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ABSTRACT 

In this dissertation, a state and parameter estimation 

algorithm is implemented and modified to predict the blood perfusions 

and thus the complete steady-state temperature fields based on input 

from a limited number of temperature measurements taken during 

simulated hyperthermia treatments. Several fundamental phenomena 

related to this inverse problem are investigated from simple direct 

models. Using one-, two-, and three-dimensional numerical simulation 

models it is shown that multiple minima solutions exist for some 

inverse hyperthermia temperature estimation problems. The general 

conditions under which these multiple minima occur are shown to be 

solely due to the existence of symmetries in the inverse problem 

formulation. 

Both an adjoint formulation and a sensitivity equation method 

are derived and used to determine the elements in the Jacobian matrix 

associated with the inverse problem of estimating the blood perfusion 

and temperature fields during hyperthermia cancer treatments. These 

methods and a previously developed influence coefficient method for 

obtaining that matrix are comparatively evaluated by solving a set of 

numerically simulated inverse hyperthermia problems. Comparisons of 

the performance of the adjoint formulation and the influence 

coefficient method show that the total CPU time for the adjoint 

formulation is larger than that for the influence coefficient method 

for all of the cases which are solved successfully. The performance of 
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the sensitivity equation and the influence coefficient methods were 

also compared. Results showed that these two methods had the same 

performance. 

An improved state and parameter estimation algorithm has been 

developed to reduce the total computational time required. If the 

change of the unknown perfusion parameters is small a linear 

approximation scheme is implemented in which the old Jacobian matrix 

(or sensitivity matrix) is used, instead of recalculating the new 

Jacobian matrix for the next iteration. Results show that if the 

temperature is approximated as a linear (or quasi-linear) function of 

the blood perfusion, the linearizing approach considerably reduces the 

CPU time required to accurately reconstruct the temperature field. 

One of the model mismatch problems between the actual tumor and 

the simulated models is selected and investigated for the one

dimensional case. The model mismatch present in this dissertation is 

caused by the discretization of a perfusion field into several 

discrete zones. It is our attempt to understand the effects of the 

model mismatch problems from a simple model, and then generalize to 

more complicated three-dimensional cases which could occur during 

hyperthermia treatments. 

To simulate the ultrasound hyperthermia treatments, a scanned 

focussed ultrasound power field is generated and then used to create 

the transient power-on data and the steady-state temperature field. 

The feasibility of using the transient power-on data to estimate the 

attenuation coefficient and the blood perfusion and thus reconstruct 

the steady-state temperature field is presented. 
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CHAPTER 1 

INTRODUCTION 

1.1 HYPERTHERMIA 

Hyperthermia, from the Greek ~ meaning beyond and therme 

meaning heat, has been one of the more promising cancer therapies of 

recent decades. The use of heat in the treatment of various ailments, 

including cancer, dates back to Egyptian and Greek physicians. In late 

1800s and early 1900s, many investigators (Coley 1893; Rohdenburg 

1918) described that after infection with pyrogenic bacteria the 

regression of both primary and secondary tumors occurs. Although these 

early works showed the potential of hyperthermia, they provided little 

quantitative data on dose response to heat. The modern era of 

hyperthermia did not start until the works of Crile (1961, 1962, 

1963). Crile (1963) showed that some transplantable tumors in mice are 

cured using hyperthermia with no permanent damage to normal tissue. 

Since that study, many oncologists interested in hyperthermia have 

focused on the cellular factors. Dewey et ale (1971) reported that 

hyperthermia is cytotoxic to cells even after elevating their 

temperature mildly. Ben Hur et ale (1972) reported that hyperthermia 

increases the cells' rate of inactivation to X-irradiation and the 
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cells, S-phase and hypoxic cells, that are radioresistant tend to be 

heat sensitive. Several reports in recent years have shown that normal 

and malignant tissues can become heat-resistant by subsequent heat 

exposures (Hahn et ale 1977, Law et ale 1979, Law 1979, Hume and 

Margold 1980, Kamura et ale 1981). 

One important factor of evaluating the success/failure of a 

hyperthermia cancer treatment requires knowledge of the temperature 

distribution throughout the entire treatment region. In 1986, Hand and 

James proposed a general definition of hyperthermia which is a therapy 

in which tissue temperature is elevated to 41 °C or higher by external 

means in opposition to the thermoregulatory processes which control 

body temperature around the normal set-point. Dewhirst et ale 1984, 

Van der Zee et ale 1986, and Oleson et ale 1984 have shown that the 

effectiveness of hyperthermia is correlated to the minimum measured 

tumor temperature. Similarly, Barlogie et ale 1979, Larkin et ale 

1977, and Pettigrew et ale 1974 have also shown that there are 

temperatures above which damage to normal tissue can be expected. The 

goal of hyperthermia treatments is to elevate the temperature of the 

tissue target region containing malignant cells to a therapeutic value 

(e.g. 43 °C) while maintaining the temperature in the normal tissue 

below unacceptable, damaging values over a duration of at least 30 to 

60 minutes. To achieve this goal, clinical personnel should have 

knowledge of the entire temperature field in the treatment region. 

This knowledge is used to control the heating sources to deliver 

energy to the treatment target volume to raise its minimum temperature 
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above 43 °C, while limiting the temperatures in the normal tissue to 

prevent pain and/or damage. 

External heating modalities for hyperthermia involve sources of 

electromagnetic (EM) or ultrasound (US) energy that transmit the 

energy into tissues via waves. The' EM devices are roughly classified 

into two groups: microwave (MW) and radio-frequency (RF). The 

frequencies above 100 MHz being generally considered MW, although the 

line between MW and RF is not well defined. For interstitial or 

intracavitary hyperthermia, the EM devices use either MW antennas or 

RF electrodes, respectively, implanted directly into tumors or placed 

into body cavities. Field and Franconi 1987, and Hand and James 1986 

have shown that these two techniques can localize the power deposition 

to deep tumors, but have the disadvantage of being invasive. On the 

other hand, US is a noninvasive heating method and can focus power 

into desired regions. Lele and Parker 1982, Lele 1983, 1986, Lele and 

Goddard 1987, and Hynynen et ale 1985, 1987a, 1987b have utilized 

several ultrasound systems in in vitro and in vivo experiments and in 

human patients, and they have shown that US can induce well-controlled 

localized power depositions in tumors at different depths. 

1.2 BIOHEAT TRANSFER EQUATION 

In 1948, Pennes proposed a governing equation to describe the 

temperature distribution in the resting human forearm. This equation, 

the so-called bioheat transfer equation (BHTE), was derived from the 

general conser~ation of energy equation with some additional 

assumptions. One of the assumptions is that the thermal equilibrium 
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between capillary blood and surrounding tissue is reached and 

maintained. That is, the blood flow, with a perfusion rate of W kg/m3-

s, enters the control volume at the arterial temperature (Ta) and 

leaves the control volume at the local tissue temperature (T). 

Therefore, the net rate of convection of thermal energy by blood flow 

in the control volume is approximated by WCb(Ta-T), which acts like an 

energy sink/source. The general expression of the Pennes' bioheat 

transfer equation can be written as 

(1.1) 

where p denotes the tissue densitYi c denotes the tissue specific 

heat; Cb denotes the blood specific heati k denotes the thermal 

conductivitYi W denotes the blood perfusion which is the unknown 

parameter; Ta denotes the arterial blood temperature; and Q denotes 

the power deposition. 

This equation was derived basically from an engineering 

approximation. Thus, several detailed physical effects, such as the 

following, are not taken into account: the existence of large blood 

vesselsi the arterial temperature as a function of position; the 

directionality of blood perfusion rates; and the countercurrent heat 

exchange between thermally significant vessels. Several investigators 

(e.g., Weinbaum et al. 1984, Weinbaum and Jiji 1985, Chen and Holmes 

1980, Lagendijk, et al. 1984, 8aish, et al. 1986) have recently 

developed different mathematical formulations to describe the 

temperature distribution. For example, the new bioheat transfer 
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equation of Weinbaum and Jiji (1985) uses an enhanced thermal 

conductivity which is related to parameters describing the local 

vascular anatomy and blood flow instead of the linear sink/source term 

of the BHTE which is proportional to the local blood-tissue 

temperature difference. 

Still, the BHTE has been used in almost all of the models 

employed for predicting temperature fields in all modalities of 

hyperthermia. This fact can be primarily attributed to the following: 

1) despite the complexity of both blood flow patterns and of the 

anatomy of living tissues, the simple energy sink/source term 

introduced by Pennes (as an approximation) has made the BHTE a good 

predictor and a very useful tool (e.g., Chen and Holmes 1980, Chato 

1980, Emery and Sekins 1982, Hand et al. 1982, Hynynen et al. 1989, 

Pennes 1948, Sekins et al. 1982, 1984, Valvano et al. 1984, Roemer et 

al. 1989, Charny and Levin 1989); and 2) the new (since 1980) 

mathematical formulations of tissue heat transfer are less tractable 

and require knowledge of certain parameters that are always difficult 

(if not impossible) to obtain, such as details involving the vascular 

anatomy and/or the blood flow velocity field (e.g., Chen and Holmes 

1980a, Jiji et al. 1984, Lagendijk et al. 1984, Weinbaum and Jiji 

1985, Weinbaum et al. 1984, Wulff 1974). Moreover, although the newer 

derivations (since 1984) of tissue heat transfer represent 

improvements over the derivation of the BHTE of Pennes and have 

stimulated needed research efforts in this field, they still seem to 

be in the developmental and refining stages (Weinbaum and Jiji 1987, 

Wissler 1987a, 1987b, Sekins 1989) and have not been experimentally 
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verified. Also, the application of these newer equations to 

hyperthermia has been questioned in terms of their simplifying 

assumptions and their validity in vascularized cancerous tumors 

(Charny and Levin 1989, Roemer et al. 1989). Although, as the new 

models are refined and their use become practical, one must rely on 

existing relatively "simple" formulations (like the BHTE) or on 

"simplified" equations from more complex formulations. 

For hyperthermia treatments, the power deposition term (Q) 

includes the rate of energy generated by the metabolic process and the 

rate of applied energy from the external heating devices. In most 

localized hyperthermia situations, the metabolic effect is generally 

small and can be neglected when compared to the applied power 

deposition. For example, the basal metabolism for an average person is 

on the order of 103 W/m3, whereas the applied power depositions are 

on the order of 105 
N 106 W/m3. In this dissertation, Q represents 

only the applied power deposition. 

Recently, Roemer et al. 1989 showed that Pennes' bioheat 

transfer equation can be used under some hyperthermia conditions to 

describe the temperature field in perfused biological tissue 

reasonably well. Thus, the thermal model used in this study is the 

Pennes' bioheat transfer equation. Due to the unknown blood perfusion 

term in the Pennes' bioheat transfer equation for specific clinical 

cases, the entire temperature field for a certain applied power 

distribution cannot be obtained directly by solving the bioheat 

transfer equation. Thus, the problem studied here is one of inverse 

problems. In this dissertation, inverse techniques will be presented 
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in an attempt to accurately reconstruct the temperature fields from 

limited, noisy temperature measurements. 

1.3 INVERSE PROBLEM 

Generally, many engineering problems can be classified into two 

major fields: one is the direct problem; and the other is the inverse 

problems. For a direct problem, the response of the system is governed 

by an ordinary or partial differential equation with all parameters 

imbedded in the equation known and known boundary and initial 

conditions. Many theories and skills have been developed to solve 

these direct problems exactly or numerically. Unfortunately, not all 

problems can have all parameters or boundary conditions known. 

Consequently, the problems with unknown parameters or unknown boundary 

conditions cannot be solved directly, and therefore they are in the 

realm of the inverse (or indirect) problems. Most of the inverse 

problems concern the optimal determination of the unknown parameters 

(which could be spatially dependent) or the unknown boundary 

conditions by observing the dependent variable collected in the 

spatial and time domain. 

Inverse problems arise in many branches of the physical and 

mathematical sciences, such as: 

(1) inverse heat conduction problem (IHCP), 

(2) hydrology field, 

(3) medical tomography, 

(4) image enhancement, 

(5) temperature reconstruction, 



(6) curve fitting, 

(7) earthquake location, 

(8) satellite navigation, 

(9) factor analysis, etc. 
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In the IHCP problem, a classical example is the estimation of 

transient surface heat flux as estimated from interior temperature 

measurements made in a heat conducting body. This application is 

important when heat flux sensors cannot be attached directly to the 

surface due to the presence of an extremely hostile environment. An 

example of such an environment is on the nose cone of a space re-entry 

vehicle. In hydrology, many problems require the estimation of 

hydrological parameters associated with the movement of ground water, 

pollutants, and oil during extraction from in-situ measurements. 

During hyperthermia cancer therapies, the complete temperature 

field throughout and surrounding the treated tissue must be carefully 

controlled to maximize the effectiveness of the treatment while 

minimizing the risk of damage to the surrounding tissue. However, the 

temperature can be monitored at only a few discrete locations 

throughout the treatment region due to practical limitations 

associated with thermal instrumentation and patient comfort. Because 

of these difficulties, inverse techniques are being developed to 

estimate the spatial distribution of blood perfusion which, in turn, 

can be used in the bioheat transfer equation to estimate the 

temperature distributions that exist during various hyperthermia 

treatment scenarios. 
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The inverse problem is often ill-posed. The ill-posedness is 

generally characterized by the nonuniqueness and instability of the 

identified parameters and the associated instabilities that occur 

during their estimation. Chavent (1974) studied the uniqueness problem 

in partial differential equations for two situations: (1) the case of 

constant parameters: and (2) the case of distributed parameters in 

space. In case I, there are generally more measurements than unknowns, 

so that, in general, the inverse problem is unique. In case 2, if only 

point measurements are available, the inverse problem is always 

nonunique. The notion of identifiability addresses the question of 

whether it is at all possible to obtain unique solutions of the 

inverse problem for unknown parameters of interest in a mathematical 

model from data collected in the spatial and time domains. Kitamura 

and Nakagiri (1977) formulated the parameter identification problem as 

the one-to-one property of the inverse problem. They obtained some 

results for parameter identifiability (or nonidentifiability) for a 

system characterized by a linear, one-dimensional parabolic partial 

differential equation. Identification is usually not achievable in the 

case of point measurements where data is only available at a limited 

number of locations in the spatial domain. 

Theoretically, when the unknown parameters are spatially 

dependent, there will be an infinite number of parameters associated 

with the contiguous points to exactly represent these spatial 

parameters. In practice, spatial unknown parameters are approximated 

when the system is subdivided into several subregions (or zones) in 

which the parameter is constant by using a finite difference or finite 
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element scheme. This results in reducing the number of parameters from 

an infinite number to a finite number. Reduction of the number of 

parameters can make the inverse solution numerically stable and 

solvable. It has been generally understood that as the number of zones 

is increased, the modeling error decreases while the error in 

parameter uncertainty increases. The error in parameter uncertainty 

can be represented by a norm of the covariance matrix of the estimated 

parameters (Yeh and Yoon, 1976; Shah et al., 1978). The covariance 

matrix of the estimated parameters also provides information regarding 

the reliability of each of the estimated parameters. The more 

sensitive the parameter, the closer and quicker the parameter will 

converge. Bayesian estimation methods that incorporate prior 

information have also been applied to parameter identification 

(Gavalas et al., 1976). Bayesian estimation reduces to a quadratic 

minimization problem, provided the parameters and the measurement 

errors are normally distributed and the model is linear in the 

parameters. When these conditions are not satisfied, a rigorous 

application of Bayesian estimation is impractical. The primary purpose 

for incorporating the prior information into the inverse problem is to 

reduce the parameter uncertainty, not to improve the model fit (Yeh 1986). 

1.4 STATE AND PARAMETER ESTIMATION 

In recent years, simulation and mathematical models have been 

developed to analyze many scientific and engineering problems solved 

numerically by the finite difference, finite element, or boundary 

element methods. Many of these models are distributed parameter 
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models. That is, the response of the system is governed by a partial 

differential equation, and parameters imbedded either in the governing 

equation or in the boundary or initial conditions are spatially 

dependent. In general, some of these parameters are not directly 

measurable from the physical point of view and have to be determined 

from historical observations. Once all unknown parameters (Parameter) 

are estimated, the solutions of the system (State) can be then also be 

estimated. 

Many investigators have used state and parameter estimation 

techniques in diverse inverse problems. For example, Beck (1968, 

1970), Reynaud and Beck (19S5), Hills and Hensel (1986), and Hensel 

and Hills (19S9) have proposed several methods for estimating the 

surface heat flux history for linear and nonlinear inverse heat 

conduction problems. Lauster, Ray, and Martens (19S0) used an 

iterative filter equation to estimate the transient temperature 

responses for the two-dimensional heated ingot without having any 

knowledge of the initial temperature field. Divrik et ale (19S4), 

Clegg and Roemer (1985a, 19S5b), Winget et ale (1986), Plancot et ale 

(19S6), Liauh et ale (1991), Liauh (198S) used state and parameter 

estimation techniques to simultaneously estimate both the temperature 

fields and the parameters which appears in Pennes' bioheat transfer 

equation. Yeh and Sun (19S4), Yeh and Yoon (1976), Neuman (1973) have 

shown the success of the technique in hydrology problems. Kravaris and 

Seinfeld (1985 and 1986), and Kitamura and Nakagiri (1977) have used 

this technique to determine the spatially varying parameters in 

distributed systems. 
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In solving the inverse problem, an efficient method must be 

used in the calculation of the sensitivity coefficients, which are the 

partial derivatives of the measurements with respect to each of the 

parameters. Literature reviews indicate that three methods have been 

used in the past to calculate these sensitivity coefficients. First, 

the influence coefficient method presented by Becker and Yeh in 1972 

uses the concept of parameter perturbation. Each element in the matrix 

represents the ratio of change in the measurement to the change in a 

particular parameter. Second, in the sensitivity equation method by 

Beck and Arnold (1977), a set of sensitivity equations are obtained by 

taking the partial derivatives with respect to each parameter in the 

governing equation and initial and boundary conditions. Finally, the 

variational method (or adjoint formulation) utilizes integral 

equations with kernels which are derived from solutions to the 

governing equation. It was first used for solving the inverse problem 

of parameter identification by Jacquard and Jain (1965) and then by 

Carter et al. (1974 and 1982) in problems associated with finite 

difference schemes. Sun and Yeh in 1985 extended the method to the 

case of a finite element scheme. 

Comparing the above mentioned three methods in the calculation 

of sensitivity coefficients, it is clear that the variational method 

could be advantageous if the number of unknown parameters (Np) is 

greater than the number of measurement sensors (Ns). On the other 

hand, if Np < Ns , the influence coefficient and sensitivity equation 

methods are preferred. Dogru and Seinfeld (1981), McElwee (1982), and 

Sykes et al. (1985) showed that in order to reduce the computational 
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times in solving inverse problems, an efficient method was needed to 

calculate the sensitivity coefficients. 

1.5 GOAL 

The goal of this study is to predict the maximum normal tissue 

and minimum tumor temperatures in the treatment region during 

hyperthermia treatments from a limited number of temperature 

measurements. In most of simulated hyperthermia treatments studied 

here it is assumed that the perfusion model (pattern) is given but not 

the magnitude of the perfusion for each zone. A (semi-linear) state 

and parameter estimation algorithm has been developed to estimate the 

perfusion field and thus predict the complete temperature field. 

Several tasks are investigated in this dissertation. First, 

some fundamental characteristics of the multiple solutions (i.e., 

nonunique solutions) for this inverse problem are first studied. To 

show the nonuniqueness of this inverse hyperthermia temperature 

estimation problem, we start from a simple one-dimensional case and 

then extend to a more complicated three-dimensional case. A general 

rule for determining the number of global minimum pOints is obtained. 

Second, in an attempt to reduce the computational time for the optimal 

algorithm, several efforts are made to: (1) develop and utilize three 

methods of forming the Jacobian (or the sensitivity) matrix-- the 

influence coefficient method, the sensitivity equation method, and the 

adjoint formulation: and (2) implement a semi-linear scheme to 

establish a criterion to reduce the need for repeated evaluations of 

the elements in the Jacobian matrix. Third, the effect of model 
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mismatch on the performance of the estimation algorithm is studied for 

a simple one-dimensional case. It is our goal to use this simple model 

to understand the characteristics of the effects of model mismatch and 

then to apply them to more complicated problems which may occur in 

clinical situations. Finally, a modified state and parameter 

estimation algorithm is developed to utilize the transient power-on 

temperatures to estimate either the uniform power or the blood 

perfusion, or both. To simulate the ultrasound hyperthermia 

treatments, the power field is a function of space, which is generated 

from a scanned and focussed ultrasound transducer system, rather than 

a uniform power. 
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CHAPTER 2 

METHODOLOGY 

During hyperthermia treatments, the complete temperature field 

throughout and surrounding the treated tissue should be carefully 

controlled to maximize the effectiveness of the treatment, while 

minimizing the risk of damage to the surrounding tissue. However, the 

temperature can be monitored at only a few discrete locations 

throughout the treatment region due to practical limitations. In 

addition, due to the complexity and diversity of the vascular system 

in vivo, its corresponding heat transfer in the treatment region is 

hard to quantitively measure. Therefore, it is difficult to solve any 

governing equation directly with these uncertain factors. (Note that 

the thermal model used in this dissertation was Pennes' bioheat 

transfer equation (1948).) Because of these difficulties, inverse 

techniques are being developed to estimate the spatial distribution of 

blood perfusion which, in turn, can be used in the bioheat transfer 

equation to estimate the complete temperature distributions that exist 

during particular hyperthermia treatments. In this dissertation, the 

first step in estimating the spatial distribution of blood perfusion 

is to use the zonal approach by approximating the perfusion field in 
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terms of a spatially dependent parameterized model with Np parameters. 

