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ABSTRACT 

Multi-track run-length-limited (d, k) modulation codes were recently introduced 

as a method to increase storage densities in magnetic and optical recording systems. 

These codes are a generalization of the usual run-length-limited (d, k) codes and pro

vide for increased storage density by relaxing the k-constraint and encoding multiple 

tracks in parallel. This dissertation focuses on methods of constructing such codes. 

Two methods are presented. The first uses state-splitting to construct multi-track 

(d, k) trellis codes. An example is presented in which a (1,3) trellis code is constructed 

having a code rate of R = 2/3. The second method results in the construction of 

multi-track (d, k) block codes which are implemented via an enumeration scheme 

based on the trellis description of the (d, k) constraints. This implementation results 

in memory requirements which increase only linearly with block length as opposed to 

the exponential increases arising from look-up table implementations. Additionally, 

a new class of multi-track codes referred to as redundant multi-track (d, k) codes, is 

introduced. These redundant codes, unlike the original multi-track (d, k) codes which 

are completely intolerant of faulty tracks, allow for r faulty tracks while maintaining 

synchronization. 



CHAPTER 1 

INTRODUCTION 

11 

In the last few decades, society has seen increased use of digital technology with 

more and more analog systems being replaced by their digital counterparts. Fueling 

this fire has been the incorporation of computers at almost every level of information 

exchange. Indeed, the "Age of Information" has come to life with digital technology 

as its heart. 

With the increase in the exchange of information which has taken place, there 

has evolved a great need to store digital data. The principal technologies which have 

emerged to carry out this task are magnetic tape and magnetic disk drive systems 

[1][2][3], although optical drive systems have garnered increased attention in recent 

years. An ongoing goal for designers has been to increase the areal density, measured 

in bits per unit area, of such storage systems. Indeed, much progress has been made 

as evidenced by the ever increasing storage capacity and decreased physical size of 

the storage devices in the marketplace. Most of the increases in areal density which 

have evolved have been the result of mechanical and media improvements [1][2][3][4]. 

However, credit must also be given to the manner in which the data has been coded 
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onto the media. This leads to the discussion of the role that modulation codes play 

in recording technology [5][6][7]. 

1.1 MODULATION CODING 

Modulation coding is a process in which binary data is converted into a form 

which satisfies the constraints placed by the channel. These constraints are enforced 

to ensure the data can be accurately recovered and control how many times a sym

bol may appear consecutively (run-length). Thus, modulation codes are also known 

as run-length-limited (RLL) codes. Define a sequence as a string of consecutive bi

nary symbols (D's and 1 's). RLL codes map unconstrained sequences to constrained 

sequences. 

In magnetic media, a 2-level (saturation) recording scheme is used in which the 

data is written by magnetizing the media in one of two (opposite) directions. A tran

sition between two adjacent areas, which have been magnetized in opposite directions, 

is know as a flux change. The magnetic recording channel is often characterized by 

the maximum number of flux changes allowed per inch (fci). Without coding, the 

density of information which can be written on the media can be no greater than the 

maximum fci. Using modulation coding, it is possible to record more information 

bits per inch than flux changes per inch [4]. 
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1.1.1 (d, k) Modulation Codes 

One very popular type of binary modulation code is known as the (d, k) code. 

The parameter d describes the minimum number of O's which must occur between 

1 's in the encoded data. More insight into the need for this constraint is provided by 

examining the non-return-to-zero-inverse (NRZI) recording scheme which is typically 

used in magnetic recorcing. In this scheme, a 1 is represented by a flux reversal 

(change in direction of the magnetization) while a 0 is denoted by no flux change. 

During the read back process [5], an inductive head is used to transform the sequence 

of flux changes into a sequence of pulses having alternating polarity. The presence of a 

pulse is then determined by peak detection. If adjacent pulses are too close together, 

there is a tendency for them to interfere with each other, causing a reduction in the 

amplitude of the peak as well as a shift in its position. I-Ience, the d constraint is 

enforced to control intersymbol interference (ISI). 

The k constraint describes the maximum number of O's which are allowable be

tween 1 'so This constraint is enforced as a result of synchronization concerns. A 

clocking circuit uses the sequence of pulses from the inductive head to maintain a 

synchronized timing window for the peak detector [51. If adjacent pulses are too far 

apart, synchronization can be lost. Thus, the k constraint is required for clocking 

information. 

Consider (1,3) constraints. All sequences which satisfy these constraints will have 

a minimum of one and a maximum of three O's between 1 'so Now consider the 
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following sequence: 

010001010010100100010101001010001. 

It is observed that it indeed conforms to the (1,3) constraints. 

Let F(max) denote the maximum fci. Using a (d, k) code, the binary data can be 

written at a rate of (d + I)F(max) bits per inch. However, the ratio of information 

bits to coded bits (code rate) R is less than unity for nontrivial (d, k). In fact, 

R :5 C(d, k) where C(d, k) is known as the capacity of the (d, k) constraints and is 

the theoretical maximum R. Clearly, C(d, k) :5 1. Thus, the maximum number of 

information bits per inch is equal to C(d, k) * (d+ 1) * F(max). Consequently, a (d, k) 

code allows for the possibility of a C(d, k) * (d + 1) factor increase in the information 

density relative to the uncoded case [4]. 

1.1.2 Representation of (d,k) Constrained Channels 

Quite often, (d, k) constrained channels are expressed in terms of a state descrip-

lion [8], where a slate represents some pertinent condition in which the channel is 

allowed. Consider a (1,3) constrained channel. The states of such a channel can be 

defined as: 
So 

l::. 
zero consecutive O's = 

SI 
l::. 

one consecutive 0 = (1.1 ) 
S2 

l::. 
two consecutive O's = 

S3 
l::. 

three consecutive O's. = 
Next, an M x !v! state transition matrix B(d, k) is formed describing the transitions 

allowable between the states (where M equals the number of states). Let b;j be the 
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element corresponding to the ith row and ph column of B(d, k) (i,j = 0,1, ... , M -1). 

A value of 1 assigned to b jj indicates that Sj can immediately follow Sj while b jj = 0 

indicates that this transition is not allowed. For the (1,3) example of equation (1.1), 

B(1,3) = [ ~ ~ ~ ~l 
1 0 0 1 . 

1 0 0 0 

(1.2) 

Since the capacity indicates the best possible code rate achievable, it's calculation 

is of great importance. It can be shown [8] that the capacity of (d, k) constraints can 

be calculated as 

(1.3) 

where Amax is the largest eigenvalue of B(d, k). 

1.1.3 Code Construction 

While C(d, k) > 0 proves there exists sequences which conform to the (d, k) con-

straints, no indication is given as to how the mapping from unconstrained sequences 

to constrained sequences is formed. Thus, methods to construct these (d, k) codes 

are of interest. Before examining methods of code construction, it may be beneficial 

to first discuss some important issues used to evaluate modulation codes. 

As mentioned previously, the code rate R is the ratio of information bits to coded 

bits. Consider an RLL code which maps unconstrained sequences of length K to 

constrained sequences of length m (where the length of a sequence is simply the 

number of symbols it contains). The code rate is then R = Kim. It has already been 
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mentioned that this ratio is less than unity for nontrivial (d, k) constraints. Thus, 

J( < m which indicates that it takes m coded bits to convey the same information 

as J( uncoded bits. The extra m - J( bits are used to satisfy the channel constraints 

and convey no information. In order to pack as much information as possible in a 

fixed recording area, R should be as close to the capacity C(d, k) as possible. The 

quantity [RjC(d, k)] X 100% is known as the efficiency of the code and provides a 

percentage measurement of how close the code rate is to capacity. 

Another important property of an RLL code can be referred to as the error prop

agation of the decoder. The modulation decoder can be thought of as the mapping 

from the coded (constrained) sequences to the source sequences. The error propaga

tion is simply the number of decoded (source) bits affected by an error in the coded 

data. Clearly, it is desirable to keep this quantity to a minimum. 

Unfortunately, the code rate and error propagation tend to oppose each other. 

Typically, as R gets closer to C( d, k), the error propagation increases as well. Hence, 

a balance between code rate and error propagation must be struck. 

Since a code is useful only if it can be implemented effectively, this issue must also 

be considered when deciding if a given code is a good one or not. Implementing a 

code consists of designing two components: the encoder (maps unconstrained source 

sequences to coded sequences) and the decoder (maps coded sequences to source 

sequences). It is desirable for both of these devices to consist of a minimum of 

hardware (memory, combinational logic). 
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With the discussion of the important issues surrounding modulation codes com

plete, examination of how RLL codes are determined may proceed. In the course of 

building (d, k) codes, two main types of codes have evolved: block codes and trellis 

codes. 

1.1.3.1 Block codes 

A block code is a one-to-one mapping of unconstrained source sequences of [( 

bits to (d, k)-constrained sequences of m bits, where m is known as the block length 

[8]. This results in R = [(1m. Encoding takes place one block at a time; the 

current codeword depends only upon the current sourceword and not on any past or 

future sourcewords. A block code is also state-independent. A given source word Xj 

is mapped to the same codeword Cj regardless of the channel state. Thus, the inverse 

mapping from Cj to Xj is unique. This results in the error propagation for a block 

code being confined to [( bits. 

It is desirable for a block code to be concatenable. This allows every codeword to 

follow every other codeword. A block code which is not concatenable requires the use 

of merging bits to allow arbitrary codewords to follow one another without violating 

either the d or k constraints. These merging bits convey no information, and thus, 

reduce the code rate. 

As an example, consider (1,5) constraints which have a capacitY''C(l, 5) = 0.651 

[9]. A concatenable block code having block length 4 and R = 0.5 can easily be 
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constructed as: 
Sourceword Codeword 

00 0001 
01 0010 (1.4) 
10 0100 
11 0101 

Here I< = 2 source bits are mapped to m = 4 code bits. Each of the 2K = 4 

sourcewords is mapped to a distinct codeword, and any codeword can follow any 

other without violating the constraints. 

Implementation of a block code can be done using two look-up tables (one for the 

encoder and one for the decoder). Conceptually, this is quite simple but requires the 

sizes, of the encoding and decoding tables to be 21<: x m and 2m xI<, respectively. 

Hence, the amount of memory required increases exponentially with I<. 

Instead of using look-up tables, block codes have also been implemented using 

enumeration schemes in which the allowable sequences have been arranged according 

to their lexicographic order [10][11]. Such ordering schemes can significantly decrease 

hardware requirements. Additionally, these methods do not require a state descrip-

tion, but the resulting codes are not, in general, concatenable. 

As a final note, usually, only a single block code is used to encode data. However, it 

was shown in [12] that it is sometimes advantageous (larger code rate) to incorporate 

multiple block codes in encoding the source data. 
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1.1.3.2 Trellis codes 

Unlike block codes in which the codeword at time t is determined solely by the 

sourceword at time t, trellis codes rely on additional information. For the encoder, 

this additional information takes the form of past codewords and/or future source

words. For the decoder, multiple codewords are required to uniquely determine a 

single sourceword. This results in a single channel error affecting multiple decoded 

sourcewords. 

Interest in trellis codes was sparked by Franaszek [13] - [17]. Then, in their classic 

paper [18], Adler et. al. used the mathematical field of symbolic dynamics to introduce 

the concept of state-splitting in the construction of RLL codes. This work was later 

generalized in [19] and [20]. A description of state-splitting for those not familiar 

with the relatively difficult mathematics found in the earlier papers on the subject is 

provided in [21]. 

In brief, state-splitting entails splitting the channel states into a larger number of 

encoder states sllch that the encoder state transition matrix has rowsum 2K. This 

creates a state-dependent sliding-block code. In practice, state-splitting has proven 

to be a most useful tool in constructing (d, k) trellis codes. The encoders which result 

can be implemented as finite-state machines while the decoders can be constructed 

solely from combinational logic. 
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1.2 OUTLINE OF DISSERTATION 

Recently, a new class of RLL codes, referred to as two-dimensional or multi-

track modulation codes, have been introduced by Marcellin and Weber [9]. In the 

past, (d, k) codes have been devised such that each track indi vid ually satisfies both 

constraints. By having each track satisfy the d constraint but using multiple tracks 

to satisfy the k constraint, it is shown in [9] that increased capacity can be realized, 

relative to the conventional single-track (d, k) constraints. 

The objective of multi-track modulation codes [9] is to satisfy the k constraint 

using all n tracks jointly while satisfying the d constraint in each individual track. 

Hence, the k constraint limits the number of consecutive times that all tracks can 

be 0 simultaneously. For example, consider the following sequences which satisfy a 

two-track (1,2) constraint: 

track 1 00001010001010010 
track 2 01000001010000100. 

It is observed that although both tracks individually have runs of O's larger than 

k = 2, both tracks are never 0 simultaneously more than twice consecutively. 

While [9] proves the existence of such codes, no methods for their construction 

are given. This is the main focus of this dissertation: methods of constructing multi-

track (d, k) modulation codes. Two methods are used: state-splitting (which creates 

a trellis code) and an enumeration scheme (which results in a block code). Also 
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included is a chapter introducing a new class of multi-track (d, k) codes which we 

refer to as redundant multi-track (d, k) codes. 

Chapter 2 presents the method of state-splitting [18] to construct n-track (d, k) 

codes and provides examples (including one which achieves a code rate very near 

capacity) to illustrate the procedure. Chapter 3 describes an enumeration scheme 

which creates multi-track (d, k) block codes which can be implemented much more 

efficiently than by look-up table methods. Chapter 4 presents a new class of codes we 

call redundant multi-track (d, k) codes. These codes exhibit a robustness to media 

defects not found with the multi-track codes of [9]. Finally, Chapter 5 presents a 

summary of our work. 

