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ABSTRACT

The Lax-Levermore strategy for analyzing the zero-dispersion limit of the KdV
equation through its inverse scattering transform can be adapted to study the semi-
classical limits of the defocusing nonlinear Schrédinger (NLS) equation, which are in
fact the limits of corresponding conservation laws.

The weak limits of all conserved densities and their fluxes can be characterized
in terms of the solution of a variational problem that in turn can be solved using
function theory.

These results rest on a new formula for the N-soliton solutions and a WKB anal-
ysis of the semiclassical limit for the direct and inverse Zakharov-Shabat scattering
transform.

Moreover, with Levermore’s method, one can see that the limiting dynamics ex-
plored is hyperbolic and agrees with that obtained by classical nonlinear modulation
theory.

The result is extended to the whole NLS hierarchy.
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CHAPTER 1
INTRODUCTION

1.1 The NLS Equation

The one dimensional cubic Schrédinger equation :

iy = —xx + Clp|* (1.1.1)

is a canonical nonlinear wave model, which arises throughout physics. For example,
when the constant C > 0, it corresponds to propagation of a wave beam through a
defocusing medium. It was first shown to be completely integrable by Zakharov and
Shabat (Z-S) [20] and later generated as one of a large class of integrable equalions
by Ablowitz, Kaup, Newell and Segur (AKNS) [1].

One may be interested in the behavior of the solution (X, T) with a large X and

T. If so, let us introduce a small parameter 0 < h <<1:
ihU, — %thu +|U*U =0. (1.1.2)

We rescale T', X with the same small positive parameter h as follows, T = —t/(2h),
X = z/h and change the dependent variable ¥ with ¢ = U \/575 . Thus, to study
the behavior of solutions of equation (1.1) at big (T, X), we should explore the limits
of solutions of equation (1.1.2) as k goes to zero.

Look at equation (1.1.2) again. This is just a usual Schrodinger equation of quan-
tum mechanics with the potential V(z) replaced by the nonlinear function |UJ2.

In the case of linear Schrodinger equations of quantum mechanics, the study of

semiclassical behavior has a long history with a wealth of literature [17]. Following
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these classic studies, it could be very interesting to know the semiclassical limits of
nonlinear Schrédinger equations (NLS), for example, as of equation (1.1.2).

It is natural to impose a spatially homogeneous far-field boundary condition of the
form

—ik?

h

)— nexp(f%) as x — too. (1.1.3)

U(z,t; k) exp(

Here &, S, S_, are real constants with & > 0.
The initial condition, as in the usual linear case, is prescribed by two smooth

real-valued functions, A(z) and S(z), which are independent of k:

U(z,0;h) = A(z) exp(%ﬂ).

It is assumed that the initial data is consistent with the far-field boundary condition

(1.1.3). i.e.

A(z) — & as T — too,
and
S(z) - { S+ (2 = o)
S_ (z = —00).

For the requirement of the boundary conditions, it is natural to absorb the explicit

time dependence of (1.1.3) into the U(z,t; ), which will then satisfy
ihU, - -;-thu — (R = |UR)U =D0. (1.1.4)

After further absorption of a constant phase factor into U(z,t;h), the boundary

condition (1.1.3) can always be brought into the form

K (z = +o0)

(1.1.5)

U(z,t; h) — )
( ) { kexp(i6/h) (z — —o0)

where § is a real constant and § = S_ — S,. In fact, the initial function

U(z,0; k) = A(z) exp(i(S(z) — S4)/b) & Un(x; h) (1.1.6)
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matchs (1.1.5).

In this paper we will study the semiclassical limits of the defocusing NLS initial
value problem as given by (1.1.4) and (1.1.6). We will characterize various properties
of these limits. '

From now on, we consider the case that £ = 1 only. Since from (1.1.4), one can
get

il — %h?ﬂﬁ — Q=TT =0,
if setting

f=tx?, g = zk, and U =U/k.

Thus |U| — & if and only if |J| — 1.

1.2 The Semicléssical Limits

The semiclassical limits are the dynamics obtained by letting 2 — 0 for this initial
value problem (1.1.4),(1.1.6). It is not clear directly from the NLS equation (1.1.4)
what form such a dynamics might take. Insight into this question can be gained by

considering the well-known conservation laws associated with the NLS equation :

Oip — Ot =0
e — O:( + 1p?) = —20,(p0.:logp) (1.2.7)
Oie + 0:[2(1 — p)p — K2R} = 0,

where
b .
R = —zE(U;Um - U.U;,). (1.2.8)
These conserved densities are related to U = U(z, ¢; ) through

p=|UP
p=—it(UU, - UU?) (1.2.9)
e=(1=|UP?+ h|Usf? = (1 = p)? + 2 + h2Le2l;
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and initialed by

p(a,0) = 42(2) & p(a), (210
#(w,0) = 4%(2)8:5(2) = p().
They are often treated as particle number density, momentum density and energy
density {20].
Notice that (1.2.7) shows a system of perturbed Euler equations if of which all the
O(h?) terms are negligible as A — 0. Thus formally, the limits of densities p and g,

say g and [, satisfy a hyperbolic system

0ip — 8:() = 0,
i — Ou(B2 [P+ 7/2) = 0;

(1.2.11)

with initial data

p(z,0) = p(z),
A(z,0) = p(z),

(1.2.12)

so long as the classical solution of (1.2.11) exists. The limiting energy density € is
then given by
= e, B
E=(1-p’+ 5
As is well-known, by genuine nonlinearity, solutions of (1.2.11) will develop singu-
lar behavior (an infinite derivative) at some finite time, say t;, for all but rarefaction
initial data. Compared to (1.2.7), the neglected terms in (1.2.11) are dispersive.
Consequently, the impending singularity is then expected to be regularized by devel-
opment of small wavelength oscillations with an amplitude of order unity. One can
confirm this by numerical analysis. Therefore, after the break-time t;, the conserved
densities can be expected to have weak limits at best [15].
It is interesting to see whether the solutions of (1.2.7) converge to those of (1.2.11)
before the break-time t;, and whether the limits of these conserved densities exist

after #;. If these limits exist in whatever sense, do they still satisfy some hyperbolic

system?
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1.3 The KdV Analogy

When stated this way, the problem has many similarities with that of the small
dispersion limit of the Korteweg-de Vries (KdV) equation. In that case, Lax and
Levermore [11] studied the limit as ¢ — 0 of the conserved densities v(z,t;¢), a
sequence of real-valued solutions to the initial-value problem

Vg + 6vvg + Evy5, = 0,

v(z,0,€) = v(z).
After the break-time, the limit is weak LZ(R) due to the development of regularizing
small wavelength oscillations with an amplitude of order unity. .

In a seminal paper, Gardner, Greene, Kruskal and Miura (GGKM) [5] showed
that the KdV equation is completely integrable usiﬁg the inverse scattering transform

associated with a self-adjoint Schrédinger operator
L= —€0,z +u. (1.3.13)

Lax and Levermore [11] analyzed the limiting behavior of the scattering and inverse
scattering transform using a WKB analysis of (1.3.13) and a kind of steepest descent
argument [18] to obtain a characterization of the (weak) limits in terms of solutions of
a variational problem. The solution of this variational problem was then constructed
through solving a Riemann-Hilbert problem. Lax and Levermore’s results match the
modulation theory of the KdV equation (see [3]) very well.

Moreover, Levermore [12] proved that the small dispersion limit of the KdV equa-
tion always satisfied a hyperbolic system even after the break-time 2.

In the case of wave equations and their limits, research in modulation theory and
the related approximate analysis are quite popular. Flaschka, Forest and McLaughlin
(FFM) (3] summarized and generated these kinds of results for the KdV equation.
Following FFM, Forest and Lee [4] found a similar structure in NLS equations.

Following GGKM, Z-S solved the NLS equation (1.1.1) successfully with the inverse

scattering transform [20]. One may expect to use the Lax-Levermore strategy to



16

analyze the semiclassical limits of the NLS initial problem (1.1.4)(1.1.6) since both
the KdV and the NLS equation are completely integrable; they converge to hyperbolic
systems at least near the initial time; they have real spectrum; and they have similar
structures according to the modulation theory. However, it does not appear to be
so obvious because the Z-S solution is in a formula of a determinant related to a
complex matrix with double dimension and zero eigen-value. This matrix is a more
complicated one than that of GGKM’s KdV solution, which is related to a real,
definite positive and lower dimension matrix.

As a part of our results, we find that the Z-S solution can be simplified to a form
the very similar to that of the KdV solution. Thus, we can employ and improve the

strategy of Lax and Levermore to analyze semiclassical limits of the NLS equation

(1.1.4).

1.4 The NLS Hierarchy

Like the KdV equation, the NLS equation (1.1.1) is a basic member of the AKNS
hierarchy. That means the equation (1.1.4) is completely integrable and has an infinite
number of conservation laws. Thus, the term “semiclassical limits” should mean the
simultaneous limits of all these conserved densities and fluxes. One important aspect
of our work, which is not contained in earlier KdV studies, is that we simultaneously
treat all of these quantities, which are related to an infinite number of Hamiltonians,
or an infinite number of NLS flows (NLS hierarchy).

There are many ways to study these NLS flows. In order to get a uniform formula

for all these conserved densities, we start with a linear eigenvalue problem recom-

mended by Zakharov and Shabat [20] :

—iA U*(z,t;h
W,=pPV=| " Weth) Vo oy
—iU(z,t; h) i)
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Following Flaschka, Newell and Ratiu (FNR) [6] [16], the temporal evolution of mem-
bers of the infinite hierarchy satisfy the relations '

k=n
hVe, = QMY = 5" AQu_, (1.4.15)
k=0
withn = 1, 2, --. . Here,

Qn = —anH + bsE + b F,

10 01 00
H:: , E: , F= y
0 -1 0 0 10

and with {ax, bx} determined iteratively by

with

Qg = i, bo = 0,
bk.*.] = z(hﬁ,bk - 22akU*)/2
hapys = —i / (Ubgyr + U*Bty,) da. (1.4.16)

The solvability condition 88,V = 8,0,V for (1.4.14) and (1.4.15) leads to

hP,, — hQW + [P,Q™] =0, (1.417)

where [P, Q] is the matrix commutator PQ — QP.

-The evolution equation for U is then determined by (1.4.17). Different t, means
different time flow and leads to different equations for U, i.e., different members of
the def:'ocusing NLS hierarchy. For example, if we choose n = 2, and let ¢, = t, then

the eq\‘1ation for U will be

ihU, = %h’Uu —(lUP = 1)U

This is the equation found in (1.1.4). We will call it a t-flow hereafter.
I
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We display our research on all the NLS flows simultaneously from the following
basic knowledge :

(a) All of these equations
kP, = hQL) - [P,QM] Vn

commute with each other.
(b) All of these equations are Hamiltonian. It means we have a sequence of real
functionals {H,}$ such that

dHn

—ZhUtn = 3-(—]7.

For example,

-+00
’Ho=/°° U d,

+00
=5 | (UU;-UUs)da

and

+00
Ho=3 [ (UF =17+ RID.P) do

(c) All of these {Hn}, n = 0,1,2,... are integrals of certain polynomials, say {pn+1},
it terms of U, U* and their = derivatives up to n-th order. These {p,} are locally

conserved because we can always find G, such that
O0ipn = 0:Gny, n=1,2,3.... (1.4.18)

It is called the n-th conservation law for the t-flow. Here p, is the n-th conserved
density, and G, its flux.

In general, the n-th conservation law for the m-th flow has the following form
6,,,,/7,, = azgnm, n,m= 1,2,3, vee

Here p,, is the n-th conserved density, and G, its flux.
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For example, for the t-flow, the first three p; are p; = p—1, p2 = p and p3 = €.

Forn=1,2,3,--- with ¢ = {;, we have:

Pn = [_oo atnpl d.’B
- /x 8, |U? de
= [ (v0,U+U8,U")ds.

Among these conserved densities, the limits of the first two, i.e., p and g, seem a little
more important. We claim that not only because they are simpler, but also because

of the following representation :

Pn(z,t;h)=/_; Oi,p1dz,
and

Gulartih)= [ Bupada.
Thus, {pn, G} can be constructed by {5, &}, and {pn, Gn} could break down if
{p, B} do.

1.5 The Main Results

We will show that the limits of p and g exist for all the time as A — 0. First
we improve the NLS solution formula of Z-S to the similar one GGKM once derived
for the KdV equation. Next we construct formulas, of these limits, which are valid
for all the time with the Lax-Levermore strategy. They will satisfy the initial value
problem (1.2.11) so long as the classical solutions of this problem exist. They can be
described by a hyperbolic system even after the break-time 2.

Like p and g, the limits of all these conserved densities and their fluxes do exist
in the distributional sense and can be constructed. Moreover in some special cases,
as we mentioned before, there is a critical time ¢,. Before that time, the convergence
of these limits will be in the meaning of L! strong convergence; but after that time,

of L' weak convergence. We will discuss that and give a proof for that case.
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1.6 The Outline

The paper is organized in the following way :

In Section 2.1, we introduce the Z-S scattering transform to solve the direct scatter-
ing problem for given initial data. This s.cattering problem is then analyzed by WKB
techniques. We replace the exact initial data {p(z), z(z)} by an approximate pair
{p(z; k), p(z; )}, whose exact scattering data are equal to the WKB approximate
data of {p(z), u(z)}. As will be shown later,

lim{p(z; h), u(x: b)) = {p(a), u(a))

in the strong L'(R) sense if both p(z) and p(z) are constants after a finite domain.
By the way, the WKB method shows that the scattering data we will adopt are not
valid if p = |U|? = 0. That is why we assume that the initial condition of p is never
zero and p converges to a nonzero constant 1 where z — Foo.

In Section 2.2, the Z-S inverse scattering method is used to obtain an explicit
formula of {p(z,¢; ), u(z,t; h)} which is initiated by {p(z; k), u(z; h)}. This explicit
formula describes a solution which is consisting of NV solitons through a logarithmic
derivative of a determinant. Then we simplify this representation of solutions from a
second derivative of the logarithm of a 2N X 2N complex matrix determinant to that
of a N x N real, definite positive matrix determinant. Only by this new formula can
one apply the Lax-Levermore strategy to analyze the semiclassical limits of the NLS
equation (1.1.4). Moreover, by this new formula, we can compute explicitly for all of
these {pn,Gnm}

In Section 3.1, we carry out the limit A — 0 from the new formula. We show that

lim{p(z,; b), w2, 1)} = {a(z,1), Bz, 1))

exists in the sense of distribution convergence. We also show that, in a natural case,

the limit pair exists in the sense of weak convergence in L!(R) with respect to z, and



that the weak limit {p, p} can be described as

p=1+10,,0"
p=1+300Q (1.6.19)
/7' = %ath*, ’
or generally for the n*t-flow,
= 1 * - 1 *
Pn= 3 ot @7 Gn = §3u,,Q ; (1.6.20)

where we set T = (3,13, ,%s,-+) and assume that f belongs to R, an infinite
dimension real linear space of which each member only has finite nonzero coordinates.
Sometimes for convenience we also set = (t1,12,+ -+ ,tn,--+) with ¢; = z.

pn and G, exist in the sense of weak L'(R) convergence if p and u do.

The function @*(z,1) is determined by solving a variational problem (VP), which
is a minimum programming problem with respect to functions belonging to a special

admissible set, i.e.,
Q'(2,) = inf | Q(¥;,1). |
Here Q(¥;z,1) is a quadratic functional of %, which depends linearly on the param-

eters ¢ and I. The function ¢ is determined by the initial data of the NLS equation.
That is :

é(0) = §R/ six;a (J cos 61(y) — coso + J cos G2(y) — cos a) dy,

cos &5(y) — coso cos 61(y) — cosa

(1.6.21)

where 6} x=1,2 are functions of the initial data, and o € (0, ).

In Section 3.2, we show that Q is continuous in a weak sequential topology and
that the space of these admissible functions is compact in that topology. We further
show that Q@ is a strictly convex function. Since the admissible functions form a
convex set, this implies that the minimum of @ is taken at a unique function and also

is the only one that satisfies the variational condition of VP.



In this section, the variational condition of VP is analyzed. It is then converted to
a Riemann-Hilbert problem, to a problem of determining an analytic function which
is in HP and is defined on a unit disc by its boundary data.

In Section 4.1, we solve the Riemann-Hilbert problem for time ¢ that does not
exceed iy, called the ‘break time’, defined as the time at which the solution of the
initial value problem (1.2.11), (1.2.12) breaks down. The break-time ?, can be esti-
mated by the Lax recipe [10]. We show that for ¢ < &, {p(z,t; k), u(z,t; h)} and all
{pn(z,t; ), Gn(z,t; h)} tend to the solution of (1.6.19) or (1.6.20) as k goes to zero.
We also show that the convergence of either p or u is a strong convergence in the
sense of L1(R) convergence with respect to z, if it is a weak one already.

In Section 4.2, we solve the Riemann-Hilbert problem for any time ¢t. We verify
that the solution so obtained satisfies the variational condition, therefore that it solves
the minimum problem VP. The structure of limiting solutions {p, i} determined by
(1.6.19) or (1.6.20) also matches modulation theory. That means they have a form
suggested by McLaughlin [14] and more generally as in the KdV case described by
Flaschka, Forest and McLaughlin [3]. These forms are also recommended for the NLS
by Forest and Lee [4].

In sections of Chapter 5, the dynamics beyond the break time is analyzed. Strict
hyperbolicity and genuine nonlinearity are proved by using the Levermore strategy
[12] for the equations that the NLS semiclassical limits satisfy, wherever the Riemann
invariants, say A, remain distinct. More specifically, the characteristic speeds, say

Sk, have the opposite ordering of the Riemann invariants
;\j>5\k or (j<k) = S; < Sk,

and the derivative of a characteristic speed with respect to its corresponding Riemann

invariant is negative

6;\,‘.5‘;.. <0.
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A Riccati equation is found for the evolution of Op Ak along the k** characteristic at

each k, and some implications to breaking are discussed.
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CHAPTER 2
SCATTERING DATA AND FORMULA

2.1 Asymptotic Analysis of Scattering Data

2.1.1 Equation and Initial Condition

With Zakharov and Shabat’s steps [20], we can solve the following initial value

problem with a non-vanished far-field boundary conditions of a defocusing NLS equa-

tion :
ihU, = $h?Uze = (1 = [UP)U =0
Ut=o = A(a:)e"&)h:ﬂ' - { 1“ (z = +o0) (2.1.1)
(2 —o)
where

S(a:)—>{3+ z = +00

S. z — —00,

and §, Sy, S_ are constants independent of h as mentioned in (1.1.5). _
We assume the initial data {A(z), S(z)} tend to constants as |z| — oo so fast that
(See Figure 1,2)
oo 2 2
[ - @)+ y?) dy < oo

and

[ |a—‘;-(yl’-)|(1 +47)dy < oo. (21.2)



[A(X)]

Figure 2.1: The graph of initial function |A(z)|

Sx(X)
e

Figure 2.2: The graph of initial function S;(z)
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For the latter asymptotic analysis, we need boundness assumption about these

initial data. We assume there exist two positive constants ¢;, ¢, such that

lA((D)' Z 1, |Azl S C2, |Azzl S C2,

Ile < e, IS:B.‘BI <e. (213)

for all z. That means A is bounded away from zero and, the derivatives of A, S up

to a second order are uniformly bounded.

2.1.2 Scattering Data and Scattering Transform

Z-S method associates each solution of the NLS equation (2.1.1) with a one pa-

rameter family of Schrédinger operators L(k) :

Co thd,  U*(z,t;h) . (2.1.4)
U(z,t;h) —ih0;

For the above Schrodinger operator £ whose initial potential U, say U;(:c;lzj),
satisfies (2.1.2) and (2.1.3), one can define scattering data. These data consist of

(i) the reflection coefficient R(k),

(ii) the eigenvalues );, j=1,..n, (the point spectrum) of £

(—-1 < /\j < +1),

(iii) the norming constants c; associated with the eigenfunction

i, j=1,.N-

We need to recall the definition of the norming constants. Let f be the eigenfunction

of £ associated with eigenvalue A,

Lf = thd:  Uj(z;h) fi _\ f , (2.1.5)
Ul(m; h) ~1hd, f2 f2
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normalized by

[:ﬁﬁhum=L (2.1.6)

Using condition (2.1.2) and (2.1.3), it is easy to show that,

Theorem 2.1

The eigenfunction f(zx) decays exponentially as |z| — oo.

It is an application of the WKB method and the proof will be given later in this
section.

More precisely, there is a constant ¢, such that
A—v

jome
1

) exp(—vz/h)  asz — +oo, (2.1.7)

where v = /1 — A2. This constant ¢, chosen to be positive, is the norming constant.
We call this operation a scattering transform, since it relates the potential U of £
to the scattering data {R(k), A;, ¢;}. It can be inverted with the aid of the Marchenko
equations. This method to solve the NLS equation is first obtained by Zakharov and
Shabat [20], and then grows to the well known AKNS hierarchy [1].
Follow them, if the potential U varies with the temporal variable ¢ such that the
NLS equation (2.1.1) is satisfied, then the scattering data of U vary in a particular

simple manner with ¢ :
(i) R(k,t) = R(k)exp{2ikt/k2 —1/h},
(ii) A; is independent of ¢,
(iii) c;(t) = cjexp{—Ajv;t/R}, j=1,..N.

Formulas above are derived from those given by Z-S, who treat the case h = 1, by

the simple rescaling

Uz, t) = u(3, ——). (2.1.8)
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A similar rescaling will be applied at the end of this section to the formulas of Z-S
for the inverse scattering transform.

The Z-S method to solve the initial value problem of the NLS equation is first to
take the scattering transform of the initial data, then to apply the formulas of ¢;(t) to
determine the scattering data at time ¢, and next to invert the scattering transform
at that time. (see Appendix).

The temporal forms of the scattering data can be extended by AKNS formula [16]
to all the other flows of the NLS hierarchy.

Theorem 2.2
Let the operator L be given by (2.1.4). If the potential U varies with multiple parameter
ta, n = 1,2,... because of the different flows of the defocusing NLS hierarchy, then

their scattering data can be determined generally as following :
(i) R(k,t,) = R(k)exp{2ik"-1/E? — 1t,/h},
(ii) A; is independent of t,,
(iti) c;(tn) = cjexp{—A}"tvjta/R}, j=1,..N-

PROOF :
Recall (1.4.15),

k=n

thn = Q(n)V — Z )\an—k,
k=0

where the elements of Q are U, U* or their derivatives or integration of them or only
some constants. With the iterating formula (1.4.16), one can choose proper constants
such that

111.1110 Q.=0, for n > 2.

For example, in case n = 2, we may set

b2 = z(h(?,;bl - 2za1U)/2 = —hUI/2



and
=3 [ (D= Lwe-),
then
}Ln% a; =0 and ,11.’20 b, = 0.
Now let
Vo = Jim .
then
—ZA" A1y
RO, Vo = (\"Qo + X101V = | ! Voo, (2.1.9)
=AU X

Comparing to Z-S case (n = 2), the difference is only the order number of the power
of A. So, for ¢, n > 3, by doing same procedure as one did in Z-S case but with

different order number of the power of A, we get (see the following remark)
R(k,t,) = R(k)exp{2ik" " vk? — 1t,/h}

and
¢j(tn) = cjexp{—A}"'v;tn/h}.

Moreover, A; is independent of t,, for all j and n. If we set t, = ¢, and ¢; = z, then
the above formulas really match the Z-S model as given by (1.1.4). It completes the
proof.

REMARK :

A simple way to figure out the forms of the scattering data for general case is to
change the equation given by (2.1.9) to the following:
—iAU iA?

—iA2 AU
hdVio = (N2Qo + AQu)V, =( . )v

with 7 instead of A™~2¢,
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However, this is exact the relation which Z-S analyzed to get the forms of scattering
data for the t-flow. It is then easy to see, for the higher flow, the general forms of the
reflection coefficient and the norming constant are exactly as same as the forms of
the ¢-flow except with k™! instead of k for reflection coefficient or with A»~! instead
of A for norming constant.

You may also use = A"~'t to modify (2.1.9) and then get the same question as
shown at (1.4.14) except with f instead-of z. That is why we call the z-traveling wave

as the ¢; flow.

2.1.3 WKB Analysis of Eigenvalue and Eigenfunction

In this paper we will assume that the initial data which satisfy a little further

conditions in addition to (2.1.2) :
-1 < M(z) < A(2) € +1 (2.1.10)

for all z, and assume that both Ai(z) k=1,2 are C? with only a finite number of critical

points. Here Ax(z) =12 are defined by

hi@) = 30.5() + |4
falz) = %B,S(m)— |A(=)]. (2.1.11)

Condition (2.1.2) is to make the machinery of scattering theory work smoothly.
Formula (2.1.10) is a genuine restriction that allows us to neglect reflection. Condition
that following (2.1.10) is for technical reasons. In fact for simplicity, we will assume
that only one single critical point could appear, i.e. \;(z) has a single minimum,
;\2(33) has a single maximum; and moreover :\2',,,0r < ;\I,m,-n. One can see later that
how {:\k, k=1,2} comes naturally.

Now the asymptotic behavior of the scattering data as h — 0 can be explored by

the WKB method :
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Theorem 2.3
Let

ihd; U
L=
( U —ihd; )

be a Schrédinger operator as given by (2.1.4). Denote by N(h) the number of eigen-
values of L; then

N =& (R REI- %)

i (RIVI+ NG+ 3004
x N(h,1) + N(h, —1). (2.1.12)

More generally, the number N(h,)) of eigenvalues between (:\l'm,-,,,/\) or (A,:\g,mn)

is

Nk, 2) % =@ [ VN R @I - 3] ). (2.113)

Since each ), the eigenvalue, is independent of time, we only need U = Uj(z; h),
the initial function, to calculate these A. We assume this function Uy(z; h) satisfies
(2.1.2), (2.1.3) and (2.1.10).

Suppose Ai(z), k = 1,2 satisfy (2.1.10) and have a single minimum or maximum
respectly. Then, for A > :\Lm;,, or A < :\g'ma,_-, there are two functions z4(A) and

z_(A), with z_()) < z4()) defined by (see Figure 3)
/\1(2:_) = /\1($+) = /\, (2114)

or

Obviously J,(z) < Ai(z) < A or A(z) > Jo(z) > A for 2. < z < z;. Thus
(2.1.13) can be written as

— (2.1.15)

N(h /\) ~ i (D(A) A > il,min
’ —@(,\) A < :\2.maa:,



+]

A X

l
|
|
-1 Z.(\) Z+(A) A,

\__ J

Figure 2.3: The graph of initial turning points in A reprc‘asentation !
\

where

SAVO=2@)O - S)dy  Amin <A<
(A =10 :\2.mnz <A< j‘l‘l.min :
VA =30 = 5a@))dy =1 <A < Aomas |
(2.1.16)

and the domain of z_(A) and z4(}) is (~1, Agmaz) U (A2,maz 1)-
We begin the proof of Theorem 2.1 and Theorem 2.3.
PROOF :
From (2.1.5), the equations of f;z should be

a:c::fl - a:fl(U;/U') + fl(/\2 - |U|2 - ‘l/\/LU:;/U')h2 =)
f2=f. |
Setting fi = ZvU*, we get the equation for Z :

Uz 3(U;)?
U= ~ AU)?

8.2 + z( _wpya - ) ~ 0.
|

hU=
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At the initial time, with the definition of A and S, we have
U /U* = (A:/]A +iS:/h),

Uz./(2U") = Acc/(24) + iSzc/(2h) + iS: A=/ (RA) — SZ/(207)

and
302140 = ((Aef A + 205 As/ (hA) — S2/17,
We get
o2 + Z{[(\ + So/2)? = |AP)/R? + M} =0,
with

M = ~i[(AsS.)/(24) = Su/2 = NAc[Al/h+ [Azs/(24) = 3(As] A)*/4].

Comparing with (2.1.3),
M = O(1/h).

Considering the leading order while 2 — 0, we get
h*Zer + Z[() = A)(A — X2)] =0, (2.1.17)

where :\1,2 are given by (2.1.11). That shows why we need to introduce :\1,2 and make
them very important later.
REMARK :

Here and later in this paper, we fix U, the potential of £, as the solution of equation
(1.1.4).

If we want to start with other flows of the NLS hierarchy, say t, flow n # 2, then
A1 and X, will of course be different with which given by (2.1.11). For the t-flow
we study now, the time evolution of {};, X2} can be shown equivalent with the time
evolution of {5, i} which is the limit pair of the first two conserved densities. However
in general, if one deal with the n-th flow, the time evolution of {},,);} should be

consistent with the time evolution of

{limps,  limp,}



34

for natural.

