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ABSTRACT 

This work consists of some contributions to several areas in reliability theory. 

Chapter 1 is a short summary of the results obtained in this work with a brief overview 

of related areas. In Chapter 2, a model for k-out-of-n systems with n dependent 

components is studied. Sufficiency conditions on the conditional failure rate functions 

are given which imply that the first failure time of such a system is IFR (increasing 

failure rate). This result contains an earlier result of Esary and Proschan (1963) as 

a special case. Chapter 3 focuses on the block replacement policy, one of the most 

popular maintenance policies. Several new results which connect the properties of the 

block replacement policy with the properties of the corresponding renewal function 

and the excess lifetime are obtained. Some applications and relationships between 

these new results and some well known results are included. Chapter 4 deals with a 

model for discrete dependent maintenance reliability systems (DDMRS). We identify 

the conditions on the discrete conditional transition probabilities under which the two 

performance sequences associated with two DDMRS's are comparable in stochastic 

ordering. Further results and applications are discussed. In Chapter 5, several results on 

the properties of first failure times of some discrete dependent reliability systems (with 

or without maintenance) are presented. 
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1. SUMMARY AND OVERVIEW 

Every distribution of a nonnegative random variable is called a life distribu

tion. Reliability theory deals with probabilistic and statistical problems involving life 

distributions of components and systems. 

An important contribution of reliability theory to many areas of study is that the 

concept of' aging' can be formulated mathematically by means of a life distribution. A 

life distribution or its survival function F = 1 - F is said to be or to have 

1. increasing failure rate (IFR) if F is logconcave , that is, if for all ;1' > 0, 

F(.?; + t)/ F(t) is decreasing in t whenever t ~ ° and F(t) > 0. If F has a density 

f then this is equivalent to the condition that the failure rate 7·(t) == f(l)/ F(t) is 

increasing in ton {t : F(t) > OJ. 

2. increasing failure rate average (IFRA) if -logF is star-shaped, that is , if 

-t-1logF(t) is increasing in t ~ 0, or equivalently [F(s)]l/s 2: [F(l)ll/t for 

° < s < t. 

3. new better than used (NBU) if -log1" is superadditive, that is , if 1"(.1' + y) ~ 

F(.?;)F(y) for all x ~ 0, y ~ 0. 

4. new better than used in expectation (NBUE) if the mean Jl of F is finite, and 

f1 ~ Jr'(F(t + x)/ 1"(t))dx for all t ~ ° such that F(t) > 0. 

The following implications are well known ( See e.g. Barlow and Proschan (1975) 

and Klefsjo (1981»: 

IFR ==} IFRA ==} NBU ==} NBUE. 

Each of the above classes of life distributions has a companion class defined by 

reversing the inequality of the definition. Thus we define decreasing failure rate (DFR), 

decreasing failure rate average (DFRA), new worse than used (NWU) and new worse 
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than used in expectation (NWUE). The corresponding chain of implications below 

holds: 

DFR ==} DFRA ==} NWU ==} NWUE. 

Roughly speaking, different aging class defined above indicates different property 

of deterioration, the intensity of failure, the force of mortality, etc., of a component (or 

a system) along time. These aging properties have been widely studied in the literature. 

One of the interesting topics is when the first failure time of a reliability system is 

IFR (IFRA, NBU, etc.) upon various aging conditions assumed on the components of 

the system. A lot of earlier results are based on an assumption of the independence of 

components in a system. For instance, 

• If each component has an IFRA distribution, then the life distribution of a 

coherent system of independent components is IFRA. (See e.g. Barlow and 

Proschan (1981). ) 

• The life distribution of a k-out-of-n system of independent components each 

having a common IFR distribution itself has an IFR distribution. (Esary and 

Proschan (1963) ) 

.. Ross (1976) considered a multicomponent exponential reliability system with 

maintenance (i.e. the working periods and repair periods of independent com

ponents are exponential distributed). He proved that for an arbitrary structure 

function <1>, assuming that all components are initially up, the time until the first 

failure has an NBU distribution. 

CD Barlow and Proschan (1976) and Chiang and Niu (1980) proved that the distribu

tion of time to first failure, of a maintained reliability system with independent 

components starting with all components new, is NBU, under appropriate condi

tions on the distributions of the components. 
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Later on, results dealing with the dependent reliability systems have been obtained. 

We briefly list some of them that are more or less related to this work . 

., Brown and Chaganty (1983) studied a general Markov model. They considered 

a stochastically monotone chain with monotone paths on a partially ordered 

countable set S, and proved that the first passage time from i E S to C is IFRA, 

where C is an increasing subset of S with finite complement. 

o Ross (1984) studied a model in which component failure rates depend on the 

working set. Applying the results of Brown and Chaganty (1983) to his model, 

he showed that if the failure rate of the component in working set is monotone (in 

working set) then the time until system failure is IFRA. 

• Schechner (1984) investigated load-sharing models. Among other things, he 

proved that if the load program is increasing then the life time of an n-component 

parallel system is IFR. 

• Shaked and Shanthikumar (1988) introduced a model of dependent maintained 

reliability system (DMRS) with n components, which is a generalization of a 

model of Ross (1984). In their model, component failure and repair completion 

rates depend on the state, ages and current repair durations of the other components. 

They provide sufficient conditions on the rates which ensure that the first failure 

time of such a system is NBU. This result includes some of those mentioned 

above, as special cases. 

Chapter 2 and Chapter 5 of this work are devoted to this area. In Chapter 2, the 

model introduced by Ross (1984) is modified such that component failure rates depend 

on the cardinality of working set and the current time. Sufficient conditions on failure 

rates which imply that the first failure time of a k-out-of-n system is IFR are found. 

This result can be viewed as an extension of an earlier result of Esary and Proschan 
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(1963) mentioned above. The connections and differences between this result and those 

of Ross (1984) ar.d Schechner (1984) are discussed. 

It should be noticed that although a lot of results in this area have been obtained 

by many authors, most of them are dealing with continuous time cases, much less is 

known for discrete cases. Chapter 5 deals with discrete reliability systems (with or 

without maintenance). In Section 5.2, sufficient conditions, on the discrete conditional 

transition probabilities which imply that the first failure time of a discrete dependent 

maintenance system (DDMRS) is NBU, are given. In Section 5.3, we discuss some 

discrete dependent reliability systems without maintenance. Several results concerning 

the properties of the first failure times of such systems are obtained. Although these 

results are analoguous to those in the continuous time case, they are by no means trivial. 

Stochastic ordering of two random vectors plays an important role in reliability 

theory, it is useful for establishing aging properties of system life time and bounds 

on system parameters. In Chapter 4, a model in discrete case which is the analogue 

to that in Shaked and Shanthikumar (1988) is adopted. We mathematically formulate 

a model where the multivariate up and down times, of a group of components, are 

measured in discrete units. Aging conditions are imposed on the discrete conditional 

transition probabilities so that a stochastic comparison can be made between two groups 

of components in the sense that the random sequence of up and down times of one group 

of components is stochastically larger than the sequence of up and down times of the 

other group. A variety of special cases is used in order to illustrate applications of the 

derived results. The main result in this chapter is also used in Chapter 5 to study NBU 

properties of times to first failure. The main result can be looked at as analogue of a 

continuous time result of Shaked and Shanthikumar (1988), it should be emphasized that 

the discrete case involves a technical difficulty that does not appear in the continuous 

time case. Overcoming this difficulty is the main contribution of that chapter. 
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Another important topic in reliability theory is maintenance policies, which are 

followed to reduce the incidence of system failure or to return a failed system to the 

operating state. The failure of a system or a component during operation may be costly 

or inconvenient. If the condition of the unit gets worse as it gets older, replacement 

by another unit may be advisable. Various types of replacement policies have been 

proposed. The most popular of these are block replacement and age replacement. A 

block replacement policy is a type of preventive maintenance under which items are 

replaced at failure and also replaced at planned times T, 2T, 3T, .... Age replacement 

is another type of preventive maintenance where items are replaced at failure or replaced 

when the age of the component reaches T units. See Barlow and Proschan (1965, 

1981) for a discussion of these policies. A minimal repair replacement policy was also 

discussed by Barlow and Proschan (1965). A fourth policy called a repair replacement 

policy was introduced by Block, Langberg and Savits (1993). 

When a choice of policies is possible, it is useful to know when one policy will 

lead to fewer unscheduled replacements or repairs than another policy. For this reason, 

the stochastic comparison of two different policies with common unit life times and/or 

common replacement schedules is of interest Earlier research on comparison between 

age and block policies can be found in Barlow and Proschan (1981) as well as Marshall 

and Proschan (1972). Recent work appears in Block, Langberg and Savits (1990a, 

1990b,1993). 

Chapter 3 of this work is an interesting complement to the earlier results obtained 

by Marshall and Proschan (1972). Here we review some of their most important 

results. Let N(t) be a renewal process with life distribution function F, let N H(l, T) and 

NA(t, T) be the corresponding block and age replacement processes. (The quantities 

N B (t, T) and Nil (t, T) do not count planned replacements but only replacements due to 

an in-service failure). Marshall and Proschan (1972) proved 

Result 1 For any T > 0, N(t) ?:st NA(t, T) for all t > 0 if, and only if, F is NBU. 
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Result 2 For any T > 0, N(t) ~st NB(t, T) for all t > 0 if, and only if, F is NBV. 

Result 3 For any T > 0, and any k = 1,2, ... , NA(t, kT) ~st N.4(t, T) for all t > 0 if, 

and only if, F is NBV. 

Result 4 For any T > 0, and any k = 1,2, ... ,N B(t, kT) ~st N B(t, T) for all t > 0 

if, and only if, F is NBV. 

Result 5 For any Tl < T2, N.,l(t, T1) ::;st NA(t, T2) for each t > 0 if, and only if, F is 

IFR. 

Proofs of these results can also be found in Chapter 6 of Barlow and Proschan (1981). 

The first two results are particularly interesting in that they characterize NBV 

as a type of minimal wear out property guaranteeing that age and block replacement 

lead to fewer unplanned failures than in the renewal process without these planned 

replacements. In Chapter 3 of this work, a new class of distributions, which correspond 

to renewal processes with superadditive renewal functions (SupAdRF), is introduced. It 

is proved that 

" F is SupAdRF {:::=? EN(t) ~ EN B(t, T) for all t > 0, T > 0 {:::=? EN H(I.I/I')~ 

ENB(i,T) for all t > O,T > Oandk = 1,2, .... 

From this we can see that the class of SupAdRF distributions is another natural class, in 

addition to the class of NBV distributions, to consider in the study of block replacement 

policies. A long standing open question is solved in Chapter 3. The open question 

asked whether the parallel result to Result 5 for block replacement is still true. It turns 

out that the answer is positive in one direction and negative in another direction. It is 

also proved in Chapter 3 that 

G EN B(t, T) is increasing in T > 0 for each fixed t > 0 if, and only if, the renewal 

function A/(l) == EN(t) is convex. 
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This tells us that for a distribution F whose corresponding renewal function is convex, 

the expected number of unplanned failures decreases as the block replacement interval 

T decreases. Finally, a useful result is obtained, which says that the renewal function is 

convex if, and only if, the excess lifetime, ,(t) = SN(t)+1 - t, is stochastically decreasing 

in t ~ 0, where SN(t) = Xl + X 2 + ... + XN(t). This not only links a property of the 

excess lifetime to a property of the average number of failures for a block replacement 

policy through a previous result, but also is of independent interest in renewal theory. 

Applications, and relationships between these new results and some earlier known 

results, are included in that chapter. 
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Properties, such as IFR-ness, NBU-ness, of the first failure time of multivariate reliability 

systems have received much attention. Aside from the results based on the independence 

of components of a system, many results dealing with thedependent reliability systems 

have been also obtained. (See, e.g. Shaked and Shanthikumar (1987a, 1988); Ross 

(1984); Schechner (1984». 

It is known that the life distribution of a k-out-of-n system of independent 

components each having a common IFR distribution itself has an IFR distribution. (See 

Theorem 5.8 in Chapter 4 of Barlow and Proschan (1981)). In this chapter, a model of 

Ross (1984) is modified such that component failure rate depends on the cardinality of 

working set and the current time. Using this model, we extend the above result to a 

more general case where we allow some form of dependence among the 71components. 

Sufficient conditions are given on the conditional failure rate functions, to ensure that 

the distribution of the first failure time of such a k-out-of-n system is still IFR. Examples 

are used to demonstrate the application of this result, and the connections between this 

result and those in Ross (1984) and in Schechner (1984). 

We need the following preliminaries, the terminology and the notation can be 

found in Shaked and Shanthikumar (1987b): 

Consider a system of ncomponents with lifetimes T), T2,"', Tn, where 1'), T2, 

... , Tn are nonnegative absolutely continuous random variables. Let I c {I, ... ,/I} 

be the set of working components at some time t. The conditional failure rate function 

of component i for i E I is 

Aj(t I Ty = ty~ T[ ~ tl) = l~~oP{t::; T j ::; t +t::.t I T-7 = 1'-1' T[ ~ Il}l~l. 

where 1 = {I,. . . ,I} and 7 = {I, ... ,n} - I. 
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Given that T 1 = fr and T 1 > (VjEJtj ) · l, where VjEJtj = max{tj : j E 7}, then 

for i E J, the total hazard accumulated byTi during the time interval (V i Eit j, V j EJtj + t], 

t ~ 0, is defined by 

(2.1) 

When I= </>, A i (t I T 1 = t1) will be simply denoted by A i (t). 

Fix t > 0, and suppose that it is given that Tj1, · · · , Tjk_1, k > 0, failed at times 

tji, · · · , tJk-1' respectively, (tj1 < · · · < tJk - i ::s; t), and that all the other TJs are alive at 

time t . For i (/_ {j 1, · · · , tjk _J, denote the total hazard accumulated by Ti during the 

time interval [O, t ] by 

w ilJ1, · .. ,Jk - 1 Ct I t jp · · · , t Jk-J = 
k-1 

Ai (tjl ) + L A i (tjl - tJl - 1 I T jl = t ji, •'. ' TJ!-1 = tJl - 1) + 
l=2 

Ai (t - tjk -1 I T j l = t ji, . . . ' TJk -1 = t j k-1). (2.2) 

Denote (corresponding to the case k = 1) w i (t) = A i (t ) , t > 0. 

Let W be the transformation from [O, oo)n into [O, oo)n defined as follows. 

For "t._ = (t i , ··· , t n) E [0, oor, and tj1 < t j 2 < · · · < tJn ' which is an increasing 

rearrangement of the coordinates oft, the vector ;f. = (x1, · • · , xn ), which W assigns to 

t, is given by 

Xjn (2.3) 

It has been shown that if T has an absolutely continuous distribution then X == w (T) 

is a vector of independent mean-1 exponential random variables. Furthermore w has 
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an 'almost inverse' '11* which satisfies W*(W(L)) =a.s. T . Thus, if X is a vector of 

independent standard exponential random variables then 

'll*(K) =st T. (2.4) 

2.2. Main Result 

Suppose that the conditional failure rate at time t for component i E I does not depend 

on the failure times of components j E 1 and the dependence on the working set is only 

through the number of the survival components (i.e. III). Then for i E J, t E [O, oo), 

Ai(t I Ty= ty, TI 2: tl) = 0:(t, III), (2.5) 

Theorem 2.1. If the conditional failure rate function 0:(t, III) has the form 0:(t III) = 

/3(111) · g(t), where g(t) is a nonnegative non-decreasing function and G(t) = Jd g(u)du 

is finite for each t 2: 0, then the lifetime of a k-out-of-n system [i.e. T(n -k+l): n which is 

the (n - k + l)st order statistic of (Ti,··· , Tn)l is !FR. 

Proof. (a). First consider the case: g(t) = 1. In this case we have 

(2.6) 

Let W be the transformation from [O, oo)n into [O, oo)n defined as in (2.3). Given 

that Tj1 < Tj2 < · · · < Tjn, where (Tj1 , • • • , TJn) is the increasing rearrangement of 



(T1, · · · , Tn), define 

+ · · · + (3(1) · (T- - T · ). Jn Jn-l 

The above equalities follow from (2.3), (2.2), (2.1) and (2.6). 