Before proceeding, it should be mentioned that this work assumes that the RLL 

codes are operating in a noise-free environment (a common assumption). However, 

work has been done with modulation codes taking into account the effects of a noisy 

channel. In [22], the effects of noise on different types of codes (including RLL) is 

presented. A comparison of RLL codes for equalized peak detection assuming the 

presence of additive white Gaussian noise (AWGN) is given in [23]. 

As a final discussion on noise, consider error-correction codes [24]. Error-correction 

codes transform binary source data into data having imbedded in it redundant in

formation which helps to guard against channel errors (the changing of a 1 to a 0 or 

vice-versa). This extra information allows an error-correction decoder to detect and 

correct errors. Often, the problems of error-correction and modulation coding have 
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been treated separately (and is the approach implicitly assumed here). In such cases, 

the modulation code operates on the source data after is has first been coded by an 

error-correction encoder. However, research has also been conducted in the area of 

codes which exhibit both modulation and error-correction properties. The interested 

reader is directed to [25] - [34]. 



CHAPTER 2 

STATE-SPLITTING TECHNIQUES TO CONSTRUCT 

MULTI-TRACK (d,k) TRELLIS CODES 

2.1 INTRODUCTION 

23 

In recent years, the state-splitting techniques presented by Adler et. al. [18] have 

been used extensively to construct modulation codes. The codes which result are 

state-dependent sliding-block codes which are a subset of trellis codes. Using their 

algorithm, the encoders which result are implemented as finite-state machines while 

the decoders can be implemented solely with combinational logic. 

In [IS], it is assumed that Bm (B raised to the mth power) is a binary (i.e. 0-

1) matrix where B is the channel state transition matrix and m is the codeword 

length. This can be ensured by defining the set of channel states as the set of legal 

codewords for the given channel constraints. However, this may result in a large 

number of encoder states. 

Recent literature has shown that restricting Bm to be binary is unnecessary. In 

fact, state-splitting can be carried out on any irreducible m-step transition matrix 

Bm [21]. {A matrix is irreducible if any state Sj can be reached from Sj in a finite 
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number of steps). If Bm is not irreducible, then the state-splitting can be performed 

on the irreducible component of Bm. In this chapter, the state-splitting algorithm in 

[18J is generalized to nonbinary Bm to construct n-track (d, k) codes. 

2.2 ALGORITHM 

The underlying goal of the algorithm in [18J is to create an encoder state transition 

matrix Be with rowsum equal to 2[(, where J( represents the number of source bits 

mapped to each codeword. Doing this provides 2/\ distinct encoder paths leaving 

each encoder state, thereby allowing the unique assignment of each of these paths to 

one of the 2[( distinct sourcewords. 

This goal is accomplished by splitting the channel states into a larger number of 

encoder states. Hence, assuming!l1 channel states, an M x M channel state transition 

matrix is modified into a larger dimension encoder state transition matrix with the 

property that each rowsum equals 2[(. 

2.2.1 Partitioning/Splitting 

Using the Perron-Frobenius theorem [8], it can be shown that for an irreducible 

t.ransition matrix Bn(d, k), a solution v having all positive integer components can 

be found to 

(2.1) 
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whenever Kim::; nCn(d, k) (where Cn(d, k) is the per-track capacity of n-track (d, k) 

constraints. This results in sourcewords of length K being mapped to codewords of 

size n X m. The value of Vj (the it" component of v) indicates the maximum number 

of encoder states into which the channel state Sj will potentially be split and is called 

the weight of Sj. 

Before proceeding, it may be helpful to explain the notation that will be used. 

The notation is based upon the symbol Sj, which denotes the it" channel state. An 

argument (.) following Sj indicates a channel path (a path between channel states) 

which can be thought of as a codeword. Superscripts on Sj denote the offspring 

states of Sj. Finally, an argument (.) following an offspring state Sf denotes a path 

between offspring states. Summarizing, symbols with arguments denote paths while 

those without denote states. Symbols with superscripts refer to the offspring of the 

channel states while those without superscripts refer to the channel states themselves. 

For each channel state Si, an indexed set of succeeding paths Tr(Si) is derived 

consisting of S; .... ,vJ (l, ... , bij) for all bij # 0 where bij is the ijlh element of B~(d, k). 

Again, the superscripts on Sj indicate the encoder states (offspring) into which Sj 

(parent) will potentially be split while the integers in the argument provide an index 

of the distinct channel paths running from Sj to Sj. These succeeding paths are then 

partitioned into disjoint subsets in accordance with the following two rules: 

1. :L Vj = 0 (mod (N = 2[()) for 1 = 1, ... , I a I -1 
S~(q)EAI 

1 lal-1 (2.2) 
2. Vi - -:L :L Vj ~ 0 

N 1=1 S~'(q)EAI 
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where a = {a set of disjoint and exhaustive subsets of the succeeding paths of Sd 

and takes the form 

(2.3) 

In addition to following the above two rules, it is helpful to keep the partitions 

between channel states with similar sets of succeeding paths as alike as possible. In 

fact, if two channel states have the same set of succeeding paths, then each should 

be partitioned identically. Doing this can become advantageous by creating encoder 

states which have identical succeeding paths and outputs; thereby allowing them to 

be fused into a single state which results in fewer overall encoder states. 

Once the succeeding paths of Si are partitioned, Si is split into 1 a 1 offspring states. 

For example, let Vi = 5 and suppose that 1 a 1= 3 with At consisting of succeeding 

paths having total weight of N, A2 having succeeding path with total weight 2N, 

and A3 having the remaining ones (whose total weight must be 2N or more). The 

offspring which result are Sl, sl,3, and Sil
,5 having as their sets of successors A., A2 , 

and A3 , respectively. This partitioning/splitting process continues with the offspring 

states from the previous iteration acting as the parent states for the next iteration, 

until finally all offspring states have a weight of 1. This process should be completed 

in as few iterations as possible since the number of iterations has a direct affect on 

the memory required by the decoder (thus affecting the error propagation). 

The offspring states now become the encoder states, each having at least N suc

ceeding paths (which can now be considered encoder paths). For those encoder states 
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having more than N succeeding paths, some paths are eliminated so that this num

ber is exactly N. This information can be summarized in an encoder state transition 

matrix Be having rowsums with value precisely N. 

2.2.2 Constructing The Encoding Table 

Using B~(d, k), a channel path assignment table is formed in which a distinct 

codeword is assigned to each distinct channel path I (I = 1, ... , bij ) from Si to Sj. 

An encoding table is constructed by first assigning a different one of the N possible 

sourcewords to one of the N succeeding paths of each encoder state. Then, with the 

associated channel path extracted from the subscript and argument of the encoder 

path (for example S3(2) is the channel path associated with Sj(2)), the codeword 

which caused the transition is included as well (determined from the channel path 

assignment table). Now, with e(l) defined as the codeword at time t, x(t) defined as 

the source word at time l, and eel) defined as the encoder state at time t, e(t) can be 

expressed as 

e(l) = ll(e(l -l),x(t)). (2.4) 

Neither the channel path assignments nor the assignments of sourcewords to suc

ceeding paths should be made cavalierly. If two (or more) encoder states have identical 

sets of succeeding paths, then the assignments of sourcewords to succeeding paths 

should be made the same for each. This allows for the possibility of combining them 

into a single encoder state. Regarding the channel path assignments, there are two 
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issues to consider. First, in order for two (or more) encoder states to be merged into 

a single encoder state, not only must they have identical assignments of sourcewords 

to succeeding paths, but the codewords which caused the transitions along the paths 

must be identical, too. This is determined by the channel path assignments. Second, 

in order to simplify the decoder (which is determined from the encoding table), the 

following is desirable. For every encoder state (every row of the encoding table) in 

which a given encoder path Sf(q) is a successor, that encoder path is assigned to 

the same sourceword (Sf(q) is placed in the same column of the encoding table) and 

has assigned to it the same codeword. A discussion as to why this simplifies the 

decoder will be provided in the next section which describes how the decoding table 

is derived. 

2.2.3 Constructing The Decoding Table 

To aid in deriving the decoding table, the following are defined: 

x(t) 
L:,. 

the sourceword at time t = 
c( t) 

L:,. 
the codeword at time t 

s(t) 
L:,. 

the channel state at time t - (2.5) 
s( t) 

L:,. 
the channel path leading to s( t) -

e( t) 
L:,. 

the encoder state at time t = 
e(t) 

L:,. 
the encoder path leading to e(t). -

Additionally, all maps which exist between the above entities are symbolized by 

subscripted ('s (the final map denoting the decoder is left without a subscript). 

Under general conditions, a sourceword at time t is uniquely determined by the 

encoder state at time t - 1 and the encoder path to the encoder state at time t. This 
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can be expressed as 

x(t) = (}(e(t-1),e(t)). (2.6) 

However, under ideal conditions, only the encoder path to the encoder state at time 

t is required. Specifically, if whenever an encoder path appears in the encoding 

table it is assigned to the same sourceword (appears in the same column) and has 

assigned to it the same codeword, then only the encoder path to the encoder state 

at time t is required to determine the sourceword at time t. This corresponds to 

the second condition concerning channel path assignments presented in the previous 

section describing the encoding table. 

To determine the encoder path at time t, both the encoder state and the channel 

path at time t are required. Thus, 

e(t) = (2(e(t),s(t)). (2.7) 

The encoder state at time t is determined from the channel state at t along with 

j subsequent channel paths where j is the number of iterations to complete the 

partitioning/splitting process. Therefore, 

e(t) = (3(S(t); s(t + 1), ... , s(t + j)). (2.8) 

The channel path at time t is determined by the channel state at t along with the 

a:;sociated codeword so that 

sCt) = (,,(s(t),c(t)). (2.9) 
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Define p as the number of previous codewords (in addition to the codeword at time 

t) required to determine the channel state at time t. Then, 

s( t) = (5 (c( t - p), ... , c( t)). (2.10) 

It is seen that (1 through (5 can be composed into a single map ( determining the 

sourceword at time t from only the codewords. This results in 

x(t) = ((c(t - p -1), ... , c(t + j)). (2.11) 

Hence, the sourceword at time t can be obtained from the codewords for times t - p-l 

through t + j, in general. However, the codeword c(t - p - 1) is not required if the 

sourceword at time t can be determined solely from e(t). 

2.3 A ONE-TRACK (1,00) CODE 

This example is very concise, but nicely shows how the state-splitting algorithm 

in [18], generalized to nonbinary matrices, is used to construct a code. 

I-track (1,00) constraints have a capacity C = 0.694. With the channel states 

defined as 

.6 
So zero consecutive O's in channel 

.6 
SI = one or more consecutive O's in channel, 

the channel state transition matrix is given as 

(2.12) 
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A convenient coding rate is R = 2/3 which results in sourcewords of length 2 being 

mapped to codewords of length 3. This requires finding a solution to 

(2.13) 

where 

(2.14) 

A solution to (2.13) which minimizes the £,1 norm is v = [1, 2f. 

The indexed list of succeeding paths of the channel states is then 

T1(So) = {So(l), S:,2(1), S:,2(2)} 
T1(Sd = {So(l), So(2), S:,2(1), S:,2(2), S:,2(3)} 

(2.15) 

where the superscripts are included as a reminder of the weights and as an indicator 

of the projected encoder states. Partitioning is done as 

T1(So) = {S:,2(1), S:,2(2), So(l)} 
T1(St} - {S:,2(1), S:,2(2)} U {So(1), So(2), S:,2(3)} 

which leads to splitting given by 

{S:,2(1), S:,2(2)} 
{So(1), So(2), S:,2(3)} 

(2.16) 

(2.17) 

where the set on the right side of the "---.+" lists the succeeding paths of the offspring 

state on the left side. (Since So has weight = 1 it is not split). There is no more 

splitting to be done since all offspring states have weight = 1. 

So has 5 > N = 4 succeeding paths; hence, one of the paths must be deleted. By 

deleting So(1) from T1(So), So and Sf have the same set of succeeding paths which 

allows for the possibility of combining them into a single state. 
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Table 2.1: Channel state path assignments for (1,00) code. 

Table 2.2: Encoding table for (1,00) code. 

I En coder S tate ~--nrr---r-"S'--,0rriur-rc.;...:e,..-'-'W--i0-nrdr-s-r---r.--t 
00 I a I I 10 I I I 

So Sd(~) SJq) SJJ2) SdJ~) 00 00 10 10 
S: SdJ~) 00 SdJ~) 00 

Sd(~) 
10 

Sd,t,2) 
10 

St So~l) o 1 
So~2) 
1 1 

S;(3) 
00 

SP3) 
00 

For this code, the set of legal codewords is {OOO, 001, OlD, 100, 101} where the bit 

to the furthest right of each 3-tuple is the most recent. The assignments of succeeding 

paths of channel states to codewords is expressed in Table 2.1. With this done, 

the encoding table is given by Table 2.2. Here, both the path to the next encoder 

state and the corresponding codeword are included for each entry. It is noticed that 

encoder states So and S} have identical assignments, allowing them to be fused into 

a single state which is relabeled as So. Sf is then relabeled as SI. The encoding table 

incorporating this reduced set of states is given by Table 2.3 where now each entry 

provides the next state and codeword output. The decoder (determined from the 

encoding table) is given by Table 2.4. In this example, only the current codeword is 

required to determine the current channel state (i.e., p = 0 in equation (2.10)). Also, 



33 

Table 2.3: Reduced state encoding table for (1,00) code. 

I 
Encoder State I Source VXords I 

00 I 01 I 0 I II 

So So 
000 

S1 
000 

So 
010 

S1 
010 

S1 So 
001 

So 
101 

So 
100 

S1 
100 

only the encoder path at time t is required to determine the sourceword at time t. 

