INFORMATION TO USERS
This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproducti:on.
In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.
Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.
Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6"- x 9" black and white
photographic prints ar~ available for any photographs or illustrations
appearing ~ this copy for an additional charge. Contact UMI directly
to order.

U-M-I
University Microfilms International
A Bell & Howell Information Company
300 North Zeeb Road. Ann Arbor. M148106-1346 USA
313/761-4700 800/521-0600

Order Number 9220696

Computing optical flow in rigid and nonrigid object motion

Mao, Zuhua, Ph.D.
The University of Arizona, 1992

V·M·I

300 N. Zeeb Rd
Ann Arbor, MI 48106

COMPUTING OPTICAL FLOW IN RIGID AND
NONRIGID OBJECT MOTION

by
Zuhua Mao

A Dissertation Submitted to the Faculty of the
DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING

In Partial Fulfillment of the Requirements
For the Degree of
DOCTOR OF PHILOSOPHY
WITH A MAJOR IN ELECTRICAL ENGINEERING

In the Graduate College
THE UNIVERSITY OF ARIZONA

1992

2

THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE
As members of the Final Examination Committee, we certify that we have
read the dissertation prepared by_______Z_u_h_u_a__M_a_o________________________
entitled ______C_O_MP
__U_T_IN
__
G_O_P_T_I_C_A_L__F_L_O_W__I_N__RI
__G_I_D_AN
__D
__N_O_N_RI
__G_I_D______________
OBJECT MOTION

and recommend that it be accepted as fulfilling the dissertation
requirement for the Degree of ____D_O_c_t_o_r__o_f__p_h_i_1_o_S_0_p_h_Y___________________

I

Dr.

«. <:"'-- :"

/J
';f~

Rob~n

N.

str~ckland

- 1/10/92

Date
1/10/92

Date
1/10/92

Date
Date
Date

Final approval and acceptance of this dissertation is contingent upon
the candidate's submission of the final copy of the dissertation to the
Graduate College.
I hereby certify that I have read this dissertation prepared under my
direction and recommend that it be accepted as fulfilling the dissertation
requirement.
1/10/92

Dissertation Director

Dr. Robin N. Strickland

Date

3

STATEMENT BY AUTHOR
This dissertation has been submitted in partial fulfillment of requirements for an
advanced degree at The University of Arizona and is deposited in the University
Library to be made available to borrowers under rules of the library.
Brief quotations from this dissertation are allowable without special permission,
provided that accurate acknowledgment of source is made. Requests for permission
for extended quotation from or reproduction of this manuscript in whole or in part
may be granted by the head of the major department or the Dean of the Graduate
College when in his or her judgment the proposed use of the material is in the interests
of scholarship. In all other instances, however, permission must be obtained from the
author.

4

To my parents

5

ACKNOWLEDGMENTS

I am deeply indebted to Dr. Strickland, my dissertation director and academic
advisor, for his invaluable help in the preparation and development of this work aild
for his guidance and advice. Dr. Strickland's thorough knowledge of the subject and
his guidance made even the toughest parts of this work manageable. I am also greatly
thankful to Dr. Schowengerdt and Dr. Rodriguez for their valuable comments and
suggestions on this work and participating on my committee. Also I would like to
thank my friend Ralph Ford for his suggestion. Finally, I wish to thank my wife
Xiaohong Qian and daughter Yu Mao, for their outstanding patience and support for
not allowing me to be distracted from my goal.

6

TABLE

OF

CONTENTS
Page

LIST OF ILLUSTRATIONS .................................................... 8
LIST OF TABLES ............................................................ 13
ABSTRACT .................................................................. 14
1.0 INTRODUCTION ......................................................... 16
1.1 Problem scope and motivation .......................................... 17
1.2 Review of current literature on motion analysis .......................... 19
1.3 Proposed method of investigation ....................................... 28
2.0 COMPUTING CORRESPONDENCES IN A SEQUENCE OF RIGID
AND NONRIGID SHAPES ............................................... 30
2.1 Feature extraction ...................................................... 31
2.1.1 Contour map ...................................................... 32
2.1.2 Critical points ..................................................... 34
2.2 Matching rationale ...................................................... 36
2.3 Algorithm .............................................................. 37.
2.4 Consistency and convergence of Eqn. (2.16) ............................. 46
2.4.1 Convergence ....................................................... 46
2.4.2 Consistency and the condition for convergence to a unique solution .49
2.4.3 Improving the speed of convergence ................................ 53
2.5 Implementation and experimental results ................................ 55
3.0 CONTOUR MOTION ESTIMATION ...................................... 71
3.1 Solving the aperture problem using smoothness constraints .............. 71
3.2 Related methods ........................................................ 76
3.3 Contour motion estimation with a smoothness constraint
on the second derivative of the velocity field ............................. 80
3.4 Solution of (3.21) ....................................................... 83
3.5 Validity of the smoothness constraint .................................... 84
3.6 Modification of (3.21) ................................................... 88

7

3.7 Noise performance ...................................................... 91
3.8 Experimental results .................................................... 94
4.0 ORIENTATION FIELD FOR MODEL-BASED ANALYSIS

OF FLUID MOTION .................................................... 100
4.1
4.2
4.3
4.4
4.5
4.6
4.7

Notation of fluid flow ..........•....................................... 102
Computing the orientation field of vortex flows ......................... 105
Hough transform and its application for vortex recognition ............. 116
Phase portrait and its application for vortex recognition ................ 119
Estimating the A matrix from the orientation field .....•............... 125
Phase portrait classification ............................................ 130
Vortex region segmentation ............................................ 133

5.0 VORTEX TRACKING AND MOTION ANALySIS ........................ 136
5.1 A two component model for vortex motion analysis ..................... 137
5.2 Estimating the mean component of the model .......................... 139
5.3 Computing the residual component along vortex streamlines ............ 146
5.3.1 Vortex streamline segmentation ................................... 147
5.3.2 Thinning ......................................................... 148
5.3.3 Computing the residuals along streamline contours ................ 150
5.4 Computer simulation of two co~ponent modeling ...................... 153
6.0 SUMMARY AND CONCLUSIONS ........................................ 161

REFERENCES ............................................................... 167

8

LIST

OF

ILLUSTRATIONS
Page

Figure 1.1

Overview of feature correspondence approach ...................... 21

Figure 1.2 Overview of spatio-temporal gradient approach .................... 24
Figure 1.3 Overview of contour motion estimation approach ................... 26
Figure 2.1

Branch-node representation of one frame in a laser
shadowgraph sequence [18] ...................................... 33

Figure 2.2 Incremental curvature ............................................. 35
Figure 2.3 Critical points on the zero-crossing contour of
wharf image in Fig. 2.12 ........................................ 35
Figure 2.4

Definitions of length Lm(i) and angular separation 9m (i)
between braches ................................................ 39

Figure 2.5

Reducing mismatches by using neighboring nodes' structure ........ 42

Figure 2.6

Reducing ambiguities by using previously matched node
pairs (5,5'), (4,4') and (8,8') .................................... 44

Figure 2.7 Converge of (2.16) with different initial
matching probabilities .......................................... 54
Figure 2.8 Converge of (2.38) with different

8

value ........................... 54

Figure 2.9 Original aerial image of residential neighborhood ................... 56
Figure 2.10 Computed correspondenceds for a sequence in which the
aerial scene (Fig. 2.9) translates towards the observer ........... 57
Figure 2.11 Computed corespondences for the rotating aerial scene ............. 61

9

Figure 2.12 Original image of wharf ........................................... 63
Figure 2.13 Computed correspondences in two images f~om the
wharf sequence ................................................. 64
Figure 2.14 Computed correspond<ences in a time-sequence of laser
shadowgraph images , showing the motion of the combustion
interface between hot products and cold reactant [18] ............ 65
Figure 2.15 Original image of cars on highway ................................. 66
Figure 2.16 Computed correspondences in a time-sequence of car
motion on highway ............................................. 67
Figure 2.17 Computed correspondences in a time-sequence portraiting
of car motion with occlusion .................................... 68
Figure 3.1

Velocity constraints in velocity space .............................. 72

Figure 3.2 The aperture problem ............................................. 72
Figure 3.3 Measuring variation in velocity .................................... 74
Figure 3.4 Decomposition of velocity. un and utare unit
vectors, perpendicular and tangent to the curve,
vn(s) and vt(s) are the two velocity components ................. 77
Figure 3.5 The error which can result from estimating normal
velocity, -un (s ) .................................................. 79
Figure 3.6 Velocity vectors estimated from feature matching .................. 81
Figure 3.7 Using geometric transforms to simulate first and
second order flows .............................................. 89
Figure 3.8 Spike noise on contour affects the result of motion estimation ...... 92

10

Figure 3.9

Aerial image in Fig. 2.9 added with white
Gaussian noise N(0,40.0) ....................................... 92

Figure 3.10 Zero-crossing contour of Fig. 2.9 .................................. 93
Figure 3.11 Contour motion vectors computed by (3.32) from the
matching data in Figs. 2.10, 2.11, 2.13, and 2.14 ................. 95
Figure 3.12 Contour motion vectors computed by (3.32) from the
matching data in Figs. 2.16, and 2.17 ........................... 96
Figure 3.13 Comparison of the velocity vectors computed by the
first and the secont derivative constraints ........................ 98
Figure 4.1

Vortex flow image 1 [68]. (Karman vortex street
behind a circular cylinder.) .................................... 101

Figure 4.2

Vortex flow image 2 [68]. (Secondary Streaming by
an oscillating cyclinder.) ....................................... 101

Figure 4.3

An example of vortex streamlines ................................. 106

Figure 4.4

The magnitude spectrum of DOG filter casecaded with
the difference operator ......................................... 108

Figure 4.5

Orientation (right) and coherence components of Fig. 4.1
vortex flow with Kass and Witkin's method .................... 110

~igure

4.6

Orientation (right) and coherence components of Fig. -4.2
vortex flow with Kass and Witkin's method .................... 110

Figure 4.7

Orientation filed of Fig. 4.1 with Kass and Witkin's method ...... 111

Figure 4.8

Orientation filed of Fig. 4.2 with Kass and Witkin's methos ....... 111

Figure 4.9

The Fourier transform of the first derivative of a Gaussian filter ... 112

11

Figure 4.10 Orientation (right) and coherence components of Fig. 4.1
vortex flow with Rae and Jain's method ......................... 114
Figure 4.11 Orientation (right) and coherence components of Fig. 4.2
vortex flow with Rae and Jain's method ......................... 114
Figure 4.12 Orientation filed of Fig. 4.1 with Rae and Jain's method ......... 115
Figure 4.13 Orientation filed of Fig. 4.2 with Rae and Jain's method ......... 115
Figure 4.14 The Hough transform ............................................ 117
Figure 4.15 The application of Hough Transform for finding vortex
streamline patterns ............................................ 117
Figure 4.16 The locations of vortices (bright spots) found by Hough
transform in Fig. 4.1 (bright spot) ............................. 120
Figure 4.17 The locations of vortices (bright spots) found by Hough
transform in Fig. 4.2 (bright spot) ............................. 120
Figure 4.18 Two examples of phase portrait for different systems .............. 123
Figure 4.19 Phase portraits of (4.32) ......................................... 126
Figure 4.20 The summary of the phase portraits of classification the flow
patterns by the Jordan form and eigenvalues of A .............. 132
Figure 4.21 The result of vortex regions segmentation of Fig. 4.1 ............. 134
Figure 4.22 The result of vortex regions segmentation of Fig. 4.2. . ............ 134
Figure 4.23 Vortices ~econstructed by A estimated from the
orientation field of Fig. 4.5 .................................... 135
Figure 4.24 Vortices reconstructed by A estimated from the
orientation field in Fig. 4.6 .................................... 135

12

Figure 5.1

Block diagram of the two component model for vortex
flow motion analysis ........................................... 140

Figure 5.2 Orientation vector representation in polar coordinates ............. 141
Figure 5.3 The result of vortex matching using (5.16) ........................ 144
Figure 5.4 The result of vortex matching using (5.16) with noise added ....... 145
Figure 5.5 Applying DOG filter for vortex streamline segmentation .......... 148
Figure 5.6 The segmentaion results of the vortex flow pattern in Fig. 4.2 ..... 149
Figure 5.7 Vortex streamline contours obtained from Fig. 5.6 after thining ... 149
Figure 5.8 Decomposition of residuals into normal and tangential
components along the contour ................................. 150
Figure 5.9 Block diagram of computer simulation of the two component
model for vortex motion analysis ............................... 155
Figure 5.10 The result of computation residuals with a rotation of 15° ........ 157
Figure 5.11 The result of computation residuals with a rotation of 30° ........ 157
Figure 5.12 The result of computation residuals with a rotation of 45° ........ 158
Figure 5.13 The result of computation residuals with a rotation of 37.5° ....... 158
Figure 5.14 The result of computation residuals with a rotation of 48.5° ....... 159

13

LIST

OF TABLES
Page

Table 5.1

The mean component estimated by using (5.16) ..................... 144

Table 5.2

The mean component estimate by using (5.16) with a. white Ga.ussian
nise N(0,40.0) added in the original vortex flow image ......... 145

Table 5.3

Comparison the results of estimated residual parameters
with the preset residual parameters ............................ 160

14

ABSTRACT

An application-motivated approach is proposed for rigid and nonrigid motion analysis. Optical flow from a sequence of 2-D images is estimated by computing the
velocity field along a moving contour in the scene. This new approach is different
from others in that it combines displacement computed by feature matching with
a smoothness constraint on the second derivative of velocity. First, a new relaxation matching technique is used to find correspondences between contour features
in adjacent image frames. Displacements for discrete points along the contour are interpolated from the magnitudes and directions of neighboring matching points. The
displacements so computed are used as initial estimates for the velocity (magnitudes
and direction) along the contour. The final estimated velocities are required to yield
components which are close in a least-squares sense to these initial velocity magnitudes, when projected along the same directions. The second derivative of velocity is
constrained to be minimum when integrated along the contour, leading to a unique
solution for the motion of a straight line undergoing an affine transformation. The
second derivative constraint gives better results for most second order flows. In cases
where it does not, a combination of first and second derivative constraints can be
used.

15

A two component model (mean and

residua~

is investigated for vortex flow motion

analysis. The Hough transform and phase portrait method can be used for vortex
texture recognition in an orientation field. They are totally image independent; and
not sensitive to noise. The phase portrait is also domain independent, and has great
potential as a symbolic descriptor for flow analysis. The mean component for each
vortex can be estimated by a vortex matching procedure. The final residuals are
computed along the vortex streamlines. They are required to yield components which
are close, in a least squares sense, to the initial normal velocity along the contours,
when projected to the same direction.
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CHAPTER 1.0
INTRODUCTION

The recovery of object motion from image sequences has challenged researchers
for the past decade or more. Using motion information, researchers have devised
computational schemes for object tracking, image registration, frame-to-frame data
compression, and the recovery of 3-D surfaces. Most past research has focused on
the motion of rigid objects; consequently, that problem is well understood and practical solutions have been found. For example, Tsa.i and Hua.ng [1] investigated the
problem of a curved surface patch in motion, and established two important results
concerning the existence and uniqueness of the solution. A transformation matrix E
was specified as E = TR, where T is the translation and R is the rotation. Given
the image correspondences of eight object points in general positi<?ns, the E matrix
is determined uniquely by solving eight linear equations. Furthermore, the actual
3D motion parameters are determined uniquely by E, and are computed from its
singular value decomposition.
However, relatively little work has been done in the area of nonrigid object motion
[2]-[13]. Even less exists in the region of fluid motion. Although the analysis of
nonrigid and fluid motion is more difficult than that of rigid motion, it is an important
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research topic in terms of theory and applications. This chapter not only introduces
the topic, fluid flow analysis by computer vision, but also points out the limits on what
is achievable. Then an application-motivated approach is outlined which addresses
the shortcomings of previous research on this topic.

1.1 PROBLEM SCOPE AND MOTIVATION
In the past decade image processing techniques have found applications in flUId
dynamics and combustion diagnostics. The types of applications reported range in
scope from simple image display techniques, such as pseudo color enhancement, to
structure identification and velocity field measurement. Many of the image processing techniques were designed to operate hand in hand with a particular flow
visualization experiment. For example, Utami and Ueno [14] applied tracers and
long camera exposures to acquire streak images which, after curve-fitting, generated
smooth streamline maps of the flow. A different approach to the same problem was
reported by Balint [15]. In later work, Utami and Ueno [16] employed a 2D correlation coefficient to characterize turbulent structure. Another example is the paper
by Lu and Smith [17], which applies smoothing and gradient detection to identify
individual bubble tracks in hydrogen bubble flow data. Strickland and Sweeney [18]
used image processing.and pattern recognition techniques to compute the optical flow
map in a combustion image sequence. The algorithm employed a data reduction step,
followed by local correlation for motion tracking. Despite increasing turbulence in
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the combustion sequence, from a fairly laminar flow to a fully developed flame, fluid
interfaces were successfully tracked over a sequence of twenty frames.
A major step toward solving the problems associated with large databases in fluid
flow research has been taken by Hesselink and co-workers. Hesselink and Helman
[13] decomposed 2D and 3D fluid flow databases into elementary flow patterns which
were linked (as nodes in a graph) by connecting lines representing their relationship
to the overall flow field. Each node in the graph represents a critical point in the
flow where the velocity magnitude is near zero. The linking of nodes is carried out
by finding appropriate connecting streamlines. The basic advantage of this model of
2D and 3D flow data is the significant data compression achievable. Flow analysis,
characterization, and visualization are likely to be enhanced by this approach. (See
also [12].)
Recent evidence, including the pioneering work of Rao and Jain [19][20], suggests
that concepts from the dynamic theory of differential equations are valuable for flow.
pattern analysis. The basic idea is to model fluid streamline patterns using the
phase plane diagram, or phase portra.its, derived from systems of first order linear
differential equations. Such modeling tools are quite familiar to researchers working
in chaos, nonlinear dynamical systems, and potential theory.
Growing evidence in the literature suggests that digital image processing has a
promising role in flow research. The nature of fluid flo\v images poses a number of
interesting challenges to the researcher. In most motion work, the assumption is
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made that objects in the scene are rigid and identifiable as separate, discrete entities.
Images of fluids totally contradict these assumptions. Instead, it is the very nature
of fluid flow data -

the complexity and instability of shapes, the gradual blending

of contours, coupled with its often vast quantity and dimensionality -

which must

be the topic of research. Clearly, special image processing techniques are needed
for representing and classifying features in large data sets in fluid dynamics and
combustion diagnostics.
The aim of this research is to find and develop image processing techniques for
fluid flow analysis. In the following chapters two subjects are investigated: (1) a
general method for rigid and non-rigid object motion analysis, (2) a two component
model for vortex flow motion analysis.