Moreover, {:\1, :\2} will be the first set of the Riemann invariants during the time
evolution of the semiclassical limits of the NLS hierarchy. We will disclose these fac.ts
eventually.

Now, let us go back to the proof of Theorem 2.3 and the equation of Z given by
(2.1.17). For bounded and integrable Z, only possible choice of ), the eigenvalue of
L, is that

1>A> Mmin OF —1< )< Ay mar (2.1.18)

If not, for example, |A\] > 1, then the coefficient of Z remains positive sign. That
means only oscillation type of Z is possible. Thus Z is bounded but not integrable.
If in the opposite case, :\l,m,-n >A> ;\2,,,,“,, then the coefficient of Z remains same
negative for all z. That means Z is exponential varying. Z will exponential decay at
one end but must exponential grow in the other end, and is even boundedless. So,
the only choice is (2.1.18). That means the coefficient of Z needs to change sign so
that one can get a piecewise Z which is integrable. That Z will oscillate in some finite
domain and exponential decay at both far-field.

The points of £ which make the coefficient vanish are the singularities of the
equation of Z. The WKB method offers a connecting formula of the solutions near
these points. It is based on the fact that, in either case of (2.1.18), the possible A
should make the same oscillation part of Z, which is described by two different forms,

be equivalent. That is
1 r= Py 2
Cos (ﬁ /;_(» \/(/\ - /\1)(A - /\2) dz — %r')
reos (= [ = A0 = da)do —
(~1yreos (= [V =R - Ry do -

for some n. It leads to

z+(}) < <
' V=30 =T ds = (n -+ 1/2)0m, (2.1.19)
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which is a formula to define eigenvalue of £ with A = A(n) % ),. That proves
(2.1.13), the key point of Theorem 2.3.
With this connecting formula, the element of the eigenfunction respected, say fi1,

can be described as

fi= @ V63 =00 =374 e
exp (_ /x =0 = N0 = ) d:c/h)

for z < z_(A); and

-1/2

fo= YL V=00 —3ai]

. exp (- / T V=N =R dm/h)

z4+(})
for z > x4 (A).
That means if |A] < 1, then the eigenfunction f in deed exponentially decay while
|z| — oo. It proves Theorem 2.1.

The condition (2.1.2) implies that \/ |(A1 = M)(X = ;)| is integrable, so all the

arguments in this proof make sense. We will verify it later.
REMARK :
By (2.1.19), it is clear that

q)()sk.{.]) - @(Ak) = O(h).

But it is not clear how to estimate ®(1) — ®(Apqz) and ®(—1) — ®(Amin); where B())
is given by (2.1.16) and both Ansz, Amin are defined as following :

def .
Amaz = maxeigenvaluesof £,

def . .
Amin = mineigenvaluesof £.

We assume

|‘I)(1) - q)(/\maz)l = O(h”) (2'1'20)
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and
|8(—1) = @(Amin)| = O(h), (2.1.21)

as h — 0.

This assumption makes all the eigenfunction of £ exponentially decay equivalently
while A — 0. It will be a key point to prove Lemma 2.4, a basic argument for the
proof of weak L! convergence. By the way, (2.1.20) and (2.1.21) are consistent with

each other for same h because };(z) and },(z) are independent of k.

2.1.4 WKB Analysis of Norming Constants

We turn next to the asymptotic determination of the norming constants. With a

crude WKB method again, we may represent the eigenfunction in (2.1.5) as

_ iv)e=i@)/h
F(z) = ce= 25 ((’\ iv)e™ ) (2.1.22)

i)/

where z is big enough and ((z) = —1[S(x) — S;). Substituting this into (2.1.5) and
set h = 0, it yields

TOya) = vzt [ v = V() - VO - %) . (2.1.29)

We shall show later, see inequality (2.2.63) and (2.2.64), that for all A € (-1,1)

1
[ 21 £28,50) + 0,52 dy < o @124
From this it follows that the integral (2.1.23) converges, and that, as ¢ — +oo0,
(A z) = vz + O(1). (2.1.25)

PRrooF :
By (2.1.10) and (2.1.11),

v = 1=N1+X
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> V(@) = A = Ao()]
= Az - () - S;/2)
= /2 = [(1 - A?) = AS: + (S:)2/4]

e v2 =2 (z).

Thus,
[l - VE@ N0 -5 é
= /:O[V — VT =2 dy
< /:o s(y) dy.
By (2.1.24),

lim / cdy = 0.
So, (2.1.25) is true.
As z decreases from +o0, I' is real and decreases until x reaches z,()). We denote

this minimum value of T by

L =ve+ [* - VR -D0-h)] 4. @120)

We now define
o(A) = exp(T+ (\)/B), (2.0.27)

and let f be given by formula (2.1.5), with T' and c defined by (2.1.23) and (2.1.27).
We see that f satisfies the eigenvalue equation (2.1.5) crudly, and the normalization
condition (2.1.6) just as crudly. It follows from (2.1.25) that f satisfies the asymptotic
relation (2.1.7).

If we apply the WKB method one more again, crude or refined, to calculate the

reflection coefficient, we get R(k) = 0.



38

2.1.5 Modified Initial Function |

Now, we define a modified initial function with its exact scattering data which

once appeared as the asymptotic sca.tteri‘ng data of the original one.

Definition 2.1 The modified initial function U(z; k) is defined as the function with

following scattering data :
(i) R(k) =0,
(it) X; is given by

O
l (.7 + %)hﬂ' J =: '_17'°"_N (h),

according to the case of A; > :\Lm,-n or of \; < :\zmw respectively.

Also the total number of ez’genvalués is given by

N(R) = [ 8(0)] + [~ 8(=1)] & N¥(h) + N=(8).

(iii) The norming constants are initialed by
|

¢i=c(¥),  j=-N"(h),..,N*(h).

where ®(X) is the function defined by (2.1.16); c()) is the function defined by (2.1.27)
and (2.1.26); and [ ] is the “integer pm‘*t backward” function. For ezample, [P] = 8
if8 < P <9. |

The above definition about A; is the WKB result and is consistent with Theorem
\
2.3.
In some case, the modified initial data is quite close to the original one. For

. "
example, we may assume that there is a positive constant X}, no matter how large

it could be, such that both }(z) = 1 and X2(z) = —1if |z| > X;. This hypothesis
\
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is often adopted by people doing numerical analysis. From now on, we will only deal
with that case for simple. We also assume that (2.1.20) and (2.1.21) are true in that
case. We name it as X-case. It will be defined as given by Definition 2.4 for later

convenience.

Theorem 2.4
In X-case, the function U(z; k) which is given by the last definition approzimates the
prescribed initial data Ur(z; k) or {A(z),S(z)} in the following sense :

L'~ limpo p(z;h) = p(z)

L'~ limymo (s k) = u(a),
where {p(z; k), p(z; h)} are defined at t = 0 by (1.2.9) with U(z,t; h) which is the solu-

tion of the NLS equation but initialed by U(z; k) not the original Ur(z; h). {p(x),p(x)}
are defined by (1.2.10).

The proof of this theorem will be presented in Section 3.1 (Theorem 4.36).
With above analysis, we can write out the scattering data of U(z,t;h) which is

the solution of NLS with initial data U(z;h) :

oi(t) = exp{[=dut + T4 (V}/}, 2129
A=A, V= 1—/\24-2-1/,'.
Or generally,
¢;(f) = exp{[- ZZ A3 vitn + T (A5))/R}. (2.1.29)

We now define a further more auxiliary function which will be of use in Section

2.2.

) =ve )= [ [v = V) = N0 - )] do.
(2.1.30)
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Theorem 2.5
The functions T'4(A) and T'_()) defined by (2.1.26) and (2.1.30), respectively, are
continuous for A € [-1,1] and satisfy

I'+(1)=I_-(1)=0 (2.1.31)

I'+(-1)=T_(-1)=0.
Moreover

T_(X) <wvzog<Ty(N)
with either
5\1'""‘“ <A<l
or
Xojmaz > A > =1,

where v = /1 — A2, and ¢ = mi(:\l'm;n) or T = $i(:\2'ma3) respectively.

PROOF :

It follows directly from the definitions of I'; and I'_ that they are continuous for
A # £1. To show continuity and (2.1.31) at A = £1, we argue as follows :
It is easy to find that both (1 — A;)(1 — X;) and (1 + 3;)(1 + ;) are decreasing

functions of |z| for |z| larger by assumption. Thus because \/ 1-=-X)a=-4%)is
integrable and (1 — :\2) >(1- :\glm“) > 0 for z > zo, /(1 — A1) is a decreasing

function of z too for = large enough and is i-ntegrable for £ > x4 thereafter. It leads

2/:;2 V1=()dy > zy/1 - ) ()

to

for z larger. That is

xlig})g:t:\/l - hi(z)=0. (2.1.32)

By (2.1.14), };(z4) = X. With this fact and (2.1.32), we conclude that

ix_r’ri (A = }\13 T4 (A)V1 — A2




41

= V2lim (N1 - A(e+(3)

= \/§x_l_i’r+1:1°°a:\/1 - Ai(z)=0.

This proves that the first term in the definition (2.1.26) of ['y () tends to 0 as A — 1.

We now show that the same is true for the second term.

tm [* v = Va0 = 0= %) &

A=1JUz4(N)

=tim [ v - Vi) - )] @
+ 1im/:m Vii= A (\/J\1 +a-Vh=5s) dy

A—1

def 1 .
= lim [ +1lim /.
A=

1/1  A=1J2
But
= *® — )2
~/; -/.'L'+(/\) [ y)
o0
= [ - Ver=50)] 4,
#4(v)
where #4(v) is defined as z = %,.(v) if #1(z) = v, and &, = /1 - A2 In fact

E4(v) = 24(A). So,as A = 1,

0 < lim
A—1J1



0 ~

= lim [ (v=-vv?2- cz)d(;v—:dc

=0+ Jp

= lim {(v - VI~ D) (D

v—0t

- [[agly - vE= )

= lim lim (v — vVv? —¢2)Z;(¢)

v—0+ ¢—0+

- lir(r’1+ vZ4(v)+ lim v _sZ() d

v—0t+ Jo \/U2—§2

IN

lim Z4(c) - lim vi.(v)
+ lim {[max ¢Z

14 dg
Jim ({max s24(6)] || ~==)

The reason is that
lim ¢Z4(s) = limv1 = A2z.()) =0,
¢—0+ A—1

and

il
tol 3

14 dg
/0 Vi — 2
Recall the assumption about S(z) (see (2.1.2)) and the relation between S(z) and
A12(z) (see (2.1.11)). If X is close to 1 enough such that it comes an inequality

1S+ — S(z4+(A))| <1, then

L1=1 V= a (Vi a- VA=) al




43

/:° bt — (& + A;) dy|

+0 R+ A+ VA=,

VI=A, [®
I |

1-A

Cc

in

— 0

b

where there exists a constant ¢ satisfying ¢ > 1/(44/2) > 0 for all A which are close

\
\/:\1($)+)\ — \/i,
VA =Jo(z) = V2,

if A = 1 and ¢ — +o0. Therefore

to 1 enough, because

and

lim | e [~ VB =20 - xz)j dy = 0. (2.1.33)

A=1Jzy ()

It completes the claim that I';.()) is continue at A =1 and I';(1) = 0.

By discussing the same way to z_()) and I'_()), we obtain I'_(1) = 0. Doing
again with ,(z) where A — —1, we obtain I‘+(~‘—1) =T_(-1) = 0. It completes the
proof of Theorem 2.5. ‘

2.1.6 Zakharov and Shabat Formula
|
On account of the scattering data, the functions U(z,t; k) are reflectionless poten-

tials of the operator £ because R(k) = 0. In that case, Zakharov and Shabat [20]
found soliton style solitions of the related Marchenko equations. Their result leads to
the following explicit expression of the amplitude square of the potential U. i.e. The

first conserved quantity p can be expressed in terms of the scattering data of U :
\

p=|U(z,t;R)|* =1+ 8. W, ‘ (2.1.34)
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where
W(z,t; k) = —h%log det(I + G)anxan- (2.1.35)

Here G is a 2N x 2N matrix with the following structure :

. 1. [ M oM ‘
G=ch , (2.1.36)
2 \eM M
el‘al 0
0= * ,
0 eionN
M = DAD, (2.1.37)
- (75)
B <] + vk NxN ’
(] (t)e-"hL 0
D = * ,
_uwn=
0 CN(t)e b NN
and
vi=11=-2%  o;=cos1(}).

Moreover, with the conservation laws given by (1.6.21) and (1.4.18), it is easy to

obtain :
B = ath,
and in general to obtain
Pn = a:::tnI/V
gn = atth

forn=1,2,....
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Thus, the form of W is particularly important in the analysis for semiclassical
limits of the NLS equation. But, because W should be real, the complex elements in
(2.1.36) could be removed and the formula (2.1.35) could be improved.

We will show a new formula of W in next section. It simplifies the results of Z-S,

and makes Lax-Levermore strategy be applicatable.

2.2 Formula of W and its Property

2.2.1 New Form of W

In this section we simplify Z-S formula for W. The main theorem is

Theorem 2.6
The W given by (2.1.85) can be described as

w

—~h2logdet(I + G)nxn, (2.2.38)
where we denote

G = hDBD,

1
B = (bm" - 28in(1'-’1—'2*3!1))’

and

with

d; = cj(f) exp(zsino;/h) = exp(a(oj3 2, D).



Here

a(o;z,f) =) tesino cosk~1 g — T4 (cos o),
k=1

with ty =z, i = t.

Moreover G is real and positive definite .

PROOF :
Recall Z-S formula (2.1.35)

W = —h?logdet(I + G)anxan,

R M O*M
G = th ,
2 \eM M
ei'dl 0
0= * ,
0 e'oN
M = DAD,
5= (555
Vi + Uk ) non
ce=k 0
D = * ,
0 CNC'E%":

and

v; = sinoj , v; > 0.
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(2.2.39)

(2.2.40)

(2.2.41)



By (2.2.40)

det(I + G)anxan

dt((} —@‘)(I+%hM %h@‘M)(I e~))
= ae
1 1
0 I oM I+ieM J\o 1))

= det (I + g(M + OM@‘))

NxN
We define
A = A+ 0AOF,
and get
h . h, .«
(-2-)(M + OMO*) = (E)DAD.
But
A = (1 ¥ e«w-vk))
Vi + Y [/ Nxn
A 1 -
= O(———=)0",
(Sin(al-;ak))
where
et 0
O = *
0 e1on
Thus
% (M + oMe") = WODBDO"),
where

1
B={——on].
(2sin(‘—'ll;3i))



That is
det(I + ()anxen
= det(I + hODBDO*)nxn
= det O det(I + hDBD)det O*
= det(I + G)NxN.
Obviously,

G = hDBD

is real and positive definite. It completes the proof.

So, as we have proved,

Geh (exp{—(u,-m + v;z)/ R} cwj) .

2sin(——’-"';”‘)

Using (2.1.28) and (2.1.29), we can rewrite G as

LT
2 sin('—‘”i;r) ’
where
g; = gj(wat; h) = exp{—a(aj; m»t)/h})
with

a(o;z,t) = zsino + tsino cos o — I'1(cos o),

and I'y. (A = cos o) is defined by (2.1.26).
Or generally,

9; = 9i(2,1; k) = exp{~a(oj;2,¥)/h},

with
a(o;z,%) = zsino + Y _ txsin o cosh-
k=2

1o — T (coso),
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(2.2.43)

(2.2.44)

(2.2.45)

(2.2.46)
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as given by (2.2.39).
Since G is symmetric and positive definite, we expend det(/ + G) by grouping
together all terms which only contain factors from G with indices from a set S. The

resulting formula is
det(I + G) = _ det(Gs), (2.2.47)
5

where G is the principal minor of G obtained by striking out all rows and columns
whose indexes lie outside S. In the sum (2.2.47), S ranges over all subsets of the N
indices and we take det(Gs) =1 when S is a null set.

Now we can factor det G with the following results :

Theorem 2.7 For N > 1,
(1)

det( 1 ) - Hm<n Sin2(Im..2-_In)
sin(f2™) )y on Imasin(=F2)

(®)

sin(Z52)

det G = NH I I )

a+a I’
N Sinoj wioy sin(HT)

where N X' N means no column fori =j.

(3)
W = —h?log(d_det Gs) (S overall N indices ).
S

Here

S]n _m_n.)

det(Gs) = (BT L T |50 )

s sinon gus

if S contains more than one indez;

) J
2”sing;’

det(Gs) = (=

if S contains only singular indez, say 4”; and det(Gs) = 1 for empty set S.



PROOF :

(1)

We define Z,, = exp(it,,/2) ; and get

By (2.2.48) ,

Now we get

det (

(2)

i (i
(2] (7)o )

= (2" det (

1

2

= det 2
Imtm) |~ € ZnZy — 51771

1
2 -7272)°

1 Hm n(Zr% - ng)(_z;zz + Z,Tz)

Hm,n(Zgz - Z;2)

— nm<n(Z72n - 23)2 Hm.n(zrzx)

- Hm,n(zgnzg - 1) Hm<n(z;ﬁzﬁ

_ nm<n(Zr3\ — Zg)z

N H111v=1 (Zz)

(2222 = 1) TINZ T (22.22)

X

n=1

1

———————————

sin(Znt )

)

I Z2> Mnen(Z5 = Z3)°

nm.n(Zgqu% - 1) '

= e [l 77 (el 220

k=1 Hm,n(ng Zr? - 1)

i [ eve (Losaler =)

m=] nm.n(ei(‘rm'*'r") - 1)

nm<n Sin2(1m_2-_"'n )

I, sin(®=§=) -

50
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By (2.2.43) ,

det(G) = det (ﬁ -—ﬂ——))

2(sin(-—z"-";”‘)

- & (flo) o)

sin(Z5%)

N 2
- G221

—_ 2 /],
j=1 81005 N Sin(%ﬂ)l

Q

(3)
By the argument round (2.2.47), the result is trivial.
REMARK :
In the KdV case, the correspond one of the first part of this theorem is the following
Cauchy matrix formula :
det ( 1 ) - Tl g (m "Un)z.
Nm + 7n o (7m + 7n)

It is a special example of the general one :

1 _ nm<n(gm - (n)(ilm — Vﬂ) 9
det (cm + Vn) B Mon(Sm +va) (2:2.48)

We once used it to prove the last theorem.

With these new representation, we can explore some nice properties of W.

2.2.2 Convexity and Boundness of W

Theorem 2.8

W is a differentiable and concave function with respect to = and i, Vk.

PROOF :

The differentiability is obvious.
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For the concave property, we only need to show that the corresponding Hessian
matrix of W is negative definite. |

Recall the former result

W = —h"’ log (; det(Gs)) ,

where S over all the subsets of the /V indices.

we obtain
det(Gs) = (2)¥ exp(—an(S; 2, 1) /20),
| ‘
where
an(S;,7) = 4h 3 la(o5;2,2) + gi(:, 07)],
ijeS
and
a(o;z,1) = zsing + Y tesino cos* 1 o — Ty (0).
| k=2
So,
8¢ =sino & v,
\
quh(S'; z, t) =4h E Vi,
! 3
2
0:(det(Gs)) = (—-}; Y v;) det(Gs),
S
and
_ oy 259et(Gs)(Xies Vi) der _ ,
0-W = 2h T 5 d6t(Gs) = (2h)(v) > 0;
where we set Y;esv; =0, if S is empty.
Thus |
> Apl .)2
a:r:x:W - (_4) §.4$ det’(Gs)(ZJGS uJ) _ (T,-)?

i ES det(:Gs)

Ls5det(Gs)(Ties i = (7)°
| s de:t(Gs)

= (—4)

= (- <o.



Here, for A = cos o, we set ¥_cs Vj/\f‘

s det(Gs)(Ties A1)

O W Y sdet(Gs)

2h

e o (WF-1y),

_ [ ©s det(Gs)(Ejes v)(Ties Ay v3)
aztkW - (—4) i ZSJdet(Gs)

- ) (%10)|

[ 5 det(Gs)(Ties v — (7)) (Sies Mlvy — (F=10))

ES det(Gs)

()= e - ),

0, W = (=4){(Wv = (w))(Xe=1v — (Me=1p))),

and

O, W = (=4} {(M~1v — (AF-11))2) < 0.

By using the Schwartz inequality,
(6ItkW)2 _<_ asza:kng.

So, W is concave with respect to = and t;, Vk.

Similarly, W is concave with respect to ¢ and t;, Vk, because we have
(attkW)z S atlwatktkW'

With the convexity of W, we get
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1 = 0if S is empty. In same way, we get

|

(2.2.49)

Lemma 2.1 If the limit of W is also a function both differentiable and concave like

the member of W family, then the convergence of their first order derivatives are

uniformly on compact subset of z and t [8].



The proof will be given at Appendix.
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Now, we look for other observable properties of W. They will be useful later. By

(2.1.34),
0< |0eW|=-8W=1—p<1.

That means

Lemma 2.2

Wz is uniformly bounded no matter how h is small.

Look at the following fact :
sz(+°°) =0= sz(—OO),
Wxt(-l-oo) =0= Wzt(""oo)a

thh(+°°) =0= Wﬂk(_oo)a

and

Wit (+00) = 0 = Wy, (—00).

Thus, for each A, all the second derivatives are integrable in the whole space of z.

Moreover, these integration could be uniformly bounded under some condition. One

reason to claim them is because of the following fact:

N
We(z =+400) =0, Wi(z=-00) =2k vj,

j=1

N
Wi(z =+400) =0, Wy(z=-00) =20 M1y

=1

Since |k Y 4| < oo, |h2/\_’,9‘1uj| < oo uniformly for all small & if we fix k, thus, for

any { fixed, both W, and W, are integrable with respect to z. And the integration

of them are uniformly bounded for small k. They represent the fact of conservation.

That means, all the integrals of these density W,,, Wy, over the whole space of =

are constants with respect to the time variables ¢ or ¢;, Vj.
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2.2.3 Weak L! Compact and Convergence

To explore more properties of W in some special case, we need to introduce “w-L!

compact” [19].

Definition 2.2 A family of functions {f(z; 1)} € LY(R) is defined weakly L' compact
if for any sequence of this family, say {f.}, there is a subsequence, say {fn,}, such

that

k—co

+
lim /_(: foe rgdz

ezists for all g € L*°(R).

It is equivalent to the following definition [13] because of the Dunford-Pettis The-

orem [2):

Definition 2.3 A family of functions {f(z;h)} is defined weakly L' compact if the

following properties

+00
/ If(z; )| dz < oo (2:2.50)
i - = 2.2,
Jim 1/l =0 (22.51)
i ; = .2.52
Jim ok |f(z;R)ldz =0 (2.2.52)

are satisfied and uniformly with respect to small h, where ¢(e) means the measure of

set e.

Theorem 2.9
The family {We.(z, t; k)}, as is composed by functions of x with small positive pa-
rameter h, is weakly L' compact if the assumption of X -case mentioned at Theorem

2.4 is set.
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PROOF :
First we prove (2.2.50) for f = Wy, :

+-00
| Weala, 1) da
+00
= —/ We(z,t; h) dz

+00
= -—/ Wee(z,0; k) d
= Wy(—00,0; h) — Wy(+00,0; k)
N

i=1

< %[@(0) + ()]

So, Wez(z,t; k) is uniformly L! bounded independent of h and even independent of
t. It matches the first requirement due to weak L! convergence.

Next we prove (2.2.51). By Lemma 2.2,
/|W"| dz <¢(e) <,

for any small measurable set e, if the measure of that set, say ¢(e), is less than e.
Now, we try to prove (2.2.52) for W,,. We need to estimate 0;[det(Gs)] a little

more explicitly.

Lemma 2.3
Both
Z det(Gs) and Z: det(Gs)

|S|=k—-1 |S|=F+1
can be adopted to estimate the following term :

A Z det(Gs)).
|Si=k
They are

(-5) ¥ det(Gs)]

IS|=k
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=N

< (%) exp{—@u/h)ie — Talo)/m]}) ¥ det(Gs)
1=1 |S|=k~1
(2.2.53)
. fork=1,2,..N; and
j=N
[; v; — (=h/2)0:] '?‘-__:k det(Gs)
=N
< 12(214/ k) exp{—(2v{/h)[~z + (C(1)/m)]} |5|2; det(Gs)
=1 =k+1
(2.2.54)

fork=10,2,..N-1.

Proor :

Recall the definition of det(Gs) given at Theorem 2.7, we have

(——)a [3° det(Gs)] = 3 det(Gs)(X_ v))

|S|=k |S|=k j€S

h sin( &m0 )
= (=)l _ 2
|s|=k (2) H |Sln(0mi2an)|
Sx'S
m,n€eSs
( \]
gi
e I 2|y
€S U
k#j
\ keS /)
h
< (5) Y det(Gs) Y (g?
|Si=k-1 igs
h X

E gJ Z det(Gs)

=1 |S|=k-1



=N

= &)'T exp{-2lovs ~Tu(o)l/h} T det(G).

=1

That is (2.2.53). Also

j=N

Y- v Y, det(Gs) — (—h/2)0:] D det(Gs)]
=1 |S1=k |S]=k
= 3 dei(Gs)(X )
IS|=k igs
k a1=0j
SHOMIONFES | e fat
|S|=F 1¢S5 sm( ) jes sin(%34)
Sx'S
m,neSs
2 17 (SIN(ZF) 12
==
- ¥ e TCmar T 12
|S|=k+1 les . sin(5)
JES
J#1
=N on? sin( 2524
<> HI—T,;;—’r?exp{z[mw—r+(m)]/h} S det(Gs)
=1 h j#l S ) |Sl=k+1
I=N
< (24} /h)exp{2[T4(or) — T_(0)]/ R}

=1

|S|=k~1

-exp{2{zvi — Ty (a)]/h} D det(Gs)
|S|=k+1

I

]
2

(207 /h) exp{(2u/B)[z — (C_/w)]} 3_ det(Gs).

IS|=k+1

o~
1l

1

IT

ie{tjus Vi

g
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This is (2.2.54). In the above proof we used a fact :

Hlsm(al i )I—Z
32 sin( ”‘I” AT
sin(3572)
= exp{~ T logI o2}
J#! ( 2 )

<ol [ (- s ECEIP) blo i)
Sexp{h—lw-/ ( | |——.;—z:ng_,;_;|2) ¢(0)do}
= oo {2-Lé(on)])

= exp{%[F +(01) =T ()]}

With an assumption given at (2.1.20) and (2.1.21), we can estimate v;/h by the

following lemma.

Lemma 2.4
In the X-case, the ratio (vi/k) is bound away from zero for all I. That means there

s a positive constant M which is independent of h, suth that

for all l.

ProoF :

We assume there is an order of all the eigenvalues :
-1 <AN<Aya<..<Mh<L

So we can have

0<o1<o2<..<ony<T,

if we set A\ = cos . Also, we set v, = sinoy, as before. It is obvious that

/\ma:c = A1 and /\min = /\N-



By (2.1.20), there is a positive constant Cy, such that
Cihr < [2(0) - (01)]
1) < n
=" / Wi = @)L - fa(e)] de
z4(01)

+ [ iR @ = @] - Vi~ R - (e b

Dividing both sides by v, we have

X z_.(01 -1 -3
clh,rs(/b +/ ( >)\l1 ha(@)1=ho(a)

141 +(a1) =X 1-— Al 1+ A]

/=+(01) v — (:\1(33) + :\2(53))(1 - M) dx
z-(01) 1y {y/[1 = Aa(2)][L = Aa(@)] + VM = a(@)]lh — Ja(2)]}

< V(X — z4(1))[(z-(01) — Xb)]

8:5(z
z4(01) 1-— 1—,,_4\;1 de

+ =
z_(o1) \/1_5\,@ 1-da(z

1-) 1+M

z4(01) 1—,\2(:1:)
< AL A Sa A
2\/_Xb+./_.a; ( J 1+ M ’d

< 2V2Xy(1 +1/\1 = Somaz) & Dy

That is

vy sinoy _ Cim def
= = >— <M >0.
h h =D, 1>0

Similarly, with (2.1.21), there should be positive constants C,, D, such that

vy sinoy _ Com gef
—_— > _— =
5 7 D, M; >0

Thus, if we set M = min{M, M}, we will have the ratio

> min{v, vy}

1]
- >
5 2 A >M>0

60
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for all l.
Now, we can go back to the proof of Theorem 2.9 and finish it. With Lemma 2.3,

/ P Wasl de = Walfie, = Wa(a, 4 1)
— % [(—h/Z)a,, }:det(Gg)] / [Z det(Gs)]
S S }
h =N
< (2h)(§) ; exp{—(2u/h)[z — (T4 (o0)/v)]}

< Ni* exp{~2M[z — max(T'+(01)/m)]},
where Lemma 2.4 is applied in the last step. Since

Ly(ar)/vi

_ Xy (@) = M h = do(x)
_z+(al)+_/=+(m dz lI—J P W

< Xy +2Xp = 3X,,

and Nh is uniformly bounded, thus for small &,
+c0
/ |IWez|dz — 0

is exponentially decay and this vanishing is independent of small i, while ¢ > 3X,
and £ — +o0.

