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Abstract 

Development is the process by which genes build 

organisms. It thus determines how genetic variation is 

translated into phenotypic variation. The dynamics of 

evolution are therefore determined not only by the action of 

selection and drift, but also by the processes by which 

organisms are built. I present a general model with which 

to study how selection acts on a developmental program. 

This model explains, and clarifies, the trend towards 

conservatism in early development. Furthermore, it predicts 

that this conservatism will be reduced under certain 

environmental conditions, namely when fitness functions are 

fluctuating. This leads to the prediction of the pattern of 

nearshore innovation seen in the fossil record. 

A more careful test of the theory requires a system in 

which we have some understanding of the details of 

development. I provide this in the form of a model of shell 

growth in mollusks. This model predicts shell form as·a 

function of the interactions between shell producing tissues 

during growth. Using this system, I test the prediction of 

the general model that characters that are not correlated 

with, but not independent of, many other characters should 

evolve slowly. This prediction is upheld by data gathered 

from 8 genera of marine gastropods. 
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Introduction 
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The mechanisms which generate biological diversity can 

be studied at a variety of levels. Principal among these 

are: The level at which genes interact to determine the 

behavior and differentiation of cells, the level at which 

cells and tissues interact to determine phenotype, and the 

level at which organisms interact to determine patterns of 

survival and reproduction. The first two of these levels 

fall into the domain of developmental biology, while the 

third is generally assigned to evolutionary biology. I 

shall argue, however, that a thorough understanding of 

evolution will require consideration of all of these levels. 

All models of evolution make some assumption (inherent 

or explicit) about how phenotypic variation arises within a 

population. For example, in classical population genetics, 

one assumes that all variation arises through mutation at 

one or two loci, or through reshuffling of loci by sexual 

reproduction. Such models have the advantage of invoking 

clearly defined biological processes (mutation and 

recombination) that are themselves studied mechanistically 

in other fields of biology. No organism yet studied, 

however, has only two genes. Models of phenotypic evolution 



must therefore make some simplifying assumptions about how 

variation arises. 
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One such assumption, usually made in quantitative 

genetics, is that variants arise through slight changes in 

existing phenotypes. Another approach, used in most 

equilibrium ("optimization") models, is to assume that all 

allowable variants are always present at low frequencies. 

Simplifications such as these make it possible to analyze 

systems for which the full population genetics equations can 

not be solved. In some cases, the results will be not 

significantly different from what one would get if one were 

able to solve the full equations. 

There will also be situations, however, in which 

evolutionary dynamics will be sensitively dependant on the 

patterns by which variation is expressed. For cases such as 

these we need a different kind of model. One approach that 

seems promising is to continue to assume that genetic 

variation is generated randomly and evenly throughout the 

genome, but to allow the resulting phenotypic variation to 

be structured by the process of development. 

It is therefore not surprising that there has been 

considerable discussion in recent years of the importance of 

developmental biology to the understanding of evolutionary 

patterns (Bonner, 1982; Raff and Kaufman, 1983). Most of 
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the actual research in this area has been directed towards 

the elucidation of particular developmental mechanisms and 

analysis of how these could explain patterns in the 

evolution of particular groups (for example; Alberch 1983, 

Hall 1983). The paucity of general theoretical models for 

the evolution of development is largely a result of the fact 

that most of the developmental mechanisms themselves are 

still poorly understood. 

In spite of this, a few general rules have been put 

forth about the effects of developmental patterns on 

evolution. Among the oldest and most widely accepted of 

these is the idea that early developmental characters are 

more "constrained" in their evolution than are those which 

occur later in ontogeny. Interest in this pattern goes back 

to Von Baer's laws, which simply state the observation that 

characters of early embryos tend to be much more highly 

conserved across taxa than do those of adults. The 

mechanism which is most often invoked to explain this 

pattern derives from the observation that development 

proceeds by some set of cascading interactions such that a 

change which is expressed early on may have consequences for 

a large number of later characters. 

Riedl (1978) has attempted to formalize this somewhat 

with the concept of "burden". In Riedl's terminology, early 
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developmental characters are more highly burdened than later 

ones because a change in early ontogeny has consequences for 

many subsequent characters through developmental 

interactions. Such a change thus has a lesser chance of 

being adaptive than one which is expressed later on. 

While most evolutionary biologists would agree that the 

principals discussed above are generally true, it is clear 

that they are at times violated. Furthermore, those cases 

in which early developmental characters, or the structure of 

the developmental program itself, do change are of 

particular interest to the study of macroevolution. (I 

define a developmental program as a set of rules which tell 

tissues how to grow and differentiate, along with the 

temporal sequence in which these rules are read). 

various authors have noted that "macroevolutionary" 

change may often involve the fixation of mutations which 

alter either early developmental structures, or the rules by 

which development proceeds (Wessels, 1982). Furthermore, by 

altering the ways in which organisms are put together, such 

changes may yield phenotypes with the potential to evolve in 

directions which were not previously available (Gould, 

1980). Given that changes in early developmental characters 

and in the structure of developmental programs do occur and 

that they are important, our next step is to ask what 
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factors effect the likelihood that such changes will arise. 

In particular, we wish to know whether certain sets of 

ecological circumstances are more conducive than others to 

evolution of the basic rules by which organisms are put 

together. 

Most theoretical models for the evolution of 

development involve either hypothesized mechanisms of 

morphogenesis for particular types of characters (Oster and 

Alberch, 1982; Oster et al., 1988), or, if they aspire to 

generality, quantitative genetics (Lande, 1979; Cheverud, 

1984; Slatkin, 1988). In the quantitative genetic models, 

developmental relationships are represented by (and, 

sometimes, defined as) statistical correlations between 

characters. In a sence, this provides a first-order 

approximation; treating all developmental interactions as 

linear relationships. While this is a good first step, it 

misses much of the true complexity of developmental 

interactions. 

In the chapters that follow, I shall present a 

mathematical framework which allows us to investigate how 

the complexities of development, beyond simple character 

correlations, can influence the dynamics of evolution. I 

shall then offer a model of phenotypic development in a 

particular group, the Gastropods, which lend themselvs well 



to the study of morphological evolution. Finally, results 

from the general model will be applied to the Gastropod 

example, to investigate patterns of diversification within 

that group. 

15 



Chapter 2 

A Geometric Model of 
Developmental Evolution 

Developmental mechanisms influence evolution by 
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determining how genetic variation translates into phenotypic 

variation. This is the same as saying that development 

determines the paths, through phenotype space, by which one 

phenotype can evolve from another. We can thus imagine a 

developmental program as imposing some sort of structure on 

a phenotype space. 

In mathematical terms, the phenotype space is a set of 

possible phenotypes, and the structure imposed on it by 

ontogeny is a topology. One can think of such a topology as 

specifying which points are "close" to one another in the 

space. Below, I shall show how we can construct a topology 

on a phenotype space, given a developmental program. I will 

then superimpose a fitness function on this space, allowing 

me to investigate how selection acts on the process of 

development to determine evolutionary dynamics. 

A Developmental Topology 

For our purposes, a topology is a collection of subsets 

which, together, cover a set. These subsets can be of 

different sizes, but when taken together they include all 
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points in the set. To see how this imposes a structure on 

the space, think of points in the same subset as being 

"closer" to one another than either is to any point outside 

that subset. In a sense, we are now measuring the 

"distance" between two phenotypes (points in our space) by 

the kinds of developmental changes necessary to convert one 

into the other; not by how similar they look. 

I will define the one-mutant space M(~) of a phenotype, 

~, as the set of points in phenotype space which can be 

reached by a single mutation. This space can be thought of 

as containing a collection of subsets (m(0 j » each of which 

span the set of points which are accessible by one mutation 

expressed at a particular stage, i, in development (Fig 

2.1). These one-mutant subsets (m(0 j » will be of different 

dim~nsions depending on how many other characters could 

potentially be changed by a random mutation expressed in 0 j • 

The particular collection of subsets m(0) which cover M(~) 

will be determined by the particular developmental program. 

The entire space M(~) is clearly equal to the union of all 

the separate m(0 j ). Fig. 2.1 shows an example for a very 

simple system. I will assume that the subsets m(0) are 

simply connected (they have no holes). 

The dimension of the entire space M(~) is simply the 

number of different characters being considered. If a 



Figure 2.1: A simple developmental sequence (a), and some 

of the one-mutant subsets which it generates (b). Early 

phenotypic characters 01 and 02 give rise, through ontogeny, 

to adult characters 03' 04' and Os. For ease of drawing, 

the phenotype space shown in (b) represents only the adult 

characters. Mutations which are first expressed in one of 

the adult characters can shift the phenotype only along one 

of the lines m(03), m(04), or m(0s). A mutation expressed in 

02 would shift phenotype in the two dimensional subset 

m «2)2) • 
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Figure 2.1: A Developmental Topology 
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mutation expressed in a particular character, 0 j , results in 

a change in phenotype for a total of c j characters, and if 

these changes are uncorrelated with one another, then the 

dimension (n) of the one-mutant subset m(0 j ) will be c j • n 

need not be an integer, however, and fractional values of n 

correspond roughly to cases in which a mutation changes 

different characters in a correlated fashion. For example, 

if a mutation expressed in a particular character changes 

the phenotype of that character and one other, the dimension 

will lie in the range [1, 2J, with the specific value 

determined by how tightly correlated the changes in the two 

characters are. Thus, if a total of N characters change, 

but in a concerted fashion, we will have n < N. Appendix D 

discusses the mathematics of n and shows how it could be 

estimated from experimental data. 

In the example in Fig. 2.1 the subsets are all linear, 

this will not always be the case and is not necessary in the 

analysis that follows. What I will be assuming is that 

early developmental characters will tend to have one mutant 

subsets of higher dimension than late developmental 

characters. This corresponds to the idea that a mutation 

expressed in early development will have consequences for a 

number of later characters. I will show that early 

developmental characters will be "burdened" only to the 
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ex~ent that this last assumption holds. 

