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Abstract 

This work deals with finding efficient algorithms for center location and related 

problems. or alternatively demonstrating that a problem is NP-complete. The p-center 

problem is: given a set of n demand points, find an optimum location for p facilities so 

that the maximum weighted distance from each point to the serving facility is 

minimized. The following problems are discussed: 

Center location on cactus e'raphs - The p-center problem is NP-hard for case of a general 

graph. yet polynomial algorithms exist for trees. We consider "cactus graphs" where 

each edge is contained in at most one cycle and solve the p-center problem using a 

decomposition algOrithm. We partition the graph into a set of subgraphs which are 

then solved sequentially. The algorithm runs in polynomial time since the number of 

subgraphs is polynomial in the size of the graph and the problem on each subgraph can 

be solved in polynomial time. 

Locating capacity limited centers on trees - We find polynOmial algorithms for trees 

when each center can serve a limited number of customers and the capacities are 

identical. If centers' capacities are unequal we show that the capacitated p-center 

problem is NP-complete in a strong sense. 

Center location on spheres - For the unweighted center location problem on spheres we 

give an O(n) algOrithm to solve the I-center problem if the vertices are on one half of the 

sphere. and an O(n) algorithm to check whether this condition holds. Both algorithms 

are based on presenting the problems as 3-dimensional convex programming problems 

with linear constraints. Also, we give an 0(n3 log n) time algorithm for the 2-center 

prublem on the whole sphere and a reduction to show that the general p-center problem 

on a sphere is NP-hard. 

Locating hyperplanes on hypercubes - In linear regression we are interested in locating 

a (d-l) dimensional hyperplane that will be "close" to existing vertices in the d-
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dimensional hypercube. We solve fitting problems with the least absolute value 

("minisum") criterion in linear time when d is fixed. 
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1. Introduction and SUIIlIIlBIY 

1.1 General Problem 

The primary goal of research In location theory is to create methods for determining 

facility locations that optimize some objective function measure. In this thesis, we 

expand upon the current knowledge In location theory by presenting efficIent methods 

for optimally locating facilities on networks, spheres, and hypercubes. We motivate 

each of these environments in the discussIon that follows. 

Consider a transportation system that selVes an area. Examples include a street 

network, a railroad system, or an airline system. One can generally model such 

systems by a graph G(V, E) where the vertex set V represents both the location of the 

population (customers of the system) and the junctions of the system, and the edge set E 

represents the dIrect links between customers and junctions, and between two 

junctions. We refer to these graphs by the generlc term "networks". That Is, "network 

location problems" consIder determining optimal locations on systems that can be 

represented by graphs. 

In certain Instances, such as locating facilIties around the globe, planar distances 

derived from graphIcal embeddIngs are not accurate measures of actual travel 

distances. Here we must use sphererlcal distances and hence locating facilites on a 

sphere requires a different methodology than locating facilities on a network. Also, we 

can generalize to more than three dimensions and conSider methods for locating 

facilities in general spaces. The term "general location problem" considers 

determining optimal locations for systems that can be embedded In a general topology. 

In network location, facilities are generally located on the vertices and edges of the 

associated graph. When facility locations are constrained to vertices, then we call the 

associated location problem a "vertex location problem", otherwise, we use the term 
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"absolute location problem". When locating on more general topologies such as spheres 

or hypercubes. then the facUity locations can be anywhere in the particular space. 

Assume that we have a finite set of n customers located on a set of vertices denoted by 

{ vI' v2 ..... V n}' Note that even if the problem Is of a general nature, we can still consider 

the set of customers as a finite set of pOints in the general space. Also. let SP denote a set 

of p supply pOints {s l' S2' .... sJ (facUity locations). For each (s. v) pair denote dIs. v) as 

the length of the shortest path between supply point s and customer vertex v. Finally. 

we associate an importance weight w(v) with each customer vertex v. 

As stated before. the goal in location theory is to find a set of locations that minimizes 

an objective which is generally a function of the distances between the customers and 

the locations. and the importance weights of the customer vertIces. '!\vo related 

objective functions are commonly used for determining optimal locations: the 

minimax criterion. and the minisum criterion. In thIs thesIs we mainly consider the 

minimax criterion and consIder the minisum criterion only for location problems on 

hypercubes. 

To define the minimax criterion we define the domination radius r (SP. V) of the facility 

locations relative to the customer vertices to be: 

r(SP. V) = max {min w(v)· dIs. v)} 
.. v OlSP 

For each vertex. we find the weIghted distance to the closest supply pOInt. The 

domination radius is the largest minimum weighted distance over the enUre set of 

vertIces. Now. the minimax problem is to find the locations of supply poInts to 

minimize the domination radius, or: 

minr (SP.V) 
SP 
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we use the term "p-center" problem to denote a location problem which uses the 

minimax criterion and has I SP I = p. We formally define the minisum criterion later in 

the thesis when it is defined relative to a specific location problem. 

This thesis continues some past work of the author, published in (JKJ. In that paper we 

presented solution algorithms for the weighted p-center problem on trees, which were 

an improvement over previous results for relatively small p. 
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1.2 Problems Presentation and Main Results 

This work deals with finding polynomial time algorithms for center location and 

related problem~. or alternatively demonstrating that a problem is NP-hard (reference 

Gary and Johnson [GJ] for discussion on NP-hard problems). We discuss locations on 

networks (Chapters 2. 3). spheres (Chapter 4) and hypercubes (Chapter 5). For the 

convenience of the reader. a literature review for each problem is given in the 

introductory section of each chapter. 

We start with location on networks. It is well lmown [KH. GJ) that for a general graph 

the p-center problem is NP-hard. yet on a tree graph it can be solved in polynomial 

time. In Chapter 2 we give a more general class of graphs where the p-center problem 

can be soved in polynomial time. These graphs contain only simple cycles (rings) and 

have been named "cactus graphs". 

Locating facilities in a way that minimizes the domination radius may yield a solution 

where few facilities serve most of the poplulation. while others serve few customers. In 

Chapter 3 we discuss a model of locating capacity constrained centers. The model 

assumes that each customer "belongs" to a single center. and that cusomers in one 

vertex may be split among several centers. For a general graph the capacitated center 

problem is NP-hard. For a tree network the following result are shown: 

- There exists a polynomial time algorithm to solve the capacitated center problem if 

all the centers have equal capacities. 

- If centers have different capacities then the capacitated center problem is NP-hard. 

Moreover. no polynomial time approximation method that provides finite worst case 

performance can be developed unless P = NP. 

In Chapter 4 we discuss center location on a sphere. It has been shown that if all the 

customers are on one half of the sphere. then the I-center problem is pseudo-convex. We 
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develop an algorithm that finds the unweighted I-center for this case in O(n) time. We 

also present a linear time algorithm to check whether all the vertices are on one half of 

the sphere. These results are aplied to solve the unweighted 2-center problem on the 

whole sphere in O(n3}ogn) time. The unweighed p-center problem on the sphere is 

shown to be NP-hard. Solving the weighted I-center problem requires using numerical 

methods, and we have no clear answer whether a solution can be found in polynomial 

time. 

The models in Chapter 2 through Chapter 4 consider locating point facilities. In linear 

regression models we are interested in locating a (d-l) dimensional hyperplane in the 

d-dimensional hypercube (Xl' ... , Xd.l' y). The distance between a given vertex and the 

hyperplane is defined as the difference in the y coordinates between the vertex and the 

point on the hyperplane which has the same values of Xl' •.. "d.l' The minimization 

criterion which is most frequently used is the least squares criterion. However least 

squares results are very sensitive to outliers, when considering those outliers as valid 

da'ta pOints. In Chapter 5 we discuss minimization according to the least absolute value 

criterion. Linear time algorithms are provided when the dimension d is fixed. 
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2. Center Location on Cactus Graphs 

2.1 Introduction 

Let G(V,E) be an undirected graph with n vertices. We associate a nonnegative length le 

with each edge e E E and a nonnegative weight w(v) for each vertex v E V. We define 

d(s, v), for any pair of vertices s and v, to be the length of the shortest path between sand 

v. 

Let SP represent the set of supply pOints and we assume that every vertex v E V is a 

demand point. The dOmination radius with respect to the demand set V and supply set 

SPis 

r(SP,V) = max (min w(v)*d(s,v) }. 
veV S£5P 

Throughout the remainder of this chapter, we use r for r(SP, V). The value min{w(v), d(s. v)) 
oeSP 

is called the weIghted distance of vertex v from the set of supply pOints SP. The 

weighted distance represents the cost required to serve v from the the closest server in 

SP. The cost is proportional to the size of the population, w(v), and the shortest distance 

between v and SP. 

The weighted p center problem is to find an optimal location for the p supply pOints 

(centers) in SP so that r is minimized. We distinguish two cases of the p-center problem: 

the vertex p-center (VC), where the centers must lie on vertices, and the absolute p-center 

(AC), where the centers can lie anywhere on the graph. 

The "inverse" of the p-center problem Is the problem of finding a minimum cardinality 

dominating set (either absolute or vertex constrained). Given a specific domination 

radius, r, a set of locations SP is defined to be a dominating set of radius r if each vertex 

VEV has at least one element seSP with w(v)+d(s, v) ~r. We denote the problem offinding 
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a minimum cardinality dominating set as the covering problem. Recent methods to 

solve the p-center problem have been based on repeatedly solving the covering problem 

for different values of r and then finding the minimum r value for which the 

dominating set has cardinality p or less. This process is efficient when the possible r 

values can be effectively enumerated and the particular covering problem can be 

efficiently solved. Kariv and Hakimi [KH) have shown that for a general graph, the 

covering problem is NP-Hard, yet for a tree, they present an algorithm that runs in O(n) 

time. This result is used to find a p-center on a tree by computing all possIble 

domination radii values and then finding the optimal radius value using binary search. 

First, the distances between all pairs of vertices are computed and sorted in O(n210gn) 

time. Next, they evaluate at most O(logn) dOmination radii with each covering problem 

requiring O(n) time. Therefore, the total complexity is O(n2 10gn + n logn) = O(n2 10gn). 

Recent papers such as [CT), [MTZC), [FJ), [MT), and [JK) present algorithms with lower 

worst case running time but use the same structure of repeatedly solving covering 

problems to solve the p-center problem. 

Another approach to solving the p-center problem is to use integer programming 

approaches. Tamir (T), and Kolen and Tamir [KT) show that the minimum cardInality 

dominating set on a tree can be found by solving the linear programming relaxation of 

the integer programming fonnulation (and hence can be done in polynomial time). The 

methods are based on applying special properties of the "covering matrices" of trees and 

we will discuss this approach further, and compare It with our approach, in Appendix 

2.5. 

In thIs chapter we conSider the directions proposed in Tansel, Francis, and Lowe [TFL); 

finding specIal structures that are more general than trees, that can be exploited to 

solve the network location problems. We determine how to use the analysis on trees to 

facilitate the analysIs of cyclic graph location problems. We give a more general class of 

graphs for whIch Its covering problem can be solved in polynomial time. We then use 

the covering algorithm with the binary search method (without sorting the list of 

possIble domination radii values) to· solve the p-center problem. SpecifIcally, we show 
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that the covering problem can be efficiently solved using decomposition on graphs 

where each edge is contained in at most one cycle. This class of graphs has been named 

"cactus graphs" for obvious reasons. See Figure 2.1 for e."'Ca1l1ples of allowed and 

forbidden graphs. 

In this chapter, we use a decomposition approach which is similar to that used for 

solving the I-center problem (Chen, Francis, and Lowe (CFLJ) , the absolute center 

problem (Kincaid and Lowe [KLJ), and the minimum length covering subgraph problem 

(Kim, Lowe, Ward, and Francis [KLWF)) on cactus graphs. Also, Gurevich, Stockmeyer, 

and Vishkin [GSVj present a decomposition algorithm for the unweighted covering 

problem on cactus graphs. We note that their algorithm is more efficient than ours 

(n log n versus n2), however they require each vertex to have an identical weight. 

The remainder of this chapter is organized into 3 sections and 2 appendices. In Section 

2.2, we present an O(n2) algorithm to solve the covering problem on a cactus graph. We 

first solve a covering problem on a cactus graph with a single cycle, and then use 

decomposition to solve the larger problem by solving a sequence of problems, each with 

a single cycle. In Section 2.3, we use the algorithm to find the optimal p-center (either 

vertex or absolute) by performing binary search over the possible values for the 

domination radius. We conclude in Section 2.4 with directions for further study. In the 

appendices to this chapter we consider the integer programming approach (lIT) and 

show that it can not be efficiently applied for cactus graphs, and state the covering 

algorithm of Kariv and Hakimi. 
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Allowable Forbidden 

Fig. 2.1 Allowable and Forbidden Graphs 
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2.2 Covering Algorithms 

2.2.1 cactus Graphs with a Single Ring 

Consider a cactus graph with only one cycle and a given dOmination radius r. For any 

graph, there exists a spanning tree such that the solution of the covering problem on the 

tree is identical to that on the graph. When a graph has only one cycle, all spanning 

trees can be generated by individually deleting each edge from the cycle. Therefore, we 

can solve the covering problem on each spanning tree and select the solution that yields 

the minimum cardinality dOmination set. 

Denote k as the number of vertices in the cycle and hence is equal to the number of 

spanning trees to evaluate. For each spanning tree, we apply the O(n) covering 

algOrithm for trees found in [KH) (thIs algorithm will be denoted by "KH"). Therefore, 

the covering problem on cactus graphs with a single cycle can be solved in O(n k) time, 

which is bounded by O(n2). In the final subsection of Section 2.2 we will present a 

procedure that is generally more efficient than the procedure presented here, however 

the worst case complexity remains unchanged. 

2.2.2 cactus Graphs with Multiple Cycles 

Let C = (CI' c2' ... cd denote the set of cycles in the graph. Throughout the algorithm, we 

use a mapping of the original graph to a tree T, where each cycle ci E C is represented by a 

single vertex denoted by C'I' The edges of T consist of the edges that connect the cycles to 

the the vertices, and the original tree edges, in G. If two cycles ci and ~ have a common 

vertex, then we insert an edge between c'L and c'm and set d(cl' cm) = O. If three or more 

cycles intersect at a common vertex, then we add an additional vertex and create a "star" 

connecting the added vertex with the c· vertices of the intersecting cycles. Again the 

distances on the added edges are zero (see Figure 2.2 for an example of how G is 

transformed into T and note that the zero distance edges are denoted by bold lines, cycle 

vertices are denoted by their labels. and additional vertices are denoted by "0"). We 
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choose an arbitrary vertex to be the root of T and the leaves of T are any vertices with 

degree 1. The algorithm starts from the leaves of T and works towards the root. 



Graph G 

.1--'-

o Distance Edge 

Standard Edge 

® Dummy Vertex 

Fig. 2.2: G to T Conversion 
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TreeT 
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Once the root of of a tree is fixed, we can define the set of predecessor vertices of vertex VJ' 

to be all vertices s where the path from s to the root goes through vJ' Also, for any tree, 

the successor of vertex vJ' is defined to be the next vertex in the path from vJ to the root. 

Throughout the algorithm, we use partial copies, G' and 1", of G and T respectively. 

