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ABSTRACT 

A finite element numerical method is developed for the modelling of com

pressible flows with locally incompressible regions, which avoids the pressure oscil

lations frequently exhibited in these areas. Unification of the modelling of pressure 

in the finite element approximation of compressible and incompressible flows is 

investigated through the appropriate combinations of approximation spaces and 

integration schemes. The penalty method for incompressible flows is re-examined 

in the context of a slightly compressible fluid, yielding a formulation that is consis

tent for both the N avier-Stokes and Stokes equations, and providing an accurate 

method for calculation of pressure that is faster than the solution of a pressure 

Poisson equation. Extension of concepts from the reformulated penalty method 

to the compressible Navier-Stokes equations leads to an algorithm using piecewise 

constant density and pressure, with bilinear velocity and temperature. Further 

investigation shows that bilinear density with selective reduced integration also 

avoids pressure oscillations, while providing improved shock capture. 

Selective reduced integration of all terms related to compressibility is shown 

to be a key element in the avoidance of pressure oscillations. The identification of 

the isotropic component of the stress tensor as a compressibility term, not to be 

combined with viscous terms, is emphasized. Reduced integration of divergence 

terms is shown to yield conservation of mass on the element level as well as on 

the assembled level, whereas full integration conserves mass only on the assembled 

level. 

The compressible flow algorithm is coupled with a chemistry solver, for the 

study of chemically reacting flows, where an oscillation free flow solution is es

sential since unphysical oscillations may cause premature ignition. Computational 

efficiency is obtained by iterating a fluid flow step with frozen chemistry, and a 

chemical reaction step with frozen flow. The algorithm is applied to the study 

of the ram accelerator concept, a technique for accelerating a projectile in a tube 
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to extremely high velocities by using a shock wave to initiate combustion. The 

viability of the ram accelerator is demonstrated through calculations at various 

velocities, pressures, and gas mixtures. 



CHAPTER 1 

INTRODUCTION 

17 

The computational speed and storage available on current supercomputers 

has made large scale numerical simulations of aerodynamic problems a viable tool 

for design. The complexity of geometry and equations which describe problems 

of practical importance make numerical solutions attractive, especially given the 

time and expense required to gather experimental data. The ease and flexibility 

to change various parameters in a simulation make nwnerical simulations useful 

over all flow regimes. Computational solutions to chemically reacting flow are of 

particular importance in the study of hypersonic flight and supersonic combustion, 

where test facilities are limited and experiments are difficult to perform. A realistic 

aerodynamic simulation of high speed flow will usually exhibit regions of both 

compressible and incompressible behavior; boundary layers, recirculation zones, 

and stagnation points, for example, will always contain incompressible regions. It 

is therefore important for a numerical algorithm to be able to resolve features of the 

flow over a wide range of Mach number. These so called "incompressible" regions in 

a compressible flow are more accurately referred to as "constant density" regions, 

since the equation of state for a compressible fluid applies in all areas. The term 

"incompressible" is used here because the oscillations that occur in these regions 

have the same characteristics as those which occur in certain discretizations of the 

equations for flow of an incompressible fluid. 

The low velocity and nearly incompressible regions in a high speed flow cre

ate difficulties for a numerical solution to the flow field. Investigations into these 

difficulties usually focus on temporal integration issues associated with the high 

sound speed of the media. Problems due to low compressibility may be overcome 

through the use oflocally implicit procedures (Hassan et ai., 1989), or an operator 

split in which terms involving compressibility are solved implicitly (Zienkiewicz 

et ai., 1990). Karki and Patankar (1989) used pressure rather than density as 
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a primary variable to solve mixed compressible and incompressible flows. These 

methods, however, suffer the drawback inherent in all implicit methods, that of 

increased computer time and storage. Additional difficulties exist, however, in the 

spatial approximations of unknowns in these low compressibility regions. If treated 

incorrectly these regions will exhibit local numerical oscillations (Bristeau et al., 

1988, Brueckner, 1990). These errors in turn may propagate into the high speed 

regions of the flow. A solution to the flow field that is free from spurious oscillations 

is important in the modelling of chemically reacting flow, where oscillations may 

prematurely trigger ignition, thus altering the entire flow field. Problems involving 

chemical reactions are frequently solved by iteration between hydrodynamic and 

thermochemical packages until convergence is obtained (Pratt, 1977). The devel

opment of an oscillation free algorithm for the flow equations may thus be achieved 

for nonreacting flow, and then later coupled with a chemistry code. 

1.1 Background 

The properties of a compressible fluid flow are governed by a set of equations 

describing the transport of mass, momentum, and energy, known as the Navier

Stokes equations. An equation of state is required to close the system, which relates 

pressure to density and temperature. When changes in density due to changes in 

pressure are negligible, the flow is said to be incompressible. Under the assumption 

of incompressibility, ie., constant density, the continuity equation becomes a con

straint on velocity, and pressure is no longer a thermodynamic variable determined 

by an equation of state but is a mechanical variable which instantaneously adjusts 

such that incompressibility is satisfied. 

In the limit of incompressible behavior a distinction should be appreciated 

between the incompressible Navier-Stokes equations, and the low compressibility 

limit of the compressible equations. In the former case incompressibility is imposed 

via a constraint on velocity, whereas in the latter case incompressibility is a result 

of the physics involved in the flow. This distinction has important consequences 

on the modelling of the compressible Navier-Stokes equations. 
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Fluid mechanics problems frequently involve complex geometries and widely 

varying length scales in flow properties. Viscous effects introduce boundary layers 

and recirculation zones, while compressibility effects may cause shocks in the flow. 

The finite element method is especially well suited to these geometric problems due 

to its ability to handle unstructured meshes which may be fit to any geometry, and 

clustered near sharp gradients. The method was originally developed in the context 

of structural mechanics, but the inherent flexibility motivated its application to 

problems of fluid mechanics. The finite element method is completely general in 

the sense that geometry, boundary conditions and flow parameters may all be 

specified as input data. 

The variational approach for mixed finite element formulations was first 

introduced by Hermann (1965) for the solution of elasticity problems with incom

pressible solids. Initial applications of the finite element method to incompressible 

flow problems suffered from confusion regarding the correct combination of ap

proximations for velocity and pressure. Attempts using the same basis functions 

for velocity and pressure exhibited difficulties in the pressure solution (Taylor and 

Hood, 1973), and it was realized that approximations of pressure one order lower 

than velocity yielded better results. The use of different approximation functions 

for some variables is known as mixed interpolation, while equal interpolation im

plies the same approximation functions for all variables. Huyakorn et ai. (1978), 

Lee et ai. (1979), and many others have studied the bilinear velocity and piecewise 

constant pressure approximation. Each pressure unknown corresponds to a discrete 

constraint equation on velocity. An intuitive explanation for the difficulties with 

equal order approximation is that if the dimension of the pressure space phis too 

large relative to that of the velocity space V h then the number of discrete constraint 

equations exceeds the number of discrete governing equations. The condition for 

convergence of the finite element solution of the Stokes equations is called the LBB 

condition, associated with the investigations by Ladyzhenskaya (1969), Babuska 

(1973a), and Brezzi (1974). This condition did not end the confusion, and much 

work has subsequently been done on the calculation of pressure in incompressible 

flow. Very little work has been done, however, on the appropriate combination of 
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velocity, pressure, and density approximations in a compressible flow with incom

pressible regions. This issue is a major subject of this investigation. 

The most dramatic manifestation of pressure oscillations is the checkerboard 

pressure mode, which is characterized by oscillations which alternate in sign from 

element to element in each direction. The checkerboard pressure mode may be 

superimposed on the true solution and must be filtered out to obtain a nonoscilla

tory solution. Sani et al. (1981) have shown that the checkerboard pressure mode 

is a result of the discretization of the continuity equation and the boundary con

ditions imposed. The momentum equation does not distinguish between the true 

pressure solution and the contaminated solution, so there is no means to eliminate 

the unphysical checkerboard pressure mode. 

The penalty method avoids the problem of oscillatory pressure through the 

use of a pseudo constitutive relation which eliminates pressure from the governing 

equations, and has been highly successful for the calculation of incompressible 

flows. The first applications of the penalty method to problems of fluid mechanics 

were to the Stokes problem (Nickel et al., 1974), and then to the full Navier-Stokes 

equations by Hughes and co-workers (Hughes et al., 1978, Malkus and Hughes, 

1978). Natural convection problems have been extensively studied by Heinrich 

(Heinrich and Strada, 1982, Heinrich and Yu, 1988) using the penalty finite element 

method. The method is a natural extension of Lagrange Multiplier methods and 

has substantial justification for Stokes flows, but is not physically consistent and 

lacks adequate physical interpretation in the case of flows with convection (Heinrich 

and Dyne, 1990). 

Many finite element compressible flow algorithms use equal order interpo

lation of all variables for all values of local Mach number. This formulation is 

valid for compressible regions in the flow, however in locally incompressible re

gions it may be shown that the pressure does not converge (Zienkiewicz, 1989). 

Oscillations in pressure frequently appear in regions of the flow where compress

ibility is small, ie. small divergence, but gradients in density are present. This 

may occur for both subsonic and supersonic Mach numbers. Supersonic bound

ary layers, for example, span the range from Mach zero to the free stream Mach 
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number. Appreciable density gradients may occur through the boundary layer, but 

the divergence remains small. The pressure oscillations, however, persist through 

the entire boundary layer, not just the part with near zero Mach number. These 

pressure oscillations have the same source as those which occur in the incompress

ible regions of the flow, that is in the calculation of the divergence terms. While 

the use of mixed interpolation and reduced integration is well established for the 

solution of the incompressible Navier-Stokes equations, the use of these techniques 

with the compressible equations is not as clearly resolved. Among the issues to 

be addressed are what variables require lower order interpolation, what are the 

effects of reduced integration, and what effects do these modifications have on the 

compressible features of the flow, such as shocks and expansions. 

1.2 Statement of Purpose 

The primary topic of this work is the development of a finite element al

gorithm for compressible flow which avoids the occurrence of spurious pressure 

oscillations in incompressible regions. The scope of flows considered, however, 

ranges from incompressible flows and natural convection, to subsonic and super

sonic compressible flows, and finally to supersonic and hypersonic flows with chem

ical reactions. 

The governing equations for compressible flow are presented in Chapter 2, 

and terms giving rise to pressure oscillations are discussed. The incompressible 

governing equations are also presented, and appropriate nondimensionalization is 

performed for each formulation. The initial focus of this work was on the incom

pressible Navier-Stokes equations, to study the behavior of pressure approximations 

as the Mach number approached zero in a compressible flow. Established mixed 

and penalty methods for the incompressible equations are presented in Chapter 3, 

and some shortcomings are pointed out. A modified penalty method based on a 

slightly compressible assumption is derived in Chapter 4, in order to resolve these 

shortcomings. The slightly compressible assumption yields a method for comput

ing incompressible flows, but also provides the first step in the development of a 

compressible formulation. 



22 

Principles from the slightly compressible formulation are applied directly to 

the compressible equations in Chapter 5, to yield an algorithm which is oscillation 

free for subsonic flow and shock free supersonic flow. The method fails to capture 

shocks accurately, however, due to the piecewise constant approximation used for 

density. An improved formulation for compressible flow is considered in Chapter 6, 

which avoids pressure oscillations at low Mach number, and offers accurate shock 

capturing in a method which applies over the entire flow domain. An alternative 

approach is to isolate the locally incompressible regions for analysis by an appro

priate algorithm, while using a different algorithm in the outer region where shocks 

may occur. This method is discussed in Chapter 7, and the use of either local Mach 

number or local divergence to separate regions for application of each algorithm is 

investigated. 

The coupling of the fluid flow solver with a chemistry solver to compute 

chemically reacting flow is considered in Chapter 8. The final result of this work is 

the development of a robust algorithm for the calculation of both cold and reacting 

compressible flows in an arbitrary geometry, and its application to the analysis 

of supersonic flow in a ram accelerator. The ram accelerator is a technique for 

accelerating a projectile in a tube to extremely high velocities using a shock wave 

to detonate a fuel mixture (Hertzberg et al., 1988). The ram accelerator is a 

severe test for a numerical simulation as it involves chemical reactions, strong 

shocks, expansions, and a small gap ratio, and is therefore selected as the primary 

demonstration of the algorithm. 
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CHAPTER 2 

GOVERNING EQUATIONS 

The governing equations of compressible fluid flow are derived from consid

erations of conservation of mass, momentum, and energy. These equations, known 

as the N avier-Stokes equations, are Eulerian in nature, and describe the properties 

of the flow as functions of time and space. Historically, the term Navier-Stokes 

equations referred only to the momentum equations, however common usage has 

extended this label to include the complete set of governing equations (Anderson, 

1989). 

2.1 Compressible Navier-Stokes Equations 

The compressible Navier-Stokes equations (CNS) with no body forces may 

be written as follows: 

Continuity 

Momentum 

Energy 

Dp -
--= + p\7 . ii = 0 
Dt 

Dii -
p-- = \7. iT 

Dt 

De - aUi 
p Dt = -\7. q + aij ax' 

) 

(2.1) 

(2.2) 

(2.3) 

The independent variables are time t and position x = (x, y). Unknowns 

are density p, velocity ii = (u,v) corresponding to coordinates (x,y), and internal 

energy e. The convective derivative is given by 

D a --_= -=+ii·\7 
Dt Dt 

and the "del" operator V in cartesian coordinates is given by 

(2.4) 

(2.5) 
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where i and J are unit vectors corresponding to coordinates (x, V). The overbars 

denote dimensional quantities, and bold face indicates a vector or tensor quantity, 

as is appropriate. 

Constitutive relations are required for the stress it and the heat flux q. The 

stress tensor it may be written as 

- (axx 
0"= axy 

~yx) 
(J' yy 

(2.6) 

where the components are given by Stokes viscosity law as, 

- - 8Ui 8uj 
aij = (-fi + Xv' . ii)Oij + jl(8- + 8- ). 

Xj Xi 
(2.7) 

Here, fi is the pressure, jl is the dynamic or first coefficient of viscosity, .x is the 

second coefficient of viscosity, and Oij is the Kroneker delta function. Examination 

of the stress reveals it to be the combination of two components of different physical 

nature. The isotropic component 

(2.8) 

is the component of the stress related to compression, and the deviatoric component 

(2.9) 

is the component of the stress related to shear. The heat flux is rela.ted to temper

ature via Fourier's law, 

q = -lev'i', (2.10) 

where Ie is the conductivity and 'i' is the temperature. 