The one-mutant space M(~o) does not necessarily contain 

all possible phenotypes. Rather, it is constructed so as to 

span only the set of phenotypes which can be reached from ~o 

by a single mutation. Thus, M(~) may look different for 

different initial values of~. This will not be a problem 

for the analysis that follows so long as nearby values of ~ 

have one-mutant spaces with similar structure. If this 

holds, all phenotypes in a population would behave 

essentially the same. Note also that there tends to be 

little within population variance in early developmental 

characters. Thus, for such characters, it is reasonable to 

treat a population as a point. One could potentially 

construct 2-, 3-, or n-mutant spaces for a particular 

phenotype, but it seems reasonable to focus on the one 

mutant case so long as mutations are rare and come one at a 

time. 

The question that I wish to address is: Can we describe 

the probability that random mutation will be able to 

increase in frequency when rare as a function of the point 

in development at which that mutation is first expressed? 

In order to answer this question we will need to superimpose 

some fitness function on our phenotype space. 
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A Simple Fitness Function 

Consider a two dimensional phenotype subset (similar to 

m(¢2) in Fig. 2.1) and a fitness function having a single 

maximum, 0, in the subset, with fitness dropping off 

uniformly from this point (Fig. 2.2). For simplicity, the 

contours of equal fitness considered in this section are 

spherical. In a later section ("Generalized fitness 

spaces") I show how to extend these results to surfaces 

which are not spherical. In the discussion that follows, 

the fitness function described above can be either frequency 

independent or frequency dependant (in which case it will 

change shape as a population moves through it). If the 

fitness function is frequency dependant, we can only make 

statements here as to whether or not a mutant can increase 

when rare. 

In the sections that follow, assume that each axis in 

our phenotype space represents some morphometric measure 

which describes a particular character ( i.e. length). It 

will be convenient to scale each axis so that one unit 

represents the expected magnitude of change in a character 

caused by a mutation which effects only that character. The 

metric used will be Euclidean distance: 

If the initial phenotype is at ~o' then we can imagine 

a mutation which is expressed in the ontogeny of these two 
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characters as moving the phenotype some distance (D) in this 

space. such a mutation will shift phenotype to some point 

on the circle of radius D centered at ~o. Keep in mind that 

this is all happening in one of the one-mutant subsets as 

discussed above. 

Fo~ this simple case, the probability that the mutant 

phenotype will have higher fitness (at least when rare) than 

the initial phenotype (~o) is equal to the proportion of the 

circumference of the circle, centered at ~o with radius D, 

that lies inside the circle centered at 0 with radius r. 

This second circle simply represents a "contour" of equal 

fitness. 

Throughout this discussion, I will treat D as a single 

value. This allows one to study the effects of the 

magryitude of change. Clearly, however, mutations expressed 

at a particular stage will have an associated probability 

distribution of values of D. The metric and scaling 

properties described above make it possible to think of the 

circle of radius D as a set of equal probability if the 

actual magnitude of change is described by a mUltivariate 

normal distribution. 

In Fig. 2.2 the angle a is given by: 

a = Arccos [2 ~ rJ (1) 



Figure 2.2: Phenotype space representing two characters. 

The large circle on the left corresponds to the set of 

points with fitness (when rare) equal to that at the point 

~o. The point 0 is a local fitness maximum. The circle on 

the right represents the possible results of a mutation of 

magnitude D acting on ~o. Only those mutations which land 

in the region bounded by the circle centered at 0 are 

adaptive. 
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Figure 2.2: A Simple Fitness Function 
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Thus, for the two dimensional case, the probability, f, of 

increasing fitness is given by: 

f = ~ Arccos [2 ~rJ (2) 

It is easy to see how this model can be extended to 

consider any number of phenotypic characters. For a 

mutation which shifts phenotype in some n-dimensional 

subset, the circles in Fig. 2.2 become (n-1)-spheres (a 

circle is a 1-sphere). For this simple case the value of a, 

defined in equation 1, remains unchanged and the general 

equation for the probability of increasing fitness becomes: 

[:Sinn-2
( d 

f = 
r

7T 
sinn- 2 ( d 

J 0 

See Appendix A for derivation. 

Fisher (1930) considered a similar problem and 

presented (but did not derive) equations for the 

probability of increasing fitness due to a shift in 3 

(3) 

dimensions as well as for the case of many dimensions. 

Fisher's 3-dimensional case can be derived by letting n=3 in 

Equation (3) above. His equation for many dimensions is 

derived differently, but an identical curve is obtained when 



n is set very large (i.e. 1000) in Equation (3). Kimura 

(1983) also derives an equation which converges with 

Fisher's for many dimensions. 
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We can now examine the roles of the terms r, D and n in 

determining the value of f. From Equation (3) it can be 

shown that 

and 

where 

of 
or = D 

2Ar2 

(4) 

(5) 

(6) 

The derivation of Equations 4 and 5 is explained in Appendix 

B. The term A is simply the denominator of Equation (3), 

and is constant for fixed n. As would be expected, either 

decreasing the phenotypic magnitude of a mutation (D) or 

increasing the distance from an apparent optimum (r) 

increases the probability that the mutation will be 

beneficial. Note that both of these values enter into 

Equation (3) via the dimensionless term D/r. Thus, the 

magnitude of a mutation is best measured relative to where 
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the initial phenotype lies in an adaptive space. Analysis 

of Equation (3) with respect to the effects of changing the 

value of n (the dimension of the subset being considered) is 

somewhat more difficult to carry out and is discussed in the 

Appendix B. The effects of n can be seen visually, however, 

in Figs. 1.3 and 1.4. 

It is not surprising that, as one moves closer to a 

fitness maximum, the proportion of mutations which are 

adaptive drops off. The important point illustrated by 

Equation (3) and Fig. 2.4 is that, for mutations expressed 

at different stages in development, the rate at which this 

proportion drops off is strongly determined by what stage 

one considers. Thus, characters at different stages in 

ontogeny should be expected to respond differently to 

selection, depending on where the entire system finds itself 

in an adaptive space. 

Complex Adaptive Spaces 

The model presented above can easily be modified to 

take into account the possibility of multiple fitness peaks. 

In such a case, an adaptive mutation could shift phenotype 

up on peak or to another peak altogether. Fig. 2.5 

illustrates how this would be done. 

We are now interested in the proportion of mutants 

which fall into either of the regions bounded by the 



Figure 2.3: Curves illustrating the probability that a 

mutant of unit magnitude (D=I) can increase in frequency (f) 

as a function of the distance from a fitness maximum (r). r 

can be replaced by 11K as described in the text. n is the 

dimension if the subspace in which the mutation acts. 
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f 

o~~~~--~----------~----------~----~----~---
r 

Figure 2.3: Plot of f vs. r 
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surfaces I, or I 2 • In order to calculate the probability 

that a mutation of magnitude D shifts the initial phenotype 

(~o) into an adaptive region whose boundary does not include 

~o' we replace the value a in Equation (1) with the value 

a', defined by: 

[
D2+ 2r' r + 2J 

a' = Arccos 2D . (r' + ~) 

Where D is defined as before, r' is the radius of the 

(7) 

adaptive region bounded by I 2 , and r is the minimum distance 

from ~o to I 2 • The derivation of Equation (7) is presented 

in Appendix A. The value a' is now sUbstituted for a in 

Equation (3). 

If there are k non-overlapping regions in which a 

mutant could increase when rare, then the total probability 

of a random mutant landing in one of them is simply the sum 

of the independent probabilities of landing in each one. We 

could think of such a fitness function as defining an 

adaptive "landscape" which appears smooth from the 

standpoint of small scale changes but looks "rugged" (or 

uncorrelated, in the terminology of Kauffman and Levin, 

1987) for large jumps. 

Of particular interest is the effect of the value r 

(distance to the boundary of an adaptive region) on the 
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probability of jumping into that region. This is 

illustrated in Fig. 2.6, which shows the effect of 

increasing 1 in subsets of different dimension. For all of 

the curves in Fig. 2.6, the value of D (the distance jumped) 

is scaled such that D = r'+ 1. Note that even for moderate 

values of n, the probability of successfully jumping from 

the domain of one "adaptive peak" to that of another 

becomes prohibitively small very quickly. Thus, when such 

jumps do occur, we should expect them to result from changes 

in characters with low dimensional one-mutant spaces. 

Generalized Fitness Spaces 

So far I have assumed that the boundary (I) of an 

adaptive region curves away from any initial phenotype at 

the same rate in all directions. This is inherent in the 

assumption that all connected adaptive regions are 

spherical. While this assumption is reasonable for studying 

general trends, it will almost certainly not hold in most 

real cases. I would therefore like to generalize the model 

to include cases in which the equal fitness surface curves 

away to different degrees in different directions (Fig. 

2.7). Furthermore, for both practical and philosophical 

reasons, it would be desirable to describe the probability 

of a particular change as a function of the local (with 



Figure 2.4: Probability that a mutation can increase when 

rare (f) as a function of the dimension of the subspace in 

which it is expressed (n). DK can be sUbstituted for D/r. 
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Figure 2.4: Plot of f vs. n 



respect to D) properties of the fitness function, rather 

than having to invoke the existence of some distant 

"optimum" . 
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The term r no longer has any real meaning since we are 

no longer dealing with spheres. Instead, I will consider 

the set of terms k(i), with i = 1, 2, ..• , n-l for an 

n-dimensional subset. These k terms represent the degree to 

which the surface I curves away from the initial phenotype 

(wo) in different directions. More specifically k(i) is 

the curvature along the i'th orthogonal curve lying on I 

and passing through wOo These curves (n - 1 of them) are 

chosen so that they represent directions of local extreme 

curvature. For further discussion of the concept of 

curvature, see spivak (1979). For comparison with the 

models presented earlier, it is sufficient to state that the 

curvature of a circle of radius r is l/r. The k(i) terms 

can be thought of as a measure of how fast fitness drops off 

in different directions. 