Initially, G' = G and T' = T, When the algorithm executes iteration 1, we find a cycle 

vertex c'l in 1" which has no element of C in its predecessor set (on T'), This vertex 

corresponds to a cycle in G' and C'I is a "leaf cycle" in T', There may, however, be other 

sections ofT', that are connected to the root through c'l' We define G'lto be the subgraph 

of G' which includes C'I and its predecessor set from 1", and define v I to be the vertex in c I 

which is adjacent to the successor of c'l in 1", Note that the graph G'I contains only a 

single cycle and is connected to the remainder of G' through a single edge, . 

The algorithm locates the centers that must be located in G'I in an optimal fashion and 

assigns a parameter R(v~ to vI' which is the only data from G'lthat is used to locate the 

remainder of the centers in G', The interpretation of R(v~ is identical to that in KH and 

will be presented later, After solving the covering problem on GI, we remove all of G I -

{v I} from G'to obtain a new G' graph, In each iteration, we reduce the number of cycles in 

G' by one, When G' is reduced to a graph with one cycle, we can use the algorithm of the 

previous section to complete the location process. 

To fully deSCribe the algorithm, we must discuss the processes of finding a cycle vertex 

in T' which has no predecessor cycle vertices, solving the covering problem on G If 

evaluating R(vI)' and implementing the solutions for each Glin a sequential fashion, 

Each of these are conSidered in the remainder of this section and are followed by a 

general statement of the algorithm for graphs with multiple cycles, An example will be 

shown after a formal presentation of the algorithm, 

, , , , 
2.2.2.1 Finding C rin T and G lin G 
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To find a cycle vertex c'l in T, we start with the leaves of T' and traverse towards the 

root. At each step, we check a leaf and remove it from T' until we find a vertex 

representing a cycle. Upon finding a cycle vertex, we terminate and derive the subgraph 

G'l by traversing through the cycle represented by C'l and all of its predecessors, We find 

the connecting vertex v I for the cycle by finding the unique successor vertex in the path 

connecting the cycle vertex to the root of T and finding which vertex in c'lis connected 

to the successor vertex. The process of constructing G'l and selecting VI can be performed 

in O(n) time. 

2.2.2.2 Solving the Covering Problem on G'l' 

Assume we are given G'land the radius value r. Also, assume that Plcenters are required 

to cover all of G'l (note that PIts presently unlmown), Since G'liS a graph with a Single 

cycle connected to the remainder of G' by only a single edge, and the center capacities are 

unlimited, two possibilities can occur: 

1. All of the PI centers which cover G'lmust be located within G'l- {vI} or, 

2. Pl- 1 centers must be located within G'l - {vI} and one center may be 

located at or beyond VI' 

Let XL denote both the center, and its location, nearest to v I (depending on the context of 

its use). When case I occurs, a sufficient condition for the optimality of the locations 

with respect to the remainder of G - is to locate Xl as close as possible to VI' This ensures 

that VI and the maximum number of vertices outside of G'l are covered by Xl' When case 2 

occurs, the sufficient condition is to have the possibility to locate Xl as far as possible 

from VI to again cover v I- its uncovered predecessors in G'l' and the maximum number of 

vertices outside of G'l' 

We define the parameter R(v~ as the measure of distance from VIto Xl' In case I, 



while in case 2 

- R{v t) = the maximum distance from Vt where we can locate Xt and cover vt and all its 

uncovered predecessors. 
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This definition for R{v t) is identical to that in KH where it is used to summarize all past 

center location decisions and quantify how the previous decisions impact future 

decisions. We use R{v t) in an identical manner; the impact of the center locations in G't 

on the remainder of the graph is summarized by the value of R{Vt). When R{Vt) ~ 0, the 

center which covers vt may be located outside of G't - {vJ and R(v~ represents the 

maximum distance that the center can be from v t so that it covers v t and all of its 

uncovered predecessors in G't. When R{v~ > 0 the centers which cover G'tmust be located 

in G't and also cover all vertices "J where r /w(vj ) - d(v t vj ) ~ R{Vt). Note that in both cases, 

it is best to minimize the value of R{Vt) and we will implement KH in a manner which 

achieves this goal. 

Since G't contains only a single cycle, we can use the algorithm developed in the 

previous section to solve its covering problem. For each spanning tree of G'twe apply KH 

in a manner that minimizes R(vt) (to be discussed in Section 2.2.2.3), and uses the 

information of previous decisions to place the minimum number of centers. We choose 

the spanning tree solution which minimizes the number of centers required to cover G'I' 

If two or more spanning trees require the same number of centers, we select the tree 

which yields the minimum R{vt) value. 

2.2.2.3 FInding the Appropriate Value ofR(v~ 

Initially. R(vt) represents the maximum distance a center can be away from and still 

cover Vt. After solving the covering problem on each G'I' we do not re-lnitialize the R 

values since these values provide the information necessary to optimally solve the next 
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subgraph. When applying KH to each spanning tree for a particular G'lhowever, we re-

initialize the R values to those in place when the first spanning tree generated from G'l 

was evaluated, 

On each spanning tree, KH must be implemented so as to minimize the value of R(v,) 

returned. This is done by choosing v l to be the root of the spanning tree so that it is 

pruned last. We also adjust KH to ensure that just before any vertex vr is pruned, R(v r) is 

at its minimum value and v r and its predecessors are covered by the minimum number 

of centers. Therefore, just before v r is pruned, R(vr) is as small as possible. We note that 

the choice of vertices to prune in KH, as the algOrithm is stated in its original form, is 

not arbitrary. KH always prunes leaves with nonnegative R values before vertices with 

negative R values so as to ensure evaluating the maximum covering range of the 

previously placed centers. We show how to implement KH so that vlis the final vertex 

pruned and hence we can prune vertices with either positive or negative R values. This 

does not add to the complexity of KH since there are at least two leaf vertices in the tree. 

We must conSider the issues in updating R when we prune a leaf with a negative R value 

and other leaves with positive R values exist. 

Let vr be the current leaf we are pruning from the spanning tree rooted at vl' and let v 5 be 

the successor of v r. We delete v r and update R(va) by comparing its current value with a 

new candidate value. We detennine the candidate value using the following two cases: 

1. If vr and all of its predecessors are already covered (R(vrl ~ 0), or if a 

center that covers vr and its predecessors ''must'' be located on the edge 

(vr, va) (-R(vr) S d(vr, va)) then check tithe covering center also covers va' If 

so, the candidate value is d(x, va) where x is the location of the covering 

center - either R(vr) + d(vr, va) when vr is covered or d(x, va) when the center 

must be on (vr, va)' Ifnot, then R(va) is unchanged from its current value 

(the center which covers vr has no influence on va') 

2, If vr is not covered (R(vrl < 0) and no center must be located on the edge 
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(vr, v s)' the candidate value determines the maximum distance from 

v s where we can locate a center that also covers vr and its uncovered 

predecessors. Here we set the candidate to R(vr) + d(vr, vs)' Note that the 

candidate value in this case must still be negative (otherwise there must 

be a center on (vr • vs). 

Now we must compare the current value of R(vs) (denoted Rl) with the candidate value 

(denoted R2). Three cases occur: 

1. If Rl ~ 0 and R2 ~ 0, then choose R(vs) = min (Rl ,R2) (the center that affects 

R(vs) must be the closest to vs). 

2. Rl ~ 0 and R2 ~ 0, then choose R(vs) = max (Rl ,R2) (the freedom to locate 

the next center must cover all of the uncovered predecessors ofvs' hence 

we take the R value closest to 0). 

3. RI > 0 and R2 < 0, then choose R(vs) depending the relative magnitudes of 

the R values. 

a. If / R 1 / ~ / R2/ then the distance to the center currently covering v s 

is closer than the maximum distance allowable to cover vr and all 

uncovered predecessors. Therefore, the center covering Vs also 

covers vr and its uncovered predecessors. Here we set R(vs ) = RI (no 

change in R(v s))' 

b. If / RI / > / R2/ then the center covering Vs does not cover v r and its 

uncovered predecessors. Therefore, we must locate a center closer 

to Vs than the center currently covering Vs so that vr and its 

uncovered predecessors are also covered. Here we set R(vs ) = R2 

(change R(vs) to adjust for new coverage requirement). 
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There is a parallel case to case 3, however the definitions of Rl and R2 are 

interchangeable, hence the extra case is similar to the third case and we always set R(v s) 

equal to the candidate value with the smallest absolute value. If 1 R 1 1 = 1 R 21 , we set R(v 5) 

to the positive candidate value since Vs is covered. 

We can implement KH using the above updating rules and prune leaves with either 

positive or negative R values. Since the tree always has at least two leaves, we can prune 

the tree so that VI is the final vertex pruned. Therefore, we ensure that R(vl) is as small as 

possible just before KH terminates and we locate the minimum number of centers in 0'1" 

If R(vI) > 0 just before VI is pruned, KH terminates without locating a center at VI' Here, all 

PI centers placed by KH must be located in G'I- (vJ. By construction, R(vI) is the distance 

from v I to the closest center and this center is as close a possible to VI' If R(v ~ ::; 0 just 

before v I is pruned, KH locates a center at VI (or has located a center at v I when R(v I) = 0). 

Here, all but one of the PI centers must be located in G'I - {VI}' We do not fix the last center 

since there is freedom to locate the center outside of G'I' We store R(vI) just before 

termination, and this value is used to find the location of the center covering v I and its 

uncovered predecessors when VI becomes a vertex in another subgraph of G' with one 

cycle. Note that when R(v~ = 0, we do not locate the last center since vlmay be incident to 

a zero distance edge. In this case, we want to locate the center off of v I to ensure that the 

iterative process that uses KH does not add an extra center on two vertices connected by 

a zero distance edge. 

2.2.2.4 Linking the Solutions for each G'I 

The objective of the covering problem is to determine the minimum number of centers 

required to cover 0, Therefore, tfwe start at the leaves of 0, cover each subgraph G'lwith 

the minimum number of centers, and then determine whether case I or case 2 holds and 

set R(v I) accordingly, we have solved the covering problem on G. The optimality of this 

procedure is immedIately apparent. We always choose the minimum number of centers 

required to cover G'I and set the center that is closest to VI in an optimal manner relative 

to the rest of the graph, There is no benefit to adding centers in a particular G'I to save 
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centers in a later subgraph. The centers are uncapacitated and there 15 only one way out 

of G'I and that 15 through vL' The placing of the center closest to v I ensures the optimality 

of the overall procedure. Essentially, we have decomposed the problem into a set of 

subproblems that can be solved in a particular order and communicate their 

requirements for solution through a single parameter. 

For each G'L' we have KI different solutions where KL 15 the number of edges in CI' Each 

solution corresponds to a different spanning tree of G'I' We cover G'I with the minimum 

number of centers possible (as computed by KH). We break ties between spanning trees 

which require the same number of centers by choosing the solution which yields the 

minimum value of R{v I)' Therefore, if spanning tree k yields a cover of size Pk and R(v I) 

value of ~(vI)' then we choose the solution to G'Las the spanning tree which generates 

the lexicographic minimum, (p' ,R'(v~), of the vector (Pk,~(vL))' We use the lexicographic 

minimum since any solution which minimizes Pk dominates any other solution 

regardless of the value of ~(vI)' It doesn't pay to add an extra center in G'I as long as the 

center closest to VIis placed optimally with respect to the remainder of G'I' 

When implementing the solution, we place either p' or p' - 1 centers, depending on the 

particular case - R{vI»O or R{v~<O, In either case, we delete all of G'lfrom G', except for VI' 

R(v l) contains all the information necessary to link the solution to G'I with that of 

additional subgraphs, 

2.2.2.5 Algorithm 2.1: COVER (G. r) 

[The algorithm takes a graph G with cycles connected by trees and returns the minimum 

number of centers (either vertex or absolute) required to cover G using the weighted 

covering radius r] 

Step 0: (Initialize] Set G' = G, p = 0, and l=O. Let T'be the tree where each cycle Cs in G 15 

represented by a single vertex c's. If two cycles, Cs and ct ' share a vertex, then T 

contains a zero length edge between vertices c's. and C'L' If three or more cycles 

share a common vertex, then create an additional vertex in T and connect each 



30 
of the intersecting cycle's c'vertices to the additional vertex using a zero length 

edge. Choose an arbitrary vertex to be the root ofT and for each vertex, 'J of G', 

set R{VJ) = r / w(vj) 

Step 1: [Choose a leaf vertex of 1"'] If 1"'= W, then go to Step 6. Otherwise choose a leaf 

vertex, v dinT'. 

Step 2: [Delete a vertex from T' and find cycle vertices] Delete vertex vd from T'. Ifvd is 

a vertex representing a cycle, then go to Step 3, otherwise go to Step 1. 

Step 3: [Define G'Land va Setl = l+ 1. Find the cycle cLin G'represented byvd' LetG'L 

be the subgraph constructed from G' by taking the vertices in the cycle as well as 

all of their predecessors. Define v L to be the vertex in c l which is incident to the 

unique successor of v dinT'. 

Step 4: [Test each spanning tree of G'L) For each spanning tree of G'L' apply algorithm 

KH, ensuring that R{vL) is minimized (re-initializing the R values to the 

particular values encountered when the first spanning tree for G'Lwas 

eValuated). From KH, we obtain Pk' the minimum number of centers required to 

cover the k'th spanning tree, and a value for l\(vJ. We denote the solution pair 

for the k'th spanning tree by the vector (Pk ,1\(vL)). 

Step 5: [Select the spanning tree to implement] Let (Pk"~·(vL)) denote the lexicographic 

minimum of the vector (Pk~(vJ). Ifl\·(v~ > 0, then locate all Pk centers on G, 

and set p = p + p •. IfR·(v~:::; 0, then locate the first p. -1 centers found by KH on G, 

andsetp=p+p· -1. Ineithercase,setG'=G'-(G'L- (vL}), andR(v~=R·(vL)' Goto 

Step 1. 

Step 6: [Terminate) If G' =w, stop, the optimal p value and the set of locations has been 

found. Otherwise, (G' contains no cycles) apply algorithm KH to G' using the 

current R values, to find the minimum number of centers, p. , to cover the 
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remain1ngvertices. Set p = p + p' and stop with the optimal solution. 

Using a small example, we now illuctrate how we test all the spanning trees in Step 4 to 

find the one that yields the lexicographic minimum of (Pl' R(vl))' In the example Gi (Fig. 

2.3) is an unweighted graph and r=3. (the numbers in Fig. 2. denote arcs lengths and 

initially R(vj ) = 3 for allj}. 

we now apply KH to solve the covering problem on each spanning tree. Fig. 2.4 

illustrates where KH locates the centers on each spanning tree (centers' locations are 

the empty circles). Two spanning trees yield the lexicographic minimum of (Pl ,R(vl)) 

which is (5, 1). 

"'-------
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7 

Fig. 2.3: The example graph G'l 



P = 6 
R(v,) =-3 

Fig. 2.4 a 

Fig. 2.4 c 

Fig. 2.4 b 

Fig. 2.4 d 

Fig. 2.4: Testing the spanning trees 
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The proof of correctness of the algorithm has been discussed above. At each iteration, 

we find the minimum number of centers required to cover G'I and all of its predecessors 

in G' (and hence G). the covered vertices and the information required to optimally 

place the next set of centers relative to those placed. 

Step 4 is the dominating step in terms of computation time. We apply KH ( a linear time 

algorithm) for each spanning tree for each subgraph G·I• Assume G'I contains n l vertices 

and its cycle contains KI vertices. Then the algorithm has worst case complexity 

O(±KI • nl)' which is bounded above by n2, However. when the graph has many small 
I-I 

cycles, the decomposition of G into smaller subgraphs has a worst case perfonnance 

which is considerably smaller than O(n2) since KI « n 

The algorithm can be processed more effiCiently by using additional decomposition. 