Also with Lemma 2.3 and 2.4,

/ " Wasl = Wals, t; b) — Wa(—o0, & B)

_om |52, _ (=h/2)8. Ts det(Gs)
= (2h) [E g s deths) ;
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=N
< 0h) 3> (207 /) exp{=(2u/h)[—z + (T (o) /w1)]}

=1
< (2hN)(2v* [R) exp{—(2v* [ h)[—z — 3Xs]},
if (—z — 3X3) > [1/(2M)); where v* is defined as min{»;}. In fact
__‘_1__ -Gy — —SY(1 _
dC [(6 ] =€ (1 cy) < 0’

if

N

1
—_—>
Y> i =
It leads that
/’ |Weo| dz — 0
(o)

is exponentially decay and this vanishing is independent of small k, while z < —2X,

and z — —o0. Thus W, matches all the requirement for weak L' convergence.

Theorem 2.10
With the requirements met in Theorem 2.9, the family {Wyy (2, T, k)} is weakly L

compact too, for all k.

PROOF ;:

We need the following theorem first. Because of the similar structure between the
formula of W, and of W,,y,, the L! boundness of W, could be true. Then, the

conclusion of Theorem 2.10 will come out as a direct corollary of it.

Theorem 2.11
Wi, is integrable over the whole z-space and its L' norm is uniformly bounded. That

means a positive constant C, which is independent on h, ezists such that

+o0
/ Wi, | dz < C. (2.2.55)
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We will prove it by two steps.
First, we show that the family {Wi,q, (2,7 )} is uniformly integrable over the

whole x-space. That is

Lemma 2.5 With the requirements met in Theorem 2.9,

i [ W (e, ) de =0 (2:2:50)

is uniformly with respect to small h.

PROOF :
Set
fS = det(Gs)
— |1 sin ._m__n)
( ES sino, sgslsu] _m%_n.)
with
gn = exp{—[zsina, — ', (0,)]/h}
and
I.‘+(Un) =T4(cosay) — Z i sin o, cos* ™1 o,,.
k=2
Recall
Wiy, = (—4) 25,8 fsfs'(zjes )‘fyj - Sies: )‘fl’i)z
Ys,s fsfs
and
Tss fsfs(Ties Vi — Sies i)
Wee = J ] i€ ,
=4 Ls,s fsfs
where
A; = cosaj, vj = sinoj.

Recall N = O(1/h), thus there exists a constant C; > 0, such that NH < C.

Set
Lss fsfs(Ties, Vi Ties, vi)?
Ys,s fsfs

€=
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with
51=S—(Sﬂsl), Sz=S’—(SﬂS').

It is obvious that é > 0, and
(—Wez) + 88> (—=Wy,e,) > 0.

Since we have proved that W, is weak L' compact, then in order to prove Lemma
2.5, it is enough to show that

]\}L{rgo - &zt h),dr =0 (2.2.57)

uniformly with respect to small h. Actually we can prove more. We will show that éis
exponentially decay either as z — +00 or £ — —oo and that vanishing is independent
on small A.

We choose the X-case for simple as we once did with W,.

Definition 2.4 The X-case means the following assumption are added to our initial

condition :

(1) There is a positive constant Xy, no matter how large it could be, such that
both %1 (z) = 1 and Jy(z) = —1 if |z| > Xa.
(2) There is a positive constant M, no matter how small it could be, such that

forall=1,..- N
u

h
Here, vy = /1 — A} with the point spectrum {\}|V of the initial values determined by

the inverse scattering transform.

>M>0.

Consider £ — +oo first.

With the proof of Theorem 2.9, we know, for all I =1,---, N,

3Xy 2> Ty(a1)/u.
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Recall Lemma 2.3, we get

e< (-0l 3 fsl)?

|S|=k
< (R*N?/4) exp[—4M(z — 3X5)]

< (C}l4) exp[—4M (z — 3X,)).

Thus, as £ — +o00, & decays exponentially and this vanishing is independent on
small h. |
Consider z — —oo now.
Set
SNnS' =P, S=5UP, S'=5 UP

We have
1<|51|<N-1, 1<|S] <N -1,
[S1] + |52) +2|P| £ 2N -2,

and that 51 N S; is a null set, where |S| means the number of the indices in S.

Let us estimate € again but with a slightly different view.

Ys.s [sfsr Dies, Lies, (Vivs)
Ys,st fsfs

€=

< P Disiisk Lissl=k [ fs(Ties, vi)l[fs(Ties, )]
- Yss fsfs

< le%l;lo Lisil=ky Llsal=ke [ fs(Zjgs vi)llfs(Tigs vi)]
B Ls.s fsfs '

By Lemma 2.3,
N-1 :
<> XY X fsfsr)/ 3 fsfs
|P|=0 |S1|=ky+1 |S2]=k2+1 S,5!
j=N

{20 (2v] /h) exp|(2v;/ k) (& — T-(a;)/v;)]}?

i=1
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R i=N

< {(5 2> (2u;/h)* exp|(2v;/h)(z — T_(0;)/ Vj)]}

i=1

RN ’
< {(-2- > (2u;/R)? exp|(2v; /h)(z + 3Xa)]}

j=1

2
< { A amyepea-ma)

< 4C? M4e-2M[(“-")"3Xb],

ifz < —~(1/M) —3X,.
Here, the constant M is given by the assumption of the X-case and we used the

following fact because of that case':
L (05)/v; »

N () = A Ay = Ao(z)
—”"(a’)_/-xb dz [I‘J 1=} 14

2 =Xy -2X = -3X,.

Thus, as * — —o0, € decays exponentially and this vanishing is independent on
small h.
With the above results as both £ — 400 and z — —o0, we get (2.2.57) and

(2.2.56).

In the next step, we are going o prove the uniformly L'-boundness of Wy, over

any bounded domain of z.

Lemma 2.6 Assume E = [a,b] is a finite interval of z, then there exists a constant

C2 which is independent on small h such that

-/E Ivvtktk(xat-; h)l dz < Csy.
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Proor:
If not, there should be a T' and a sequence {hny} which goes to zero as N — oo

such that as long as ty =T
Jim [ (Woey(a,% )l da = oo.

Because of the structure of the form of W,,,,, there should be a neighborhood of

tx = T, in which every value of ¢; makes the integral

JRLONCEDIEE
be infinite while % goes to zero. One may check it by resetting 'y (o;) with
Ti(05) = Ta(o5) — (e = T)Afw;.
Therefore, if t; = T € (Tt, T2),

T
/ " dty / [Wise, (2, £ hv)| dz — oo, (2.2.58)
Ty E .

as N — oo.
However, Wy, convergence to Qy,,, in the meaning of distribution. That means

the following relation is also true:
. T2
lim( [ " dt [ [Weye| do)
» T’
= -—}‘1_1"1(1)(‘/7‘2 dtk./E Wtktk d!l?)

2 [ Qr, d
Ny e
b
=L [Q:k(z’t-)llk=7'| - Q;k(m’ t.)ltk='1'2]dm- (2'2'59)

Since @, is a continuous function as proved by Theorem 3.25 later, the quantity
of (2.2.59) should be finite. It is a contradiction to (2.2.58). Thus, [; |Wi,.,|dz, for
any bounded domain E, should be uniformly bounded with respect to small h. The

Lemma 2.6 is approved.
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Combining Lemma 2.5 with Lemma 2.6, the proof of Theorem 2.11 is completed.
Wity Theorem 2.11 and the inequality given by (2.2.49), Theorem 2.10 is quite

obvious, since
[ Weay(2, )] do
< [ Wael dal 2] [ (Wi, (0,8 )| da]1/
< VO [ (Weal da]'.

2.2.4 o Representation

After all, by taking an insight to the form of W, one can find that it is better
to describe the related eigenvalues and all other quantities with o representation,
because A; = cosg; and v; = sino;. Thus, we will use o representation here after.

For later convenience, we review the former results and definitions related with
the o representation.

(1)
For ¢ € (—m,&2) U (61,m), there are two functions z.(c) and z_(c) defined by

(see Figure 4):
61(z4) = 61(z-) =0, (2.2.60)

or

62(z4) = G2(z_) = 0.

We also define that zg = £4(61,maz) OF To = T4(G2,min) -
(2)

Set N(h,0o) as the number of all possible eigenvalues A; = coso; such that o; is
only chosen from (o, &y,maz) Or only from (62,min, 7). This N can be figured out by a
function ®.
+®(0) for 0 < 61 max

-®(o) for o > 62,min,

N(h,o) =~ {
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Figure 2.4: The graph of initial turning points in ¢ representation

where
(o) =
[ - :j(ﬁ’,’ \/ (cos o — cos&3(y))(cos o — cos 1 (y)) dy
o > 6'“..’.ml'n
< 0 &Z.min >o0> &l.ma:
f::((;’)) \/ (cos &2(y) — cos o)(cos 61 (y) — cos o) dy
\ &l.mar >0,

(2.2.61)

and we only consider 0 < o < 7.
3)

The functions I'y(c) are defined as following :

Ii(o) =sinozi (o) +

+o0
/ . dy [sing — \/(cos d2(y) — coso’)(cos o — cos &,(y))] ,
z4(o
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and

I'.(0) =sinoz_(0) —

z_.(0)
/ dy |sino — ﬁcos G2(y) — coso)(cos o — cos &1(y))]| -

They satisfy
P:I:(O) = F:E(W) =0,

and

I'_(o) < (sino)ze < T'y(a).

Also, they are continuous where 0 < ¢ £ 61,maz OF O2min S 0 < 7.
(4)

The norming constants are
c;(t) = exp{[~tsinocoso + I'y(0)]/R}.
Or, generally,

¢;(t) = exp[(T4(0) = 3 tksin o cos o) /h).

=2

(%)
We denote the derivative of ® which was defined at (2.2.61) by —¢ :

z+(0) — Ccosé - 5
1 f=+ sin o (\J cos 0 — cos 62(y) +Jcosa cosal(y)) dy,

cos g — cos 61(y) cos o — cos Ga(y)

(2.2.62)

if 1> 0 > Gamin OF G1,maz > 0> 0.

Obviously, ¢(o) = 0 where 62min 2 ¢ 2 61,maz-
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Lemma 2.7

The function ¢(o) is odd, non-negative and belonging to L*(0, ).

PROOF :
This follows from the fact that ® defined at (2.2.61) is a bounded and decreasing
function of o € (0,7). The decreasilig is obvious. In order to verify the boundness

we estimate the following

0 £ / (1 F cos G1(y))(1 F cos G2(y)) dy
= [C \/(14: 50,5)2 — A2(y) dy
= [7a-meywas s {asra

[T a1 a,sw)l

1 ptoo
+ 5[ 18,5w)ldy. (22.63)

IN

If we denote the above quantity as [, then

/ <
1/2

(/*w dy )1/2 [/j:(l_A?(y))(1+y2)dy] +

-00 1+y2

too dy \YPp e o 12
] foo .
5 /_ 18,511 + ¥ dy < oo, (2.2.64)

where we used the Schwartz inequality and the assumption of (2.1.2) again. Thus the

boundness of ¢ for o € [0, 7] follows that

o(0) = K:o \/[1 — cos 61(y)][1 — cos &2(y)] dy,

and

O(r) = [:o \/[1 + cos &1(y))[1 + cos &5(y)] dy.
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CHAPTER 3
LIMIT AND VARIATION

3.1 Asymptotic Analysis of W

3.1.1 Limit of W

In this section, we carry out an asymptotic analysis as h — 0 for W(z, f; k) which

is given by (2.2.38):
W = —h%logdet(I + G), (3.1.1)

where G(z,; k) is given by (2.2.42). This analysis of W then directly leads to the
study of limits of all the conserved densities {px(z,; h)}. As examples, we will often

mention the first three conserved densities : (see (1.2.9))

p=|UJ%

= —z'g-(U"Uz —UUY), (3.1.2)

4p

With Theorem 2.7, W can be described by a sum of determinants of Gs which are

2
e=(1-p)? + U = (1 - p)* + "7 + B2

the principal minors of matrix G. Each determinant of G5 can be factored similarly

to the factorization of G. That is

det(I + G) = >_ det(Gs), (3.1.3)
i S



and

det Gs = (B Hl-si?—;l

gi
S Slno’J Sxis sm

With the definition of {g;} given by (2.2.46), we can write det Gs as

15|
det Gs = (g—) exp (—qh(S;w,ﬂ/th),

where
an(S;z, D) E 4r Y a(oj;z,7) -
j€Ss
Y Do EIL ) ’ +2h2 ¥ log(sin o)
) sin(Zmfa) = i)
Sx'S
m,n € S
By (2.2.45),

a(o;z,%) = zsinog + Y txsinocos* 1 o — T (o),
k—
or, if we only consider the ¢-flow, then
a(o;z,t) = zsino +tsinocoso — 'y (o).

Using (3.1.4) to express (3.1.3) offers

det(I + G) = Z( ol exp( qh(S;m,f)/2h2).
all S
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(3.1.4)

(3.1.5)

(3.1.6)

Consider its image under a logarithm mapping. One can find that, for small &,

this sum is dominated by its largest term. First we define

¢"(@, k) < min{ga(5;,7)}.

(3.1.7)

Since all terms in (3.1.6) are positive, and since there are 2" of them, we get the

following two-sided inequality :

h -
(E)Nexp ( 2h2) < det(I +G) < 2N exp ( h2)
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Taking the logarithm of all the sides and multiplying by 2h? gives
2h2N10g(g) —¢* < 2h*logdet(I + G) < 2h*Nlog?2 — ¢".
By (3.1.1), the center term is just —2W. That leads to the following estimate
[2W (5, ) — 4°(z,E )| < 2R3N (h) log(2/B).
According to (2.1.12), N(k) = O(}) , thus we have proved

Theorem 3.12 That

lim(W (2,7 ) - —q *(z,1:h)] = 0, (3.1.8)

is uniformly in = and 1.

3.1.2 Limit of g},

The existence of the limit of ¢*(z,%; ) can be verified. This limit can be charac-
terized as a solution of a minimum problem. To find this minimum problem, we first
need to write ¢(S;z,1) as a Stieltjes integral.

For each S we define vs(o, k) as the distribution

= hr)_ §(c — 03). (3.1.9)

j€S

Then by (3.1.5),

qh(S;xrt.)
= i/" a(o, z,t)s(o, h)do

2
sin(%=5%) , , '
/ ./ [(Sln(a_ﬂ_)) ]‘(,/)5(0' yh) X s(o, h)do do

+2?h /0” log(sin o)¢s(a, h)do. (3.1.10)
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Here 1s(0’, k) x's(o, k) is the product of the distributions which minus the diagonal

terms:
Ys(o'h) X P, h) =kt Y 86’ - ai)6(o — o).
,JES
i#]
#(o, k) is also a distribution which is defined by

j=N+

$(o,h) =hr > 6(0 - 0j), (3.1.11)

j=-N-

where N+ and N-— are given by Definition 2.1. Obviously,
0 < ¢s(o, h)do < ¢(o, h)do (3.1.12)

is true for every S in the meaning of measures.

Since, for each j, A; is the jy, eigen-value and A; = cos o;, then, by Theorem 2.3,

limy_,o ¢(0, h)do = ¢(o)do,

(3.1.13)
limpo ¢(0’, B) X' $(0, h)do'ds = ¢(o')p(0)do’ do,

in the sense of weak sequential convergence of measures, where ¢(c) is defined by
(2.2.62). These considerations suggest a minimum problem satisfied by the limit of

q*(z, 3 h) :
Theorem 3.13 That
lim g*(z, 7 ) = Q*(z, 1 (3.1.14)
is uniformly on compact subsets of z, i, where
Q*(z,1) = inf{Q(; z,1) : ¢ € A}; (3.1.15)

with the admissible set A consistings of all Lebesgue measurable functions 1 on (0,7),

such that

0 < 9¥(0) < 4(0), (3.1.16)
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and with Q(v; z,1) which is a quadratic form of  and is defined by

Qy;,1)
= i/” a(o, z,Y(0) do

/ / (Sm 5 |2) ¥(o)¥(0) do’ do. (3.1.17)

The proof is based on a series of lemmas and theorems.

3.1.3 Proof of Theorem 3.1.2

Let Aj denote the set of distributions ¥s(o, k) defined by (3.1.9) for all possible
sets of indices S and for all A > 0,

Ah = {1/)3(0‘, h) : S, h}

For the elements 1 of either the admissible sets A, or A, we assign ¥ do as positive

measures on [0, 7). If (o, h) € A, then (3.1.12) and (3.1.11) imply
/0 s(o,h)do < jo (o, h) do
= hrN(k) = hn(N* + N~)
+00 +00
< / \/ 1 — cos&1)(1 — cos &) dz +/ \/ 1+ cosé1)(1 + cos 62) dz

—/+°°\/ )1 = 32) d:z:+/ VI + 3 + 3p) dz
< o0 (3.1.18)

while if 1) € A, then (3.1.16) and (2.2.62) imply
/0" (a)da</"¢ o) do
= / (0) — &(r)
—/ \/1—,\,(1—,\2dm+/ VI + ) + A de

< 00. (3.1.19)

Thus we conclude
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Lemma 3.8

The total varidtions of the measures p do, ¥ in Ap and A are uniformly bounded.

Definition 3.5 A sequence of distributions 1y is defined to be weak convergence to 1
if the corresponding sequence of measures P(o) do converge to (o) do in the sense

of weak sequential convergence of measures, that is, if

Tim (x, %) = () (3..20)

for every continuous function x. Here the parentheses denote the usual duality on

[0,7] :
L[ d 3.1.21
(69) == [ x(0)b(o) do. (3.0.21)
We shall abbreviate (3.1.20) as w-convergence and write
w. lim ¢ = 9.

The next theorem characterizes the admissible set A as w_limits of the distribution

in A;.

Lemma 3.9
(a) Let 1y denote a sequence of elements in Ay, Pi(0) = s, (0, hi), such that, as
hk — 0,

w_ Jim i(0) = $(0); (3.1.22)

then 1 belongs to A.
(b) Conversely, for each ¥ in A, we can choose S(h) such that

w- fim s (7, 6) = $(0).
(¢

w.. }xlf.l"l) #(o, k) = ¢(0). (3.1.23)



78

PRrROOF :
By (3.1.12), the 1 satisfy

0 < (o) do < ¢(o, hi)do

Since the inequalities between measures are preserved for their weak limits, it follows

from (3.1.22), and (3.1.23) that
0 < (o) do < ¢(0) do.

From this we conclude by the Radon-Nikodym theorem that 1 is a measurable func-
tion and that (3.1.16) is satisfied, thus ¢ € A.

Part (b) is straightforward and part (c) is contained in (3.1.13).

The main step to prove Theorem 3.13 is by relating ¢x(S; z,1) as given in (3.1.10)
to Q(v;z,1) as given by (3.1.17).

Theorem 3.14
Denote by 1 a sequence of elements in A, Y¥i(0) = s, (0, ki), such that, as by — 0,

w- lim Yi(o) = P(o);
then
Jlim gy, (Sk;2,7) = Q(¥; 2, 1) (3.1.24)

for every z and t,, n =2,3,....

The mild technical difficulties in the proof arise in handling the second and third
terms of the right-hand side of (3.1.10). This will be accomplished with the aid of

lemmas as well as the introduction of an operator L :

L(o) = 5- A (ls"‘(m )P) (o) do (3.1.25)

(24=)
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Lemma 3.10

L¢ is a continuous function on (0,7) which tends to zero as o0 — 0 and ¢ — 7 .

Moreover,
L¢(o) =T_(0) —T4(0). (3.1.26)

PRrooOF :

Since it was shown in Lemma 2.5 that both I';(¢) and I'_(¢) are continuous
functions, the continuity of L¢ in [0, 7] follows from (3.1.26).

Formula (3.1.26) will be derived at the end of Section 3.2.

Corollary 3.1

(a) For every v in the admissible set A, L1 is continuous and
Lé(o) < Lp(0) <0 for o €[0,7]. (3.1.27)
(b) L1 is an odd function of o.

PROOF :

(b) is obvious from (3.1.25); thus we may extend L, L to (—,m) sometimes if
convenient. The inequality (3.1.27) of (a) follows from the fact that, by inequality
(3.1.16), all the admissible functions are non-negative and the kernel of the integral
operator L is negative. The kernel is negative because

sin®(£32) _ (cos¢ — cos0)? + (sing — sin o)?
sin®($32) = (cos¢ — cos )2 + (sin¢ + sino)? =

for ¢ and o both in (0, 7).

To show the continuity of Li(o) where o € [0,7], we first recall (3.1.26). Sinf:e
both I'y and I'_ are continuous where o € [0, 7], so is L¢. Next, because of (3.1.27)
and that if oy — o with ox € (0,7) then the integrands of Li(ox) appearing at
(3.1.25) converge almost everywhere to the integrand of Li(c) and are bounded below

by the integrands of L¢(c), where a dominated convergence argument is applied. It
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implies that Li(o) converges to Ly(o) and the continuity of Ly for o € {0, 7] follov»;s.
Moreover, because of property (b), L#(0) = 0 and Lt is continuous for all & € [, 0]
where ¥ € A,

We use the operator L defined by (3.1.25) in conjunction with the duality notation
of (3.1.21) to rewrite the functional Q(v;z,%) of (3.1.25) as

Q(¢;w,i) = 4(“(01375)7 d)) - 2(L¢1 1/)) (31'28)

Note that, by Lemma 2.5, the a(o, z,1) given by (2.2.45) is continuous. In particular,
this shows that Q(; z, 1) is finite for all ¥ in the admissible set A.
To prove Theorem 3.14, we break up the functionals Q(#) and ¢x(S) into two parts

depending on a parameter B, which eventually tends to infinity :

Q) = QB(¢) + 2p(¥)

and
gn(S) = 41 (S) + an,8(5)- (3.1.29)
Setting |
o]
and
18(0,0") = min{l(0, "), B}, | (3.1.30)
we define
QB (y) = % /0 " a(o,z,B(o) do
42 [ [ .0 (o) do" do
and

#(S) =2 [ alo,2,s(0)do
+§ /0 " /0 " 1B(a, 0" Ys(o' Ys(o) do’ do.
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Lemma 3.11
(a) If the sequence Pr = s, (0, hi) satisfies

w. Jim (o) = (o),
then
Jlim g5 (Sk)(he) = Q5 ().
(b) For all ¢ in A,
|25(%)| < §(B), (3.1.31)
where
gi_{rolo §(B)=0. (3.1.32)
(c) For all ¢ in A,
lgn,B(S; ¥)| < 86(B) + (),
where

PROOF :
Since both functions a(c) and [B(c,0’') are continuous, part(a) is a direct conse-
quence of the definition of weak convergence (3.1.20).

To prove (3.1.31) and (3.1.32), we write

2 [ [ ]
Qs(¥) == / /I>B(I(a,a ) — BYy(c')9(c) do’ do.
Since, for admissible 1,
0<¥< ¢,

it follows that
128(¥)| < 2B(4).
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This proves (3.1.31) with 6(B) = @p(¢) and (3.1.32) follows from the observation
that Q(¢) < oo .
For the proof of (c), we need some property of G4,k=1,2 which is from the assumption

of the initial data given by (2.1.2). It is devoted by the following lemma.

Lemma 3.12
If f3(z)(1 +2?) € L*(R), then both f(z) and [f(z)log|f(z)|] are functions of L} (R).

PROOF :

It is obvious for f(z) itself if we use the Schwartz inequality:

[ 1@l <

7 1P + o) ol S < oo

Now we consider flog]|f|. For given small € > 0, we always have

|flog |fIl < Cel I,
where
C. = sup |f*(log | [)] > 0.

Clearly,|f| is bounded and |f|¢log|f| — 0 if f — 0 because [f(1 + z2)] € L}(R). So
C. exists. We try to find a good € so that |f|1=¢ can belong to the L!(R). Formally,

we have
400
[ itda
+°° [ 1 -
= [ WV (g de

<{[TaviTEr-pem)

1

. {/_-:o[( \/li_mz)lﬂ]q ({m}lz:l-”
i U':o fia+ ”z)d:c]

-

”l
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+00 1 iFe
’ [»/—oo (1 + .'122) d(l)

l—-e 2
1+e¢~3
to make the above quantity finite. That is € < 1/3 and p = 2/(1 — €) > 1. It shows

that

So, we may choose

L7 1r108(1D1 de < oo.

With this lemma, the assumption given by (2.1.2) implies the following result.

Lemma 3.13

logsino is integrable on the domain [0, 7] with the measure (o) do. That means

/ow |logsino|¢(o) do < co. (3.1.33)
PROOF :
Set
IE/O"]logsin0'|¢(0) do
We have
I= ( /a:.ms 4 /a :m) (—logsin a)(_j_‘l’) do
(L) eI e
=(f - [7) ttogtvr=m)
(/ _:i,) VIV = L@ = da(a)] dz)
“n+ b,
where
L =

I Hmﬁ?mdf“wxamuhwm)

1,min ('\)
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and

L=
- st ([ R @I e ).

Do some variables change :

== mnr)= —:\2(17), n2(z) = —:\1(“’),

so that
M,min = —:\Z,mam N2,mezr = —:\1.mim
and
z1(A) = zx(n).
We get
I, =

;. s = na ([ Vo= ml =t

which is in a form as same as of I;. So it is enough to show that I; is finite only.
For I;, possible singularity of the integrand only comes when A is equal 1. So we

need to cut off I; into several simpler parts. Set Ao = (1 + :\l'm;n) /2, then Ao > 0 and

there exist z; and xz, such that ;\l(xl) =M = :\1((122) with z; > z,. After a change of

the order of integration, we have

I = [::o dz /;(I)[- log(v1 — A2)) d\/[z\ - (@) - La(2)]

(L e )+ ([ e )+ ([ )]
[~ log(VT= M) dy/[ ~ ha(2)][A - Ja(2)]
© In + Iy + ha.

We estimate Iy, first. Before treating Iy;, we need to estimate

&YX = K1 (@)][A — Aa(2))-



We have

AW

d/ID = @) - hale)] = T

where we define W and estimate it as following :

w(x;xl,xg).—.\’*z-ﬁ?(m)[ 22 = k() ~ (;) ‘

A

2/ [N = @) = Sa(2)]
_ V¥ = M) J A= a(a) +J (e )]
B 2) VA - :\2(53) A— /\1( )
VA2 =R (z) [ A = ho(z)
< |1+ TG

- BB |5 ]

Mo\ de
< (v2/2) (1+ 110 aof o

At the last step above, we used a fact that in the domain ¢ > z; or z < z,,
A2 () > do > dofz) > —1.

Thus,

o [7) e, A/
hisG (-/::, +[oo) d /,\1(2:) \/,\2 :\2 d\

([ e [ ”r——;(:;f_ﬁ
([ 7)o | e

oo (o] || sy
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where we set v = /1= X2, #1(z) = 1/1 — A}(z), and y = v/iy(z). It is easy to see

that the integrals over [0, 1] interval with respect to y are all finite because

/1 ydy
o Vi—y2 7
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and

PR ([ ])

<l- 1og(1/2)] /1 A==+ /0 "y -(-ﬂ—‘_%gl) dy
V3

< —2—log2+02 < oo.

A positive constant C; exists since (ylog(y)/+/1 — y?) is uniformly continuous on the
domain 0 < y £ 1/2. So, we get the last estimate for Ij; :

<0 ([ [7) dalis(e) + (o)l loglar(e)l)

with some constant C. But

@) = V1-%@)

V1-(8:5(2)/2 + |A(=)))?
V(1= 42) - 8.514] - (8.5)/4
< /(1 - A% +18,5.

By assumption (2.1.2), (1 + 22)9?(z) belongs to L*(R). Thus, by Lemma 3.12, both
7 (z) and #(z) log[#(z)] are integrable. So Iy; is finite.