1.2 REVIEW OF CURRENT LITERATURE ON MOTION ANALYSIS
Analysis of time-varying images has been, and continues to be, a very active research subject in the computer vision fiel,d. Many researchers have tried to build
computational models which are suitable for motion analysis. From the computational point of view, the process of analyzing time-varying images may be divided
into the following two relatively independent steps (although a single-step approach
is possible [21].)
1. Computation of 2D motion from the image sequence.

2. Computation of 3D motion and recovery of 3D depth, or surface information.

20
Here, the computation of 2D motion from an image sequence is investigated.
Image flow is the velocity field in the image plane that arises due to the projection
of moving patterns in the scene onto the image plane. Computation of image flow
is important because it can be used to solve important vision problems such as the
monitoring of dynamic industrial processes, egomotion and passive navigation, object
tracking, image data compression, as well as echocardiogram analysis and fluid flow
analysis, etc. There are three distinct approaches that have been developed for
the computation of 2D motton from an image sequence. One is called the feature
matching, or correspondence approach. The second is the spatio-temporal gradient
approach. The third approach which has attracted recent attention computes flow
by examining the temporal changes occurring along image contours.
The correspondence approach is based on local conspicuous features. Given a
sequence of images in time, the first step is to detect conspicuous gray-scale features (tokens) in each image (see Fig. 1.1). Features are usually extracted that
differ from their surroundings, (such as corner points [22], points of high variance
[23], zero-crossings [24], zero-crossings and peaks [25], arc and line segments [26])
and are detected via threshold correlation between the image function and a specific feature template. At this stage, the detection produces a list of spatial coordinate information (e.g. parametric, symbolic, or gray-scale information) describing
each detected feature. Having obtained feature lists for a pair of concecutive frames,
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the next step is to compute matches by finding pairs of features which minimize
some chosen cost function. Then the displacement vectors between matched features
in two adjacent frames are found.
An excellent candidate for finding temporal correspondences is called relaxation
labelling [27]-[31], which assigns and iteratively adjusts matching probabilities according to supporting evidence such as neighboring matches found. For example,
Barnard and Thompson [32] compute the initial matching probabilities based on an
area correlation measure and then update them according to a relaxation scheme.
Kato [33] proposed a method based on Barnard and Thompson's method and added
an additional step to improve reliability and accuracy by computing matching in two
directions (i.e. from points in image 1 to points in image 2 and then from points in
image 2 to points in image 1). Wang et al. [34] used a relaxation procedure to match
corners which are detected in pairs of images. Clark et al. [35] developed a system to
match line-like structures. They used three initial matching line pairs to determine
a mapping between the two images. Gennery [36] extracted simple descriptions of
objects and used a tree searching procedure to find the best match".
The spatio-temporal gradient approach [37]-[40] employs the first-order spatial
and temporal differences (i. e.

the spatial and temporal gradient functions) of a

time-varying image to estimate at each image point the component of motion in the
direction of the gradient of gray-scale intensity (see Fig. 1.2).
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Given a continuous, differentiable, time-varying image E(x, y, t), one can form the
Taylor series expansion of this function as:

E(x + D.x, y + D.y, t + D.t)

= E(x, y, t) +

BE
BE
BE
Bx D.x + By D.y + TtD.t

+ High order terms.

(1.1)

Horn and Schunck [37] derived the optical How equation by assuming that the intensity of the image for point (x, y) at time t is the same for the point

(x+D.x,y+D.y) at timet+D.t. I.e. E(x,y,t)

= E(x+D.x,y+D.y,t+D.t). Ignoring

the higher order terms and taking the limit as D.t, D.x, D.y approach zero, then
(1.2)
By defining U = dx/dt, and V

= dy/dt, as the velocity components in the x and

directions, and using the shorthand Ex

y

= BE/Bx, etc., (1.2) can be written as:
(1.3)

which is the well known optical flow equation. In (1.3), Ex, Ell and E t are evaluated
over the discretely-sampled (x,y) plane. The remaining terms, U and V are the'optical flow field components to be determined. In this underdetermined form, (1.3)
yields an infinite number of possible solutions for U and V. In their earlier work on
this topic, Horn and Schunck found a solution which satisfied a smoothness constraint
on the part of the local velocity field. Since then, various alternative constraints have
'appeared in the literature. Nagel [41] used the computed displacements between
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matched corners as constraints in a second order optical flow equation.

Nagel's

optimization procedure produces a system of two nonlinear equations in U and V
which generates closed-form solutions for the optical flow at the corner locations.
Instead of assuming that image patches maintain constant brightness as they move,
Haralick and Lee [42] assumed the same first derivative components Ez , Ell and Et ,
the result being three additional motion equations:

(1.4)

where Ezy = B2 E/BxBy, etc. The equations in (1.4) in conjunction with (1.3) are
overdetermined and, therefore, solvable by pseudoinverse methods. Mitiche, et ai.,
[43] generated a multiplicity of optical flow equations by substituting functions of
image brightness, in which case (1.3) can be rewritten as:

B/iU + B/iV + Bk= 0,
Bx
By
Bt

i = 1, ... ,n

(1.5)

where Ii is a function of luminance, such as directional derivative, contrast, entropy,
average, etc., and when n

~

2, (1.4) is solvable. Cornelius and Kanade [44] proposed

a method that allows for gradual changes in the appearance of an object within an
image sequence, including flow discontinuities at object boundaries.
A third class (see Fig. 1.3) of methods for computing flow examines the temporal
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changes occurring along image contours. Hildreth [45] overcame the ill-posed problem
of image flow recovery along contours by forcing the solut.ion to satisfy a smoothness
constraint, specifically, that the integrated first derivative of velocity along the contour be a minimum. The solution was also required to be close to the measured normal
velocity when projected in that direction. Waxman and Wohn [46][47] proposed their
Velocity Functional Method for estimating velocity vectors along contours. First,
they estimate normal flow along contours, then find the velocity components of a
local second-order flow model which is consistent in a least-squares sense with the
normal flow data.
All of the aforementioned optical flow algorithms are limited in some way. The
feature matching approaches are ultimately limited by the existence of sufficient shape
or gray level tokens. Textureless images cause these methods to fail. Furthermore,
most correspondence algorithms assume rigid object motion. The spatio-temporal
gradient approaches are founded on derivatives of image brightness; consequently,
they are susceptible to noise. This problem escalates with the order of the flow
model. The contour motion approaches depend on the precision of the estimated
normal velocity components. Solutions which satisfy measured normal velocity are
inaccurate when a significant tangential component exists, although some efforts
have been made to overcome this problem [48]. It is thus necessary to develop new
techniques for use in rigid and non-rigid object motion analysis.
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1.3 PROPOSED METHOD OF INVESTIGATION
This dissertation concentrates on an application-motivated approach: (1) To develop a general methodology for rigid as well as non-rigid object motion analysis.
The intent is to create a general algorithm applicable to many forms of imagery, including flow field images. (2) To investigate a two component model for vortex flow
analysis. In contrast to (1), this approach is specifically directed towards fluid flow
data. One of our goals is to understand what, if anything, can be ga.ined by using
the model-based approach instead of the general method.
First a new approach is proposed for estimating optical flow from a sequence of
2D images by computing the velocity field along -the moving contours in the scene.
This method is different from others in that it combines displacements computed
by feature matching with a smoothness constraint on the second order derivative of
velocity. First, a new relaxation matching technique is used to find correspondences
between contour features in adja.cent image frames. Displacements for discrete points
along the contours are interpolated from the magnitudes and directions of neighboring
matched points. The displacements computed are used as initial estimates for the
velocity (magnitude and direction) along contours. The final estimated velocities
are required to yield components which are close in a least-squares sense to these
initial velocity magnitudes, when projected along the same direction. A constraint
of minimizing the second order derivative of velocity field being integJ:ated along
the contour is used, which leads to a unique solution for the motion of a straight
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line undergoing an affine transformation. The second order derlvative constraint
gives better results than the first order derivative constraint iIi this case. For most
second order flows, this new method gives better results than the first order derivative
constraint. In cases where it does not, a linear combination of the second order and
first order derivative constraints can be used. Computation of velocities at discrete
points along the contour is achieved by solving linear equations via the conjugate
gradient algorithm. The results show that this new method works for both rigid and
non-rigid motion estimation.
Then a two component model is introduced for vortex flow motion analysis. If the
time interval between two frames is small, vortex motion can be viewed as the result
of translation, rotation and deformation. So we can treat rotation and translation
as a mean component, and deformation as a residual component. Estimating these
components helps us to track the evolution of vortices, which may hold the key
to interpreting turbulence. Recognizing and tracking them from frame to frame
is the first step toward this goal.

An orientation field is computed to represent

the vortex flow, which has the advantage of invariance to intensity changes in the
original image. Then the Hough transform and phase plane concepts are used for
vortex recognition and, vortex region segmentation. Finally, the mean component
(translation and rotation) is derived by vortex tracking with orientation and coherent
vectors. The final residuals are required to be close in a least-squares sense to the
initial normal velocity along the countours, when projected in the same direction.
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CHAPTER 2.0

COMPUTING CORRESPONDENCES IN A SEQUENCE
OF NONRIGID SHAPES

In this chapter a methodology for computing correspondences in a sequence of
nonrigid shapes is developed. Small, point-like objects, as well as larger shapes can
be matched using this method. As the given examples show, the algorithm can match
patterns which are distorted, rotated, and scaled. The method finds correspondences
between selected critical points in the scene. Each image is represented by a network of nodes, which are the critical points, and branches, which are real edges or
imaginary lines drawn to link the nodes. Nodes in one frame are then matched to·
nodes in the next frame using a relaxation scheme. The matching step rewards structural rigidity on a local scale, while allowing the global frame-to-frame displacements
to represent nonrigid motion or structural deformation. The relaxation matching
process is entirely numerical.
Section 1 describes feature extraction and shape representation for the original
images. The rationale behind the relaxation scheme is explained in Section 2. In
Section 3 an iterative relaxation algorithm is developed to find the matching between
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the frames. The convergence and consistency properties of the algori thm are discussed
in Section 4. Finally, computed examples of optical How maps derived from imageto-image correspondences are given in Section 5.

2.1 FEATURE EXTRACTION
The first step in developing a correspondence algorithm is to choose the primitives
to be matched. Here a branch-node structure,is developed to represent object shape.
Branches could be the object outlines and other lines or contours in the scene, whether
real or suggested. Nodes are the critical points in outlines such as branching points
and corners (points of significant curvature). The type of objects contained in the
image sequence dictates the form of preprocessing needed to extract such features.
Each image frame is segmented into edges or regions depending on the type of data
involved. There are three ways to construct the branch-node structure:
1. Edge detection followed by a thinning algorithm to produce a one-pixel-wide

edge map. Nodes are the points where three or more edges meet, and branches
are the edges meeting at each node.
2. Laplacian-~(-Gaussians filtering followed by zero-crossing detection and thinning. Nodes are the critical points on the contours where the curvature indicates a local extremum and exceeds a threshold. Branches are contour segments
on either side of the critical points.
3. In particle tracking applications, using region segmentation to identify the particles and representing their centroids by one node pixel. Branches are then
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defined as the connections of each node to its three nearest nodes. (Skolnick
[49] used a similar representation for matching protein spot images in a Gabriel
graph formulation.)
In Fig. 2.1, the image data is conveniently represented by nodes at branching
points on the image contours. For most imagery, corners detected in the zero-crossing
contours generated by the Laplacian-of-Gaussians (LoG) filter are consistent features
in closely correlated images (See Figs. 2.10, 2.11, 2.13, and 2.16.). Certain imagery
may contain branch-node structure which is implied rather than real. The particle
tracking example belongs to this category, wherein nodes represent particle centroids,
and branches represent straight lines connecting neighboring particles.
Regardless of the preprocessing approach employed, the essential geometric structure contained within an image frame is preserved in a branch-node map. This
representation is applied to all frames in the image sequence.
2.1.1 Contour map

In order to detect movement in a changing image, there must be a variation of
intensity over space and time. In principle, motion measurements may be obtained
where intensity varies. Marr and Ullman [50] proposed that initial motion measurements in the human system are ma.de only at the location of significant intensity
changes. To detect these intensity changes, Marr and Hildreth [51] developed the
LoG filter, given by:
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(a)

(b)

Fig. 2.1 Branch-node representation of one frame in a laser shadowgraph sequence[18]. (a) Enhanced gray level image. (b) After edge detection
with Prewitt method followed by thresholding and thinning, we get
a skeleton which preserves the important geometrical structure. The
overlayed squares mark nodes which in this case, occur at the junction of three or more branches.
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(2.1)

Discrete calculation is implemented by a sampled form of the LoG filter given by
(2.2)
where -M

~

x

~

M, -M

~

Y :5 M, c is a scaling factor and M is the filter radius,

which is chosen to be approximately 4V217. To provide a good balance between
smoothing and resolution,

17

= 5 was

chosen. The zero-crossings of the resulting

image indicate the edge locations. On a two-dimensional grid, a zero-crossing is
detected wherever there is a zero-crossing in at least one direction. Figs. 2.10, 2.11,
2.12, and 2.13 show images that have been convolved with a \72G(x,y) operator, and
the resulting zero-crossing contours.

2.1.2 Critical points
The second step in feature extraction
is .to find the critical points. Critical points
.
are defined as the local extrema in curvature above a threshold along the zero-crossing
contour [52]. Here we use Freeman's method [53]. First we compute the angle Ok with
respect to the coordinate axes of a contour segment of length w = 5, as shown in Fig.
2.2. Thus

arctan¥ for/Xk/ ~ /Yk/
arccotw
h -x
were

~k-l

~k-l

= L...Jl=k-w Xl, -Y = L...J1=k-w Yl·

for/xk/

< /Yk/

(2.3)

35

12 13 14 IS 16 17 18 19
20
21
22
23
24
25
k-4

18 I 9 20 21 22 23 24 25

o r-~+-;-~-r-+~~~~~
-10
-20
-30
-40

k-5

....&..----

k-6 . .

k-7
Fig. 2.2 Incremental curvature. (a) The moving-line-segment-scan technique.
The definition of (h and the incremental Ok at node k, given an
aperture size w 5. (b) The plot of incremental curvature Ok for a
chain-coded curve possessing a 90° turn.

=

Fig. 2.3 Critical points on the zero-crossing contour of wharf image
in Fig. 2.12.

k
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The variables

Xl

and

Yl

represent the x and y components of the chain-link vectors

and can assume values of 1,0, -1, for a sampling grid of unit length. The incremental
curvature 6" at pixel k is given by

(2.4)
Then the critical points are those points at which the incremental curvature are local
extrema and exceed a preset value. Fig. 2.3 shows the critical points obtained along
the given zero-crossing contour.

2.2 MATCHING RATIONALE
Consider next the task of finding the best match between nodes in two consecutive
frames. First, a cost function is introduced to measure the node-branch structure
similarity between two frames at each node point. Then initial matching probabilities
based on the cost function are assigned between patterns of branches and nodes. At
this point, nodes are treated individually and matchings are found only at those
nodes with a high matching probability. Then in an iterative relaxation procedure,
then additional matches are accepted based on supporting evidence gathered from a
wider neighborhood of branches and nodes. Specifically, a given node i in frame] is
matched with a candidate node j in frame.] + 1 if:

1. The geometry of neighboring nodes in frame ] appears to match that of the
neighbors of node j in frame] + 1.
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2. Displacement (motion) vectors measured over the same neighborhood of nodes
appear to match.
3. The location of node i relative to previously matched nodes in frame I is like
that of node j relative to matched nodes in frame I

+ 1.

These factors constrain the computed motion to be smooth at the local level.
Similar constraints have been used to solve the well known optical flow expression
posed by Horn and Schunck[37]. The iterative relaxation procedure maximizes the
overall similarity between frames. Matchings are found at those branch-node points
which have matching probabilities over a given threshold.
The node-branch structure is chosen to represent the original image for several
reasons. Most important, the zero-crossings of the LoG filter are relatively insensitive
to noise and the change of intensity. The matching procedure takes place in feature
space instead of the original two dimensional intensity domain, which gives more
reliable results. Another advantage of the node-branch structure representation is
that large data reduction is achieved, which is necessary in time sequential image
processing.

2.3 ALGORITHM
Referring to Fig. 2.4, let the correspondence between node i in frame I and node
j in frame I

+ 1 be based on differences in branch length and angular separation of

adjacent branches, respectively:

(2.5a)
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(2.5b)

The branch index, m, spans the range m
node, and M

~

= 1,2, ... , M,

where M

= 4 at

a corner

3 for a branching node. (Equation (2.5), and all following equations

that express some form of difference between quantities identified with nodes, are
simplified in terminology by omitting the frame subscript. For example Lm(i) and

Lm(j) in (2.5a) correspond to frames I and 1+ 1, respectively.)
A cost function expressing the match between node i (frame 1) and node j (frame

1+ 1) is

C(i,j)

= wLeL(i,j) + weee(i,j),

(2.6)

where
M

eL(i,j)

= EALm(i,j)

(2.7a)

m=l

M-l

eo(i,j) =

E A9

m

(i,j)

(2.7b)

m=l

are difference criteria summed around the branches connected to node i, and
Wo

are constant weights. Typically,

WL

and

We

WL

and

are set to 0.3 and 0.1, respectively.