For example, we can further decompose each G'I subgraph into the cycle and the trees 

pendant to the vertices of the cycle. Let TJ be the subtree fOlIDed by deleting the two edges 

incident to vJ a vertex on the cycle in G'I' and let ~ be the number of vertices in Tj We can 

then find the optimal cover on each 'Ij taking care to minimize the R(vJ). Finally, we use 

the R values of the vertices on the cycle to solve the covering problem on the cycle, 

ensuring to minimize R(vI)' This approach is more effective than solving the covering 

problem on G'I without additional decomposition. We process the vertices outside of the 

cycle only once each, in the particular 1j evaluation, and then consider KI spanning 

trees that each consist of KI - 1 edges in the cycle. The total complexity of this approach 

(
#trees ) for a single l value is 0 . L t1 + KL ' (KL -1) ,while the complexity of the first approach for 

1= 1 

a single l value is O(KI • nl)' Since nlis generally much larger than both KI and the 

maximum ~ value, the additional decomposition generally reduces the amount of work 

required to find the optimal cover of G'I' However, even with the additional 
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decomposition. the worst case complexity of the algorithm remains the same as that 

presented above. O(n2). 
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2.3 Solving The p-Center Problem 

The p-center problem can be solved efficiently as long as the cardinality of set of 

domination radii is polynomial and the set can be enumerated efficiently. Assume that 

we are given a set of dOmination radii denoted by R = {rl' r2 ..... r t .... }. Then we can solve 

the p-center problem using the following binary search procedure. 

Step 1: Find the median of the setR and denote it by rm' 

Step2: Apply Algorithm 2.1 to find p(rm), the minimum number of center required to . 

cover G wit}1- weighted radius rm' 

Step 3: If p(rm) ~ P. then set r = rm and delete all rl ~ rm from R. OtheIWise. G carmot be 

covered with p centers for this radius or any lower radii, so delete all r l ~ rm from 

R 

Step 4: lfR= <P. then stop and r solves the p-center problem. OtheIWise. return to Step 1. 

Since the median of sequence of values can be found in linear time lAHUl, and the 

cardinality of R is halved at each iteration, the total time required for all instances of 

steps 1 and 3 is O(IRI + IRI /2 + IRI/4 + ... ) = O(R). Step 2 requires the solution of 

Algorithm 2.1 and hence is performed in O(n2) time. In each iteration. we delete half of 

the radii values from R. therefore. we must execute log 2 I R I iterations. Therefore, the 

overall complexity of the binary search algorithm. given the R set, is O(n21og1RI + IRI). 

We next show how to determine R for the VC and AC problems respectively. 

For ve, centers are constrained to vertices. Therefore. the possible values for the 

dOmination radii are w(v)·d(v. s) for each pair ofvertices (v. s). Therefore. I RI = n(n-l)/2 

and hence is O(n2), Therefore. the complexity of the binary search procedure is O(n210gn 

+ n2) = O(n2 10g n). Hence VC can be solved in polynomial time when G is a cactus graph. 
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For AC on a general graph ([Klin, IRI is O(IEln2) and finding all of the elements of R 

(given the distance between all pairs of vertices) requires O(IEln2) time. Therefore, the 

binary search algorithm requires O( I E I n2 + n 2 logn) = O( I E I n2) time. Hence AC can be 

solved in polynomial time when G is a cactus graph. 

We must compute the distances between each pair of vertices to compute both of the 

above instances of R. This requires O(n 3) time and O(n 2) time on general graphs and 

trees respectively. For cactus graphs, we first compute the distance between each pair of 

vertices in each cycle. Each cycle has KL vertices, so this computation requires o(t KI ) 
I-I 

time. Next. we compute the distance between all remaining pairs of vertices by mapping 

the cycles to trees. Given a vertex s, we find the distance from s to any vertex t by 

traversing G. When we find a vertex on a cycle, we branch to the vertices on the cycle 

which are connected to non-cycle vertices and use the previously computed distances. 

Therefore, finding the distance between s and all other vertices requires O(n) time in the 

L 

worst case, and finding the distance between all pairs of vertices requires O(n2 + 2.K(2) 
(.1 

time. Therefore, the overall complexity of computing the distance matrix is O(n2) and is 

less than or equal to the complexities for VC and AC stated above. 

The above arguments provide a proof for the following theorem. 

Theorem 2.1- The p-center problem on cactus graphs can be solved in polynomial time. 

----------.---------------
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2.4 Conclusions And Extensions 

In this chapter, we have presented polynomial algorithms for solving the vertex and 

absolute p-center problems on cactus graphs. The approach used decomposition and 

sequentially solved covering problems on smaller graphs to obtain the optimal cover 

on G. These algorithms extend the results of KarIv and Hakim! [KHl to a larger class of 

graphs. We show in the appendix that the linear programming relaxation approaches 

may fail on this class of graphs, and hence a combinatoric approach may be preferable. 

There are two directions to extend this work; enlarging the class of graphs on which the 

approach is valid. and sharpening the worst case complexity. We have made inroads in 

the first direction and will conclude this section with a short discussion. 

The critical property for applying the algorithm is the Validity of the decompOSition 

approach. Networks that contain only rings connected by trees, can be decomposed into 

components that have a single "exiting" point. This Singleness allows us to make 

decisions starting from the bottom of the graph in a fashion that is optimal relative to 

the as yet unknown remaining decisions. It is clear that any graph that can be 

decomposed into subgraphs with the singleness property is a candidate for our 

approach. If the covering problem on each component can be solved in polynomial 

time, the components can be computed in polynomial time, and the number of 

components grows as a polynomial of the input data of G, then the optimal p-center can 

be computed in polynomial time. 

For example consider a graph consisting of cycles connected by trees, however some of 

the cycles have a single chord connecting 2 vertices in the cycle. This graph can be 

solved using the decomposition approach. The number of spanning trees in each G'I 

subgraph is easily denumerable and is a polynomial function of then number of edges 

in the cycle. Hence the covering problem on G'I is solvable in polynomial time. One can 

extend this notion to cycles with multiple chords, however the number of spanning 

trees grows exponentially with the number of chords. The algorithm becomes 
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polynomial. however. for a fixed number of chords. 
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2.5 Appendix: Integer Programming Approaches 

Tamir [T) and Kolen and Tamir [lIT) use integer programming to solve the covering 

problem on G given the covering radius r. Define the matrix A = (aJ as a (0, 1) matrix 

where ~ = 1if and only if the i'thdemand point can be covered by a center located on the 

j'th supply point. Also, define ".J to equal Iif a center is located at theJ'th supply point, 

o otherwise. The formulation to m1n.1mJze the number of centers is: 

Subject to: Laljx j ;:::: 1 for each i E DM 
jeSP 

Xj E {O, I} 

For a tree graph, [lIT) shows that the linear programming relaxation of the formulation 

can be used to solve for the optimal integer solution. Essentially, the rows and columns 

of A are sorted into a "standard greedy form" and are used with the dual linear program 

to solve for the optimal integer solution. Since the linear program can be solved in 

polynomial time in this case, the algorithm generates a polynomial algorithm for 

finding the optimal cover. 

A (0, 1) matrix is totally balanced if and only if it does not contain a square, non

identical columned submatrix that has exactly two "I's" in each row and each column. 

Kolen and Tamir [lIT) show that any (O, 11 matrix A can be sorted into standard greedy 

form if and only if it is totally balanced. To show that the algorithms presented in [lIT) 

are not applicable to the graphs considered in this paper, we will present a cactus graph 

and show that the A matrix is not totally balanced. 
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Let G be a cycle on 4 vertices where the length of each edge is 1 and the weight on each 

vertex is 1. Assume that SP = DM = V (SP is the supply set. DM is the demand set) and 

consider the covering radius r= 1. Then the A matrix is: 

SP 
OM 

1 
2 
3 
4 

1 

1 
1 
1 
o 

2 

1 
1 
o 
1 

3 

1 
o 
1 
1 

4 

o 
1 
1 
1 

The square submatIix obtained by omitting the first row and the last column has two 

"I's" in each row and each column. and hence is not totally balanced. This example 

demonstrates that even when the graph has only one cycle. the relaxed linear 

programming approach may not be vaUd. 

-- ------- -_ .. _-_._ .. - ------ ---
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2.6 Appendix: Alogritbm KH 

1. ASsign T' ~T. P ~ 0, For each v ofT' assign: R(v) ~ -r/(w(v». 

2. If there exists no leaf vr of the auxiliary tree 1" such that R{vr) ~ O. then go to 5, If the 

auxiliary tree 1" is one vertex vr with R(vJ ~ 0 then Halt. Else. let vr be a leaf ofT such 

that R(Vr) ~ 0 and let e = (vr• va) be the edge incident in 1" to vr. Remove e and vrfrom the 

auxiliary tree T. 

4. If 0 s; R(vs) S; R(vr) + Ie then return to 2. If 0 < R(vr) + Ie < R(vs ) then assign: R(vs) ~ R(vr ) 

+ Ie and return to 2, If 0 S; R(vs) < R(vr ) +le. then return to 2. 

5. If the auxiliary tree T'15 one vertex. then assign p ~ p + 1,locate a new point of the 

dominating set at the vertex vr • and Halt. Else. let vr be a leaf ofT and let e = (vr. vs) be 

the edge Incident In T'to vr. Remove e and vrfrom the auxiliary tree T. 

6. If -R(vr) > Ie' then go to 7. 

If -R(vr) = Ie. then go to 8, 

If -R(vr ) < Ie. then go to 9. 

7. If - R(vr) -le< -R(vs)' then assign: R(vs) ~ R(vr) + leand return to 2, If 0 < -R(vs ) S; -R(vr)

le. then return to 2. If -R(vr) -Ie < R(vs)' then assign: R(vs ) ~ R(v) + Ie. and return to 2. 

S. If R(v s) = O. then return to 2, Else. assign p ~ p + 1. locate a new point of the 

dominating set at va' assign: R{va) ~ 0 and return to 2. 
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9. [For absolute dim1natlng set of radius r:] AssIgn: p ~ p + 1,locate a new point of the 

dirninatIng set on the edge e at a distance -R{vr) from vrand go to 3. (Forvertex 

diminating set of radius r:] Assign: p ~ p + I, locate a vew point of the p-center at v r' 

assign R{vr) ~ 0 and go to 3. 
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3. Locating Capacity Limited Centers on Trees 

3.1 Introduction 

In this chapter we consider the problem of locating p-centers on a tree network. where 

each center has limited capacity q. We assume that all centers have equal capacities. A 

center's capacity is defined as the maximum number of customers it can serve. We 

assume that each vertex may have many customers. Each customer is assigned to a 

single center (customers cannot choose "their" centers). however since capacities exist. 

different customers located at the same vertex may be served by different centers. 

Finally. we assume that multiple centers may be located at the same vertex. 

To formalize the problem. let T(V. E) be an undirected tree with n vertices. We associate 

a positive length le with each edge e £ E. and a nonnegative weight w(vj) with each vertex 

Vj £ V. Let ~ denote the number of customers at vertex vj. The distance between any two 

pOints a and b in the tree. is denoted d(a. b). A set ofp centers is a vector of the locations 

SP = (sl'~ ..... sJ. Each center can serve at most q customers. We define a (p x n) matrix Y 

= {y Ij} to denote the number of customers at vertex Vj that are served by center sl' An 

indicator function. olj' takes on a value of 1 ifyy > 0 and 0 otherwise. 

The domination radius of a center at s, under the assignment Y (denoted r(s,. Y)) Is 

defined to be the maximum weighted distance from St to any of its customers 

r(St.Y) = max (olj w(vj)*d(s,.vj)}. 
VjEV 

The total domination radius of the set SP and assignment Y is denoted by F(SP, y), and 

is defined by 

F(SP.y) = max{r(s,.Y)}. 
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The Capacitated p-Center Location Problem (CCLP) is to find the vector Sp· and the 

assignment of customers to facilities yo- • that solves the following problem: 

minimize F(SP,}7 

subject to: 

L Ylj ~ q for each 8 1 e SP 
vJEN 

L Ylj ~ tj for each Vj eV 
SIESP 

We distinguish two types of CCLP problems; the vertex problem (denoted VC) where the 

centers are constrained to be located on vertices. and the absolute problem (denoted AC) 

where the centers can be located on vertices and internal points of an edge. The purpose 

of this paper 15 to present polynomial time algorithms for both types of CCLP's. 

CCLP has two sets of decisions; center locations. and customer allocations. The 

difficulty of combining these two sets can be demonstrated by small examples. 

Consider the tree in Fig. 3.1 where lc = 1 for all edges and Wj = tj = 1 for all vertices. 

Suppose we want to locate 2 centers with q = 3. It 15 easy to see that the problem has a 

unique solution where one center is located on v2 and selVes vertices VI' v2 • and v3 • and 

the other 15 located on V3 and serves v4 • vs. and v6 .Therefore. even though we locate a 

center at v 3' we selVe the customer at v 3 by another center. Also. it is clear that many 

centers can be located at a single vertex. For example. consider the case when the tree is 

the "star" graph in Fig. 3.2. Again. let lc = 1 for all edges. wJ = tJ = 1 for all vertices, and 

consider locating two centers with q = 3. Here we locate both centers on a single vertex, 

the middle of the star, and the service regions consist of one set of 3 unconnected 

vertices and one set of the center vertex and two vertices connected to the center. 
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Finally note that both examples show that the service region for a center need not be a 

connected component ofT. 



Fig. 3.1 Example of Center not 
Serving its Location 
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Fig. 3.2 Example of Discontinuous 
Sevice Regions and Co-Locating 

Facilities 
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The long history of solutions and applications for the uncapacitated p-center problem 

starts with Hakimi's seminal paper [H) on locating switching centers. On a general 

graph, it has been shown by Kartv and Hakimi [KHJ that the uncapacitated p-center 

problem is NP-Hard (see Garey and Johnson [GJ) for background information on 

computational complexity theory). However,in the same paper, Karivand Hakimi give 

a polynomial algorithm to solve the uncapacitated problem when the network is 

restricted to a tree. Many other authors have improved upon the effiCiency of Kariv and 

Hakimi's algorithm for trees and these efforts and their related running time 

complexities are discussed in Section 3.3. 

Past works on location problems where the number of customers per center is limited 

have generally used the following solution techniques from constrained mathematical 

programming: branch and bound, Lagrangian relaxation, decomposition, and cutting 

planes in conjunction with linear programming relaxation (Mirchandani and Francis 

(MF)). These techniques have been successfully used on a variety of problems; however, 

their computational requirements can grow exponentially in the Size of the problem 

instance. In this paper, we concentrate on combinatoric approaches to develop 

polynomial running time algorithms for the capaCitated p-center problem on tree 

networks. 

The remainder of this chapter is organized as follows. In Section 3.2, we motivate the 

need for solving a CapaCitated Covering Problem, give polynOmial solution algorithms 

for the case when all vertices have one customer (tj = 1 for all j), and then discuss the 

general case when tj can take on any real value. In Section 3.3 we use the results of 

Section 3.2 and develop polynomial algorithms for CCLP. In Section 3.4 we show that if 

centers have unequal capacities the problem is NP-hard. 
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3.2 The Capacitated Covering Problem 

3.2.1 Informal Discussion 

The "inverse" of the capacitated center problem is the capacitated covering problem and 

is defined as follows: 

find a minimum cardinality set of capacity limited centers that cover all vertices in a 
given weighted domination radius r, subject to the constraint that each center 
dominates no more than q customers. 

