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ABSTRACT 

If G is a finite subgroup of GL(n,K), K a field of characteristic 0, it is well 

known that the algebra I of polynomial invariants of G is Cohen-Macaulay. Con­

sequently I has a sub algebra :J of Krull dimension n so that I is a free :J -module 

of finite rank. A sequence (It, . .. ,In; gl, ... ,gm) of homogeneous invariants is a 

Cohen-Macaulay (or CM) basis if:J = K[It, ... ,in] and {gl, ... ,gm} is a basis for 

I as a :J -module. This dissertation discusses an algorithm, and an implementation 

using the systems GAP and Maple, fol.' the calculation of CM-bases. 
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1. INTRODUCTION TO INVARIANT THEORY 

The study of the invariant theory of finite groups has been an important part 

of group theory for over a century, dating back at least to fundamental work of 

D. Hilbert and E. Noether. The fundamental problem of invariant theory of finite 

groups is to determine or characterize the algebra of invariants. A survey of the 

classical approach to this subject can be found in Burnside's Theory of Groups 

of Finite Order [4]. There have been significant applications of invariant theory 

to such diverse areas as combinatorics, algebraic geometry, coding theory, physics, 

and chemistry. Recent surveys of some of this work have been given by Stanley 

[29] and Sloane [26]. 

We begin this chapter with some basic notation that will be used throughout. 

We will define what we mean by an invariant of a finite group and look at some 

basic ideas involving invariants. 

1.1 Basics 

Let I< be a field of characteristic 0 and let V be a vector space of dimension 

n over I<. The dual space of V, V* = Hom(V,K), also has dimension n. If 

{ Vl , ... , vn } is a basis for V then V* has a corresponding dual basis {Xl, ... , X n} 

characterized by the fact that Xj( Vj) = oij for all i and j. 

Let :F be the algebra of all functions from V to K with pointwise operations. We 

will denote by P the sub algebra of :F generated by {Xl, ... , xn}. If a = (al' ... , an), 

where each aj E N, X = (Xl, ... ,xn ), and XO = X~I x;? ... x~n, then elements of P 

will be finite sums of the form L: coXa, Co E K. We will call the elements of P 
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polynomial functions. The generators {Xl, •.. , xn} of P are basis dependent, but 

in fact P is generated by V* and thus P is independent of the basis {VI, ... , vn }. 

Let K[ Zl, ... , zn] be a polynomial algebra over K with distinct commuting inde-

terminates Zl, ... ,Zn. The function () : K[ZI, ... ,zn] -+ P determined by ()( Zj) = Xj 

is actually a K-isomorphism since K is an infinite field. Since K[ZI, ... , zn] and P 

are isomorphic this is the reason we call the elements of P polynomial functions. 

We will write P = K[XI, ... , xn] and we carryover to P some of the standard 

concepts connected with polynomials. These include the facts that we call XO: a 

monomial and the degree of XO: is lal = Ei aj. Note that a monomial is restricted 

to having 1 as its coefficient from K. A polynomial of the form cXO:, for arbitrary 

c =j:. 0 in K, will be called a term. The degree of a term cXO: will simply be the 

degree of XO:. 

Each f E P, f =j:. 0, can be written uniquely as a sum of terms with distinct 

monomials. The degree (relative to Xl, ••. , xn) of any f E P, f =j:. 0, is the maximum 

of the degrees of its terms. If f = 0 then, by convention, the degree of f is d for 

every dEN. 

A polynomial function f E P is called homogeneous of degree d if all its terms 

have degree d or if f = o. 
If dEN then we define Pd to be the set of all homogeneous polynomials of 

degree d. Each Pd is a subspace of the K-vector space P and we have P = 

Po EI1 Pl EI1 P2 $ .... The subspace Po consists of the constant functions and we 

identify Po with K. Note that PI = V*, the dual space. 

Let G£(V) represent the group of all nonsingular linear transformations of V. 

If T E G£(V) define an action of Ton P as follows: 

If f E P, V E V then (Tf)(v) = f(T-IV). 
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Note that if / E P then T/ E P and that TPd = Pd for each degree d. 

The following proposition makes it clear why the inverse appears in the above 

definition of the action of T on /. 

Proposition 1.1.1 1/ S, T E G L(V) and / E P, then (ST) / = S(T f). 

Proof. If v E V then ((ST)f)(v) = /((ST)-lV) = /(T-IS-Iv) = (Tf)(S-lV) = 

(S(Tf))(v). So (ST)/ = S(Tf). ~ 

Proposition 1.1.2 I/T E GL(V) and /,g E P, then T(fg) = (Tf)(Tg). 

Proof. If v E V then we have (T(fg))(v) = (fg)(T-Iv) = /(T-Iv)g(T-Iv) = 

(Tf)(v)(Tg)(v). Thus T(fg) = (Tf)(Tg). ~ 

If T : V -. V is a linear transformation recall that its adjoint transformation 

T* : V* -. V* is defined by T*(¢» = ¢>oT (composition offunctions) for all ¢> E V*. 

If S : V -. V is another linear transformation then (TS)*¢> = ¢>o(TS) = ¢>oToS = 

(T*¢» 0 S = (S*T*)¢>, so (TS)* = S*T*. 

Now if T E GL(V) we can define the corresponding contragredient trans/orma­

tion which acts on V* via the composition of the adjoint with the inverse. That 

is, the contragredient T is defined by T = (T-I)*. Note that if / E V* then 

(Tf)(v) = (T-I)*/(v) = f(T-Iv). Thus the action ofT on P defined above is an 

extension to P of the contragredient action on the dual space. 

In view of the isomorphism of P with K[ZI' ... , znl we write / = /(XI,"" xn) 

for each / E P, and then in fact /(v) is just /(XI(V), ... , xn(v)) for all v E V. 

Now since we will be dealing with finite groups of matrices we need to know 

how the action of T on P is carried out via a representing matrix. A small example 

will help make this clear. 
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Consider the transformation T : ~2 -+ ~2 defined via TVI = V2 and TV2 = 

-VI - V2, where VI = el and V2 = e2 (the standard basis for ~2). Thus T is 

represented by the matrix A = (~ =~) and T-I is represented by the matrix 

A-I = (=~ ~). One can easily show that then TXI = -Xl + X2 and TX2 = -Xl 

and thus the representing matrix for T on V* is ( - ~ - ~ ) which just happens 

to be (A-I)' (the transpose of A-I). 

Now if we write (Xl, X2) to represent the list of generators for P then the product 

tells us that T f will simply be the function f with the change of variables Xl 1-+ 

-Xl + X2 and X2 1-+ -Xl. Or taking transposes in equation (*) we have 

(-1 1) (Xl) = (-Xl +X2). 
-1 0 X2 -Xl 

Thus, for example, if f = 3XIX2 then T f = f( -Xl + X2, -Xl) = 
3( -Xl + X2)( -xt} = 3XI - 3XIX2. 

A polynomial f is an invariant for a group G :::; G L(V) if T f = f for all T in 

G. The algebra of all polynomial invariants of G will be denoted by I = IG. 

For a finite group G :::; GL(V) define MG = M : P -+ P via Mf -

IGI-1 }:{Tf : T E G}. The polynomial Mf is the mean or average of the G­

transforms of f. The linear transformation M is sometimes called the Reynolds 

Operator. Note that M Pd ~ Pd for each d. 

For a simple example consider G = C3 with generator T represented by A = 

(~ =~) and the polynomial f = 3XIX2' We saw earlier that Tf = 3XI - 3XIX2' 

Similarly T2 f = -3XIX2 + 3x~ and therefore 
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Note that the polynomial above, f = 3XIX2, is not an invariant of C3 • However, 

Mf = xi - XIX2 + x~ is an invariant of C3 • The next proposition proves this fact 

for a general polynomial f. 

Proposition 1.1.3 Suppose G :5 GL(V) is finite. Then 

(a) if J E P then MJ E I, 

(b) M restricts to the identity map on I and M2 = M, and 

(c) if J E P and 9 E I then MUg) = (MJ)g. 

In particular M is a projection from P onto I. 

Proof. (a) If S E G then SMf = IGI-1 E{STf : T E G} = Mf since ST ranges 

over all elements of Gas T does. Thus Mf E I. 

(b) If J E I then Mf = IGI-1 E{Tf : T E G} = IGI-1 E{f : T E G} = 
IGI-1IGlf = J. Thus lilt acts as the identity map on I. Given any 9 E P,M2g = 

M(Mg) = Mg since Mg E I. 

(c) MUg) = IGI-1 E{Tfg : T E G} = IGI-1 E{(TJ)(Tg) T E G} = 
IGI-1 E{(TJ)g : T E G} = IGI-1 E{Tf : T E G}g = (MJ)g. 

Corollary 1.1.4 M restricts to a projection from Pd onto Id for each degree d. 

Let us continue with the example C3 from above. If we take other monomials 

and apply the Reynolds Operator to them we will obtain other invariants of the 

group C3• The set B = {h, 12, fa}, with h = xi - XIX2 + x~, 12 = xIx2 - XIX~, 

and fa = xr - 3XIX~ + x~, was obtained by averaging various monomials and in 
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some cases multiplying through by a suitable constant. This set, besides being a 

set of invariants of Ca, has the special property that any invariant of Ca can be 

written as a polynomial in II, 12, and fa. Such a set B is called an integrity basis; 

we will discuss this concept further in Chapter 3. 

Since there are only two indeterminates and the set B contains 3 elements then 

there must exist an algebraic dependence relation among the polynomials in B. 

Such a dependence relation is called a syzygy. For this particular set B one can 

verify that Jl- 9# + 3f2la - fl = 0 is a syzygy, and in fact, all other syzygies 

of invariants of Ca can be derived from this one. We will discuss sygyzies in more 

detail in Chapter 3. 

1.2 The Molien Series 

If G is a finite subgroup of GL(V), with algebra I of invariants, then the 

Molien series of G is a formal power series cI>(t) = cI>G(t) whose coefficients are the 

[(-dimensions of the homogeneous parts Id of I, i.e. 

00 

cI>(t) = 'L(dimJ( Id)td. 
d=O 

An elegant theorem ofT. Molien, first published in 1897 ([22]), which shows that 

the Molien series is in fact a rational function of t, provides a means of calculating 

the series and has important theoretical ramifications as well. 

Theorem 1.2.1 (Molien's Theorem) If G is a finite subgroup of GL(V) then 

its Molien series is 

We will prove a slightly more general version of the theorem below. 
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Let us write charpolT(t) for the characteristic polynomial det(T - t1) of a 

linear transformation T of V. Note that if T E GL(V) then det(1 - tT-1) = 

(detT- 1
) • charpolT(t), so the summands in MoHen's theorem can be written as 

(detT)/charpolT(t). If cl(Td, ... , cl(Tk) are the distinct conjugacy classes in G 

then MoHen's theorem can be rewritten as 

<p(t) = IGI-1 t Icl(1i)ldet1i , 
i=l charpolTi (t) 

which is a convenient form for calculation. 

For example, for the group Ca we have 

1 (1 2) 
<p(t) = 3" (1 - t)2 + t2 + t + 1 

It will be useful to generalize slightly the notion of polynomial invariant. Sup­

pose A is a linear /(-character of G, i.e. a homomorphism from G to the mul­

tiplicative group /(*. Then f E 'P is called a semi-invariant relative to A, or a 

A-invariant, if T f = A(T)f for all T E G. Thus a A-invariant is an ordinary 

invariant if and only if A is the principal character 1G, which maps every T E G to 

1 E/(. 

For a small example consider Da, the dihedral group of order 6, generated 

( 0 -1) ( 0 -1) by Tl represented by 1 -1 and T2 represented by -1 0 . Let f = 

-x~ + 3XIX~ - x~ and define A by A(T) = det T. It is easy to check that T f = f for 
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T = 1, Tl , Tl which all have determinant 1 and T I = -I for T = T2, Tl T2, TlT2 

which all have determinant -1. Thus I is a A-invariant of D3 • 

The set I(>') of all A-invariants of G is clearly a K -subspace of p. It is in fact 

an I-submodule, for if I E I and g E I(>') then TUg) = (Tf)(Tg) = A(T)lg, all 

TEG. 

The module of A-invariants has a vector space decomposition 

where ~>.) is the subspace of homogeneous A-invariants of degree d (including 

0). In the language that will be developed in the next chapter I(>') is a graded 

I-module. 

As for ordinary invariants we define the Molien series of I(>') to be the formal 

power series 
00 

<I>(>')(t) = E(dimJ( If»)td. 
d=O 

For each dimension d the action of G on the subspace pd provides a represen-

tation Pd of G, the so-called symmetrized dth power of the contragredient repre­

sentation of G on V*. Denote the character of the representation Pd by 'l/Jd. Thus 

if for each S E GL(V) we write trd S for the trace of the transformation induced 

by Son pd, then we have 'l/Jd(T) = trdT for all T E G. 

For the proof of the next proposition see [9], page 112. 

Proposition 1.2.2 liT E GL(V) then 

00 

~)trdT-l)td = det(l - tTtl. 
d=O 

The representation Pd of G is equivalent, by Maschke's theorem (see e.g. [8], 

page 262), to a direct sum of irreducible representations. If A is a linear character 
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of G, as above, then the K-dimension of ~>') is simply the multiplicity of the 

representation with character A as a constituent of that direct sum, and it is a 

standard result from character theory (e.g. [8] again) that the multiplicity is equal 

to the inner product of A with the character 'l/Jd of Pd, i.e. 

With these ideas in hand we may state and prove the above-mentioned gener­

alization of Molien's theorem. 

Theorem 1.2.3 If G is a finite subgroup of GL(V) and A is a linear K -character 

of G then the Molien series of I(>') is 

Proof. We apply the remarks above and Proposition 1.2.2: 

00 00 

q,(>')(t) = z:)dim[( ~>'»)td = l)A, 'l/Jd)td 

d=O d=O 
00 

= L IGI-1 L: A(T)'l/Jd(T-1)td 
d=O Tea 

00 

= IGI-1 L A(T) L(trdT-l)td 
Tea d=O 

= IGI-1 L A(T)det(l - tTtl. 
Tea 

Of course Molien's theorem (1.2.1) is obtained by choosing A = 1a. 

The following consequence of Theorem 1.2.3 will be useful in Chapter 3. 

Proposition 1.2.4 If A is the linear character of G defined by A(T) = det T, then 
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Proof. We begin by applying Molien's theorem; note that in its statement we may 

replace each T by T-l: 

-IGI-1 
" 1 - ka det(t- 1T-l)det(tT -1) 

I -1 n " detT 
= GI t ka (-1)ndet(1 - tT) 

= (-tt~(.\)(t). 
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2. COMMUTATIVE ALGEBRA 

In this chapter we develop some basic concepts of commutative algebra, in­

cluding graded algebras and modules, regular sequences, systems of parameters, 

and Cohen-Macaulay modules. These ideas will ultimately provide a very useful 

description of the structure of the algebra of invariants of a finite group. 

2.1 Graded Algebras and Modules 

As usual, K is a field of characteristic zero and N is the semigroup of natural 

numbers. 

A K-algebra A (always assumed to be associative, commutative, and with 1) 

is said to have a grading if it has a vector space direct sum decomposition 

such that Ao = K and AjAj ~ Ai+j for all i,j E N. Strictly speaking this defines 

an algebra with an N-grading; other gradings exist (e.g. with N replaced by Z or 

by Nk
) but this is the only type of concern to us here. 

A graded K -algebra is a finitely generated K -algebra A with a grading. 

An obvious example is the polynomial algebra A = P = K[XI, ... , xn], with 

Ad the subspace of homogeneous polynomials of degree d for each d. This example 

motivates much of the terminology that applies to graded algebras in general. 

Note that a graded algebra must be Noetherian by the Hilbert Basis Theorem. 

In general, an element a. in an algebra A with a grading is said to be homo­

geneous if a E Ad for some d, in which case the degree of a. is d and we write 

deg(a) = d. We call Ad the dth homogeneous part of A. Note in particular that 
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deg(O) = d for every dEN, a seeming ambiguity that will be more convenient than 

confusing. 

It will be convenient at times to be able to refer to the homogeneous parts Ad 

of A with d possibly negative. Our convention will be that Ad = 0 if 0 > d E Z. 

Every a -::j; 0 in A can be written uniquely as a = al + ... + ak for some k, with 

o -::j; aj E Ad; and dl < d2 < ... < dk. The summands aj are called the homogeneous 

components of a. 

If S is any subset of an algebra A with a grading we will write H omog(S) to 

denote the set of all homogeneous elements in S. 

An ideal a ~ A is called homogeneous if for each nonzero a E a every homo­

geneous component of a is also in a. Note, for example, that if iI, 12, ... , 1m are 

homogeneous in P and a = (iI, 12, ... , 1m) then a is a homogeneous ideal. In fact, 

it is easy to verify that an ideal a of A is homogeneous if and only if a is generated 

by a set of homogeneous elements of A. 

The proof of the next proposition is straightforward and is omitted. 

Proposition 2.1.1 II a is a homogeneous ideal in an algebra A with a grading, 

then A/a has a natural grading, via (A/a)d = (Ad + a)/a. 

The spectrum of a commutative ring A, denoted by Spec(A) , is the set of all 

prime ideals in A. 

If A is an algebra with a grading we will write A+ for the ideal ED{Ad: d;::: I}, 

often called the irrelevant ideal of A. Note that A+ E Spec(A), and in fact A+ is 

a maximal ideal in A. 

We will consider various notions of dimension later; vector space dimension will 

always be denoted by dimK. 
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Proposition 2.1.2 Suppose A is a K -algebra with a grading, A = E9~oAd, and 

that A + is generated by a finite subset {at, ... , am} of H omog( A +). Then A = 
K[al' ... ,am], and in particular A is finitely generated, hence is a graded K­

algebra. 

Proof. We will show that A = K[al, ... , am] by showing inductively that each 

Ad ~ K[at, ... , am] for all dEN. It is clear if d = 0, so assume d > O. Say 

deg(ai) = dj, with all di ;;::: 1. If a E Ad we may write a = E~l bjaj where we 

may assume each bj is homogeneous, so deg(bj) = d - di. Thus Ad = Ei Ad-diai. 

By induction Ad-di ~ K[al, ... , am]. Therefore Ad ~ K[al, ... , am] and thus 

A = K[at, .. . ,am], 6. 

Corollary 2.1.3 If A is a graded K -algebra, then dimJ«(Ad) is finite for all dEN. 

Proof. It follows from the proposition that each Ad has finite K -dimension since 

there are only finitely many monomial expressions of the form II; a{i that have 

degree d. 6. 

If A is a graded K--algebra and B ~ A then B is a graded subalgebra if B is 

itself a graded algebra and Bd = B n Ad. For example, I, the ring of polynomial 

invariants of a finite group, is a graded subalgebra of P, the ring of polynomials. 

It is not immediately obvious that I is finitely generated, but it will be proved in 

Chapter 3. 

Proposition 2.1.4 Suppose B is a graded subalgebra of A, a is a homogeneous 

ideal in Band PI,P2,'" ,Pm E Spec(A). If 

Homog(a) ~ PI U P2 U··· U Pm 

then a ~ Pi for some i. 
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Proof. Relabel, if necessary, so that Homog(a) ~ PI U··· U Pk but Homog(a) is 

not contained in any union of k - 1 of the Pi's. If k = 1 then we are finished, so 

assume that k > 1 and choose aj E (Homog(a) n Pj) \ U{Pj: i ~ j, 1 ~ i ~ k}, for 

each j, 1 ~ j ~ k. Since all pj are prime ideals, then all powers of each aj are also 

elements of (Homog(a) n Pj) \ U{Pj: i ~ j, 1 ~ i ~ k}, so we may assume that all 

aj have the same degree. Set a = ar- l + I1{aj:2 ~ i ~ k} E Homog(a). Then 

a ¢ PI, or else II~ aj E PI and so aj E PI for some i ~ 1, which is a contradiction. 

Likewise a ¢ Pj for j 2:: 2 or else al E Pj, also a contradiction. Thus k = 1 and the 

proposition is proved. 

