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ABSTRACT 

An efficient stochastic finite element-based procedure is proposed for the 

reliability analysis of frame and truss structures with geometrical and material 

nonlinearities under static loading condition. The material properties, geometry 

and external loads of the structure are considered as random variables. The fail

ure criteria of the structure are expressed in terms of limit-state functions. The 

method is based on the advanced first order second moment reliability analysis pro

cedure. The assumed stress field approach is used in the finite element formulation 

to compute nonlinear structural responses and the corresponding response gradi

ents. The proposed method is suitable for the reliability analysis of geometrically 

nonlinear frame structures with flexible connections. The mechanical properties of 

the nonlinear flexible connections can be deterministic or random. A random index 

parameter is introduced as a basic random variable to consider the uncertainties in 

the modeling of the connections. Structures with different types of connections can 

be handled by this method. An efficient method is also proposed for the reliability 

analysis of highly redundant elastic-perfectly-plastic frame structures with large 

deformations under proportional loading. The proposed method avoids dealing 

with the complicated failure mechanisms and stable configurations in the struc

ture system reliability analysis, and has several advantages over the other available 

methods. 
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CHAPTER 1 

INTRODUCTION 

1.1 General remarks 

The analysis and design of most engineering structures is conducted un

der conditions of uncertainty. The uncertainties in structural problems come from 

three major sources: (1) environmental uncertainty; (2) structural uncertainty and 

(3) modeling uncertainty. The environmental uncertainty is due to the fact that it 

is. very difficult to predict the propel' values of the external loads. The sources of 

structural uncertainty are attributed to the parameters of the structure such as the 

structural geometry, material properties, and boundary conditions. They are diffi

cult to predict because of the influence of numerous factors during manufacturing, 

fabrication and construction. The modeling uncertainty comes from the incomplete 

statistical data. lack of understanding of structural behavior and simplified statis

tical and mechanical models used to represent the structure. These uncertainties 

should be considered in any realistic analysis and design process. In recent years, 

it has become very common to consider these uncertainties in structural analyses. 

This is now known as structural reliability analysis. 

For several decades, a considerable amount of research has been conducted 

to develop practical methods suitable for structural reliability analysis, and subse

quently use them in the design. Some of these methods have been successful and 

have resulted in the improvement of structural design approaches. However, most 
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of these methods are only suitable for application to simple structures where limit

state equations (a functional relationship among response quantities and design 

variables) are available in closed form. After the finite element method was intro

duced in the structural reliability analysis, its application to estimating reliabilities 

of complex structures generated a great amount of interest, and the stochastic finite 

element method (SFEM) became a research item. 

Until very recently, most of the development in the SFEM was limited to 

the study of linear structures. The assumption that the structure is geometrically 

linear in deformation and the material is linea.rly elastic is very common in our pro

fession because of its simplicity. In fact, a properly designed structure is expected 

to behave linearly most of the time. Therefore, in the beginning the application 

of the SFEM was limited to the study of linear problems, and was used exten

sively to evaluate the reliability of complicated linear structural systems. Several 

efficient analysis techniques and computation algorithms were developed for reli

ability analysis and optimum design of linear structures and structural systems 

(Der Kiureghian and Ke, 1985, 1988; Mahadevan and Haldar, 1989a,1989b; Naka

giri and Hisada, 1982). The linear SFEM undoubtedly will play an important part 

in structural reliability analysis. 

However, for some other structural engineering problems,the approximate 

results obtained by linear analysis are unacceptable. For example, when a flexible 

structure is subjected to a high level of load, the deformation, in general, is not a 

small quantity compared with the dimensions of the structure. The linear analysis 

is not expected to be valid and the error will increase with the increase of the non

linear deformation. A linear analysis also may fail to model the structural stability 
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problem involving buckling. In this type of problem, the geometric nonlinearity 

should be considered. When the external load is increased to a certain value, the 

internal forces in some members of the structure will exceed the yield limit and 

the material nonlinearity will also need to be considered. Another type of material 

nonlinearity is the flexibility of connections in frame structures. The rigidity of 

the joints plays a major role in the evaluation of the overall frame behavior. The 

moment-relative rotation (M - 8) relationship of a flexible connection is always 

nonlinear, and thus the behavior of frame structures with flexible connections will 

not produce acceptable results with linear approximate analysis. In all these cases, 

the nonlinear structural analysis method should be employed. In order to carry 

out the reliability analysis of such complicated nonlinear problems, the SFEM can 

be used. However, the linear SFEM needs a considerable amount of modification 

before it can be used. Thus, the development of an efficient nonlinear SFEM is 

important not only from the theoretical point of view but also from the practical 

point of view. Several researchers (Hisada and Noguchi, 1989; Liu and Del' Ki

ureghian, 1989; Liu, Belytschko and Mani, 1986) have already contributed to this 

area. However, these algorithms are not efficient or are limited to the study of 

simple problems. 

In this study, an efficient SFEM for nonlinear frame structures is developed. 

In order to attain this goal, the advanced first order second moment method is 

used in the reliability analysis, and the assumed stress field FEM approach is used 

in computing the structural responses and response gradients. The deterministic 

assumed stress field FEM used in this study has several advantages over the com

monly used assumed displacement method for the nonlinear structural analysis.' 
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U sing this method, fewer elements are needed to model large deformation and no 

numerical integration schemes are needed to obtain the stiffness matrix. These 

features make the proposed method extremely efficient in dealing with nonlinear 

structural problems, especially in the reliability analysis involving geometrical and 

material nonlinearities. 

1.2 Research objective 

The objectives of this research are as follows: 

1. To develop an efficient SFEM for the reliability analysis of complicated 

nonlinear frame structures. 

2. To derive formulations for SFEM-based reliability analysis of geometri

cally nonlinear frame and truss structures using the Advanced First Order Second 

Moment (AFOSM) method and the assumed stress field approach. 

3. To propose an algorithm to simulate the nonlinear and random behavior 

of flexible connections and to investigate the effect of deterministic and random 

properties of flexible connections on the reliability of frame and truss structures. 

4. To propose a method for SFEM-based reliability analysis of frame and 

truss structures with material nonlinearity. The effect of random yield properties 

of elasto-plastic material on the structural reliability is investigated. 

1.3 Organization 

This study is presented in six chapters. 
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Chapter 2 begins with a general technical review of previous work on the 

reliability analysis, nonlinear analysis of frame and truss structures and the stochas

tic finite element method. Some essential concepts related to these topics as well 

as techniques and methods employed in this study are reviewed, discussed and 

compared. 

In Chapter 3, an efficient stochastic finite element method is developed for 

the reliability analysis of geometrically nonlinear frame and truss structures. The 

method is based on the advanced first order second moment reliability analysis 

procedure. The assumed stress field approach is used in computing nonlinear 

structural responses and the corresponding response gradients. Using the proposed 

method, the tangent stiffness matrix as well as response gradients about the basic 

random variables can be expressed in an explicit form. These features make the 

proposed method very efficient. 

In Chapter 4, a method is proposed for the reliability analysis of geometri

cally nonlinear frame structure with flexible connections. The mechanical proper

ties of the nonlinear flexible connections can be deterministic or random. A random 

index parameter is introduced as one of the basic random variables to consider the 

uncertainties in modeling flexible connections. Structures with different types of 

connections can be handled by this method. 

An efficient stochastic finite element method is proposed in Chapter 5 for re

liability analysis of highly redundant elastic-perfectly-plastic large deformed frame 

structures under proportional loading. The proposed method avoids dealing with 
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the complicated failure mechanisms and stable configurations in the structure sys

tem reliability analysis, and has several advantages over the other available meth

ods. 

Chapter 6 contains the summary and conclusions of this study, with sug

gestions for further studies. 



CHAPTER 2 

STRUCTURAL RELIABILITY AND 

NONLINEAR ANALYSIS METHOD: 

A REVIEW 

2.1 INTRODUCTION 

19 

In 1945, Professor Freudenthal's paper "The Safety of Structure "started 

the modern era of structural reliability analysis and design. Although some at

tempts to apply probability and statistics concepts in structural analysis had be

gun before that time, since most of the ingredients of structural reliability such 

as reliability theory, statistics, structural analysis and design etc. were put to

gether in a comprehensive manner. Some important contributions to structural 

reliability analysis methods were made after the middle of this century. Dur

ing the 1960's, classical theories became well developed and widely known through 

some influential publications such as Freudenthal, Garrelts and Shinouzuka (1966), 

Pugsley (1966). and Kececioglu and Cormier (1964). Later, Lind, Turkstra and 

'Wright (1965) defined a rational design problem by using a set of values of the 

load and resistance factors. This is the basis of the load and resistance factor 

design method. In 1967, Cornell suggested the famous safety index. Because of 

the lack of invariance in Cornell's safety index, Hasofer and Lind (1974) defined 

a generalized safety index which was invariant to mechanical formulation. Af

ter Hasofer and Lind's outstanding contribution, more sophisticated extensions 
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of their method were proposed in recent years by Rackwitz and Fiessler (1978), 

Chen and Lind (1982) and Wu (1984). The publication of the Load and Resis

tance Factor Design (LRFD) specification by the American Institute of Steel Con

struction (1986) indicated that the structural reliability theories are successfully 

being used in engineering practice. In the last decade, the reliability analysis of 

large complicated structm'es created great research interest. As a consequence, the 

stochastic finite element method was developed. (Baecher and Ingra,1981j Con

treras,1980j Der Kiureghian and Ke,1988j Dias and Nagteggaal,1985j Handa and 

Anderson,1981j Hisada and Nakagiri,1980a,1980b,1982,1985j Ishii and Suzuki,1987j 

Liu and Der Kiureghian,1989j Liu et al.,1986j Mahadevan and Haldar,1988j Naka

giri and Hisada,1980,1981,1983a,1983b,1983cj Spanos and Ghanem,1988j Vanmar

cke and Grigoriu,1983; Vanmarcke et al.,1986). In the beginning, the SFEM was 

limited to the study of linear problems. In order to perform reliability analysis of 

nonlinear structures, the nonlinear stochastic finite element method was suggested. 

However, few researchers contributed to this topic until now (Liu et al. 1986j Liu 

and Der Kiureghian, 1989; Hisada and Noguchi, 1989; Wu et al. 1990). 

No matter what method is used to form the SFEM algorithm, the deter

ministic FEM is the basis of the SFEM analysis. The efficiency of the SFEM 

strategy, especially the nonlinear SFEM, largely depends on the efficiency of the 

deterministic FEM. 

In the area of deterministic FEM, the method based on the principle of 

stationary potential energy and assumed displacement has been used almost ex

clusively in practical applications (Powell, 1969; Bathe, 1975; Argyris, 1982; Liu, 
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E.M, 1985). However, additional research (Atluri, 1980j Sarigul et.al, 1984j KOIl

doh and Atluri, 1987j Haldar and Nee, 1989) indicates the shortcomings of this 

method. When used in nonlinear analysis, mOre elements are needed to model a 

member (Goto, 1987j Nee and Haldar 1988), and numerical integration schemes 

are needed to obtain the stiffness matrix for each element at each iteration. These 

features make the approach uneconomical. Next, the approach of assumed stress 

FEM based on complementary energy drew a lot of research interest because of 

its efficiency in nonlinear analysis and its other merits (Argyris et.al,1960j Ander

heggen,1969; Gallagher et.al,1972j Sarigal, 1989). There are two approaches in 

utilizing the complementary energy method. In the first approach, the element 

stiffnesses are obtained by direct inversion of the element flexibilitiesj the global 

analysis is then performed as in the direct stiffness method. In the second ap

proach, relevant stress functions are introduced at the finite element discretization 

level and the direct stiffness is obtained. Both approaches can obtain the stiffness 

matrix in an explicit. form, but the second approach has not yet attracted the at

tention of practicing engineers. In this study, the first approach is used. Some 

researchers successfully developed the assumed stress FEM method to solve prob

lems with either geometric or material nonlinearity. Only a few studies have been 

done for problems involving both nonlinearities using the assumed stress method 

(Kondoh and Atluri,1987; Nee and Haldar,1988). 

The next part of this chapter, based on the preceding discussion, reviews the 

development of the available reliability analysis models and nonlinear structural 

analysis methods which are related to this study. 
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2.2 Methods for Structural Reliability Analysis 

Let X = (Xl' X 2, ••• , X n) denote the vector of design parameters which 

are, in general, random variables (R.V.). The limit state function or performance 

function, G(X) = 0, is the boundary between the safe and failed regions in the 

design parameter space, and it also represents a state beyond which a structure 

can no longer fulfil the function for which it was designed. The event that the 

structure fails can be defined as: 

G(X) < 0 (2.1) 

The probabili ty of failure may be defined as: 

PI = J ... r fx(x)dx 
JG(X)<o 

(2.2) 

Where, f X (X) is the joint probability density function. The computation of PI 

by Eq.(2.2) is called the "full distributional approach". In general, however, the 

solution of Eq.( 2.2) is practically impossible. Therefore, analytical approximations 

to Eq.(2.2) have to be used in practical problems. 

Many different methods have been developed for structural reliability anal

ysis during the past several decades. By reviewing all of the these methods, it 

can be seen that the limit state function plays an important role in the develop-

ment of structural reliability analysis methods. A limit state function can be an 

explicit or implicit function of basic random variables, and it can be in a simple or 
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complicated form. Different levels of reliability analysis methods were developed 

corresponding to limit state functions of different types and complexity. In the 

context of limit state functions, the structural reliability analysis methods can be 

divided into three major levels, and they are discussed in the following sections. 

2.2.1 Levell method: G is an explicit function of basic R.V. and in 

simple form 

The Level 1 method is quite simple, but it is the foundation of structural 

reliability analysis. The limit state functions in this approach are idealized in 

special forms. Considering the two-variable case, the limit state function may be 

defined as: 

G=R-S (2.3) 

Where Rand S represent resistance and load, respectively. Assuming Rand S are 

statistically independent normally distributed random variables, the probability of 

failure is given by: 

(2.4) 

where ~ is the cumulative distribution function of a standard normal variable, /l-G 

and UG are the mean and standard deviation of the limit state function, respec-

tively. They are defined as: 
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/la = /In - /lS (2.5) 

and 

(2.6) 

The ratio of the mean value of the limit state function to its standard deviation is 

the measure of the probability of failure. It is called the "safety index" (Cornell, 

1967) and is denoted by (3: 

(2.7) 

Another condition where accurate results can be obtained for the reliability 

analysis is the lognormal format (Rosenbleuth and Esteva, 1972), where the limit 

state function can be expressed as: 

R 
G = In{-} 

S 

The probability of failure can be computed using Eq.(2.4), where: 

and 

/In 
/la = Zn-

/ls 

Ua = VZn(1 + nh)ln(1 + n~) 

(2.8) 

(2.9) 

(2.10) 
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where OR and Os are the coefficients of variation of Rand S, respectively. 

2.2.2 Level 2 method: G is an explicit function of basic R. V. in compli-

cated form 

In very few engineering problems, the limit state function can be expressed 

in the forms represented by Eqs.(2.5) and (2.8). Although in some engineering 

problems the limit state functions can be expressed as explicit functions of basic 

random variables, they are often in complicated forms. The reliability analysis 

methods which can be used for this type of limit state fUIlctions were well developed. 

These methods are briefly discussed in the following sections. 

Mean Value First Order Second Moment Method (MVFOSM) 

When the limit state function is a complicated function of basic random 

variables, it can be generally written as: 

(2.11) 

A Taylor series expansion of the limit state function about the mean values gives: 

(2.12) 
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where the derivations are evaluated at the mean values of random variables X. 

Truncating the series at the linear terms, the first-order approximate mean and 

variance of G are obtained as: 

(2.13) 

and 

(2.14) 

For statistically independent random variables, the variance can be expressed as: 

(2.15) 

The reliability index can again be obtained from Eq.(2.7). 

Because of its simplicity, the MVFOSM method has advantages in practical 

applications. However, this method has some serious problems. The distribution 

information on the design variables cannot be used even if available. More impor-

tant, the reliability index f3 fails to be invariant to equally valid formulations of 

the limit state. 

Hasofer-Lil1d method 

Hasofer and Lind (1974) introduced the Hgeneralized safety index "as a 

solution to the lack of invariance problem. 

The H-L method first defines the reduced variables as: 
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i = 1,2, ... ,n 
O'i 

(2.16) 

where Ui is a random variable with zero mean and unit standard deviation. 

Eq.(2.16) is used to transform the original limit state, G(X) = 0 to the reduced 

limit state g(u) = O. The generalized safety index f3 is defined as the minimum 

distance from the origin of the axes in the reduced coordinate system, to the limit 

state surface. It can be expressed as: 

(2.17) 

The point, denoted by u*, on the limit state surface which defines f3 is called the 

design point or checking point. 

The H-L method provides a reasonable reliability index which is invariant 

to the formulation of the limit state. Since this method uses only the mean and 

standard deviation in computing the reliability index, the available distribution 

information still ran not be used. 

Rackwitz-Fiessler and Chen-Lind methods 

Based on the Hasofer-Lind safety index concept, Rackwitz and Fiessler 

(1978) suggested all algorithm to incorporate distribution information of the de

sign variables in the reliability analysis. This algorithm transforms a nonnormal 

distribution into an equivalent normal distribution by adjusting the mean and stan

dard deviation at the checking point. The cumulative distribution function and. 

the probability density function of the original and the equivalent distributions are 
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equal at the design point. This algorithm constructs a linear approximation to 

the limit state at every search point and finds the distance from the origin to the 

linearized limit state. 