We first narrow the scope of the covering problem and consider the case where ~ = 1 for 

allj. Now, since ~ = 1 for allj, the solution to the covering problem is a partition of V 

into VI' V 2' ... , V K where I V II ~ q and all vertices of VI are covered by a Single center in at 

most weighted radius r. 

The uncapacitated covering problem on trees has been first solved in Francis, Lowe, and 

Ratliff ([FLR)) in O(n2) time and O(n) time algorithms have been found by Kariv and 

Hakimi [KHI and Chandrasekaran and Tamir [CTI. Our approach for the capacitated 

problem builds on the method of Kartv and Hakimi (denoted by Algorithm KH). They 

start with the leaves of the tree and work back towards an arbitrary root vertex. 

Centers are located sequentiaUy by a process that ensures that the best possible 

location relative to any future decisions in the algorithm is made. The algorithm 

terminates with a minimum cardinality set of centers such that no vertex has a 

weighted distance more than r from the set of centers. 

\\e initially start with a tree and an arbitrary root vertex vO. Assume that the algorithm 

has progressed to the point where U is the set of vertices that have not yet been covered 

by any center and we wish to locate center t. For each vJ E U, we define b("J) to be the 

minimum distance from Vo that a center that covers vJ can be located (using this 

definition for the AC problem, an alternate for the VC problem can also be used): 
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If b(\j) > 0 . then the nearest center that covers Vj must be located somewhere on the path 

between Vj and vo' If b(vj) < O. then a center that covers Vj can be located "beyond" v o. The 

parameter b(vj) represents the "freedom" to locate a center that covers \j in the sense that 

a smaller value of b(vj) allows more options for the center location. Obviously. if b(vj) !5; 

o for all vertices in U. then we can terminate the algorithm by locating ceil( I U I / q 

centers on vO' Therefore. assume that there is at least one vertex with b(\j) > 0 and we 

now want to determine the location of center 1. 

For each vertex \j with b(vj) > O. let 5.J denote the location nearest to Vo for a center that 

can cover vr For the AC problem. Sj is the point with distance b(\j) from Vo on the path 

between Vj and vO' For the VC problem. Sj is the nearest vertex to Vo on the path (vj.vo) 

such that d(sj'vol ~ b(vj). Considering all Vj E U. let s· be the 5.J point which is farthest 

from vo. and let v I be the vertex Vj from which s· was derived. We note that s· is an 

optimal location for covering v· in the sense that any vertex of U that can be covered by 

a center that also covers v'. can also be covered by s·. 

An effiCient method for finding s· is to apply KH to find a minimum uncapacitated 

dominating set for U in O(n) time. We choose Vo to be the root of the tree in KH. Each 

time KH locates a new center, it must be located on the nearest point to vo. relative to 

vertices that remain uncovered. These center locations are contained in the set of Sj 

points and include the most distant Sj point from v o.Therefore. s· can be found by using 

RH. 

Next. let 5 denote the set of vertices that can be covered in weighted radius r by a center 

located at s·. If 151 !5; q. then all of 5 can be served by a center located at s· (here VI = 5) 

---------
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and can be deleted from U. If I S I > q, then I S I - q vertices should be deleted from S 

before fonning VI' We delete vertices Vj from S with the smallest b(vj) values since these 

vertices have more ''freedom'' to be covered by future centers. Namely, we will show that 

if vI E S, v2 E S, and b(v I) ~ b(v2) then any center that is located later in the algOrithm 

(hence is closer than s· to vol and covers VI' also covers v2 • Therefore, we cover the vertex 

with high b value with center I. After deleting vertices to ensure feasibility, S can be 

deleted from U. 

The process of finding a center location s', building S, and updating U continues until 

either U = cI> and all vertices are covered, or b(vj) ~ 0 for all vertices Vj E S,and we locate 

an appropriate number of centers on vo' We use the algorithm to determine the number 

of centers required to cover T for a given radius r. Recall that we want to solve the p

center problem. Therefore, there Is no need to conSider solutions that require more 

than p-centers, and we can tenninate the algorithm when more than p centers have 

been located. 

3.2.2 Formal Algorithm 

In this section we present the fonnal algorithm denoted Capacitated Cover(l) and 

demonstrate its correctness. Assume we are given a tree T whose edges have lengths le' 

and whose vertices have tj = 1 customers and arbitrary weights wj • Also, we are given a 

radius r and centers' capacity q. The algOrithm returns a partition ofT into a minimum 

number of sets VI ' ... V k such that I VII ~ q and all vertices of VI are covered in weighted 

radius r by a single center located at Sl' 

Algorithm 3.1: CAPACITATED COVER (1) 

Step 0: Choose an arbitrary point Vo to be the root of T. Set k = 0 and U = V. For each 

vertex compute b(vj). 

Step 1: IfU = <P, then return k, the center location decislons,and the VI through Vk vertex 

sets. 
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If b(vj ) S 0 for all Vj e U. then locate cell( I U I / q) centers on vO' arbitrarily divide 

U into the sets Vk+l .... V k + ceIl(lUI / ql such that no set has more than q vertices 

set k = k + cell( I U I / q). and return the solution 

Otherwise. go on to Step 2 to find the next center location. 

Step 2: Set k = k + 1. Apply KH to find a minimum cardinality cover for the vertices of U 

when Vo 15 the root of the tree. Among the centers chosen in KH. find the most 

d1stant from Vo (break ties arbitrarily) and locate a new center S'k at that point. 

Go to Step 3 

Step 3: Compute the distance from each Vj e U to s'k and define Sk to be the set ofvertlces 

covered by s'k{ d(v.s'k)<r/w(v1)} Go to Step 4. 

Step 4: If I Sk I > q then find the q'th smallest b(vj ) value. denote it as b'. and delete 

I Sk I - q vert1ces with with the smallest b(vj ) values from ~ (break ties 

arbitrarily) . 

Set Vk= Skand U = U -~. Go to Step 1. 

Using a small example. we now illustrate how Algorithm 3.1 determines the location 

and the assignment for a first center in the AC problem. In the following example T 

(Fig. 3.3) is an unweighted tree. r = 6 and q = 5. (the numbers in Fig. 3.3 denote arcs 

lengths). 

First we apply KH to solve the uncapacitated covering problem. SI' S2' S3' S4' and 55 

denote center locations according to KH when Vo is chosen to be the root of T. The most 

distant center from Vo 15 SI' We locate a first capaCitated center on SI' 
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Fig. 3.3 A Tree Example 
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The set of vertices S that can be covered by s I in radius r = 6 contains 8 vertices: v 9' v 10' 

V II' V12• VIS' V14• v15• V16• v17• VIS' and V19• Since q = 4 we have to delete 4 vertices with the 

smaller b(vJ) values from S, which in the unwetghted case are the closest to vo' We delete 

Vg. vll • V16• and vl6 from S and so VI = {VI2' v17' VIS' Vlel. 

\\e next present the key results that prove that the algorithm returns the minimum 

cardinality cover with radius r. First we show that if a vertex with large b value is 

deleted in favor of a vertex with small b value, then the future center that covers the 

high b valued vertex also covers the vertex with small b value. 

Theorem 3.1 -

For iteration i. let VI and v2 be any two vertices in SI and let S'I be the selected center 

location. Assume that b(vl ) ~ b(v2). If a center s"located later in the algorithm covers VI' 

then it also covers v2. 

Proof: Let s· be any center located later in the algorithm. Since Step 2 ensures that the 

centers are located in nonmcreasing order of distance from vo' 

d(s", vol S d(s't, vol. (3.1) 

Let Y be the nearest vertex to Vo on the path between S'I and 5". It 15 possible that y = s" or 

y = va' but y:F- s·. Since s" is closer than S'I to va and the paths from s" and S'1 to va go 

through y. 

d(s" ,y) ~ d(S'1 ,y). (3.2) 

Let T' be the subtree of T - {y} which includes 5'1 and let 1'" be T - T·. Note that Vo and s" 

must be in T". For any two vertices u and v in opposite subtrees. 

d(u,v)= d(u,y)+d(y,v), (3.3) 
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and for any two vertices u and v in the same subtree (or in any tree), 

d(u,v) S d(u,y)+d(y,v), (3.4) 

First, consider the case when v2 e T·, Since S'1 e T" v2 and S'1 are in different subtrees, 

and v2 and s" are in the same subtree, 

Therefore. v2 is covered by s· (note that this is independent of the b values), Secondly, 

consider the case when v2 E T', Since VoE T· 

(3,6) 

If vIE T· (recall that v I E S and y is closer to s· than to s') then 

_(r ) ~ d(v"s',) = d(v"Y) + d(y,s',) ~ d(v,.y) + d(y,S"). (3.7) 
wv, 

If vI E T', then since vI is covered by s· and s·ls in a different subtree, 

_(r )::: d(V"S") = d(v"y) + d(y,S"). 
wv, 

(3,8) 



Therefore, in either case for vI we have 

_(r ) ~ d(v.,y) + d(y,S"). 
wv. 

From the definition of b(vl ) and the assumption that b(vl ) ~ b(v2), we have 

r 
-- ~ d(v2, vo)- b(v2) ~ d(v2,vO) - b(vl )· 
w(v2 ) 
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(3.9) 

(3.10) 

Combining inequalities (3.9) and (3.10), the definition of b(vl ) , and equation (3.6), we 

obtain: 

(3.11) 

= d(V2'Y) + d(y, yo) + d(VI ,y) + d(y,S") - d(VI' vol 

From inequality (3.4), 

(3.12) 

and combining this with (3.11) we obtain: 
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(3.13) 

Canceling terms. rearranging. and realizing that s" and v2 are in different subtrees. we 

finally obtain 

(3.14) 

and hence v 2 is covered by s" . • 
Theorem 2.1 shows that the method used in Step 4 for selecting the vertices covered by a 

particular center is valid. If I SK I > q. then we must locate at least one more center. The 

theorem states that when the b values are in the correct order and if the latter center 

covers VI' then it also covers v2 • Therefore. we elect to cover VI now and cover v2 with 

another center. since covering VI later duplicates coverage ofv2• 

We next show that the algorithm provides an optimal solution to the covering problem 

by showing that any optimal solution can be transformed into the solution constructed 

by the algOrithm. 

Theorem 3.2 -

Capacitated Cover(l) solves the capacitated covering problem when ~ = 1 for allj. 

Proof: The algorithm finds a feasIble solution since I VII S q for alII and all vertices are 

covered within weIghted radius r. Therefore. we show that the number of centers 

returned. k. is as small as possible. 

Assume that the solution is not optimal. Then. there exists a feaSible partItion of T into 
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1 sets. w} . W 2' •.•• WI where 1 < k We will now demonstrate that the optimal partition can 

be transfonned into V}' ...• Vk and hence show that 1 = k. 

When executing Step 2 for the first time. we apply KH on T. One vertex in T. v'}, 

constrains and hence sets the location of the chosen center S'I' Recall that s·} is furthest 

from Vo of all centers located by KH. Without loss of generality. assume that W} 

contains v' l (we may have to reorder the W sets if necessaty). We next show that s·} can 

cover all vertices in WI . 

Let S be the set of vertices that can be covered by S'1 in weighted radius r. Clearly. 

v\ E s. Let T be the subtree oft - s\. that contains v\ and let ~ = T us', For any 

vertex Vj E T}. the path from Vj to Vo must pass through s'} and b(vj) S b(v' l ) since s·} is 

the furthest center located by KH. Therefore. S'1 covers all vertices in T l' Since v'} is the 

most remote vertex in T1 (in a weighted distance sense). S'l is the furthest location in T} 

that covers v' l and the center in the optimal solution that covers v' l' and hence W} , must 

be located in T}. Since all paths from T 1 to the remainder of T must go through S'l' s·} is 

closer than any other point in T 1 to vertices outside of T l' Therefore, s·} covers all 

vertices that are covered by any any other center that covers V'I' Hence, s·} must cover 

all of W} and W} E S. We neKt consider two cases based on 1 S I. 

First, if I SiS q, then VI = S and contains WI' Therefore, we can generate a new solution 

by taking vertices out ofW2, ... , Wl and placing them in WI so that WI = S = VI' This 

operation does not violate coverage or capacity constraints since it is assumed that the 

W solution is feaSible. The new solution has 1 subsets and the first subset is VI' 

In the second case, assume that 1 S 1 > q. Here, the algorithm deletes vertices from S 

before setting V l' If none of the deleted vertices are in WI' then we can again change 

vertices from W 2' ... , WI into WI so that WI = VI (a return to case 1). Suppose that a 

deleted vertex v2 is an element ofW l' Since the algorithm ensures that if 1 S I > q, then 

IV} I = q, for any v2 there exists a vertex VI that was not deleted from S and is not an 
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element ofW 1 (I WI I Sq). We now use the deletion rule. b(v1) ~ b(v2). Let Wr be the set 

which contains vI in the optimal solution and let s'r be the center which covers Wr. 

Since S'I was located first in the algorithm. there is an optimal solution where the 

center s'r is closer than S'I to vO' Then. from Theorem 2.1. s'r can also cover v2 • 

Therefore. we can interchange VI and v2 in Wr and WI respectively without disturbing 

the feaSibility or cardinality of the optimal cover. Repeating this interchange process 

with all other vertices of WI that are not in V l' we eventually arrive at the case where the 

updated version of WI contains no vertices that were deleted from S and again we can 

appeal to the first case to transform WI into VI' 

The result of the two cases is that given an optimal solution WI' ...• Wl' we can transform 

that solution into another optimal solution VI' W2 ....• W l' We now repeat the process 

and transform W2 into V2. After l repetitions we find that VI' V2 ..... Vlis an optimal 

solution. namely l= k. 

• 
The computational complexity of Capacitated Cover( 1) is simple to compute. Step 0 

requires 0 (n) time to compute all b( vJ) values and Step 3 requires O(n) time to compute 

Sk since the distance from all vertices to a single vertex can be computed in O(n) time on 

a tree. Step 1 requires O(n) time to scan all of the b( vJ) values. Step 2 requires O(n) time 

since KH finds a dominating set (either vertex or absolute) for a tree in O(n) time. 

Finally. Step 4 can be performed in O(n) time by applying the O(n) algorithm for finding 

the q'th element in a list of n numbers (Aho. Hopcroft. and Ullman [AHU)). Therefore. 

one iteration of CapaCitated Cover(l) runs in O(n) time. 

we will use the algorithm to solve the p-center problem. hence we never need to execute 

more than p iterations. Since p is bounded by n. Capacitated Cover(l) for p centers runs 

in O(p·n) time and is bounded by O(n2) time. 

To extend the algorithm to the case of different center capacities we have to determine 

the appropriate capacity to use for each call of Step 2. The order in which we locate the 
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different centers affects the solution and therefore it is necessary to test all orderings. 

In worst case this requires O(pl'pon) time. 

3.2.3 General case Where tJ ::J: 1 

we now consider a more general covering problem where tj can take on any real value 

and vary with vj. 

Again, let U be the set of vertices whose customers have not been completely covered. 

For each Vj in U define Zj to be the number of customers that have not yet been covered. 