The resulting model was then used in a bioheat transfer equation 

simulation of a treatment which was solved using finite difference 

schemes for the temperatures at the locations for which internal 

temperature measurements were available. The parameters in the 

perfusion model are adjusted such that the resulting predicted 

temperatures agree with the measured temperatures in a least-squares 

sense. This requires a nonlinear minimization procedure. A common 

approach is to use Gaussian minimization which utilizes an estimate 

for the Jacobian matrix to refine the latest guess for the unknown 

parameters as used by many investigators (Clegg, et al. 1986, Liauh 

1988, Liauh, et al., 1991). Figure 2.1 shows the flow chart of the 

estimation algorithm utilizing an iterative Gauss method. 

2.1 GAUSS METHOD 

In this inverse hyperthermia application, the major goal is to 

estimate the complete steady-state temperature field during a 

treatment in which the perfusion field is unknown. Thus, to reach this 

goal one attempts to estimate the magnitudes of a piecewise continuous 

spatially dependent perfusion W using a limited number of temperature 

measurements (Tm), 

(2.1) 

where i=1,2, ••• ,Ns and j=1,2, ••• ,Nt. Ns denotes the number of 

temperature sensors and Nt denotes the number of sampling time steps. 
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STATE AND PARAMETER ESTIMATION ALGORITHM 
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Figure 2.1 Flow chart showing the process of predicting the complete 
temperature field using state and parameter estimation algorithms by 
optimizing the unknown perfusion parameters in the bioheat transfer 
equation. 



35 

These transient temperatures are introduced in order to obtain 

additional data for use in the inverse calculations. An iterative 

Gauss method is used to optimize the unknown perfusion parameters by 

minimizing the least-squares difference between the predicted and 

measured temperature fields. When an estimated perfusion vector is 

used during a search for the true solution they are denoted as the 

predicted temperatures, Tpr. The least squares objective function (S) 

to be minimized in these inverse problem solutions (for which the true 

perfusion vector is assumed to be unknown) is defined as 

(2.2) 

Here the error vector E has dimension {NsXNt)xI, and is defined as the 

sum of the differences between the true and the predicted 

temperatures, 

with 

where 

Ee = (T~,i- Tpr,i ) 

e = (i-l)XNt+j 

i = 1, .•• ,Nsand j = 1, ••• ,Nt • 

This iterative method requires the calculation of a Jacobian matrix 

(J), whose elements are the first derivatives of the predicted 

temperatures at the measurement locations and times with respect to 

the unknown perfusion parameters. Once the Jacobian is obtained, the 

latest estimates for the unknown perfusion parameters can be expressed 

in terms of 
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(2.3) 

where Tpr is the vector of predicted temperature at the measurement 

locations. A detailed derivation of equation (2.3) was given by Liauh 

(1988). 

2.1.1 INPUT TEMPERATURE MEASUREMENTS 

Using Gauss' method the unknown perfusion parameters are 

optimized by minimizing the least-squares difference between the 

predicted and measured temperatures at a limited number of locations 

and times. For the simulated clinical hyperthermia cancer treatments, 

the measurement temperatures are recorded from the beginning to the 

end. That is, the measurement temperatures include the transient 

power-on, steady-state, and transient power-off temperatures. Clegg, 

et ale 1985 proposed algorithms to solve this inverse problem by using 

the steady-state temperatures for simulated hyperthermia treatments. 

That is, Nt is equal to 1 in equation (2.1). Clegg concluded that 

using the steady-state temperatures only for this problem, the number 

of unknown parameters and the number of the measurement sensors should 

be identical to obtain accurate reconstruction of the temperature 

field. To improve the performance of Gauss' method, Clegg et ale 

(1988), Liauh 1988, and Liauh et ale (1991) have used both the steady

state and transient power-off temperatures instead of the steady-state 

temperatures only. That is, Nt is greater than 1 in equation (2.1). 

The steady-state data (as j=l) is a result of the introduction of an 
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experimental power (Q), and the transient data (j~2) is a result of 

the subsequent transient decay following a power-off (Q=O). With more 

information obtained from the transient power-off temperatures the 

temperature field can be accurately reconstructed from a limited 

number of temperature sensors in which the number of unknown perfusion 

parameters are greater than the number of temperature sensors. One of 

the disadvantages of using the steady-state and/or the transient 

power-off data is that we have to calculate the steady-state 

temperature field for the simulated treatment, or wait until the 

steady-state temperature field has been reached during the clinical 

treatment. 

To overcome this problem the transient power-on temperatures 

for the first few minutes of treatment were used as input data for the 

optimization algorithm to accurately estimate the blood perfusion, and 

then to evaluate the corresponding steady-state temperature field. 

These transient power-on data (including the initial temperatures j=l) 

is a result of the introduction of an experimental power (Q), which is 

either a uniform power or the scanned focussed ultrasound power. From 

several dog's thigh experiments, it is seen experimentally that there 

exits a certain time during which the temperature rises linearly with 

the applied power. In this period, the effect of the blood perfusion 

term on the temperature field is small and can be neglected. Using 

this fact, we also try to use the transient power-on data to estimate 

the magnitude of the uniform power or the attenuation coefficient of a 

scanned, focussed ultrasound power field. During the heating-up 

procedures in the clinical treatments, the perfusion could change 



38 

because of vessel dilation, especially when the tissue temperature 

rise is too high. As can be expected, the resulting perfusion estimate 

based on the initial transient power-on data will not be good enough 

to describe the final steady-state temperature field for a fixed 

applied power field. Nevertheless, these initial transient power-on 

data can still provide information to estimate the attenuation 

coefficient of the ultrasound power and the initial perfusion. When 

the attenuation coefficient is accurately estimated from the transient 

power-on data the ultrasound power field used to calculate the final 

steady-state temperature field can be easily evaluated. Although the 

initial perfusion is not good enough, this perfusion can be used as a 

priori information for estimating the final perfusion field for the 

final steady-state temperature field. When the scheme using the 

transient power-off temperature data is introduced to estimate the 

final steady-state temperature field, the applied power field is 

always known and a good initial guess of the blood perfusions can also 

be obtained from the transient power-on solutions. 

2.1.2 REDUCING OF THE COMPUTATIONAL TIME 

In an attempt to reduce the computational time for the 

estimation algorithm, two efforts were investigated in this 

dissertation. First, a fast way to evaluate the sensitivity 

coefficients of the Jacobian matrix is investigated. Second, a semi

linear scheme to establish a criterion to reduce the need for repeated 

evaluations of the elements in the Jacobian matrix is investigated. 
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2.1.2.1 FORMING THE JACOBIAN MATRIX 

The Jacobian matrix (J) relates small changes in the unknown 

parameters to small changes in the predicted temperatures at the 

measurement locations and times. The elements of the Jacobian matrix, 

sometimes called the sensitivity coefficients, are the partial 

derivatives of the temperature with respect to each of the parameters. 

These elements depend on the latest guess for the parameters and are 

usually recalculated during each iteration. The resulting set of 

linear equations are used iteratively until satisfactory convergence 

in the parameter values is obtained. Unfortunately, the evaluation of 

the Jacobian matrix is numerically very CPU intensive and its 

evaluation dominates the CPU effort in the nonlinear estimation 

procedure. 

Literature reviews indicate that three methods have been 

proposed to estimate the elements in the Jacobian matrix in the past. 

They are the influence coefficient method (Becker and Yeh 1972), the 

sensitivity equation method (Beck and Arnold 1977), and the 

variational, or adjoint method (Hills and Hensel 1986, Jacquard and 

Jain 1965, and Carter et ale 1974). 

INFLUENCE COEFFICIENT METHOD 

The influence coefficient method uses small perturbations from 

the latest estimate for the parameters to approximate the sensitivity 

coefficients (Liauh 1988). To obtain these coefficients the bioheat 

transfer equation is first solved once using the latest estimate for 

the parameters without perturbation. Then a parameter in the unknown 
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perfusion field model is perturbed and the resulting perfusion field 

is used in the numerical approximation to the bioheat transfer 

equation to find the perturbed temperatures at all of the measurement 

locations and times. The derivatives in the Jacobian matrix are then 

approximated using finite differences, i.e., J can be expressed as 

1 
aT pr r 1 

1 
~l 

1 
~l 

aWl aW2 awNp 

2 
~l 

2 
~l 

2 
~l 

aWl aW2 aWN p 

(H~~, 1 aT~~, 1 
a Nt 
~l 

aWl aW2 aWN p 
J = 1 1 1 

~2 ~2 ~2 
aWl aW2 aWN p 

where the element aT~r,i/aWn of the Jacobian represents the rate of 

change of the predicted temperature at position (XI,YI,ZI), and at the 

discrete sampling time tJ, with respect to the perfusion in zone n. 

This procedure is repeated once for each of the Np perfusion 

parameters. In addition, the bioheat transfer equation is solved once 
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using the latest estimate for the parameters without perturbation. A 

total of Np+1 solutions to the bioheat transfer equation are thus 

required to estimate the sensitivity coefficients for each evaluation 

of the Jacobian matrix. This means that the number of bioheat transfer 

solutions required for the evaluation of the Jacobian is linearly 

related to the number of unknown perfusion parameters, and is not 

related to the number of measurement sensors. In this method the 

elements of the Jacobian is computed numerically using a forward 

difference method where the step size is 10% of the current perfusion 

estimate except when the perfusion is less that 1.0 kg/m3-s; then the 

step size is fixed at 0.1 kg/m3-s. 

SENSITIVITY EQUATION METHOD 

In this approach, a set of equations are derived for the 

sensitivity of the temperature distribution to the Np unknown 

parameters, by taking the partial derivatives with respect to each 

parameter in the governing equation and initial and boundary 

conditions. After taking the partial derivatives, the following set of 

sensitivity equations for the bioheat transfer equation result: 



a (~~,] 2 (aT J (aT J aw) ( ) pc at = kV aW
i 

- WCb aW
i 

- (aw
i 

cb T - Ta 

with the initial and boundary conditions 

aT(x,y,z,O) = 0, 
aW i 

aT(x,y,x,t) = ° on the boundary surfaces r 
aW i 

for i = 1,2, ••• ,Np • 
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(2.4a) 

(2.4b) 

(2.4c) 

Letting X, = aT/oW" and assuming that W=W(x,y,z) is a piecewise 

constant distribution, that is, when the zonal approach is used, the 

entire domain (0) is divided into Np zones (0" i=1,2, ••• ,Np), 

Np 
W(x,y, z) = 2: Wnh n, 

n=1 

where hn=1 inside subregion On and hn=O outside On' the resulting 

sensitivity equations yield 

(2.5a) 

with the initial and boundary conditions 

Xi (x,y,z,O) = 0, (2.5b) 

Xi(x,y,z,t) = ° on the boundary surfaces r (2.5c) 

for i = 1,2, ••• ,N p • 
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The values of T=T(x,y,z,t) are obtained from the solution of the 

bioheat transfer equation. If we replace the term hICb(T-Ta) as Q, the 

set of sensitivity equations would be of the same form as that of the 

bioheat transfer equation. Hence, the numerical schemes used for 

solving the bioheat transfer equation can be used to solve the set of 

sensitivity equations. Again, as in the influence coefficient method 

one partial differential equation must be solved for each unknown 

parameter and one must be solved for the bioheat transfer equation for 

a total of Np+l solutions to form the Jacobian matrix. As is the case 

for the influence coefficient method, the number of measurement 

locations does not affect the number of partial differential equations 

requiring solution per iteration. 

ADJOINT FORMULATION 

In contrast, the variational or adjoint method (Hills and 

Hensel 1986, Jacquard and Jain 1965, and Carter et al. 1974) utilizes 

integral equations with kernels which are derived from solutions to 

the governing partial differential equation. To evaluate these 

integrals, the governing partial differential equation has to be 

solved once and the partial differential equation for the adjoint 

variable has to be solved for Ns adjoint variables, where Ns is the 

number of measurement sensors. These solutions are obtained 

numerically, and the results used to evaluate the multidimensional 

integrals which then provide estimates for the sensitivity 

coefficients. Since the adjoint method requires Ns+l rather than Np+l 

partial differential equation solutions to estimate the Jacobian 
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matrix, the adjoint method has the potential of being more efficient 

than the influence coefficient method when the number of unknowns (N p) 

exceeds the number of measurement sensors (Ns). While the adjoint 

method appears to have promise when the number of sensors is less than 

the number of unknown perfusion parameters, the realization of that 

potential will rely on the particular problems. We know of no 

application of this method to the bioheat transfer equation for which 

a faster inversion process would be beneficial for generally reducing 

computational time, but it is particularly useful when inverse 

solutions are used in adaptive control schemes. Since it is clinically 

preferable to minimize the number of sensors present during a 

treatment, it is thus of interest to investigate inverse methods that 

have advantages when Ns is small, such as the adjoint approach. 

An adjoint formulation is derived, as below, to evaluate the 

Jacobian matrix. To obtain the adjoint formulation let 

T = T(x,y,z,t)-Ta(x,y,z,t) 

with Ta(x,y,z,t) satisfying 

Equation (1.1) can be rewritten as 

aT .... .... 
pc at = V·(kVT) - WcbT + Q 

I.C.: T(X,y,z,O)=f(x,y,Z)-Ta(X,y,Z,O) 

(2.6) 

(2.7a) 

(2.7b) 

B.C.: aT+p(aT/an)=g(x,y,z,t)-(aTa+p(aTa/an)) on r (2.7c) 
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A system of integral equations are now developed which relates 

the variation in T to perturbations in the perfusion parameters. Let oW 

represent the perturbation in Wand T = T+oT be the solution of 

equation (2.7) corresponding to W+OWi that is, 

pc ~~ = V-(kvT) - (W+oW)cbT + Q (2.8a) 

I.C.: T(x,y,z,O)=f(x,y,Z)-Ta(x,y,z,O) (2.8b) 

B.C.: aT+p(8T/8n)=g(x,y,z,t)-(aTa+p(oTa/on)) on r (2.8c) 

Subtracting equations (2.7) from equations (2.8) and assuming OWOTCb 

is negligible yields 

(2.9a) 

I.C.: oT(x,y,z,O) = 0 (2.9b) 

B.C.: a(6T)+p[8(6T)/an] = 0 on r (2.9c) 

Multiplying equation (2.9) by an adjoint variable ~(x,y,z,t) and 

integrating over the total domain n and over time from zero to tJ 

gives 

t. tj 
, J J J ~{a(oT)_ -1 V-[kV(oT)] + ~6T}dVdt = - fA J J ~ToW dVdt ° nat pc pc pc 0 n 
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Applying integration by parts over time, Green's first identity over 

space, and the initial condition (see the details in Appendix D) 

yields 

tj 

J (;6T)/ - dV - J J 6T{2! + -1 V-kV; - ~ ;} dVdt -n t-t Jon at pc pc 

tj t. 

J J....L {; a(6T)_ 6T QL} dAdt = - .£ll J J J "TtM dVdt (2.10) o sPc an an pc 0 n 

Now" = "IJ(X,y,z,t) is chosen such that 

(2.11a) 

and with 

(2.11b) 

a;i . 
a;ij+p( ~ ) = 0 on the boundary r (2.11c) 

where (xi'Yi,zi) represents the ith measured location. Letting t=tj-r, 

¢I (x,y,z,r)=;IJ(X,y,z,tJ-r) equation (2.11) can be written as 

a¢i 
pc a:;- = V-(kV¢i) - WCb¢i (2.12a) 

and 

¢i (x,y,z,r) = 6(X-Xi )6(y-Yi)6(Z-zi) at r=O (2.12b) 

a¢. 
a¢;+p( an l 

) = 0 on the boundary r (2.12c) 
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Using equations (2.9c), (2.11), and (2.12) in equation (2.10), 

and the symmetry property of the convolution gives 

tj 
oT(ri,tj)=-~ fo fo¢i(r,tj-t)T(r,t)oW(r,t)dVdt (2.13) 

where r = (x,y,z). 

Equation (2.13) is the general adjoint solution which 

approximates the perturbation in T at a measurement point (xi'Yi,zi) 

and the time (tj ) due to the variation in the perfusion distribution 

oW over the entire domain O. To develop a more specific solution to 

account for a given type of perfusion field, assume that W(r) is a 

piecewise constant distribution 

Thus, oW can be expressed as 

N 

oW(r) ~ ~ OWnhn• 
n=1 

Using equation (2.15) in (2.13) yields 

N 
- ~p n 

oT(ri,tj ) = ~ aiJ· oWn' 
n=1 

where (see equations (2.6) and (2.13» 

tj 
a~j=-~ f J ¢i(r,tj-t){T(r,t)-TAr,t)}hn dVdt. 

o On 

(2.14) 

(2.15) 

(2.16) 

(2.17) 
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N 
On is the subregion of 0 (i .e.,~ On=O), oWn is a known parameter, 

n=l 

and hn=l inside On and hn=O outside On for n=l,2, ••• ,Np ' 

After the values of a~j in equation (2.17) are estimated, the 

Jacobian matrix is formed as 

1 
all 

2 
all 

3 
all 

Np 
all 

J 1 2 3 Np 
(2.18) = aij aij aij aij 

al a2 a3 Np 
a 

NsNt NsNt NsNt NsNt 

As in the influence coefficient method, a set of linear equations is 

obtained by rewriting equation (2.15) as 

oT = JoW, (2.19) 

where of is a vector of size (NsxNt)xl composed of the elements 

oT(ri,tj ): i=l, ••• ,Ns: j=l, ••• ,Nt: J is the Jacobian and OW is a 

vector of size NpXl. 

COMPARISON OF JACOBIAN MATRIX FORMULATION CPU TIME 

Using the influence coefficient method to form the Jacobian 

matrix requires the solution of Np + 1 finite difference bioheat 

transfer equations. No integrals need to be evaluated. Therefore, the 

computational time required to form a Jacobian matrix for the 



influence coefficient method (see Appendix C) can be simply 

approximated as 
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(2.20) 

Here TFDT denotes the computational time needed to solve the bioheat 

transfer equation for both the steady-state and transient power-off 

temperatures. 

As is illustrated by the above procedure for the adjoint 

formulation, evaluating the elements in the Jacobian J requires that: 

a bioheat transfer equation (equation (1.1)) be solved once each 

iteration for the temperature field: an adjoint variable equation 

(equation (2.12)) be solved Ns times for each iteration: and, using 

these numerical results, the integrals given by equation (2.17) must 

then be evaluated numerically for each iteration, for each measurement 

location and discretized time. Theoretically, the computational time 

required to form a Jacobian matrix for the adjoint formulation (see 

Appendix C) can be approximated as 

(2.21) 

Here TFDA denotes the computational time needed to obtain the solution 

of an adjoint variable by solving equation (2.12), and TINT denotes 

the computational time needed to evaluate the convolution 

integral(equation (2.17)). A simple rectangular rule which requires 

the minimum number of operations is used for the integrations of 

equation (2.17) over both time and space. 
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The ratio of the computational time required to form a Jacobian 

matrix for the adjoint formulation to the time required for the 

influence coefficient method is thus 

x = 
(CPUJAC)Adj 
(CPUJAC)Inf 

Using equations (2.20) and (2.21) in equation (2.22) yields 

(2.22) 

(2.23) 

Equation (2.23) provides a rough guideline to determine which method 

can form the Jacobian matrix faster for each iteration based on the 

values of Np , Ns, TFDT, TFDA, and TINT. Three possible situations 

exist: 

• X > I, which occurs when Ns/Np > TFDT/(TINT+TFDA); the adjoint 
formulation is slower. 

• X = I, which occurs when Ns/Np = TFDT/(TINT+TFDA); both methods 
have the same speed. 

• X < I, which occurs when Ns/Np < TFDT/(TINT+TFDA); the adjoint 
formulation is faster. 

It should be noted that the values of TFDT, TFDA, and TINT 

depend upon the numerical schemes for solving the partial differential 

equations of the temperature and the adjoint variables, and for the 

convolution integral. They can thus be expressed in terms of the basic 

computational operations for the algorithms; i.e., the number of nodes 

in space, the number of time steps, and the computational time 
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required for addition, subtraction, multiplication, and division (see 

Appendix C). Equation (2.24) can thus be written in terms of basic 

computer operations as 

(2.25) 

For the VAX 8600 computer, the average values of the computational 

time for addition, subtraction, multiplication, and division have been 

tested and found to be close to one another, i.e., u = v = w ~ 1. For 

further simplification, letting u = v = w = 1 and neglecting the small 

terms l/Nz and l/(NyNz) (in this study Nx = Ny = Nz = 21), equation 

(2.25) yields a simplified version of the basic computer operation 

equation 

1 { 1 + 0.14 ~ } 
X ~ 1 +Np 1 +N s -1-+-0-. 8-9~N:=-~-kN-~- • (2.26) 

Here NIter is the total number of iterations required to obtain a 

steady-state temperature field using an SOR (successive 

overrelaxation) scheme. In calculating the Nt transient power-off 

temperatures, if the input time interval is larger than the maximum 

time interval obtained from the stability analysis (Liauh 1988), there 

will be a need to divide this time interval into several smaller equal 

time intervals (2~ intervals, ~ a positive integer) such that the 

algorithm is stable. Equation (2.26) shows that the value of X is 
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independent of the number of nodes in space, and the adjoint 

formulation becomes faster as 1) ~ becomes larger: 2) Nt becomes 

smaller: and 3) Niter becomes larger. 
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There are two ways to evaluate the value of X for a simulated 

hyperthermia treatment. One is to use the basic computer operation 

equation ( equation (2.26)) (the BCOE values) as a function of Ns and 

Np• The other is to measure the computational time needed by the 

subroutines which form the Jacobian matrices for the adjoint and 

influence coefficient methods, and then the values of X (the 

subroutine program (SP) values) are calculated from equation (2.22) 

for different Ns and Np • 

2.1.2.2 SEMI-LINEARITY 

An improved state and parameter estimation algorithm has been 

developed which decreases the total computational time required to 

accurately reconstruct complete hyperthermia temperature fields. 