We can now reformulate Equations (1) and (3) to include 

the case of generalized fitness functions. As is 

demonstrated in Appendix C, for n large, the actual value of 

f can be approximated by replacing the term a in Equation 

(3) with ak , defined as: 

ak = Arccos[D;K] (8) 



Figure 2.5: Model for the case of multiple fitness 

maxima. A mutation could shift the phenotype ~o into either 

of the regions of higher fitness, bounded by the surfaces 11 

and 12 • 
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Figure 2.5: Multiple fitness peaks 
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where 

K = 1 (I: _1_)-1 
n - 1 . k. (9) 

1 1. 

If none of the k(i) terms is close to zero, then the 

"effective curvature", K, is the harmonic mean of the 

individual k(i) values. Note that this quantity is most 

strongly determined by the smaller values of k(i). Thus, 

directions in phenotype space in which the gradient of 

fitness is small have a disproportionate effect on the 

probability that a random mutant can increase. An important 

fact (demonstrated in Appendix C) is that Equations (8) and 

(9) can also be thought of a describing the case in which 

the fitness function is changing such that the surface of 

equal fitness is changing shape over time. This means that 

time periods in which selection on many characters is 

relaxed (K is low) greatly increase the probability that 

mutations expressed early in development can become 

established. This last result means that, even if we do not 

know the exact geometry of a fitness function (as we never 

do), we can still make predictions based on environmental 

variance. 

Discussion 

I have presented a simple model in which a phenotype 

space is divided into a collection of (possibly overlapping) 



Figure 2.6: The effect of the distance (1) to the 

boundary of a region in which a mutant could increase when 

rare on the probability that such a mutant would land in 

that region. This probability is scaled to be relative to 

what it would be if the initial phenotype lay on the 

boundary of the adaptive region. The distance jumped (D) is 

always equal to r'+ 1, the distance to the optimum 

phenotype. Note that even if conditions were right for 

changes in early development, it would still be very 

unlikely that such changes would involve a shift to a new 

"adaptive peak". 
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subsets. Each of these spans the set of phenotypes which 

could be reached by a single mutation expressed at a 

different stage in development. The principal parameters of 

interest are the distance over which a mutation shifts a 

point in phenotype space (D), the dimension of the subset in 

which this shift occurs (n), and some measure of the 

geometry of the fitness function in the vicinity of the 

initial phenotype (r and K). 

Of these parameters, the first two are properties of 

the developmental program itself and the third is a function 

of the selective regime, which is determined by ecological 

factors. Thus, we can start to ask simple questions about 

how the ecological context that a developmental program 

finds itself in effects how it evolves. 

In addition to having higher values of n, mutations 

expressed in early ontogeny may well shift phenotype a 

greater distance (D) than those expressed late. The model 

presented above can be used to analyze the effects of 

changing D as well as n. In this discussion, however, I 

shall focus on the effects of dimension (n). Kauffman 

(1989) discusses the consequences for evolution if mutations 
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Figure 2.7: Model for a fitness function for which the 

surface of equal fitness to ~o (I) curves away from the 

point ~o with curvatures k(i) in direction i and k(j) in 

direction j. In this case a mutation shifts the initial 

phenotype a distance D in a 3-dimensional subspace. 
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Figure 2.7: Uneven fitness function 
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in early development shift phenotype a greater distance on a 

rugged landscape. 

When Should Burden Be Important? 

Riedl (1978) has argued that early developmental 

characters should be more "burdened" in their evolution than 

those which are expressed later on. The manifestation of 

this is generally held to be the pattern described by Von 

Baer's laws. In the model presented above, the dimension of 

the subset in which a mutation is expressed (n) will be 

related to how early in development that expression occurs 

(Fig.1.1). 

Fig. 2.4 illustrates the effect of n on the probability 

that a random mutation can increase in frequency for various 

values of D/r (or DK). When the fitness function is highly 

curved (D/r, DK large), the probability that a random 

mutation could get established drops off quickly as the 

dimension of the subset in which it is expressed increases. 

Thus, for highly curved fitness spaces, early developmental 

characters should in fact evolve much more slowly than later 

ones. Notice, however, that as the fitness function becomes 

less curved (as would be the case when a population finds 

itself far from an "adaptive peak") increasing n has a 

lesser and lesser effect. Thus, burden becomes less of a 

factor when populations find themselves spending more time 



far from local optima. 

This last result allows us to make some predictions 

about which sorts of ecological conditions should be 

conducive to evolution in the basic structure of 

developmental programs. consider populations which spend 

much time far from local fitness optima, as might be the 

case in environments which are subjected to frequent 

perturbations (due to climate, local invasions by other 

species, etc.). In such situations, the mutations which 

become fixed should involve a higher proportion of 

fundamental changes in the ways that the organisms are put 

together than in more "stable" environments. 
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Note that this argument can also be made without having 

to refer to "optimum" phenotypes. By Equation (9) and 

Appendix C, the effective curvature (K) is approximately 

equal to the harmonic mean of the curvatures over time. 

Thus, increasing the variance around the expected curvature 

will tend to decrease the value of K. 

The arguments presented above indicate that shaking up 

the environment in which a population finds itself will have 

the effect of increasing the probability (f) that a random 

mutant expressed at any stage in development will be 

adaptive. It is important to note, however, that the 

magnitude of this increase will not be equal at all stages 



Figure 2.8: The effect of reducing the value of K (as 

would occur when the environment becomes less stable) on the 

probability that a random mutant is adaptive. f' represents 

the change in f as K is reduced from K = 1 to the values 

shown, (i.e., f' (K = 0.5) = f(K = 0.5) - f(k = 1). Note 

that the change in f (f') is greatest for intermediate 

values of n. 
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Figure 2.8: Effects of reducing K 
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of development (indicated by the value of n). This is 

illustrated in Fig. 2.8, which shows the degree to which 

reducing the value of K increases the value of f throughout 

development. As K is decreased (as would occur in 

successively more disturbed environments), the probability 

that a random variant is adaptive goes up fastest for 

intermediate values of n. Thus, we should expect 

populations in highly disturbed environments to differ from 

those in more stable ones by having increased rates of 

evolution in early stages of development but not necessarily 

in the latest stages. 

This pattern is exactly what has been documented by 

Jablonski et ale (1983) and sepkoski and Miller (1985) for 

evolution in marine invertebrate communities. In their 

studies of paleocommunities, these authors found that, 

although speciation rates are higher in offshore 

environments, those speciation events which occur in 

nearshore environments more frequently result in the 

appearance new families and orders. Thus, the rate of 

evolution of general body plans of animals appears to be 

higher in nearshore environments. Jablonski et ale (1983) 

specifically note that the nearshore communities studied 

appear to have been more frequently disturbed and are more 

often subjected to local extinctions and recolonizations. 
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Thus, these communities fit our expectation that those 

environments in which the fitness function is more variable 

over time should produce a greater proportion of novel 

developmental changes. It is important to note that the 

pattern of nearshore innovation was not found for lower taxa 

(genera and species). This fits exactly with the 

expectations of the present model (see Fig. 2.8), but is at 

odds with most of the suggested mechanisms so far put 

forward to explain the data. 

A General Scenario 

As is illustrated in Fig. 2.1, a particular 

developmental program defines a collection of one-mutant 

subsets. At any time, mutations could arise which would 

shift the phenotype in anyone these spaces. In addition to 

this, low dimensional subsets are likely to harbor a 

certain amount of standing genetic variation such that 

shifts in these could occur even in the absence of mutation. 

Subsets of higher dimension, however, are not likely to 

harbor much variation since, as illustrated by Fig. 2.4, 

nearly all such variation would be deleterious. 

We can imagine a scenario in which we start off a 

population of phenotypes in a space with a fixed fitness 

function. If we start our population off far from any 
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stable point, the fitness surface will, on average, have 

relatively low curvature. Thus, new variation which is 

expressed over a large range of development (early and late) 

has a roughly equal chance of increasing when rare (Fig. 

2.4). Evolutionary change will therefore be spread 

throughout development. 

As the system gets closer to some stable point, 

mutations expressed in early development will have a lower 

and lower chance of increasing in frequency as the adaptive 

surface becomes more curved (r, the distance to the stable 

point, gets sm~ll). Thus, early developmental characters 

will tend to get "stuck" downslope from their hypothetical 

optimum phenotype. 

This is essentially the same result as was found by 

Kauffman and Levin (1987) for evolution on an uncorrelated 

landscape of high dimension. Using the model presented 

here, we can see that how long evolution would continue for 

a particular character is a function (defined by Equation 

(3» of the dimension of the one mutant subset for that 

character. It seems likely that the optimum phenotypes for 

late developmental characters will be determined in part by 

the phenotypes of earlier characters. This would be the 

case if the phenotypes of early developmental characters 

determine the nature of "tradeoffs" (Rosenzweig et al., 
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1987) between later characters. In the language of 

quantitative genetics, changes in early ontogeny could 

change the developmental correlations between later 

characters. Thus, even if late developmental characters do 

get near to some "optimum" (evolutionary stable) phenotype, 

it may not be possible ahead of time to predict where this 

point will be. 

Note that, in this scenario, early developmental 

characters can only change under a limited set of 

circumstances. Thus, they should be expected to show a more 

punctuational pattern of evolution than late developmental 

characters. 

Evolutionary dynamics 

The scenario presented above has consequences for the 

applicability of optimization or ESS theory (Vincent and 

Brown, 1988). Even if we imagine that all evolutionary 

trajectories ultimately settle down, it may not be possible 

to predict where they will settle down. Specifically, if 

an evolutionary trajectory involves changes in early 

developmental characters (or in the basic rules by which 

development proceeds), then these characters will only be 

changing so long as the fitness "surface" that they live on 

is of low curvature. But this is precisely the circumstance 



in which our ability to predict the direction of their 

evolution is lowest, since there is then a large region of 

phenotype space into which evolution could move a 

population. 
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To use the terminology of Brown and Vincent (1987), 

even if we can define a fitness generating function for a 

character with a high dimensional one-mutant subset, it will 

not accurately predict the evolutionary trajectory of the 

character. We could still use such a function to describe 

the evolution of late developmental characters, but only so 

long as the system stays relatively close to an ESS. 

oth~rwise, earlier characters, which could themselves 

determine properties of the fitness functions for later 

characters, may start to change also. Thus, modeling 

evolutionary dynamics with optimization or stability 

criteria will only be of value for systems which are closely 

tracking local fitness maxima (It should be noted that many 

interesting questions to which these types of models h?ve 

been applied, such as those involving the coexistence of 

similar species, may well satisfy this last criterion). 