Now we apply Step 2 of Capacitated Cover(l) and find a location for a center s·. Let S be 

the set of vertices that can be covered by s'in weighted distance r. Now, it is clear that if 

q < L, zJ then the center at s' cannot serve all of S and deletion decisions must be made. 
VJES 

Similarly to the single customer case, the optimal deletion rule is to serve customers 

with high b(vj ) values with the current center. Next, we informally show the correctness 

for the integer valued case, but it can be formally proved (using an interchange 

technique) for the case of arbitrary real values. 

The optimality of such a deletion rule when q and tj are integers follows immediately 

from the following construction. From T, construct a new tree T where every vertex Vj 

in T is replaced by a series of tj vertices connected by zero length edges. In T, each vertex 

has ~ = 1 and T is clearly a tree. The solutions for the covering problem on T and Tare 

clearly equal and hence we can use Capacitated Cover(l) on T to find the solution to T. 

The deletion rule in the previous paragraph is exactly how Capacitated Cover( 1) would 

delete vertices from S when T is used. 

To implement the deletion rule. we will compute a value, denoted b', such that ifb(vj ) > b' 

then "J is served entirely by s', and if b(vj) = b', then Vj may be partially served by s·. Once 
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we determine the vertices covered by s', we then proceed with Capacitated Cover(l) and 

determine if another center Is needed. We next present an efficient method of computing 

bO. The procedure is a virtual implementation of binary search similar to that 

previously used for solving the uncapacUated p-center problem. 

Assume that 5 and ~ have been computed and define the set W(b) to be the vertices Zj E 5 

such that b(vj ) ;?; b. Our goal Is to find bO, the largest b value such that LZJ ~ q 
v,EW(bl 

Essentially, our method splits 5 into three sets; 51 which contains vertices that must be 

in W(bO), 52 which contains vertices that we know cannot be in W(bO). and 53 which 

contains vertices that we are unsure about. The basic idea is to scan 53 and place its 

vertices in either 51 or 52' The algorithm reduces the size of 53 by 1/2 in each iteration 

and updates the estimate of bO . 

Denote be as the current estimate for bO and SUM as the sum of the ~ values for vertices 

in our current estimate ofW (b0). Formally, algorithm Find bOis: 

Algorithm 3.2: FIND b* 

Step 0: Set b. = m1nb(V
J
),S3 = S,and SUM = I:zt • If SUM S q, then return b" = o. W(b') = S 

~~ ~~ 

(all of 5 can be covered by the center at s'), and stop. Otherwise go to Step 1. 

Step 1: If 53 = cjl or SUM = q, then return bO = be and W(b°) = {"J: b (vj );?; bO}, and stop. 

Otherwise, go to Step 2. 

Step 2: Find the median of the b (vj) values for Vj E 53' and call this value bm • Go to Step 3 

Step 3: If SUM < q, then set SUM = SUM + l: z, 
vA 

b(v,I~b" 



If SUM> q, then set SUM = SUM - :£ z v,s. , 
blvJI<b" 

If SUM > q then go to Step 4, otherwise go to Step 5. 
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The times required for Step 0 and Step 1 are O( I 5 I) since both steps require scanning all 

elements in S. Steps 2 through 5 require O( I Sa I) time for finding the the median 

(algorithm in Aho, Hopcroft and Ullman (AHU)), updating SUM and updating 53' Since 

in each iteration, I Sal is reduced by 50%, the total complexity of Find bO is 0 (IS I + 

151/2 + 151/4+ ... ) = 0151. 

we use Find b" as a subroutine in Capacitated Cover(l) to generate an algOrithm for the 

capacitated covering problem with unequal tJ values. Assume we are given a tree T 

whose edges have distance le' and whose vertices have ~ customers and arbitrary weight 

wj' Also, we are given a radius r and a center's capacity q. The algorithm returns the 

minimum number and locations of centers required to cover the tree, and the matrix of 

YIj values. When deciding how many vertices to locate in each iteration of the 

algorithm, we must conSider two cases, the single vertex case (I W(bO) I = 1) and the 

multiple vertex case (IW(bO) I > 1) The single vertex case ensures that the number of 

iterations is bounded by a polynomial in n even if p »n. In the multiple vertex case, we 

split W(b°) into two portions, cover the first portion entirely, and then concentrate all of 

the vertices in the second portion into one vertex since any future center that covers one 

of these vertices will cover all of them. The formal algorithm denoted Capacitated 

Cover(2) is: 



Algorithm 3.3: CAPACITATED COVER (2) 

Step 0: Choose an arbitrary point Vo to be the "root" ofT. Set k = 0 and U = V. For each 

vertex compute b(Vj) and set ~ = ~ 
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Step 1: IfU = 41. then return k. the center location decisions. and the VI through Vk vertex 

sets. 

Ifb(v.) ~ 0 for all v. e U. then locate ceil( L z. / q) centers on v •• arbitrarily 
¥,.u 

assign the Y1 values so that no center selVes more than q customers. set 

k = k + cell( L z. / q) and return the solution. 
v,.u 

Otherwise. go on to Step 2 to find the next center location. 

Step 2: Apply KH to find a minimum cardinality cover for the vertices of U when Vo is 

the root of the tree. Among the centers chosen In RH. find the one most distant 

from Vo (break ties arbitrarily) and locate a new center S'k at that point. Go to 

Step 3. 

Step 3: Compute the distance from each vJ e U to S'k and define Sk to be the set of vertices 

covered by S'k (d(Vj. S'k') ~ r / wJ). Go to Step 4. 

Step 4: If L ZJ Sq. then set zJ = 0 for all vJ E S set U = U - S and go to Step 1. Otherwise. 
",18 

go to Step 5. 

Step 5: Call Find b' to obtain b' and the set W(b·). IfW(b') contains only one vertex (the 

single vertex case) then denote Vj as the single vertex In W(b·).Place floor (Zl / q) 

centers at v I to selVe only customers at v l' Set ZI = Zl - floor (Zl / q) • q. If zl = 0 

then delete VI from U. Set k = k + floor (ZI / q). Go to Step 1. 
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Otherwise, (the multiple vertex case) divide W(b°) into two sets, WI = (Vj:'\j E W(b0), 

b(vj) > be} and W2 = (VJ:'\j E W(b0), b(vj) = bj. 

Set ~ = 0 for all Vj E WI and set U = U-WI' 

If IW2 1 ~ 2, then arbitrarily choose a vertex vkfrom W2 • For the remaining 

vertices in W2 , set~= 0 and delete those vertices from U. Forvkset 

Zk. L zJ -(q - L zJ)' Set k= k+1. 
YJ_W. y,.w. 

Go to Step 1. 

The complexity of one iteration of Capacitated Cover(2) is O(n). This is easily seen by 

recognizing that Steps 0, I, 2. and 3 are functionally identical to those in Capacitated 

Cover(1). Step 4is easily computed in O(n) time. We have shown that Find bO also runs 

in O(n) time, and scanning W(bO) can be done in O(n) time. Therefore. each iteration of 

Steps 1 through 5 requires O(n) time. 

The number of iterations is detenntned by the frequency of the two cases in Step 5. 

When the single vertex case occurs we locate enough centers to ensure that ZI < q. 

Therefore. the single vertex case can occur at most n times. In each multiple vertex case, 

we eliminate at least one vertex from U and hence the multiple vertex case can occur at 

most n times. Therefore, considering the work per iteration and the number of 

iterations, Capacitated Cover(2) requires at most O(n2 ) time. 

The complexity can be reduced if p < n since we know that we will locate at most p 

centers. In each iteration of Steps 1 through 5, we locate at least one center. Therefore 

the complexity of Capacitated Cover(2) can also be stated as O(n ° p ). 



3.3 Search Methods for Solving the capacitated p-Center 

Problem 
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Recent methods to solve uncapacitated p-center problems are based on testing possIble 

values for the dOmination radius by solving the covering problem, and detenn1n1ng the 

smallest radius that requires p centers. Since the possible domination radii do not 

depend in any way on the capacity of the centers, these methods can also be used for 

solving the capacitated p-center problem. In this section we present a brief review of the 

search procedures and discuss how Capacitated Cover(2) can be used to solve the 

capacitated p-center problem in polynomial time, when all centers have equal capacity 

q. 

Kariv and Hakim! (KH] conSider the uncapacltated covering problem on a tree. They 

compute all possible values of the domination radiUS (wj • d(vl , VJ for each i, j pair for the 

vertex center case and Wj • WI / (WI + wj) for each i, j pair for the absolute center case). sort 

them. and then apply binary search to find the optimal r value. For each r value tested. 

they solve an uncapacItated covering problem on the tree. The complexity of their 

algorithm for p-center is O(n2 Iogn) An improvement by Chandrasekaran and Tamir 

ICT] shows that the sorting operation need not be done and they reduce the effort 

required to solve p-center to O(n2). The complexities of other approaches are contained 

in Table 1. Each algorithm uses a covering algOrithm as a subroutine and they differ in 

the way they compute and scan the potential domination radii, and whether or not they 

require computing the distances between all pairs of vertices. 

The complexity of the uncapacltated covering algorithm on trees is O(n). Since 

Capacitated Covering(2) is O(p·n) or O(n2) , the complexities in Table 3.1 may Increase by 

a factor of n when the particular search algOrithm is used to find the best domination 

value and hence to solve the capaCitated p-center problem. However, it is clear that the 

capacitated p-center problem on trees is solvable in polynomial time, and the chOice of 

an algorithm depends upon the size of p relative to n. In Table 3.2. we give the 
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complexity of the capacitated p-center problem when Capacitated Cover(2) is used 

within the particular search algorithms for the appropriate domination radius. 



Table 3.1 

Algorithms and Their Complexities for the Uncapacltated p-Center Problem 

Assuming n < p 

Algorithm Unweighted Tree \\eighted Tree 

Reference Absolute and Vertex Absolute Vertex 

Center Center C~nter 

KH n2log n n2log n 

CT n2 n2 

MTZC n log2n n log2 n 

FJ n logn 

MT n log2 n log (log n) 

JK p2 nlogn p2 n log n 

Table 3.2 

Algorithms and Their Complexities for the Capacitated p-Center Problem 

Assuming n > p 

Algorithm Unweighted Tree \\eighted Tree 

Reference Absolute and Vertex Absolute Vertex 

Center Center Center 

KH n2log n n2log n 

CT n2 +pnlogn n2 +p nlogn 

MTZC n logn (p + logn) n logn (p + logn) 

FJ p n logn 

MT p n log2 n log (log n) 

JK p2 n log n p2 n log n 

68 
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3.4 Centers with Unequal Capacities 

In this section we show that the more general problem where centers may have different 

capacities is NP-complete. 

Theorem 2.3: The capacitated center decision problem on trees is NP-complete if 

centers have unequal capadties. 

Proof; we reduce a 3-partlUon problem - which is NP-hard in a strong sense - to a 

capacitated center problem. 

The capacitated center decision problem is; "is the p-radius of the capacitated centers 

less than or equal to r?" 

The 3-partition decision problem is defined as follows: Given a set A of 3m integers 

q} ...... <Jam and an integer B such that each ~ satisfies B/4 < ~ < B/2 and I:ql = mB. can A 

be partitioned to m disjOint sets such that the sum of the numbers at each set is equal to 

B? 

The reduction is performed in the following way: Let T be a tree that has m vertices with 

t} = ..... ~ = B. Let p=3m and let ql .... qp be the capacities of the centers. Then the 

question "is the radius of the capaCitated center equal to 01" yields a "yes" if and only if 

a 3-partition is possible. This impUes that the capaCitated center problem is NP-hard 

in a strong sense. 

To solve NP-hard problems we usually look for a polynomial heuristic solution. A 

measure for the effiCiency of a heUristic algorithm is the upper bound of the ratio 

between the heuristic solution rl and the "true" optimum r·. The proof above (in which 

r· may be 0) demonstrates that unless P=NP. no polynomial heuristics that guaranties 

any given upper bound can be derived for the capadtated center problem. 
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4. Center Location on Spheres 

4.1 Introduction 

When considering supply/demand problems over long distances on the globe. planar 

location models are no longer a suitable approximation. In this chapter we discuss 

models for locating centers on a spherical surface. 

We assume. without loss of generality. that the radius of the sphere is 1 unit. Therefore 

the length of the shortest path between two pOints Is equal to the angle. in radians. 

between their corresponding radius vectors (Fig 4.1). Since these vectors are of length 1. 

the scalar product ofthe vectors is equal to the cosine of the angle between them. Thus. 

given the coordinates of two pOints. vI and v2' the shortest distance between them is 

given by the following: 

In Cartesian coordinates: 

where "1. Yi' zi are the coordinates of each point ("12 + Yi 2 + zt 2 = 1). 

In spherical coordinates: 

where 9i and <1>1 are the latitude and longitude. respectively. of the two points. 
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Fig. 4.1 Spherical Distance 
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Several papers discuss location problems Involving points on a sphere, l.e.[AKL, OWl. 

Ke, LA, 031. Minimax location problems have been discussed In [01, W, 021. Those 

problems are of the type: 

Min Max f[d(vi'x)) 
x vi eV 

where f is a non-decreasing function of the distance between vi and x. 

Orezner and Wesolowsky [OW21 discuss I-center location when f is a linear function of 

the distance (namely a slight generalization of the weighted I-center problem). They 

apply nonlinear programming methods to find a local - and then a global - optimum 

location for the I-center. They also show that if we can place a cutting plane through the 

sphere's center, such that one half of the sphere contains all the vertices (In which case 

the radiUS of the unwelghed center is less than or equal to 1t/2) then a local optimum 

solution for the weighted center problem is also a global optimum solution. We will 

apply this result when all vertices lie In half of the sphere to find an unweighed center 

in linear time. For simplicity we'll term a cutting plane through the center of the 

sphere as a "central plane", while if there exists a central plane so that one half of the 

sphere contains all the vertices we would simply say that "all the vertices are on a 

hemisphere" 

The previous references generally use sphertcal coordinates for their methods. We find 

that using Cartesian coordinates yields much simpler arguments for achieving effiCient 

results. The vertex coordinates will be denoted by (xt, y i' zt) for i= l.. .. n while the center 

coordinates will be denoted by (a.t' bj , '1) for j=l.. .. p. 

ThiS chapter is organized as follows: In Section 4.2, we discuss finding all possible 

location points for the center. We use the term "possible location points" to denote a 

point on the shpere where a center might be located In an optimal solution. We show 
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that for the unweighed case finding a possible point requires solving a system of linear 

and quadratic equations. Numerical methods are required to solve the equations for 

the weighted case. In Section 4.3 we present an O(n) algorithm for finding the 

unweighed I-center if all the vertices are on a hemisphere. We also provide a linear time 

algorithm to check whether this condition holds. In Section 4.4 we apply the results on 

half of the sphere to find an unweighed 2-center in O(n3 10g n) time. We note that a naive 

algorithm that checks all pairs of possible points requires O(n7) time. Finally we 

demonstrate that the general p-center problem on a sphere Is NP-hard. 



74 
4.2 Possible Location Points For Centem 

The possible location pOints for a center are: (1) pOints in equal weighted distance from 

any two vertices I and j which lie on the shortest path between I and j. and (ii) pOints 

that are in equal distance from any three vertices 1. j and k. 

The correctness of the above statement can be informally Ulustrated by the following 

arguments. Let r be the doIIliilation radius of a given center and let S be the set of 

vertices covered by this center in radius r. If there is only one single point whose 

distance from the center is r, then r can be reduced by shifting the center towards that 

point. Thus there are at least two vertices whose distance from the center is r. 