Suitable values depend on the image scale, which affects the distribution of f:l.L values.
The given values work over a 2:1 range in image scale.
Since C(i,j) is smallest when matches are closest, we transform it to a matching
score

S(i,j)

= (1 + C(i,j)t 1 ,

(2.8)
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(a) Frame I.
5'

4'

(b) Frame I + 1.
Fig. 2.4 Definitions of length Lm(i) and angular separation 0 m(i) between
branches.(See (2.5». Node 1 in frame I is eventually matched to
node l' in frame I+l,based on the similarities in these quantities.
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where 0 :::; S(i,j)

~

1.0. Expressing (2.8) in normalized form gives the matching

probability between nodes i and j in consecutive frames:

Po( . .)
1.,)

S(i,j)

i=1,2, ... ,M1 •

= L."J=l S('1.,).)'
",¥2

(2.9)

where Ml is the total number of nodes in frame J, and M2 is the number of nodes
in frame J

+ 1 which are to be tested for a possible match to node i

(frame 1). The

nodes to be tested are the closest matching within some radius of node i. We use

M2 = 5. Pk(i,j) is a true probability obeying
(2.IOa)
M2

E pk(i,j) = 1.

(2.IOb)

j=l

(k is the iteration index, starting at 0.)
To summarize the first stage (k = 0) of computation, pk(i,j) is computed for all
nodes (i = 1,2, ... , 1\11 ) in the current frame (frame J). At each node i, the probability
of a match to node j in the next frame (frame J

+ 1) is computed over a set of the

M2 nearest candidate nodes. So, during this first stage, a total of MIM2 probabilities
are computed.
If at any stage of the matching process, pk(i,j) exceeds 0.75, then we accept the

match represented therein. This is (intentionally) a rather high threshold, given that

pk(i,j) defined by (2.9) and (2.10) represents M2 = 5 possible matches. Indeed,
it is normal for fewer than twenty matched nodes to be discovered during the first
iteration.
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As mentioned in Section 2, we next initiate an iterative process to weight certain
matching probabilities according to supporting evidence found "in neighboring nodes
and branches. Three new scores are computed to quantify this evidence. The first,

qf(i,j), describes how well the nodes connected (by branches) to node i (frame 1)
match the nodes connected to node j (frame 1+1). Let node i (frame I) have Nl
connected nodes, indexed 11 = 1,2, ... N1 • Similarly, node j (frame 1+1) has N2
connected nodes, indexed 12 = 1,2, ... N 2 • Referring to Fig. 2.5, we can try to match
the groups of connected nodes from frame I with those in frame I

+ 1 by rotating

one group relative to the other group until the best match is found, indicated by the
maximum value of
(2.11)
where the combinations indicated by the right-hand argument (II, 12 ) correspond to
the possible rotations allowed in the matching process. The summation in (2.11)
involves N' terms, where N' = min{NI,N2 }. As the illustration in Fig. 2.5 shows,
the existence of closely matched neighboring structure lends support to the matching
of a pair of nodes lying at the center of the neighborhood.
The second factor used to support branch-node matching is the motion of the
neighboring branch-node structure. We contend that the correspondence between a
pair of nodes in adjacent frames is more likely to be true if neighboring nodes exhibit
similar displacement vectors in the computed frame-to-frame motion. Once again,
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5

4

(a) Frame I.
51

41

21
(b) Frame I + 1.
Fig. 2.5 Reducing mismatches using neighboring nodes. Based on pk(i,j)
in (2.5) alone,node 5 is a close match to both node 5' and node
4'. However, pk (6, 6'), pk (7, 7')and pk (4,4') are significantly larger
than pK(6,3'), pk(7,8') and pk(4,5'). So, qt(5,5') will be higher
than qf(5,4') in (2.11). Consequently, the matching probability between nodes 5 and 5' is given more weight (via (2.16».
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this tends to favor rigid motion on a local scale. To measure this local uniformity
in motion, we consider the three closest nodes to node i in frame I. As before, each
of these three nodes is compared to the five closest nodes in frame I

+ 1.

The most

likely matches, indicated by the maximum matching probabilities in (2.9), are used
to compute the node displacements in x and y. These are then averaged over the
three test
~y(i,j)

nodes~

to give average displacements

~x

and

~y.

Then if

~x(i,j)

and

are the displacements indicated by the match between node i (frame 1) and

node j (frame 1+ 1), compute the magnitude of the displacement discrepancy as

D(i,j) = J(~x(i,j) - ~x)2

+ (~y(i,j) - ~y)2.

(2.12)

Finally, form a second figure of merit

k(' .. )
1
q2 Z,) = 1 + p.D(i,j)'

(2.13)

where p. is a positive constant, typically 0.5. Notice that 0 :::; q~(i,j) ::; 1.0. Clearly,
if the node pair (i,j) exhibits similar motion to the three surrounding nodes, q~(i,j)
will be close to 1.0 and vice versa.
The third figure of merit also promotes rigidity by expressing the location of the
test node i in frame I to previously matched nodes in the same frame (see Fig.
2.6). We form a reference branch-node network [47] by connecting node i to the
three nearest matched nodes using straight lines. Frame I

+ 1 contains

the three

counterparts of the reference (matched) nodes from frame I. These form a reference structure for test node j in frame I

+ 1.

The figure of merit is computed in an
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5

4

6

1
(a) Frame 1

5'

(b)Frame 1+1

Fig. 2.6 Reducing ambiguities using previously matched node pairs (5,5'),
(4,4') and (8,8'). The probability of matching nodes 7 and 7' is
reinforced by the similarity in the networks formed by (7,5,4,8) and
(7' ,5',4' ,8').
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identical manner' in which the difference criteria in (2.7) and cost function in (2.6)
were derived, where, in this case, the reference nodes play the role of the original nodes
which are connected to nodes i and j. Indeed, the third figure of merit, q~(i,j), is
exactly analogous to S(i,j) in (2.9). This third figure of merit for matching node

i to node j is especially important when partial occlusions occur within the image,
causing certain structures (branches and nodes), which would otherwise be employed
in the basic first matching step ((1) - (6)), to be absent.
The functions qf(i,j), q~(i,j) and q~(i,j) are combined to give a matching update
factor
,,3

Qk(i ') =

k ( . .)

L..Jm=l qm Z,)
1 + ,,3
L..Jm=l "M2
L..Jj=l qmk ('Z,)')'

,j

(2,14)

where the quantity Qk(i,j) obeys

(2.15a)
M2

L Qk(i,j) = 1.0.

(2.15b)

j=l

As in the probability in (2.9), the denominator of (2.14) contains a sum over the

M 2 ( = 5) nodes in frame 1+1 which are to be tested for a match with node i in frame
I. Finally, pk(i,j) is updated according to
Pk+ 1 (i ')

,)

=

pk(i,j)(1 + Qk(i,j))
E~l pk(i,j)(1 + Qk(i,j))'

(2.16)

which still obeys (2.10).
Equations (2.11) - (2.16) are iterated in the index k until convergence occurs.
Typically, the pk(i,j)'s of a set of nodes will migrate above the 0.75 threshold,
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to indicate matching. The remainder gradually become smaller and are eventually
discarded, typically when pk(i,j) < 0.1. Around fifteen to twenty iterations are
usually required.
Following Kato[33], in order to enhance the reliability of detected matches and
insure that they are one-to-one, the relaxation procedure is applied in both forward
and backward directions in the frame sequence. The final list of acceptable matches
is determined by the intersection of the resulting matched node pairs.

2.4 CONSISTENCY AND CONVERGENCE OF EQN(2.16)
Computing correspondences in a node-branch structure can be posed as: given a
set of possible labels for each node, select a single label to attach to each node. The
relaxation process decribed above exploits contextual information throughout the
ambiguity reduction process, and therein lies its strength. To justify our algorithm,
we now demonstrate its convergence and consistency properties.

2.4.1 Convergence
An iterative procedure is said to be convergent if it has limiting points after a
certain number of iterations. In the iteration algorithm (2.16), each node i in frame
I has M2 candidates to be tested in frame I
vector

+ 1.

We can use an ordered probability

Pi to represent the matching probability between node i with each candidate;
(2.17)
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The entropy of assigning a match between node i (in frame I) and node j (in frame
1+ 1) is defined as:
M2

Hi

= L pk(i,j)log(11 pk(i,j))

(2.17)

j=1

It is well known that Hi is a positive quantity equal to zero if and only if the probability vector

A is a unit vector of the form [1,0,0, ... , O]t, and maximum when the

P(i,j) are all equal to 11M2 • So, ambiguous labeling corresponds to a high value of
Hi for every node i. A good convergent algorithm should yield a small value for Hi

within a finite number of iterations.
The relaxation process starts with 'an initial matching probability PO(i,j);

pl(' ')
Z,)

Since [E~l PO(i,j)(l

PO(i,j)(l + QO(i,j))
= EJ'!;1 PO(i,j)(1 + QO(i,j))'

(2.18)

+ QO(i,j))]-l is a normalizing factor (same for all j), it can be

denoted as T°(i, j). Then (2.18) can be written as
(2.19)
and

In general,
k

Pk+l(i,j)

= pO(i,j) II (1 + Qr(i,j))Tr(i,j)
r=O

48

(2.21 )
The sequence (2.21) converges if
(2.22)

In practice, this is tantamount to
(2.23)

for sufficiently large values of k, where e is a small positive number. Substituting
(2.16) into (2.22), we can see that for convergence we require

pk{' ')[
Z,)

1 + Qk(i,j)
_ 1] - 0
E~l pk(i,j)(l + Qk{i,j»
-.

(2.24)

This means
M2

1 + Qk(i,j) = LPk(i,j)(l

+ Qk(i,j»

(2.25)

j=l

for pk(i,j)

i- O. Since EJ;;l pk(i,j) =

1.0, .we obtain
M2

Qk{i,j) = L pk(i,j)Qk(i,j).

(2.26)

j=l

Since the right hand side of (2.26) is a constant, then the condition in (2.24) is
satisfied when Qk(i,j) is a constant if pk(i,j)

:I 0 for all j.

If pk(i,j) = 0 for some j, then the requirement that (2.22) must be equal to zero

implies that

Qk(i,j)

=

M2

L
j=l

""-'

(for all j where Pk(i,j)¢O)

pk(i,j)Qk(i,j)

49

= constant

(2.27)

This means that the process converges for some j where pk(i,j)

= 0, Qk(i,j) could

be arbitrary, and for the remaining j values where pk(i,j) :f; 0, then Qk(i,j) is a
constant. A particular example of this occurs when pk(i,j) = 0 for all j except one

j

= i', for which pk(i, i/) = 1.0. From the above it can be concluded that the process

converges to one of the following situations.

1. pk(i,j)

# 0, for all j, and Qk(i,j) =

(3, where (3 is a constant. Then pk+I (i,j) =

pk(i,j). This is the case of converging to an ambiguous labeling which means
that there is no additional local information suitable for further resolving ambiguities. In such cases the search should proceed to the next node.
2. pk(i,j) = 0 for some j (but not all). The corresponding Qk(i,j) are arbitrary,

however the remaining Qk(i,j)

3. pk(i,j)

= (3. The conclusion is similar to case 1.

= 1.0 for exactly one value of j = i',

and pk(i,j)

= 0.0

for j

# i'.

The matching probability vector Pk(i) = [1,0, ... , O]t, which is an unambiguous
labeling in which a node has only one possible label. Convergence yields a
unique solution in this case.

2.4.2 Consistency and the condition for convergence to a unique solution
In the previous section, it was shown that there are two types of convergence: (1)
Convergence to a unique solution. (2) Convergence to an ambiguous labeling. The
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unique solution occurs only when pk(i)

= [1,0, ... , O]t.

The condition of convergence

to a unique solution is discussed in this section.
Given an initial matching probability PO(i,j), i = 1, ... , M,j = 1, ... , M2 , the relaxation process iteratively updates each label's certainty factor by an amount proportional to an estimate of its consistency with the labeling over its neighborhood.
If its neighborhood consistency estimate indicates that the label is compatible with

its neighborhood labeling, then its consistency factor is increased; otherwise, it is
decreased. So this relaxation process is a numerical process for updating certa.inty
measures. However, if we consider these certainty measures as defining a partial
ordering over the labels at each node, then relaxation labeling can be viewed as a
processing of changing this partial ordering.
The relaxation process described in Section 3 starts with an initial matching probability PO(i,j) and iteratively computes

Pk+l(i .) =

,}

pk(i,j)(1 + Qk(i,j))
E~l pk(i,j)(1 + Qk(i,j))'

(2.28)

where Qk( i, j) is the current consistency estimate between node i and j in two adjacent
frames. Since the denominator in (2.28) is a normalizing factor for all j, Qk(i,j)
becomes the key factor in the updating rules. If we equate computing correspondences
with maximum selection, the relaxation process will reorder the matching probability
vector pk(i) = [max{ pk(i,j)} , ... , min{ pk(i,j)}]. After several iterations, if and
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only if node i' in frame 2 always has the largest value of Qk(i,j), that is

Qk(i, i')
.. .... '
(i and i' have .. arne label)

>

j = 1, ... ,M2

Qk(i,j)

..

...

~

(2.29)

i andj have different label..

then the order between the maximal and all of the non-maximal labels at each node
becomes fixed for all further iterations. In this situation Pk+l(i, i') monotonically
increases, pk+l(i,j) ( where j =F i') decreases, and

pk+l(i,i') = Max{pk(i,j)1

\>'jEM:J.

(2.30)

At this point, the process is consistent where the maximum probability label does
not change anymore. So the conclusion is that (2.30) is the sufficient condition for a
consistent labeling process.
In the matching relaxation procedure there are three metrics contributing to the
consistency estimate Qk(i,j) : qf(i,j) -

the neighborhood structure compatibility

metric; q~(i,j) - the neighborhood motion compatibility metric; and qk(i,j) - the
reference structure compatibility metric. If node j in frame 2 has only one large
value in these three metrics, it will not dominate Qk(i,j). Only a node which has at
least two large values in these three metrics has a chance to have the M ax{ Qk( i, j)}.
Using these three metrics, the relaxation process reduces the ambiguity caused by
anyone of the similarity measurements. For example, an occlusion in rigid object
motion will cause the structure to change partially. In the non-rigid motion situation,
the structure of the fluid object changes from time to time. Nevertheless, the overall
motion tendency within a small region is similar, and the reference stuctures in two

52

adjacent frames for node i and node i' are also similar in both cases. In this case, the
potential matching nodes are still assigned large values of the consistency estimate.
In the case of several objects with similar structures, the value of qUi,j) is very
similar for all nodes, but only the one which also has large values of q~(i,j) and

qg(i,j) is judged to form a true matching.
From the above we can see that if Qk(i, i') = Max{Qk(i,j)I'v' j E M2 }, then node
i' will have the same label as node i in frame 1. When (2.30) is satisfied, we have

(2.31)
Equation (2.28) becomes a monotonic process in which Pk(i, i') increases and pk(i,j)
(for all j :j:. i') decreases. The matching probability vector Pk(i) converges to the
unique solution:
(2.32)
where

Q'

is a positive number close to 1.0, and J.li is a positive number close to zero.

In practice,

Q'

is set to 1.0 when it is larger than 0.75, and J.li is set to zero when it is

less than 0.1. Fig. 2.7 shows the convergence of the relaxation process with different
initial matching probabilities.
The time taken for (2.16) to convergence depends on M 1 , M 2 , and the set of
initial matching probabilities PO(i,j) in (2.9). Convergence is fast when the number
of nodes is small and when, for each node index i, one of the PO( i, j) is close to 1.0. In
this case, the node-to-node matching decisions are fairly clear cut and few iterations
( 10) are required. More iterations are needed when the PO(i,j)'s are of similar value.
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Here, it takes more iterations for a node pairing to emerge as the winner as shown in
Fig. 2.7.
2.4.3 Improving the speed of convergence
As we mentioned before, the condition for convergence is that

(2.33)
Substituting (2.21) into the basic iterations

pk+1(i .) _

,) -

pk(i,j)(l + Qk(i,j))
E1!:l pk(i,j)(l + Qk(i,j)) '

allows us to write the (k+s) step as

which can be approximated to

pk+5(' .) _ pk(' .)[
Z,J

-

Z,J

(1 + Qk(i,j))
]8
EJ;:l pk(i,j)(l + Qk(i,j)) .

(2.35)

Vile can rewrite (2.35) as

If s is not large, then (2.36) is approximated by

(2.37)
Instead of using the iteration in (2.16), we can use a new iterative process in which

(2.38)
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Fig. 2.7 Convergence of (2.16) with different initial matching probabilities.
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Fig. 2.8 Convergence of (2.38) with different s value.
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If it takes k steps to converge with (2.16), then (2.38) takes only /ogllk steps. In order
to have stable convergence, usually s could be chosen in the range 1.0-3.0. Fig. 2.8
shows examples of convergence with different values of 8.