It should be noted that this model makes no assumptions 

about the existance of stable points (ESSs). It is likely 

that many evolutionary systems will not have equilibria 

(Shahshahani, 1979; Akin, 1982), and even those that do may 



45 

not reach them. Equations (8) and (9) allow us to describe 

the probability of a mutant increasing in frequency when 

rare as a function only of the local geometry of the fitness 

function, which need not have any stable fixed points. 

constraints 

It is clear that the dimension of the one-mutant subset 

of a character, along with the selection regime to which it 

is subjected, can have a significant effect on the rate at 

which it can change. We therefore might be tempted to term 

this a constraint on the rate of evolution. Note that this 

differs from the general use of the term "constraint" 

(Maynard smith et al., 1985; Levinton, 1988), which involves 

some restriction on the direction of evolution. Moreover, 

by the model presented here, the overall rate of evolution 

will be most constrained for characters for which a mutation 

could shift phenotype in the greatest number of directions. 

Thus, the more dimensionally free a character, the more 

reduced its rate of evolution. 

This may sound paradoxical, but consider the fact that 

constraints on the direction of evolution are generally 

modeled in terms of correlations between characters 

(Cheverud, 1984). These correlations, however, effectively 

reduce the dimension of the subset in which phenotype can 
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change (see Appendix D). Thus, by Equation (3) (all else 

being equal), they increase the proportion of random 

mutations which could increase when rare. 
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As an example, consider the suite of characters which 

are allometricaly "correlated" with body size (Calder, 

1984). Various authors have noted that allometric 

relationships can strongly effect the direction of evolution 

(Levinton, 1988). It has also been pointed out, however, 

that evolution in body size often occurs very rapidly, 

particularly in the case of dwarfing (Raff and Kaufman, 

1983). A similar situation arises in the case of 

heterochrony (Gould, 1977; Alberch et al., 1979). Large 

scale shifts in the timing of developmental events are 

likely to involve changes in many characters, but often in 

a correlated, or predictable, way. Thus, we would expect 

there to be relatively little constraint on the rate at 

which such changes are fixed in populations. This may 

explain why heterochrony appears to be so important in 

macroevolution. 

Throughout this discussion, I have assumed that early 

developmental characters will have one-mutant subsets of 

high dimension, whereas those which occur later in ontogeny 

will be of low dimension. Wh'ile this is probably true in 

general, there will certainly be exceptions. It seems likely 



that some changes in early ontogeny could lead to either 

changes in few later characters or, more likely, highly 

correlated changes in a variety of later characters. This 

might be the case when there are inductive interactions 

between characters throughout ontogeny such that they 

develope in unison. The phenomenon of canalization 

(Waddington, 1957) represents another example in which a 

change in early ontogeny has few consequences later on. 

Thus, we should not be surprised to find some early 

developmental characters which are not highly "burdened". 
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The general model presented above makes a variety of 

simplifying assumptions (such as that mutations can only be 

considered one at a time). In spite of the simplifications, 

it allows us to investigate, and make predictions about, 

some general trends in the evolution of developmental 

programs. If this model is to provide much insight into the 

evolution of any particular group, however, it will be 

necessary to have some model of how developmental 

interactions generate phenotype in the group in question. 

The next chapter will present such a model for the 

development of external morphology in a particular group, 

the Gastropods. 



Chapter 3 

A Biological Model for the Development 
of Shell Form in Gastropod Mollusks 

Gastropod mollusks are one of the most diverse groups 

of metazoans, with over 100,000 extant and fossil species 
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described (Barnes 1980). seemingly at odds with this 

diversity is the fact that the external morphology which 

they present to the world, their shells, appear elegantly 

simple in their basic design. This simplicity has inspired 

researchers for over a century (Moseley 1838) to attempt to 

describe gastr0pod shells in geometric terms. 

Interest in the developmental processes which construct 

these shells has more than an aesthetic basis. The 

considerable interest which has arisen in recent years in 

the relationship between developmental and evolutionary 

mechanisms has pointed out the need for model systems with 

which to study how selection acts on the processes by which 

organisms are built. Ideally, such a model system would 

involve a highly diverse group of organisms for which we can 

get some handle on both the selective pressures acting on 

phenotypes in particular environments, and the developmental 

mechanisms by which those phenotypes are built. I shall 

argue that gastropods provide just such a system. 
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In the last 25 years, a number of researchers have 

investigated mathematical models of gastropod shell form 

(Raup 1966, Illert 1983, Okamoto 1988, Ackerly 1989a, 

Savazzi 1990). All of these models are based in some way on 

moving a "generating curve" through space so as to trace out 

the shape of a shell. While such models provide 

morphometric characters with which to describe shell shape, 

they do not address the developmental mechanisms by which 

shells are built. 

Shell material is laid down by a strip of cells running 

along the outer fold and outer epithelium of the mantle 

(Wilber & Saleuddin 1983). Although a shell is composed of 

different layers, each of these is laid down by a discrete 

group of cells. Thus, to a first approximation, each cell 

simply secretes its product at some pre-determined rate. 

What we are after is a model of shell growth that is based 

on the behavior of these cells during ontogeny. 

Consider a strip of tissue representing the shell 

secreting cells around the outer mantle fold. If shell 

material is secreted at the same rate along this strip, then 

the shell simply grows out as a cone. If, however, the 

shell is secreted at a higher rate on one side than the 

other, then the shell will begin to coil. Any change in 

shell coiling pattern must involve either a change in the 
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pattern of secretion or in the growth rate of the animal. 

In the model that follows, I assume that shell 

production is a continuous process. This is not to deny the 

fact that shell growth is often episodic (Linsley & 

Javidpour 1980), rather, it simply means that during growth 

periods, shell production is best modeled in terms of 

differential, rather than difference equations. 

A Model 

As a snail grows, the total rate at which it produces 

shell material -must go up with body size. otherwise the 

snail could outgrow its own shell. Specifically, if s~ is 

the rate of shell secretion at point, M, around a mantle 

with circumference m, then 

(1) 

The function a~, given by: 

a =~ 
~ m (2) 

represents the relative rate of shell secretion at point M. 

It is this function (referred to below as the aperture map), 

along with the growth rate of the mantle itself, which 
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determines shell shape. 

Coordinate Systems 

In order to describe the path of a point through space 

we need some set of coordinates. Early models of shell form 

used a fixed coordinate system (Raup 1966). More recently, 

however, various authors have pointed out the value of 

"moving frame" models in which the coordinate system is 

carried along with the aperture (Ackerly 1989a, Okamoto 

1988, L~vtrup & L~vtrup 1988). Such models avoid the 

conceptual problem of having to invoke points in space 

outside of the shell itself. 

Previous work with moving frame models has treated the 

aperture as a unit and fixed the coordinate system to the 

center of the aperture (Ackerly 1989a). While this point 

does correspond to part of the organism (usually the middle 

of the foot), it does not itself serve any function in shell 

production. Since our goal here is to describe shell form 

in terms of the behavior of specific cells during ontogeny, 

we seek a coordinate system which is defined at any 

arbitrarily chosen point around the strip of cells which 

secrete shell material. Fortunately, differential geometry 

provides just such a system. 

At any point on a space curve we can define a 

coordinate system which is determined completely by the 



Figure 3.1: The Frenet frame associated with a curve in 

space. The vector t is tangent to the trajectory, which 

curves (at any given instant) in the plane defined by t and 

n. b is defined as t X n. 
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Figure 3.1: The Frenet frame 
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local geometry of the curve at that point. This coordinate 

system is called a Frenet frame, and we can think of a 

trajectory as carrying a Frenet frame with it as it moves 

through space (see Fig. 3.1, Spivak 1979 discusses the 

geometry of the Frenet Frame). A Frenet frame is composed of 

three unit vectors, traditionally referred to as t, n, and 

b. A classic, and useful, result from differential geometry 

is that the shape of a space curve is defined completely by 

the values over time of only two parameters, the curvature 

(k) and the torsion (7). 

Describing a curve in three dimensions with only two 

parameters implies that some information is not being 

specified. In this case, the curvature and torsion define 

the shape of a curve, but not its orientation. This is 

actually an appealing property for studying shell growth, 

since it leads us to think of shape only as a consequence of 

internal interactions, with no reference to up or down. 

Each point on the aperture has an associated Frenet 

frame and a particular curvature and torsion profile. In 

the discussion that follows, the growth of the shell will be 

studied in the Frenet frame of an arbitrarily chosen point 

on the aperture. In the next chapter, I will discuss 

criteria for choosing a particular point with which to 

calculate the growth parameters of a particular shell. 



Figure 3.2: Framework for calculating the rate of shell 

production at a point ~' given the trajectory of ~. 
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1: 

Figure 3.2: Geometry of shell growth 

54 



55 

Trajectory of a Point on the Aperture 

I will assume at first that the aperture is growing in 

size exponentially. From Equation 1 we have: 

3 S A e rt 
p.,t = ap' 0 

Where Ao is the aperture size at time t = 0 and r is the 

growth rate of the aperture. 

Over a short period of time (dt), a point, ~, on the 

aperture moves a distance S(~) in the direction of the unit 

vector t. After this shift, the Frenet frame rotates 

through some angle ,·dt around b and through an angle 2·dt 

around t (see fig. 2). A crucial point here is that if the 

relative rates of secretion (ap.) around the aperture are 

constant, then the angles of rotation, , and 2' are also 

constant (see the Appendix). These two angles are related 

to curvature and torsion. However, since curvature (k) and 

torsion (7) are defined over unit ark length, we have: 

, 
k = 

s 
7 = 2 

s 

This last result tells us quite a bit about the path 

followed by a point on the aperture. A comparison of 

Equations 3 and 4 shows that both k and 7 are inversely 

4 



Figure 3.3: coiling patterns resulting from different 

aperture growth functions. The growth rates are: 0.5 (a), 0 

(b), and -0.5 (c). 
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Figure 3.3: Different shell forms 
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proportional to aperture size. Thus, if the aperture is 

increasing in size, the curvature of the path followed by 

each point on it must be getting smaller. This means that 

each point is spiraling out, away from the axis of coiling. 

