by the perturbation. Therefore the basis has the same form as 

in (4.57) and (4.58) with k and 1 modified. The homoclinic orbits that exist in the 

perturbed system are 0(8) close to U(X,T). To calculate a first order correction to 

U(x, T) we assume U6(X, T) = U(x, T) + 8U1(x, T). Substituting this in the perturbed 

NLS (4.1), we find that U1 satisfies 

where U is evaluated at (Xj T, 0'''). 

(4.81) 

( 4.82) 

U1 (x, T) can be evaluated numerically, and one may then reconstruct to first 

order the perturbed homo clinic orbit Us. The projections of (;6 onto the coordinate 

axes of the linearized eigenspace will be determined as before and these projections 

are then used for the computation of the tangents in the perturbed system. 
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CHAPTER 5 

Conclusion 

When the NLS (under periodic boundary conditions) is solved numerically using 

the standard discretization and choosing initial conditions in the neighborhood of 

a homoclinic orbit, the solution can behave quite irregularly unlike the analytical 

solutions of the NLS. The diagonal discretization can be viewed as a conservative 

perturbation of either the NLS or of an integrable discretization of the NLS. The 

complicated underlying homoclinic structure of either the NLS or the integrable 

DNLS can be a potential source of the irregular behavior since under perturbations, 

the homoclinic orbit is generally broken and this allows for multiple crossings of the 

unperturbed homoclinic orbit. 

As a preliminary step in understanding the source of the irregular behavior in 

the perturbed flow, we studied numerically, for two regimes, the cross-gap structure 

of its nonlinear spectrum in order to detect homoclinic crossings. The complexity of 

the homoclinic structures is dependent upon the number of complex double points 

present in the nonlinear spectrum so the two regimes considered were: the one com

plex double point regime and the two complex double point regime. We considered 

various mesh sizes (strength of the perturbation parameter 8) within each regime. 

Upon examining the nonlinear spectrum we found that for the one double point 
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regime with a perturbation size S, that for all 8 < 8* (to ensure in a near-integrable 

scenario) there are no significant homoclinic crossings and the solution behaves 

regularly. However, for the two double point regime, there is a critical value of the 

perturbation parameter S such that: for 8critical < S < S*, the solution becomes 

abruptly chaotic and there are many continual homoclinic crossings. We correlate 

this generation of homoclinic crossings with the temporal onset of irregular behavior 

and breakdown in spatial structure. For 8 < 8critical the solution behaves regularly 

and converges to a quasi-periodic solution and there are no homoclinic crossings. 

Notice that the irregular or "chaotic" behavior disappears when the discretiza

tion mesh is sufficiently refined. This type of irregular behavior observed will prob

ably arise in standard discretizations of other nonlinear PDE's where the discretiza

tion does not preserve the underlying homoclinic structure of the PDE. 

We use these numerical results as the motivation for our subsequent work, i.e. 

our goal has been to determine analytically the mechanism that causes the "chaotic" 

behavior to appear in this conservatively perturbed NLS equation. 

To justify a Melnikov analysis for understanding the type of chaos observed 

numerically, we set up the geometrical structure of the relevant phase space of the 

system. Appealing to the nonlinear spectral theory, it is determined for solutions of 

the NLS with N complex double points (to which correspond unstable modes which 

represent hyperbolic directions in the infinite dimensional phase space) that the 

significant dynamics occur in a finite dimensional 2(N + 1) subspace of the infinite 

dimensional phase space of the PDE. 

For the regimes considered, u(t) = ae i (2a
2

t+I'O) is a hyperbolic periodic orbit for 

the unperturbed system connected to itself by the homoclinic manifold U(x; a,;;y) = 
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w~·u. Noting that the norm I is invariant for the perturbed system we reduce 

out I and its conjugate variable O. Thus the reduced systems we work in are 2N 

dimensional. In the reduced system, under the perturbed flow u(t) persists as a hy

perbolic fixed point and for 8 sufficiently small W;·u are 8 close to fV~'u, respectively. 

To detect the existence of homoclinic orbits in the perturbed system we compute 

a Melnikov function which measures perturbatively the distance between Wt and 

W,su. 

For the one double point regime we establish that the Melnikov function is identi

cally zero and consequently there is no splitting of the stable and unstable manifolds 

in the finite dimensional models. This is consistent with the numerical studies of 

the one double point regime: the time series is regular and there are no significant 

homoclinic crossings and no chaos. 

For the two double point regime, the Melnikov function has a unique zero, which 

guarantees the persistence in the perturbed system of two distinct homoclinic or

bits. The presence of these two homoclinic orbits in the perturbed system does not 

necessarily imply the onset of chaotic motions in neighborhoods of the homoclinic 

orbit. We use a condition on the angles that the homoclinic orbits make with the 

local unstable and stable manifolds as they leave and enter a neighborhood of the 

fixed point which allows for sufficient stretching and folding to occur to enable con

struction of a horseshoe type map on an invariant set in the neighborhood of the 

fixed point and thereby obtain irregular motions in configuration space. 

Since we do not have the analytical expressions for the homoclinic orbits that 

persist in the perturbed system, we make a first approximation by computing the 

necessary quantities in the unperturbed system and verifying if within 0(8) of these 
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unperturbed objects, there exist regions in the parameter space where the angle 

condition is met. We determined for 8 < 8critical that in the perturbed system the 

angle condition is no met and there are no homoclinic type chaotic dynamics. This 

is consistent with the numerical nonlinear spectrum studies for the two double point 

regime where for 8 < 8critical the solution was regular. For 8 in the critical region 

8critical < 8 < 8", the first approximation yields values of tan 0 that do not meet the 

angle condition. However by the regularity of tan 0, for values of 8 in the critical 

region it is possible in the perturbed system to satisfy the angle condition and 

thus obtain hyperbolic chaotic motion in a tubular neighborhood of the homoclinic 

orbit. It is not possible to determine this conclusively without computing the first 

order corrections to the surviving homoclinic orbits. These first order corrections 

still need to be computed and we are optimistic that they will substantiate our 

conjecture of chaotic dynamics in the two double point regime for 8critical < 8 < 8". 

Even if this is not the case the endeavor has been worthwhile as a first step in 

learning which techniques for determining chaotic dynamics in finite dimensional 

systems can be lifted and applied to PDE's. We believe this general technique of 

using nonlinear spectral theory and dynamical systems theory would be useful in 

studying perturbations of other integrable nonlinear PDE's that have homoclinic 

structures in their phase space and with more examples we could make a general 

case study. 

We would like to more carefully study the neutral modes and provide precise es

timates on their dynamics and it would also be desirable to understand what is the 

behavior of the system when the higher nonlinear modes do eventually become ac

tive. We have begun developing the Backlund theory of the integrable discretization 
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of the NLS to generate its homoclinic structures. Using this discretization, which 

possesses all the homoclinic structure at every level of the discretization, we can 

explicitly construct finite dimensional models to study this homoclinic phenomena. 
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