If A is a graded J( -algebra and M is a unitary (left) A-module ,'!e say that 

M is a graded A-module if there are J( -subspaces Md, dEN, such that M = 
ffi{Md: dEN}, and AjMj ~ Mi+j for all i,j E N. Elements of Md are said to be 

homogeneous of degree d, and each x ~ 0 in 1111 can be written uniquely as a sum 

of homogeneous components, just as for graded algebras. 

Also, as for algebras, we will write Homog(S) to denote the set of all homo­

geneous elements in any subset S of a graded module, and agree that Md = 0 if 

0> d E Z. 

An A-submodule N of M is called homogeneous, or a graded submodule, if for 

each nonzero x E N every homogeneous component of x is also in N. Just as for 

homogeneous ideals in graded algebras it is easy to verify that a submodule N is 

homogeneous if and only if it is generated (as a su bmod ule) by a set of homogeneous 

elements of M. Note that a homogeneous submodule N is itself a graded module 

with Nd = N n Md for all dEN. 

Proposition 2.1.5 If N is a homogeneous submodule of a graded A-module fill, 

then AI/ N is naturally a graded A -module, via (A1 / N)d = (A1d + N) / N . 



23 

If A is a graded K -algebra we will write AM for the class of all finitely gen­

erated graded A-modules. If ME AM then M is a Noetherian module since A is 

Noetherian and M is finitely generated. 

Proposition 2.1.6 If ME AM, then dimK(Md) is finite for all dEN. 

Proof. Choose a finite set {Xl, ... , xd of homogeneous generators for M, say 

with deg(xj) = dj. As in the proof of Proposition 2.1.2, we can conclude Md = 

E7=1 Ad-djXj, for all dEN. By that proposition each Ad-dj has a finite set of 

K-generators and therefore so has Md. 

The next proposition is presumably well known, but we were unable to find it 

in the literature. 

Proposition 2.1. 7 Suppose ME AM, N is a homogeneous submodule and N has 

a complementary submodule L', i.e. M = N EB L'. Then N has a homogeneous 

complement L. 

Proof. Let X be any homogeneous element in M, say x E Md. Write X = nx + l~ 

with nx E N and l~ E L'. Then write nx = n~ + n~ with n~ ENd. Since all 

homogeneous com ponents of n~ are of degrees different from d, and X = n~ + n~ + l~ 

then x - n~ = n~ + l~ E Md. Set Ix = X - n~ = n~ + l~ E Md and define L to be the 

submodule of !vI generated by {Ix: X E H omog(M)} , a homogeneous submodule. 

Observe that x = n~ + Ix E N + L for all homogeneous x E M. Therefore 

M=N+L. 

Suppose N n L ;f; O. Since Nand L are both homogeneous there is some 

v E N n L, v ;f; 0, say with deg v = d. Since vEL, we may write v = E:=l ajlj 

with aj E A and lj a generator for L. We may assume deg( ajlj) = d for all i. Then 
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each Ii can be written, as above, as Ii = Yi - n~ = n~' + l~, where Yi E Mdi' n~ ENd;, 

and l~ e L'. Thus each lj is of degree dj. Therefore v = 2:~=1 ai( n? + ID so 

k k 

V - Eain? = Eajl~ E N n L'. 
i=l j=l 

Since N n L' = 0 then v = 2:7=1 ain? But all homogeneous components of ajn? 

are of degree different from deg aj + di = d = deg v which is a contradiction. Thus 

N n L = 0 and M = N $ L. 

2.2 Associated Primes 

If ME AM, write Z(M) for the set of zero-divisors on M in A, i.e. Z(M) is 

the set of all elements a E A such that ax = 0 for some x '# 0 in M. 

If ME AM and 0 '# S ~ M then the annihilator of S is Ann( S) = {a E A: 

as = O}, which is clearly an ideal in A. Note that Z(M) = U{Ann(x): 0 =I x EM}. 

If ME AM and p E Spec(A) we say that p is associated with 111 if P = Ann(x) 

for some x '# 0 in M. We will write Assoc(M) for {p E Spec(A): p is associated 

with M}. Note that Assoc(M) = 0 if M = o. 
There is a nice relationship between Z(M) and Assoc(M) as given by the 

following proposition. 

Proposition 2.2.1 Suppose 0 # Me AM. Then 

i) if P is a maximal element in:F = {Ann(x): 0,# x E M} then p E Assoc(M), 

so in particular Assoc(M) '# @, and 

ii) Z(M) = U{p: p E Assoc(M)}. 

Proof. i) Note that :F '# 0 since M '# o. By the maximum condition for Noethe­

rian rings there is a maximal element Ann(xo) in:F. Set p = Ann(xo). We must 
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show that p is prime. Suppose ab E p but b rt p. Then (ab)xo = 0 but bxo #- o. 
Thus a E Ann(bxo). But Ann(bxo) 2 Ann(xo) = p, so Ann(bxo) = Ann(xo) by 

the maximality of Ann(xo) in F. Thus a E p and p is prime. 

ii) That U{p: p E Assoc(M)} ~ Z(M) is clear from the definition. If a E Z(M), 

choose x E M,x #- 0, so that ax = o. Since Ann(x) E F, we may choose a maximal 

element p E F, with P 2 Ann(x). Then p E Assoc(M) by i), and a E p. Thus 

a E U{p: p E Assoc(M)}. 6. 

Suppose M, NE AM and cp E HomA(M, N). If there exists kEN such that 

cp( Mi) ~ NiH for all i E N, then we say that cp is homogeneous of degree k . An 

example that often occurs is if we choose a#-O in Ak and define cp: M -+ M 

via cp(x) = ax. Note that inclusion maps and quotient maps are homogeneous of 

degree o. 

Proposition 2.2.2 If M, N E AM and cp: M -+ N is homogeneous then ker cp and 

1m cp are graded submodules. 

The ideals in Assoc(M) are actually homogeneous ideals as shown by the next 

proposition. 

Proposition 2.2.3 If ME AM and p E Assoc(M) then p is a homogeneous ideal 

and there exists x E H omog( M) such that p = Ann( x). 

Proof. Choose Y#-O in M such that p = Ann(y). Choose a E p; thus ay = O. 

Write Y = ~~=o Yi, Yi E Mi, Yk #- 0 (so deg Y = k). Also write a = ~~=o ai, ai E Ai, 

al #- o. Then 0 = ay = aoYO+(aoYl +alYo)+(aoY2+alYl +a2Yo)+·· ·+aIYk. Thus 

alYk = 0 (only term in M/+k). Next 0 = al-lYk + alYk-l so 0 = al-lalYk + arYk-l 

so arYk-l = o. Then we get a?Yk-2 = 0 from the next degree down, etc. Thus 
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a~+lYj = 0 for all j, i.e. a7+l E Ann(y) = p, prime, so al E p. Then a - a, has 

lower degree and is in p; inductively all ai E p, so P is homogeneous. 

Now take any homogeneous element b E p. Then 0 = by = Ef=o bYi; the 

summands have different degrees so bYi = 0 for all i. Thus p ~ n~Ann(Yi)' Also, 

if c E n~Ann(Yi) then clearly cy = 0, c E Ann(y) = p. Therefore p = n!Ann(Yi)' 

But then p = Ann(Yj), some j, since p is prime. Set x = Yj. f::. 

We wish to show that the set Assoc(M) is finite. To do this we need the 

following four propositions. 

Proposition 2.2.4 Suppose ME AM. If P E Spec(A) then p E Assoc(M) if and 

only if ihere is a graded submodule N ::; M with N isomorphic to Alp. 

Proof. (:::}) Say p = Ann(x), for some x E Homog(M). Define ¢:A -+ M via 

¢(a) = ax, an A-homomorphism. Set N = 1m ¢ ::; M, a graded submodule 

by Proposition 2.2.2, and note that ker ¢ = {a E A:ax = O} = Ann(x) = p. 

Therefore Alp ~ N. 

( {=) Suppose fJ: Alp -+ N ::; M is an isomorphism. Define ¢: A -+ M via ¢( a) = 
fJ(a + p). Clearly ¢ is an A-homomorphism with ker ¢ = p and 1m ¢ = N. Set 

x = ¢(1). Thus if a E A then ax = 0 if and only if 0 = a¢(1) = ¢(a) if and only if 

a E p. Therefore p = Ann(x) and so p E Assoc(M). f::. 

Proposition 2.2.5 Suppose A is a graded K -algebra and p E Spec(A). If b = 

b + p is non-zero in A/p, then AnnA(6) = p. In particular, Assoc(A/p) = {p}. 

Proof. If a E A then since p is prime and b ¢ P we have ab = a(b+ p) = ab+p = p 

if and only if a E p. f::. 
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Proposition 2.2.6 If ME AM and N :5 M is a graded submodule then 

Assoc(N) ~ Assoc(M) ~ Assoc(N) U Assoc(M/N). 

Proof. The first inclusion is clear. 

Take P E Assoc(M). We may assume P ~ Assoc(N) or else there is nothing to 

prove. Thus P = Ann(x) for some x E M \ N. By Proposition 2.2.4 and its proof 

we have A/p ~ Ax :5 M and by Proposition 2.2.5 if b E A \ P then Ann(b + p) = 
Ann(bx) = p. Thus if 0 i= bx E Ax n N then P = Ann(bx) E Assoc(N), contrary 

to our assumption. Thus Ax n N = O. Therefore a(x + N) = ax + N = N if and 

only if ax E N if and only if ax = 0 if and only if a E p. Thus Ann(x + N) = P 

and P E Assoc(M/N). 

Proposition 2.2.7 If ME AM then M has a chain of submodules 

o = M(O) < M(l) < M(2) < ... < M(k) = M - - - - , 

with each M(i) /M(i-l) isomorphic to A/Pi for some Pi E Spec(A). 

Proof. If M i= 0 choose PI E Assoc(M). By Proposition 2.2.4 there is a submodule 

M(l) ~ A/Pl' If M(l) i= M then we choose P2 E Assoc(M/M(l» and obtain a 

submodule 10.1(2) /M(l) ~ A/P2" Continue, and obtain an ascending chain M(1) :5 

M(2) :5 ... with the desired quotients. Since M is Noetherian the chain must 

terminate with some M(k) = M. 

Theorem 2.2.8 If ME AM then Assoc(lo.l) is finite. 

Proof. Apply Prepositions 2.2.5, 2.2.6, and 2.2.7 to see that Assoc(M) ~ 

{PI, ... , pd where PI,.'" Pk are the primes that appear in 2.2.7. 

If AlE AM and kEN, set M[k] = E9{Mi :i ~ k}. For example, A[l] = A+. 
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Proposition 2.2.9 If ME AM, then there exist kEN and a E Homog(A+) such 

that a ¢ Z(Mlkl). 

Proof. Set N = {x EM: A + x = O}, a finitely generated submodule of M. Since 

A+ N = 0, N is a finitely generated A/A+ module. But A/A+ ~ K so N is a finite 

dimensional K -vector space. Thus there is a kEN such that N n Mlkl = O. In par­

ticular A+ ¢ Assoc(Mlkl). If Mlkl = 0 then any a E H omog(A+) will do since then 

Z(Mlkl) = 0. If Mlkl =/; 0 apply Proposition 2.1.4 to Assoc(Mlkl) and conclude 

that Homog(A+) ~ U{p; P E Assoc(Mlkl)}. But U{p: P E Assoc(Mlkl)} = Z(Mlkl) 

by Proposition 2.2.1 and thus there is an a E Homog(A+) with a ¢ Z(Mlkl). 6. 

The next proposition can be viewed as a graded version of Nakayama's Lemma. 

Proposition 2.2.10 Suppose ME AM, 0 =/; a E Homog(A+), and aM = M. 

ThenM= o. 

Proof. Assume NI =/; 0 and let k = min{i: M; =/; OJ. Thus M = Mlkl. If 

deg(a) = m > 0 then M = aM ~ Mlk+ml, which is a proper submodule, and we 

have a contradiction. 

The next few results will be needed in the section on dimension theory. 

Proposition 2.2.11 Suppose that {Xl, ... ,xn } is a set of generators for ME AM, 

and that a and b are ideals in A with a 2 Ann(A1) and bM ~ aM. Then bn ~ a. 

Proof. Choose allY bl , b2, .•• , bn E b. Then bjxj E bM ~ aM so there are ajj E a 

such that 

bjXi = LaijXj. (*) 
j 

If B = B(b l , ••• ,bn ) is the n x n matrix over a with ij entry ajj - bjbij and X is the 

column vector (Xl, ... , Xn)T then by (*) BX = o. If adj(B) denotes the classical 
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adjoint of B, i.e. the transposed matrix of cofactors, then adj(B)· B = (det B)· I, 

so 0 = adj(B)·B·X = (det B)·X. If we set b = det B then bXi = 0 for all i. Thus 

bE Ann(M) ~ a. But expansion of det B shows that bl b2 ••• bn E a so bn ~ a. D.. 

Corollary 2.2.12 If ME AM, M has n generators and a E A, then 

(Ann{M/aM))n ~ (a) + Ann{M) ~ Ann(M/aM). 

Proof. Take a = (a) + Ann(M) ;2 Ann(M). Let b = Ann(M/alli/). If c E b then 

cM ~ aM and so bM ~ aM. Clearly aM ~ aM and so bM ~ aM. Therefore by 

the proposition bn ~ a. 

The second inclusion is obvious. 

We define the support of a module M, denoted Supp(M), to be {p E Spec(A): 

p ;2 Ann(M)}. Note that Assoc(M) ~ Supp(M). 

Proposition 2.2.13 Suppose ME AM, P E Spec(A) and a E Homog(A+). Then 

P E Supp(M/aM) if and only ifp ;2 (a) + Ann(M). 

Proof. Say {Xl, . .. ,Xn} ~ M is a generating set for M. If P ;2 (a) + Ann(M) 

then (Ann(M/aM))n ~ p by the Corollary above, and so Ann(M/aM) ~ p since 

p is prime. The converse is clear since (a) + Ann(M) ~ Ann(M/a!l1) ~ p. D.. 

If a is an ideal in a commutative ring A then p E Spec(A) is said to be minimal 

over a if p ;2 a and p is minimal in that respect, i.e. if q E Spec(A) and a ~ q ~ p 

then q = p. 

Proposition 2.2.14 If a is a proper ideal in a commutative ring A then there is 

some p E Spec(A) that is minimal over a. 

The proof of Proposition 2.2.14 is an easy application of Zorn's Lemma. 
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Proposition 2.2.15 If ME AM and p E Spec(A) is minimal over Ann(M), then 

P E Assoc(M). 

Proof.(McAdam, [21]) Let {Xl,""Xn } be a set of generators for M. Then 

Ann(M) = niAnn(xi) ~ p. Since p is prime there is an Xi such that p ;2 Ann(xj). 

Since A is Noetherian we may choose X E M so that c = Ann(x) is maximal 

in the set of annihilators of elements within p. Suppose ab E c but a '/. c and 

b '/. c. Then c c (c, b) ~ Ann(ax), so Ann(ax) ~ p by the maximality of c. 

Choose c E Ann(ax) \ p. Then c c (c, a) ~ Ann(cx), so Ann(cx) ~ p. Choose 

d E Ann(cx) \ p. Then cdx = 0, so cd E Ann(x) ~ p, a contradiction since p is 

prime. Thus c = Ann(x) is prime, and hence Ann(x) = P E Assoc(M). !:::. 

Proposition 2.2.16 If M E AM and q E Supp(M) then there is some p E 

Assoc(M) with P ~ q. 

Proof. By Proposition 2.2.14 we may choose p ~ q with p minimal over Ann(M) 

and apply Proposition 2.2.15. !:::. 

2.3 Regular Sequences 

If ME AM and a E A is not a zero-divisor on M then we say that a is regular 

on M. A sequence (al,a2, ... ,ak) of elements in A, with each ai E Homog(A+), 

is called an M-regular sequence if aj is regular on M/(al,a2, ... ,aj-l)M for 

1 ~ i ~ k. 

The definition of regular sequence often appears in the literature with the added 

condition that (al,a2,'" ,ak)M =j; M. In the present context that condition is 

equivalent with the requirement that all aj be homogeneous of positive degree. 
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Proposition 2.3.1 Suppose ME AM and (a,b) is an M-regular sequence. Then 

a ¢ Z(M/bM). 

Proof. We prove the proposition by contradiction. Suppose y + bM =f: 0 in M IbM 

but ay + bM = 0 in M/bM, i.e. y ¢ bM but ay E bM, say ay = bx for some 

x E M. Thus bx + aM = 0 in M/aM. But b ¢ Z(M/aM) and thus x E aM via 

x = az for some z EM. Thus ay = bx = baz and so a(y-bz) = O. But a ¢ Z(M), 

so y = bz E bM, which is a contradiction. 

CQrollary 2.3.2 If(a,b) is M-regular then (b,a) is M-regular if and only ifb ¢ 

Z(M). 

Proposition 2.3.3 If ME AM and (a, b) is M -regular, then (b, a) is M -regular. 

Proof. Let N = {y E M: by = O}, the kernel of the map x 1--+ bx from M to 

M. Then N is a graded submodule. If yEN then by + aM = 0 in M/aM. But 

b ¢ Z(M/aM), so y E aM, say y = az, for some z E M. Thus 0 = by = abz and 

bz = 0 since a ¢ Z(M). Therefore zEN also, and since yEN was arbitrary, we 

have aN = N. Therefore N = 0 by Proposition 2.2.10, so b ¢ Z(M). Thus (b, a) 

is M-regular by Corollary 2.3.2. 

Proposition 2.3.4 If a, b are ideals in A and ME AM then (M/aM)/b(M/aM) 

is A-isomorphic with M/(a + b)M. 

Proof. Note first that b(M/aM) = (bM + aM)/(aM) = (a + b)M/aM. There-

fore 
M/aM _ M/aM ~ M 

b(M/aM) - (a + b)M/aM - (a + b)M 

by a standard isomorphism theorem. 
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Proposition 2.3.5 Suppose Me AM and al, .. ' ,ak e Homog(A+). Then (aI, 

... , ak) is M -regular if and only if (all ... , ai) is M -regular and (ai+l' ... , ak) 

is (M/(al,"" ai}M)-regular for 1 $ i $ k. 

Proof. If 1 $ j $ i it is immediate from the definition that aj+l is regular on 

M/(al,"" aj)M. If i + 1 $ j < k set a = (al,"" ai) and b = (ai+b ... , aj), and 

apply Proposition 2.3.4 to see that aj+l is regular on M/(a + b)M if and only if it 

is regular on (M/aM)/b(M/aM). b,. 

Corollary 2.3.6 If Me AM, (al,"" ak) is M -regular, and 1 $ i < k, then 

(al,"" ai+l, ai,"" ak), with ai and ai+l interchanged, is also M -regular. 

Proof. First we apply Proposition 2.3.5 twice to see that (al,"" ai-t) is an 

M-regular sequence, (ai,ai+l) is an (A1/(al, ... ,ai_I)M)-regular sequence and 

(ai+2,"" ak) is an (M/(al,"" ai+l)M)-regular sequence. Next apply Proposi­

tion 2.3.3 to see that (ai+l' ai) is also (M/(al,"" ai_I)M)-regular. Finally apply 

Proposition 2.3.5 (the converse) twice to see that (al,"" ai+l, ai, ... , ak) is M-

regular. 

Theorem 2.3.7 If Me AM and (aI, a2, ... , an) is M -regular, then any permuta­

tion of (aI, a2, ... , an) is also M -regular. 

Proof. (See [16]) Apply the corollary above; any permutation is a product of 

adjacent transpositions. 

Proposition 2.3.8 If A is a graded J( -algebra and (al,"" am) is an A-regular 

sequence then {aI, ... , am} is algebraically independent. 
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Proof.(See [10]) Define a map ¢> from a polynomial algebra K[YI, ... , Ym] to A 

via ¢>: Yi H ai, 1 ::; i ::; m. It will suffice to prove by induction on m that ¢> is 

one-to-one. 

If m = 1 write a = al and Y = YI, and suppose that f E ker ¢>. We may assume 

that f is of minimal degree in ker¢>, and write fey) = Co + CIY + ... + CkYk, so 

0= I(a) = Co + CIa + ... + Ckak. Thus Ciai = 0, for all i. Therefore 1=0. 