2.5 IMPLEMENTATION AND EXPERIMENTAL RESULTS
The feature matching technique described in Section 2.3 is capable of computing
correspondence~ between images which are rotated, scaled, and distorted by nonrigid

motion. This method first reduces an image to a network of interconnected nodes.
In the examples shown, the nodes represent critical points on image contours such as
corners and intersections. The nodes are linked by image contours, called branches.
For many types of imagery the LoG filter provides stable contours for image-to-image
ma.tching.
Networks of branches and nodes are compared using an iterative relaxation process. Initially, nodes are compa.red on the basis of the lengths and angles between
their connecting branches. Only the most obvious matches are accepted at this point ..
During the iterative process, three auxiliary matching metrics are computed to reinforce or weaken the likelihood of accepting a new match between any given pair of
nodes. Two of these metrics examine the consistency between the shape and motion,
respectively, of a group of neighboring nodes from one image to the next. So, if neighboring nodes in one image match the shape of neighboring nodes in the second image,
then the probability for matching the nodes lying at the center of the neighborhood
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Fig. 2.9 Original aerial image of residential neighborhood.
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(a)

(b)

(c)

(d)

Fig. 2.10 Computed correspondences for a sequence in which the aerial
scene(Fig. 2.9) translates towards the observer. (a) Matched
nodes in the original image after one iteration, shown superimposed on the zero-crossings of the LoG operator. (b) Matched
nodes in the second image found after one iteration.(c), (d) Same
as (a), (b) after twenty iterations.
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Fig. 2.10 (e) Displacement vector computed from the matching node pairs
in (c) and (d).
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is raised. The same type of updating process is applied when neighboring nodes in
one image appear to move in the same overall direction

~

in the next image. These

first two metrics reward local rigidity in the image-to-image displacements indicated
by matched nodes. The third matching metric inspects the pattern formed by each
unmatched node relative to the closest group of previously matched nodes. If this
pattern appears in both images, then this is evidence for matching the nodes under
test. This metric is useful when parts of the scene are missing or are occluded in
one of the images. The three metrics are applied to a numerical algorithm which
continually updates matching probabilities. Typically, the matching probabilities
of a set of nodes migrate above the threshold of 0.75, to indicate matching. The
remainders gradually become smaller and are eventually discarded. Around fifteen
to twenty iterations are typically required.
The correspondence algorithm is demonstrated on image time-sequences exhibiting
both rigid and nonrigid motion. The method works well for quite complex scenes.
Although the matching process favors structural rigidity on a local scale, it still works
when images undergo rather unpredicatable deformation, as in the case of turbulent
motion.
The image sequences included here contain objects undergoing rigid and nonrigid
motion. Figure 2.9 shows an aerial view of a residential neighborhood. To test
the correspondence algorithm, this image was distorted by recording second views
taken from different positions. Figure 2.10 shows the matched nodes and computed
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displacements for a sequence in which the scene translates towards the observer.
Nodes in this example are defined as corner points. No mismatches occur, despite
the complexity of the scene. Indeed, the conservative nature of the algorithm is
reflected by the fact that the number of matched points starts from a modest few,
then increases nearly tenfold over the course of the iterations.
Figure 2.11 shows the results for the same scene undergoing rotation. A perspective view of a wharf scene recorded in a time-sequence of two images yields the results
shown in Figs. 2.12 and 2.13. The relative motion in this case is caused by camera
panning and the motion of the camera platform. The third example employs the
high-speed time-sequence of combustion images shown in Fig. 2.1. (See Strickland
and Sweeney[18].) The turbulence of the combusting fuel jet produces a rather interesting and challenging example for motion computation. In Fig. 2.1, the original
images are shown reduced to edges and then thinned to give I-pixel wide skeletons.
The lines represent the interfaces between hot and cold reacting gases in the jet. In
this data, nodes are located at the branching points of three or more such lines. As
the exhaust jet travels from an orifice at the bottom of the combustion chamber, it
rapidly expands and becomes increasingly turbulent. This is clearly indicated by the
computed motion vectors in Fig. 2.14. The matches found in Fig. 2.1 confirm the
utility of the relaxation matching algorithm when the motion is nonrigid and even
turbulent, as is the case here.
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(a)

(b)
Fig. 2.11 Computed correspondences for the rotating aerial scene. (a), (b)
Matched nodes after twenty iterations.
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(c)
Fig 2.11{c) Displacement vectors computed from (a) and (b). (The vectors were
scaled down slightly for clarity.)
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Fig. 2.12 Original image of wharf.
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(a)

(b)

Fig. 2.13 Computed correspondences in two images from the wharf sequence
(Fig. 2.12). The sequence was recordered from an aerial platform
moving from right to left and away from the scene. (a), (b) Matched
nodes after twenty iterations. (c) Displacement vectors computed
from (a) and (b).
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(c)
Computed correspondences in a time-sequence of laser shadowgraph
images, showing the motion of the combustion interface between hot
products and cold reactant [48] (see also Fig. 2.1). The motion vectors reflect the turbulent flow. The solution for optical flow, shown in
Fig. 3.11(d), presents a more coherent picture of the contour motion.
(a),(b) Matched nodes after twenty iterations. (c) Displacement vectors computed from (a) and (b).
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Fig. 2.15 Origina.l image of cars on highway.

67

(a)

(b)

(c)

Fig. 2.16 Computed correspondences in a time-sequence of car motion on highway. The sequence was recorded from a helicopter following the
moving cars. (a),(b) Matched nodes after ten iterations. (c) Displacement vectors computed from (a) and (b).
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(a)

(b)

---

(c)

Fig. 2.17 Computed correspondences in a time-sequence portraiting car motion with occlusion. (a),(b) Matched nodes after ten iterations. (c)
Displacement vectors.
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Computed correspondences in a time-sequence of car motion on a highway are
shown in Figs; 2.15 and 2.16. The sequence was recorded. from a helicopter following
the moving cars. The displacement vectors are superimposed on the moving cars.
Another example is rigid object motion with occlusion. Toy cars moving at different speeds along intersection paths were recorded at several time intervals, shown
in Fig. 2.17. One car is partially occluded as the cars cross paths. Matching is still
found without any mistake. This confirms that the three metrics used in the relaxation algorithm have important contributions in recovering nonrigid object motion
as well as for matching partially occluded objects.
Since (2.5) is based on similarity measurements, the geometric scale factor between
the two images affects the initial matching probabilities. When the scale factor is
larger than 1.3, some mismatche occur after the first iteration. In this case, (2.16)
is unreliable. Also, in order to reduce computation time, we assume that frame-toframe rotation is less than 45°, and that translation is less than 40 pixels in the x
and y directions. Enlarging the search area will increase computation time.
As shown in Fig. 2.7, the number of iterations required for convergence is difficult
to predict since it depends on the intial matching probabilities in (2.9). So computation time changes from image to image. For example, the simple case of tracking
a moving car in Fig. 2.15 containing 35 nodes required 10 iterations, computed in
under 2 seconds. To match 300 nodes of the aerial scene in Fig. 2.9 took 20 iterations,
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or 24 seconds. This is a rather extreme case, due to the high density of nodes and
repetitive structure in image.
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CHAPTER 3.0
CONTOUR MOTION COMPUTATION

In Chapter 2, a relaxation matching process for finding matching critical points on
the zero-crossing contour was discussed. If two contour segments in adjacent frames
have a pair of matching critical points on both ends, these two contour segments can
be matched to each other. Then the question is how to estimate the motion based
on these matched contours. This chapter is devoted to this topic.

3.1 SOLVING THE APERTURE PROBLEM USING SMOOTHNESS
CONSTRAINTS

In Chapter 1 we discussed the origins of the classic optical flow equation. Equation (1.3), reproduced here, expresses unknown velocities U and V at each point in
image space in terms of the measurable spatial (E:z:, Ey) and temporal (Et ) brightness
gradients:
(3.1)
At any single point in image space, the fact that (3.1) is a single equation with two
unknown leads to an infinite number of possible solutions for U and V. Figure 3.1
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v

u

Fig. 3.1 Velocity constraints in velocity space. "ft(s) is the perpendicular
component of velocity, and "ft(s) is the unit direction vector. The
velocity must project to the line I; examples are shown with dotted
lines.

Fig. 3.2 The aperture problem: An operation that views the moving edge
E through the local aperture A can compute only the component of
motion b in the direction perpendicular to the edge. The true motion
at point P could be anywhere on the line joining a, b and c.
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illustrates this point. Rewriting (3.1) as

(E:z:, E,J . (U, V)

= -Et

(3.2)

leads us to express the component of velocity in the direction (E:z:, Ell) as
(3.3)

As long as the velocity vectors (U, V) lie along a line perpendicular to the brightness
gradient vector (Ex,E y ), they will satisfy (3.1). Since the components of motion
are not uniquely determined, the velocity at a point can not be computed without
introducing constraints on the motion over a larger neighborhood. This kind of
problem also arises when we try to estimate the motion along edges. In Fig. 3.2, a
moving straight edge E is viewed through a local aperture A. Because E is feartureless
over A, we cannot unambiguously state where a point on E has moved to in a given
time interval. The only motion component that can be reliably estimated is the
normal component of velocity. The tangential component cannot be recovered. This
is the so called aperture problem of optical flow.computation. In another example in
Fig. 3.2, the curve C1 rotates, translates and deforms over time, to yield curve C2 •
The motion of points from C1 to C2 is again ambiguous. In order to compute motion
uniquely, additional constraints are therefore required.
A practical way to solve the aperture problem is to find solutions for (U, V) which
satisfy some measure of local smoothness. Such constraints are based on the physical
assumption that the surface of most rigid and non-rigid objects are generally smooth
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compared with their distance from the viewer. A smooth surface in motion usually
generates a smoothly varying velocity field.
Three parameters can be used to express the variation in the local velocity distribution:(l) Variation in the velocity vector; (2) Variation in the direction of velocity;
(3) Variation in the magnitude of velocity. Since we are concerned with finding the
velocity along contours, all these quantities are measured along contours. (See Fig.
3.3.)

aV
8&

Fig. 3.3 Measuring variation in velocity. (a) The vector V(s) is displayed at
two nearby points on the image curve. (b) The velocity vectors drawn
in velocity space, where 8V /8s is indicated by the dotted arrow. (c)
The direction of velocity for points on the contour is represented by
the angle f/J. The velocity vectors of (c) are drawn in velocity space,
where 8f/J/8s is shown.

(1) Variation in V(s). The local change in Yes) with respect to the contours is
given by the vector oV(s)/os. A measure of the total variation in the velocity field
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over an entire contour can be derived by integrating this local measure along the
contour as:

(3.4)
Higher order variation on this functional may be considered, for example, the
second order derivative:

(3.5)
(2) Variation in direction. Let the direction of the velocity be angle </>(8). The local

change in direction for two nearby velocities along the contour is 8</>(8)/88. Then
the total variation in direction along the contour can be obtained by integrating this
local measure along the contour as:

(3.6)
Also variation involving higher order derivatives, for example, the second order derivative can be considered;

(3.7)
(3) Variation in magnitude. The total change in magnitude of velocity could be

measured as follows:

(3.8)
Again, the variation of the second order derivative can be considered:.

(3.9)
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Most researchers have used the smoothness measurement in (3.4). With the assumption of rigid object motion, or that the velocities are nearly the same in a small
region, the velocity field is estimated by minimizing (3.4). This is the so called
smoothness constraint on the first derivative of velocity field. For nonrigid object
motion, the velocities change from place to place, therefore minimizing (3.4) does
not work well in this situation. Instead, we can assume that the rate of change in
velocity is smoothly distributed in a small region. Then the velocity field is estimated
by minimizing (3.5). This is called the smoothness contraint on the second derivative
of the velocity field, and is discussed later.
3.2. RELATED METHODS

A natural extension of the displacement vector computations considered in Chapter 2 is to compute optical flow along image contours. Hildreth [45] reported a scheme
for computing the velocity vectors along

contou~s

formed by the zero-crossings of the

LoG filter. V(s), the 2-D velocity field along the contour s, can be decomposed into
two components vn(s) and vt(s) which are normal and tangential, respectively, to the
contour. Thus,

(3.10)
where un(s) and ut{s) represent unit vectors. As Fig. 3.4 illustrates, vn(s), un(s)
and ut(s) can be measured from contour displacements. Since vt(s) is not available,
V(s) is not uniquely determined. Hildreth used smoothness in the overall velocity

field around the contour as a regularizing factor. Smoothness 9(V) is measured
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by integrating the total variation of the first derivative of velocity in the x and y
directions:

(3.11)
The smoothness constraint, combined with the requirement that normal components
of the resulting velocity field V(s) . un(s) must be close to the measured normal
component vn(s), forms the total functional

e(v) = J,,[(8t1a!"»)2 + (8t1;!"»)2]ds

(3.12)

+,x J,,[V(s) . un(s) - vn(s)]ds,
where the weight ,x controls the importance of the smoothness constraint relative to
the importance of consistency with the measured normal components. The solution

V(s) is found by minimizing (3.12).

V(s)

Fig. 3.4 Decomposition of velocity. un and u t are unit vectors, perpendicular
and tangent to the curve, and vn(s) and vt( s) are the two velocity
components.
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In their Velocity Functional Method, Waxman and Wohn [46] included up to
second-order terms in a Taylor series expansion of the velocity vector V

= (vx,vy).

The x and y components of velocity are

(3.l3a)

2

Vy(x,y) =

2

v(i,j)xiy;

EE
y.,'t.J.., '
i=Oj=O

(3.l3b)

-----i+;:5 2

where v1i ,i) and vti,;) are partial derivatives given by
' ')

(
V xI,J --

' ')

(
V y1,1 --

{)I'+'Jvx

I

(3.14a)

I

(3.l4b)

{)Xl'{)yJ, (x'y)=o

{)I'+'J Vy

{}xi{}yj (x,II)=O'

Given measurements of normal flow along contours, vn(x, y), and the measured unit
normal vector un(x,y) =

(u~,u~),

the solution vector V(x,y) is required to satisfy

the measured data according to vn(x,y) = V(x,y)· un(x,y), or using (3.12):
(3.15)

Velocity vectors which satisfy the constraint imposed by this second-order flow model
are computed along image contours.
The methods of Hildreth and Waxman and Wohn

h~ve,

as their input data, the

measured normal components of velocity along the contour. As Fig. 3.5 shows, these
measurements are derived from the distance separating a contour point in frame I
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and the corresponding point in frame 1+ 1, measured along the normal to the contour
in frame I. The error between this estimate of normal velocity and the true normal
velocity is related to the existence of the tangential component of motion, as well as
to the finite difference approximation to the temporal derivative. In general, the

Frac.e HI

Fraine I

~ (5)./
n

Fig. 3.5 The error which can result from ,estimating normal velocity, vn(s),
from contour displacement is illustrated here. vn(s) is the normal
component of the true motion vector yes). In the smoothness constraint expressed in (3.21) we use an estimated velocity, VieS), which
is closer to the true direction of yes) than vn(s).
larger the tangential component, the larger the resulting error in normal velocity.
In the next section, it is shown that velocity vectors derived from feature matching
can partly overcome the errors caused by the missing tangential component. It is
also shown that a smoothness constraint based on the integrated second derivative
of velocity is superior in most cases to Hildreth's first derivative constraint.
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3.3 CONTOUR MOTION ESTIMATION WITH THE SMOOTHNESS
CONSTRAINT ON THE SECOND DERIVA':l'IVE OF THE
VELOCITY FIELD
The new method developed in this section has two main features which overcome
the limitations of earlier work. First, the motion vectors derived from feature matching are used as the input data in place of measured normal velocity components. In
effect, this introduces an estimate of the tangential component of velocity, with the
result that the estimated normal component is closer to the true normal component
than before. (See Fig. 3.5.) Second, a smoothing constraint using the second derivative of velocity along the contour is imposed. This choice of smoothing constraint is
justified in Section 3.5.
Two smoothness measures are used here. They are:

(3.16)
which is the second derivative version of Hildreth's expression in (3.5), and
(3.17)
where <1>( s) is the direction of velocity along contour s. (See Fig. 3.6.)
The directional smoothness constraint

(E>(~)

in (3.17)) is minimized when 8<1>(s)/8s

is a constant on the contour. Referring to Fig. 3.6, the information conveyed by the
motion vectors obtained from feature matching can be used to satisfy (3.17) directly.
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FrUle J
il

Frame 1+1
'"
vI

fIJI

v
...

v3

...

v

4

Fig. 3.6 Velocity vectors estimated from feature matching. (i}'il) and (i 2,i2)
are matched node pairs at each end of a section of contour. Intermediate vectors are computed according to (3.18).
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Consider a section of contour, or branch, occupying two consecutive frames in animage
sequence. Assume that the critical points (nodes or corners) at ~ach end of the branch
have been matched in both frames. The displacement vectors of these points are then
easily comp~ted. Now, satisfying (3.17) is equivalent to assuming that the velocity
vectors change direction smoothly from one matched point to the next; i.e., 84>(s )/8s
is constant between pairs of matched points.
Since image flow is computed at discrete points along the contour, consider N
points with equal arclength separation, whose coordinates are {(Xl, yt), (X2, Y2), ... ,
(XN, YN

n· Let 4>1 and 4>N be the known motion directions at the matched end points.

Then, applying the constraint 84>( s ) /8s = constant in discrete form, the direction of

,1... =,1..

'1-'1

+ (i -

'1-'1

1) (4)2 - 4>t)
(N _ 1)
.

(3.18)

The magnitude of the measured velocity at (Xi, Yi), Vi, is indicated by the length of
the line of direction 4>i joining (Xi, Yi) to the contour in the next frame. (See Fig.3.6.)
The final solution for the velocity field Vi along the contour will result in a total
squared error with respect to these measured values of

= "N-l(
L.Ji=2 V Xi UXi
where

Ui

+ VSIi U lli -

(3.19)
~ )2 ,
Vi

is the unit vector in direction 4>i.

The constraint expressed by (3.16) is realized in discrete form by
N-l

O2 = L

i=2

(V Xi _ 1

-

2VXi

+ VXi+t )2 + (Vlli _

1 -

2Vlli

+ Vlli+ )2.
1

(3.20)

83

Finally, (3.19) and (3.20) are expressed in a single functional

- Ef:;;1 (VZi _

1 -

2VZi

+ VZi+1)2 + (VSli _1 -

2VSli

(3.21)

+ VSli+1 )2

+AEf:'21 (VZiUZi + VSliU Sli - Vi)2.
To summarize, u lm U Sli and

Vi

are known at discrete points along the contour. It

remains to solve for velocity components

(VzoVSlJ

which minimize e in (3.21).

3.4 SOLUTION OF (3.21)
Since, in a branch with' N discrete sample points, VI

= VI bPI and VN = vNLrPN

are known at the matched end points, there remain 2(N - 2) unknown variables to
be found in (3.20). Computing the derivatives

ae/aVZi

and

ae/avYi

from (3.21),

with 2 :5 i :5 N - 1, gives a set of N - 2 equations:
(3.22a)

(3.22b)"
for 2 :5 i :5 N - 1. In matrix form, (3.22) becomes

AV=XV,

(3.23)

where
(3.24a)

v= [

AV2UX2 - V XI , AV3UX3' ••• , AVN-2UXN_2' AVN-IUZN _ 1
AV2UY2 - V YI , AV3UY3' ••• , AVN-2 UYN_2' AVN-IU YN _ 1

-

-

VXN'

(3.24b)
VyN],T
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a

c

c

b

A=

a,b=

02

-1

0

-1

03

-1

0

-1

04

0

-1
ON-2

-1

-1

°N-I

0

'\U X2 U ll2

0

0

'\U X3 U II3

c=

0

0

(3.24c)
0

0
where, in a,

OJ

0

= (2 + '\u;J, and in h,

Qj

= (2

'\U XN _ U
1

IIN

_

1

+ '\u~J

Hence, the image flow solution is given by

v =,\A -lV,

(3.25)

which, for large N, can be solved using conjugate gradient techniques.