Chen and Lin (1982) proposed an extension of the Rachwitz-Fiessler al

gorithm by using a three parameter approximation. The third parameter A is 

established, in addition to p. and (7, by imposing the condition that at the design 

point the slopes of the probability density function are equal for both the original 

and the transformed distributions. Since the additional parameter was introduced 

to control the transformation between the original and equivalent distributions, 

it was anticipated that the Chen-Lin method would produce more accurate esti

mates of probability of failure than the Rackwitz-Fiessler method. However, some 

research has shown (\;Vu, 1984) that the two methods generally have the same es

timates of the probability of failure; only in some cases does the Chen-Lin method 

performs better than the Rackwitz-Fissler method. The Rackwitz-Fissler method 

and the Chen-Lin method are also called as Advanced First Order Second Moment 

methods. 

2.2.3 Level 3 method: G is an implicit function of basic R.V. 

All the methods described in the previous sections are only applicable to 

limit state functions which are explicit functions of the basic random variables. 

This is possible for very simple problems. For most engineering problems, the 

limit state function can not be expressed in closed form in terms of the basic 

random variables; it may only be available in an algorithmic form such as a finite 

element algorit.hm. For example, the node displacements and the member forces 
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of a complicated frame structure are usually involved in the serviceability or the 

strength limit state functions, but these quantities are only available using the 

finite element method or other numerical analysis. The level 3 reliability analysis 

methods are necessary to solve this type of problem. 

The powerful Monte Carlo simulation method can be used to solve this type 

of problems and the results can be obtained to the desired accuracy. However, for 

practical problems with many random variables or small probabilities of failure, 

this method is usually too expensive, since a large number of solutions are needed 

to obtain reliable results. Thus, the implementation of the finite element algorithm 

into probability or reliability analysis of complicated structures is a practical neces

sity, and this idea led to the development of the stochastic finite element method 

(SFEM). 

Three solution strategies in the field of SFEM are available, they are the ap

proxima.tion of limit function method, the perturbation method and the reliability 

method. 

Approximation of limit function method 

In order to solve structural reliability problems in which the limit state 

function can not be expressed in a close form equation, a method was proposed 

(Wu 1984; Wu and 'i\Tirsching 1984) to approximate the limit state function by an 

explicit polynomial function in the neighborhood of the design point, and then use 

the Rackwitz-Fiessler algorithm to estimate the failure probability. 

The success of this method depends on how the polynomial function formu

lated. In order to implement this algorithm, the first step is to make a somewhat 



30 

conservative but reasonable guess of the design point to define the range of in

terpolation. Based on this design point and other quantities involved in the limit 

state function, the reliability index can be estimated. If some quantities involved 

in the limit state function are structural response-related and there is no close-form 

solution for the structural responses, the deterministic finite element method has 

to be used. Wu and Wirsching did not demonstrate the use of finite element anal

ysis in this step to solve the reliability problem for complicated structures in their 

studies. However, the potential for solving this type of problem using their method 

is clearly suggested. It is for this reason that this method can be classified as a 

stochastic finite element method. The polynomial equation is obtained by using a 

second order Taylor series expansion about a point a = (aI, a2, ... , an) and using a 

curve fitting technique. The quality of the polynomial fit is checked. If the limit 

state function is highly nonlinear in the selected interpolation range, a reduction 

of the rang(3 of t.he selected points may be required. Then, the Rackwitz-Fiessler 

algorithm is applied to the approximate limit state function to compute the design 

point and the corresponding reliability index. The design point obtained should 

be compared with the rangES of the selected points. To improve the approximation 

in the region of the design point, another guess of the design point is necessary. 

In general, accuracy can be improved by reducing the ranges which should still 

include the design point. 

This method is conceptually simple and is applicable to a wide variety of 

problems. However, it too depends on many iterations of the deterministic analysis. 

As the number of random variables increases, the number of deterministic analyses 

increases greatly, and the efficiency of this method is seriously affected. Further, 
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when approximating the limit state function by Taylor series, it is very difficult to 

include the correlation information of the basic random variables. 

Perturbation method 

The perturbation method generally starts from the governing equations of 

the problem; the governing equation may be the differential equation (Nakagiri, 

Hisada, 1982; Liu, W.K. et.al1986) or the potential energy formulation (Lawrence, 

1987; Ghanem, Spanos 1989). The stochastic quantities involved in this approach 

are expanded about a deterministic state; the mean state is usually chosen as the 

expansion point. Because the random variables are treated as measurable functions 

(Loeve, 1977; Ghanem, Spanos, 1989) or deterministic perturbation variables (Ya

mazaki, 1988; Liu,W.K. 1985; Nakagiri, 1982), it is possible to formulate the per

turbation equations and solve them using the deterministic finite element method 

procedures. The aim of this method is to compute the first and second moments 

of the response quantities; however, the perturbation method can be extended for 

application to reliability analysis by using the mean-centered perturbation method 

(Hisada and Nakagiri 1985). The basic difference among various researches is what 

method is used to expand the quantities involving the basic random variables. The 

first order (Handa, 1981) and sel:ond order (Hisada, 1985; Liu,W.K., 1986) Tay

lor series expansions are commonly used to expand the quantities which are the 

functions of random variables. The Neumann expansion method (Shinozuka and 

Nomoto, 1981; Spanos, 1988; Yamazuki, 1988) has also been used to treat the ran

dom field of material properties. The results obtained by the perturbation method 

can theoretically approach any accuracy level depending on the order of the per

turbation. However,' this involve the computation and assembly of higher order 



32 

partial derivct.tive matrices and increases the complexity and size of the problem. 

Hence, higher-order approximations should be used only if they offer significant 

improvement in the results. The perturbation method has the advantage of being 

applicable to a large variety of problems. However, these methods generally do not 

involve the distribution information of random variables or random fields. Accept

able results are generally obtained only for small random fluctuations in structural 

and material properties if lower order perturbation is used. 

Reliability method 

The reliability approach is based on the concept of the structural reliability 

analysis method (Cornell, 1969; Ang and Tang, 1984; Der Kiureghian, 1985, 1987). 

In this method, only the first-order second moment or second-order second moment 

of the limit state function is involved in the determination of the structural reli

ability or stochastic parameters (Ang and Tang,1975; Rachwitz,1976; Fiessler et 

al.,1979; Ayyub and Haldar,1984j Der Kiureghian et al.,1987j Madsen et al.,1986). 

This method starts with a limit state function o~ the problem. The function can 

be expressed in an n-dimensional standard gaussian random variable space for n 

basic random variables by transforming the basic random variables into the inde

pendent standard normal space. An efficient search algorithm is used to locate the 

nearest point on the limit state surface to the origin using the first or second order 

expansion. Once located, this point becomes the design point and the distance 

from this point to the origin in the standard normal space can be used to obtain 

the probability of failure of the system. The accuracy of this approach depends 

on the properties of the limit state function and the basic random variables in

volved. For the linear limit state function involving normal variables, the exact 
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solution can be obtained; For the limit state function with non-gaussian random 

variables, it is necessary to transform these basic random variables into the equiv

alent gaussian variables (Wu and Wirsching, "1984, 1987; Ang and Tang, 1984). 

By doing so, the information about the distribution of basic random variables can 

be incorporated. This is a significant advantage of the reliability approach over 

the perturbation approach. In this approach, an optimization iteration process is 

necessary to locate the design point. Dudng each iteration, the structural response 

and the response gradient vectors are needed. The structural responses and the 

response gradients can be obtained by using the deterministic FEM. Thus, the 

use of an efficient deterministic FEM with the reliability approach is necessary to 

develop an efficient algorithm to evaluate the reliability of complicated structures. 

Mahadevan and Haldar (1989) showed that the overall structural optimization of 

complex structures can also be obtained using this approach. 

2.2.4 Reliability analysis of redundant plastic structures 

In the reliability analysis methods discussed above, the materials are as

sumed to be linearly elastic, and the failure probability of a structure is controlled 

by the individual limit state function. For highly redundant elasto-plastic struc

tures, the strength or serviceability limit states can be still used to estimate the 

structural reliability within the elastic range, however, the engineering interest will 

be the plastic failure of the structure. Different methods were developed to solve 

this type of probleII:1, they are briefly described as below. 
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Failure Mode Approach (FMA) 

A plastic frame could collapse due to the formation of a plastic hinge mech

anism. Let 9i denote the limit state function associated with a plastic mechanism 

i, 9i represents the difference between the internal virtual work and the external 

virtual work for that mechanism such that a negative value of 9i implies the oc-

currence of collapse through mechanism i. Mathematically, 9i can be expressed 

as: 

9i = L ajjMj + L bikSk (2.18) 
j k 

where aij and bik are the resistance and load coefficients, respectively; Mj is the 

plastic moment capacity at the plastic hinge j; and Sk is the load that is active in 

producing mechanism i. 

The reliabili ty index f3i for mechanism i may be expressed as: 

13 . - J.lgi 
1-

U gi 
(2.19) 

where J.l9i and U9i are the mean value and standard deviation of the ith limit 

state function, respectively. If there are n possible mechanisms of the system, the 

probability of collapse of the system is given by: 

P f = p( 91 < 0 U 92 < 0 u ". U 9 n < 0) (2.20) 
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Treating the perlormance function of each mechanism gi as a random variable, P f 

can be written as: 

(2.21) 

where !G1 ,G2, ... ,Gn (g1, g2, ... , gn) is the n-dimensional joint probability density func

tion (PDF) of random variables g}' ... , gn' 

In practice, the joint probability density function !G1, ... ,Gn (g1, ... , gn) is gen-

erally not known. Furthermore, even if it were known, the computational effort 

required in the evaluation of the n-fold integral of Eq.{2,21) is often prohibitive. 

Thus, by using this method, only the bounds of the true failure probability can be 

found. Different types of bounds for the reliability analysis of redundant plastic 

frame structures were suggested {Vanmarcke, 1971; Augustin and Baratta, 1972; 

Ditlevsen, 1979}. 

Stable Configuration Approach (SCA) 

For the class of structural systems that are built up of elements of ductile 

material, the FMA has proven to be efficient, because all the dominant collapse 

mechanisms of the system can be easily identified and the failure modes are in-

dependent of the sequence of failure of components. For general structures with 

combined ductile and brittle components, the collapse of the system is a function 

of the failure sequence of its constituent components. For this class of struc-

tures and those having brittle components only, the number of potential failure 
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modes increases dramatically so that the FMA can become cumbersome and inef

fective. This situation arises with many structures of practical complexity where 

the number of potential failure modes under a given loading condition is too large 

to be enumerated, and the major failure modes may be difficult to identify. The 

SCA is developed for highly indeterminate structures in which only the dominant 

stable configurations corresponding to few failed members need to be considered 

(Ditlevsen and Bjerager 1984; Quek and Ang 1986, 1990). The SCA examines how 

a structure or any of its damaged states can carry the loads. Each configuration 

at which the loads can be carried without collapse is considered to be undamaged 

and the union of corresponding probability would give the probability of survival 

of a structure. The general algorithm of the approach is summarized below. 

1. Analyze the initial configuration (initial structure). Compute compo

nent failure probabilities and then compute the probability of failure of the initial 

structure. 

2. Select dominant configurations with one failure component. 

3. Analyze all selected configurations and compute failure probability of 

each configuration. 

4. Compute the upper bound estimate of system failure probability. 

5. Select the dominant configuration with more than one failed component. 

6. Analyze all selected configurations and compute the failure probability 

of each configuration. 

7. If there are more configurations to be analyzed, go to step 5; if there are 

no more configuration to be analyzed, compute the system failure probability. 
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Failure Surface Approach (FSA) 

The failure surface approach has become more viable with the enhanced 

computing power of the last decade. With the failure surface approach, one does 

not attempt to identify discrete failure modes or the stable configurations for a 

complex system. Rather, one defines the limit state for the system implicitly by 

performing structural analysis of the system for a wide variety of loading and 

strength conditions. The load space formulation (Soltani and Corotis 1987; Ling 

and Corotis 1985) is an example of the failure surface approach. The method 

involves loading the structure incrementally to define the limit state function in 

the space of the load variables. The probability of failure is then obtained by 

integrating the joint density function of the loads over the failure region. The 

structural analysis is run with deterministic strength values, and the randomness in 

the resistance is introduced subsequently in an approximate manner. This method 

generally consists of the following steps. 

1. Choose a structural analysis code that can account for geometric nonlin

earity, realistic material properties, and possible frame instability. Usually, a finite 

element-based code has to be used. 

2. Compute the structural response using the chosen code. Different kinds 

of limit states can be obtained by loading the structure from the origin until the 

defined failure criterion occurs. The shakedown theory (Konig 1987) was used as a 

criterion to obtain a limit state of a frame structure (Guralnick el al. 1988, Augusti 

and Barat ta 1973). 

3. Based on the limit state obtained, the probability of failure of the 

structure can theoretically be calculated by integrating the joint probability density 
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function of the basic random variables over the failure region. Since the integration 

is very difficult to perform, only results obtained by the Monte Carlo simulation 

are reported in the literature. 

2.3 Method for Nonlinear Structural Analysis 

As discussed in the previous sections, the structural reliability analysis re

quires the computation of the structural response as well the response gradients. By 

using the AFOSM, the structural response and the response gradient are needed to 

be computed in a deterministic sense at every iteration step. Thus, it is essential to 

develop an efficient deterministic nonlinear finite element method for the stochastic 

finite element analysis of nonlinear structures. This section briefly reviews some 

concepts and techniques of deterministic nonlinear finite element analysis which 

are related to the proposed research. 

2.3.1 General strategy to solve nonlinear st'ructural problems 

Nonlinear behavior of a structure can be produced from changes in the ge

ometry and/or material properties. They are referred to as geometric and material 

nonlinearities, respectively. 

A geometric nonlinear problem can be analyzed in Lagrangian coordinates 

or in Eulerian coordinates. The Lagrangian approach is also called the Total La

grangian (TL) method. In this approach, the original reference configuration re

mains stationru'y, and everything is referred to it, regardless of how big the strains 

and rotations become. When displacement becomes larger and larger, more and 
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more terms must be added to the strain-displacement relationship in order to ac

count for the nonlinearities. This means that the conventional stiffness matrix 

is augmented by additional matrices derived from higher-order terms. The Eule

rian approach involves convected coordinates, in which a reference configuration 

deforms with the structure so that the convected coordinates of a point never 

change. In this approach, a local coordinate system is attached to each element. 

The local system moves with the element and therefore shares its rigid-body mo

tion. The static and kinematic variables are referred to the local coordinates, and 

the current deformed state is referred to the last known configuration. The Eule

rian approach is usually called the Updated Lagrangian (UL) method. Although, 

both methods have advocates who claim that their method is the easiest and most 

efficient, the general observation is that the two methods give the same results on 

many occasions. 

Material nonlinearity occurs as a result of the nonlinear constitutive rela

tionship of material. The essential computational problem of material nonlinearity 

is that equilibrium equations must be written using material properties that de

pend on the strains, but the strains are not known in advance. The key to solving 

material nonlinearity problems is to properly define a constitutive relationship and 

the yield criterion in tracing the unknown strain-stress path. In the analysis of 

steel structures, three assumptions are commonly used for material behavior: they 

are elastic-perfectly-plastic, isotropic strain hardening and kinematic strain hard

ening models (Mendelso 1968; Owen and Hinton 1980; Cook 1981). Among these 

models, the perfectly plastic material is used wildly in engineering problems be

cause of its simplicity. Various yield criteria also have been suggested. Two simple' 
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and frequently used yield criteria are the Tresca criterion and Von Meses criterion 

(Owen and Hingo 1980). The Tresca criterion states that yielding begins when the 

maximwn shear stress reaches a value of the maximum shear stress occurring un

der simple tension. Von Mises suggested that yielding occurs when the distortion 

energy equals the distortion energy at yield in simple tension. 

No matter which type of nonlinearity is considered, a set of nonlinear equa

tions have to be established and solved when the finite· element method is used. 

Thus, similar solution techniques can be applied to solve problem with geometric 

or material nonlinearity or both. The basic method to numerically solve nonlinear 

equations is the linearization. In the linearization procedure, the nonlinear prob

lem is changed into a set of linear problems. In order to obtain approximate linear 

solutions to the nonlinear problem, different algorithms have been proposed. Two 

of the most commonly used nonlinear solution techniques are the increment pro

cedure and the iteration procedure, which includes the Newton-Raphson, modified 

Newton-Raphson and simplified Newton-Raphson methods. In the increment pro

cedure, the load acting on a deformable body can be considered as being applied 

in increments until a desired level is reached. This method is very simple to im

plement and computationally fast. If the incremental step chosen is small enough, 

the solution may always be convergent. However, since the tangent stiffness is 

obtained by neglecting higher order terms and no attempt is made to ensure that 

a particular solution is in equilibrium, this method is known to drift from the true 

solution, and it is impossible to estimate the error from the true solution by the 

method itself. The advantages of the iteration method are that it is simple to use 

and it checks the equilibrium at every iteration step, so this method has higher 
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accuracy. Although sometimes this rr..ethod is not convergent, when the arc-length 

method is combined with it, the convergence problem is greatly improved. Since 

this method is used in this study, some of its details are discussed below. 

2.3.2 Iteration method 

Newton-Raphson method 

The Newton-Raphson algorithm can be expressed by the following equa-

tions: 

(2.22) 

and 

(2.23) 

where F is the external load factor, R is the internal force vector, Di is the global 

displacement vector at the ith iteration and K is the tangent stiffness. Since 

Eqs.(2.22) and (2.23) are obtained by expanding the unbalanced force into Taylor's 

series and keeping the linear terms, the Newton-Raphson procedure is a linear 

approximation of nonlinear equations. The Newton-Raphson algorithm can be 

simply summarized as follow. 

1. Establish local coordinates for the elements at hand. 

2. Generate the element stiffness matrix k in local coordinates. 

3. Transform k to global coordinates and assemble it into the structure 

matrix, then the global tangent stiffness matrix K is formed. 
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4. Compute local displacements d, then compute the internal force by using 

the equation R = kd, transform the internal forces arrays into global coordinates 

'and assemble with other elements. 

5. Solve Eq.(2.22) for !:::..D, and from Eq.(2.23) obtain the new iteration 

point. 