During this improved iterative estimation algorithm, if the change in 

the unknown perfusion parameters is small a linear approximation 

scheme is implemented in which the old Jacobian matrix (sensitivity 

matrix) is used, instead of recalculating the new Jacobian matrix for 

the next iteration. Using equation (2.2), ~W can be calculated and 

thus the perfusion vector is updated. 

Since the calculation of the Jacobian is the most time 

consuming part of these calculations (Liauh, et. al., 1991) it is 

worthwhile to reduce their number as much as possible. To do this, one 

can look at some measure of the magnitude of ~W. If this value is 
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small, it is known that W has not changed significantly between 

iterations, and thus it is known that J will not have changed 

drastically. Thus, for the next iteration the old J values can be 

possibly reused, thus saving significant computational time. To 

implement such a strategy, if the maximum absolute value of the 

elements in the vector ~W is less than DEL TAl, it is assumed that the 

search direction of the algorithm is correct and the old Jacobian 

matrix (based on Wk) is used for the next iteration. If the maximum 

absolute value of the element in the vector ~W is larger than DELTA" 

it is assumed that the search direction should change and a 

recalculation of the Jacobian matrix (based on Wk+') is needed. 

The vector of perfusion values is iteratively calculated until 

either the root mean square difference between two successive 

estimates of the vectors of perfusion values is less than some small 

value, i.e., the norm of ~W is less than DELTA2 (here we use 0.001 

kg/m 3-s, much less than DELTA,) or the number of iterations exceeds 

some number. Here we use a maximum of 25 iterations to avoid 

excessive computational time for both nonconvergent and slowly 

converging cases. 

Unfortunately, it is impossible to know a priori whether the 

relationship between the temperature and the perfusion is 

approximately linear because the perfusion field is always unknown 

from the clinical point of view. Theoretically, however, there are two 

possible situations which might activate this semi-linear algorithm. 

First, when the perfusion vector is close to the true solution, it is 

known that the relationship between the temperature and the perfusion 
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can be approximated to be linear since the perfusion step sizes will 

be small. Hence, it is not necessary to recalculate the Jacobian 

matrix when this situation occurs. Second, when the perfusion vector 

is far from the true solution but conditions are such that the 

relationship between the temperature and the perfusion is close to 

linear, it is not necessary to recalculate the Jacobian matrix for 

each iteration. The value of DELTA, used in the algorithm is critical. 

That is, if the value of DELTA, is equal to zero, the problem is 

essentially assumed to be totally nonlinear, and thus the Jacobian 

matrix needs to be recalculated for each iteration. On the other hand, 

when the value of DELTA, is very large, the relationship between the 

temperature and the perfusion is essentially assumed to be linear and 

the search will never vary from its original direction. Thus, if the 

problem is not linear, the search algorithm will not be successful. In 

an attempt to find an optimal value of DELTA" in which the total 

computational time required to obtain the final solution is minimum, 

but the accuracy of the estimation algorithm is not lost, several 

values of ERR, are used in this study. There were selected as 0.0, 

0.01, 0.1, 0.5, 1.0, 5.0, and 10.0. 

2.2 REGULARIZATION 

Most inverse problems are extremely sensitive to measurement 

noise. By using the standard least-square methods many problems cannot 

be solved because of the ill-posedness inherent to least squares 

estimation or because of the problem itself. In these cases we are 

forced to recast the problem into a nonsigular, so-called regularized 
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problem whose solution approximates the original problem. The use of 

regularization parameters or regulizers may be interpreted as 

minimizing a norm of the unknown parameter estimates. Regularization 

parameters are one effective means of constraining the singular system 

of equations. The zero-order regularization tends to minimize the 

length of the parameter solution vector, the first-order 

regularization tends to minimize the slope of the parameter solution 

vector, and the second-order regularization tends to minimize the 

curvature of the parameter solution vector. 

A modification to equation (2.3) is required to implement the 

Tikhonov regularizer. The zeroth-, first-, and second-oder 

regularization methods were derived in Appdenix E. The goal is to 

require that the change in the predicted perfusion (hWk) for a 

particular iteration has some smoothness in order to prevent 

oscillations in the perfusion guesses which can readily occur due to 

the ill-posed nature of this problem and the concomitant near-singular 

matrices. In Appendix E, a test was given to determine which order of 

regularizer can have a better performance (i.e. with more successful 

temperature reconstructions). Results showed that the zeroth-order 

regularizer is better than the others. Thus, the zeroth-order 

regularizer will be used when the regularization method is implemented 

in this study. Tikhonov (1963), and Kravaris and Seinfeld (1985) have 

shown that for an ill-posed problem such as the present one, the 

following functional should be minimized to prevent oscillations in 

the parameter estimates and thus produce more successful, and improved 

solutions by using a zeroth-order regularizer: 
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(2.27) 

where I I-I I is the Euclidian norm, and E is the regularization 

parameter. Minimization of this function with respect to ~Wk yields 

the modified version of equation (2.3): 

or 

(2.28) 

where I is the identity matrix. It is this regularized equation that 

is solved to determine the optimal perfusion relative to the measured 

data. It should be noted that equation (2.28) is equivalent to 

equation (2.3) if E is equal to zero. It has been shown by Liauh et 

al. (1991) that there is an optimal value of regularization which is 

large enough to eliminate the ill-posedness, but is small enough not 

to significantly distort the original problem for some ill-posed, 

inverse problems. They concluded that the optimal value of the 

regularization parameter be a function of the perfusion pattern and 

magnitude. Therefore, in this dissertation, no attempt was made to 

find out the optimal value of the regularization parameter for the 

present perfusion fields. The values of the regularization parameter 

used in this dissertation were selected from the conclusions of the 

studies by Liauh (1988). 
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2.3 SCANNED FOCUSSED ULTRASOUND POWER 

It has been shown that ultrasound is one of the most promising 

and effective heating sources for hyperthermia cancer treatments 

(Hynynen et ale 19S5, 19S7a, 19S7b, 19S9, Lele 19S3, 19S6, Lele and 

Goddard 19S7). One of the advantages of the ultrasound device is its 

ability to induce well-controlled localized power depositions in 

tumors at different depths (Lele and Parker 19S2, Lele 19S3, 19S6, 

Lele and Goddard 19S7, Hynynen et al. 19S5, 19S7a, 19S7b, Shimm et ale 

19S5, Harari et al. 1991, and Guthkelch et al. 19S9). 

In this study several assumptions were made for the numerical 

simulations of ultrasound power distribution. First, the effects of 

reflections from interfaces between the transducer, local absorption 

irregularities and the tissue and scattering effects were small and 

could be neglected. When the ultrasound waves penetrate into the 

tissue, it will be attenuated because of the absorption and scattering 

of the energy. In this dissertation, all of the attenuated energy has 

been assumed to be absorbed locally in the tissue to raise the tissue 

temperature. Second, the local ultrasound power deposition for 

homogeneous absorbing tissue is given by the product of the local 

absorption coefficient and the local acoustic intensity (Hynynen 

1990). Third, the transducer radiates uniformly over its surface. The 

intensity distribution can be calculated by squaring the local 

acoustic velocity potential which is evaluated from the Rayleigh

Sommerfeld diffraction integral by applying Huygen's principle to the 

face of the transducer. To evaluate this double integral several 

investigators (Madsen et al., 19S1 and Swindell et al., 1982) proposed 
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faster techniques to reduce the double integral into a one-dimensional 

integral. Their techniques reduced the two-dimensional integral into 

an one-dimensional integral by summing the contributions at a point in 

the field from all sources on the transducer face that were 

equidistant from this point. 

In the Swindell et al.ls 1982 approach (also similar to Madsen 

et al, 1981), the model was based on a one-dimensional integration 

technique of the Rayleigh-Sommerfeld diffraction integral over the 

surface area (S) of the transducer. The original double integral can 

be written as follows: 

11 
-Ikr 

vera) = ~ ~(s) ds, 
S 

where vera) is the acoustic velocity potential: r is the distance from 

a source on the transducer face to the point of interest located at 

ra: k is the wave number (k = 2~/A, where A is the wavelength of the 

ultrasound): ~(s) is the source normal-velocity weighting function: 

and i=(-1)'/2. Notice that the integration has to be evaluated for 

each point (ra) of interest. For simplicity, this double integral was 

reduced to a single integral by assuming 1) ~(s) is constant over the 

transducer: and 2) since r is now the only variable inside the 

integral, those elements of area on the transducer surface over which 

r is essentially constant are considered simultaneously. This 

approximation required considerably less computing effort. From the 
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acoustic velocity potential, the relative pressure amplitude squared 

distribution at ro was calculated as follows, 

[p(ro)]2= (kZ)21~(ro)12, 
where P(ro) is the acoustic pressure at ro and Z is the specific 

acoustic impedance of the tissue. The absorbed power density (W/m3) 

was then computed, including attenuation, from the following equation, 

Notice that the effect of soft tissue ultrasonic attenuation was 

accounted for by simply multiplying the right hand side of the above 

equation by e- 2ar ' where a is the pressure amplitude linear 

attenuation coefficient and rl is the path length into the tissue. In 

order to further reduce the computational effort, rl was assumed 

constant at tissue planes perpendicular to the axis of symmetry of the 

propagating wave and equal to the normal distance from the field point 

ro to the soft tissue-water interface (this is true in the case of a 

planar transducer and a good approximation for many of the transducers 

used in this study). 
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CHAPTER 3 

NUMERICAL SIMULATIONS 

To study the performance of the state and parameter estimation 

algorithm, well controlled numerical experiments generating one- and 

three-dimensional temperature fields from limited, noisy temperature 

measurements were used. It is easier and more accurate to generate the 

measured temperatures numerically than to clinically obtain them. 

Numerically generated treatments also have the advantage that the 

complete temperature field is known and thus the accuracy of the 

estimated results can be evaluated-- something which is extremely 

difficult for real clinical conditions. These advantages make the 

numerically simulated treatments useful in evaluating the capabilities 

and limitations of the estimation procedure in its early development 

stages. The treatments were simulated numerically by solving equation 

(1.1) assuming all parameters (including the perfusion term) were 

known prior to a treatment. The complete temperature fields (the 

direct case) were determined from the steady state temperatures with a 

known applied power. Following a power-off transient, a limited number 

of the simulated transient temperatures at assigned locations were 

used as input data to the estimation algorithm to reconstruct the 



61 

complete temperature fields (the indirect case). These direct case 

transient temperatures are introduced in order to obtain additional 

data for use in the inverse calculations. The steady-state temperature 

field of the direct case was used to assess the accuracy of the 

estimated steady-state temperature field of the indirect case by 

looking at the maximum absolute temperature difference for all finite 

difference node locations. 

In all studies, the thermophysical properties of tissue were 

assumed constant and known; the tissue thermal conductivity (k) was 

0.5 W/m/oC: the tissue specific heat (c) was 4000 J/kg/oC: the tissue 

density (p) was 1000 kg/m3 • The arterial blood temperature (Ta) was 

fixed at 37°C and the blood specific heat (Cb) was 4000 J/kg/oC. The 

boundary surface temperatures were all fixed at 40°C in all 

simulations. For the one- and three-dimensional simulations, the sizes 

of the domain were 10.5 cm and 10.5 x 10.5 x 10.5 cm3 , respectively. 

For the three-dimensional cases, the cubic model was divided into 

seven perfusion zones as illustrated in Figure 3.1. The value of blood 

perfusion of a given zone in space was constant and varied from one 

zone to another. The perfusion (W) can be thought of as a vector where 

each element of the vector corresponds to the magnitude of the 

perfusion of one zone. The numbers in the lower right-hand corner of 

Figure 3.1 represent the elemental positions of the perfusion vector. 

In this simulation, the perfusion patterns were classified into two 

models: a symmetric model in which the perfusion pattern had high 

symmetry: and an asymmetric model in which the perfusion pattern had 

at least one direction of asymmetry. 
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Figure 3.1 Schematic of the three-dimensional treatment model. Each 
zone represents a volume of different perfusion and the center of each 
zone is the location of the temperature measurement. The perfusion 
zone numbers are indicated in the near lower right-hand corner of each 
zone. 
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The steady-state temperature fields for the one- and three

dimensional models were calculated numerically in double precision 

using a tridiagonal temperature solver and a successive overrelaxation 

(SOR) scheme, respectively. In all one-dimensional cases, the grid 

spacing used in solving the temperature field numerically was 1 mm and 

the total number of finite difference nodes was 105. For the three

dimensional cases, the grid system was 21 x 21 x 21 with a uniform 

spacing of 5 mm. The steady-state temperature iterations were 

numerically terminated when the root mean square difference of the 

temperature fields between the last two iterations was less than 

10-6o C. The computed power-on, steady-state temperatures were used as 

the initial temperature distribution for the transient, power-off 

temperature calculations. The transient power-on and power-off 

temperature fields were calculated in double precision using an 

explicit forward difference formula. The finite difference time step 

used in calculating the transient decay data was chosen such that 

after one hundred time steps the complete temperature field was within 

0.2 °C of the basal temperature field at all finite difference nodes. 

This time step interval was also used for calculating the transient 

power-on temperature fields for the cases with the same perfusion 

field. Hence, it should be noticed that after one hundred time steps 

the power-on temperature field may not be equal to the steady-state 

temperature field under the same applied power. 

The parameter estimation procedure requires an initial guess 

for the zonal perfusions. For the zones in which temperature 

measurements are available, the method used calculates an initial 
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estimate of the overall tissue cooling coefficient (Roemer 1990). In 

this method, the first six temperatures at each measurement location 

following power off are fitted to an exponential function for the 

corresponding zone. Since the resulting exponent is roughly related to 

the perfusion immediately surrounding the measurement, perfusion at 

this location can be estimated. For the zones without temperature 

measurements, the perfusions are initially set to zero. 

Since the temperature measurements in the clinic are noisy, a 

sequence of noisy data is created for addition to the steady-state and 

transient temperature measurements. Five noise levels are generated 

(Liauh 1988) to simulate noisy data for the simulated treatments. The 

noise is randomly chosen from a normal distribution with zero mean and 

a constant variance. The variance is chosen such that 95% of the 

sampled noise lies within a specified value (Liauh 1988). The direct 

case transient temperatures with additive noise are used as inputs to 

the estimation algorithm. 

3.1 MULTIPLE MINIMA 

The general conditions under which these multiple minima occur 

are shown to be solely due to the existence of symmetries in the 

inverse problem formulation. General rules for determining the number 

of global and local minimum points in the unknown parameter space are 

obtained for several geometrically symmetric one-, two- and three

dimensional multiple perfusion problems. A general strategy for (a) 

detecting when the inverse algorithm has converged to a local minimum, 

and (b) for using that knowledge to direct the search algorithm 
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towards the global minimum is presented. A three-dimensional, random 

perfusion distribution example is given which illustrates the effects 

of the multiple minima on the performance of a state and parameter 

estimation algorithm in reconstructing the entire temperature field 

during simulated hyperthermia treatments based on a limited number of 

temperature measurements. 

None of those previous studies have addressed the problem of 

the possible existence of multiple minima solution which could cause 

the inverse search routines to converge to incorrect solutions. The 

present study shows that such multiple minima can exist when certain 

symmetries are present in the inverse problem formulation, and 

investigates their characteristics. 

DIRECT CASE SOLUTIONS 

The first studies solve a large number of direct cases to 

determine if and when multiple minima exist in the objective function 

(S) values for the one-dimensional, piecewise constant two perfusion 

zone case shown in Figure 3.2. That is, for a given sensor 

(thermocouple) location, it is of interest to determine if multiple 

combinations of [W1,W2] give minima solutions, or if the only minimum 

which occurs is at the true perfusion [W1,W2]true. Table 3.1 shows the 

magnitudes of the perfusions and the applied power, and the sampling 

time interval for three perfusion patterns. This simple geometric case 

is used first to illustrate the presence of multiple minima for a 

clearly understandable model whose results can be readily generalized 

to more complex problems. To illustrate the general temperature 
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Figure 3.2 Schematic of the one-dimensional perfusion pattern model 
with 2 equal-sized zones. 
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Table 3.1 Perfusion vector, magnitude of applied power, and the 
sampling time interval for three one-dimensional, two zone models. 

PERFUSION (kg/m3-s) POWER (W/m3) TIME STEP 
Wl W2 Q (sec) 

0.5 8.0 36,800 60 

0.5 0.8 30,900 60 

5.0 8.0 261,000 10 



6S 

patterns present, Figure 3.3 shows the steady-state, power on spatial 

temperature fields used in this study for three perfusion patterns, 

[0.5,S.0], [0.5,O.S], and [5.0,S.0]. Figure 3.4 plots the transient 

power-off data versus time step for the perfusion pattern [0.5,S.0]. 

Curves A, B, C, D, E, and F denote the cases with the sensor at 50, 

45, 40, 55, 35, and 60 mm, respectively. Figures 3.5, 3.6, and 3.7 

plot constant values of S versus the perfusions Wl and W2 for various 

sensor locations for the perfusion patterns of [0.5,S.0], [0.5,0.a], 

and [5.0,S.0], respectively. These results were obtained by solving a 

large set of direct case problems for the perfusion ranges of 0 < Wl < 
10 and 0 < W2 < 10 in perfusion step sizes of ~Wl and ~W2 = 0.1 

kg/m3/s. For every pair of perfusions the objective function value S 

was calculated (equation 2.2) for each of the sensor locations used in 

Figures 3.5, 3.6, and 3.7. Results from this exhaustive search show 

that multiple perfusion sets minimize S. In particular, if a single 

sensor is located at the center (node 53) of this one-dimensional 

model containing two equal-sized perfusion zones, then two perfusion 

vectors exist that provide identical steady state and transient data 

at the sensor (see Figures 3.5, 3.6, and 3.7). That is, in the contour 

plot of S in the (Wl,W2) space of Figure 3.5 when the sensor is 

located at 53 mm, for example, the true global minimum point appears 

at [0.5,S.0], but a second global minimum point [S.0,0.5] also appears 

since the thermocouple at this center location has no directional 

information and cannot tell its right hand from its left. 

To further investigate the existence of the multiple global 

minimum point when sensors are located at the symmetric points of 
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[0.5,8.0] 
[0.5,0.8] 
[5.0,8.0] 

35~~~~~~~~~~~~~ 

o 15 30 45 60 75 90 105 
x (mm) 

Figure 3.3 Steady-state temperature fields for the one-dimensional, 
two zone model with perfusion vectors [0.5,8.0], [0.5,0.8], and 
[5.0,8.0] • 
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Figure 3.4 Transient decay temperatures at 7 sensor locations of 35, 
40, 45, 50, 55, and 60 mm denoted by E, C, B, A, D, and F, 
respectively, for the perfusion vector [0.5,8.0]. 
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Figure 3.5 Contour plots of S versus Wl and W2 for the [0.5,8.0] 
perfusion case. S is the sum of the squared temperature differences 
between the transient temperature decay data for the true perfusion 
vector [0.5~8.0] and any case of [Wl,W2] where Wl and W2 are between 0 
and 10 kg/m ~s. The sensor locations are at 40, 45, 53, 55, 60, and 80 
mm. 
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Figure 3.6 Contour plots of S versus Wl and W2 for the [0.5,0.8] 
perfusion case. S is the sum of the squared temperature differences 
between the transient temperature decay data for the true perfusion 
vector [0.5~0.8] and any case of [Wl,W2] where Wl and W2 are between 0 
and 10 kg/m -so The sensor locations are at 40, 45, 53, 55, 60, and 80 
mm. 
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Figure 3.7 contour plots of S versus WI and W2 for the [5.0,8.0] 
perfusion case. S is the sum of the squared temperature differences 
between the transient temperature decay data for the true perfusion 
vector [5.0~8.0] and any case of [Wl,W2] where WI and W2 are between 0 
and 10 kg/m -so The sensor locations are at 40, 45, 53, 55, 60, and 80 
mm. 
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uniformly heated domains with symmetric perfusion patterns and 

boundary conditions, several one-, two-, and three-dimensional cases 

were studied. For the one-dimensional case, the domain was divided 

into N equal-sized zones (see Figure 3.8) with N ~ 2. For the two- and 

three-dimensional cases, the domain was divided into N2 and N3 equal

sized zones (see Figures 3.9 and 3.10), respectively. In choosing the 

new sensor locations for this study, whose results are shown in Table 

3.2, the added positions were chosen to maintain the most possible 

symmetry, yet to always add independent information when a sensor was 

added. That is, using the three dimensional case to illustrate this 

process, when a single sensor is used it is always at the intersection 

of the three orthogonal axis of symmetry of the large cube defining 

the system (Figure 3.10). When two sensors are used, they are always 

located on one of those axes (e.g. the x-axis) and are equally spaced 

from the center point. When three sensors are used two of them are 

located the same as for the two sensor case, and the third is located 

at some point on one of the other orthogonal axis (e.g. the y~axis). 