Similarly, if the aperture is decreasing in size, then each 

point on it is coiling inward (Fig 3.3). 

From this result we can derive predictions about what 

shell forms are allowable if the relative rates of shell 

production (0) remain constant through ontogeny. Figure 3.4 

shows some shell forms that can not be produced under these 

restrictions. 

As discussed above, the curvature and torsion profiles 

of a curve uniquely determine its shape. They do not, 

however, determine the orientation of the curve in any 

external coordinate system. I see this as a virtue, not a 

shortcoming, of this way of modeling shell growth. Snails 

grow according to internal developmental interactions 

without regard for how they are oriented in space. It thus 

seems natural to discuss their form without having to invoke 

pre-existing axes. 

~he Aperture Growth Map 

So far I have considered the dynamics of only a single 

(arbitrary) point on the aperture. The trajectory followed 

by this point, however, is a function of the relative rates 



Figure 3.4: Two shell forms that can not be produced by 

the model presented here. In (a) the shell coils out even 

though the aperture remains a constant size. In (b) it coils 

in as the aperture grows. 



58 

Figure 3.4: Impossible shells 
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of shell production all around the aperture. I shall refer 

to the function G#, the rate of shell secretion relative to 

aperture size at a point ~ on the mantle fold, as the 

aperture map. As shown above and in Appendix 1, this map, 

along with the aperture growth rate uniquely determine shell 

form. 

To construct the function 0#, I shall pick a point on 

the aperture and then represent all other points with 

respect to the Frenet frame of the chosen point. Figure 3.2 

shows how the rate of shell production at a point ~' can be 

calculated from the trajectory of a point~. Using this 

approach, we can think of the chosen reference point 

"carrying" the rest of the aperture through space with it. 

Over a short time interval (dt), the change in the 

orientation of the vectors of the Frenet frame is given by: 

dt ,·n dt 

dn = (- ,. t + 2· b) dt (5) 

db = - 2·n dt 

Where , and 2 are the same as discussed in Equation 4 

above. These three equations are known as the Serret -

Frenet equations and are widely used in the study of the 

differential geometry of space curves (for an elaboration, 
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see Spivak 1979). 

Given S#' and taking the point ~ as the origin in our 

coordinate system, we can calculate the rate at which shell 

is being produced at a nearby point, ~'. In our coordinate 

system, this point is defined by a vector P. If the entire 

mantle is growing such that; 

1. dm 
m dt = r 

then the change in P due to rotation of the frame and growth 

of the mantle is: 

dP = [ 

r (r+1) c1 0 

-(r+1)cl r (r+1)c2 

o -(r+l)c2 r 

(6) 

Remember that the mantle itself is growing in circumference 

at a rate, r, as the shell is growing in length. The vector 

P is also being carried along with the point ~ which, in the 

time dt, travels a distance S~ in the direction of the 

vector t. The rate of shell production at ~' is now the 

magnitude of the vector: 
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(7) 

The magnitude of this vector is Spl. 

with this last result, we can calculate the relative 

rate of shell production for any point which is being 

carried along with our reference point. Conversely, given 

aperture shape, this allows us to see what pattern of shell 

production leads to a particular curvature and torsion 

profile for any given point. Figure 3.5 shows some shell 

forms and their corresponding aperture maps. 

Discussion 

The model presented above shows that shell form is 

completely determined by the growth rate of the aperture and 

the aperture map function (op). Furthermore, the shells of 

most gastropods are produced by a constant aperture map (one 

that does not change through ontogeny). Figure 3.5 shows 

some representative shell forms and their corresponding 

aperture maps. This model allows us to see just what 

changes in development are necessary to bring about any 

particular change in phenotype. Like previous models, which 

were based on pulling a generating curve through space, the 

model presented here provides a set of parameters which can 



Figure 3.5: Three shell forms and their associated 

aperture maps. Shells (a) and (b) have similar, though not 

identical, maps but differ in their growth rates; with (a) 

growing three times faster than (b). 
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be used to describe shell shape. But because the model is 

derived from biological parameters it also leads to testable 

hypotheses about patterns of existing shell form. 

It is important to note that I am presenting both a 

general framework with which to describe shell growth, and, 

separately, an hypothesis about a specific mechanism of 

shell development. The general framework is the idea that 

shell growth can be described by the growth rate of the 

animal and the pattern of shell production around the 

mantle. The hypothesis is that the aperture map is 

invariant during most or all of development. When the map 

does change during ontogeny, it should show an abrupt change 

to a new stable pattern. When there is gradual change in 

coiling pattern during ontogeny, it will most likely be due 

to changes in the growth rate of the animal. One prediction 

of this hypothesis is that the shell cannot coil out when 

the aperture is decreasing in circumference, or coil in when 

the aperture is growing. 

Figure 3.4 shows some shell forms which are not 

permitted under the hypothesis of constant aperture maps. 

Though these forms look odd, they are no less feasible from 

the standpoint of functional morphology than many open 

coiled shells, including the one in figure 3.5. This form, 

which is allowed under the hypothesis presented here, 



Figure 3.6: A snail of the genus cerion and a shell 

generated by allowing the aperture to grow for a fixed 

period and thereafter remain a constant size. This is 

accomplished with no change in the aperture map. 
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Figure 3.6: Model for Cerion 

------.-
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resembles some ammonites and the internal shell of the 

cephalopod Spirula. 

An relatively invariant aperture map does not mean that 

coiling pattern can not change during ontogeny. A change in 

the aperture growth rate can drastically effect coiling 

pattern with negligible effect on the pattern of shell 

production. When the aperture (which corresponds to body 

size) grows exponentially the result is the familiar conical 

spiral shell. If, however, the growth rate is allowed to 

vary, then a wide range of other morphologies are possible. 

One case in which the rate of aperture growth varies 

during ontogeny is the genus Cerion (Figure 3.6). Snails in 

this genus initially coil out but change this pattern when 

they reach a particular size. At this point, the shell 

stops coiling out and thus forms a cylinder. The model 

which I have presented allows us to understand what 

developmental processes are involved with this change in 

growth pattern. Figure 3.6 shows a specimen of Cerion and a 

computer generated shell which was produced by having the 

aperture grow exponentially for a time, then maintaining a 

constant size for the rest of the growth period. since this 

shift involves no change in the aperture map, it appears 

that the growth of Cerion is consistent with the hypothesis 

presented here. 
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It is clear that some gastropods do change the aperture 

map during their development. Perhaps the clearest example 

of this is the change which occurs at metamorphosis in 

marine limpets with veliger larvae. In these organisms, the 

larval aperture map is very uneven, with rates of shell 

production differing greatly at different points around the 

aperture. Upon settling, though, the relative rates of 

shell deposition suddenly even out to form the map 

characteristic of a limpet. 

Another example of a major pattern change during 

development is a shift in the axis of coiling. This also 

occurs at metamorphosis in some gastropods, and at the end 

of the crawling juvenile stage in the sessile snail 

vermicularia (Ackerly 1989b). Though this sort of change 

has a radical impact on shell shape, it can be accomplished 

with no change in either growth rate or aperture map. All 

that is needed is for the mantle to rotate in the shell so 

that the aperture map is rotated through some angle relative 

to its old orientation. 

The aperture map and growth rate define shell form 

under almost all circumstances. It is valuable, however, to 

consider cases in which they do not, since these represent 

corridors through which lineages could in principal escape 

from one general body plan to another. The most notable 



Figure 3.7: Two different shell forms generated by the 

same aperture map. This illustrates that when shell is 

produced at equal rates all around the aperture, and the 

aperture size is constant, then shell form is no longer 

defined by the model presented here. This scenario may be 

approximated by snails of the genus Vermicularia. 
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a b 

Figure 3.7: cylindrical shells 
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case in which shell shape is not determined by these factors 

is the case in which the growth rate of the animal is zero 

and shell material is secreted at equal rates all around the 

aperture. In such a case the resulting shell is a tube with 

constant diameter which can "shear" to one side or the other 

(Figure 3.7). The morphology of an animal growing with this 

pattern would be determined in large part by how the animal 

"chose" to deposit shell material. It is interesting to 

note that this growth form was approximated by some 

heteromorph ammonoids (Okamoto 1988), which exhibited 

extreme variations in shell form. A similar pattern is seen 

among gastropods of the genus Vermicularia, which "uncoil" 

after they attach to a substrate. It may be that these 

organisms manage to deviate from the general gastropod body 

plan by shifting their growth rate and pattern of shell 

secretion to the one place where they are not constrained to 

grow as a helical spiral. 

Although it does not solve the problem of shell 

coiling, the model presented here serves to shift the focus 

of questioning. Ultimately, we would like to know just how 

cells around the mantle are induced to secrete shell 

material at a particular rate. In principal, these cells 

could be responding either to a global field of positional 

information (Wolpert 1969) or, as shown in the Appendix, to 
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purely local cues. It is also possible that, as suggested 

by Hutchinson (1989), the mantle could be taking its cue 

from the preceding whorl of the shell (though some other 

mechanism would be required to get the system started). 
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As suggested earlier, a model system for the study of 

developmental evolution should be one for which we have some 

understanding of both the processes by which phenotypic 

characters are constructed and the selective regimes acting 

upon them. Numerous authors have investigated components of 

the selective forces acting on gastropod shells (Vermeij 

1987), largely through the study of their structural 

properties when attacked by various predators. Thus, with 

the model of development outlined here, we could begin to 

study in some detail how selection modifies the rules by 

which organisms are built. 