Suppose that m > 1, and assume the result for regular sequences of length m-l 

or less. Set A' = A/(al). Then (a2, ... ,am) is A'-regular by Proposition 2.3.5, or 

equivalently (a2, ... , am) is A'-regular (in A'). By induction the map ¢ : Yi -+ ai, 

2 ::; i ::; m, is one-to-one from B = K[Y2, ... , Ym] to A'. Suppose though that 

o =I F E ker ¢>. We may view F as being in B[YI], and write F = 'Ej~O gjy{, each 

gj E B, and we have 0 = 'Ej a{gj(a2, ... , am). Let s be minimal so that g8 =I 0 in 

B. Then 0 = ai 'Ej~8 a{-8gj (a2, ... , am), and hence 'En~8 a{-8gj (a2, ... , am) = 0, 

either because s = 0 or else because al is regular on A. But then modulo (al) we 

have g8(a2, ... , am) = 0, and g8 E ker(¢), a contradiction. 

The following useful proposition was suggested by David Surowski. 

Proposition 2.3.9 Suppose C is a graded subalgebra of a graded algebra A and 

a E Homog(A+). If ME AM, a is regular on M, and M/aM is a free C-module 

then M is a free C[a]-module. 

Proof. By Proposition IV.2.10 of [8] we may write M = aMv EEl N' with N ' a 

free C-module. Note that aM is a homogeneous submodule, so by Proposition 

2.1.7 there is a homogeneous C-submodule N with M = aM EEl N. We will show 

inductively that M = EEl~oaiN. First note that Mo ~ N since dega > o. Assume 

inductively that M j ~ 'E~o ai N if j < k and consider Mk • Take x E A1k and write 
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x = ax' + y E aM ffi N with degax' = degy = degx = k. Note that degx' < k 

(since deg a > 0) so x' E Ei ai N and therefore x = ax' + y E E~o ai N. Thus 

Mk ~ E~oaiN, hence M = E~oaiN. 

To see that the sum is direct suppose that E~o aiyi = 0 (with finitely many 

nonzero summands). Then Yo = - E~l aiYi E aM n N = 0 and Yo = O. Thus 

a(E~o ai-IYi) = 0 and therefore E~o ai-IYi = 0 since a is regular on M, hence 

YI = O. Repeat the argument to see that all Yi = O. Thus M = $'QaiN. 

Since N is a free C-module (N ~ M/aM), we can choose a C-basis {ys: 0 E D} 

for N (not necessarily finite). Therefore M = $~oaiN = $iai(${Cys:o ED}) = 

ffis(ffiiCai)yS = ffisC[ajys. Thus {ys} is a C[aj-basis for M and M is a free C[aj­

module. 6. 

Theorem 2.3.10 Supvose that ME AM, (al, ... ,am) is M-regular, and B = 

K[all ... , amj. Then M is a free B-module. 

Proof. We apply induction on m. The result is trivial if m = 0; for m = 1 apply 

Proposition 2.3.9 with a = al and C = K. Take m > 1 and assume the result for 

regular sequences of length m - 1. Set M' = M/aIM. By Proposition 2.3.5 the 

sequence (a2,"" am) is M'-regular, so by induction M' is a free K[a2,"" amj-

module. Apply Proposition 2.3.9 again, with a = al and C = K[a2, ... , am], 

conclude that M is a free C[alj-module, and observe that C[alj = K[al, ... , amj = 

B. 

An M-regular sequence (al,'''' an) is maximal if it cannot be extended to a 

longer M -regular sequence, i. e. if every a E H omog( A +) acts as a zero divi­

sor on M/ Ei aiM. Lengths of maximal M-regular sequences will playa role in 

applications to invariant theory, and the next theorem will be useful. 
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Theorem 2.3.11 (Northcott and Rees) Suppose 0 =I ME AM. Then any two 

maximal M -regular sequences have the same length. 

Proof.(See [19]) Choose a maximal M-regular sequence (al, ... ,an) that is as 

short as possible; we show by induction that every maximal M-regular sequence 

has length n. If n = 0 then A+ = Z(M) and every M-regular sequence is empty. 

Thus suppose n > O. It will suffice to show that if (bl , •.• ,bn ) is M-regular then 

Z (M / Ei biM) ;2 H omog( A +) so that (bl , . .. , bn) can't be extended to a longer 

M -regular sequence. 

If n = 1 then Homog(A+) ~ Z(M/aIM), so A+ E Assoe(M/aIM) by Propo­

sitions 2.1.4 and 2.2.1. Thus A+ = Ann(x),where x = x + aIM for some x E M. 

Therefore A+x ~ aIM and in particular blx = alx' for some x' E M. Note that 

x' ¢ blM, for if x' = bly, Y E M then blX = alx' = albly and x = alY since 

bl ¢ Z(M). But then x = 0 which is a contradiction since Ann(x) = A+. Now 

aIA+x' = A+alx' = A+blx ~ alblM since A+x ~ aIM and so A+x' ~ blM (since 

al ¢ Z(M)). Thus A+ = Ann(x'), where x' = x' + blA1 E M/bIAtf. Therefore 

A+ E Assoe(M/bIM), Z(M/bIM) = A+ and bl is a maximal M-regular sequence. 

Now take n > 1 and assume the result for modules with shorter maximal M­

regular sequences. WriteJ«i) = M/E}=lajM, L(i) = 1I1/E}=lbjM, 0::; i::; 

n - 1. Choose e E H omog(A+) such that c ¢ Uii- l Z(J«i») and c ¢ Uii- l Z(L(i») 

(this is possible by Proposition 2.1.4 since each Z(I(i») and each Z(L(i») is a finite 

union of prime ideals, none of them being A+). Thus both (al, ... ,an-l,e) and 

(bl, ... ,bn-l,c) are M-regular. Apply Theorem 2.3.7 to see that (c,al, ... ,an-d 

and (e, bl , ... ,bn - l ) are M-regular. 

N ow observe that (aI, ... , an-I, c) is maximal M -regular since both (an) and (e) 

are maximal J«n-ILregular (by the case n = 1 above). Thus (c, aI, ... , an-I) is also 



36 

maximal M -regular (note: any rearrangement of a maximal M -regular sequence 

is also maximal). Now (al, ... , an-d and (bl , ... , bn-d are both M/cM-regular 

and (al, ... , an-d is maximal so by induction (bl , ... , bn- l ) is maximal M/cM-

regular. Therefore (c, bl , ... , bn-d is maximal M-regular and so is (bl , ... , bn- l , c). 

But now compare (bl , ... , bn- l , c) with (bl , ... , bn) as was done for (al, ... , an) and 

(al, ... , an-I, c) (again use the case n = 1), and conclude finally that (bl" ... , bn ) 

is maximal. 6. 

2.4 Dimension Theory 

In this section we consider three seemingly rather different notions of dimension 

for graded modules and show that they coincide. 

When we speak of a chain Po C PI . .. C Pn of prime ideals of a ring in this 

section we mean explicitly that all the inclusions are proper. We say that the chain 

has length n (thus the length is the number of proper inclusions). The chain can 

be viewed either as ascending from Po to Pn, or descending from Pn to Po. 

If A is a commutative ring then A has finite Krull dimension n if there is a 

chain Po C PI . .. C Pn of prime ideals of length n in A, but there is no chain of 

length n + 1. In that case we write dim(A) = n. If there are chains of length n for 

every n E N we say that A has infinite Krull dimension, and write dim(A) = 00. 

Although examples exist of Noetherian rings having infinite Krull dimension, 

we shall see later that dim(A) is finite for every graded K -algebra. 

For some examples, note first that if A = K, a field, then dim(A) = 0 since 

P = 0 is the only prime ideal in A. If A is an integral domain then 0 is a prime 

ideal, so it is clear that A can have Krull dimension 0 only if there are no other 

prime ideals, so in that case dim(A) = 0 if and only if A is a field. There are, 
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however, rings of Krull dimension 0 that are not fields. The smallest example is 

A = Z2$ Z2; any (ring) direct sum of two or more fields provides a similar example. 

For an easy but nontrivial example of a graded K -algebra of Krull dimension 

o set A = K[X]/(X2) and note that Spec(A) = {A+} = {Ad. 

If A is an integral domain in which every non-zero prime ideal is maximal (but 

A is not a field) then clearly dim(A) = 1. For example, dim(Z) = 1, and among 

graded K-algebras, dim(K[x]) = 1. For the same reason, if A is any PID, or more 

generally, a Dedekind domain, then dim(A) = 1. 

If A = P = K[Xl,'" ,xn ], set Po = 0 and Pi = (Xl,'" ,Xi) for 1 ::; i::; n (thus 

Pn = A+). Then A/Pi ~ K[Xi+l, . .. , xn], an integral domain, so each Pi is prime. 

Thus since Po C Pl'" C Pn it follows that dim(A) ;::: n . We shall show later in 

this section that in fact dim(A) = n. 

In order to extend the notion of dimension to A-modules we extend it first to 

ideals in A. 

If a is an ideal in A, define dim(a) to be the Krull dimension of the quotient 

ring A/a. Since prime ideals in A/a are all of the form pIa where I' is a prime 

ideal in A and I' ;2 a we see that dim( a), if finite, is the maximal length of chains 

Po C Pl'" C Pn in A for which a ~ Po. If a happens to be prime then any such 

chain of maximal length must of courSe begin with Po = a. Thus if I' is prime in 

A then dim(p) (again if finite) is the maximal length of chains I' = Po C ... C Pn 

ascending from p. 

Suppose now for the rest of the section that A is a graded K -algebra. 

If 0 "# M E AM define the dimension of M, denoted by dim(M), to be 

dim(Ann(M)), i.e. the Krull dimension of A/Ann(JvI). If the Krull dimension 

of A is n, finite, then clearly dim(M) ::; n. 
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Proposition 2.4.1 If M, Ne AM and N is a homomorphic image of M then 

dim(N) ~ dim(M). 

Proof. Since N is a homomorphic image of M then Ann(.l\l) ~ Ann(N) and thus 

dim(N) ~ dim(M). 

Proposition 2.4.2 If 0 -=I ME AM and dim( M) is finite then 

dim(M) = max {dim(p):p E Assoc(M)}. 

Proof. Say dim(M) = n and suppose Po C PI'" C Pn is a maximal ascending 

chain with Ann(M) C Po. Then Po e Supp(M) and consequently Po e Assoc(M) 

by Proposition 2.2.16 and the maximality of the chain. 

Corollary 2.4.3 If M E AM and N is a graded submodule then dim(N) ~ 

dim(M). 

Proof. Apply the proposition and Proposition 2.2.6. 

We have looked at the first notion of dimension for a graded module and some 

properties of dim(M). We now wish to set the stage in order to define the next 

idea of dimension of a graded module. 

If ME AM then, by Proposition 2.1.6, dim[((Mi ) is finite for all i E N. Thus 

we can define the Hilbert function HM : N -+ N via HM ( i) = dim[((Mi ). Then the 

Poincare series of M is defined to be the formal power series 

00 

<I>M{t) = L HM{i)t i
. 

i=O 

For example, if M = A = I, the algebra of invariants for some finite group G, then 

<I> M{ t) is the Molien series. 

The following proposition develops a relationship between homogeneous maps, 

Hilbert functions and Poincare series. 
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Proposition 2.4.4 Suppose that 0 --.. L ~ M !!.. N --.. 0 is an exact sequence in 

AM, and that tp and (J are homogeneous of degrees 1 and m, respectively. Then 

for all i E N, and consequently 

Proof. Since tp and (J are homogeneous they restrict to J( -linear maps on homo­

geneous parts and give us exact sequences 

The result (*) now follows from elementary linear algebra. If we multiply (*) by 

ti+l+m and sum from i = -(l + m) to 00 we obtain the final result about Poincare 

series. 

The proposition extends easily to longer exact sequences. For example, if a --.. 
L ~ M ..!!... N ~ P --.. a is exact in AM and tp, (J, and 'Ij; are homogeneous of 

degrees l, m, and n, respectively, then 

HL(i) - HM(i + l) + HN(i + l + m) - Hp(i + 1 + m + n) = 0 

for all i E N, and consequently 

The following theorem gives a closed form representation of the Poincare series 

as a rational function. 
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Theorem 2.4.5 (Hilbert-Serre) Suppose A = K[al, ... , am], where each aj E 

Homog(A+) with degaj = dj1 and MEAM. Then there exists J{t) E Z[t] such 

that 

Proof. We prove the theorem by induction on m. 

If m = 0 then A = K so then M is a finitely generated (and therefore finite 

dimensional) K-vector space. In that case, <I>M(t) E Z[t]. 

Assume then that m > 0, and assume that the result is true for m-l generators. 

Set a = am, and define ¢: M ~ M via ¢(x) = ax for all x E M. Thus ¢ is 

homogeneous of degree dm • Set N = ker ¢ and L = 1m ¢ which, by Proposition 

2.2.2, are graded submodules of M. The sequence 0 ~ N ~ M .:!!. M ~ M / L ~ 0 

is exact, so by Proposition 2.4.4 

Thus 

Observe that a E Ann(N) and a E Ann(M/L) so Nand M/L are A/(a)-modules, 

and that A/(a) has m-l generators aI, .. . , am-I. Thus by induction each of <I>N(t) 

and <I> M / L( t) is a polynomial in Z [t] divided by IT {I - tdi : 1 ::; i ::; m - I}, and the 

result follows. 

For any ME AM define d(M) to be the minimal mEN for which it is possible 

to write <I>M(t) as in Theorem 2.4.5. This is our second notion of dimension for a 

graded module - it is sometimes called the Hilbert dimension. 

The following proposition will be useful in relating d(M) to the other notions 

of dimension. 
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Proposition 2.4.6 Suppose 0 =P Me AM and a e Homog{A+) \ Z{M). Then 

for some power ak we have d{ M / ak M) ::; d{ M) - 1. 

Proof. For any power ak we can apply Proposition 2.4.4 and thus obtain if!M/aI:M{t) 

= (1 - tdk)if!M(t) where d = deg{a). Write 

f(t) 
if! M{t) = lli{l _ tdi ) 

minimally as in Theorem 2.4.5, so m = d{M). Then choose k so that the smallest di 

divides dk. Therefore (l-tdi ) divides (l_tdk ) algebraically and (l-tdk )/{l_tdi ) = 

get) e z[t]. Thus 

and d(M/ak M) ::; m - 1. 

We are now ready to define the third notion of dimension for a graded module. 

By Proposition 2.1.2, if all"" am is a set of homogeneous generators for A+ 

then A = K[al' ... ,am], Thus by the definition of AM any ME AM is a finitely 

generated K[al, ... , am]-module. 

If Me AM define s( M) to be the minimal keN such that there are aI, ... ,ak E 

H omog(A +) with M a finitely generated K[al, ... , ad-module. For example, 

sCM) = 0 if and only if dimKM is finite. 

Proposition 2.4.7 If Me AM and N is a graded submodule then seN) ::; sCM). 

Proof. Say that s( M) = m and choose al, ... ,am e H omog( A +) so that M is 

a finitely generated B-module, B = K[al, ... , am]. Since B is Noetherian M is 

a Noetherian B-module, and hence the B-submodule N is finitely generated, i.e. 

seN) ::; m. 

The following two propositions will help us relate d(1vI) to s(Jltf). 
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Proposition 2.4.8 If Me AM, at, ... ,an e Homog(A+) and M/anM is finitely 

generated over K[al, ... , an-I], then M is finitely generated over K[al' ... , an]. 

Proof. Choose UI, ... , Ur e Homog(M) such that UI,"" ur generate M/anM 

over K[al, ... , an-I]. Let N be the K[al, ... , an]-submodule of M generated by 

UI,.'" U r • If N = lvl we are finished. If not, choose U e Homog(M \ N) of 

minimal degree. Write U = El ZjUj where Zj e Homog(K[al,"" an-d). Thus 

'u - El ZjUj e anM, say U = El ZjUj + anv, with v e Homog(M). We may assume 

that deg ZjUj = deg Zj + deg Uj = deg u, for 1 ~ i ~ r. Hence deg an + deg v = deg u. 

Thus deg v < deg U since an e A +. Since U was chosen to have minimal degree 

in Homog(M \ N) then v e N. But then also U = E ZjUj + anv e N, which is a 

contradiction. 

Theorem 2.4.9 Suppose Me AM with d(M) = m. Then there are aI, a2, ... , 

am e Homog(A+) such that M is a finitely generated module over K[aI, ... , am]. 

Therefore sCM) ~ d(M). 

Proof. We prove the theorem by induction on m. If m = 0 then cI>M(t) e Z[t] 

so M has finite K -dimension and we are finished. Take m > 0 and assume the 

result for any Ne AM such that deN) ~ m - 1. Apply Proposition 2.2.9 to 

obtain a e Homog(A+) \ Z(Mlkl) for some k ;::: O. By Proposition 2.4.6 we may 

assume that d( Mlkl / aMlkl) ~ d( Mlkl) - 1. Since cI> M[kl (t) and cI> M (t) differ by a 

polynomial and likewise for cI>M[kl/aM[kl(t) and cI>M/aM(t) it follows that d(Mlkl) = 

d(M) and d(.l\llkl/aMlkl) = d(M/aM). By induction there exist al, ... , am-l e 

Homog(A+) such that M/aM is a finitely generated K[al,"" am_d-module. Now 

apply Proposition 2.4.8 with am = a and conclude that M is a finitely generated 

K[al' ... , am]-module. 6. 



43 

We have looked at three different notions of dimension for a graded module M, 

namely dim(M), d(AI), and s(M). We will now show, as mentioned at the outset 

of this section, that the three notions coincide. 

Theorem 2.4.10 (The Dimension Theorem) If 0 =I ME AM then d(M) = 
s(M) = dim(M). 

Proof.(See [27]) By Theorem 2.4.9 s(M) :$ d(M). If s(M) = m, then there exist 

al, .. " am E Homog(A+) SO that if we set B = K[al, .. " am] then ME BM. Now 

apply Theorem 2.4.5 with A replaced by B to see that d(M) :$ m = s(M). Thus 

s(M) = d(M). 

Consider an increasing chain Po c 1'1 C ... c Pn of prime ideals of A, with 

Ann(M) ~ Po. We will show that n :$ d(M) by induction on d(M). If d(M) = 0 

then dimJ((M) is finite and so Ann(M) contains all homogeneous elements of 

sufficiently high degree. Thus there is a k such that (A+)k ~ Ann(M) ~ Po, and 

A+ ~ Po since Po is prime. Therefore A+ = Po, since A+ is maximal, so n = 0 

and we have that dim(M) = 0 = d(M). Assume then that d(M) > O. Since 

the prime ideal Po contains Ann(M), it must contain an element of Assoc(M) 

by Proposition 2.2.16. We may as well assume that Po E Assoc(M), say via 

Po = Ann(x), with x E Homog(M). The submodule N = Ax of M is isomorphic 

with A/po and by Proposition 2.2.5 Assoc(N) = {Po}. If n = 0 there is nothing 

to prove. Thus we assume n ;::: 1 and choose b E H omog(pi \ Po). By Proposition 

2.2.1 b ¢ Z(N), so by Proposition 2.4.6 we may assume that d(N/bN) < d(N). 

Note that N/bN = Ax/bAx so Ann(N/bN) = {a E A: aAx ~ bAx}. Thus if 

a E Ann( N IbN) then ax = ba' x for some a' E A. Therefore (a - ba')x = 0 and 

since x =J 0 then a - ba' E Ann( x) = Po. Thus we have a E ba' + Po ~ Ab + Po and 

Ann(NlbN) ~ Ab + Po. Conversely, (Ab + Po)Ax ~ bAx, since Po = Ann(x), so 
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Ab+ Po ~ Ann(N/bN). Therefore Ann(N/bN) = Ab+ Po. Note in particular that 

Ann(N/bN) ~ PI, so we have the chain 

Ann(N/bN) ~ PI C··· C Pn 

and since d(N/bN) < d(N) we have d(N/bN) < d(N) = s(N) ~ s(M) = d(M). 

Thus by induction we have n -1 ~ d(N/bN). Therefore n ~ d(N) ~ d(M). Since 

the original increasing chain was arbitrary the above is also true for a maximal 

increasing chain and thus we have dim(M) ~ d(M). 