So, 

Xj2 [(3(n) - (3(n - 1)] · Tj1 + (3(n - 1) · Tj2 , 

Xj11 [(3(n) - (3(n - l)] · Tj 1 + [(3(n - 1) - (3(n - 2)] · T j2 + · · · 

+[(3(2) - (3(1)] · TJn-l + (3(1) · Tjn · 

17 

(2.7) 

(2.8) 

It is seen that Tj1 < Th < · · · < Tjn if, and only if, Xj1 < Xj2 < · · · < Xjn, and 

(Xj1 , • • • , Xjn) are the order statistics of (X 1, • · • , Xn) which is a vector of independent 

standard exponential random variables. 
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We obtain \lJ* by solving the linear system (2.8). Then given Xj1 < Xj2 < · · · < 

x]n' by (2.4) we have 

1 
(3(n) Xji, 

(3(n - 1) - (3(n) 1 X 
(3(n - 1) · (3(n) Xj1 + (3(n - 1) jz' 

(3(n - 1) - (3(n) (3(n - 2) - (3(n - 1) 
-----Xj1 + X jz 
(3(n - 1) · /3(n) /3(n - 2) · /3(n - 1) 

+ ... + (3(1) - /3 (2) X· + _l_X . . 
/3(1) , /3(2) Jn-1 /3(1) Jn 

(2.9) 

Denote the kth order statistic of (T1, · · · , Tn) by Tk:n, (k = 1, · · · , n). Given Xj1 < 

· · · < Xj" (i.e. Tj1 < · · · < Tj") then 

(3 (n - 1) - /3(n) 1 ;-
Tk:n = Tjk =st /3 (n _ l) . /3 (n) Xj1 + · · · + /3 (n _ k + l) Xjk · 

Unconditionally, 

P{Tk:n::; t} P{U01 ,··· ,jn){Tjk ::; t, Xjl < ... < Xjn}} 

L P{ /3(n - 1) - /3(n) Xj1 + ... 
01,··· ,jn ) (3(n - 1). {3 (n) 

+ (3 (n _\+ l)X;. S:: t,X;, < · · · < X;"} 

P{ /3(n - 1) - /3(n) X. + ... + 1 X .. < t} 
f3 (n - 1) · (3(n) I.n /3 (n - k + 1) k.n -

where the union and the summation are for all possible permutations (j 1, · · · , Jn) of 

(1, · · · , n) . So 

T - /3 (n - 1) - /3(n) X 1 X (2 10) 
k:n -st (3 (n _ l). {3(n) l :n + · · · + (3 (n _ k + l) k:n· · 

Define the ith spacing D i between the order statistics Xi:n, · · · , Xn:n by D i = X i:n -

Xi-1:n , for i = 1, · · · , n, and Xo:n = 0. Then D1 , · · · , D n are mutually independent 

exponential random variables [Seep. 59, Barlow and Proschan (1981)]. Thus, by (2.10) 

1 1 1 
Tk:n =st (3(n) D1 + (3 (n _ l)D2 + · · · + (3(n _ k + l)Dk, k = 1, · · · n . 



19 

Since D i is IFR and /3(i) > 0, (i = 1, · · · , n), Di/ /3(n - i + 1) is also IFR. It is well 

known that the IFR property is preserved under convolutions. Hence, T k :n is IFR, for 

k = 1, · · · ,n. 

(b). General case: a(t, III) = /3(1) . g(t), where g(t) is nonnegative non-decreasing 

function and G(t ) _ JJ g(u)du < oo for each t 2:: 0. 

In this case (2.7) becomes 

X;, 'V; /T;) = foT" (3(n )g(t)dt = /3(n)G(T;,), 

Xj2 w JilJi (Tj2 I Tj1 ) = /3 (n )G(Tj 1) + /3 (l)[G(Tj2) - G (Tj )] , 

Note that T1· < · · · < T · ~ G(T· ) < · · · < G(T· ) ~ X · < · · · < X · and let 1 Jn J l Jn Jl Jn 

'Vjk = G (Tjk ), k = 1, · · · , n . Then similar to (2.9), we get 

So, exactly as the proof in case (a), Vi :n is IFR, where Vi:n is the kth order statistic of 

(Vi, · · · , Fn ). Now, 

Thus 

!__Tk:n (i) = !!k:n (G(i )) g(i ). 
FTk:n (t) F vk:JG(t )) 

(2.12) 
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Since Vk:n is IFR, fvk:n(G(t»/ Fvk:n(G(t) is non-decreasing in G(t) ~ 0, hence it is 

non-decreasing in t ~ 0, by the assumptions on g(t). Also g(t) is non-decreasing in 

t ~ 0, so by (2.12) fTk:n (t)/ FTk:n (t) is non-decreasing in t ~ 0. Therefore Tk :n is IFR.II 

The following corollary indicates that Theorem 2.1 extends Theorem 5.8 of Section 

5.8 of Barlow and Proschan (1981). 

Corollary 2.1. Suppose the life time distributions of ncomponents in a k-out-of-n system 

are independent and identical, denoted by F. IfF is IFR then the first failure time of 

this system is also IFR. 

Proof. Let (T1, ••• , Tn) be independent identically distributed random variables with 

the common distribution F, where Ti represents the lifetime of the ith component in a 

k-out-of-n system. 

Since F is IFR, the failure rate function 1'(t) = f(t)/ F(t) is non-decreasing in I 

on {t I F(t) > OJ. By the definition of the conditional failure rate function and the 

independence of T: s, (i = 1,· .. , n), 

).j(t I TI = iy, T[ ~ tl) 

= l~~o P{ t < Ti ::; t + fj,t I TI = tI , T I ~ il} I fj,t 

= l~~oP{t < Ti ::; t +fj,t I T j ~ t}/fj,t 

= .{(t)1 F(t) 

= 1'(1.), fori = 1"" ,n. 

So, the conditional failure rate functions satisfy the assumptions of Theorem 2.1 by 

taking g(t) = 1'(t) and (3(n) = (3(n - 1) = ... = (3(1) == 1. Therefore, it follows from 

Theorem 2.1 that Tn - k+ l :n , which is the lifetime of a k-out-of-n system, is IFR. " 

The following examples are applications of Theorem 2.1. 

Example 2.1. Suppose that the joint distribution of (T1, T2) is given via the conditional 

failure rate functions as follows. 
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AI(t I TI 2 t, T2 2 t) = ag(t), 

When get) = 1, this joint distribution becomes Freund distribution which has the 

density 

In this case, if 0' = (3 and a' = (3', then all the assumptions of Theorem 2.1 are 

satisfied. So T I:2 = min(T), T2) and T2:2 = max(Tt, T2) are IFR. 

Note that if a ~ 0" and (3 ~ (3' then it follows from Proposition 1 of Ross (1984) 

that min(TI , T2) and max(Tt, T2) are IFRA. Also using a result of Schechner (1984), it 

can be shown that if a = ba' and (3 = b(3', where 0 < b ~ 1, then max(TI, T2) is IFR 

(See Remark 3 of Ross (1984». 

When get) = t, (t 2 0), if a = (3 and a' = (3' then we can still apply Theorem 2.1 

to show that min(TI , T2) and max(TI , T2) are IFR. However, in this case Ross's result 

mentioned above can not be applied, since the conditional failure rate functions depend 

on t. 

Example 2.2. Consider a I.:-out-of-n system for which the 71 components have the 

multivariate exponential distribution (MVE). That is 

n 

F(tl,'" ,i7l ) = exp[-LAiii-LAijmax(ti,tj}-
i=1 i<i 

L Aiik max(ti, ti, ik) - ... - AI2'''1I max(tl,'" ./ 11 )]. 

i<i<k 
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Suppose that .\1 = .\2 = · · · = An, .\12 = .\13 = · · · = An-ln, · · · , that is, the 

multivariate exponential distribution is symmetric in t 1, · · · , tn . In this case, it is not 

hard to verify that all the conditions of Theorem 2 .1 are satisfied. Therefore, the first 

failure time of such a k-out-of-n system is /FR. 



3. SOME RESULTS ON BLOCK REPLACEMENT 
POLICIES 

3.1. Introduction 
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Consider identical items which perform a function that is to be continued indefinitely. 

In order to make this possible, an item which fails while in service is instantly replaced. 

Sometimes the interruption caused by an in-service failure is costly compared with 

the item replacement cost. Thus, in order to avoid the high cost associated with a failure 

replacement, planned replacements are often employed. 

The two planned replacement policies most commonly used are age and block 

replacements. Under an age replacement policy a unit is replaced upon failure or upon 

reaching a specified age T, whichever comes first. Under a block replacement policy 

a replacement is made whenever a failure occurs and additionally at specified times 

T, 2T, 3T, . . .. Throughout this chapter T is nonrandom. Age replacement results in 

fewer planned replacements since replacements are planned according to the unit age. 

On the other hand, block replacements are scheduled in advance and are simpler to 

administer. Marshall and Proschan (1972) and Barlow and Proschan (1981), as well 

as several other authors, have studied these replacement policies and obtained many 

important results. 

The focus in this chapter is on the block replacement policies about which 

relatively less is known compared to age replacement policies. Several new results, 

which connect the properties of block replacement policies with the properties of the 

corresponding renewal function and excess lifetimes, are obtained. Some applications 

and the relationship between these new results and some known results are included. 

Throughout this chapter "increasing" means "nondecreasing" and "decreasing" 

means "nonincreasing". 



24 

3.2. Background, Notation and Overview 

Assume that the lifelengths of all items to be placed in service are independent and have 

a common distribution function F with F(z) = ° for z < O. The corresponding survival 

function is denoted by F = 1 - F. 

We say that a random variable X is stochastically larger than the random variable 

Y, denoted by X ~st Y, if PiX > t} 2 P{Y > t} for any real number t. It is well 

known that X ~st Y if, and only if, 

Eg(X) ~ Eg(Y) (3.1) 

for every increasing Borel-measurable function 9 for which the expectations exist. 

Therefore, by (3.1), whenever E(X) and E(Y) exist, 

X ~st Y =? E(X) ~ E(Y). (3.2) 

Let {X(t); l ~ o} be a collection of random variables. We say that X(I) is 

stochastically increasing [decreasing] in t, denoted by X (t) r sl r lad in l, if X (12) 2 "I 

[:S;stlX(ll) wheneveri 2 2 il. 

Consider a renewal process {N(t); t ~ o} with interrenewallife distribution F. 

Let 

N(t) = the number of failures (renewals) in [0, t] for an ordinary renewal process with 

no planned replacements. This quantity records the number of failures in [0, II if 

replacements are made only upon failure. 

N;\(t, T) = the number of failures in [0, t] under an age replacement policy with 

replacement age T. 

NB(t, T) = the number of failures in [0, t] under an block replacement policy with 

replacement interval T. 
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The quantities NA (i, T) and N B(i, T) do not count planned replacements but only 

replacements due to an in-service failure. In all three cases the origin is not considered 

to be a renewal point or a failure time. 

The following results can be found in Barlow and Proschan (1981). 

FisNBU ~ N(t)~stNB(t,T)foralli~OandT~O. (3.3) 

F is NBU ~ NB(t, kT) ~st NB(t, T) for all i ~ 0, T ~ 0 and (3.4) 

,,~ = 1,2, .... 

F is NBU ==} AI(t + h) - 111(t) ~ j}I(h) for all i ~ 0 and h ~ 0, (3.5) 

where AI(l) = EN(t) is the renewal function with the underlying renewal distribution 

F. 

Obviously, from (3.3) and (3.4) we have 

F is NBU ==} AI(i) ~ EN B(t, T) for all i ~ 0 and T ~ o. (3.6) 

F is NBU ==} ENB(t, kT) ~ ENB(t, T) for all t ~ 0, T ~ 0 (3.7) 

and k = 1,2, .... 

Thus, the relationships among the three statements in the right hand sides of (3.6), (3.7) 

and (3.5) are of interest. In Theorem 3.1 it is shown that these three statements are 

equivalent. 

Notice that (3.3) tells us that the class of NBU distributions is the largest class 

for which the block replacement policy stochastically decreases the number of failures 

experienced in any particular time interval [0, i], 0 < t < 00. Similarly, from Theorem 

3.1 it follows that the class of distributions which correspond to renewal processes 

with superadditive renewal functions (SupAdRF) is the largest class for which the 

block replacement policy reduces the expected number of failures experienced in any 

particular time interval [0, I], 0 < t < 00. In this sense, in addition to the class of 
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NBU distribution functions, the class of SupAdRF distributions is another natural class 

to consider in the study of block replacement policies. From (3.5) it is seen that the 

class of SupAdRF distribution functions is larger than the class of NBU distribution 

functions. This is not surprising since the former class corresponds to distributions for 

which a block replacement policy is beneficial according to a weaker criterion. 

Marshall and Proschan (1972) proved the following result: 

NA (t, T) is stochastically increasing [decreasing] in T ~ ° (3.8) 

for each fixed t ~ 0, if, and only if, F is IFR [DFR]. 

They pointed out that a similar characterization for N B(t, T) is unknown. Theorem 

3.2 and Example 1 below deal with this question. It turns out that the stochastic 

increasingness of N B(t, T) in T ~ 0, for each fixed t ~ 0, is a sufficient condition for 

F to be IFR, but it is not a necessary condition. Also, the stochastic decreasingness 

of NB(t, T) in T ~ 0, for each fixed t 2:: 0, implies that F is DFR, but whether the 

DFR-ness of F implies that N B(t, T) is stochastically decreasing in T 2:: 0, for each 

fixed t ~ 0, remains unknown. 

Theorem 3.3, like Theorem 3.1, deals with the weak comparison criterion for block 

replacement policies, that is, we use ENB(t, T) - the expected number of failures 

in [0, t] - rather than N B(t, T). The theorem says that ENB(t, T) is increasing 

[decreasing] in T ~ 0, for each fixed t ~ 0, if, and only if, the renewal function 

Al (t) = EN (l) is convex [ concave]. This theorem provides a new way of verifying the 

convexity or concavity of .M (t) or of verifying the increasingness or decreasingness of 

EN B( t, T). It is also used in Example 1 in order to prove that if F is IFR then N R (I. T) 

need not be stochastically increasing in T ~ ° for all t ~ 0. 

Let ,(t) be the excess lifetime, that is, ,(t) = SN(t)+1 - t, where So == 0, 

Sk = Xl + X2 + ... + X k , k = 1,2, ... , and Xi, i = 1,2, ... , are independent random 

variables with the identical distribution function F. Brown (1980) has shown that if F 

is DFR then 
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,et) is stochastically increasing in t ;::: 0, (3.9) 

and 

the renewal function !vI(t) is concave. (3.10) 

Motivated by this result it is of interest to know what the relationship is between 

(3.9) and (3.10). In Theorem 3.4 it is shown that (3.9) and (3.10) are equivalent. In 

Example 2 it is seen that this theorem can sometimes be applied to verify the stochastic 

increasingness [decreasingness] of the excess lifetime indirectly. 

Figures 3 and 4 summarize the relationships among these new results and some 

related known results. 

3.3. The Results 

Let SupAdRF [SubAdRF] denote the class of distribution functions whose corresponding 

renewal functions are superadditive [subadditive] as discussed in Section 3.2. The next 

theorem shows that, in addition to the class of NBU distribution functions, the class 

of SupAdRF [and of SubAdRF] distributions is another natural class to consider in the 

study of block replacement policies. It connects a property of the renewal function with 

a property of the average number of failures in a block replacement policy. The notation 

of Section 3.2 is used here and throughout this section. 

Theorem 3.1. The following statements are equivalent: 

(a) ENB(t,T):S [;:::]ENB(t,~~T)forallt;::: O,T;::: Oandk = 1,2, .... 

(b) ENB(i,T):S [;:::]AI(t)forallt;::: OandT;::: O. 

(c) AI(s + h) - 111(s) ;::: [:S]Al(h)for all s ;::: 0 and h ;::: O. 
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Proof. 

(a) => (b) 

Given fixed t ~ 0 and T ~ 0, there exists a sufficiently large integer k such that 

t :::; I.:T. Thus NB(t, kT) = N(t) and therefore EN B(t, kT) = Al(t). Hence, by (a), 

ENB(t, T) :::; [~lM(t). 

(b) => (c) 

Let t and T be such that 0 :::; T :::; t :::; 2T. It follows from (b) that 

ENB(t, T) = AI(T) + AI(t - T) :::; [~]1\1(t). (3.11) 

We need to show that for any given 5 ~ 0 and h ~ 0 we have that 

Al(s + h) - 1\1(5) ~ [:::;]Al(h). 

