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sensitivity predicted frequencies o® get smaller and smaller, untill they are almost zero
for the last few steps. After the first iteration, the difference between rms(Aco(t)) and
rms(Aco(S)) is very large, with rms(A(o(t)) almost 5 times larger than rms(Aw(s)). This is a
clear indication of the nonlinearity of the inverse problem and it says that the problem is
very nonlinear even when the frequency deviation is only about a few percent.

Figure 5.4 shows the variation of 0 and Po during the iterative process. Notice
that the values of 10 and P0 at the zeroth step are referring to the initial reference model.
In Fig. 5.4(b) one can see that P0 increases quickly for the first two steps and then
converges slowly during the rest of the iteration. The value of 10 keeps increasing
slowly for most of the iterative steps and it converges in the last few iterations.

In Fig. 5.5, rms(Ap/p) are plotted against the iterative steps. Since p is the array
of all the independent CP model parameters, the magnitude of Ap is not a very good
measure of the real change in the model structure. However, one can still gain some
insight into the iterative process by looking at Fig. 5.5. Except for the first and last few
steps, rms(Ap/p) drops slowly and continuously, indicating the stability of the inversion
algorithm,

Although we have not analyzed the inverted model in any detail yet, from the
simple discussions above we can nevertheless say that the iterative inversion process is
a great success. To have a better picture of the inversion results, a portion of the
theoretical eigenfrequency spectrum of the inverted reference model from the final
iterative step (the 18th step) is shown in Fig. 5.6. As in Fig. 5.1, the observed data are
also shown in the figure. By comparing Fig. 5.6 with Fig. 5.1, the improvement in

frequency matching is very obvious.



Table 5.1. Results of the iterative inversion procedure. The JCD model is

the reference model. I is the step number in the iterative process.

I B R_, rms(aplp) c Py(min) rms(ae®)  rms(aa®)
0 8.856E-03 34.111  5.007E-02

1 10 2236E+11 2.183E-03 8.909E-03 35.116 1562E-02 3.273E-03
2 100 5.169E+10 4.695E-04 8.947E-03 35508 6.672E-02  5.148E-03
3 1.0 4.554E+10 2.969E-04 8.968E-03 35558 6.226E-03  5.223E-03
4 01 5.609E+10 1408E-03 9.002E-03 35592 5.756E-03  4.722E-03
5 0.1 8992E+10 1.243E-03 9.034E-03 35.605 5201E-03  4.306E-03
6 0.1 4.531E+10 1.080E-03 9.066E-03 35619 4.689E-03 3.914E-03
7 01 8.119E+10 9.178E-04 9.094E-03 35315 4.198E-03 3.551E-03
8 0.1 8884E+10 7.840E-04 9.123E-03 35.646 3.783E-03  3.219E-03
9 0.1 5648E+10 6.698E-04 9.140E-03 35659 3.407E-03  2.925E-03
10 0.1 4870E+10 5.708E-04 9.174E-03 35672 3077E-03  2.673E-03
11 0. 3207E+10 5.005E-04 9.198E-03 35.685 2811E-03 2.464E-03
12 0.1 4.155E+10 4.466E-04 9.221E-03 35.696 2.587E-03  2.298E-03
13 0.1 5.416E+10 4.152E-04 9.243E-03 35703 2418E-03 2.171E-03
14 0.1 4613E+10 3.921E-04 9.263E-03 35707 2.285E-03 2.078E-03
15 0. 4.612E+10 3.780E-04 9.282E-03 35709 2.185E-03  2.012E-03
16 02 5428E+10 2.201E-04 9.294E-03 35702 2045E-03  1.976E-03
17 08 6.253E+10 1.023E-04 9.299E-03 35.698 1988E-03  1.964E-03
18 04 3.190E+10 1.133E-04 9.305E-03 35.699 1979E-03  1.955E-03
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5.5. Further Analysis of the Inversion Results
5.5.1. Secondary Inversion