With the partitioning/splitting process being completed in a single step, the decoder 

in this example can be expressed as 

x(t) = ((c(t),c(t + 1)). (2.18) 

Only two codewords need be observed to uniquely determine a sourceword. Hence, 

a single channel error can affect at most four decoded bits. 

2.4 A 2-TRACK (1,3) CODE 

This set of constraints allows a state description consisting of the six states So = 

(0,0; 0), S1 = (0,1; 0), S2 = (1,0; 0), S3 = (1,1; 1), S4 = (1,1; 2), and S5 = (1,1; 3) 

[9] with one-step transition matrix B2(1, 3) given by 

0 0 0 1 0 0 

0 0 1 1 0 0 

B 2(1,3) = 0 1 0 1 0 0 
(2.19) 

1 1 1 0 1 0 
1 1 1 0 0 1 
1 1 0 0 0 
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Table 2.4: Decoder for (1, 00) code. 

I ~odewords Source Words I 
n I Yn+l II Xn 

uuu g~g gg 
001 01 
101 01 
100 01 

001 - 00 
010 000 10 

010 10 
001 11 
101 11 
100 11 

100 000 10 
010 10 
001 11 
101 11 
100 11 

101 - 01 

With the per-track capacity of these constraints calculated as C = 0.680 [9], a per-

track rate of R = 2/3 provides a very efficient code and results in sourcewords of 

length 4 being mapped to codewords of size 2 x 3. Using (2.1), a solution y = 

[2,3,3, .5, 4, 3]T minimizing the £1 norm is calculated for 

B~{1,3)y ~ 24y (2.20) 

where 
1 2 2 3 a 1 
2 3 4 4 1 1 

B~(1, 3) = 2 4 3 4 1 1 
4 6 6 5 3 a (2.21 ) 

3 5 5 5 3 a 
3 4 4 2 3 a 
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From B~(1, 3) and v, the indexed list of succeeding paths of the channel states is 

given by 

{S~,2( 1,2,3,4), SI,2,3(1, 2, 3, 4, 5, 6), S~,2,3(1, 2, 3,4,5,6), 

S1,2,3,4,5(1 2 3 4 5) Sl,2,3'''(1 2 3)} 
3 , , , , ," , , 

5.:,2,3,4(1,2,3)} 

5.:,2,3"\1,2,3)}. 

These succeeding paths are now partitioned according to (2.2). The partitioning 

process can be completed in only one step which results in 
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(2.22) 

The sequences of length 3 which satisfy the 2-track (1,3) constraints are described 

by A x A where A = {(ODD), (001), (OlD), (100), (l01)}. The 25 codewords which 

result are arranged lexicographically so that 

( 
000 ) 

Yo = 000 ' ( 
000 ) 

Yi. = 001 ' ( 
101 ) '1'24 = 101 . 

Using B~(l, 3), Table 2.5, which presents the codewords assigned to all distinct paths 

between channel states, is constructed. Using Table 2.5 and the information in 

(2.22), an encoding table is formed in Table 2.6. By judicious assignments of both 

sourcewords to succeeding paths and codewords to distinct channel paths (Table 2.5), 

we were able to derive a final encoding table with only 13 encoder states. This was 
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Table 2.5: Channel state path assignments for 2-track (1,3) code. 

.UeglnIllng Path Path l'ath Path 
Channel State Assignment Assignment Assignment Assignment 

So SoP) = Y6 S~~~~ = Y5 SI,(2) = Y1 $2,(1) = Yi 
S2(2) = Yil S3 1 = 1'2 S3(2) = Yio S3(3) = Yi2 
S5 1) = Yo 

SI So 1~ = Y6 S'o 2 = Y9 s~y~ = Ys 81,(2) = Y1 

SI 3 = Ys S2 1 =Yi S2 2 = Y4 S2~3~ = Y14 

S~~: = Yil S3 1 =1'2 S3(2) = Yio S3 3 = Yi2 
S3 4 = Yi3 S4 1 = Y3 S5 1 =Yo 

S2 SO,(l ) = Y6 80t~{ = Y21 SI 1 = Y5 SI,(2) = Y7 

SI 3 = 1'20 SI 4 = 1'22 S2 1 =Yi S2~2~ = Yi6 
S2 3 = Yll S3(1) = 1'2 S3(2) = Yio S3 3 = Y12 
S3 4 = Yi1 S,ll) = Yi5 S5(1) = Yo 

S3 So Ij= Y, 80(,2J = Y21 80,(3) = Y6 8~~;0, = 1'24 SI 1 = Ys SI(2) = Y1 SI(3) = 1'20 SI 4 = Y22 
SI 5 = Ys SIn = Y" S2(1) = Yi S2(2) = Y4 
S2(3) = Yll S2 4 = Yi" S2 5 = Yi6 S2 6 = Yi9 
S3(1) = Y2 S3 2 = Yio S3 3 = Yi2 S3 4 = Yi1 
S3-(5) = Yi3 S.Jl) = ~ S4 2 = Yi5 S4 3 = Yis 

Sol Sot!) = Y9 80(,2) = Y21 80 3 = Y24 81,\1) = YB 

SI (2) = 1'20 SI(3) = Y1 SI 4 = 1'22 SI ~5~ = Y23 
S2(1) = Y" STl = Y.I S2 3 = Yi4 S2 4 = Yi6 
S2 5 = Y19 S3 1 = Yi3 S3 2 = Yi1 S3(3) = 1'2 
S3 4 = Yio S3 5 = Yi2 S,,(1) = Y3 S4(2) = Yi5 
S4 3 = YIS 

S5 So ,',,1) = Y9 80 2 = Y21 80 3 = 1'24 81~1) = Ys 
SI 2 = 1'20 SI 3 = 1'22 SI 4 = 1'23 S2}) = Y4 ... 
S2 2 = Y14 S2 3 = Yi6 S2 4 = Yi9 S3( 1 -; = Yi3 
S3 2 = Yi7 S" Ii) = ~ S" 2 = Yi5 S,,(3) = Yis 



present II 
state II 0000 0001 0010 0011 0100 0101 

0 O/C2 4/C2 6/C2 7/C2 8/C2 O/CIO 
1 0/C12 4/C12 6/C12 7/C12 8/C12 O/CI 
2 O/C]2 4/C12 6/cn 7/C12 8/C12 O/CI 
3 9/C3 10/c3 6/C3 1l/c3 O/cs 2/cs 
4 0/C12 4/C12 6/C12 7/C12 8/C12 O/C17 
5 9/cIs 10/c15 6/C15 1l/c15 0/C16 O/CI 
6 9/C3 IO/c3 6/C3 1l/c3 9/C15 1O/c15 
7 O/CI 4/cI 5/cI 0/C6 l/c6 O/C24 
8 0/C19 4/C19 5/C19 0/C16 0/C8 2/C8 
9 O/C17 4/C17 6/C17 7/C17 O/cs 2/C8 

10 0/C2 4/C2 6/C2 '/C2 8/C2 O/ClO 
11 O/C]2 4/C12 6/C12 7/C12 B/c12 0/C24 
12 0/C19 4/C19 5/C19 O/CI6 4/C16 5/C16 

next state/codeword 
0110 0111 1000 1001 1010 

4/CIO 6/clo 7/ClO 8/clo O/cs 

4/cI O/Cll 4/Cll 5/Cll 0/C6 
4/cI O/C13 4/C13 6/C13 7/C13 

3/C8 O/Cl1 4/clI 5/Cll O/ca 
4/C17 6/C17 7/C17 8/C17 0/C22 
4/cI O/Cll 4/cll 5/Cll 4/C16 
6/C15 1l/c15 9/C18 IO/cIs 6/C18 
l/c24 O/Cll 4/Cl1 5/Cll O/ca 
3/C8 O/CI3 4/C13 6/C13 7/C13 

3/C8 0/C13 4/C13 6/C13 , /C13 

4/CIO 6/clo 7/clo B/clo 0/C22 
l/cu O/Cl1 4/Cl1 5/Cl1 O/C23 
O/cn 2/C22 3/C22 0/C23 O/Ca 

1011 1100 1101 

2/cs 3/cs O/C7 

l/c6 5/cI 9/co 
8/C13 5/cI O/e. 
4/ca 5/ca 9/co 
2/C22 3/C22 0/C20 
5/C16 5/cI 9/co 
1l/c18 O/C9 l/c9 
4/C14 5/CH O/e. 
4/C16 5/C16 0/C23 
8/C13 8/C17 0/C20 
2/C22 3/C22 0/C7 
2/C23 3/C23 O/e. 
4/C14 5/ca 0/C4 

1110 

2/C7 
12/co 

4/C4 
12/co 

2/C20 
12/co 

0/C21 
4/C4 
2/C23 
2/C20 
2/C7 
4/C4 
4/C4 

1111 

3/C7 
6/co 
5/C4 
6/co 
3/C20 
6/co 
1/c21 
5/C4 
3/C23 
3/C20 
3/C7 
5/C4 
5/C4 

w 
00 
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made possible by assimilating those encoder states representing identical rows in the 

first draft (not shown) of the encoding table. 

Since splitting was performed in a single step, and the current channel state can 

be determined from the current codeword, the sourceword at time t is derived from 

the codewords at times t - 1, t, and t + 1; i.e., 

x{t) = ((c(t -1),c(t),c(t + 1)). (2.23) 

Hence, a single channel error can affect at most 12 decoded source bits. 

The decoding table for this code is given in Table 2.7. The columns headed by 

"c(t)" contain the index of the codeword to be decoded at time t. The columns 

headed with "c(t - 1)" describe how the codeword at time t - 1 affects the decoding 

of c(t). For codewords in which c(t -1) plays no role, "- - -" is found in this column. 

Because the entries in this column are often too lengthy to fit on one line, they may 

be contained on multiple lines. Different cases of the effect of c(t - 1) for the same 

codeword are delineated by a horizontal line running from "c(t -I)" to "x(t)". The 

columns headed by "c( t + 1)" describe how the codeword at t + 1 affects the decoding 

of c(t). Finally the columns headed by "x(t)" contain the sourceword into which 

c(t) is decoded. For example, let c(t) = C23, c(t - 1) E {C2, ClO, C12, C13, cld, and 

c(t + 1) E {Cl' c." CI2, CI3}' In this case, c{t) decodes to x(t) = 1110. If instead 

c(t - 1) E {C3, CIS, CIS}, then c(t) decodes to x(t) = 1011. 

In general, a sourceword at time t is determined by observing the codewords at 

t - 1, t, and t + 1; however, 18 of the 25 codewords can be decoded without using 
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the previous codeword. The decoder can be thought of as a deterministic function 

which maps 18 bits to '1 bits, with a single channel error affecting at most 12 decoded 

source bits. 

2.5 SUMMARY 

We have shown how the generalization of the state-splitting algorithm of [18] 

can be used to construct multi-track (d, k) codes. In section 2.4, we constructed 

an extremely efficient code satisfying 2-track (1,3) constraints. The code used for 

I-track (1,3) constraints is the Miller code [5] which has a rate of R = 0.5. By 

using this 2-track (1,3) code having R = 2/3, a 33% improvement in code rate is 

obtained. Hence, much greater storage density is realized. Additionally, the encoding 

and decoding circuitry are easily built using standard digital design techniques [35]. 
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Table 2.7: Decoding table for 2-track (1,3) code with R = 2/3. 

I c( t) I c( t - 1) I c(t + 1) I x (t ) II c( t) I c( t - 1) I c( t + 1) I x(t) 
tl,lJ,TI,:W H~fi 1~'1'J,1'9 8l;j,17~21T 888r 0 -- - 4,14
9
16

5
19

8
22

i
23 ,7,10, 2 

3,: 1 ,.1 ).2 1111 39151821 0010 

uda1g'~ltl, ~,-5i~1O gt~fi 15 4 14 16.19 22.23 0111 
12,1 ,~0,22 tl1VIV1~ gtg~ 1 222324 o 1 11.15.16 1100 2,10,12, 

~I\~IV' 12~15l16U22 ~yyg 13,17 3,9' 1'5 1'8 21 0110 
4 14 i6J9,22,23 0111 

0,1',11',15' 16 1100 1~':i~,i'9 d\Y~6U22 YfiY~ 
1ITi:16~2 gggy o 1',11' 15' 16 1011 

2 - -- 3,9' 15 18,21 0010 "l I13u IV" 12~'I5i 716u22 Y~n 1,4,6,Ii,14,24 0011 16 
8 13 16 19.23 DIDO 

, o l' 11' 15' 16 1100 
tl,lJ;17 ?IT ggg~ "l,5,7;1U lmfi 3 - -- 2,7,10, 2 0 12,17,10,22 

3,9
i
15

i
18

2
21 0010 o 1 11 1516 0101 

4 14 6 9 .. 2.23 0011 "ltb_I~'1O ~ ~,_~,( ,10 H~fi 1,411 12,17,10,22 
4 - -- 12,17,10,22 14,1'6,1'9 39 15 1821 0111 

0.1 11.15.16 1111 1,4,6,Ii,14,24 1000 
"L.,5,I,lU 

t~tY 
8 13.16 1923 1001 

5 - -- 134812i13 17 "ltb_I~,lU ggg~ 0,.. 1 14 1100 12,17,20,22 
{j,9,:n,~4 0}~'}{~2 tgtY 3,15,18 3,9 15 1821 0010 

6 1,4,6,Ii,14,24 0011 

"L.I\~l~'L, "L.,~,I,lU GYM 8 13.16 1923 1100 
0.1 6 11 12 tl21fi1o' 2~2U tgg~ 
[f{2\U3 HYfi 18 - --

7 - -- 3 9' 1'5 1'8 21 10lD 
0,38 Ii 14 1111 4 14,16,19 22 23 1011 

8 - -- 1~45{211U3 
0,3 8 Ii 14 

gtgy 
0110 

19 - -- IliV'26
U
22 ggg~ 

o 1'11',1516 0010 
tI - -- o-,f~' l'f~2 Ho~ 1"L.