To close the system thermodynamic equations of state are required for pres

sure and temperature. The ideal gas equation of state is assumed, 

(2.11) 

and the gas is assumed to be calorically perfect, thus 

(2.12) 
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where R is the gas constant, and Cv is the constant volume specific heat. 

A constant value for viscosity may be used, or a temperature dependent 

viscosity may be calculated from Sutherlands law (Anderson, 1989), 

jl = ( T ) 3/2 Too + 8. 
jloo Too T+S 

(2.13) 

Values for air are jloo = 1.789 x 1O-5kg/m s, Too=288K, and 8=110K. A distinction 

should be made between the thermodynamic property of pressure as defined by 

(2.11), and the mean pressure defined by 

(2.14) 

Substituting (2.7) into (2.14) we obtain 

(2.15) 

and the mean pressure is not equal to the thermodynamic pressure. Stokes (1845) 

resolved the discrepancy by assuming 

- 2 
A = --jl 

3 
(2.16) 

which is what we shall do in this work. The second coefficient of viscosity, however, 

is a controversial quantity, and evidence exists that X is a positive quantity for most 

liquids (White, 1974). 

To highlight the relative importance of each term in the equations, as well 

as to reduce the number of parameters, the governing equations are nondimension

alized by appropriate reference values. We introduce the following dimensionless 

variables (Anderson, 1989): 

p u e 
p =-=- u =--- e =-

Poo Uoo eoo 

p 
T 

'1' x 
(2.17) p= -=- = --- x = -=' 

Poo Too L 

t = f~oo jl 
k 

I. 
J-t =- = 1.00 L jloo 
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where PrxH 000 , eoo , Poo, Too, L, jloo, and koo are reference values. The governing 

equations written in dimensionless form become: 

Continuity 

Momentum 

Energy 

Dp 
- +p\7. u = 0 
Dt 

Du 
p- =\7'0-

Dt 

De Bu' 
p- = -\7. q + 'Y('Y -1)M2 Uij_1 

Dt 00 BXj' 

The dimensionless constitutive relation for stress becomes 

1 2 fL 
u·· = -(--p + ---\7. u)6 .. + D .. 

1) M2 3 R 1) 1) , 'Y 00 eoo 

where 

and for heat flux 

q= 

The dimensionless equations of state are 

p=pT 

and 

e=T. 

Sutherlands formula may now be written in dimensionless form as 

_ T3/21 + S 
fL- T+S 

where S = S/Too. The dimensionless similarity parameters that appear are 

Mach number 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 



Reynolds number 

Prandtl number 

Ratio of specific heats 

Pr = fl9p 
k 

C 
, = -J!. 

Cv 

where Cp is the constant pressure specific heat. 
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(2.28) 

(2.29) 

(2.30) 

The relations for stress, heat flux and temperature may be substituted into 

the governing equations, to cast them into the form in which they are considered 

in this work: 

Continuity 

Momentum 

Energy 

State 

Dp 
- +p\1. u =0 
Dt 

Du 1 2 J.l 
p- = -\1(--p + --\1. u) + \1. D 

Dt ,M~ 3 Reoo 

p= pe 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

When developing a numerical algorithm for the solution of these equations, 

it is useful to group together terms which have the same physical interpretation. 

Each group will then have its own numerical behavior. The divergence term of 

the stress tensor is frequently combined with the deviatoric terms because they 

both contain viscosity coefficients. In the context of avoiding pressure oscillations, 

however, a significant group is the isotropic stress component, and the combination 

of terms based on viscosity coefficients is misleading. The most important terms 

to consider to avoid pressure oscillations are those which relate to compression, ie., 

pressure itself, and divergence of velocity. This subject will be expanded upon in 

later chapters. In regions of locally incompressible flow, the energy equation is only 
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weakly coupled to the momentum equations via the equation of state. Pressure is 

thus strongly related to the continuity equation, in the sense that large changes in 

pressure may result from small changes in density, making density also of interest 

with respect to pressure oscillations. 

2.2 Incompressible Navier-Stokes Equations 

As was stated in the introduction, when changes in fluid density due to 

changes in pressure are negligible, the flow is said to be incompressible. By as

suming constant density we may simplify the set of equations governing the flow 

velocity. The mass conservation equation (2.1), reduces to 

'\7 . ii = 0, (2.35) 

and the stress tensor may be reduced to 

(2.36) 

The previous nondimensional variables were chosen to highlight Mach num

ber effects. For incompressible flow we choose a slightly different set of nondimen

sional variables: 

ii 
u=--

Uoo 
t = t~oo 

L 

and viscosity is assumed to be constant. 

x 
x = "=' 

L 
(2.37) 

The equation governing incompressible flow with no body forces may now 

be written in nondimensional form as: 

Continuity 

Momentum 
Du 
- = -V'p+V'·D 
Dt 

(2.38) 

(2.39) 
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These equations are fundamentally different from the compressible Navier-Stokes 

equations. There is no longer an equation for pressure, but pressure is now de

termined implicitly by the incompressibility constraint, instantaneously adjusting 

such that this condition is satisfied. In addition, the continuity equation is no 

longer an equation for density but is a constraint on velocity. The energy equation 

has become decoupled, and the velocity may be determined from the momentum 

and continuity equations alone. 
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CHAPTER 3 

INCOMPRESSIBLE FLOW: 

MIXED AND PENALTY METHODS 

The occurrence of spurious pressure oscillations in the calculation of in

compressible flow is known to be a result of the approximation of the continuity 

equation (Sani et al., 1981). We may thus introduce the problem of pressure oscilla

tions on a reduced set of equations. Stokes' equations for slow steady viscous flows, 

derived by neglecting the nonlinear convective term from the steady incompressible 

Navier-Stokes equations, contains the terms which give rise to pressure oscillations, 

without additional complicating effects. Finite element me~:.ods for incompress

ible flow have been studied extensively, and some results are summarized in this 

chapter (Carey and Oden, 1986). 

The steady Stokes equations with a body force f, valid on a domain 12 with 

boundary r, are given by: 

-V·D+Vp-f=O (3.1) 

V·u=O (3.2) 

where for simplicity we let u = 0 on the boundary. 

3.1 Mixed Methods 

The variational statement of the problem may be derived from the functional 

(3.3) 

where D : Vu = Dij ~:: . 
J 

Taking the variation of L with respect to u and p, and setting SL=O for 

arbitrary variations Su and Sp we obtain the weak form of the problem. Replacing 
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8u and 8p with test functions W and q, the variational statement of the problem 

becomes: Find the velocity and pressure (u, p) such that 

in {D : \7W - p\7 . W - f· W} dn = 0 (3.4) 

and 

(3.5) 

for all test functions WE (HJ(n))n = V and q E L2(n)j'ff? = P. The space HJ(n) 

is a subspace of the Hilbert space HI(n), where 

(3.6) 

and 

(3.7) 

Here r 1 is the portion of r for which essential boundary conditions are specified. 

The L2(n) space is given by 

(3.8) 

In order for a unique solution to exist a consistency condition on the velocity 

and pressure spaces must be satisfied. This is the famous LBB condition, which 

states that: there exists a constant f3 > 0 such that 

(3.9) 

for all q E P. 

If the velocity is approximated by test functions which satisfy incompress

ibility a priori, ie W E V, where 

(3.10) 

then the pressure term drops out because \7 . W = 0, and the functional to be 

minimized is 

(3.11) 
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The incompressibility condition (3.2) may be viewed as a constraint on the velocity, 

suggesting Lagrange multipliers as a means of enforcing this constraint (Babuska, 

1973b). Using this approach the variational form of the problem may be stated as: 

Find (n, AI) E (HJ(Q)n) X L2(Q)/~ = V x P which minimizes the functional 

(3.12) 

Taking the first variation, oJ=O, for arbitrary variations on and OA/, and setting 

on=W and OAI=q, the mixed variational statement (3.4)-(3.5) is recovered, and 

the multiplier -AI may be identified as the pressure. The mixed method and the 

Lagrange multiplier method are thus equivalent. 

3.2 Penalty Method 

The previous Lagrange multiplier formulation leads us to consider other 

methods of enforcing constraints, namely the penalty method (Babuska, 1973a). 

We may satisfy the incompressibility constraint approximately by appending a 

penalty term to the functional in Equation (3.11), and relaxing the incompressibil

ity constraint on the test functions. The penalty formulation may now be derived 

from the functional 

(3.13) 

where A is the penalty parameter. As A --t 00 the incompressibility constraint is 

satisfied. In practice A is chosen such that the momentum and constraint terms 

occupy approximately equal amounts of the computer word, for example A ~ 108 

on a 64 bit machine (Heinrich and Marshall, 1981). The variational problem is then 

to find the velocity n making J,,(n) stationary. Taking the first variation oJ,,=O, 

for arbitrary variations on, and setting on=W, we get the standard form of the 

penalty formulation: Find the velocity n such that 

in {D : VW - f . W + A(V . n)(V . W)} dQ = ° (3.14) 
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for all test functions W E (Hf(Q))n. Comparison of the penalty formulation of 

(3.14) with the mixed formulation (3.4) identifies the pressure as 

P = ->'V". u. (3.15) 

The advantage of the penalty formulation is that the pressure has been eliminated, 

resulting in fewer unknowns to be solved. In addition, problems due to convergence 

of the pressure are avoided. 

3.3 Finite Element Formulation 

The finite element formulation begins with the discretization of the domain 

into elements and nodes. The velocity and pressure are then approximated by a 

set of basis functions or shape functions, 'l/Jn(x) and <Pn(x) as follows: 

N 

uh(x) = L'l/Jn(X)Un 
n=l (3.16) 

!vI 

ph(x) = L <Pm(x)Pm 
m=l 

where the superscript h indicates the finite element approximation, on the dis

cretized domain f!h. The shape functions are defined by an invertible mapping 

between the element in the global coordinate system x, and a master element in a 

e coordinate system, defined on the domain -1 :5 (e, 77) ~ 1. Details of the finite 

element formulation may be found in Becker et al. (1981), and Zienkiewicz (1989). 

Extensive use of the bilinear and piecewise constant shape functions for two 

dimensional approximations is made in this work. The master element bilinear 

shape functions are 

(3.17) 
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4.----1---.3 

x x 

x x 
'-------J2 

Bilinear Piecewise Constant 

Figure 3.1: Master element node numbering and integration points. 

and the piecewise constant shape function is 

(3.18) 

where ~ indicates the master element. The master element node numbering for the 

bilinear and piecewise constant elements are shown in Figure (3.1). The bilinear 

shape functions for a given node is 1 at that node, and 0 at all other nodes, 

whereas the piecewise constant shape function for a given element is lover the 

entire element, and 0 on all other elements. 

The integral form of the governing equations are evaluated on the master 

element by a Gaussian quadrature rule of the form 

(3.19) 

where (e" 771) are the quadrature points, WI are the quadrature weight, and g(e, 7]) 

is a function defined by polynomial basis functions. If N, is chosen such that the 

quadrature rule is exact in the master element, the rule is termed full integration 

for the basis function, whereas a rule which exactly integrates a polynomial of lower 

order than required by the integrand is termed reduced integration. For the bilinear 

element full integration corresponds to a four point rule, and reduced integration 

corresponds to a one point rule. The quadrature points and weights, ((e" 7]1), WI), 
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used here for t.he bilinear and piecewise constant elements are listed in Table (3.1) 

and illustrated in Figure (3.1). 

Table 3.1 Quadrature points and weights. 

Integration 

Full 

Reduced 

Bilinear 

(±1/V3, ±1/v'3), 1 

(0,0),4 

Piecewise Const. 

(0,0),4 

N/A 

The mixed method has been used extensively for fluid flow problems, some 

examples being Fortin (1972, 1977), Oden and Wellford (1972), and Leone and 

Gresho (1981). The approximations that may be used for velocity and pressure 

are determined by a discrete form of the LBB condition. The lowest order ele

ment that may be used for velocity is a linear element. A VII PI (bilinear velocity, 

bilinear pressure) approximation does not satisfy the LBB condition, and results 

in an overconstrained system of equations, known as locking. The VI I Po element 

(bilinear velocity, piecewise constant pressure), however, has a (3 that is of order h, 

the mesh size and yields convergent velocity, but oscillatory pressure may result. 

Hughes (1979) and Kikuchi et al. (1984) considered various filtering schemes and 

application of additional constraints on the pressure, to obtain a smooth pressure 

field. The lowest order approximation that satisfies the LBB condition indepen

dently of h requires a quadratic velocity. The higher order velocity, however, has a 

substantially higher computational cost, and difficulties with flux due to convection 

arise when used with Petrov-Galerkin upwinding methods (Heinrich, 1980). 

The linear triangle for velocity with piecewise constant pressure, so conve

nient for adaptive meshing, may not be used for incompressible flows, as the ele

ment causes locking. This element, however, is frequently used incorrectly to model 

mixed compressible and incompressible flows. A composite element of four trian

gles may be constructed to alleviate the locking, but this destroys the adaptability. 

Recently Prakash and Patankar (1985) have proposed an equal order scheme by 

applying the continuity equation to an auxiliary velocity field derived from the 
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nodal velocities, and Hughes et al. (1986) have proposed circumventing the LBB 

condition through the use of a Petrov-Galerkin method, but these methods have 

not yet gained widespread popularity. 

The penalty method eliminates the pressure from the formulation, how

ever the underlying principle that the pressure ensures mass conservation, remains. 

Without care the penalty solution will not converge as >. ~ 00. Approximating 

the velocity as in (3.16), and using the test functions W = (W:, W:), where ltV: 

and W: are independent, the discrete form of the penalty formulation becomes 

where 

(A + >.B)u* = F 

Au* = f (D: V'W)d!h, 
inh 

(3.20) 

Bu* = f (V'. u)(V' . W)dnh' (3.21) iO h 

F= f W.fdn h , 
inh 

and u* = (UI, ... , UN, VI, ... , V N f. Since ltV: and W: are independent, a set of 2N 

equations is obtained in a Galerkin formulation by alternately setting (W:, W:) 

equal to (¢n(X), 0) and (0, ¢n(x)), for n = 1,2, ... , N. 