Chapter 4 

Microevolutionary Processes 
& 

Macroevolutionary Patterns 
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The influence of developmental mechanisms on evolution 

is most often brought up in discussions of "macroevolution" 

(Levinton 1988). This is not surprising, since the 

appearance of radically different morphologies forces one to 

think about what rules govern the paths along which one 

phenotype can be changed to another. It is important to 

remember, however, that microevolutionary dynamics are also 

strongly influenced by anything that affects the type and 

amount of phenotypic variation that arises in populations. 

Understanding the links between developmental 

mechanisms and microevolutionary patterns, for a particular 

group of organisms, requires first that we understand what 

developmental changes are required to produce particular 

phenotypic changes. One obvious thing that this knowledge 

would tell us is which phenotypes can, and can not, be 

produced. This is the most common interpretation of the 

term "developmental constraint"; that certain phenotypes 

can not arise, regardless of how adaptive they would be. 

While cases of this sort of "hard" constraint are 

interesting, they represent only a special case of a much 
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more general and important way that ontogeny can influence 

evolution: The rules by which organisms are built determine 

the frequency with which different phenotypic variants 

arise. It is in this way that development has the greatest 

influence on evolutionary dynamics. Since the fixation of a 

certain variant phenotype in a population influences what 

other variants can be fixed in the future, the evolutionary 

trajectory of a population is sensitive to the rate at which 

different variants appear. This relationship between 

development and microevolutionary dynamics is an essential 

precursor to discussions of macroevolutionary trends. 

In this chapter, I shall use the model of Gastropod 

development presented in chapter 3 to discuss what it takes 

to convert one type of shell into another. I will then 

apply the results from chapter 2 to predict the rates of 

evolution for some different phenotypic characters. 

Finally, I shall discuss how these microevolutionary 

processes can produce macroevolutionary patterns. 

How to Change Phenotype 

Following the lead of the last chapter, I shall 

represent the aperture of a shell in tne coordinate system 

defined by the Frenet frame of a point on the aperture. I 

will refer to this point as the "reference point" and to the 



IL 

72 

Frenet frame of its trajectory as the "reference space". I 

demonstrated in chapter 3 that the aperture map and growth 

rate define the trajectory of each point on the aperture. A 

corollary to this is that we can reproduce the aperture map 

given the trajectory of any point, the growth rate, and the 

shape and orientation of the aperture in our coordinate 

system. The simplest way to do this is to calculate the 

rate of shell secretion at each point in our reference 

space, then draw the aperture in this space. This is 

illustrated in Figure 4.1. 

Calculating the growth rate at each point in space 

before drawing in the aperture allows us to visualize just 

what changes must occur in the aperture map in order to 

produce any particular change in the shape or orientation of 

the. aperture. The coordinate system in Figure 4.1 is simply 

the Frenet Frame of the chosen reference point. Recall that 

this point is moving in the direction of t and curving in 

the plane spanning t and n. Note that both rotating the 

aperture relative to the direction of growth and changing 

its shape require sUbstantial rearrangements of the aperture 

map. 

--~ 



Figure 4.1: The growth rate space for a reference point 

on an aperture. The contours represent lines of equal rates 

of shell secretion, with a minimum near the center of the 

diagram. The points in £ lie in the plane perpendicular to 

the direction i~ which the reference point is growing. In b 

we see the entire Frenet frame with slices of the rate 

contours taken at intervals. By drawing an aperture into 

this space (two examples are given in £), we can read off 

the rate of shell secretion at each point around the 

aperture. In this case, the aperture growth rate is 0.03. 
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Figure 4.1: Growth rate space 
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Developmental Mechanisms and Microevolution 

In Chapter 2, I demonstrated that an important property 

of a developmental character is the dimension (n) of 

mutations expressed in that character. Recall that the 

value of n for a particular character is the dimension of 

the subset of phenotype space which can be reached by a 

single mutation expressed in that character. This value is 

not simply the number of other characters affected, since 

that number is sensitive to how we define our characters. 

To see this, consider the example shown in Figure 4.2. 

If mutations e~pressed at a particular point in development 

influence a number of characters in a predictable, 

concerted, manner, then a large number of these mutations 

will fill in a line in phenotype space (Figure 4.2). The 

number of "characters" changed by such a mutation will 

depend on what sort of coordinate system is used and how the 

axes are oriented in phenotype space. The dimension of the 

set of mutation products, however, will be near 1 regardless 

of how we define the space. 

Note that in this last example, a low dimensional one

mutant space results when characters respond to a change in 

development in a correlated fashion. A high dimension 

results when many characters are affected by the mutation, 

but in an unpredictable manner. That is, the outcome is 



Figure 4.2: Clouds of points representing a 1 dimensional 

(g) and a 2 dimensional (Q) one-mutant space. In g, moving 

from one point to another involves a change in all three 

phenotype dimensions, but in a completely correlated 

fashion. 
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sensitive to minor changes in the initial perturbation. 

One way to think of the dimension of mutations 

associated with a character is in terms of the sensitivity 

of other characters to slight changes in the manner in which 

the mutation is expressed. This is illustrated by the model 

of shell growth presented in the previous chapter. A change 

in either the growth rate of the aperture, or in the 

relative rates of shell secretion around the mantle, leads 

to consequent changes in a number of other characters. In 

spite of this, aperture growth rate turns out to be a low 

dimensional character n small). 

. Growth rate is a very plastic character for many 

animals (Raff and Kaufman 1983), and changes in growth rate 

are often at the heart of heterochronic changes in evolution 

(Levinton 1988). Changing the growth rate of the aperture 

(which goes along with that of the rest of the body) leads 

to consequent changes in the whorl expansion rate, rate of 

translation down the axis of coiling (both of these 

characters are from Raup, 1966), and apex angle (see figures 

5a and 5b in chapter 3). All of these changes, however, are 

tightly correlated with each other and quite predictable. 

For example, all else held equal, an increase in aperture 

growth will always increase the whorl expansion rate and, 

consequently, the apex angle. 



Figure 4.3: Transforming one form into another. The open 

coiled shell at top becomes closed coiled when the relative 

rate of shell production on the inside of the whorl 

decreases. Slight differences in how this occurs lead to 

the different shell forms below. pulling the rate of 

secretion down evenly produces the shell in the middle (£). 

If the point of minimum shell production rotates slightly, 

the aperture may be tilted, as in £. If a wider range of 

cells reduce their shell production rate, the result is a 

more tightly coiled shell with a greater rate of translation 

down the axis of coiling (g). 
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Figure 4.3: Transforming one form into another 
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changing the shape or orientation of the aperture is a 

much more complicated matter than changing the growth rate. 

As Figure 4.1 illustrates, altering either of these 

characters requires a change in the pattern of shell 

secretion around the mantle. The result of such a change is 

sensitively dependant on exactly what the new pattern of 

shell production is. Figure 4.3 shows how minor differences 

in how an aperture map is changed can lead to significantly 

different phenotypes. 

Aperture growth rate thus provides an example of a 

character which can change through low dimensional 

mutations, while aperture shape represents a character which 

can only be altered by mutations of relatively high 

dimension. Chapter 2 tells us that a random mutation 

aff~cting growth rate therefore has a higher probability of 

increasing fitness than a random change in aperture shape 

would. We therefore predict that natural selection can lead 

to more rapid evolution of growth rate than of aperture 

shape. 

This is a prediction about microevolution, and it is 

difficult to test directly since it concerns events which 

occur long time. intervals. If the reasoning can be extended 

to predict particular patterns of diversification 

(macroevolution), however, then these could be compared 
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Figure 4.4: An hypothetical phylogeny mapped into a 

phenotype space. Low dimensional mutations can shift 

phenotype along the 0 1 axis, but higher dimensional changes 

are needed to move along the O2 axis. Since most 

diversification is in the 01 direction, the occasional 

lineage that evolves to a large extent in O2 generally gives 

rise to a new "column" of descendant taxa. 
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Figure 4.4: Phylogeny mapped into phenotype space 



against actual phenotypic distributions among extant or 

fossil organisms. 

Patterns of Diversification 
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The results from Chapter 2 lead us to expect that the 

rate of evolution should be higher for characters which can 

be altered by low dimensional mutations than for those which 

can only be changed by high dimensional mutations. Figure 

4.4 shows the consequences of this for patterns of 

diversification. Here, 0, represents a character which is 

changed by low .dimensional mutations while change in O2 

requires a mutation of relatively high dimension. If we map 

a phylogeny into this phenotype space, we expect most 

emerging lineages to evolve principally along the 0, axis. 

Lineages which evolve principally in the O2 direction will 

occur rarely, but their descendant lineages will again 

diversify most along the 0, axis. 

This process produces a pattern of parallel 

diversification in which we see "columns" of taxa lined up 

along the 0, axis. Note that each column does not 

necessarily represent a monophyletic group. The pattern 

will thus not be apparent if we simply look at the 

phylogeny, without embedding it in a phenotype space. 



81 

Evidence for this sort of distribution of phenotypes is 

presented in Figure 4.5. Here, values for growth rate, apex 

angle, and a measure of aperture shape are plotted against 

each other for representative members of eight genera of 

snails. As is shown in Figure 4.1, the only way to change 

aperture shape is to change the aperture map function. We 

should thus expect less variation along this axis than along 

either of the other two for closely related snails. 

The phylogenetic relationships between the species 

studied have not been worked out. it is thus not possible 

to connect all the points. If we accept that taxonomy is an 

estimator of relationships, then we assume that most of the 

species within a given genus are closer to one another than 

to members of any other genus. This is all that we need to 

look for the predicted pattern. 

The data in Figure 4.5 conform to the predicted pattern 

of parallel diversification. within each genus there is 

less variation along the aperture shape axis than in the 

plane perpendicular to it. When we plot either growth rate 

or apex angle against aperture shape we see a "columnar" 

arrangement of species within each genus. Furthermore, for 

all 8 genera, the variance in apperture shape within that 

genus is smaller than the variances of either apex angle or 

growth rate. This result is significant with p = 0.00015 
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Figure 4.5: Data from eight genera of marine snails. 