Next, we consider ;5.

Iy =
/: dz A :[- log(vI= 28] dy/[A — ha(2)][A = Ja(@))-

Similarly, we can rewrite

AW,

W= J@I - ofa)] = ==,

with W defined and estimated as following :

Wx(/\; 5\1, Xz, /\o)
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=1 2x=Ai(z) - Ko(z) ]
20 I =A@l - A (2)]

V=3 Jx_xlﬂjx-sz

JR W A=N

Thus,

where we define vy = /1 — A3, With a variable change : y = v/vp, we find that I,
is bounded by a constant which is to be integrated on a finite domain z, < = < 3,
so I is finite.

Next, we consider I;3.

Il3
-/ da | j‘(’:)[_ Log(vI=38)] dy/[A = dn(@)][* — ha(@)]
<D | & [ A() &A= 2 (@] = ha(a)]

=D /, :’ dz /o — h1(2)]ho — Aa(z)]

< 00,
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where the constant D exists because for & € [z, 21] and X € [A;(), ho], (1 = A?) is
bounded away from zero. It completes the proof of Lemma 3.1.33.

Let’s go back to the proof of the part (c) of Lemma 3.11. By (3.1.29),

:10))
- % [ [ li,0) - Blbs(o, byps(o', ) dor do”

2h [ :
+?/0 log(1sin o)ys(o, k) do.
Comparing (3.1.18) and (3.1.19), we can estimate it as following :

lgn,8(S)| <
2 1 ! !
= [ [ 1,0~ Blg(o, (o', h) do do’ +
2h

ch 7 ; <
— /i (|logsino|)¢(o, k) do <

% /[w [l(o,0") — Bl¢(c)$(0") do do’ +
2 [ (logsinolyito) do <

QRB(d) +h (-;2; /oﬂ |log sin o|¢(o) da) =
6(B) +(h),

where we denote y(h) = AC with a constant C' defined as
C= -2—/" |log sin o|¢(o) do
“ah 18 )
A finite C exists because of Lemma 3.1.33. So

lim (k) = 0.

It completes the proof of Lemma 3.11.
Theorem 3.14 is then an immediate consequence of Lemma 3.11.
The pointwise limit (3.1.24) of Theorem 3.14 is uniform on compact subsets of the

x, t-space. This follows from
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Lemma 3.14
Being defined in (3.1.10) as a family of linear functions of x and f, {gs(S;z,%) : S, k}

is equicontinuous and equibounded on compact subsets of x and .

PRrOOF :
Since the functions {qx(S; z, )} are linear, it suffices to show that the coefficients of
z, tk, k = 2,3, ... and the quantity ¢;(5;0,0) are uniformly bounded. The coefficients

of z and {¢x} are uniformly bounded since
|hY " sing,| < AN,
s

|h> sinoy, cos*1 6,)| < AN,
5

respectively, and since, by (2.1.12), kN is bounded. A uniform bound for ¢,(S;0,0)
will be demonstrated by considering the three terms of the right-hand side of (3.1.10)
separately. According to Lemma 2.5, I'y.(o) is continuous and therefore bounded, say

I';(0) £ M. The first term of ¢4(S5;0,0) is then uniformly bounded since
hY Ty(on) < hNM
S

and, by (2.1.12), AN is bounded. The uniform bounds of the second and third terms
of gu(S;0,0) follow directly from Lemma 3.11.

We now turn to Theorem 3.13.
PROOF :

Formula (3.1.14) of Theorem 3.13 follows from two facts that are proved bellow:

limsupg(z, % k) < inf{Q(v;2,1) : ¥ € A} (3.1.34)
h—0
and
limsup¢*(z, £ h) = Q4" ,9), (3.1.35)
-0

for some #* in the admissible set A. Comparing (3.1.34) and (3.1.35) gives

Q(¥";2,1) = inf{Q(P;z,1) : 9 € A}.
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Thus the minimum asserted in the definition (3.1.15) of Q*(z, 1) is attained:
Q‘(ma{) = Q(z/z";:v,f),

and (3.1.14) follows.
Now, we are going to prove (3.1.34). Let 9 be any element of the admissible set
A. By Lemma 3.9, there exists S(k) such that

w-. ;I,I_I,I(IJ 1/)3(h)(0, h) = 2/)(0) (3.1.36)

Let {ht} be a sequence such that h; — 0 and
klim q"(z,1; ht) = limsup ¢*(z,1; h). (3.1.37)

—+00 h—0

By Definition (3.1.7) and Lemma 3.14, the ¢*(z, ; k) are minimas over a subfamily of
an equibounded family of functions and so are themselves equibounded. This insures
that the limits of (3.1.37) are finite.
By (3.1.7),
g"(2, % hi) < gne(Sks 2, 9)-
Using (3.1.36) ;and applying Theorem 3.14, we see that the right side above tends to
Q(; z,1) for that 4. Using (3.1.37) on the left side, we obtain the limit

limsup ¢*(z,%; k) < Q(¢; 2, ). (3.1.38)
h—0

It works for all 4 in A. Since the left-hand side of (3.1.38) is independent of 3, taking
the infimum of the right side gives (3.1.34).
To prove (3.1.35), we choose S() for fixed h such that the minimum of (3.1.7) is

attained:
an(S(h); z,3) = ¢*(a, 5 ). (3.1.39)
Let {hx} be a sequence such that h; — 0 and

kll'rg q*(z, & hy) = liin iélf q*(z, & b). (3.1.40)
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Since by Lemma 3.8 the total variations of the measures ts(,)(c, &) do are uniformly
bounded, we apply the Helly selection theorem and extract a w-convergence subse-
quence. Passing to this subsequence, we know by Lemma 3.9 that the w-limit 1* lies
in the admissible set A. Applying Theorem 3.14 to this sequence and using (3.1.39)
gives

Qv*2,1) = Jim ¢*(z,; hi),
which, along with (3.1.40) and (3.1.34), proves (3.1.35).

The limit in (3.1.14) is uniform on compact subsets of z and £, since, by definition
(3.1.7) and Lemma 3.14, the ¢*(z,7; k) are minimas over subfamilies of an equicon-
tinuous family of functions and so are themselves equicontinuous. The result then
follows from the Arzela-Ascoli theorem and the proof of Theorem 3.13 is complete.

Combining the limit (3.1.14) of Theorem 3.13 with (3.1.8) of Theorem 3.12 we

conclude that
) - |
}‘%W("Bit’h) - EQ (:L‘,f)
uniformly on compact subsets of z and {.
If only stand by the t-flow, we need to fix the initial value of the other temporal

variables. For simplicity, we restrict our consideration at a hyperplane {(z,%) : t, =

0, n > 2}. We often write the projection of function f(z,?) on that plane as f(z,1).

3.1.4 Limit in the Meaning of Distribution

Let us denote convergence in the sense of distributions of functions of (z,t) by
d-lim. Since derivatives of functions of a uniformly convergent sequence converge in

the distribution sense, we conclude from (3.1.2) and (3.1.9)

Theorem 3.15
Let U(z,t;h) be the solution of the NLS equation given by (1.1.4) with the modified
initial data U(z; h); then for all the conserved density py. and their fluz Gy, k= 1,2,...,



we have formaulas :

. def 5 1. TR P
Pk(z7t) = d-’l'%pk(m’th) = 2aa:th (xﬁt.) t = 0 )
n>2
(3.1.41)
and
= R . 1 N
Gi(z,1) ¥ d_lim Gi(w;t; h) = 50,2"(2,7) oo
n>2
For ezample, for p and p given by (1.2.9),
d-fim e, ) = p(a,1)
exists and
1
plz,t)=1+ EGMQ"(m,t). (3.1.42)
Similarly,
d—,lllr% “(w’t; h) = ﬁ(m,t)
ezxists and
1
B(z,t) = 3 Q" (x, 1), (3.1.43)

where Q*(z,t) is defined by (8.1.15), with t, =0 forn > 2.

Actually we have proved more; we have shown that p(z,t; k) tends to p(z,t), or
generally, pi(z,t; h) teﬁds to px(z,t), in the z-distribution sense. That is, for any C&
function w of z,

lim(pe(t 1), w) = (A(0), w).
Moreover, the limit can be reached uniformly over compact subsets of . We shall
strengthen this result in Theorem 3.17.
Exploiting the concept of convergence in the distribution sense, a corollary of

Theorem 3.15 is deduced:
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Theorem 3.16
Let e(z,t; h) be as given by (1.2.9) and U as the same in Theorem 3.15, then

d-}ll_ar(ljs(a:,t; h) = &(z,1)
ezists, and

&(z,1)
1

= (1= 9)+ 51 =7 + 50uQ"(2,1) (3.1.44)

=% 2, 27(%, Dtazo n>2- (3.1.45)

PROOF :
(3.1.45) is direct from (3.1.41). We only need to prove (3.1.44). By a little calcu-

lation to the definition of p, p and the relation between W and {p, 1}, we get
1

2 h’2
50" = 1) = 1 p(log p)zs.

2
Wy = E +
p
That is
Q= 2d_lim Wi = d_tim [ 22 4 0 —1 3.1.46)
¢ = 20-hm Wy = a.m T+P— . 3.1.
Then by (1.2.9), because that the d-lim of A%(p.)?/(4p) is zero too, we obtain
&(z,t) = d_lim{(1 - p)* + 1*/]
= d_lim[(3/2~2p + p*/2) + (0" — 1 + 24*/p]
= d_lim(3 - p)(L - p)] + Q)2
1 1
=(1-p+ 5(1 —p)? + §3uQ'(‘L‘at)~
That is (3.1.44).

Moreover, Theorem 3.15 can be strengthened :

Theorem 3.17
Let U(z,t;h) and its conserved quantity {p,u} be as the same in Theorem 3.15. As
functions of z, {p(-,t; h), u(-,t; h)} converge to {p, i} weakly in L'(R) as h — 0 and

converge uniformly over compact subsets of t.
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PROOF :

These are direct results following Theorem 2.9 and Theorem 3.15. Recall
1-p(z,t;h) = —Wy,

and
w(z,t;h) = Wy,

Since both {Wx(-,t; k)} and {Wx(-,t; )} are weakly L' compact, so are {(1 — p)}
and {u}. We will show later that QZ_and Q, , i.e. the distribution limits of {(1—p)}
and {x}, are all in L}(R). Because of the uniqueness of distribution limits and the
fact that w-L! limit should be distribution limit too, the convergence at Theorem

3.15 are weakly L! convergence also. It completes the proof of Theorem 3.17.

3.2 Analysis of the Minimum Problem

3.2.1 Convex Property of *

Theorem 3.15 gives explicit formulas for pi(z,t), £ = 1,2,.... The formulas in-
volve the function Q*(z,%) characterized by a minimum problem, see (3.1.15), a so-
called quadratic programming problem. The quantity Q(t; z,%) to be minimized, see
(3.1.28), is a quadratic function of %; and the functions 9 of the admissible set A are
subject to two linear inequalities given by (3.1.16). In this section we begin to use
these formulas to obtain a variety of properties of the limit p(z,t), and then extend
them for z(x,t) and all other limits pj .

We start with some observations :

Theorem 3.18
As a function of z and T, Q*(z,1) is

(a) less than or equal to 0,
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(b) continuous in x, 4, k= 1,2,...
(c) concave with respect to a pair of variables (z,1x), Vk.

(d) increasing in z.

PROOF :
Since 0 € A, it follows from (3.1.15) that @*(z,7) < Q(0;z,{) = 0; this proves (a).
Using the definition (2.2.45) of a(c, z,1) in the formula (3.1.28) for Q(¥; z,1) gives

Q(; z,1)
= 4(a,¥) — 2(L¢, ¥)
= 4(sino, $)z + 4 Y (sino cost 7, )tk — 4T, %) — 2(Lep, ).
= (3.2.47)

Since the admissible % satisfy 0 < 1 < ¢ and ¢ belongs to L}[0, x], it follows easily
from (3.2.47) that {Q(¢;z,%) : ¢ € A} is an equicontinuous family of functions of z
and £. It follows that Q*, the infimum of an equicontinuous family of functions, is
itself continuous.

For each 9, as is a linear function of z and #, Q(¥; z, ) has properties (c) and (d).
It follows that @*, their infimum, has these properties too.

We draw now some conclusions from Theorem 3.12. With the concavity of @, we
deduce that the matrix of second derivatives of @* with respect to any pair (z,%x) is
negative in the distribution sense. Using expressions (3.1.42), (3.1.43), (3.1.44) and
(3.1.46) for these second derivatives yields —

Corollary 3.2
Choose t = t; =, for any real (£,7), we have following inequality :

2%(p— 1) +4brp+ (P> +28°/p - 1)
= 629;:: + 2€TQ;:1 + TZQ;: S Oa
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or
26%(p — 1) +4érii + 272 (e — (1 - ) = [(1 - 5)1)/2) < 0.
In particular,
p<1, (3.2.48)
and
P +2p%[p <1,
or
ES(1-p)+ %(1 - p). (3.2.49)

We remark that no maximum principles like (3.2.48) and (3.2.49) can be valid for
(1.2.7), which is the conservation system of the NLS equation.

REMARK :

If the initial value of p(z,t), which is the amplitude square of U(z,t) as a solution
of the NLS equation, say |A(z)[?, satisfies p(z,0) < 1, one cannot conclude that
p(z,t) < 1. This may be seen by noting that if p(z,,0) = 1, the value of the z-
derivative of u could well be negative. It follows then from the system (1.2.7) that
p(Z0,0) > 0, and so p(z,,t) > 1 for small ¢t > 0. However, the assumption as given
by (2.1.10) offers

p@)t =1A(e)| < 1 |30:5(z)] < 1
Thus once we show p(z,0) = p(z), then (3.2.48) and (3.2.49) can be interpreted as a

kind of maximum principle for the semiclassical limit of solutions of the NLS equation.

3.2.2 Existence and Uniqueness of 3*

To derive further information, some properties of the integral operator L defined
by (3.1.25) are needed. The first is a strengthening of Corollary 3.1 which asserted
that, for every ¥ in the admissible set A, Li(o) is a continuous function belonging

to CoR that vanishes at zero and +.
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Theorem 3.19
The set of functions{Liy : 1 € A} is an equicontinuous subset of Co(R).

PROOF :
We break up the operator L into two parts depending on a parameter B which

will tend to infinity :
L=1IB+ Lg,

where
L84(0) =~ [ 18(0,0 (e do’
and [B is defined by (3.1.30).
As B tends to infinity, LB#(c) will tend to Lé(c), monotonically for all o €

(==, 7). Since these functions are all € C[—,x], it follows from Dini’s theorem that

the convergence is uniform in ¢. That is, if we define

8(B) = max |Ls(d)l, (3.2.50)
then
Bli_r& §(B) = 0.

Let 3 be any admissible function. Since admissibility means that

0 < 9(0) < ¢(0),

and since the kernel of Lp is of one sign, it follows by (3.2.50) that, for any o,

\ILe(¥)| < |Lp(4)| < 6(B). (3.2.51)

The kernel of L5, defined in (3.1.30), is uniformly continuous. It follows that
LB maps any set bounded in the L! norm into an equicontinuous set. Since the
admissible functions are L'-bounded, it follows that they are mapped by L? into an
equicontinuous set. Since, by (3.2.51), LB(%) differs from Lt at most by §(B), and

since §(B) — 0 as B — oo, Theorem 3.19 follows.
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Recalling the definition of w-convergence (3.1.20) for sequences in A, we prove the

continuous dependence of L and @ on 1 by the previous result :

Theorem 3.20

If Yy is a w-convergent sequence of elements in A :

w_limyy, = 9,
then
lim Ly(o) = L(o) (3.2.52)
uniformly on [, 7] of 7, and
lim (42,7 = Q(¥;.2.4), (3.2:53)

uniformly on compact subsets of x and {.

ProoF :

By Theorem 3.19, the functions Ly are equicontinuous. Then by the Arzela-
Arscoli Theorem, it is enough to show that the convergence of (3.2.52) is pointwise.
Since the kernel of L? is continuous, it follows from the definition of w-convergence
that, for each o,

Jlim LZ4(0) = L9 (o).
Since, by Theorem 3.19, LB differs at most by §(B) from Ly, (3.2.52) follows.

Since the family of Q(%; z,{) is equicontinuous in z and i, it suffices to show the
pointwise convergence of (3.2.53). We consider separately the two terms on the right
side of the form of Q(3;z,1) (see (3.1.28)). According to Lemma 2.5, The a(o, z,1)
given by (2.2.44) is a continuous function of ¢ and thus, by the definition (3.1.20) of

w-convergence,

kl_iglo(a, ¢k) = (a, Ip) (3254)
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for every z and t,, n = 2,3,....

Next we consider the identity

(Ltpry o) — (Lo, ) = (Lbx — Lap, i) + (Lo, bi — ). (3.2.55)

The first term on the right is bounded in absolute value by

| Labie — Lp|| oo ||obic|f -

Formula (3.2.52) shows that the first factor tends to zero. Since % is admissible,
the second factor is bounded by ||¢]|z:. Thus the first term on the right of (3.2.55)
vanishes as k — oco. Corollary 3.1 asserts that Lt is continuous, hence the second
term on the right side of (3.2.55) tends to zero as k — 0 because {1x} w-convergence

to 9. This proves that

Jim (Lepk, i) = (Leb, ). (3-2.56)

By combined (3.2.54) with (3.2.56), the formula (3.1.28) of Q(¥;z,%) implies the
result (3.2.53) as is asserted in the theorem.

An immediate consequence of (3.2.53) in Theorem 3.20 is

Corollary 3.3
The functional Q(1; z,1) is a continuous function over A x R x RP where the admis-

stble set A is given the weak sequence topology.

PROOF :
This result follows from (3.2.53) and the lact that Q(v;z, %) is jointly continuous

. -
in r and .

Theorem 3.21
The set A which is defined by (8.1.16) as the set of all the admissible functions, is
compact in the weak sequential topology. That means, every sequence in A contains

a subsequence which is w-convergent to an clement of A.
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Proor :

By Lemma 3.8, the total variation of the measures associated with A are uniformly
bounded. It follows then from the Helly selection principle that every sequence of
associated measures contains a subsequence {1x(c) do'} being convergent to a measure

d¢ in the sense that

lim 1 0" x(0)¢i(o) do = -71;/: x(o) ds

k—co T
for any continuous function x. We conclude from (3.1.16) that, for all non-negative
X»

0< %/Oﬂx(o)dc < -71;/OFX(0)¢(0')€10-

This implies that the measure ds satisfies
0 < ds < ¢(o)do

from which we conclude by the Radon-Nikodym theorem that ds = (o) do where 3
satisfies (3.1.16). Thus 9% is w-convergent to ¥ € A and the proof of Theorem 3.21
is complete.

Combining the compactness of A asserted by Theorem 3.21 with the continuity
of Q stated in Corollary 3.3, it will follow from a general topological principle that,
for each z and t, Q(:l:;:v,f) takes on a minimum value over A. This gives a direct
argument that the minimum problem (3.1.15) of Theorem 3.13 has a solution.

To prove uniqueness of the solution we need another property of the operator L.

Theorem 3.22
The integral operator L is negative definite over all 3 in L'[0, ] for which L3 is in
L®[—=, ). This means

_(L¢a¢) >0
Jor all 1 # 0 in that class.
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PROOF :

Lax and Levermore [11] have proved a similar result in the KdV case. We now treat
our result as a corollary of theirs. In order to do that, we extend the functions 1, which
are originally defined on the interval [0, 7], to the interval [—=, 7] by ¥(—0) = —1(0)
and setting an odd function F(z) = 2¢(e(z))/(1 + z%) with Cayley transform :

2dz
1422

o =2tan" 'z, do =

This allows us to let the operator L which is defined by (3.1.25) be dominated by a

convolution operator :

1

Ly(o) = 217r/ log [sm ( _20’ )] P(o’)do’
217r/ [log(z — 2')? ~ log(1 + 2?) — log(1 + (z')?)] F(s") d=’
~l+ F(m)’

IA

where
i(z) = -% log 22, (3.2.57)
Since Li(o) is nonpositive, we have
—(Lap, ) > é(z‘ « F, F), (3.2.58)
where the brackets on the right denote the usual duality on R,
(6 F) = [ x(@)F()de

The definiteness of convolution operators is the subject of theorems going back to

Carathéodory, Bochner, and L.Schwartz. By (3.2.58), Theorem 3.22 follows from

Lemma 3.15 (Laz and Levermore)

If F € L'(R) is odd with compact support and [ * F is in L(R), then

()= [T SIFEP s,
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where F(s) is the Fourier transform given by

F(s) = e~ " F(z)d

=1

Now, for any F' which is in L!(®), odd and which makes { * F' be in L®(R), we
can construct a sequence of functions {F,} which are odd and in L' with compact
support, such that

Jim IF. — Fllzs =0,
and
7% Fallzeo < | Fllos-
It implies
lim ([ * F,,, F,) = (I« F, F).

n—+00

Thus Theorem 3.22 follows.

An important consequence of the negative definiteness of L is :

Theorem 3.23
For each given = and i, the functional Q(v;z,1) assumes its minimum at ezactly one

element, denoted *(z,1), of the admissible set A.

PROOF :

Since every ¥ in A satisfies 0 < 1 < ¢ and ¢ is in L*[0, 7], then ¢ is also in L[0, ].
By Corollary 3.1, Lt is an element of C[—n, ) and therefore also of L®[—m,7]. We
can then apply Theorem 3.22 to the difference of functions in A to prove that Q(¢; , 7)
is strictly convex over the set A, Since A is a convex set, @(¢) assumes its minimum

at exactly one admissible .

3.2.3 Regularity of ¢*, Ly* and Q*

Theorem 3.24
(a) ¥*(z,1) depends continuously on z,  in the sense of w-convergence.

(b) Lip*(z,t) depends continuously on z, T in the sense of mazimum norm.
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PROOF :

Suppose (y,1,) — (z,1). According to Theorem 3.21 that A is compact, then the
sequence ¥*(zy,1,) has a cluster point ¥. ir‘l A and a! subsequence of *(xn, ;) exists
and w-converges to .. Since, by Corollary‘3.3, Q(v;x,1) is a continuous function of
1, and since, by definition, Q*(zn, %) = Q(¥*(Tn,In); Tn,ix), We conclude that over

this subsequence |

nllm Q* (&, 1) = lim Q™ (T, 1n); Ty tn) = Q(%; , 7). (3.2.59)
o0 n—o0o |

On the other hand, since by part(b) of Theorem 3.18, @* is a continuous function of

z and £, |
lim Q*(zn,1,) = Q*(z,1).

n—0co

Comparing this result with (3.2.59) gives
Q*(2,1) = Qi 2, ).

|
It shows ), solves the minimum problem at (z,%) and thus, by the uniqueness of

Theorem 3.23, . = ¥%*(z,f). Since ¥*(z,{) is therefore the only cluster point of

¥*(Zy,1,) and A is compact, we conclude '

w_nli_’n;xo "l’*(mm t.:z) = ¢"(m1 t-)

This verifies the continuity of 1*. The confimtity of L+* follows since, by Theorem

3.20, L is a sequentially continuous mapping of A into C[—,7]. Now the proof is
completed. a

The argument given in Theorem 3.18 for the continuity of Q*(x, ) shows that Q*

. 7 . . . \ A
is Lipschitz continuous in z and ¢. But now we can show that more is true.

Theorem 3.25
Q*(z,1) is a continuously differentiable function of z and ¥ with
0:Q*(z,1) = 4(sino, 1/;‘(w,f)), !
| (3.2.60)
8, Q*(z,1) = 4(sino cost! o,9%(z,1)) V.
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PROOF :
We deduce from formula (3.2.47) that

Q(v; x,tx) — Q(;, 81) = 4(sin 7, 9)(z — y) + 4(sin o cos** 7, 9)(tx — k)
(3.2.61)

for ally) € A. Since ¥* minimizes Q, we have the two-sided inequality for any & :

Q(*(x, tk); z, tk) — QY™ (=, k)5 ¥y 8k) < Q" (2, tk) — 27(v, 8k)
< Q(P*(y, sr); o, t) — Q™ (Y, 88); Y5 Sk)

which when combined with (3.2.61) gives

4(sin 0, 9*(z, t))(z — y) + 4(sin o cos*~ 0, "(z, t4)) (tx — s)
< Q‘(mitl‘) - Q‘(%sk)
< 4(sin o, 9" (y, sx) )z — y) + 4(sin o cos*=1 &, 9" (y, sk) )tk — Sk).

Applying the continuity of 1* in the w-topology, which is shown in Theorem 3.24, to
both sides of the above two-sided inequality yields the formulas of (3.2.60) and shows

that Q* is continuously differentiable with respect to  and £. It completes the proof.

Corollary 3.4
All the first derivatives of Q% belong to L! space with respect to z.

PROOF :

By Theorem 3.25, all the first derivatives of Q* are continuous with respect to .
Moreover, we can claim that thay are all functions of bounded variation. By Theorem
3.18, Q* is concave with respect to its variables. Thus Q7 is monotonic. It means that
Qz is a function of bounded variation. By Lemma 4.25 in Chapter 4, one can find
that 1 is even nonpositive if it exits. That also shows %" is monotonic and so is Q3.
With the formulas given by (3.2.60), the total variation of Q; Vk can be bounded

by the total variation of Q3. It comes out that they are all functions of bounded
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variation. Thus their z-derivatives are local L!. But * € A, that is, 0 < 9* < ¢.
So, by (3.2.60), all the first derivatives of Q* are uniformly bounded. That proves the

corollary.

3.2.4 Variational and Differentiated Variational Condition

Solution of a minimum problem should satisfy certain variational conditions. For
a minimum problem with constraints, such as the one we are dealing with, the vari-

ational conditions in general take the form (suppressing z and {) :
Ede-Q(i/z' + €X)e=0 = 0 (3.2.62)
for all functions x such that ¢* + x is admissible. Since
Q4 + ex) = Q%) + 4e(a — Lh, x) - 2€*(Lx; X),
we can restate (3.2.62) as
(a — L™, x) 2 0. (3.2.63)

Definition 3.6 We define that 1 in A satisfies the variational condition for mini-
mizing Q) in A if

d
2.2+ ex)emo = 4(a — Lp, x) 2 0 (3.2.64)
for all x, such that
(¥ +x) € A. (3.2.65)

Suppose 1 satisfies (3.2.64); set

- where a— L > 0,
X+ =
0 otherwise,

0 otherwise.

_{ ¢~  where a—Lp<0,
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Clearly, x4+ and x- satisfy (3.2.65). By construction, (e -- Ly, x+) < 0; this is the
opposite of (3.2.64), which implies that

(a - Ld)ax:!:) =V

This yields another criterion :

Corollary 3.5 If1 € A satisfies :

0 h — LY >0,
Y= { where oLy > (3.2.66)

¢ where a - Ly <0.

then 1 satisfies the variational condition (8.2.64).
Now we can relate the minimum problem and its variational condition together:

Theorem 3.26
If 1 in A satisfies the variational condition, then i = 9.

PRrROOF :
Since x = 1* — 9 satisfies (3.2.65), i satisfies (3.2.64) with x = ¢~ — ¢,

(a = Lp, 9™ —¢) 2 0.

»

Since the minimizing ¥* also satisfies the variational condition, and x = ¥ — ¢

satisfies (3.2.65), thus 3* satisfies (3.2.63) :
(a - L"/’.,l/) - d)-) Z 0.
We add these inequalities and obtain

(L(y" —4),9" —¢) 2 0.

By using the negative definiteness of L, we conclude that #* — 1 = 0.
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The importance of Theorem 3.26 lies in this: in order to show that ¥* solves
the minimum problem (3.1.15), it suffices to verify that ¢* satisfies the variational
conditions (3.2.66). We shall exploit this idea in Section 4.1 and Section 4.2 .

An easy direct consequence of the variational conditions (3.2.66) that will be

needed in later section is

Theorem 3.27
For all x and tx, k = 2,3,...,

0 where zsino + Yy—,trsinocos*lo —-Ty(c) >0

P*(z, t-) =
¢ where zsino + Yy—;trsinocos*~lo—-T_(c) <0
(3.2.67)
PRrOOF :
By (3.1.26) of Corollary 3.1,
aLa—Lyp*<a-L¢. (3.2.68)

Recall Lemma 3.10
~Lé(0) = I'+(0) = T_(o)
and definition (2.2.45)
a(o,z,1) = zsino + Z tysino cos* ' o — Iy (o).
k=2
The inequality (3.2.68) then can be generally written as following:
gsino + Y tsinocos* ' o — I'y(0)
k=2
Sa-Ly* <

zsino + Y tsinocos*1 o - T_(0);
=2
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or, if one wants to stand by a specific ¢,-flow,

zsino + tysinocos" ! o — T (o)
Sa-Lp* <

zsino + tysino cos™ o — T (q),

where

Fg‘)(a) =T4(0)— 3 tysinocos* o
k#n
and

I'"(6) =T_(0) = Y txsino costo.
ki#n

Clearly, (3.2.67) follows from this inequality and the variational conditions (3.2.66);

and the theorem is proved.