Full quadrature integration on all terms of (3.20) results in a B which may 

be nonsingular. As >. ~ 00, the solution to the limiting system >'Bu* = F is 

u* = O. The system is locked, analogous to the VI/PI element with the mixed 

method. Reduced integration as a means to alleviate locking was first suggested 

by Zienkiewicz et al. (1971) in conjunction with the analysis of plates and shells, 

then applied to flow problems by Zienkiewicz and Godbole (1975). The difficulties 

related to mesh locking and consistency of approximation spaces for velocity and 

pressure have subsequently been studied by Song et al. (1980), Oden (1982), and 

Carey and Krishnan (1982). Application of selective reduced integration to the 

penalty term yields a singular B matrix, and the limiting system admits solutions 

other than the trivial one, thus alleviating the locking. The VI element with selec

tive reduced integration of the penalty term is analogous to the Vi / Po element in 

a mixed formulation. 
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3.4 Unsteady Navier-Stokes 

The nonlinear convection term in the N avier-Stokes equations complicates 

the analysis substantially, and the penalty method may not be rigorously derived 

as in the case of the Stokes equations. The relationship for pressure, derived for 

Stokes flow, is no longer consistent for flows with convection, although it is used 

on the basis that "it works". The pseudo constitutive relation, however, does not 

provide a valid means to recalculate pressure from velocity, and the pressure must 

be obtained a posteriori using a Poisson solver (Sohn and Heinrich, 1990). Following 

Malkus and Hughes (1978), the penalty approach of the nonlinear Navier-Stokes 

equations is formed by substitution of the relationship 

P = -AV" U (3.22) 

directly into the momentum equations prior to formation of the weak statement, 

eliminating the pressure, as well as the need for the continuity equation. Fukumori 

ana Wake (1986) pointed out that (3.22) does not satisfy the hydrostatic condition, 

and improved the relationship to state 

P = Ps - A V' . U, (3.23) 

where Ps is the hydrostatic pressure. 

The need to define a stationary functional for the N avier-Stokes equations is 

avoided through the use of the weighted residuals method. The weak formulation is 

constructed by taking the scalar product of the equations with a weighting function 

W, and integrating over the domain. Application of Greens theorem results in the 

standard form of the penalty method: Find the velocity u satisfying the essential 

boundary conditions, and 

in W· {~~ + (u· V')u }dn = in {(V'. W)(Ps - AV" u) - V'W : D} dn 

+ 1r W· [n· (-PsI + D)] dr 
(3.24) 
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for all test functions W E (Hr(!l))n. The vector n is the outward normal to 

the boundary. The previous considerations with respect to locking and selective 

reduced integration again apply to the full N avier-Stokes equations. In the case of 

the unsteady equations, however, a locked solution is not trivial, but one which is 

dominated by mass conservation. 



39 

CHAPTER 4 

INCOMPRESSIBLE FLOW: 

SLIGHTLY COMPRESSIBLE FORMULATION 

In the previous section it was stated that the constitutive relation for pres

sure used in the penalty formulation of the N avier-Stokes equations, having been 

derived by consideration of the Stokes equations, is not strictly valid for flows with 

convection. In arldition, this relation may not be used to recalculate pressure from 

the velocity. As a first step to studying mixed compressible and incompressible 

flows we consider a slightly compressible formulation, which leads to a resolution 

of these problems associated with the penalty method. A slightly different relation 

for pressure is derived, which provides a physical interpretation for the penalty 

method, as well as suggests an improved method for the calculation of pressure in 

an incompressible flow. 

4.1 Slightly Compressible Formulation 

The continuity equation for a compressible fluid, given by Equation (2.1) is 

ap + - 'f7-+ -'f7 - 0 -.."" U· vp pv ·u= . at 
Consider a barotropic fluid satisfying an equation of state of the form 

P-Po = (:~)o (p-Po), (4.1) 

where po and po are reference quantities, and (-M)o = c5 is the speed of sound at the 

reference state. We now assume a slightly compressible flow, ie., pi = P - Po ~ Po, 
and rewrite the continuity equation as 

ap + - 'f7 - + - -2'f7 - 0 at U· v p poco v • U = . (4.2) 
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Nondimensionalizing by reference values given in (2.37) the equation becomes 

fJp 1 - + u . V7p + -V7 . u = 0 
fJt A12 (4.3) 

where !vI = c:.oo is a pseudo Mach number. It is not a real Mach number for the flow Co 

since we have made the barotropic assumption. For A1 « 1 an acoustic analysis 

shows that the u· V7p term is negligible, and the continuity equation reduces to the 

modified penalty statement 

(4.4) 

where the penalty parameter>. is now given by ~. This expression is similar to the 

original penalty method, but now changes in pressure, rather than pressure itself, 

are expressed in a penalized way. Note that unlike the original penalty statement, 

in steady state (4.4) reduces to 

(4.5) 

exactly, which is the incompressible condition. In addition, the modified penalty 

statement has been derived in a manner consistent with the Navier-Stokes equa

tions. The modified method retains the advantages of the smaller system of equa

tions that the original penalty method enjoys, but also provides an improved means 

to calculate pressure. A method similar to equation (4.3) was used by Steger and 

Kutler (1977) in a finite difference context in their study of vortex wakes. 

It is interesting to point out an analogy between the modified penalty state

ment (4.4) and the equation for mean pressure (2.15). Nondimensionalizing (2.15) 

as above we get 

Pm = P - (>" + ~J.l)/ Re V7 . u, (4.6) 

where >.' = _ >. is the nondimensional second coefficient of viscosity. Since for 
1'00 

liquids>.' may be positive and actually much greater than J.l (White, 1974), we 

again have differences in pressure being expressed in a penalized way. 

As in the original method, the penalty statement is substituted into the mo

mentum equation. The weak formulation is obtained by taking the scalar product 
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of the momentum equation with a weighting function W u, multiplying the pres

sure equation by Wp , and integrating over the domain. Following application of 

Greens theorem, the weak statement of the problem becomes: Find the velocity 

and pressure (u, p) satisfying the essential boundary conditions, and such that 

Momentum 

Pressure 

in Wu.{~~+(u.\7)U}dO 
= in {(\7. Wu)p - \7Wu : D} dO 

+ i W u . [-np + n· D] dr 

in Wp: dfl = in -AWp(\7· u) dO 

(4.7) 

(4.8) 

for all test functions W u E (HJ (0)) nand Wp E L2 (0). Note that in the modified 

penalty formulation pressure boundary conditions are easily implemented. 

4.2 Finite Element Formulation 

The equations are discretized in space using a bilinear shape function for 

velocity, and a piecewise constant shape function for pressure as follows: 

nn 
uh(x) = L Ni(x)Ui (4.9) 

i=l 

ne 

ph(x) = L Mi(x)Pi ( 4.10) 
i=l 

where Ui = (Ui' Vi) and Pi are the nodal velocity and element pressure respectively, 

nn is the number of nodes and ne is the number of elements. The shape functions 

are defined for the master element by Equations (3.17) and (3.18). 

A semi implicit finite difference method is used to advance in time, in which 

the convective terms are explicit and all others are implicit. A Petrov-Galerkin 

method is used to maintain stability of the convective terms with a weighting 
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function composed of the Galerkin weighting plus a perturbation. The weighting 

functions for the momentum equations are Wu = (vVu, vVv ), where Wu and Wv are 

independent. Equations for Ui and Vi are obtained by alternately setting (vVu, vVv ) 

equal to (vV!, 0) and (0, W~) for i = 1,2, ... , nn, where the Petrov-Galerldn weight

ing functions W! and W~ are 

For the pressure 

W~(x) = Ni(x) + P~(x) 

W~(x) = Ni(x) + P~(x). 

( 4.11) 

( 4.12) 

( 4.13) 

where j = 1,2, ... , ne. The perturbation functions P!(x) and P~(x) are described 

in Brooks et ai. (1982), and are repeated in Appendix A for convenience. Following 

Kelly et al. (1980) the perturbations on the weighting functions are nonzero only 

for the convective terms, which may be interpreted as an optimal streamwise up

winding. As in the original penalty method, the penalty term is reduced integrated 

to avoid locking. Letting!l-(') denote one point integration, the discrete form of 

the equations become: 

( 4.14) 
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(4.15) 

( 4.16) 

where 

(4.17) 

and 

( 4.18) 

The penalty term is again reduced integrated to avoid locking, both in the 

momentum equation and the pressure equation. The superscripts nand n + 1 

denote time steps tn and tn+1, and D.t = tn+1 - tn. Since lYJi is nonzero only on 

element j the pressure equation for an an element reduces to an integral only over 

the element area, and the penalty statement becomes 

8un+1 8vn+1 
p~+l = p~ _ D.t>,( + __ ). 

1 1 8x 8y ( 4.19) 

This expression for pn+l has been substituted into the momentum equations, to 

ensure mass conservation at tn+l. Solution of the momentum equations is then 

only for velocities, and pressure may be updated after the momentum equations 

have been solved at time tn+l. 
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4.3 Numerical Examples 

The first example is that of simple fully developed channel flow, chosen to 

be able to compare with an exact solution. The walls of the channel are parallel, a 

parabolic velocity profile is specified on the inflow, and zero normal stress on the 

0utflow. The pressure gradient along the channel is 

ap 
ax = 

8Umax 

Re ' 
( 4.20) 

where we set U max equal to 1, and Re equal to 100. Table (4.1) shows calculated 

results for different meshes using the modified penalty equation (MPE) and using 

the pressure Poisson equation (PPE) method of Sohn and Heinrich. The % error 

is calculated from 

E:e.1 E:e.1 01 ax exact - ax calculated 100 lOerror = a x 
,*Iexact 

( 4.21) 

We see that for a given mesh the modified penalty method yields superior results to 

the (PPE) method, however for problems with convective effects the performance 

of the (PPE) method improves. For all cases D.x=0.2 and refinement in x does not 

affect the solution. 

Table 4.1: Error in pressure gradient for flow in a channel 

% error % error 
case D.y (MPE) (PPE) 

1 .1 2.05 9.65 

2 .05 1.95 4.85 

3 .025 1.78 2.45 

MPE=Modified Penalty Equation; 
PPE =Pressure Poisson Equation 

The second example is that of internal flow over a backward facing step, at 

a Reynolds number of 500 based on step height. This example will be used again 

as a benchmark to evaluate the compressible algorithms, since the region of slow 
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moving fluid behind the step provides a good test of the ability of a compressible 

formulation to compute incompressible regions. For a given expansion ratio the 

reattachment length is a ftmction of Reynolds number, and for a compressible 

flow, also of Mach number. Above a critical Reynolds number a recirculation zone 

will appear on the upper wall of the channel. Boundary conditions are a uniform 

velocity profile on the inflow, and uniform pressure on the outflow. The mesh 

is shown in Figure 4.1. Streamfunction and pressure contours from the modified 

penalty method are shown in Figures 4.2a and 4.2b, and pressure via a Poisson 

equation is shown in Figure 4.2c. Note that the scale has been expanded by 4 in the 

y direction. The entrance region exhibits very steep gradients as the flow develops, 

and the zone behind the step is of relatively constant pressure. Figure 4.3a and 4.3b 

compare pressure along the walls for the modified penalty method and the Poisson 

equation method. The features of a local minimum in pressure at the step corner, 

and a local maximum at the reattachment point are captured, and no oscillations 

in pressure occur. As expected from the first example, the (PPE) solution differs 

from the (MPE) solution in the region behind the step where convective effects are 

smallest. 

The third example involves natural convection in a square cavity, based on a 

Boussinesq approximation. A body force term!y = pg is added to the y momentum 

equation,where the density is related to temperature by a linear equation of state, 

(4.22) 

where P is the coefficient of thermal expansion, po is a reference density, and To 
is a reference temperatur.~. Viscous dissipation effects are neglected and constant 

properties are assumed, so the equation for temperature is simply 

h - k were '" = -=--0 • P p 

DT _ -2-
Dr = ",\1 T, ( 4.23) 

There are no inherent scales for the problem, so the equations are nondi-

mensionalized by a reference velocity (j = J f3g~T L, reference time T = L:, and 
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reference pressure p = po(R/ L)2, where 6.T is a reference temperature difference. 

The penalty parameter becomes>. = ~(PrRa)3/2 where Pr is the Prandtl num

ber, and Ra is the Rayleigh number, given by 
- 2 - - -3 

Ra = (3PoCpg6.T L 
pk (4.24) 

Figure 4.4 shows the mesh for the calculations. Boundary conditions are no 

slip on the walls, T = 0.5 at x = 0, T = -0.5 at x = 1, and adiabatic conditions at 

y = 0 and y = 1. Initial conditions are zero velocity and homogeneous temperature 

at T = 0, and the problem is run to steady state. Results for Ra = 104 and 

Pr = 0.72 are shown in Figures 4.5a through 4.5c. The velocity and temperature 

fields agree with calculations by Marshall et al. (1978), and pressure agrees with 

the method of Sohn and Heinrich (1990). Note that results for pressure exhibit no 

oscillations. Figures 4.6a through 4.6c show results for Ra = 105 and Pr = 0.72. 

Notice for the higher Rayleigh number case that two independent cells have formed, 

the temperature gradients near the walls are steeper, and the pressure gradients 

are steeper. 

Explicit algorithms may be developed for the solution of the equations, and 

results have been obtained for Stokes flows and for natural convection. These 

algorithms, however, are sensitive to boundary conditions and only steady state 

solutions may be obtained. Due to their lack of robustness, explicit methods based 

on the MPE are not recommended at this time. 

4.4 Conclusions 

The penalty method for incompressible flows has been reformulated based 

on a slightly compressible assumption. The derivation is valid for both the Stokes 

and Navier-Stokes equations, and a physical interpretation may now be given to 

the penalty method. Advantages of the original method are retained, but an im

proved calculation of pressure has been demonstrated with examples that show no 

pressure oscillations. We now turn our attention to the compressible N avier-Stokes 

equations and devdop means to avoid pressure oscillations in the low Mach number 

regions. 
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Figure 4.3: Pressure along walls for incompressible flow over a backward facing 

step, Re=500. 
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CHAPTER 5 

COMPRESSIBLE FLOW: 

(PO/v1/el/PO) FORMULATION 

The bilinear velocity, piecewise constant pressure (Vd Po) element has been 

known to yield oscillatory pressure for Stokes' flow. Through careful formulation 

of the problem, however, nonoscillatory results for the Navier-Stokes equations 

may be obtained, as shown in the previous chapter. The occurrence of pressure 

oscillations in incompressible flow is related to the fact that the continuity equation 

is a constraint on velocity, and the pressure reacts to enforce this constraint. The 

compressible equations have no constraint on velocity, and the pressure is calculated 

via an equation of state. Due to this fundamental difference in the nature of the 

equations, we now consider the use of a bilinear velocity and piecewise constant 

pressure approximation for compressible flow. At low Mach numbers small density 

changes may produce large pressure changes, so we use a piecewise constant density 

approximation also. Temperature is unrelated to mass conservation, so we use a 

bilinear approximation. We abbreviate this set of approximations for compressible 

flow as po/vded Po . 