6. Test for convergence. If not satisfied, return to step 1. The above 

iteration procedure is shown in Fig. 2.1. 

Modified Newi.on-Raphson method 

The N ewton-Raphson method requires that the tangent stiffness matrix K 

be generated and solved in every iterative cycle. This is expensive. An alternative 

to this is the modified Newton-Raphson iteration procedure, also called constant 

stiffness iteration. Here the same tangent stiffness matrix is used for several iter

ative cycles. It is updated only occasionally at every load level or only when the 

convergence rate becomes poor. As compared with Newton-Raphson iteration, the 

modified method requires more cycles, but each is done more quickly because K is 

formed and reduced in only the first cycle. The process is sketched in Fig. 2.2. 

2.3.3 Arc-Length method 

Although the Newton-Raphson method is the best known and one of the 

most reliable techniques in solving nonlinear equations, it suffers from the severe 

disadvantage when the structure stiffness matrix deteriorates. In the case when 

the total applied load has been incremented to a value above the limit point, 

numerical difficulties will be encountered and convergence will not occur. When 

such a situation arises. the solution strategy has to be modified so that the solution 
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Figure 2.2 Modified Newton-Raphson scheme 
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at the limit point can still be obtained. Of the schemes devised to circumvent this 

problem, the modified arc-length method is perhaps the most robust one. The 

arc-length method was originally developed by Riks (1972) and Wempner (1971), 

and later modified by Crisfield (1981) and Ramm (1981). In contrast to the usual 

analysis method, in the arc-length method, the load level A is treated as a variable 

so that the unbalanced force can be expressed as: 

T(D) = AF - R(D) (2.24) 

where the internal forces, R, are a function of the current displacement D and F 

is a fixed total load vector. Since the load level is treated as a variable, the extra 

governing equation is required. The Newton-Raphson method can still be used to 

obtain a convergent solution. but the size of the load step within each increment is 

no longer constant. and will vary depending on the constraint condition of the load 

level factor. There are different ways to incorporate the constraint equation. Ramm 

(1981) used a normal-plane constraint equation and Crisfield (1981) suggested a 

spherical constraint equation to evaluate the incremental load parameter. Kolar 

(1984) discussed the efficiency of the two constraint conditions. He found that in 

the case of a small incremental load parameter, these two methods had similar 

efficiency. When the arc-length method is used in the Newton-Raphson algorithm, 

the iteration procedure for solving nonlinear equation is greatly improved. For 

those problems in which the structural responses near or beyond the limit point 

need to be computed, for example to find the plastic limit load of a structure, the 

arc-length method would be:' very efficient, and this is discussed in Chapter 5. 
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2.4 Summary 

This chapter first reviewed structural reliability analysis methods consider

ing the form and complexity of the limit state function. In the reliability analysis 

problem of complicated structures, the limit state functions are usually implicit 

functions of the basic random variables. For this class of problems, the commonly 

used reliability analysis method would be invalid, and the stochastic finite element 

method appears to be an efficient approach. When the reliability method is used, 

the stochastic finite element method is a combination of the AFOSM reliability 

analysis method and the deterministic finite element method. The efficiency of the 

stochastic finite element analysis greatly depends on the efficiency of the deter

ministic finite element algorithm. The deterministic analysis method for nonlinear 

structural analysis is also discussed in this chapter. The iterative algorithm .com

bined with the arC'-If'ngth method in the finite element procedure is efficient for 

solving nonlinear problems, especially for computing the responses near or beyond 

the limit point. This method is used in this study. 



CHAPTER 3 

SFEM BASED RELIABILITY ANALYSIS OF 

GEOMETRICALLY NONLINEAR FRAME STRUCTURES 

3.1 Introduction 
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For successful reliability analysis of geometrically nonlinear structures, two 

tasks have to be accomplished: 

1. Formulation of a deterministic geometrically nonlinear FEM algorithm, 

and 

2. Formulation of a reliability computation algorithm and computation of 

the quantities required in the algorithm using SFEM. 

This chapter develops an efficient SFEM for the reliability analysis of geo

metrically nonlinear frame and truss structures with uncertain properties subjected 

to random static loadings. The method is based on the advanced first order sec

ond moment (AFOSM) reliability analysis procedure. The assumed stress field 

approach is used in computing nonlinear structural responses and the correspond

ing response gradients which are required by the AFOSM. The formulations of 

the .response gradients are derived in this chapter. Using the assumed stress field 

method, the nonlinear stiffness matrix of a structure as well as the response gra

dients about the basic random variables can be expressed in explicit forms. This 

features make the proposed algorithm very economical and efficient. The proposed 

methodology is developed in detail for the reliability analysis of framed structures. 
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The applicability, accuracy and efficiency of the method are verified with the help 

of numerical examples. 

3.2 FEM Formulation of Geometrically Nonlinear Frames 

Usin" the Assumed Stress Method 

The proposed SFEM algorithm is based on the deterministic geometrically 

nonlinear FEM formulation using the assumed stress method, which was developed 

by Kondoh and Atluri (1987) and Haldar and Nee (1989). Some important features 

and the formulation for plane frame analysis in this method are discussed in this 

section. 

3.2.1 Basic assumptions 

For the analysis of elastic, geometrically nonlinear beam-column elements, 

the following assumptions are made: 

1. The transverse section of an element remains plane during the deforma

tion, the shear deformation and warping effects are considered to be negligible. 

2. The element can undergo arbitrarily large rigid rotation but small axial 

stretch and relative rotation. 

3. The nonlinear deformation of the beam can be decomposed into two 

components (Mallett 1968): arbitrarily large rigid rotation and small axial stretch 

and relative rotation. 

Based on these assumptions, the total rotation angle (6) can be expressed 

as: 
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(3.1) 

Where O· is the small relative rotation, and 8 is the large rigid rotation. The total 

axial deformation of the member, H, can be approximated as: 

(3.2) 

lUI, I U2 , 2UI and 2U2 are the nodal displacements in the global coordinate at the 

two nodes of an element. The global element displacement vector can be expressed 

as: 

(3.3) 

The rigid rotation (8) can be expressed as the function of the relative nodal dis-

placements of the element in the Xl and X 2 coordinates as: 

- U2 
tanO= --

1+ UI 
(3.4) 

The kinematic relationship between deformed local and global displacements 

of a 2-D beam-column element are shown in Fig.3.I. Xi (i=I;2) denotes the global 

coordinate and Xi (i=1,2) denotes the deformed local coordinates. 



50 

H 
I 

Figure 3.1 Kinematic'relationship of local and global deformation of a 2-D beam,,; 

comlumn element 
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The internal axial force N and moment M are considered to be the trail 

function; they satisfy the equilibrium equations and have the following form: 

N 1 o o n 

(3.5) 

M o 1-L1. L1. 
I I 

Where n is the nodal axial force, and ml and m2 are the moments at node 1 and 

2 of the element, respectively. They can be expressed in the matrix form as: 

a = {n (3.6) 

and its variation is: 

ha = {hn (3.7) 

The nodal forces for a 2-D beam-column element are shown in Fig.3.2. 

3.2.2 Weak Formulation 

The commonly used linear iterative strategy for solving nonlinear structural 

problems can be expressed as: 

(3.8) 
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Figure 3.2 Nodal forces of 2-D beam-column element 
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where K(n), ~I?(n) and F(n) are the tangent stiffness matrix, displacement vector 

and extemalload vector at the nth iteration, respectively, and R(n-l) is the in

ternal force vector at the (n - 1 )th iteration. Among several algorithms available 

to solve Eq.(3.8), the standard or modified Newton-Raphson method with the arc

length procedure is found to be very powerful in many engineering applications 

(Ramm 1981; Crisfield 1983; Nee and Haldar 1988). The essential procedure for 

solving Eq.(3.8) by FEM are the formation of the tMgent stiffness matrix and 

the unbalanced force vector. When the assumed displacement method is used to 

solve such problems, no matter whether the Total Lagrangian formulation or the 

Updated Lagrangian formulation is employed, integrations of different orders of 

derivatives of interpolation functions in the local coordinate are necessary in the 

formulation of the tangent stiffness matrix. Since the integrated functions are 

usually very complicated, they need to be integrated numerically. The numerical 

integration is usually time consuming and the SFEM iteration solution procedure 

needs to be repeated several times. This is the main CPU time-consuming work. 

The assumed stress field method used in this study is based on the following 

considerations. Because in the beam-column element problem, the nonlinearity 

of the deformation has less effect on the distribution of the stress field than on 

the distribution of the displacement field, the assumption of a simple strt::ss field, 

say linear distribution along the longitudinal dimension, will not violate the large 

deformed strain field. And because the stress field has a lower order than the 

displacement in the basic variable space, the assumed stress field method makes it 

possible to avoid the use of higher order interpolation functions. In order to form 

the finite element equations, the weak form of the compatibility relation and joint 
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equilibrium conditions are considered. The weak form of the compatibility relation 

is: 

W-UT ·6u=0 (3.9) 

Where 

(3.10) 

where We is the complementary energy density function, and can be expressed as: 

(3.11) 

The relative deformation vector U can be defined as: 

U T = {H _1 ()* (3.12) 

The weak form of the joint equilibrium equation is: 

(3.13) 

V\There S is the internal nodal force vector. It is denoted as: 
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(3.14) 

T is the coordinate rotational matrix and can be expressed as: 

-c -8 0 0 0 0 

8 -C 0 0 0 0 

o 0 1 0 0 0 

T= (3.15) 

o 0 0 C 8 0 

o 0 0 -8 C 0 

o 0 0 0 0 1 

where c = cosO, s = sinO. 

Combining the two kinds of weak form equations, the following equation 

can be obtained: 

L { -w + U T . 8u + 8DT . TT . S} = 0 (3.16) 
elem 

where the summation extends over the elements meeting at each of the nodes. 
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Taking the increment of Eq.(3.16), the tangent stiffness matrix and the 

internal force vector of a beam-column element can be obtained (Haldar and Nee 

1988). The tangent stiffness matrix can be expressed as: 

(3.17) 

where A;~ is the elastic property matrix, A~do is the transposed matrix and Addo 

is the geometric stiffness matrix; they can be expressed separately as: 

EA o o 

-1 1 
Auu = 1 0 4EI -2EI (3.18) 

o -2EI 4EI 

-c 8 8 
-7 -7 

-8 c c -7 7 

0 -1 0 

AT -udo - (3.19) 

c 8 8 -7 7 

8 c .£ -7 I 

0 0 1 
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and 

o 000 o 0 

(3.20) 

o 0 0 0 o 0 

where E, A, I and 1 are the Young's modulus, area, moment of inertia of the cross 

section and the length of the member, respectively. In Eq.(3.20), the parameters 

Cl, C2 and d1 can be shown to be: 

(sin 0)2 m2 - ml (- sin 0 cos 0) 
Cl = n 1 + 1 • I 

- - - 2 ( - sin B cos B) (m2 - ml ) ( cos B) 
C2 = n 1 - 1 1 

(sin 0 cos 0) 
I 

(3.21) 
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The internal force vector can be expressed as: 

(3.22) 

where 

(3.23) 

and 

(3.24) 
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The relationship between the increment of internal nodal force tl.u and the incre

ment of global displacement ~D can be expressed as: 

(3.25) 

Substituting Eqs.(3.18), (3.19), (3.20), (3.23) and (3.24) into Eqs.(3.17) and 

(3.22), the tangent stiffness matrix and the internal force vector can be obtained 

and they are all in explicit forms. Using the linear iterative solution algorithm of 

Eq.(3.8), geometrically nonlinear problems can be solved very efficiently. In this 

study, the modified Newton-Raphson method with arc-length procedure is used 

to solve Eq.(3.8). By using this method, it is easy to trace the equilibrium path 

beyond the limit point. Thus, the stability-related problems and the post-buckling 

problems can be handled efficiently. 

3.3 SFEM Formulation of Geometrically Nonlinear Frames 

Using the Assumed Stress Method 

3.3.1 Optimization Algorithms 

The starting point of a reliability analysis using AFOSM is the limit state 

function which can be expressed as: 

g = g(v) (3.26) 
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Where v is the basic random variable vector. In the AFOSM, the basic random 

variables need to be transformed into a set of statistically independent, standard 

normal variables. In terms of the standard normal variables, y, the limit state 

function can be expressed as: 

G(y) = g(v(y)) (3.27) 

Since the joint probability density function in the standard normal space is rota

tionally symmetric about the origin and it decays exponentially with the square 

of the distance from the origin, this function can be approximately replaced by 

its tangent hyperplane at the point neareet to the origin. This point is known as 

the design point, and the distance from the origin to the design point is known 

as the reliability index, denoted by f3. Thus, the first-order estimate of the failure 

probability is given by: 

PI = J f(y)dy ~ <1>( -(3) 
G(y)~O 

(3.28) 

where fey) is the joint probability density function, and <1>(.) is the cumulative 

distribution function (CDF). The essential objective of the AFOSM is to solve the 

following optimization problem in the standard normal space: 

Minimize f3 = .Jyty (3.29) 
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With condition G(y) = 0 (3.30) 

For complicated structures or problems with nonlinear limit state functions, 

Eqs.(3.29) a.nd (3.30) do not have a closed-form solution.- However, several con

strained optimization algorithms can be used to solve this problem. These methods 

include the gradient projection method, the augmented Lagrangian method, the 

Hasofer-Lind and Rackwits-Fiessler (HL-RF) method, the penalty method, and 

the sequential quadratic programming method (Liu and Der Kiureghian, 1989). 

The algorithm developed here is based on the HL-RF method, and the key 

point of this algorithm is the evaluation of the following recursive formula: 

(3.31) 

where V'G(y) = (8G(y)/8Yl! ... 8G(y)/8YN)t is'the gradient vector of the limit 

state function and 0i = -V'G(Yi)/IV'G(Yi)1 is the unit vect?r normal to the limit 

state surface away from the origin. The iteration procedure represented in Eq.(3.31) 

can be geometrically interpreted as shown in Fig.3.3, where two random variables 

are considered. At each iteration point, the limit state surface is linearized by a 

tangent plane. The intersection of the tangent plane and the plans of G(YI , Y2) = 0 

is a straight line. The distance from the origin to the straight line can be obtained 

by a new pair of random variables obtained from Eq. (3.31). When converged, the 

straight line will be tangent to the curve G(Yl' Y2) = 0 at the nearest point from 

the origin. This is the design point. Eq.(3.31) can also be obtained using a 
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first-order Taylor series approximation of the limit state function (Mahadeven and 

Haldar, 1989). 

This algorithm has several attractive features: it requires less storage and 

computation in each step than other methods, and for most problems this method 

not only converges but converges fast. These features are ex.tremely important in 

the reliability analysis of nonlinear structural problems, because another compli

cated iteration procedure for the nonlinear structural analysis is necessary at the 

same time. 

3.3.2 Probability Transformation 

To obtain the design point and the corresponding reliability index using 

Eqs.(3.31) and (3.29), respectively, the original basic random variables need to be 

transformed to independent standard normal variables. 

For a general set of correlated random variables, the Rosenblatt (1952) 

transformation can be used if the joint probability density function (PDF) is avail

able. The statistically independent standard normal variables can be obtained 

from the following equations: 
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-(3.32) 

Where FVn!Vl.V2 •...• Vn_l(VnlvI,V2'···'Vn-I) denotes the conditional CDF of Vi 

given Vi = VI, V2 = V2,'" and Vi-I = Vi-I' The conditional CDF in Eq.(3.32) 

may be obtained from the joint PDF f(·) as follows: 

(3.33) 

If the basic random variables are statistically independent, the following 

transformation can be used: 

i=1,2, .. ·,Ny (3.34) 

Where FVi(Vi) is the CDF of the basic random variable Vi. 

If the basic random variables are correlated normal variables, the uncorre-

lated normal variables Y can be obtained as: 
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Y=Ttx (3.35) 

Where T is an orthogonal transformation matrix, which can be obtained by solving 

the following eigenvalue problem: 

TtCT = [A] (3.36) 

Where C is the correlation matrix, and [A] is the eigenvalues of C. 

Since the first order reliability analysis method, which is used in this study, 

uses only first order derivatives, a linear approximation can be used for the prob

ability transformation. The transformation can be obtained as follows: 

(3.37) 

where L is a lower triangular matrix obtained from the Cholesky decomposition of 

the correlation matrix C of the random variables, J is the diagonal matrix of the 

standard deviations of the random variables, and M is the vector of mean values 

of the random variables. 

3.3.3 Computation of the Gradients 

In order to use Eq.(3.31) in the iteration procedure, G(y) and \7G(y) should 

be evaluated first. G(y) can be obtained by simply substituting the values of 

random variables and related quantites into the limit station function. Thus, the 
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key to the structural reliability analysis is the evaluation of the gradient of the 

limit function VG(y). 

The limit state function can be expressed as: 

G(y) = G[y, u(y), s(D(y),y)] (3.38) 

where u and s are the displacement and load effect, respectively, at particular 

points in a structure. The limit state function may contain the displacement and 

load effect at different locations. The displacement effect u can expressed as: 

u=QD (3.39) 

where D is the global displacement vector, and Q is a transform matrix containing 

only 1 and O. The number of rows in Q depends on how many displacement points 

are involved in the limit state function and the number of columns, N, is equal to 

the number of rows of the global displacement vector D, which is denoted by N D. 

Similarly, the load effect vector can be expressed as: 

(3.40) 

The number of elements J in vector s also depends on how many load points are 

involved in the limit state function. 

The gradient of the limit state function can be expressed as: 
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. aG aG as aG aG as 
\7G(y) = 8y + as 8yID+(QaD + as aDly)\7yD (3.41) 

where as/8yID denotes the partial derivatives with respect to y evaluated at point 

D. 

In practical problems, the strength variables can be easily expressed in tenns 

of the basic random variables, and the limit state function is usually given as 

an explicit function of D and an explicit and implicit function of s. The terms 

oG / os, aG / ou and aG / ay can be easily estimated. If the load effect is not an 

explicit function of basic random variables, as/8y=o. The problem then becomes 

how to compute as/aD and \7 yD at every iteration step. 