Finally let us show that s(M) ~ dim(M) by induction on dim(M). If dim(M) 

= 0 then since A+ is a prime ideal containing Ann(M) and A+ does contain an 

element of Assoc(M) we have Assoc(M) = {A+}. Thus the only prime ideal of 

the form Ann(x) for 0 # x E M is A+ and consequently Assoc(MlkJ) = {A+} 

for any nonzero MlkJ. Thus if MlkJ # 0 then Z(Mlkl) = A+ by Proposition 2.2.1. 

Apply Proposition 2.2.9 to conclude that there is a k such that Mlkl = 0 and 

so dim[((M) is finite, thus d(M) = s(M) = 0 = dim(M). Next take M with 

dim(1vI) > 0 and assume the inequality for NE AM with dim(N) < dim(M). Let 

PI, .. , ,Pr be the minimal elements in Assoc(M), so clearly no Pi is equal to A+ 

since dim(M) > O. By Proposition 2.1.4 there exists bE Homog(A+) but b rt U1Pi. 

Since b E Ann(M/bAl) we have Ann(M/bM) ~ Pi, 1 ~ i ~ 1'. However, it is clear 

that Ann(M) ~ Ann(M/bM) and it follows that dim(M/bM) < dim(M), so 

by induction s(M/bM) ~ dim(M/bM). Now apply Proposition 2.4.8 to obtain 

s(M) ~ s(M/bM) + 1 ~ dim(M/bM) + 1 ~ dim(M). ~ 

Corollary 2.4.11 The full polynomial algebra P has dimension n. 

Proof. Since P is finitely generated over K[x17 ... , xn] = P we have s(P) ~ n. It 

was observed on page 37 that dim(P) 2:: n. ~ 
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Proposition 2.4.12 If ME AM and 0"# b E Homog(A+) then dim(M) ~ 

dim(M/bM) ~ dim(M) - 1. 

Proof. Clearly dim(M) ~ dim(M/bM). Say that dim(M) = m. If dim{M/bM) 

~ m - 2 then there exists aI, ... ,am -2 E A such that M IbM is finitely generated 

as a K[al' ... ,am _2]-module. But then M is finitely generated as a module over 

K[al,'" am -2, b] by Proposition 2.4.8, so dim(M) = s(M) ~ m - 1, which is a 

contradiction. 

Corollary 2.4.13 If ME AM and a E Homog(A+) \ Z{M), then dim{M/aM) 

= dim{M)-1. 

Proof. By Proposition 2.4.6 there is some kEN such that dim{M/ak M) ~ 

dim(M) -1. But 1I1/aM is a homomorphic image of M/akM, so dim(M/a1l1) ~ 

dim{M/akM). Thus dim{M) -1 ~ dim{M/aM) ~ dim{1I1/ak M) ~ dim(1I1) -1, 

and all are equal. l:::.. 

2.5 Integral Extensions 

Recall that if R is a subring of S then a E S is integral over R if there is a 

nonzero monic polynomial f{t) E R[t] with f(a) = O. If every a E S is integral 

over R then S is called an integral extension of R. 

Proposition 2.5.1 If A is a graded K -algebra and B is a graded subalgebra, then 

A is integral over B if and only if A is a finitely generated B -module. 

Proof. (=}) Choose aI, ... ,an E A so that A = K[al, ... , an]. Each aj is integral 

over B, so for some ki > 0 in N we may write a7i 
:.: Ej~(/ bjja!, all bij E B, so 

k· ~k·-l jB I & II h A ~n ~k·-l jB aj' E L..j~O aj . t 10 ows t at = L..j=l L../:::O aj . 
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(¢::) This is immediate from c) => a) in Proposition V1.4.3 of [8], setting S = M = A 

and R = B. fj. 

Proposition 2.5.2 If A is a graded 1< -algebra and B is a graded subalgebra with 

A integral over B, then dim(B) = dim(A). 

Proof. Say dim( B) = m = s( B). Then there are CI, ... , Cm E B so that B is 

a finitely generated C-module, C = 1<[CI, ... , cm]. Thus B is integral over C by 

Proposition 2.5.1, and consequently A is integral over C by transitivity. Applying 

Proposition 2.5.1 again we see that A is a finitely generated C-module, hence 

dim(A) = s(A) :5 m, and m :5 s(A) by Proposition 2.4.7. fj. 

The next theorem is due in essence to Hilbert (see [12]); there is an ungraded 

version due to E. Noether (see e.g. [20], page 262). 

Theorem 2.5.3 (Normalization) If A is a graded I< -algebra of dimension n 

then there are algebraically independent elements bl , ... , bn E Homog(A+) such 

that A is integral over the graded subalgebra B = I<[bl , ... , bn ]. 

Proof. Let al, ... , as E H omog( A +) be a set of generators for A, so A = 

I<[al, ... , as]. If aI, ... , as are algebraically independent then s = n by Corol­

lary 2.4.11 and we may take B = A. Suppose then that they are dependent. The 

proof will proceed by replacing sets of generators by certain I< -linear combina­

tions of the generators, so to maintain homogeneity it will be necessary that all 

generators be of the same degree. To that end we may first replace each aj by a 

power of itself, say aii
, the power being just sufficient so that all aii are of degree 

LC M( deg aj: 1 :5 i :5 s). Clearly then A is integral over I<[af'l, ... , a~·], so we 

may (and shall) simply assume at the outset that all aj are of the same degree. 
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Choose a homogeneous polynomial F "::fi 0 such that F(a1, ... ,as) = 0, say 

with deg F = d. Since K is infinite we may choose {31,' .. ,{3s-1 E K so that 

F({31,"" (3s-1, 1) "::fi O. Set Cj = aj - {3jas, 1 :5 i :5 s - 1. Then 

which can be expanded as a~F({31"'" (3s-1, 1) + terms oflower degree in as having 

coefficients from K[C1,'" ,cs-1j. Therefore as is integral over K[C1,.'" cs-d, as is 

each aj = Cj + (3jas, 1 :5 i :5 s - 1, and hence A is integral over K[CI, ... , cs-d. 

Proceed inductively to obtain, eventually, b1, ••• ,br algebraically independent in 

Homog(A+), where b1, ... ,br are K-linear combinations of al, ... ,as, such that A 

is integral over B = K[b1, ••• ,brj. Note finally that B has dimension r, so r = n 

by Proposition 2.5.2. 

2.6 Systems of Parameters 

Suppose ME AM with dim(M) = s(M) = n and suppose {a1,"" an} ~ 

Homog(A+) with M a finitely generated K[al, ... ,anj-module. Then {al,'" ,an} 

is called a system of parameters for M. 

Proposition 2.6.1 Suppose O"::fi ME AM, a E Homog(A+) \ Z(M) and {aI, ... , 

an-d is a system of parameters for M/aM. Then {a1, ... ,an-1,a} is a system of 

parameters for M. 

Proof. By Proposition 2.4.8 M is finitely generated over K[a1, ... ,an-I, a] so we 

have that s(M) :5 n. Note that Ann(M) ~ Ann(M/aM). On the other hand 

a E Ann(M/aM) but a ¢ p for any p E Assoc(M) since a ¢ Z(M). If t is 

any prime ideal with t 2 Ann(NI/a.M) then, by Proposition 2.2.16, there is a 
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q E Assoc(M/aM) with q ~ t, and then there is apE Assoc(M) with P ~ q, but 

P ~ Ann(M/aM). Thus we have dim(M) > dim(M/aM) = s(M/aM) = n - 1, 

so dim( M) = s( M) = nand {al, .. . , an-I, a} is a system of parameters. 6. 

Note that Proposition 2.6.1 gives us another proof of the fact that dim(M) = 

dim(M/aM) + 1. 

Recall that a sequence (aI, a2, ... , ak) of elements from H omog( A +) is called 

M-regular if al ¢ Z(M), a2 ¢ Z(M/aIM), ... , and ak ¢ Z(M/E7~l aiM). 

Proposition 2.6.2 If 0 '# ME AM and (aI, ... , ak) is an M-regular sequence 

then {aI, ... , ak} is contained in a system of parameters for M. 

Proof. For i = 0, ... , k set N(i) = E~=l ajM and M(i) = M / N(i). By the standard 

homomorphism theorem we have M(i) ~ M(i-l) / aiM(i-I) for 1 ~ i ~ k. Choose 

a system of parameters ak+l, ... ,am for M(k). Since M(k) ~ M(k-l) / akM(k-l) and 

ak ¢ Z(M(k-I») we can apply Proposition 2.6.1 to see that ak,ak+l, ... ,am is a 

system of parameters for M(k-l). Inductively, ai, . .. ,am is a system of parameters 

for M(i-l) for each i and in particular a17 a2, . .. , am is a system of parameters for 

M(O) = M. 6. 

Corollary 2.6.3 The length k of any M -regular sequence is less than or equal to 

dim(M). 

Proposition 2.6.4 Suppose B is a graded subalgebra of A,a E Homog(A+), and 

ME AM. Then M is a finitely generated B[a]-module if and only if M/aM is a 

finitely generated B -module. 

Proof. (=» If Xl, ••. ,Xk E M generate Mover B[a] then it is easy to see that 

Xl, .. ' ,Xk generate M/aM over B. 
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(¢:) Since M is graded we may choose Xl, ... ,Xk in M/aM that generate M/aM 

over B, where Xl, ... , Xk are homogeneous in M. To see that Xl,'" ,Xk generate M 

over B[a] it is sufficient to show that each X E Homog(M) is a B[a]-combination 

of Xl, ... , Xk. We use induction on deg(x). If deg(x) < deg(a) write X = Ei biXi, 

with bi E B, and so X - Ef biXi E aM. We may assume that deg(bixi) = deg(x) 

for 1 :::; i :::; k and thus X = E biXi since all terms are of degree less than deg( a). 

In general, write X = Ef biXi and say X - Ef biXi = ay, for some y E Homog(M). 

Since deg(y) = deg(x) - deg(a) < deg(x), then by induction y = Ef gi(a)xi, with 

gi{a) E B[a], and therefore X = EfCbi + agi(a))xi' 6. 

Proposition 2.6.5 Suppose that ME AM, dim(M) = m, and that aI, ... , am E 

H omog( A +). Then {al,"" am} is a system of parameters for M if and only if 

dim(M/ Ei aiM) = O. 

Proof. (=» M is finitely generated as a [([aI, ... ,am]-module. Apply Proposition 

2.6.4 (=» m times to see that M / Ei aiM is a finitely generated [(-module (i.e. a 

finite dimensional [(-vector space). But then dim( /VI/ Ei aiM) = 0 by Theorem 

2.4.10. 

(¢:) We have dim(lM/EiaiNI) = 0 if and only if dimJ((M/Eai!l1) is finite if 

and only if M / E ai!v! is a finitely generated [(-module. Apply Proposition 2.6.4 

( ¢:) m times to see that M is a finitely generated [([aI, ... ,amj-module, i. e. that 

{ aI, ... , am} is a system of parameters. 

Corollary 2.6.6 If 1I1E AM, dim(M) = m and aI, ... , am E Homog(A+) then 

{aI, ... ,am} is a system of parameters for M if and only if dim(M / E{ aiM) = 

m -j, 0:::; j:::; m. 
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D. 

Recall from Proposition 2.4.2 that ifO '# ME AM then dim(M) = max{ dim(p): 

p E Assoc(M)}. It is possible though to have q E Assoc(M) with dim(q) < 

dim(M). 

Example 

Set A = K[x,y,z]/(xy,yz) and take M = A. Then dim(A) = 2, e.g. since 

its Poincare series is ~(t) = (1 + t - t2)/(1 - t)2. The prime ideal p = (x, z) 

is in Assoc(M) since it is Ann(y). However the chain p c A+ is maximal, so 

dim(p) = 1. 

If ME AM define the span of M to be 

Span(M) = dim(M) - min{dim(p):p E Assoc(M)}. 

Proposition 2.6.7 If ME AM and a E Homog(A+) \ Z(M), then Span(M) 

~ Span(M/aM). 

Proof. We know, by Corollary 2.4.13, that dim(M/aM) = dim(M) - 1. Say 

dim(M) = m and Span(M) = s. Choose p E Assoc(M) such that s = m - dim(p) 

and say p = Ann(y), with y E M. Note that n~=lanM = 0, since deg(a) > 0, 

so there is some kEN such that y E akM \ ak+lM. Say y = akz, where z E M 

but z ¢ aM. But then akpz = py = 0, so pz = ° since a ¢ Z(M). Thus for 

z + aM EM/aM we have p ~ (Ann(z + aM)). Choose pi E Assoc(M/aM) 

so that pi 2 Ann(z + aM) (proof of Proposition 2.2.1). Thus pi 2 P and since 

a E Ann(M/aA1) but a ¢ p (by (ii) of Proposition 2.2.1), then p c p'. Therefore 

dim(p') < dim(p) = m - s. Conclude that Span(M/aM) ~ dim(M/aM) -

dim(p') ~ dim(M) - 1 - (m - s - 1) = s = Span(M). D. 
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2.7 Cohen-Macaulay Modules 

The maximum length of an M -regular sequence is called the depth of M, so 

depth(M) ~ dim(M) by Proposition 2.6.3. We say that M is a Cohen-Macaulay 

module if depth(M) = dim(M), or equivalently if there is an M-regular sequence 

which is a system of parameters for M. As a consequence, if(al,"" an) is a system 

of parameters, then M is a free K[al, ... , an]-module (see Theorem 2.3.10). 

A graded algebra A is called Cohen-Macaulay if M = A is Cohen-Macaulay as 

an A-module. 

Perhaps the most obvious example is P = K[Xl, ... , xn], since (Xl, .. " xn) is 

clearly both a regular sequence and a system of parameters. We shall see in the 

next chapter that the subalgebra I of invariants of a finite subgroup of GLn(K) is 

also Cohen-Macaulay in all cases. 

Proposition 2.7.1 If 0 "I ME AM then Span(M) :5 dim(M) - depth(M). 

Proof. Say depth(M} = k and choose a maximal M-regular sequence (al,"" ak). 

Thus Homog(A+) ~ Z(M/ ELI aiM) (by maximality) and consequently A+ E 

Assoc(M/ E~=l aiM) by Propositions 2.1.4 and 2.2.1(ii}. But A+ is a maximal 

ideal and dim(A+) = 0 so 

k k 

Span(M/'LaiM) = dim(M/'LaiM} - 0 = dim(M} - k 
i=l ;=1 

by Corollary 2.6.6. Now apply Proposition 2.6.7 k times to conclude that Span( M) 

~ dim(M} - k = dim(M} - depth(M}. 

Corollary 2.7.2 If ME AM is Cohen-Macaulay then dim(p} = dim(M) for all 

p E Assoc(M). 
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Proof. By the Proposition Span(M) = 0, and therefore dim(p) = dim(M) for all 

p E Assoc(M). ~ 

Thus, for example, the algebra in the example preceding Proposition 2.6.7 is 

not Cohen-Macaulay. 

The following proposition gives a partial converse to Corollary 2.4.13. 

Proposition 2.7.3 Suppose 0 =1= ME AM, Span( M) = 0 and a E H omog( A +) 

with dim{MlaM) = dim(M) - 1. Then a ¢ Z(M). 

Proof. If a E Z(M) then a E p for some p E Assoc(M) by Proposition 2.2.1. But 

then (a) + Ann{M) ~ p and therefore, by Proposition 2.2.13, Ann{MlaA1) ~ p. 

Thus dim(MlaM) ~ dim(p) = dim{M) since Span{M) = 0, which is a contradic­

tioo. ~ 

Proposition 2.7.4 If 0 =1= MEAM is Cohen-Macaulay and a E Homog(A+), 

a ¢ Z(M), then MlaM is also Cohen-Macaulay. 

Proof. Extend (a) to a maximal M-regular sequence (all a2, ... , am) with al = 

a, where m = dim(M) by Theorem 2.3.11. Then dim(M/aIM) = m - 1 and 

(a2,'''' am) is M/aIM-regular. Also dim(M/ "L/{' aiM) = 0 and {al,'" ,am} is a 

system of parameters for M. Thus (a2,"" am) is both a system of parameters for 

MlaiM and is MlaiM-regular, so MlaiM is Cohen-Macaulay. ~ 

Theorem 2.7.5 If ME AM is Cohen-Macaulay then every system of parameters 

is M -regular, and conversely every maximal M -regular sequence is a system of 

parameters. 
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Proof. Let {al,a2, ... ,am} be a system of parameters for M. Then dim(M/alM) 

= m - 1 (by Corollary 2.6.6) and al ~ Z(M) by Proposition 2.7.3. But now 

M/alM is Cohen-Macaulay by Proposition 2.7.4 and {a2, ... ,am} is a system 

of parameters for M/alM. Thus (a2, ... ,am) is an M/alM-regular sequence by 

induction, and therefore (at, ... , am) is M-regular. 

The converse is an immediate consequence of Theorem 2.3.11 and Proposition 

2.6.2. 

Example 

Let A = K[x\ x3y, xy3, y4] ~ K[x, y], and let B be the subalgebra K[x4, y4]. 

Since (x3y)4 = (x4)3y4 and (xy3)4 = X4(y4)3 it is clear that A is integral over B, 

and hence A is a finitely generated B-module. It follows that{ X4 , y4} is a system of 

parameters for A, and hence dim(A) = 2. Of course X4 is regular on A, since A is 

an integral domain, but y4 . (x3y)2 = x6y6 = (xy3)2 . x4 E (x4) (but (x3y)2 ~ (X4)), 

so y4 is a zero-divisor on A/ (x4). Thus (x\ y4) is not A-regular, and A is not 

Cohen-Macaulay. 

Suppose now that A is a Cohen-Macaulay algebra of dimension n. Choose 

a system of parameters {bl , ... , bn } ~ H omog( A +) and denote by B the graded 

subalgebra K[bl , ... , bn ]. Then A is a finitely generated free B-module by Theorem 

2.3.10, and we may choose a B-module basis {Cl, ... ,cm} ~ Homog(A). Thus 

A = E9~l CiB, and each a E A has a unique expression as 

for some polynomials hi E 'P. 

m 

a = LCihi(bl, ... ,bn ) 

i=l 

The sequence (bl , ... , bn ; Cl, ... , cm) is called a Cohen-Macaulay basis, or CM-

basis, for A. The elements bl , ... ,bn are called free generators and Cl, ... ,Cm are 
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called transient generators; they have also been called primary and secondary gen-

erators, or generators and separators. 

If dj = deg bj, 1 ::; i ::; n, and ej = deg Cj, 1 ::; i ::; m, then since {c}, .. . ,cm } 

is a B-module basis for A and the set {b l , ••• , bn } is algebraically independent 

(Proposition 2.3.8) it is clear that the set 

Bd = {Cjbtil ... b~in: ej + L kjjdj = d, all kjj E N, 1::; i ::; m} 
j 

is a I< -basis for the homogeneous part Ad of A. 

On the other hand, if the rational function (Ei:!:l tei
) / IIj=1 (1- tdj

) is expanded 

to a power series about t = 0 then by inspection the coefficient of t d is the total 

number of ways that it is possible to choose i, 1 ::; i ::; m, and then to choose 

integers kjj E N so that ej + Ej kjjdj = d. In other words, the coefficient of td is 

equal to the cardinality of Bd, and we have proved the next proposition. 

Proposition 2.7.6 Suppose that A is a Cohen-Macaulay algebra and (b l , ..• , bn ; 

CI, ..• ,cm) is a CM-basis for A, with degbj = dj, degcj = ej. Then the Poincare 

series of A is 

For the simplest of examples note that (Xl, ... ,xn ; 1) is a CM-basis for the 

polynomial algebra P = I<[XI, ... , xn], so its Poincare series is 

<I>(t) = 1 =~(n+d-1)td. 
(1 - t)n ~ d d=O 
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3. BACK TO INVARIANT THEORY 

3.1 Classical Finiteness Theorems 

Recall that P is the algebra of polynomial functions and I is the ring of all 

polynomial invariants of a finite group G. 