5.1 Weak Formulation 

The weak formulation of the governing equations is formed by multiplying 

the c~ntinuity equation by Wp, the momentum equation by W u, the energy equa

tion by We, and the state equation by Wp , and integrating using Greens theorem. 

The weak statement may then be written as: Find the density, velocity, energy, 

and pressure, (p, u, e,p) satisfying the essential boundary conditions and such that 

Continuity 

(5.1) 
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Momentum 

L Wu'{p~~ +p(u.\7)u}dn= - L \7Wu: D dn 

+ f {\7. V\Tu(_l_p+ ~~\7. u)}dn (5.2) in ,NI2 3 Reoo 

+ f w u . [n( __ l_p - ~ ~ \7 . u) + n . D)] dr ir ,NI2 3 Reoo 

Energy 

(5.3) 

State 

(5.4) 

are satisfied for all test functions Wu and fiVe E (HJ(n))n and Wp and Wp E L2(n). 

5.2 Finite Element Formulation 

The bilinear velocity, temperature and piecewise constant pressure, density 

approximation may be written as 

ne 

ph(x, t) = L Mi(x)Pi(t) (5.5) 
i=l 
nn 

uh(x, t) = L Ni(x)uj(t) (5.6) 
i=l 

nn 

eh(x, t) = L Ni(x)ei(t) (5.7) 
i=l 

ne 

ph(x, t) = L Mi(x)Pi(t) (5.8) 
i=l 
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where Ui = (Ui, Vi), ei are nodal velocities and temperatures, and Ph Pi are element 

densities and pressures. As always, nn is the number of nodes and ne is the number 

of elements. 

Since density and pressure are piecewise constant, the weighting functions 

Wp and vVp are also piecewise constant, ie., 

(5.9) 

for j = 1,2, ... , ne. Similarly, the momentum and energy weighting functions are 

the bilinear shape functions. As with the slightly compressible formulation, the 

weighting contains an additional Petrov-Galerkin perturbation P~, P;, P: for sta

bility, which are nonzero only on the convective terms. The weighting functions 

for momentum are Wu = (W!, 0) and (0, W;), for i = 1,2, ... ,nn, where 

and for energy 

W~(x) = Ni(x) + P~(x) 

W~(x) = Ni(x) + P~(x) 

(5.10) 

(5.11) 

(5.12) 

for i = 1,2, ... , nn. The perturbations P!(x), P~(x), P:(x) are given by Brueckner 

(1991), and are repeated in Appendix A for convenience. 

As mentioned previously, the grouping of certain terms is very important. 

Note in Equations (5.1) through (5.4) that all isotropic or compressibility terms 

have been grouped together for selective reduced integration. The divergence terms 

in the stress have been grouped with the pressure term, rather than being expanded 

and combined with the viscous terms. Although the number of terms may be 

reduced by combining the divergence with the viscous terms in the momentum 

and energy equations, the computational work is not reduced, since this term is 

reduced integrated. The combination of piecewise constant weighting functions 

and one point integration of isotropic terms produces a very important property of 



56 

the method. To illustrate, consider the weak form of the divergence on rectangular 

element j, using the piecewise constant weighting function !vIi: 

i. i. 
nn aNi nn aNi 

Mi(V. uh) dflh = Mi(L -Ui + L -vi)dflh 
flh flh i=1 ax i=1 ay (5.13) 

k h 
= 2'( -UI + U2 + U3 - U4) + 2'( -VI - V2 + V3 + V4) 

where hand k are element length and height, the subscripts refer to local node 

number of element j as shown in Figure 3.1, and !I-(') denotes one point integration. 

The divergence on the element is defined only by velocities on the element, with 

equal weighting on all values. The key property of the method is that it forces mass 

to be balanced on each element, as well as globally. By defining compressibility 

terms as element level quantities, the interelement coupling of mass flux which can 

lead to oscillations is eliminated. 

Another interesting consequence of the piecewise constant density approxi

mation is that the Petrov-Galerkin perturbations on the continuity equation disap

pear, and there is no upwinding. Absence of upwinding, however, is also a reflection 

of the physics involved in the flow. The piecewise constant density element is de

signed to be used in regions where the divergence is small, which corresponds to 

small density gradients in the direction of flow. In this case upwinding would have 

little effect. 

The convective terms of the continuity equation require derivatives of density 

on the element. Since the density approximation is constant on an element, we 

calculate an auxiliary density field ph*(x) using bilinear interpolation, where 

nn 

ph*(x) = L Ni(x)pi· (5.14) 
i=1 

The nodal values pi are calculated from the original density approximation via a 

least squares fit by minimizing the functional 

J = f (ph*(x) - ph(x))2d~h 
Jflh 

= f (ENipi - fMi Pi )2dflh. 
Jflh i=1 i=1 

(5.15) 
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The equations for pi are obtained setting the first variation of J with respect to 

pi equal to zero, as follows 

8J f . nn ne 

a ~ = 2 irl N'(LJ Nkpk - LPj)d~h = o. 
p, nh k=l j=l 

(5.16) 

This leads to a system of equations of the form 

Mp* =F (5.17) 

where 

(5.18) 

and 

F = [lij] = [f N i f: Mj pjd!h]. 
inh j=l 

(5.19) 

The matrix M is lumped, so that it becomes diagonal and the calculation of p* is 

trivial. 

Using the weighting functions given by Equations (5.9) through (5.12), the 

semidiscrete equations may now be written as: 

Continuity 

(5.20) 

x-Momentum 

(5.21) 
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y-Momentum 

(5.22) 

Energy 

(5.23) 

State 

(5.24) 

where ph, uh = (uh,v h), and eh are given by Equations (5.5) through (5.8). 

Since Mi is nonzero only over element j, the continuity and state equations 

reduce to 

(5.25) 



and 
4 

Pi = Pi LNiei 
i=l 
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(5.26) 

where the summation are over the local node numbers of element j, as shown in 

Figure 3.1, evaluated at the centroid of the element. The density and pressure on 

an element is thus defined only by values on that element, and on nodes attached 

to the element. The equation of state thus has a consistent piecewis~ constant in

terpretation, ie., element pressure is equal to element density multiplied by element 

temperature. 

5.3 Temporal Integration 

The semidiscrete equations of continuity, momentum, and energy, given by 

Equations (5.20) - (5.23), may by written compactly as a system of ordinary dif

ferential equations 

(5.27) 

where M( cp) is the mass matrix, K( cp) contains the convection, diffusion, source, 

and boundary condition terms, and vector cP contains the unknowns Pi, Ui, vi, ei. 

Discretizing in time, we let tn be the time at the nth time step, cpn = cp(tn), and 

At = tn+1 - tn. Integration in time is by a second order explicit Runge-Kutta 

finite difference scheme, given by 

(5.28) 

for cP n+ 1 /2 and , 

(5.29) 

for cpn+l, starting from specified initial conditions ,»0. The matrix M( cp) is 

lumped, or diagonalized, so that solutions of Equations (5.28) and (5.29) is trivial, 

with the bulk of computer time going to the formation of the vector K( cp). 

The steady state solutions in this work are obtained by running the time 

dependent equations to convergence. Since the scheme is fully explicit, a stability 
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criteria for the time step is required. The time step criteria from Brueckner (1991) 

is employed here, combining convection and diffusion time steps in the form 

A • 1 ut< mm , 
l~j~ne 1/ D.tc + 1/ D.td 

(5.30) 

where 

(5.31) 

and 
1 

D.t 1= • 

u 2kj(l/h] + l/h]) 
(5.32) 

In these equations j refers to the element number, Uj is the magnitude of the 

velocity, aj is the local sound speed, hj is the element length along u, hj is the 

element length normal to u, and kj is the diffusion coefficient. The diffusion coef

ficient k j = 'Y fi j / P j Prj Reoo from the energy equation is used, providing the most 

restrictive time step. 

5.4 Boundary Conditions 

The use of Greens theorem is important not only because it allows the use of 

lower order functions than would otherwise be needed, but also because it produces 

the correct form for the boundary conditions. The boundary conditions take the 

form of a line integral along the boundary of the normal stresses and heat flux. 

Correct formulation of the boundary conditions is important since improper con

ditions may affect the entire flow field. The conditions for outflow of a boundary 

layer are especially important since improper treatment may cause backflow from 

the exit into the computational domain. In addition, outflow boundaries should 

behave appropriately for supersonic, subsonic, and mixed type flows. Formulations 

which employ bilinear pressure and no integration by parts omit the pressure com

ponent of stress from the boundary integral. This term is especially important for 

subsonic flow. A trick frequently used both in finite difference and finite element 

methods to obtain a well behaved outflow is simply to set the last column of values 

equal to the values one node upstream. While this method works well, it is rather 
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'ad hoc,' and is not possible for an unstructured mesh. A boundary condition of 

zero normal derivative of the stress, 

a 
-(n· 0') = 0 an ' (5.33) 

is obtained in weak form by performing the momentum line integrals using values 

calculated on the outflow element. This is consistent with the formulation, and 

is directly implemented on both structured and unstructured grids. In addition it 

models both supersonic and subsonic outflows, and boundary layers exit without 

backflow. Zero normal derivative of heat flux, 

a , 
-a (R p Jln· \7 e) = 0, n eoo r 

(5.34) 

is obtained by performing the energy line integral using values on the outflow 

element. Setting the line integrals to zero produces zero normal stress and adiabatic 

conditions. 

The conditions that need to be specified at an inflow or outflow bound

ary depend on the nature of the flow, ie., subsonic or supersonic. For subsonic 

inflow and outflow in two dimensions only three quantities may be fixed on the 

inflow, and one on the outflow (Oliger and Sundstrom, 1978). In all examples of 

this type density and velocity are specified upstream, and pressure is fixed on the 

downstream boundary, with temperature coming out of the equation of state. The 

boundary integrals are evaluated on the outflow using the prescribed pressure. If 

four quantities are fixed on a subsonic inflow, the inflow will be unable to adjust to 

pressure disturbances which originate downstream, and large oscillations will occur 

as the pressure is forced to its prescribed value. A supersonic inflow requires that 

all quantities be specified, and a supersonic outflow has no quantities specified. For 

supersonic outflows the boundary integrals are evaluated using the local pressure. 

In subsonic exit zones pressure must be specified on these portions of the boundary, 

but for thin boundary layers this is not necessary. 

Boundary conditions for flows with inflow and outflow that are neither en

tirely supersonic or entirely subsonic may be dealt with on a case by case basis, 
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however one must be careful not to overconstrain or underconstrain the problem. 

For a choked flow, the sonic condition may be taken as specification of one quantity. 

In all cases, flux conditions are imposed via evaluation of the line integral. 

5.5 Numerical Examples 

The first example reconsiders the channel flow over a backward facing step 

that was introduced in Chapter 4. The Reynolds number is 500, with a constant 

viscosity, and the Mach number is 0.5. Gamma and Pr are 1.44 and 0.72 respec

tively. Since the flow is subsonic, density and velocity are specified on the inflow, 

and pressure on the outflow. The upper and lower boundaries are no slip, adia

batic walls. Unlike incompressible flow, for which a simple solution exists for fully 

developed flow in a channel, no such simple solution exists for a compressible flow. 

We therefore specify uniform profiles of (u, v) = (1,0), and P = 1 on the entrance. 

Figure 5.1a shows the finite element mesh for the compressible calculations. 

The domain is the same as in Chapter 4, and again the y direction is magnified 

by four. The mesh has 130 elements in the x direction, and is clustered near the 

entrance where the flow develops, and over the step where the geometry changes 

abruptly. The y direction is relatively course, with 20 elements slightly clustered 

near the walls. Figure 5.1b shows a magnification of the grid near the recirculation 

corner. The corner element has been split to avoid constraining the velocity on 

three sides of an element. 

Three formulations are used to solve the problem. All three methods capture 

the fundamental features of the flow; a sharp pressure drop in the entrance, constant 

pressure behind the step, and a local pressure maximum where the flow reattaches. 

There are, however, significant differences in the details of the solution. The first 

formulation consists of a PI IVI / e l / PI approximation, with full 4 point quadrature 

integration of all terms. Contours of density, pressure, and temperature are shown 

in Figure 5.2a - 5.2c. This example shows the severity of oscillations that may 

arise in an incorrect formulation. Large oscillations occur in the entrance region 

and over the step, where abrupt changes in velocity and geometry act to trigger 

the oscillations. Note that the oscillations in pressure are primarily related to 
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oscillations in density, while temperature is smooth, except close to the inflow 

boundary. Pressure along the walls, as shown in Figure 5.2d, shows that oscillations 

may occur in one direction but not in another. 

The second formulation illustrates the use of a PI/VI! ed PI approximation, 

with selective reduced integration of compressibility terms. Figures 5.3a - 5.3d 

show that the oscillations have been significantly reduced, but not eliminated. 

Oscillations in density remain only close to the inflow boundary and along the wall 

behind the step, and there are no oscillations behind the step. The use of the 

bilinear density approximation with reduced integration is investigated further in 

Chapter 6. 

The third method illustrates the Po IVI I e l I Po formulation that is described 

in this chapter. Figures 5.4a - 5.4c show contours of density, pressure, and tem

perature, which are completely free of oscillations. Mach number and streamline 

contours are shown in Figure 5.4d - 5.4e, and wall pressure is shown in Figure 5.4f. 

The steep pressure gradient is visible in the inflow region, as are the recirculation 

zones behind the step and on the upper wall. 

The second example illustrates the use of the compressible formulation to 

compute an incompressible flow, which we define here as a low Mach number. We 

reconsider the backward facing step, at a Reynolds number of 100 with constant 

viscosity, and Mach numbers of 0.3 and 0.2. The inflow boundary conditions are a 

fully developed velocity profile with constant density, and pressure is specified on 

the outflow. No slip, adiabatic conditions are prescribed for the upper and lower 

walls. The mesh, shown in Figure 5.5, has 140 elements in the x direction and 20 

elements in the y direction. 

Contours of constant density, pressure, and streamfunction are shown for 

M = 0.3 and M = 0.2 in Figures 5.6 and 5.7 respectively. Note that the smaller 

contour interval indicates a smaller variation in density for the Iv! = 0.2 case than 

the M = 0.3 case. Pressure and streamfunction via the modified penalty formula

tion of Chapter 4 are presented in Figure 5.8 for comparison. The streamlines are 

indistinguishable between the compressible formulation and the incompressible for

mulation. The Reynolds number is low enough such that no recirculation appears 
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on the upper wall, and the recirculation behind the step is also smaller than in the 

Re = 500 case. A comparison of pressure along the walls for the !vI = 0.3, !vI = 0.2, 

and the modified penalty solution, labeled here as M = 0.0, is shown in Figure 5.9a 

and 5.9b. Since the reference values for the compressible nondimensionalization de

pend on Mach number, the pressure is rescaled by 1/ 'Y M2, transforming it to the 

incompressible nondimensionalization. The incompressible formulation yields the 

lowest pressure, and the compressible solutions approach it as the Mach number 

decreases. 