In the case of t-flow, (3.2.67) comes to be

0 where zsino+isinocoso—-T4(c)>0
P*(z,t) = :

¢ where zsino+lsinocoso—-T_(0) <0

where we omited the index n = 2 for both I'y and T'_.

Motivated by the variational conditions, we partition [0,7] X R x R into three

disjoint subsets with respect to the ¢-flow :
I° = {(o,2,t):a—Ly* =0},
I* = {(o,z,t):a— Lyp* > 0}, (3.2.69)
I= = {(oyz,t):a - Lp* < 0}.

By theorem 3.24, (a — Lt*) is continuous on [0,7] X R x R and so the sets I* and

I~ are open while I° is closed and separates I* and I~. We denote the (z,t) slices

of I° I*, and I- by I%(z,t), I*(z,t) and I~(z,t), respectively, where, for instance,
I%z,t) = {o: (o,7;t) € I°). (3.2.70)

With the sets I°(z,t), I*(z,t) and I~(z,1), one can determine %*(z,t) by:
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Theorem 3.28
If ¢y € L'[0, 7] and Ly € L®[—m, 7], such that v satisfies

Lp=a on I%z,t) (3.2.711)

and

=0 on I*(z,t),

- (3.2.72)
p=¢ on I (z,t), .

then ¢ = ¢*(z,t) .

PROOF :

That 1*(z, t) satisfies (3.2.71) and (3.2.72) is obvious from the construction (3.2.69)
of the sets I°, I*, I~, and from the variational conditions (3.2.66). Now if we have
another ¥ satisfying (3.2.71) and (3.2.72), then the difference ¥, = ¥ — ¥*(z,t)
satisfies the homogeneous version of (3.2.71) and (3.2.72) :

Lp,=0 on I%z,t),

(3.2.73)
Yo=0 off I%a,t).

This implies the product %, - L, = 0 for all o, then

(Ld)m "/)o) =0.

According to Theorem 3.22, L is negative definite. We thus conclude 1, = 0, proving
the theorem.

We now establish the last major property of the operator L. We extend the
functions ¢ defined on [0, 7] to [—m, ], such that ¥(—c) = —(o) as we did at the
proof of Theorem 3.22. Then, under this odd extension, the admissible functions
are all odd, bounded and vanish at o = 0, because so is the function ¢ as given by

(2.2.62). Therefore they are in LP[—m, 7] for any pif 1 < p < oo0.
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Theorem 3.29
If 1 is a bounded and odd function of o, then Ly is odd, € C[—m, 7] and

Ly(o) = /0 " Hy(r)dr, (3.2.74)

where H is the Hilbert transform [9] with respect to the unit disk :

HY{o) = S (L#(o)

_ 1)
= ;r-p.’l). -"m—(—a_;?)dr. (32.75)

PRroor :

Because % is bounded on {0, 7] and oddly extended, ¢ is in LP[—m, ] for any p, if
1<p<oo.

Since the Hilbert transform takes LP functions into LP functions for 1 < p < oo

with the form of

Hip(o) = IP_lim — I sin(#52) 0s(*5%) b (7 dr,

=021 Jor sin®(%5%) + 62

we can conclude that

/ Hi(o)do = 1}_{%/ o /" Susll(:-: O—T)tﬁ(r) dr do.

The order of integration can then be exchanged by Fubini’s theorem and the o inte-

gration can be carried out to obtain

/0 " Hy(o)do =

1
11_1;& o ) log[sm (

“5) + E(r)dr =

1 g sin?(%5%) + €2
lg%‘z';r‘/ lOg [m 1/)(7’)(17‘. (3276)

Here the oddness of ¢ was used in the last step. Since, for fixed o,

sin?(21) + 2] 1 sin(%7)\?
Lk —l —2 L | = 2
0 2r B [sin2(12ﬂ)+e2 2m log (sin(‘—’—’gl)> ’
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where 1/p + 1/q = 1, we see from (3.2.76) that

[ (o) do = o= [T sin(59)\ ) oy do
() T 2nJo sin(ZtT) '
By the definition of L, see (3.1.25), it proves (3.2.74).

The continuity of Ly follows directly from formula (3.2.74). It can be also seen
from the definition of L that the kernel

L (2255

tends to zero uniformly over [0, 7] as o tends to 7 or 0. Thus L1 continuous on [0, 7]

and vanishes at the boundary and the theorem is established.
REMARK :

We can apply Theorem 3.29 to the admissible functions 1 if they are oddly ex-
tended. The function ¢ given by (2.2.62) is bounded on [0, 7], so are all the functions
1 if they belong to A as given by (3.1.16).

Let HP(Q2), 1 < p < oo be the space of all complex functions f(w) which satisfy :
(a) f(w) is analytic in the unit disc @ = {w : |w| < 1}.

(b) There exists a constant C > 0 such that

" |f(w = T€“)|do < C uniformly for all 7 < 1.
(c) f(w) has boundary value which is € LP[—=, 7] and
L7 _lim f(re") = f(¢) = f(w)on

exists.
The following result is classical [11] and shows a relation between Hilbert transform

and analytic functions.

Theorem 3.30
If (o) defined on [—m, 7] is real and in LP for some p, 1 < p < 0o, then there erists
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a function f(w) € HP(Q) such that (o) and Hip(o) are the real and imaginary parts

of its boundary values. That is
Plo) = Rf(e”),
H"nb(U) = Sgf(eia),

for some fin H?. In fact, v is in LP[—m 7] if it is bounded.

(3.2.77)

As is well known, this is Riemann-Hilbert theorem. That how to find f(w) with
¥(0o) is so called a Riemann-Hilbert problem. In the next few paragraphs we will
show that the variational condition as given by (3.2.64) and (3.2.65) can be reduced
to solve this problem. With this observalion, couple of useful representation of the
solution of this variational condition will follow in Chapter 4 through solving the
Riemann-Hilbert problems respected.

Rather than determining 3*(z,t) directly, we determine the partial derivatives,
O9:¢* and 9" instead. We shall later make assumptions which imply that ¥* depends
differentiably on z and ¢ in the weak topology over the o-variable with derivatives ;n

L?[0, 7] for some p, 1 < p < 2. This is

Lemma 3.16
For every x in C|0, 7] the function (x,v¥*(z,t)) is a differentiable function of z and
t, and there exist functions ¥%(z,t) and ¥} (z,t) in LP[0, ] such that

=, ¢") = (x,¥2),

(3.2.78)
at(X7 d)‘) = (Xa ¢¢‘)°

Whenever the support of x lies inside the open sets I*(z,t) or I~ (z,t), the left-
hand side of (3.2.78) vanishes because of (3.2.72). Therefore,

Pr=P; =0 off Iz,1). (3.2.79)

For any continuous function y, Ly is also continuous and so, since L is a symmetric

operator, we deduce that (x, Ly*(z,t)) = (Lx,¥"(z, 1)) is a differentiable function of
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z and t. By (3.2.78),

8:(x, L") = (Ix,¥2) = (x L¥2),

0L, Ly) = (Lx,%7) = (x, L) .
Let Io be the interior of the closed set I° given by (3.2.69) in [0,7] x R x R and let
Io(z,t) denote its (z,t) slice defined as in (3.2.70). Choose the support of x in (3.2.80)
to lie inside the open set Io(z,t); then, by (3.2.71), Ly* = a on the support of x :

(3.2.80)

(x, Ly*) = (x, a).
Using the definition (2.2.45) of a, we deduce that

65(XaL¢*) = (Xaax) = (x,sina),

(3.2.81)
0(x, LY*) = (x,a:) = (x,sinocoso).
Combining (3.2.80) and (3.2.81) we find
Ly; =sino, Ly} =sinocoso, on Ip(z,1). (3.2.82)

By Theorem 3.29, both sides of (3.2.81) are continuous functions of ¢, so the equality
may be extended to Iy(z,t), the closure of Ip(z,t) in [0, 7] .

Our later assumptions will imply that Io(z,t) and I°(z,t) differ by at most a finite
number of points. Then Iy(z,t) and I°(z,t) will have a common interior, denoted by
I(z,t), on which (3.2.82) holds. Since I%(z,t) and I(z,?) differ by a set of measure
zero, we can replace I%(z,t) by I(z,t) in (3.2.79). We summarize :

Y% is in LP[0, 7] for some p, 1 < p < oo, and satisfies

Lyi(z,t) =sinc on I(z,t),

(3.2.83)
Piz,t) =0  off I(z,t).
Similarly, ¥} is in LP[0, ] for some p, 1 < p < 00, and satisfies
Li¢(z,t) =sinocoso on I(z,t),
¥i(a,1) (@1) 250

¥y(z,t) = 0 off I(z,1).
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Arguing as in Theorem 3.28, it follows that ¢} and %} are the unique L? solutions
of (3.2.83) and (3.2.84), respectively.

We name (3.2.83) and (3.2.84) as differentiated variational conditions. In fact here,
the inhomogeneous terms on the right side, (i.e. sino and sino coso) do not depernd

on the initial data {A(z),S(z)}.

3.2.5 Corresponding Riemann-Hilbert Problem

If we extend I(z,t) to the whole interval [—m, 7], by reflection about zero, then
(3.2.83) and (3.2.84) hold for the extended functions. We differentiate the top equa-
tions of (3.2.83) and (3.2.84) with respect to o on the open set I(z,t). By using
(3.2.74) we obtain

Hy? =coso on I(z,t), (3.2.85)

and

H} = [cos? o — sin? o] on I(z,t).
Denoted by f the function in H? whosc real part is 93 :

R(f) = 4z (3.2.86)

We claim that
S(f) =coso on  I(z,t)
R()=0 off I(z,t).
The first relation is obtained by combining (3.2.85) and Theorem 3.30; the second
relation is obtained from (3.2.83).

(3.2.87)

Similarly, if g denotes the H? function whose real part is ¢} :

R(g) = ¥r, (3.2.88)

then
8(g) = [cos? o —sin®0] on I(z,t),

(3.2.89)
R(g)=0 off I(z,t). :
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We shall exploit this fact in the next two sections to construct explicit functions
¥2(z,t) and ¥}(z,t) by these differentiated variational conditions. We shall verity
that the function ¥* coming this way satisfies the original variational condition. Then
we can compute semiclassical limits by it. For simplicity, we only calculate {3, i, &}
which are the limits of the first three conserved densities. The whole theory and
method work for limits of all the other conserved densities and their fluxes as well.

Now, we show how to express j, i and & in terms of ¥} and ¥; :

Theorem 3.31
A(z,t) = 1+ 2sin o, w3z, 1)

Alz,1) = 2(sin g, 3(z, 1)) = Gi(s, 1),

or
i(z,t) = 2(sin o cos 0, ¥3(z, 1)) = pa(z, 1);
and
&(z,t) = 2(sin o cos? o, P3(z, 1)) = ps(z, 1),
or
&(z,t) = —2(sin 0, 9}) + 2(sin 0, ¥2)? + 2(sin o cos 7, 9}).
Generally,
Pn(z,t) = 2(sino cos™ ! o, 93(z, 1))
and
Gu(z,t) = 2(sina cos™ ! 7,9} (z, t)).
PROOF :

Recall the formulas (3.2.60) of Theorem 3.25 :

0:Q%(z,t) = 4(sin o, ¥*(z, t))
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and

a‘nQ.(wat) = ath.(m’t-)tn=0,n>2

= 4(sin o cos"! a,9*(z,1)).

With the formula given by (3.2.78), we diffcrentiate them with respect to z, ¢, and

get
a:ch.(ma t) = 4(Sin a, d’;(zat))s
aﬂQ"(x, t) = 4(Si{" g, '(,[);(.'D,t)),
0:Q*(z,t) = 4(sin o cos 7, ;(z, 1)),
and |
0 Q" (z,t) = 4(sin @ cos o, (z, 1)).
Or, generally,
021, 2" (z,t) = 4(sin o cos™ ! o, 93(z, 1)),
and

04, Q" (z,t) = 4(sin 0 cos™ ! 7,9 (z, t)).

If we compare these formulas with definitions given by (3.1.42), (3.1.43), (3.1.45)
and (3.1.44) for p, fi and &, we conclude that Theorem 3.31 holds.

We end this section by proviﬂlg (3.1.26). Using the definition (2.2.62) of ¢, the fact
that L and d/ do commute and the relation|(3.2.74), we have

d d
Lp = -L—8 = ——(LB) = - H3.

According to Theorem 3.2.57, —L¢ is the imaginary part of a function of class H?(Q2)

whose real part is ®. This function can be fixed as:

flw) = [: {\/[w;:- ! — cos 61(:11)][‘0;: L cos &2(z)] + w22; 1 } dz,




where

R(fiomeic) = R (/:::) \/[cosa — cos 1(z)][cos o — cos &o(z)) cl:c)

) by \/[cosa —cos&1(z)][coso — cos Ga(z)]dr 0 <o <19

0 0100 < Gy

]

o \/[cosa —~cos&1(z)][coso — cos 3(z)]dz G20< o<

= 2(0),

as may be seen from (2.1.16).

Using (2.1.26) and (2.1.22) we see that
S(fuzeic) = T4 (o) = T_(0).

But
X fomeie) = HO.
This proves (3.1.26) :
Lé(o) =T_(a) — T4 (0);

or, if for the the #,-flow,
Lé(o) =T"(o) — T} (o).

117
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CHAPTER 4
CONSTRUCTION OF SOLUTION

4.1 Solution Until Break-time

4.1.1 Limits of the Initial Data

The variational problem (3.1.15)-(3.1.17) contains z and t as parameters. We first
investigate the case t = 0. We assume, as a posteriori, that for 0 < ¢t < ¢, the set J

consists of two disjoint intervals :
I = (0,5’1)U(6’2,7T), (411)

where 61, &, are differentiable functions of z, and 0 < &, < &, < 7 for all z. We also,

for later convenience, extend I symmetrically :
I =(~7m,—62) U(=61,61) U (62, 7).
We denote [ as a part of the boundary of the unit disk £ related to I :
I={e":0€1I}.

We will investigate the limits of p and g first, then get the general picture for the
other conserved densities.

We claim that the solution of the Riemann-Hilbert problem posed in (3.2.87) is

f(w) _ z[w_*_(% (1 + cos&,:tzcoséz)]

\/[1 _ 2u((ll:c3>)5261)][1 _ 2w%11-r‘::)5262)]
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z[“""(ﬁ%)(l'*' coso‘q%cos&g)] .

: (4.1.2)
2\/(1 + cos &1)(1 + cos &2) R(w)
where the sign of the square root which defines R(w) is chosen to be
R(w) >0 if w= e':", 0<o<dy (4.1‘5)
iR(w) <0 if w=eY & <o<dby,
with
w 1 w 1
R(w) = \J [(1 AT cos&l)] {(1 o " W rewsy) MY

Clearly, f(w) is analytic inside of the unit disc @ = {w : jw| < 1}. For w € 99, the
singularities of f(w) are only at w = &; = €', or w = &, = e*2, They are zeros of
R(w). On account of (4.1.4),

flw) = O( 1 —) when wpg o @ k=1,2.
V/cos o — cos Gy

So, for 1 < p < 2, there exists a constant ¢ > 0, such that

([ 1)yt <

for all r < 1. This shows that f € HP for 1 <p < 2.

For w = €, i.e. w on the boundary of that unit disc (, it follows from (4.1.2) and

(4.1.3), (4.1.4) that

4

1 . N
. COS0 — coso CO8 0
(—sino) z(cosd1+cos 72)

\/(coso-cos &1)(coso—cosdz)

onl,but -4, <o<é

2(f)=1{ " ot 1 (4.1.5)

cosg—1(cos &1+cos d7)

\/(cos 0—cos &1 )(coso—cos d2)

< o< mor
on I, but
-0y > 0> -7

(sino)




and

\

Cos o

coso —sineo
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-1 <0 <0y
on I, bo<o<T
-0y > 0> —7

(4.1.6)

coso— ¥ (cosy+cosdz)

\/(cos &1 —coso)(coso—cosdz)

o1 <0< 0y
off I,

or —61>0> —0;

where, because of (4.1.3), the square root in (4.1.6) changes sign the same as o does,

and it in (4.1.5) makes the fraction keep positive. These relations show that, the
conditions given by (3.2.87) are satisfied, R(/f) is odd with support in I, and (f) is
even. We set (4.1.5) into (3.2.86):

with

{

\

cosg—1L(cos 51 +cos ;)

and (f) given by (4.1.6), we have

(_ sin 0') \/(cosa—cosz'n)(coso‘—cos&g) —61 <0< &1,
0 else, (4.1.7)
coso—~=(cosdy+cosd <o <mor )
(sino) z(cosduteosdz) - 2Se
\/(cosa—coac'n)(cosa—cosag) _&2 S0 > —T.
Now, using the formula (3.2.74) of Theorem 3.29
Li(o) = [ Hy(r)dr
x __ d - -
Hlpz:‘f(f)’ 'J;(L¢x)=H¢z
sing on I,
(4.1.8)

Lyz

sing — [7 (sing)

{coss—1(cos iy +cos é3)]
‘\/(COS&l—cgs <)(cos<_c0562) dc Off I.
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Carrying out the integral in (4.1.8) we obtain

sino on I,
g = {

sino — \/[cos 61(z) — coso}[coso — cosG5(z)]  off I.

(4.1.9)

The values of 4,, 5 are so far undetermined; for that we turn to the formulas given

by Theorem 3.31,
1 = —2(sino, i),
i = 2(sin o cos o, 9}) = 2(sin o, ¥}). (4.1.10)
We expect that
p0) = lim Uk, = 4%a),

i(z,0) = ’lzlj’lg %(UU; —UU)i=o = A¥(z)0:5(x). (4.1.11)

Combining (4.1.10) with (4.1.11)and expressing % in (4.1.10) by (4.1.7) yields
1 - A¥(z)

= —2(sin o, %)
2 [cos o — 3(cos &1 + cos 5)]

F1 T
== - sin? o do
7r(~/0 /62)( )\/(cosa — cos &1)(cos o — cos 62)

=1- %(:\1 - 5‘2)2
=[1- %(cos 01 — cos 5’2)2]
and
A%(2)0.5(x)
= —2(sino cos o, 97)
= = [t ocoso

= (A1 + &) A%(2)

[coso — 1(cos Gy + cos &)

do

\/(coscr — ¢0s &1)(cos o — cos &)

= (cos &1 + cos 63) A%(z),
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where we define

Now, we obtain

Thus we get
{ z:\l = 30:5(z) + |A(z)| (4.1.12)
Ay = %3,5(:::) - IA("D)I
and
{ by = COS_I(/:\I) = cos™![:5(<)/2 + |A(=)[] (4.1.13)
62 = cos™!(Ay) = cos™(D:5(2)/2 ~ |A(2)]]

They are just consistent with the one given by (2.1.11) as expected.
Since 1(z), 62(z) are both larger or both smaller than o where z is between z_ (o)
and z4(0), and, 62(z) > o > 61(z) where z is outside of (z_,z4), (see Figure 4),

formula (4.1.7) can be put in the following form

1 - .
( -(sino*) [coso—~2(cos &1 +cosd2)]

\/(cosa—coséx)(cosa-—coség)
z_(0) < z < z4(0)

o< &l,mc::,

¥z(2,0) = | (sino) [cos 7§ (cosd1 +c032)] (4.1.14)

\/(cosa—cosc‘n)(cosa—coséq)
z_(0) <z < z4(0)

&Z,min <0,

L 0 z<z_(0)or xz 2 x4(0),

where &y mar = Max 1(z); G2,min = mindz(z). This completes the determinations of

$z(z,0).
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To determine *(z,0) itself we integrate ¥3(z,0) as given by (4.1.14). Theorem
(3.27) states that 2(z,0) = 0 where zsino — I'; (o) > 0; in particular, it follows
that, for fixed o, ¥*(z,0) = 0 for z large enough. Thus

¥(2,0) =~ [ 45,0

That is,

0 T2 .’L‘+(0’),

24 (0) (o [coso— 15 (cos 1 (y)+cos G2 ())]
7+ (sino) /(cos —cos 1 (y))(cos o —cos 32 (y))

dy
z_(0) <z < z4(0)
0 <o < &lvmaz,

$*(2,0) = (4.1.15)

_rz4(o) (s [coso—2 (cosd1(y)+cos 2 (y)))
f‘” (SIH 0') \/(cosa—cosm (v))(cosa—cos é2(y))

z_(0) <z < z4(0)

0‘2’mfn < [7) < 7(',

é(o) z < z_(0).
In (4.1.15) we have used the definition (2.2.62) of ¢(c) :
¢(o) =

( fz+ (o) (Sill 0') fcosa—(cosé(y)+cosda(y))]

z—(o) \/(cosa—cos &1(v))(coso~cos 52(y)) dy

O0<o< 61',"”;,

10 O1mazr < O < 02min,

- f“(a)(sm o) [cos o=} (cosé1 (y)+cos52(v)))

(o) \/(cos g—-cos1(y))(coso—cos &a(y)) dy

Gamin <0 < T.

\

Clearly, 0 < 9*(z,0) < ¢. So 9*(z,0) is in the admissible set A.
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We now show that 1*(z,0) of (4.1.15) satisfies the variational conditions (3.2.66)
and thus justifies our assumption (4.1.1). Using (4.1.14) we may rewrite formula

(4.1.9) as following :

Lyp*(z,0) =
[ sino z_(0) £ z L z4(0),
 sino — \/(cos &1 — coso)(cos o — cos &2) (4.1.16)
z<z_(o) or
{ x> z4(0).

Theorem 3.27 implies that
Jim 4*(z,0) =0,
then by Theorem 3.9 and the definition of &4,
lim Ly*(z,0) = 0.
We then obtain, by integrating (4.1.16),

~L(@,0) = [ Lp(w,0)dy

’

—zsine + T4(o0)

+ [z \/(cos &1(y) — coso)(cos o — cos G2(y)) dy

z > :l:+(0’),
=4 —zsinc + T';(o) z_(0) < z < 24(0), (4.1.17)
—zsinoe + I'y(o)

+ [I- \/(cos 61(y) — cos o)(cos o0 — cos 62(y)) dy
z <z_(o).

.

In (4.1.17) we used the definition (2.1.26) of I'y (o):

I'y(0) = z4(0)sineo
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+o00
+ /z+(a) [sina - \/(cos 61(y) — cos o)(cos o — cos 62(y))| dy.

Since a(0,z,0) = zsino — 'y (o), we get from (4.1.17) that

(a - L'l/).)t:O =
Jra(0) \/(cos 71(y) — cosa)(cosa — cos G2(y)) dy
x> z4(0o)
10 z_(0) <z < z4(0)
2= \/(cos &1(y) — cos ) (cos o — cos 62(y)) dy
{ z < z_(0),

which clearly shows that ¢*(x,0) given by (4.1.15) satisfies the variational conditions
(3.2.66). '
According to Theorem 3.26, the only admissible function that satisfies the varia-

tional conditions is ¥*. Thus we have proved

Theorem 4.32
¥*(x,0) which is given by (4.1.15) solves the variational problem (3.1.15)-(8.1.17) at
t=0.

Formula (4.1.15) indicates that the *(z, 0) given by (4.1.14) depends differentiably
on z. Asshown in Theorem 3.31, the differentiability of 1* implies that (4.1.10) holds;
Comparing this with (4.1.14) we conclude from Theorem 3.17:

Theorem 4.33

p(z,0) = weak L‘_,llirr(11[|U(m, 0; )3

[:\1(“7) = 5‘2("3)]2 2
4 =A (z):
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A(z,0) = WeakLl_’l‘il’I(l)[-zzﬁ(UU;—UIU‘)]1=0

= [a(o) + da(eprD e
= A¥(2)8:5(z).

These results match which were expected in (4.1.11) and provide justification for
the replacement of the exact scattering data by the asymptotic data. In Theorem

4.36 we shall sharpen Theorem 4.33.

4.1.2 Limits Until Break-time

We now begin our investigation of non-zero values of t. If, in the system of the

conserved quantities (1.2.7), one sets k = 0 and considers g, /i in stead of p, i, then
atﬁ - 3::(ﬁ) =0
Ot — 0x(H2/p + 3p%) = 0.

This hyperbolic system is equivalent to its Riemann invariant form :
3h+i 0 A
P I Y R AR ™) IR (4.1.18)
A2 210 AL+ 3A2 Az

{ ha(a,t) = £/(28) +VF
o(,t) = 1/(2p) = \/P

In the introduction (Chapter 1), we pointed out that there is a break-time ¢;, such

p 21

where

that the system given by (4.1.18) has smooth solutions for ¢ < ¢, but not beyond.
This critical time can be estimated by the initial data of Ay(z,t) and 3;(z,t). This is

a typical example of Lax’s general results [10].

Theorem 4.34

The break-time t, can be estimated in this way :

iy = min{tl,b; tz,b}
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where for k= 1,2,
tkp < zlél,lik{t : Di(z,t) = 0},

with X

OAk(z)
Oz

’I;¢={x: -<—0}’

and

Dy =1+

( 7 ‘;”;"(””; ( )) [ 8VAuer(r), ™) = Ralen(), 1) o
1(T) — A2\

where zi(t) is involved by

d . 1.4 2
5+ Julont) + 5 lalon ) + alar )] = 0,

zx(0) = =.

PROOF :
We use Lax’s recipe [10] to estimate ¢,. Recall (4.1.18), the Riemann invariant

forms which before break-time are coupled and given by

ag:\l(w,t) + 5'1(:\1,;\2)8::\1(a:,t) =0
6;:\2(:1:, t) + Sz(:\l, 5\2)33:\2(:1:, t) =0 (4119)
with the characteristic speeds
1.+ 1 1,¢ .
S1=—z(3M + A2), Sy = —=(M +3X2)

Choose characteristic direction S; and define

d d o
prialr TR

They yields
)y
& ="



and
dr 3, 1 8\ _
E?-—-z-'r —§T—5;—0,
where ‘
_0A
T= _0.5}_
From (4.1.19), we get |
(1 )i
Oz (:\2 - 3\1) dt’
Find a function k(z,t), such that
o1

A simple choice is

So, i )
dh _ 0
dt (9'1: )

Putting (4.1.21), (4.1.22) in (4.1.20) gives

= %(Tei‘) + 3(7‘65)26'7‘.\

Set
g=ref =70 =), |
we obtain
?i%Jr:a‘?(,“\l -k) =0
That is
23 =
dt*§ 1— A2
Integrating it gives
A ( L ) ,
g(t) 4(0) o \ X (z(2),t) = A(z(2),2)
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(4.1.20)

(4.1.21)

(4.1.22)
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with z(t) which satisfies

& 4 Lisha(e,t) + (e, )] = 0
That comes i
i(ort) = oo
where
i(2,0) = 8:)1(2)[M() — Jo(2)]
and

t 3dr
Iit)= [ = . .
(t) -/0 M(z(7),7) = Ao(z(7),7)

Thus, at initial time, if 8;}; < 0 at some z, then §(z,0) < 0 at same . That means

§(z,t) must break at some later time ¢ where
1+ §(z,0)9(t) = 0.
Therefore we get an estimate for ¢;, such that

t < infq_{t : D(z,t) = 0},

To€
with
T = {(L‘o . 65:\1(:130) S 0},

and

D=1+

2h(E)(h(e) ~ Jofe) [ o

M(z(7),7) - 5\2(:1:(7),7')’

where z(t) satisfies

dz 1+ i
= +5Bh(@ 1) + Jo(z,0)] =0,

z(0) = zo.

Similarly, we can estimate ¢, by using the other characteristic line

Oz
i
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with the aid of

d 0 i}
'(E='a—t'+5

29—,
Oz
This completes the proof of Theorem 4.34.

:\1(112, i)
:\2($,t)

the solutions of system (4.1.18) witch dresses the prescribed initial values

(o)
:\2(®)

Hereafter, we denote by

given by (4.1.12).