When four sensors are used, the above three locations are used, and 

the fourth sensor is symmetrically located on the same axis as the 

third sensor (e.g., the y-axis) used in the three sensor case. When 

five sensors are used, the above four locations are used, and the 

fifth sensor is at the center point, as in the one sensor case. When 

six sensors are used, there are two sensor locations on each of the 

three orthogonal axes. For these geometries, simple geometric 

considerations show (Tabie 3.2) the possible number of global minimum 

points when there are different perfusion values for each zone. These 
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Figure 3.8 Schematic of the one-dimensional model with 2,3,4,5, and N 
equal-sized zones: The open circle represents the sensor location for 
the single sensor case: the open squares represent the sensor 
locations for the two sensor case; for the three sensor cases both the 
open squares and open circle positions were used; for the four sensor 
cases these same sensor positions were used (solid circles and open 
squares): for five sensor cases all the open squares, open circle, and 
solid circles were used. 
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Figure 3.9 Schematic of the two-dimensional model with 22,3 2, and 42 
equal-sized zones. (See Figure 3.8 for explanation of symbols) 
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Figure 3.10 Schematic of the three-dimensional model with 23,33 , and 
43 equal-sized zones. (See Figure 3.8 for explanation of symbols, in 
addition, the open triangles represent additive two sensor locations 
for the six sensor case using the same sensor positions for the four 
sensor case.) 
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Table 3.2 The number of global minima points for the one-, two-, and 
three-dimensional cases when increasing numbers of sensors are located 
along the major axis. The added sensors are always located at 
positions which maintain the most symmetry with respect to axis, yet 
add additional directional information when this is possible without 
violating the symmetry condition (See Figures 3.8, 3.9, and 3.10). 

Number of Global Minima Points 
Number of 

Dimension Perfusion Number of Symmetrically 
Zones Located Sensors 

(NND) 1 2 3 4 5 6 

21 2 1 1 1 1 1 

31 2 1 1 1 1 1 
NO = 1 

41 2 1 1 1 1 1 

51 2 1 1 1 1 1 

N1 2 1 1 1 1 1 

22 8 2 2 1 1 1 

NO = 2 32 8 2 2 1 1 1 

42 8 2 2 1 1 1 

52 8 2 2 1 1 1 

NND 8 2 2 1 1 1 

23 48 3 2 2 2 1 
NO = 3 

33 48 3 2 2 2 1 

43 48 3 2 2 2 1 

53 48 3 2 2 2 1 

NND 48 3 2 2 2 1 
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multiple global minima occur only when multiple symmetric perfusion 

patterns result in temperature signals at the sensors that are exactly 

the same. When the number of perfusion zones (NND) is greater than 1 

(the N=l case has only one minimum) a general rule for determining the 

total number of global minimum points can be obtained from Table 3.2 

for the case of a single sensor. Figures 3.11 and 3.12 illustrate that 

all possible perfusion patterns provide exactly the same temperature 

signals when the sensor is located at the center of the two

dimensional domain with 22 and 32 equal-sized zones. Each number 

denotes the perfusion in that zone. As seen from Figures 3.11 and 

3.12, all solutions are either rotating by 90° without changing the 

order, or exchanging rows which are symmetric with respect to the 

sensor location and then rotating 90°. For an NO-dimensional case, the 

number of such global minimum points is equal to NOlx2 ND • 

When the number of sensors increases, the total number of 

global minimum points decreases rapidly to become equal to or less 

than the problem dimensionality (NO) regardless of the number of 

perfusion zones (NND) because of the additional directional 

information available to the algorithm. For example with only two 

symmetric sensors (Figure 1), the total number of global minimum 

points is equal to NO for all values of N. The number of global 

minimum points is 1 for all cases when the number of symmetrically 

placed sensors is greater than or equal to 2xNO. 

It is also of interest to study these multiple minima when 

asymmetries are present. First, from Figures 3.5, 3.6, and 3.7, it can 

be seen that as the sensor location moves away from the center 
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Figure 3.11 All possible perfusion patterns providing identical 
temperature signals at the sensor for the two-dimensional, 22 equal
sized zone model. 



81 

1 2 3 3 6 9 9 8 7 

4 5 6 2 5 8 6 5 4 

7 8 9 1 4 7 3 2 1 

7 4 1 3 2 1 

8 5 2 6 5 4 

9 6 3 9 8 7 

9 6 3 7 8 9 1 4 7 

8 5 2 4 5 6 2 5 8 

7 4 1 1 2 3 3 6 9 

Figure 3.12 All possible perfusion patterns providing identical 
temperature signals at the sensor for the two-dimensional, 32 equal
sized zone model. 
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(symmetric) position the second (global) minimum point moves in the 

(Wl,W2) space and takes on nonzero values of S (i.e., it becomes a 

local (non-global) minimum (denoted by a solid square)). For example, 

for the [0.5,8.0] case, when the sensor is moved away from the 

interface into the low perfusion zone, the true global minimum point 

[0.5,8.0] (denoted by a solid circle) is unchanged, but the second 

global minimum point [8.0,0.5] is moved to the left in the (Wl,W2) 

space and becomes a local minimum with a nonzero value of S as 

illustrated in the left part of Figure 3.5. Second, when the sensor is 

moved away from the interface into the high perfusion zone, the second 

minimum point again becomes a local minimum and it moves to the right 

beyond the range of interest (i.e. ° ~ Wl, W2 ~ 10 kg/m3-s) as 

illustrated in the right part of Figure 3.5. To illustrate how and why 

these local minima change as they do, the steady-state and transient 

decay fields are plotted in Figures 3.13 and 3.14 for the perfusion 

vectors corresponding to the second minimum points for the sensor 

locations which were used to obtain the results in Figure 3.5. First, 

Figure 3.13 illustrates, as expected, that the steady-state 

temperature for each of the local minimum pOints is very close to the 

true steady-state temperature at the global minimum. The true field 

curve represents the true steady-state temperature field for the case 

with the perfusion vector [0.5,8.0]. Curve A represents the steady

state temperature field for the case with the perfusion vector 

[2.27,0.45], which is the local minimum point shown in Figure 3.5 when 

the sensor is located at 50 mm. Curve B represents the steady-state 

temperature field for the case with the perfusion vector [1.14,0.53], 
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Figure 3.13 Steady-state temperature fields for the true perfusion 
vector [0.5,8.0] (denoted by TRUE FIELD) and for the second minimum 
points corresponding to the four different sensor locations are used; 
40, 45, 50, and 55 mm. 
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Figure 3.14 Temperature difference between the transient decay 
response for the true perfusion vector [0.5,8.0] and [Wl,W2] values 
corresponding to the second minimum points for the sensor locations of 
40, 45, 50, and 55 mm. 
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which is the local minimum point when the sensor is at 45 mm. Curve C 

represents the steady-state temperature field for the case with the 

perfusion vector [0.8,0.74], which is the local minimum point shown in 

Figure 3.5 when the sensor is located at 40 mm. Curve 0 represents the 

steady-state temperature field for the case with the perfusion vector 

[36.78,0.55], which is the local minimum point when the sensor is 

located at 55 mm. Second, Figure 3.14 plots the difference between the 

transient decay solutions for the true perfusion vector and the second 

minimum point in the (W"W2) space for the same four sensor locations 

(40, 45, 50, and 55 mm). 

To explain why the second local minimum moves as it does in 

Figures 3.5, 3.6, and 3.7, it is best to consider the information seen 

by the sensor. That is, as the sensor moves further away from the 

interface, it obtains more and more of its information from the 

perfusion zone in which it is located. Thus, the transient decay data 

at the sensor becomes dominated by the local perfusion value, and the 

second minimum point approaches a position which contains the true 

perfusion in that region. So, when the sensor moves to the left into 

region 1 the location of the second minimum approaches a position on a 

vertical line corresponding to the true perfusion value for region one 

(W,). Similarly, when the sensor moves further into region 2, the 

location of the second minimum approaches a point on the horizontal 

line corresponding to the perfusion in region 2 (W2). That is, when 

the sensor is located well into region I, the model needs to have W, 

predicted correctly in order to obtain a good match of the actual 

transient decay data, but the effect of W2 on the temperature decay 
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rate at the sensor location is minimal. The same general argument 

holds when the sensor is moved into region 2. This argument can be 

easily generalized to more complex cases. As the sensor is moved away 

from an interface, its information content becomes dominated by the 

perfusion of the zone in which is is located. The solution space 

becomes characterized by long, narrow valleys parallel to the axis of 

the perfusion zone in which the sensor is located. Determining the 

perfusion in the zone where the sensor is located becomes easier (it 

dominates the sensor's temperatures), but determining the perfusion 

values in the neighboring perfusion zones becomes more difficult. It 

is important to note that these troughs contain two minima (the global 

minimum and one local minimum), and thus they also contain a saddle 

point somewhere between these two minima. These saddle points are 

important since inverse algorithms can also converge to them since the 

Jacobian elements are small there, and the inverse algorithms will 

only call for small perfusion changes; thus the algorithms terminate. 

The above results have been draw from the cases shown in Figures 3.5, 

3.6, and 3.7 with the perfusion vectors of [0.5,8], [0.5,0.8], and 

[5.0,8.0], respectively. 

To illustrate the effect of other asymmetries in the above· 

problem, consider first the [0.5,8.0] perfusion case in which the 

applied power is made asymmetric and is configured such that the 

corresponding steady-state temperature field is close to uniform 

(Figure 3.15). In this model, the applied power is a function of x 

having two values (one for each perfusion region) rather than a 

uniform value. Figure 3.16 plots the contour values of S in the 
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Figure 3.15 Steady-state temperature field for the [0.5,8.0] case, 
with an asymmetric 2 zone power vector which yields a close to uniform 
temperature profile. 
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Figure 3.16 Contour plots of S versus Wl and W2 for the [0.5,8.0] case 
with the asymmetric power pattern of Figure 3.15. The sensor location 
is at 53 mm. 
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[Wl,W2] space for this problem. It shows that the second minimum point 

still remains but has become a local rather than a global minimum, and 

it has moved to the right. Second, the boundary conditions were 

changed to be asymmetric; at the left hand side the boundary 

temperature was fixed at 37 °C instead of 40 °c, and at the right hand 

side the boundary temperature was kept fixed at 40 °c. Figure 3.17 

plots the steady-state temperature fields for the symmetric and 

asymmetric boundary condition cases with the same perfusion [0.5,8.0] 

and uniform power. Curve A denotes the symmetric boundary condition 

case and Curve B the asymmetric boundary condition case. Figure 3.18 

plots the transient decay temperature difference between these two 

cases for the sensor location of 30 mm. Figure 3.19 plots the 

corresponding contour values of S in the [Wl,W2] space. It shows that 

the second global minimum point has again become a local minimum 

point. Because the effect of the boundary condition on the temperature 

measurements away from the boundary is small, the S contours for the 

case with the sensor at 53 mm are similar to Figure 3.5. 

INVERSE CASE SOLUTIONS 

Because of the existence of the local minima, any inverse 

solution for the perfusion vector may converge to the wrong solution 

(i.e., to a local minima), rather than the true one (global minimum). 

In particular, the final solution of the perfusion vector from the 

estimation algorithm can be easily trapped into, and converge to, the 

second minimum point if the initial perfusion vector is near the 

second minimum point. To illustrate this effect with a more practical, 
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Figure 3.17 Steady-state temperature fields for the [0.5,8.0] with a 
uniform power but (A) symmetric boundary conditions; T(x=O) = T(x=L) = 
40 °c, (8) asymmetric boundary conditions; T(x=O) = 37 °c, and T(x=L) 
= 40 °C. 
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Figure 3.18 Temperature difference of the transient decay responses 
between the symmetric boundary conditions and the asymmetric boundary 
conditions at three sensor locations of 30, 40, and 53 mm for the 
[0.5,8.0] case. 
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Figure 3.19 Contour plots of S as a function of Wl and W2 for the 
[0.5,B.0] case with the asymmetric boundary conditions of Figure 3.1B. 
The sensor location is at 53 mm. 
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clinically realistic problem, the three-dimensional, seven zone model 

shown in Figure 3.1 was used to study the effects of the multiple 

minima. This model has also been used in previous studies to simulate 

a central tumor (zone 4) surrounded by normal tissue (7,8). The 

measurement locations were fixed at the centers of each perfusion 

zone. The perfusion vector was created by a random number generator 

which gave a perfusion vector of [0.18,0.26,0.25,0.92,0.32,0.04,1.03] 

as discussed by Liauh (1988). The number of sensors used to input data 

to the inverse algorithm varied from one to seven. Geometric 

considerations alone reveal that multiple minima solutions exist for 

this model. Table 3.3 shows that there are 8 possible symmetric 

solutions for the perfusion vector to provide the same steady-state 

and transient power-off temperatures when only one sensor is used and 

the sensor is located at the central position (i.e. in the center of 

zone 4). It is also clear that when the number of sensors increases, 

the number of minima will decrease. When running these inverse cases 

the magnitude of the regularization parameter (E) was selected as 10-5 

to avoid obtaining a singular matrix and distorting the original 

problem too much (Liauh 1988). The zero initial guess method (Liauh 

1988) was first used to start the algorithm. For each case, the 

corresponding zones with sensors are listed in Table 3.4. GM 

represents a successful case which converged to the global minimum: LM 

represents a case which converged to a local minimum caused by the 

geometric symmetry of the perfusion pattern (the numbers in 

parenthesis indicate the two geometrically symmetric regions which had 

interchanged perfusion magnitudes); DIV indicates that the solution 
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Table 3.3 Eight possible global minimum points for the three
dimensional, 7 zone model as the sensor at the center point of the 
fourth zone shown in Figure 3.1 

POSSIBLE PERFUSION WI (kg/m3-s) 
SOLUTION W1 W2 W3 W4 Ws W6 W7 

1 1 2 3 4 5 6 7 

2 1 2 5 4 3 6 7 

3 1 6 3 4 5 2 7 

4 1 6 5 4 3 2 7 

5 7 2 3 4 5 6 1 

6 7 2 5 4 3 6 1 

7 7 6 3 4 5 2 1 

8 7 6 5 4 3 2 1 
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Table 3.4 Results of estimation searches using the zero initial guess 
method for cases with seven, six, four, three, two, and one sensors 
applied to a three-dimensional, seven zone model (see Figure 1d). The 
true perfusion vector is [0.18,0.26,0.25,0.91,0.32,0.04,1.03]. The 
applied power was uniform at 20,150 W/m3 and the transient sampling 
time steps was 98. GM represents a successful case which converged to 
the global minimum for which the maximum temperature difference at all 
finite difference nodes between the true and predicted temperature 
fields is less than 1 °Cj LM represents the cases which converged to a 
local minimum caused by symmetry for which the solutions had 
differences larger than 1 °Cj DIV indicates a case for which the 
search was diverging after 25 iterationsj SP indicates a case for 
which the search converged to a saddle point. 

NUMBER OF SENSORS 

7 
6 
5 
4 
4 
3 
3 
2 
2 
2 
2 
2 
2 

CORRESPONDING ZONES 
WITH SENSORS 

1-2-3-4-5-6-7 
1-2-3-5-6-7 
1-3-4-5-7 
1-2-3-4 
1-3-5-7 
1-2-3 
1-4-7 
1-2 
1-3 
1-4 
1-5 
1-6 
1-7 

INITIAL 
SOLUTION 
SUCCESS 

GM 
GM 
LM(2,6) 
GM 
LM(2,6) 
GM 
LM(2,6) 
GM 
DIV 
GM 
LM(2,6) 
GM 
DIV 



Table 3.4 (continued) 

NUMBER OF SENSORS 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 

CORRESPONDING ZONES 
WITH SENSORS 

2-3 
2-4 
2-5 
2-6 
2-7 
3-4 
3-5 
3-6 
3-7 
4-5 
4-6 
4-7 
5-6 
5-7 
6-7 
1 
2 
3 
4 
5 
6 
7 

INITIAL 
SOLUTION 
SUCCESS 

LM(l,7} 
GM 
LM(l,7} 
LM(l,7} 
GM 
DIV 
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LM(1,7) 
LM(1,7} 
LM(2,6) 
LM(l,7), (2, 6) 
LM(2,6) 
GM 
LM(1,7) 
LM(2,6) 
GM 
DIV 
DIV 
DIV 
SP 
DIV 
LM(1,7} 
SP 
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search had diverged away from the true solution after 25 iterations 

(and it was then terminated to save CPU time); and SP denotes that the 

solution had converged to a saddle point (i.e. a point located in one 

of the long, narrow troughs that contain the global minima and a 

local, symmetric minimum). All cases that are shown as local minima LM 

using the zero initial guess method were turned into successful (GM) 

cases when symmetry knowledge was used to restart the estimation 

algorithm. In all cases that were diverging failures (DIV) or saddle 

point convergences (SP) using the zero initial guess method, a 

successful search solution was always obtained when (a) an initial 

guess that was close to the true solution was used, and (b) knowledge 

of symmetry was utilized. That is, all cases in Table 3.4 could be 

turned into successful searches that converged to the global minimum 

when knowledge of the problems geometric symmetry was used. Other 

cases showing the convergence of the estimation algorithm to symmetric 

local minima are given by Liauh (1988). 

DISCUSSION 

It is clear from the present results that multiple minima (and 

saddle points) exist in the inverse hyperthermia temperature 

estimation problem, and that their presence can cause inverse 

algorithms to converge to an incorrect local minimum rather than to a 

true global minimum. These minima are present due to the symmetries 

that exist in the geometry of the perfusion pattern model used in the 

"inverse algorithm. Any perfusion model which has a geometrically 

symmetric pattern will have multiple minima. This is true even if much 
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more complex perfusion models are used than the piecewise constant 

values used in this study. For example, Figure 3.20a (top) shows a 

linearly varying perfusion curve which would be indistinguishable from 

its symmetric image (Figure 3.20a, bottom) if a thermocouple were 

located at the central position (i.e. two global minima would exist 

for this perfusion pattern at the central sensor position). As the 

sensor position moves, the second global minimum would again become a 

local minimum which could entrap an inverse algorithm. Similarly, the 

sensor located in the center of Figure 3.20b would have difficulty in 

distinguishing between the two possible arrangments (3.20b, top and 

3.20b, bottom) of the geometrically irregular and unsymmetric 

perfusions in region 1 (Wl) and 2 (W2). Again, a local minima would be 

present. These multiple minima can be global minima if the temperature 

sensors are located exactly on points (or lines/or planes) of 

symmetry, and they will be local minima if they are not located on 

them. 

While introducing asymmetries into the inverse problem (i.e., 

using asymmetric thermocouple positions, power deposition patterns, 

and/or boundary conditions as discussed earlier) can help in the 

inverse problem solution, they cannot eliminate it. Thus, when 

applying inverse methods, one must be aware of any symmetries present 

in the blood perfusion pattern used to model the actual tumor/normal 

tissue perfusion patterns. Fortunately, knowledge of the cause of the 

multiple minima can be used to avoid having an inverse solution being 

trapped by a local minima. That is, once a solution has been found, 

its mirror image can be used as a new initial guess. For example, all 
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Figure 3.20 Schematic diagrams of more complex perfusion pattern 
models which could still contain multiple minima. 
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the local minimum solutions found due to symmetry in Table 3.4 were 

easily converted to true global minimum solutions through knowledge of 

the geometric symmetries in the problem. Knowledge of these symmetries 

is particularly important since the optimal sensor location appears to 

be those at (or close to) boundaries between regions so that maximum 

information is obtained about the perfusion field. These optimal 

locations not only contain the most directional information, but they 

also create a more robust S space in which to find the global minima. 

That is, the asymmetric thermocouple locations with the sensors 

located in the centers of the perfusion zones create long narrow 

channels (see Figures 3.5, 3.6, and 3.7) in which it is easy to 

determine the local perfusion value, but difficult to obtain the 

correct perfusions in neighboring regions due to the shallowness of 

the troughs in the directions orthogonal to the local perfusion 

direction. 

It should also be noted that previous studies by Clegg et al., 

1988 and Liauh 1988, which did not make use of knowledge of the 

multiple minima caused by symmetry, indoubtedly had cases which 

converged to a local minimum, which did a poor job of predicting the 

complete temperature fields. Some of those cases could have been 

converted into global minima using the approach proposed in the 

present study. Thus, the results in the previous studies could have 

been improved in terms of the number of cases which could be 

successfully analyzed by the inverse algorithm. 
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3.2 JACOBIAN FORMULATION 

Three methods have been proposed to estimate the elements in 

the Jacobian matrix. As described previously, the influence 

coefficient method uses siilall perturbations from the latest estimate 

for the parameters to approximate the sensitivity coefficients. For 

the sensitivity equation method, the elements in the Jacobian matrix 

are obtained by solving a set of sensitivity equations. The last 

method is the adjoint formulation which utilizes integral equations 

with kernels which are derived from the governing partial differential 

equation. Since the computational efforts of evaluating the 

sensitivity coefficients for the sensitivity equation method and for 

the influence coefficient method are theoretically very close from the 

analysis from Chapter 2, the comparison of the performance of these 

two methods will be made later to verify the analysis. As pointed out 

previously, the adjoint method has the advantage of requiring fewer 

solutions of the bioheat transfer equation to estimate the Jacobian 

than does the influence coefficient method when the number of 

measurement sensors (Ns) is significantly smaller than the number of 

unknown parameters (Np). Thus, it could be a preferable method to use 

in hyperthermia applications where the number of sensors is strictly 

limited by patient considerations. However, the adjoint method 

requires that CPU time intensive convolutions be numerically 

evaluated. The performance of the adjoint method is compared to that 

of the influence coefficient method for several test cases. A general 

rule is obtained to provide a guideline to determine if the adjoint 

formulation or the influence coefficient method will be faster for 
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given values of Np and Ns• The technique used to develop this general 

rule is applicable to evaluating potential applications of other 

numerical schemes. 