Without loss of generality we can assume that II. :::; s. Set T = sand f = II + .~. 

Then T and t satisfy 0:::; T :::; t :::; 2T. So, from (3.11) we get the desired result. 

(c) => (a) 

Suppose that iVI(s + h) - Al(s) ~ [:::;]Al(h) for any s ~ 0 and h ~ O. Fix aT> O. 

LeLc; = h = T. Then Al(2T) ~ [:::;]21\1(T). By induction we obtain that 

lH(I.:T) ~ [:::;]I.:Al(T) for T > 0 and I.: = 1,2, .... (3.12) 

For any arbitrary t > 0 we may determine an integer n ~ 0 such that 11 T < I :::; 

(n + l)T. So, 

ENB(t, T) = nAl(T) + l\1(t - nT). (3.13) 

Therefore, for I.: = 1, 2, . . . , 



[n/ k]/VI(kT) + M(t - [n/ldkT) 

~ [~] k[n/ k]!vf(T) + M(t - [n/ k]kT), 
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(3.14) 

where [n/ k] denotes the largest integer which is less than or equal to n/ k. From (3.12) 

and (c), in turn, it follows that 

AI(t - [n/ldT) Al{(t - nT)+(n - [n/ldk)T} 

2: [~] AI(t - nT)+!v!{(n - [n/k]k)T} 

2: [~] AI(t - nT) + (n - [n/ Id/"~)AI(T). 

(3.15) 

Thus, from (3.14), (3.15) and (3.13) we have that ENB(t, kT) 2: [~]ENB(I, T) 

for all t ~ 0, T ~ 0 and k = 1, 2, . .. .11 

Remark 3.1. It is known that ifF is NBU [NWUj then AI(s + II) - i1J(S) 2: [:::;]M(h) 

for all s 2: 0 and II, 2: O. But whether or not the converse is true is still unknown. We 

conjecture that if Al(s + h) -ivIes) 2: [:S;]M(h)for all s ~ 0 and II, 2: 0 then it does not 

necessarily follow that F is NBU [NWU}. If Al(s + h) - Al(s) 2: [:S;]J1J(h)for all s 2: 0 

and II. 2: 0 ==? F is NBU [NWUj then it would follow from (3.4) and from Theorem 

3.1 that ENB(t, T) :::; [2:]ENB(t, kT) ==? NB(t, T) :::;sl [2:stlNB(i, /..:T) which seems 

unlikely. 

A long standing open question posed by Marshall and Proschan (1972) is whether 

it is true that N B(t, T) j st [lsd in T ~ 0 for each fixed t 2: 0 if, and only if, F is IFR 

[DFR]. The next theorem shows that the answer is positive in one of the two directions. 

Theorem 3.2. IfNB(t,T)jst [lsd inT 2: Oforeachjzxedt 2: o then F isIFR [DFR}. 
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Proof. Suppose that N B(t, T) i st in T ~ 0 for each fixed t ~ O. Then, for 

T\ :s; T2, P{NB(t, T\) ~ n} :s; P{NB(t, T2) ~ n}, n = 1,2, .... Taking n = 1 it is 

seen that 

P{NB(t, T\) = O} - 1 - P{NB(t, T\) ~ I} 

> 1 - P { N B (t, T2) ~ I} = P { N B (t, T2) = O}. 

Let T\ :s; T2 :s; 2T\ and let t satisfy T\ :s; T2 :s; t :s; 2T\ (see Figure 1). Since 

and 

we have that 

(3.16) 

For any given y ~ x ~ 0, ~ ~ 0, we are going to show that 

F(x + ~)/ F(x) ~ F(y + ~)/ F(y). 

o 

case 1: y y+~ x+y+~ 2y 

case 2: x + ~ y + ~ x + y + ~ 2x + 2~ 

Figure 1 

Case 1: ~ :s; y - x. 



31 

S T 'T' A rl .J • A rT'1 rn 'T"' •• • ~ " • 'r < et I = y,.L 2 = Y + L> anu ~ = :r + !J -r u. 11ieii.1l, 12 anu ~ saus:ry v:S 1_ 

T2 :::; t :::; 2T). Therefore, from (3.16), we get that F(t - T)/ F(t - T2) 2: F(T2)/ F(T). 

Note that t - T) = x + D.,t - T2 = x,T) = y and T2 = y + D.. Hence we get 

xF(x + .0.)/ F(x) 2: F(y + .0.)/ F(y). 

Case 2: .0. > y - x. 

Set TI = x + D., T2 = Y + .0. and t = x + y + D.. Then TI , T2 and t also satisfy 

o :::; T) :::; T2 :::; t :::; 2TI . Therefore, from (3.16), we get that F(T))/ F(t - T2) 2: 

F(T2)/ F(t - T I ). Note that T) = x + D., t - T2 = x, T2 = Y + 2. and t - T) = lJ. Hence 

also here we get F(x + 2.)/ F(x) 2: F(y + 2.)/ F(y). Therefore if N BU, T) i sf in T 2: 0 

for each fixed t 2: 0 then F is IFR. 

If NB(t, T) !st in T 2: 0 for each fixed t 2: 0 then a similar argument, with the 

inequalities reversed, can be used to show that F is DFR. II 

Consider now a weaker comparison criterion where the expected num ber of failures 

in [0, t] (EN B(t, T)), instead of N B(t, T), is used. The condition EN B(l, T) i r!] in 

T 2: 0 is weaker than the condition N BU, T) i st [Ltl in T 2: 0 (see (3.2)). Since the 

condition N B(t, T) i st [!st] in T 2: 0 for each fixed t 2: 0 implies thatF is IFR [DFR I 

it is of interest to see whether the condition ENB(t, T) i [1] in T 2: 0 for each fixed 

t 2: 0 also implies that F is IFR [DFR]. Although this problem has not been solved in 

this chapter, another related result is given in the next theorem. 

Theorem 3.3. The expected value ENB(t, T) is increasing (decreasing] in 7' 2: 0 for 

each fixed t 2: 0 if, and only if, the renewal function .M (l) is convex (concave]. 

Proof of Theorem 3.3 (necessity). 

Suppose that ENB(t, T) is increasing in T 2: 0 for each fixed { > O. Let 

T) :::; T2 :::; 2TI and let t satisfy T) :::; T2 :::; t :::; 2TI . Note that 
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and 

Therefore 

(3.17) 

It suffices to show that for any given y 2: x 2: 0, and t:1 2: 0 we have that 

Al(y + t:1) - Al(y) 2: M(x + t:1) - /vJ(x). 

If t:1 :::; y - x then set Tl = y, T2 = Y + t:1 and t = x + y + ~. If ~ > y - ;r then 

set Tl = :I: + ~,T2 = Y + t:1 and t = x + y + t:1. In both cases T1, T2 and I satisfy 

0:::; Tl :::; T2 :::; t :::; 2T1• So, from (3.17) the desired result is obtained. If EN aU, T) is 

decreasing in T 2: 0 for each fixed t 2: 0 then a similar argument, with the inequalities 

reversed, can be used in order to show that Ai (t) is concave. II 

In order to prove the sufficiency part of Theorem 3.3 we need the following lemma. 

Lemma 3.1. Let Tl and T2 be such that 0 < Tl :::; T2 :::; 2T1• Define two planned 

replacement policies such that the planned replacements occur at the fixed time points 

o < Ti, Ti + T1, Ti + 2T1, • •• under policy i, i = 1, 2. Let Ni (t) be the number of failures 

in [0, t] under policy i, i = 1,2. If /vJ(t) is convex [concave] then 

Proof. Define a third planned replacement policy 2* under which the planned 

replacements occur at the fixed time points ° < T1, T2 + Tl, T2 + 2T1, T2 + 3T), ... , and 

let N2.(t) be the number of failures in [0, t] under policy 2*. Figure 2 illustrates these 

three policies. 



o 

I 
o 

I 
o 

2Tl 3T1 4Tl 

I I I Policy 1 

T2+Tl I T2+2Tl I T2+3T1 

I I I Policy 2 

I I I Policy 2* 
T2+Tl T2+2Tl T2+31'1 

Figure 2 

Now suppose that .M(t) is convex. It is easy to see that 

33 

(3.18) 

because if 0 ~ t < TI then EN1(t) = EN2(t); ifTl ~ t < T2 then EN\(l) = M(T1) + 

NJ(t - T1) and EN2(t) = A1(t); and ifT2 ~ t ~ 2Tl then EN1(t) = Al(T\) + M(t - T\) 

and EN2(t) = Al(T2) + NJ(t - T2). In each of these cases (3.18) follows from the 

convexity of j\{(;r). 

For 2T\ < l ~ T2 + T\ we see that 

and 

EN2(t) = Al(1'2) + A1(t - T2)' 

Since 0 < t - T2 ~ TI ~ t - TI ~ T2 and Ai(t) is convex it follows that 

(3.19) 



Also, for 2Tl < t $ T2 + Tl, it follows from the convexity of M(x) that 

ENl(t) Al(Tt} + Al(Tl) + M(t - 2Tl) 

< M(Tl ) + M(t - Tl ) = EN2*(t). 

Therefore from (3.18), (3.19) and (3.20) it is seen that 
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(3.20) 

The rest of the proof is by induction on k. Let the induction hypothesis be that 

ENl(t) $ EN2(t) for 0 $ t $ T2 + kTl. We need to show that ENt(t) $ EN2(t) for 

0$ t $ T2 + (I.: + l)Tt• 

First observe that for t ;::: T2 + Tt 

EN2*(T2 + Tt) + ENl(t - (T2 + Tt» 
< EN2(T2 + Tt) + ENt(t - (T2 + Tt » = EN2(t). 

So we only need to show that ENl(t) $ EN2.(t) for T2 + I.:Tt $ t $ T2 + U' + 1)Tt • 

Note that for such a t 

A1(Tl) + ENl (t - Tl) 

< !vI(Tl) + EN2(t - Tt ) = EN2.(l), 

where the inequality follows from the induction hypothesis. This completes the 

proof of the lemma for the convex case. The proof for the concave case is similar. II 

Proof of Theorem 3.3 (sufficiency). 

Suppose that A1(x) is convex. ForO < Tl $ T2 we are going to show that for each 

fixed t ;::: 0 we have that 

(3.21) 

Obviously we may restrict the proof for the case when 0 < Tl < T2• Furthermore, we 

may assume that Tl < T2 $ 2Tl; otherwise, since Tl < T2 we can find an integer I.. > 1 
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so that kTJ :::; T2 :::; (k + 1)T1. Set T{ = hTI • Then 0 < T{ < T2 :::; 2T{. Since .M(x) is 

convex, it follows that M(x) is superadditive. Therefore, from Theorem 3.1, we have 

thatENB(t,Tl):::; ENB(t,T{). So, if we can prove thatENB(t, T{) :::; ENB(t,T2) then 

we will have (3.21). 

We will use induction in order to show that EN B(t, T1) :::; EN B(t, T2), for each 

fixed t ~ 0, under the assumption that TI < T2 :::; 2T1• 

For 0 :::; t :::; T2, obviously, ENB(t, T1) :::; ENB(t, T2). 

Assume that ENB(t, T1) :::; ENB(t, T2) is true for 0 :::; t :::; h~T2, for some h~ ~ 1. 

Let NI(t) and N2(t) be as in Lemma 3.1. Note that N1(t) =st NB(t,T1), where '=.9/' 

denotes equality in law. Thus, from Lemma 3.1 we have that 

(3.22) 

However, 

Since (k - 1)T2 < t - T2 :::; h~T2 it follows from the induction hypothesis that 

(3.23) 

From (3.22) and (3.23) we obtain (3.21) and this completes the proof for the convex 

case. The proof for the concave case is similar. II 

Brown (1980) has shown that if F is DFR then AI(t) is concave. Thus, from 

Theorem 3.3 we obtain the following result. 

Corollary 3.1. IfF is DFR then ENB(t, T) is decreasing in T ~ Of or any fixed t ;::: O. 

The following example is of interest as it provides a counterexapmle for the IFR 

converse of Theorem 3.2. 
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Example 3.1. Let F be the gamma distribution with parameters C\:' = 3 and), > 0, that 

is, the corresponding density function is f(x) = ).3x2e-AX If(3) for .1: 2:: O. It is well 

known that F is IFR. 

Berman (1978) points out that the convolution of three independent exponential 

random variables with a common parameter )., which is the gamma distribution 

described above, does not have an increasing renewal density (that is, !lI(t) is not 

convex). Thus, itfollows from Theorem 3.3 that ifF is IFR then it is not necessarily 

true that EN B(t, T) is increasing in T 2:: 0 for any fixed t 2:: O. Hence, if F is IFR it 

does not necessarily follow that N B(t, T) is stochastically increasing in T 2:: 0 for any 

fixed t 2:: 0 (see (3.2». " 

Combining Theorem 3.2 and Example 3.1 we conclude that if N B (t, T) i st in 

T 2:: 0 for each fixed t 2:: 0 then F is IFR but the converse is not true in general. Also 

if N BCt, T) lst in T 2:: 0 for each fixed t 2:: 0 thenF is DFR but we still do not know 

whether F is DFR implies that N B(t, T) lst in T 2:: 0 for each fixed t 2:: O. 

Let ,(t) == S'N(t)+i - t be the excess lifetime as defined in Section 3.2. Denote 

the survival function of ,(t) by F '"'(t). As is mentioned in Section 3.2, motivated by a 

result of Brown (1980), we would like to study the relationship between the stochastic 

monotonicity of the excess lifetime and the convexity or concavity of the renewal 

function. Also, motivated by a result of Marshall and Proschan (1972), who proved that 

if F'"'(t)(u) :::; [2::]FCu) for all t 2:: 0 and II 2:: 0 (that is, ,(t) :::;st [2::stl/(O) for alli 2:: 0) 

then .M(t) is superadditive [subadditive], we would like to extend this result and show 

that ,(t) lst [j st] in t 2:: 0 is a sufficient condition for A1(t) to be convex r concave]. It 

turns out that the stochastic monotonicity of ,(t) in t 2:: 0 is not only a sufficient but 

also a necessary condition for 1I1(t) to be convex or concave as Theorem 3.4 reveals. 

This theorem is of an independent interest also in renewal theory. For instance, it 

may be difficult to verify the stochastic increasingness [decreasingness] of ~/(l) directly, 
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but the convexity [concavity] of M(t) is sometimes easy to prove. In that case Theorem 

3.4 is useful. Example 3.2 below illustrates this point. 

Theorem 3.4. The renewal/unction !vI(t) is convex [concave] if, and only if, the excess 

lifetime ,(t) is stochastically decreasing [increasing] in t 2:: O. 

Proof. First suppose that ,(t) is stochastically decreasing in t 2:: O. Recall (see, e. g., p. 

169 in Barlow and Proschan (1981)) that, for any sand t, 
00 

!vI(t + h) - !vIet) = L F"I(t) * F(k)(h) 
k=O 

and 
00 

Al(s + h) - Al(s) = L F"I(s) * F(k)(h) 
k=O 

where F~,(t)(u) = Pb(t) ::; u} and * denotes convolution. 

Since ,(t) is stochastically decreasing in t we have that F"I(t)(ll) 2:: V,(s)(u) for 

any 0 ::; s ::; t and u 2:: O. Therefore F'1(t) * F(k)(h) 2:: F'1(s) * F(k)(h) for II 2:: 0 and 

k = 1,2, .... Hence Al(t + h) - !vI(t) 2:: Al(s + h) - Al(s) for 0 ::; s ::; t and II 2:: O. 

That is, lU(t) is convex. 

If ,(t) i st in t 2:: 0 then we can similarly prove that Al(t) is concave. 

Now suppose that Al(t) is convex. Note that for t 2:: 0 and II > 0, 

00 t 
P{ ,(t) > u} = F(t + u) + L 10 F(t + u - ;r)dF(lI)(x) 

11=1 

so that 

P{ ,(t) > u} = F(t + u) + lot F(t + u - ;r)dAl(x) 

From (3.24) we have that 

1 - F(t + u) + lot [1 - F(t + u - x)]dJ\1(:l') 

rt+u 

1 - F(t + u) + Al(t) - Jo [F(t + u - x)]dl\I(.1·) 

ft+u 
+ J

t 
[F(t + u - X)]dlH(x). 