Theorem 4.35
For0<t<ty,

pz,t) = =[Mi(z,t) — Xo(, ))?

o] -

[;\1(317:) - :\Z(H’a I')]z[j‘l(xat) + :\Z(x,t)] (4‘1'23)

=

A(z,t) =

uniformly in t, where
p(z,t) = w_L? }3_111) |U(z,t, k)|
B(z,t) = w_ L} ’llx_r‘rtl) %(UU; - U;U").
PROOF :

We shall reduce this to Theorem 4.32. As A(z,t), Ax(z,t) evolve according to
(4.1.18), it will, until break-time, remain of the same class as the initial data },(z),
Az(z) . We now consider how the asymptotic scattering data corresponding to Ay, A
change with ¢. Recall the definition of z4(0,t) and z_(0,t), they satisfy z_(o,t) <

z4(o,t) for o in (0,7) and

61(z-,t) = &1(24,l) =0 or
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Go(z-,1t) = 62(z4,t) = 0. (4.1.24)
It is equivalent to

h(z_,t) = Ai(z4,t) =2 or

Replacing

and z + (o) by = + (o, ) in formulas (2.1.15) and (2.1.26), we define

®(o,1)
[ — 129 [(cos61(y, ) — cos &) (cos &2(y, ) — cos o) dy
T 2 o> &Z,min(t)
=40 02,min(t) Z g 2 &l,mar(t)

f:f((:,‘:)) \/(cos G1(y,t) — coso)(cos G2(y,t) — cos o) dy
&l,ma:r:(t) >02 0,
(4.1.25)

where
G1mas(t) = sup{d1(2,2)};  Gamin(t) = inf{d1(z, 1)}

Since t < tp, the characteristic lines have no singularity. So, the initial condition

O1,mazx < O2,min



implies

61,maz(t) < Gamin(l), Vi<t

We also define

I'i(o,t) = z4(0,t)sino +

/oo( )dy [sina - \/(cos G1(y,t) — coso)(cos o — cos &g(y,t))] .
T4 (o
(4.1.26)

Lemma 4.17
For0 <t <1y,

®(0,t) = ®(0),
and
[y(o,t)=Ty(0) —tsinocoso.

PROOF:
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(4.1.27)

(4.1.28)

Differentiating (4.1.24) with respect to ¢ and then using both (4.1.18) and (4.1.24)

gives

Ozy =
{ 35 + Jg = 32 + Jg(z, 8) for{ Ai(ee,t) = Mz 1) = A
32+ A =3) + (1) Xo(zy,t) = Ao(a
Differentiating (4.1.25) with respect to ¢ and using (4.1.18), we obtain
(a) If 62,min > 0 > &1,maz, then 8,®(0,1) = 0.
(b) And if 0 < 0 < &1,maz OF Go,min < 0 < T, then

8¢<I>(a,t)

= 0 [? /:+ \/(?os 01 — coso)(cos G, — cos o) dz

) =A
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2+ (g — N3 4+ X2)8:4; + (3 = N34, + 11)8:), i

- 4y/(5 = (e = 2)
2+ (1 + o + 20)[(h = M2 + (o = Naahe]
=F [ { : :
- /(= V(% = A)

2(:\1 - /\)(:\2 - /\)(a:::\l + a.r:\'z)
+ 2 = }dz
4/(a = 2)(3z - 3)

= JF({;) / i+[(i1 + 32} /(s = V)3, = )
+2xdy (5 = N(ha = A)
+V(s = N = N d( + A)] = 0.

This proves (4.1.27). Performing the same procedure on (4.1.26) gives

0T+ (o,1)

da

= _l/m M = Ag) + 8da(A = )y)
2024 \[(Ralz, 1) = (A = Ko, 1)

_ _}_/°° (3M + 72)0: 0 () — Ag) + (M +832)8:00(0 = )
T 4)s

dz
+ VGa(z, 1) = N = Ra(a,1)

= (=3) [ 10u + Sa+ 20 /(K -2 - )

+V(1 = Nz = N d(y + A)]
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= (=)l + A2) + 20 - (e - VTS,

= —AV1 — A2 = —cososino,

which after integrating yields (4.1.28) and establishes Lemma 4.17 .
From (4.1.27) of Lemma 4.17 we see that

¢(0) = -0, ®(a,1).
Using (4.1.28) with the definition (2.2.45) of a then gives
a(o,z,t) = asino — I'y(o,1).

Thus the variational problem (3.1.15)-(3.1.17) for 0 < ¢ < ¢, is as the same as the
variational problem for ¢ = 0 except that (), &2(z) has been replaced by &:(z, 1),
&2(z,t). By Theorem 4.32, its solution is given by formula (4.1.15) with the same
replacements, and Theorem 4.35 follows from Theorem 4.33.

The weak limit in formula (4.1.23) is in fact a strong one.

Theorem 4.36
For0 <t <, both

Alz,t) = Ll_’llirrtl)IU(:c,t, R)|?
1,s o
= Z[z\;(a:,t) — Ag(z, 1))

and

= 17 ih = »

Bat) = DJim 20Uz - UU")

1. . o .
= Z[’\l(mat) + Ao(z, 1)][Ms(2, t) = Aoz, 1))

are untformly on compact subsets of t.

In particular this proves Theorem 2.4.

We need some lemmas.
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Lemma 4.18
Suppose we have a sequence of functions V,(x) mapping R into RP, where D is the
dimension; and we have a positive convex functional S(-) mapping L'(RP) to R* with

the form of

Assume V,, converges to V in the sense of weak L' with respect to © € R, then
S(V) < li'm‘i)ng(Vn),
or in equivalent

/oo s(V(z))dz < li,{]l‘i,i}f/_:, s(Va(z)) dz.

-0

PROOF :

Since S is convex, then
$(V) + (Vo = V)sv(V) < s(Va), (4.1.29)

for all V,. Set

then xpsv(V) € L*. By (4.1.29),
L s7)xa + (Vo= V)sv(Vxslda < [ (V) da.

Because V is the weak L limit of the sequence {V,}, the second term of the left side

will vanish after taking the limit. We get
0o _ 1)
/ s(V)xpdx < Ii’ll_l_'i’gf/ s(Va)dz

for all B. i.e.
S(V) < liminf S(V,).

n-—00
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Lemma 4.19
Suppose we have functions V(z), {Va(z)} and a functional S defined and with the

same property as same as in Lemma 4.18, and suppose
S(V) = lim §(V,),
then
Va(z) = V()
almost everywhere with respect to . That means V, — V in the sense of L! strong

convergence with respect to x.

PRrOOF :
Set
An(2) = AV, Vn) = s(V,) — s(V) — (Vu = V)sy(V),
then A, > 0 because S is convex and, by Lemma 4.18,

[><]

Jim " An(z)dz = 0.
Set
F(B,n)= [ : x5 dz, F(B) = limsup F(B, n),
and calculate
F(B) = limsup ‘: xsA(V, V) dz
< Timsup [ [s(Va) = xas(¥) = (Vo = V)xasv(Ve)] do
- /_ :(1 — x8)s(V) de.

The right side of the inequality above is decreasing to zero as B goes to infinity while

the left side, F/(B), is increasing from zero. That means F'(B) = 0 for all B. It

says that, for all B, the term xgA(V,V,) converges to zero almost everywhere with
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respect to = because it is non-negative and converges under the meaning of L' norm
already. That is
nll.rg; AV, V) =0

almost everywhere. By the convexity of the functional S
lim V,(z) = V(2)

almost everywhere. Because V,, is convergent in the L! weak sense already, V, is
convergent to V in the L' strong sense.

Now, we go back to the proof of Theorem 4.36. We set

<Lkl

and
2
s(o) = (1—p)2+i‘p—
2
= E—hz%
Es(om),

(7)== + 5 (o)

where n — oo means A — 0, and ¢ is the Hamiltonian of the NLS :

u? pz)?

e= (= pP+ WU = (- pP 4 2y 2l

The S, or s, is convex over either the set of {p(z,?; k), u(z,t;R)} or {(z,1), B(z,1)}

obviously. Moreover, with the definition of the system given by (1.2.11), S is conser-

ved for {p, i} before the break-time. For {(p(z,¢; k), u(z,t;k))}, S is not conserved,
but

H, = /+°° e(z,t; h) dz

-0
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is conserved and s < € at all the time. Now we can use these lemmas to prove

Theorem 4.36.

liminf $(p(-,t; k), p(, 2 b))

= lill;ninf ” s(p(z,t; h), p(z,t; b)) dz

~0 -0

< liminf f_ ~e(e,tih)do

= limnf /_ &(e,03h) de

e [ ANY M ,
—lllgl’lglf./-w[(l—p(xao:h)) + p(m,O;h)]dm

</ p(z,0), i(z,0)) dz
_/ (p(z,t), 5(z,1)) dz

= S(7(+£), (- 1))-
However, because S is convex, by Lemma 4;18,
S(a(- 1), A(, 1)) < liminf S(p(-, ¢; B), (- £; ),
which implies
lim S(p(z 4 k), 4(a, £ 1)) da = S(a(a, 1), iz, 1) da.

uniformly on compact subsets of ¢, if t < ¢;. Applying Lemma 4.19, the results of
Theorem 4.36 follows.
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4.1.3 Dynamics Created by the Variational Condition

In the proof of Theorem 4.35, we once relied on the knowledge that
M(z,t) = B/(28)+ /P,

A

Salwt) = #/(26) - VP
satisfy (4.1.18) for 0 < t < ;. Next, we show how (4.1.18) can be deduced directly
from the variational conditions.

Assume that the set I consists of two disjoint intervals, see (4.1.1), where &1, 2
are two differentiable functions of z and ¢ with relation 0 < 6; < 6, < . This

assumption will be justified a posteriori. We claim that the solution of the Riemann-

Hilbert problem posed in (3.2.89) of Theorem 3.30 is

o) = i) -

i[4 + 2(cos &1 + cos &2) — 1(cos &1 — cos &2)?)(152)

2\/[2“’(‘111‘:351! _ 1][2(»!11-{-*-(‘:33&2! _ 1]
i[2 4 (14 cos 61 )(1 + cos &7)) (=2

2\/[2(0((11-{;3!;51) _ 1][201((11-:31)8252) - 1]

. !1—w2!!‘1+w!2
! w

R N k)
2 [[Efttestn) _ ) 2elitemin) _ 1)

-+

where w is defined inside the same unit disc {2 and the sign of the square root is again

chosen to satisfy (4.1.3). The same arguments that applied to f(w) given by (4.1.2)
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can now be applied to g(w) to show that g belongs to H? for 1 < p < 2. For w = €'°

R(g) = 1
and
S(g) = |

\

[ sinofcos? o (cos 0 —cos 61 j(coso—cos §2) — L (cos &1 +-cos 52)?]

\/(cos o —co8 81 )(coso—cosdz)

onl, but -6 <0<

0 off I
(4.1.30)
+ sin o[cos? o4(cos o —cos 61 ){cos g —cos 62)— % (cos &1 +cos 52)2]
4/{coso—cos 6, ){coso~cos 62)
Ga<o<mor
on I, but
-Gy >0>—7
—01 <o <d;or
cos(20) onl, { Go<o<mor
—62>0> -7
(4.1.31)

cos(20) —

sino[cos? o +(coso—cos & )(cos g—cos 52)— 1 (cos &y +cos 42)?]

\/(cos(n-cosa)(cosa—cos&g)
01 <0< b;or
off I,

-0 > 0 > —03.

As before, the square root in (4.1.31) changes sign the same as o does, and it in (4.1.30)

makes the fraction remain positive. These relations show that, the conditions given
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by (3.2.89) are satisfied, R(g) is odd with support in I, and I(g) is even. We put

(4.1.30) into (3.2.88) to obtain

[~ sino[cos? o4-(coso—cos &1 )(coso~cos #2)—3(cos 314cos 52)?]

\/(cos o—co8d1)(coso—cosd)

—'5'1<0'<6'1

0 else

sin o[cos? 0+(cos 0 ~cos &1 ){cos 0 —cos §2)— J (cos 71 +cos #2)?]

\/ (coso—cos &y )(coso~cosdy)

fp<o<mor

\

Now, by using the formula (3.2.74) of Theorem 3.29

Lp(o) = /0 " Hyp(r)dr
with
Hy; = S(g)
and S(g) given by (4.1.31), we have

4

sinocoso

Ly} = { sinocoso —

J-o sin¢[cos? ¢+(cos¢—cos &y )(coss—cos #2)— L (cos &) +cos 52)?) de

\ 9 \/(cost'u—cos ¢){cosg~cosd2z)

Carrying out the integral in (4.1.33) gives

Lipy =

-0 > 0> —T

(4.1.32)

onl,

(4.1.33)

off 1.
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sino coso on I,

4 sinocoso —

| [cos o + (cos &1 + cos 62) /2]\/(cos 61— coso)(coso — cosGz)  off I.

Now 1} given by (4.1.7) and v} given by (4.1.32) must satisfy the compatibility
condition Gyp} = 0;%}. This implies

0=3 sinofcos o — 2(cos &1 + cos &3)]
= t f—
\/(cos o — cos &1)(cos o — cos &3)

5 sin o[cos? o + (cos & — cos 61 )(cos & — cos &) — 3(cos &1 + cos &2)]
: \/(cosa — cos &1 )(cos o — cos &) ,
(4.1.34)

for o € (0,61) and o € (&2, 7). From (4.1.34) we conclude that

sino . s R R R R ’
0= — - W(; A1, Az, Bedr, Oidg, O:A1, 02 )2), 4.1.35
(0= 30 = 3 )72 (A5 A1y A2, Oedy, Oeg 1 2) ( )

where

W= =200~ ) =) = 200~ o))
F0hal= 50 = 3) = ho) = (A= 1)
28— = 800 = Ao 4 (- )~ Ry)?
=507 = 3 = ) = 50 = 3 - &)
70— 3)(@0 4 & +3)2A -y = A

L= 30 - A2

)(A = %2)

1 - a s - -
—Z(/\ = A)2A 4 M+ A2)(2h = A = )],

1<, 3, = .
—50:M[-5(A = A)(A = })? +

1 * 2 1 [
~5 (% =)A= &) ~ 50 -

[ S )
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with

A =coso, M= cos 01, Xo = cosd,.
Since (4.1.35) is true for all o € I, so is W = 0 for all such 0. Let A — }; and then
A — Xy, we get from the equility W = 0 that

3,5\1 - %(3:\1'*';\2)61::\1 = 0

at:\z - %(3:\2'*-:\1)63:\2 = 0

This is just the relation between the first couple of Riemann Invariants given by
(4.1.18), which is valid for ¢ < 2.

The above procedure will be generalized in the next section to obtain the temporal
dependence of solutions of the variational problem for ¢ > t;, and a general system of
the Riemann Invariants for all the time.

Similarly, set ¥2 given by (4.1.7) and ¥} given by (4.1.32) into the formulas of

Theorem 3.31. A brief calculation then shows
&(z,t) =
—2(sin o, 9%) + 2(sin g, 92)? + 2(sin o cos 7, ;)

1. . 1o s e =
=[1- Z(/\l - A)E+ Z(/\l + A% (M = A2)%,
or

&(z,t) =

2(sin o cos? 7, ¥2(z, 1))

(4.1.36)
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4.2 Solution Beyond Break-time

4.2.1 Solving Differentiated Variational Condition

In this section we describe the solution of the VP (3.1.15)-(3.1.17) when ¢ is larger
than the break-time ;. We make the assumption that the set I consists of a finite

union of disjoint intervals, say
I=(0,61)U(62,63)U...U (24,7), (4.2.37)
total (n + 1) intervals. We may also use an arc representation :
I={e:0e1I} (4.2.38)
where

0<oi <. <y <.

So, I is completely determined by its set of positive end points.
¥ = {6 )=t (4.2.39)

As the first step, we shall construct all possible solutions of the Riemann-Hilbert
problems (3.2.87) and (3.2.89) that 1 and 3} satisfy. The sclutions will be expressed
in terms of a function R(w) defined by

k=2n -

Wi
,H[ 1+w T (4.2.40)

where
Op = €%,
We choose its sign such that
Rw=¢€") >0 for o€ (0,61),
(4.2.41)

iRw=1¢7) <0 for o€ (6,02).
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Lemma 4.20
All functions of the form
@) = i) - 7 (12.02
and
4
o(w) = 5(12:‘2" ) ggg (4.2.43)

are solutions of the Riemann-Hilbert problems (3.2.87) and (3.2.89), respectively,

where P(w) and Q(w) are rational fractions with pure imagenary coefficients. They

P(w) = £ RO){(- ::1 ™) (4.2.4)
and
QW) = (){[R((O)) 21(1“"2)+“"“’2¢1§”“’)2

where {a,}} and {ﬁm}'f are real and determined by {6}2"; and R'(0) = 8, Ru=o.

PROOF :
It is not hard to show that these all are solutions, but we prefer to describe how
one constructs them.

First, f and g should be complex functions which are analytic inside of the set

= {w: |w| < 1}. By (3.2.87) and (3.2.89), the boundry value of f and g should be
Rf(e®)] =0 o ¢l
S(f(e)] = cos o = (42 )ucon ¥ fo(w)uesn o €T

and

Rlg(e)] =0 ogl

. [g(ew)] = cos(20) = (lng Juesn &f g2(w)uean o € 1.
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It is expected that

flw) = —fiw)+ife(w),
9(w) = gi(w)+iga(w),
where
fiw) = %, gi(w) = %%,

are such functions that on the boundary both P and () remain real values, while R
takes real value only on I and takes pure imaginary value out of I.

By the WKB method, when n = 1,

R(w)uesn = \/(/\ M=) = \/(cosa — cos&y)(cos o — cos b3).

Thus we may guess in general case,

n

R(w)wean = J H(cos o — €05 Gy).

k=1

That leads to (4.2.40) :

k=2n w &
Blw) = \J 1 oy ~ v

k=1
It works on the boundary as required and is analytic inside of the disk 2.
REMARK :
If we do not require the analytic property, then the construction of R is not unique.
For example, one may choose

k=2n 2 &2
R(w)=\]n(”“’ )

k=1 w Wi

However, it is not good for creating a H? function.
Next, we construct P(w) and Q(w). Since both f, and g, get pole at w = 0,

therefore in order to be balanced, P and @ need pole at w = 0 too, because we want
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f, g to be analytic. We try the forms of P, @) as the following
P = fp + fa
Q = g + g
such that both f(w) and g,(w) get pole at w = 0, and both f,(w) and go(w) are

analytic inside of §2. Set

fm if2 - fP/R
Im = g2 + gp/Ra

they should be analytic inside of § as well. Since as w — 0

1

) g2z;'§1

fa=

€~

we guess
e E)

- _ 3

gp=do(1 wz§1+w) +d1(1 w2§21+w) .

After a little calculation of f,(0), gm(0) and g/,(0), with the fact that both f, and

gm should be analytic at w = 0, we obtain

4

o = (§)R(0)

| do = —()RO)IZD -2

\

By (4.2.40), it is not difficult to get :

R(0) 1/y/TI, [2(1 + cos 64)),

(4.2.46)
R'(0)/R(0) = &,(log R)u=0 = —X22,(1 + cos 6%).

Now, we can go to construct fo(w) and g,(w).
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Notice that both I(f) and S(g) are even functions of o where they sit on the
boundary, so (f) and R(g) must be odd functions of o on the boundary by the
Hilbert transform (3.2.74), (3.2.75) and (3.2.77). We try the following form

(il = (o Dlgrs o

for f, and g,. Thus the forms of f;, g, should be

i D1

fo = ER(O)éam(l-}-w)[(l-i-w)?]m—l

PoomE ol w w
Ja = _§R(0)mz=:1ﬁm(1+w)[(1+w)2] :

It completes the construction of f, g. Since they both have singularities at most only

of the form \/(cosor — cos 6%) on the boundary, they belong to H?(Q) for 1 < p < 2.

For boundary points w = €', the function R(w) defined by (4.2.40) is real and
even with respect to o on I; and is pure imaginary and odd where o off I. Here the
I, a union of intervals, is defined by (4.2.37).

The functions P(e*) and Q(e*) are both real and odd with respect to o. It follows
from (4.2.42) and (4.2.43) that

—Resy on [
R(f) = (4.2.47)
0 off I
and
coso on I
S(f) = (4.2.48)
coso + i%g% off I
while

0 off I

R(g) =
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and

cos(20) on [
S(g) = (4.2.49)

cos(20) — 12 ::: off I.
These relations show that f(w) and g(w) satisfy the conditions (3.2.87) and (3.2.89)

as are asserted in Lemma 4.20.

Using (3.2.86) and (3.2.88) gives

Py =-R (%E—E—%) (4.2.50)
and
Py =R (}ng:a; ) : (4.2.51)

We now show how to choose the coefficients o, and B, so that the differentiated
variational conditions, (3.2.83) and (3.2.84), are satisfied. Using formula (3.2.74)
with '

Hipz = X(f)
given by (4.2.48), and with
Hy; =3(9)
given by (4.2.49), we obtain
Ly, =sino —/ ( e“g) ds (4.2.52)
and
L1y
Lyf =sinocoso +/ (R(:“;) ds. (4.2.53)

In order to satisfy the differentiated variational conditions (3.2.83) (3.2.84), the
integrals on the right hand sides of (4.2.52) and (4.2.53) must vanish on I. That is

G2k P(e“’) )
—do =0 4.2.54
/a,,,_, R(ew) (4:2:54)




150

and

o Qe)
——=do=0 4.2.55
dax-y R(€) d ( )

for k =1,2,...,n. Recalling the form of P and @ in (4.2.44) and (4.2.45), we see that
(4.2.54) is a system of n inhomogeneous linear equations for the n real unknowns
ay,0Qg, ..., 0, and (4.2.55) is a system of n inhomogeneous linear equations for the n

real unknowns £y, B2, ..., Bn as well.

Lemma 4.21
The systems of equations (4.2.54) and (4.2.55) have unique solutions.

Proor :

Because of similarity, we only need to argue with the system of equations (4.2.54).
As one did in KdV case, we have two way to prove it.
First Proof :

If this were not true, then there would be two nontrivial solutions of this algebra

system, leading to two different f,’s, say f{!) and f{?). Set

N = fcgl) - féz)i

_ N(eia)
wio) = (5
So 1o # 0 and 1P € HP(2), 1 < p < 2. However, by (4.2.47) and (4.2.52), we obtain

and

Lo =/(; ( R(ei”)) =0 onl
Yo=10 off I.

According to the uniqueness argument given for (3.2.73), such a 1 is zero, and thus
N(€*) is zero, a contradiction.

Second Proof :
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We can write (4.2.54) and (4.2.55) more explicitly as following :

G2k sing =P o
080 ™ 2.
21 Re "’)[2sm ot 1+cosamz=:1a (2(1+cosa g P (4.2.56)

and
G2 do
0= —_—
~/62k_1 R(e"’)

.[( (()) +2coso)sin + (li“c‘;w Enﬂm (___}___))m_l],

m—1 2(1 +coso

for k = 1,2,...,n. Here all the coefficients {a, }}, {Bm}} are real. It makes clear that
both P, @ are odd functions of o. If the claim of Lemma 4.21 were not true, then
there would be a nontrivial function N(¢) which satisfies

[ N(o)( sino )
0= 2x-1 R(e?) \1 + coso de,

for £ =1,2,...,n, with a form
=Y 1™ (o), (4.2.57)
m=1 '

and

6§ =1/[2(1 + cos o).

Since sino /[R(c)(1 + cos ¢)] remains same sign on (62k-1,F2k), for all k, N(o) must
have at least one root in each of the n intervals. Since é is a nonzero monotonic
mapping over (0, 7), thus the degree of N(o), if see it as a polynomial of § with real
coefficients, must be at least n; or N(o) = 0. However, by (4.2.57), the degree of
N(6) is at most n — 1. It comes a contradiction. The proof of Lemma 4.21 is then
completed.

According to (4.2.56),

P(e") = 2sin gl + i ar6*(c)) & P(o).
k=1
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Since sin o remains same sign on each (&¢-1, &2 ), and P/(2sin o) is a polynomial of
degree n with respect to , so it has at most n roots. With same argument applied
to N(o), P(o) has at least one root in each of the n intervals (624-1,82¢). In fact we

conclude

Corollary 4.6
The function P(0), if odd extended to (—m,m), has one and only one zero inside of
each of the intervals (&ok-1,62k), (—F2k, —F2k-1) for k =1,2,...,n; one more zero at

o = 0; and nowhere else.

By Lemma 4.21, we can solve (4.2.54) and (4.2.55) uniquely for {a}? and {Bi}}.
These solutions can be written as functions of &1 € £ which is given by (4.2.39). Since
the coefficients and the inhomogeneous terms appearing in the linear systems (4.2.54)
and (4.2.55) are composed of complete hyperelliptic integrals, thus both {e4}} and
{Bx}% are ratios of determinates whose entries are such integrals.

We have now proved

Theorem 4.37
Given the set I, the function %, as determined by (4.2.50) and (4.2.54), is the solu-
tion of the differentiated variational conditions (8.2.88); similarly v}, as determined

by (4.2.51) and (4.2.55), is the solution of the differentiated variational conditions
(3.2.84).

4.2.2 Dynamics Created by the Variational Condition

The functions ¥} and 1} need to satisfy the compatibility condition d,3% = 0:1;;

or equivalently,

) (%) + 0, (%E—:;) = 0. (4.2.58)

We shall see what conditions this imposes on the set X.
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Rewrite the left side of (4.2.58) as

o () + (73 =
FX(OP +0,Q) — (PO + QO.RY)
R3

(4.2.59)

Since R? = 0 at w = @ for k = 1,2,...,n, the numerator on the right of (4.2.59)
vanishes at those points if and only if so does its second term. That second term may

be written as
%(P8¢R2 +Q8.R?) =

k=2n

Z {[P(w)a:( ( ) =)+ Q(w)0: ((1'+—‘)—2)]

sy - wror

J#k

Clearly it vanishes at w = & if and only if @, satisfies

A

(1+a

This evolution of &y allows us to factor R%(w) from the numerator of (4.2.59) and to

% (%) 00 (?z&) = Z((:))) ; (4.2.61)

where N(w) is given by

wp ] + Q1) [(——3-‘—)—] =0. (4.2.60)

P(&)0: [ n

write down

N(w) = 6, P(w) + 0:Q(w)+

w2 [ P(w) - P(dx) Oy Q(w) — Q&%) O }
Z{[ﬁ;ﬁ 1—+.5;p13 [(1+wk ]*[m%p—ﬁﬁgm]a”[(uw] ‘

We shall show that N(w) = 0.
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By (4.2.61), N(w) is analytic inside of Q except with the pole w = 0 at most order
2, because so does the left side. In order to show N(w) = 0, we only need to verify
that N vanishes at the boundary of (2, because it is equivalent to showing that the
analytic one w?/N(w) vanishes.