To obtain the transient solutions of the adjoint variables, the 

same double precision explicit finite difference scheme used for the 

temperature solver is also used for equation (2.12). Equation (2.12) 

is similar to equation (1.1) except there is no power term (i.e. Q=O), 

there are zero boundary conditions, and there is a Dirac Delta initial 

condition. Thus, the computational time (rFoA) for solving equation 

(2.12) is close to the computational time (rEFo) from equation (C.4) 

in Appendix C. In solving equation (2.12), the Dirac Delta initial 

. conditions are numerically approximated by setting the initial 

condition of ¢I to zero everywhere except at x=xl, Y=YI, z=zl, where 

¢I is set to be 1/(~x*~y*~z), where ~x, ~Y, and ~Z are the finite 

difference spacings in the x, y, and Z directions, respectively. 

Two different parameterizations of the piecewise constant 

(zonal) blood perfusion field are considered. In the first, the blood 

perfusion is taken to be constant over each of the seven blocks or 

zones (shown in Figure 3.1). In the second, the blood perfusion is 

taken to be constant over each of the 27 equal-sized zones (shown in 

Figure 3.21). The magnitude of the applied power for each perfusion 

vector is chosen such that the maximum temperature over the domain is 

50 ·C. The magnitudes of the applied power and the perfusion vectors 

for the models considered are listed in Table 3.5. 

To test the parameter estimation algorithm, the simulated 

temperature measurements from test cases shown in Table 1 are used 
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Figure 3.21 Schematic of the 27 perfusion zone models. The length L is 
equal to 10.5 cm. 
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Table 3.5 Blood perfusion vector, uniform applied power magnitude, and 
sampling time used in the three-dimensional, seven and twenty-seven 
zone models. 

Perfusion Vector (kg/m3-s) Uni form Power Sampl ing Time 
7 Zone Model (W/m3) (sec) 

A. [0.5,0.5,0.5,0.0,0.5,0.5,0.5] 18,500 60 

B. [8.0,8.0,8.0,0.0,8.0,8.0,8.0] 56,000 15 

C. [0.8,0.5,0.2,0.0,0.2,0.5,0.8) 19,410 70 

D. [0.18,0.26,0.25,0.92,0.32,0.04,1.03) 20,150 70 

27 Zone Model 

E. Same as Case C 19,410 70 

F. Random Perfusion 22,000 60 
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with both the adjoint and influence coefficient formulations of the 

inverse problems. The accuracy and computational efficiency of the two 

formulations are compared. The test problems are grouped into three 

sets. The first set tests the ability of the adjoint algorithm to 

reconstruct simple perfusion fields using noiseless data. The second 

set gives the comparison of the adjoint and the influence coefficient 

methods based on the CPU time per iteration. Finally, the relative 

performances of the adjoint and influence coefficient methods are 

compared in terms of their ability to solve the complete inverse 

problem for a perfusion field model that contains a large number of 

unknown parameters. 

Verification of the Adjoint Formulation 

The purpose of this set of test problems is to verify the 

ability of the adjoint formulation to accurately reconstruct the 

entire temperature field. For the first set of test problems, the 

seven zone perfusion model (see Figure 3.1) is used. No measurement 

noise is added. Two test problems are considered using the perfusion 

fields listed as Cases A and B in Table 3.5. Note that the average 

perfusion for Case A (a low perfusion case) is significantly less than 

for Case B (a high perfusion case). Four sensor locations are used, 

with the sensors taken to be located at the centers of symmetric zones 

1, 3, 5 and 7 (see Figure 3.1). The estimated perfusions as a function 

of iteration number for the adjoint formulation are shown in Figures 

3.22 and 3.23. Due to the symmetry of the perfusion patterns of Table 
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Figure 3.22 Estimated perfusions as a function of iteration number for 
the adjoint formulation for the 7 zone model with low perfusion 
pattern of case A in Table 3.5. 
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Figure 3.23 Estimated perfusions as a function of iteration number for 
the adjoint formulation for the 7 zone model with high perfusion 
pattern of case B in Table 3.5. 

W7 
W6 
ws 



108 

3.5, and of the initial estimate of the perfusion values, the 

following equalities hold in these graphs: W7=Wl, W6=W2, and W5=Wg 

(see Figure 3.1). The regularization parameter was set to 1.0 for the 

low magnitude perfusion pattern case and to 0.0001 for the high 

magnitude case (Liauh 1988). The results of this test problem show 

that the adjoint method algorithm does converge to the correct 

solution (see Table 3.5, cases A and B) for this ideal inverse case. 

Comparison of Jacobian Matrix Formulation CPU Time 

The original motivation for this work was to develop the 

adjoint formulation because it had the potential of being 

computationally more efficient than the influence coefficient or 

sensitivity equation method when applied to problems with the number 

of measurement sensors less than the number of unknown parameters. To 

test this potential, two test problems (the 7 and 27 zone models shown 

in Figures 3.1 and 3.21, respectively) are considered in which the 

ratio of the number of measurement sensors to the number of unknown 

parameters is decreased by decreasing Ns• For both models, the 

perfusion fields Case C in Table 3.5 are identical. That is, zones 1 

through 9 of the 27 zone model are assigned the same perfusion as zone 

1 of the 7 zone model, etc. For this perfusion field with the input 

time interval of 60 seconds and the number of sampling time steps (Nt) 

of 98, the values of ~ and Niter were determined from the results of 

the computer programs to be 2 and 63, respectively. Then, from 

equation (2.26), the BCOE value of X for the problems and algorithms 

used here is 
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1 + 3.9Ns X = -l+Np 
(2.27) 

Note that this equation gives an approximate crossover point (X=l) of 

Ns/N p ~ 1/4. 

The first comparison of the performance of the adjoint 

formulation and the influence coefficient method is simply based on 

the computational time per iteration required to calculate the 

elements of the Jacobian matrix. Figure 3.24 shows the CPU time needed 

to form a Jacobian matrix as a function of Ns for the 7 and 27 zone 

models. Figure 3.24 illustrates that when the number of measurement 

locations decreases, the CPU time required to form a Jacobian matrix 

is almost invariant for the influence coefficient method, and it 

decreases linearly for the adjoint method, as expected from the 

theory. 

Figure 3.25 shows the value of X as a function of Ns/Np for the 

7 and 27 zone models for both the influence coefficient and adjoint 

methods. These results demonstrate that the experimental values of X 

for both the 7 and 27 zone models follow equation (2.27) well, which 

shows that the basic computer operation approach used to calculate the 

computational time required to form a Jacobian matrix for the adjoint 

and influence coefficient methods (see equations (2.20) and (2.21)) 

agrees well with the subroutine program time values. The small 

differences between the basic computer operation equation and 

subroutine program values are partly due to the approximation made to 

obtain equation (2.27). This agreement illustrates that using the 
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Figure 3.24 Values of the CPU time required to form a Jacobian matrix 
for the 7 zone and the 27 zone perfusion models as a function of the 
number of measurement sensors. The perfusion field for these two 
models is case C in Table 3.5. 
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Figure 3.25 Basic computer operation equation (BCOE) and subroutine 
program (SP) values of X as a function of Ns/Np for the 7 zone and the 
27 zone perfusion models. The perfusion field for these two models is 
case C in Table 3.5. 
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basic computer operation approach is a valid method of comparing 

different computational methods. Figure 3.25 also demonstrates that 

there is a crossover point of Ns/N p at which both methods require the 

same time to form the Jacobian matrix. When the number of measurement 

sensors is small (i.e. small values of Ns/Np), the adjoint formulation 

is faster than the influence coefficient. 

Success of the Inverse Algorithms 

While the previous results were concerned with the verification 

of the adjoint formulation and the comparison of the CPU time required 

for the two methods to evaluate the Jacobian elements, the present 

section presents results from using those methods in the complete 

inverse problem solution. To do this several inverse cases are 

considered with different numbers of sensors for both the 7 and 27 

zone models. For the 7 zone model, the corresponding perfusion vectors 

are denoted C and D in Table 3.5. The random pattern (case D) is 

generated using a random number generator with the mean perfusion the 

same as for case C. When four sensors are used, they are located at 

the centers of zones 1, 2, 3, and 4; when three sensors are used, they 

are located at the centers of zones, 1, 2, and 3; and when two sensors 

are used, they are located at the center of zones 1 and 2. 

The total sampling period and the power levels used for these 

test problems for the 27 zone model are listed under Case E and F in 

Table 3.5. When 27 sensors are used, they are centered in each zone; 

when 14 sensors are used, they are centered in the odd numbered zones; 

and when 7 sensors are used, they are centered in zones 5, 11, 13, 14, 
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15, 17, and 23 (see Figure 3.21). For the random perfusion case, the 

perfusions are assigned using a uniform random number generator, with 

a constraint of having a mean perfusion of 3/7 (kg/m3-s), which equals 

the average value of the perfusion vector of Case C. Note that the 

intervals of the sampling time step for the symmetric and random 

perfusion patterns are 70 and 60 seconds, respectively, as shown in 

Table 3.5. This is because the perfusion of the central zone for the 

symmetric perfusion pattern is zero, and thus the corresponding 

transient power-off temperatures decay slower. For both the 7 and 27 

zone models, noise levels of 0.0, 0.2, and 1.0 °C are added to the 

measurements and the regularization parameter (E) is set to 1.0 (Liauh 

1988). Even in the absence of noise, a non-zero regularization 

parameter must be used since the nonlinear parameter estimation 

problem is ill-conditioned, especially when the number of sensors is 

much less than the number of unknown parameters. In several test 

cases, the estimated perfusion fields gave corresponding temperature 

fields that are not within 1 °C of the true temperature fields. The 

final estimated perfusion field for these cases either converged to 

the wrong solution (denoted by ERR) or was diverging away from the 

correct solution after 25 iterations (denoted by DIV). Cases in which 

the temperature fields converged to within 1 °c of the true field and 

the estimated perfusion field converged to the correct solution are 

denoted by CON. The total CPU time was the time needed to run the 

program from the input to the output, not just the time to form the 

Jacobian matrix. 
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To compare the overall performance for the influence 

coefficient and adjoint methods, the total CPU time and the accuracy 

of the reconstruction are considered. All tissue properties and 

conditions were the same for both methods, as were the initial guesses 

of the perfusions and the sensor locations. Table 3.6 shows the 

resulting performance for both methods for the 7 zone model with the 

perfusion pattern of case C in Table 3.5. The performance includes the 

convergence, the relative CPU time, and the number of iterations for 

both methods. All CPU times are related to the total CPU time required 

for the influence coefficient method for the case of Ns=Np and no 

noise. Tables 3.7a and 3.7b show the resulting performance for the 27 

zone model with the perfusion pattern of cases E and F/ respectively, 

in Table 3.5. 

The sensitivity equation method is investigated in addition to 

the influence coefficient method and the adjoint formulation in order 

to make a more complete study of the formation of the Jacobian matrix. 

As can be seen from the derivation of the sensitivity equation method, 

one must solve the partial differential equation Np+1 times, which is 

the same number for the influence coefficient method. Several 

identical cases for the 7 zone model with the perfusion pattern of 

case C in Table 3.5 were tested by using the sensitivity equation 

method. Table 3.8 shows the results for the influence coefficient and 

sensitivity equation methods with the identical conditions such as the 

initial guess, the number of time steps, the sensor locations, etc., 

except the way to form the Jacobian matrix. It illustrates that the 

computational efforts of calculating the sensitivity coefficients for 
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Table 3.6 Relative CPU times for the 7 zone model with the perfusion 
pattern of case C in Table 3.4. INF indicates the influence 
coefficient method and ADJ the adjoint formulation. CON denotes a 
successful case in which the maximum difference between the exact and 
the predicted temperature fields is less than 1 °c at all finite 
difference nodes. ERR and DIV denote cases which do not satisfy this 
1°C criterion and are either converging to the wrong perfusion vector 
or diverging away from the correct solution after 25 iterations. *For 
these two cases, the maximum temperature differences for ERR* and CON* 
are 1.12 and 0.97 °c, respectively. **All CPU times are relative to 
the total CPU time for the 7 sensor, no noise case using the influence 
coefficient method. The magnitude of the regularization parameter (e) 
is equal to 1. 

Noise Convergence Relative Number of 
Np Ns Level CPU Time ** Iterations 

(OC) INF ADJ INF ADJ INF ADJ 

7 7 0.0 CON CON 1.0 4.3 4 6 

7 7 0.2 CON CON 1.0 4.3 4 6 

7 4 0.0 CON CON 1.8 9.5 8 22 

7 4 0.2 CON ERR 2.5 9.0 11 21 

7 3 0.0 CON CON 3.0 5.0 14 15 

7 3 0.2 ERR ERR 3.0 5.5 13 16 

7 2 0.0 CON CON 4.0 4.5 18 19 

7 2 0.2 ERR* CON* 3.5 4.8 16 18 
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Table 3.7a Relative CPU times for the 27 zone model with the perfusion 
pattern of case E in Table 3.5 for the influence coefficient method 
and the adjoint formulation. (See Table 3.6 for explanation of 
abbreviations) 

Noise Convergence Relative Number of 
Np Ns Level CPU Time -- Iterations 

(OC) INF ADJ INF ADJ INF ADJ 

27 27 0.0 CON CON 1.0 4.3 4 5 

27 27 1.0 CON CON 1.0 5.2 4 6 

27 14 0.0 CON DIV 2.9 11.6 12 25 

27 14 0.2 CON DIV 3.2 11.7 15 25 

27 14 1.0 ERR DIV 3.9 11.8 16 25 

27 7 0.0 CON DIV 2.4 5.9 10 25 

27 7 1.0 ERR DIV 3.2 5.8 13 25 
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Table 3.7b Relative CPU times for the 27 zone model with the perfusion 
pattern of case F in Table 3.5 for the influence coefficient method 
and the adjoint formulation. (See Table 3.6 for explanation of 
abbreviations) 

Noise Convergence Relative Number of 
Np Ns Level CPU Time" Iterations 

(OC) INF ADJ INF ADJ INF ADJ 

27 27 0.0 CON CON 1.0 7.9 4 6 

27 27 1.0 CON CON 1.0 7.9 4 6 

27 14 0.0 ERR DIV 2.4 17.3 10 25 

27 14 1.0 ERR DIV 3.0 17.3 12 25 

27 7 0.0 ERR ERR 1.3 5.7 5 16 

27 7 1.0 ERR ERR 4.7 8.6 19 24 
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Table 3.8 Relative CPU times for the 7 zone model with the perfusion 
pattern of case C in Table 3.5 for the influence coefficient method 
(INF) and the sensitivity equation method (SEN). ·For these two cases, 
the maximum temperature differences for ERR· are 1.12 and 1.08 °c, 
respectively. (See Table 3.6 for explanation of abbreviations) 

Noise Convergence Relative Number of 
Np Ns level CPU Time" Iterations 

(OC) INF SEN INF SEN INF SEN 

7 7 0.0 CON CON 1.0 1.1 4 4 

7 7 0.2 CON CON 1.0 1.1 4 4 

7 4 0.0 CON CON 1.8 2.3 8 9 

7 4 0.2 CON CON 2.5 2.7 11 11 

7 3 0.0 CON CON 3.0 3.7 14 15 

7 3 0.2 ERR ERR 3.0 3.1 13 13 

7 2 0.0 CON CON 4.0 4.3 18 18 

7 2 0.2 ERR· ERR· 3.5 4.0 16 17 
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the sensitivity equation method and for the influence coefficient 

method are almost the same. 

DISCUSSION 

Tables 3.6 and 3.7 illustrate that the total CPU time required 

for the adjoint formulation is always greater than that for the 

influence method, even for the cases with Ns/Np < 1/4, which gives X 

less than 1. Such cases would be expected to have lower total CPU 

times for the adjoint formulation, based on Jacobian calculation times 

alone. However, this is not the case because the total number of 

iterations for the adjoint method is always greater than that for the 

influence coefficient method. There are two main reasons for this 

phenomenon, both related to the adjoint method for calculating the 

Jacobian. First, the adjoint formulation estimates the coefficients in 

the Jacobian matrix through an approximate integral approach which is 

appropriate for the original differential form of the bioheat transfer 

equation. In contrast, the influence coefficient approach uses the 

finite difference approximation for the bioheat transfer equation 

directly to estimate the elements in the Jacobian. Even though both 

methods result in approximate estimates, the influence method may give 

approximations more appropriate for the finite difference algorithm 

actually used in the inversion process. The second and possibly more 

important disadvantage of the adjoint formulation was that integration 

errors associated with the numerical integration of equation (2.17) 

are large. We found that large integration errors existed at small tJ 

due to the quadratic errors associated with the Dirac Delta function 
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used for the initial conditions on the adjoint variables. (Note that 

using higher order quadrature reduces the integration error somewhat, 

but significantly increases the CPU time.) Due to these two reasons, 

the estimated perfusion vectors (which are determined by the Jacobian

-see equation (2.28)) for the adjoint method go in directions which 

are not pointed as directly to the correct solution as are the 

influence coefficient vectors. As a result, the total number of 

iterations for convergence for the adjoint formulation is always 

greater than that required for the influence coefficient method. 

This misalignment of the perfusion vector estimates also 

affects the accuracy of the final solution. As can be seen in Tables 

3.6 and 3.7, the inverse solutions of the adjoint formulation are 

almost always less accurate than that of the influence coefficient 

method (except for one case, where it turns out that the maximum 

difference between the exact and the predicted temperature fields for 

the influence coefficient and adjoint methods are 1.12 and 0.97 °C, 

respectively). Table 8 shows the computational times and the accuracy 

of the reconstruction for the influence coefficient and sensitivity 

equation methods are close. This occurs because both of them require 

to solve Np+l numerical solutions for the partial differential 

equations. These equations, the sensitivity equations (2.5) and the 

bioheat transfer equation (1.1) are similar. 

Tables 3.6, 3.7, and 3.8 show that the performance of all three 

methods is degraded, as expected, when additive measurement noise is 

considered (Clegg, et al., 1988, Liauh 1988, Liauh, et al. 1991). It 

is also of interest to note that for those convergent cases with and 
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without noise, the smallest successful values of Ns/Np are about 1/2 

and 1/4, respectively, which are always greater than or close to the 

critical value (Ns/N p ~ 1/4) at the temporal crossover point in Figure 

3.25. That is, the crossover point in the time domain Ns/Np ~ 1/4 

where X = 1, is very close to the crossover point from successful to 

non-successful inversions. 

Finally, it should be noted that the results presented here are 

based solely on simulated hyperthermia treatments; that is, any model 

mismatch problems present in the clinic are not taken into account. 

These model mismatch problems mayor may not effect the comparative 

temporal performance of the influence coefficient method and the 

adjoint formulation in terms of total CPU time. That is, while any 

model mismatch will not affect the times required to calculate the 

Jacobians, it may affect the directions in which the estimated 

perfusion vectors are sent, and thus alter both the number of 

iterations of both techniques and their ultimate accuracies. 

Therefore, the adjoint formulation may still have potential 

applications in clinical situations. 

3.3 SEMI-LINEARITY 

To further improve the performance of the estimation algorithm 

by using the influence coefficient method, well controlled numerical 

experiments generating three-dimensional temperature fields from a 

limited number of temperature sensor locations were used. A three

dimensional, seven zone model identical to Figure 3.1 was used for 

this study. Two perfusion patterns of cases C and 0 in Table 3.5 are 
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used; one with a symmetric pattern, and one with a random pattern 

created by a random number generator. The perfusion vector for the 

symmetric case studied has an average value of 3/7 kg/m 3/s. Thus, the 

perfusion vector for the random case was created with the same average 

value of 3/7 kg/m3/s. 

RESULTS 

To simulate the clinical situations, cases in which the number 

of sensors was less than the number of unknown parameters, and cases 

with noisy temperature measurements were investigated. Several cases 

with different numbers of sensors and five noise levels are presented 

for the symmetric perfusion pattern (case C in Table 3.5) with the 

above seven values of DELTA1. The numbers of sensors used in this 

study were 7, 4, or 3. For the 7 sensor case, there is a sensor for 

each zone. For the 4 sensor case, the sensors are in the zones 1, 2, 

3, and 4, and for the 3 sensor case, they are in the zones 1, 2, and 

3. No regularization was implemented (i .e., E=O) because the problem 

was previously tested and shown not to be too ill-posed. 

Results of the ratios of NJ/NT, the relative CPU time, and the 

maximum d'ifference between the true and predicted temperature fields 

are shown in Tables 3.9, 3.10, and 3.11, respectively, for the cases 

with 3 different sensor numbers, 5 noise levels, and 7 values of ERR1. 

In the results presented, NT represents the total number of iterations 

required to obtain the inversion solution, and NJ represents the 

number of calculations of the Jacobian matrix. First, Figure 3.26 

illustrates the speed of the improved algorithm by plotting the 
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Table 3.9 Total iterations/number of calculations of the Jacobian 
matrix for the 7 zone model with a symmetric perfusion pattern. 