3.5 VALIDITY OF THE SMOOTHNESS CONSTRAINT
Let us consider the smoothness measure in (3.16) by relating it to the second order
flow model in (3.15). Waxman and Wohn [46] showed this model to be sufficient for
expressing the contour deformations caused by most forms of rigid and nonrigid
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body motion. Contours undergoing such motion can be simulated using a second
order geometrical mapping of the form
(3.26a)
2

y'

2

= E E bijXiyj,

(3.26b)

i=Oj=O

where (x', y') are the transformed coordinates. The displacement between two frames
is
2

x' - X =

2

E Ea~jxiyj

(3.27a)

i=O j=O
2

2

L L bijXiyj,

y' - Y =

(3.27b)

i=Oj=O

where a~o

= alO -

1, and all other a~j

= aij.

(Likewise for b~j') Assuming a unit

time interval between frames, then v.x( x, y) = x' - x, and v y ( x, y) = y' - y. Hence,
the transformation defined by (3.16) is equivalent to the second order flow model of
(3.13).
Consider a simple case of mapping using (3.26). Let the straight line contour

y

= a + f3x,

(3.28)

undergo a first order mapping of the form

x' = Xo

+ alOX + aOlY

(3.29a)

y' = Yo

+ blOX + bOlY·

(3.29b)
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Such a mapping is equivalent to an affine transformation. The straight line in (3.28)
is translated, scaled, and rotated. Substituting (3.29) an<;l (3.28) in (3.27) gives
(3.3Da)

VI/(X, y) = (Yo + o(bOI

Bv:z:(x, y)

as

-

-

1)) + (blO + {3(bOl - 1))x.

(alO - 1 + {3aOl)
Jl + b2

BVI/(X, y) _ (blO + {3(bo1 - 1))
J1 + b2

as

-

(3.3Db)

(3.31a)
(3.31b)

Since the velocity components along the contour change at a constant rate, the
smoothness constraint on the second derivative of the velocity (Equation (3.16))
gives a unique, optimum solution for V, corresponding to

This can be confirmed experimentally in the following way. First, arbitrary first
order transformations are applied to straight sections of contour. It is assumed that
the feature matching process is able to match the ends of the original contour to
the ends of the transformed contour. The information from the two pairs of matched
points is applied to (3.18) to give the Vi data needed for insertion into (3.21). Equation
(3.21) is then solved for (v:Z:jl v y;) at discrete points along the contour. The resulting
motion vectors are then compared to the true motion vectors obtained from the known
mapping function in (3.26). Accuracy in the solution is measured by the length of
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the error vectors. Of course, using A = 0 in (3.21) yields an error-free solution, since
this corresponds to the situation when ()2vlI:(s)/8s 2 = 82v1J(s)/8s 2 = O.
However, even when A is finite, the solution resulting from (3.21) is always more
accurate than any solution possible from Hildreth's first derivative smoothing constraint in (3.12).
The case of a straight line undergoing a first order flow, equivalent to an affine
transformation, is the only one for which it is possible to prove that the second
derivative smoothness constraint is superior to the first derivative constraint. In
more complex flows, where a straight line undergoes second order mapping, or when
a quadratic curve undergoes first or second order mapping, the quantities 82v:z:( s) /8s 2
and 8 2vlJ(s)j8s 2 are nonzero. Consequently, we cannot predict whether 0 in (3.21)
will be larger or smaller than 0 in (3.12), for all possible values of A. However,
in experiments with arbitrarily selected mappings and contour shapes, performed in
the manner described above, we found the second derivative constraint to give more
accurate results most of the time.

It follows from the above that the second order constraint is also an appropriate
device to be used in conjunction with the first, feature matching stage of the motion
computation. During this first stage, image contours are segmented into small, fairly
straight sections. If the time lapse between frames is small, the motion of individual
sections is a reasonably good fit to the first order flow model, for which the second
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derivative constraint is optimum. Examples of simulated contour motion using known
mapping functions are included in the next section.

3.6 MODIFICATION OF (3.21)
The algorithm based on (3.25) has been successfully tested on a variety of synthetic
data as well as contour images generated from real image sequences. Fig. 3.7 shows
the results of testing our algorithm with contour data generated by known first and
second order mapping functions. As

sho~n

earlier, the second derivative smoothness

constraint is optimum for straight lines undergoing first order mappings. Although in
most cases this constraint works well for second order mappings and curves, examples
can be found when Hildreth's first derivative constraint [45] is superior. Examples
of both cases are included in Figs. 3.7a through 3.7c. In order to get an optimal
solution, a linear combination of the first and second smoothness constraint approach
is investigated. Equation (3.21) can be rewritten as:

e - e 2 + Ae 1 + f3e 3
- 2:[~;21 (VXi _

2VXi

1 -

+ VXi+ )2 + (VYi _
1

1 -

2vYi

+ VYi+! )2

(3.32)

+A2:f:"21 (V.2:iU.2:i +Vy;U y; -Vi)2
+f32:f:"21(V.2:i

-

V.2:i_l)2

+ (VYi -

V yi _ 1

)2

where A and f3 are weighting constants. Taking the derivatives ae / aVXi and

ae / aVYi

in (3.32), with 2 :5 i :5 N - 1, gives a set of N - 2 equations:

(3.33a)

89

ji,l,

I \I

T
III

III

~ I 'I~I,I'I \ '1'\ I,
,I

I.

,11,1,
1
111'1 1\\11

.' IIIIIWI
1.'1'1', "IIIII~

\,,"1\\',11\',',I,

a

b
I"

I

" ,',I

II"
I,
I

~.

til

11I. II

". \ \ ,,\, ,'l... /'
\.~/'
. . ,.j.
'\. ./
I

"

I,

, ,Ii{.///l·

I, '" t ./ ....

, t ~ ,.. /
r'.1' .' •
••. ~I
'{"/
'I",
.'~ t
/
I

,r' "...
l t

I' It

I

.'

c
-" .... ,/ ."'rI l • r t" •t'
•.

•

•

t'

, ,,r 1~" " /'
.'

t

",I

d

Fig. 3.7 Using geometric transforms to simulate first and second order flows,
we can generate a sequence of contours with known motion vector.
(left column.) By matching the end points of the section of contour
shown here, it is possible to solve (3.21) for the contour motion vectors. The results of using the first (center column) and second (right
column) derivative smoothness constraints are compared. (a) The
second derivative constraint is optimum for the first order mapping
of a straight line. (b) The second derivative constraint works better
than the first derivative constraint for this example of a second order
mapping of a quadratic curve, and vice-versa.in for the example in
(c). (d) Using the same mapping as (c), a combination of first and
second derivative constraint yields the most accurate result.
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(3.33b)

for 2 :5 i :5 N - 1. Then (3.33) can be written in matrix form,

(3.34)

AV=XV,
where

(3.35a)

v= [

).V2UX2 - V XI , ).V3UX3' ••• , ).VN-2 U XN_2' ).VN-IUXN _ 1
).V2UY2 -

V yl , ).V3UY3' ••• , ).VN-2UYN_2' ).VN-IU YN _ 1

a

c

c

b

VXN'

-

-

VyN],T

A=

where
02

-(1

a,b=

+ (3)
0

-1

0

03

-1

-(1

+ (3)

04

0

-1
ON-2

0

0

-(1

+ (3)

-1
°N-l

(3.35h)
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>'U:r:!lU1/:Z

0

0

>'U:r:3 UU3

0

(3.35c)

C=

0

0

0

where, in a,

eli

>'U:r:N_l UUN_l

= (2 + f3 + >'u;j)' and in h, eli = (2 + f3 + >'u~j)'

Hence, the image flow solution is given by

v = >.A-1V.

(3.36)

3.7 NOISE PERFORMANCE
Since (3.25) is based on a smoothness constraint on the second derivative of velocity, it is more noise sensitive than the first derivative method. The linear combination of derivatives in (3.36) partially reduces this effect. Nevertheless, the solution to
(3.25) is sensitive to large impulse-like errors in the estimated image contours. The
performance of the algorithm is improved by filtering the zero-crossing contour with a
median filter, whose ability to virtually eliminate impulsive noise is well known. The
zero-crossing contour map is a binary distribution of points with coordinates (x,y).
A one dimensional median filter is used to process x and y coordinates separately.
Typically, the median filter is of the length 3 or 5 pixels. Note also that the contours
generated by the LoG filter are inherently smooth thanks to its good performance
on noisy data. However, when the signal-to-noise ratio is low, it is recommended that
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Spike noise
on the contour
Measured normal
velocity with noise

Estimated velocities
with noise

Fig. 3.8 Spike noise on contour affects the result of motion estimation.

Fig. 3.9 Aerial image of Fig.
N(O,40.0) added.

2.9 with white Gaussian noise
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(a)

(b)

(c)

(d)

Fig. 3.10 (a) Zero-crossing contour of Fig.2.9. (No noise) (b) Zero-crossing
contour of Fig. 3.9. (Noise added) (c) Contour motion vector computed by (3.32) on the contour in (a). (d) contour motion vector
computed by (3.32) on the contour in (b).

94
pre-smoothing using a Gaussian filter be used prior to the LoG filter. Results are
shown in Fig. 3.10. With preprocessing, it is evident that noise has less effect on the
outcome of (3.25) and (3.36).

3.8 EXPERIMENTAL RESULTS
The image flow algorithm has been successfully tested on a variety of synthetic
data as well as contour images generated from real image sequences. Figure 3.7 shows
the results of testing our algorithm with contour data generated by known first and
second order mapping functions. As we saw earlier, the second derivative smoothness
constraint is optimum for straight lines undergoing first order mappings. (See Fig.
3.7a.) In most cases this constraint works well for second order mappings and curves.
A case where a linear combination of both constraints gives a better result is shown
in Fig. 3.7d. In experiments with many different second order mappings, we have
observed that this combination of constraints is sometimes better than the second
derivative constraint, and always better than the first order derivative option.
Figure 3.11 shows contour motion for the earlier example images, computed using
the procedure described in Chapter 2 and Chapter 3. The result for the combustion
image is especially interesting. As the exhaust jet travels from an orifice at the
bottom of the combustion chamber, it expands rapidly and becomes more turbulent.
This is clearly indicated by the computed motion vectors.
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(a)

(b)

(c)

(d)

Fig. 3.11 Contour motion vectors computed by (3.32) from the matching data
in Figs. 2.10, 2.11, 2.13, and 2.14 (a) Aerial image, motion toward
the observer. (b) Aerial image with rotation. (c) Wharf image. (d)
Laser shadowgraph image.

96

,

~--

-----

~

~

Fig. 3.12 Contour motion vectors computed by (3.32) from the matching data in
Figs. 2.16, and 2.17. (a) Cars on highway image. (b) Cars with occlusion
image.
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In another example, part of the original image of Fig. 2.9 was translated, rotated,
and streched by
x' -

1.25(x - lO)cos(lI"/lO.O) -1.1(y -15)sin(1I"/1O.0)

(3.37)
y' -

1.25(x - 10)sin(1I"/10.0) + 1.1(y -l5)cos(1I"/1O.0)

to obtained a second image. Figures 3.l3(a) and (b) show the final found nodes in
the two images. Figures 3.l3(c) through (e) are maps of the actual velocity vectors
along contours, and the velocity vectors computed by the first and second derivative
constraints, respectively. The average error in magnitude is 5% of the true magnitude of velocity, and the average error in direction is 2.10 0 with the first derivative
constraint. The errors with the second derivative constraint are 4% in magnitude
and 2.010 in direction.
The time taken for computing the velocity vectors along contours depends the
number of contours and the length of each contour. For example, the simple case of
a moving car containing 32 contour segments (Fig 2.16) took 4 seconds to get the
final results. For the aerial image in Fig. 2.10, it took about 80 seconds to compute
the velocity vectors along about 300 contour segments.
Unlike the Hildreth and Waxman methods, which use measured normal velocity
components to constrain the solution, we use velocity components estimated from
a feature matching step. The rationale for doing so is that, in most cases, the displacement vectors resulting from image correspondence are closer to the true direction
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(Q)

(b)

(C)

Fig. 3.13. Comparison of the velocity vectors computed by the first and the
second derivative constraints. (a), (b) Final matching nodes between
two images. (c) The actu al velocity vectors along contours. (e),
(d)The velocity vectors computed by the first and second derivative
constraints, respectively.
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of motion than the measured normal component. Of course, relying on conspicuous
features limits our approach to textured imagery.
The relaxation technique for feature matching initially accepts only very obvious
matches. During iterations, it checks for clues such as consistency in the structure
and motion of groups of features in both images. Thus, a given feature in one image
may be matched to a feature in the next image if neighboring features closely match
in both images. The use of three separate matching metrics reduces the chances of a
mismatch caused by feature ambiguity.
The solution to the optical flow problem discussed in this chapter uses a smoothness constraint on the second derivative of the magnitude and direction of velocity.
The constraint on direction is a natural extension of the feature matching step, since
the latter gives an initial estimate of motion direction. The second derivative constraint compares favorably with Hildreth's first order constraint. For simple flows,
the second derivative constraint was shown to be optimum.
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CHAPTER 4.0

ORIENTATION FIELDS FOR MODEL-BASED
ANALYSIS OF FLUID MOTION

In the former chapters, a general approach for recovering the motion of rigid and
nonrigid shapes was described. However, for some types of fluid flow, it is difficult
to build suitable branch-node models. For example, fluid flow containing vortices
belongs to this category. (See Figs. 4.1 and 4.2) A vortex is .simply a region of
high vorticity, that is, containing vorticity vectors of large magnitude. In a vortex
region, the vortex tubes can take on a number of different forms, of which the two
most important ones are the so called ring· and hairpin. As time progresses, the vortices evolve: a vortex may break in two, two vortices may merge into one, etc. The
evolution of vortices may hold the key to interpreting turbulence [55]. Therefore,
detecting, recognizing, and tracking their evolution is of fundamental importance
for further motion analysis. The approach to vortex analysis can be viewed as a two
stage process. The first stage is concerned with computing the orientation field from a
vortex flow image. This gives rise to a pair of intrinsic images which measure local flow
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Fig. 4.1 Vortex flow image 1 [68]. (Karman vortex street behind
a circular cylinder.)

Fig. 4.2 Vortex flow image 2 [68]. (Secondary Streaming by an
oscillating cyclinder.)
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orientation and coherence, or anisotropy, of flow direction. The intrinsic images are
analyzed and vortices are extracted and tracked througho1:lt a motion sequence. Two
approaches to vortex recognition are presented, one based on the Hough transform
and the other on phase plane concepts. The advantages of using the orientation field
lies in its insensitivity to intensity changes and to the presence of noise in the data.
In the second stage, a two component model for vortex motion estimation is
proposed. The two components are a mean, or large-scale motion, plus a residual, or
small-scale term which is superimposed on the mean flow. In our model, the mean
component represents translational and rotational motion. The parameters of the
mean flow are extracted by a matching procedure applied to each vortex. The final
residuals are required to yield components which are close, in a least-square sense, to

the initial normal velocity measured along the contours, when projected in the same
direction.

4.1 NOTATION OF FLUID FLOW
In order to facilitate understanding of the concepts taken from fluid dynamics and
used in the following sections, we present the necessary fluid flow notation in this
section. This notation and the following definitions were taken from Ottino [56] and
Massey [57].
Flow visualization: There are three classic methods of flow visualization: (1)
particle path, orbit, or trajectory; (2) streamlines; and (3) streaklines.
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(1) Particle path, orbit, or trajectory. Given the Eulerian velocity field
v

= vex, t), the particle path of X

x

=X

at t

is given by the solution of dx/dt

= v(v, t) with

= O. Physically it corresponds to a long time exposure photograph of an

illuminated fluid particle.
(2) Streamlines. A streamline is defined as a line which is tangent everywhere
to the instantaneous velocity vector. The streamlines correspond to the solution of
the system of equations dx/ds

= vex, t), where time t is treated as a constant and s

is a parameter (that is, we take a 'picture' of the vector field v at time t.) Physically,
we can mimic the streamlines by labelling a collection of fluid particles and taking
two successive photographs at times t and t +8t. Joining the displacement gives v in
the neighborhood of the point x. The streamlines are tangential to the instantaneous
velocity at every point, except at the point where v

= O.

(3) Steaklines. The picture at time t of the streakline passing through the point
x' is the curve formed by all the particles with initial condition xlt=to = X which
happened to pass by x' during the time 0 < t

< t'. Physically, it corresponds to the

curve traced out by a non-diffusive tracer injected at the position

x'.

There are two types of vortex flows: the irrotational vortex and the forced vortex.
(1) Irrotational vortex. The irrotational vortex flow satisfies
q
8q
-+-=0

R

8R

(4.1)

where q is the velocity along. the streamlines, and R represents the radius of curvature of the streamline, not necessarily the polar coordinate. The solution of (4.1) is
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qR = constant, which means that the velocity decreases as the radius increases, and
vice versa. However, in a real fluid, friction becomes dominant as r approaches 0,
and so fluid in the central region tends to rotate like a solid body. Irrotational vortex
flow is a common pattern in fluid flow. For example, fluid moving around a bend
in a pipe or a channel tends to follow this pattern. The net force on any element
of fluid in a vortex towards the axis requires a decrease of piezometric pressure in
that direction. This has consequences which can be often seen. For example, the
fall in the liquid surface when a vortex forms at the outlet of a bath. A similar
effect occurs in whirlpools. The vortices shed from the wing tips of aircraft have a
reduced temperature at the center in addition to a low pressure (since air is a compressible fluid), and under favorable atmospheric conditions, water vapour condenses
in sufficient quantity to form a visible 'vapor trail'. A large irrotational vortex in the
atmosphere is known as a tornado: over land the low pressure at the center causes the
lifting of roofs of buildings and other damage; over water it produces a waterspout.
(2) Forced (rotational) vortex. This type of motion is obtained when all
particles of the fluid have the same angular velocity about some fixed axis. That is,
the fluid rotates about the axis like a solid body. Such motion may be produced by
rotating a cylinder

co~taining

the fluid about its axis. Rotation of a paddle in the

fluid will produce forced vortex motion within its periphery.
Vorticity. The vorticity at a point is defined as:

Vorticity

av au

ax - ay'

(4.2)
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Vortex line. The vortex line is a line everywhere tangential to the local vorticity
(i.e., same relationship as streamlines and velocity field).