When the Newton-Raphson (N-R) Method is used to solve geometrically 

nonlinear problems, the unbalanced force is expressed as: 

AF=P-R' (3.42) 

If P is independent of the structural response, one obtains: 

P = P(y) (3.43) 

and 

R = R( a(D(y», D(y), y) (3.44) 
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When the iteration procedure is convergent, one obtains: 

AF=O (3.45) 

and Eq. (3.42) becomes: 

P=R (3.46) 

The gradient of this equation about the basic random variables y yields: 

(3.47) 

Since the tangent stiffness matrix K can be expressed as: 

K _ 8R(u(D),D) _ 8R 8u 8R 
- 8D - 8u 8D + 8D (3.48) 

Eq.(3.4 7) becomes: 

dP 8R 
KV1 yD = dy ID,u - By ID,u (3.49) 

Eq.(3.49) can be used to solve geometrically nonlinear problems fonnulated either. 

by the assumed displacement or the assumed stress approach. 
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If the problem consists of N r basic random variables, there are N r sets of 

equations in the form given by Eq.(3.49). The solution of one set gives one column 

of the matrix VyD. Thus, the solution of all sets of the equations would give the 

matrix VyD of dimensions ND by N r • In order to obtain as/aD, several different 

methods can be used depending upon whether the assumed displacement or the 

assumed stress method is used. It can be shown that it is easy to calculate the 

partial derivatives when the assumed stress approach is used. The gradient of 

the limit state function VG(y) can be obtained only after Bs/an and VyD are 

computed. 

Another efficient method to compute the third term of the right side of Eq. 

(3,41) is the adjoint method (Arora and Haug 1979; Ryu et al. 1985). When this 

method is used, (Q ~g + ~~ ;0) should be computed first. An auxiliary vector Q 

can be introduced such as: 

tK _ QaG aG as 
Q - aD + as aD (3.50) 

It can be noted that 

tKV D = (Q aG aG ~)t"7 D = t( ap _ aR) 
Q y aD + as aD v y Q By By (3.51) 

Substituting Qt(~~ - ~~) for (QZg + ~~ :;')VyD in Eq.(3,41), VG(y) can be 

obtained. When the adjoint method is used, Eq.(3.50) needs to be solved Ns times. 

Ns is the number of load effects involved in the limit state function. However, when 

Eq.(3,49) is used to solve for VyD, this equation must be solved Ny times, where 
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Ny is the number of basic random variables. In practical problems, Na is usually 

not a large number. So, when a large number of basic random variables are involved 

in a problem, the adjoint method would save a considerable amount of computing 

time. 

In the numerical computation procedure, both Eqs.(3.50) and (3.51) need 

to be evaluated at the global level. Thus, the derivatives of some of the matrices 

and vectors should be computed first at the element level and then subsequently 

assembled at the global level. In order to use the adjoint method to compute 

\1G(y), the quantities as/aD, ap /ay and aRjay have to be computed first. This 

task is the most time-intensive part of the SFEM. It needs to be pointed out that 

although the computation of the response gradient is much easier than the compu

tation of the response itself, it is based on the computation of the response. Whe~ 

the conventional assumed displacement method is used, not only does the stiffness 

matrix not have an explicit form, but the relationship between the internal forces 

and the displacement is complicated. Two iteration procedures can be used in 

the computation of the reliability by SFEM: one is the iterations to solve for the 

basic random variables Yi and the other is the iterations required to obtain the 

structural response. In both iteration procedures, numerical integration schemes 

have to be carried out. This is one of the reasons the SFEM based on the as

sumed displa.cement approa.ch is inefficient in dealing with geometrically nonlinear 

structural reliability problems. From the discussion, it is very clear that since no 

numerical integration is necessary in either iteration procedure when the assumed 

stress method is used, the SFEM based on the assumed stress is expected to be 

extremely efficient. 
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Although any or all parameters in a structural analysis problem can be 

considered as random variables, eliminating some of them by considering them to 

be deterministic quantities will reduce the computer time and increase the effi-

ciency of the algorithm without appreciably sacrificing the accuracy of the output 

quantities. This type of simplification is particularly desirable for the nonlinear 

SFEM. Sensitivity analysis (Der Kiureghian and Ke 1988; Mahadevan and Haldar 

1989) can be used for this purpose and some of the parameters can be considered 

to be deterministic. In this study, among the structural-related parameters, only 

the Young's modulus E, area A, and the moment of inertia of a cross-section I 

along with the external load P are considered to be basic random variables for the 

stochastic structural analysis. The derivative of the basic random variables needed 

in computing VG(y) is the derivative of the unbalanced force (P - R), that is: 

8P 8R 
8y ID,I1 - 8y ID,I1 (3.52) 

8P /8y is easy to obtain if the external load is not affected by the structural 

response; it is a Nd by N r null matrix, except the element at the NDL row and 

NrL column is unity. N DL is the number of degrees of freedom on which the nodal 

load is acting, and NrL is the number of the random variables the N DL load belongs 

to. 

The internal force matrix, Eq.(3.22), can also be rewritten as: 

(3.53) 
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where 

n- E~H 

(3.54) 

Since Rdo and A~do are not functions of basic variables, the derivative of R about 

y can be expressed as: 

where: 

and 

8RA O' = {_ AH 
8E 12 

8RAO' = {_ EH 
8A 12 

8RA O' = {O 
81 

(3.55) 

[0] ] 

o (3.58) 

(3.59) 
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The null matrix in Eq.(3.59) represents the derivatives of RAu about the other 

basic random variables involved in the limit state function which do not affect the 

computation of the structural response, such as the threshold values. 

The force effect s can be expressed by the internal force vector as: 

s=TBLu (3.60) 

where T is an index matrix with elements 0 and 1 which specifies the force com-

ponents in the limit state function, B is a position matrix which specifies the 

particular points in an element, and L is a transformation matrix which specifies 

the elements involved in the limit state function. For a given limit state function, 

the three matrices T, B, and L include only different constants, so they can be 

easily expressed as a single constant matrix as: 

So s can be expressed as: 

and 

A=TBL 

s=Au 

as = A au 
an an 

(3.61) 

(3.62) 

(3.63) 
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As stated earlier, in computing the response gradient, only the responses at 

the convergent points are necessary. Thus, the nonlinear finite element analysis can 

be carried out to calculate the responses at the convergent points using the N-R 

method. During the iteration procedure, when the convergent point is reached, 

the increment of the displacement vector ~D becomes zero. Thus, the increment 

of the internal force vector ~(T would also be zero. Eq.(3.25) becomes: 

(3.64) 

So, at the convergent point, the relationship between u and D can be shown to be: 

E 
{o-}' =

I 
-6I[] 8 - tan-l(,~ftl)] 

The derivative of the force effect about the global displacement becomes: 

{ 8u }t = [8n 
8D 8D 

It can also be expressed as: 

8m2 ] 

8D 

(3.65) 

(3.66) 
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-2A!l+ul~ 6]u2 -6]U2 
r t t 

-2Au? -6]!l+ul~ 6]~l+Ul~ 
r t t 

0 -1 0 

{ au }t = E 
an I 

(3.67) 

2A!l+ul~ -6lu? 6]u? 
r t t 

2Aua 6]~l+ud -6I(l+Ul) 
r t t 

0 0 1 

where: 

(3.68) 

(3.69) 

By now, all quantities required for the computation of the gradient of the 

limit state function "VG are available, all of them are in very simple explicit forms. 

Eq.(3.31) can be used to compute the design point, and the corresponding reliability 

index can be obtained from Eq. (3.29). 
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3.4 Solution AIKorithms 

The solution procedure of reliability analysis of geometrically nonlinear 

structures is as follows. 

. 1. Assume initial iteration values for basic random variables. The mean 

values are always chosen for this purpose. 

2. Transform the original ~iables to equivalent uncorrelated standard 

normal variables at the iteration point by using Eq.(3.32), Eq.(3.33), Eq.(3.35) or 

Eq.(3.37). 

3. Using the deterministic FEM analysis at the iteration point, compute 

the displacements and internal forces: 

(a) determine an arc-length, 

(b) compute the tangent stiffness matrix (Eq.(3.17)) and internal force vec-

tor (Eq.(3.22)), 

(c) determine the increment of load parameter, 

(d) check the convergence criteria using the Euclidean norm eqation (Bathe 

1982): 

(3.70) 

where f is a error control factor. If the solution is acceptable return to step (a)j 

otherwise go to step (b) and continue the iteration, and 

( e) find the responses corresponding to the given load using the following 

linear interpolation formula: 
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(3.71) 

Where Vi and V i- l are the responses of structure corresponding to load steps Pi 

and Pi-I. The applied load P is between the ith and (i - 1 )th steps. V is the 

response corresponding load P. 

4. Compute the gradient of the limit state function: 

(a) compute as/aD using Eq.(3.63), 

(b) compute the auxiliary vector Q using Eq.(3.50), and 

(c) substitute Eq.(3.51) into Eq.(3.41) to obtain the gradient of the limit 

state function. 

5. Find the new iteration point using the iteration formula Eq.(3.31) 

6. Check the convergence criteria. The following convergence criteria may 

be established: 

If 

(3.72) 

or 

(3.73) 

then stop, otherwise return to Step 2. 
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The amoWlt of computation required depends on the number of basic ran

dom variables, the number of steps required to obtain the convergence of Eq.(3.31), 

and the convergence of the nonlinear finite element process. In order to improve 

the stability in the nonlinear finite element analysis, in this study the N ewton

Raphson method with arc-length procedure is used. This facilitates the tracing of 

the equilibrium path near or beyond the limit point of the structural response and 

helps to compute the reliability of the structure before and after it has buckled. 

3.5 Numerical Examples 

Four numerical examples are presented in this section to illustrate the ap

plicability, accuracy and the efficiency of the method presented in this chapter. In 

order to testify the suitability of the proposed method and the capabilities of the 

nonlinear SFEM-based reliability analysis program, different type of structures are 

considered in these examples. These structures include a simple one-story plane 

frame, a Williams toggle which is a typical geometrically nonlinear problem, a more 

complicated two-story plane frame and a bridge truss structure. 

Two types of commonly used limit state functions are considered in these 

examples: the strength limit state function which controls the combination of the 

axial compression and bending of frame members, and the serviceability limit state 

function which controls the vertical or lateral deflection at a particular point. 

In each of these examples, the comparison of the linear analysis and nonlin

ear analysis is stressed. To check the accuracy of the proposed method, the results 

of the examples are verified using Monte Carlo simulations. 
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3.5.1 Example 3.1 

A one-story plane frame structure is considered first and its reliability is 

estimated using the proposed method. The frame shown in Fig. 3.4 is subjected 

to a lateral wind load H and a concentrated vertical load V at the midspan of the 

horizontal member. The two columns are assumed to have identical cross sections. 

All three members are made of the same grade of steel. The statistical description 

of all the random parameters of the frame and the load are listed in Table 3.1. 

Four parameters, namely the vertical load V, horizontal load H, Youngs' modulus 

E and the yield force Fy , are considered to be the basic random variables in this 

exanlple. When they are not considered to be random, the mean values given in 

Table 3.1 are assumed to be their deterministic values. 

Both the strength and the serviceability limit states are considered in this 

example. For the strength limit state, the limit function of combined axial compres

sion and bending is used. The limit function used in this study can be represented 

as: 

(3.74) 

where P is the applied axial load, M is the applied bending moment, Puis the 

ultimate axial load which can be supported by the member when no moment is 

applied, Pu = PE, PE is the Euler buckling load in the plane of the moment M, 

Mp( = Z Fy) is the plastic moment capacity, Z is the plastic modulus about the 

major axis, and Fy is the yield stress of the steel being used. Parameter Cm is 

defined in the Manual of Steel Construction (1986). Cm = 0.85 in this study. 
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Figure 3.4 Geometry of one story plane frame 
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Table 3.1 Description of Basic Random Variables 

of the Portal Frame (Example 3.1) 

Basic random Coeffecient 
variables Mean of variation Distribution 

E (ksi) 29,000 0.1 Normal 

Al (in2 ) 10.3 0.1 Normal 

II (in4 ) 285.0 0.1 Normal 

ZI (i 11 3 ) 51.2 0.1 Normal 

.42 (in 2 ) 25.6 0.1 }\;ormal 

1'1 (i11~ ) 740.0 0.1 Nonnal 

Z2 (i 11 3 ) 132.0 0.1 1\ormal 

l" (1.'i])8 ) - 0.2 Nonna} 

H (~~ips ) 4.49 0.15 Normal 

Fy (ksi) 38.0 0.1 Normal 
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For the serviceability limit state, the limit function is expressed in the fol

lowing form: 

92 = Uallow - U (3.75) 

where Uallow is the allowable displacement, and U is the calculated displacement 

from the nonlinear analysis. In this example, U is the vertical displacement at the 

middle of the horizontal member, and Uallow is assumed to be 1.0 inch. 

For the two limit states considered in t.his example, the frame is analyzed in 

two different conditions. They are: (1) the linear structure with rigid connections, 

and (2) the nonlinear structure with rigid connections. The results obtained for 

Case (1) using the proposed method are identical to the results obtained by Ma

hadevan and Haldar (1989a, 1989b) in their studies of linear structures with the 

assumed displacement field finite element method approach. When the means of 

external loads are V = 17.98kips and H = 4.49kips, the reliability index f3 = 5.69. 

I t demonstrates the accuracy of the proposed method. In order to investigate the 

effect of the nonlinearity and the flexibility of connections on the reliability analy

sis, the reliability as a function of the mean of the vertical load is computed. The 

results are shown in Fig. 3.5 for the strength limit state and Fig. 3.6 for the ser

viceability limit state. All results are checked using 10,000 cycles of Monte Carlo 

simulation. It can be seen that the two results match well. These results also show 

that when an ordinary load (not excessively large) is acting on the portal frame, 

the nonlinearity has no significant effect on the reliability of the structure. 
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3.5.2 Example 3.2 

The reliability analysis of a two-dimensional (2-D) Williams toggle with 

rigid connections is considered in this example. Using different techniques, the 2-D 

toggle has been analyzed deterministically by several researchers (Williams 1964; 

Liu 1985; Haldar and Nee 1988). The geometric dimensions of this problem are 

shown in Fig. 3.7, and the probabilistic descriptions of the parameters are listed in 

Table 3.2. The serviceability limit state function represented by Eq. (3.75) is used 

in this example. The effect of the nonlinearity on the reliability of the structure 

is investigated. Under the vertical load P, the members will be subjected to a 

relatively large axial force which will lead to a stability problem. In this type of 

problem, even when the external load is not very large, the linear approximation 

will result in unacceptable error, as can be seen from the results of this example. 

Fig. 3.8 shows the changes of the reliability indices with the mean of the applied 

vertical load P. Fig. 3.9 shows that the reliability indices vary with the amount of 

offset of the toggle. It is obvious that the smaller the offset is, the bigger the failure 

probability will be (the reliability index increases). In both cases, the results of 

the linear and the nonlinear analyses are considerably different. 

3.5.3 Example 3.3 

An unsymmetrical two-story two-bay rectangular frame subjected to con

centrated vertical and lateral loads is shown in Fig. 3.10. This is a more general 

problem in applications, the lateral loads can be considered as wind or seismic 

loads. All loads and some structural parameters are assumed to be random vari

ables. The description of the basic random variables is given in Table 3.3, where P 

is a load factor which is subject to change according to circumstances. cases. The 
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Table 3.2 Description of Basic Random Variables 

of the 2-D Williams Toggle (Example 3.2) 

Basic random Coeffecient 
variables Mean of variation Distribution 

E (psi) 700,000 0.1 Normal 

.4 (in 2 ) 2.693 0.1 Normal 

I (in 4 ) 2i.558 0.1 Kormal 

Z (i71 3) 51.2 0.1 Normal 

p (lh ) - 0.15 Normal 

Fu (psi) 38.0 0.1 !\onnal 
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Table 3.3 Description of Basic Random Variables 

of Frame Structure (Example 3.3) 

Basic random Coeffecient 
variables Mean of variation Distribution 

E (ksi) 29,000 0.1 Lognormal 

04 12 , 04 23, A 6i , A78 

04]011 (in 2 ) 17.7 - 0.1 Normal 
.424 , A4i, A 3S , 0458 

A79 , A911 (in2 ) 11.8 0.1 Normal 
112,123,16;,1;8 

11011 (in 4 ) 344.0 0.1 Nonnal 
124,1-17,135,158 
1;9,1911 (in·1 ) 517.0 0.1 Normal 
Z12, Z23, Z6i, Zi8 

Z]O]] (in 3 ) GO. 0.1 Norlllal 
Z2.1, Z.17, Z3S. ZS8 

Zi!), Z91] (i 11 3 ) 50.0 0.1 Normal 

p] (J.-i]J8 ) 0.5P 0.15 Nonnal 

P'2 (hps) P 0.15 K OrIlla I 

P3 (~~ip8 ) P 0.15 Normal 

PI (~'ip~ ) 0.5P 0.2 Normal 

Ps (bps) 0.25P 0.2 Norm"l 

F" (~~8i ) 40.0 0.1 Normfll 

91 
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beams and the columns have different areas of cross-section, moments of inertia 

and plastic section modulus. All basic random variables are assumed to be normal 

except the Young's modulus which is assumed to be lognormal. 

The strength limit state function (Eq.(3.74)) is considered first. The safety 

of member (4-7) under combined axial compression and bending controls the failure 

of the structure. The results of the reliability analysis aTe summarized in Table 

3.4, where the load factor is equal to 24 (kips). The final checking point and the 

sensitivity index values are shown for each random variable; the reliability index of 

{3 = 3.033 is compared with the result of 10,000 cycles of Monte Carlo simulation 

with {3 = 2.98. From the results, the safety of the member is found to be very 

sensitive to the yield strength and the plastic section modulus, and then to loads 

P41 P2 and Ps. The sensitivity indices corresponding to the Young's Modulus, area 

of cross-section and moment of inertia of the members are relatively very low. Fig. 