0.0 0.1 

4/4 4/4 

0.0 5/5 5/5 

5/5 5/5 

4/4 4/4 

0.01 5/4 5/5 

5/5 5/5 

4/3 4/3 

0.1 5/4 5/4 

5/4 5/4 

0 4/2 4/2 
E 
L 0.5 13/1 13/1 
T 
A 10/2 8/2 

1 
25/1 25/1 

1.0 13/1 13/1 

21/1 15/1 

25/1 25/1 

5.0 13/1 13/1 

21/1 15/1 

25/1 25/1 

10.0 13/1 13/1 

21/1 15/1 

NOISE LEVEL (oe) 

0.2 0.4 

4/4 4/4 

5/5 5/5 

4/4 5/5 

4/4 4/4 

5/5 5/5 

4/4 5/5 

4/3 4/3 

5/4 5/4 

4/4 5/3 

4/2 4/2 

13/1 14/1 

7/2 7/2 

25/1 25/1 

13/1 14/1 

12/1 7/2 

25/1 25/1 

13/1 14/1 

12/1 12/1 

25/1 25/1 

13/1 14/1 

12/1 12/1 

1.0 

4/4 

6/6 

5/5 

4/4 

6/6 

5/5 

4/3 

6/5 

5/4 

5/2 

17/1 

5/3 

25/1 

17/1 

11/1 

25/1 

17/1 

17/1 

25/1 

17/1 

17/1 

7 SENSORS 

4 SENSORS 

3 SENSORS 
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Table 3.10 Relative total computational times for the 7 zone model 
with a symmetric perfusion pattern. All CPU times are relative to the 
total CPU time for the 7 sensor, no noise case with DELTAl of O. 

0.0 

1.0 

0.0 1.24 

1.24 

1.02 

0.01 1.03 

1.22 

0.80 

0.1 1.03 

1.02 

0 0.59 
E 
L 0.5 0.64 
T 
A 0.75 

1 
1.01 

1.0 0.63 

0.89 

1.0 

5.0 0.65 

0.89 

1.04 

10.0 0.66 

0.89 

NOISE LEVEL (Oe) 

0.1 0.2 

1.01 1.02 

1.24 1.24 

1.27 1.01 

1.0 1.01 

1.24 1.24 

1.25 1.01 

0.79 0.79 

1.06 1.03 

1.02 1.01 

0.81 0.58 

0.64 0.63 

0.69 0.86 

1.4 1.0 

0.63 0.63 

0.7 0.78 

1. 39 1.01 

0.63 0.63 

0.71 0.78 

1.39 1.02 

0.63 0.63 

0.69 0.78 

0.4 

1.01 

1.27 

1.26 

1.01 

1.24 

1.27 

0.79 

1.03 

0.82 

0.6 

0.69 

0.67 

1.02 

0.68 

0.66 

1.01 

0.67 

0.6 

1.03 

0.69 

0.6 

1.0 

1.01 

1.47 

1.26 

1.01 

1.47 

1.27 

0.8 

1.26 

0.82 

0.61 

0.75 

0.67 

1.01 

0.75 

0.78 

1.01 

0.75 

0.75 

1.01 

0.75 

0.76 

7 SENSORS 

4 SENSORS 

3 SENSORS 
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Table 3.11 Maximum difference between the true and predicted 
temperature fields for the 7 zone model with a symmetric perfusion 
pattern. 

NOISE LEVEL 

0.0 0.1 0.2 

0.001 0.004 0.009 

0.0 0.000 0.399 0.812 

0.002 2.004 2.975 

0.001 0.004 0.009 

0.01 0.000 0.399 0.812 

0.002 2.004 2.975 

0.001 0.004 0.009 

0.1 0.000 0.399 0.807 

0.001 2.00i 2.975 

0 0.012 0.015 0.018 
E 
L 0.5 0.173 0.369 0.736 
T 
A 0.099 2.134 3.031 

1 
2.182 2.232 2.348 

1.0 0.173 0.369 0.736 

0.392 2.327 2.995 

2.182 2.323 2.348 

5.0 0.173 0.369 0.736 

0.392 2.327 2.995 

2.182 2.323 2.348 

10.0 0.173 0.369 0.736 

0.392 2.327 2.995 

(·c) 

0.4 

0.019 

1.662 

4.943 

0.019 

1.662 

4.943 

0.019 

1.647 

4.912 

0.024 

1.453 

4.814 

2.569 

1.453 

4.814 

2.569 

1.453 

4.814 

2.569 

1.453 

4.814 

1.0 

0.049 

4.082 

9.821 

0.049 

4.082 

9.821 

0.049 

4.084 

9.821 

0.039 

3.494 

9.698 

3.179 

3.494 

8.953 

3.179 

3.494 

8.953 

3.179 

3.494 

8.953 

7 SENSORS 

4 SENSORS 

3 SENSORS 
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Figure 3.26 Values of the ratio (NJ/Nr)of the number of calculation of 
the Jacobian matrix to the total number of iterations as a function of 
DELTAl for the 7 zone model with a symmetric perfusion pattern and 7, 
4, and 3 sensors. 
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average value of NJ/NT as a function of DELTA, for the 7, 4, and 3 

sensor cases. The average values are for the five noise levels. Next, 

to further illustrate the speed of the semi-linear algorithm, Figure 

3.27 plots the average relative computational time as a function of 

DELTA, for the 7, 4, and 3 sensor cases. All relative CPU times are 

related to the total CPU time for the 7 sensor, no noise case with 

DELTA, of o. Finally, to illustrate the accuracy of the improved 

algorithm Figure 3.28 plots the total number of successful cases 

versus the value of DELTA,. The total number of successful cases is 

the sum of all cases in which the maximum error between the 

reconstructed and true steady-state temperature fields is less than 

1.0 °C (Liauh 1988). The maximum number for this variable is five, 

from the five noise levels. From Figures 3.26, 3.27, and 3.28 the 

optimal value of DELTA, for this symmetric perfusion pattern is close 

to 0.5 since this value decreases the computational time significantly 

without losing many successful cases. With this optimal value of 

DELTA" the computational times required will be reduced by close to 

40%. 

To extend the results from the symmetric perfusion pattern, a 

random perfusion pattern was generated to check the existence and 

value of the optimal value of DELTA,. It has been shown that when the 

perfusion is random, this inverse problem becomes more ill-posed 

(Liauh 1988). To reduce the ill-posedness of the inverse problem, 

Tikhonov regularization of order zero was implemented. The magnitude 

of the regularization parameter (E) was selected to be 0.00001 (Liauh 

1988). The computational time required to obtain the final solution 
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Figure 3.27 Number of Successful cases as a function of DEL TAl for the 
7 zone model with a symmetric perfusion pattern and 7, 4, and 3 
sensors. 
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Figure 3.28 Average relative CPU time as a function of DELTAl for the 
7 zone model with a symmetric perfusion pattern and 7, 4, and 3 
sensors. 
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and the maximum difference between the true and predicted temperature 

fields for the 4 sensor case with three noise levels (0.0, 0.4, 1.0 

°C) and six values of DELTA, (0.01, 0.1, 0.5, 1.0, 5.0, and 10.0) are 

listed in Table 3.12. The sensors are located at the centers of the 

first, third, fifth, and sixth zones (see Figure 3.1). Figure 3.29 

plots the average computational time and the total number of 

successful cases as a function of DELTA, for this random perfusion 

pattern. The optimal value for DELTA, is also 0.5, the same as for the 

symmetric perfusion pattern. 

DISCUSSION 

To explain why this semi-linear approach works, Figures 3.30a, 

b, and c plot the estimated perfusions as a function of iteration 

number for the cases with DELTA, equal to 0.0, 0.5, and 1.0, 

respectively, for the 7 sensor case without noise. (Note that due to 

the symmetry of the perfusion patterns of Table 3.5, and of the 

initial estimate of the perfusion values, the following equalities 

hold in Figure 3.30; W7=W" W6=W2, and WS=W3.) Theoretically, when an 

estimated perfusion vector is close to the true value, the 

corresponding Jacobian matrices evaluated by an influence coefficient 

method are close to one another. Hence, it is not necessary to 

reevaluate the Jacobian matrix in order to obtain the true solution. 

Figure 30a shows the estimated perfusions for each iteration for the 

case with 7 sensors when the problem was assumed to be totally 

nonlinear (when DELTA, = 0.0). From Table 3.9, the number of 

calculations of the Jacobian matrix is 4, which is identical to the 
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Table 3.12 Results of the 7 zone model with a random perfusion pattern 
with 4 sensors; (a) Maximum difference between the true and predicted 
temperature fields; (b) relative total computational times. All CPU 
times are relative to the total CPU time for the no noise case with 
ERR, of O. 

NOISE LEVEL (OC) 

0.0 0.4 1.0 

0.0 0.0 0.75 2.22 

0.01 0.0 0.76 2.21 

0 0.1 0.0 0.79 2.17 
E 
L 0.5 0.07 0.98 1.92 
T 
A 1.0 0.36 1.12 2.16 
1 

5.0 0.36 1.11 2.16 

10.0 0.36 1.11 2.16 

(a) 

NOISE LEVEL (OC) 

0.0 0.4 1.0 

0.0 1.0 1.04 1.03 

0.01 1.0 1.0 0.99 

0 0.1 0.83 0.85 0.67 
E 
L 0.5 0.65 0.56 0.46 
T 
A 1.0 0.48 0.46 0.43 

1 
5.0 0.48 0.45 0.42 

10.0 0.48 0.45 0.41 

(b) 
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Figure 3.29 Number of successful cases and average relative CPU time 
as a function of DELTA, for the 7 zone model with a random perfusion 
pattern and 4 sensors. 
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5 

Figure 3.30a Estimate of perfusion as a function of iteration for the 
7 zone model with a symmetric perfusion pattern and 7 sensors for 
DELTA1 of 0.0. 



134 

-0- \\71 
-0-- "2 

1.0 is \\73 
0 \\74 ..-

CI'J 
I 0.8 f'le -OIl 
~ 0.6 -..-

z 
0.4 0 

1-4 
CZI 
;;;;J 
~ 0.2 ~ 
~ 
~ 

0.0 

-0.2 
0 1 2 3 4 5 

ITERATION 

Figure 3.30b Estimate of perfusion as a function of iteration for the 
7 zone model with a symmetric perfusion pattern and 7 sensors for 
DELTA1 of 0.5. 
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Figure 3.30c Estimate of perfusion as a function of iteration for the 
7 zone model with a symmetric perfusion pattern and 7 sensors for 
DELTA, of 1.0. 
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total number of iterations. When the optimal DELTAl of 0.5 shown in 

Figure 3.26 was used, Figure 30b shows the resulting estimated 

perfusions for each iteration. From Table 3.9, the number of 

calculations of the Jacobian matrix is 2 for this 7 sensor case with 

DEL TAl of 0.5. Figures 3.30a and 3.30b reveal that the Jacobian matrix 

at the second iteration for the case with DELTAl of 0.5 is close to 

the rest of the Jacobian matrices after the second iteration for the 

totally nonlinear case. When a nonlinear problem is assumed to be 

linear, the final estimate will depend upon the starting point for the 

search algorithm. As seen from Figure 3.30c for the same case with 

DELTAl of 1.0, the resulting estimated perfusions are oscillatory when 

the search algorithm just used the first Jacobian matrix. This occurs 

because the linear approximation fails at the starting point for this 

case. It can be seen from Figure 3.30b that the validality of the 

linear approximation works if the initial perfusion guess is chosen as 

the second perfusion vector. 

To further investigate the effect of the initial guess of the 

perfusion vector, some observations are made from Tables 3.9, 3.10, 

and 3.11. As seen from Table 3.10, the relative CPU time for the 7 

sensor case is greater than that for the 4 or 3 sensor case when 

DELTAl is greater than 1.0. This occurs because the perfusion 

estimates are oscillatory for the 7 sensor case (see Figure 3.30c). 

When the search direction given by the first Jacobian matrix deviates 

from the correct direction, the final perfusion vector will never 

converge to the true solution, even though the initial guess is close 

to the true solution. This phenomena can be seen from Figure 3.30c, in 
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which the initial guess [0.79, 0.65, 0.54, 0.4, 0.54, 0.65, 0.79] is 

close to the true values (see Table 3.5), but the final estimated 

perfusion is oscillatory for the 7 sensor case with DELTA, of 1. 

Unlike the 7 sensor case, the final estimated solution for the 4 or 3 

sensor case with the same value of DELTA, converges to the true 

solution, even though the initial guess perfusion vector has some zero 

perfusions for the zones without sensors. Figures 3.31a and 3.31b plot 

the estimated perfusions as a function of the iteration number for the 

cases with 4 and 3 sensors, respectively, with DELTA, of 1. Figures 

3.30c and 3.31 illustrate that the search direction pointed by the 

first Jacobian matrix for the 4 or 3 sensor case is more accurate than 

that for the 7 sensor case. By using the same first Jacobian matrix 

for the 4 sensor case, Figure 3.32 plots the estimated perfusions as a 

function of iteration number for the 7 sensor case, and it shows the 

successful estimation. 

3.4 MODEL MISMATCH PROBLEM 

The results of a study of the effects of mismatch between the 

actual tumor and the simulated model are presented in this section. 

For this study, simple one-dimensional model mismatch cases were 

studied. The perfusion field of the actual tumor was specified as a 

known function of space, but the perfusion term of the simulated tumor 

was approximated by a piecewise constant, i.e., the whole domain was 

divided into several zones in each of which the magnitude of the 

perfusion was constant, but was variable from zone to zone. The simple 
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Figure 3.31a Estimate of perfusion as a function of iteration for the 
7 zone model with a symmetric perfusion pattern and DELTAl of 1.0 for 
the cases with 4 sensors. 
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Figure 3.31b Estimate of perfusion as a function of iteration for the 
7 zone model with a symmetric perfusion pattern and DEL TAl of 1.0 for 
the cases with 3 sensors. 
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Figure 3.32 Estimate of perfusion as a function of iteration for the 7 
zone model with a symmetric perfusion pattern, 7 sensors, and DELTA1 
of 1.0. But the initial guess of perfusion vector is the same as the 4 
sensor case. 
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one-dimensional model has been used in order to determine basic, 

fundamental principles which can then be applied to more practical 

three-dimensional models. 

ONE-DIMENSIONAL RESULTS 

Model mismatch was caused by the discretization of a perfusion 

field into several discrete zones. Figure 3.33 shows the perfusion 

distributions in the direct (or real) case as a linear function, and a 

parabolic function, respectively. The linear perfusion function takes 

the form W(x) = 0.5 + 0.0714x, which has W = 0.5 kg/m 3-s at x=O mm, 

and W = 8.0 kg/m3-s at x=105 mm. The parabolic function takes the form 

W(x) = 0.5 + 360.53(x-53)2, which has W = 8.0 kg/m3-s at x=l or 105 

mm, and W = 0.5 kg/m3-s at x=53 mm. In an attempt to investigate the 

effects of using a zonal approach on the temperature fields (i.e., how 

many zones are good enough to describe the continuous perfusion field 

providing an accurate steady-state temperature field), several direct 

cases with different zone models were tested. For a certain zone 

model, the whole domain was divided into either one, two, three, four, 

five, or a higher number of equal-sized zones. The perfusion for each 

zone was assigned as either the average value of the true perfusion 

field in that zone (denoted by Wavg ) or the function value at the 

center of that zone (denoted by Wfun). That is, the perfusion (WI) for 

the ith zone from x=a to x=b mm could be calculated as follows: 
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1 fb Wi = Wavg = b-a W(x) dx 
a 

or 

W W = W(x=a+
2
b). i = fun 

These average and function perfusions for different zone models for 

the linear and parabolic perfusion patterns are listed in Table 3.13. 

First, Figure 3.34 shows the steady-state temperature fields 

for the true perfusion field and the different perfusion zone models 

with the average perfusions for the linear and parabolic cases. 

Figure 3.35 plots the temperature differences between the true and 

estimated (using the zonal approach) steady-state temperature fields 

for both continuous perfusion cases. Figures 3.34 amd 3.35 illustrate 

that the zonal approach is good enough to describe the perfusion field 

in terms of the accuracy of the temperature field (within 1 °c 

criterion) when the number of equal-sized zones is greater than 5 for 

the linear case. But for the parabolic case, the steady-state 

temperature field for the five zone model still can not satisfy the 

criterion. Because the perfusion variation for the parabolic case is 

greater than that for the linear case shown in Figure 3.33, more zones 

for the parabolic case will be needed to obtain an accurate steady

state temperature field. After increasing the number of zones, the 

minimum number of zones required to obtain an accurate temperature 

field is found to be 10 as shown in Figure 3.35b. 

Second, it is desirable to know to which perfusion values the 

estimation algorithm will converge if the true continuous perfusion 
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Table 3.13 Average, function, and inverse (estimated) perfusions for 5 
different zone models for the linear and the parabolic perfusion 
cases. 

NUMBER OF PERFUSION VECTOR (kg/m3-s) 
ZONE LINEAR PARABOLIC 

Wavg Wfun WI nv Wavg Wfun WI nv 

1 4.25 4.25 4.147 3.0 0.5 0.879 

2 2.375 2.375 2.304 3.0 2.375 1.894 
6.197 6.197 6.155 3.05 2.522 2.006 

3 1.726 1.726 1.745 4.165 3.898 3.523 
4.25 4.25 4.218 0.767 0.5 0.553 
6.774 6.744 6.751 4.165 3.898 3.523 

4 1.365 1.365 1.437 4.972 4.938 4.851 
3.312 3.312 3.289 1.125 0.969 0.864 
5.188 5.188 5.183 1.102 0.969 0.835 
7.063 7.063 7.043 4.875 4.718 4.613 

5 1.221 1.221 1.255 5.485 5.393 5.459 
2.736 2.736 2.724 1.816 1.723 1.587 
4.25 4.25 4.244 0.593 0.5 0.463 
5.764 5.764 5.758 1.816 1.723 1.587 
7.279 7.279 7.271 5.485 5.393 5.459 
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Figure 3.34a Steady-state temperature fields for the true model with a 
linear perfusion variation, and for the five different zone models. 
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Figure 3.34b Steady-state temperature fields for the true model with a 
parabolic perfusion field, and for the six different zone models. 
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Figure 3.35b Differences between the estimated and true model 
temperatures for the perfusions of Figure 3.34b. 
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field was approximated by a piecewise perfusion field. To investigate 

this problem, the number of temperature sensors used for the 

estimation algorithm was identical to the number of perfusion zones 

and their locations were selected at the centers of each zone. For 

example, the five equal-sized zone model used five sensors. The 

temperature measurements at these five sensor locations from the 

direct solutions without noise were used as input to the estimation 

algorithm. Then, the resulting inversion (or reconstruction) of the 

steady-state temperature field was compared with the true direct 

steady-state temperature field. The initial guess of perfusion for 

each zone was set to be an estimate of the overall tissue cooling 

coefficient (Roemer 1990). The resulting estimated perfusion within 

each zone is listed in Table 3.13. It shows that for the linear case 

the estimated perfusions are close to the function (or average) values 

of the exact function in those zones for different zone models. But 

for the parabolic case the estimated perfusions are close to the 

function perfusions, rather than the average values. Figure 3.36 plots 

the steady-state temperature fields for the five zone model with the 

true parabolic perfusion field and the average perfusion, function 

perfusion, and the estimated perfusion vectors. The final steady-state 

temperature field corresponding to the estimated perfusions for the 5 

zone model is close to the true solution with a maximum temperature 

difference of 0.62 °C. 
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Figure 3.36 Steady-state temperature fields for the true parabolic 
case and for the average, function, and inverse perfusion fields for 
the 5 zone model. 
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DISCUSSION 

When the perfusion field was approximated by a zonal approach 

using an equal-sized N zone model, the estimate of perfusion for each 

zone is dependent upon the sensor location in each zone. This can be 

seen from Table 3.13 for the parabolic case. The estimated perfusion 

vector is close to the function perfusion vector for any zone model. 

This is because the temperature response at a point is determined by 

its surrounding perfusions locally. Thus, when the optimization 

algorithm was used to minimize the objective function (S) in equation 

(2.2), the estimated perfusion vector is always close to the function 

vector, rather than the average one. 

To further illustrate this phenomenon, a two zone model for the 

linear perfusion field was used. The number of sensors used was two 

but their locations were varied. Table 3.14 shows the resulting 

estimates of perfusion, the corresponding function perfusions, and the 

maximum difference between the true and predicted temperature fields 

for four sets of sensor locations. It shows that for a given zone 

model with the number of sensors equal to the number of zones, there 

exist some sensor locations which can obtain a better temperature 

reconstruction. Because there is model mismatch, it will not help to 

improve the accuracy of the reconstruction temperature field by 

increasing the number of sensors greater than the number of zones. 

Table 3.13 shows that the maximum temperature difference decreases as 

the number of zones increases. In addition, it has been shown the 

feasibility of accurately reconstructing the temperature for the cases 

with the number of unknown parameters (or the number of zones) greater 
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Table 3.14 Estimated and function perfusions for a two zone model with 
two sensors at different locations for the linear perfusion case. 

SENSOR ESTIMATED PERFUSION FUNCTION PERFUSION 
LOCATIONS (kg/m3-s) (kg/m3-s) 

(mm) W1 W2 W1 W2 

27,80 2.304 6.155 2.375 6.197 

20,90 1.940 6.842 1.870 6.918 

10,97 1.542 7.284 1.149 7.423 

46,60 3.426 4.983 3.745 4.750 
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than the number of sensors (Clegg et al. 1988, Liauh et al. 1991). 

Therefore, for a fixed number of sensors, the accuracy of the 

temperature reconstruction can be improved by increasing the number of 

zones. 

3.5 IMPLEMENTATION OF POWER-ON TEMPERATURES 

In an attempt to show the feasibility of utilizing the 

transient power-on temperatures as input data for the optimization 

algorithm to accurately estimate the blood perfusion and/or the 

parameters related to the applied power, several cases with either a 

uniform power field or an ultrasound power field were tested. First, 

the previous one-dimensional 2 zone (see Figure 3.2) and three

dimensional 7 zone (see Figure 3.1) models with a uniform power were 

selected to show the feasibility of using the power-on data to predict 

the blood perfusion and to reconstruct the steady-state temperature 

field. Second, a scanned focussed ultrasound power field was used to 

simulate treatments for the three-dimensional 7 zone model. It should 

be noticed that the blood perfusion field for this study was assumed 

not to change during the heating-up process, something which may occur 

in some clinical situations. 