(3.24) 



Applying the fundamental renewal equation: 

lvl(t) = F(t) + F * Al(t) = F(t) + A1 * F(t) = F(t) + lot F(t - x)dAl(:r) 

we have that 

P{ ,(t) > u} - 1 + M(t) - [F(t + u) + lot F(t + u - x)dJ\1(:r)] 

+ It+u F(t + u - x)dM(x) 

1
t+u 

- 1 - ([A1(t + u) - M(t)] - t F(t + u - x)dAf(;r)}. 

Therefore, 

1
t+u 

P{ ,(i) S; u} = Al(i + u) - Al(i) - t F(i + u - x)dJ\1(.r). 

Similarly, 

l
s+U 

P{ ,(s) S; u} = 1I1(s + u) - J11(s) - s F(s + u - x)dJ\1(:I'). 

Thus, 

P{,(t) S; u} - Ph(s) S; u} 

= ([1I1(l + u) ~ J\1(t)] - [NI(s + u) - AI(s)]} 

_{It+u F(t + 1£- x)dJ\1(x) - l S+U 

F(s + 11 - x)dAl(:r)}. 

Bya simple substitution it is seen that 

(s+u It+u is F( . ., + u - x)d1l1(x) = t F(t + u - :r)dxAI(x - (l - 05». 

Thus, 

It+u F(t + 'It - x)dAl(x) - l s+u 
F(s + u - x)dAl(;c) 

1
t+u 

= t F(i + u - x)dx[iYI(x) - 1I1(x - (l - s»] 

1
t+u 

S; t 1 dAlIl(x) - J11(x - (t - s»] 

= [Al(i + u) - A1(t)] - [Al(s + u) - j\1(o5)], 
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(3.25) 

(3.26) 
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where the inequality holds since 0 :S F(t + u - x) :::; 1 and the convexity of M(t) 

implies that [M(x) - M(x - (t - s»] is increasing in x. Combining (3.25) and (3.26) 

it is seen that P{-y(t) ~ u} ~ P{,(s) ~ u} for 0 ~ s ~ t and u ~ 0, that is, ,(t) 1st in 

t ~ O. 

Similarly it can be shown that if !vI (t) is concave then ,(t) i st in t ~ O. II 

For a rich class of renewal processes the implication 

,(t) 1st [j st] in t ~ 0 ===? J\;I(t) is convex [concave] (3.27) 

also follows from the proof of Proposition 3.3 of Baxter (1988). In fact, Baxter (1988) 

has shown that (3.27) holds for some processes that need not be ordinary renewal 

processes. 

Remark 3.2. Note that ,(t) 1st [j stl in t ~ 0 is a stronger condition than F,(t)(ll) ~ [~ 

]F(u) for all t ~ 0 and u ~ 0 and also thatlll(t) is convex [concave] is a stronger 

condition than the superadditivity [subadditivity] of 1I1(t). So it is not surprising that 

,(t) 1st [jstl in t ~ 0 ===? !vIet) is convex [concave]. But although 11-/(1) is convex 

[concave] ===? ,(t) 1st fist] in t ~ 0, we still do not know whether the sllperadditivity 

[sllbadditivity] of lvI(t) implies that,(t) ~st [~3th(0) for alii ~ O. The argument 

in the proof of Theorem 3.4 does not apply to this problem since the sllperadditivity 

[sllbadditivity] of J\f(t) does not imply that [lV/eX) - lIf(;e - (l - 8))] is increasing 

[decreasing] in :r, which is a property that is needed in the proof above. 

Remark 3.3. From Theorems 3.3 and 3.4 it is seen that ENB(t, T) is increasing 

[decreasing] in T ~ 0 for each fixed t ~ 0 if, and only if, ,(t) lst [j sl] in t ~ O. This 

links a property of the excess lifetime to a property of the average number of failures in 

[0, t],for a block replacement policy. 

The following example illustrates an application of Theorem 3.4. 
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Example 3.2. Consider a renewal process in which the interrenewal arrivals have the 

gamma density: f(x) = ).2xe-'\x for x 2: O. Then the excess lifetime ,(t) corresponding 

to this density is stochastically decreasing in t 2: O. In order to see this, consider Problem 

16 in p. 231 in Karlin and Taylor (1975) where the renewal function corresponding to 

this density is NI(t) = 2-1).t - 4-1(1- e-2,\t), t 2: O. By differentiating lIJ(t) twice it is 

seen that j11(t) is convex. Therefore, by Theorem 3.4, ,(t) is stochastically decreasing 

in t 2: O. 

Theorems 3.3 and 3.4 are related to a conjecture of Brown (1981) which says that 

the concavity of 111(t) implies that F is DFR. This conjecture is now equivalent to either 

of the following statements: 

,(t) i st in t 2: 0 ===} F is DFR 

or 

ENB(t, T)! in T 2: 0 for each fixed t 2: 0 ===} F is DFR 

These two equivalent forms may throw some new light on this conjecture. 

Using Theorem 3.4 we can show that if .M(t) is concave then F is NWUE, which 

is, of course, a much weaker result than Brown's conjecture. 

Corollary 3.2. Suppose that F has afinite mean. If 1I1(l) is convex [concave} then F is 

NBUE [NWUEj. 

Proof. It is known that if ,(t) Sst [2:stl/(O) for all t 2: 0 then F is NBUE [NWUE] (see 

Proposition 3.4 in Marshall and Proschan (1972». If 11/(1) is convex [concave] then 

,(t) is stochastically decreasing [increasing] in t 2: 0 by Theorem 3.4. In particular, 

~/(t) Sst [2:stl/(O) for all t 2: O. Therefore F is NBUE [NWUE]. II 

The following figures summarize the results obtained in this chapter and give 

the relationships among these results and some related known results as well as some 

unsolved questions. 
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4. STOCHASTIC COMPARISON OF TWO DDMRS'S 

4.1. Introduction 

There are several common situations in reliability theory where clock time is not the 

best scale for describing lifetime. For example, in weapon reliability, the number of 

rounds fired until failure is more important than age at failure. This is the case also 

when a piece of equipment operates in cycles and the observation is the number of 

cycles successfully completed prior to failure. In other situations a device is monitored 

only once per time periods successfully completed prior to the failure of the device. 

Similarly, when a device is repaired (e. g., a floppy disk repair by a proper software may 

take a while). In such situations a check for the repair completion is done periodically 

until the repair completion is detected. 

Shaked, Shanthikumar and Valdez-Torres (1989), (1990) defined discrete multi

variate conditional failure rate functions. Using these, they obtained a number of results 

about probabilistic orderings in the discrete multivariate setting which are analogous to 

those in the absolutely continuous multivariate setting. In Shaked and Shanthikumar 

(1988), a model of dependent maintained reliability system (DMRS) with 11 components 

was studied where components failure and repair completion rate functions depend on 

the state age and current repair durations of other components. This model, which 

allows dependence among the n components, is of interest since the results obtained 

for this model are the extensions of some results on the IMRS (independent maintained 

reliability system). 

In this chapter, we are interested in studying the model of discrete dependent 

maintained reliability system (DDMRS) with n components, which is analogous to that 

in Shaked and Shanthikumar (1988). The main result in this chapter can be considered 

as an analogue of Theorem 2.2 in their paper. However, in the discrete model, there 

are some technical complexities which do not appear in the absolutely continuous 
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case. In the discrete case, multiple failures, multiple repair completions and various 

combinations of the both can occur with positive probabilities, while in the absolutely 

continuous case, the probabilities of such events are zero. Overcoming these difficulties 

is the main contribution of this chapter. 

In Section 4.2, apart from the notation, we introduce a definition of conditional 

transition probability. This is, roughly speaking, a mixture of the discrete failure 

rate and the discrete repair completion rate. When the system consists of only one 

component, the conditional transition probability then can be either the discrete failure 

rate or the discrete repair completion rate. It will be seen in Section 4.4 that the 

conditional transition probability plays a major role in generalizing the result obtained 

in Section 4.3. Sufficient conditions on the conditional transition probabilities, which 

imply stochastic ordering between two performance sequences associated with two 

DDMRS's for one component case [respectively, multicomponent case], are obtained in 

Section 4.3 [respectively, Section 4.4]. In Section 4.5, it is shown that a result of Shaked, 

Shanthikumar and Valdez-Torres (1990), which says that the discrete multivariate hazard 

rate ordering implies the stochastic ordering, is a special case of Theorem 4.3. A special 

conditional independence model is also studied in that section, and examples are 

included to demonstrate the applications of obtained results. 

4.2. Model and Notations 

Consider a discrete dependent maintained reliability system with n components where 

failures and repair completions occur only at positive integer time I = 1,2, .... At any 

discrete time 1 E N++ = {I, 2, ... }, each component can be in one of the two states :up 

(i.e. working) or down (Le. failed and in repair). The system state is also either up or 

down and it depends on the component states through a coherent structure function <I>. 

Let Zj(l) = 0, if component i is up at time I, let Zj(l) = 1 if component i is down 

at time I, and for any time I = 1,2, ... , let Z(/) = (ZI(l),'" , Zn(l», then the state 
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of the system at time lis <I> <z"(l). <I>(Z(l) = 0 means that the system is up at time 1 

and <I><z"(l» = 1 means that the system is down at time l. The multivariate sequence 

{ Z (I), 1 = 0, 1, ... } will be called the performance sequence of the components of 

DDMRS. 

We assume that the components are repairable, that is, Zj(l) alternates between the 

intervals in which it is up and in which it is down (i = 1"" ,n), and the end points of 

these intervals are always positive integers and the length of these intervals (i.e. the up 

and down periods) must also be positive integer. In other words, when one component 

fails, the repair can not be completed instantaneously and when one failed component 

is repaired and begins to work at some time I, it can not fail simultaneously at the same 

time I. 

Let IV (Z, I) c 5 == {I, ... ,n} denote the set of components which are working at 

time I. That is, H'(Z:, /) = {i I Zj(l) = OJ. For any set 'W C 5, denote the complement 

of'W by 'W = 5 - 'W. Thus H'(Z, l) is the set of components which are under repair at 

time I. 

For i E IV(Z, I) [respectively, j E IV(Z:, I)], let Ai<Z..' I) [respectively Bj{Z, l)l be 

the age of the current up [respectively, down] period of component i [respectively, jl at 

time I. 

Ifat some time I, Z(l) = (Zl(l),'" ,Zn(I» = (Zl,'" ,zn) =.:£ E {O.l}n, we say 

that the system (associated with the performance sequence Z = {Z(l), I = 1.2, ... } ) 

is in state .:£. 

For convenience, we will sometimes not distinguish between a system and its 

associated performance sequence if there is no ambiguity. By 'system Z', we mean 'the 

system whose associated performance sequence is Z'. 

For each I E N++, vV(Z., I) and Z(I) determine each other. Since given Z(l) = 

.:£ E {O, l}n , IVcz...l) is the set of coordinates of.:£ which are O's and given W(Z.I) = 
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{iI, i2,' .. id c 5, Z(l) = ~ is the vector which has O's in places it, i2 , ... , hand 1 's 

elsewhere. 

In general, the sequence {Z(l),1 = 1,2, ... } or equivalently {lV(Z,l),1 = 

1,2, ... } need not be Markovian. However, we shall assume that (lV(z.), Aw@(Z), 

Bw@(Z» = {(lV(Z, I), Aw(£,/)(Z, I), Bw(£,/)(z., I», 1= 1,2, ... } is a Markov chain. In 

the sequel, we denote this sequence when the initial state and age vectors are 1V(Z, 1) = 

10, Aw(Z, 1) = flw, BwCQ, 1) = Qw, by [l'VCQ), Aw@CQ), Bw@(Z) I w,flw,Qwl. The 

sequenece Z which develops from these initial state and age vectors will be denoted by 

[Z(1), 1= 1,2, ... I w,flw,1?w]. 

For each fixed time 1 E N++, given Z (1) = ~ E {O, 1} TI (so that w = 1V (z., l) is 

determined), Ai(z., I) = ai, for any i E 10 and Bj(z., I) = bj , for any j E TV, where (lj 

and bj are non-negative integers, and for any z' E {O, 1 }TI, we will denote the (one step) 

conditional transition probability from state £ to z' of the system by Pz..0;!.. I .;., !Ill" l!.d 

where flw = (aip'" ,(tim) when tv = (il,'" ,im ) and Qw = {bjp '" ,hj"_III} when 

10 = (jl,'" ,jTl-m)' If 10 [respectively, 10] is empty, then Q w [respectively, l!.w ] is 

vacuous. 

Formally, 

P{Zi(1 + 1) = z;, i = 1"" ,n I Zi(l) = ::j. 

i = 1"" ,n,Aw(z.,/) = Qw,Bu;(z.,l) = lr,,,l (4.1) 

which depends on the current state ~ (or the current working set tv) and on the ages of 

the current up and down periods of the components. 

Note that, by assumptions, Pz(z' I ±., Qw, 1?w) depends on time only through the 

current state and the current ages of the up and down periods of the components. 

Given ;., flw, Qw, at any fixed time I E N++, if the failures of the components in H' 

are independent of the repair completions of the components in lV, then the conditional 

transition probability Pz..{L I ;., flw, Q:iii) can be represented as a function of the discrete 

conditional failure rate A/(W, Qw'~) and the discrete conditional repair completion rate 
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!1J(W, Qw, Qw) which are defined as follows: 

If w f. 0, then for every nonempty subset I = {kI,'" ,ku} C w = {iI,'" ,im}, (0 

is the empty set), denote 

w - I = {hI,'" ,hm - u }, Z [(l) = {Zkl (I), ... ,Zku(l)} and 

Zw_[(l) = {Zhl (I),,,, ,Zhm_u (l)). 

Define 

P{ Z [(1 + 1) = 1, Zw-[(l + 1) = Q IltJfCQ, I) = 10, 

A ur(Z,I) = Qw, BwCQ, l) = fu.}. 

where 1 = {I,... ,I}, Q = (0,··· ,0), the lengths of the vectors 1 and Q will vary 

from one formula to another, but it will always be possible to determine them from the 

expression in which 1 and Q appear. 

If 10 = 0, define 

Similarly, if w f. 0, then for every nonempty subset J C 10, define 

/lJ(w,Q""ffw) = P{ZAI + 1) = Q, Zw_Al + 1) = IllV~, /) = II" 
Aw(Z, l) = Qw, Bw~, l) = !J.w}. 

If w = 0, define 

Clearly, in this special case, 

where 1= {i I Zi(l) = 0, Zj(l + 1) = I} and J = {j I Zj(l) = 1, Zj(l + 1) = O}. 

It should be emphasized that the conditional transition probability may not always 

be the product of the discrete conditional failure rate and the discrete repair completion 
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rate. The relationship between the conditional transition probability and two rates is 

similar to the one between the joint probability and the marginal probabilities. 

Note that if the system consists of only one component (i.e. 17 = 1), then 

S = {I}, tv = ltV (X , I) is either {I} or 0 and so are the sets I and J, and Z = 

{ZI(l), 1 = 1,2, ... }, Q w = {ad,kw = {bd. Therefore at any time l, one of {iw and fl:iIi 

must be vacuous. 

So, in that case, if we denote A{I}( {I}, al) by A(al) and Jl{I}(0, bl) by p(b l ) then 

we have 

if ZI = 0, z; = 1, 
if ZI = 0. z; = 0, 
if ZI = 1, z; = 0. 
if ZI = 1, z; = 1. 

The following two remarks are needed in the next sections. 

Remark 4.1. Let { and !l be two discrete random vectors with domain in Z" = 

{ ... ,-1,0, 1, ... } n. The discrete random vector { is said to be stochastically smaller 

or equal to the discrete random vector !l (denoted by { ~st !l) if 

(4.2) 

for every real function g with domain in zn, which is non-decreasing with respect to the 

componelZtwise partial ordering in zn (and for which the expectations in (4.2) exist). 

Equivalently, { ~st !l if, and only if 

P{{ E U} ~ P{!l E U} (4.3) 

for every upper set U. (A set U is called an upper set if its indicator function is 

non-decreasing.) IfQ denote the probability measure of { and R denote the probability 

measure of!l' then we sometimes write Q ~st R to denote { ~sl !l. 
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Remark 4.2. Suppose { ~3t !l, then it is possible to define a probability space and to 

construct on it two random vectors { and !J.. such that 

!J.. =st!l, 

See, e.g. Kamae, Krengel and 0' Brien (1977). 