4
5i7i \U

3 UYA 20 - --
ll!Pi:26~22 gtYfi o 3,8,d 14 1111 

"l1 o 1'.~'~'{.~2 tH~ 10 - -- 3,9' 15 18 21 0111 
1,4,6,11,14,24 1000 lljj

,(115, !"":iY2\U3 tgt~ 8 13 16 1923 1001 

12~i5i :i6~22 ~fiM 
22 16,18 19 o 3,8,d,14 1100 

11 - -- 1"l4517l1~ ·~nY 0.1 11.15.16 1001 0 

1i~N~6~2 ggg~ o 3.8 11.14 1000 
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CHAPTER 3 

ENUMERABLE MULTI-TRACK (rl,k) BLOCK CODES 

3.1 INTRODUCTION 

In this chapter, we propose a method to construct multi-track (d, k) block codes 

which can be implemented using an enumeration scheme based on a trellis. While 

block codes can be implemented via look-up tables, the amount of memory re

quired for such an implementation increases exponentially with the block length. 

Our method is a computational algorithm which requires only a linear increase of 

memory (and computations) with block length. 

Enumeration is a process in which the elements of a given set are assigned an index 

according to their lexicographical order. For m-tuples of numbers, a lexicographic 

ordering can be defined as follows. For x = (xo, ... , xrn-d and y = (Yo, ... , Yrn-d, 

then x < y if there exists some index i such that Xi < Yi and Xj = Yj V j < i. 

In [36], Cover enumerates an assortment of sets ranging from simple unconstrained 

binary sequences to sequences derived from a first-order stationary Markov source. 

The concept of enumerating allowable sequences in implementing single-track (d, k) 

block codes was introduced by Tang and Bahl [10] and extended by Beenker and 



43 

Immink [11]. Their methods do not require a state description, but the resulting 

codes require merging bits for the codewords to be concatenable. An enumeration 

scheme using a trellis description of allowable transitions was introduced by Fitingof 

[37J for single-track (d, k) codes. Blake [38] enumerated the codewords for a class of 

codes equivalent to single-track (0, k) codes. Our method uses some of the concepts 

of Freiman and Wyner [39] concerning optimal block codes combined with the trellis 

description of Fitingof to devise easily enumerable block codes with good code rates. 

Before describing this method, we first present a slight reconfiguration of t.he 

transition matrix Bn{d, k) presented in Chapter 2. Also, a review of the salient 

points concerning block code construction [8] is presented. 

3.2 BACKGROUND 

3.2.1 Reconfiguring Bn(d, k) 

For our purposes, it is beneficial to repartition Bn( d, k) as 

B (d k) = [E(l) F(l)] 
n, G(1) H(l) (3.1 ) 

where the dimensions of these submatrices are as follows: dim(E(l)) = D X D, 

dim(F(l)) = D X L, dim(G(l)) = L X D, and dim(H(l)) = L X L and where 

D = (d + l)n - 1 and L = k - d + 1. The argument, 1, following each submatrix 

simply denotes that it is a component of the one-step transition matrix Bn(d, k). 
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The matrix F( 1) assumes the form 

F(l) = [ f(l) (3.2) 

where f(l) is a column vector having exactly (2n - 1) l's and 0 is a D X (L - 1) 

matrix of all O's. The value (2n - 1) arises because the state represented by f(l) is 

(d, d, ... , dj d). This state can be reached by a number of states equal to 

where i represents the number of Xj with value d -lj the remaining (n - i) Xj having 

a value of d. This is recognized as a sum of binomial coefficients and is equal to 

Additionally, it can be seen that H(l) takes the form 

o 1 0 0 

H(l) = 0 

o 
o 

o 
1 0 
o 1 

o 0 

(3.3) 

This submatrix describes the allowable transitions between the set of states described 

by {(d,d, ... ,djd),(d,d, ... ,djd+ l), ... ,(d,d, ... ,djk)}. It is also noted that the .. 
rows of G(l) are identical. With the important points concerning multi-track (d, k) 

codes now presented, it is instructive to examine some concepts concerning block 

codes. 
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3.2.2 Block Codes 

Typically, a block code is concatenable; i.e., every codeword can follow every other 

codeword. A block code which is not concatenable requires the use of merging bits 

to allow arbitrary codewords to follow one another without violating either the d or 

k constraints. The block codes to be discussed in this chapter are all concatenable. 

A terminal state is a state in which the encoder is allowed to be at the end of 

a block (or codeword). Typically, a block code is formed by first choosing a set of 

terminal states from the entire set of states which describe the constraints. This set 

is called a terminal set. Then, for each state in the terminal set, the set of allowable 

sequences of length m which begin in that state and end in any terminal state is 

determined. Finally, the intersection of all these sets of allowable sequences is found. 

Assuming this intersection consists of N elements, it forms the set of codewords for a 

block code of length m and can be used to encode the integer part of log2(N) source 

bits. 

When designing a block code of length m, it is desirable to pick the terminal set 

such that the aforementioned intersection of allowable sequences is maximized; i.e., 

has the maximum number of codewords. When this maximization occurs for a given 

m, the resulting code is said to be optimal. 
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3.3 A CLASS OF ENUMERABLE BLOCK CODES 

The goal of this section is to construct n-track (d, k) block codes which can be 

implemented by a more memory efficient means than a look-up table. As mentioned 

before, Tang and Bahl [10] devised a clever enumeration scheme to implement single

track (d, k) codes which is considerably more memory efficient than a look-up table. 

While the codes which result require merging bits for the codewords to be concaten

able, their methods require no state description in the implementation. Essentially, 

each codeword has associated with it an integer value which is unique from that which 

is assigned to any other codeword. Additionally, with N equal to the total number of 

allowable codewords with given block length, the set of all such integers forms a con

tiguous set whose elements lie in {min, min + 1, ... , max} where max - min + 1 = N. 

Encoding involves converting the decimal equivalent w of a [(-bit sourceword to the 

codeword having associated integer value w + min. This conversion process is es

sentially a series of comparisons against predetermined threshold values. Decoding 

consists of converting the codeword to an integer value in {a, 1, ... ,2[( - I} which 

is the decimal equivalent of the proper sourceword. The encoding and decoding pro

cesses rely on the use of stored thresholds and scaling factors whose values are based 

on calculations involving numbers of allowable sequences of decreasing lengths. 

Unfortunately, we have found that a generalization of this scheme for arbitrary 

n-track (d, k) codes is intractable due to the need to monitor the d-constraint in 
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each track. Hence, we incorporate a trellis derived from the state description in our 

method. 

Consider an output symbol c(l) at time 1 derived from the outputs of each of the 

n tracks Zi( 1) as 
n-l 

c(l) = L zi(l)2i. (3.4) 
i=O 

Hence, a new symbol set A = {O, 1, ... , 2n - 1} is formed and a codeword of length 

m is described by c = (Co, Cl, ... ,Cm-l) E C where C C Am is the set of codewords 

(chosen to satisfy the multi-track (d, k) constraints). The goal of our enumeration 

scheme is to lexicographically order the set of codewords. 

Consider the one-step state transition matrix Bn(d, k) in which a value of 1 for 

the (ij)th element indicates that state Sj can immediately follow state Si. This 

information can also be summarized in the form of a trellis, indicating allowable state 

transitions [8j. In our method, we augment the trellis description by associating 2n 

values N;(I)(l) (p = 1,2, ... , 2n) with each node. The argument 1 represents the time 

index of the trellis and the superscript i(l) denotes the index of a state at time 1 in 

the trellis. For a given terminal set, these N;(I)(l) describe the number of sequences 

of length m -1 which begin in Si( 1) with a symbol less than p and end in any terminal 

state. They are calculated recursi vely as 
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where Si(1+1) is the state reached (at time 1+ 1) when the symbol p - 1 is output 

from Sit/) (at time I). The initial conditions of this recursion are specified by 

Ni~m)(m) = {I if Si(m). is a terminal state, 
2 0 otherwIse 

(3.6) 

and 

N~(l) (I) = 0 for all I and i(l). (3.7) 

An example of an augmented trellis for two-track (1,3) constraints appears in Section 

3.4. 

3.3.1 Enumeration 

The determination of the lexicographic number of a given codeword is based upon 

knowing the number of allowable sequences which begin with each of the elements 

of A at each node of the trellisj i.e., the N;(l) (I). Like Tang and Bahl in [10], we 

are trying to associate a unique integer value with each allowable codeword with the 

resulting set of integer values forming a contiguous set. In our case, this set will take 

the form {O, 1, ... , I C I -I} where I C I is the number of codewords in the code. 

Consider now only those states whose transitions are described by the H(I) portion 

of Bn(d, k) and relabel them as 8j = Sj+D-t, j = 1,2, ... , L where again L = k-d+1. 

We then have 81 = (d,d, ... ,djd),82 = (d,d, ... ,djd+ 1), ... ,8L = (d,d, ... ,djk). 

It is easily observed that for a given 8j , all sequences of arbitrary length r which are 

allowable from this state are also allowable from Si (i = 1,2, ... ,j - 1). In terms 

of [39], this results in an ordering of the {Sdf=1 as 81 ~ 82 ~ ••• ~ SL-1 ~ SL. 
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Given this fact, when specifying the terminal set T, if Sj is included in T, then Si 

(i = 1,2, ... ,j - 1) should be included as well. Omitting any such Si would only 

decrease the number of allowable codewords. 

Using this knowledge, the only terminal states which should be considered are 

(3.8) 

In the language of [39], these terminal sets are known as complete terminal sets 

with minimum element Sj. Since the set of allowable sequences of Sj is contained 

within the set of allowable sequences of every state in Tj, the block code of length 

m generated by Tj , denoted Cj, is simply the set of sequences of length m allowable 

A '+D 1 from Sj and consists of 1 Cj 1= N~n - (0) elements. 

3.3.1.1 Decoding 

The decoding algorithm is a generalization of that proposed by Fitingof for single-

track (d, k) codes [37]. Let c = (Co, Cl , ••• , Cm-l) be a codeword in Cj and consider 

the decoding of c. Assume the decoder begins in Sj = Sj+D-l. Let v(O) = N~~O)(O) = 

N~+D-l (0) and proceed to the state Si(l) connected to Sj by the line labeled with Co. 

We then assign v(l) = v(O) + N~!l)(l). In general, for I = 1,2, ... ,m - 1, 

v(l) = v(l- 1) + N~,(l)(l) 

where i( l) represents the decoder state at the time C! was output. It is then easily 

shown that v{m -1) represents the number of codewords which have a lesser lexico-

graphic number than c where the ordering is based on 2n -ary sequences of length m. 
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This implies that v( m - 1) is the lexicographic number of c and hence, the decimal 

equivalent of the source word corresponding to c. 

3.3.1.2 Encoding 

The encoding of a [(-bit binary source word begins by first converting it to its 

decimal equivalent v. Letting V(O) = v and beginning in Sj = Sj+D-l, the largest 

index C{) E {O, 1, ... , 2n - 1
} is sought such that N~JO)(O) = Nto+D-l(O) :5 v(O). We 

then set v(1) = v(O) - Nto+D-l(O). The path leading from Sj+D-l labeled with Co 

is then traversed to the next state S;(I)' Now the largest symbol Cl is sought such 

that N~F)(1) :5 v(I). We then set v(2) = v(1) - N~~l)(I). We proceed in this manner 

until Cm-l is found such that v(m) = O. The codeword which results is simply 

An interesting facet of this scheme is that the trellis contains all the relevant 

information concerning both decoding and encoding of codewords. Hence, the actual 

codewords under this scheme need not be known. They are generated automatically 

by the algorithm. 

3.3.2 Maximizing Codewords 

We now look for the terminal set of the form 

(j = 1, ... ,L) (3.9) 
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which yields the code of the largest size. Denote this terminal set by Tmax. It can be 

shown (see Appendix A) that 

Tmax = { 
T(L+l)/2 

T L/ 2 or TL/2+1 

L odd 
Leven 

(3.10) 

Thus, for an arbitrary n-track (d, k) code, the terminal set (of the form shown in (3.9)) 

which generates the optimal code is immediately known. For arbitrary terminal 

sets, a code of greater size than Tmax may result. However, using our algorithm 

for codewords generated by a terminal set with no minimum element results in a 

collection of unique, but not contiguous integers. 