When we use the CP model, the model parameters U and Vg, and then ¢, and A*,
can be obtained directly from the inverse results. If we want to derive the complete
information about the inverted model, it is necessary to have additional
nonseismological assumptions and equations. Gough and Kosovichev (1988) called
this process the secondary inversion. Even without additional assumptions, some
structure parameters can be readily derived from Egs. (2.2.5a)-(2.2.5d); several
examples are now given. The density distribution can be derived from the definition of
U and c,

PO = Pyyerage U/BE))3 (5.5.1)

average

and the fractional mass is determined by c:
M(@) =M x> /e, . (5.5.2)

In order to derive sound speed and pressure distributions, it is necessary to use the
hydrostatic equation, which has already been used in the derivation of the original

ODEs. The sound speed ¢ can be written in terms of Vg and ¢

¢, = (g ’RV g/cl)”2 : (5.5.3)
and the pressure can be derived as
R/3) I! xU/? ) dx ; (5.5.4)

P() =Py + (g,

average
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where R is the radius of the Sun (the reference model), & is the surface gravity and P is
the surface pressure. In order to derive the temperature distribution, the equation of
state must be known. This is not easy. The distribution of the temperature perturbation,

however, can be estimated by the following equation:

AT/T = (AP/P - prp/p)/xT , (5.5.6)

where % 0 and X are the ¢ -coefficients defined by J. Cox and Giuli (1968, Chapter 9, or
refer to J. Cox 1980, §4.2). For most parts of the Sun except near the surface, the
values of % 0 and X arevery close to 1 (differing by no more than =1-2%). Then we

can approximate Eq. (5.5.6) by
AT/T = AP/P - Aplp . 6.5.7)

Again using the hydrostatic equation, the adiabatic exponent I, can be derived from the

definition of Vg in Eq. (2.2.5¢):
r,= Rxgrp/(PVg) , (5.5.8)
where g, is the local gravity,
g = GM@K® = g, x/c, . (5.5.9)
Notice that from the above equations, we can get most of the important

parameters describing the internal structure of the Sun; actually, all of the important

ones except for chemical compositions.
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5.5.2. Parameter Perturbations of the Inverted Model

In the following discussions, the results from iterative step 18 will be considered
as the converged model; all the inversion results will be referring to this step if not
specified otherwise. The results of the primary inversion, i.e., the relative perturbations
of U, Vg, < and A" are shown in Fig. 5.7. Since only g-mode data have been used for
the inversion, we will pay little attention to the inverted model perturbations near the
surface. As can be seen from Figs. 2.3 through 2.6, all parameters but A" change
monotonically with the solar radius and A"is very close to zero in the convection zone.
By comparing the sensitivity curves discussed in §3.3.2, it can be seen that the g-mode
eigenfrequencies are most sensitive to the perturbation to A, Thus it is particularly
interesting to look at how A" has been perturbed during the iterative process. In Fig.
5.8, the distribution of A" in the inverted model is compared with A" in the initial model.
From this figure it can be seen that the perturbation to A is small, but this is not true for
the intermediate models during the iterative process. As examples, the same
comparison is done in Figs. 5.9 and 5.10 for the inverted model of steps 6 and 13,
respectively. One can see that the distribution of A'is substantially perturbed for step 6.
Even for step 13, the perturbation of A" is still quite significant near the bottom of the
convection zone, while Fig. 5.3 shows that the frequency deviations for step 13 are not
much different from step 18. These results have not only shown how well the iterative
process converges, but also that the converged model is the one with minimum
perturbation to the initial reference model.

From Egs. (5.5.1) and (5.5.4), the density and pressure distribution of the inverted
model can be computed from U, < and Vg and then the relative temperature perturbation
can be estimated by using Eq. (5.5.7). The relative perturbations of T, P and p are
shown in Fig. 5.11 as functions of fractional radius x for step 18. No perturbations near

the surface should be taken seriously, since they do not come "directly” from the
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information contained in the frequency data but are due to the continuity requirement of
the CP model. It can be seen from Fig. 5.11 that the structure of the density
perturbations and pressure perturbations are very similar. This results in very small
temperature perturbations. The perturbations of sound speed and the adiabatic exponent
are shown in Fig. 5.12. Perturbations to both parameters are small, less than ~1% for
most of the Sun. It is interesting to notice that for the inner 40% of the Sun, I‘1 is
increased by about 1%. The value of r, is closely related to the chemical composition
of the Sun, so an accurate determination of the value of r, is very important to the

determination of internal helium abundance.