For ¢ sufficiently small we employ a fundamental theorem of calculus to obtain

e P(c) omec Q)
) S——~do+0;
t~/¢'72k-1+€ (ew) Fark_1te R(e"’)
ok —¢ (eia') (ew)
= 0 + 0 = do
&2k-1+c[ tR( “’) “’)]
P(ele2=)d, 591, + Qe '(a”‘"))azagk
R(efn—))
P(ei(&zk_x-i-c))ata.zk_l + Q(ei(ézk-xh))aza.zk_l

B R(ei@2x-1+9)) ) (4.2.63)

for k = 1,2,...,n. As € goes to zero, the denominator of the second and third terms
on the right side of (4.2.63) will, by (4.2.40), vanish like €1/2, but, by (4.2.60), the
numerators of the same terms are O(e); thus the limit of those terms as € — 0 is zero.
Using (4.2.61) in the first term, we then obtain

sw—c P(e) - Q(e") ]
I ) do + 8, A,
0 [a‘L,k_,+c Ri@s) T /mm R(e) 0

_ da N(eia)
= /k o do, (4.2.64)

uniformly on compact subsets of z and t. On the other hand, by (4.2.54) and (4.2.55),

. o'gk-c P(e'c _
lime—o G2k-1+¢ R(e'® do = 0

(4.2.65)

- Q(e'T
lim,—o f::va: 1+¢ R(e77) do = 0,

uniformly on compact subsets of £ and ¢. Since the divergence is a closed operator,

we conclude from (4.2.64) and (4.2.65) that

Gk N(eia)
=0. 2.
/m_1 o) 40 =0 (4.2.66)
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Recall (4.2.44) and (4.2.45) with w = €'°, we obtain

P(e“’) =
k=n
_R(O){—z sino + (~tsino) Z ak[m]k} _

R(0), 2tan$ hen 1+tan2 Kl
2 (1+tan2" [ﬂ; —1 )"

k=n z (2
(0)(1+22)[1+E lt -)k] def 1P+(z)2 (4.2.67)

where we made Cayley transform z = tan(o/2), a mapping making (-, ) onto
(—o0,00). It is easy to see that Pi(z) is odd and a polynomial of degree at most

2n + 1. Similarly, we obtain

Q(eia) =
(—%R(O){(—isin a‘)[ﬁ((g)) 9) + (—isina)(2 + 2cos o) +
k=n
(—isino) Z B[ a0 + — a)]k} =
(RO )[R -2+ e+ 2 A
o (1Q_:_(52))2’ (4.2.68)

where @4(2) is odd and a polynomial of degree at most 2n + 3. By (4.2.46),

R(0) =J TL 10+ 22)/4) = 2720 T (L + 222,

k=1 k=1
and
R(0) _
W -2 = [aw log R(w)]“‘=0 -2
k=2n
= — Y (1+coséx)—2
-—11211
= _9 E 2 (4.2.69)

%k
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where 2, = tan(éx/2).
Now we go back to the definition of N(e*), which will be denoted as N(o) here

after for short. By (4.2.62), if (4.2.60) is true, N(o) is an odd function of ¢ since so
are both P and Q. Combine with (4.2.67), (4.2.68) and (4.2.69), we obtain

N(o) =
8:P(€') + 8:Q(e")
+1 "i":“ [ P(e'”) P(e':k) 8, ( 1 i )

D | sy — Wweesy \2(1 4 cos &)

L _QE) Q™) ( 1 )}
2(l+3:osa) - 2(1+clos&k) 2(1 + cos O'k)
P(z) Q1(2)
=0 (1 +z2) + 2 ((1 + 22)2
| k=2n [%}—} %ﬁﬂ?a (1 +2,3)

22 4

M

1422
falilied 3
k_l ry

@i(2) Qi (2x) .
L B Ty, (148
1 za _ 1+22! z 4
(—1;——{61 [(1+ 2)Py(2)] + 8 (2)
+22)2
+k—z2ﬂ [(1+Z P(Z gﬁgg)—Pl Zk

R 20,2
k=1 — %k
Qi(2) - (A uz) | ”
-+ 5 2102k
Ze - Zk
e 1

Obviously, Ny(z) is a polynomial of degree at most of order (2n + 3). It is easy to

see that Ny(£:) = 0 and 0,Ny(£2) = 0. That means, as a function of z, N(o) is a

polynomial too, and with degree at most of order (2n — 1). We denote it as N(z).
Recall (4.2.66), in each interval (62x—1, 52k), N(0o) changes sign at least one time.

That means NV has at least n roots, say {om}}, on the domain (0, 7) with one in each
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(62k—1, G2k). Because N is an odd function of o, zero and {—oy, }} are roots of NV as
well. Thus, as a function of z, N get roots of z = 0 and z = +2,, = tan(dom/2),
where m = 1,2,...,n. So N(z) has degree at least of order (2n + 1). It contradicts
with (4.2.70). That means N(z) or N(o) must be zero. In fact, we have shown

Theorem 4.38
If all the 6y in ¥ satisfy (4.2.60), then ] given by (4.2.50) and ¥} given by (4.2.51)

are compatible.
We deduce from Corollary 4.6 that
P(e*) £ 0 k=1,..,2n.

Dividing (4.2.60) by P(e'**) gives

1 - 1
3t(m) + V(61 2)5’:(2(1—4_'5(@5) =0, (4.2.71)

where
Venn) =2 p o (4.2.72)

~ P(ei)

It indicates the dependence of V on the set I through the dependence of {a,,}7 and

{Bm}} on Z.
Formula (4.2.71) is equivalent to

O+ V(A A3 A =0, k=1,..2n; (4.2.73)
where for k= 1,...,2n
A = cos Ok,
A={A=cosé:6€3)

and

-

V(i A) = V(6 E) E Su(D). (4.2.74)
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Formula (4.2.73) is a coupled system of 2n partial differential equations, where
each A € A is a Riemann invariant with related characteristic velocity V(X;A). The
set A evolves according to (4.2.73) so long as the solutions remain regular and n does
not change.

We have not said yet how the set A, or ¥, and its cardinality change when a
singularity is encountered, nor have we addressed how A(z,t), or X(z,t), is related
to the initial data A;(x) and Jz(z), or equivalently, to the A(z) and S(z). We shall
deal with these issues by introducing a pair of functions z.(c,t) and 2_(o,?) for
0 < o0 < 7, which were already defined in Section 3.2 for ¢ < ¢, and from now will be

extended to all t. We shall extend the set ¥ as well in terms of these functions.

Definition 4.7 A pair of functions z,(-), z_(-) are defined to cross the value 2 at
o if the union of the images of any neighborhood of o under x.(-) and 2_(-) is a

neighborhood of z. This o is then defined as a crossing point of the pair at 2.

Note that if 0 < o < 7 and z;(0) = z or (o) = z or both z4(c) = z, then ¢is
a crossing point at z unless z..(-) has a local extremum at o.
For a given pair of functions z4(o), z_(o) and a given value z, we define the set
%(=) by
E(z) = {o : crossing point of z,.(-),z_(-) at z}.
Recall that
U(z; b) = A(z)erS@

is our initial function and z4(o) initially are defined by (2.2.60), then X(z) consists

of the pair points defined by (4.1.13) :

G1(z) = cos~l(h;) = cos~1(8:5/2 + |Al)

a

G2(z) = cos7l(A) = cos™1(8:5/2 — |A]).
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Suppose the functions z4 = z1(-,t) depend on a parameter ¢; then, the set & defined

above depends on ¢ also:
Y(z,t) = {6 : crossing point of z4+(-,t) at x}. (4.2.75)

For the functions z4(o,%) and z_(o,t), we formulate the following initial value

problem :
£t = V(0;Z(a4,1))
(4.2.76)
o = V(o;5(e-,1)),
with
m+(0,0) = :1:+(0’)
(4.2.77)

z_(0,0) = z_(0).

Here z4 (o) and z_(0o) are defined by (2.2.60). Note that the set E(z,t) depends on
the functions =, and z_. As long as that dependence is Lipschiz continuous in a
suitable norm for z4(c) and z_(o), (4.2.76)-(4.2.77) has a unique solution.

We assume that the initial value problem (4.2.76)-(4.2.77) has a unique pair of

solutions z4 and z_ such that

(a) As functions of o and ¢, z4 and z_ are C! in (0, 51,maz) U (62,min, ) X R

and continuous in (0, &1,maez) U [62,min, 7) X R.

(b) The limits limy—o,r z+(0,t) exist, possibly as £oco. If finite we call them
the boundary value of z4 at ¢ = 0,, denote them by z4(0,t), z+(x,1),

and assume that they are ¢! with respect to t.
(c) The number of critical points of z4(+,¢) and z_(:,t) is finite for all ¢.

(d) If for some o, z4(0) = z_(0), then z,(0,t) = z_(0o,t) for all ¢.
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Note that (c) implies that the cardinality of ¥(z,t) is bounded. Since

$+(6'1,max) = m—(&l,muz)
x+(&2,min) = m—(&2.miﬂ)’
it follows that
m+(&1,ma,,t) = z—(a'l,maa:,t)
$+(&2,mina t) = m—(&mmimt)'

We denote this common value by zo1(t), zo2(t); or in general zo(). From (d) and
the fact that z_(0) < z4(o) for o € (0,7), we conclude that z_(0,t) < z4(0,1) as
well.

Note that, according to the definition of crossing, 0 = 61,mez and ¢ = Fo,min are
both crossing points at & = zo;(t) and z = zo2(t) respectly if, for o near these points,

the following inequality is always true :
z_(0,t) < zo(t) < z4(0,1).

Lemma 4.22

Suppose that T is not a critical value of z4(-,1) or z_(-,1) nor e boundary value of
z+(+,7) (i.e. T+# x£(0,t), T # zu(m,t), or T # z0,1(t), T # z0,2(t)), then, for all z,
in a neighborhood of that Z, 1,

(a) the cardinality of £(z,1) ts constant;

(b) &(z,t), if it is in &, is a differentiable function of z and t.

Proor :

By the assumptions given above, we can find a neighborhood of (z,?) such that
O,z 4+ are bounded away from zero and z is bounded away from the boundary values
of z4(-,t). By the implicit function theorem, there exists a (maybe smaller) neigh-
borhood N of Z,  such that every solution of z = z4(0,t) is given by ¢ = &(z,1),

where &(-,-) is a C? function in /. The conclusions of Lemma 4.22 readily follow.
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Now we construct I(z,t) from X(z,t) according to (4.2.37).

|
Lemma 4.23
For any:z: t and any o € (0,7), ifz_(0,t) < < z4(0,1), then o € I(z,1); otherwise,

od Il\ar,t) ifz < z_(0,t) or z > z4(0,t).
|

PROOF :

By (4.2.37), if ¢ is not in ¥(z,t), then o is in I(z,t) if and only if the number
of elements of ¥(z,t) in [0, 7] is even. If z # zo(t), then by (4.2.75), the number of
elements of ¥(z,t) in [0, ] is equal to the number of times that z.(s,t) or z_(s,1)
crosses the value z for < in [o,7]. Consider the case z_(0,t) < = < z4(0,t); if
o< c’ﬂmar and = < z0,(t), then z.(c,t) must not cross the value  while z_(s, 1)
must ‘cros:s z at one time for 0 < ¢ < 7. Thus, the total number of crossings being
even, we conclude ¢ € I(s,t). The argument is essentially the same for all the cases.
In some case one must consider the behavior of z4+ and T_ near ¢ = G1,ma, Or Near
¢ = o‘;‘; min Dut it is just easy and we omite here.

Now we use formulas (4.2.50) and (4.2.51) to construct ¥3(z,t) and 9;(z,1) from
E(m,t).

Lemma 4.24

Ifz is not a critical or boundary value of z,.(+,%) or x_(-,{), then, in a neighborhood
of (,1),

(a) both Y2i(z,t) and ¥}(z,t) are differentiable functions of z and t.

(b) the compatibility condition Oy = 01} is satisfied.

PROOF :
The coefficients oy and B of P and @ are functions of &y,...,6,. They are ex-
pressible as rational functions of complete hyperelliptic integrals. Therefore they are
.

analytic functions of &, ...,0, except if two &1 are equal. It follows from Lemma

4.22 that this does not happen under the hypothesis of Lemma 4.24. It then follows
| .
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from Lemma 4.22 that all &; are differentiable functions of z and ¢. Part (a) is a
consequence of these two observations.

To prove part (b), we differentiate with respect to z, and then ¢, the following
relation

z = z4(6,t), & =6(z,t).
we get
1= 65:%6,&, 0= B&mi&& + atw;i:.

Using equation (4.2.76) to express dyz4 as V gives

86 = _g‘”* = —V(5;%(z,1))8,6.

GRUES

This is just the equation (4.2.71) and is equivalent to (4.2.60). We appeal then to
Theorem 4.38 to conclude that (b) holds.

4.2.3 Solution of the Variational Problem

By Theorem 3.31, the following relation should be true:

12> p(z,t) = 1+2(sino,9})

2 1. P(o)
1- ;/IsmaR(a) do.

Thus, before doing the construction of 1*(z,t), i.e. the solution of the variational

problem (3.1.15)-(3.1.17), we need to make sure that

Lemma 4.25
For o € (0,),

(4.2.78)

and

/0 ‘g (%:—;) ds > 0. (4.2.79)



163

Proor :

By (4.2.47), R(P(c)/R(c)) is non-zero only on the set I. By Corollary 4.6, the
sign of P(c) alternates over the intervals that make up I. On the other hand, by
(4.2.40) and (4.2.41), R(c) has the same property. That means R(P(c)/R(0)) keeps
no change of sign. So (4.2.78) follows if P(s) > 0 for o € (0,6,). Here we have
assumed R(c) > 0 for o € (0,67).

Condition (4.2.54) ensures that [y S(P(s)/R(s)) ds is zero on the set I. By Corol-
lary 4.6, that P(o) alternatively crosses from positive to negative or from negative
to positive over the intervals (6251, 82) is determined in such a way that whether
P(o) is positive for o inside of (0,61). We will show that P(o) > 0 is true at this
beginning interval. Then by (4.2.40) and (4.2.41), the.sign of (iR(c)) alternates on
those intervals and is negative on (81,82), we conclude that S(P(s)/R(s)) crosses
from negative to positive on the intervals (Gox_1,62«) for all &k = 1,...,n. This fact
implies (4.2.79), completing the proof of the lemma.

Now we show that P(c) > 0 for all o € (0,61). By (4.2.67), it is equivalent to

show that
h(e””) >0, for o € (0,61),
where
k=n w x
h(w) =1+ kgl ak[————(l +w)2] .

It is clear that h(w) is analytic inside of the unit disc  and takes real value on [
without any singularity. Here I; is set as a part of the boundary of the disk € such
that

A

h={w=¢€":-6,<0<b)}
Thus we can extend h(w) through I; by this way :
h(w) |wl<1l —-61<0<é
H(w) =
h(w*) |w|>1 —=61<0<dy,

with ww* = 1.
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Consider w = re'” with ¢ = 0, we obtain

k=n

= 1+Zak[ 1+ )2 . (4.2.80)

For our purpose, it is enough to show that H(1) > 0. Since if it is true, then H(r)
will be positive on a neighborhood of r = 1. That means h(e”) or P(e¥) is positive
on somewhere inside of (0,51), if o is close to 0. Since P(e¥) is real and remains
same sign where o € (0,44), so P is positive for all ¢ which are in this interval.

By (4.2.80), H(0) =1 and H(oo) = 1, therefore that H(1) > 0 is true if H(r) has
no real roots wherever r remains real and nonnegative.

Recall the condition which {ax}} should be satisfied, see (4.2.56). They are found
to build up a matrix equality :

AY =C,
with
Y G
A=(Ait)oxnr Y=[x |, C=]x |3
Yn Cn
such that
o _ T2k (1 + 7')"
},k - 2k ! Ck - Tok=1 R(T) dT,
and
T2 (1 + 'r)""k
Ay =— ——t— dT,
k /m R(r)
where
-l<m<l, for k=12,..,2n.

That implies the following polynomial

k—n
(1+7)"+ Z 2k (14 7)* (4.2.81)
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has roots in each of the intervals (7ox-1,72x) ¥ = 1,...n, say 7, and no more else.
Compare (4.2.81) with (4.2.80), all the possible roots, say 7, of H(r) should satisfy
P01
(1+7)2 " 201 +7)

for some k between 1 and 2n. That is, these 7#’s should satisfy the following equation
(1+7)% = 27(1 + 7%),

for some . i.e.

7% +1=0.

Now it is easy to see that no real value of 7 satisfy the above relation with any such

Tky k=1,..,2n, because |T| < 1 for all k and it makes a negative discriminant :
A=47-4<0.

That means H(1) occupies same sign as H(0) and H(oo) do, completing the proof of
the lemma.

In order to construct %*(z,t) which is the solution of the variational proble'm
(3.1.15)-(3.1.17), we integrate ¥%(z,t) as given by (4.2.50). Theorem 3.27 requires
that 1*(z,t) = 0, where zsino — tsin(20) — 'y (¢) > 0. In particular, it follows that,
for fixed o and ¢, ¥*(z,t) = 0 for = large enough. Thus we let

P (2,8) = — / T gy, t) dy = / R (%EZ_;) dy. (4.2.82)
Lemma 4.23 shows that, for fixed o and ¢, the integrand is zero for z large enough.
By Lemma 4.24 we get that 0,3*(z,1) calculated from (4.2.82) equals ¥;(z,t) given
by (4.2.51). Inequality (4.2.78) of Lemma 4.25 implies that * is a positive and
decreasing function of z. In the z, t-region, where z < z_(o,t), we have by Lemma

4.23 and (4.2.50), (4.2.51) that

. [*+lo0 P(o)
v —-/z:_(a,t) R(a)d
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and

0" = 0p* = 0;
where and hereafter, for short, we use F(o) in stead of F(e™). Since by (4.1.15),
¥*(z,0) = ¢ for z < z_(0), we conclude that

z4(a.t) P(g‘) _
/z_(a.t) o) @ =9) (4.2.83)

Finally, from the above conclusion, the ¥*(z,t) given by (4.2.82) is a positive,
decreasing function of z. It follows from (4.2.83) that 0 < ¥* < ¢. i.e. ¥ belongs to
the admissible set A.

The main result of this part is

Theorem 4.39
The solution of the variational problem (8.1.15)-(3.1.17) is given by

1,5'(:0, t) =

K for z4(o,t)<z

[PV ED gy for o_(0,8) <z < 24(0,1) (4.2.84)

é(o) for z <z_(o,t).

PROOF :
We shall show that *(z, t) satisfies the variational conditions (3.2.66). Introducing

I'i(o,t) = z4(0,1)sino — LY*(z4(0,1),1), (4.2.85)
and integrating (4.2.52) with respect to z gives

Ly (z,1) =



167
( . z o
Trsmo — I‘+(0‘, t) - fz+(a,t) fO 8‘(%{8) ds dy
(o, t) <z
{ zsinoc —=Ty(0,t) 2z_(0,t) <z < 24(0,1) (4.2.86)

zsino —Ty(0,t) + 7 7 S(FD) ds dy

T <z_(0,t).

\

Differentiating (4.2.85) and using (3.2.83) (3.2.84) gives

0y = sinodizy — LYi(z4,t)0zs — L) (24, 1)

= -—sinocoso. (4.2.87)
We know from (4.1.17) that

L4(0,0) = sinoz(0,0) - LY*(z4(0,0),0)

= sinozy(o) — LY"(z4(0),0)

= Ti(o).
Therefore, by integrating (4.2.87) we obtain
I'4(0,t) = —tsinocoso + I'+(0).
With the definition (2.2.45) of a, it comes out

a(o,z,t) = zsino — ', (o,1). (4.2.88)
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Thus, with (4.2.88), formula (4.2.86) becomes

a— L‘l/)' =
(
Loy Jo ‘3‘(;[8-) dsdy  for a:+(a?t) <z

10 for z_(o,t) <z < z4(0,t) -

| =[O0 e S(F) dsdy for = <w_(ot)

By connecting (4.2.79) of Lemma 4.25, we conclude that the ¥*(z,t) given by (4.2.84)

satisfies the variational conditions (3.2.66). This proves Theorem 4.39.

4.2.4 Formulas for the Weak Limits

We can now get explicit formulas for g, i and & by substituting ¥} given by (4.2.50)
and 9} given by (4.2.51) into the formulas of Theorem 3.31 :

=1+ 2(sinc,¥;) =1 - —/sma P(e ;da, (4.2.89)
= (sin(20),9}) = - / sin(20)=— R§a; do,
or
B =2(sino,¥;) = %/Isina}%g; do;
and
& = 2(sin o cos? 7, P2)
= ——/smacos 0’—% do,

~or
€ = —2(sino,9:) + 2(sin o, ')2 (sin(2a) %)

—-—/smaR(;d o+ [/smcr )d]2

L 0 @@)
+- ./I sm(20‘ dq'. (4.2.90)

(o)
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Generally,
pn(z,t) = 2(sin o cos™ ! 7, %)
_ 2 . n— 1 (0‘)
_—;/Ismocos R( )dO',
and

Gu(z,t) = 2(sin 0 cos™ 7, 9})
Qo)

= -—/Sll’lO'COS 10’-——--—

10))

These integrals can be evaluated by contour integration. Slit the plane along the
arcs of the set [ given by (4.2.38); the integral along each single arc is then equal to
half the integral of a clockwise contour around its slit. By Cauchy’s integral theorem,
we can deform the contour to a large clockwise circle around the origin containing /
and to a small anticlockwise circle only around the origin. Then letting the radius of
this big one go to infinity and the radius of this small one go to zero, we can evaluate
these integrals by computing their residues of both infinity and origin. In fact, the
residue of infinity is equal to the residue of the origin. Thus we only need to consider
the residue of the origin.

The following is the calculation of such residues.

By (4.2.40), we have

k=2n &
Rz(“’) = H [ w+ 1)2 (@x _: 1)2]
_ in k=2n (w + 1)2
= (@+1) ,;l:[l[ (1+cos&k)]
_ Rz(o) k=2n X .
= m k]_;]; [1 — 2w cos 6 + w?). (4.2.91)

For small |w|, by (4.2.91), we can estimate

L
R(w) ™~
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2n k=2n
(A +wyn TT [1 — 2w cos 6% + w?)~1/2

R(0)
= %{1 +w(zn cos &)

+w2[2 cos? &y + = Z cos 6%)% — n]

+w?[2 Z cos® o, + -2-(2 cos 6 )2
1 1

2n
-3 3 coséicoséjcosdy — (n+1) D cos byl
i<i<k 1

+0(w?).

From (4.2.44) and (4.2.45) we have

i 1-w? 1-whs
P(w) = g RO){——+ 2

o 2 el ol

and
Aw) = <-%>R(0){[(§{3; B L) (L8
+ 1- kz—fﬁk[ ]k-—l}
THw g @ +wp 7
where
R’(O) k=2n

W = - g (1 + cos &%).
Computing P(w)/R(w) and Q(w)/R(w) with sino = (w? —1)/(2iw), coso = (w? +
1)/(2w) and do = (dw)/(iw)to find residues, we obtain from (4.2.89)-(4.2.90):
_ 1 w? =1\ P(w) dw
p=1- -—f (—-—-) YA

2iw /) R(w) iw
2n

= [nz-—n+a1(n—1+%ZCOS&k)+%az
1

2n 1 2n 2n
+n Y cos by + Z(E cos %) + % D" cos? &y, (4.2.92)
1 1 1
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_ w?—1 ) dw
Il——j{( Zzw) -z-;

2n
= [B2+2(n — 1)1 + B1 D cos G
1

2n
+(2 E cos®r —3 ) cosd;cos&jcos by)
1 i<i<k

2n 2n 2n
~(D_ cos6k)(D_ cos? 4) — 2n (D cos 6)*
1 1 1

2n
—4n?) " cos 6 + gn - gna], (4.2.93)
1

and

'Rl

- (45 P &

= {(§n3 —2n% — gn) + %ag + az(n —2) + ay(n? —3n +1)

lal Zcos oL+ — zcosak

+(n+2

2n 2n
+n?—n—14(n— 1) + @3] Y coséy + Z—Zcosaék
1 1

+§ > [cos 6 cos 6;(cos &% + cos 55)]}. (4.2.94)
k<)

Now, comparing (4.2.93) with (4.2.94) yields an algebraic identity, which is a relation

among a1, @z, a3, f1 and f; :

2n . 1 1 2n
P2+ (2n -2+ Zcosak)ﬂl - 5&3 ~(n—-2+ 3 Zcos&k)az
1 1

—oqr? =3n+1+(n—1) Zcosak+ Zcosak + = Zcos 6k
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= [—- Z cos §; cos &; cos & + = Z cos 61)% — Z cos® 6]
i<i<k 1

2n 2n 2n 5 2n
+(5_ cos? 6)(D_cos Gx) +n Y cos® 6y + -2-n(z cos &%)?
1 1 1 1

2n
+(5n% —n —1)  coséi + -%Ona —2n? — %O-n
1

As a typical example, we consider the region of = and ¢ where n, the cardinality

number of ¥(z, 1), is equal two. In that case, the formulas (4.2.92)-(4.2.94) become

p = 3(cosdy — cosér)? = 1A - A,

E = 3(cosé; —cosdy)?(cosdy +cosdy) = %(:\1 = 22)2(5 + A2),

which is just (4.1.23).
Generally, for the % conserved density,

_ _ w2—1 w2+1k1P(w)dw
pe(z,t) = f( — R (4.2.95)
For example if k£ = 3,
&(z,t) = Pa z t)
w? -—1 w +1,,P(w) dw
— 2.
f( 2w 2w y R(w) iw (4.2.96)

It is equivalent to (4.1.36), when ¢ < ;.

The cardinality number, say n, is valid only for certain time period. That means
the Riemann invariants {};}?" will break again when reaching a new break-time .
After that, either the members of A will get different order or the cardinality number

will increase to n + 2. We will discuss them deeply in the following chapter.
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CHAPTER 5
HYPERBOLIC NATURE AND LOCAL DYNAMICS

5.1 The Theorems

In this section, we study the dynamics of these semiclassical limits. The strategy
we adopt here is the one offered by Levermore [12].

For the t-flow given by (1.1.4), the strict hyperbolicity and genuine nonlinearity of
evolution of these limits can be proved wherever the correspond Riemann invariants,
which are defined as A, € A given by (4.2.71), remain distinct. In fact, it has been
enough to show the hyperbolic nature of those Riemann invariants, because all the
semiclassical limits were described by them as shown at (4.2.92)-(4.2.94), (4.2.96) and
(4.2.95).

By former study, we have known some local dynamics already. i.e. In a neigh-
borhood of almost all (z,t), there exists a non-negative integer n, such that these
weak limits are determined by a (2n)-dimensional real vector-valued function V =

(A1) ey X2n) where } € A with the following ordering condition :
1>h>kh>.> 5> -1 (5.1.1)
They satisfy a system given by (4.2.73) :
e + Sk (V)0 A =0,  k=1,..2n; (5.1.2)

where Sy(V') = V(JAi;A), the characteristic speeds, are real and have a functional

form depending on n as given by (4.2.72). Nevertheless, it is not the total story. We



174

can disclose more nice properties of them. The main results of this chapter are the

following :

Theorem 5.40
Subject to the ordering condition (5.1.1), the system (5.1.2) is strictly hyperbolic with
the speeds ordered as

$1(V) < S5(V) < ... < San(V), (5.1.3)
and is genuinely nonlinear with
85, Sk(V) < 0 (5.1.4)
forallk=1,...,2n.

Assertions(5.1.3) and (5.1.4) will be proved in Section 5.3 and 5.5 respectively,
with some useful identities proved in Section 5.4.

Since the system (5.1.2) is genuinely nonlinear, a Riemann invariant, say Xk, may
in a finite time develop an infinite spatial derivative at a point while maintaining the
ordering condition (5.1.1). When this happens, Ay is said to break down. The second

main result of this section relates to the onset of breaking.

Theorem 5.41
Let V(z,t) be a solution of (5.1.2) subject to the ordering condition (5.1.1). For
any k = 1,...,2n, there exists Wk(V) > 0, such that & = O\, satisfies the Riccati

equation

) + 57 () =

(0 + Sk(V)0z) ( W7

€k
Wi(V)
(5.1.5)
This theorem will be proved in Section 5.6 where the explicit formulas for the

functions Wi(V) will be constructed by again making use of same identities once

applied for Theorem 5.40.
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In order to prove these theorems, we need to recall the formulas of characteristic

speeds Si(V) and some related functions. By (4.2.74),

Sk(V) =,§k(2) = V(&k; o) = Q(e':‘:’k)

P(eiox)
for k = 1,...2n; where
3 = {Ge}Ezin.
By (4.2.67) and (4.2.68),
P(eia) —_
1,0 = I
—2-R(0) sino {1 + m2=:1 am [m] } ,
and
Q(eia) —
—%R(O) sin o { [%g)) - 2] +2(1 + cos o)
m=n 1 m
+ mz=1 B [2(1 + cosa)] } '

(5.2.6)

(5.2.7)

(5.2.8)

Here, the coefficients {a,}7 and {B,.}} are determined by (4.2.54) and {4.2.55)

respectly. That is

Gak P(eia)
—do =0
/a,k_, R(e) “

and

o Q&) ,
oves R() do=0

for k=1,2,...,n.
With (4.2.46), it is easy to calculate that

R(0) = 1/\J ﬁ[?(l + cos 6%)]

k=1

(5.2.9)

(5.2.10)
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and
R’(O) 2n .
— —2=— 1+ cosdy) —2.
R(0) 21 +eosdn)

For some application later, we need the following lemma

Lemma 5.26
If Z(6) is a real polynomial such that
ot 7 ‘
/" 1 20) 45—, (5.2.11)
sn  R(6) !
forl=1,2,...,n with § > 63 > ... > bgp, and
m=2n !
R = H (6 - 5ni)1/2a
m=1 |

then Z(6) must have at least one zero in each of the intervals (631, 621-1).