4.2 COMPUTING THE ORIENTATION FIELD OF VORTEX FLOWS
Fluid dynamicists have realized for some time that complex flows, obeying certain
constraints, can be represented by a superposition of much simpler canonic, linear
flows [58]. Thi~ family of flows includes the vortex, source node, sink node, and
saddle. (These flows are discussed in more detail in Section 4.5.) Of these, the
vortex is the most prevalent and most studied. In fluid dynamics two-dimensional
vortex lines have an important role in the study of the flow around airplane wings.
In weather analysis and forecasting, hurricanes and tornados are typical vortex flow
patterns. So detecting, recognizing, and tracking their evolution is of fundamental
importance in fluid motion analysis. It is for this reason that we select the vortex
as the flow to be modeled and analyzed in our investigation of model-based fluid
motion.
The important features of a vortex, namely the vortex line (streamline) and vorticity vector, appear in Fig. 4.3. The vortex line and vorticity vector are appropriate
features for characterizing vortex flows. Both have the advantage of being independent of gray level variations when they are imaged in flow visualization experiments.
Following Kass and Witkin [59], we base our vortex model on the orientation field
and subsequent instrinsic images. The orientation field is closely related to both the
velocity flow and the flow streamline. It consists of a 2D distribution of vectors whose
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orientation describes the direction of local streamlines. The length of the orientation
vectors mayor may not be meaningful, as we discuss later. The orientation field can
be computed as densely (in the limit at every pixel location ) or as sparsely as desired.
In fact it is often computed on a square grid for ease of display.

STREAMI.INES

Fig. 4.3 An example of vortex streamlines.

Stemming from the orientation field are two intrinsic images. First, the orientation
image simply measures the orientation of local flow at each location in the orientation
field. It can be displayed using vectors (of equal length) pointing in the appropriate
directions, or as gray level image after some suitable scaling. Second, the coherence
intrinsic image is a measure of the local anisotropy of the orientation field. Coherence
is large at a point in the image where the surrounding orientation vectors tend to
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point in a common direction. Both types of intrinsic image have been proposed as
texture descriptions [20], although their use is not widespread.
Two methods for computing the orientation field have appeared in the literature,
and are discussed here.

(1) Kass and Witkin's method [59]. Consider a Difference-of-Gaussians filter
with impulse response
(4.3)

where r2 = x 2 + y2. The frequency response is
(4.4)

and w2 = w~+w;. Next, consider a local difference operator expressed as the impulse
response:

(4.5)
which has the amplitude spectrum Isin(w.

e)1, where w = [wx, wy],

and ( = [ex, ey].

The power spectrum of the DOG filter cascaded with that of the difference operation
is shown in Fig. 4.4. The overall filter has a passband along a line in the direction of
vector (. The combined filter, which is the gradient of a DOG filter, can be written
as:

V(O) = (cosO, sinO) . \lH * I
where H is the DOG filter and I is the input image.

(4.6)
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In order to compute the orientation field, the image I is first convolved with the
isotropic filter H(x,y). The result C(x,y) is then differentiated along x and y to form

Cz(X,y), and CII(x,y). The gradient vector (Cz(x,y),CI/(x,y» can be treated as a
complex variable, its polar representation being Rei(J. The square of this vector is
R 2 ei28 • Consider the vector Re i (B+1r) which points in the opposite direction to Re i8 •
The square of this vector is R2 ei{28+21r)

= R 2ei2(J.

This process is necessary to avoid the

cancellation of Rei(J and Re i (8±1r) which are on the same contours facing in opposite
directions.

Fig. 4.4 The magnitude spectrum of DOG filter cascaded with
the difference operator.
Hence, squaring the gradient vectors that point in opposite directions makes them
reinforce each other. Let J(x,y) denote the squared gradient vector at (x,y)
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(4.7)
where J1 (x, y)

= C;(x, y)-C~(x,y), and J2(x, y) = 2Cz (x,y)CII (x,y). The magnitude

of the gradient is J3 (x,y)

= [C;(x,y) + C:(X,y)]1/2.

Finally, the orientation and

coherence intrinsic images are computed as follows:

4>(x,y)
p(x, y)

= tan- 1 (J:(x, y)/J;(x, y))/2
= (J;(x,y)2 + J;(x, y)2)1/2/J;(X, y)

(4.8)
(4.9)

where Ji(x,y), Ji(x,y) and Jj(x,y) represent the results of J 1 (x,y), J2(x,y) and
J3 (x,y) convolved with a Gaussian filter, respectively. The convolution introduced

here is to compute the means of J1(x,y), J2(x,y) and J3(X,y) at (x,y). Examples
of this computation applied to the earlier fluid flow pictures are shown in Figs. 4.5
and 4.6 in which gray levels are used to display orientation. The orientation field,

O( x, y) + 7r /2, indicating the flow direction, is displayed by unit vectors in Figs. 4.7
and 4.8.
(2) Rao and Jain's method [20]. Consider a Gaussian filter with impulse
response

g(r) = e- r2 / 2u \
where

r2

(4.10)

= x 2 + y2. Its frequency response is
(4.11)
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Fig. 4.5 Orientation (right) and coherence components of Fig. 4.1 vortex
flow with Kass and Witkin's method. The distribution of orientation component (-1/"/2, pi/2) is shifted to (-1/"/2 + 128, 1/" /2 +
128) for display. The coherence is scaled by its gradient magnitude.

Fig 4.6 Orientation (right) and coherence components of Fig. 4.2 vortex
flow with Kass and Witkin's method. The distribution of orientation component (-1/"/2, 1/" /2) is shifted to (-1/"/2 + 128,1/"/2 +
128) for display. The coherence is scaled by its gradient magnitude.
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Fig. 4.7 Orientation field of Fig. 4.2 with Kass and Witkin's method.

Fig. 4.8 Orientation field of Fig. 4.3 with Kass and Witkin's method.
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where

w = w; + w:. The Fourier transform of the first derivative of a Gaussian
2

is shown in Fig. 4.9, and the operation of a Gaussian filter cascaded with the first
derivative along direction 0 is

d~ =

de

where

'iJ9 • (cosO, sinO)

(4.12)

eis a unit vector in the direction of O.

Fig. 4.9 The Fourier transfrom of the first derivative of a Gaussian filter.

In implementation, the orientation of the maximum response is determined by
first computing the gradient after smoothing with a Gaussian filter. Let the gradient
vector at point (x,y) have the polar representation R( x, y )ei(J(~'II). The estimate of the
dominant orientation fJ at the center (x,y) of an N by N neighborhood is computed
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by finding the value of 0 where

S

=

N/2

N/2

"
"
L.J

"
"
L.J

i=-N/2

j=-N/2

R z2 +i ,1I+j cos 2 (Oz+i,1I+j - 0)

has a maximum. Differentiating (4.13) and equating dS/dO

A

(4.13)

= 0, we have

",N/2
",N/2
R2
. (20
)
A(
)
_
t
-1 ( LJ i=-N/2 LJj=-N/2 z+i,1I+jstn
z+i,1I+j )/2
O x,y - an
N/2
N/2
.

(4.14)

Li=-N/2 Lj=-N/2 R;+i,JI+j cos (20z +i,JI+j )

The coherence component is calculated by projecting the gradient magnitude G:Z:+i,Y+i
in the direction Oz+;,y+j onto the unit vector in the direction O:z:,y, This is G:Z:+i,Y+F
COS(Oz+i,y+j - O;,y). The coherent component at (x,y) is estimated by computing the

sum of the absolute value of all such projections within the window.
(4.15)

Examples of this computation applied to fluid flow images are shown in Figs. 4.10
and 4.11, in which gray levels are used to display orientation. The orientation fields

O( x, y)

+ 7r /2

a.re displayed by unit vectors in Figs. 4.12 and 4.13. Both methods

give comparable results; however, the method of Kass and Witkin is more sensitive
to noise as it involves a second derivative operation.
As mentioned before, the orientation field is closely related to both the velocity flow and the flow streamline, and the coherence intrinsic image is a measure
of the local anisotropy of the orientation field. They represent the important features of vortex flows, and both have the advantage of being independent of gray level
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Fig. 4.10 Orientation (right) and coherent (left) components of vortex
flow in Fig. 4.1 with Rao and Jain's method. The distribution of orientation component (-7r /2, 7r /2) is shifted to
( -7r /2 + 128, 7r /2 + 128) for display, The coherence is scaled
by its gradient magnitude.

Fig. 4.11 Orientation (right) and coherent (left) components of vortex
flow in Fig. 4.2 with Rao and Jain's method. The distribution of orientation component (-7r /2, 7r /2) is shifted to
( -7r /2 + 128, 7r /2 + 128) for display, The coherence is scaled
by its gradient magnitude.
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Fig. 4.12 Orientation field of Fig. 4.1 with Rao and Jain's method.

Fig. 4.13 Orientation field of Fig. 4.2 with Rao and Jain's method.
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variations when they are imaged in flow visualization experiments. In the following
sections, these features are used for vortex flow recognition and tracking.

4.3 HOUGH TRANSFORM AND ITS APPLICATION FOR VORTEX
RECOGNITION
The classical Hough technique [60] is used for detecting lines in a binary edge map.
A straight line at a distance s and orientation () (see Fig. 4.14a), can be represented

as
S

= XC080 + ysinO.

(4.16)

The Hough transform of this line is a point in the (8,0) plane; that is, all the points
on this line map into a single point (Fig. 4.14b). For a given binary edge map, the
algorithm works as follows. For each f(Xi, Yi)

= 1, map (x,y) into (8,0)

space and

increment C(s,O), that is;

(4.17)
if XiCOSO

+ YisinO = Sk, where 0 = OJ.

Then the local maxima of C(8, 0) indicate the

presence of straight line segments in the edge map.
This method can be generalized [61] to detect other curves f(x, a), where x

=

(x, y) and a is a parameter vector. In the case of a circle parameterized by
(4.18)
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C(s, 9)

y
y =ax+b

9

x

(a) Straight line in x-y plane.

(b) Hough transform.

Fig. 4.14 The Hough transform.

y

normal
normal
vector

x
Fig. 4.15 The application of Hough tranform for finding vortex
streamline patterns.
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for every fixed (x, y) on the circle, we can map (x, y) into (a, b, r) space and increment
C(a, b, r)

= C(a, b, r) + 1, for all a, b, and r within the limits of digitization, if they

satisfy (4.18). The local maxima of C(a, b, r) give the position and radius of the
circle.
From the orientation field maps in Figs. 4.7, 4.8 , 4.12 and 4.13 we can see that
there is a family of conic curves around the center of a vortex. By detecting this
family of conic curves or locating its center, we can detect and track vortices and
analyze their motion.
Let tfJ( x, y) = O( x, y)

+

7r

/2 represent the orientation field of the original image.

Through each point in a vortex region we can draw a normal vector (same direction
as O(x,y), which is perpendicular to vector tfJ(x,y) as show in Fig. 4.15.) This normal
vector passes through (x, y) and through other points along the vector in the image.
Then initialize a 2D array M (x, y) to zero. For every (x, y) point that the normal
vector passes through in the image, we increment M (x, y)

= M (x, y) + 1. If there is

a circle centered at (xo, Yo) in the orientation field, all the normal vectors on the
circle pass through the center of the circle (xo, Yo). Therefore, M(xo, Yo) is a large
number. By detecting the local maxima, we can find the center of the vortex.
However in practice, vortices are not perfect circles, and some modifications are
needed. If a curve has a nearly circular elliptical shape, then most of the normal
vectors to the curve pass through the central region of the shape. Instead of globally
processing the entire image (as done for the Hough transform), an 11 by 11 window
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is used. For each pixel within the 11 by 11 window, a normal vector is drawn. Then
the counter, M(x,y), is incremented for all pixels within the window through which
this normal vector passes. After processing all points in the window, we compute the
grand total of counts for those pixels lying within the one-pixel neighborhood of the
center of the window:
1

M'(xo,yo) =

1

I: I: M(xo+i,yo+j).

(4.19)

i=-1 ;=-1

After we implement this process over the entire image, we check for local maxima in

M'(x, y). A vortex is found if the local maxima M'(x, y) exceed a preset threshold.
The locations of the vortices are called critical points which are superimposed on the
original image as shown in Figs 4.16 and 4.17. These critical points delineate the
likely locations of vortex flow patterns.

4.4 PHASE PORTRAIT AND ITS APPLICATION FOR VORTEX
RECOGNITION
In the previous section we used the Hough transform to find vortices in orienta.tion
fields. The next logical step is to represent the vortex patterns in a data-compressed
form by using symbolic descriptors. A suitable descriptor should preserve the qualitative features of the pattern, while affording a high degree of data compression.
Recent evidence, indicated by the pioneering work of Rao and Jain [18][19], suggests
that concepts' from the dynamic theory of differential equations are valuable in this
regard. The idea is to model fluid streamline patterns using phase plane diagrams,
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Fig. 4.16 The locations of vortices (bright spots) found by the
Hough transform in Fig. 4.1.

Fig. 4.17 The locations of vortices (bright spots) found by the
Hough transform in Fig. 4.2.
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or phase portraits. Such modeling tools are quite familiar to researchers doing work
in chaos, nonlinear dynamical systems, and potential theory [56][57][62]. We follow
the work of Rao & Jain in adopting phase portraits to classify vortex flow fields.
A physical system is said to be autonomous if its differential equation does not contain the indenpendent variable t (time) explicitly. Hence if the differential equation
is of second order, it is of the form

F(y, ii, ii) =

o.

(4.20)

Here iJ = dy / dt = v is the velocity. By the chain rule,

. dv dvdy dv
vv.
- dt -dy-dt---dy

(4.21)

We thus obtain a first-order differential equation for vasa function of the variable
y, which now becomes the independent variable. Solutions of this new differential
equation represent curves in the yv-plane. The yv-plane is called the phase plane.
The geometrical representation of the qualitative behaviour of

v = :; v

is called its

phase portrait. More generally, we consider systems of the form

x = F(x,y)

(4.22)

iJ = G(x,y).
A solution x(t), yet) of (4.22) represents a curve C in the xy-plane. This curve is
called a trajectory. From (4.22 ) we see that the slope of a path passing through a
point (x,y) is

dy dy/dx G(x,y)
dx = dx/dt = F(x,y),

(4.23)

122

So the phase plane records only the direction of the velocity of the phase point. Since
both x( t) and y( t) involve an arbitrary constant, the phase pl~e is therefore a twodimensional figure and its qualitative behaviour is represented by a family of curves,
directed with increasing t.
To examine qualitative behaviour in the plane, we begin by looking at any fixed
point of (4.22), at which (x(t),y(t» = (a17a2), so that
(4.24)
Now consider the system

x =y,

iJ =-x

(4.25)

with a fixed point at (0,0), and the solutions
(4.26)
where C1 and C2 are arbitrary constants. It follows that
(4.27)
The trajectories of (4.27) are a family of concentric circles centered on the fixed point
(0, 0), as shown in Fig. 4.18a. Another example is the system

x = -x,

if =-y

(4.28)

with the solutions
(4.29)
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where 0 1 and O2 are arbitrary constants. Clearly, every member of the family satisfies

yet) := K x(t)

(4.30)

where K = 0 1 /02 for every t. Then every member is associated with a radial straight
line in the x - y plane. Equation (4.30) shows that, for any choice of 0 1 and O2 ,

(a) The phase portrait of (4.22).

(b) The phase portrait of (4.25).

Fig. 4.18 Two examples of phase portrait for different systems.

/x(t)/ and /y(t)/ decrease as t increases and approach zero as t --. 00, which is indicated by the direction of arrows on the trajectory. (Fig 4.18b) The directed straight
line is sufficient to describe the qualitative behavior. These two examples show that
qualitatively different solutions (x(t), yet)), lead to trajectories with different geometric properties. In fact, there are infinitely many qualitatively different planar phase
portraits containing a single fixed point. However, if we are concerned with a linear
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system, then there are only a finite number of qualitatively different phase portraits.
This will be very useful for vortex recognition.
For a linear system, (4.22) can be written as
(4.31)

x=Ax

where A is the coefficient matrix. If A is a real, non-singular matrix, there must be
a real, non-singular matrix M such that J

= M-l AM is one of following types:
).0

).1

(a)

[

(b)

0

[

).1

(c)

(d) [

0
[

where

).o,).I, ).2, a,

f3" are

0

f3a -f3]
a
' f3 > 0

(4.32)

real numbers, and the matrix J is the Jordan form of A.

The eigenvalues of the matrix A are the values of ). for which

Pa().)
where tr(A) = au

= ).2 -

tr(A»). + det(A) = 0

+ a22 is the trace of A

(4.33)

and det(A) = aUa22 - a12a21 is its deter-

minant. Thus the eigenvalues of A are

where b.

= (tr(A»2 -

4det(A).

).1

= ~(tr(A) + {i.)

).2

=

~(tr(A) - {i.)

(4.34)
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It is the nature of the eigenvalues(i.e. real distinct
and complex (~

(~

> 0), real equal

(~

= 0)

< 0) that determines the Jordan form of A. The phase portraits of

the A matrix for different eigenvalues are shown in Fig. 4.19. These properties are
used later for :Bow pattern recognition, as discussed in Section 4.6.
From Fig. 4.19 we can see that when the A matrix has complex eigenvalues, it
has a spiral or circular phase portrait that resembles the streamline patterns and
orientation field of a fluid flow image. Therefore, the phase plane is an ideal tool for
modeling and analyzing vortex flows.