Considering only terminal sets of the form in (3.9), the size of the resultant code 

is easily found without building the trellis. For a given length m, the number of 

codewords generated by Tmax can be found from B~(d, k) (the m-step transition 

matrix). B~(d, k) is partitioned as 

Bm(d k) = [E(m) F(m)] 
n' G(m) H(m) . (3.11) 

Let jo be such that Tjo = Tmax and let Nmax be the number of codewords generated 

by Tmax. Then, Nmax is simply the number of sequences beginning in Sjo and ending 

in any state in Tjo . Thus, 
jo 

Nmax = 2: hjoi 
i=l 

(3.12) 

where hjoi is the element of H(m) in the j// row and ith column. Hence, Nmax is just 

a partial rowsum of H(m). 
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3.3.3 Memory Requirements 

A rough calculation of the number of memory cells At required for implementing 

this scheme is 

111 = {(m - 1)[(d + It + k - dl + I} (2n - 1) + [(el + l)n + k - ell2n. (3.13) 

This calculation is derived as follows. Consider only the first term in (3.13) 

{ (m - 1)[( el + 1 t + k - ell + I} (2n - 1). (3.14) 

It is observed that the N~~)(l) are not required in either the decoding or encoding 

algorithms. They are only used in constructing the trellis. Once the trellis is con-

structed for length m, the N~~) (I) can be discarded. Therefore, each node of the 

trellis has associated with it (2n - 1) values N;(l)(l) which need to be stored (Note 

'(1) t::. 
that N~ (/) = 0 V 1 and does not need to be stored). The number of nodes of the 

trellis for which this information is needed is equal to 

(m - 1)[(el + l)n + k - ell + 1. (3.15) 

This results from realizing that at each time index, the trellis contains a number of 

nodes equal to [(d + l)n + k - ell. Also, while the trellis is m time units long, only 

m - 1 of the time units require this information at all [(el + l)n + k - d] nodes. For 

time index 0, only the information for the node corresponding to the single starting 

state is required. Thus, (3.15) and consequently (3.14) result! . It is also noted that 

1(3.15). and hence (3.13). are actually upper bounds as several more N;(l)(1) can be discarded 
for small / > O. 
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an upper bound on the value that any N;(l)(l) can have is given by 2[( where J( is 

the length of the sourceword. This arises by realizing that 2[( is the total number of 

codewords in the code. Therefore, a maximum of J( bits are required to store any 

Now consider the second term in (3.13) 

(3.16) 

In addition to the information concerning the N;(l) (I), the description of the paths 

leading from each node to the nodes at the next time unit are required. There are at 

most 2n such paths. Note also that this information is identical at each time index 

of the trellis, and hence, it need only be stored once (not once per time index). With 

[Cd + 1)n + k - d] nodes at each time index, (3.16) provides an upper bound for the 

number of storage cells required for this information. The number of bits needed for 

each of these cells is given by log2[(d + 1)n + k - dJ. 

In a look-up table approach, 2[( memory cells are required where J( is the length 

of the sourceword and each cell requires nm bits. A valid comparison between the 

memory needed for a look-up table versus our scheme requires the calculations for 

each to be based on the same code rate R :5 Cn(d, k) where Cn(d, k) :5 1 is the 

capacity implied by the n-track (d, k) constraints [9]. For an n-track (d, k) block 

code having length m and source word length J(, 

R=~. (3.17) 
nm 



The memory required for a look-up table (in terms of cells) is then given by 

M 2K - 2nmR 
lookup = - . 
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(3.18) 

Thus, for a given code rate R, it is seen that (3.18) is exponential in block length m 

while (3.13) is only linear in m. 

The comparison between the two methods can be carried a step further to the 

actual number of bits required by each. For our scheme, an upper bound is provided 

by 

AI < {(m - 1)[(d + l)n + k - d] + I} (2n - l)nmR 

+[(d + lr + k - d]2n log2[(d + It + k - d] (bits). (3.19) 

For the look-up table approach, 

Mlookup = nm2nmR (bits). (3.20) 

Hence, it is seen that beyond a certain value of m which depends on the parameters 

d, k, n, and R, our scheme is considerably more memory efficient. 

3.4 EXAMPLE - 2-TRACK (1,3) CODE 

We now present an example of our scheme for a 2-track (1,3) code with R = 0.5. 

The six states for this code are: So = (0,0; 0), SI = (0,1; 0), S2 = (1,0; 0), S3 = 
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(1,1; 1), 84 = (1,1; 2), and 8 5 = (1,1; 3), and B 2 (1,3) is given by 

0 0 0 1 0 0 
0 0 1 1 0 0 

B 2 (1,3) = 
0 1 0 1 0 0 

(3.21) 
1 1 1 0 1 0 

1 1 1 0 0 1 
1 1 1 0 0 0 

Relabeling the last L = k - d + 1 = 3 states as 51 = 83, 52 = 8 4 , 53 = 8 5 and using 

(3.10), it is seen that Tmax = T2 = {S\, 52}' Letting m = 4, we find that B~(I, 3) is 

given by 
4 6 6 5 3 0 

6 10 9 9 4 1 

B~{1, 3) = 6 9 10 9 4 1 
(3.22) 

8 14 14 16 5 0 
8 13 13 13 5 3 
5 9 9 11 2 3 

By examining the lower right submatrix H(4) of B~(I, 3) and using (3.12), it is 

seen that Tmax generates 18 codewords. Hence, all unconstrained 16 4-bit binary 

sourcewords can be mapped to codewords satisfying the (1,3) constraints. 

The trellis which is used in both the encoder and decoder is given in Figure 3.1. 

Here, the four integer values above each node correspond to the N;(I) (l) (p = 1,2,3,4) 

in increasing order with p = 1 corresponding to the top value. Note that while the 

N~(I)(l) have been included here (to aid the reader in seeing the trellis construction), 

they are not used by either the encoding or decoding algorithms. The 16 source 

words {(OOOO), ... , (llll)) convert to decimal equivalents {O, ... , 15} which can be 

encoded using the trellis. To illustrate this process, two different source words will 

now be encoded. 



1 = 0 1=1 

1 
1 
1 

1=2 

1 
1 
1 
1 

1 = 3 
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s 0 (0,0;0) 

S (0,1;0) 
1 

S (1,0;0) 
2 

S (1,1;1) 
3 

S 4 (1,1;2) 

S 5 (1,1;3) 

1=4 

Figure 3.1: 4-Step trellis for 2-track (1,3) constraints with T2 = {S't,S2} = {S3,S.t 
}. 
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Consider the source word x = (0000) which has decimal value O. Beginning 

in initial state 82 = 54 and with v(O) = 0, it is seen that N;(O) $ v(O) is only 

satisfied when Co = o. (Recall that N~(I)(l) = 0 for all 1 and i(l).) Therefore, 

v(l) = v(O) - N(1(O) = 0 - 0 and the path from 54 labeled with "0" is traversed to 

the next state 55. Here, it is seen that Nf(l) $ v(l), thereby indicating that Cl = 1. 

The path from 55 labeled with "I" is followed to 52 and again V2 = o. Since only 

NJ(2) = 0, C2 = 0, V3 = 0, and the path labeled with "0" is traveled from 52 to 53. 

With only Ng(3) = 0, C3 = 0 and the ending state is 54 with V4 = o. Hence, (0000) 

encodes to 

(0100) = (0 0 0 0) o 1 0 0 . 

Now let s = (1100) which has decimal value 12. Again beginning in 54 but with 

v(O) = 12, it is seen that N~(O) = 10 $ 12. Therefore, Co = 2, VI = 12 - 10 = 2, and 

the path labeled with "2" is followed to 51. Here, only NJ(l) = 0 $ 2, so C1 = 0, 

V2 = 2, and the next state is 53. Now, Ng(2) = 2 $ 2 so C2 = 3, V3 = 2 - 2 = 0, and 

the next state is 50. With V3 = 0, only N8(3) $ V3, and so C3 = 0, V4 = 0, and the 

ending state is 53. Hence, (1100) is encoded as 

(2030) = (~ ~ ~ ~). 

The remaining source words can be encoded in like manner. The results are summa-

rized in Table 3.1. This table is provided only as an aid to the reader in following 

the encoding scheme. In an actual implementation, there is no need to generate such 

a table. 



Table 3.1: Encoding table for 2-track (1,3) with m = 4 and T = {S3, S4}. 

I Source I Code II Source I Code I 
VVord VVord VVord VVord 

0001 
0010 
0011 
0100 
0101 
0110 
0111 

0120 
0200 
0210 
0300 
1010 
1020 
1030 

To illustrate the decoding process, let 

1001 
1010 
1011 
1100 
1101 
1110 
1111 

1210 
2010 
2020 
2030 
2100 
2120 
3010 

c = (1210) = (~ ~ ~ ~). 
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Starting in S4 with Co = 1, it is seen that v(O) = 5 (i.e., Nt(O) = 5). Continuing 

to S2 (along the path labeled "1"), we find that Cl = 2 yields Ni(l) = 3 so that 

v(l) = v(O) + 3 = 8. The state which follows is SI and with C2 = 1, v(2) = 8 + 1 = 9. 

Finally, C3 = 0 implies that v(3) = 9 + 0 = 9. Hence, the lexicographic number of 

c = 1210 is 9. Converted to binary form, 9 becomes (1001). Thus, (1210) decodes to 

(1001). The other codewords are decoded in a similar manner. 

The capacity of a 2-track (1,3) code is 0.68 [9]. This example, which was chosen 

for simplicity of explanation and not efficiency, results in a code rate which is not very 

close to capacity. The principal reason for using an n-track (d, k) code rather than 

a single-track version is the increased capacity which can be realized. For a 1-track 

(1,3) code, the capacity is 0.55. Thus, in order to justify the use of the 2-track code, 

at least some of the extra capacity must be garnered. By increasing m, the code rate 
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Table 3.2: Rate vs. block length for 2-track (1,3) code. 

1m! R 11m! R 11m! R 11m! R 
5 1~2 9 1~1,18 13 8j13 17 211.34 
6 1/2 10 3/5 14 17/28 18 23/36 
7 

V1
7 11 13/22 15 19/30 19 12/19 

8 9 16 12 5)_8 16 5/8 20 5/8 

R can be increased (although not in a monotone fashion) toward the 2-track capacity 

of 0.68. Table 3.2 provides values for R as m is increased. As m grows, the amount of 

memory conserved by this scheme relative to a look-up table increases dramatically. 

With m = 4 as in the example, our scheme uses more memory than that required by 

a look-up table, but for m ~ 6, our scheme is more efficient. 

3.5 SUMMARY 

We have presented a method to generate concatenable block codes for arbitrary 

n-track (d, k) codes. The resultant code is implemented via use of an enumeration 

scheme based on a trellis which contains all the relevant information about the code-

words. This allows both encoding and decoding to be executed without explicit 

knowledge of these codewords. The advantage of this scheme over a look-up table 

implementation is in the amount of memory required. For a look-up table approach, 

the memory required for implementation increases exponentially for increased block 

length m. Using our approach, memory increases only linearly with m. 
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CHAPTER 4 

REDUNDANT MULTI-TRACK (d,k) CODES 

4.1 INTRODUCTION 

The multi-track (d, k) codes of [9], as discussed in the previous chapters, satisfy the 

k constraint using all n tracks. While [9J points out that a more general formulation 

of multi-track codes would allow for synchronization to be derived from any 1 of the 

n tracks, the paper proceeds on the basis of l = n; i.e., all tracks are used to satisfy 

the k constraint. Unfortunately, this creates a problem when one or more tracks go 

"bad" (a "bad" track being one in which a media defect occurs, for example). In 

addition to losing the data on the bad tracks, synchronization is also lost on all tracks 

since all n tracks are used to satisfy the k constraint. Thus, even the data on the 

"good" tracks is lost. If synchronization could be maintained, the data on the good 

tracks would remain intact, and the data on the bad tracks could be recoverable using 

error-correction codes. 

In the bulk of [40J, Swanson and Wolf address this concern by developing a class 

of codes which is essentially a hybrid of single-track and multi-track codes. They 

make use of two types of k constraints: kx which must be satisfied in each track (as 
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in the case of single-track codes), and ky which is enforced collectively by all n tracks 

(as in the case of multi-track codes). With ky < kx, even if a media defect involving 

a proper subset of the n tracks occurs causing ky to be violated, the kx will remain 

intact on the nondefective tracks. Thus, while clocking information has been reduced 

as a result of the defect, it has not been eliminated. 

In this chapter, we base synchronization on any subset of I < n tracks resulting 

in (d, k) constraints which exhibit a synchronization 1·edundancy. This redundancy is 

given by r = n -/ and equals the number of bad tracks which can be tolerated while 

maintaining synchronization (with no reduction in the clocking information). Single-

track codes exhibit the maximum redundancy of r = n - 1 while the multi-track 

codes examined in [9J exhibit the minimum redundancy of r = n - n = O. 

As an example, consider the following sequences which conform to 3-track (1,2) 

constraints with r = 1: 

track 1 0100010100100100 
track 2 0000100000010001 
track 3 1001000100100010 

While all three tracks individually have runs of O's longer than k = 2, each subset 

of n - r = 2 tracks has at most two consecutive instances in which both tracks 

are 0 simultaneously. Thus, anyone of the tracks could suffer a defect without 

synchronization being lost. 

At the end of [40] a brief section is presented in which the ky constraint is satisfied 

even when a media defect is incurred. The end result of their extension is similar to 
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the end result of the methods presented in this paper.1 They introduce a parameter 

p which is equivalent to our r -1. Our work differs from that reported in [40J in that 

they continue to incorporate the kx constraint in each track (a constraint that reduces 

the efficiency of the resulting codes). Also, to form the state transition matrix, they 

start wi th (kx + l)n states and then cross out those that would result in a violation 

of the kll constraint. We have instead developed a recursive expression to derive 

the state transition matrix Bn,r(d, k). Not only does this result in a more efficient 

construction, but also leads to a method of computing capacities without building or 

storing Bn,r(d, k). 

4.2 MULTI-TRACK CODES WITH r> 0 

In this section, we present the formulation of multi-track codes which can tolerate 

r bad tracks while still maintaining synchronization. 