Like the case with the transient power-off data, an initial 

guess of blood perfusion is needed to start the parameter estimation 

procedure. From the results of the power-off study, a good initial 

guess of the unknown perfusion will help to obtain an accurate 

estimation. For this reason, the initial guess should be close to the 

true solution. Unlike previous investigators (Clegg, et al., 1988, 
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Liauh, et al, 1991, Roemer 1990) who used the transient decay 

temperatures to evaluate the local perfusion, an iterative scheme was 

developed in this dissertation (see Appendix B) to obtain an initial 

estimate for the local perfusion from the power-on temperatures. For 

the zones in which temperature measurements were available, an initial 

estimate of perfusion was assigned as the local effective perfusion ( 

Weff = U/Cb) for each zone. In this method, the general solution could 

be solved analytically (equation (B.3». Equation (B.3) shows that the 

relationship between the temperature and the effective perfusion is 

nonlinear. Therefore, an iterative scheme was derived to optimize the 

effective perfusion by minimizing the difference between the measured 

and predicted temperatures. Like the previous cases using the 

transient power-off temperatures, for the zones without temperature 

measurements, the perfusions were initially set to zero. 

UNIFORM POWER 

The simulated hyperthermia treatments were created for the one

and three-dimensional cases. Like previous studies, the thermophysical 

properties of tissue were assumed constant and known, and the boundary 

and initial conditions were the same as before. The magnitude of the 

uniform power for the one-dimensional 2 zone model with a perfusion 

vector [0.5,8.0] kg/m3-s was 36,800 W/m3 shown in Table 3.1 and 14,910 

W/m3 for the three-dimensional 7 zone model shown in Table 3.5. To 

illustrate the general power-on temperature patterns, Figure 3.37 

plots the transient power-on temperatures at seven sensor locations 

for the one-dimensional 2 zone model. 
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Figure 3.37 Transient power-on temperatures at 7 different sensor 
locations for the one-dimensional model with 2 equal-sized zones. 
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Figure 3.38 plots the maximum absolute difference between the 

true and predicted steady-state temperature fields as a function of 

the sensor location by using the zero initial guess method. The number 

of time steps was 56 and two noise levels were used, 0.0 and 0.2 °C. 

This figure (see discussion section also) shows the general 

feasibility of using the transient power-on data for a simple one

dimensional 2 zone model. Next, a three-dimensional model with 7 zones 

was further investigated. The number of sensors used in this case was 

either 7, 4, or 3. For the case with seven sensors, they are located 

at the centers of zones. When four sensors are used, they are located 

at the centers of zones, I, 2, 3, and 4, and for the three sensor case 

they are located at the center of zones I, 2, and 3. Table 3.15 shows 

the resulting performance of the estimation algorithm using the 

transient power-on and power-off data for two different noise levels. 

It illustrates that the estimation algorithm has the same performance 

when using either the transient power-on or power-off temperature 

measurements. 

SCANNED FOCUSED ULTRASOUND POWER 

To simulate the real clinical situation during ultrasound 

hyperthermia treatments, where the applied power is a function of 

space rather than a uniform constant, a scanned focused ultrasound 

power field was created. In this study, the focussed ultrasound power 

distribution in the soft tissue was assumed to be well described by 

equation (2.31) if the soft tissue ultrasonic attenuation was given. 

One goal is to use the estimation algorithm to predict this 

attenuation coefficient from the power-on temperature measurements. 
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Figure 3.38 Maximum (absolute) difference between the true and 
predicted steady-state temperature fields as a function of sensor 
location for the 2 zone model using a zero initial guess for two noise 
levels. 
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Table 3.15 Maximum temperature difference between the true and 
estimated temperature field and the number of iterations for the 
three-dimensional model with a symmetric perfusion vector (see Table 
3.5). ON indicates the case using the transient power-on data and OFF 
indicates the case using the transient power-off data. No 
regularization was used. 

Noise Accuracy (OC) Number of 
Np Ns Level Max/Tture - Test/ Iterations 

(OC) ON OFF ON OFF 

7 7 0.0 0.00 0.00 4 4 

7 7 0.2 0.02 0.01 5 4 

7 4 0.0 0.00 0.00 6 8 

7 4 0.2 0.71 0.62 9 11 

7 3 0.0 0.00 0.00 8 14 

7 3 0.2 4.92 1.09 26 13 
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Direct Case 

A single transducer with a radius of curvature of 25 cm and a 

diameter of 7 cm was used to simulate the ultrasound power field. The 

frequency of the ultrasound wave was 1 MHz, and the distance between 

the skin surface and the transducer was 18.5 cm in the z direction. 

Figure 3.39 shows the contour plot of the absorbed power deposition 

pattern for the transducer focussed at 3 cm from the skin (i.e. the 

focal depth of 3 cm) of the tissue with the attenuation coefficient of 

0.3527 (dB/cm-MHz) (Moros 1990). This absorbed power field was divided 

by its peak value and then rescaled such that the maximum was 100% at 

the peak. 

For this stationary transducer, the effective absorbed power 

deposition at the focal plane is about 1.5 cm in diameter as shown in 

Figure 3.39. In order to elevate the temperatures for most of a large 

tumor region, the transducer was horizontally scanned. Figure 3.40 

illustrates the schematic diagram of the simulated experimental setup 

showing the transducer orientation and scanning procedure. After the 

absorbed power deposition generated the single stationary transducer 

was evaluated, a program developed by Moros (1990) was used to 

calculate the average scanned focussed ultrasound power deposition for 

the same transducer scanning a circular path. This average power field 

was used to calculate the steady-state temperature field for the 

simulated hyperthermia treatment. Figures 3.41 and 3.42 plot the 

average scanned focussed ultrasound power depositions in the x-z plane 

at y=6 em and the x-y plane at the focal depth plane for the case with 

a scanning diameter of 3 cm, respectively. 
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Figure 3.39 Contour plot of the absorbed power deposition pattern for 
the case with the focal depth of 30 mm from the skin. 
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Figure 3.40 Schematic diagram of experimental setup showing the 
transducer orientation and scanning procedure. Figure not to scale. 
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Figure 3.42 Average scanned focussed ultrasound power deposition in 
the x-y plane at the focal depth plane. 
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Inverse Case 

For the inverse case, the attenuation coefficient (a) was 

assumed to be unknown and it was attempted to estimate its value by 

using a state and parameter estimation algorithm from a set of 

transient temperature measurements during simulated hyperthermia 

treatments. A set of measured temperatures was obtained from the 

solutions of the bioheat transfer equation using the average scanned 

focussed ultrasound power field (shown in Figures 3.41 and 3.42). The 

measured temperatures include the steady-state and transient power-on 

data at several sensor locations. To simulate future animal 

experiments (not to be performed in this dissertation study), the 

number of probes used in this study was 16. Each probe has 7 equal

spaced measurement points. Hence, the total number of measurement 

locations was 112. Figure 3.43 illustrates the schematic diagram for 

the proposed positions of the 16 probes for the future experiment. 

First, a simple three-dimensional model with a uniform 

perfusion of 0.5 kg/m3-s was used to show the feasibility of 

predicting the attenuation coefficient when the perfusion field was 

known exactly during the estimation procedure. The sampling time 

interval for this uniform perfusion case was 60 seconds. It should be 

noticed that in this study the only unknown parameter was the 

attenuation coefficient. Table 3.16 shows the resulting estimates of 

the attenuation coefficient by using all temperatures at 112 sensor 

locations for the cases with the number of time steps of 20, 10, and 2 

for different perfusions (W). It shows that the predicted attenuation 

coefficient (~p) can be accurately estimated by a few transient power-
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Figure 3.43 Schematic diagram for (a) the measured points for the 7 
junction probe; (b) the layout of all 16 probes. 
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Table 3.16 Values of the predicted attenuation coefficient (Pp.) for 
different given perfusions (W) and the numbers of time steps (Nt). 

W 0.5 0.5 0.5 

Nt 20 10 2 

pp 0.353 0.353 0.353 

W 0.5 0.4 0.3 0.2 0.1 0.0 0.6 0.7 0.8 0.9 1.0 

Nt 2 2 2 2 2 2 2 2 2 2 2 

pp 0.353 0.351 0.349 0.347 0.345 0.344 0.355 0.356 0.358 0.360 0.362 
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on temperatures, providing the perfusion was known and the 

temperatures were noiseless. Furthermore, it is desirable to 

investigate the influence on the estimate of the attenuation 

coefficient when the perfusion was given with a wrong magnitude. 

Figure 3.44 plots the percent error between the true and predicted 

attenuation coefficients as a function of the given perfusion value 

for the cases with 112 sensor locations and without noise. The percent 

error was defined as the value of [(Pp-Ptrue)/Ptrue]X100%. The slope 

of the line in Figure 3.44 is approximated as 5 %/(kg/m3-s): thus, the 

percent error is 0.5% when the given perfusion is 0.1 kg/m3-s from the 

true perfusion (0.5 kg/m3-s). 

Next, both the attenuation coefficient and the magnitude of the 

uniform blood perfusion, which were unknown parameters, were estimated 

from the transient power-on temperatures. Table 3.17 shows the 

resulting estimates of the perfusion and the attenuation coefficient 

for the cases with 112 sensors with 80 transient power-on data with 

three noise levels (0.0, 0.1, and 1.0 °C). It shows the uniform 

perfusion and the attenuation coefficient can be accurately estimated 

by using 112 sensors even though the temperature measurements contain 

large noise (1.0 °C). 

Finally, a more complicated three-dimensional model with a 

nonuniform perfusion field was tested. The real perfusion field was a 

piecewise constant vector [0.2,0.8,0.3,0.1,0.6,1.0,0.5]. The above 

scanned focused ultrasound power was also used to simulate the 

treatments with 16 temperature probes (112 sensor locations). The 

sampling time interval for this perfusion vector was 30 seconds. For 
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Figure 3.44 Percent error between the true and predicted attenuation 
coefficients as a function of the perfusion value. 
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Table 3.17 Estimate of the perfusion, the percent error of the 
estimated attenuation coefficient, and the maximum difference between 
the true and predicted steady-state temperature fields for the case 
with a uniform perfusion of 0.5 kg/m3-s and a scanned focussed 
ultrasound power. Both the perfusion magnitude and the attenuation 
coefficient magnitude were estimated. 

NOISE ESTIMATED PERCENT MAX. 
Nt LEVEL PERFUSION ERROR ERROR 

(OC) (kg/m3-s) FOR )p (OC) 
(% 

80 0.0 0.5 0.0 0.0 

80 0.1 0.499 0.08 0.004 

80 1.0 0.496 0.88 0.045 
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this inverse case, the perfusion vector and the attenuation 

coefficient were unknown. Thus, the total number of unknown parameters 

was 8. Table 3.18 shows the resulting estimates of the perfusion 

vector and the attenuation coefficient for the cases using 112 sensor 

locations with two noise levels and two different time steps. Without 

noise the estimation algorithm always predicts the perfusion vector 

and the attenuation coefficient very accurately for the cases with Nt 

of 10 and 80. As can be seen from Table 3.18, the 1.0 ·C noise level 

greatly degrades the performance of the estimation algorithm if the 

number of transient power-on data is small. 

DISCUSSION 

The reason for the failed temperature reconstruction for the 

case with the sensor close to the interface by using a zero initial 

guess method shown in Figure 3.38 is because of the existance of the 

multiple minima solutions. From the previous study of the multiple 

minima, two possible perfusion vectors, [0.5,8.0] and [8.0,0.5], will 

provide the same temperature responses at the sensor which is located 

at the symmetric point when the transient power-off temperatures were 

used. The same phenomena as seen in the previous multiple minima 

studies will occur in this case with the transient power-on 

temperatures. When the sensor was located near the interface, 40 or 50 

mm for example, the estimation algorithm converged to the local 

minimum point because the initial guess was close to it. Using the 

symmetric knowledge obtained from the previous studies, the second 

estimated perfusion vector converged to the true perfusion values by 
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Table 3.18 Estimate of the perfusion vector, the percent error of the 
estimated attenuation coefficient, and the maximum difference between 
the true and predicted steady-state temperature fields for the case 
with the perfusion vector [0.2,0.8,0.3,0.1,0.6,1.0,0.5] (kg/m3-s) and 
a scanned focussed ultrasound power. 

NOISE ESTIMATED PERCENT MAX. 
Nt LEVEL PERFUSION (kg/m3-s) ERROR ERROR 

(OC) [W 1 , W 2 , ••• , W 7 ] FOR )p (OC) 
(% 

10 0.0 0.2,0.8,0.3,0.1,0.6,1.0,0.5 0.0 0.0 

10 1.0 0.089,1.481,0.314,-0.02,0.536,0.991,0.436 -3.66 1.15 

80 0.0 0.2,0.8,0.3,0.1,0.6,1.0,0.5 0.0 0.0 

80 1.0 0.194,0.804,0.327,0.091,0.611,0.986,0.5 -0.45 0.06 
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using a second initial guess based on the first estimated perfusion 

vector. For instance, the first estimated perfusion vector was 

[2.24,0.44] from the initial guess [0.47,0.0] when the sensor was at 

50 mm. Using a new initial guess [0.44,2.24], the final estimated 

perfusion vector converged to [0.5,8.0]. This study also shows that 

the performance of the estimation algorithm degrades when the power-on 

data contains additive noise. 

For most of the successful cases when the maximum temperature 

difference between the true and the predicted temperature fields was 

less than 1 °C as shown in Table 3.15, the total computational time 

required for the case with the power-on data is less than that with 

the power-off data. This is due to two reasons. First, for the power

off case, there is a need to calculate the steady-state temperature 

field before evaluating the transient power-off temperature responses. 

On the other hand, for the power-on case, the entire temperature field 

before calculating the power-on temperature responses is given as a 

constant, uniform initial condition. Second, after calculating the 

transient power-on responses, the steady-state temperature field can 

be calculated faster by using the final transient power-on temperature 

field as an initial condition, rather than the given (original) 

initial condition for the same applied power. 

Table 3.16 illustrates that the estimate of the attenuation 

coefficient is not sensitive to the variation of the perfusion field. 

This occurs because the temperature rise is dominated by the applied 

. power at the beginning of the heat-up procedure. At this stage, the 

effect of the perfusion is not significant. Thus, the resulting 
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temperatures linearly increase with time as shown in Figure 3.37. In 

this situation, the attenuation coefficient can be accurately 

estimated without good knowledge of the perfusion field, even if the 

first two power-on temperatures were used. This is an encouraging 

result because it indicates that perhaps this technique can be used to 

accurately predict a power deposition during the ultrasound 

hyperthermia treatments even though the perfusion field is not 

accurately known. It should be noted that the number of time steps 

should be large in this period (i.e. the sampling time interval is 

small) in order to eliminate the effect of the noise which will occur 

during the treatments. 
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CHAPTER 4 

CONCLUSIONS 

In this dissertation the feasibility of using a (semi-linear) 

state and parameter estimation algorithm to optimize the perfusion and 

then predict the steady-state temperature field from a limited number 

of transient (power-on or power-off) temperature measurements has been 

shown for simulated hyperthermia treatments. Using one-, two-, and 

three-dimensional numerical simulation models, it is shown that 

multiple minima solutions exist for some inverse hyperthermia 

temperature estimation problems. A general strategy is obtained for 

(a) detecting when the inverse algorithm has converged to a local 

minimum, and (b) for using that knowledge to direct the search 

algorithm towards the global minimum. In forming the Jacobian matrix, 

the results show that the influence coefficient and sensitivity 

equation methods have the same performance and are preferable to the 

adjoint formulation. To further speed up the algorithm, a semi-linear 

approach is implemented. Results show that this improved state and 

parameter estimation algorithm decreases the total computational time 

required to accurately reconstruct complete hyperthermia temperature 

fields. The effects of the model mismatch have been presented for the 
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one-dimensional problem. From previous results, the feasibility of 

using sets of transient power-on temperatures as inputs for the state 

and parameter estimation algorithm to simultaneously reconstruct both 

the temperature and ultrasound power fields has been shown for the 

simulated ultrasound hyperthermia treatments. 

4.1 MULTIPLE MINIMA 

Multiple minima (and saddle points) exist in the inverse 

hyperthermia problem due to symmetries in the perfusion model used in 

the inverse algorithms. These minima are solely an artifact of the 

symmetries in the inverse case perfusion model and their existence is 

unrelated to the true perfusion present in any patient. Adding 

asymmetries to the problem can cause these minima to change from 

global to local, but does not eliminate them. Knowledge of their 

possible presence can be used in a multiple initial guess search 

strategy to aid in finding the true global minimum. The optimal sensor 

locations appear to be those at points of maximum symmetry (i.e. on 

perfusion zone boundaries). 

4.2 JACOBIAN FORMULATION 

The results show that when the ratio of the number of 

measurement sensors to the number of unknown parameters is smaller 

than a critical value (approximately 1/4), the adjoint formulation is 

faster (CPU time to form the Jacobian matrix) than the influence 

coefficient method. Unfortunately, for the problems investigated in 

this study the number of sensors needed to obtain enough information 
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to yield successful inverse solutions is such that the corresponding 

ratios are always larger than the critical values. Thus, while the 

adjoint method appears to be theoretically sound, the method suffers 

during its numerical implementation when compared to the influence 

coefficient method. The large CPU times associated with the numerical 

implementation of the adjoint method are a result of the CPU intensive 

integrations for evaluating the convolution over time. Additionally, 

the numerical errors associated with the integrals are significant, a 

factor which adversely affects the convergence rate and the ultimate 

success of the nonlinear parameter estimation procedure. Thus, the 

results show that the influence coefficient method was generally less 

CPU intensive overall for the problems considered. To be competitive 

with the influence coefficient method, faster and more accurate 

numerical integration techniques must be used and better early time 

finite difference approximations near the Dirac Delta initial 

conditions must be developed. 

A more general result obtained from this study is that the 

basic computer operation equation approach is a valid method of 

comparing competing numerical techniques. The main value of this 

approach is that it allows comparisons of approaches based on the 

characteristics of their basic algorithms, and it does not require 

that the techniques be programmed and run, as does the subroutine 

program method. The technique is thus valid, general, and easy to use. 

4.3 SEMI-LINEARITY 
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This paper presents the results of a new approach to use in the 

state and parameter estimation algorithm to decrease the total 

computational time while still accurately reconstructing the entire 

temperature field. The results indicate that there is an optimal 

choice of DELTAl such that the computational time required is minimum 

and the accuracy of the reconstruction remains. For the two perfusion 

patterns studied here, the optimal value for DELTAl is 0.5 without 

losing a large number of successful cases but reducing the 

computational time to 40% of the original time needed without 

implementing this semi-linear approach. From this study it can be 

concluded that when the average perfusion is low, the relationship 

between the temperature and the perfusion is quasi1inear. Thus, this 

semi-linear scheme can be implemented to obtain a great improvement. 

For more complicated perfusion distributions, a comprehensive set of 

cases has to be studied before using the semi-linear scheme to improve 

the performance of the algorithm. 

4.4 MODEL MISMATCH 

From the model mismatch study, the accuracy of the 

reconstructed steady-state temperature field is apparently dependent 

upon a) the number of parameters (the number of perfusion zones) that 

are optimized, b) the maximum and minimum perfusions in the zones, and 

c) the number of temperature sensors and their locations. The minimum 

number of zones is five for the linear perfusion field and 10 for the 

parabolic perfusion field to obtain the direct steady-state 

temperature fields within 1.0 °C accuracy. In these cases, the 
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difference between the maximum and minimum perfusions within each zone 

is about 2.0 kg/m3-s. It has been shown that the number of zones for 

the zonal approach is crucial to determine the accuracy of the 

reconstruction. Moreover, if the zonal approach is not good enough to 

describe the real perfusion field, increasing the number of sensors to 

become greater than the number of zones will not help to obtain more 

accurate reconstructions. 

4.5 POWER-ON DATA 

The preliminary results of the one-dimensional case using 

transient power-on temperatures show that the same phenomena as from 

the previous multiple minima study exist as when using transient 

power-off temperatures. Therefore, the same strategy developed for the 

multiple minima study can be applied for the power-on cases. Second, 

the results reveal that the total computational time required for the 

case with the power-on data is generally less than that using the 

power-off data. Finally, the attenuation coefficient can be accurately 

predicted by the estimation algorithm using the first few power-on 

temperature measurements even when the perfusion field is not 

accurately known. 

4.6 FUTURE WORK 

Although the results from the above simulations are promising, 

much work is still necessary before implementing the estimation 

algorithm in the clinic. Some recommendations for future work follow: 
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(1) Direct case studies of various perfusion parameterizations 

should be performed to determine how many parameters are enough 

to describe the real perfusion field before the estimation 

algorithm is used to predict them. Presently, several 

techniques, such as Xenon uptake, radioactive tracers or 

colored microspheres, can provide information about the real 

perfusion field. By using either the polynomial approximation 

(e.g., a cubic spline function) or the zonal approach to fit 

these data, the question arises is, how many polynomials 

(spline functions) or perfusion zones are needed to accurately 

describe the real perfusion field? 

(2) As was previously pOinted out by several investigators, Pennes' 

bioheat transfer equation cannot describe the temperature field 

accurately when large blood vessels are present. If there is a 

good thermal model for hyperthermia which includes the 

existence of blood vessels, it is desirable to use the 

estimation algorithm to predict some blood vessel parameters 

present in the thermal model, e.g., the velocities in the blood 

vessels. 