4.3. Stochastic Comparison (One Component Case) 

In this section, we consider two DDMRS's, each of which consists of only one 

component. The main result in this section is a special case of a result which will be 

given in the following section. However we give it here and then elaberate on it, thus 

motivating some of the results that will appear in the sequel. 

Denote the discrete conditional failure [respectively, repair completion] rate of 

the unique component in the first system (associated with the performance sequence 

{X(l), 1= 1,2, ... }) given that the age of the current up [respectively, down] period of 

that component is c [respectively, d] by a(c) [respectively, j3(d)]. 

Denote the discrete conditional failure [respectively, repair completion] rate of 

the unique component in the second system (associated with the performance sequence 

{Y (I), I = 1,2, ... }) given that the age of the current up [respectively, down] period of 

that component is e [respectively, f] by ,(e) [respectively, b{f)]. 

Conditions on these four rates sufficient to imply a stochastic ordering between { 

X (I), I = 1,2, ... } and { Y (I), I = 1,2, ... } are given in the following theorem. 
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Theorem 4.1. Assume thatforall choices ofe, d, e, I, suchthate, d, e, / are non-negative 

integers and e :s; e, d 2: /, we have 

then 

whenever 

a(e) > ,ee), 

f3(d) < b(.f), 

f3(d) + l(e):S; 1, 

Wi C vi, 

e l :s; e l ifw l = vi = S == {l}, 

d l 2: /1 ifw l = vi = 0. 

(4.4) 

(4.5) 

(4.6) 

(4.8) 

(4.9) 

(4.10) 

where wi [respectively, vi] is the working set of the first system [respectively, the second 

system] at the initial time I = 1, el and dl [respectively, el and p] are the ages of up 

and down periods of the unique component in the first system [respectively, the second 

system] at the initial time I = 1, respectively. 

Since we are considering the one-dimensional case, wi or vi is either {I} or 0. 

This theorem can be restated more explicitly as follows: 

Under the assumptions (4.4), (4.5) and (4.6), 

(1) if wi = vi = 0 and ell 2: II, then 

[X(l),l= 1,2, ... /0,d l
] 2:st [Y(l),l= 1,2, ... /0,/1]; 

(2) if wi = 0 and vi = {I}, then for any nonnegative integers ell and el 

[X(l),l= 1,2, ... /0,d l
] ~st [Y(l),l= 1,2, ... / {1},e l

]; 
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(3) if wi = vi = {I} and e l ::; e l , then 

[X(l),l= 1,2, ... 1 {1},e l
] 2:st [Y(l),l= 1,2, ... 1 {l},e l

]. 

Roughly speaking, Condition (4.4) can be described as a condition of 'shifted 

hazard rate ordering' of two corresponding generic up times, and it can be easily verified 

in some applications. For example, if the generic up time of the first system has a 

(discrete) increasing hazard rate and if the generic up time of the second system has a 

decreasing hazard rate and if 0:(0) 2: ,(0) then (4.4) holds. Similarly (4.5) holds if, and 

only if, the generic down time of the first system is larger than the generic down time of 

the second system in the 'shifted hazard rate ordering'. 

Proof of Theorem 4.1. We will construct two sequences {_X-(l), I = 1,2, ... } and 

{Y(l), 1= 1,2, ... } such that for 1= 1,2, ... 

=st Y(l). 

The desired results then follows. 

Define 

xO) = XO) = {01 if wi = S = {l} 
if wi = 0 

, {O if v I = S == {I} 
YO) = YO) = 1 ifv l = 0 

then lV CX-, 1) = tv 1 , and lV 0>, 1) = V I • 

Also, set 

AwlCX-.1) = Awl(X, 1) = e l
, if wi = S = {1}. 

B1 (.YJ, 1) = Bl(X, 1) = dl
, if wi = 0. 

tl1 W 

, I 
Au1(Y, 1) = Avl(Y, 1) = e , if vi = .5'= {1}. 

13-;;10>,1) = B-;;1(Y, 1) = JI
, if vi = 0. 



Since 101 C vi C S= {1},cl ~ e l andd l ~ p,wehave 

AWI(X, 1) ~ Awl(Y, 1), 

B;1(X, 1) ~ BvIO/, 1). 
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For ~. > 1, assume that X (l) and Y (l) have already been determined satisfying the 

following properties: For I = 1,2,··· ,1..:, 

I ~r ~ I I I 
C = AWI(..X, I) ~ Awl(Y,I) = e, if tv = v = S' = {I}. (4.12) 

I ~r ~ I I I 
d = B;;(."X.,l) ~ B;;(Y,I) = f, if tv = v = 0. (4.13) 

Let e be a uniformly distributed random variable on [0,1]. Define ;\;(~. + 1) and 

Y(k + 1) as follows: 

Case 1: X(~:) = 1 and }~r(k) = 1 (Le. 10k = vk = 0). 

By the induction hypothesis (4.13), we have dk ~ Jk and it follows from the 

condition (4.5) of this theorem that 

If e E [0, (J(d k», then set X(k + 1) = ° and l··(k + 1) = 0. Thus, /1,1>+1 = 1,1.-+1 = 

S = {1}, ck+1 = cl>+l = 0. 

If e E [(J(d"), fJ({k», then set ;k(k + 1) = 1 and lr(k + 1) = 0. Thus 1I,1.+1 = 0 C 

v k
+1 = S' == {1}, dl>+l = dk + 1 and ek+1 = 0. 

If e E [8(.f"), 1], then set X(k + 1) = 1 and lr(k + 1) = 1. Thus wl>+l = 0 = 

v k+l , dk+1 = dk + 1 ~ fk + 1 = fk+l. (since dk ~ f"). 

Clearly, in case 1, we have 

k+ I < k+ I . f k+ I _ k+ I _ C' - {I} c _e ,ltv -v -.J= , 

(4.14) 

(4.15) 

(4.16) 
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Case 2: X(k) = 0, 1'(k) = 0 (Le. w k = v k = S = ill). 
By induction hypothesis (4.12), we have ck :::; ek and it follows from condition 

(4.4) of the theorem that 

o :::; ,eek) :::; n(ck) :::; 1. 

If ~ E [0, I(ek», then set X(k + 1) = 1 and 1'(k + 1) = 1. Thus wk+1 = v k+1 = 0, 

and dk+1 = fk+l = O. 

If ~ E b(ek), n(ck», then set X(k + 1) = 1 and 1'(k + 1) = O. Thus w~'+1 = 0 C 

v k
+

1 = S == {l}. 

If ~ E [n(ck), 1], then set ,Y(I.: + 1) = 0 and 1'(1.: + 1) = O. Thus ll,h"+l = p~'+l = 
S == {I} and ck+1 = ck + 1 :::; ek+1 = ek + 1 (since ck :::; ek). 

So, in case 2, (4.14), (4.15) and (4.16) are satisfied. 

Case 3: X(k) = 1, 1'(k) = 0 (Le. w k = 0 C v k = S == {l}). 

It follows from the condition (4.6) of the theorem that 

If ~ E [0, (3«(ik», then set .Y(k + 1) = 0 and f-"(k + 1) = O. Thus ll,k+1 = I'k+1 = 

S == {l} and ck+1 = 0 :::; ek+1 = ek + 1. 

If ~ E [(3(dk), (3(dk) + ,eek»~, then set .ie(1.: + 1) = 1 and }>(I.: + 1) = 1. Thus 

w k+1 = v k+1 = 0 and elk+1 = elk + 1 ~ Jk+l = O. 

If ~ E [(3(dk) + ,eek), 11. then set X(h: + 1) = 1 and f"(k + 1) = O. Thus 

w k
+1 = 0 C v k+1 = S = {l}. 

So, in case 3, (4.14), (4.15) and (4.16) are also satisfied. 

Therefore, by induction the procedure described above defines .Y (l) and f' (I) for 

1= 1,2, .... 



54 

I t is seen that .X- C l) ~ }" C /) for / = 1, 2, . .. with probability one. The desired result 

then follows once it is shown that for I = 1, 2, ... , 

X(I) =st X(l) and YCl) =st Y(l). 

However, from the above construction of XCI) and Y(l), it is easy to see that the discrete 

conditional failure rate function of the age of the current up period and the discrete 

conditional repair completion rate function of the age of the current down period in 

the sequence {.X-(l), 1= 1,2, ... } [respectively,{YCl), / = 1,2, ... }] are equal to those 

rate functions in the sequence {XCI), / = 1,2, ... } [respectively, {Y (I), I = 1,2, ... } ]. 

Hence XCI) =st X(l) and }"(l) =st Y(l) for 1= 1,2 ... , since the distribution function 

is uniquely determined by its corresponding rate functions. II 

Remark 4.3. Theorem 4.1 should be compared with Theorem 2.2 in Shaked and Shan

thikumar (1988). It can be seen that conditions (4.4) and (4.5) in the former are 

analogous to the conditions (2.4) and (2.5) in the latter. Thus one would think that 

condition (4.6) in Theorem 4.1 is unnecessary. However, the following example shows 

that if the condition (4.6) is removed, then the conclusion in this theorem may not hold. 

Example 4.1. Consider two DDMRS's with the rate functions O'(e) == 0, (J(d) == /1, 

,(c) == " and 8(/) = 8. where O'(e) and f3(d) [respectively, ,(c) alld 8(/)} are 

the conditional discrete failure and repair completion rate functions of system X 

[respectively, system YJ, which are defined before. That is, the up and down periods ill 

the two DDMRS's are geometrically distributed with parameters 0', /3, I'. 8 respectively 

so that these four rate functions are independent of the age of the current up or dowll 

period. 

Set 0' = 0.8, (3 = 0.5, , = 0.7, and 8 = 0.6, also let the initial states of systems X 

and Y be IV 1 = 0 and 'V 1 = S = {I}. It is seen that all the assumptions except (4.6) ill 

Theorem 4.1 are satisfied. Since, + f3 = 0.7 + 0.5 = 1.2 > 1, (4.6) is not satisfied. 
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X(1) = 1, Y(1) = 0, (3(d) == (3 = 0.5 and 8(J) = 8 = 0.7 imply that 

P{X(2) = 1 I X(1) = I} = 1 - (3 = 0.5 

P{Y(2) = 1 I Y(I) = O} = 'Y = 0.7 

So, 

P{X(2) > 0 I X(1) = I} < P{Y(2) > 0 I Y(I) = OJ, 

hence, [X(/), I = 1,2, ... I X(1) = 1] is not stochastically greater than fY(l).1 = 

1,2, ... I Y(1) = 0]. 

Now, consider only one DDMRS, and this DDMRS consists of a single component 

subject to failures and repairs with the discrete failure rate function ).0 and discrete 

repair completion rate function /-l(')' It is known that in the absolutely continuous case, 

if a single component stays up for a DFR time period (especially, an exponential time 

period) and stays down for a DFR time period then the component perfonnance process 

is stochastic monotone. [See e.g. Barlow and Proschan (1976), Lemma 2.5; Chang and 

Niu (1980), Lemma 3.1; Shanthikumar (1984), Theorem 5.1]. Similarly, in the discrete 

case, we have the following theorem which provides sufficient conditions on two rate 

functions to imply the stochastic monotonicity of the component perfonnance sequence. 

Theorem 4.2. Let {Z (I), I = 1,2, ... } be the performance sequence of a single DDMRS. 

Suppose that the single component stays up and down for DFR periods (i.e. /\(j) 2: 

).(j + 1) and p(j) 2: Jl(j + l)for j = 0, 1,2, ... ) and ),(0) + Il(O) :S 1, then 

whenever 

(4.18) 
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Proof. Denote by [X (1),1 = 1,2, ... I wi, Ci , di ] the left-hand side of (4.17) and by 

[Y(l),l = 1,2, ... 11Vi ,ci ,cli ] the right-hand side of (4.17). Then a:(-),,B(.),,(·),8(·)in 

(4.4), (4.5) and (4.6) of Theorem 4.1 are identified as 

a(c) = .\(c), f3(d) = fl(d), ,(e) = .\(e), 8(f) = flU). 

Since AO and flO are nonincreasing, (4.4) and (4.5) of Theorem 4.1 are satisfied. 

Also A(O) + fl(O) ::; 1 and the nonincreasingness of .\(.) and fl(') imply that ,B(d) + ,(e) = 

A(e) + fl(d) ::; .\(0) + 11(0) ::; 1 for any non-negative integer e and d, so (4.6) of Theorem 

4.1 is satisfied too. 

Note that all conditions in Theorem 4.1 for initial states and ages are satisfied by 

(4.18). Therefore (4.17) holds by Theorem 4.1. " 

4.4. Stochastic Comparison (Multicomponent Case) 

In this section, we will extend Theorem 4.1 to the multicomponent case. 

Consider two DDMRS's with performance sequences X ={(Xi(l), "', XI/(I», 

1= 1,2,,,.} and Y = {(Yi(l),,,. 'Yn(l)),l = 1,2, ... }. Forw C S == {I,,,. on} 

and non-negative integer vectors ~w and dw, let Px{:r' I .:T.d~w,dw} be the (one step) 

conditional transition probability from state ~ to state .T' associated with X defined 

analogously to (4.1). Similarly, let Py{y' I Y,f:m f-} be the analogous conditional - _ _ -v 

transition probability associated with Y. 

Remark 4.4. Given a point ;, E {O,l}n (so that 10 = {i I Zj = O} is determined), 

non-negative integer vectors Qw and flw, which are the age vectors of the current up 

and down periods of components in wand 10 respectively, we may define a probability 

measure Q (W'£w '~uJ<') on {O, 1} n according to the conditional transition probabilities. 

That is, for any subset C C {O, I} n , define 

Q(tu.£w.i!.u;)(C) = L P{z' I ;:,Qw,flw}· 
;:'EC 
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Note that the probability measure Q(w.!!.w.P:w)O depends on w, QIl" and!!.u. We have 

actually defined a collection of probability measures. 

Theorem 4.3. Assume that for all choices of !f., J!.. E {O,l}n (so that w, v C S 

{1, 2, ... ,11}) and non-negative integer vectors £w, Qw, ~v, Iv such that 

;£ ~ lL (so that w c v), 

we have 

L PxL~ I ;£,£w,Qw} ~ L P.r..i~ I J!..,~u,l .. } 
,"-EU ~EU 

for any upper set U C {O, 1} 71, then 

whenever 

;£1 ~ JLI(SO that wi c vi), 

£~1 :::; £~1' 

(4.19) 

(4.20) 

(4.21 ) 

(4.22) 

(4.24) 

(4.25) 

(4.26) 

where ;£1 (JLI), £~I ~~ul)' .d~1 (1~,) are the initial state, the initial age vector of up period\' 

of components in 10 I and the initial age vector of down periods of components ill ;T of 

system X (1:) at the time I = 1. 

Remark 4.5. It should be pointed out that Condition (4.22) in Theorem 4.3 is the natural 

generalization of Conditions (4.4)- (4.6) in Theorem 4.1. It can he seen that in the one 

component case the possible upper sets of {O, 1} are {1} and {O, 1}. If U = {1} and 
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;£ = 1L = {O} then (4.22) is the same as (4.4). ffU = {I} and;£ =}!.. = {I} then (4.22) 

is the same as (4.5). Finally, ifU = {1},;£ = {I} and}!.. = {O} then (4.22) is the same 

as (4.6). Therefore Theorem 4.1 is a special case of Theorem 4.3. 

Proof of Theorem 4.3. We will construct two sequences {XCI), I = 1,2, ... v} and 

{YCl), 1= 1,2, ... } such that for 1 = 1,2, ... , 

XCO =st XCl), 

YCO =st Y(l), 

P{XCI) > Y(ln = 1, 

and the desired result then follows. 

The construction of 5; and l' will be done by induction on I. 

For I = 1, define 

so that 

Also, let 

X(I) = X(1) = ;£1 E {O, l}n, 

1'(1) = Y(1) = ILl E {O, l}n, 

WI = {i I xl = O}, 

vl={ilyl=O}. 

B;;;rCX, 1) = B wi (X, 1) = d:vl' 

Since;£1 2:: ILl (so that wI C vI ), ~~I :::; ~~I and d.~1 2:: 1~1 , it follows that 



59 

B;r<K, 1) ~ B;rer, 1). 