The third example illustrates the use of the po/vI/eI/ Po algorithm in a 

flow covering a wider range of Mach number. Comparison with experimental data 

also provides validation of the code. The problem is that of a converging-diverging 

nozzle, as studied experimentally by Mason et aI. (1980). The inflow Mach number 

is 0.232, after which the flow chokes at the throat, and exits at about Mach 2.0. 

Both inviscid and viscous calculations, at a Reynolds number of 105 based on half 

nozzle height and inlet velocity, are performed. Uniform density and velocity are 

specified on the inflow, and x-derivatives of normal and tangential stresses are zero 

on the outflow. For subsonic outflow, which occurs in the boundary layer, pressure 

is specified by the design pressure ratio of the nozzle Pout = Pstag/8.81, where 

Pstag = P + 'YM~/2. Grids for the viscous and inviscid calculations are shown 

in Figures 5.10a and 5.10b. The upper boundary is a solid wall and the lower 

boundary is a line of symmetry. The grids are clustered near the throat and also 

near the wall for the viscous case. 

Figures 5.11a - 5.11b show pressure, and Mach contours for the viscous 

solution. The boundary layer is very thin upstream of the throat, but is much 

thicker on the downstream side. The pressure solution shows no oscillations in 

the low Mach number entrance region, or in the boundary layer. Pressure along 

the wall and centerline compare very well with experiment, for both Euler and 

viscous cases, as shown in Figure 5.12. The inviscid solution is actually closer to 

the experimental values than the viscous solution, indicating that the experimental 

Reynolds number was higher than was used in the calculation. 
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5.5 Conclusions 

This chapter has presented a set of approximations and an integration 

scheme for compressible How that avoids the pressure oscillations that frequently 

appear in nearly incompressible regions. The key element to the method is the 

isolation of the isotropic terms for reduced integration, and the conservation of 

mass on an element level, as well as on the assembled level. The equation of state 

also exhibits a consistent piecewise constant interpretation. Numerical examples 

illustrated the severity of oscillations that may occur in certain formulations, and 

the improved solution of the present formulation. The absence of upwinding re

sults in poor capture of shocks, so we now attempt to remedy this shortcoming in 

a scheme that improves the localized properties of the solution, but may be used 

over the entire domain. 



2.0 

y 1.0 

0.0 

I 
0.0 

I 
4.0 

10 

0" 

0.0 

I 
8.0 

I I I I I I I I 
12.0 16.0 20.0 24.0 28.0 32.0 36.0 40.0 

)( 

a) 1999 Elements, 2129 Nodes 

i 
SoD 

i 
Sol 

i 
4.0 

i .., i 
1.0 

b) Magnification of grid in corner 

i 

'" 

Figure 5.1: Grid for compressible flow over a backward facing step. 
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Figure 5.2: Compressible flow over a backward facing step, M =0.5, Re=500, 

Pr=0.72, /,=1.4 (pI/vI/eI/ PI with full integration). 
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Figure 5.3: Compressible flow over a backward facing step, lVI=0.5, Re=500, 

Pr=0.72, ,=1.4 (pI/vI/eI/P1 with selective reduced integration). 
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Figure 5.4: Compressible flow over a baekward facing step, M =0.5, Re=500, 

P1'=O.72,'Y=1.4 (po/vt/et/po with selective reduced integration). 
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Figure 5.5: Grid for low Mach number compressible flow over a backward facing 

step. 
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Figure 5.6: Flow over a backward facing step, M =0.3, Re=100, Pr=0.72, 

,),=1.4 (po/vI/eI/ Po with selective reduced integration). 
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Figure 5.7: Flow over a backward facing step, }vI =0.2, Re=100, Pr=0.72, 

/,=1.4 (po/vI/eI/ Po with selective reduced integration). 
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Figure 5.8: Flow over a backward facing step, Re=100 (Modified Penalty 

Method). 
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Figure 5.9: Comparison of pressure along walls between compressible and in· 

compressible formulations. 
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Figure 5.11: Solution for converging-diverging nozzle, }vI =.232, Re=105
, Pr=.72, 

,=1.4 (po/vded Po with selective reduced integration). 
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Figure 5.12: Comparison of Navier-Stokes, Euler, and experimental pressure 

along wall and centerline of nozzle. 
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CHAPTER 6 

COMPRESSIBLE FLOW: 

The previous formulation was highly successful in preventing oscillations in 

locally incompressible regions. An algorithm is now formulated that retains this 

property, while also offering accurate and stable shock capturing. The equations 

were presented in Section 5.1, in their weak form, but we now consider a bilinear 

approximation of density in order to retain the Petrov-Galerkin weighting on the 

convective term in the continuity equation. To retain the property of element level 

mass conservation we investigate the use of reduced integration. 

6.1 Finite Element Formulation 

The bilinear density, velocity, temperature, and piecewise constant pressure 

approximation may be expressed as: 

nn 

ph(x, t) = L Mi(x)Pi(t) (6.1) 
i=l 

nn 

uh(x, t) = L Ni(x)Ui(t) (6.2) 
i=l 

nn 

eh(x, t) = L Ni(x)ei(t) (6.3) 
i=l 

ne 

ph(x, t) = L Mi(x)Pi(t) (6.4) 
i=l 

Since pressure is piecewise constant, the weighting function for the equation of 

state is again piecewise constant, ie., 

(6.5) 
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Figure 6.1: Node numbering for a patch of elements. 

but the weighting function for the continuity equation is now 

(6.6) 

where the perturbation function P~(x) provides the optimal upwinding, and is given 

in Appendix A. The weighting functions for the momentum and energy equations, 

given by Equations (5.10) - (5.12) remain unchanged. 

The importance of the piecewise constant density element was that it forced 

conservation of mass on the element level. In an effort to accomplish this with 

the bilinear density approximation we investigate the effects of full and reduced 

integration. Consider the calculation of the divergence in weak form at node i=5 

in Figure 6.1, using full integration. 

i . auh avh l' aNi aNi 
N'( -a + -a )dnh = N'(L -a ui + L -a Vj)dnh 

nh x Y nh j x j Y 

kl hi 
= 12 (-UI + U4 + 2us - 2U2) + 12 (-VI - 2V4 + 2vs + V2) 

k2 h2 (6.7) + 12( -U4 + U7 + 2us - 2us) + 12 (-2V4 - V7 + Vs + 2vs) 

k3 h3 + 12 (-2us + 2us + Ug - U6) + 12 (-2vs - Vs + Vg + 2V6) 

k4 h4 + 12(-2u2 + 2us + U6 - U3) + 12 (-V2 - 2vs + 2V6 + V3) 
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When the element contributions are assembled, this expression reflects a conser

vation of mass over the patch of four elements. Each element equation, however, 

does not represent a conservation of mass on that element. For example, consider 

the contribution from the first element: 

Let UI = Us = UI , U4 = U2 = U2 , and VI = V2 = V4 = Vs = 0, where U1 f=. U2 • 

Clearly these values represent an equal amount of mass flowing into and out of the 

element, yet the element contribution to the divergence is not zero, but is 

N ow consider the calculation of the divergence at node i=5, using reduced 

or one point integration. 

The assembled expression reflects a conservation of mass over the four elements, 

and each element contribution also expresses conservation of mass on that ele

ment. The bilinear density approximation with selective reduced integration is 

an improvement over the previous formulation since mass is conserved on the ele

ment, and the Petrov-Galerkin weighting is retained for stable shock capturing. In 

addition, an auxiliary density field is no longer required. 

Using the weighting functions given by Equations (6.5) and (6.6) for con

tinuity and pressure, and (5.10) through (5.12) for momentum and energy, the 

semi discrete governing equations may now be written as: 
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Continuity 

(6.9) 

x-Momentum 

y-Momentum 

(6.11) 
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Energy 

(6.12) 

State 

(6.13) 

The equations for momentum and energy, as given by Equations (6.10) 

through (6.12), have remained unchanged, except ph is now given by Equation 

(6.1). In order to keep a consistent piecewise constant pressure interpretation it 

is important that the equation of state be reduced integrated. In this case the 

equation for pressure on element j reduces to 

4 4 

Pi = LNipi' LNiei' (6.14) 
i=l i=l 

where the summation is again over the local node numbers of element j. Element 

pressure is thus equal to the product of element density and element temperature. 

Full integration of the equation of state, while still yielding a piecewise constant 

pressure, does not have this consistent interpretation. Formulations which cal

culate nodal pressures as a product of nodal density and nodal temperature are 

not consistent with a piecewise constant interpolation, and will usually produce 

oscillations. 
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6.2 Numerical Examples 

The first example again considers the benchmark problem of internal flow 

over a backward facing step, at Reynolds number 500, and Mach 0.5. The mesh 

and boundary conditions are the same as previously considered in Chapter 5. Fig

ures 6.2a through 6.2c show density, pressure, and temperature contours for the 

pI/Vi/eI/ Po formulation. The results compare very well with the previous calcu

lations, and pressure is oscillation free. Figure 6.2d shows pressure along the walls, 

which is also smooth. 

The second example is of supersonic flow over a backward facing step, at 

Mach 2.0 and Reynolds number 103 based on inflow velocity and step height. 

Gamma and Pr are 1.44 and 0.72 respectively. The flow impinges on a flat plate, 

creating a shock, then two step heights downstream, there is a sudden expansion, 

followed by a recirculation zone behind the step. Figure 6.3 shows the finite element 

mesh, with boundary conditions of uniform density, velocity, and temperature on 

the inflow, and zero normal derivative of stress on the outflow. The upper wall is 

a symmetry condition, and the lower walls are no slip adiabatic conditions. 

Two formulations are initially presented for this problem. The PI/Vi / el / PI 

formulation with full integration of all terms, shown in Figure 6.4, is again included 

to show the oscillations that arise with this formulation. Unlike previous examples, 

the density and prpssure contours in this example are distinctly different. Through 

the boundary layer the density gradient is primarily normal to the wall, whereas the 

pressure gradient is parallel to the wall. No oscillations are visible in the density, 

however node to node pressure oscillations are clearly evident in the boundary 

layer and in the recirculation zone. While strongly related, pressure and density 

oscillations are not coupled in a one to one manner. Results for the pt/Vi/et!po 

formulation that is presented in this chapter are shown in Figures 6.5a through 6.5d. 

Density, pressure, Mach, and streamfunction contours are presented. The shock 

emanating from the plate edge and the expansion over the step corner are clearly 

visible, and pressure is smooth, with no oscillations in the locally incompressible 

regions. The boundary layer thickness may also be seen from the Mach contours. It 
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is interesting to note that the shape of the recirculation zone is distinctly different 

between the compressible and incompressible cases. In a compressible flow the 

dividing streamline between the outer flow and the recirculation zone does not 

emerge from the step corner, as in an incompressible flow, but rather the flow 

expands over the corner and separa~es somewhat below. Local boundary layer 

thickness and Mach number, however, may cause separation from the corner, even 

if the outer flow is compressible. The dividing streamline in a compressible flow 

also curves inward toward the recirculation zone, whereas in an incompressible flow 

the curvature is into the outer flow. 

The third example illustrates the shock capturing ability of the method 

for the problem of flow over a 20° wedge with compression and expansion. Both 

inviscid and viscous cases, at Reynolds number 104 based on inflow velocity and 

inlet height, are considered. The inviscid and viscous grids, each containing 89 

elements in the x-direction and 49 elements in the y-direction, are shown in Figures 

6.6a and 6.6b. The grid for the viscous case is highly clustered at the wall, to resolve 

the boundary layer. The lower boundary is a solid wall condition, ie., zero normal 

velocity for the inviscid case and no slip and adiabatic for the viscous case, and 

the upper wall is a symmetry line. Uniform density, velocity, and temperature are 

specified on the inflow, and normal derivatives of stress are zero on the outflow. 

Inflow Mach number is 2.6, and Gamma and Pr are 1.44 and 0.72. 

Figure 6.7a and 6.7b show pressure and Mach contours for the inviscid calcu

lation. The shock is captured well in approximately three elements, and the expan

sion is also clearly visible. This problem has been solved by Brueckner (1991), and 

results compare very well. Pressure downstream of the shock, before interaction 

with the expansion, is 3.320, for an error of -0.24%. This example clearly illustrates 

the need for adaptive meshing. Problems with regions of very small or zero gradi

ents, separated by very large gradients or discontinuities, benefit tremendously by 

adapting the mesh size to fit the local gradients. A structured mesh may require 

a very large number of elements to capture an oblique shock with good resolution, 

whereas an unstructured mesh may cluster elements only where needed. 
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Pressure and Mach contours for the viscous calculation are shown in Figures 

6.8a and 6.8b. The boundary layer and recirculation at the wedge are revealed by 

the concentration of Mach contours near the wall. A low Reynolds number was 

selected in order to produce a large region where oscillations might arise. The 

pressure contours, however, are smooth throughout the boundary layer, as well 

as in the outer flow. Note that the pressure gradient is normal to the wall, even 

though this is not explicitly input as a boundary condition. The recirculation zone 

at the wedge corner has the effect of smoothing out the boundary, thus spreading 

the compression region. 

6.3 Conclusions 

In this chapter it was shown that oscillation free pressure may be accom

plished with a bilinear density and piecewise constant pressure approximation. 

This formulation offers superior shock capturing accuracy over the piecewise con

stant density approximation. The essential element of the formulation is the use 

of selective reduced integration of compressibility terms, which to yield a scheme 

which conserves mass on the element level, and avoids the interelement coupling 

which causes oscillations. Reduced integration of the equation of state produces a 

consistent piecewise constant pressure interpretation. 
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Figure 6.2: Compressible flow over a backward facing step, Jl;I =0.5, Re=500, 

Pr=0.72, ,,),=1.4 (pI/vI/eI/Po with selective reduced integration). 
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Figure 6.4: Supersonic flow over a backward facing step, 1\11=2.0, Re=1000, 

Pr=0.72, /,=1.4 (pI/vI/eI/P1 with full integration). 
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Figure 6.5: Supersonic flow over a backward facing step, M=2.0, Re=1000, 

Pr=O.72,1'=1.4 (pt/vt/et/ Po with selective reduced integration). 
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Figure 6.8: Viscous flow over a wedge, M=2.6, Re=104, Pr=.72, 7=1.4 

(pI/vI/eI/Po with selective reduced integration). 