3.11 shows that the reliability indices change with the load factor P. It can be seen 

that within the commonly used range of the target reliability index, the difference 

between the linear and nonlinear analyses is very small. 

The serviceability limit state function (Eq.(3.75)) is also used in this exam

ple. Table 3.5 lists the reliability analysis results where the the lateral deflection at 

node 3 is taken as the control factor and is set at 1.0 in. These results show some 

difference from those in Table 3.4. Except for the lateral load P41 the Young's Mod

ulus is the most sensitive random variable. The allowable deflection undoubtedly 

is the major factor influencing the reliability of the structure in this case. Fig. 3.12 

shows the relationship between the reliability indices and the allowable deflection. 

It can be seen tha.t when the allowable deflection has changed by one inch, 



Table 3.4 Reliability Analysis Results of Frame Structure 

(Example 3.3, Strength Limit State) 

Basic random Initial Final Sensitivity 
Variables Checking Point Checking Point Index 

E (ksi) 29,000 28848.17 -0.0009 

il12,il23,il67,il78 

illOll (in2 ) 17.7 17.69 -0.0015 
il24 , il47 , il3S , ilS8 

il79 , il9ll (in2 ) 11.8 11.79 -0.0023 
112,123,167,178 

1 1011 (in4 ) 344.0 344.0 0.0000 
124,147,135,158 

h9,1911 (in4 ) 517.0 516.91 -0.0006 
Z12, Z23, Z67, Z78 

ZlOll (in3 ) 60.0 60.0 0.0000 
Z24, Z47, Z3S, ZS8 

Z79, Z911 (in 3 ) 50.0 40.02 -0.6581 

PI (kips) 12.0 12.01 0.0011 

P2 (kips) 24.0 25.24 0.1132 

P3 (kips) 24.0 24.03 0.0023 

P4 (kips) 12.0 14.15 0.2960 

Ps (kips) 6.0 6.38 0.1055 

Fv (ksi) 40.0 31.81 -0.6748 

Reliability Index: 3.033 

Monte Carlo simulation 

with 10,000 samples: 2.98 
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Table 3.5 Reliability Analysis Results of Frame Structure 

(Example 3.3, Serviceability Limit State) 

(uo = 1.0in) 

Basic random Initial Final Sensitivity 
Variables Checking Point Checking Point Index 

E (ksi) 29,000 24,376.76 -0.6319 

ilI2,il23,il67,il78 

ilIon (in2 ) 17.7 17.69 -0.0024 
il24 , il47 , il3S, ilS8 

il79, il911 (in2 ) 11.8 11.77 -0.0099 
112,123,167,178 

l I oIl (in4 ) 344.0 344.0 0.000 
124,147,135) 158 

179 , 19 II (in4 ) 517.0 517.0 0.000 

PI (kips) 25.0 24.91 -0.0092 

P2 (kips) 50.0 48.86 -0.0569 

P3 (kips) 50.0 51.05 0.0525 

P4 (kips) 25.0 34.58 0.7160 

Ps (kips) 12.5 14.41 0.2859 

Reliability Index: 2.676 
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the failure probability of the structure changes from 0.5 ({3 ~ 0) to 0.128 X 10-11 

({3 ~ 7). Fig. 3.13 shows the deformed configuration of this frame structure at the 

design point (p=24 k) under strength limit state function. 

In both cases, the results are checked by the 10,000 samples of Monte Carlo 

simulation and they match very well. 

3.5.4 Example 3.4 

The reliability of a truss structure, which is commonly used in bridges, is 

studied in this example. The structure is shown in Fig. 3.14, and has a random 

elastic modulus and random cross-sectional areas. The elastic modulus is assumed 

to be normal with mean /-LE = 29,000ksi and COY OE = 0.1. Two kinds of cross 

section are assumed: elements close to the supports have mean cross sectional area, 

JlAI = 1.5in2 and other elements have mean cross sectional area /-LA2 = 1.0in2 • 

Both of them have COY OA = 0.1, and are assumed to be lognormally distributed. 

Three concentrated forces are considered to act on this structure, and they are 

all assumed to be normal. PI has /-LPI = P and OPI = 0.1; P2 has /1P2 = 0.5P 

and oP2 = 0.15; and P3 has /-LP3 = 0.33P and OP3 = 0.15. The three loads are 

correlated, and the correlation coefficients PPI P2 = PP2P3 = PP3P1 = 0.2. The 

description of basic random variables is shown in Table 3.6. The truss structure is 

considered to be failed if its vertical displacement at midspan exceeds the threshold 

Uoi thus, the limit state function expressed in Eq.{3.75) is used. Reliability analysis 

of this truss structure was performed using the proposed method, and the results 

are shown in Table 3.7 with uo = 5.0in. The results show that the reliability index 

is strongly sensitive to the elastic modulus of the structure, and the cross-sections 

of the struct.ural members also have a significant influence on the reliability index. 
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Table 3.6 Description of Basic Random Variables 

of Truss Structure (Example 3.4) 

Basic random Coeffecient 
variables Mean of variation Distribution 

E (ksi) 29,000 0.1 Normal 

liI2,liI3,li23,li67 

li68 , li78 (in2) 1.5 0.1 Lognormal 

li23 , li24 , li25 , li34 

A3S , A 4S , A46 , li47 1.0 0.1 Lognormal 
liS6 , liS7 (in2) 

PI (kips) P 0.2 Normal 

P2 (kips) 0.5P 0.15 Normal 

P3 (kips) 0.33P 0.15 Normal 



Table 3.7 Reliability Analysis of Truss Structure 

(Example 3.4, Serviceability Limit State) 

(UD = 5.0in) 

Basic random Initial Final 
Variables Checking Point Checking Point 

E (ksi) 29,000 22558.92 

A 12 , A 13 ) A 23 ) A67 

A 6S ) A7S (in2 ) 1.5 1.42 

A 23 ) A 24 ) A 2S ) A34 

A 3S ) A 4S ) A 46 ) A47 1.0 0.88 
A S6 ) AS7 (in2 ) 

PI (kips) 80.0 114.15 

P2 (kips) 40.0 42.90 . 

P 3 (kips) 26.7 28.05 

Reliability Index: 3.393 
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Sensitivity 
Index 

-0.6546 

-0.1568 

-0.3480 

0.6290 

0.1423 

0.0993 
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This is because the deformations of the truss structure are due to the axial forces in 

the members, and the axial forces are proportional to the elastic modulus and the 

cross-sections of the structural members. Fig. 3.15 shows the reliability indices vs. 

the load factor P. Comparing the results of linear and nonlinear analysis methods, 

it can be seen that the difference is significant. It implies that the higher order 

terms of geometrical deformations of column elements have great influence on the 

total defonnation of the truss structure. Even for smaliload factors the nonlinear 

terms should be considered in some cases like the example considered here. Fig. 

3.16 shows the reliability indices vs. the allowable deformation uo. The results 

corresponding to two load factors, P = 60kips and P = 30kips, are shown in this 

figure. The results in Fig. 3.15 and Fig. 3.16 are all checked with 10,000 samples 

of Monte Carlo simulation. Fig. 3.17 shows the undeformed and deformed truss 

structure at the design point for P = 24kips and Uo = 1.0in. 

3.6 Summary 

An efficient stochastic finite element method is proposed for the reliability 

analysis of geometrically nonlinear frame structures with uncertain properties sub

jected to random static loadings. The method is based on the advanced first order 

second moment reliability analysis procedure. The assumed stress field approach is 

used in computing nonlinear structural responses and the corresponding response 

gradients. U sing the assumed stress field method, t.he nonlinear stiffness matrix 

of a structure as well as the response gradients about the basic random variables 

can be expressed in explicit form. These features make the proposed method very 

economical and efficient, particularly for solving nonlinear problems. 
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The proposed method is verified with several numerical examples. The com

parison of the reliability indices between the linear and nonlinear structures are 

stressed in the numerical examples. The numerical results show that the influence 

of the geometric nonlinearity on the structural reliability is largely dependent on 

the structural properties. When ordinary frame structures are subjected to moder

ate loadings, the geometric nonlinearity has no significant effect on the structural 

reliability. For stability-related structures or structural members, however, the 

nonlinearity has a considerable influence on the structural reliability. 
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CHAPTER 4 

SFEM BASED RELIABILITY ANALYSIS OF 

NONLINEAR STRUCTURES WITH FLEXIBLE CONNECTIONS 

4.1 Introduction 

The traditional methods of analyzing and designing a frame structure con

sider connections to be either completely rigid or completely pinned. These two 

connection models give the upper and lower bounds of the effect of the connection 

flexibility on the structural responses. Experimental studies have shown that al

most all connections of frame structures behave between the two limit models, and 

this type of connection is called partially restrained or flexible. The properties of a 

flexible connection are generally represented by a relationship between the applied 

moment and the relative rotation of the connection, and are commonly represented 

by M - () curves. Since connections are extremely complicated, consisting of sev

eral elements in which there are many contact points where the yield and/or local 

buckling usually occur, they behave nonlinearly even when the applied moment is 

small. FUrthermore, since it is extremely difficult to represent a connection by any 

accurat.e analytical model, experimental results ate generally used to model the 

. flexibility of a connection. It is known to the profession that experimental data 

are always dependent on test conditions, and the M - () relationship obtained from 
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such test results is generally accepted in a statistical sense. Obviously, the uncer

tainties in the M - (J relationship need to be explicitly addressed in any acceptable 

analytical procedure. In order to incorporate the actual behavior of frame struc

tures with flexible connections into the design and analysis, the nonlinearity and 

the randomness of the connections should be considered in an appropriate manner. 

The state of the art of the deterministic analysis of frame structures with 

different types of nonlinear connections is quite advanced (Liu, 1985; Haldar and 

Nee,1988j Shi and Atluri,1989)j however, the flexibility of connections in the con

text of structural reliability has yet to be undertaken in a comprehensive manner. 

Mahadevan and Haldar (1989) attempted to consider uncertainty in the flexible 

connections. However, their work is limited to cases where the M - (J curve is 

linear and the stiffness of the connection is a constant. They represented the ran

domness by a single random variable. The approach proposed by Mahadevan and 

Haldar can not be used in the nonlinear case since the stiffness of a connection is 

a function of the rotation, and thus the stiffness is a random function if the M - (J 

curves are random. A method is proposed here to address this problem. 

In this chapter, a SFEM-based method is proposed for the reliability anal

ysis of geometrically nonlinear frame structures with flexible connections. The 

mechanical properties of the flexible connections can be deterministic or random. 

In order to model the random properties of a flexible connection, a random index 

parameter is introduced as a basic random variable. The random index parameter 

is connected to a group of random M - (J curves by certain probability levels. The 

index parameter is obtained by an optimum searching procedure as required by 

the AFOSM. Once located, the design point represents a realization of the random 
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M - (J curve along with other basic random variables. In the computation of the 

structural responses and response gradients which are needed in the AFOSM iter

ation procedure, the nonlinear finite element method by the assumed stress field 

is used. The proposed method is illustrated with the help of several numerical 

examples. 

4.2 Analysis of Flexible Connections 

The nonlinea.rity of flexible connections can be considered as a type of ma

terial nonlinearity. The essential problem of dealing with the material nonlinearity 

is that the equilibrium equations must be written using material properties that 

depend on the strains, but the strains are not known in advance. To solve this 

problem, some constitutive equations of the material properties should be avail

able. The comprehensive properties of the flexible connection are represented by 

an M - (J curve. For a deterministic analysis, there is a unique M - (J curve for 

a· connection. The M - (J relationship for a particular connection can be obtained 

from experiments; however, the test results are available only at some discrete 

points. In order to include the effect of connection flexibility in the analytical pro

cedure proposed here, formulas which predict a continuous M - (J relationship have 

to be used to properly model the connection. Several analytical expressions have 

been proposed by several researchers to represent the M - (J curve. These include 

the piecewise linear model (Razzaq, 1983), the polynomial model (Frye, 1975), the 

exponential model (Liu, 1983), the B-Spline model (Jones, 1982), and the Richard 

model (Richard and Abbott, 1975; Ramberg and Osgood, 1943). 
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The polynomial and the exponential models are efficient and simple to use 

in practical problems, especially in dealing with complex structures with an anal

ysis procedure using the finite element method. The polynomial and exponential 

models can be expressed in a series form which can be shown to be: 

m 

M(O) = L ai!i(O) (4.1) 
i=O 

where ai are the connection model parameters which can be determined by curve-

fitting to actual moment-rotation data using a predicting formula. In Eq.( 4.1), 

m + 1 is the number of terms included in the series function. Thus, an m + 1 

number of constant ai's need to be estimated to represent an M - 0 curve. This 

also indicates the number of data points required to evaluate these constants. fiCO) 

is a deterministic shape function. For a polynomial model, it can be expressed as: 

(4.2) 

For an exponential model, it can be expressed as: 

() i = m 

i=O (4.3) 

i = 1, ... m-l 

\\There TJi is a scaling factor. 
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The Richard model is also frequently used because of its generality and 

applicability to any type of connections, including those having a strain-softening 

behavior. The four-parameter Richard model can be expressed as; 

M - (Kic - Koc)9 K LI 

- l/n + ocu 
(1 + I (KieM~oe)(J In) 

(4.4) 

where Kic is the initial slope of the M - 9 curve; K oc is the final slope; 9 is the 

applied rotation; My is the yield moment; and n is the shape factor. A plot. of 

a standard moment-rotation curve using the Richard model is shown in Fig. 4.1 

which defines the four parameters. 

The slopes of the ,M - 9 curves expressed in Eqs.( 4.1) and (4.4) correspond 

to the rotational rigidity of the connection, which can be expressed as: 

):,. _ dM(9) 
.lic - d9 (4.5) 

Two methods can be used to incorporate the flexible connections in the 

finite element analysis procedure, namely the connection element method and the 

combination element method. They are discussed below. 

4.2.1 Method 1: Connection element approach 

In this approach, the flexible connection is modeled as a kind of beam el-

ement (,Wang, 1983; Haldar and Nee, 1988). The difference of this beam element 

from ordinary beam elements of the structure is that the equivalent Young's mod-

ulus for the connection beam element is used instead of the Young's modulus for 
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the ordinary beam element. The equivalent Young's modulus of the connection 

element can be expressed as: 

E (9) = K (9)~ = Ie oM{ 9) 
e e Ie Ie 09 

(4.6) 

where Ie is the length of the connection element, and Ie is the moment of inertia 

of the connection element. Substituting Eq.{4.1) into Eq.{4.6), one obtains: 

For the polynomial model, 

for the exponential model, 

and for the llichard model, 

E (9) = !::.. ~ . d!i(9) 
e I L...J Q, d9 

e i=O 

1 

1 -..,1!... 2(;'ie 2,,, 

i = m 

i = 1, ... m - 1 

(4.7) 

(4.8) 

(4.9) 

(4.10) 
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Substituting Ec( 8) for E in Eq.(3.18) for the connection element, the tangent 

stiffness matrix of the structure can be obtained at every iteration step. 

4.2.2 Method 2: Combination element method 

This method considers the elements of flexibly connected frames as a kind 

of beam-column element with rotational springs at the ends. 

The same M - 8 relationship as used for the connection element method 

can be used here, and the connection rigidity can also be expressed as in Eq.( 4.5). 

The difference of this method from the connection element method is that that the 

tangent stiffness is reformulated instead of just changing the equivalent Young's 

modulus. Using the assumed stress method, the tangent stiffness matrix for the 

beam-column-spring element can be expressed as (Shi and Atluri, 1989): 

C 4.11) 

Audo, Addo are the same as in Eqs. (3.19) and (3.20), respectively, and the matrix 

A- -1 . 
uu IS: 

where 

A-1= uu 

EA -,- o 

o e(2 + b) 

o -e 

o 

-e (4.12) 

eC2 + a) 
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6EI 
e= 1[(2+a)(2+b)-1] 

(4.13) 

a and b are modification terms of the rotational spring at the ends. They can be 

expressed as: 

(4.14) 

and 

(4.15) 

There are two types of element stiffness matrices in the global stiffness matrix for 

the element without the rotational spring, and the element stiffness matrix can be 

obtained using Eq.(3.17). For the element with the rotational spring at the ends, 

Eq.(4.11) should be used. The element stiffness matrix has to be updated in every 

iteration step corresponding to the instantaneous M - (J relationship. 

4.3 U ncertail1ties in Nonlinear Flexible Connections 

The uncertainties in a flexible connection come from two major sources: 

the uncertainty caused during the fabrication of the connection and the modeling 

uncertainty. 

The fabrication uncertainty is due to various random factors involved during 

the manufa.cturing a.!!-d assembling processes. The fabrication of a connection is a 

very complicated process. The main steps of such procedures include fabricating 
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the components into required forms, putting them in place and assembling them by 

bolting or welding. For large structures, it is impossible to carry out all these steps 

under identical conditions. So connections with the same nominal design parame

ters do not have exactly the same mechanical properties, instead, the mechanical 

properties are uncertain. The modeling uncertainty comes mainly from the follow

ing three sources: (i) Because of the complexity of the connections, the mechanical 

properties, namely the M - 8 relationships, can only be obtained by experiments. 