If there are two vertices i and j such that a center on the shortest path between them can 

cover all the vertices of S in weighted radius r (which is the equal weighted distance 

from the center to both vertices) then obviously this point is an optimal location. If. on 

the other hand. the center location is not on the shortest path between i and j we can 

always reduce the distance from the center to 1l21h vertices by shifting it toward the 

shortest path between them, unless we are forced to stop because a third vertex remains 

uncovered. this leads to case (ii). 

Finding the (a. b, c) coordinates of possible pOints with equal distance from three 

vertices involves solving the following system of equations: 

wlcos-I[axl+bYI+cz1] = WJcos·l[axJ+bYJ+czJI = w .. cos·1[ax .. +by .. +cz .. 1 

a2 + b2 +c2 = 1 

These equations cannot be solved analytically and numerical methods are required. 

Thus if we even have only three vertices, polynomial time algorithms for finding a 

I-center may not be available, unless we can solve the non-linear system in polynomial 

time. However, if all the vertices have equal weights the set of equations can be replaced 



75 
by 

Now we have the quadratic and two linear equations, which can be easily solved in 

constant time. Note that these equations have two solutions which have the following 

property: both points are at the edges of a line that crosses the center of the sphere. 

Namely if we term one point as a "North Pole" the other one will be at the "South Pole" 

The number of possible location pOints - which is the number of possible combinations 

of 2 or 3 vertices out of n - is 0(n3). Therefore a naive algorithm which computes the 

domination radii for all possible pOints in O(n) time will find the unweighted I-center 

in O(n4 ) time. 
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4.3: I-Center 

In.this section we present an O(n) algorithm to find the unweighed 1-center when all the 

vertices are on one side of a central plane. We also present a linear time algorithm to 

check whether such a plane exists. 

The unweighed 1-center problem is formally presented as follows: given the coordinates 

(Xi' Yi' zi') of the vertices. find the coordinates (a. b. c) of the center. which solve: 

(PI) 
Minr 

Let s = cos(r). Since always r S 1t and the cosine function Is monotonically decreasIng in 

the range [0. 7t). problem (PI) can be written as: 

(P2) 

MaxS 
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Note that the fonnulation does not require the assumption that all the vertices are on a 

hemisphere. If the assumption holds then r S TC/2 and S=cos(r} is non-negative. 

Otherwise r > TC/2 and S is negative. We first assume that r is strictly less than TC/2 

namely S is strictly positive [the "singular" case where r = TC/2 (S = O) will be discussed 

separately]. 

The difficulty in solving the problem obviously arises from the quadratic constraint 

which fixes the length of the vector (a. b. c). Suppose that we change the length of that 

vector by a given factor K. without changing its direction. Namely each of the vector 

components - a. b. and c - is multiplied by K. Then. 

i) ClXt+bYi+CZi is changed by factor K for all i=l. ... n. 

ill a2+b2+c2 is changed by a factor K2. 

ill) and the optimal value of S is changed by a factor K. 

Thus an inverse problem for (P) can be fonnulated as follows: given a positive value of 

S. find a vector (a. b. c) of minimum length such that 8Xj+bYi+czi~S for i=l. ... n. For 

convenience we will choose S= I and fonnulate the problem as follows: 

(INV) 

This is a convex 3-dimensional quadratic programing (linear constraints) problem. An 

algorithm to solve this problem in linear time has been produced by Megiddo [MIl. The 

algorithm is based on a pruning technique which is fully discussed in Chapter 5. 

Returning to the original problem. after finding the vector (a.b.c) that solves Problem 

(INV).we have to nonnal1ze it to length I in order to find the actual coordinates. Namely 
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we perfonn the transformation: 

( b) (a,b,c) 
a, ,c .... ~:I :I :I 

a +b +c 

Thus given the coordinates (xt 'Yi ,zi) of the vertices on a hemisphere, a fonnal algorithm 

to find the coordinates (a,b,c) of the I-center is stated as follows: 

i) Find the vector (a,b,c) that solves the problem (INV) 

11) Apply the above transformation to find the I-center coordinates. 

Solving the problem (INV) requires, as shown before, O(n) time, while the 

transfonnation requires a constant time. Thus given that all the vertices are on a 

hemisphere the I-center is found in O(n) time 

If the assumption of having all vertices on one side of a central plane does not hold. 

namely the optimal S is strictly negative, the inverse problem can be fonnulated as: 

which is a non-convex quadratic programming problem, and may have many local 

optimum solutions which are not globally optimal. 

Checking whether the condltlon holds: Given the coordinates (xi' Yi' zi) of n pOints on 
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the sphere, the question is whether there exists a central plane such that all the pOints 

are on one side of the plane. 

Due to the previous discussion, such a plane exists if and only if the set of inequalities 

a"t+bYi+czi~O i=1. ... n has a feasible solution. Megiddo's algorithm for the 3-

dimensional linear programming problem finds an answer to this problem in O(n) 

time. 

The "singular" case where the optimal r is exactly n/2 is detected if we find that a 

central plane exists while the problem (INV) is infeaSible which indicates that all the 

vertIces are on a hemisphere, yet the optimal S value is not posItive. 
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4.4 2-center 

As has been shown before, there are O(n3) feasible pOints for center locations. Therefore 

a naive algorithm that tests all the possible pairs finds the optimal 2-center in 

O[(n3 )2*n) = O(n'7) time. In this section we present an O(n3}ogn) algorithm to find the 

optimum 2-center. Our algorithm is based on ideas Similar to those presented by 

Drezner in [D2) for the planar 2-facility location problems. 

Let s 1 and ~ be the optimal location for the two centers (meanwhile unknown). Let V I 

and V2 denote the partition of the vertex set V into two sets. so that all the vertices of VI 

are dominated by Sl and all the vertices of V 2 are dOminated by ~. The following 

theorem presents a key property for the algOrithm. 

Theorem 4. 1: There exists an optimal partition (VI·' V 2·) such that VI" and V2" are 

separated by a central plane. 

Proof: ConSider the perpendicular bisector plane between Sl and S2' This plane 

contains all the points that are in equal distance from Sl and~, and therefore contains 

also the center of the sphere. Obviously all the vertices on one side of the plane are 

closer to Sl and can be assigned to VI· , while vertices on the other side can be assigned to 

V 2 •. Vertices which lie exactly on the plane can be assigned arbitrarily to VI· or V 2"' 

• 
Now suppose that the sets VI· , V2• and the separating plane are given. If no vertex of V I" 

or V 2" is on the plane we can always rotate the plane In an arbitrary direction until we 

"collide" with a vertex of VI • or V2•. Namely we can l1m1t our search to all the partitions 

which are formed by separating planes that pass through a vertex. We will term the 

vertex that seperates the plane as the "North Pole" (and rotate the axes accordingly) 

To generate all special partitions we check all the n vertices as possible "North Poles". 

Let Vk be a North Pole and let a ~ a 1 ~ a 2 ... a n ~ 21t be a sorted list of the longitudes of the 
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other vertices. For convenience assume that all 01 are strictly different from O. 1t. and 

21t (we can easily achieve this goal by rotating the axes). Let UO) denote the plane which 

is formed by the longitude line 0 and the center of the sphere, and let VI (0) and V 2(e) be 

the separate dOmination sets. We start with a = 0 According to the assumption above 

none of the n-l vertices is on ua) and the separation of those vertices to V l(e) and v2(e) is 

clear. However the vertex vk (the North Pole) may belong either to VI (e) or to v2(e) and 

both possibilities must be checked. Now we increase a to the first value for which a 

vertex transferred from one set to the other. More generally. suppose that for some eo. 

VI (e). andV2(e) have just been listed. Let 

91 = min{e1lei > 0o}, a2 = min{a1lai > ao + p} and 0* = min{e1.e2 - p} 

Then e' is the first value of a after 0 0 for which a vertex (or. in the case of tie. some 

vertices) has been transferred from one set to the other. Replace e 0 with a' and continue 

until a' ~ 1t. Note that for each value of the two possibUities - whether the north pole is 

in VI (eO) or in V2(91- must be checked. 

Given a separating plane ua*) and the sets VI (a*). V 2(0*), we can separately solve a 1-

center problem for each set. The vertices of each set are all on one side of the plane. 

therefore the method that has been presented in Section 4.2 can be applied to solve 

those I-center problems in O(n) time. For any given partItlon the domination radius is 

the maximum of the two I-center radii. The radius of the 2-center is the minimum. over 

all the possible partitions, of those dOmination radii. 

Complexity 

Starting with a "new" North Pole and updating the coordinates of the vertices requires 

constant time for each vertex, and hence O(n) time for all vertices. Sorting according to 

the longitude requires O(n logn) time. Finding each new a' involves moving from the 

current value to a next value in the sorted list and hence requires O(n) time for all the 

values of a'. 
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The process of updating the coordinates. sorting the longitude and finding the values of 

e" is repeated n times and so all the partitions are created In O(n2logn) time. For any 

given partition we solve two I-center problems in O(n) time and so the optimal 2-center 

is found in O(n3logn) time. 



83 
4.5 p-center 

The p-center problem has been shown to be NP-hard when vertices are contained in a 

plane; and it is even NP-hard to find an approximate solution to the planar p-center 

problem which is bounded by any given E, see (MS). We will show that the p-center 

problem on a sphere is also NP-hard. Our argument is based on the following: Let rO be 

the optimal radius of the p-center on the plane, and suppose that the p-center on a 

sphere can be found in polynomial time. Then we can reduce the planar problem in 

polynomial time and space to a spherical problem to find in polynomial time a 

solution r' such that r'-r· < E for any given E. 

Let (a, b) be the coordinates of the I-center on the plane (which can be found in 

polynomial time (MI)). For convenience we assume that (a,b)=(O,O) and shift the axes 

accordingly. Let (XI' YI) be the coordinates ofthe vertices VI' The radius of the I-center is 

denoted p and equals 

Max~x.2 +y.2 
• 

All the vertices and all p-centers will be at most in a distance p from (0,0). We now 

perform the following reduction of a planar problem to a spherical problem. 

Let (O,O,-R) be the coordinates in the (x,y,z) space of the center of a sphere with radius R 

Namely the sphere's center Is "under" the I-center of the plane (located at (0,0,0)), and 

the I-center is a point on the sphere's surface. For convenience let's shift the z axis so 

that the coordinates of the sphere's center will be (0,0,0), and the coodinates of the 

vertices on the plane will be (~'YI,R). For each vertex on the plane define a 

corresponding point on the sphere to be the "upper" point on the sphere with the same 

(~'YI) coordinates. We simply start at the point (xl,yl) and traverse on the z axis until we 
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hit the sphere. We assume that at the sphere is "big" enough so that evexy point in range 

p from the plane's I-center has a corresponding point. The coordinates of the paints on 

the sphere will then be 

We will show that we can always find a minimum value of R, Re, so that for any R>I\; the 

distances between paints on the sphere approximate the actual distance between paints 

in range p from the plane's center, with any desired level e of exactness. Our proof is 

based on the following three lemmae: 

Lemma 41: For any given p there exists a minimum value of R, Rei: so that the 

distance between any relevant point on the plane and its corresponding point on the 

sphere is less than e 1 • 

Proof: Let d l denote the distance between a point in the plane and its corresponding 

point of the sphere. d l = R-~R2 _(X.2 +y.2) 

we note that d l takes its maximum value at paints with distance p from the plane's 

center, therefore 
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Since d,2 ~ 0 we have p2 ~ 2Sd, or d S p2 1(25) 

So for any given p we find a minimum value of 5, and hence of R = ~S2 + p2 for which 

~ < E 1 for all vertices in range p from the plane l-center. 

• 
Lemma 4.2: Let ~ denote the distance between two relevant pOints in the plane and 

d'y denote the length of the ~ between the corresponding projected paints on the 

sphere. Let ReJ , be the minimum value of R that has been calculated according to the 

requirements in Lemma 4.1. Then for any R > REI' Idu' - dlJl < El , 

!:r.Q.Qf: The distance between pOints i andj on the plane is 

The length of the corresponding chord is 

Since z,' Zj S R and according to Lemma 4.1 R-z, and R-~ are less than £1' the length of the 

chord is bounded by 
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Let W2 = (~_Xj)2 + (ycy}2. The difference between the chord's length and the planar 

distance is bounded by ~W2 + £12 - W which Is maximized for W = O. Thus the difference is 

bounded by £1' • 

Lemma 4.3: For any given £2 there exists an Re so that for any R > 1\:2 the difference 

between the length of the chord and the spherical distance is less than ~. 

Proof: Let e be the angle between the radius vectors that correspond to two pOints on 

the sphere. The spherical distance is equal to R*e. The length of the chord is equal to 2R 

sin(e/2). The difference between the two distances obviously increases with e. Since all 

the vertices are in range of p from the plane's center, the upper bound for the length of 

chords is 2p(£1 maybe neglected) and the upper bound for eis 2sin- l (p/R). Therefore the 

difference between the chords' lengths and the spherical distances will be bounded by 

R. 2sin-1(r / R) - 2r 

USing the Tailor series expansion for sin-1(x) = x + x3 /6 + ... we have that sin- l (p/R) is 

equal to p/R plus a residual tenn which is bounded by p3/(6R3). So the difference is 

bounded by 

which for sufficiently large R is less than £2' • 
Lemmae 4.2 and 4.3 lead to the following result. 
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Theorem 4.2: For any given p there exists a m1n1mum value of R, 1\:, for whch the 

difference between distances among relevant points In the plane and the distances 

among their corresponding projection pOints on the sphere is less than £. 

Er.Q.Qf: Set £}=£2=1/2£ and let Re=Max{R£1'R£2} where R£I and Re2 are the minimum 

values according to Lemmae 4.1 and 4.3 respectively. Based on Lemmae 4.2 and 4.3 and 

the triangle inequal1y, the difference between those distances will be less than £} +£2=£' 

Before stating the final result we have to show that the reduction of the planar problem 

to a spherical problem is polynomial not only in time (which is obvious) but also in 

space. Namely we have to show that the value of 10g(Re) is bounded by a polynomial 

function of log(xt), 10g(Yi) and log(l/e). 

Again, set el = e2 =1/2£. Based on Lemmae 4.1 and 4.3 both Rei and 1\:2 (and hence Re) are 

bounded by a polynomial function of p and lIe. fherefore Re is also bounded by a 

polynomial function of log(p) and log(l/e). This implies that the reduction is also 

polynomial in space. 

Theorem 4.3: the p-center problem is on a sphere NP-hard 

Proof: Suppose that the spherical problem is solvable in a polynomial time. then we 

can reduce a planar p-center problem to a spherical one, in polynomial time and space, 

to find - based on Theorem 4.2 - an e approximation for the planar p-radius in a 

polynomial time. However this is a contradiction to the results of (MS] stated at the 

beginning of this section. Therefore the problem cannot be solved in polynomial time 

and is NP-hard. 



5.Locatlng hyperplanes on hypercubes 

5.1 Introduction 
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The models in Chapters 2 through 4 considered locating l22.1n1 facilities. In regression 

models we are interested in locating a (d-l) hyperplane that will be as "close" as possible 

to the existing vertices (data points) in the d-dimensional hypercube. Let XI = 

(xu .... ~(d-l).yl) i = l ... n denote the coordinates of the i'th vertex. and let y = a+bx be the 

equation of the hyperplane. The distanc~ between a vertex i. and the plane is defined as 

and is the distance in a direction parallel to the y axis between the vertex and its 

projection on the plane. 