An integrity basis for a group G $ GL(V) is a set {h, 12, .. . , fm} of invariants 

with the property that every invariant of G is a polynomial in h, ... , fm, i.e. 

I = K[h, ... , 1m]. 

Theorem 3.1.1 (D. Hilbert [11], 1890) Every finite subgroup G of GL(V) 

has an integrity basis, i.e. there exist {h, ... ,fm} ~ I = I(G) such that I = 
K[h, ... , fm]. The basis elements fi may be chosen to be homogeneous of positive 

degree. 

Proof. Set a = PI+, the ideal in P generated by Homog(I+). By the Hilbert 

Basis Theorem a is finitely generated, so there are h, ... , fm E Homog(I+) such 

that a = (h, ... ,fm)P. Let us show that (h, ... ,fm)z = I+. The inclusion left 

to right is clear. If g E I+ we may write g = Ei hili for some h;'s in P. But 

then g = M g = L.i(M hi)!; E (h, ... , fm)z, as required. Now we may apply 

Proposition 2.1.2 and conclude that I = K[h, ... , fm]. 6. 

Corollary 3.1.2 The algebra I of invariants is a graded subalgebra ofP. 

Note that the theorem and its proof are totally non-constructive. An integrity 

basis is shown to exist but no information is provided as to how the fi'S might 

be constructed, nor is there any information regarding the number m of elements 
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in the basis or bounds for their degrees. This is the aspect of the Hilbert Basis 

Theorem that has been called "theology, not mathematid'. The next theorem 

might be viewed as an improvement, in that bounds for m and the degrees are 

provided, and the proof indicates means for constructing the basis elements. 

Theorem 3.1.3 (E. Noether [23], 1916) If G :$ GL(V) is finite, with IGI = / 

and dim V = n, then G has an integrity basis {iI, ... ,1m}, with m :$ (n!"Y) and 

deg Ii :$ / for all i. 

Proof. Write G = {TI , • •• , T"Y}' Let UI, ... ,Un be another set of indeterminates 

and write U = (UI,"" un) as in Chapter 1. For kEN and a = (al," ., an) E ~ 

write (!) for the multinomial coefficient (al .. ~.aJ. 
Set Yi = (TiXdul + (1'ix2)U2 + .. , + (1'ixn )un , 1 :$ i :$ /. If kEN consider yf 

expanded as a product of k factors: 

Write Sk for the power sum yr + ... + y~. Thus 
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where Jo = Jo(X) = E7=1 TIj=l(1'iXj)aj
• Clearly Jo E I, and deg Jo = lal. 

Every Sk for k > / is a polynomial in S1I S2, ••• , s")' (see e.g. [8], page 276). 

Each Sk expands as above and if 1 ::; k ::; / then the Jo's in the expansion have 

lal ::; /. For k > / write Sk = h( Sl, .•. , s")') for some polynomial h and compare 

coefficients of the monomials UO to see that each J/3, 1,81 > k is a polynomial in 

various Jo's with lal ::; /. 
Now take any I E Id and write 1= E{coXO : lal = d}. Then 

I = MI = E coM(XO) 
lal=d 

"" Co = L...J -Jo . 

lol=d / 

It follows that {Jo : lal ::; /} is an integrity basis. 

To bound the size of the basis we need to count the a E ~ with lal ::; /. That 

number is well known to be (n!")') (see e.g. Exercises 7.8 and 7.9 of [9]). b. 

Recall that classically a symmetric polynomial in indeterminates (Zl, ... , z")') is 

a polynomial 9 = g( Zl , ... , z")') that is an invariant of the symmetric group Sym( /), 

i.e. 9 is unchanged under any permutation of (Zl, ... , z")'). 

Proposition 3.1.4 II G = {T1, ... , T")'} ::; GL(V), g = g(Zl, ... , z")') is a symmet­

ric polynomial, and h E P, then g(Tl h, ... , T")'h) E I( G). 

Proof. This is clear since for any S E G the sequence (ST1h, ... , ST")'h) is a 

permutation of (T1h, ... , T")'h). 
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Proposition 3.1.5 If G ::; GL(V) is finite then the polynomial algebra P is an 

integral ring extension of I, i.e. every f E P satisfies p(J) = 0 for some nonzero 

monic polynomial p(t) = P/(t) E I[t]. 

Proof. If G = {Tl! ... , T')'} set p(t) = IIl=I (t - T'd); p(t) is clearly monic, and 

p(J) = 0 since one of the 11 is 1. When the product is expanded the coefficients 

of pare (±) elementary symmetric polynomials in TIl, ... , T')'f, so p(t) E I[t] by 

Proposition 3.1.4. D.. 

Corollary 3.1.6 dim (I) = dim(P). 

Proof. Apply Proposition 2.5.2. 

3.2 I is Cohen-Macaulay 

The main result of this section, Theorem 3.2.1, is more recent in origin than 

those of the previous section, having first been proved by M. Hochster and J. Eagon 

in 1971. The proof given below is based on ideas suggested by H. Terao. 

Theorem 3.2.1 (See [14]) The algebra I of invariants of a finite group G ::; 

GL(V) is a Cohen-Macaulay algebra. 

Proof. Since dimI = n (by Corollary 3.1.6) it will suffice to produce an I­

regular sequence of length n. We first find a P-regular sequence of elements from 

Homog(I+). To begin we may choose any nonzero !I E Homog(I+), since P is an 

integral domain. If (!I, ... , Ii) is P-regular, with i < n and all /j E Homog(I+), 

set M = P/(!I, ... ,Ii) E pM, and suppose Assoc(M) = {PI,"" pd. By Proposi-

tion 2.6.2 {!I, ... , fi} is contained in a system of parameters for P, and so dim M = 
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n - i > 0 by Corollary 2.6.6. Since dim I = dim P = n we have dim(PI+) = O. 

Thus we cannot have I+ ~ Pi for any i, and hence Homog(I+) ~ Uf=lPi = Z(M) 

by Proposition 2.1.4. Thus we may choose Ii+! E Homog(I+) \ Z(M) and the 

sequence (h, ... , Ii, Ii+d is P-regular. By induction then there is a P-regular 

sequence (11,"" In) from Homog(I+). 

To complete the proof we show inductively that each subsequence (h, ... , Id 

is in fact I-regular, 1 ::; i ::; n. The case i = 1 is clear, so suppose for some 

i with 1 < i < n that (h, ... , Ii) is I-regular, but that li+1 is a zero divisor 

on I/(h, ... , Ii)x. Thus there is some 9 E I\ (h, ... , li)x such that gli+1 E 

(h, ... , li)x ~ (h, ... , Ii).". However 1i+1 is regular on P/(h, ... , Ii).", so 9 E 

(h, ... , Ii).", say via 9 = ~~=1 hjli, hj E P. But then 

9 = Mg = 'f)Mhj)1i E (h,··· ,/i)x, 
j 

a contradiction, and the proof is complete. 

Since I is a Cohen-Macaulay algebra of dimension n it has a eM-basis, i.e. a 

sequence (h, ... , In; gl, ... , gm) of elements of H omog(I+) such that 

m 

I = E9 gJ«II,···, In], 
i=l 

and in particular every invariant I E I can be expressed uniquely in the form 

I = ~i gihi(II,···, In) for some hI"'" hm E P. Since Io = I< we may (and shall) 

always choose gl to be the constant polynomial 1. 

Recall from Chapter 2 that II, ... , In are called Iree and gl,' .. ,gm transient 

generators for I. In accordance with the notation introduced there we denote the 

degrees of the generators by di = deg Ii and ei = deg gi, and we further assume the 

generators labeled so that 
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Proposition 3.2.2 (See [15]) II (II, ... ,In; gl, ... , gm) is a CM -basis lor I 

then 

Proof. We have 2 expressions for the Molien series 4>(t) as a rational function -

from Molien's Theorem 1.2.1 and from Proposition 2.7.6. Thus we have 

1 det T tel + ... + tem 

IGI ka charpolT(t) = (1 - tdl ) ... (1 - tdn r 
Multiply both sides of the equation by (1- t)n. On the right hand side all factors 

1 - t cancel, leaving a product of polynomials 1 + t + ... + tdj - 1 in the denominator. 

On the left hand side the only T E G having eigenvalue 1 with multiplicity n is 

T = 1; in all other summands fewer than n of the factors 1 - t cancel. When all 

cancellations have been completed set t = 1 and obtain IGI-1 = m/ TIi di • f:j, 

Next we determine a bound, established by G. Kempf and R. Stanley in 1979 

(see [18] and [29]) for the degrees of the transient generators. The bound will be 

used in the implementation of the algorithm of Chapter 5. 

Proposition 3.2.3 Denote by>. the linear character olG defined by >'(T) = detT, 

all T E G, and let J.l be the minimal degree 01 (nonzero) >.-invariants 01 G. II 

(/t, ... ,ln;gl, ... ,gm) is a CM-basis lor I then 

n 

em = L di - n - I-l. 
i=1 

Proof. Combining Propositions 1.2.4 and 2.7.6 we have 

(-tt4>('\)(t) = ifJ(l/t) 
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tEd; ( -1)n }: t-e; 

= (1 - td1 ) ••• (1 - tdn r 
Comparing lowest degree terms we obtain 

Corollary 3.2.4 The highest degree em of a transient generator in a CM -basis 

for I satisfies em ~ }:i=l di - n; equality holds if and only if G ~ SL(V). 

A very classical result of invariant theory is the calculation of the invariants of 

the alternating group, Alt(n). Let us now look at Alt(n) and see how Propositions 

3.2.2 and 3.2.3 relate to IAlt(n)' 

In Chapter 1 we defined an action of Ton P where T E GL(V). We now wish 

to talk about the action of if> on P where if> E Sym( n). The same definition will 

work if we view the permutation if> as a permutation matrix. 

Recall that the elementary symmetric polynomials Ui, in the indeterminates 

Xl, .. " Xn , are defined by Ui = }:{XhXh •.. Xi; : jl < ... < ji EN}. All of the 

elementary symmetric polynomials are invariants of the symmetric group Sym( n) 

and in fact the set {Ul, .. ' ,un} is an integrity basis for ISym(n)' This is the Fun­

damental Theorem of Symmetric Polynomials. 

Define 6 = 6(Xl,'" ,xn ) to be 6 = II{(Xi-Xj) : 1 ~ j < i ~ n}. Note that 6 has 

degree (n2 - n)/2. Clearly 6 E IAlt(n) but if>6 = -6 for every if> E Sym(n) \ Alt(n). 

We claim that (Ul,"" Un; 1,6) is a CM-basis for IAlt(n) (i.e. if f E IAlt(n) 

then f = iI(Ul,"" un) + 6 . h(UI,'" ,Un) for some iI, h E P). The sequence 

(UI' ... ,un) is an IA1t(n)-regular sequence and thus UI,". ,Un are free generators 

for IA1t(n)' By Proposition 3.2.2 the number of transient generators m is equal to 
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(1· 2·3··· n)/(n!/2) which is 2, corresponding to the transient generators 1 and 6. 

Also by Corollary 3.2.4, since Alt(n) :5 SL(V), the highest degree of a transient 

generator is 

n n 

em = Edi - n = Ei - n = (n(n + 1))/2 - n = (n2 
- n)/2 

i=l i=l 

which is exactly the degree of 6. Clearly, then I is the direct sum of K[ut, ... ,un] 

and 6· K[UI, ... ,Un], and (U1,'" ,Un; 1,6) is a CM-basis for Alt(n). 

In general, recall that we can write the MoHen Series ~(t) as a rational function 

in the form 

where di = deg Ii, ei = deg gi, n is the number of free generators and m is the 

number of transient generators. The Ns are algebraically independent. However, 

if m > 1 then the set {It, ... , In; g2, ... , gm} is algebraically dependent, i.e. there 

exists a nonzero polynomial h such that h(lt, ... ,In' g2, ... ,gm) = O. We call this 

polynomial h a syzygy. The syzygies form an ideal S in I. 

If I has a C1\l-basis (It, . .. ,In; 1, g2,' .. , gm) then every I E I can be uniquely 

represented as I = Ei giPi(It, ... , In). Take any pair gj, gk, k ~ j ~ 2. Then 

gjgk E I so gjgk = Ei giPi(It,···, In) and gjgk - Ei giPi(lt, ... , In) = 0 and 

thus we have obtained a syzygy. In fact, if we define h(U1, ••. ,Un ,V1, ... Vm ) = 

VjVk - Ei ViPi(UI,"" un) then the set of all h's of this form will be a generating 

set for the syzygies. 

For an example, consider the Klein four group V4 generated by a = (12) and 

b = (34). The Molien Series for this group can be written as 

~ 1 + t +t2 

(t) = (1 _ t)(1 _ t2)2(1 _ t3)' 
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One possible CM-basis for this group consists of 

It = Xl + X2, h = x~ + x~, fa = x~ + x~, 14 = x~ + x~; 

To find the generators for the syzygies we simply take all products of the form 

gjgk, k ~ j ~ 2. Thus we have 

g~ = fa + 2g3 , g~ = (1/2)(f1- /4g2 + fag3). 

For another example, consider again the group Alt(n). The Molien Series for 

Alt( n) can be written as 

We saw earlier that (Ul, ... ,Un; 1,6) is a CM-basis for IA1t(n). Since 62 E ISym(n) 

we can express 62 uniquely in terms of Ul, ... , Un. For example if n = 2 then 

62 = Uf - 4U2. In general, there exists pEP such that 62 = p(Ul, ... ,un) and we 

set f = y2 - P E K[Xl, ... , Xn, y] so that f( Ul, ... ,Un, 6) = o. Note that p is the 

classical formula for the generic discriminant, i.e. the discriminant of the generic 

polynomial of degree n, P(y) = IIi=l (y - Xi) = yn - Ulyn-l + ... ± Un. 

The polynomial f is a basic syzygy for Alt(n) in the following sense ( see [31]): 

if k E K[Xl' ... ,xn,y) with k(Ul, ... ,un,6) = 0 then flk. 

To see this view k and f as elements in PlY)' i.e polynomials in y with poly-

nomials in Xl, ... , Xn as coefficients. Divide k by f getting quotient and remainder 

q(y), r(y) E Ply] and with degyr(y) ~ 1. Say r(y) = A + By, with A, B E 

[{[Xl, ... ,xn], so key) = q(y)f(y) + A + By. Substitute 6 for y and Ul, ... ,Un for 

Xl, ... ,xn and get 0 = k(Ul, ... ,un,6) = q(6)f(Ul' ... ,un,6) + A + B6, or 
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Apply any 4> E Sym(n) \ Alt(n) to (*) and get 

Add (*) and (**) and conclude that A(Ul, ... , un) = 0, and hence also that 

B(Ul, . .. ,Un) = o. But {Ul, ... , un} is an algebraically independent set of polyno­

mials. Thus A and B are in fact both the zero polynomial, i.e. r(y) = O. Therefore 

elk. 
Thus the ideal of syzygies of Alt(n) is generated bye, i.e. S =< e >. 
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4. POLYNOMIALS 

We gather in this chapter some notions pertaining to polynomial algebras that 

are oriented toward the calculation of polynomial invariants for finite groups in the 

next chapter. 

We assume as usual that K is a field of characteristic 0, and write P = 

K[Xl,"" x n ). 

4.1 Monomial Orders 

Recall from Chapter 1 that a monomial in P is a power product xii X22 
••• x~n , 

with each ai E N. It is convenient notationally to write that monomial as X a , 

where X serves as a reminder of the (ordered) list Xl,"" xn of indeterminates 

and a = (aI, ... , an) E Nn. The notation provides an isomorphism a ~ Xa 

between the (additive) semigroup ~ and the (multiplicative) semigroup Mon P of 

all monomials in P. 

Recall also that a monomial is restricted to having 1 as its coefficient from K, 

and that a polynomial of the form cXa , with c =j:. 0 in K, is called a term. These 

conventions are of course not completely standard, but they are also not unusual. 

If a = (aI, ... ,an) E Nn then lal = L~ ai is the degree of the monomial xa. 

An ideal I in P is called a monomial ideal if it is generated by some set of 

monomials. 

Proposition 4.1.1 Suppose I = (xa; a E A ~ Nn) is a monomial ideal in P. II 

I E P then I E I il and only il every term 01 I is divisible by some X a , a E A. 
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Proof. This is clear since every I E I can be written as a finite sum of the form 

Ei liXOti, Ii E P,ai EA. l:::. 

Proposition 4.1.2 II I is an ideal in 'P then I is a monomial ideal il and only il 

every term 01 each I E I is also in I. 

Proof. If the latter condition holds then I is generated by the set of monomials 

of the terms of its elements. The converse follows from Proposition 4.1.1. l:::. 

It will be useful to impose various orderings on Mon P so as to determine 

canonical expressions for polynomials in general, by analogy, for example, with 

writing a polynomial of one variable in order of descending powers of the variable. 

In view of the isomorphism mentioned above we may describe orderings either for 

Nn or for Mon P. 

Recall that an order relation> on a set S is called a total order if it satisfies a 

trichotomy law, i.e. given any pair a, /3 E S then exactly one of a > p, a = /3, 

or /3 > a must hold. Given an order> we will, as is customary, sometimes write 

a ~ /3 to mean that either a > /3 or a = /3. 

A total order relation> on Nn will be called a monomial order if it satisfies 

two further requirements, viz. 

i) a ~ 0, all a E Nn, and 

ii) if a > /3 then a + 'Y > /3 + 'Y for all 'Y EN". 

As mentioned, the most familiar example occurs when n = 1 and> is the usual 

order on N, resulting in xk > x' in Mon'P if and only if k - I is a positive integer. 

We present four further examples, although the list could be expanded indefi­

nitely. In all cases it is easy to verify that the required conditions for a monomial 

order are satisfied, so the details are omitted. 
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1) (Lexicographic) Say that a >1 13 if the left-most nonzero entry of a - 13 = 

(al - bl , . .. , an - bn) is positive. Thus e.g. Xl >1 X2 >1 ... >1 Xn, and x2y >1 xyl7. 

This order is often referred to as dictionary order, for obvious reasons. 

2) (Graded lexicographic) Say that a >gl 13 if 

a) lal > 1131, or if 

b) lal = 1131 and a >1 13. 

Thus the order is determined first by higher degree, then ties are broken lexico­

graphically. For example, y3 >gl x2 and xy2z3 >gl xyz4. 

3) (Graded reverse lexicographic) Say that a >grl 13 if 

a) lal > 1131, or if 

b) lal = 1131 and a - 13 has right-most nonzero entry negative. 

Note for example that xz >gl y2, but y2 >grl xz since (0,2,0) - (1,0,1) = 

(-1,2, -1). 

4) (Graded inverse lexicographic) Say that a >gil 13 if 

a) lal > 1131, or if 

b) lal = 1131 and 13 >1 a. 

We remark that the graded inverse lexicographic order is the default for certain 

functions in the computer algebra system Maple [5]. 

Proposition 4.1.3 If X Q I Xf3 in MonP then 13 ~ a for any monomial order >. 

Proof. We have 13 =, + a for some" and, ~ 0, so 13 =, + a ~ 0+ a = a. l:::. 

Proposition 4.1.4 Every monomial order> on MonP is a well-ordering, i.e. 

every nonempty subset of Mon P has a smallest element. 
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Proof. If > is not a well-ordering then there is an infinite properly descending 

chain 01 > 02 > ... in ~. Define ideals h = (XO'l, ... , XO''') in 'P, 1 :5 keN. 

Let us show that XO'''H ¢ h for each k. If XOHI e h then XO'm I XO'''H for some 

m :5 k by Proposition 4.1.1, say XO'm X"'( = XO"H, i.e. Om + 'Y = O'k+! in ~. But 

since Om > Ok+! and 'Y > U we have also that Om + 'Y > Ok+! + 'Y > O'k+! + 0 = Ok+! , 

a contradiction. Now, however, the increasing chain {Ik} of ideals is incompatible 

with the fact that 'P is Noetherian, and the proof is complete. 

We assume for the remainder of this section that some fixed monomial order 

has been chosen for Mon 'P. Unless otherwise specified all illustrative examples will 

use graded lexicographic order. 