CHAPTER 7 

COMPRESSIBLE FLOW: 

COMBINED FORMULATIONS 
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A third formulation has been developed, which consists of a combination of 

algorithms previously discussed. Although the previous formulations yielded very 

good results, combined methods are considered in order to illustrate certain aspects 

pertaining to oscillations in a mixed compressible and incompressible flow. 

The classification of a flow as incompressible is usually based on the local 

Mach number everywhere being below a cutoff value. Incompressible regions in a 

compressible flow correspond to zones where the local Mach number is below the 

cutoff value. It is then reasonable to expect that oscillations due to local incom

pressibility would be confined to regions with below cutoff Mach number, and the 

rest of the flow field would be smooth. A natural approach to the solution of flows 

with mixed incompressible and compressible regions would be to apply one algo

rithm in the incompressible regions, and a different algorithm in the compressible 

regions. Observations of boundary layer flows have shown that oscillations may oc

cur in regions that are clearly compressible, however by eliminating the oscillations 

at their source, we hope to eliminate these oscillations as well. 

7.1 Mach Number Criteria 

Using the Mach number to identify locally incompressible regions, we de

velop a formulation that uses one algorithm below a cutoff Mach number, and a 

different algorithm above the cutoff. The po/vI/eI/ Po has been shown to produce 

oscillation free pressure over a wide range of Mach number in flows without shocks, 

hence this formulation may be used in the low Mach number region, with a cutoff 

Mach number up to one. The cutoff Mach number is meant to identify all incom

pressible regions, but may include compressible regions as well, so to maximize the 
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elimination of oscillations but not retard the capture of shocks, we set the cut

off Mach number equal to one. Having separated the low Mach number regions, 

we now consider the use of the PI IVI I el I PI with full integration formulation in 

the high Mach number regions. While oscillations have been observed with the 

pl/vl/el/ PI formulation, it is not known how this formulation will behave when 

the incompressible regions are excluded. 

To illustrate this combined formulation we reconsider the supersonic flow 

over a step that was presented in the previous chapter, with the same mesh, flow 

parameters, and boundary conditions. Figures 7.1a and 7.1b show the mesh, sepa

rated into low and high Mach number regions. The low Mach number regions are 

seen to be confined to areas close to the boundary, while the high Mach number 

regions are in the outer flow. Results for density and pressure, in Figures 7.1c and 

7.1d, show that pressure oscillations have been avoided in the polvl/el/Po formu

lation, however oscillations again appear in the pl/vl/el/ PI with full integration 

formulation. 

One way to avoid oscillations in the high Mach number regions is to use a 

formulation known to be oscillation free over a wide range of Mach number. The 

pl/vl/el/ Po formulation with selective reduced integration has exhibited accurate 

shock capturing and oscillation free pressure, so we consider a second combination, 

using this formulation in the high Mach number regions. Density and pressure are 

shown in Figure 7.2. There are no pressure oscillations, which is expected since 

both formulation have been shown to yield a smooth solution. 

The first combination produced interesting results, worthy of further dis

cussion. Experience indicates that oscillations originate at a solid boundary, which 

is always a line across which mass is conserved, ie., zero mass flux. Since mass 

conservation in the low Mach number region is achieved on an element level, the 

interface between regions acts as a fictitious boundary from which oscillations in 

the high Mach number formulation arise. The oscillations are clearly in a compress

ible region, indicating that local Mach number is not the most important criteria 

in identifying regions where oscillations are likely to occur. The results show that 

oscillations will arise in a poor formulation, even at supersonic Mach numbers. 
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7.2 Divergence Criteria 

While the pressure oscillations in the combined formulation occurred at a 

high Mach number, the divergence in these regions is small, indicating that in the 

context of pressure oscillations, the term "incompressible" should be interpreted 

as small divergence, rather than low Mach number. Pressure oscillations are thus 

related to conservation of mass rather than to Mach number. In view of this 

interpretation we consider a third combination, using the divergence as the criteria 

between formulations. In order to incorporate the local mesh size, we use a criteria 

for small divergence of the form 

(7.1) 

where € is a user defined parameter, and h is the element size in the direction of 

flow, as discussed in Appendix A in the context of the Petrov-Galerkin weighting 

functions. When the divergence is small relative to mesh size, the po/vI/eI/ Po 
formulation is used, and when divergence is large, the pI/vI/eI/ PI formulation 

with full integration is used. 

The determination of which formulation applies to each element may be 

made at every time step, or may be made only after a prescribed number of time 

steps. The mesh, separated into high and low divergence regions, and results for 

density and pressure are shown in Figures 7.3 and 7.4 for € = 0.01 and € = 0.005 

respectively, for the supersonic flow over a step problem. The absence of pressure 

oscillations in low divergence regions indicates that, conceptually, divergence is 

indeed a better criteria than Mach number for identifying regions where oscillations 

occur. The parameter €, however, must be carefully selected to completely include 

these regions. In practice, however, difficulties arise due to the irregular interface 

between regions, resulting in oscillations related to these irregularities rather than 

related to compressibility. The wedge problem at a Mach number of 2.6 is solved 

with this algorithm to show results exhibiting a stronger shock. Figure 7.5 shows 

the mesh separated into low and high divergence regions, and pressure and Mach 

contours for € = 0.01. 
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7.3 Conclusions 

The combined algorithms introduced in this chapter illustrate some impor

tant points regarding pressure oscillations, the most important being that small 

divergence rather than low local Mach number is the relevant criteria for regions 

where oscillations occur. The combined algorithms represent what might be the 

most natural approach to the problem, ie., isolate the critical regions and apply 

an appropriate formulation to avoid oscillations in these regions. As shown by the 

examples, acceptable results may be obtained in this manner. Several problems, 

however, exist with this method, mainly related to the parameter E. There is no cri

teria by which to select the value for E, and the optimal value will be different from 

problem to problem. In addition, the final solution will depend on E, and there is 

no guarantee of convergence if the distribution of element types is not fixed at some 

point in the calculation. Different criteria could be made for what is considered 

small divergence, but they would have the same problems as mentioned here. A 

far better approach is to devise an algorithm which applies over the entire domain 

of interest, as was the case with the formulations of the previous two chapters. 
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Figure 7.1: Supersonic flow over a backward facing step, M=2.0, Re=1000, 

Pr=0.72, ,=1.4 (Cutoff Mach = 1.0). 
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Figure 7.2: Supersonic flow over a backward facing step, M=2.0, Re=1000, 

Pr=0.72, ,=1.4 (Cutoff Mach = 1.0). 
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Figure 7.3: Supersonic flow over a backward facing step, M=2.0, Re=1000, 

Pr=0.72, "1=1.4 (€ = 0.01). 
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Figure 7.4: Supersonic flow over a backward facing step, M=2.0, Re=1000, 

Pr=0.72, 1'=1.4 (€ = 0.005). 



3.0 

2.0 

y 

1.0 

0.0 

3.0 

2.0 

y 

1.0 

0.0 

I 
0.0 

I 
0.0 

I 
1.0 

I 
1.0 

Figure 7.4: Continued. 

I 
2.0 

Pmln= 3.06'10-
1 

I 
3.0 

Ie 

I 
4.0 

c) Density Contours 

I 
2.0 

I 
3.0 

Ie 

I 
4.0 

d) Pressure Contours 

I 
5.0 

I 
5.0 

I 
6.0 

I 
6.0 

I 
7.0 

I 
7.0 

109 



1.0 

V 0.5 

0.0 

1.0 

V 0.5 

0.0 

I 
0.0 

I 
0.0 

I 
0.5 

I 
1.0 

I 
1.5 

a) Low divergence elements 

I 
0.5 

I 
1.0 

I 
1.5 

b) High divergence elements 

I 
2.0 

I 
2.0 

110 

Figure 7.5: Inviscid flow over a wedge with compression and expansion, M =2.6, 

Pr=0.72, "'(=1.4 (€ = 0.01). 



1.0 

y 0.5 

0.0 

1.0 

y 0.5 

0.0 

I 
0.0 

I 
0.0 

Figure 7.5: Continued. 

I 
0.5 

I 
1.0 

II 

c) Pressure Contours 

I 
0.5 

I 
1.0 

II 

d) Mach Contours 

I 
1.5 

I 
1.5 

I 
2.0 

I 
2.0 

111 



1.0 

y 0.5 

0.0 

1.0 

y 0.5 

0.0 

I 
0.0 

I 
0.0 

I 
0.5 

I 
1.0 

x 

I 
1.5 

a) Low divergence elements 

I 
0.5 

I 
1.0 

x 

I 
1.5 

b) High divergence elements 

I 
2.0 

I 
2.0 

112 

Figure 7.6: Viscous flow over a wedge with compression and expansion, M =2.6, 

Re=104, P;=0.72, ,=1.4 (€ = 0.01). 
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CHAPTER 8 

CHEMICALLY REACTING FLOWS: 

THE RAM ACCELERATOR 

114 

Recent interest in the National Aerospace Plane has sparked renewed at

tention on hypersonic and reacting flows. The high temperatures experienced by 

hypersonic vehicles causes the surrounding air to dissociate, with corresponding 

changes in fluid properties. Supersonic combustion is of particular interest, be

cause of the need to maintain efficient propulsion at high velocities. A general 

purpose numerical solver for reacting flows, with the geometric flexibility of the 

finite element method, provides an essential tool in the study of these types of 

flows. Other applications for a flexible numerical solver exist in the study of rocket 

engines, high-power lasers, and hypersonic wind tunnels. 

The numerical simulation of chemically reacting flows is especially challeng

ing because of the wide range of time and length scales involved. A flow solver 

known to yield oscillation free results is a necessity in the solution of chemically 

reacting flows, because of the strong interactions between the hydrodynamic and 

chemical calculations. The chemical reactions are strongly dependent on fluid prop

erties, hence oscillations in the flow may cause premature ignition, which in turn al

ters the flow field. Application to reacting flows thus provides important motivation 

for the development of the preceding algorithms. The time scales characterizing 

the flow are usually much larger than the time scales characterizing the chem

istry, the ratio of which is known as the Damk8hler number. For large Damk8hler 

numbers, simultaneous solution of the equations requires implicit treatment of the 

chemical terms (Yungster et al., 1991). Another method to solve the equations 

is to uncouple the chemistry and the flow equations, and iterate a flow step with 

frozen chemistry and a reaction step with frozen flow (Pratt, 1977). Time accu

rate calculations would require iteration at each time step. This approach allows 
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independent development of flow and chemical solvers, using methods optimal for 

each system, which are then coupled together. 

A new technology to evolve out of interest in supersonic combustion is the 

ram accelerator, first introduced by Hertzberg et al. (1988). The large compres

sion ratios and fast chemical reactions involved in the ram accelerator provide a 

challenging test for a numerical algorithm. 

8.1 Governing Equations 

The present work considers inviscid flow with finite rate chemistry. Inclusion 

of viscous effects requires knowledge of momentum and thermal viscosities, as well 

as the diffusion properties of each species within the mixture. These coefficients are 

functions of both temperature and species concentration. Viscous effects will be 

important if the temperature increase in the boundary layer is sufficient to cause 

ignition, or if flow separation occurs; the inviscid formulation is merely the first step 

toward a complete reacting flow model. The hydrodynamic governing equations 

consist of the equations for continuity, momentum, and internal energy, in addition 

to transport equations for each species within the mixture, as given by: 

Continuity 

Species 

Momentmn 

Energy 

Dp -
--=+p\7·o=O 
Dt 

_DCi 
p--- = Wi 

Dt 

Do -
p~ = -\7p 

Dt 

De -
p-= = -p\7 . 0 

Dt 

(8.1) 

i = 1,ns-1 (8.2) 

(8.3) 

(8.4) 

where Ci = 7f is the mass fraction of species i, illi is the rate of change in Pi due 

to chemical reaction, and ns is the number of species. As before, the overbars 
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denote dimensional quantities. Axisymmetric configurations are also studied, with 

the only change being that 

- au av v 
\7·ii=-+-+-ax ay y (8.5) 

where (x,y) and (u,v) correspond to axial and radial directions and velocities 

respectively. The mass fraction of species ns may be calculated from 

ns 

2: Cj = l. (8.6) 
j=l 

The equation of state is again 

p = pRT (8.7) 

but now R varies with the composition of the mixture, and is given by 

ns 
- - ~ Ci 
R = ~ L..J---. 

i=l Mj 
(8.8) 

Here ~ is the universal gas constant, and Mi is the molecular weight of species i. 

The chemical reaction equations may be written as a set of nr elementary 

reactions of the form 

j = 1,nr (8.9) 

where V;j and v;~ are the stoichiometric coefficients of species i for reaction j as 

reactants and products respectively, and Xi is a symbolic representation of species 

z. The net reaction rate of species Xi is given by the empirical formula 

d[Xi ] _ ~{( II I )(k- rrns 
-[X ]v~j k- rrns 

-[X ]v~j)} -a:t - L..J Vjj - Vij +j k - -j k 
j=l k=l k=l 

(8.10) 

where [Xi] = tii is the concentration of species i. This equation is related to the 

source term for the species transport equation by d[~il = ;;i. The forward and 

reverse reaction rate constants are given by the Arrhenius equation 

(8.11) 
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where B±j, N±j, and T±j are constants for reaction j. 

The hydrodynamic equations are solved via a finite element formulation us

ing the PI/Vi / el / Po approximation with selective reduced integration, as described 

in Chapter 6. Nondimensionalization of the flow equations is the same as presented 

in Chapter 2, however the chemical reaction equations are solved in dimensional 

form. The program CFDK, or Computational Fluid Dynamics Kinetics, by Pratt 

(1990), is designed precisely for the purpose of performing the chemical calcula

tions in a reacting, flow simulation in the iterative manner described above. The 

chemistry solution step consists of a loop over each node in the domain, in which 

CFDK takes fluid properties and time step from the previous flow step and inte

grates the chemistry equations, subdividing the time step as needed for stability. 

Reacted properties are returned, then the next node is considered. 

Both equilibrium and non-equilibrium solutions are available from CFDK. 

The equilibrium solution is based on the Gibbs function minimization approach by 

Gordon and McBride (1971), in which the number of equations required is equal to 

that required for conservation of atomic species, rather than the full set of ns equa

tions. An equilibrium model is appropriate when the Damkoler number is known 

to be large, and the initial and boundary conditions are in chemical equilibrium. 