The test procedure and the statistical evaluation of the test results will introduce 

uncertainty. (ii) There are many different types of connections used in practice; 

however, only a few representative types of the standard connections have been 

tested and have available M - 8 curves. available. Analysts and designers have 

to approximate the moment-rotation relationships for other types of connections 

based on their experience. This approximation will introduce a source of uncer

tainty. (iii) Several moment-rotation predicting formulas are available for modeling 

a connection. Each formula is obtained from a particular theory and test data. It 

is impossible to have similar modeling error for all kinds of connections if they are 

represented by the same formula. This introduces another source of uncertainty 

in modeling the connection. In general, because the connections are complicated 

test-dependent parts in a frame structure, the uncertainties of their mechanical 

properties must be considered in a realistic manner. Due to these uncertainties, 

one can not exactly predict the mechanical properties of the connections for given 

design parameters. In order to include the uncertain properties in the flexible 

connection in an analysis, the probabilistic method can be used. 
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Flexible connections are sensitive parts in a frame structure. The responses 

of a frame structure are greatly influenced by the mechanical properties of the 

flexible connections. So the uncertainties in the flexible connections will contribute 

to the uncertainty in the structural responses. Sometimes, the uncertainty in the 

flexible connections will be magnified in the structural response analysis. This can 

be shown by a simple example. In Fig. 4.2, a beam with connection springs at each 

end is considered. The stiffness of the springs is K s, the stiffness of the beam is EI, 

and the ratio of the two stiffnesses is R = Ks/ EI. Denoting Uo as the displacement 

at the mid-span of the beam, the effect of the variation in the connection stiffness 

on the variation of the displacement can be studied by a response fluctuation factor 

€, which can be expressed as: 

€ = ,duo, 
dR 

(4.16) 

Assuming the stiffness of the beam is a constant, dR represents infinitesimal vari-

ation of the connection stiffness corresponding to the beam stiffness. € can be 

considered as the rate of change of the response Uo corresponding to the connec-

tion stiffness. It is basically the slope of the curves shown in Figs. 4.3 to 4.5. 

Considering R as a random variable, the response Uo = uo(R) is a function of a 

random variable. The variance of Uo can be expressed by the first-order approxi-

mation as: 

duo 2 2 
Var(uo) ~ Var(R)( dR) = Var(R)€ ( 4.17) 
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In Eq. (4.17), for a given value of V are R), the variance of Uo will increase with 

the increase in the E values. From Figs. 4.3 to 4.5, it can be observed that the E 

values increase as the span length of the beam increases and as the stiffness reatio 

decreases. 

Based on these observations, it can be concluded that on some occasion, for 

example when E is greater than 1 in the above case, the uncertainty in the flexible 

connection will be magnified at the structural response level. Thus, neglecting the 

uncertain properties of the nonEnear flexible connections will cause a considerable 

amount of error in a realistic stochastic analysis of frame structures. 

4.4 Modeling of Random Nonlinear Flexible Connections 

Af: discussed before, when the flexible connections are considered to be 

deterministic, only one AtI -{} curve is involved in the analysis, and either Eq.(4.1) 

or (4.4) can be used to describe the M - f) relationship of the connection. When 

the random properties of a connection is taken into consideration, the moment 

M will be a random variable at every rotation f) and M(f) will be a random 

function. Instead of a unique M - f) curve, there will be a group of M - {} curves 

representing a connection. This situation is shown in Figs. 4.6 to 4.8. Fig. 4.6 

shows the uncertainty in the experiment, where the moments are random variables 

corresponding to a rotation f). Since M( f) is a random function, one realization of 

M(f)) gives a deterministic M - f) curve, and the functional relationship between 

M and f) can be used to model this deterministic M - {} curve. Different forms of 

the functional relationship between AI and f) passing through the same points are 

shown in Fig. 4.7. This denotes the modeling uncertainty involved. Combining 



123 

I 
I 
I 
I 
I 
I 
I 

* I 
E-t I z I ~ 
~ I 
0 I ~ 

I 
I 
I 
I 
I 
I 
I -(h ()2 ()3 

ROTATION () 

Figure 4.6 Uncertainty of testing (x: a realization 

of random moment corresponding to a given rotation) 



~ z 
~ o /' 
::g / " / ' 

/ 

1

// ,',. 
I • 

J i .". 
~ . ' 

ROTATION () 

Figure 4.7 Uncertainty of modeling 

124 

.... 



125 

ROTATION () 

Figure 4.8 Ranfom !v! - () curves 
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the two uncertainties, the randomness in the M - 8 curves can be obtained as 

shown in Fig. 4.8. However, the uncertainty in the M - 8 curves shown in Fig. 

4.8 can not be directly incorporated in the structural reliability analysis, because 

the uncertain parameters needed to define the uncertainty in the M _. 8 curves 

should be treated as random variables in order to carry out the reliability analysis 

using the proposed SFEM algorithm. A method is proposed here to incorporate 

the stochastic information in the flexible connections into the structural reliability 

analysis. The method consists of the following steps. 

1. Represent the random M - 8 curves by discrete random variables. 

When the uncertainty of a flexible connection is involved, a group of random 

M -8 curves need to be considered. Chose m discrete values of rotation, 8i'S, along 

the possible range of the rotation 8. Corresponding to every value of 8;, the M (8;) is 

a random variable. The statistical information of the random variable M(8;) can be 

obtained by using the probability fitting technique using the available experimental 

data, and the information on the distribution, mean and standard variation can 

be obtained accordingly. Thus, the uncertainty in the M - 8 curve is represented 

by a group of discrete random variables. 

2. Choose an appropriate functional relationship between M and B. 

An appropriate functional relationship between M and 8 by fitting a set of 

data points is needed for a continuous representation of the M - 8 curve. Although 

any form of the relationship can be used, two factors should be considered in 

choosing the form of the formula. The formula should be easy to use and the 

modeling error should reduce with the increase in the available data points. In this 

study, a polynomial series function is used which can be expressed as: 
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m 

Mk(8) = 2)ak)i8i (4.18) 
i=O 

where k denotes the kth realization of a deterministic M - 8 curve from a group 

of random M - 8 curves. The procedure to generate a detenninistic M - 8 curve 

from the random M - 8 curves will be explained in the next step. (ak)i denotes 

the parameters of the model corresponding to the kth M - 8 curve, and m + 1 is 

the number of terms included in the series. 

3. Represent the random M - 8 curves by a random index variable. 

For each rotation 8i, there is a corresponding random variables Mi. For a 

given probability level Pk, a value Mk(8i ) can be estimated based on the probability 

distribution of M(8 j ). Using the same probability level Pk, a group of determin

istic values M k (8d, (i = L.rn + 1), can be obtained. The group of data thus 

obtained can be fitted to obtain an M - 8 curve using Eq. (4.18). This curve 

can be considered as a realization of the random M - 8 curves corresponding to a 

probability level Pk. The probability level Pk is decided by the random index vari-

able a. This index variable is introduced to capture the uncertainty in the M - 8 

curves. The distribution of the index variable a should reflect the distribution of 

the uncertainty about the M - 8 curves. By properly choosing the distribution 

of the index parameter, the uncertainty of the function M( 8) can be taken into 

account by this single random variable. In fact, if the moment M(8) is assumed 

to be normally distributed at every rotation point 8i , a standard normal distribu

tion of a with zero mean and unit standard deviation will appropriately reflect the 

uncertain properties of the random M - () curves. 
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Since the index variable a can reflect the distribution of the random M - () 

curves and can, through Pk, capture the uncertain infOlmation of the random M-() 

curves, it can then be taken as one of the basic random variables in the proposed 

iterative reliability analysis procedure. This procedure is illustrated in Fig. 4.9. 

In every iteration, a particular M - () curve is realized corresponding to a value ai. 

When the iterations converge at the design point, the corresponding ai will be a* 

and it will represent the most appropriate M - () curve. 

4.5 Reliability Analysis of Geometrically Nonlinear Frames 

With Flexible Connections 

The SFEM method discussed in Chapter 3 is used here for the reliability 

analysis of geometrically nonlinear frames with flexible connections. 

When the flexible connections are considered to be deterministic, the 

AFOSM iteration procedure described in Eq.(3.31) can be used without any mod

ification. The effect of the flexible connections can be considered by modifying 

the global stiffness matrix. If the connection element approach is used, connec

tion elements with the appropriate Young's modulus (Eq. (4.7)) need to be added 

in the global stiffness matrix. If the combination element approach is used, the 

stiffness matrix for the beam element with flexible connections can be obtained 

by using Eq.( 4.11). After the global tangent stiffness matrix is formed, the re

sponse gradients and the gradients of the limit state function can be computed 

using Eq.(3,41). 

When the uncertainty in the flexible connections need to be considered, the 

random index parameters can be introduced. For every flexible connection, one 
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random index parameter needs to be introduced. As discussed earlier, the index 

parameters are treated as the basic random variables along with other basic random 

variables such as the Young's modulus E, cross-sectional area A, and external load 

P in the reliability analysis procedure proposed here. Eq.(3.41) can also be used 

to compute the gradients of the limit state function, however, the derivatives of 

the response D with respect to the index parameters are needed to compute the 

gradients of the limit state function. To form the matrix BP /8y, the number 

of basic random variables N r should include the number of index parameters. 

Eq.(3.55) still can be used to compute the derivatives of R about the basic random 

variables, but the term BRAtT/By needs to be modified as: 

[0] ] ( 4.19) 

Where (8RAtT )/(8E), (8RAu)/(8A) and (8RAtT)/(8I) can be computed by using 

Eqs. (3.57) to (3.59), and [(BRAu )/(8a)] is a vector which has the following form: 

( 4.20) 

where Nc is the number of the index parameters. The derivatives (BRAtT)/(Baj) 

can be evaluated using the difference method. If the forward difference method is 

used, one obtains: 

BRAtT Ii = (R)i+l - (R)i 
8aj (aj)i+l - (aj)i 

(4.21) 
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Where (R)i+l and (R)i are computed using the M - () curves corresponding to 

aj = (aj)i+l and aj = (aj)i' 

4.6 Numerical Examples 

4.6.1 Example 4.1 

A one-story plane frame structure is considered and its reliability is esti

mated using the proposed method. The geometry of the frame is shown in Fig. 

4.10. Two flexible connection elements are considered at each end of the girder. 

'The statistical description of all the random parameters of the frame and the load 

are the same as listed in Table 3.1. The polynomial model is used to represent the 

flexible connections and the statistical descriptions of the flexible connections are 

given in Table 4.1. Six data points are used to control the M - () curve (m=5 in 

Eq.{4.1)). The mean M - () curve is shown in Fig. 4.11 (Nee and Haldar, 1988). 

All the random variables are assumed to be normal, and the index variables are 

considered to be standard normal. 

The influence of flexible connections on the structural reliability considering 

the strength and serviceability limit states are studied in this example. It is known 

that the reliability index depends on the limit state function used. Thus, it is 

expected that the reliability index of a structure with flexible connections will 

also depend on the limit state function. Tables 4.2(a) and (b) show the results of 

deterministic analysis of the one story frame. From Table 4.2(a), it can be seen 

that when flexible connections are considered, the structure becomes softer and 

the displacements increase at most nodes. Thus, it may be more difficult to satisfy 

the 
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Table 4.1 Description of R.andom Vru'iables of 

Flexible Connections 

i 1 2 3 4 5 6 

B( i) X 10-4 (I'ad) 4.7 9.0 20.0 34.0 50.0 96.0 

Mean of M(B)(l~ - in) 10.0 20.0 40.0 60.0 80.0 100.0 

C.O.V of M(B) 0.1 0.15 0.2 0.3 0.4 0.5 
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'Th.ble 4.2 (a) Displacement of one story frame 

V =50.0 kps, H=4.49 kps 

Structure with rigid connections 
Node No. U (in) v (in) 8 
1 0.0 0.0 0.0 
2 0.06511 -0.01147 -0.00637 
3 0.13675 -0.01254 -0.00799 
4 0.13614 -0.09550 -0.00859 
5 0.12639 -1.46741 0.00023 
6 0.11643 -0.08759 0.00778 
7 0.11591 -0.01337 0.00704 
8 0.17633 -0.01233 0.00508 
9 0.0 0.0 0.0 

Structure with flexible connections 
Node No. u (in) v (in) 8 
1 0.0 0.0 0.0 
2 0.09906 -0.01155 -0.00556 
3 0.16898 -0.01259 -0.00848 
4 0.16828 -0.11157 -0.01121 
5 0.15738 -1.73358 0.00021 
6 0.14639 -0.10197 0.01053 
7 0.14579 -0.01328 0.00709 
8 0.19846 -0.01230 0.00351 
9 0.0 0.0 0.0 
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Table 4.2 (b) Forces of one story frame 

V =50.0 kps, H=4.49 kps 

Structure with rigid connections 
Element No. P (kps) Ml (k-in) M2 (k-in) 
1 . -23.216 565.13 -1278.8 
2 -23.309 -1278.8 -1402.2 
3 -16.794 -1402.2 -1168.5 
4 -16.819 -1168.5 3194.2 
5 -16.805 3194.2 -1460.2 
6 -16.804 -1460.2 -1709.3 
i -24.884 -1709.3 -1540.9 
8 -24.748 -1540.9 971.61 

Structure with flexible connections 
Element No. P (kps) MJ (k-in) 11-12 (k-ill) 
1 -23.323 396.42 -1018.8 
2 -23.386 -1018.8 -1113.3 
3 -13.862 -1113.3 -8i8.G6 
4 -13.892 -878.66 3502.0 
5 -13.8i8 3502.0 -1130.i 
6 -13.8i5 -1130.7 1378.6 
I -24.i42 -13i8.6 -1230.0 
8 -24.644 -1239.0 845.88 
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serviceability limit state for a structure with flexible connections. Fig. 4.12 shows 

how the reliability indices change with the vertical load V, using the serviceability 

limit state represented by Eq.(3.75). In this example, u is the vertical displacement 

at node 4 and Uallow = 1.0 in. The results obtained by the proposed method are 

vertified with 10,000 cycles of Monte Carlo simulation. Comparison of the two 

results indicates the accuracy of the proposed algorithm. Fig. 4.12 also shows that 

the reliability indices reduce considerably for the frame with flexible connections. 

The same frame is studied considering the strength limit state. The strength 

limit state is represented by Eq. (3.74) in this example. The results are plotted 

in Fig. 4.13 for the limit state considered at node 4, the mid-span of the girder. 

Results for the frame with rigid connections, deterministic flexible connections and 

random flexible connections are plotted in the same figure. For each case, the 

results are verified with 10,000 cycles of Monte Carlo simulation. In this case also, 

the reliability index decreased considerably for the frame with flexible connections. 

The consideration of the uncertainty in the flexible connection did not affect the 

results appeciably. This effect depends on the properties of the random flexible 

connection, and this will be discussed further in Example 4.3. 

To st.udy the strength limit state function, the reliability index versus the 

vertical load is also plotted for the limit state considered at node 3 in F,ig. 4.14 

for the same frame. The flexible connections are considered to be deterministic. 

In this case, the reliability index for the frame with flexible connections is much 

larger than that of rigid connections. This behavior is completely different from 

that observed in Fig. 4.13. This is because the influence of flexible connections on 

the internal forces of the frame changes a.t different positions, and the internal 
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forces affect the behnviol' of the limit state function. For same limit state function, 

when the internal forces incI'case due to the effect of flexible connections,the failure 

probability of the structul'C will be rcasonably increased; on the other hand, when 

the internal forces dccl'ease duc to the effect of flexible connections, the failure 

probability of the structur~ will decrease. The influence of flexible connections on 

the internal forces in the deterministic case is shown in Table 4.2(b). It can be 

seen that the moment of the struct.ure with flexible connections is greater than 

the moment of the stru<:tUl'e with l'igid connections at node 4 of element 3, but 

is smaller than that nt node 3 of t.he sume element. So, the failure probability of 

the structure with flexible connection increases for this limit state at node 4, and 

decreases at node 3 compn,l'ed with the structure with rigid connections.' 

4.6.2 Example 4.2 

The reliability nnnlysiB of n. 2-D Williams toggle with flexible connections is 

considered in t.hia cxnmple. The geometric dimensions of this problem are shown 

in Fig. 3,7, except t.hnt. the two flexible connections are considered to be close to 

the two fixed ends. The pl'Obnbilistic d('scriptions of all the variables are the same 

as given in Table 3.2. The pm'lunctCl'B for both deterministic and random flexible 

connections used in Exnmplt1 4.1 m'o olao used in this example. The sanle strength 

and serviceability limit stnte functions considered in Example 4.1 are used in this 

example to calculate the l'olinbilit.y index. Figs. 4.15 and 4.16 show the changes 

in the reliability indices with tho moan of the applied vertical load V for the t.hree 

types of connections. 
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The behavior of the toggle for the rigid and flexible connections is very 

similar to that observed in Example 4.1; however, in this case the randomness of 

the flexible connections has great influence on the structural reliability. 

4.6.3 Example 4.3 

To investigate the influence of flexible connections on the reliability analysis 

of unsymmetrical structures, a two-story rectangular frame studied in Example 

3.3 is again considered here. The structure with 6 flexible connection elements is 

shown in Fig. 4.17. The descriptions of the structural parameters and loads are 

shown in Table 3.3. In this example, both the polynomial and Richard models are 

used to represent the flexible connections. In order to model a unique M - 8 curve 

by using the Richard model, the initial slope Kic, the final slope Koc, the yield 

moment At! y and the shape factor n should be known. The information can be 

obtained from experimental results. Tucker and Benner (1990) reported statistical 

informa.tion for some types of commonly used flexible connections using the data 

base compiled by Kishi and Chen (1986). This information is used in this example. 

Fig. 4.18 shows mean M - 8 curves for different types of connections using the four

parameter Richard model. Table 4.3 shows the reliability indices of the structure 

for the serviceability limit state. The serviceability limit state function used in this 

example is 9 = 1.0 - u, where u is the horizontal displacement at node 2. The 

load factor P = 50.0kips. It can be observed from this table that the structural 

reliability depends on the stiffness of the connections. The end plate connection 

with column siffeners is the stiffest of the five cases, and the reliability index has 

the largest value. The single web angle connection is the softest, and the structure 

with this type of connections is most prone to failure. Fig. 4.19 shows 
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Table 4.3 Reliability indices for different type of connections 

Type of connection model fJ 

Single web angle connections 0.295 

Double web angle connections 0.505 

End plate connections without column stiffeners 1.588 

Top and seat angle connections 1.801 

End plate connections with column stiffeners 2.338 

Rigid connections 7.854 
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the reliabilitiy analysis results of the structures using different types of connection 

models. Here, the plate connections with column stiffeners are used for the Richard 

model and the M - (J curve in Example 4.1 is used for the polynomial connections. 