If I =F 0 in 'P is written (uniquely) as a sum of terms, I = EO' cO'XO', with 

o =F CO' e I<, and with the monomials XO appearing in decreasing order, then the 

first term, say c",(X"'(, that occurs is called the leading term of I, c-y is the leading 

coefficient, and X"'( is the leading monomial. We will denote them respectively as 

et I, ec I, and em I. A nonzero polynomial is called monic if its leading coefficient 

is 1. Needless to say the definitions depend very much on the choice of monomial 

order. 

4.2 Grobner Bases 

If S is any subset of 'P define em S to be the set of leading monomials of 

elements of S. Then (ern S) is called the monomial ideal corresponding to S. 

If F = {h, ... , 1m} ~ 'P and I = (F), then clearly (em F) ~ (em I). The 

reverse inclusion may, however, fail. 

For an example take h = xy - Y + 1, h = x2 
- x, and set F = {h, h}, 

I = (F). Thus (emF) = (xy,x2
), and every element of (emF) has degree at least 
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2. Note, however, that xh - y/2 = x E I, so x E {em I} but x ¢ (emF). 

Now a very important definition. If I is a nonzero ideal in 'P, then a finite set 

F = {h, ... , fm} ~ 'P is a Grobner basis (or a standard basis) for I if 

i) F is a basis for I, i.e. (F) = I, and 

ii) (fm F) = (em I). 

We will write (i -basis to denote a Grobner basis. The concept of Grobner basis 

is an important tool in dealing with polynomials, for example, using them we can 

develop an effective test for ideal membership. The notion was first introduced by 

Hironaka, who called it a standard basis, in 1964 (see [13]), then independently in 

1965 by Buchberger [2], who called it a Grobner basis in honor of his dissertation 

adviser for the Ph.D. degree at Innsbruck. 

Proposition 4.2.1 If F is a finite set of monomials in 'P and I = (F), then F 

is a (i -basis for I. 

Proof. Obviously em F = F, and (em I) = I follows easily from Proposition 4.1.2, 

so (emF) = (F) = I = (em I). b. 

Although the definition above is straightforward, it is generally difficult to 

decide on the basis of the definition whether or not a set F actually is a v-basis 

for an ideal I, and furthermore it begs the question of the existence of a (i-basis 

for a given ideal. It will be convenient to develop some conditions equivalent with 

the definition that will allow an effective determination, and will in fact lead to an 

algorithm for the construction of v-bases. 

We begin by describing a generalization to 'P of the usual division algorithm 

for polynomials in one indeterminate. Given g E 'P the idea is to divide g not just 

by another polynomial f, but by a "divisor sequence" F = (h, ... , fm) of nonzero 
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polynomials from P. The desire' result is a "quotient sequence" (ql,"" qm) and 

a "remainder" r from P, with 9 = Li qili + r, and either r = 0 or else no term of 

r is divisible by any em f;. 
We outline below the steps for one such algorithm. In practice it is carried out 

in a manner very much analogous to the familiar "long division" process fer the 

case of one variable. The Boolean variable LTRM (when true) indicates "leading 

term removed". 

For a more leisurely exposition, with several illustrative examples, see Chapter 

2 of [6]. 

A Division Algorithm for P 

1. Input: 9 E P and a divisor sequence F = (iI, ... , 1m) irom P. 

2. Initialize: ql := 0, ... ,qm := 0; r := 0; h := g. 

3. While h :f: 0 do 

i := 1 

LTRM:= false 

while i ::; m and not LT RM do 

if em Ii I em h then 

else 

qi := qi + et hlet 1; 

h := h - (et hi et f;) . 1; 

LTRM:= true 

i := i + 1 



if not LT RM then 

r:= r +fth 

h:= h - €th. 
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4. Output: qI, ... , qm and r, with 9 = Ei qdi + rand r = 0 or no term of r 

divisible by any fm fi. 

We remark that the algorithm is guaranteed to terminate by Proposition 4.1.4, 

since at each pass h is replaced by a polynomial whose leading monomial is lower 

in the order. 

For a given divisor sequence F = (II, ... , f m) from P and polynomial 9 E P 

denote by r:F(g) the remainder r obtained from the division algorithm upon division 

of 9 by F. 

Proposition 4.2.2 Suppose that I:j:. 0 is an ideal in P and that F = {II, ... , fm} 

is a Q-basis for I. Form divisor sequences Fl and F2 that are permutations of F. 

Take any 9 E P and use the division algorithm above to divide 9 by Fl and by F21 

obtaining remainders rl and r2. Then rl = r2. 

Proof. If rl :j:. r2 then 0 :j:. rl - 1·2 E I, and fm(rl - r2) is either one of the 

monomials of rl or of r2, so it is not divisible by fm fi for any i. But F is a 

Q-basis , so every fm f, for every nonzero f E I, is divisible by some fm fi by 

Proposition 4.1.1. Thus we have a contradiction, and rl = r2. 6. 

Because of Proposition 4.2.2 we have a well-defined notion of remainder r:F(g) 

of a polynomial 9 upon division by a Q-basis F, independent of the ordering of F 

as a sequence. This remainder is sometimes referred to as the normal form, or the 

reduction, of 9 relative to F. 
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If F is not a Q-basis for some ideal then the result of Proposition 4.2.2 may 

well fail; it is in fact easy to find examples of sets F for which permuted divisor 

sequences formed from F result in totally different remainders. It should perhaps 

be remarked that even if F is a Q-basis the quotients qi produced by the division 

algorithm may (in fact usually do) change upon permutations of divisor sequences. 

Proposition 4.2.3 Suppose I -:j; 0 is an ideal in 'P and F = {h, ... , fm} is a 

Q-basis for I. If 9 E 'P then gEl if and only il r:F(g) = o. 

Proof. (<=) For some set {qi} of quotients we have 9 = Li qdi E I. 

(=» Since F is a Q-basis and gEl we have fmg E (fmI) = (fmF), so fmg is 

divisible by some fm fi by Proposition 4.1.1. In the division algorithm 9 (renamed 

as h) is replaced by h - cXO: Ii, for some c and a, which is also in I. Thus the 

condition fm Ii I fm h holds true for some i at every stage of the algorithm, and r 

never receives it h, i.e. r remains o. 

Because of Proposition 4.2.3 the division algorithm provides an effective test 

for ideal membership, provided we have a Q-basis for the ideal. 

If I, 9 E 'P are both nonzero define their S-polynomial (S for syzygy) to be 

S(j,g) = (fcg)XO: 1- (fcf)X!1g, 

where XO:fm I = X t3fm g, with lal and 1,81 minimal in that respect. In plain 

language we multiply each of I and 9 minimally so the leading terms agree, then 

subtract to cancel them. Note that in fact XO: = LCM(fml,fmg)/fml and 

Xt3 = LCM(fmf,fmg)/fmg. 

For example take f = x3 - 2xy+ 3x and 9 = 2x2y - 3xy2 + 6y. Then SU, g) = 

2yf - xg = 3x2y2 - 4xy2. 
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Observe that S(f, f) = 0, S(g, f) = -S(f, g), and S( ai, bg) = abS(f, g) if a, b E 

K. An easy calculation shows that if ,,6 E NR then S(X"'f/,X6g) = X€S(f,g), 

where XE = LCM(X"'flm/,X6lmg)/LCM(lm/,lmg). 

The next proposition, which is easy but rather technical, indicates in terms of 

S-polynomials how leading terms can cancel in a combination of polynomials all 

having the same leading monomial. 

Proposition 4.2.4 Suppose PI, ... ,Pk E P, a E Nn, and ltPi = aixa for all i. 

Set / = ~f=l CiPi, Ci E K, and suppose that lm f < xa. Then there are coefficients 

bj E K so that f = ~j:} bjS(Pj,Pi+I). 

Proof. Set qi = ailpi, all i, so each qi is monic, with ltqi = xo, and S(qi,qi+t} = 

qi - qi+l = (aiai+t}-IS(Pi,Pi+I)' Since lm/ < XO we must have ~f=l Ciai = O. 

Observe now that / = ~i CiPi = clal(ql-q2)+(clal +C2a2)(q2-Q3)+' ,,+(clal+"+ 

Ck-Iak-t}(qk-l - qk), the last summand being correct since Clal + ... + Ck-Iak-l = 

-Ckak' Thus we may set bj = (clal + ... + cjaj)/(ajaj+l), all j, and conclude that 

f = ~j:} bjS(Pj,Pi+I)' D. 

The next theorem provides a characterization of Grabner bases that is very 

important for computational purposes. 

Theorem 4.2.5 (Buchberger) Suppose F = (ft, ... , fm), with all /i E P, and 

I = (F). Then F is a 9 -basis for I if and only if rF( S(fi, /j)) = 0 for all i and j. 

Proof. (See [6]; also see [1]) (=» Since S(fi,/j) E I we have rF(S(fi,/j)) = 0 by 

Proposition 4.2.3. 

(<=) If 0 '# f E I we must show that em / E (emF). Since / E I we may write 

f = l.:J'L aijXOjj )fi (*) 
i j 
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for some polynomials Ej aijXQji E P. Denote by '1 the maximum exponent that 

occurs in the leading monomials of the summands (Ej aijXQji )/i; we may assume 

that the expression (*) for I has been chosen so that '1 is minimal. Observe that 

if X"'f = fm I then fm I E (fm F) and the theorem is proved. Suppose then 

that X"'f > fm I, so that in (*) some cancellation of leading terms has occurred. 

Write I = 9 + h, where 9 includes precisely those summands (Ej aijXQjj)/i having 

leading monomial X"'f and the leading monomials of the corresponding summands 

of h are lower in the order. Since the leading terms of 9 must cancel we may apply 

Proposition 4.2.4 and express 9 as a 1< -linear combination of S-polynomials of 

the form S = S(XQjj /i,XQkl /k), which is equal to XfJSUi,!k) for some f3 E flf1 

(depending on i,j, k, and 1), as observed on page 73. Since XQjj Ii and XQ", Ik both 

have leading monomial X'(, S must have a smaller leading monomial, as must 

SUi,lk). By assumption we may divide SUi, Ik) by F and express it as Eu qulu, 

since the remainder is 0, then multiply by XfJ to obtain S = EuPulu, and by the 

nature of the division algorithm each summand Pulu has fm(pufu) < X"'f. But 

then we may replace each of the S-polynomials in the expression for 9 as a linear 

combination of them, and the resulting expression of I as 9 + h contradicts the 

choice of '1 as minimal, proving the theorem. 

Note that the condition in Theorem 4.2.5 can be checked in a finite number of 

steps. Even better, it can be used as the basis for an algorithm that constructs a 

Q-basis from an arbitrary ideal basis, which will now be outlined. The algorithm 

uses ordered ideal bases so as to be able to use the division algorithm in P, although 

the ordering is no longer necessary when the process is complete. 



Buchberger's Algorithm 

1. Input: F = (II, ... , 1m) ~ 'P [an ordered basis for the ideal I). 

2. Q:=:F, t := O. 

3. Repeat 

t:= t + 1 

Hi :=Q 

for p =I q in Hi do 

r := rH,(S(p, q)) 

if r =I 0 then Q := Append(Q, r) 

until Q = Hi' 

4. Output: Q, a Q-basis for I. 
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It should be pointed out immediately that the algorithm as presented is in a 

very crude and inefficient form, chiefly to make clear its basic simplicity. It has 

been implemented many times, and versions are present in all the major computer 

algebra systems, in all cases with many refinements. 

Note that il the process terminates then the resulting set 9 is guaranteed to 

be a Q-basis for I by Theorem 4.2.5. 

If the process has not terminated after the tth pass it is because it has produced 

some r E Q \ H t • Observe that then em r f/. (em H t ), for otherwise em r would 

be divisible by em I for some I E H t by Proposition 4.1.1, and hence it should 

have been removed by the division algorithm. Thus as the process continues it 
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produces an ascending chain (fm HI) C (fm H2) C ... of monomial ideals, and it 

must eventually terminate since P is Noetherian. 

We have proved the next theorem. 

Theorem 4.2.6 If:F = {!I, ... , fm} ~ P and I = (:F) then:F can be enlarged to 

a Q-basis Q for I. 

A small example is in order; most of the details will be suppressed. Take 

!I = xy - y + 2, /2 = x 2 - X, :F = {!I, /2}, and I = (:F), with graded lex 

order as usual. We set HI = Q = :F and find that r = rHl (8(!I, /2)) = 2x ::/: 0, 

so we set fa = 2x and Q becomes {!I, /2, fa}, as does H2• Next we find that 

r = rH2(8(!I, fa)) = -2y+4::/: 0, we set f4 = -2y+4 and Q = Ha = {!I, /2, fa, f4}. 

Now, however, we find that r = 0 for all pairs ii, f; in H3 , so Q = {!I, /2, fa, f4} 

is a Q-basis for I. 

One drawback to the algorithm as above is that it tends to produce unneces­

sarily large Q-bases, but we shall see that it is not particularly difficult to remove 

superfluous elements. 

Proposition 4.2.7 Suppose:F is a Q-basis for the ideal I in P, p E :F, and 

fm p E (fm(:F \ {p} )) . Then:F \ {p} is also a Q -basis for I. 

Proof. Since J = (fm(:F\ {p} )) is a monomial ideal and em p E J there is some q E 

:F \ {p} such that em q lem p. Thus their 8-polynomial is s = 8(p, q) = ap - bXQq 

for some a, b E J( and a E Nn. Since:F is a Q-basis r:F( s) = 0 by Theorem 4.2.5. 

But em p > em s, so the result of the division algorithm is s = Ei qili, with Ii E :F. 

However, the only fi that appear must have em fi ~ em s < em p, and in particular 

p is not among them. Thus p = a-1(s + bXQq) E (:F \ {p}), and :F' = (:F \ {p}) is 
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an ideal basis for I. Clearly (em F') = (emF) = (em I), so F' is in fact a {I-basis 

bL 6 

Note that the question of membership of em p in (em( F\ {p} )} is easily answered 

via Propositions 4.2.1 and 4.2.3. 

Repeated application of Proposition 4.2.7 will produce a {I-basis F for I that 

is minimal, in the sense that em p ¢ (em( F \ {p})) for all p E F. A minimal 

{I-basis F with leading coefficients adjusted so that every p E F is monic is called 

a reduced {I-basis. Computer algebra systems typically produce reduced {I-bases. 

To continue the example from above observe that em II = ~yfa so em II E 

(fm(F\ {fd)}, and likewise emh E (em fa, em f4}, so {fa,f4} is a {I-basis. The 

corresponding reduced {I-basis is {x, y - 2}. 

The final proposition in this section is now a triviality; nevertheless it will prove 

useful in the next section. 

Proposition 4.2.8 If I is a nonzero ideal in P then 1 E I (i.e. I = P) if and 

only if {1} is a reduced {I -basis for I. 

4.3 Applications 

We develop in this section some procedures depending on {I-bases that will be 

needed for the algorithm of Chapter 5. 

If R is a commutative ring and I is an ideal in R recall that the radical of I is 

rad I = {r E R: rk E I for some k > 0 in N}. 

Let us write K for an algebraic closure of the field K. If F is a set of polynomials 

in P then an algebraic zero of F is a point c = (Cl, ... , cn) E K
n 

for which f(c) = 0, 

all f E F. The variety of F, denoted Var(F), is the set of all algebraic zeros of 
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F. Note that Var(F) = Var((F}) = Var(rad(F)), and that if FI ~ F2 then 

Var(Fd ;2 Var(F2}. 

We state next the celebrated Hilbert Nullstellensatz; for a proof see [20], page 

33. 

Theorem 4.3.1 Suppose F ~ P and I = (F). 

i) IIVar(F} = @ then 1 E I. 

ii) II IE 'P and I(c} = 0 lor all C E Var(F} then I E radIo 

As an application of the Nullstellensatz the next theorem provides a testable 

characterization of elements in the radical of an ideal in 'P. 

Theorem 4.3.2 Suppose F = {II, ... , 1m} ~ P, 1= (F), and I E P. Introduce 

a new indeterminate y, set 9 = 1 - y I, and set F' = F U {g}. Then I E rad I il 

and only il 1 E (F') ~ [([Xl, ... , Xn, y]. 

Proof. (=» Say Ik = Ei gi/i, where 1 :5 k E Nj let us show that Var(F') = 0. 

Suppose C = (CI, •.• ,cn+!) E ~+! and that li(C) = 0, all Ii E F. Then also 

Ik(c) = 0, so I{c} = o. But then g(c) = 1 - cn+d(c) = 1 ¥- O. Thus 1 E (F') by 

the Nullstellensatz. 

({::) Write 1 = EiPi(X,y)/i+Q(X,y)(I-yf) for some Pi, q E [([X,y], and substi­

tute y = 1/1 (in the field [«(X, y)) to obtain 1 = EiPi{X, 1/ f)k Multiply through 

by a sufficient power Ik to clear all denominators, obtaining Ik = Ei hi(X)/i E I, 

hence I E rad( 1). !::. 

With Theorem 4.3.2 and Proposition 4.2.8 in hand the following test should be 

clear. 



Test for Radical Containment 

Given: F = {h, ... , fm} ~ P and f E P. Set I = (F), let 

y be a new indeterminate, set 9 = 1 - yf, F' = F U {g}, and 

Y = (Xl, ... ,xn,y). Then f E rad(!) if and only if {I} is a 

reduced Q-basis for (F') relative to Y. 
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Theorem 4.3.3 Suppose F = {h, ... , fm} ~ Homog(p+). Then Var(F) = {o} 

if and only if Tad (F) = P+ . 

Proof. ({::) Set gi = Xi E rad (F), 1 ::; i ::; n, and note that if C = (CI' •.. , cn) E 

Var(F) then gi(C) = Ci = 0, all i, i.e. C = O. 

(~) It will suffice to show that each Xj is in rad (F), since it is clear that rad (F) ~ 

P+. Let y be a new indeterminate, set g = 1-yx j, and set F' = FU {g} ~ 1<[X, y]. 

Any algebraic zero of F in 1<n+1 has the form C = (0, ... ,0, Cn+l), and then 

g(c) = 1 - Cn+l ·0= 1, so Var(.1") = 0. By the Nullstellensatz 1 E (F'), so we 

may write 1 = Li Pi(X, y)fi + q(X, y)(l- YXj) for some pi, q E 1<[X, y]. Substitute 

y = l/xj (in the field 1«X, y)) to obtain 1 = Ei Pi(X, l/xj)fi. Multiply through by 

a sufficient power xj to clear all denominators, obtaining xj = Li hi(X)fi E (.1'), 

hence Xj E rad( (F)). 

There is a small point to be made here that is not deep, but is slightly subtle, 

concerning the field of definition. The condition Var(F) = {O} in Theorem 4.3.3 

depends not on 1< but, by the very definition of Var(.1'), on the algebraic closure 

1<. Thus by the equivalence in the theorem the same is true for the condition 
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rad (F) = P+. Thus in determining whether that condition holds there is no loss 

of generality if the field is assumed to be algebraically closed. 

Proposition 4.3.4 (See [3]) Suppose that F = {It, ... , fm} S; P is a (I-basis 

for I = (F). Let V be the K -vector space P / I, and write 7 for each element 

f + lEV. Set B = {u:u E MonP and emfif u, 1:5 i :5 m}. Then B is a basis 

forV. 

Proof. The fact that B spans V is an easy consequence of the fact that 7 = T:F(f) 

for all f E P. Suppose that Li CiUi = 0 for some Ci E K, Ui E B. Thus g = 

Li CiUi E I, so T:F(g) = 0 by Proposition 4.2.3. On the other hand it is clear from 

the definition of B and the nature of the division algorithm that r:F(g) = g, since 

no em h divides any Ui, so g = 0, i.e. all Ci = o. 

Corollary 4.3.5 The K -dimension of P / I is finite if and only if for each i, 1 :5 

i :5 n, there is some p E F and some ki E N with em P = x7i 
• 

Proof. (=» If no power of Xi occurs as em p, p E F, then the set {x~: lEN} is 

linearly independent by the Proposition. 

(~) If U E Mon P and u E B then U must have the form II X~i, with allli < ki, so 

B is finite. 

Note that the condition in the corollary must be independent of the choice of 

monomial order, since dim/( P / I does not depend on the order. 