5.5.3. Is the Inverted Model Realistic?
First, let us compare some global model parameters of the inverted model with
other solar models. The central density of the inverted model can be derived from Eq.

(5.4.6) and the o value given in Table 5.1,

Peen tf:r(invcarted model) = 151.12.. (5.5.10)
This value is very close to that of the Yale Combined Model listed in Table 2.1, which
gives a value of 150.7. The value of pcemer(inverted model) is also well inside the range
of those listed in Table 2.1. Similar conclusions can be made about the P0 value, which
is 35.699, but the value of PO is closer to that of the Saio model (35.655) than that of the
Yale Combined Model (37.311).

We have only used low-order and low-degree g-mode data. These modes are
most sensitive to the inner structure of the Sun, particularly near the center, as is evident
from the sensitivity curves discussed in §3.3.2. The value of PO is solely determined by

the distribution of Brunt-Viisild frequency N below the bottom of the convection zone
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(Eq. (2.3.3)) and N is directly related to A*. Also, considering the fact that P0 is an
asymptotic parameter of g-modes, and the asymptotic property is more valid for high-
order g-modes than for low-order g-modes, we should expect that the inverted value for
is more significant than the inverted value for PO' Therefore, by comparing the

pcenter

values of p and PO in the inverted model with the four models listed in Table 2.1, we

center
can conclude that the inverted model is consistent with standard solar models, and it is
probably more consistent with the Yale Combined Model. As mentioned in §1.4, the
Yale Combined Model matches the SCLERA data quite well (as compared with all
other observed data). This might explain why both P center and P0 of the inverted model
are so close to the Yale Combined Model. The observed frequency deviations of the
Yale Combined Model for £=3 g-modes are shown in Fig. 5.13, together with the
observed deviations for the inverted model. One can see that although the deviation is
relatively small as compared with those of the original JCD model, there are still some
statistically significant systematic deviations and the inverted model fits the observed
data best. Currently the data for the Yale Combined Model is not available. It will be
interesting to compare the inner structure of the inverted model with that of the Yale
model in the future.

The above comparison not only shows that the inverted model is realistic, but also
shows that the standard solar models are very good approximations to the real Sun and
certainly serve well as reference models for inverse work. It has also shown, imore

importantly to this work, that the inversion method developed in this work is very

efficient and powerful.
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5.5.4. Compare Results with Other Inversions

There has been no similar inversion work done for g-modes, but there have been a
few works on inverting the inner structure of the Sun by using low-degree p-mode data
and the variational integral formulation of the inverse problem. Some examples are
Gough and Kosovichev (1988, 1990); Dziembowski et al. (1990); and Kosovichev
(1990). All these works used the Backus-Gilbert type linearized inversion method. As
has been shown in this work, the linearized inversion may be making too much of an -
approximation when the reference model differs by a few percent from the "real Sun."
Since different inversion works use different reference models, it is difficult to compare
directly the inversion results from these works. As one can see from Table 2.1 and from
the discussions in §2.2, different solar models may have significantly different
parameters and the differences may well be as large as of a few percent.

Since most of the previous inversions have been done using the linear inversion
method, their inversion results depend on the choice of one or more "free" parameters
which are related to different constraint conditions (similar to the damping factor B in
Eq. (5.1.11)). For example, in Dziembowski et al. (1990), different results were
presented for different values of their regularization parameter o, which varied from 0
to 500. The values of the central density of the inverted model corresponding to
different values of « vary from =130 to =150 (cgs units, refer to Fig. 8 of Dziembowski
et al. 1990). In another example, Dippen et al. (1991) used two such free parameters
corresponding to two different constraint conditions. The dependence of the linear
inversion results on these free parameters makes it even more difficult to compare such
linear inversion results with the nonlinear inversion results obtained in this work.