The limit state function is 9 = 1.0 - v, where v is the vertical displacement at 

node 6 .. In this particular case, the reliability index for the structure with Richard 

model connections is larger than that with polynomial model connections. 

When the uncertainty in the flexible connections are considered, the struc

tural reliability will be affected by the statistical parameters of the flexible connec

tions. The influence of the mean values of flexible connections on the structural 

reliability can be observed by considering the case of structure with several deter

ministic flexible connections. As the mean value increases, the structure becomes 

stiffer and the reliability increases. However, the level of uncertainty in the connec

tions also needs to be addressed. This can be achieved by considering the coefficient 

of variation (COV) of the M - (J curve. The influence of the COV of random flex

ible connections on the structural reliability is considered in this example. The 

polynomial connection model is used here to represent the mean M - (J curve and 

is shown in Fig. 4.20. For the discussed purpose, this 111 - (J curve is discretized 

into 6 rotation points. At each location, M is assumed to be normal and the COV's 

are assumed to be the same. The serviceability limit state function of 9 = 0.5 - u is 

used in this case, where u is the horizontal displacement at node 2. The reliability 

analysis results are shown in Fig. 4.21. In this figure, the reliability indices are 

plotted against the COV of the M - (J curve for several load factors. When the 

COV is zero, it represents the frame with deterministic flexible connections. It 
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can be observed that as the COY increases, the corresponding reliability indices 

usually decrease. This observation is expected. In the random variable space, the 

mean values of all random variables give a point which can be referred to as the 

"mean point ". When the mean point falls in the safe range, which is decided by the 

limit state surface, the failure probability will increase with the increase of the COY 

of any random variable; when the mean point falls in the failure range, the failure 

probability will decrease with the increase of the COY of the random variable. This 

situation is qualitatively illustrated in Fig. 4.22. For simplification, the random 

variable space in Fig. 4.22 consists of only two random variables, rl and r2, and 

"* "represents the mean point. When the mean point is located in the safe range, 

the shadowed area will increase with the increase of the COY of the basic random 

variable. When the mean point is located in the failure range, the shadowed area 

will decrease with the increase of the COY. This tendency will be true if the limit 

state surface is fiat, and for many structural engineering problems this condition 

is usually satisfied. In the current example, sinc~ the failure probability is in the 

range from 0.15 to 0.0003 (f3 is from 1.2 to 3.8), the mean point is obviously in 

the safe range. So, the failure probability increases, that. is the reliability index 

decreases, with the increase of the COY of random connections. 



safe range (g( r] , r2) > 0) 

Figure 4.22 Illustration of the relation between the position 

of mean point and the failure surface 
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4.7 Summary 

In this chaper, a method is proposed for the reliability analysis of geomet

rically nonlinear frame structures with flexible connections in this chapter. The 

mechanical properties of the nonlinear flexible connections can be deterministic or 

random. The uncertainty of a connection is represented by a group of random 

moment-relative rotation curves (M - 8). In order to model the random connec

tions, a random index paramete:- is introduced as one of the basic random variables. 

This random index parameter is connected to the group of random M - 8 curves 

corresponding to a certain probability level. Structures with different types of 

random connections can be handled by this method. The method is illustrated 

by several examples. The comparisons of reliability indices of structures with rigid 

connections, deterministic flexible connections and random flexible connections are 

stressed in the examples. 



CHAPTER 5 

SFEM BASED RELIABILITY ANALYSIS OF 

ELASTO-PLASTIC LARGE DEFORMED STRUCTURES 

5.1 Introduction 
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In the reliability problems discussed in Chapters 3 and 4, the material of the 

structure are assumed to be elastic except at the nonlinear flexible connections. In 

realit.y, structures may work around or beyond the plastic limit of the materials. 

Thus, the material nonlinearity needs to be considered for this type of strucLures. 

Conceptually, the difference of the reliability analyses between the elastic or linear 

structure and plastic or nonlinear structure is the consideration of the appropriate 

failure states or limit sta.tes. For the elastic structure, the limit state function can 

be expressed in terms of strength and/or serviceability requirement, and the failure 

probabilities of the structure can be computed corresponding to the appropriate 

limit state functions. However, the failure probability of a plastic structure is 

usually considered as the probability of collapse caused due to the formation of 

mechanisms. For redundant structures, the failure of one or more components 

may not necessarily lead to the collapse of the structure, so an integrity analysis is 

necessary for estimating the overall reliability of plastic structures. 

This chapter presents an efficient SFEM for reliability analysis of plastic col

lapse of highly redundant frame structures. The material is considered to be ideally 

elastic-perfectly plastic. In this approach, the limit state function is expressed in 
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terms of the limit load of plastic collapse instead of failure mechanisms involving 

internal forces or displacements and threshold values. In the multiple load case, 

the virtual work principle is used to describe the limit state function. There is 

no need of specifying individual failure modes a priori and it is easy to describe 

the limit state function. Because the nonlinear finite element method is used to 

compute the response of t~e elasto-plastic structure, any complexity of frame or 

truss structures can be handled using this method, and the geometric and material 

nonlinearities can be considered at the same time. Unlike the mechanism analysis 

method in which the failure probability of the structure has no relation to the his

tory of the structural deformation, the result obtained by the proposed method can 

reflect the influence of the nonlinear deformation process and the redistribution of 

generalized forces at the plastic hinges, thus, improving the structural reliability 

estimation. The advanced first order second moment method (AFOSM) is used 

in the reliability analysis. Thus, the randomness in the external loading and the 

resistance-related parameters of the structure can be considered simultaneously. 

The possible failure mechanism caused by the uncertainties in the structural pa

rameters and loads can be automatically taken into consideration and the most 

possible failure mode will be obtained by the AFOSM iteration procedure. The 

proposed methodology has several advantage over all the other available method 

to estimate reliability of elasto-plastic frame structures. The proposed method is 

demonstrated by several numerical examples, and the obtained are verified by the 

Monte Carlo simulation technique. 
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5.2 Limitations of the Available Methods 

The commonly used reliability analysis methods for frame structures with 

plastic material under proportional loading is based on identifying all or at least 

the major potential structural failure mechanisms and evaluating the corresponding 

reliability (Murotsu et.al, 1984; Watwood, 1979; Ma and Ang, 1981). This concept 

is based on the upper bound theorem of plasticity. According to this approach, an 

upper bound of the structural reliability can be evaluated on the basis of a set of 

plastic mechanisms. The success of this approach depends on the completeness of 

the mechanisms identified. However, it may be impracticable for complicated struc

tures to identify all failure mechanisms. Also, the failure mechanisms are correlated 

through material properties, plastic hinge formations and loads. This correlation 

among different failure mechanisms has made the computation of structural failure 

probability extremely complicated. 

Several attempts ha.ve been ma.de to set up search procedures to identify 

the most likely failure modes (Moses, 1977; Ditlevsen and Bjerager, 1983; Bjer

ager, 1989). Murotsu et al (1984) used the method of automatic generation of 

failure mechanisms. An upper bound of the structural failure probability is evalu

ated by the systematic selection of the stochastically dominant mechanism through 

branching and bounding operations. Bjerager (1989) proposed a method based on 

the lower bound theorem of plasticity theory, by using the force method formulation 

to consider different equilibrium states of the structure. The failure mechanism in 

his method is generated in random order. Sires (1990) proposed an upper bound 

theorem formulation .. He uses a mathematical programming-based procedure for 

identifying the stochastically most relevant failure mechanisms. The mechanisms 
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are found by minimizing a quadratic concave function. The interaction of bend

ing and axial forces is considered instead of only the predominant bending action. 

Besides the method based on the mechanism analysis just discussed, the method 

based on stable configuration analysis (Autusti and Barratta, 1972; Quek and 

Ang, 1990) is also wildly used. This method examines how a structure or any 

of its damaged states can carry the loads. Each configuration in which the loads 

can be carried without collapse is considered to be undamaged and the union of 

corresponding probabilities would give the probability of survival of a structure. In 

general, both approaches, i.e., the plastic mechanism and the stable configuration 

techniques, will approximately evaluate the failure probability of the structures. 

Failure to identify some failure mechanisms could lead to an underestimation of 

the probability of failure, and failure to consider some stable configurations would 

overestimate the probability of failure. 

In order to avoid dealing with the complicated failure mechanisms and stable 

configurations, the failure surface approach is proposed. (Soltani and Corotis, 1987; 

Lin and Corotis, 1985; \Vang et aI, 1990). In this method, the limit state function is 

defined by performing overall structural analyses instead of by identifying discrete 

failure mechanisms for a complex system. In order to obtain the limit state surfaces, 

the load space formulation or the shakedown theory is used. However, the limit 

surface obtained by this method is a group of discrete points, and every point is 

computed by assuming the external loads are only random variables. The limit 

surface obtained in this way is approximate. Since the limit surface is based on the 

analysis in the load space, with the increase in the number of loads, the description 
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of the limit surface will be more difficult. Using this technique, only the results 

obtained by Monte Carlo simulation are reported in the literatures. 

5.3 Elasto-Plastic Analysis of Nonlinear Frame Structures 

Most of the deterministic analyses of elasto-plastic frame structures un

der increasing loads are based on small deformation theory. However, in a lot 

of structural problems, the occurrence of plastic collapse is usually accompanied 

by geometrically large deformations. In this case, both geometric and material 

nonlinearities of a structure should be considered. The FEM formulation of the 

elasto-plastic frame by using assumed stress method is discussed below. In this ap

proach all the quantities required by the FEM solution algorithm can be expressed 

in explicit forms 

5.3.1 Basic Assumptions and Yield Criterion 

In addition to the assumptions for the analysis of geometrically nonlinear 

frame strllct ures as discussed in Chapter 3, the following assumptions are made for 

the elasto-plastic frame structures. 

(1) The plasticity behavior is modeled as concentrated. The plastic defor

mations are developed at the plastic hinges of an element, the material is still 

linearly elastic except at plastic hinges. 

(2) The material of the structure is assumed to be elastic-perfectly-plastic. 

To determine the plastic failure condition, several criteria of yielding can be 

used. In this study, the criteria in terms of nodal forces are used. Different kinds, 

of criteria can be formulated depending on forces involved and the cross sectional 
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properties of the structure members. The general yield function of plane frame 

member with solid rectangular cross-section, described by a resultant bending mo

ment and an axial force, can be expressed as (Hodge, 1959): 

M N 2 

f = I-I + (-) - 1 = 0 
Mo No 

(5.1) 

For I cross-sections, the yield function can be approximately expressed as: 

M N 
f= 1-1+(-)-1 =0 

Mo No 
(5.2) 

Where, No is the full plastic axial force and Mo is the plastic bending moment 

capacity of the frame. 

5.3.2 FEM Formulation of Elasto-Plastic Large Deformed Frames 

In the loading process, the stress-strain relationship is elastically linear at 

the beginning, and the tangent stiffness is the same as in the elastic case. ~Then 

the combination of the axial force and the bending moment at any node of the 

element satisfies the prescribed yield function, a plastic hinge occurs instantly at 

that node. The general yield condition for the elastic-perfectly-plastic material 

may be expressed as: 

f(N,M) = 0 at x = lp (5.3) 

Where lp is the location of the plastic hinge. 
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The increment of the yield function may be written as: 

af af 
aN6.N + aM6.M = 0 at x = Ip (5.4) 

Assume the incremental deformation due to a plastic hinge is the linear 

function of the derivative about the corresponding nodal forces, and the coefficient 

is denoted as A. The axial incremental deformation Hp and the rotational increment 

deformation ()* due to the plastic hinge can be expressed as: 

and 

()* = A af 
p aM 

at x = lp 

at x = lp 

(5.5) 

(5.6) 

Considering the plastic deformations parts in the compatibility equation 

and adding the plastic flow terms, the weak form of the governing equation of the 

plasto-elastic large deformed frame structure can be expressed as: 

L [TV - U T .6u+6DT 
·TT. S+(Hpll+();J.l)+6A(:~6.N + :~6.M)] = 0 (5.7) 

elem 

\Vhere 
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(5.8) 

From Eq.(5.7), the elasto-plastic tangent stiffness Kp and the elasto-plastic 

internal force Rp of this element can be obtained and expressed as: 

(5.9) 

(5.10) 

where K is the elastic tangent stiffness matrix, AO'do, A;~, Rdo are the same as in 

the elastic case (Chapter 3), and V p, c~ and Roo are shown below: 

and 

_ aj (xI/I) }t aM 

c T = (V T . A-I. V )-1. VT . A-I 
P P 0'0' P P 0'0' 

Hp 

Roo = Roo + 8;(1- xI/I) 

(5.11) 

(5.12) 

(5.13) 
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Where Hp is the additional axial elongation of an element due to the presence of 

plastic hinges and can be expressed as: 

.(5.14) 

e; is the additional relative rotation due to the presence of plastic hinges and can 

be expressed as: 

e* = ~ AA!..L 
p ~ 8M 

elem 

(5.15) 

where AA is a scalar factor of proportionality or plastic multiplier, and the sum-

mations extends over the elements meeting at each of the nodes. 

In the loading process, when plastic hinges formed in some elements, the 

corresponding element tangent stiffness matrices and internal forces can be com-

puted from Eqs.(5.9) and (5.10), respectively. The global tangent stiffness matrix 

j( and the internal force matrix R are formed using appropriate values of K p , R p , 

K and R depending on whether the element is in the elastic or plastic state. The 

global displacement. increment AD can be solved using an iteration strategy for 

the following equation: 

j«k) AD = F(k) _ R(k-I) (5.16) 
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5.4 Computation of Plastic Limit Load 

Eq.(5.16) is usually solved by applying the iterative Newton-Raphson (N-R) 

method. In the iteration solution procedure, no matter whether the standard N-R 

method or the modified N-R method is used, the current tangent stiffness matrix 

is always computed based on the responses of the previous step. For the elasto

plastic structure, with the increase in the applied external loadings, plastic hinges 

will occur at some critical points of the structure and will continue to form if the 

loadings continue to increase. The nodal displacements increase considerably due to 

the presence of plastic hinges, the corresponding element tangent stiffness matrices 

will be in ill condition and the global tangent stiffness matrix will deteriorate. 

When the deteriorated tangent stiffness matrix is used to solve the Eq.(5.16), the 

solution will not converge with the increased load step. The corresponding point is 

referred as the plastic limit point. At the plastic limit point, the total load factor 

reaches its maximum value. and the displacements at some points of the structure 

increase under no change of the applied loading or even when the applied loading 

is decreased, this situation is shown in Fig. 5.1. 

'Vhen the ordinary N-R method is used to solve Eq.(5.16) for the elasto

plastic geometrically nonlinear problems, numerical difficulties will be encountered 

when a plastic limit point is approached. This phenomenon is typically illustrated 

in Fig. 5.2, where, by applying a load factor increment 6.p to the structure from 

point A, a point B beyond the limit point is reached, and from point B the solution 

begins to diverge. A robust method of carrying out the analysis around or beyond 

the plastic limit point is the arc-length method (Rike 1972; Wempner 1971; Crisfield 

1983). In this method, the N-R scheme is still used to obtain a convergent solution, 
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Figure 5.1 Illustration of plastic limit load 
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Figure 5.2 Iteration diverged at the limit. point 
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but the size of the load step within each increment is no longer constant and will 

vary depending on the incremental arc-length 6.1. For the displacement control 

arc-length algorithm, the incremental arc-length can be expressed as: 

(5.17) 

and the increment of the load step can be computed as: 

(5.18) 

where 

(5.19) 

(5.20) 

In Eqs.( 5.17), (5.19) and (5.20), 6D is the total displacement increment vector, 

6.Du is the displacement vector due to the unbalanced force which can be expressed 

as: 

(5.21) 
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and D.De is the displacement vector due to the external force which can be ex

pressed as: 

(5.22) 

The iteration steps around the plastic limit point is illustrated in Fig. 5.3. 

Since the load factor reaches its maximum value at the plastic limit point, 

this maximum load factor can be located by tracing the loading path of the struc

ture. If incremental load is positive at the (k - 1) step and is negative at the kth 

step, it implies that the maximum load factor must be between the (k - 1) and 

k iteration steps. The correct maximum load factor can be computed using an 

interpolation method. In this study, a quadratic interpolation shown in Fig. 5.4 is 

used to compute the maximum load factor. In the N-R iteration solution proce

dure, there is a particular load factor increment D.Pi corresponding to every loa.d 

factor level Pi. Therefore, the load factor increment is a function of the load factor 

level, and the quadratic interpolation is based on this relationship. Three pieces of 

information are needed in this interpolation procedure: D.Pk, the loa.d factor incre

ments at the kth step, it is the first time when the load factor increment becomes 

negative; D.p(k-l) and D.p(k-2) are the two positive load factor increments before 

step k. P is the total load factor, Po is the total load factor at the (k - 2)th step. 