For 1 = k > 1, assume that X(k) and Y(k) have already been determined such that 

X(k) = J1.k ~ II = Y(k) (i.e. 10
k C vk), 

f~k = Awk(X, k) ~ Awkc.t, k) = f~k' 

Q:k = Bvk<K, k) ~ Bvker, k) = l:k· 

(4.27) 

(4.28) 

(4.29) 

By Remark 4.4, we can define the probability measure Q (wk ck L)(·) [respectively, 
'-w k '-w k 

R(vk ,ek '!!:-i·)] on {O, 1} n according to the conditional transition probabilities Px (;.. 1 
-Ilk -vk 

J1.k,f~k,Q:k) [respectively, PY..(~ 1 'll,f:.~k,l:k)]' for each ~ E {O,l}n. It follows from 

Remark 4.1 and (4.22) that 

So, by Remark 4.2 random vectors { and !b which can take on values in {O, I}", 

can be defined on the same probability space, such that { has the probability measure 

Q(Wk'£~k'4:k)(·)'!l has the probability measure R(vk'!l.~k'l~)(·)' and { ~ !l with probability 

one. 

Let W be the joint probability measure of ({, !l), we now choo~~e a realization 

(f, !1") according to w. 
Define X(I\~ + 1) = {", and Y(I.; + 1) = !l" so that w k

+
1 

v k+1 = {i 11(( = OJ. 

Since {- ~ !l'" it follows that 

};(I\~ + 1) ~ Y(k + 1), (so that wk
+1 C vk

+1). 

So if we can show that 

{i 1 f; = O} and 

(4.30) 

f~~~l = Awk+l(X, k + 1) ~ Awk+lc.t, k + 1) = f:.~~~h (4.31) 

f1:t:l = Buk+1(X,k+ 1) ~ Bvk+lci.,I.~+ 1) = l.~t:l' (4.32) 
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then by induction, X(l) and Y(l) are well defined for I = 1,2, .... 

For each i E w k+1, we are going to show that cf+l ~ ef+l. 

Case 1: i E wk. 

In this case, component i in the system X was up at time k and is still up at time 

k + 1, since i E wk and i E wk+ 1• So the age of the current up period of that component 

at time k + 1 increases by 1, (i.e. cf+l = c7 + 1). Note that w k C v k (by induction 

hypothesis) and w k+1 C vk+1 (by (4.30)), so component i in the system Y was also up at 

time k and is still up at time I.~ + 1, since i E v k , i E v k+1• So, e~+1 = e~ + 1. 

By the induction hypothesis, c7 ~ e7, hence 

C~+l = c~ + 1 < e~ + 1 = e~+l 
I I - I I' 

Case 2:i E w k n uk. 

In this case, i E w k and i E w k+1 imply that c7+1 = 0, hence 

Case 3: i E w k n uk = v k• 

In this case, component i in the system .\'" and component i in the system f" have 

the same situation. Both of them were down at time I.: and are up at time I,: + 1, since 

i E w k , i E wk+l, and i E v k , i E w k+1 C v k+1• So the ages, of the current up period at 

time I.: + 1, for both systems are zeros. Hence 

C~+l = e~+l = O. 
I I 

Note that w k U (w k n v k ) U (w k n v k ) = S == {1, 2,· ., ,71}, so we have proved that 

c7+1 ~ e7+1 for each i E w k+1 which is (4.31). 

For each j E vk+l, we are going to show that elyl ~ frl. 
Case 1: j E wk. 
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In this case, component j in the system X and component j in the system Y have 

the same situation. Both of them were up at time k and are down at time /..: + 1, since 

j E 10k , j E v k+1 C 1Ok+1 and j E 10k C v k , j E v k+l • So the ages of the current down 

period at time k + 1 for both systems are zeros. That is 

Case 2: j E 10 k n v k
• 

In this case, note that j E 10k and j E v k+1 C 1Ok+l , we have dj+1 = dJo+I + 1. So it 

follows from the induction hypothesis, dj 2': J}, that 

d~+1 > I~+I 
J - J • 

Case 3: j E 10k n v k = v k• 

In this case, component j in the system X was down at time k and is still down at 

time k + 1, since j E 10k, j E v k+ 1 C 1Ok+ I. SO the age of the current down period of 

that component increases by 1, i.e. dJ+I = dJ + 1. Component j in the system f" has 

the same situation, since j E vk,j E v k+l • So Ir l = I} + 1. By induction hypothesis, 

dj 2': J}, hence 

d~+1 > I~+I 
J - J • 

Note that 10k U (10k n v k ) U (10k n v k ) = S' == {I, 2, ... , n}. Thus we have proved that 

dj+1 2': f}+1 for each j E v k+1 which is (4.32). 

Therefore we have defined X(l) and J'\/) for 1= 1,2, ... by induction on I. 

It is seen that .t(l) 2': Y(l) with probability one for 1= 1,2, .... The desired result 

then follows once it is shown that X(l) =3/ X(l) and Y(l) =3/ Y(l) for I = 1,2, .... 

However, from the above construction of X(l) and }/'(l), it is easy to see that the 

conditional transition probability of X(l) [respectively, y(l)] is exactly the conditional 
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transition probability of X(l) [respectively, Y(l)], so X(l) =st X(l) and Y(l) =st Y(l). 

II 

Remark 4.6. Although Theorem 4.1 is a special case of Theorem 4.3 and the proofs of 

both theorems are basically similar. it should be noticed that there is a difference in 

constructions of X and Y. In the former proof we use a uniformly distributed random 

variable to explicitly obtain X and Y. which is useful for the purpose of simulations. 

while in the latter proof we use the property mentioned in Remark 4.2 to construct .\'" 

and Y. which makes the proof more concise. It is possible to construct .Y and }> in the 

proof of Theorem 4.3 using uniformly distributed random variables. but the procedure 

for construction of X and Y. which is omitted, is then cumbersome. 

4.5. Further Results 

4.5.1. Discrete Multivariate Hazard Rate Ordering 

Theorem 4.3 can be viewed as an extension of Theorem 5.1 in Shaked, Shanthikumar 

and Valdez-Torres (1990) which states that the discrete multivariate hazard rate ordering 

implies the stochastic ordering. In order to see this point clearly, we review the notations 

and definitions from their paper. 

Consider a reliability system consisting of n components without repair. Let 

T = (T1," • ,Tn) be discrete random vector which takes on value in {I. 2 .... } ". 7; 

can be thought as the failure time of com ponent i, i E {I,. .. ,n}. 

Suppose that all the components start to live at time 1 and are new then. As time 

progresses the components fail one by one (multiple failures are possible). Thus, at time 

t E {I, 2, ... }, the information which has been gained, by observing the components, 

is an event of the form {T I = iI, T y 2: t . I} for some I C {I, 2, . .. ,11} and II < I . 1, 

where 1 = (1,1"" ,1). The multivariate conditional hazard rate functions of 7' are 
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conditioned on such events. They are defined as 

for some J c I = {I, 2, ... , n} - I, and LI < t . 1-

For t E {I, 2, ... }, let ht denote a realization of the failure times of the components 

in this system up to time t, exclusive. So ht is of the form {T I = II, T[ ;::: t ·I} for 

some I c {I, 2, ... , n} and II < t . 1-
Let T(x) = (T(x) r.(x) ... T(x» and T(Y) = (T(Y) r.(Y) ...• T(Y» be two random 

- 1,2"n - 1,2'·n 

vectors which are the failure times of component 1 to n in system X and Y respectively. 

For any t E {I, 2, ... }, if ht is a history associated with system .Y of the form 

{T}x) = I}x), Tj) ;::: t ·I} and h~ is a history associated with system L of the form 

{T~) = !..~t), T~) ;::: t . I}, define ht ::; h~ if, and only if 

A c I and lex) < iCY). -A --A (4.33) 

There is a 1-1 association between {a, 1}1l and the set of subsets of {I, 2,··· ,II}. For 

each point 1!:. E {O,l}n let C(lli c {l, 2,,,, ,n} be the set of the coordinates of 1!.. 

which are 1 's and conversely, for each set C = {i I, i2, ... , h} c {I, 2, ... , /1 }, let 

1!:.(C) E {a, 1} n be the vector which has 1 's in places ii, i 2 , ••• , hand O's elsewhere. 

Let /l.J.(. I .) denote the discrete multivariate conditional hazard rate function of 

T(~·). Similarly let 1]'1.(' I .) be the hazard rate function of T(Y). Given a history ht. 

associated with system X, of the form {T}x) = L}x), Tj) ;::: t . I}, define a probability 

measure Q hI on {O. I} n as follows: 

For II c I, set Q lit {g(l U II)} = flllII(i I !5x
» and let the mass of Q hI on all other 

points of {a, 1}71 be 0. Similarly, given a history h~, associated with system L, we can 

define a probability measure R h: on {O, I} n. 

The random vector T(x) is said to be smaller than random vector T(Y) in discrete 

hazard rate ordering (denoted by T(x) ::;11 T(Y» if Qh/ ;:::st Rh: whenever hi S h;. 

Now we use Theorem 4.3 to prove the following corollary, which is Theorem 5.1 

in Shaked, Shanthikumar and Valdez-Torres (1990). 
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Corollary 4.1. IjT(x) ~II T(Y), then T(x) ~st T(Y). 

Proof. Suppose that T(x) ~II T(Y). Note that if ht is ofthe form {T}x) = t}x), Tj) 2:: t·n 
and h~ is of the form {T~) = t~r), T~) 2:: t ·n, then 

QIII 2::st QII; ~ L QIlI {1l} 2:: L Qh; {1l} 
!!.EU !!.EU 

for any upper set U c {a, l}n 

~ L flHII(t Ilt» 2:: L 17BIA(t I i~~» 
!!.EU !!.EU 

where H = GW') - I, B = G@) - A. 

So, T(x) ~Il T(Y) means that for any upper set U c {a, l}n, 

where H = G@) - I, B = C(ill - A, whenever 

Now, consider a special case of the model in Theorem 4.3, with the following two 

assumptions: 

1. Assume that all the components in the system X and in system .L start to live at 

time 1 and are new then. i.e. 

&I=Q,J!...I=Q. so that w l =v l =S'={1,2, ... ,II} 

Note that Bw1 (X, 1) and B;;t(Y, 1) are vacuous, since wI = VI = 0. 

Thus, under this assumption, conditions (4.24), (4.25) and (4.26) in Theorem 4.3 

are satisfied. 
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2. Assume that all the components in two systems are non-repairable or are repairable 

with probability 0. i.e. 

Px ~ I ;r, fw, Qw) = 0, if ~ is not greater than or equal to ;r, 

Py"'(;r I JL, ~v, Iv) = 0, if ~ is not greater than or equal to JL. 

We say that ;r is greater than or equal to ;r, denoted by ~ :2: ;r, if Zj :2: ;1'j for 

i = 1,2"" ,n. 

Under these two assumptions, we have the following: 

(a). There is a 1-1 correspondence between the events {;r, fw' Qw} and the events 

{T}x) = ISx), Tj) :2: t ·1} [respectively, the events {1l.d~v,lv} and the events {T~t) = 

f~t), T~) :2: t ·1}]. At any time t E (1,2, ... ), given ;r (so that tv is determined) and d"" 

and noting that fw is always determined by Ci == t for i E tv (by the two assumptions 

above), we can determine I and f}x) by I = tv and f}x) = t ·1 - d:w' Similarly, given 

JL ( so that v is determined ) and Lv' (~v == t . 1 ), then A = v and f~t) = 1 . 1 - Lv' 
Conversely, given the event {T}x) = f}x), T I :2: t .l} (i.e. I, l}x) and t are given), then 

10 = 7, dw = t ·1 - f}x), (fw == t . 1). Similarly, given A, L~t) and I, then I' = ~, 

Iv = t . 1 - f~t), ~I' == t .1). 

(b). It follows from (a) that 

;r:2: JL (so that tv C v) ~ A C I, (4.34) 

(4.35) 

So, 

In our special case, fw ::; ~w is always true, since fw = fw = t . 1. 

(c). By assumption 2, in order to check that for any upper set U 

L Px~ I ;r,fw,dw):2: L Py...~ I Ibfu, Lv)' 
~EU ~EU 
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we need only to consider those nonzero transition probabilities for ~ 2: !!i. or ~ 2: ]/.: Note 

that for ~ 2: ;r., C~) :J CW = w = I. So 

where 11 = C(~ - C(:r..) = CW - I. 

Similarly, 

where B = C(~ - C(lI) = cw - A. 

Thus, for any upper set U, 

L Px~ I ;r.,fw,dd 2: L PY..~ I JL,fv,L;;) 
~EU !EU 

(d). From the definitions of the performance sequences X and Y as well as the failure 

time vectors T(x) and T(Y), it is obvious that 

It follows from (a), (b) and (c) that ifT(x) ~h T(Y), then all conditions in Theorem 

4.3 are satisfied, hence by that theorem, we have X 2st Y, therefore, r(·j') :::;;,,1 T(Y) by 

Cd). " 

4.5.2. A Special Model of Two DDMRS's 

Consider two DDMRS's with performance sequences X and Y respectively as defined 

in Section 4.2. Furthermore, we assume that at any fixed time I E {I, 2, ... }, 

1. The failures of the components in the working set wi [respectively, pi] are 

conditionally independent of each other. 
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2. The repair completions of the components in wi [respectively, vi] are conditionally 

independent of each other. 

3. The failures and the repair completions are also conditionally independent. 

Note that we still allow that the conditional transition probability depends on 

Wi, ~" Q~, [respectively, vi, ~~" .L~,], where f~' and d.~, [respectively, ~~, and .L~,] are 

the age vectors of the current up and down periods in system X [respectively, Y] as 

defined in Section 4.2. 

More formally, for any fixed time I, let X (l) = ;£1 E {O, l}n and Y(l) = !J...I E 

{O, I} n so that wi and vi are determined. Define 

Q'i(W
I
, f~1JI' .d~,) 

Ii (vi , ~~" .L~,) 

!3i( 101 , f~' , .d~,) 

Di( Vi, ~~" .L~,) 

PX{Xi(l + 1) = 1 I ;£I,f~".d~,}, i E ll,i. 

PrJYi(l+ 1) = 11 Il,~~".L:J,}' i E vi. 

PX{Xi(l + 1) = 0 I ;£1,f~1JI'.d~,}, i E-;;1. 

Py {Yi(l + 1) = 0 Ill, ~~" .L~,}, i E -;;7. 

(4.36) 

(4.37) 

(4.38) 

(4.39) 

The assumptions 1, 2 and 3 above mean that if X (I) 

X(I + 1) = ~ E {O, l}n, then 

;r.1 E {0.1}1! and 

p.d~ ;£I'f~".d~,) = IT Q'i(wl'f~"d~,), IT [1 - Q'i(wl,f~,I,dS)]' 
iEE, iEE2 

II !3iCwl,f~I,{,)· II [1- !3i(wl,f~,I,d:l'l)]. (4.40) 
iEE3 iEE4 

Where E} = {i I :t:~ = 0, Zi = I}, E2 = {i I x~ = 0, Zi = A}, E3 = {i I.d = L =i = O} 

and E4 = {i I x~ = 1, Zi = I}. 

Similarly, if Y (I) = Ii E {O, l}n and Y(/ + 1) = ~ E {O, l}n, then 

11..', ~~" .L~,) = II li(v
l
, ~~" .L~,) . II [1 - li(v

l
, ~~" l~,,)] . 

iEF, iEF2 

II Di(vl,~~I,.L~,)' II [1- Di(vl,~~',l~,)]· (4.41) 
iEF3 iEF4 
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Where FI = {i I y~ = O,Zi = 1}, F2 = {i I y~ = O,Zj = O}, F3 = {i I vi = 1,zi = O} 

and F4 = {i I y~ = 1, Zj = 1}. 

For this special model, we have the following theorem. 

Theorem 4.4. Assume that for all choices of w, v C {1, 2, ... ,n} and integer vectors 

fw' Qw, f.tJl Iv such that w C v, fw ::; f.w ' flv 2: lv' we have 

(}j(W,fw,Qw) 2: li(v,§.v,lv) if i E w, 

(3i(W, fWl flw) ::; bj(v, f.v, Lv) if i E v, 

(3j(W,fw,Qti) + li(V, f.v , Lv) ::; 1 if i E v n w, 

then 

whenever 

Wi C vi , 
I 

fw l < I 
§.wl ' 

dL > f~· -vI -v 

Proof. Fix 10, v, fw, Qw' f. v , Lv and define 

ifi E w 

, {/i(V,f.u,f-) q. = -v 
I 1 - bi(V, f.vlLv) if i E v 

if i E v 

(4.42) 

(4.43) 

(4.44) 

(4.46) 

(4.47) 

(4.48) 

From (4.42), (4.43), (4.44) and 10 C v,itcan be seen thatqi 2: qiforeachi E {l, .... n}. 