(3) As seen from the previous results of the model mismatch for the 

one-dimensional model, the optimal sensor location exists but 

it is related directly with the model mismatch. Before 

investigating the optimal sensor location problem, more studies 

about the effects of the model mismatch on the estimation 

algorithm should be systematically studied. 
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(4) From the power-on study, the scanned focused ultrasound power 

field could be accurately predicted when the attenuation 

coefficient of the tissue was accurately estimated by the 

estimation algorithm. Some sensitivity studies have to be done 

to obtain what terms or conditions will have greatest effects 

on the inverse solutions. For example, the effects of the 

sensor locations, the boundary conditions, the position of 

focal depth, etc. From these studies, it will provide 

information about which terms or conditions should be measured 

carefully during the animal experiments or patient treatments. 

(5) A sequential estimation can be developed to predict the blood 

perfusion by using the transient power-on data. 

(6) In order to deal with more complicated problems, a vectorized 

program should be developed for the parallel (or vectorized) 

computer systems when the number of unknown parameters is 

large. 
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APPENDIX A 

PENETRATION DEPTH 

To quantitively understand the reason why the state and 

parameter estimation algorithm can more easily predict the temperature 

fields for the models with low perfusion patterns the following 

analysis is given. First, we consider a simple one-dimensional problem 

(shown in Figure A.1a) with a constant boundary temperature (Tb) at 

the boundary x=a and a semi-infinite, homogeneous domain (a ~ x ~ ~) 

governed by the bioheat transfer equation. For a situation without 

applied power the governing equation for the steady-state temperature 

field is 

(A.1) 

where a2 =(Wcb)/k. The general solution is written as 

T-T = C e-ax + C eax 
a 1 2 (A.2) 

where Cl and C2 are constant values. Plugging the boundary condition 

T(x) = Tb as x = a (= 0), 
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T(x=a) = T 
b 

~------------------------+ x 

(a) 

fo----t--+ 00 

(b) 

Figure A.1 Schematic diagram for (a) the one-dimensional cartesian 
model with a semi-infinite domain; (b) a sphere inside an infinite 
domain. 
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and T(x) is bounded as x~~ into equation (A.2), the final solution is 

(A.3) 

The penetration depth is defined as the distance (xp) such that xp = 

(k/WC b)1/2. Equation (A.3) shows that the penetration depth decreases 

as the perfusion W increases. 

Based on equation (A.3), the sensitivity term aT(x)/aW, defined 

as the derivative of temperature with respect to the perfusion, is 

or 

a {T(X)-Ta) aT+ 
aw Tb- Ta = aw 

-x [ cb ]1/2 -x/(k/Wc )1/2 
= 2 kW e b (A.4) 

To quantify this effect, three test cases were chosen in which 

the values of blood perfusion (W) were 0.5, 4.0, and 8.0 kg/m3-s. 

Figure A.2 plots the nondimensional temperature field as a function of 

x and Figure A.3 plots the sensitivity as a function of x. 

Second, assume that there is a constant boundary temperature 

(Tb) on an inner spherical boundary at r=R located inside an infinite, 

homogeneous domain (R ~ r ~ ~) (shown in Figure A.1b) governed by the 

bioheat transfer equation. For a situation without applied power the 

governing equation is 
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Figure A.2 Nondimensional steady-state temperature field 

T+ = T(x)-Ta as a function of x for three perfusion values of 0.5, Tb - Ta 
4.0, and 8.0 for one-dimensional case. 
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Figure A.3 Sensitivity dT+/dW as a function of x for perfusion values 
of 0.5, 4.0, and 8.0 for the one-dimensional case. 
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(A.5) 

where P=(Wcb)/k. The solution with the boundary conditions: T=Tb at 

r=R and T=Ta as r + 00 is 

where T+ = (T-Ta)/(Tb-Ta), r+ = r/R*, and R*=1/(p)1/2. 

Or 

T(r) K [r(p)1/2] J R 1/2 r (A.7) 

where Kl/2 is the modified spherical bessel function of the third kind 

and order zero. 

Based on the above equation, the sensitivity term (6T+/6W), 

defined as the derivative of temperature with respect to the 

perfus i on, is 

[ 
~ ]1/2 -B - (P) 1/2 (r-R) 

kW r e (A.8) 

It is these sensitivity terms that are one of the most important 

factors in determining the performance of the state and parameter 

estimation algorithm since they tell how sensitive the temperature at 

some location r (i.e., a distance r from the constant temperature 

interface) is to changes in the tissue perfusion. The larger the value 



of this term, the more chance the unknown perfusion term can be 

accurately estimated in inverse problems. 
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To quantify this effect, four test cases were chosen in which 

the values of blood perfusion (W) were 0.5 and 8.0 kg/m3-s and the 

values of R were 1.75 and 0.525 cm. Thes .. e values of Wand R were 

selected to be reasonable approximations to the sizes of the zones in 

Figure A.I. Figure A.4 plots the nondimensional temperature field as a 

function of r and Figure A.5 plots the sensitivity as a function of r. 

Several trends regarding Figures A.2-5 can be seen. First, for a 

fixed perfusion value a sensor closer to the high temperature (at x=a 

or inner boundary at r = R) has a stronger signal than a sensor far 

away from that boundary. Second, for a given sensor location the 

signal for the low perfusion case is larger than that for the high 

perfusion case since the penetration depth of the high temperature 

signal is larger. 
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Figure A.4 Nondimensional steady-state temperature T+ = Tir ) -TTa 
b - a 

versus the distance (r) from the center of a constant temperature 
sphere of radius R, for two different values of the radius R and of 
the blood perfusion in the surrounding tissue (W). 
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Figure A.S Sensitivity Coefficient (~~+J for the constant temperature 
sphere of Fig. 6 versus the radial distance (r) for two different 
values of the sphere radius R and of the blood perfusion (W). 
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APPENDIX B 

EFFECTIVE PERFUSION USING POWER-ON DATA 

During clinical situations, it is our attempt to use the 

transient power-on data to provide useful information to estimate the 

perfusion field, and thus obtain the complete temperature field inside 

the treatment region. A simple technique is developed to evaluate the 

magnitude of the perfusion around the temperature sensor. These 

perfusions can provide a good initial guess when using the state and 
• parameter estimation algorithm. This technique essentially takes the 

bioheat transfer equation (1.1) and assumes that all conduction and 

blood perfusion effects can be lumped into a local tissue cooling 

coefficient term, U, which is defined as 

(8.1) 

This assumption essentially neglects the conduction of the thermal 

energy and assumes that the heating is due to perfusion. Hence, it 

will give erroneous values of perfusion when the net rate of energy by 

conduction is significant. With this assumption, Pennes' bioheat 

transfer equation can be rewritten as 



pc ~I = - U(T-Ta) + Q. 

with an initial condition: T(t=O) = Ta. 

Letting T* = T-Ta, 1 = U/pc, and Q* = Q/pc 

* ~I = -1T* + Q*. 

with an initial condition: T* = O. 
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(8.2) 

Assuming that the thermophysical properties of the tissue (e.g., p, c, 

Cb, and U) are constant and the applied power (Q) is also constant, 

the general solution of equation (B.2) can be solved analytically. The 

solution can be written as 

or 

T(t) = Ta + -B- [l_e-(U/pc)t ]. (8.3) 

The relationship between the temperature (T(t)) and the local tissue 

cooling coefficient (U) is nonlinear from equation (8.3). Due to this 

nonlinearity, an iterative scheme is needed to optimize this local 

tissue cooling coefficient (U) by minimizing the difference between 

the measured and predicted temperatures. During the hyperthermia 

treatment, the transient power-on temperatures are recorded and used 

as the measured temperatures. A successive perfusion estimate can be 

derived by a Taylor series expansion for Tpr (t;Uk+l) at the kth 

effective perfusion estimate (Uk) by neglecting the second and higher 

order terms. The resulting equation is expressed as 
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k+1 k) aT(t:u
k
) k+1 k 

Tpr(t:U ) = Tpr(t:U + au (U -U), (B.4) 

where aT = _ -Hz- [l_e-(U/pc)t] + ~U e-(U/pc)t. 
au U cp 

Assuming that the temperature term in the left hand side in equation 

(B.4) is close to the measured temperature (Tm), the new estimate of U 

is calculated as 

A simple one-dimensional model with two equal-sized zones is 

used to create the transient power-on temperature measurements (Tm). 

The perfusion vector is [0.5,8.0] (kg/m3-s) and the power is 36,800 

W/m3. Figure B.1 plots the resulting effective perfusion (Weff = U/Cb) 

versus the number of time steps by using the transient power-on 

temperatures at 10 different sensor locations. The number of time 
• 

steps is chosen from 10 to 100 by an increment of 10. Several traces 

can be seen from Figure B.1. First, the effective perfusion will be 

close to the true value if the sensor is located near the center of 

each zone, for example, 30 or 80 mm. This is because the temperature 

responses at the sensor is affected strongly by the local perfusion 

term. Second, when the sensor is close to the boundaries, the 
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Figure B.1 Effective perfusion (Waif) as a function of the number of 
time steps during the transient power-on heating for 10 sensor 
locations. 
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far from the true one because the temperature responses are affected 

by the boundary conditions. Third, when the sensor is located near the 

interface between two zones, say 60 mm, the effective perfusion will 

be away off the true value because both perfusions will affect the 

temperature responses. Fourth, the effective perfusion for the case 

with the sensor at 80 mm (in the high perfusion zone) is more accurate 

than that for the case with the sensor at 30 mm (in the low perfusion 

zone). This difference in perfusion accuracy is because at the high 

perfusion location the energy transmission mechanism is dominated by 

the blood perfusion, rather than the conduction. Therefore, equation 

B.1 gives a more accurate approximation. Finally, the optimal value 

for the number of time steps is about 15. 
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APPENDIX C 

CPU TIMES FOR NUMERICAL SCHEMES 

It is desirable to express the CPU time required to numerically 

solve the differential equations using different schemes in terms of 

the number of nodes in space, the number of sampling time steps, and 

the computational time for the addition, subtraction, multiplication, 

and division operations. For the present simulation, the solutions of 

the steady-state and transient power-off temperatures were solved 

numerically by a successive overrelaxation (SOR) scheme and an 

explicit forward difference scheme, respectively. Because the 

governing differential equation for the adjoint variable is similar to 

the bioheat transfer equation, the same explicit forward difference 

scheme was used to obtain the adjoint variable solution. For the 

adjoint formulation, the evaluation of the elements of the Jacobian 

matrix requires CPU intensive convolutions (see equation (2.17)). 

STEADY-STATE TEMPERATURE FIELD 

The steady-state temperature field was calculated numerically 

by an iterative scheme. In order to increase the rate of convergence 

of iterative methods, a successive overrelaxation (SOR) method (Smith 
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1978)) was used. In the SOR scheme, the discrete equation for equation 

(1.1) was expressed in the form of 

Tn = III { Tn-I. + T~-l + Tn- 1 + 
i,j,k (6+DWi ,j,k) i+1,J,k 1-1,j,k i,j+1,k 

Tn-1 + Tn- 1 + Tn
i -j

1 k-1 + 0 (TaWi,j,k + i , j -1 , k i , j , k+ 1 " 

+ Qi,j,k ) } + (l-III)T~~j,k· (C.l) 

where 

o = 

i,j,k number of a node in x, y, and z, respectively: 

i=l,2, ••• ,Nx, j=l,2, ••• ,Ny, and k=1,2, ••• ,Nz 

n iteration number in time: n=l,2, ••• ,Nt 

~x spatial resolution in meters of the grid system: ~x=~y=~z 

~t time step in seconds 

T?,J,k temperature at (i,j,k) node in space and n~t in time (OC) 

perfusion value at (i,j,k) node in space (kg/m3/s) 

power at (i,j,k) node in space (W/m3) 

Ta arterial temperature (OC) 

III overrelaxation factor, 1 < III < 2 

The total computational time for this SOR scheme can be expressed as 
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where Tmul is the CPU time for a multiplication operation; Tadd is the 

time for an addition operation; Tsub is the time for a subtraction 

operation; Tdlv is the time for a division operation. Niter is the 

total number of iterations such that the temperature field will be 

within a prerequired accuracy. Niter depends upon the required 

accuracy and the value of the overrelaxation factor w. In this study, 

the required accuracy is 10-6 °C and the value of w is 1.75. 

TRANSIENT TEMPERATURE FIELD 

To solve the transient power-off bioheat transfer equation 

numerically, a finite difference scheme (Smith 1978) was used in which 

the second spatial derivatives were approximated by a second order 

central difference formula on a uniform grid system and the first time 

derivative was approximated by an explicit forward difference formula. 

With these numerical approximations, the discrete equation for the 

bioheat transfer equation can be expressed in the form of 

Tn+1 = 
i,j,k 

1 {( n n n 
(l+AWi . k) 8 Ti+1,j,k + Ti -1,j,k + Ti ,j+1,k + 

,J, 

T~,j-1,k + T~,j,k+1 + T~,j,k-1) + ATaWi,j,k + 

CQi,j,k + (l-6B)T~,j,k}· 

where Q',J,k = 0.0 everywhere (no applied power), 

(C.3) 
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cb(~t) 
A = pc (m3 s/kg) 

B = k(~t) (dimensionless) 
(~x)2pc 

~t 3 C = ---- (m °C/W) pc 

To guarantee the accuracy of the finite difference scheme, a 

stability analysis is required to determine the maximum time interval 

(Liauh, 1988). If the required time interval is larger than the 

maximum time interval obtained from the stability analysis, there will 

be a need to divide this time interval into several smaller equal time 

intervals (2~ intervals, ~ a positive integer) such that the algorithm 

is stable. In the present work, the total number of steps to calculate 

the Nt transient power-off temperatures was always larger than Nt. The 

computational time needed can be expressed as 

Thus, the total computational time (TFOT) for solving the steady-state 

and transient power-off temperatures can be approximated by 

(C.5) 

Note that the computational time for obtaining the solution of the 

adjoint variable (TFOA) is close to the value of TEFO. 

CONVOLUTION INTEGRAL 
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The convolution integral is evaluated by using a simple 

rectangular rule. The main reason for this choice is that the 

rectangular rule for an integral requires the minimum computational 

operations, thus giving the adjoint formulation its fastest possible 

implementation. Higher order approximations, for example, Simpson's 

rule, were tried but were found to be slower. The computational time 

(rINT) required to obtain the solutions of equation (2.17) for the 

algorithm used here can be expressed as 

Then, 

r INT --= 

= 

NxNyNzNt {1 + ~ + ~ + 2(1+u)}radd(N t +1)/2 

NXNyNzNt{2~(9+7U+V+W) + NNi er (9+5U+v+w)}radd 

{1 + ~ + ~ + 2(1+U)}(Nt+1)/2 

{2~(9+7U+V+W) + NNi er (9+5U+V+W)} 
(C.7) 

_r F_D_A = -=-___ -=2'-~..\..:( 9:;.,.+....;.7..:;,u":":"+v.;,..+....:..w.) ____ __=__ 

r FDT {2~(9+7U+V+W) + NNi er (9+5U+V+W)} 
(C.B) 

Plugging equations (C.7) and (C.B) into equation (2.23), the value of 

X can be expressed as 
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APPENDIX D 

DETAILED DERIVATION OF THE ADJOINT FORMULATION 

A detailed derviation of the adjoint integral is presented. 

Multiplying equation (2.9) by an adjoint variable ~(x,y,z,t) and 

integrating over the total domain n and integrating over time from 

zero to tJ gives 

tj tj 

J J~{aa!6T)- -1 V·[kV(6T)]+ ~6T}dVdt= - £h J J~T6WdVdt. (0.1) o n pc pc pc 0 n 

Applying integration by parts over time the first integral on the left 

hand side yields 

Plugging into the initial condition for 6T, yielding 

tj 
= J (~6T)lt=t dV - J J 6T~ dVdt. n Jon 
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Applying Green1s first identity, the second integral of the left hand 

side yields 

f ;(V-~) dV = f {V.(¢~) - ~-V;} dV 
n n 

= f ;~-n dA - f ~-V; dV 
r n 

= J ¢kV(6T)-n dA - f kV(6T)-V; dV 
r n 

= J ;ka~~T) dA - J V(6T)-(kV;) dV 
r n 

= J ;kaJ~T) dA - f V-{(6T)kV;} dV - f 6T(V-kV~) dV 
r n n 

= J ¢kaJ~T) dA - f 6T(k~) dA - J 6T(V-kV;) dV. 
r r n 

Finally, equation (0.1) yields 

~ ~ 
J J ___ k {; ~(6T)_ 6T ~} dAdt = - fh J J ;T6W dVdt. (0.2) o SPc un un pc 0 n 
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APPENDIX E 

REGULARIZATION METHOD 

The regularization procedure has been studied by many 

researchers (Tikhonov 1963, Alliney and Sgallari 1984, Beck et. al, 

1985) to modify the least square approach by adding factors that 

prevent or reduce the ill-posedness of inverse problems. For a linear 

algebraic system with Np unknowns of XI (i.e. X=[Xl,X2, ••• ,XNp), 

Ax=b, 

which is ill-posed, we try to compute a regularized solution X of the 

system, which minimizes the following quadratic functional 

Here / /-/ / denotes the Euclidian norm: e denotes the regularization 

parameter: Ho denotes the identity matrix (1) of order Np (i.e. Ho = 

col): Hl and H2 are the matrices of dimensions, respectively, (Np-

l)xNp and (Np-2)xNp, given by 
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-1 1 0 0 0 
0 -1 1 0 0 

HI = c1 0 0 -1 1 ... 0 

0 0 -1 1 

e2[ 

1 -2 1 0 0 

n 0 1 -2 1 0 ... 
H2 = 0 0 1 -2 1 

0 0 1 -2 

where co, Cl, and C2 are constant values. These matrices Ho, Hl, and 

H2 are the matrices for the zeroth, first, and second order 

regularizers, respectively. 

For the present inverse hyperthermia temperature estimation 

problems, a linear algebraic system is approximated by using the 

influence coefficient method. If there are Ns temperature measurement 

locations and W~ is the kth iteration estimate of the perfusion 

vector, a successive perfusion estimate can be derived by a Taylor 

series expansion for Tpr(Wk+l ) at the kth perfusion estimate (W k), and 

can be expressed as 

where W~ is the ~th element in the perfusion vector W of size NpXl 

W = [ WI W2 W3 ••. WNp]T 
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and T is the predicted temperature vector of size (NtxNs)Xl pr 
1 2 Nt 1 Nt 1 Nt T 

Tpr=[Tpr,l Tpr,l ••• Tpr,l Tpr ,2 Tpr ,2 Tpr,Ns··· Tpr,N~ 

Due to the nonlinearity of Tpr depending on W, the new perfusion 

vector Wk+l cannot be calculated directly. Assuming that Tpr (Wk+1) is 

close to the measured temperature vector Tm, the higher order terms 

(H.O.T.) can be neglected. Equation (G.l) yields 

or 

(E.2) 

Based on the linear system in equation (E.2), the quadratic functional 

can be expressed as 

(E.3) 

Minimization of this function with respect to ~Wk yields 

(E.4) 

where I is the identity matrix. Note that when € is equal to zero 

(i .e., without regularization), equation (E.4) is identical to 
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equation (2.3). If cl = c2 = 0 and Co ~ 0, minimization of equation 

(E.3) is the so-called zeroth-order regularization procedure. 

Similarly, the procedure is called the first-order regularization 

method if Co = C2 = 0 and Cl ~ 0, and the second-order regularization 

method if Co = Cl = 0 and C2 ~ o. 
Two three-dimensional models with seven zones are used to 

determine which order of regularizer can help the estimation algorithm 

to obtain more successful temperature reconstructions. Two perfusion 

vectors are used: one is symmetric and the other is random listed as 

Cases A and D, respectively, in Table 3.5. As mentioned before, the 

problem becomes more ill-posed when the number of unknown parameters 

is greater than the number of temperature sensors. To overcome this 

ill-posedness, the regularization method is then implemented. The 

number of sensors is three for the present problem. These three sensor 

locations are either in the centers of the first, third, and fifth 

zones for the symmetric perfusion pattern or in the centers of the 

first, second, and third zones for the random perfusion pattern. The 

magnitudes of the regularization parameter (e) are chosen as 1.0 and 

0.01 for the symmetric and the random perfusion patterns, respectively 

(Liauh 1988). Table E.1 shows the maximum difference between the true 

and predicted temperature fields for these two perfusion patterns. 

Results illustrate that the performance of the zeroth-order 

regularizer is better than the performance of the first- and second

order regularizers. 
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Table E.1 Maximum difference between the true and predicted 
temperature fields for the three-dimensional seven zone model with 
four noise levels for (a) a symmetric or (b) a random perfusion 
pattern. SIN represents the case that the sensitivity (Jacobian) 
matrix is singular. 

NOISE LEVEL ORDER OF REGULARIZER 
(OC) NONE ZEROTH FIRST SECOND 

0.1 SIN 0.086 4.634 SIN 

0.2 SIN 0.542 4.689 SIN 

0.4 SIN 1.249 4.811 SIN 

1.0 SIN 2.948 5.262 SIN 

(a) 

NOISE LEVEL ORDER OF REGULARIZER 
(OC) NONE ZEROTH FIRST SECOND 

0.1 0.513 0.514 0.955 4.139 

0.2 1.012 1.013 1.258 4.141 

0.4 1.960 1.960 2.145 4.092 

1.0 4.483 4.483 4.482 3.789 

(b) 
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