4.5 ESTIMATING THE A MATRIX FROM THE ORIENTATION FIELD
In this section, we apply the qualitative theory of differential equations to the task
of finding vortices in real images. The main issue is how to estimate the appropriate
A matrix at each critical point. First, we discuss how to recover the actual orientation

field from the experimental one. As we described in Section 4.2, we treat the gradient
vector

Rei(J

as a complex variable. In order to find the dominant orientation in each

small area, we do a region averaging process. To avoid the cancellation of Rei«(J) and
Re i «(J±7r) (they are on the same contour in opposite opposites) in the averaging process,
we square the gradient vector. Hence, squaring gradient vectors that point in opposite
directions makes them reinforce each other. So the distribution of orientation field is
from -71'/2 to 71'/2. Therefore, there exists a directional ambiguity in the experimental
orientation field. In order to solve this problem, Rao [18] used non-linear least square
fitting which takes approximately 15 seconds to estimate A at each point. To process

126

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 4.19 The phase portraits of (4.32). (a) and (b) are the phase portraits of
(4.32a). H '\1''\2 < 0, it is called a node in (a), otherwise, a saddle
in (b). (c) is the phase portrait of (4.32c), called a star-node. (d) is
called an improper node, the phase portrait of (4.32c). (e) and (f)
are the phase portraits of (4.32d). (e) is called a center, if Ct = 0,
otherwise is a spiral in (f).
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a 256 x 256 image would take two hundred hours.
Instead of using non-linear least square fitting, we use. a linear least square fitting
method around each critical point found by the Hough transform. The computation
is much faster than Rao's method. During the writing of this thesis, Shu and Jain
[69] published· a paper describing a similar linear method for locating critical points.
However, before estimating the A matrix, we have to correct directional ambiguity
from the computed orientation field.
Since we are interested in the region around each critical point, we can use the
characteristics of each flow pattern. Let us look at the experimental orientation field
of the family of circles in Fig. 4.19d. The orientation vectors in the first and the third
quadrants are negative, while they are positive in the second and fourth quadrants.
Fixing the direction of the vectors in the first and third quadrants as before and
adding

7r

to the vectors in the second and fouth quadrants corrects the directional

ambiguity for this circular pattern. In a general situation, the vortex patterns are not
perfect circles, so the procedure of correcting the directional ambiguity is as follows:
1. An odd sized square window of N by N pixel is centered at (x,y). In this

window, find two regions in which the orientation vectors are positive, or two
regions in which the orientation vectors are negative. Then label the two regions
1 and 2.
2. If there are two regions with positive vectors, then fix the direction of the
positive vectors in region 1 and add

7r

to all positive vectors in region 2. In the
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case of two regions with negative orientation vectors, fix the direction of the
negative vectors in region 1 and add

71"

to all negative vectors in region 2.

3. Calculate the center for each region, then use a straight line to connect the two
centers.
4. For the case of two positive regions, fix the direction of the negative vectors on
one side of the straight line and add

71"

to all negative vectors on the other side

of the line. In the case of two negative vector regions, fix the direction of the
positive vectors on one side of the straight line and add

71"

to all positive vectors

on the other side of the line.
Similar procedures can be used for saddle and node flow patterns. After correcting
directional ambiguities, we can use linear least square fitting to estimate the A matrix.
Let us rewrite (4.31) as:

~(X' y) ] [all
=

[

y(x, y)

a21

a

12

a22

]

[ x ]

•

(4.35)

Y

From a geometric point of view, the qualitative behavior of (4.35) records only the
direction of the velocity of the phase points which are the tangent vectors to the curve.
This geometric property is similar to orientation fields. The orientation field is the
tangent field of the flow curve and it is a unit vector field having two components,

(cos(O(x,y)), sin(O(x,y)) at each position (x,y), where O(x,y) points in the direction
of flow. Therefore, we can use the orientation field to estimate the A matrix in each
critical point region.
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At each point, an odd sized square window of size N by N pixels is used, locating
the origin of the coordinate at the center of the window. The row and column values
correspond to the variables x, and y at the right hand side of (4.35).· Then

x on the

left hand side of (4.35) is replaced by the orientation vector [(cos{O{x, y)), sin{O{x, y))]
which points in the flow direction. Since the orientation vector is of unit length, then
x and y on the right hand side of (4.35) should be normalized. Let

and

y' -

y

+ y2'

(4.36)

+ Y2].
yJJx 2 + y2

(4.37)

- JX2

Equation (4.33) can then be written as

cos(O(x, y)) ] =

[an

[ sin(O(x,y))

a12 ] [ XJJX2

a21 a22

In implementation, an 11 by 11 window is used in which there are 120 points (not
including the center point (Xi, Yi))' We estimate the A matrix which has a phase
portrait most similar to the orientation field in this window at (Xi, Yi). The A matrix
should satisfy the following equation:

cos(O(x(I), y{l)) ... cos(O(x(120), y(.120)) ] =
[ sin( O(x(I), y(1)) ... sin(O(x(120), y(120))

an

[a21

a12 ] [ X(I)I-Jx 2(1)

... x(120)h/x2{120) + y2(120) ]

a22

... x(120)Jvx 2{120)

+ y2(1)
x(I)Jvx2(1) + y2(1)

(4.38)

+ y2(120)

For simplicity, (4.38) can be rewritten as:
• A XI
x=

(4.39)

130

Since (4.39) is overdetermined, it can be solved by the pseuodoinverse method,
and A can be estimated by:
(4.40)

4.6 PHASE PORTRAIT CLASSIFICATION
We stated in: Section 4.4 that if the matrix A is non-singular, it must have one
of the Jordan canonical forms in (4.32), as determined by its eigenvalues. Therefore
a flow pattern can be described by the location of a critical point and the Jordan
canonical form of A. Three eigenvalue cases and their associated phase portriats are
discussed as follows:
Case I. The matrix A has two distinct real eigenvalues, therefore the Jordan form
is given by (3.32a}j
J=

[

>'01

Two fundamental flow patterns associated with this Jordan form are (a)
(b)

>'1 . >'2 < O.

>'1' >'2 > OJ

If the eigenvalues have different signs, the phase portrait is called a

node, otherwise it is called a saddle. (See Figs. 4.19a and 4.19b.)
Case II. Two eigenvalues are equal. There are two Jordan canonical forms associated with this situation. The phase portrait with the Jordan form of (3.32b)

J

= [>.0

0]

o >'0
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is called a star-node. Otherwise, it is called an improper node (see Figs. 4.I9c and
4.19d) if the Jordan form is given by (3.32c):

AI
J=

[ 0

.
Case

III.

The eigenvalues

are

complex,

Aj

a ± i(3,

where

j ~ 1,2. The Jordan form is given by (3.32d):

_[a

J-

(3

-(3]. ,

(3 > O.

a

There are two types offundamental flow patterns associated with this case, (a) a = 0,
and (b) a=/:. 0: If a is zero, the phase portrait is called a center, otherwise it is called
a spiral. (See Figs. 4.Ige and 4.I9f.)
From the above discussion, we can see that the phase portraits of flow streamlines
can be classified into six fundamental patterns, which are the node, saddle, starnode, improper node, center and spiral with a central critical point. Each pattern
is uniquely determined by the eigenvalues of the A. A summary of flow patterns
classification by the the Jordan form and eigenvalues of the A is shown in Fig. 4.20.
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Fig. 4.20 The summary of the phase portraits of classification of the
flow patterns by the Jordan form and eigenvalues of A.
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From Fig. 4.20 we can see that when the A matrix has complex eigenvalues, its
phase portriat resembles the streamline patterns and OJ;ientation field of a vortex.
Therefore, the streamline pattern or orientation field around a critical point are
classified as a vortex if the estimated A matrix has two complex eigenvalues. The
application to vortex region segmentation is discussed in the next section.

4.7 VORTEX REGION SEGMENTATION
In practice, we use the Hough transform to find potential critical points. For
example, if the point (Xi, Yi) is a candidate, then we estimate A with the method
described in Section 4.5 in the region centered at (Xi, Yi) with radius r

= 3.

If the A

matrices have complex eigenva.1ues in this region, then a vortex region is confirmed.
This region is searched further with increasing r until the estimated A matrices do
not have complex eigenvalues. The total region is determined where the A matrices
have complex eigenvalues. Figures 4.21 and 4.22 show the vortices and vortex regions
found with this method. Reconstruction of the vortices of Figs. 4.1 and 4.2 by their
estimated A matrix are shown in Figs. 4.23 and 4.24.
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Fig. 4.21 The result of vortex regions segmentation of Fig. 4.1

Fig. 4.22 The result of vortex regions segmentation of Fig. 4.2.
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Fig. 4.24 Vortices reconstructed by A estimated from the orientation field of Fig. 4.1.

Fig. 4.25 Vortices reconstructed by A estimated from the orientation field of Fig. 4.2.
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CHAPTER 5.0
VORTEX TRACKING AND MOTION ANALYSIS
I
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In Chapter 4 we discussed the recognition of vortices in computed orientation
fields. The next question is how to track and analyze vortices as they evolve with time.
In a vortex flow field, if the vortex region is reasonably compact then vortex motion
can be decomposed into translation, rotation, deformation and high order terms. (See
5.2). Furthermore, if the time interval between two frames is short, and the flow is
relatively smooth, then a two component model of motion can be used. The mean
component represents translation and rotation of the larger scale structures in the

flow. A residual component accounts for deformations and other higher order terms in
(5.2). Such terms reflect the motion of independent smaller scale structure from point
to point. To recover the mean component, the orientation field at each vortex location
is employed in a frame to frame vortex matching scheme. Translation is measured
by the displacement between two matching vortices. Rotation can be estimated
from circular convolution of orientation vectors and coherence vectors between two
vortices. Finally, the residuals are required to yield components which are close, in a
least-squares sense, to the initial normal velocity measured along the contours, when
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projected in the same direction. The following sections investigate this model in
detail.

5.1 A TWO COMPONENT MODEL FOR VORTEX MOTION
ANALYSIS
Fluid dynamicists [56][57J use u and v to refer to the velocity components in the
2D case. Hence

u = u(x,y),

v

= v(x, V).

(5.1)

Equation (5.1) can be expanded about the origin by a Taylor series:

au
au
.
u = Uo + (ax)lox + (ay)loY + Hzgherorderterms,
av
v = Vo + (ax)lox

av

.

+ (a)loy + Hzgher order terms,

(5.2)

where Uo and Vo are the velocity components at the arbitrarily chosen origin. Ignoring
higher order terms, (5.2) can be written as:

au
u = Uo + (ax)lox
v

av

au

+ (a)loY,
av

= Vo + (ax)lox + (ay)loY.

(5.3)

From the basic definition [63], divergence is

.
av au
dzv(V) = -+ax ay

(5.4)

which is a scalar number (V is a velocity vector), and the curl

au av
- ax ay

curl(V) = -

(5.5)
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is defined as a vector. However, for a two-dimensional vector field, the curl exists in
the z direction. Thus, the curl in (5.5) is the magnitude, in the z direction and is a
scalar. Then (5.3) can be written as [64]:

V

1

= Vo + 2{curl(V)

where Vo = [

Uo ] ,

[0 -1] +
1

def(V) =

0

div(V)

[1: ] +
0

de/(V)S(V)}X

(5.6)

~; + ~~, and S(v) = [ a

b ]. Therefore, a and b
b -a

Vo

are

(5.7)
The mathematical interpretation of (5.6) is that the motion at (x,y) is a synthesis
of translation, rotation, divergence and deformation. Therefore, by estimating each
component in (5.6) individually, we can find the velocity vector at each point. In
contrast to (5.6), we treat the translation and rotation as the mean component, and
the divergence and deformation as the residual, in which case (5.3) can be written

as:

V = Vo + {

cosO -sino]
[ sinO

cosO

+[

+ Sino] }X

!2E.
8:& - cosO

8u

~~ - sinO

8v _

=Vo+nX+DX

811

8y

cosO
(5.8)

where Vo is a translation vector, and nand D represent rotational and deform ational matrices, respectively. Therefore, a two component model based on (5.8) is
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proposed for vortex How motion analysis. The velocity field in each vortex region
consists of a mean component (translation and rotation),

~hich

represents large scale

structures in the How; and a residual component, which accounts for deformations and
other higher order terms in (5.2) reHecting the motion of independent smaller scale
structure from point to point. Having obtained these components, we can synthesize
the velocity vectors at every point in each vortex region. A diagram illustrating the
implementation of this two component model is shown in Fig. 5.1.

5.2 ESTIMATING THE MEAN COMPONENT OF THE MODEL
In Chapter 4 we showed the orientation image to be an elegant tool for representing
the intrinsic structure in a Huid flow image. This fact, coupled with its tolerance to
noise and gray level nonuniformity , qualify the orientation component as a robust
feature for vortex matching over adjacent frames.
To simplify the analysis, the orientation and coherence components are expressed
in polar coordinates. A scheme of concentric circles of radius r = R (in ra.dial
increments determined by the grid size) is adopted at each vortex center. Vortex S
at (xo, Yo) is represented by its orientation vectors and coherence vectors, as seen in
Fig. 5.2. The orientation vector at angle fh is expressed as

(J,,{Oi)

= (4>,,(r = 1,Oi),4>,,{r = 2,Oi), ... ,4>,,(r = R,Oi»
= [4>,,(1, Oi), 4>,,(2, Oi), ... , 4>,,{R, Oi)].

(5.9a)
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Fig. 5.1 Block diagram of the two component model for vortex
flow motion analysis.
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Similarly, the weighted coherence vector at angle Oi is

a,(Oi) = (a,(l, Oi), a,(2, Oi), •.• , a,(R,.Oi)) ,

(5.9b)

where a,(r,Oi) (1 < r < R), is the product of gradient and coherence at each point.
The resolution in 0 increases with the size of the window enclosing the vortex. We
use 11 by 11 window (R

C),(lh)

= 5), for which the resolution in 0 is approximately 15°.
= (tI>,(r = 1,Oi),... ,tI>,(r = 5,Oi»
tI>,( r

=5,Oi)

8i

Fig. 5.2 Orientation vector representation in polar coordinates.

The orientation and coherence vectors in (5.9) have some interesting characteristics. If vortex 8 rotates 0i (0,

= 15° * I, 1 = 1, ... , 21), the result is a vortex denoted

by 8'. The relationship between vortices 8 and 8' is expressed as
~,(Oi)

= m,,(O(HI)IN) + 0,

a,( Oi)

= a.,(O(Hl)IN)

(5.10)
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where (i + I) IN indicates that

lJ(Hl)

is a periodic function, with period N (in this case

N = 21).

In order to compare two orientation fields, a measure of similarity is used, given
by
(5.11)
Since all orientation vectors are of unit length, (5.11) represents the area of the
triangle formed by two orientation vectors. The area is a measure of the difference
or disparity between two oriented segments, and it is zero when two segments have
the same orientation. In order to distinguish vortices which have similar orientation
vectors, the weighted coherence vectors are needed in addition to (5.11). Then (5.11)
can be revised as
(5.12)

The difference between two vortices is measured by
21

Es.s,(q;,a) =

L

las(Oi) - as,(Oi)I·lsin(q;s(lJi) - q;s,(Oi»I·

(5.13)

i=O

Since the constant 1/2 in (5.12) is not important, it is omited. To determine whether
there is rotation involved, a formulation of rotational convolution is used:
21

E",s,(q;, a)lok

= L la,,(Oi) -

a,,' (O(i+k)IN )1'lsin(q;,,(Oi) - q;",(0(i+k)lN))I

(5.14)

i=O

where k

= 0, 1, ... , N, and N = 21.

If vortex 8 is rotated by an integer multiple of

15° (1 * 15°) to produce vortex 8', then
(5.15)
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When M vortices S:n are involved ,(m

= 1,2, ... M), vortices S and S~ are matched

if
EII'II~ (~, a)lol

= Min{E.,II:" (~, a) 10" , Vk EN, Ym EM}.

(5.16)

Equation (5.16) has been tested for tracking vortices between two frames when
translation, rotation and deformation are involved. For a given flow image in Fig.
5.3, we implement the affine transform [65] to produce a second image

(5.21)
where ao and bo are translational parameters; aI, a2, bi and b2 are rotational and
scaling parameters. In this case, the following parameters were used to transform the
image: ao

= 25 and Yo = 30, rotation equal to 45°, and deformation was accomplished

by scaling by 1.15 and 1.25 in the x and y directions respectively. Then the matching
process is implemented between two frames with (5.16). It is shown (see Table 5.1 and
Fig. 5.3) that the mean components estimated by (5.16) match the preset parameters.
Gaussian white noise N(0,40) was added to the original flow image to test the
performance of vortex tracking abilities with (5.16) in the presence of noise, the results -are shown in Table 5.2 and Fig. 5.4. There is an error in the estimated rotation,
for one vortex, when the orientation field obtained by Kass and Witkin's method was
used. This is because Kass and Witkin's method involves the second derivative of a
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Vortex 1
Min{E(~,a)}

Eu '

= 50.1

Vortex2
E 22 ,

= 39.9

Vortex3

Vortex4

Vortex5

= 140.(] E~.' = 106.9 Earl = 156.9

E 33 ,

Vo

(25,30)

(25,30)

(25,30)

(25,30)

(25,30)

'V'o

(25,30)

(25,30)

(25,30)

(25,30)

(25,30)

60

45°

45°

45°

45°

45°

60

45°

45°

45°

45°

46°

Table 5.1 The mean component estimated by using (5.16).
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Fig. 5.3 The result of vortex matching using (5.16), when shift is ao =
25, bo = 30; rotation is 45°, and scaling is 1.15 and 1.25 in x
and y axes, respectively.
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Table 5.2 The mean component estimate by using (5.16) with a
white gaussian noise N(O, 40.0) added in the original vortex flow image.
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Fig. 5.4 The result of vortex matching using (5.16) with same
translation, rotation, and scaling as in Fig. 5.3, and
a white gaussian noise N(O,40.0) added in the original
vortex flow image.
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Gaussian, and its noise performance is not as good as the method based on Gaussian
filtering. So when the signal-to-noise ratio is low, it is

b~tter

smooth the noise first

to obtain a consistent and reliable result.