The load factor increment D.p can be found using the following equation: 

D.p = a + bp + cp2 (5.23) 
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limit point 

D 

Figure 5.3 Iteration procedure around the limit point 

using arc-length method 
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where 

a = A (5.24) 

1 
c = AB(A + B) (AA - BB - AB - CB) (5.26) 

and 

A = D.P(k-2) (5.27) 

(5.28) 

(5.29) 

Once the constants in Eqs.(5.24) to (5.26) are known, a positive solution of p* can 

be obtained from the following quadratic equation: 

a + bp* + cp*2 = 0 (5.30) 
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The plastic limit load factor can then be obtained as: 

Pm = Po + p* (5.31) 

Because the occurrence of the plastic limit load is due to the deterioration 

of the global stiffness matrix, in the elasto-plastic geometrically nonlinear frame 

structure analysis, the plastic limit load will indicate the beginning of the plastic 

failure of the structure corresponding to a particular failure mechanism. It can be 

considered as the minimum plastic failure load. So, once the plastic limit load is ap

proached, the structure can be considered to be in a plastic failure state. It should 

be noticed that, for different structural configurations and loading conditions, a 

plastic limit load can correspond to a global failure or a local failure state. In the 

plastic analysis of structures, if a frame structure is n order indeterminate, only 

n + 1 plastic hinges are required to form a mechanism. However, the structure may 

fail locally with fewer than n + 1 plastic hinges. If· that happen, the corresponding 

load should also be the plastic limit load. The plastic limit load obtained by the 

method discussed here will reflect this situation also. This is elaborated further in 

the following example. Fig. 5.5 shows two frame structures with same geometric 

configurations and material properties but different loading positions. A deter

ministic nonlinear finite element analysis program is used to solve for the plastic 

limit load. In case (a), the plastic limit load is approached when 3 plastic hinges 

are formed at Hodes 2,3 and 1 sequentially, while the other parts of the structure 

remain in the elastic state. In case (b), the plastic limit load is approached only 

after formation of plastic hinges at all nodes. The sequence of the formation 
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of plastic hinges in this case is: 4,6,2,5,1, and 3. Since the plastic limit load can 

reflect local failure of frame structures, it can be used as a failure criterion for both 

local and global failure cases. 

5.5 SFEM Based Reliability Analysis 

The reliability analysis of highly redundant elasto-ideal-plastic structure by 

the proposed plastic limit load method is based on the concept of the AFOSM 

reliability analysis method. Instead of finding upper and lower bounds of the total 

structure failure probability, the plastic limit load method :>roposed here locates 

the very probably failure point in the transformed standard normal space using the 

linear programming technique. Thus, the corresponding failure probability, design 

point and the failure mechanism of the structure can be obtained very easily. 

As discussed before, a. plastic limit load can be computed for a deterministic 

structure corresponding to an unique failure criterion. For a structure with random 

parameters and random external load P, the plastic limit load Pm will be a function 

of basic random variables and every realization of the plastic limit load corresponds 

to a realization of random fa.ilure mechanisms. The plastic limit load reflects the 

capacity of the structure against the plastic failure load. The region where all of 

the realizations of plastic limi t load Pm are greater than the applied load P is the 

safe region, and the following equation should be the limit state function for the 

plastic failure problem: 

9 = Pm - P (5.32) 
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Eq.(5.32) is applicable when only one external load is applied on the struc-

ture. When more than one loads are present, the plastic limit load will be a random 

vector. According to the plasticity theory, the critical collapse condition can be 

found when the work done by the plastic limit loads is equal to the work done by 

the internal forces. That is: 

N 

I:Pm,iDi = W (5.33) 
i=l 

where, N is the number of the applied forces, Pm is the plastic limit load vector, 

D is the displacement vector corresponding to Pm, and W is the work done by 

the internal forces. If the work done by the load vector P is greater than H', the 

structure will collapse. otherwise t.he structure is considered to be safe. So the 

limit. state function of plastic collapse for the structure can be expressed as: 

N 

9 = :l)Pm,iDi - PiDd = 0 (5.34) 
i=l 

or 

N 

9 = I:(Pm,i - PdDi = 0 (5.35) 
i=l 

It. is obvious t.hat ",he'll N = 1, Eq.(5.36) becomes Eq.{5.32). 

In order to use Eq.(3.31) to find the design point, the gradient of the limit 

state function should be computed first, and it has the following expression: 



8G 
VG(y) = {-8 ' ... , 

Yl 

8G 
8Yk' 

... , 
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(5.36) 

where, K is the number of the basic random variables. The common term in 

Eq.(5.36) can be expressed as: 

(5.37) 

where 

(5.38 ) 
elsewhere. 

8Dd8Yk are elements of the gradient of the global displacement vector about the 

basic random variable, which can be obtained by solving the following matrix 

equation: 

(5.39) 

where, K is the tangent stiffness matrix; dP / dYk is aN-dimensional vector in which 

all elements are zero except when Pi = Yk; and R is the internal force matrix as 

discussed before. 8R/8y/... and the partial derivative of plastic limit load about the 

basic random variable 8Pm .d8Yk can be computed by the difference method. The 

forward difference scheme is used in this study. 
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After computing the gradient of the limit state function \l yG, the unit 

vector Cl'i can also be obtained. Substituting them in Eq.(3.31), the new iteration 

point can be computed. The design point will be obtained when the iteration is 

convergent. Eq.(3.29) then can be used to compute the reliability index. 

5.6 Numerical Examples 

5.6.1 Example 5.1 

A one-st~ry plane frame structure is considered here and its reliability is 

estimated using the proposed method. The geometry of the frame is the same as 

shown in Example 3.1 and the parameters are listed in Table 5.1. The Young's 

modulus E and the vertical load P are considered as normal random variables. E 

has a normal distribution with the mean of 29,000 (ksi) and the coefficient of vari

ance of 0.1: the coefficient of variance for P is assumed to be 0.2, and its mean is 

subjected to change. The frame consists of members with solid rectangular cross

sections. Equation (5.1) is used to express the yield function of the sections, where 

the plastic axial force No and the bending moment Mo are considered as deter

ministic, with 100(kips) and 500 (kips-in), respectively. The limit state function 

for the collapse of the structure is 

9 = Pm - P (5.40) 

where, Pm is the plastic limit load and P is the applied load. Since there is only 

one load acting on t.he structure, no force interaction is involved and the plastic 



Table 5.1 Description of Basic Random Variables 

of the Portal Frame 

Basic random Coeft"ecient 
variables Mean of variation Distribution 

E (ksi) 10,000 0.1 Nonnal 

Mo (k-in) 500.0 0.1 Lognormal 

.N 0 (kips) 100.0 0.1 Lognormal 

p (kips) - 0.15 Nonnal 

H (kips) 2.0 0.2 Normal 
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limit load has no relation to the applied load. The reliability indices are computed 

with respect to different vertical loads, and the results are shown in Fig. 5.6. The 

result is compared with 10,000 cycles of Monte Carlo simulation. It can be seen 

that the two results match well especially when the reliability index is smaller. 

5.6.2 Exalnple 5.2 

The same franle considered in Example 5.1 but subjected to different loading 

conditions is considered in this example. All of the structural parameters are the 

same as in Example 5.1. Eq.(5.1) is also used as the yield function of the section 

except that t h(' plastic axial force and the bending moment. are considered as 

random variables. No and 1110 are normally distributed with means 100(kips) and 

500(k-in) respectively. The coefficient of variance for both variables are assumed 

to be 0.1. Both vertical and horizontal loads are considered as normal random 

variables. The mean of the horizontal load is 2( kips), and the coefficient of variation 

is 0.15; the coefficient of variation for the vertical load is 0.2, and its mean is 

subjected to change. The limit state function for the collapse of the structure can 

be expressed as: 

(5.41) 

where, VA is the vertical displacement at point A and UB is the horizontal displace

ment at point B; Pm and Hm are the vertical and horizontal plastic limit loads; 

P and Hare t.he applied vertical and horizontal loads. Reliability indices of the 

structure are computed for different mean values of the vertical load, and the re

sults are shown in Fig. 5.7. This is a general case in the sense of random structural . 

response, since the structural parameters as well as the loads are considered 
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random and the load interaction effects are involved. It can be seen that the result 

by the proposed method matches very well with the Monte Carlo simulation result. 

5.6.3 Example 5.3 

The unsymmetrical two-story two-bay rectangular frame subjected to con

centrated loads studied in Example 3.3 is considered in this example for the re

liability analysis of plastic failure. Since this structure has 19 potential plastic 

hinge locations and 9 degrees of redundancy, there are 10 elementary mechanisms. 

The maximum combination mechanisms are 210 -1 = 1023, and there are at least 

111 physically admissible mechanisms. The mechanism analysis method would be 

very tedious when used to solve such a problem. However, by using the proposed 

method, there are no more difficulties to solve this problem than the very simple 

one like that considered in Example 5.1. 

The geometric dimension of this structure is shown in Fig. 3.10, and the 

description of structural parameters is listed in Table 5.2. The beams and the 

columns have different areas, inertia moments, plastic axial forces and bending 

moments. The plastic axial forces No and bending moments 1110 are considered 

random. 5 concentrated loads act on the structure. The limit state function for 

the collapse of the structure can be written as: 

9 = L (Pm,i - Pi)Ui + L (Pm,i - Pdvj (5.42) 
i=2,3 i=4,5,9 

Where, i's are the number of nodes where the external loads are applied. The 

results of reliability analysis for a load factor of P = 50 kips are summarized 



Table 5.2 Description of Basic Random Varia.bles 

of Frame Structure (Example 5.3) 

Basic random Coeffecient 
variables Mean of variation Distribution 

MOl (k - in) 2,400.0 0.1 Lognormal 

M02 (k - in) 2,000.0 0.1 Lognormal 

NOl (kips) 708.0 0.1 Lognormal 

N02 (kips) 472.0 0.1 Lognormal 

PI (kips) 0.5P 0.15 Normal 

P2 (kips) P 0.15 Normal 

P3 (kips) P 0.15 Normal 

P4 (kips) 0.5P 0.2 Normal 

Ps (kips) 0.25P 0.2 Normal 
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in Table 5.3. Fig. 5.8 shows the reliability index changes with the load factor 

P. It can be seen that load P3 has significant influence on the reliability, while 

the plastic axial forces and bending moments have a little influence on it in this 

example. Fig. 5.9 shows the plastic hinge formation process in the plastic limit load 

computation. In this problem, the plastic limit load is reached when 8 plastic hinges 

are developed, the numbers in this figure indicate the order of the plastic hinge 

formation. Fig. 5.10 shows the plastic load search procedure by the arc-length 

method in onf' of the itera.tions. and Fig. 5.11 shows the relationship between load 

factor and displacement at different nodes of this structure. The plastic limit load 

is achieved when the load factor P is 18.75 kips. 

5.7 Summary 

In this chapter, an efficient SFEM method is proposed for reliability anal

ysis of highly redundant elastic-perfectly-plastic large deformed frame structures 

under proportional loading. Any frame or truss structures can be handled using 

this method, and the geometric and material nonlinearities can be considered at 

the same time. Uncertainties in the load and resistance-related parameters are 

considerf'd. Th(> proposed method has several advantages over the other available 

methods. The' n1C'thocl is "erified with several numerical examples. The results 

match very well with Monte Carlo simulation. 



Table 5.3 Reliability Analysis of Frame Structure 

(Example 5.3, Plastic failure of structure system) 

Basic random Initial Final 
Variables Checking Point Checking Point 

MOl (k - in) 2,400.0 2,400.058 

M02 (k - in) 2,000.0 2,000.507 

NOl (kips) 708.0 707.965 

N02 (kips) 472.0 471.762 

PI (kips) 25.0 25.193 

P2 (kips) 50.0 55.086 

P3 (kips) 50.0 52.246 

P4 (kips) 25.0 44.772 

Ps (kips) 12.5 14.6026 

Reliability Index: 4.111 

Monte Carlo simulation 

with 10,000 samples: 3.976 
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Sensitivity 
Index 

0.00006 

0.0006 

-0.00012 

-0.00123 

0.0126 

0.1650 

0.0729 

0.9620 

0.2046 
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Figure 5.9 The formation of plastic hinges 
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CHAPTER 6 

SUMMARY AND CONCLUSIONS 

6.1 Summary 

There are various sources of uncertainty in structural analysis and design. 

In order to make proper assessment of structural safety, these uncertainties should 

be taken into account. Due to. the lack of a general formulation for constructing 

stochastic mathematical models that adequately represent structures and external 

loads, it is difficult to apply probabilistic methods to the analysis and design of 

complicated structures. The finite element method is undoubtedly the most pow

erful tool for the analysis of complicated structures; however, the traditional finite 

element methods are limited to dealing with deterministic problems. A stochastic 

finite element method is proposed in this study to analyze and design structures 

in a probabilistic framework. 

An efficient stochastic finite element algorithm for reliability analysis of 

frame and truss structures with geometrical nonlinearity is first developed in this 

study. The advanced first order second moment method is used in the reliability 

analysis, and the assumed stress field deterministic finite element method is used 

in computing the structural response and response gradients. The deterministic 

assumed stress field FEM used in this study has several advantages over the com

monly used assumed displacement method for the nonlinear structural analysis. 

Using this method, fewer elements are needed to model large deformation, and no 
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numerical integration schemes are needed to obtain the stiffness matrix. These 

features make the proposed method extremely efficient in dealing with nonlin

ear structural problems, especially in the reliability analysis involving geometrical 

and material nonlinearities. Two types of practically important limit states, i.e., 

strength and serviceability, are considered and numerical examples are given to 

illustrate the application of the proposed method. Monte Carlo simulation is used 

to verify the results of the SFEM-based reliability analysis. 

The problem of reliability analysis of frame structures with both geometri

cal and material nonlinearities has also been considered in detail. The influence of 

flexible connections in a frame structure is considered as a kind of material nonlin

earity. The mechanical properties of the flexible connections can be deterministic 

or random. In order to model the random properties of a flexible connection, a 

random index parameter is introduced as a basic random variable. The random 

index parameter is connected to a group of random M - 8 curves by certain proba

bility levels. The AFOSM optimum searching procedure is performed to locate the 

design point. The random index parameter represents a realization of the random 

Af - 8 curve at the design point. 

An efficient method is also proposed for the reliability analysis of elasto

plastic frame structures using the stochastic finite element method. The material 

nonlinearity is included in the formulation in the form of plastic hinges. The ma

terial is assumed to behave elastic-perfectly-plastic in the plastic hinges, and the 

concentrated plasticity model is used in this study. The limit state function in the 

reliability analysis is expressed in terms of the limit load of plastic collapse instead 
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of failure mechanisms involving internal forces or displacement and threshold val

ues. In the multiple load case, the virtual work principle is used to describe the 

limit state function. There is no need to specify individual failure modes a priori, 

and it is easy to describe the limit state function when the proposed method is 

used. These characters make the proposed method more efficient than the other 

available methods in the reliability analysis of redundant or plastic structures. 

6.2 CONCLUDING REMARKS 

On the basis of the results of the present study, the following conclusions 

can be made: 

1. The advantage of the stochastic finite element method over other methods 

of probabilistic structural analysis is that it can do the probabilistic analysis for 

any type of complicated structures which do not have a closed-form solution. The 

stochastic finite element method is able to compute the probability of failure of a 

structure corresponding to a particular performance criterion as well as to compute 

the statistics of the structural response. The stochastic finite element method 

provides both design and research engineers with a powerful modeling tool that 

has the potential of allowing a closer representation of reality. 

2. Since the solution procedure of the stochastic finite element method in 

the reliability analysis of nonlinear structures is basically an iteration process, the 

efficiency of the computation of the deterministic response greatly influences the 

efficiency of the total procedure. The nonlinear finite element algorithm using the 

assumed stress approach is found to be conceptually simple and computationally 

efficient. Vvhen this method is employed, the stochastic finite element method 
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becomes very robust, efficient and economical in solving complicated nonlinear 

problems. 

3. The influence of geometrical nonlinearity on the structural reliability 

depends on the structural properties and the external loadings. For an ordinary 

frame structure under moderate loadings, the influence of geometrical nonlinearity 

is small. This influence increases with an increase of external loading. However, for 

other structures, such as the stability-related Williams toggles and the truss struc

ture considered in this study, the influence of geometrical nonlinearity is significant 

even when the external loadings are not too large. 

4. The influence of flexible connections on the structural reliability depends 

on the limit state function used. Since flexible connections always make the struc

ture softer, the structure will become more unsafe when the serviceability limit 

state function is used. When the strength limit state function is used, the influ

ence of flexible connections on the structural reliability depends on the position 

where the internal force is acting. ~Then the uncertainty in the flexible connections 

is considered, the structural reliability depends on the statistical parameters of the 

flexible connections. 

5. The plastic limit load is an important parameter in evaluating the plastic 

failure of a redundant elasto-plastic large deformed frame structure. Since both lo

cal and global failure of the structure can be indicated by the plastic limit load, this 

load has engineering significance. Furthermore, since the complicated mechanisms 

or stable configuration-based analysis is avoided, the reliability analysis method 

based on the plastic limit load appears to be a simple and robust method for the 

reliability analysis of elasto-plastic large deformed frame structures. 
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6. The sensitivity of random variables to the structural reliability changes 

from case to case. This depends on the structural configuration, the limit state 

function and the form of other random variables. In general, the external loads 

have higher sensitivity to the structural reliability. To improve the computational 

efficiency, some random variables with low sensitivity can be treated as determin

istic variables. 

6.3 SUGGESTIONS FOR FURTHER STUDIES 

Based on the results of the present study, the following topics need to be 

addressed in future studies. 

1. The stochastic finite element method developed in this study is generally 

used for the reliability analysis of plane frame and truss structures. This method 

can be extensively modified to study the reliability problems of space frame and 

truss structures by properly incorporating the biaxial bending moments and torsion 

in to the limit sta.te function. 

2. In this study, the stochastic finite element method has been applied to 

geometrically and materially nonlinear structures under static loadings. In many 

problems, the reliability estimation of structures under dynamic or earthquake 

loading is required, and developing an efficient method for the reliability analysis 

of inelastic structures under dynamic loading is a necessity. 

3. For deep beams, such as plate girders with deep web and stiffeners, the 

effects of transverse shear deformation, transverse rotation inertia and transverse 

pressure deformation increase with an increase in the depth-span ratio, and in many 

cases can not be neglected. The ordinary beam theory based on the Kirchhoff 
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assumptions can not correctly describe this behavior, and the Timoshenko deep 

beam theory should be used in this type of problem. The stochastic analysis of 

sllch problems in the context of the stochastic finite element method needs to be 

investigated. 
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