Given all these difficulties, it is still very interesting to compare some general
features of these inversion results. For example, we can look at the amplitudes of the

inverted model perturbations. With the JCD model as the reference model, the
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inversion results of this work showed that the central density of P center for the "real Sun"

t

. of the inverted model

may be lower than the standard model by =4.8%. The value Pcente

given in Eq. (5.5.10) is consistent with the results given by Dziembowski et al. (1990)
with 0=500. No values of P center for the inverted model are available from other works.

The relative perturbations of p reported by different authors are quite different. If

center
we assume that the difference of p for different standard solar models is about a few

center

percent, then we can check the consistency of different results. Gough and Kosovichev
(1988) used Christensen-Dalsgaard’s (1982) standard solar model as the reference
model and used 1<fs5 p-mode data in their Backus-Gilbert-type inversion. Their
results showed that the inverted central density is more than 10% higher than the
reference model (Fig. 10 of Gough and Kosovishev 1988). This seems to be
inconsistent with the current results. However, the numerical test of their inversion
algorithm reported in the same work showed that the uncertainties in the inversion
results could be quite large (Figs. 8 and 9 of Gough and Kosovishev 1988). A revised
analysis by Kosovichev (1990) gave an even larger perturbation to the central density --
over 20%. It seems that the linearized treatment of the inverse problem would be very
likely to fail for such large perturbations.

A more recent inversion by Déppen et al. (1991) gave quite different results than
those of Gough and Kosovichev (1988) and Kosovichev (1990). A new version of
Christensen-Dalsgaard’s standard solar model was used as the reference model. We
may assume that their reference model is very close to the JCD model used in the
current work. The curve of density perturbation as a function of fractional radius
reported by Dippen et al. (1991, Fig. 7) has a very similar structure to that given in Fig.
5.11 in the region between X=0.25 and X=0.70.

Many previous inversions gave relative squared-sound-speed perturbations from

reference models. Dziembowski et al. (1990) summarized the results from four
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different inversions. The relative squared-sound-speed perturbations of different
inversions were normalized with one common reference model (another version of the
JCD model) and compared in one figure (Fig. 7 of Dziembowski et al. 1990). It is
shown that the results from the four different inversions are roughly consistent with
each other in the upper radiative zone and in the convective zone (for X>0.30); but
significant differences exit between the results of the four different inversions,
particularly near the center. The relative squared-sound-speed perturbations from the
JCD model for the current inversion are plotted in Fig. 5.12. By comparing Fig. 5.12
with Fig.7 of Dziembowski et al. (1990), it can be seen that the results of the current
inversion are consistent with those summarized in Dziembowski et al. (1990) for
X>0.30. This is an important result. Because only g-mode data has been used in the
current work and only p-mode data were used in all the other inversions. We know that
g-modes are most sensitive to the central region of the Sun and p-modes are most
sensitive to the outer region of the Sun, but both low degree g-modes and low degree p-
modes have moderate sensitivity to the intermediate region --- the upper radiative zone.
Therefore, the consistency of the inversion results in this region indicates that the
observed g-mode data are consistent with the observed p-mode data as far as the
internal structure of the Sun is concerned. Given that the observed p-modes are true
normal modes of solar oscillations, this is a necessary condition for the observed g-
modes to be true.

In the central region of the Sun --- the energy generating zone (X<0.25), there is
hardly any consistency between the results of different inversions using p-modes data,
as evidenced in Dziembowski et al. (1990, Fig. 7). This can be expected when one
considers the insensitivity of p-modes in the central region, together with the ill-
posedness and nonlinearity of the inverse problem. However, g-modes are particularly

sensitive to the central region and the inversion results using g-modes should be of
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much more significance in this region. In Fig. 5.12, the current inversion yields a lower
sound speed distribution than that of the standard model.

The inversion results of Dziembowski et al. (1990) show an anomaly in the
innermost part of the Sun. They suggest that such an anomaly may be interpreted as
evidence that the Sun has a small convective core. There is no such evidence in the
current inversion results. Even though in Fig. 5.7, the relative perturbation of A is
negative and its magnitude increases towards the center of the Sun, A" never becomes
negative. A negative value of A* corresponds to regions with convective instability.