This model assumes the reaction times to be infinitely faster than the flow, and 

allows full reaction to take place at a given temperature and pressure. When these 

conditions are not satisfied a non-equilibrium model should be used, which allows 

the chemistry a finite time to occur, during which the species will flow downstream 

some distance. The non-equilibrium, or kinetic solution is obtained by integration 

of the set of ordinary differential equations given by Equation (8.10). The solu

tion to the ODE's depends exponentially on temperature, hence the sensitivity to 

oscillations in flow properties. Temperature is fixed by specification of either the 

internal energy or enthalpy, through which the effects of the other flow properties 

are felt. 

The coding of CFDK is completely general, providing the calculations for an 

arbitrary set of reactions. The set of chemical reaction equations for a particular 

simulation must be provided to the program in the form of the stoichiometric 
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coefficients and atomic weights. Constants B±j, N±j, and activation temperature 

T±j, for each reaction j, as well as thermodynamic data for Cp(T) for each species 

must also be supplied. The data for Cp(T) is provided in terms of coefficients for 

a curve fit, following standard NASA practice (Gordon and McBride, 1971). 

8.2 The Ram Accelerator 

The ram accelerator is a method for accelerating a projectile in a tube, using 

gasdynamic techniques similar to the ramjet engine. Following this analogy, the 

tube corresponds to the engine cowling and remains stationary, while the projec

tile corresponds to the engine center body and moves down the tube. Hertzberg et 

al. identified five drive modes, covering both subsonic and supersonic combustion. 

Common to all modes is the filling of the tube with premixed fuel and oxidizer 

before the projectile is fired. Not only does the projectile not have to carry fuel on 

board, as is the case with a rocket, but problems associated with sufficient mixing 

prior to combustion are avoided. Ignition of the mixture and the subsequent energy 

release and pressure increase drive the projectile down the tube. The subsonic com

bustion drive modes operate in the range of 0.7 - 3 km/s, above which sufficiently 

high efficiency can no longer be maintained, defined by Hertzberg as the ratio of 

total change in kinetic energy of the projectile, to total chemical energy released. 

At higher velocities efficient acceleration is achieved by using an oblique shock to 

initiate combustion, and the flow remains supersonic throughout. In the present 

work we consider this oblique detonation mode, as illustrated in Figure 8.1. 

To begin the ram accelerator operation, the projectile must be fired into 

the tube by some external mechanism, usually a light gas gun or powder gun. 

The nose of the projectile creates a cone shaped bow shock, which reflects off 

the tube wall. Fluid properties and projectile geometry are tuned such that the 

bow shock does not ignite combustion, but the reflected shock does. The reflected 

shock should be of sufficient strength such that combustion occurs in a thin layer 

immediately behind the shock, known together as a detonation wave. In order to 

prevent upstream propagation of the detonation wave the projectile must exceed 
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tube 

M>l 

the Chapman-Jouguet (C-J) velocity of the gas. This is the velocity of a detonation 

wave in an undisturbed media. 

Optimal performance of the ram accelerator occurs when the detonation 

wave strikes the projectile at the shoulder, as shown in Figure 8.1, thus eliminating 

losses due to shock reflections in the gap which then escape behind the projectile. 

As the velocity increases, however, the bow shock moves closer to the nose cone and 

the reflection strikes downstream of the shoulder, with eventual ignition across the 

bow shock, and a resultant negative thrust on the projectile. It is important that 

the detonation wave not strike the projectile upstream of the shoulder, since the 

increase in pressure on the front will severely degrade performance. The position 

of the detonation wave, however, may be adjusted independently of velocity by 

controlling the Mach number of the incoming flow, accomplished by varying the 

sound speed of the gas. In practice, the tube is divided into sections of different 

gas mixtures with different sound speeds, each separated by a thin membrane. 

If the sound speed of the gas increases incrementally down the tube, then as the 

projectile velocity increases, the Mach number will remain in a small range. Typical 

fuel-oxidizer combinations are hydrogen and oxygen or hydrogen and air. Excess 

hydrogen or light dilutant gas such as helium will increase the sound speed of the 

mixture, while excess oxygen or a dilutant gas such as nitrogen will decrease the 

sound speed of the mixture. Finally, significant increases in thrust may be achieved 
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by contouring the nozzle such that the gas expands gradually behind the projectile, 

as shown by Brueckner (1991). 

8.3 Combustion Model 

A fuel-oxidizer mixture of hydrogen and oxygen, with six reacting species H, 

H2, 0, O2, OH, and H20 is considered. The combustion model, used by Yungster 

et al. (1991), consists of eight reactions: 

H+02 .=OH+0 

0+H2 .= OH +H 

H2 + OH .= H + H20 

20H.= 0 +H20 

H2 + M.= 2H +M 

H20+M.= OH +H +M 

OH +M.= O+H+M 

O2 +M.= 20+M 

where M is a collision partner with unit efficiency. Evans and Schexnayder (1980) 

compared the 8 reaction model to a 12 species, 25 reaction model, and found the 

larger model to be superior at predicting ignition due to more reaction paths, but 

once ignition occurred the 8 reaction model was as good. 

8.4 Numerical Examples 

The first example is of the propagation of a one dimensional detonation 

wave in a stationary stoichiometric hydrogen-oxygen mixture at 300 K and 1 atm 

pressure. Detonation is initiated by heating and compressing the first five nodes to 

1500 K and 5 atm, and the velocity reaches a constant value before half the domain 

is traversed. Predictions for detonation velocity and temperature are presented in 

Table 8.1 and compared with values from Strehlow (1984). The error in detonation 
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velocity is related to the comments made regarding the combustion model, and the 

fact that this is an unsteady problem. The increased ignition time of the 8 reaction 

model over the true ignition time accounts for the slower propagation velocity. In 

a steady problem where the detonation wave is stationary, this difference is not 

important. The close agreement of the temperature, however, indicates that once 

detonation occurs the model is a good one. 

Table 8.1: Comparison of detonation velocity and temperature with 

Strehlow (1984). 

Source 

Strehlow 

Calculated 

~% 

Detonation 
Velocity, m/s 

2841 

2525 

11.1 

Detonation 
Temperature, K 

3679 

3726 

1.27 

Figures 8.2a through 8.2d show pressure, velocity, density, and tempera

ture of the wave as it propagates. Reference values for nondimensionalization are 

'i' = 300 K, P = 1 atm, p = 0.487 kg/m3
, (j = 539.46 mis, and L = 0.01 m. One 

can see that the front of the wave has a higher velocity than the tail, so the wave 

becomes stretched as it travels. The trailing "wiggles" behind the wave are not 

a checkerboard type of oscillation since they are resolved by approximately 8-10 

points per wavelength. A possible explanation for these wiggles is a nonlinear dis

persive interaction as the detonation wave overtakes the propagating shock caused 

by the initial rise in pressure. Initial conditions which fix pressure and decrease 

density while increasing temperature, however, also exhibit these oscillations. In 

this case, as the chemical reactions begin slowly at first, there is an increase in 

pressure and a corresponding wave propagation. As the reaction proceeds more 

rapidly there is a larger increase in pressure and the initial wave is overtaken by 

the detonation wave. 
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The second example is the calculation of a steady oblique detonation wave 

for Mach 7 flow over a 20° two dimensional wedge. Comparison is made with 

results from an analytical model for two-dimensional oblique detonation waves by 

Pratt et al. (1987) and implemented in a program called ODWE2 (Pratt, 1986), 

in which a term for the energy release due to combustion is explicitly added to 

the energy equation. Upstream conditions are at a pressure of 50 atmospheres 

and a temperature of 300 K, and the mixture is a stoichiometric oxygen-hydrogen 

combination. 

The computational grid is shown in Figure 8.3, and pressure contours show

ing the position of the wave are shown in Figure 8.4. A comparison of downstream 

properties with the analytical model is made in Table 8.2, with good agreement. 

Subscripts 1 and 2 in the table denote quantities upstream and downstream of the 

detonation wave, respectively. The cold flow solution for Mach 7 over a 20° wedge 

yields a shock angle of 26.7°, whereas the detonation wave has an angle of 54.5°, 

so the heat release due to combustion steepens the wave significantly. Maximum 

steepening occurs for the stoichiometr~c mixture, as used in this example. 

Table 8.2: Comparison of downstream properties with analytical model. 

Source 

Calculated 

Pratt 

~% 

8.5 Ram Accelerator Calculations 

25.3 

24.2 

4.67 

15.0 

15.2 

1.33 

1.50 

1.55 

3.22 

Calculations of the ram accelerator were performed in an axisymmetric for

mulation on a configuration with a nose cone angle of 14° and a nozzle angle of 20°, 

as shown in Figure 8.5. A projectile to tube radius ratio, r = *' of 0.85 is used 

for most runs, except for one calculation at 0.90. The projectile body begins at a 

nondimensional axial distance of 0.2 and ends at 7.45, with shoulders at x = 3.61 
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u·n=T·n=O 

Figure 8.5: Computational configuration for ram accelerator. 

and x = 5.11 for the r = 0.85 case, and shoulders at x = 3.81 and x = 4.97 for 

the r = 0.90 case. Reference values for nondimensionalization are the tube radius 

of 2.0 cm, the projectile velocity, and tube fill values of pressure, density, temper

ature, and internal energy. These values are the inflow boundary conditions, and 

no flux conditions are imposed on the tube and projectile walls. Calculations are 

performed in the reference frame of the projectile, where the projectile remains 

stationary, and the gas flows toward it. The grids used for the two configurations 

are shown in Figure 8.6a and 8.6b, and contain 35 equally spaced nodes in the y 

direction and 250 nodes in the x direction, clustered near the detonation region. 

All results presented are converged steady state solutions, but are close approxima

tions to flows over a real accelerating projectile since the flow adjusts faster than 

an appreciable increase in projectile velocity (Brackett and Bogdanoff, 1989). 

Four parameters are investigated; velocity (or Mach number), fill pressure 

of the tube, gas mixture, and projectile to tube radius ratio. In all cases considered 

the inflow temperature is 300 K, however the gas may be preheated to increase the 

sound speed, or to cause ignition if the shock is too weak. Mach numbers of 7, 8, 

and 9, and fill pressures of 20, 50, and 100 atmospheres are considered. The gas 

mixtures are characterized by an equivalence ratio, defined as the fuel to oxidizer 

ratio divided by the stoichiometric fuel to oxidizer ratio, where the fuel to oxidizer 
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ratio is on a mole basis. Three sets of hydrogen-oxygen mixtures are considered, 

with equivalence ratios of 0.5, 1.0, and 2.0. 

In the first set of calculations we consider the effects of increasing Mach 

number, for an O2 + 4H2 gas mixture at a tube fill pressure of 50 atmospheres and 

a projectile to tube radius ratio of 0.85. Results shown are thus nondimensionalized 

by a pressure of 50 atm and a temperature of 300 K. N onreacting solutions were 

first obtained at Mach numbers of 7, 8, and 9, after which the chemistry routine 

was activated and reacting solutions were obtained. Cold flow results for pressure 

and temperature are shown in Figures 8.7 and 8.8 respectively for the three Mach 

numbers. The conical bow shock is captured well, as are the reflections in the 

narrow gap between the projectile and the tube. The bow shock moves closer to 

the nose cone with increasing Mach number, and strikes the tube upstreanl of the 

projectile shoulder for Mach 7, approximately above the shoulder for Mach 8, and 

downstream of the shoulder for Mach 9. The high Mach numbers and small cone 

angle result in small shock angles, and the bow shock is very close to the projectile. 

Reacting flow results for pressure are shown in Figures 8.9a - 8.9c, and 

enlargements of the gap region are shown in Figures 8.9d - 8.9f, for the Mach 

numbers of 7, 8, and 9. Corresponding temperature results are shown in Figures 

8.10a - 8.10c. The strength of the first reflected shock in the Mach 7 case is 

seen to be insufficient to initiate detonation, however the following reflection off 

the projectile surface does initiate combustion, and the detonation wave is clearly 

captured. Mach number cases 8 and 9 detonate across the first reflected shock, 

and the detonation wave is seen to be much steeper than the cold flow reflections, 

thus striking the projectile closer to the shoulder. Interaction with the expansion 

is seen to curve the detonation wave toward the shoulder. Concentrations of H 20 

are shown in Figures 8.11, showing no H 20 upstream of the detonation wave, and 

full combustion across the wave. Figure 8.12 shows velocity vectors in the region 

of the detonation wave for the Mach 8 case, illustrating a substantial turning of 

the flow through the shocks. Pressure along the tube and projectile surfaces for 

the three Mach numbers are shown in Figures 8.13. The initial pressure rise on the 

tube surface for the Mach 7 case is due to the reflected shock, with the detonation 
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wave corresponding to the following peaks on the projectile and tube surfaces. The 

pressure peak behind the projectile is the conical shock turning the flow to align 

with the tube. Surface pressures for the Mach 8 and 9 cases clearly show the initial 

peaks corresponding to the detonation wave, followed by shock reflections in the 

gap. 

The next set of results show geometric effects, with projectile to tube radius 

ratios of 0.85 and 0.90, for an O2 + 2H2 gas mixture at a fill pressure of 50 at

mospheres and Mach 8. Pressure contours for the two configurations are shown in 

Figures 8.14a and 8.14b, and expanded views of the gap region are shown in Fig

ures 8.14c and 8.14d. Corresponding temperature contours are shown in Figures 

8.15. For the r = 0.85 case the bow shock strikes the tube approximately above 

the projectile shoulder, and the detonation wave strikes the projectile downstream 

of the shoulder, with resulting reflections in the gap. For the r = 0.90 case the pro

jectile shoulder has moved rearward and outward relative to r = 0.85, so now the 

detonation wave strikes the projectile very close to the shoulder. The reflections 

in the gap are almost eliminated, pressure and temperature are close to uniform 

and the resulting thrust is maximum for the given Mach number. Velocity vectors 

near the detonation wave, in Figures 8.16a and 8.16b, highlight the differences in 

the flowfield for the two geometries. 