Theorem 4.3.6 Suppose F = {It, ... ,fm} ~ P and 1= (F). IfdimK(P/I) is 

finite then V ar( F) is a finite set. 

Proof. Let (I be a (I-basis for I relative to lexicographic order, and note that 

Var(Q) = Var(F). By Corollary 4.3.5 there are elements Pi E (I with em Pi = x7i
, 
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1 ~ i ~ n. All monomials in the terms of Pn must then be powers of X n , since 

they must be ~ x~n lexicographically, i.e. Pn must be a polynomial in Xn alone. 

Similarly, Pn-l is a polynomial in Xn-l and X n , and in general Pj is a polynomial 

in Xj,"" X n . But now there are only finitely many solutions (for xn) to Pn = 0, 

and for each of these in turn there are only finitely many solutions {for xn-d to 

Pn-l = 0, etc. The result follows. 

Corollary 4.3.7 Suppose F = {fl, ... , fm} £; Homog{P+) and I = (F), a ho­

mogeneous ideal. If dimK{P/I) is finite then Var{F) = {O}. 

Proof. By the Theorem Var{F) is finite. If a ¥= ° in /(n were in Var{F), and if 

c E /(, then f(ca) = Cdegf f(a) = 0, all f E F, so Var(F) would be infinite. !:::. 

Although it won't be needed here it should be remarked that the converse of 

Theorem 4.3.6 is also true; one source for a proof is [7]. 

If I is a proper homogeneous ideal in P we say that I has full radical if rad I = 

P+. 

The next test is now a consequence of Theorem 4.3.3 and Corollaries 4.3.5 and 

4.3.7. 

Test for Full Radical 

Suppose F £; P+ is a Q-basis for a homogeneous ideal I in P. If 

for each i, 1 ~ i ~ n, there is some p E F and some ki E N with 

fm P = x7i
, then I has full radical, i. e. rad I = P+ . 
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4.4 Module Membership 

In this section we discuss how to determine whether a given polynomial is an 

element of a module generated by some set of polynomials. 

Let II, ... , In be a system of parameters and B = K[II,· .. , In]. Consider 

the B-module C = ~f=l gi B, where the gi'S are homogeneous polynomials, and 

suppose I E 'P, I homogeneous. We wish to determine whether I E C. 

If I E C then I can be written as a sum of terms of the form cigdi1 
••• I~n , 

where E aj + deg gi = deg I. 

We therefore determine all such terms of the appropriate degree, form their 

sum and write the result as a combination of monomials in Xl, ... , X n . It is then a 

matter of equating the coefficients of the right hand side with the coefficients of I. 

This will give us a system of linear equations over K. If this system has a solution 

then I E C and if there is no solution then we know that I ¢ C. A small example 

will make this clear. 

Let II = Xl + X2 + Xa + X4, 12 = xi + x~ + x~ + x~, fa = XIX2 + XaX4, 14 = 

XIXa+X2X4, gl = 1, and g2 = xr+x~+x~+x~. Suppose we want to check whether 

1= 6XIX2Xa + 6XIX2X4 + 6XIX3X4 + 6X2XaX4 is in C = E;=l gjK[II, 12, fa, 14]. Then 

we need to determine whether we can write 

Since the degree of 1 is zero Pl(lI, 12, fa, 14) must have degree 3 and since the 

degree of g2 is three P2(II, 12, fa, 14) must have degree o. Thus 

for coefficients Cj to be determined if I is to be in C. 
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Substitute into (*), gather like terms, and equate coefficients to obtain the 

following system of linear equations. 

Cl + C2 + Cs - 0 
3Cl + C2 + C3 = 0 
3Cl + C2 + C4 = 0 
3Cl + C2 - 0 
6Cl + C3 + C4 = 6 

This system has a unique solution, namely, Cl = 1, C2 = -3, C3 = 0, C4 = 0, 

Cs = 2. Thus f = 91· (If - 31th) + 292 E C. 
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5. CALCULATING INVARIANTS 

Our goal in this final chapter is an algorithm for the calculation of eM-bases 

for the algebra of invariants of a finite subgroup of GL(V) and an implementation 

of the algorithm. 

5.1 Invariants and Geometry 

We begin by tying together some ideas from Chapters 3 and 4 connecting the 

algebra of invariants with varieties and radicals. As always G is a finite subgroup 

of GL(V) and I ~ P is its algebra of polynomial invariants. 

Proposition 5.l.1 If:T = (I+)p, the ideal in P generated by Homog(I+), then 

rad:T = P+, and consequentlyVar(I+) = {O}. 

Proof. Clearly rad:T ~ P+. If f E P+ then as in the proof of Proposition 3.1.5 

we have 

{y = "5:) -1)k+lUk(TIJ, ... , T-yf){y-k E :T, 
k 

where "I = IGI and the Uk are the elementary symmetric polynomials. Thus f E 

rad:T, and Var(I+) = {O} by Theorem 4.3.3. 

Theorem 5.l.2 If:F = {It, ... , fd ~ Homog(I+) set B = K[It,···, fkJ ~ I. 

Then I is a finitely generated B -module if and only if V ar(:F) = {O}. 

Proof. (See [17]) (:::}) Recall that I is integral over B by Proposition 2.5.1. If 

g E I is homogeneous of degree dIet 
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all bi E B, be an integrality relation for 9 over B of minimal degree m. Let us show 

that every bi has zero constant term. For each b E Band fEN write (b)t for the 

degree f component of b. If some bj had nonzero constant term Cj then considering 

the terms of degree jd in (*) we would have 

with each coefficient in B since B is graded. Dividing by Cj we contradict the 

minimality of m. It now follows from (*) that any algebraic zero v E K n of F is 

a zero of each bi , hence of gm, and hence of g. Thus V ar( F) ~ V ar(I+), which is 

{O} by Proposition 5.1.1. 

( <=) Let :I = (F)p, so rad:l = P+ by Theorem 4.3.3. It is an elementary fact 

(see e.g. [24], page 83) that (I+)d ~ (p+)d ~ :I for some dEN. By Theorem 3.1.1 

there is an integrity basis {hI,." ,hr} ~ Homog(I+) for I, so I = K[hl"" ,hr)' 

Denote by J-t the maximum of the degrees of the hi and set m = dJ-t. If f ~ m and 

9 E Ie then 9 is a K -linear combination of monomials hi! ... h~r , with I:i ai ~ d, so 

9 E (I+)d ~ :I, i.e. Ilm] ~ :I (recall that Ilm] denotes $d~mId). Let {gl,"" gs} 

be a K -basis for $d=c}Id. We will show that I = I:j gjB by showing inductively 

that each Ie ~ I:j gjB. Of course $d~IId ~ Ej gjB, which is more than enough to 

start the induction. If 9 E Ie, with e ~ m, then as shown above 9 E :I, and we may 

write 9 = L.iPdi, with each Pi homogeneous in P. Thus 9 = Mg = L.i(Mpi)/i, 

and each qi = Mpi has degree e - deg Ii < f, so by induction each qi E Ej gjB, 

and hence 9 E Ej gjB. 
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5.2 The Algorithm 

In this section we give an algorithm for finding a Cohen-Macaulay basis for the 

invariant algebra I of a finite group G :::; GLn(K). The algorithm first determines a 

sequence :F = (il, ... ,In) of free generators and then a sequence 9 = (gl,"" gm) 

of transient generators. Thus we will be able to express I as a free B-module, 

where B = K[il, ... , In], i.e. I = E~l giB as noted at the end of Chapter 2. 

By Proposition 1.1.3 the average of a polynomial is an invariant. Thus we can 

use the set of averaged monomials as a source of invariants. We start with a set 

of monomials, average them one by one, and check to see whether each average 

increases the radical and thus qualifies as a new generator. We do this by using 

the test for radical containment discussed in Chapter 4. When we have at least n 

generators we check whether we have full radical by using the test for full radical, 

also discussed in Chapter 4. This part of the algorithm is based on a paper of 

Sturmfels and White (see [30]). 

Once we have a set of free generators we continue to average monomials and 

check whether each average is contained in the module over B (as above) with 

basis those transients previously obtained. For that we use the test for module 

membership discussed in Chapter 4. 

The algorithm follows. 

An Algorithm for Finding a eM-basis 

1. Input: Elements of a finite group G :::; GLn(K) and degrees for free genera­

tors. 

2. Initialize::F:= [], gl := 1, 9 := [gl], h:= 1, i:= O. 
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3. Repeat: i := i + 1 and generate monomial M[i] until average(M[i]) ¥: 0 and 

average(M[i]) ¢ Rad(F). 

4. F:= FU {average(M[i])}. 

If IFI < n go to 3. 

If IFI ~ nand Rad(F) ¥: P+ go to 3. 

5. If IFI > n then for j from IFI to 1 by -1 do 

if Ii E Rad(F \ {Ii}) then F := F \ {Ii}· 

6. If IFI > n then normalize to obtain IFI = n. 

7. Determine the number m = IGI-1 rr~l deg J; of transient generators, the 

degrees of the transients, and the number of transients of each degree. 

8. i := 1. 

9. If h = m go to 12. 

10. If average(M[i]) ¢ Lj=l gjK[h,···, in] then 

h:= h+ 1; 

gh := average(M[i]); 

Q:= Q U {gh}. 

11. i := i + 1; go to 9. 

12. Output: (F; Q), a eM-basis for G. 

Why does the algorithm give a Cohen-Macaulay basis for G? First of all, the 

set F of free generators that is obtained has cardinality n and it gives us full 
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radical, i.e. Rad(:F} = P+. Thus Var(:F) = {O} and I is a finitely generated 

K[fI, ... , fnJ-module by Theorem 5.1.2. Thus:F is a system of parameters, as 

required. 

Once we have the set of free generators we then determine the number of 

transient generators, as well as the degree of each. A transient generator, gi, is 

only added if it is of the correct degree and if it is not contained in the module 

over B with basis (gl, g2, ... ,gi-d. We are guaranteed at the end that our output 

is a eM-basis since it has the correct MoHen series. 

Occasionally we may need more than n generators to obtain full radical. When 

this happens we carry out Step 5 of the algorithm and try to obtain the correct 

number of free generators. If after carrying out Step 5 we still have more than n 

generators then we must normalize to obtain the correct number. 

The normalization algorithm is based on the proof of Theorem 2.5.3. The basic 

idea is to form n random linear combinations of the generators which give full 

radical. However, in order to maintain homogenity we must first transform the 

sequence of generators into a sequence of polynomials all of whose degrees are the 

same. This is easily done by finding the least common multiple of the degrees of 

the generators and then raising each generator to the appropriate power to achieve 

that degree; the radical of the generated ideal is unchanged. 

The normalization algorithm follows. 

Normalization Algorithm 

1. Input 1i := {hI'"'' hd, n := dim. 

2. Initialize: 1i* := n. 

3. Determine: m:= lem of the degrees of hi's. 



4. For i from 1 to k do 

hi := (hi)m/deg hi; 

'}-l* := '}-l* U {hi}. 

5 . .c:= n. 
For i from 1 to n do 

Ii := ail hi + ai2h2 + ... + aikh'k 

(a random linear combination of his) 

.c := .c U {ed. 

6. If.c does not give full radical go to 5. 

7. :F:=.c. 

5.3 Implementing the Algorithm 

89 

It should be noted first that the algorithm as currently implemented requires 

that the field be restricted to the rational numbers. The algorithm is in fact correct 

for any field of characteristic zero but the implementation uses the Maple software 

package and currently this package has some difficulties with polynomial algebra 

involving irrational coefficients. 

The algorithm as presented in Section 2 is very basic and somewhat redundant. 

When one actually implements the algorithm there are a number of steps that can 

be taken to make the algorithm more efficient. We discuss some of these strategies 

here. 

In Step 1 we input the elements of a finite group G ~ GLn{I<). In our imple­

mentation we find generators for the finite group G and use the software package 
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GAP [25] to generate all the elements of the group (see Appendix A for the GAP 

program 'gengroup'). These elements are then written to a file and in Step 1 Maple 

simply reads this file. 

In Step 1 we also input the degrees for the free generators. For certain groups 

we know the degrees of the free generators. However for many groups we do not 

have this information. We can always use the numbers 1,2, ... , /, where / is the 

order of the group, as possible degrees for the free generators. For large groups 

this tends to entail checking many more monomials than needed. We can often 

simplify this step by looking at a rational form of the Molien series. 

Recall that if (iI, ... , In; gl,"" gm) is a eM-basis for a finite group G then 

the Molien series can be represented as 

E~ te; 

<p(t) = rrj=I(~I_ td;)' 

where ej = degree gj, dj = degree /j. Thus by first computing some form of the 

Molien series as a rational function we can get an idea of what the possible degrees 

of the free generators might be. Knowing this we may then consider only monomials 

of those degrees. If our conjecture of the possible degrees is incorrect (e.g. if we 

leave out the degree of a free generator) then the algorithm will tell us that we 

have only a partial eM-basis. 

It should be noted here that not all rational forms of the MoHen sp.ries corre-

spond to Cohen-Macaulay bases. Later we will look at an example that illustrates 

a rational form of the MoHen series that does not correspond to a eM-basis. 

Working with only a few degrees for monomials tends to improve the time of 

the algorithm, especially when we are dealing with larger groups. 

Different monomials may have the same average. Thus if we have already 

checked whether a particular average is in the radical of the ideal generated by 
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the previous !'S we do not wish to waste time by checking this again if the same 

average should re-appear. To prevent this we keep track of all nonzero averages. 

If Step 6 is implemented, then we need to apply the normalization algorithm 

(see above). The implementation of this algorithm can also be simplified. We start 

with a set H that contains k > n basic invariants which give full radical. We then 

form a new set H* which contains k invariants all of the same degree. In Step 5 of 

the normalization algorithm we form a new set C which contains n polynomials, 

each a random linear combination of the k elements in H*. At this point we check 

to see whether or not C gives full radical. Checking whether a set gives full radical 

is very computer intensive to begin with and since the degrees of the elements of C 

have been increased to be equal it takes even more time. To simplify this, when we 

actually find li'S, rather than taking a random linear combination of all k elements 

of H*, instead we randomly pick two elements of H* and then randomly either add 

or subtract them. We do this n times and then check whether we have full radical. 

If so, the result is our set :F of free generators. If not, then we form a new set C 

and try again. It should be noted here that we know of no examples where the 

normalization algorithm is ever needed. 

In Step 7 we determine the number of transient generators m where m -

IGI-l IIi=l deg Ii- We determine the degrees of the transient generators and the 

number of each degree by using the rational form of the Molien series. We calculate 

the Molien series and multiply it by the polynomial IIi=l (1- tdi ) where the dj's are 

the degrees of the free generators. This gives us the polynomial tel + t e2 + ... + tem 

from which we can easily determine the degrees ei of the transient generators and 

the number of each degree. 

Step 8 of the algorithm sets the counter i back to one. Thus once we have our 
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set :F of free generators and are ready to work on finding the set Q of transient 

generators, we start again with the very first monomial. We can save considerable 

time here by noticing two things. First, any g will be a nonzero average of a 

monomial and second, it cannot be an I. Thus, instead of starting allover with 

monomiaL., we simply first check whether any of the nonzero averages (that are not 

f's) are g's. If we have checked all of these and yet do not have the correct number 

of transient generators then we continue to generate and average monomials but 

only from the point where we left off when determining the free generators and we 

only look at those degrees that correspond to degrees of g's found in Step 7. 

In Step 10 we begin to find the transient generators. To do this we need to check 

whether the average of a monomial is an element of E7=1 gjI<[/l, ... , In] where the 

g/s are the transient generators found thus far. Recall that the /i's and g/s are 

all homogeneous polynomials. Thus to determine the module membership of the 

average of a monomial we simply need to determine whether there is a solution 

to a system of linear equations as discussed in Chapter 4. If there is no solution 

when we try to solve the system of equations then the polynomial we are checking 

is added as a new transient generator. 

As stated in the algorithm, we continue to check averaged monomials as possi­

ble transient generators until we have the correct number of transient generators. 

When this hap!Jens then we have a Cohen-Macaulay basis. 

See Appendix C for a copy of the program 'CMbasis' which is an implementation 

of the algorithm in Maple and Appendix D for a sample of the output of the 

program. 
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5.4 Examples 

Example 1 - C2 X C4 

We mentioned in Section 3 that not all rational forms of the MoHen series 

correspond to Cohen-Macaulay bases. Let us look at an example illustrating this. 

Consider the group C2 X C4 generated by 

( 
-1 0 0 0) o -1 0 0 

a= 0 0 1 0 

o 0 0 1 

and 
( 

1 0 
o 1 

b = 0 0 

o 0 

If we calculate the Molien series for this group we get 

<I>(t) = 1 + 4t2 + llt4 + 24t6 + 45t8 + 76t10 + ... 1 + t4 

= (1 - t2)4 . 

One would be tempted to say therefore that the group should have a CM-basis 

that consists of 4 free generators all of degree two and 2 transient generators, 1 

of degree zero and 1 of degree four. However, this is not the case. Although the 

coefficient 4 of t2 in the MoHen series tells us that there are 4 independent invariants 

of degree 2, no sequence of 4 degree 2 invariants gives full radical. A sequence :F 

of free generators is :F = (xi, x~, x~ + x~, x~ + x~) and we have 3 f's of degree 

two and 1 of degree four. The rational form of the Molien series corresponding to 

this situation is 

We therefore should have 4 g's; 1 of degree zero, 1 of degree two, 1 of degree four 

and 1 of degree six. A CM-basis is 
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Example 2 - Quaternions 

Due to the order in which the 1's are obtained we may need more than n 1's 

to achieve full radical. If this happens then our sequence of 1's is algebraically 

dependent and cannot be a sequence of free generators. We must then implement 

Step 5 of the algorithm and try to see whether we can eliminate some 1's and 

still maintain full radical. An example for which this happens is the degree 4 

representation of the quaternion group of order 8 generated by 

( 

0 1 0 
_ -1 0 0 

a - 0 0 0 

001 -!J and b= (J ~ ~ 
010 

-~ ) o . 
o 

The Molien series for this group is 

After completing Step 4 of the algorithm the sequence of generators which gives 

full radical is 

However, in Step 5 we eliminate xt + x~ + x~ + x~ and thus obtain 

which has the correct number of 1's. We then go on to obtain a eM-basis that 

has 4 free generators and 8 transient generators. 
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eM-basis 

It = xi + X~ + X~ + X~, 

g3 = xIx 2x 3 + XIX~X4 + XIX~X4 + X2X3X~, 

g5 = XIX 2X 4 - XIX~X3 + XIX3X~ - X2X~X4' 

g4 = XIX 3X 4 - XIX2X~ +XIX2X~ - X~X3X4' 

g6 = xIx~ + x~x~, 

Example 3 - C3 

In calculating a eM-basis for a finite group both the representation and its 

dimension are crucial. As might be expected, different dimensions, and therefore 

different representations, can give very different bases. For example, consider the 

cyclic group C3. We will compare a 2-dimensional, a 3-dimensional, and a 5-

dimensional representation of C3• 

C3 - 2 Dimensional 

Generator: a = (~ = ~ ), the companion matrix of 1 + x + x 2. 

Molien series: 

1 + t3 

~(t) = (1 _ t2)(1 _ t3) 

eM-basis 

C3 - 3 Dimensional 

Generator: a = (~ ~ ~). the permutation representation of 

a 3-cycle. 

Molien series: 

1 + t3 

~(t) - -~-~-~ 
- (1 - t)(l - t2 )(1 - t3 ) 
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CM-basis 

The following 5-dimensional representation of Ca is the direct sum of the 2-

dimensional and 3-dimensional representations above. 