4.2.1 The State Transition Matrix 

Consider n-track (d, k) constraints with r > O. In this case, we would like to 

maintain synchronization whenever the number of faulty tracks is r or less. Since it 

is unknown which r tracks will be faulty, the k constraint must be satisfied by every 

subset of I = n - r tracks. The number of such subsets is equal to ( ~ ) . Such 

constraints admit a state description of the form (Xl, X2, ••• , xn) where Xi describes 

1 As [40] had not yet appeared, we were unaware of that work until after the completion of the 
work reported here. 
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the consecutive number of O's in the ith track. Since it is necessary to know when k 

consecutive O's have occurred in each track, Xj E {O, 1, ... ,k} with Xj = k indicating 

that k or more consecutive O's have been output in the ith track. The total number 

of states is then equal to (k + 1) n • 

As an aid to deriving the state transition matrix for these constraints, the states 

are arranged in lexicographic order from So to SD where D = (k + 1)n - 1. That is, 

Sj is the state described by the n-tuple (Xjl' Xj2, ••• , Xjn) which (when interpreted as 

a (k + l)-ary number) has decimal value j. 

The (k + l)n x (k + l)n state transition matrix for n-track (d, k) constraints with 

redundancy r, Bn.r(d, k), describes transitions between states which are allowed, 

subject to the imposed constraints. Let bjj denote the entry in the i th row and jlh 

column of Bn.r( d, k). A value of 1 assigned to bjj indicates that the state Sj can 

immediately follow the state Sj. For bjj = 0, no such transition from Sj to Sj can 

take place. 

Bn.r(d, k) can be partitioned into a (k + 1) x (k + 1) matrix whose elements 

b jj (n - 1) are matrices of dimension (k + 1) n-l X (k + l)n-l. Each bjj (n - 1) describes 

the allowable transitions in which track 1 goes from Xl = i to Xl = j. Clearly, for 

o ::; i ::; d - 1, Xl can only move from i to i + 1 due to the d constraint. For d ::; i < k, 

Xl can move from i to either 0 or i + 1. Finally, for i = k, Xl can go from k to either 



o or k. No other types of transitions are allowable. Thus, 

{ 

0 0 ~ i ~ d - 1, j =J i + 1 
bij(n - 1) = 0 d ~ i < k, j rf; {O, i + I} 

o i = k, j rf; {O, k} 

where 0 is a (k + l)n-t X (k + l)n-t matrix of all O's. 

64 

(4.1 ) 

With the exception of bkk(n -1), all bij(n -1) not specified in (4.1) are equal to 

Bn-t,r-t(d, k). This fact is apparent by first realizing that bjj (n-l) =J 0 describes all 

allowable transitions for tracks 2 through n for which there is not a violation of the 

d constraint in the pt track. Furthermore, for all bij(n - 1) =J 0 (except bkk(n -1)), 

there can be no subset of I tracks containing track 1 which will result in a k constraint 

violation. Hence, the k constraint, in effect, need only be satisfied by the remaining 

(n - 1) tracks. Therefore, all subsets (of size 1 = n - r) of tracks 2 through n 

must satisfy the (d, k) constraints. This simply corresponds to (n - I)-track (d, k) 

constraints with a new redundancy r' = (n - 1) - 1 = (n - I) - 1 = r - 1. 

For bkk(n - 1), the pt track has experienced more than k consecutive O's. Since 

every subset of tracks (of size I) containing the 13t track must satisfy the k constraint, 

each subset (of size 1-1) not containing the 13t track must also satisfy the k constraint. 

This corresponds to (n - I)-track (d, k) constraints with r' = (n - 1) - (l- 1) = r. 
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Therefore, bkk(n - 1) = Bn-1,r(d, k) and 

0 Bn_l,r_1 (d, k) 0 0 0 0 

0 0 0 0 0 0 

Bn,r(d, k) = 
0 0 Bn_l,r_1 (d, k) 

Bn-I,r-I (d, k) 0 0 

0 0 

0 0 

Bn-I,r-dd, k) 0 0 
Bn-I,r-I (d, k) 0 0 

0 Bn_l,r_dd,k) 
0 Bn_l.r(d,k) 

(4.2) 

with boundary conditions given by 

Bm,m(d, k) = 0 \;/ m, (4.3) 

[ 

0 ... 

Bn,o(d,k)=Bn,o(d,oo)- ~ (4.4) 

0 B n_l,o(d,oo) ... 0 0 . .. 0 0 

0 0 0 0 ... 0 0 

Bn,o( d, 00) = 0 0 Bn_l,o(d,oo) ... 0 0 

Bn_I.O(d,oo) 0 ... 0 0 0 

Bn_l.o(d,oo) 0 ... 0 0 Bn_I.O(d,oo) 
Bn_I.O(d,oo) 0 ... 0 0 Bn_I.O(d,oo) 

(4.5) 

and 
0 1 0 0 0 0 

0 0 0 0 0 0 

B1,o(d,00) = 0 0 0 1 0 0 
(4.6) 

1 0 0 0 0 0 

1 0 0 0 0 1 

1 0 0 0 0 1 
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4.3 COMPUTING CAPACITY 

4.3.1 Establishing Bounds 

Before actually computing and tabulating capacities, it is instructive to first de-

velop bounds on the values that the per-track capacity of n-track (d, k) constraints 

with redundancy r can take. One method of satisfying such constraints is to have n-r 

tracks satisfy (n - r)-track (d, k) constraints, with the remaining r tracks satisfying 

I-track (d, k) constraints. This results in a lower bound of the form 

Cn.r(d, k) ;::: (n - r)Cn-r.o(d, k) + rC1.o(d, k) 
n 

(4.7) 

where Cn.r(d, k) denotes the per-track capacity of n-track (d, k) constraints with 

redundancy r. This lower bound is an equality for both r = 0 and r = n - 1. 

Since all subsets of size n - r must satisfy (n - 7·)-track (d, k) constraints, an upper 

bound can be established by considering the case when only the first (n - r) tracks 

satisfy the requirement (the other r tracks satisfying single-track (d, 00) constraints). 

This argument results in 

Cn.r(d, k) ~ (n - r)Cn-r.o(d, k) + rC1.o(d, 00) 
n 

(4.8) 

which is an equality for r = O. For fixed 7', both (4.7) and (4.8) converge to Cn-r.o(d, k) 

as n -? 00. From [9] it is known that Cn.o(d, k) converges to C1,o(d, 00) as n -? 00. 

Hence, Cn,r(d,k) converges to C1,o(d,00) as n --; 00. Note that C1.o(d,00) is just 

the per-track capacity of the "usual" single-track (d, 00) constraints. Thus, for fixed 

r, using multi-track codes can, in effect, remove the effect of the k constraint. 
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Clearly, as the redundancy r increases, the capacity of the constraints decreases 

for fixed n, d, and k. Maximum capacity is realized with r = 0 which corresponds 

to the constraints satisfied in [9]. Minimum capacity results from r = n - 1 which 

corresponds to the usual single-track case. 

4.3.2 Fast Algorithm 

For n-track (d, k) constraints with redundancy r, the per-track capacity is com-

puted as 

(4.9) 

where -'max is the largest eigenvalue of Bn,r(d, k) [9][8]. Recall that the number 

of states describing n-track (d, k) constraints with redundancy r is given by N = 

(k+ l)n, resulting in state transition matrix Bn,r(d, k) of dimension (k+ l)n x (k+ l)n. 

This matrix becomes unmanageable very quickly as n is increased. With standard 

eigenvalue solution techniques requiring between N 2 and N3 operations, it is clear 

that a more efficient method is required. 

We follow the approach in [9] and use an algorithm which is based on the power 

iteration rr~thod [41J for finding -'max. This method entails repeatedly multiplying 

some initial vector Zo by Bn,r{d, k) to find the largest eigenvalue. It is summarized 

as follows: 

1. Choose2 an ini tial vector Zo and set i = 1. 

2For guaranteed convergence, Zo must be in the span of the eigenvectors of Bn,r(d, k). In practice, 
almost any choice will work. 
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5. i = i + 1, go to 2. 

It can be shown that Ai -. Amax where Amax is the largest eigenvalue of BnA d, k). 

Upon meeting some suitable stopping criterion, the algorithm is terminated. One 

reasonable choice for a stopping criterion is 

where f is some small number, say 5 x 10-7 • Typically, the algorithm converges in 

20 to 70 iterations. 

The most computationally intensive step is clearly 2, where z is premultiplied 

by Bn.r(d, k). If carried out in brute force fashion, this multiplication requires N 2 

multiplies and N 2 additions. Since all elements of Bn.r(d, k) are either 0 or 1, it is 

easy to see that the multiplications can be eliminated. Also, sparse matrix techniques 

could be employed to reduce the number of additions and the storage required for 

Bn.r(d, k). However, even more efficiency than that obtainable by the best sparse 

matrix techniques can be garnered by making use of the structure of Bn.r(d, k). In 

fact, it is not even necessary to store Bn,r{d, k). Recall the recursive block structure 

exhibited by Bn.r(d, k) in (4.2). It is this structure which can be exploited. 
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Consider breaking z into (k + 1) subvectors zi (j = 0,1, ... , k) each of length 

(k + 1)n-1. Using (4.2), Bn,r(d, k)z can be expressed as 

Bn,r(d, k)z = 

B n- 1,r-1(d, k)Z1 
B n- 1,r-l (d, k)Z2 

B n- 1,r-l(d, k)zd 
B n- 1,r-l(d, k)(zO + zd+1

) 

B n- 1,r-l(d, k)(zO + zk-1) 
B n- 1,r-l(d, k)(zO + Zk) 

Bn-l,r-l(d, k)zO + Bn-l,r(d, k)Zk 

(4.10) 

Hence, the problem of multiplying a vector of length (k + It by a (k + l)n x (k + l)n 

matrix has been reduced to that of multiplying a (k+ l)n-l vector by a (k+l)n-l x (k+ 

1)n-l matrix (k+2) times (only (k+ 1) times if r = n -1 since then B n- 1,r(d, k) = 0). 

The cost incurred by this reduction is at most (k - d + l)(k + 1)n-l additions (to 

compute ZO + zi (j = d + 1, ... , k) and Bn-l,r-l(d, k)zO + Bn-l,r(d, k)zk). Again 

making use of ('1.2), each of these problems (either k + 1 or k + 2 of them) can be 

transformed into that of multiplying a (k + 1)n-2 vector by a (k + 1)n-2 x (k + l)n-2 

matrix at most (k + 2) times. The total 'cost of this reduction is no greater than 

(k + 2)(k - d + 1)(k + 1)n-2 additions. This process continues for n iterations, at 

which point, the multiplication is complete. At the ph step, the cost of the reduction 

is at most (k + 2)i-l(k - d + 1)(k + l)n-i additions. Therefore, an upper bound on 

the number of additions required is given by n(k + 2)n-l(k - d + 1). 

It can be shown that in the ph step of the reduction process described above, a 

Lotal of j + 1 different matrices Bn-i,r-i(d, k) (i = 0,1, ... ,j) are potentially involved 
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in the multiplication. Two special cases exist. One occurs when n - J - r - z 

which results in Bn-i,r-i(d, k) = 0 in which case it no longer plays a role in the 

multiplication. The other occurs when r - i = O. In this case, 

[ 
~ ... ~ 1 

Bn-i,o(d, k) = Bn-i,o(d, 00) - ~ ~ J . 

Therefore, multiplying some (k + l)n-i length vector z by Bn-j,o(d, k) can be com-

pleted by executing Bn-i,o( d, oo)z and then subtracting the last component of z from 

the last component of the result. Thus, there are a number of subtractions which 

must also be performed in calculating Bn,r(d, k)z using our fast algorithm. It. can be 

shown (see Appendix C) that the total number of subtractions required is given by 

With a subtraction computationally equivalent to an addition, an upper bound 

on the number of computations required to compute BnA el, k)z is gi ven by 

( 
n -1 ) n(k + 2r- 1 (k - d + 1) + l' (I. + 1r· (·1.12) 

If r is small (compared to n), (4.12) is of the order N 10g(N). This provides a 

substantial savings over conventional methods requiring on the order of N'J. or N 3 

operations. Additionally, there is no need to compute or st.ore B",r( el, k); in effect, it 

is contained within the algorithm. 

Tables 4.1 - 4.4 present the capacities for va.rious n-track (d, k) constraints with 

r ranging from 1 through 4. From this data, it is seen that the capacities behave as 
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predicted by the bounds given in (4.7) and (4.8). As n grows larger, the capacity 

of n-track (d, k) constraints approaches that of single-track (d, 00) constraints. As 

expected, the rate of this approach slows as r is increased which underscores the fact 

that redundancy is gained at the expense of capacity. 

4.4 SUMMARY 

By modifying the way in which the k constraint is satisfied (relative to that of 

[9]) in multi-track codes, we have been able to create constraints which exhibit a 

synchronization robustness not possible with [9]. Of course, a price is paid in terms 

of decreased capacity. Typically, however, this reduction is small with the capacity 

still significantly greater than that of conventional single-track constraints. For ex

ample, consider 3-track (1,3) constraints. The capacity is equal to 0.692 under the 

constraints of [9] and 0.552 when enforced by single-track means. Using our methods 

with r = 1, the capacity equals 0.670. Thus, while some capacity is lost relative to 

[9], it is still much larger than that of I-track codes. Additionally, anyone of the 

three tracks could suffer from a defect without loss of synchronization. 