PRoOOF :
The reason of this claim is simply the observation that the integrals cannot be zero
if the purely imaginary integrand does not fgo to zero somewhere. Since Z(6) must,

therefore, vanish on at least n points, we can also conclude
\
Corollary 5.7

If Z(6) is a real polynomial of degree less than n and satisfying (5.2.11), then Z(6) =
0. |

5.3 Speed Ordering

Proof of the speed ordering assertion (5.1.3) of Theorem 5.40 begins by deﬁniﬁg
the function |
Qx(0) = Q(e”) = SiP(e")
for any k = 1,...,2n. By (5.2.9) and (5.2.10), |

2 Qk(d) _ | _
211 R(e) do =0, | 1=1,2,..,n.

By using an argument once we did for Corollary 4.6, we have
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Corollary 5.8
The function Qx(0), if extended to (—w,x), has zero at 0 = 0, 0 = oy, one and only
one zero inside of each of the intervals (Gog—1,62k), (—2k, —Fak-1) for k =1,2,...,n

and nowhere else.

PROOF :

It is obvious that Qx(c) has zero at ¢ = 0, 0 = +o%, and at least one zero inside of
each of the intervals (62k-1,62k), (—&2k, —02k—1) for k = 1,2,...,n. We only need to
show that Qx(o) have no more zeroes. Since @y is an odd function of ¢, It is enough
to show that for 0 < o < 7, @) have at most n + 1 zeroes.

Set § = 2(1 + cos o). It is a monotonic mapping where 0 < o < 7, so the number
of zeroes of F(c) equals the number of zeroes of f(§) if we define F' = f(6(c)). Then,
by (5.2.7) and (5.2.8), we have

P(eio) =
[lﬁn & ]"""sma(1+m2_nam6“”‘) (5.3.12)
m=1
and
Q(e*) =
1 1=2n I—Zn m=n
=5 I (] 2sino(~5 Z §=2)+6+ 3 Bnb".
=1 m=1

(5.3.13)

By (4.2.40), for w = €7, we have

1o t=2n 1 1
() Ll—:-Il [2(1 + cos o) T2+ cos&,)]
I=2n
& — 6)
= 55 ) 5.3.14
E ( o6 ( )
So

e =0 (T 5,)1’2/ [T~ "

=1 =1
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Thus, for j = 1,...,1n,
5 P(e)
= d
»/02,_.1 R(e“’) 7
Snir m=n 1=2n
- [ ‘l(5n+zaman—m)/ 164
525 4

m=1

o [B5-1 P(6)
def /6” 1) ds (5.3.15)

and
= /62, (e'a) dO’
621 (e"’)
6251 1 l—2n m=n
4

= —(3) [5"”‘ 2+ 5 E &)+ Y Bmb™

625 m=1

/. l 'ﬁ"(s _ &) db

der [%2 Q(8)
de /621_ G ds. (5.3.16)

Then for j = 1,2,...,n,

% Qk(o)
0 = /02’_1 (e do

_ [ Qi)
= /62, 5 10) ds, (5.3.17)

where we defined

Qe =P - 5Q.
Thus, by Lemma 5.26, Qi has n + 1 zeroes. Anyway, Q) is only a (n + 1)*'-degree
polynomial, thus, no more other zeroes. It is obvious that the number of zeroes of
Q«(6) while on the domain 4 > § > 0 equals the number of zeroes of Qx(c) while on
the domain 0 < o < 7. So Qk(c) has at most n + 1 zeroes too. That means Qx(c)
has exactly one simple zero in each of the n intervals (641, 62), [ = 1,2,...,n; as well

as a simple zero at &;. It completes the proof.
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We now consider a fractional function of o :

Qi(0) _ Q(e°) — SkP(e”) _ - b e e
.p(ke-a) = p(eef) =V(0,Z) - 5(Z) ¥ Fi(o),

and analyze its sign changes.

By Corollary (4.6) and Corollary (5.8), neither P(e'°) nor Qx(c) change sign on the
interval:}s (621, 621-1) for 1 =0,1,...,n with definition 65 = 0 and 3,41 = 7. Thus the
fractional function Fi cannot change sign either. On each of the intervals (621-1,62)
for 1 =0,1,...,n, both P(e*) and Qx(c) change sign exactly once at their respective
simple zlzeroees; thus the function F; will change sign exactly twice or possibly not at
all in the case where the two zeroes happened to coincide. The only other sign change
is at the point o = &%.

By the above accounting, Fi(8;) will take the same sign of Fi(co) where 0 < o < §;
for all s‘uch &; with j < k, or equivalently for &; < &. It reduce that Fi(6;) < 0 if

j < k, because we have the following lemma :
\

Lemma 5.27

For all k = 1,2,...,2n, and o € (0,4),
i

Fi(o) <.
PROOF : _
By Lemma 4.25, P(e") > 0 if o € (0,6,). By (5.2.7) and (5.2.8), for & € (0,6,)
(=2)@Qx(o) _
R(0)sino
£'(0)
(R(O) —2+S;¢) +2(1 4 coso) +
m=n 1 m
,g;‘l[ﬂm + i [2(1 + cos a)}

def ~ 1 "
1+ 2(1 +coso) + m§=1 ¥ [2(1 oo a)]

& h(e). (5.3.18)
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So, in order to prove Fi(c) < 0 for o € (0,41), we only need to prove h(e) > 0
for that o. It is clear that h(w) is analytic inside of the unit disc §2 except at w = 0
and takes real value on f; without any singularity. Here we set [; as a part of the

boundary of the disk {2 such that

h(w wl<l —=61<0<§é
ey | 1) k<1 <o <a
h(w*) |w|>1 —-61<0<éy,
with ww* = 1.

Consider w = re'” with o = 0, we obtain

) =0+ L LT [(1+r] . (5.3.19)

For our purpose, it is enough to show that H (1) > 0. If it is true, then H(r) will be
positive on a neighborhood of 7 = 1. That means h(e*) or [-Qk(c)] is positive on
somewhere inside of (0,4,), if o is close to 0. Since by Corollary 5.8, Qx(c) is real
and remains opposite sign where o € (0,8;), so Qx(o) is negative for all o which are
in this interval. Thus Fx(o) < 0 for o € (0,6,) and any k.

By (5.3.19), H(0) = 400 and H(+00) = +00, therefore that H(1) > 0 is true if
H(r) has no real roots wherever r remains real and positive.

We can rewrite (5.3.19) as a (n + 1)-th degree polynomial of 6 :

m=n m+1
w0 = O 5 e
 1+06+ mij—y,,.é"‘“
& fs), ) (5.3.20)
if we set
6 — r
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Thus H(r) has no real roots wherever r remains real and positive if and only if H(6)
has no real roots wherever é remains real and positive.
Comparing (5.3.20) with (5.3.18), one way to get roots of H(6), say &m, is to try

a nonzero monotonic mapping :
_ 1
"~ 2(1 + cos &)

while {o = &,,} are roots of Qi(o).

6 for m=0,1,... (5.3.21)

By Corollary 5.8, Qx(c) has n+1 simple roots with which one at o = 6, 4f 54 and
n others in each of the interval (G4mm—1,62m) for m = 1,2, ...n, say o = &,,. However H
can have at most n + 1 different roots, so that by (5.3.21) and (5.3.20), each possible

root of H(r), say 7, should satisfy
_r __ L
2(1 + cos &)’

e

for some m between 0 and n. That means

72 — 27 cos b + 1 = 0.
Nevertheless, it makes a negative discriminant :

A =4cos®Gp, —4 <0,

for any such m. Thus, as we wished, there are no real roots of H(r). It means
H(1) > 0, completing the proof of Lemma 5.27.
With this lemma and the argument of sign change of Fi(c), we conclude that the

fractional function Fy is negative at o = &; if j < k or positive if 7 > k. That is

.‘ " . >0 if j>k
5i(V) — Se(V) = Fi(8;) :
<0 if j<k
leading to the fact of (5.1.3).
More information can be gained by analyzing the simple zero of the fractional

function at o = . Since

. R >0 if > 6
Fi(o) = V(0,5) - §(Z) o
<0 if o<o
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we find that this function is positive to the immediate right and negative to the
immediate left of 6%. Thus, the derivative of () is possible positive at &;. However,

this derivative is just 8,V (o, Z), so we have almost proved :

Lemma 5.28
agV(U, E)a:&k > 0-

PRrOOF :

We only need to show 0, Fi(0)s=s, # 0. If it is not the case, then &y is at least
a double root of Fi. Since Qi(6x) = 0, &% should be at least a double root of Qi(c)
too. It is a contradiction against Corollary 5.8.

Lemma 5.28 will play an important role in the proof of the genuine nonlinearity

assertion (5.1.4) which will be given later after following identities.

5.4 The Identities

In this section we derive useful identitics relating P(e”) and @ (&), which depend
on X through their coefficients determined by the relations (5.2.9) and (5.2.10), to
their derivatives with respect to %, say P;,(e°) and Qs, ().

For some technical reason, we need a variable change as before :
6 =2(1 + coso) (5.4.22)
with
61 = 2(1 + cos 67)

for I = 1,2,...,2n. With it we can rewrite P, @), R, Qx and some integrals into simpler
forms as given by (5.3.12)-(5.3.17).
Taking the derivative of (5.3.17) with respect to 6} and noting the fact there can be

no endpoint contribution since the integrand after variable change of (5.4.22) vanishes
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as |6 — 6;|*/% at & = §;, we find

_ i Qi(o)
0 - Tk ~/&2,‘_1 R(e"”) d

6251 Q) — Sy P o
= 0Os [/sz: 1 Q) Rk d5,](—23mak),

25

thus

§2j-1 () — G, D
0=a6k[A2) !Q RSde&,]

2j

_ 62j-1 [ng - Skp(,} - Pangk _ l(Q - S,iP)agkR"] ds

525 R 2 R3
(5.4.23)
for j = 1,2,...,n. The form of R? given by (5.3.14) offers
95, R? = —R?/(6 — 6).
With that and the fact P satisfies (5.3.15), we can write (5.4.23) as
J e 4l s,
&  R(6)

for y =1,2,...,n; where

N - " )(6) — SkP(6

Zi(6) = Qs, — SkPs, (6) + —Q-g—)————"—(-z (5.4.24)

2(6 — 6x)

Since Q(6) — Sy P(6) is a polynomial in & that vanishes of § = 6k, we know Z,(6)is
also a polynomial in 8. From the definition (5.3.15) of 2(6) and (5.3.16) of Q(6) we

can have a large § asymptotics:
P5k(6) = 0(6"_1)’

G6(6) = 56" +0(8™),

Q(8) — SeP(8)

— ln n-1
5=8 - 10 TOET)
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which, to be combined together in (5.4.24), shows that
Zi(6) = O(6™1).

Therefore, as a polynomial that satisfies (5.2.11) but of degree less than n, Z,(6) must
vanish by Corollary 5.7. It shows

Proposition 5.1
For every k = 1,2,...,2n; one has the identity

Qs, — SiPs, (6) = _%Q(%E%’;_)Ii(_&)_

5.5 Genuine Nonlinearity

The proof of assertion (5.1.4) of Theorem 5.40 relating to genuine nonlinearity now

can be proceeded as a fairly direct calculation from the definition (4.2.74) of 5i(Z) :

85,5k(Z)
-0 (53) -
[a (E‘Si) + 8, (%%)Ldk (=2sin ). (5.5.25)

By using Proposition 5.1 in the third step, we see the last term inside of the brackets
becomes
~(5)
(6) 6=6x
[ (6)05,(8) = G(8) B, (6)
(6))?

/_\
l‘°‘

6=64

sszk(é)}

P(5) 564

=__ Q(8) - SkP(5)]
(6 — 8:)P(8) 55,
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= _53517(5)5=5k. (5.5.26)

Here we set V/(8) = Q(8)/P(6) and use the definition of the derivative to evaluate the
quotient in the last step. Substituting the result of (5.5.26) into (5.5.25) gives

Lemma 5.29

For every k = 1,2,...,2n,

95, 84(E) = -;—3,17(0, Docs,- (5.5.27)
PRrOOF :
By (5.5.25) and (5.5.26),
35, 5(2)

Q(5) Q(8) .

= |05 | =< —_— —2sing

[ "( (5)) + % (P(&))]Hk( Zein &)
= [067/(5) = 5057 Olows (G )oms

= %3, (frac@(o)P(0)),=;, = %aa‘?(a, E)o=sy-

It proves (5.5.27). By Lemma 5.28, the right-hand side of (5.5.27) is positive, thus
we have
85, 5:(V) =
(05, S()]/ (85 Me) < 0,
since
(aak:\k) = —sindy < 0.

It proves the assertion (5.1.4) and completes the proof of Theoremn 5.40.
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5.6 The Breaking

In order to study the breaking of solutions to the Riemann invariant equations
given by (5.1.2), we can show that ¢, = 9., satisfies the Riccati equation (5.1.5)
along the Kk characteristic. This is achieved by the same way Levermore used for
zero dispersion limit of KdV [12].

Now fix a k = 1,2,...,2n. Take 8. of the k** Riemann invariant equation (5.1.2)

to get an equation for &,

0= 8,,(3,:\1; + Sk(‘-/‘)az:\k)
= 8(0:3k) + [0:5:(V))0c i + Si(7)B:(8: )
= B,k + [3(3;,51)0:410:
2

= Or€ + (B3, Sk )6k + [D_(05,Sk)é;lér, (5.6.28)
%k
where 8, = 8; + 5,0 is the advective derivative along the k*" characteristic. In this

notation the Riemann invariant equations (5.1.2) can be written as
3, %; + (85— Sp)¢; =0, (5.6.29)

for j =1,...,2n.

Working toward the simplification of the last term of equation (5.6.28), we start
with a direct calculation of aijk for j # k, by using the definition (5.2.6) of Si(V)
and a variable change §; = 2(1 + cos &;) = 2(1 + A;) :

85,k = (05,6;)05,5%

—(A. 5. Q&,-(&)—Skﬁsj(cﬁk)
- (05 [l =SB 00),

Using the identity of Proposition 5.1 to eliminate ng (6x) gives

8.5,

= (05,6) [(s,- ~8)

135,.(51;) 15— Sk
P(6) 26;—6k
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R
P(s
= (Sj - Sk)a;j log ( (. k))
Re /]

L (S; — Sk)ds, log(W). (5.6.30)

Here Ry, is defined by

~

RE = (-1)"FT] (8 - &),
itk

sgn Ry = sgnP(6);

and Wi (V) is defined by i
Wi = P(.6k),
Ry

with 6; = 2(1 + X;) for j = 1,...,2n. Note the way that R? is defined so that W is
i j

always positive.

Since for each k, &y is a continues function of (z,t), so is é by definition. Moreover
since the set {6x}?" is in order for any fixed (z,1), then the set {6;}?" is in order too
and no 6 will be zero. Thus R, will be not zero in that case as well. Also P(6;)
never be zero since P(e'®*) # 0 for any k. That means for each k and any fixed (z,1),

Wi # 0. So, with a continuity argument, we get

Proposition 5.2
For any compact (z,t) subset over which the ordering condition holds, the positive
function Wy is uniformly bounded both above, away from infinity, and below, away

from zero.

Using first (5.6.30) and then (5.6.29) gives the relation

2(05,50)¢; =

J#k
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(85, log Wi)(S; — Sk)§; =
J#k
- 2(3;\1, log W3)8,; = —0, log Wi, (5.6.31)
J#k
where in the last step one used the fact ;) = 0. Substituting (5.6.31) into the last
term of (5.6.28) leads to the Riccati equation

0 = 0:&k + (85, 5k)ék — £k 0 log Wi
= Wi [0:6r — (60, Wi) [wi + (W205, Si)(6x/Wi)?)

2
=0, (-%) + (Wi, Sk) (_%) : (5.6.32)

Expanding the advective derivative in (5.6.32) gives equation (5.1.5) and proves The-
orem 5.41.

By the genuine nonlinearity assertion (5.1.4) of Theorem 5.40, the coefficient of
the quadratic term in the Riccati equation (5.6.32) is negative. So /Wy is a strictly
increasing quantity along the characteristic provided & # 0. Now if £ < 0, the only
way to have & — 400 in finite time is for Wi — oo such that & /W is increasing.
However, if the ordering condition (5.1.1) holds, the continuity implies that W) must

be bounded above. Thus we conclude :

Corollary 5.9

If |0=)| becomes unbounded in finite time along the k* characteristic, then : either

(a)
6,,:\k > 0,

or

(b)

The ordering condition (5.1.1) is violated in finite time.
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APPENDIX A
PROOF OF LEMMA 2.1

Suppose X C R is a compact set, both {f,} and f are convex, C'(X) functions

and f, — f uniformly as n — oo for £ € X, then by convexity,

Ofs _ fula+h) = o)
oz — h ’

and
3fs o fule) = fulz = 1)
0z ~ h '

Moreover, we have the following lemma:

Lemma A.30 If f is convez and f' = & is continuous, then, as h — 0,

ts uniformly on X.

Proor:
Set

o) = LRI _ g

By convexity of f, gn(z) \, 0 as A \, 0. Since both f and f’ are continuous, so is
gn(z). That means for any € > 0, there exist a fzm and a neighborhood O, for each
&, such that if b < kg, then 0 < gu(y) < € for all y € O,. However, because X
is compact, a finite number of these O, can cover the whole X and then the total

number of such necessary b is finite. That means there exists a H, as the minimum
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of these h such that if b < H,, then 0 < gi(z) < € for all z € X. That is g(z) \,.0
as b\, 0 uniformly on X.

Similarly, we can prove gx(z) /' 0 as k / 0 uniformly on X. It completes the
proof of Lemma A.30.

Let us go back to the proof of Lemma 2.1. Because of Lemma A.30, we can for

any € > 0 pick 2 > 0 such that

fl@+h)=flz) . _¢€
and

f(:l:)—f(:l:—h) /] €

| - -fl=3
forall z € X.

Because of the uniform convergence of {f,}, for the same h, we can pick N such

that if n > N, then
[fa(z) = f(2)] < €b/4,
|fa(z + &) — f(z + h)| < €h/4
and

|falz — k) = f(z ~ h)| < eh/4.

Thus, by convexity, for all z € X,

(f,’, _fl) < fn(m+ h}z - fn(w) _ f/
falz+h) = falz) _ fla+b) - f(z)

+ [f(m+h’)l_f($)_f/]

< efd+e/d+e/2=c¢

and

(f,', _ f/) > f,,(.’lt) - .;:n(m - h) -__ fl
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[fn(m) — fa(z = R) _ f(z) = flz = h)]
h h
[f(w)—‘;:(m_h) __fI]

> —€fd—¢€/d—¢€/2 =—c

That means f, — f’ uniformly as n — oo. The proof of Lemma 2.1 is then completed.
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APPENDIX B
WKB METHOD

The following brief of WKB method is created by [7].
The asymptotic solution of the ordinary linear differential equation of the second

order

d’y 2 =
T TPy =0 (B-0.1)

for k — oo was first treated systematically by G.B.Jeffreys (1925).
However, G.Wentzel, H.Kramers and L.Brillouin (1926) studied similar solutions
of the Schrodinger equation independently.
Their method is therefore called the W.K.B. method or the Jeffrey’s method.
When we put

z = /Pllzda:, oy = P4y,

(B.0.1) reduces to the form :

d?
_dz_‘;’ + (K = Q(2))w = 0, (B.0.2)
where
d*p1/4
Q P-4 — (B.0.3)
d2p-1/4
= _p-3M
= -F dz?

From (B.0.2), we can obtain an asymptotic solution by the trigonometric formula

w ~ Ae't* 4 Bet, (B.0.4)
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or by the exponential formula
w ~ A'eb?l 4 Ble=klzl (B.0.5)

according as P> 0or P < 0.

A point zo at which P(z) vanishes is called a turning point. Since @) tends to
infinity at a turning point, we need certain devices to continue the solutions (B.0.4)
and (B.0.5) analytically beyond a turning point. When z is a single zero of P(z),

the connection formula connecting the two solutions is given by

P4 cos(kz — %r_ +y) — siny|P|" Vet 4 £ 0, (B.0.6)

P~Y4 cos(kz — %) - %[Pl"l/“e""zl, (B.0.7)

where an arrow means that, for example in (B.0.6), the solution approximated by the

left-hand side when P > 0 is approximated by the right-hand side when P < 0.

A3
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APPENDIX C
ZAKHAROV-SHABAT METHOD

C.1 Linearization of the NLS equation

Define operator L and A :
10 0 U
0 -1 U o

A = (2V2h%0,, + 4i\h0;) ( 1o )

and

01
o HHVZ-DIUP+1 ihT(V2+1) (©.L1)
—ihU,(v2 - 1) X pWEHDUR-1 )

where U means the complex conjugate of U.
Lemma C.31 The NLS PDE
iU, — -;-th,, —(1-UPU =0 (C.1.2)

can be linearized by the following ODE :

V € R

LV =)V
tha,V = AV

with
o\ =0.
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PRrooOF :

(1)

Define operator L and A :

. 1 2 0 0 U
L= +V2 thd, + , (C.1.3)
0 1-v2 U 0
and
U2 .1
. 1 kU,
A=2vV2h%0,, -2 ( ;‘,-—Lg+1 + Z'Uli ) . (C.1.4)
—ZhU_—,; 75"3 —1 .

By a little calculation, one can find {I, A} is just the Lax pair of equation (C.1.2).

That means if x and E are set as eigenfunction and eigenvalue of L, then
—ihLy = (LA- AL) ¥ [L, 4] (C.1.5)

is nessary for the following simultaneous facts :

E, =0
and
ihx: = Ax
(2) Set
A=V2E
and
« = eiflh ( (V2-1)172 0 ) v
0 (V2+1)1/2
then
ithx: = A & ihV, = AV
and

IZx:Ex%LV:AV.
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Therefore with respect to the NLS equation (C.1.2), we will name LV = AV as
the associated eigenvalue equation and :hV; = AV as the associated time-evolution

equation.

C.2 Time evolution of scattering data

Lemma C.32 The scattering data of the NLS equation (C.1.2) vary with timet in

the following manner:
(i) R(k,t) = R(k)exp{2iktv/k? —1/h},
(it) A; is independent of t,

(iii) ¢;(t) = c;exp{—A;v;t/k}, j=1,.N-

Proor :
Recall
LV =LV =)V = Vv,
U —thdy, — A
and set
tho; — X 1
LV =LV -V = V.
1 —thO; = A
We get
LV =LV (2 — o)
and

V_)ale—icz/h_*_azeic:/h (:L‘—’ +°o)

with ¢ = /A2 — 1.

We assume the Jost functions of VLS equation (C.1.2) are 1y, 15, ¢; and ¢,. That
means they are not only solutions of LV = 0 but also with the following boundary
conditions.

bio Xf (e +oo)



and
¢J - X-—

J

for j =1,2. Here

Xt = ! e~isalh,
A—¢

Xl- = . 1 e—icz/h’
e?(X =)

with g from the boundary condition of U:

{ 1
U-—
ete/h

and

(z — —o0)

X;:(/\—g)e"“’/h
1

X{ _ ( e-o(/\ -—C) ) gisz/h
1

(z — +o00) .

(z = —o0)

Thus the Jost functions could have the following forms:

(2, ) = X} (2,A) - /,_ " Y(z, )X} (s, A) ds

83(z,)) = X; (z,)) + /_ ’; B(z,5)X; (s, A) ds,

and
where

‘Il(zay) = (
with

U(z,y) — 0
and

P(z,y) — 0

With the relation of that

‘Illl ‘Ill2
lI"Zl ‘II22
(y = +00)

(y = —o0).

LY;=)XY; and LY;— L,Y;

197
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for j = 1,2, one can find :

(82 + 8y) ( n ) = -% ( LU ) ( Tz ) (C.2.6)
L2 U -1 Uy
U1y i1 =0 Uy,

‘I;22 = ‘i‘ll, \1’21 = ‘i"l%

with

The associated boundary condition of system (C.2.6)-(C.2.7) is

\Illz(w,a:) = z(ﬁ(:v) - 1)/(2h)
(C.2.8)

¥jx(z,y) = 0 (y — oo).

Since all the Jost functions are solutions of LV = 0, there should exist a matrix
S Sn Sz ’
Sn Sz

('/’1,1/)2)5 = (¢1, ¢2)-

Since L is self-adjoint, then V is also an eigenfunction of L with same eigenvalue if

such that

V is already an eigenfunction, where the relation between V and V is given by

Thus

and
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We can write ¢, as a linear combination of 1; :

é1 = aty + bia.

Usually, T' = 1/a is named as the transmission coefficient and R = b/a is named
as the reflection coefficient.

Recall
tho,V = AV

with operator A given by (C.1.1). Consider z — 400 or £ — —o0, we get
aga = 0, atb = i2(k\/ k2 — l)b/h.

Here weset k= Aif A > 1.

Follow these results, it comes that
R(k,t) = R(k)exp{2iktvk? — 1/h}.

Now we only consider z — +00.

Vo gy = ( (A = iv)r(z) ) . ( A—iv ) I
7(z) 1

with v = /1 ~ A2,

The norming constant ¢(\,t) can then be defined as satisfying :

Suppose

+o00
/ Elr(z)|Pdz = 1.
It comes out that
c® = —b/(hvdra).

We get
dllog(c?)] _ d(logb)
d ~  dt

and

c(A,t) = c()) exp(=Avt/h).
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C.3 Inverse scattering transform and soliton solution

Recall
$1 = a1 + bif.
That is
(1/a — X )e ¥ [(2m5) = (Y1 — X + Wps/a)e™¥/* [ (2nc)
with

y>z, ¢4+1=2x

Since the left-hand-side is analytic while S¢ > 0 except simple poles {);})V (zeros
of a), the conter integral can be applied for both two sides.

For the left side,

j=N
]i.H.s = J; 2u592(z, /\j)e-"jy/h,
with
vi=y1=2>0
and

;= _hc§/2)

where c; is the norming constant.

It could have a form which is more symmetrical :

§ o Ee Y e )
LHS FO(z +y)

+o0 ~F® (FRY
..2/ ¥(z, s) ! (8+y(2)+z( 2 )(s+9) ds
T F37(s +y)
with
=N
F)(2) = = 3 pshe I,

i=1

2 =N
F(2) = = 3 pie=s°lh

i=1
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and
F'(z) = ho,F.
Similarly, we can also write out
0 FO — (FMy(.
}{ — _2h¥(z,y) 4ol B (w+y)12( 2 ) (z+y)
RH.S 1 ~FMN(z +7y)
400 F(l) —_7 F(l) ! +
_2/ U(z,s) | ! (s+y)mz( 2 ) (e +y) ds
T -F3 (s +y)
with
(1) — _];_ +oo isz/h
FP@) == [ Ra()elhds
and .
(1) . i Foo isz/h
F(z) = o /_oo Ry(s)e* " ds.
Here
Ra(s) = [R(Xs6) + R(=A,6)1/2
and
Ra(s) = [R(A6) — R(=A,6)]/2
with

R(),) = b(A,6)/a(},5).

That is just the Marchenko equation pair:

h¥12(z, y)+

[ (0w, 9= Fils + )] + Tua(e, o) Fa(a + ) - iFj(s + )]} ds

= F(z+y)—iFy(z+y) (C.3.9)
h\I’u(w, y)+

[ (e, )=l + )] + e, s)Fi(s + ) + 6Fils + )]} ds
= _F2(x + y)7
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with
Fi(z) = F}(2) + F{(2)

Fy(z) = F}(2) + F{2(2).
Consider reflectionless case. That is
b(\,s) =0 or R(k)=0.

Then the Marchenko equation pair is reduced to the same form of (C.3.9) but in

which only
j=N

Fy(2) = = 3 pidje st

J=1
=N
Fy(z) = Y pye*/h,

=1

Therefore it is easy to write

Y2 =(f,8) ¥u=(9,8)

as inner product of vectors with

* * *
f=1 filx) |, 9=| gi(z) |» Byt)=| 22%¢;(t)exp(—vjy/k) |,
% %k %*

and norming constants {c;}{.
Then the Marchenko equation (C.3.9) can be converted to an algebra system and

solved for:

Uy = —(1/2)8;[log det(I + G)anxan]

with @ defined by (2.1.36).
Recall (C.2.6)-(C.2.8) about the equations and the boundary condition of Jost

functions, one can get the relation between ¥,; and U :

0:¥ni(z,z) = (8 + 8y)Uni (2, ¥)y=2/2 = (IU[* — 1)/(24).
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Thus we get the Zakharov and Shabat formula for the solution of NLS equation
(C.1.2) without reflection. This is a N-soliton type solution.

p=|U|? =1 - h%logdet(I + G).

The above process is often named as doing an inverse scattering transform.
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