As mentioned earlier, it is very difficult to compare different inversion results, but
such comparisons are crucial for testing the reliability of different inversion methods.
So far, there is still more confusion than clarity in the field. There is no good
interpretation for the disagreements amongst the different results reported at the present
time. Results of the nonlinear iterative process presented in this work indicate that one

of the problems might be the invalidity of the linear treatment.
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Fig. 5.1. The eigenfrequency spectrum for the JCD solar model. The observed
frequencies of low-degree g-modes are superposed onto the theoretical
spectrum as small crosses. Modes with the same n values are connected by
solid lines for theoretical frequencies and by dashed lines for observed

frequencies.
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Fig. 5.2. The observed frequency deviation for low-degree g-modes with £=4. The

solid line connects the "smoothed" data points.
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Fig.5.3. The rms of the observed frequency deviations of the theoretical
eigenfrequencies (circles) and the sensitivity predicted frequencies (crosses)

during the iterative process.
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Fig. 5.4. The variations of 10 (a) and PO (b) during the iterative process.
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Fig. 5.5. The rms of the relative perturbations to the independent model parameters

during the iterative process.
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Fig. 5.6. The eigenfrequency spectrum for the inverted model. The observed
frequencies of low-degree g-modes are superposed onto the theoretical
spectrum as small crosses. Modes with the same n values are connected by

solid lines for theoretical frequencies.
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Fig. 5.7. Relative perturbations of model parameters p[U, ¢ Vg, A*] of the inverted

model as compared with the reference model: AU/U (solid line), Ac l/c1 (dot-

dashed line), AV /V_ (dotted line), and AA"/A" (dashed line).
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Fig. 5.8. Comparison of the distribution curves of A" for the reference model (solid

line) and the inverted model (dotted line).
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Fig. 5.9. Comparison of the distribution curves of A" for the reference model (solid

line) and an intermediate inverted model at iterative step 6 (dotted line).
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Fig. 5.10. Comparison the distribution curves of A" for the reference model (solid line)

and an intermediate inverted model at iterative step 13 (dotted line).
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Fig. 5.11. Relative perturbations of model parameters from secondary inversion: AP/P

(solid line), Ap/p (dotted line), and AT/T (dot-dashed line).
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CHAPTER 6
DISCUSSIONS

A set of new numerical algorithms and techniques has been adapted and
developed for both the forward problem and the inverse problem of solar oscillations.
The continuous parametrization of the structure parameters has been introduced. This
gives us a different parameter space for inversion. The combination of the continuous
parametrization with the CON and adjoint methods makes it possible to formulate the
inverse problem of solar seismology in a new way. The preliminary results from this

new inverse algorithm show that it is very effective and efficient.

6.1. Comparison with Previous Inversions in Solar Seismology

First, improvements have been made in the computation of eigenfrequency
sensitivities and the sensitivity curves. The eigenfrequency sensitivities to continuous
parameters have been used to create a new formulation for the inverse problem. The
continuous parametrization for the reference model reduces the number of model
parameters to a manageable level without using the Backus-Gilbert method. The new
inversion method solves the inverse problem of the eigenvalue system directly from the
original differential equations. The Cowling approximation is not needed. The integral
form of the variational formulation is not needed.

Second, the current work is the first nonasymptotic, nonlinear inversion of g-
mode data. Previously, H. Hill et al. (1988) used the "inverse perturbation” method to
interpret the quasiperiodic deviations (refer to §2.3) in the observed data and Ellis
(1988) proposed an asymptotic inversion method for high-order g-modes. The

inversion method presented in this work is more formal and more general as compared



169

with the "inverse perturbation" method and the asymptotic method. As discussed in the
previous text, low-degree g-mode data are most sensitive to the core structure of the
Sun, making the inversion results from g-mode data of special importance to solar
physics. Although only the center frequencies (m=0 mode) from 49 g-mode multiplets
have been used for the inversion, and there remain quite serious controversies in g-
mode classifications, this work will be a starting point for accurate interpretation of g-
mode data.