Within each genus there is greater variation along both the 

Apex Angle and Growth Rate axes than along the Shape axis. 

Shape is measured here as the ratio of minimum to maximum 

diameter of the aperture. Note that when growth rate and 

apex angle are plotted together, the columnar orientation of 

species within each genus disappears. Because these 

characters represent fundamentally different kinds of 

measurements, each axis is scaled such that the total range 

of variation is on the interval (0, 1). Each genus thus 

represents a larger proportion of the total variation in the 

two low dimensional characters than in aperture shape. The 

Genera plotted are: 1 - Conus, 2 - Columbella, 3 -

Olivella, 4 - Thais, 5 - Nassarius, 6 - Turbo, 7 -

Calliostoma, 8 - Trochus. 
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Figure 4.5: Data from marine snails 



(binomial test based on the null hypothesis that in each 

genus, aperture shape has a 1/3 probability of having the 

lowest variance). 
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Note that some genera, such as Conus, appear to contain 

more than one "column" of species. This is not surprising, 

since the rules of classification vary from group to group 

and consider characters not studied here. When apex angle 

is plotted against growth rate, the only pattern which 

emerges is a weak correlation between these two characters. 

Not surprising given the fact that one of the ways to change 

apex angle is to change growth rate. 

Conclusions 

The phrase "developmental constraint" has been burdened 

with more meanings than it should have to carry. The 

impression given is often that development is some 

phenomenon that impinges on evolution and keeps it from 

realizing its full potential. This caricature of 

development, as something that simply keeps certain 

phenotypes from appearing, is a useful simplification in 

some models. If we do not recognize that it is ultimately 

incorrect, however, we risk keeping ourselves from being 

able to build a truly mechanistic model of evolution. 
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Development is the process by which genetic variation 

comes to be expressed as phenotypic variation. Any 

imaginable (complete) model of evolution must include a 

function that maps what is inherited to what selection acts 

on, even if (as may be the case with inra-genomic selection) 

they are the same thing. Any such function will allow 

certain variants to arise with greater frequency than 

others. For example, even if the phenotype is the set of 

genes, a mutation in a particular gene will tend to occur 

with greater frequency than simultaneous mutations in two 

genes. In a general sense, then, one developmental program 

only "constrains" evolution relative to another, and allows 

certain transformations that other programs do not. 

I have investigated just a few of the ways that 

selection acting on developmental mechanisms can determine 

the dynamics of evolution. Although the predictions made 

are often about macroevolutionary patterns, they flow from 

an explicit consideration of microevolutionary processes. I 

feel that this approach promises to greatly expand our 

understanding of both population level changes, and the 

large scale patterns of diversity that we see now and 

throughout the fossil record. 



Appendix A 

Derivation of Equations (3) and (7) 

We wish to calculate the proportion of the "surface 

area" (Hausdorff measure, for an n-sphere) of the sphere 

centered at Wo that lies inside the sphere centered at o. 

First note that the surface area (L) of an n-sphere can be 

written as L=gDn where D is the radius of the sphere and g 

is not a function of D. Given this, we can slice up the 

(n-1)-sphere centered at Wo into a set of sections whose 

centers lie along the line connecting Wo and o. Each of 

these sections will have surface area 
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d (A1) 

The proportion of the first sphere which is bounded by the 

second is then this function integrated from 0 to a (defined 

by equation 1) divided by the same function integrated over 

the entire surface. Thus: 

g.Dn- 1 • [:Sinn-2
( d 

f = (A2) 
g.Dn- 1 • J:Sinn-2

( d 



Figure AI: Geometry of the derivation of al. 
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Figure Al: Geometry of the derivation of a' 
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Note that this assumes that in each subset, the 

distance (r) to the fitness maximum in that subset is the 

same as for all others. If the entire one-mutant space has 

a single fitness maximum, then subsets which do not include 

this point will "see" a projection of it. Depending on how 

a subset is oriented, the value of r in it will tend to be ~ 

the value of r in other subsets of higher dimension. On 

average, the minimum distance from a random subspace to the 

actual fitness maximum decreases by a factor of 2 for each 

dimension that is added. Thus, for n ~ 10, values of r will 

be largely independent of n. 

Equation (7) is simply the case in which the center of 

the first sphere does not lie on the surface of the second. 

Thus, we need only recalculate the value of a (the angle to 

which we integrate the area function). Figure A1 shows how 

~his is done. 

If h and x are the legs of the right triangle with 

hypotenuse r, and a' is the new angle to which the area 

function is integrated, then: 

h = D sin(a'), 

x = r + T - D·cos(a'). 

Substituting these equations into the identity x2 + h2 = r2 

and solving for cos(a') yields Equation (7). 
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Appendix B 

The effects of D, rand n on f 

Equations 4 and 5 can be derived by noting that the 

terms D and r enter into the equation for f (Equation 3) 

only through the term a, which is the limit of integration. 

Thus, for evaluating the effect of the distance jumped (D) 

as given in Equation 4: 

~~ = ~! . ~g = f(a) • -[1 - [2~rJ2 J-
O

.
5 

(A3) 

The same procedure can be followed to derive equation 

5. For both of these cases, it is useful to note that: 

The partial derivative of Equation (3) with respect to 

n involves even more unsolvable integrals and is difficult 

to interpret. We can, however, address essentially the same 

question by noting that: 

J 
n n-1 J n-2 sinn- 1 (x) • cos (x) sin (x) dx = n • sin (x) dx - ~~--~~n--~~~~ 

(A4) 

This will allow us to represent the term A(n+2) (Equation 

(6)) in terms of A(n). This can be done by defining 
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J
'ff/2 

A(n+2) = 2 a sinn(x) dx = (A5) 

(Beyer, 1981). 

Similarly we can write A(n) as: 

A(n) = (A6) 

Combining Equations (A5) and (A6), and using the fact that 

r(x+1) = x-rex), yields: 

A(n + 2) = n-1 _ A(n) 
n (A7) 

We can now write f(n+2) as a function of fen) by first using 

(A4) above: 

f(n+2) 
(A8) 

Substituting for A(n+2) (Equation (A7» and a (Equation 1) 
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in the right hand side of this equation yields: 

f(n+2) = fen) - (n - 1) • A(n) 
(A9) 

Note that f(n+2) is always less than fen) for n > 1 and 

D > 2r. 



Appendix C 

Derivation of Equation (9) 
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I will assume that portion of the sphere centered at ~o 

and lying inside the surface of equal fitness is simply 

connected. Also, assume that the curvatures along the lines 

i and j in Figure 2.7 are roughly constant over the distance 

D. Then, locally, these lines approximate segments of 

circles with radii l/k(i) and l/k(j) (these 

are the "osculating" circles, see Spivak, 1979). 

We now divide the sphere up into "sections" as 

indicated in Figure A2. The key is to note that, in terms of 

the proportion which lies inside a particular region, these 

sections behave like the entire sphere. This can be seen by 

the fact that the area of any of these sections out to an 

angle a is simply the area of the sphere out to that angle 

(as calculated in Eq. (A2» multiplied by do/2~. This 

quantity drops out when we calculate the ratio just as the g 

terms dropped out in the derivation of Equation (3). 

If the angle a changes as we vary the angle 0, then the 

total proportion of the surface of the sphere which lies 

inside the surface of equal fitness is given by 

(A10) 



Figure A2: Method for dividing the surface of a i-mutant 

sphere into sections (one of which is shown as a hatched 

region). Integrating over the angle 6 is equivalent, in the 

n-dimensional case, to integrating over the space formed by 

the intersection of the sphere and the surface I (denoted 

by a). 
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Figure A2: Dividing one-mutant sphere into sections 
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If we define a as the intersection of the sphere 

centered at ~o and the surface I (for an n-dimensional 

space, a is then an (n-2)-dimensional surface), then we are 

simply integrating f over a and dividing this quantity by 

the (n-2)-dimensional area of a. Thus, if the surface I 

curves differently in many directions, 

f = Hta) • I f (All) 

where H(a) is the area of a. 

Equation (All) basically states that if the angle a is 

changing as we move around the intersection of the two 

surfaces, then the probability of increasing fitness (f) 

will be equal to the mean value of f, averaged over 0 (or, 

a(o) in the example). 

In any particular direction, a(o) will be given by 

a(o) = Arccos(D • k(o)/2). (A12) 

This follows from Equation (1) and the fact that k=l/r, 

where r is the radius of the "osculating" circle (Spivak, 

1979) along the direction in which k is measured. Think of 

this as the circle that best fits into the surface along 

this direction. 



The consequence of all this is that if a varies as we 

move around the intersection of the two surfaces, then the 

overall value of f will be the same as if the region in 

which mutants can increase when rare (bounded by I) were a 

sphere with the radius varying over time. This could be 

thought of as a case in which the distance to some 

"adaptive peak" is changing. 
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To see how Equation (9) arises, note that the curves of 

f vs r in Figure 3 become relatively linear over small 

stretches as the value of n gets large. Thus, if r is the 

arithmetic mean value of r over time, then the average value 

of fer) will be approximately given by f(r). Since k=l/r, 

the'effective value of k will be l/r. This is simply the 

harmonic mean of k. 
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Appendix D 

Subsets with fractal dimension 

As described in Appendix A above, the dimension of the 

system (n) enters into the analysis when calculating areas 

on the surface of a sphere centered at wOo This is 

accomplished by slicing up that (n-l)-sphere into a set of 

(n-2)-spheres, the area of each of these being proportional 

to its radius raised to the (n-2) power. Non-integer values 

of n arise when these "slice" spheres have non-integer 

dimension. 

If all axes are independent, and we scale them 

appropriately, then a sphere of integral dimension 

corresponds to a case in which phenotype is equally likely 

to shift in any of the possible directions. Intuitively, a 

non-integer dimension ought to represent a case in which the 

chances of jumping in some directions are higher than for 

others. 