Minimizing the distances between the vertices and the hyperplane is associated with 

finding a "best" approximation of pOints by a linear function and is called the linear

fitting problem. It has fundamental importance in numerical computation and 

statistics. Several minimization criteria may be defined for finding a "best" 

hyperplane. 

1) Minlsum - Minimizing the sum of weighted distances from the pOints to the line 

(associated with the "median" problem). 

Mint w.ly. - (a + bx,ll ._1 

ii) Least squares - Minimizing the sum of weighted square distances. 



Mint wl(YI - (a + bz:.lt 
1.1 

iii) Mlnlmu - MfnJm1zing the maximum weighted distance from the line to any 

point (associated with the "center" problem). 

Min M~ WI IYI - (a + blt,)1 
1.1 
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The least squares criterion is the one which is most frequently used for linear fitting. 

Least square parameters have some important statistical properties: They are unbiased 

and used for maximum likelihood estimates in normal models. Yet, computational 

convenience seems to be one of the main motivations for its use. However strong 

sensitivity to outliers may sometimes intolerably skew the line, when considering 

those outliers as valid data points. 

Fitting lines according to the minimax criterion (which Is in fact even more sensitive to 

outliers than least squares) can be formulated as a d-dtmenslonal linear programming 

with 2n constraints [MI). For any ftxed d the problem Is solvable in linear time as 

shown by Meglddo [M2). In this chapter we show that fitting lines according to the 

minisum criterion Is also solvable in O(n) time when the dimension d Is ftxed. 

The minisum criterion for line fitting has been previously discussed in [HIT) where 

they provide a linear time algorithm to find a line in the 2-dimenslonal plane. Their 

algorithm is based on applying a pruning technique developed by Meglddo [M2) and 

will be discussed later in this chapter. Although our method applies the same pruning 

technique, the contributions with respect to the previous results are: 

1) Generalizing the results for any d-dimenslonal linear fitting (not only for a 2 -

dimensional line). 



11) Providing a different algorithm which can easUy be generalized for higher 

dimensions. 

These contlbutlons will be discussed later in this chapter. 

Our algorithm runs in O(3(d + 1)2 n) time and thus can be efficiently applied if the 

dimension is small. 

90 
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5.2 Formulation and Properties 

The minisum criterion is fonnulated as 

Min:EwIIYI -(a+bz,)1 
101 

Since all WI are positive we can take them inside the absolute value sign, and consider a 

problem of the form 

101 

where YI and Zt are !mown and adjusted for WI' and b is the vector of decision variables. 

For convenience define ~(b) = YI- bZI and the problem is: 

Min G(b) = I,lgl(b)1 
1.1 

Theorem 5.1: G(b) is a convex function ofb. 

Proof: 

A proof has been given in [IKY] for the 2-dimensional case, which can be applied for any 

other dimension. However we supply a simpler proof, based on the following: 

- gl(b) are linear functions and are therefore convex:. 



- Igi (b) I = Max {gi (b), -gi (b)}, and the maximum of convex functions 15 convex. 

G(b) = Ilgl(bll is a sum of the convex: functions and is therefore convex: 
I-I 
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• 
Theorem.Q..Z: Let d be the dimension of the vector b. Problem (P) has an optimal 

solution (not necessarily unique) in which the optimal bO 15 the unique solution of a set 

of d equations &(b) = O. Therefore there exists an optimal solution in which d vertices 

are contained in the optimal hyperplane. 

f?r.Q..Q.f: We formulate (P) as the following linear programming (LP) problem: 

Obviously in an optimal solution at least one of each pair of constraints for each i must 

be tight. 

The number of variables in the LP problem is n + d, whUe the number of constraints is 

2n. Therefore there exists an optimal point (b0, tJ which is the unique intersection 

point of n + d tight constraints. 

From the two arguments above follows that there exists an optimal solution which 

contains d pairs where both constraints are tight, in which case gl(b) = 0 

we next show that bO 15 the unique solution of the d equations & (b) =0. Let b' be another 

solution to the equations. Then we can construct another solution for the (n+d) tight 
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constraints where b=b' ,gl=o for the d pairs of active constraints; and for the rest of the 

active constraints we insert the value of gl for which the constrains will be tight (this 

can be easily done since each of those g.'s appears only in one pair of constraints). This 

construction contradicts the assumption that (b", t) is the unique solution for the n + d 

equatkJns. 

• 
\\e note that the potentially high dimension of the LP formulation may make an 

algorithmic use of the proof of Theorem 5.2 intractible even for small problem 

dimensions. 

However the theorem can be used to form a naive algorithm. Consider d=2. finding a 

regression line in the plane. According to Theorem 5.2 the candidate solutions are lines 

intersecting any two vertices. A naive algOrithm that checks all pairs of vertices will 

find the optimum in O(n3) time. Applying the LP approach here yields a problem 

dimension of n+2, which may be intractible for large n. 

Our algorithm applies the pruning technique of Megiddo [M2] which 15 applied also in 

[I1IT). We start with all of the n vertices as candidate pOints to form the optimal 

hyperplane. At each stage of the algorithm we prune a given percentage. q. of the 

vertices for which we surely know that they are nQ1 on the optimal hyperplane. The 

computational effort at each stage 15 a linear function of the number of the remaining 

candidate vertices. and thus the total effort is 

O(n + (I - q)n + (I - q)2n + (1- q)3 n+ ... ) = O(n) 

\\e note however. that the parameter q is a function of the dimension d and the 

efficiency of the algorithm decreases sharply when d increases (see details in Section 

5.5). 
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For ease of presentation. we start with the I-dimensional and 2-d1menslonal problems. 

A general solution for the d-dimensional problem is given in Section 5.5. 
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5.3 The I-Dimensional Problem 

In the I-dimensional problem 

where Yt' X. are given scalers. 

Let Zt = y/x... From Theorem 5.2 we lmow that the Zt values are the candidate solutions 

forb. 

Note that the objective function G(b) is not differentiable at the points 21: 

Since G(b) is convex an opUmal solution is a 21 value with a non - poslUve left derivative 

and a non - negative right derivative. It is well known for this problem (both from 

probability and from location theory), that an optimal point is the weighted median of 

the pOints zt, and a binary search procedure can be appUed. 

To be consistent with further derivations we will deSCribe the algorithm informally as 

follows: Let S denote the set of the paints Zt' among which we expect to find the optimal 
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point b'" and let 5 denote the remaining zi pOints. at each iteration of the algOrithm the 

set 5 is halved by testing the median (zm) of ZI e 5 and finding - by computing left and 

right derivatives - whether be> Zu or be < Zu (or be = Zu). For each z, that has been pruned 

from 5 we know whether z, > be or zt < be and therefore the sign of g,(b) is also known. 

Thus '5'·lgl(b)1 can be combined to a single expression of the form H(b) = U + bW. where U 
z;'A 

and W are known parameters. 50 at each Interation we also reduce the work required to 

compute the function G(b). in addition to reduCing the size of S. by half. 

The formal algorithm is: 

Algorithm 5.1: Minimize G(b). 1 - Dimension 

(Given (x. iY1l i=l. .. n the algorithm returns an optimal value ofb which minimizes 

G(b) = ily, - bx,11 
'-I 

Step 0: 

Step 1: 

(initialize) Compute zt = Y/x.. i=l. .. n 

S=(Zl .... ~} 

U=W=O (U and W are the parameters of the linear function H(b)) 

Find the median of zt E 5. Denote it by zm' Compute the left derivative 

(LD) and the right derivative (RD) at the point zm 



Step 2: 

Step 3: 

Step 4: 
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If LD SO and RD~ then Halt. zm Is an optimal point bO. Else go to Step 2. 

If LD<O and RD S 0 go to Step 3; else go to Step 4 

[Case 1: bO>Zm] 

Update: 

and go to Step 1. 

[Case 2: bO <~] 

Update: 

and go to Step 1 

At each Iteration the computational effort In Steps 1 through 415 O(S). Since S is halved 

at each iteration the total complexity 15 

O(n + n /2 + n /4+ .... ) = O(n). 
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5.4 The 2-Dimensional Problem 

In the 2-dimensional problem we look for the two points in the (x.y) plane that intersect 

in the optlmal line. 

Although the problem is originally defined in the (x.y) space we may regard it as a 

problem of minimizing G(bl.b2) in the (bl'b2 ) space. The duality of the (x.y) and the 

(b1.b2) spaces may be described as follows: 

The point (x.y) and the line y=b lx+b2 in the (x. y) plane are mapped to the line b 2=-xb1 +y 

and the point (b1.b2 ) respectively in the (bI.b 2) plane. The optlmalline. formed by the 

two paints in the (x. y) plane will be the intersection point b- of the two corresponding 

lines in the (bl' b2) plane (Figure 5.1). 



4 

3 

Fig. 5.1 optimum solution In the (x, y) - plane (above) 
and dual representation In the (a, b) - plane (below) 
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At this pOint, we consider the problem in the (bI,b2) space only. The problem is 

presented in the form Mint glib I, b21= tlyl- b,Xlt - b2X121 

The region gt(b) = 0 (bIXtI+b2Xrz=Yt) is a line in the (b I ,b2) plane. The candidate solutions 

are the intersection pOints of any pair of lines in the (b l,b2) plane. Let 5 denote the set of 

lines, among which we look for the pair which intersects at the optimal point (b l" .b2") 

(in the (Xl .~) plane 5 is the set of all points among which we look for the pair that forms 

the regression line. Let S denote the set of lines In the (b,b.) plane for which we know 

that do not Intersect at the optimal point. By applying the pruning technique of 

Megiddo. we reduce the cardinality of 5 to at most 7/8 of its size in each iteration. For 

each line that has been pruned from 5 we know the sign of gt(b) in the optimal solution. 

and so L[lg. (b)l: i E 5 ] can be combined to a single expression of the form H(b) = 

V+b1 W1+b2 W2 where V,WI' and W2 are known parameters. The objective function G(b) 

can be written in the from G(b) = l:{lg.(b)l: i E 5} + H(b) and so the computational effort 

in calculating G(b) and its derivatives is reduced accordingly. We now describe the 

algorithm in detail. 

Overview: 

Let bIXtI+b~=YI be the equation of a given line In the (bI,b2) plane. If xll:;t(), the 

equation can be written In the form bl+~b2=Bt where -I/A,. (=xll/Xa) is the slope of the 

line. Megiddo's pruning technique first requires a transformation which yields an 

equal number of lines with non-negative and with non-positive slopes. Megiddo 

suggests rotating the axes so that the b 1 axis will be parallel to the median slope line. 

However this transformation does not necessarily yield the deSired result. Figure 5.2 

illustrates an example where after the rotation, all the lines (except the median slope 

line) have negative slopes.) 



Fig. s.2a 

Fig.s.2b 

the median slope line 

Fig. 5.2 An example for the incorrections of 
Megiddo's rotation method. (Figure s.2a before the 

rotation, Figure s.2b after the rotation) 
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A different transformation Is suggested by Dyer [Dy]: substitute bl'=bl+~b2 for b I , 

where ~ Is the median of the As values. Now, the formulas of the lines are 

Now, denote As·=As-~. Since ~ Is the median of AI then roughly half the values of~' 

are non-positive and half are non-negative, and the requirement for pruning is 

satisfied. 

We now form pairs of lines in the (bl ',b2) plane where in every pair we have one Une with 

non-negative slope and one line with non-positive slope. The selection of lines with 

opposite slopes impUes that if two lines in a pair do not intersect, then both lines are 

parallel either to the b I' axis or to the b2 axis (for simplicity we'll term those lines as 

"parallel lines"). 

Testin~ the lines: 

For convenience assume first that all pairs of lines have an intersection point, denoted 

by (bI(I)',b2(1))' Let bUm)' be the median.of the bUt)' values. The next stage is to "test the 

line" (termed by Megiddo) bl'=bI(m)', which involves determining whether the optimal 

point (b I'· ,b2·) is "above" or "below" the median line (or on the line itself). A procedure 

which finds the answer, called the "oracle" by Megiddo, is described later in this 

section. Without loss of generality suppose that bl··>bUm )'. We now define b 2 (m) to be the 

median of the b 2(1) values considering only pOints with bIll)' ~bl(m)' and test the line 

b2 =b2(m)' Suppose that b2 ·>b2(m)' 

Let R be the region (bl'>bI(m)' b 2>b2(m)} and let R' be the region (bl'~bl(m) b2~b2(m)} in the 

(b I ',b2) plane. By the suppositions, R contains the optimal point (bl'·,b2·). R is the 

"northeast" region and R is the "southwest" region in Figure 5.3. 
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The selection of the tested lines using median values of the entire set for b I' and the 

partial set for b2 ensures that at least half of the ~tersecUon pOints are in the region 

(bI'~bl(m)}' and at least half of the pOints in (bI'~bl(m)'} are in R'. Therefore, at least a 

quarter of the pOints are in R. Each point is at the intersection of a line with non

negative and a line with non-poslUve slope. Lines with non-posItive .slope which cross 

the region R'will not cross the region R (see Fig. 5,3). Thus for any intersection point in 

It we can prune one line for which we know that it does not cross the region in which we 

look.for the optlmal point (bI'·, b21. From this discussion it follows that approximately 

1/8 of the number of lines can be pruned. 



R 

><>< 
R' 

---~--bbl[m] 

h . ue . 5 3' The pruning tee mq fig ... 
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In the case where we have a pair of lines parallel to one of the axes and do not intersect 

the proportion of lines that can be pruned may be even larger than 1/8. We define b1(m)' 

to be the median of the set ofblltl 'values of the intersection pOints and b IU)'values of the 

line which are parallel to the b2 axis. The same process is performed to choose b2(m)' 

Thus the number of points in R' together with the number of parallel lines which cross 

R is at least a quarter of the total number of intersection pOints plus the number of 

parallel lines. For each intersection point In R we prune one line, and we also prune all 

the parallel lines which intersect R'. so the proportlon of lines that can be pruned may 

be larger than 1/8. 

The above discussion assumes that the region R that contains the optlmal point (b1'·.b2·) 

is R={bl'>bl(m)', b 2>b2(m)}' A simUar rule can be applied if R is any other quadrant in the 

(bI',b2) plane. These rules are as follows: 

I) If R={bl'>bl(m)' b2>b2(m)} then R={bl'Sb1(m)', b~b2(m)} 

II) If R={bl '>b1(m)' b2<b2(m)} then R'={bl'Sbl(m)', b2~b2(m)} 

III) 

IV) 

If R={b I '<bl (m) , b2<b2(m)} 

If R={b1'<bl(m) , b2>b2(m)} 

then R'={bl'~bl(m)', b2~b2(m)} 

then R={bl'~bl(m)', b2Sb2(m)} 

Pruning rule: Among the lines that Intersect at R, prune: 

-in cases I and III - all the lines with non-positive slopes. 

-In cases II and IV - all the lines with non-negative slopes. 

Updatin~ the function H(b): For each line in the (bI',b2) plane that has been pruned we 

know that the optimal point (bt, b 2°) and the point (bUm)', b2(m)) are on the same side of 

the line gt(b)=O. Therefore the sign of gt(b) for both points will be the same and we can 

compute the sign of ~(b) in the optimal solution by computing ~(bl(m)', b2(m))' 

Considering only the functions &(b) whose signs have been discarded, we update H(b) as 

follows: 



106 

The oracle: We now present the procedure which finds on which side of a given line the 

optimal point (b t ,b2 1 is located. For simplicity assume that the given line is parallel 

to one of the axes, say b l ' (otherwise, we can always rotate the axes to achieve that goal). 