Third, this is the first attempt to use nonlinear treatment for the stratification
inverse problem in solar seismology. As shown in the last chapter, a nonlinear
approach is necessary when the perturbation to a reference model is a few percent in
relative amplitude. The nonlinear approach adopted in this work can be easily
generalized and adapted for other inverse formulations. Korzennik and Ulrich (1989)
used a nonlinear iterative approach for seismic inversion of the "correct” opacities. It
seems there are quite a few similarities between the current work and the work of
Korzennik and Ulrich (1989). For example, they used continuous parametrization (a
series of Lorentzians) for the opacity table; but such continuous parameters do not
represent the whole model, or in other words, their inverse problem is not "complete”
and their solution can not be unique.

Finally, this is the first attempt to use the generalized inverse technique for solar
seismic inversion. There are many advantages in using this technique. It makes the
inverse process more robust and efficient, and inversion results are easier to understand.
The SVD technique has been used in some previous inversions, but it has only been
used for the "regularized least-squares” inversion or as the "truncated singular value
decomposition” (Gough and Thompson 1991). The "truncated singular value

decomposition" is equivalent to setting I/Xi=0 in Eq. (5.2.7) for any }‘id‘min’ where ;"min
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is the threshold value of ;“i' Obviously, such method is less general and less robust as

compared with the generalized inverse solution given by Eq. (5.2.12).

6.2. Future Development of the New Inverse Method

This is just the beginning of the development of a new inversion method. Since
Rosenwald (1989) and Rosenwald and Rabaey (1991) developed the computational
method for eigenfrequency sensitivities, much progress has been made. And much
more progress will be made in the future.

Obviously, the same method can be applied to the inversion of low-degree p-
mode data. In the present formulation, the current method is not appropriate for high-
degree p-modes. Because there are "too many" data points and we do not want to deal
with a kernel matrix with a dimension of thousands. Recently, Korzennik and Ulrich
(1989) used continuous parameters to represent the discrete frequencies (they too used a
polynomial approach). It would be a natural extension of the current algorithm to use
continuous parametrization for both model parameters and frequency data.

It is not necessary to use the CP model if there are other better ways to reduce the
number of model parameters during the inversion process. The use of continuous
parameters does have the advantage of being "accurate" in terms of computing
derivatives of model parameters and enforcing differential and integral relations
between different parameters. The disadvantage is, it is often difficult to have an
intuitive interpretation of the eigenfrequency sensitivities to the continuous parameters
(CP’s). Therefore it is more difficult to explore the model space using the generalized
inverse technique. It is of considerable interest to find a better formulation of the CP
model such that the continuous parameters can be easily interpreted in physical

parameters (more than just some mathematical coefficients).
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The CP model needs to be improved to allow at least one flexible (with respect to
location) discontinuity point. Then one will be able to do inversions for the position of

the bottom of convection zone.

6.3. Possible Applications

The eigenfrequency sensitivities to the internal structure parameters of the Sun are
of great importance in helping us understand the observed solar oscillation frequencies.
It tells how these frequencies would change when the internal structure of the Sun is
perturbed. Obviously, these sensitivities would help the "inverse perturbation” analysis,
because then one would be able to tell which adjustable parameter is more capable of
changing certain eigenfrequencies. The sensitivity analysis could be easily applied to
the study of stellar oscillations and other similar inverse problems.

The inversion algorithm developed in this work is valid for any similar eigenvalue
system, e.g., the inverse problem of free oscillations of the Earth. When nonadiabatic
effects are included, or a more complex convection theory is adopted, the order of the
eigenvalue problem may increase. Both the CON method and the adjoint method can
be easily modified to accommodate the new system.

The sensitivity analysis may be combined with the asymptotic analysis to provide
a better understanding of the asymptotic properties of solar oscillations.

The nonlinear treatment of the inverse problem allows a much more stable and
accurate solution. With enough data, the accuracy of the nonlinear inversion results
may be capable of providing a powerful tool for monitoring the changes of the internal
structure of the Sun from the long-term variations of the observed oscillation
frequencies. For example, the small frequency variation during the solar cycle
(Libbrecht and Woodard 1990) should contain information about the time variation of

the solar internal structure.
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