It follows from (4.40) and (4.41) that for any z E {O, 1} TI , 

px~ I ;£,fw,Qd = IT qi' IT(1- qi), (4.49) 
iEE iEF 



Py~ Ilb§.v,L) = IT q~ . IT (1- qD, 
iEE iEF 

where E = {i I Zi = I} and F = {i I Zi = O}. 

For any given upper set U C {O, I} n, let 

hu(qI,'" , qn) = L: Px~ I ;£,fw,QliJ, 
::.EU 

hu(q~, .. · ,q~)= L:Pr.~llb§.v,lv)' 
::.EU 
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(4.50) 

If we can prove that hu(qI,' .. , qn) ~ hu(qL'" , q~) for any upper set U, then the 

desired result will follow from Theorem 4.3. 

In order to show hu(qI,' .. , qn) ~ hu(qi,'" , q:J, it is sufficient to show that 

hu(q), ... ,qn) is nondecreasing in q), ... , qn, since qi ~ q: for i E {I, ... ,/I}. So, we 

need only to show i-~~r/ ~ ° for each i E {I, ... , n}. 

For fixed i and any fixed upper set U, if the i th coordinate of each element of l r is 

1, then for any ~ E U, we have};. E E = {i I Zi = I}. By (4.49), 

oP~ I ., ., .) 
Oqi 

IT qj' IT (1 - (jj) ~ 0. 
jEE-{i} jEF 

Hence uhu > 0. Otherwise, we may choose one of the elements in U, say , oqi -

~(kl), such that the ith coordinate of ~(kl) is ° and the number of O's of its co-

ordinates is the largest. [For example, in the case of n = 3, i = 1 and l! = 

{(1, 1, 1), (0, 1, 1), (1,0, 1), (1, 1,0), (0, 0, 1), (0, 1,0)}, we can choose either (0,0. I) or 

(0, 1,0) as ~(k.)]. Since U is an upper set, there exists ~(kl) in U such that Z}"I) = 1 and 

'iYI) = ZYI) for all j f. i. [In our example above, if ~(kl) = (0,0,1) then ;;.(k.) = (1,0,1). 

If ~(kl) = (0,1,0), then I(k l ) = (1,1,0).] It follows from (4.49) and (4.50) together with 

zrk.) = ° and 'irk.) = 1 that 

(4.51) 
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where E = {j I Z)kl
} = I} and F = {j I ZYI} = O}. 

op(i(kl } I .,., .) 
Oqi 

(4.52) 
iEE-{i} iEF 

where E = {j I Zj"I} = I} and F = {j I ZYI} = O}. 

Recall that Zj"I} = Zj"I} for all j =1= i, so E = E - {i} and F - {i} = F. Therefore, 

it follows from (4.51) and (4.52) that 

OP~(kl} I .,., .) + oP(i(kd I .,., .) = O. 
Oqi Oqi 

[In our example, if :f(kd = (0,0, 1), then 

OP(~(kl} I"",) + op(i(kl } I·,·,') 
oq) oq) 

0[(1- q)(1- q2)q3] o[q)(l - q2)(/31 
-------+---:----

oq) fJq) 

- (1 - q2)q3 + (1 - q2)q3 

0.] 

Next, for the set U - {;;C(k l }, i(kd }, which is also an upper set, we repeat the above 

procedure. That is, if the ith coordinate of each element of U - L~,<kd, ;.(I.-I }} is 1, we are 

done. Otherwise, choose one of the element in U - {~(kl), l(kd }, say .~Y"2}, such that the 

ith coordinate of ~(I.-2) is 0 and the number of O's of its coordinates is the largest. r In Ollr 

example, if :f(I.-I} = (0,0, 1), then 

u - {~(I.-d,l(k,}} = {(1, 1, 1),(0, 1, 1),(1, 1,0),(0, 1,0)}. 

So ~(k2) should be (0, 1,0). ] Then there exists -;.,<I.-2} in U - {;:(I.-d, ;.(I,,}} Stich that 

Z~I.-2} = 1 and ZJ"2} = Z)I.-2} for j =1= i. [In our example, 1(k2} = (1, 1,0). ] 

Similarly, we have 

After finite number of steps, all the untouched elements (if any) in U will be those 

elements of which the ith coordinate is 1. However, for any;. E {;: I ;: E U. Zi = I}, it 
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is easy to see that for such a~, 8P~~: .... ) ;::: 0 (See (4.49) and (4.50». Therefore 

and it is true for each i E {I, .. , ,n} and for each upper set U C {O, I} n. The proof is 

complete. II 

Remark 4.7. If we set n = 1, then Theorem 4.4 becomes Theorem 4.1. So Theorem 

4.4 contains Theorem 4.1 as a special case. On the other hand, we may view Theorem 

4.4 as an application of Theorem 4.3. However, the advantage of Theorem 4.4 is that 

the sufficient conditions are given in terms of the conditional failure rates and the 

conditional repair completion rates, rather than the conditional transition probabilities. 

It makes the sufficient conditions more intuitive and maybe more convenient to be 

verified for this conditional independence model (see, e. g., the following examples). 

Example 4.2. One of the simplest examples of the above model arises in the case in 

which the failure rates and the repair completion rates are independent of the current 

ages and the current repair durations. That is, in this case the rates defined in (4.36)

(4.39) are independent of f:.~k,s1.:k,f:.~k and l:k' Thus, in this case, we can denote the 

rates simply by Cl'j(W) for i E w, (3j(W) for i E w, Ij(v)for i E 11 and (,i(l') for i E -Po 

Then if, for W C v, 

we obtain 

whenever wi C vi. 

Q'j(W) ;::: /i(V) if i E w, 

(3i(W) ::; 8i (v) if i E'IT, and 

(3i(W) + ,i(V) ::; 1 if i E v n w, 
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In this example, the stochastic processes X and Y are Markovian and the above 

result can also be obtained from known results about stochastic monotonicity of Markov 

processes. Ross (1984) has discussed a similar model (without repairs) in continuous 

time. 

An interesting special case of Example 4.2 is the DDMRS, with performance 

sequence X, in which the live components share a common load, and the repair facility 

has a limited amount of resources that has to be shared among all the components that 

are under repair. Thus, a large number of components under repair decreases the rates 

of repair completion and at the same time, since there is a small number of components 

which are alive then, the failure rates of the live ones increases. Formally, suppose that 

the load to be shared by the live components is L E (0, 1) and it influences the failure 

rates of the live components through the relation 

(Yi(W) = _ILl for i E w, 
tv 

provided tv =1= 0 (where I . I denotes the cardinality). Similarly, for some J\' E (0. 1), 

suppose that 
f( 

f3i(W) = Iwi for i E w, 

provided w =1= 0. 

Consider another DDMRS, with performance sequence Y·, which is identical to 

the DDMRS described above. That is, suppose that it has the failure rates and the repair 

completion rates 
L 

/i(V) = j;"j for i E v, 

and 

Then we have that if 
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and if 

[{ L 
1101 + ~ ::; 1 for all wand v (4.53) 

then 

Condition (4.53) is satisfied, for example, if J( + L ::; 1. 

Schechner (1984) has considered a similar model (without repairs) in the continuous 

time case. 

Example 4.3. Suppose that the failure rates and the repair completion rates are each 

a product of two functions: one function of the working set and one function of the 

current ages and repair durations. Furthermore, assume that the current ages and 

repair durations affect the rates only through their sums. Formally, assume that the 

rates of the system (with performance sequence XJ are 

jEw jEw 

1Pi(W)9(L Cj - I: elj), i E lV, 

jEw jEw 

where ¢>i, 11'i, i = I, 2, ... ,n, 9 and h are nonnegative functions which, of course, satisfy 

that¢>i(W)h(LjEwCj-LjEwdj)::; landIPi(w)9(LjEwCj-LiEwdj)::; Iforallchoices 

of (w, ~w, d.d and i = 1,2,.... Suppose that the second system (with performance 

sequence.L) is identical to the first one. That is, assume that 

lieU, ~u' iT) ¢>i(v)h(I: ej - I: Ii), i E v and 
jEu jEu 

5i(V,~u,iu) 1fJi(V)g(I: ej - I: Ii), i E 'W. 
jEu jEu 

If h is nonincreasing and if 9 is nondecreasing and if¢> ( 'W) ~ ¢>(v) and Ii'( w) ::; Ii'( l'), 

whenever'W C v, then it is easy to see that (4.42) and (4.43) hold. If, in addition, 
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¢>i(v)hCI:J ej - L Ii) + 1/'i(W)g('L Cj - L dj ) :::; 1 whenever i E 10 n v, (4.54) 
jEv jEv jEw jEw 

for all choices of (W,fw, !1.w) and (v,fv,iv)' then (4.44) holds and we have then 

that 

LKI;rI, f~I' g~l] ~st D::=11l ,f~1 ,i~l] 

whenever wI C vI c l < e l and dL > fL. , -wI - -wI -vI - _vI 

Condition (4.54) is satisfied whenever the functions h, g, ¢>i, and Ih are bounded 

above. For example, the load sharing model discussed in the previous example is a 

special case of this model. Of course, in the argument of h (and of g) we can replace 

the difference of the two sums by the difference of some nondecreasing functions of the 

sums and the conclusion will still be valid. 

Example 4.4. A simplification of the general model of Theorem 4.4 is obtained 

when the n components are (identical', that is, when the n processes {.\:"I (/,.), A' = 

l,2,,,.},{X2(A:)): = 1,2, ... },." ,{Xll (k),k = 1,2, ... } are exchangeable. III 

other words, that is the case when the ai's, /3/s, Ii's and oj's of Theorem 4.4 are 

independent of i. In that case each of (4.42)- (4.44) consists of only olle inequality 

(rather thall Iwl, Ipi and Iv n wi inequalities, respectively). The conclusion (4.45) is 

then valid under the three inequalities memioned above. 

Such models arise naturally in Bayesian formulations of jointly distributed life

times. See, e. g., a discussion in Spizzichino (1990) where such a model (without 

repairs) is considered. The load sharing model discussed above is also a special case of 

this model. 
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There are many interesting and useful results on various properties of the first failure 

times of reliability systems appeared in the literature. Fewer pertain to the discrete time 

case than the continuous time case. This chapter provides additional results in this area 

with a focus ondiscrete dependent reliability systems. 

Section 5.2 uses the main result in Chapter 4 under an assumption that the discrete 

conditional transition probabilities do not depend on the age vector of the current up 

periods of components. We obtain a set of conditions on the transition probabilities, 

which implies that the first failure time of a single DDMRS is NBV. 

In Section 5.3, we further investigate discrete reliability systemswithout mainte

nance. One possible way to study this kind of system is to consider it as a special case 

of a system with maintenance, so that Theorem 4.3 can be used as we did in Section 

4.5.1. However, the conditions in Theorem 4.3 require that (somewhat simplified) the 

uptimes of working components are DFR, while IFR structure would be more important 

in practice. Thus, the results in this section which involve some kind of IFR structure 

are of particular interest. 

The notations and the terminology introduced in Chapter 4 will be used throughout 

this chapter, and the DDMRS model will be employed, even if reliability systems 

without repair are under consideration. 

5.2. NBU-ness of the First Failure Time of Some DDMRS's 

In this section, we will give the sufficient conditions on the discrete conditional transition 

probabilities for a single DDMRS so that system lifetime is NBV. We need the following 

preliminaries. 
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Definition. Let T be a random variable taking values in {I, 2, ... } with distribution F. 

Tis callednew better than used in discrete sense (NBUD) if for any j, J..~ E {O, 1, ... }, 

P(j)· P(k) 2: P(j + k), 

where P(i) = P{T > i} = E~j+l P{T = I} = F(i). 

By reversing the inequality above the notion of new worse than used in discrete 

sense (NWUD) is defined. 

Lemma 5.1. Let T be a random variable with support on {I, 2, ... } and let its 

distribution/unction be F. 

(1). F is NBU {=:::} F is NBUD. 

(2). F is NWU => F is NWUD, but the converse is not necessarily true. 

Proof. Suppose F is NBU [NWU]. It follows from definition of NBU [NWU] that 

F(t + s) ~ [2:]F(t)F(s) for any s, t 2: 0. In particular, it is ture when .5 and tare 

positive integers. So F is NBU [NWU] => F is NBUD [NWUD]. 

Now, suppose F is NBUD, we need to show that F is NBU. Note that F is NBUD, 

so F is a step function, i.e. 

F(x) = F(i) = P{T ~ i} i ~ :r < i + 1, 

and given s, i > 0, then [s] + [t] ~ [s + I], where [I] denotes the largest integer which is 

less or equal to t. So 

F(s + i) = F([s + t]) ~ F([s] + [iD ~ F([s])F([t]) = F(s)F(l). 

The first inequality follows from the nonincreasingness of F and the second inequality 

follows from the definition of NBUD since [s] and [t] are nonnegative integers. 

In order to see that although F is NWUD, F may not be NWU, consider the 

following counterexample. 
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Suppose T is a positive discrete random variable having geometric distribution 

with p = 1/2, i.e. P{T = k} = (l/2l, k = 1,2, .... 

Foranyi,j E {1,2, ... }, 

F(i + j) = f= (~)I = (~)i+i = F(i)F(j). 
1 .. 12 2 =t+J+ 

SoFis NWUD. 

Sets = 0.8andt = 0.9. Thens+t = 1.7, F(s+t) = F(l) = 1/2, F(s) = F(O) = 1 

and F(t) = F(O) = 1. So F(s + t) < F(s)F(t) hence F is not NWU. II 

Remark 5.1. Let )( be a nonnegative random variable with distribution FO and 

survival function 1"0 = 1 - F(·). For each s > 0, let [X - s I X > 81 be a random 

variable whose survival function is F(s + .)/ F(s). Then 

1" is NBU ~ X ~st [X - s I X > s] s > O. (5.1 ) 

Similarly, if X is a discrete random variable with support {I, 2, ... } then 

1" is NBUD ~ X ~st [X - m I X > m] mE {O, 1, ... }. (5.2) 

Let <l> : {O, I}" ~ {O, 1} be any coherent structure function of n components and let 

X(l) = {(X1(l),··· , Xn(l), 1= 1,2, ... } and Y(l) = {(Yi(!),"" Yn(l)), 1= 1. 2 .... } 

be the performance sequences of two DDMRS's as defined in Chapter 4. The times of 

the first failure for each of the two DDMRS's then are Tx == min {I I <I> (X (I» = I} and 

Tr. - min {I I <l>(L(l» = 1}, respectively. 

Lemma 5.2. If X ~st }/', then Tx ~st Tr.. 

Proof. Let U = {;: E {O, 1} n I <l>(~ = 1}. Since X ~st y, there exist-\; and }> defined 

on the same probability space such that .Y =st X, Y' =st Y and .\; ~(l.S. f' (See Remark 

4.2) Thus, Tx =st TX = min{ll X(l) E U} and Tr. =st Tt == min{ll f'(1) E £f}. 
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For ~,JL E {O, l}n, if x rf. U and 11.. :::; ~ (i.e. Yi :::; Xi, i = 1,··· ,n) then 11.. rf. U, 

since <I> is coherent. It follows from X 2':a.s. Y that Tx ::Sa.s. Tt: Hence Tx ::Sst Tr.: " 

Now, consider a single DDMRS with the performance sequence {Z(l), I = 

1, 2, ... }. Throughout this section we assume 

Assumption: The conditional transition probabilities do not depend on the age vector 

of the current up periods of the working components. 

We still allow the transition probabilities to depend on the age vector of the current 

down periods of the failed components. Thus the conditional transition probability 

p~{.~' 1 ~, a w , bw} of (4.1) will be simply denoted by p~{~' 1 ~,lhu}· Since p;d~' 1 

~,k} do not depend on fiw. it follows from that, given n'(Z, l) = w, A",(Z, I) = Q"" 

and Bw(Z,l) = fu" the stochastic behaviour of [Z(l),l = 1,2, ... 1 w,Q",,&,,] does 

not depend on flU!. So such a sequence will be denoted by [Q(l), I = 1,2, ... 1 w, &,,] 

and when w = S = {I,· .. ,n}, we simply denote the sequence by [Z I 5'1 or 

{Z(l),l= 1,2, ... 1 S}. 