On the basis of capacity, a comparison of our methods with the extended methods 

in [40] (p> 1) shows that our constraints result in higher capacities. This is because 

we do not incorporate their kx constraint in our formulation. As an example, consider 

n = 4, r = 1, with (1,2) constraints. We find capacity equal to 0.676 while the 

capacity for these same parameters (with kx = 3) in [40] is equal to 0.551. 
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Table 4.1: Capacities For n-track (d, k) Constraints With r = 1 

d k q :. t> IS 

~ g:~gg ~:a~~ ~:~M Kg~~ g:~bg g:~3~ 0.691 

3 0.552 0.610 0.690 0.693 0.694 
4 0.611 0.685 0.693 0.694 
5 0.651 0.691 0.694 

1 6 0.669 0.693 
1 0.619 0.694 
8 0.685 
9 0.689 
10 0.691 
14 0.694 
00 0.694 

5 8:ggg ~:~~~ ~:~55 ~:~~~ ~:5~5 ~:~~I 
-0;550 

4 0.406 0.524 0.546 0.550 0.551 
5 0.465 0.539 0.550 0.551 
6 0.498 0.546 0.551 

2 1 0.511 0.549 0.551 
8 0.529 0.550 
9 0.531 0.551 
10 0.5<12 
11 0.545 
18 0.551 
00 0.551 

~ g:g~~ 0:4g~ 0:44~ 0:460 0:463 fj~~ -0;'163-

5 0.322 0,436 0,458 0,463 0.'165 
6 0.315 0.450 0,462 0.'165 
1 0.406 0.451 0.464 

3 8 0.425 0.461 0.465 
9 0,438 0,463 
10 0.446 0,464 
11 0.452 0,464 
12 0.456 0,465 
21 0,465 
00 0,465 
4 g:?g~ ~:5~~ g:3~g g:~gt g:::g~ g:~g~ 5 
6 0.261 0.311 0.399 0,0104 0.405 
1 0.314 0.390 0.403 0.405 
8 0.343 0.391 0.404 0.405 

4 9 0.362 0.401 0.405 
10 0.315 0.403 
11 0.383 0.404 
12 0.389 0.405 
13 0.394 0.405 
22 0.405 
00 0.406 
-g --u:uou- 8:5~~ 8:3~~ 8:3~g 8:3gf 0.154 
1 0.221 0.334 0.355 0.360 
8 0.211 0.346 0.359 0.361 
9 0.296 0.352 0.360 0.362 

5 10 0.316 0.356 0.361 
11 0.328 0.359 0.362 
12 0.331 0.360 
13 0.343 0.361 
14 0.348 0.361 
23 0.361 
00 0.362 
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Table 4.2: Capacities For n-track (d, k) Constraints With r = 2 

d k -I ., IS 10I 

1 -[~gg ~:~M K3~~ ~:~~~ ~:~g~ g:~~~ U.blSl 

3 0.551 0.662 0.686 0.692 0.694 
4 0.617 0.682 0.692 0.694 
5 0.651 0.689 0.694 

1 6 0.669 0.692 0.694 
7 0.679 0.693 
8 0.685 
9 0.689 
10 0.691 
14 0.694 
00 0.694 

1 --g:ggg -g:~~g ~:~~5 g:~~y ~:5~~ K~~5 
U • .,-H 

4 0.406 0.515 0.542 0.549 0.551 
5 0.465 0.534 0.548 0.551 
6 0.498 0.543 0.550 

2 7 0.517 0.548 
8 0.529 0.550 
9 0.537 
10 0.542 
11 0.545 
18 0.551 
00 0.551 

:r --g:g~g 15~~ g:~5~ g::l~~ K:l~t U.4blS 

5 0.322 0.427 0.454 0.462 
6 0.375 0 . .J.I5 0.461 if 
7 0.406 0.455 0.463 

3 8 0.425 0.459 0.464 
9 0.438 0.462 
10 0.446 0.463 
11 0.452 0.464 
12 0.'156 
21 0.465 
00 0.465 
'1 g:?g~ 8:533 g:~~~ g:~3~ U.~U-I 

5 
6 0.267 0.368 0.395 0.'102 
7 0.314 0.385 0.401 0.404 
8 0.343 0.394 0.403 

4 9 0.362 0.399 0.'105 
10 0.375 0.402 0.405 
11 0.383 0.403 
12 0.389 0.404 
13 0.394 0.'105 
22 0.405 0.'106 
00 0.406 

" g:y~~ g:~6g g:5~~ g:5~~ 6 
7 0.227 0.325 0.351 0.359 
8 0.271 0.341 0.356 
9 0.296 0.349 0.359 

5 10 0.316 0.354 
11 0.328 0.357 
12 0.337 0.359 
13 0.343 0.360 
14 0.348 
23 0.361 
00 0.362 
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Table 4.3: Capacities For n-track (d, k) Constraints With r = 3 

d k 4 ti lj 

~ g:~g~ g:~~t g:~~~ g:~~~ g:~~~ 
-0;670 

3 0.551 0.655 0.688 0.691 
4 0.617 0.679 0.691 
5 0.651 0.688 0.693 

1 6 0.669 0.692 
7 0.679 0.693 
8 0.685 
9 0.689 
10 0.691 
1" 0.694 
00 0.694 

5 K288 0.314 g:~rg g:~5~ g:~~~ 0.536 
0.455 

" 0.406 0.508 0.538 0.5017 
5 0.0165 0.531 0.546 
6 0.0198 0.541 0.550 

2 7 0.517 0.547 
8 0.529 0.549 
9 0.537 0.550 
10 0.542 
11 0.545 
18 0.551 
00 0.551 

~ g:22~ g:5H g:~~~ K::~g U.'I'I:l 

5 0.322 0.420 0.450 
6 0.375 0.441 0.459 
7 0.406 0.0152 

3 8 0.425 0.458 
9 0.438 0.461 
10 0.446 
11 0.452 
12 0.0156 
21 0.465 
00 0.465 
'J g:Y82 g:5~~ g:~~l 0.369 
5 
6 0.267 0.361 
7 0.314 0.380 
8 0.343 0.391 

" 9 0.362 
10 0.375 
11 0.383 
12 0.389 
13 0.394 
22 0.405 
00 0.406 

~ g:y~~ g:~~¥ ~:55~ 0.332 

7 0.227 0.319 
8 0.271 0.336 
9 0.296 0.346 

5 10 0.316 
11 0.328 
12 0.337 
13 0.343 
14 0.348 
23 0.361 
00 0.362 
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Table 4.4: Capacities For n-Track (d, k) Constraints With r = 4 

d k b b IS lJ 

I g:~g~ g:~~5 g:~~g g:~% U.bJJ 

3 0.551 0.650 0.680 
4 0.617 0.676 
5 0.651 0.687 

1 6 0.669 0.691 
7 0.679 0.693 
8 0.685 
9 0.689 
10 0.691 
14 0.694 
00 0.694 

1 g:~~~ g:~~~ g:~A1 U.1/0 

4 0.406 0.502 
5 0.465 0.528 
6 0.-198 0.540 

2 7 0.517 
8 0.529 
9 0.537 
10 0.542 
11 0.545 
18 0.551 
00 0.551 

~ g:~~~ g:~gA K1~~ U.-lUo 

5 0.322 0.415 
6 0.375 0.438 
7 0.406 0.446 

3 8 0.425 
9 0.438 
10 0.446 
11 0.452 
12 0.456 
21 0.465 
00 0.465 

1 K~~~ g:5i~ U.Jla 

6 0.267 0.356 
7 0.314 0.377 
8 0.343 

4 9 0.362 
10 0.375 
11 0.383 
12 0.389 
13 0.394 
22 0.405 
00 0.406 
g g:y~~ g:~¥~ U .• lSb 

7 0.227 0.313 
8 0.271 0.332 
9 0.296 

5 10 0.316 
11 0.328 
12 0.337 
13 0.343 
14 0.348 
23 0.361 
00 0.362 
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For p = 1 in [40], a comparison of our methods with theirs would be superficial 

at best. This is because of the different natures of the timing constraints which exist 

between the two methods. In [40], two timing constraints kx and ky are incorporated. 

The first, kx, functions just as the k constraint in single-track codes and is enforced in 

each of the n tracks. The second, ky, is identical to the k constraint in [9] and ensures 

that at most ky bit periods will pass before a transition occurs in at least one of the 

n tracks. When in an environment in which all n tracks are operating normally, ky 

becomes the relevant clocking parameter. However, when a defect occurs involving 

any proper subset of the n tracks, the pertinent clocking constraint is kx • Thus, the 

constraints of [40] can tolerate up to n -1 defective tracks with clocking information 

which is reduced from the nondefective case. This differs from the case studied here 

in which r defective tracks can be tolerated without suffering any reduction in timing 

information. 



CHAPTER 5 

SUMMARY 

5.1 CODE CONSTRUCTION 
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The bulk of this dissertation was concerned with the construction of the multi

track (d, k) codes introduced in [9]. While [9] proved the existence of such codes, no 

methods of their construction were given. 

In Chapter 2, we showed how state-splitting, described in [18][21], can be used 

to construct multi-track (d, k) trellis codes. This method entails splitting the orig

inal channel states into a larger number of encoder states to create a sliding-block 

code. Although somewhat tedious, it provides a step-by-step approach to construct

ing multi-track (d, k) trellis codes. The encoders which result can be implemented 

as finite-state machines while the decoders can be implemented solely from combi

national logic. In practice, state-splitting allows the construction of very efficient 

codes. 

Chapter 3 presented a way to construct enumerable multi-track (d, k) block codes. 

These codes are implemented using an enumeration scheme based on the trellis de

scription of the constraints. This scheme results in a complexity which varies only 
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linearly with the block length, as opposed to the exponential relationship exhibited 

by look-up table implementations. This method is rather elegant in its simplicity. It 

requires no knowledge of the codewordsj all relevant information is contained within 

the trellis (which is quite easy to construct). 

It is natural to question which of the two methods mentioned above is supe

rIor. The answer to such a question would be, in general, state-splitting. Recall 

the relevant issues used to evaluate a code: code rate, error propagation, and ease 

of implementation. Now consider 2-track (1,3) constraints. In Chapter 3, we were 

able to construct a code satisfying these constraints with R = 2/3 (capacity equals 

0.68) and error propagation equal to 12 (a channel error can effect at most 12 de

coded bits). Fixing the error propagation at 12, an optimal enumerable block code 

achieves only R = 0.6. Additionally, R = 0.652 was the highest rate enumerable 

block code we could construct before exceeding the computational limits on our pro

gram which builds the trellis needed by the encoder and decoder. At this rate, the 

error propagation was equal to 30. 

In general, the trellis codes created using state-splitting are in general more effi

cient and exhibit less error propagation. This result should not be surprising as trellis 

codes use a greater number of the sequences which satisfy the (d, k) constraints than 

block codes do. This is because block codes are state-independent while trellis codes 

are not. The one thing that the enumerable block codes may have in their favor is ease 

of implementation. With the enumerable block codes, both the encoder and decoder 
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are really nothing more than a modified trellis description of the channel constraints. 

Such a trellis can be built quite easily. Conversely, the partitioning/splitting process 

performed in constructing the trellis codes of Chapter 2 can be tedious, especially 

when trying to achieve code rates near capacity. Also, once the partitioning/splitting 

process is completed, the actual implementation of the resultant encoder and decoder 

is not trivial. However, given the advanced state of digital design techniques and the 

advantages in code rate and error propagation that trellis codes hold, it is fair to say 

that state-splitting is, in general, the preferred method of construction. 

5.2 REDUNDANT MULTI-TRACK (d,k) CODES 

In Chapter 4, we introduced a new class of codes inspired by the codes of [9]. 

These redundant multi-track (d, k) codes are able to tolerate r faulty tracks where 

,. is the redundancy of the code and is a parameter set by the designer. Instead of 

using all n tracks jointly to satisfy the k constraint as in [9], we insist all subsets of 

I = n - r tracks satisfy the k constraint. As l' is increased, the k constraint becomes 

more robust to synchronization loss caused by defects in the media; however, the 

capacity of the channel is reduced. 

While we did not actually construct any redundant multi-track (d, k) codes in 

Chapter 4, either of the techniques discussed in Chapters 2 and 3 could be used. 

However, for these redundant codes, state-splitting would provide even more benefits 

over the enumerable block code method than in the case of the codes of [9] (1' = 0). 
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This is because for r = 0, the state description of the channel can be expressed as in 

Appendix A, ultimately resulting in complete terminal sets Tj having minimum ele

ment Sj being easily found. Recall, this enabled finding the intersection of allowable 

sequences beginning in each terminal state and ending in a terminal state to be a 

trivial task. It also allowed the enumeration of the sequences to be contiguous. For 

arbitrary r, it is difficult to find complete terminal sets (thereby allowing contiguous 

enumeration) containing more than one state. 

For terminal sets consisting of a single state, the enumeration is always contiguous. 

However, in such cases, long block lengths (resulting in increased error propagation) 

are required to obtain good code rates. Thus, while enumerable block codes can be 

easily constructed (assuming single state terminal sets), the trellis codes constructed 

via state-splitting are much more efficient when propagation error is kept within 

reasonable bounds. 
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Appendix A 

MULTI-TRACK (d,k) MODULATION CODES 

Multi-track (d, k) modulation codes satisfy the k constraint using all n tracks 

jointly while satisfying the d constraint in each individual track. This has been shown 

to result in a potential increase in capacity relative to single-track (d, k) codes. This 

appendix describes the multi-track (d, k) constraints in terms of its state description 

and resultant channel state transition matrix. 

A.1 STATE DESCRIPTION 

While [9] allows for k < d, we assume 0 ~ d ~ k. The states of an n-track (d, k) 

code take the form (Xl, X2,' •• , Xn; y). The Xi describe the number of consecutive O's 

in the ith track and can take on any value in {O, 1, ... ,el} with Xi = d meaning that 

d or more consecutive O's have occurred in the ith tracle Hence, Xi monitors the 

information needed to fulfill the d constraint in the ith trade The value assigned to 

y pertains to the k constraint and indicates the number of consecutive all-O n-tuples 

which have occurred. Clearly, y can take on any value in {O, 1, ... ,k}. 
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The number of states for an n-track (d, k) code is calculated to be (d + 1)n + k - d. 