To construct such a sphere, we choose a set of polar 

coordinates (D, l' 2' ••• , n) in which D represents 

radius. I shall consider here the case of a sphere of 

dimension (n) between 1 and 2, the extension to higher 

dimensions is straightforward. For a fixed value of D, 

points on a 2-sphere can be represented by (1' 2) with 

1 [-~/2, ~/2] and 2 [0, 2~). A sphere which behaves as 

expected by Equation (3) for n = 1 + a corresponds to a case 

in which points fall differentially along 1 such that l/x 



Figure A3: The range [0, ~/2] of is divided into m 

segments. Here, m=5. 
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Figure A3: Dividing up a fractal sphere 



97 

of the points fall in the range (_1/x 1/ao"/2, 1/x1/ao"/2) ° 

Thus, for a = 0.5, if we imagine throwing points into the 

space at random, 1/2 of the time points fall within 1/4 of 

the range of " 1/3 of the time they fall within 1/9 of the 

range, and so on. 

Construct a (1+a)-sphere as follows: Divide up the 

range of , from 0 to "/2 into m pieces, each corresponding 

to an ark of "12m, as shown in Figure A3. (The construction 

is the same for the range -"/2 to 0). If points fall 

differentially along , as described above, the segment 

bounded by , = 0 (s,) will contain 11m a of the points. 

(thus, if m=4 and a=0.5, 1/2 of the points fall in s,), 

segment s2 will contain [(21m) a - 1/m'l , and in 

gerieral, segment si will have point density ~i given by: 

~i = (i/m) a - [(i-1)/m] a • 

This is still a 2-dimensional space but with density of 00 

along the line 1 = 0 as m goes to infinity (for a 

discussion of density, see Falconer, 1985). To remedy this, 

divide each ~i by ~1om. The measure of each segment is now 

11 1 .=..1 [,a 
,.. 1 m ° ~ - (i-1) 'l (A13) 

We can now build a (1+a)-sphere by dividing the ark into m 

pieces but only filling in a portion of each piece, each 

portion being defined by Equation (A13) above. This process 
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Figure A4: Sequence in the construction of a fractal 

sphere. Only one quadrant is shown. As m ~ 00, this process 

produces a sphere of Hausdorff dimension 1/2. Note that for 

a ='1 this process yields a circle (a 1-sphere) and for a = 

a it produces a a-sphere (2 points, equidistant from the 

origin). 
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m = 2 m = 4 

m = 16 

A4: Creating a fractal sphere 
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is illustrated in Figure A4. Note that the first segment 

will always be filled in completely. Thus, letting m~oo, as 

a ~ 0 the set behaves like a 1-sphere. Adding up all m of 

these yields a measure, ~T' for the whole range (0, ~/2) of: 

(Al4) 

Note that this goes to 0 as m ~ 00. 

To show that, as m ~ 00 the set constructed above does 

in fact have Hausdorff dimension l+a, cover it with squares 

of side 11m. This requires dividing the 2 axis into m 

sections but only requires rna partitions along the 

axis. Thus, as m increases, the number of squares needed to 

cover the entire set goes as m(l+a). The Hausdorff 

dimension of the set is then the supremum of n such that 

lim [ m
1

+
a 

] = 0 
m~oo mn 

(Morgan, 1988). The entire set therefore has (l+a)-

dimensional Hausdorff measure 1 and 2-dimensional measure o. 

Figure A4 shows the sequence of constructing a l.5-sphere 

for increasing values of m. 

Such a set constitutes a (l+a)-dimensional sphere which 

behaves as Equation(3) predicts for n = 1 + a. If the 

distance jumped (D) is a random variable with its own 

probability distribution, then a system with the sort of 
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Figure A5: A scatter of points in a space of dimension 

1.5. This was produced by letting D (distance from the 

origin) vary according to a normal distribution and setting 

m = 600. Here, Q ~ 1.5. The line in the upper right 

quadrant divides the points in that quadrant in half. 
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fractal structure that I have described will produce a cloud 

of points which appear "compressed" along some set of axes. 

An example, for n = 1.5, is given in Figure A5. Note that 

such a system cannot accurately be described by a 

mUltivariate probability density function. It does, 

however, produce a scatter which looks quite similar to that 

produced by a mUltivariate distribution and which, depending 

on how axes are oriented, could be thought of as 

representing a "correlation" between characters. 

The dimension of a one-mutant subset could be estimated 

from data by using the fact that, for each axis, 1/2 of the 

points should lie in the range (-1/2 1/ a .W/2, 1/21/ a .W/2), 

where a is the contribution of that axis to the total 

dimension of the subset. An initial set of statistically 

independent axes could be obtained as the eigenvectors of a 

covariance matrix, as is done in principal components 

analysis. The points themselves would have to be obtained 

experimentally by mechanically altering the character in 

ontogeny and then observing the resulting adult phenotypes. 

Alternately, one could use information from somatic 

mutations which are expressed at a known stage in 

development. 



!L 

Appendix E 

The fact that the aperture map and growth rate 

determine shell form results from the fact that these 
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factors determine the angle at which each point grows out 

with respect to the rest of the aperture. To prove this, I 

shall consider a two dimensional system shown in Figure 1A. 

This proof can be extended to a three dimensional system by 

projecting it onto a plane. 

During a time interval dt, the aperture grows from size 

a to r'a, where r is the aperture growth rate. This occurs 

because shell is being produced at a rate S~ around the 

mantle. What we wish to prove is that specifying a, r, and 

the values of S~ for some finite number of points determines 

the angle which the trajectory of each point makes with the 

aperture (cl in the figure) . 

. Given a, r, cl, C2, and the value of S at some point, 

we can calculate the value of S at a distance a as: 

[ 
2 2 ] 1/2 

Sa = y + X 

or: 

2 2 2 
Sa = S + (ra) + 2S'ra'cos(cl-c2) 2 

- 2a·(Socos(c1) + raocos(c2» + a 

We have two unknown variables', cl and c2, so we expect to 

need one more value of S to calculate them. considering a 



Figure A6: Geometry of the proof that growth rate and 

aperture map determine shell form. 
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x 

A6: Geometry for the proof of growth rate theorem 
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point twice as far away, we get: 

2 2 2 
S~ = S + 4(ra) + 4Sraocos(c1-c2) 2 

- 4a(Socos(c1) + 2raocos(c2» + 4a 

Then: 
222 2 

= -S + 2(ra) + 2a - 4ra ocos(c2) 

From this last equation, c2 can be calculated. c1 is 

then found through back sUbstitution. This shows that for a 

two dimensional snail, specifying the rates of shell 

production at only 3 points, along with the growth rate, 

determines shell form. A similar proof can be used for the 

more common three dimensional snails, but the secretion 

rated at five points must then be specified. One way to see 

this is to imagine projecting the three dimensional analogue 

of Figure lA onto a plane. Five values of S would be needed 

to ensure that all projections onto the plane showed at 

least two. 
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Appendix F 

Below is a list of the measured values plotted in Fig. 

4.5. For each character, the measurements are scaled such 

that the smallest is assigned a value of 0 and the largest a 

value of 1. 

Calliostoma 

leanum 

ligatum 

doliarum 

zizyphinum 

palmeri 

jujubinum 

Columbella 

strombiformis 

major 

pardalina 

fuscata 

mercatoria 

Turbo 

pentholatus 

intercostal is 

Growth rate 

0.216147, 

0.466825, 

0.340825, 

0.460882, 

0.594753, 

0.306731, 

0.239374, 

0.251158, 

0.327324, 

0.412044, 

0.285005, 

0.699479, 

0.868996, 

Aperture 

0.733061, 

0.712698, 

0.723801, 

0.744906, 

0.709226, 

0.715822, 

0.275587, 

0.216982, 

0.227291, 

0.301848, 

0.301848, 

0.639207, 

0.664668, 

Apex 

0.335823 

0.448082 

0.477033 

0.588207 

0.492031 

0.454969 

0.278225 

0.200729 

0.150977 

0.592709 

0.382048 

0.512499 

0.369055 



lajonkairii 

setosus 

fluctuosus 

cineria 

Thais 

tuberosa 

blanfordi 

harpa 

rustica 

haemastoma 

Olivella 

biplicata (WA) 

dama 

biplicata (CA) 

zanoeta 

Nassarius 

fossatus 

dorsatus 

catallus 

arcularius 

unicolorata 

luteostoma 

0.580541, 

0.758579, 

0.649700, 

0.691904, 

0.465640, 

0.344172, 

0.559656, 

0.675135, 

0.622088, 

0.687618, 

0.630703, 

1. 000000, 

0.544943, 

0.384150, 

0.457299, 

0.400092, 

0.443447, 

0.469784, 

0.398826, 

0.734822, 

0.670816, 

0.694615, 

0.712698, 

0.566111, 

0.554442, 

0.529170, 

0.516612, 

0.488629, 

0.337566, 

0.302992, 

0.363124, 

0.316402, 

0.550803, 

0.569086, 

0.596040, 

0.603212, 

0.534168, 

0.550280, 

0.412030 

0.344473 

0.530970 

1.000000 

0.507624 

0.257577 

0.177289 

0.403038 

0.376501 

0.258620 

0.131079 

0.680149 

0.010710 

0.017346 

0.049887 

0.179546 

0.335823 

0.042172 

0.000000 
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Conus 

textile 0.239374, 0.129656, 0.601653 

nussatella 0.310192, 0.000000, 0.644512 

victoriae 0.340154, 0.139361, 0.664233 

guercinus 0.248225, 0.002952, 0.907867 

ximenes 0.128351, 0.020109, 0.335823 

dalli 0.267142, 0.115550, 0.852096 

lucidus 0.215389, 0.141267, 0.561539 

diadema 0.356793, 0.102939, 0.948159 

Trochus 

triserialis 0.180676, 0.870059, 0.133441 

lineatus 0.358113, 0.874237, 0.578384 

pyramis 0.104956, 0.952875, 0.179546 

fenestratus 0.112535, 1.000000, 0.236500 

histrio 0.354149, 0.893985, 0.745290 

concinnus 0.352825, 0.893985, 0.505994 

maculatus 0.000000, 0.844180, 0.626573 
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