Figures 8.17a and 8.17b show pressure along the tube and projectile surfaces 

for the two geometries, and illustrate how much higher the pressure at the end of 

the straight section is for the r = 0.90 case. Peak pressures on the tube and 

projectile surfaces are seen to reach 100 times the tube fill pressure, so very large 

forces are generated, however the transient force on the tube as the projectile passes 

is of extremely short duration. The projectile, on the other hand, must be able to 

withstand the high pressures for the full duration of the flight. Temperatures as 

high as 5000 K are produced, necessitating some kind of thermal protection system 

for the projectile. Additional calculations were made to measure the effects of gas 

mixture and fill pressure, with results to be presented. 
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To quantify the effects of the various parameters, the force on the front, 

rear, and total thrust on the projectile are calculated. Since the projectile is ax

isymmetric, the thrust on the projectile surface is given by 

[211" [Rp 
F = 10 10 p(r)rdrdfJ, (S.12) 

where the integral is performed over the entire projectile. Splitting the integral up 

into contributions from each element along the surface, and summing the elements, 

we may write 
ne li'i+l 

F = 271" L _ p(r)rdr 
i=l Ti 

(S.13) 

for the thrust on the projectile in its direction of travel, where i = 1, ... , ne + 1 

corresponds to nodes along the projectile surface, starting at the tail end. Using 

the average pressure on the element, Pi+t, the expression for the thrust becomes 

ne 

F- " - (-2 -2) = 71" L..JPi+! Ti+l - Ti • (S.14) 
i=l 

Thrust vs. Mach number and thrust vs. velocity are shown in Figures S.lSa 

and S.lSb, for equivalence ratios of 1.0 and 2.0, at a tube fill pressure of 50 atm 

and T = 0.S5. The plots are different due to the different sound speeds of the two 

mixtures, although the same cases are shown. Force on the front and rear of the 

projectile are shown by the dashed and dotted curves respectively, and the total 

thrust is the force on the rear minus the force on the front. The most important 

result to notice is the decrease of thrust with increasing velocity. This is due more 

to the increase in force on the front of the projectile than the decrease in force 

on the rear of the projectile, as shown by the relative slopes of the corresponding 

curves. Considering a constant Mach number, thus eliminating differences on the 

front, we see that the stoichiometric mixture provides a greater thrust than the fuel 

rich mixture. If we look at a constant velocity, however, the rich mixture provides 

a greater thrust than the stoichiometric mixture. Further examination shows that 

at a constant velocity, the stoichiometric mixture yields a greater force on the rear 

of the projectile, however the Mach number and corresponding force on the front 
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of the projectile is lower for the rich mixture, with the net result of greater total 

thrust for the rich mixture. 

A plot of thrust vs. equivalence ratio at Mach 8 is shown in Figure 8.19, 

illustrating again the maximum thrust for the stoichiometric mixture. The lean 

mixture with equivalence ratio of 0.5 has a greater thrust than the rich mixture, 

and corresponds to a velocity of 3625 m/s. By varying the gas mixture down 

the tube, one can see from Figure 8.18b that a high thrust is maintained as the 

projectile velocity increases. 

Thrusts for the two geometries considered are shown in Figure 8.20, at a 

Mach number of 8, equivalence ratio of 1.0, and fill pressure of 50 atmospheres. 

The greater force on the front of the r = 0.90 projectile is due only to the increased 

surface area, while the greater force on the rear is due primarily to the optimal 

position of the detonation wave, as well as the increased area. Finally we observe a 

linear relationship between thrust and fill pressure in Figure 8.21, hence one would 

want to use as high a pressure as possible, limited by structural considerations. 

8.6 Conclusions 

The PI IVl I el I Po finite element flow solver has been successfully coupled 

with the chemical reaction program CFDK, providing the capability to compute 

chemically reacting compressible flows in complex geometries. The importance of a 

flow solver yielding nonoscillatory solutions has been discussed, and the algorithm 

has been validated for propagating and stationary detonation waves. Ram accel

erator computations were performed at three Mach numbers for different mixtures 

and tube fill pressures, demonstrating the robustness of the code in a geometry with 

very high compressions and expansion ratios. The viability of the ram accelerator 

concept has been demonstrated, and the effects of Mach number and equivalence 

ratio have been discussed. 
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Figure 8.4: Pressure contours of an oblique detonation wave for Mach 7 flow of 

O2 + 2H 2 over a 20° wedge. 
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Figure 8.7: Pressure contours for nonreacting flow through a r - 0.85 ram 

accelerator. 
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Figure 8.8: Temperature contours for nonreacting flow through a r = 0.85 ram 

accelerator. 
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Figure 8.9: Pressure contours for reacting flow of 02 + 4H2 through a r = 0.85 

ram accelerator. 
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Figure 8.9: Continued. Expanded view of the detonation region. 
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Figure 8.10: Temperature contours for reacting flow of O2 + 4H2 through a 

r = 0.85 ram accelerator. 
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Figure 8.11: H20 concentration contours for reacting flow of O2 + 4H2 through 

a r = 0.85 ram accelerator. 
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Figure 8.12: Velocity field near detonation region for Mach 8 flow of O2 + 4H2 

through a r = 0.85 ram accelerator. 
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Figure 8.13: Pressure along projectile and tube surfaces for reacting flow of O2 + 
4H2 through a r = 0.85 ram accelerator. 
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Figure 8.14: Pressure contours for Mach 8 reacting flow of O2 + 2H2 through a 

ram accelerator. 
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Figure 8.14: Continued. Expanded view of the detonation region. 
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Figure 8.15: Temperature contours for Mach 8 reacting flow of 02 +2H2 through 

a ram accelerator. 
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Figure 8.16: Velocity field near detonation region for Mach 8 flow of O2 + 2H2 

through a ram accelerator. 
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Figure 8.17: Pressure along projectile and tube surfaces for Mach 8 reacting flow 

of O2 + 2H 2 through a ram accelerator. 
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Figure 8.19: Thrust vs equivalence ratio for Mach 8 reacting flow through a 

r = 0.85 ram accelerator. 
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Figure 8.20: Thrust vs projectile to tube radius ratio for Mach 8 reacting flow 

through a ram accelerator. 
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Numerical methods for fluid flow calculations usually fall into one of two 

distinct categories; methods for incompressible flows, and methods for compressible 

flows, although realistic compressible flow simulations will usually contain both 

regimes. A numerical method should therefore be able to handle the full range of 

flows, from compressible to incompressible. This is important because algorithms 

designed strictly for compressible flow will frequently exhibit oscillationE in the 

incompressible regions. 

This work is an attempt to unify some of the differences in the modelling 

of incompressible and compressible flows, and to develop an algorithm to solve for 

flows containing a wide range of flow regimes. The penalty method is first re

examined in the context of a slightly compressible fluid, giving rise to an improved 

formulation which is consistent for both the Stokes and N avier-Stokes equations. In 

addition, the formulation yields a method to calculate pressure from the velocity, 

which is free of oscillations and cheaper than the solution of a pressure Poisson 

equation. 

Extension of concepts from incompressible algorithms leads us to the devel

opment of a compressible algorithm uf~ng piecewise constant density and pressure, 

and bilinear velocity and temperature, capable of calculating flows ranging from 

very low subsonic to supersonic Mach numbers, with no pressure oscillations in 

the locally incompressible regions. The essential element of the method is that the 

piecewise constant density and pressure forces mass conservation on the element 

level. Absence of the Petrov-Galerkin perturbation function in the continuity equa

tion, however, limits this algorithm to flows without shocks. The Petrov-Galerkin 

weighting reappears in the continuity equation when a bilinear density approxima

tion is used, thus allowing stable and accurate shock capture. 
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The isolation of the divergence in the isotropic component of the stress in 

the momentum equation for reduced integration as a key element in the success 

of avoiding pressure oscillations in an important result of this work. These terms 

are frequently combined with the viscous terms, and their nature as related to 

compressibility is not appreciated. Reduced integration of the divergence is shown 

to yield mass conservation on the element level as well as on the assembled level, 

whereas full integration conserves mass only on the assembled level. It is also 

pointed out that in the context of pressure oscillations, "locally incompressible" 

should be interpreted as small divergence rather than low Mach number. Flows 

covering a wide range of compressibility, with large recirculation zones, boundary 

layers, shocks, and expansions are computed, exhibiting no oscillations in locally 

incompressible regions, and demonstrating the robustness of the algorithm. 

Chemically reacting flows are calculated through the successful coupling of 

the flow solver with the program CFDK, further demonstrating the robustness 

of the algorithm. The viability of the ram accelerator concept is shown through 

calculations at various velocities, Mach numbers, and gas mixtures. Addition of 

viscous effects into the reacting flow algorithm is a subject for further research, 

the main challenge in this area being the formulation of an efficient yet accurate 

model for the calculation of viscosities and diffusivities, which depend not only on 

temperature but also on the species mixture. 

The nature of compressible flows, with large regions of constant or slowly 

changing properties, separated by shocks or small regions with steep gradients, 

suggests that future efforts concentrate on the development of suitable adaptive 

meshing schemes. Highly sophisticated adaptive meshing algorithms have been 

developed for triangular elements, however the linear triangle is known to be un

acceptable for incompressible flows. The topological complexity in the adaptive 

generation of quadrilateral elements is significantly greater than for triangular el

ements, however recent work by Zhu et ai. (1991) suggests that progress is being 

made in this area. 

The potential gains in accuracy and computer time by adaptive meshing 

are greatly increased in the calculation of reacting flows, since most of the CPU 
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time in these simulations is spent in the chemistry calculation. Since the chemistry 

calculations do not vectorize, while most of the flow calculation does, the propor

tion of time spent in the chemistry decreases as the mesh size decreases due to 

adaptivity. Optimal performance of the reacting flow algorithm lies in the use of 

adaptive meshing, with flow calculations performed in a highly vectorized routine, 

and chemistry calculations performed in a massively parallel architecture. 
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APPENDIX A 

PETROV-GALERKIN WEIGHTING FUNCTIONS 

The perturbation functions for the Petrov-Galerkin formulation are derived 

from consideration of the scalar convection diffusion equation. Consider the one 

dimensional equation 
cf2 ifJ difJ 

-k-+u-=O. 
dx 2 dx 

(A.l) 

A standard Galerkin approach to this equation with linear elements on a uniform 

mesh, equivalent to second order central finite differencing, is under diffused and 

results in oscillations for cell Peclet number "y = uh/k > 2, where h is the element 

size. Oscillations may be avoided through the use of upwinding, however the fully 

upwinded solution is overdiffused. As discussed by Kelly et al. (1980), if an artificial 

diffusion given by 
- auh 
k=-

2 

is added to a Galerkin formulation of equation (A. 1), where 

"y 2 
a = coth( - ) - -

2 "y 

uh 
"y =-, 

k 

(A.2) 

(A.3) 

(AA) 

the solution is nodally exact. Note that a = 0 yields the original or central dif

ference formulation, while a = 1 yields a fully upwinded formulation. It is easily 

shown that this added diffusion approach is equavalent to a Petrov-Galerkin for

mulation using a weighting function 

(A.5) 

where Ni(x) is a typical Galerkin weighting function. 
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y 

~----------------~ x 

Figure A.I: Orientation of (e, 7]) coordinate system. 

Extension to the two dimensional convection diffusion equation, 

-V'. kV'¢ + u· V'¢ = 0, (A.6) 

where 

u = (u, v) (A.7) 

is accomplished by rotating the equation into a (e, 7]) coordinate system aligned 

with u as shown in Figure A.l, where e is along the streamline, and 7] is normal. 

In the (e,7]) coordinate system, Equation (A.6) may be written as 

(A.8) 

where U = Ju2 + v2 • Foliowing the one dimensional case, we add the appropriate 

amount of diffusion in the streamwise direction, given by 

k = aUh [1 0] 
200 . ef/ 

(A.9) 

Rotating back into the (x,y) system, it may be shown that the added diffusion is 

equivalent to a Petrov-Galerkin weighting, 

. . ah . 
W1(x) = N'(x) + 2U(u, V'N'(x)) (A.I0) 
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where a is given by Equation (A.3), , becomes 

Uh ,=-, 
k 

(A.ll) 

and h is a characteristic element length in the direction of u. 

Brooks and Hughes (1982) extended these concepts to the incompressible 

momentum equation, as given by 

au () 1 2 - + u· V' u = - V'p + --V' u. at Reoo 
(A.12) 

Analogous to the scalar convection diffusion equation, the weighting functions for 

both x and y momentum equations are given by 

where 

and 

Wi(X) = Ni(x) + pi(x) 
. ah . 

= N1(x) + 2U (u· V' N'(x)) 

, 2· 
a = coth( -) - -2 , 

(A.13) 

(A.14) 

(A.15) 

It is worth noting, however, that to provide correct boundary conditions the 

incompressible momentum equation is frequently solved in the form 

au at + (u. V')u = -V'p+ V'. D, (A.15) 

where 

Dij = _1_( aUi + aUj). 
Reoo aXj aXi 

In this case the functions given by Brooks and Hughes require modification, 

and the weighting functions for the x and y momentum equations become: 



x-Momentum 

where 

and 

y-Momentum 

where 

and 

W~(x) = Ni(X) + P~(X) 
· auh . 

= Nl(x) + 2U (u· VNI(x)) 

"tU) 2 au = coth(-2 --
"tu 

ReooUh 
"tu = (1 + V;)' 

W~(x) = Ni(x) + P~(x) 
· avh . 

= Nl(x) + 2U (u· VNI(x)) 

( "tV) 2 a v = coth -2 --
"tv 

ReooUh 
"tv = (1 + ~~)' 
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(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A.21) 

Brueckner (1991) derived the Petrov-Galerkin perturbation functions for the 

compressible Navier-Stokes equations to be: 

Continuity 
W;(x) = Ni(x) + p;(x) 

· h . 
= Nl(x) + 2U(u, VN'(X)), 

(A.22) 



x-Momentum 

where 

and 

y-Momentum 

where 

and 

Internal Energy 

where 

and 

W!(x) = Ni(x) + P!(x) 

= Ni(x) + ~~(u. VNi(x)), 

IU 2 
au = coth( '2 ) - IU 

pReooUh 
'Yu = u2 )' tt(l + 3U2 

W~(x) = Ni(x) + P~(x) 
= Ni(x) + ~~ (u . V Ni(x)), 

'YV 2 
a v = coth( 2" ) - IV 

pReooUh 
IV = tt(1 + 3"tJ2) , 

W:(x) = Ni(x) + P:(x) 

= Ni(x) + ~~ (u· V Ni(x)), 

Ie 2 
a e = coth( 2" ) - Ie 

pPrReooUh 
'Ye = ttl 
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(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 

(A.30) 

(A.31) 
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y 

~----------------~ X 

Figure A.2: Definition of vectors a and b for calculation of characteristic element 

length h. 

The calculation of h on a quadrilateral element is given by the relation: 

(A.32) 

where 
u·a 1 

hI = TtiI = j;j(uax + vay) 

u· b 1 
h2 = TtiI = j;j(ubx + vby), 

(A.33) 

and 
1 

ax = '2(X2 + X3 - Xl - X4) 

1 
a y = '2 (Y2 + Y3 - YI - Y4) 

1 
bx = '2(X3 + X4 - Xl - X2) 

(A.34) 

1 
by = '2(Y3 + Y4 - YI - Y2). 

The relation of vectors a and b with respect to the element is shown in Figure A.2. 
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