5.3 COMPUTING THE RESIDUAL COMPONENT ALONG THE
VORTEX STREAMLINES
Having computed the mean component for each vortex, we can translate and
rotate each vortex by the amount estimated. Therefore, after recovering the mea.n
component only the residuals are left to be computed between two adjacent frames
for each pair of vortices.
Recall that the irrotational vortex flow has the property that qR is constant, where
q is the velocity along the streamlines, and R represents the radius of curvature of the

streamline. This means that the anglular velocities on each streamline are different.
Since we used the mean component to recover the average rotation for each vortex,
the residuals have different tangential components on each individual streamline in
each vortex region. It is obvious that it is better to compute the residual component
on each streamline separately.
The procedure for estimating the residuals is described as follows: The original
image is first convolved with a DOG filter and then segmented to obtain streamlines. After that, a thinning algorithm is used to obtain the skeletons of streamlines.
Therefore, a vortex flow can be represented by the skeletons of streamlines, called
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streamline contours. The displacements of the streamline contours between two adjacent frames in the normal direction are used as the initjal estimates of the normal
velocities (magnitudes and directions) along the contours. The final estimated residuals are required to yield components which are close in a least-squares sense to these
initial normal velocity magnitudes, when projected along the same direction. The
constraint of minimizing the second derivative of the velocity field being integrated
along the contour is used which leads to a unique solution for residuals.

5.3.1 Vortex streamline segmentation
Sometimes, the contrast of a vortex flow image is low, and the background is not
uniform. It is not easy to separate the flow features from background even with local
adaptive segmentation. Here we use a DOG filter for vortex streamlines segmentation.
Originally, the DOG was used to produce a zero-crossing map, in which edges are
detected at the zero-crossing points. We found that the DOG filter is also useful for
region segmentation.
Let us look at an example of ID image profiles illustrated in Fig. 5.5. Convolving
the image profile with a DOG filter produces two zero-crossings located on each
side of the ridge, shown in Fig. 5.5b. There is a valley between the zero-crossings
which becomes smaller and eventually disappears as the width of the DOG filter is
increased, as shown in in Fig. 5.5c. The gray levels between the zero-crossing in Fig.
5.5c are positive in this example and it is possible to distiguish this region from the
background. Fig. 5.6 shows an example of vortex streamline segmentation using this
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method. The threshold is set in the range of 0 < T < 10, if a vortex's streamline
gray level is higher than background, otherwise, it is in the range -10 < T < O.

Zero-croasings

ID image profile

(a)

(a) Convolved with
a DOG filter
with large width

(b)

Zero-croeaings

(a) convolved with
.. DOG filter
with small width

(c)

Fig. 5.5 Applying DOG filter for vortex streamline segmentation.

5.3.2 Thinning

Thinning is applied after segmentation to transform the vortex streamlines into
a set of simple digital arcs - skeletons of streamlines which lie roughly along their
medial axes. The skeletons (referred to as streamline contours) obtained do not
contain small inflections that may be present on the initial binary vortex patterns.
The approach is to delete from the pattern the simple border points that have more
than one neighbor and whose deletion does not destroy local continuity. A simple
algorithm [66] that yields connected arcs also insensitive to contour noise is used, and
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Fig. 5.6 The segmentation result of the vortex flow pattern in Fig. 4.2.

Fig. 5.7 Vortex streamlines obtained after thinning of Fig. 5.6.

150
the final thinned streamlines are shown in Fig. 5.7. Since we are interested in the
large streamline contours in each vortex region, we delete small· streamlines contours
if they contain less than 10 pixels.

5.3.3 Computing the residuals along the streamlines.
The residuals along a contour can be decomposed into components tangential and
normal to the contour [45], as illustrated in Fig. 5.8. utes) and u"(s) are unit vectors
in the directions tangential and normal to the contour, and vt(s) and v"(s) denote
the component in each direction,

V(s)

= vt(s)ut(s) + v"(s)u"(s).

(5.22)

Fig. 5.8 Decomposition of the residual into normal and tangential
components along the contour.
The component v"( s) is estimated from the displacement of the contour along the
normal direction between two adjacent frames. The direction vectors utes) and u"s
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are unit vectors and measured directed along the given contour. Since the component

utes) is unkown, additional constraints are needed to solve (5.22).
If the final solution is V(s), the residual field V(s) along the contour will result

in a total squared error with respect to these measured values of
(5.23)
Let V(s)

= (v,x,v

lI )

and un(s)

= (u~(s), u~(s», (5.23) can be written as:
(5.24)

Then we introduce the smoothness constraint on the second derivative of the velocity
field along the contour, which was used in Chapter 3. The total variation of the
second derivative of velocity along the contour is
(5.25)
Finally, (5.24) and (5.25) are expressed in a single function

(5.26)

Since residuals are to be computed at discrete points along the contour, consider
N points with equal arclength separation, whose coordinates are {(Xl, Yl), (X2' Y2),

.•. ,(XN,YN)}. Then (5.26) can be written as:

(5.27)

152

where

vf is the normal vector measured on the contour, and vz{i) and vy{i) are the

two components of velocity to be computed in x and y direction. Computing the
derivatives 8e/8vZi and 8e/8vYi from (5.27), with 2 ~ i

~

N - 1, and letting them

equal zero, gives a set of N - 2 equations:

(5.28a)
(5.28b)
However, there are N - 2 equations with N variables, therefore, we can't solve (5.28)
directly. One possible solution is to assume VI = V 2

+ f:j. V 2

and V N = V N-l

+

written in matrix form
AV=XV,

(5.29)

where

(5.30a)

(5.30b)

a

c

c

a

A=
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a,b=

0'2

0

0

-1

0'3

-1

0

-1

0'"

.
0

-1

O'N-2

-1

0

O'N-l

0

>'U:Z;2 u Y2

0

0

>'U:t3 u Y3

c=

0

0

(5.30c)
0
0

0

where, in a,
0'2

=

O'N-l

0'2

=

O'N-l

= >'(U~J2, and

= >.( U~J2, and

O'j

O'j

>'U:tN_l

UYN _1

= (2+>'(U~J2), for i::j: 2,N -1, and in b,

= (2 + >.( U~J2), for i ::j: 2, N - 1. Hence, the residuals

are computed by

v

= >.A-1V,

(5.31)

which, for large N, can be solved using conjugate gradient techniques.

5.4 A COMPUTER SIMULATION OF TWO COMPONENT
MODELING
To test the two component model, (5.8) is used to introduce translation, rotation,
and deformation, using different parameters for each vortex. For simplicity, (5.8) is
rewitten as:

v=vo+nX+DX

(5.32)
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where 0 is the rotation matrix, and D is the deformation matrix. After computing
the mean component for each vortex, we translate and rotate each vortex using the
estimated parameters. Having recovered from the mean, (5.32) can be written as:
V'

where Va and

f!

Vo + f!- l

= Vo -

ox + 0-lDX.

(5.33)

are the mean component obtained by the vortex matching process.

If the estimate of the mean is perfect, that is Va

V'

= Va and 0- 1 0 = I, then we have

= (I + 0-lD)X

(5.34)

=D'X
where I is an identity matrix, and D' = I

+ 0-1 D

. V' represents the residuals to

be computed in each vortex region. Using the method discribed in Section 5.3, we
compute the residuals along the streamline contours in each vortex region. Then D'
is calculated using pseuodoinverse method,
(5.35)
Finally, the matrix D in (5.32) is given by

D

= OeD' -I),

(5.36)

and the translation vector Va and the rotation matrix 0 are determined from the vortex matching results. A diagram of the computer simulation for the two component
modeling is shown in Fig. 5.9, and is described as follows:
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Original vortex
flow image

Image warping
with preset
parameters

Vortex matching
to estimate
Vo and si

Yo and

n

Recovering Vo and
1------1
for each
original vortex

n

Estimate residuals
along each
streamline contour

Using leastsquares fi tting to
estim te b

Fig. 5.9 Block diagram of the computer simulation of the two
component model for vortex flow motion analysis.
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1. The vortices in image 1 (Fig. 5.3) are translated, rotated and deformed with

different preset parameters to form image 1'.
2. The matching process disscussed in Section 5.2 is used to find matching vortices
between image 1 and 1'.
3. Translation and rotation parameters are estimated using (5.16).
4. The mean component for each vortex is recovered from the computed results.
5. Equations (5.30) are used in each vortex region to estimate the residual component along streamline contours in each vortex region.

6. Compare the actual residuals and computed residuals in each vortex region.
7. Use least-squares fitting to recover the deformation parameter from the computed residual component.
8. Compare the recovered parameters with the preset parameters.

Figs. 5.10 - 5.14 show the results of this simulation. In Figs. 5.10- 5.12 the
residual components result from pure deformation, and they are rotated 15°, 30°,

and 45°, respectively, which can be perfectly recovered from the estimated mean
components. The actual residuals and computed residuals are shown in Figs. 5.10c-

d-5.12c-d. When the rotation is not a multiple of 15° it can not perfectly recovered
and the residuals contain rotation as well as deformation. Fig. 5.13 shows the result
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Fig. 5.10 The result of computing residuals with a rotation of 15°, and deforma0.0 . a 0 rIgma
.. I
. matrIx
. D = [ 1.075
tIOn
0.0 1.099
vort
ext
s ream 1·meso

1 ()

(upper left) (b) Vortex streamlines after recovering mean component. (upper right) (c) The estimated residuals along the streamlines.
(lower left) (d) Actual residuals along the streamlines. (lower right)

Fig. 5.11 The result of computing residuals with a rotation of 45°, and derlormatIOn
•
0.0 . a 0 fIgma
.. I vortex fl ow
rnat·
fIX D = [ 1.075
0.0 1.099

1 ()

pattern. (upper left) (b) Vortex flow rotated with 45°. (upper right)
(c) The estimated residuals along the streamlines. (lower left) (d)
Actual residuals along the streamlines. (lower right)

I
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Fig. 5.12 The result of computing residuals with a rotation of 30°, and deforma·
' D
t Ion
rnatfIX

= [1.075
0.0

1 ()

0.0
.. 1 vortex stream I'meso
1.099' a 0 fIgma

(upper left) (b) Vortex streamlines after recovering mean component. (upper right) (c) The estimated residuals along the streamlines.
(lower left) (d) Actual residuals along the streamlines. (lower right)

Fig. 5.13 The result of computinr residuals with a rotation of 37.5°, and dec
t'Ion rna t'
0.0 . a 0 fIgma
.. I vortex st reamlorma
fIX D = 1.075
0.0 1.099

1 ()

lines. (upper left) (b) Vortex streamlines after recovering mean component. (upper right) (c) The estimated residuals along the streamlines. (lower left) (d) Actual residuals along the streamlines. (lower
right)
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Fig. 5.14 The result of computing residuals with a rotation of 48.5 0 , and
£
•
•
D = [ 1.075
0.0 . a 0 rlgma
.. I vortex
delormatlOn
matrIX
0.0 1.099

1 ()

streamlines. (upper left) (b) Vortex streamlines after recovering
mean component. (upper right) (c) The estimated residuals
along the streamlines. (lower left) (d) Actual residuals along
the streamlines. (lower right)
of deformation and a rotation of 37.5°. Since the mean component can only recover
30 0 , there is 7.5 0 rotation left in the residuals. In this case, a large tangential components exits along the streamline contours, which causes errors in the estimate of the
normal velocities. Hence, the computed residuals have large errors (See Figs. 5.13.)
In order to improve the estimate, a larger window is needed. When the residuals consists of deformation and 3.5 0 of rotation, the computed residuals and actual
residuals are much more accurate (See Fig. 5.14.) From the this, we can see that

the residuals can be estii.nated well when there is a small amount of rotation in the
residual component. In order to obtain a good estimate, a relatively large window is

needed (for example 21 x 21, or larger).
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Table 5.3 Comparison of the results of estimated mean and residual parameters
with the preset parameters.
The estimated parameters from two component model are compared with the
preset parameters, the results are listed in Table 5.3. From Table 5.3 we see that
when residuals contain a large amount rotation that is unrecovered in the mean
component, there exists relatively large errors between the estimated parameters and

preset parameters. When the mean component (rotation) is recovered well, the errors
between the estimated and actual parameters of the residual component decrease.
Therefore, we conclude that the two component model is an appropriate method
for vortex motion analysis. Having computed the two components in each vortex
region separately, the final velocity field can be synthesized by the mean (translation,
rotation) and the residuals at every point.
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CHAPTER 6.0

SUMMARY AND CONCLUSIONS

In this final chapter, the results of the dissertation are summarized on a chapterby-chapter basis. Conclusions are drawn, followed by suggestions for further research.
In the first chapter, the issue of computer vision for rigid as well as non-rigid motion analysis was raised. Nonrigid motion analysis is an important area for research
in terms of both theory and applications. A review of current motion analysis techniques showed that the three major motion analysis approaches are based on the rigid
object or elastic object assumption. Few efforts had been made to solve the problem of nonrigid object motion analysis. To complement the efforts in this area, an
application-motivated approach was proposed in this dissertation. This dissertation
consisted of two parts. In the first part (Chapters 2 and 3) a general motion analysis
approach was proposed which can be used for rigid and nonrigid motion analysis.
Chapter 2 was devoted to a new relaxation method for feature matching. A
branch-node structure was proposed for shape representation. A new iterative relaxation scheme was developed for finding correspondences between frames. The
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relaxation technique for feature matching initially accepts only very obvious matching pairs. Using iterative relaxation, it checks for clues such as consistency in the
structure and motion of groups of features in both images. Thus, a given feature in
one image may be matched to a feature in the next image if the neighboring features
closely match in both images. The use of three separate matching metrics reduces the
chances of a mismatch caused by feature ambiguity. Conditions for convergence and
consistency were investigated, and our method was shown to behave well in terms of
both qualities. This method has been successfully used for rigid and nonrigid object
tracking.
Chapter 3 presented a method for estimating optical flow from a sequence of 2D
images by computing the velocity field along moving contours. The approach developed in this chapter builds on the correspondence technique described in Chapter
2. Displacements computed by feature matching are combined with a smoothness
constraint on the second derivative of velocity. Because they are closer to the actual
velocity vectors than the measured normal components, the motion vectors estimated
from feature matching are a more reliable constraint in the final solution for contour
velocity. It was shown that the second derivative smoothness constraint is optimal
for simple first order flows and works well for most flows up to second order. A
linear combination of first and second derivative constraints was discussed. Several
examples were used to confirm the potential application of this method for fluid flow
analysis.
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The second part of this work (Chapters 4 and 5) is directed toward a special type
of flow, called the vortex flow. Vortex flow is of great

~nterest

in fluid dynamics.

Tracking and estimating the evolution of vortices may hold the key to interpreting
turbulence. A two component model was proposed for vortex flow analysis.
In Chapter 4, the orientation field was used to represent flow fields. This led to
two methods for vortex recognition, based on the Hough transform and phase portrait theory, respectively. Both methods are reliable; however, from a computational
viewpoint the Hough transform is more efficient. Phase portraits are a powerful modeling tool due to their association with the physics of fluid flow as described by linear
differential equations. The A matrix of the phase portraits around each critical point
found by the Hough transform was estimated using linear least-squares fitting. With
the estimated parameters of the A matrix and its eigenvalues, we can classify flow
patterns and segment vortex regions.
Chapter 5 proposed a mean and residual component model for vortex flow analysis.
The mean component represents the translation and rotation of individual vortices,
whereas the residual component represents motion of small scale flow structures from
point to point in each vortex region. Orientation vectors and coherence vectors were
used in vortex matching. By introducing polar coordinates, translation and rotation
are easily established from the matching results. Finally, the residuals along the
vortex streamlines can be estimated which are required to yield components close, in
a least-squares sense, to the initial normal velocity along the contours, when projected
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in the same direction. A number of conclusions can be drawn from the results of this
research:
1. Feature tracking is a potential approach for nonrigid motion analysis. With
careful design of the local network (like the branch-node structure) and matching metrics, the relaxation process of feature matching can significantly reduce
the ambiguity in feature labeling.
2. The second derivative constraint on the velocity field gives an optimal solution
for simple flows. In general, the linear combination of the first and the second
derivative constraint on the velocity field always produces better results than
the first dervative constraint.
3. Both the Hough transform and phase portrait method are noise insensitive for
vortex texture recognition. An attractive feature of both methods is that they
are totally image independent. The phase portrait is also domain independent,
and has great potential as a symbolic descriptor for oriented textures such as
fluid flows.
4. Certain types of complex flows can be decomposed into the superposition of
simple flows. Then the motion components can be estimated from each simple
flow separately. Finally, the overall motion is a superposition of all the individual components. The two component model proposed in this dissertation
works well for vortex motion analysis.
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Above all, the methodologies discussed in this dissertation have potential applications for object tracking, data compression, medical image 'processing, and fluid
flow motion analysis. In video data transmission, for example, the picture consists
of changing and nonchanging regions. If we can estimate the motion parameters in
the changing regions, then the next frame can be recovered based on the previous
frame and the motion parameters. It wouldn't be necessary to send the full picture
of the second frame. Instead only codes describing the changing regions with motion parameters and codes describing the nonchanging regions would have to be sent.
Significant data compression can be achieved.

FURTHER RESEARCH
While significant efforts have been made in this study, many problems remain to
be investigated. The most important issue is the modeling of motion and structure for
fluid flow. Locally the motion of a small element of a deformable body can always be
decomposed into the sum of a translation, a rotation and an extension (contraction) in
three naturally orthogonal directions. This is the well known Helmholz decomposition
theory [67], but such a general representation involves too many unknowns. For a
problem to be practically solvable, much simpler models are needed. The model
mentioned in this

diss~rtation

should be investigated further.

Feature tracking is a potential approach for nonrigid motion analysis. Better
feature representions for nonrigid objects should be invest.igated.
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Phase portrait theory has great potential in fluid flow analysis. It is a domain
independent, symbolic description for oriented textures. Further research should be
carried out by using its properties for flow pattern classification.
Finally, motion estimation along contours is an appropriate method for nonrigid
object motion analysis. The constraints which are suitable for the nonrigid object
motion need to be further investigated.
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