The following theorem is a result in discrete case similar to Theorem 3.3 in Shaked 

and Shanthikumar (1988). 

Theorem 5.1. Under the above Assumption, if for all ![ ::s JL E {O~ 1} 11 (so that 

w eve S), nonnegative integer vectors 4w and lu such that slu 2': lu' we have 

2: pZ'<~ 1 !!::, slw} 2': 2: p~{~ 1 JL,lu} (5.3) 
.=.EU .=.EU 

for any upper set U C {O, l}n, thenfor all choices of wI alld ~ 

[Q(l),l= 1,2, ... 1 w l ,J6-] 2':st [Z(l),l= 1,2,.·.1 S] (5.4) 

Proof. This theorem is a simple corollary of Theorem 4.3. Denote by Lt:.(/), I = 

1,2, ... 1 wI, k] the right-hand side of (5.4) and by [X (I), I = 1,2, ... 1 8] the left-hand 

side of (5.4). Then 
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Thus, (5.3) becomes (4.22). Since w eve Sand!lv ~ lv' (4.19) and (4.21) hold. 

Also, Y(1) = Q (i.e. vI = S ) means that (4.24) and (4.26) are satisfied. Finally, note 

that the result of Theorem 4.3 is still true under Assumption above even if (4.20) and 

(4.25) do not hold. [The proof of this statement is the same as the proof of Theorem 

4.3] Therefore, by Theorem 4.3 X ~st Y which is (5.4). II 
Consider a DDMRS which starts to function with all the n components being up. 

That is Z(1) = Q. Let T = min{ I I iJ>(I) = I} be the time until first system failure. 

Theorem 5.2. For a DDMRS with n components assume that the conditional transition 

probabilities satisfy the conditions o/Theorem 5.1. I/the system starts to function with 

all components being up then T is NBU. 

Proof. By Lemma 5.1 we need only to show that T is NBUD or equivalently, by 

Remark 5.1, to prove that for any m. E {I, 2, ... } 

[T - 111. IT> 111.] :::;st T. (5.5) 

Fix a 111. E {I, 2, ... } and consider some particular realization {£(l) : I = 1,2"" , 111} 

of {Z(l): I = 1,2, .. · ,m} such that iJ>(i:(l)) = 0, for 1= 1,2,,,, ,m. Note that 

there are only finitely many such kind of realizations. We may list all of them 

as h~!? = {£(l)(l), I = 1,,,, ,m}, "', h~~) = {.?(k)(l), I = 1, .. · ,111}. Obviously, 

P{T> 117, I h~:n = 1,i = 1"" ,k. It can be seen that 

{T } - k I (i) d I (i) I (j) -' -1' > 1n - Ui=l 1m an ~m n ~m - 0, l T J. 

It follows from Theorem 5.1 and Lemma 5.1 that 

(i) [T - m I hml :::;st T, i = 1,··· , !..~. 

That is, for any 11. E {I, 2, ... }, 

P{T> m. + n I h~::} :::; P{T > n}. 

(5.6) 

(5.7) 

(5.8) 



So by (5.6), (5.7) and (5.8), 

P{T > rn +n IT> rn} = P{T > rn+n I U7=lh~} 
k 

_ "\"' P{T > rn + n I /z(i)} . p{h(i) I U~ h(i)} L...J 'm m &=1 m 
i=1 

k 

L P{T > rn + n I h~} . P{h~}/ P{T > rn} 
;=1 

k 

< L P{T > n} . P{h~}/ P{T > rn} 
;=1 

P{T> n}. 

Hence (5.5) holds. II 
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Remark 5.2. The reason that we require that the conditional transition probabilities 

do not depend on the current ages of the working components in Theorem 5.2, is the 

following. In order to prove the theorem we need to be able to stochastically compare 

a new system with an system that has already been running for some time. Theorem 

4.3 enables us to do it, provided the initial conditions satisfy (4.24)-(4.26). However, 

for a new system, we must have that .f~l = 1 and therefore (4.25) cannot be assured to 

hold (in fact, it is not going to hold most of the time). By assuming that the conditional 

transition probabilities do not depend on the current ages of the working components, 

we avoid this problem. 

Example 5.1. Consider a single system as tlwse defined in Example 4.2, with perfor

mance sequence X andfailure rates [respectively, repair completion rates] OJ(w). II' C 

{1,2"n}, i E w [respectively, /3i(W),W C {l,2"n},i E wi. Suppose thatoj(') and 

/3i(') are monotone in the sense that for 10 C v we have that Q' i( 10) 2:: 0 j( u) if i E 1/' 

and /3i(1O) ::; /3/v) ifi E v. If, in addition,for to C v, we have that /3;(w) + o;(v) ::; 1 

whenever i E v n 11', then Tx is NBU. 
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5.3. Discrete Reliability Systems without Maintenance 

As pointed out in Subsection 4.5.1, Theorem 5.1 in Shaked, Shanthikumar and Valdez

Torres (1990) provides sufficient conditions on the setof discrete multivariate conditional 

hazard rate functions of two discrete random vectors, which imply the stochastic ordering 

between these two random vectors. In that theorem, it is required that all the components 

in two systems start to live at the initial time and are new then. In this section, although 

we are dealing with the reliability systems without maintenance, the DDMRS model 

and notations introduced in Chapter 4 can be used here in a similar way as in Subsection 

4.5.1. Sufficient conditions, which imply the stochastic ordering between two discrete 

lifetime vectors with more general initial states and ages, are obtained in Theorem 5.3. 

This theorem not only slightly extends their result, but also provides a useful tool to 

study the first failure time of discrete reliability system, on which some results are 

thereby derived. 

Let {X (I), I = 1,2, ... } and {Y (I), I = 1,2, ... } be the performance sequences of 

two DDMRS's. 

Assume that all the components in two systems are nonrepairable i.e., repairable with 

probability 0. 

Theorem 5.3. Under the above assumption, if for all choices of !l., JL E {O, 1} 11 (so that 

lV, v, c 5' == {1, ... ,11}) and nonnegative integer vectors fw, Qw, f:. 1I , Lli sllch that 

!!: > JL (i.e. lV C v), 

fw > fw, 

d--v > Lv' 
we have that for any upper set U C {O, I} n 

L Px{~ I !!:,fw,gw} ~ L Pl:{~ I JL,fv,L,J, 
~EU ~EU 

(5.9) 

(5.10) 

(5.11) 

(5.12) 
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then 

(5.13) 

whenever 

~I > Ul (i.e. wI C vI), (5.14) 

I 
fw l > I 

§.wl , (5.15) 

dl-
-vi > L~Il (5.16) 

Remark 5.3. It should be noticed that Theorem S.3 is not a special case of Theorem 

4.3, since the inequalities of (4.20) and (4.2S) have been reversed in (S.lO) and (S./S), 

respectively. That is, we are imposing some kind of IFR property, rather than DFR 

property, on the uptimes of working components. 

This theorem allows us to compare stochastically two performance sequences or 

two random vectors representing the lifetimes of n components in two systems with 

different initial states and age vectors. Suppose all components in two systems start to 

live at the initial time and are new then, obviously (S.14) and (S.lS) are satisfied (d~!l 

and L~I are vacuous). So Theorem S.3 may also be viewed as an extensio/l of Theorem 

S.l in Shaked, Shanthikumar and Valdez-Torres (1990). 

Proof of Theorem 5.3. The proof of this theorem is very similar to the proof of Theorem 

4.3. We will not give the proof in detail but only emphasize the following two points. 

1. All the inequalities involving the age vectors f~k' §.~!k' I.: = 1,2, ... , in the proof 

of Theorem 4.3 should be reversed here. 

2. Since the components are nonrepairable, it is seen that P{.i{(k + 1) 2:: .\"Ck)} = 1 

and P{YCI.: + 1) 2:: YCk)} = 1 for k = 1,2,.... That is, we always have 

w k+1 C 10k and v k+1 C v k• In the induction procedure of the structure of 

X and Y, when XCk) and YCk) have already been determined, we define 
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X(k + 1) and Y(k + 1) in a similar way as in the proof of Theorem 4.3 so that 

X(k + 1) ~ Y(k + 1) (Le. w k+1 C vk+1), but we need to show that f~t~! ~ ~~t~!, 

instead of ck+.1 < ehl • Note that if i E w k+1 then i E w k i E vk and i E v k+1 • -wk +! - _wk +! , , 

Since f~k ~ ~~k (by induction hypothesis), we have cr > er for i E wk. Hence 

c~+1 = c~ + 1 > e~ + 1 = e~+1 for i E w k+1 II 
I t -, I • 

Suppose now only one system is under consideration. Let {Z (l), I = 1,2, ... } 

be the performance sequence of a reliability system without maintenance. (Le. the 

components in the system are non-repairable.) 

Theorem 5.4. For all choices of Jl., lL E {O,l}n (i.e. 10, v C S' 

nonnegative integer vectors fw, QlJh ~v, Lv such that 

w C v, fw ~ §.w, and Qv ~ iu' 

we have that for any upper set U C {O, I} n 

L P~{~ I Jl.'!~w,Qw} ~ L P~{~ I !1,§.t"i-v}· 
.:::.EU .:::.EU 

Then 

whenever 

{ 1. . . . , 17 }) and 

(5.17) 

(5.18) 

(5.20) 

Proof. This theorem follows from Theorem 5.3 in the same manner that Theorem 5.1 

follows from Theorem 4.3. II 
Suppose a multicomponent coherent system starts to function with arbitrary initial 

state and age vectors. That is, at initial time I = 1, the performance sequence Z is in 

state,I1 E {O, l}n, the initial age vector of the up [respectively, downl periods of the 
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components in wI [respectively, WI] is Q~ul [respectively, QS-], where Q~l and 1b- are 

any nonnegative integer vectors. 

Let if> : {O, I} n -+ {O, I} be any coherent structure function of n components. 

Denoted the first failure time of this system by 

min{ I I if>(Q(l)) = 1, W(Z, 1) = wI, 

(5.21) 

The following theorem provides sufficient conditions on the conditional transition 

probabilities, which imply that the first failure time of a coherent system is NBU. 

Theorem 5.5. Suppose a coherent system of n components starts to function with 

!!:I E {O,l}n (i.e. IV(Q,l) = wI), A w1 (Q,1) = Q.~l' B-;;;I(Z, 1) = ~, and the 

conditional transition probabilities from state!!: to state;;,. is PK {;;,. I !I, fl.",.l!u.} which 

satisfies the conditions in Theorem 5.4. Then T(w1.!!1 1 .Q!.-l) is NB U. 
w w 

Proof. If cp(Z(1)) = 1 (i.e. at the initial time the system is down) then 

P{T(w1.!!1 l'£~l) = I} = 1 (i.e. the system will be down forever), since the components 
w w 

are non-repairable. So T(wl.!!:ll'£~l) is NBU. 
w w 

If if>(Z (1)) = ° by Remark 5.1 and Lemma 5.1 we need to show that for any integer 

111 > ° 
(5.22) 

Note that at any fixed time m > 0, w m = 1,V(Q, m) C wI, Q:~m ~ Q~'" and J!!!;m ~ f±m, 
since the components are non-repairable. So the proof of (5.22) is similar to the 

proof of (5.5) provided replacing T and Theorem 5.1 by T(Wl'!!~'I'£~'I) and Theorem 5.4 

respectively. II 
Now, consider a coherent reliability system with the performance sequence 

{Z (I), I = 1,2, ... } under the following three assumptions. 
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AI. All the components start to live at the initial time, and are new then. 

A2. All the components are non-repairable. 

A3. The conditional transition probabilities do not depend on the age vector of the 

current down periods of the components in w. 

Under Al and A2, as discussed in Subsection 4.5.1 it is seen that Q w = t '1, where t 

denote the current time, and let T w be the failure times of the components in w up to t, 

exclusive, then Qw = t ·1- T w' So A3 means that the conditional transition probabilities 

do not depend on the failure times of components in w. Thus the conditional transition 

probabilities depend only on t and 1o. 

Fix an upper set U c {a, I} n, let 

Cu(t,1O) = L pzJ~ I ~,Qw} = L Pz.{~ I w,tl} ~,;. E {a. I}", 
~EU ~EU 

and let T be the first failure time of such a system. We have the following corollary. 

Corollary 5.1. IfCu(t, 10) satisfies 

Cu(t, 10) ~ Cu(t, v) if10 C v, (5.23) 

and 

(5.24) 

then T is NBU. 

Proof. We need only to show that the conditions (5.23) and (5.24) imply the conditions 

(5.17) and (5.18) of Theorem 5.4. The desired result then follows from Theorem 5.4. 

Note that under A3, (5.17) and (5.18) become 

L PKh: I !r,fw} ~ L P-'.L~ 11bfv} 
~EU ~EU 

for!r. ~ l!... (i.e. w C v) andfw ~ fILl' (5.25) 
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Write fw = t2 ·1 and ~v = tl '1, then fw ::::: ~w ¢=? t2 ::::: tl' So it follows from 

(5.24) and (5.23), in tum, that GU(t2, w) ::::: Gu(tl, w) ::::: GU(tI, v) which is (5.25) by 

the definition of Gu(', .). II 

Remark 5.4. Corollary 5.1 is the analogue in discrete model to a result of Shaked 

and Shanthikumar (l987a) who proved that under similar conditions on continuous 

conditional hazard rate functions the lifetimes of n components are MIHRI Ft , hence 

the first failure time of a coherent system is NBU. (See Theorem 6.2 and Corollary 6.3 

in their paper]. It should be noticed that in discrete model the conditions are on the 

Gu(t, w) which is not an obvious analogue to the continuous conditionallzazard rate 

functions. 

Ross (1984) introduced a model in which component failure rates depend on 

the working set 10, and proved that if the failure rate function .\j(w) satisfies that 

,\j(wI) ::::: '\j(W2) for WI C W2 and i E WI, then the time until system failure is IFRA 

(Increasing Failure Rate on Average). Motivated by this result, it would be of interest 

to find the analogous result in discrete case, which is stated in Theorem 5.6. 

Consider a DDMRS with the performance sequence {Z(l), I = 1,2 .... }. In 

gerneral, {Z(l), 1= 1,2, ... I wi, Q~l' Q~l} need not to be Markovian. But if we assume 

that the conditional transition probabilities are independent of the age vectors of the 

current up and down periods, that is, Pz... {~ I ;£, Qw,!!w} = Pz... {~ I !f.} which only depends 

on the current state!f. (or the current working set 10), then [Z(l), I = 1, 2, ... 111'1 is a 

Markov chain with the one step transition probabilities Pz {~ I !f.} for iI.;" E {O. I} /I. 

The state space of the Markov chain is {O, I} n . 

Theorem 5.6. Consider a DDMRS with n components which are non-repairable. As

sume that the conditional transition probabilities depend only on the current working 

set so that the performance sequence [z.(l), 1= 1,2, ... I wi] is a Markov chain. Iffor 
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any choices oJ!£,J!.. E {a, l}n such that!£ ~ J!.. (i.e.w c v), we have thatJor any upper 

set U C {a, l}n 

L p.£.{~ I !£} ~ L p.£.{~ I J!..}, (5.26) 
~EU ~EU 

then the first Jailure time T(wl) = min{ll <J><z'(l)) = 1, A<Z., 1) = wI} is IFRA, where 

<J> is any coherent structure Junction and wI is the initial working set determined by the 

initial state !£ I E {O, I} n. The definition oj IFRA Jor discrete distribution F is the same 

as in Barlow and Proschan (1975) [i.e. (F(k))I/k is decreasing in /,.: = L 2, ... J. 

Proof. Note that the non-repairableness of the 11, components ensures that the Markov 

chain [Z(l) I wI] has monotone paths and the condition (5.26) means that [Z(I) I wll 

is stochastically monotone. Hence this theorem follows directly from Theorem 1 in M. 

Brown and N. R. Chaganty (1983). II 

Remark 5.5. Compare Theorem 5.5 and Theorem 5.6, it is not surprising that the 

conclusion in the Jormer is weaker than that in the latter (since IFRA in discrete case 

==? NBUD ==? NBU), because the conditions in theJormer is also weaker than that ill 

the latter (since in Theorem 5.6 it is required that the transition probabilities depend 

only on the current working set, while in Theorem 5.5 there is no such requirement). 
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