The first (d+ 1)71 of these states are labeled as Sj = (Xj; mind x jd) for j = 0, 1, ... , D, 

where D = (d + 1)71 - 1 and Xj = (Xjl,Xj2, ••• ,Xjn) is the n-tuple which (when 

interpreted as a (d + 1)-ary number) has decimal value j. The remaining (k - d) 

states are labeled as SD+i = (XD; d + i) for i = 1, ... , k - d. 

A.2 TRANSITION MATRIX 

With the state description as given in Section A.1, the general form for the one-

step transition matrix Bn(d, k) is given by [9] as 

So SI .. . SD-l So SOH " . SD+k-d 

So 0 0 So 
8 1 SI 

an 

Bn(d, k) = SO-1 0 0 SO-1 

So So 

SOH I SD+l 

f3n 

SD+k-d 0 0 SD+k-d 
(A.1) 

where I denotes the identity matrix. The submatrix an is given by 

000 

o o 0 
(A.2) 

o 0 1 



where 
0 A n- 1 

0 0 

An= 
0 0 

A n - 1 0 

with initial condition given by 

Al = BI(d, 00) = 

0 

A n- I 

0 
0 

0 1 
0 0 

0 0 
1 0 

0 
1 

0 
0 

o 
o 

A n - 1 

A n- 1 

o 
o 

1 
1 

83 

(A.3) 

(AA) 

The submatrix f3n is obtained by simply recopying (k - d times) the last row of Cl'n. 
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Appendix B 

This appendix proves 3.10 in Chapter 3. 

Let the one-step transition matrix for an n-track (d, k) code be partitioned as 

B (i k) = [ E( 1) F( 1) ] 
n G, (j(1) H(l) (B.1) 

where the dimensions of these submatrices are as follows: dim(E(l)) = D x D, 

dim(F(I)) = D x L, dim(j(l)) = L x D, and dim(H(l» = L x L and where 

D = (d + 1)n - 1 and L = k - d + 1. We then have 

F(1) = [ f(1) 
o 1 (B.2) 

and 
0 1 0 0 

0 
H(l) = 0 1 0 (B.3) 

0 0 1 

0 0 0 

Consider only those states whose transitions are described by H(1) and relabel them 

as '~l = (d, d, ... , dj £I), 5'2 = (el, el, ... , dj d + l), ... ,!h = (d, d, ... , dj k). These states 

are such that all sequences allowable from Sj are also allowable from Sj, i < j. Using 

this fact, L terminal sets arc formed as 

Tj = {,S';}!:l (j = 1, ... ,L). (8.4) 
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Let the m-step transition matrix B~(d, k) be partitioned as 

Bm(d, k) = [E(m) F(m)] 
n G(m) H(m) 

(B..5) 

where the dimensions of the submatrices are the same as in the one-step case. Now 

define 
j 

Rj(m) = 2:: hji(m) (B.6) 
;=1 

which is simply the number of codewords allowable for the terminal set Tj. 

Proposition: Rj(m) is maximized by the choice of Tmax as follows: 

Tmax = { T(L+1)/2 L odd 
TL/ 2 or TL/2+1 Leven. 

(B.7) 

Note that when L is even, either choice is optimal, as RL / 2(m) = RL / 2+1(m). 

Proof: The (m + I)-step transition matrix B~+1(d, k) is calculated as 

(B.8) 

which can also be expressed as 

Bm+1(d, k) = [E(m) F(m)] [E(1) F(I)] 
n G(m) H(m) G(I) H(I) . 

(B.9) 

Performing the multiplication we observe that 

H(m + 1) = G(m)F(I) + H(m)H(1). (B.IO) 

The first term on the right-hand-side (R.H.S.) of (B.IO), 

[ 

911(m) ... 9ID(m) 1 [ 
G(m)F(I) =: : f(I) 

9L1(m) ... 9LD(m) 

(B.ll) 
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results in an Lx L matrix whose elements are all zero with the exception of the first 

column. The second term on the R.H.S. of (B.IO), 

[ "\I(m) ... 
h.Llm) 1 

H(m)H(l) = : 
... hLL:(m) hL1(m) 

yields 
o hll(m) hdm) 

H(m)H(l) = 
o h21(m) h22(m) 

o hL1(m) hL2(m) 

From (B.IO), (B.ll), and (B.13), we observe that 

Using (B.14) recursively leads to 

0 

0 

0 

0 

I 

hi'l(m) = hil(m - fJ + 1). 

Now define 

0 

I 
0 

0 

h1(L-1)(m) 
h2(L-1)(m) 

hL(L-l)(m) 

Cj = the set of codewords generated by Tj 

and 

. 

0 

0 

0 (B.12) 

I 
0 

(B.13) 

(B.14) 

(B.15) 

(B.16) 

(B.l7) 

Aj(m) can be calculated by noting that the extra codewords which result from in-

eluding Sj in the terminal set (relative to Tj_r) is equal to the number of codewords 

which begin in Sj-l and end in Sj. However, by adding S'j to the terminal set, all 
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codewords which begin with L - (j - 1) consecutive D's are disallowed1 . Hence, the 

net effect of using Tj rather than Tj - 1 is given by 

j 

Aj(m) = hU-l)j(m) - L hLi(m - L + j - 1). (B.18) 
i=l 

The first term above is equal to the number of sequences of length m which begin 

in Sj-l and end in Sj. The second term is equal to the number of sequences of 

length m beginning in Sj-l (and ending in {Sd!=l) which begin with L - (j - 1) 

consecutive D's. This latter quantity is equivalent to the number of sequences of 

length m - (L - (j -1)) which begin in '~L and end in {Sd!=l' 

It is easily shown that for fixed m, hU-l)j(m) is monotonically nonincreasing in j 

while 'L!=l hLi(m - L + j - 1) is monotonically nondecreasing in j. Hence, for fixed 

m, Aj( m) is monotonically nonincreasing in j. Therefore, the optimal terminal set 

is Tjo where jo is the minimum integer for which Ajo+t(m) < O. Using (B.I5), (B.18) 

can be expressed as 

j 

Aj(rn) = hU-1)1(m - j + 1) - L hLI(m - L + j - i) 

As an aside, 

i=1 
j-I 

hU-l)l(rn - j + 1) - L hL1(m - 1 - L + j - i). 
i=O 

2"_1 

L hjp1(m - 1) 
p=O 

2"_1 

= hU+t)l(m - 1) + L hjp1(m - 1) 
p=l 

(B.19) 

(B.20) 

(B.2I) 

(B.22) 

1 Sequences emanating from Sj -1 can begin with up to L - (j -1) consecutive D's while sequences 
emanating from Sj can begin with no more than L - j D's. 
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where Sjp is the state which results from an output of p from 5j. The first term 

in (B.22) represents the number of paths which start with 0, while the second term 

represents the number of paths which begin with {I, 2, ... , 2n 
- I}. Note that the jp 

(p = 1,2, ... , 2n 
- 1) are identical for any choice of j E {I, 2, ... , L} and that since 

the 0 symbol is not allowable from 5L, 

2"-1 

hLl(m) = L hjpl(m - 1). (B.23) 
p=1 

Hence, 

(B.24) 

Recursively using (B.2,1), it is seen that 

L-j 
hjl(m) = L hLl(m - i). (B.25) 

i=O 

Substituting (B.25) into (B.20), 

L-}+1 j-l 
Aj(m) = L hLl(m - j + 1 - i) - L hLl(m - 1 - L + j - i). (B.26) 

i=o i=o 

Case A: L odd 

Suppose L is odd and substitute j = (L + 1)/2 into (B.26) to obtain 

(L+l)/2 (['-1)/2 
A(L+l)/2(m) = L hL1 (m-(L+1)/2+1-i)- L hL1 (m-(L+1)/2-i). (B.27) 

i=o i=O 

The first term in (B.27) can be rewritten as 

(L-l)/2 
L hLl(m - (L + 1)/2 - i) + hLl(m - (L -1)/2) (B.28) 
i=O 
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which when substituted into (B.27) results in 

(B.29) 

Therefore, 5(L+l)/2 should be included in the terminal set. 

Now let j = (L + 3)/2 and again substitute into (B.26) which results in 

(L-l)/2 (L+l)/2 
A(L+3)/2(m) = L hL1 (m-(L+1)/2-i)- L hL1 (m-(L+1)/2+1-i). (B.30) 

i=O i=o 

This is seen to be the same as (B.27) but with a sign change. Hence, 

(B.31) 

which implies that 5(£+3)/2 should not be included in the terminal set. Therefore, for 

L odd, the terminal state generating the maximum number of codewords is T(L+1)/2' 

The proposition is proven for L odd. 

Case B: Leven 

With L even, let j = 1 + L/2 and substitute into (B.26) giving 

L/2 L/2 
At+L/2(m) = L hL1(m - L/2 - i) - L hLl(m - L/2 - i) = 0 V m. (B.32) 

i=O i=O 

This implies that TL/2 and Tt+L/2 both generate the same number of codewords; thus, 

there is neither an advantage nor disadvantage in including 51+L / 2 in the terminal 

set. 

Now let j = 2 + L/2 and substitute into (B.26) which gives 

L/2-1 L/2+1 
A2+L/2{m) = L hLl{m - (L/2 + 1) - i) - L hL1{m - (L/2 -1) - i). (B.33) 

i=O i=O 



90 

The second term in (B.33) can be expressed as 

L/2-1 

E hL1(m - (L/2 + 1) - i) + hL1(m - (L/2 -1)) + hLl(m - L/2) (B.34) 
;=0 

which when substituted into (B.33) leaves 

(B.35) 

Clearly, S2+L/2 should not be included in the terminal set. Thus, for L even, both TL / 2 

and T1+L/2 generate the maximum number of codewords. This proves the proposition 

for Leven. 

An interesting result which can also be proven is the following: 

Let j = a' where 1 Sa'S L/2 and choose b' = L - a' + 1. Then 

(B.36) 

Proof: Fix j = a where 2 S a S L/2 and substitute into (B.26) to obtain 

L-a+l a-I 
Aa(m) = E hLl(m - a + 1 - i) - E hLl(m - 1 - L + a - i). (B.37) 

i=O ~o 

Now let j = b = L - a + 2 and substitute into (B.26) which gives 

a-I L-a+I 
Ab(m)=EhL1(m-l-L+a-i)- E hL1 (m-a+1-i) (B.38) 

i=o ;=0 

which is precisely the negative of (B.37). Hence, it is known that 

(B.39) 

Clearly, 

(B.40) 



91 

Using (BAD) recursively, 

j 

Rj(m) = Rl(m) + L A;{m). (BA1) 
;::::2 

Let j = a' where 1 :::; a' :::; L/2 so that 

a' 

Ra,{m) = R1{m) + L A(m). (B.42) 
;::::2 

Now let j = b' where b' = L - a' + 1 which gives 

L-a'+l 
Rb,(m) = R1{m) + L A;(m) (B.43) 

;::::2 

a' L-a'+l 
= Rl(m) + L Ai(m) + L A;(m) (B.44) 

i::::2 i::::a'+l 
L-a'+l 

= Ra,{m) + L Ai{m). (B.45) 
i=a'+l 

Now consider only t.he last summation of (B.45) 

L-a'+l 
L Ai{m). (B.46) 

i::::a'+l 

This summation has L - 2a' + 1 terms. For L odd, there are an even number of terms 

in (B.46). This sum can be grouped as follows: 

[Aa'+l(m) + AL- a'+1(m)]+[Aa'+2(m) + AL-a,(m)]+ ... +[A(L+l)/2{m) + A(L+3)/2(m)] 

(B.47) 

By (B.39) each set of terms in brackets above sums to zero. Hence, the entire sum-

rnation (B.46) is equal to zero. 

For L even, there are an odd number of terms in (B,46). Given this, (8.46) can 

be grouped as: 



- [Aa'+l(m) + AL- a'+l(m)] + [Aa'+2(m) + AL-a,(m)] + ... 

+ [AL/2(m) + AL/2+2(m)] + AL/2+l(m). 
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(B.48) 

Again by (B.39) each set of terms in parentheses above sums to zero leaving only 

AL/2+1(m). However, by (B.32) this is equal to zero so that again (B.46) is equal to 

zero. Therefore, 

(B.49) 

which is what was to be proven. 

That is, the number of codewords generated by Tj and Tj , (j' = L - j + 1) are 

the same. Hence, there exists a symmetry condition on the number of codewords 

generated by the Tj . 
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Appendix C 

This appendix proves equation 4.11 in Chapter 4. 

Let (Ti,i(d, k) denote the number of subtractions needed to compute Bi,i(d, k)z. 

Using (4.10), it is seen that (Tn,r(d, k) is equal to (k + 1) times the number of subtrac-

tions required to compute B n- 1,r-l(d, k)zi plus the number of subtractions required 

to compute Bn-1,r(d, k)zi where zi and zi represent vectors of length (k + l)n-l. 

Hence, 

(Tn,r(d, k) = (k + l)(Tn-l,r-l (d, k) + (Tn-l,r(d, k). (C.1) 

Using (C.l) recursively n - 1 times results in 

(Tn,r(d, k) = E n -: (k + l)i(Tl,r_i(d, k). n-l ( 1 ) 

i=O J 
(C.2) 

Since B 1,I(d, k) = 0 and B1,m(d, k) describes inconsistent constraints for m > 1 or 

m < 0, we have 

(Ti,i(d, k) = 0 'if m =1= O. (C.3) 

Thus, the only nonzero term in the summation of (C.2) corresponds to j = r. With 

B"o{d,k) ~ B"o{d,oo) - [ r 
(Tt,o(d, k) = 1. 

. .. ~ 1 
: , 
1 

(CA) 
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I-Ience, 

(n-l) O"n,r(d, k) = r (k + lY, OS;rS;n-l. (C.5) 
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