Let b I' = bUm) . be the given line. 

The first step is to find on the line b l ' =bl(m)' an optimal point (bl(m)',b2°) for which G(b) is 

minirnzed, namely G(bl(m) ',b2 °) = Min G(b l(m) ·,b2 ). Finding that point involves solving a 

I-dimensional optimization problem, where bl'is held fixed and b2 is allowed to vary. 

Now if there exists any direction in the region b l' > bIn)' (and b l' < bIn)' respectively) 

where the directional derivative at (bl(m)', b2 j is strictly nagative, the convexity of G(b) 

provides that the optimal point (bI 0, b 2 j is in that direction. If in both regions all the 

directional derivatives are non-negative then (bUm)', b2°) is the optimal point (bt, b2°). 

Let II = {i: &(b) = O} 

12 = {i: &(b) > O} 

13 = {i: gt(b) < O} 

and let the current value of H(b) = U + bI WI + b2 W2• 

Proposition: The existance of a negative directional derivative in the region b l ' > b1(m)' 

is equivalent to the existence of a number A such that 

E!.Q.Qf Let d = (dl'~) be a given direction in the region b l ' > bl(m)'. Let A = ~/dl (dl Is 

strictly positive and therefore A is finite), the directional derivative at the direction d is 

equal to: 
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Since d > 0 and I d I > 0 a negative directional derivative exists if and only if Min GO~) is 

negative. 

Proposition: The ex1stance of a negative directional derivative in the region b l ' < bUm)' 

is equivalent to the existence of a number A. such that 

min G(A) = Lixil - Axil I + L(~, - Axil) + L(-XII + Axil) - W. + AWz < 0 
lei, leb leb 

The proof is analogous to that of the previous proposition. 

Note that finding Min G(1.) in both directions requires solving a 1 - dimensional 

problem on A.. 

The "oracle" procedure is formally presented as follows: 

i) Solve min (G(b : b l '= bl(m)')} to find the point (bl(m) ',b2 'J. 

il) Solve min G(A) in both regions - b I '> bUm) and b I '< bUm). If the minimum in both 

regions is non-negative then (bI(m)',b2 'J is the optimum point (bl··,b21. Otherwise (b1··,b2·) 

is in the (only) region where min G(1.) is negative 

Complexity: Let S be the set of lines among which we look for the pair that intersect at 

(b1··,b2·). At each iteration the size of S and also the work used to evaluate G(b) are 

reduced by 1/8. The following operations are done in each iteration: 

finding medians (~, bl(m)', b2 (m) - completed in O(ISI) time, 

- transformation from bI to b l ' - completed in O( I S I) time, 

- pairing lines and finding intersection pOints - completed in O( I S I) time, 

- calling the oracle twice - each call involves solving 3 I-dimensional problems of size 

I S I and computing directional derivatives - completed in O( I S I) time, and 

- finding all the intersection points in R', pruning lines and updating the function H(b) 



completedted in O( I 5 I) time. 

Thus each iteration requires O( IS I) time and the total complexity is 

O(n+(7/8)n+(7/8)2n+ ... )=O(n). 
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5.5 The ddDimenslonal Problem 

In the d-dimensional problem we look for d pOints in the (xl.H.xd-l'y) space that form 

the optimal hyperplane. The duality between the problem in the (x.y) space and the (b) 

space that has been shown· for the 2-dimensional problem holds also for the 

d-dimensional problem: Any point in one space is mapped to a (d-l)-dimensional 

hyperplane in the other space and vice versa. Again we conSider to the problem in the 

(b) space only. The objective function is of the form Min 1: I ~(b) I = 1: I y(b~ I and the 

candidate solutions are intersection pOints of the d dimensional hyperplane of the 

form gl(b)=O. 

As we have shown before the linear fitting problem is Similar in nature to a linear 

programming problem. Both are convex programming problems and both have a.n 

optimal solution point that exists at an intersection of hyperplanes in the d 

dimensional space (d is the number of variables. and n is the number of hyperplanes in 

both problems). 

Megiddo's technique to solve the linear programming problem is based on pruning a 

given fraction. q. of hyperplanes in each iteration. for which we know that they do not 

cross at the optimal solution point. The pruning process involves calls to an "oracle" 

which is a procedure that checks which side of a given (d-l) - dimensional hyperplane 

contains the optimal point . .As we will show. a similar procedure can be derived to find 

the location of the point b· that solves the linear fitting problem relative to any given 

(d-l) - dimensional hyperplane. Therefore Megiddo's approach. with the improvements 

suggested by Oyer lOy). can be directly applied to solve our problem: where the only 

change - following from the different kind of problem - is in the oracle. We will also 

show that the oracle for the linear fitting problem requires the same computational 

effort as the oracle for linear programming. and therefore the algorithms for both 

problems have equal complexities. 
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As in the lower dimension problems. our goal is to prune P.L r:::lch iteration a given 

fraction q of hyperplanes. However q = q(d) is a decreasing function of d, and the 

number of calls at each iteration - denoted as p(d) - increases with d. For any fixed d, 

p(d) and q(d) are f!xed and the total complexity is. as shown before. a sum of a geometric 

series which converges to O(n). Increasing the dimension. however yields an 

exponential growth of the complexity. 

we briefly illustrate the main ideas contained in Megiddo and Dyer. 

Let bXcYt=O be the equation of a given (d-l)-dimensional hyperplane. If ~l ~ we divide 

each element of the equation by ~I and get an equation of the form 

Similarly to the 2-dimensional problem. our first goal is to transform hyperplanes in 

the b space so that (roughly) half of the ~'s are non - negative and half are non -

positive. Again we apply Dyer's approach. transforming form b i to b l ' = b l + ~ b2 where 

Am is the median of the ~ values. Then ~(b) = b l • + b2At' + ht(b) where A: = A. -~. 

Again we select pairs of equations ht(b). ~(b) so that ~'?1) and ~5.0. For each pair define 

Note that hu(l)(b) has a 0 coefficient on b l ' and h!j(2)(b) has a 0 coefficient on b2. 

Megiddo and Dyer have shown that if we know the .§!gn of hlj(1)(b) and hlj!21(b) in the 
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optimal solution (namely, we know which side of each of the corresponding 

hyperplanes contains the optimal pOint) then the sign of either ~(b) or hj(b) can be 

found by the following rule: 

(1) If sign hulIl (b) = 0 then sign ~(b) = sign hj(b) = sign hu(21(b) 

(it) If sign hu(ll (b) = 1 then 

If sign (hy(21(b)) ~ 0 then sign ~(b) = 1 

If sign (hy(21 (b)) S 0 then sign ~(b) = -1 

(iii) If sign hll(b) =-1 then 

If sign hu(21 (b) S 0 then sfgn h,(b) = -1 

If sign hUl21 (b) ~ 0 then sfgn hj(b) = 1 

Note that by (I I (b) has a 0 coefficient for b l ' so they may perceived as hyperplanes in the 

(d-l) dimensional subspace of (b2'" bdl. A s1m1lar argument also holds for hyI21(b) which 

has a 0 coeffiCient on b2. Now the process that has been done on h,(b) can be repeated on 

hu (ll (b) and huI21 (b) and a pruning rule for those hyperplanes can be determined based on 

hyperplanes with (d-2) non - zero coeffiCients. Thus we may apply a recursion in the 

following way: repeat the process tUl we have hyperplanes with at most 2 non-zero 

coeffiCients and apply the pruning procedure for the 2 - dimensional problem. Now go 

"backwards" and for each pair of hyperplanes of the type hulIl(b) and htP1(b) in the (k-l) 

dimensional space prune one hyperplane h,in the k - dimenSional space (k=3 ... d). 

Queries to the oracle are made when we "reduce" the dimension to 2; however the oracle 

looks for the position of b* relative to a (d-I) dimensional hyperplane (which is parallel 

to the subspace ofb, with zero coefficients). 

Let A(d) denote a pruning procedure at a given iteration for the d - dimensional problem. 

Let q(d) denote the fraction of pruned hyperplanes, and p(d) the number of queries to the 

oracle at each iteration when A(d) is applied. Megiddo suggests two approaches. 
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~: This approach applies a recursion on A{d). At each iteration apply A(d-l) to 

find the position of bO relative to a fraction to q(d-l) hyperplanes of the form hu(l)(b). 

Now apply A(d-l) on hyperplanes of the form htj(2)(b) but consider only the pairs (1. J) for 

which the position of bO relative to htjl1l(b) is known. 

Thus at each iteration we query p(d) = 2p(d-l) times to the oracle. For each pair hu[I)(b). 

hu'21 (b) that have been discovered we prune one hyperplane of the form ~(b) and 

therefore q(d) = 1/2 [qed - 1))2 For the 2-dimensional problem we have [Section 5.4) p(2) = 

2, q(2) = 1/8, so the solution of those recursive equations is p(d) = 2d-1 and q(d) = 21-2d . 

Approach II Suppose we recursively find out the position of bO relative to .all 

hul1l (b) hll(b), then half of the hyperplanes can be pruned. According to this approach 

pruning a fraction of q(d)=n/2 hyperplanes requires solving recursively two (d-l) 

dimensional problems with n/2 variables. 

Megiddo has shown that Approach I requires O(20
(2

d
) * n) time, while Approach II reqires 

O(n*(logn)d') for the linear programming problem (and, as we will show later. also for our 

problem). So Approach I is preferred for small dimensions while Approach II is more 

effiCient for higher dimensions. 

Approaches I and II are in a sense two "extreme" approaches. In Approach I a relatively 

small number of enquiries, p, are used to prune a very small fraction, q, of hyperplanes, 

while in Approach II a very large number of enquiries is used to prune the maximum 

possible number of hyperplanes. Dyer suggests using a more "middle of the road" 

approach. He shows that a relevant measure of the effiCiency of an algorithm is the 

proportion q/p. Dyer generalizes Approach I in the following way: 

Let r be a given integer and let k, l, i = ... r be given integers. We apply the following 

procedure r times: 
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Repeat kl times the Inquiries for the hu(l)(b) hyperplanes to find the position of b' 

relative to a fraction of the l-(l-q(d-l))klhyperplanes, Then repeat the Inquiries for 

hlj(2) (b) hyperplanes II times considering only the pairs (i,j) for which position of b' is 

known relative to hlj(1)(b) , After r repetitions of the procedure the fraction of the 

hyperplanes hi that can be pruned is, as shown by Dyer: 

Dyer has shown that choosing r=2, k1=ll=2, k 2=2,l2=3 we have q(d)~1/2 for any d with 

p(d) = qd-l, 

Applying this approach requires 0{3(d+l)2*n) time for the linear programming problem 

(and hence for our problem), which is an improvement over Megiddo's best results for 

any given dimension of the problem, 

Now we present the oracle for the linear -fitting problem and show that it requires the 

same computational time as Megiddo's oracle for the linear programming problem. 

The oracle: We present the procedure which finds which side of a (d-l)-dimensional 

hyperplane bx=y contains the optimal point b', 

For convenience of the explanation assume that the equation of the hyperplane is b 1 =w 

(we can always achieve this by rotating the axes, however it is not neces~ary for the 

derivations) , 
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The procedure for the 2-dimensional problem is generalized to the d-dimensional space 

by the following: 

i) Find a point b'=(W,b2 e ... b d
e) on the hyperplane b I=W for which G(b) is minimized: 

namely solve Min G(~l=W). Note that finding b' requires solving a (d-l) - dimensional 

problem. 

11) Let II = Ii: &(b) = O} 

12 = {i: &(b) > O} 

13 = Ii: &(b) < O} 

and let the current value of H(b) = U + b I WI + ••• + bd Wd. 

The existance of the point be in the region b I > W is equivalent to the existance of a 

vector A = (AI' ... Ad-I) such that 

G(A) = 'Llxn +~Xlz+ •• Ad_1Xldl+ :r.(-x. -~XI2-•• A'_IXld)+ ~-(xn +~XIZ+ •• Ad_1Xld)+W; +~Wz+ ••• Ald_IlWd_l < 0 
~ I~ I~ 

and the existance of be in the region b 1 < W is equivalent to the existance of a vector A = 

(AI' ... Ad-I) such that 

G(A) = 'LI-xn + A..X1z+.,Ad-.xldl + 'L(x. - A..XIZ-",Ad_1Xld) + ~,( -xa + A..xIZ+ •• Ad-1Xld) + W. + A.. Wz+ .•• Ald_IlWd_1 < 0 
IEIi IEJZ Id3 

The proof is analogous to that of the 2 - dimensional problem. Again finding Min G(A) 

in both dirctions reuqires solving a (d-l) - dimensional problem. 

Both Step(1) and Step(l1) require solving (d-l)-dimensional problems. Therefore the 

complexity of the oracle is equal to the amount of computation required to solve a (d-l)

dimensional problem. The same result has been obtained by Megiddo for the oracle of 

the linear progranuning problem. 

Therefore applying Megiddo's/Dyer's linear programming approach to the linear-



115 
fitting problem yields an algorithm with the same complexity as that found on the 

linear programming problem. It follows that we can solve the linear fitting problem in 

o( 3(d.I" n} time. 

_._---- ---
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6. Summary and Contributions 

In this chapter we briefly summarize the contribution of this thesis with respect to 

previous results: 

Center location on cactus graphs: It is welllmown that on a general graph the p-center 

problem is NP-hard whlle on a tree graph it is solvable in a polynomial time. [GSV) 

have presented a polynomial time algorithm for the unwe~hted center problem on 

cactus graphs. In Chapter 2 we presented a different algorithm which extends the 

polynomial time result to the weighted center on cactus graphs. 

Locating capacity limited centers on trees: Past works on capacitated facility location 

problems use mathematical programming solution techniques, whose worst case 

running time grows exponentially with the size of the problem. In Chapter 3 we 

presented a polynomial time algorithm to solve the capacitated p-center problem on 

trees, if centers have equal capacities. If centers' capacities are unequal we showed that 

the problem is NP-hard in a strong sense. 

A possible extension of the above problems would be to check whether the capacitated 

center problem on cactus graphs is solvable in a polynomial time. the main difficulty 

in this problem arises from the fact that domination regions are not necessarily 

continuous; and therefore testing spanning trees - as we do in the uncapacItated 

problem - not necessarily yields an optimal solution. 

Center location on spheres: Past works use non-linear programming methods to find a 

I-center on the sphere. In Chapter 4 we showed that the unweighted spherical I-center 

problem can be solved in polynomial time, and provided the following results for the 

unweighted problem: 

An O(n) time algorithm to solve the I-center if all the vertices are on half of the 

sphere. 
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A linear time algOrithm to check whether the above condition holds. 

An effiCient algorithm to solve the 2-center problem on a sphere. 

A proof that the p-center problem on a sphere is NP-hard. 

Locating hyperplanes on hypercubes: This problem is concerned with this "best" linear 

fitting of data pOints according to the minisum criterion. [IKY] have presented an O(n) 

time algorithm for the line fitting problem on the 2 - dimensional plane. In Chapter 5 

we presented a different kind of algorithm which can be applied to solve the linear 

fitting problem on any d - dimensional space in linear time. if the dimension d is fixed. 
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