Ca - 5 Dimensional 
0 -1 0 0 0 
1 -1 0 0 0 

Generator: a= 0 0 0 0 1 
0 0 1 0 0 
0 0 0 1 0 

Molien series: 

CM-basis 

11 = Xa + X4 + X5, h = XI - XIX2 + x~, fa = x~ + x~ + xg, 

14 = XI X2 - Xl X~, 15 = X~ + X~ + X~; gi = 1, 

g4 = x~ - 3xIx 2 + x~, g5 = X4xI - 2X4XIX2 + X4X~ + X~X5 + XIXa, 

96 = XI X 5 - 2XI X 2X5 + X~X5 + Xax~ + x4xi, g7 = XIX~ - X2X~ + X2Xg - XIX~, 

g8 = X4 X I X5 - X2 X4X5 + X2 X 5X a - XI XaX 4, g9 = X~X5 + xax~ + x4x g, 

giO = xIx ax 5 - XI X 2X aX4 - XI X 2X aX5 + XI X 2X4X 5 + X~XaX4' 

gIl = XIX~ - XIX2X~ - XIX2X~ + XIX2X~ + x~x~, 
g12 = X~X~X5 - XIX2X~X5 + XIX2XaX~ - 2XIX~XaX~ - Xlx~X4xg + x~xax~ 
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Example 4 - Sym( 4) 

In the previous example we saw how representations of different dimensions 

give very different eM -bases. It is also true that different representations (in the 

same dimension) can give very different eM-bases. 

The group Sym(4) has exactly two inequivalent irreducible 3-dimensional rep­

resentations. Note that the representations of the groups are not very different in 

appearance and yet the eM-bases are very different. 

The first representation is a reflection representation and thus there are no 

nontrivial transient generators (see e.g. [28]). 

Generators: 
( 

1 0 0 ) 
a = 1 0 -1 

o 1 -1 
Molien series: 

1 
<p(t) = (1 _ t2)(1 _ t3 )(1 - t4) 

eM-basis 

II = xI - XI X2 + x~ - X2X3 + x~, h = xIx2 - XIX~ + X~X3 - X2X~, 

fa = x1- 2X~X2 + 3xix~ - 2XIX~ + x~ - 2X~X3 + 3x~x~ - 2X2X~ + xl; gl = 1 

The second representation is not a reflection representation and requires one 

nontrivial transient generator of degree 9. 

Generators: ( 
1 0 0) 

a = 1 0 -1 
o 1 -1 

and b= 0 =~ J) 
Molien series: 

1 + t9 

<p(t) = (1 _ t2)(1 _ t4)(1 _ t6) 
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eM-basis 

Ii = x~ - XIX2 +X~ - X2Xa +X~, 

fa = 2x~ - 6X~X2 + 15x1x~ - 20xfx~ + 15x~x~ - 6XIX~ + 2x~ - 6x~xa + 15x~x~ -

20x~x~ + 15x~x~ - 6X2X3 + 2xg; 

gl = 1, 

g2 = 2x I x~ - 4xI X2Xa - 7 x~x~ + 14x~x~xa + 5x~x~ - 4x~x~xa -18x~x~x~ + 12x~x2x~ + 

5x1x~ - 25x1x~xa + 45x1x~x~ - 30x1x~x~ - 7 xfx~ + 26xfx~xa - 30xfx~x~ +30xfx~x~-

12xfx2x3 + 2x~x~ -7 x~x~xa +30xix~x~ - 45x~x~x~ + 18x~x~x3 + 7 xlx~xi - 26xl x~xg + 

25xl x~x~ + 4XIX~x3 - 14xIX~xg + 4XIX2X~ - 2x~xi + 7 x~xg - 5x~x~ - 5x~x3 + 7 x~xg -

"'x2x7 
£. 2 a 

Example 5 - Irreducible Weyl Groups 

The examples thus far have been very small groups. What happens when one 

applies the algorithm to larger groups? For a nice set of examples consider the 

irreducible Weyl groups A4 , B4 , D 4 , and F4• The groups B4 , D 4 , and F4 all have 

faithful orthogonal rational representations of degree 4; A4 , however, does not, 

so for A4 we have used the natural root representation. These are all reflection 

representations and thus a eM-basis for each will consist of a set of free generators 

along with gl = 1. We look at each of these groups and for A4 , B4 , and D4 also their 

rotation subgroups. In each case, the order of the rotation subgroup is one-halfthe 

order of the group and thus by 3.2.2 the eM-basis for the rotation subgroup will be 

the eM-basis for the group with one additional transient generator. The rotation 

subgroup for F4 requires a transient generator of degree 24 which causes memory 

problems for Maple and thus is presently beyond the scope of the implementation. 



A4 - Order 120 - Root Representation 

Generators: 

( 

-1 1 
o 1 

a = 0 0 

o 0 

o 0 0) -1 1 0 
o 1 0 ' 001 

e=(~01 °oi -~01 ~1)' d=(~ol n ~) 
o 1 -1 

Molien series: 

1 
~ (t) = ~(1-_-t~2 )~( I---t~3 )~( 1-_-t"'"':'74 )-:-( 1-_-t-:-:"'5) 

eM-basis 

h = XIX2 - XIX~ + X~X3 - X2X~ + X~X4 - X3X~, 

99 

fa = xi - 2X~X2 + 3xix~ - 2XIX~ + x~ - 2X~X3 + 3x~x~ - 2X2X~ + x~ - 2X~X4 + 

3x~x~ - 2X3X~ + xl, 

14 = xix2 - 2x~x~ + 2xix~ - XIX~ + X~X3 - 2x~x~ + 2x~x~ - X2X~ + X~X4 - 2x~x~ + 
2x~x~ - X3X~; 

gl = 1 

A4 - Rotation Subgroup - Order 60 

Generators: ab, be, cd 

Molien series: 
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eM-basis 

iI, /2, fa, 14, and g1 = 1 as above and g2 = 6xlo - 30X~X2 + 90x~x~ - 42x~X2X3 + 

42x~x~ - 42x~X3X4 + 42x~x~ - 180xlx~ + 169xIx~x3 - 2xIx~X4 - 171xlx2x~ + 

174xIx2x3x4 -168xI x2x~+2xI x~-3xI X~X4 -3xI x3x~+2xI x~+270x~x~-406x~x~X3+ 

7X~X~X4 + 453x~x~x~ - 426x~x~X3X4 + 405x~x~x~ - 87x~X2X~ + 93x~X2X~X4-

72x~X2X3X~ - 7X~X2X~ + 40x~x~ - 80X~X~X4 + 120x~x~x~ - 80X~X3X~ + 40x~x~ -

306x~x~ + 622x~x~X3 - 5X~X~X4 - 7 45x~x~x~ +638x~x~X3X4 - 627 x~x~x~ + 23 7 x~x~x~-

237xfx~x~X4 + 234xfx~X3X~ + 9xfx~x~ - 110xfx2x~ + 216xfx2x~x4 - 348xfx2X~X~ + 

232xfx2X3X~ - 120xfx2x~ - 4xfx3 + 10xfx~x4 - 4xfx~x~ - 4xfx~x~ + 10xfx3x~ -

4xfx~ + 270xtx~ - 707xtx~x3 - 5xtx~x4 + 1024xtx~x~ - 713xtx~x3x.1 + 738xtx~x~ -

669xtx~x~ + 543xtx~x~X4 - 588xtx~x3X~ - 5xtx~x~ + 422xtx~x~ - 540xtx~x~X4 + 

843xtx~x~x~ - 526xtx~x3X~ + 273xtx~x~ -11Ox1x2x3 + 128xtx2x~x4 - 242xtx2x~X~ + 

208xtx2X~X~ - 124x1x2x3x~ + 10xtx2x~ + 40x1x~ - 120xtxgx4 + 273x1x~x~-

346xtx~x~ + 273xtx~x~ - 120xtx3x~ + 40x1x~ -180xfx~ + 579xfx~X3 + 7xfx~X4 -

1020xfx~x~ + 594xfx~X3X4 - 627 xfx~x~ + 958xfx~x~ - 721xfx~x~x4 + 786xfx~X3X~ -

5x~x~x~ - 669x~x~X5 + 760x~x~X~X4 -1176x¥x~x~x~ + 712x¥x~x3x~ - 346x¥x~x~ + 

237xfx~x3 - 326xfx~x~X4 + 584x¥x~x~x~ - 456x~x~x~x~ + 208xfx~X3X~ - 4x¥x~x~-

87x¥X2X~+272xfx2xgX4 -596X¥X2X5X~+ 712x~x2x~x~-526x¥x2x~x~+232x~x2x3x~-

80xfx2X~ + 2xfx~ - 7xfx~X4 + 9xfxgx~ - 5x~x~x~ - 5xfx~x~ + 9xfx~x~ - 7X¥X3X~ + 

2xfx~ + 90x~x~ - 347x~x~X3 - 2X~X~X4 + 764x~x~x~ - 391x~x~x3x4 + 405x~x~x~ -

1020xIX~X~ + 768xIx~x~X4 - 810XIx~X3x~ + 9xIX~X~ + 1024xIX~X~ -1149xIX~X~X4 + 

1497xIX~x~x~ - 596xIX~X3X~ + 273xix~x~ - 745xix~xg + 1093xix~x~x4-

1420x~x~x~x~ + 584xix~x~x~ - 242xix~X3X~ - 4xix~x~ + 453xix~x~ - 95 7 xix~xgx4 + 

1497 x~x~x~x~ -1176xix~x~x~ +843xix~x~x~ -348xix~X3X~ + 120xix~x~ -171xix2x~+ 

459x~X2X~X4 -810x~x2xgx~+ 786x~X2X~X~-588xix2X~X~+234xix2X~X~-72x~X2X3X~-
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3xix2X~ + 42xixg -168xix~x4 +405xixgx~ - 627xixgx~ + 738xix1x! - 627xix~x~ + 

405xixix~ -168xix3x~ + 42xix~ - 30XIX~ + 132xIX~X3 - 34 7XIX~xi + 166xIX~X3X4 -

168xIX~X~ + 579xIX~xi - 445xIX~xix4 +459xIX~X3X~ - 7XIX~X~ - 707xIX~X~ + 

800XI X~X~X4 - 95 7 xlx~xix~ + 272xI X~X3X~ -120XI x~x! + 622xI x~xg - 91 Ox! X~X~X4 + 

lO93xI x~x~x~ - 326xI x~xix~ + 128xI X~X3X! + lOx I X~X~ - 406xI x~xg +800XI X~XgX4 -

1149xIX~xix~+760XIX~xix~-540XIX~xix!+216xIX~X3X~-80XIX~x~+169xIX~X~-

445xI X~XgX4 + 768xI x~xgx~ - 72lxl X~Xix~ +543xI X~X~X! - 23 7 Xl x~xix~ +93xI X~X3X~-

3XIX~X~ - 42xIX2X~ + 166xIX2X~X4 - 39lx1X2XgX~ + 594xIX2X3x! - 713xIX2X~X! + 

638xIX2X~X~-426xIX2Xix~+174xIX2X3X~-42xIX2X~-2xIX~X~+7xlxgx~-5xIXgX!-

5x I xix~ + 7 Xl xix~ - 2XI X~X~ +6x~O -30X~X3 +90x~xi - 42x~X3X4 +42x~x~ -180x~x~ + 

169x~xix4 - 171x~x3x~ + 2x~x~ + 270x~x~ - 406x~x~X4 + 453x~xix~ - 87x~X3X~ + 

40x~x! - 306x~x3 + 622x~xix4 - 745x~x~x~ + 237x~xix~ - 110x~x3x! - 4x~x~ + 

270x~xg - 707 X~xgx4 + 1 024x~xix~ - 669x~x~x~ + 422x~xix! -11 OX~X3X~ + 40x~x~ -

180x~x~ +5 79x~xgx4 -1020x~xgx~+958x~x~x~ - 669x~x~x!+ 237 x~x~x~ -87 X~X3X~ + 

2x~x~ + 90x~x~ - 347x~x~X4 + 764x~xgx~ -1020x~gx~ + 1024x~x~x! -745x~xix~ + 

453x~x~x~ -171x~x3x~ + 42x~x~ - 30X2X~ + 132x2x~x4 - 347x2X~X~ + 579x2XgX~-
707x2xgx!+622x2x1x~-406x2xix~+169x2x~x~-42x2x3x~+6x50-30X~X4+90xgx~-

180x~x! + 270xgx~ - 306xgx~ + 270x~x~ -180x~x~ + 90xix~ - 30X3X~ + 6x~o 

B4 - Order 384 - Orthogonal Representation 

Generators: 

CO 1 

n' b - (~ 
0 0 

~). C~ 
0 0 

n 1 0 0 0 0 1 0 
a = 0 1 0 - 0 1 0 

c= 0 1 
o 0 0 0 0 1 0 0 

M olien series: 

1 
cI>(t) -

- (1 - t2)(1 - t4)(1 - t6 )(1 - t8 ) 



CM-basis 

B4 - Rotation Subgroup - Order 192 

Generators: 

a= (~ H 
000 

( -~ b-- 0 

o 

M olien series: 

CM-basis 

o 0 
o 0 
1 0 
o 1 
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iI, 12, fa, 14; gl = 1, as above and g2 = xlx~x~x4 - xlx~x3x~ - xlx~xgx4 + 
735+753735573 +573+537 537 X1X2X3X4 X 1X2X3X4 - X 1X2X3X4 - X1X2X3X4 X1X2X3X4 X1X2X3X4 - X 1X2X3X4 -

5 73+ 5 37+ 375 37 5 357 + 3 5 7+ 3 7 5 X 1X2X3X4 X 1X2X3X4 X 1X2 X3X4 - X 1X2X3X4 - X1X2X3X4 X1X2X3X4 X 1X2X3X4-

357 753+ 735+ 573 537 375+ 357 
XIX2X3X4 -XIX2X3X4 XIX2X3X4 XIX2X3X4 -XIX2X3X4 -XIX2X3X4 XIX2X3X4 

D4 - Order 192 - Orthogonal Representation 

Generators: 

( 

0 0 1 
100 

a = 0 1 0 

000 

Molien series: 

o 0 
o 0 
1 0 
o 1 

( 
-~ 

c-- 0 

1 
<I>(t) - ---------,­

- (1 - t2)(1 - t4 )2(1 - t6) 

o 

o 0 
-1 0 

o 1 
o 0 



103 

CM-basis 

1 - 2+ 2+ 2+ 2 I - Xl X2 X3 X4, f - 4+ 4+ 4+ 4 2 - Xl X2 X3 X4, fa = XIX2X3X4, 

14 = X~ + X~ + xg + X~; gl = 1 

D4 - Rotation Subgroup - Order 96 

Generators: 

COl 
D' b-e 

0 0 

n' ( -~ 0 0 

D 
100 0 0 -1 0 

a = 0 1 0 c-
O - 0 1 0 - 0 1 

000 0 0 1 0 0 0 

Molien series: 

1 +t12 
<I? ( t) = ...,....( 1-_-t""""'2)""'-( 1-_-t~4:-:::')2~(1---t~6) 

CM-basis 

h, 12, fa, 14, and gl = 1 as above and g2 = x~x~x~+x~x~x~+x~x~x~+xtx~x~+ 

xtx~xg + xtx~x~ + x~x~x~ + xix~x~ + xixgx~ + x~x~x~ + x~xgx~ + x~x~x~ 

F4 - Order 1152 - Orthogonal Representation 

Generators: 

a-e 
0 0 0) C 1 0 n' 0 1 o 1 0 0 

- 0 1 0 o ,b= 0 0 1 

0 0 0 100 0 

c~ 
0 0 0) ( 1 -1 -1 -1 ) 1 0 o 1-1 1 -1 -1 c- O ,d = 2 -1 - 0 0 1 -1 1 -1 

0 0 0 1 -1 -1 -1 1 

Molien series: 

1 
<I?(t) -

- (1 - t2)(1 - t6)(1 - t8)(1 - t12) 
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eM-basis 

II = xI + X~ + X~ + X~, 

h = 3x~+5x1x~+5x1x~+5x1x~+5xIxi+30XIX~x~+30XIX~X~+5xIx~+30XIX~x~+ 

5xIx~ + 3xg + 5xix~ + 5xix~ + 5x~x~ + 30x~x~x~ + 5x~x~ + 3x~ + 5x~x~ + 5x~x~ + 3x~, 

fa = 33xY + 28x~x~ + 28x~x~ + 28x~x~ + 70x1xi + 420x1x~x~ + 420x1x~x~ + 70x1x~ + 

420x1x~x~ + 70x1x~ + 28xIxg +420xIxix~ +420XIXix~ +420xrx~x~ + 2520XIX~X~X~ + 

420xIX~X~ + 28xIX~ + 420XIX~X~ + 420XIX~X~ + 28xIX~ + 33x~ + 28xgx~ + 28xgx~ + 

70x~x~ + 420x~x~x~ + 70xix~ + 28x~x~ + 420x~x~x~ + 420x~x~x~ + 28x~x~ + 33x~ + 

28x~x~ + 70x~x~ + 28x~x~ + 33x~, 

14 = 171x}2 + 22xiox~ + 22xiox~ + 22xiox~ + 165xYxi + 990x~x~x~ + 990xyx~x~ + 

165x~x~ + 990xyx~x~ + 165xyx~ + 308x~xg + 4620x~x~x~ + 4620xrx~x~ +4620xrx~x1 + 

27720x~x~x~x~ + 4620x~x~x~ + 308xrx~ + 4620x~x1x~ + 4620xrx~x~ + 308x~x~ + 

165x1x~ +4620x1xgx~ +4620x1x~x~+ 11550x1x~x1 +69300x1x~x~x~ + 11550x1x~x~ + 

4620x1x~x~ +69300x1x~x1 x~+69300x1x~x~x~+4620x1x~x~ + 165x1x~ +4620x1x~x~ + 

11550x1x1x~ + 4620x1x~x~ + 165x1x~ + 22xrx~o + 990xrx~x~ + 990xrx~x~+ 

4620XIX~X~ + 27720xrxgx~x~ + 4620xrxgx~ + 4620XIX~X~ + 69300xrxix~x~+ 

69300xrx~x~x~ + 4620xrx~x~ + 990xix~x~ + 27720xix~x~x~ + 69300xix~x~x~+ 

27720xIx~x~X~ + 990XIX~X~ + 22xIxlo + 990xIx~x~ + 4620xIx~x~ + 4620xix!x~ + 

990xIx~X~+22xIX~o + 171x~2+22x50x~ +22x~ox~+ 165x~x! +990x~x~x~ + 165x~x~ + 

308x~x~ +4620x~x1x~+4620x~x~ x~+308x~x~+ 165x~x~ +4620x~x~x~ + 11550x~x~ x~+ 

4620x~x~x~+165x~x~+22x~xlo+990x~x~x~+4620x~x~x~+4620x~x1x~+990x~x~x~+ 

22x~x~o + 171xl2 + 22xlox~ + 165x~x~ + 308x~x~ + 165x1x~ + 22x~x~o + 171x~2; 

91 = 1 
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Example 6 - D4 - Root Representation 

Earlier we mentioned that the representation plays a crucial role in the CM-

basis obtained. For a final example let us look again at D4 in dimension 4 but 

this time we use the root representation instead of an orthogonal representation. 

D4 - Order 192 

Generators: 

C
1 1 1 

n' b=U 
0 0 

n' a= ~ 
1 0 -1 0 
0 1 0 1 
0 0 0 0 

c=U 
0 0 

n' d=U 
0 0 

J) 1 0 1 0 
0 -1 0 1 
0 0 0 0 

Molien series: 

1 
~(t) = (1 _ t2)(1 - t4)2(1 - t6) 

CM-basis 

I - 2 2 2+ 2 1 - Xl - XlX2 - XlX3 - XlX4 + X2 + X3 X4' 

h = x1- 2xfx2 - 2xfx3 - 2xfx4 + 3XIX~ + XIX2X3 + XIX2X4 + 3XIX~ + 4XIX3X4 + 

3 222 3 2 2 2 22 34 2 4 2 XlX4 - XlX2 - XlX2X3 - XlX2X4 - XlX2 Xa - XlX2X4 - XlXa - XlXaX4 - XlXaX4-

2XlX~ + X~ + X~X~ + X~X~ + xi + 4x~x~ + X~, 

la = x1- 2X~X2 - 2x~xa - 2X~X4 + 3XIX~ + XrX2Xa + 4XrX2X4 + 3xrx~ + XrXaX4 + 

3xrx~ - 2XlX~ - XlX~Xa - 4XlX~X4 - XlX2X~ - 4XlX2X~ - 2XlX~ - XlX~X4 - XlXaX~-

2XlX~ + X~ + X~X~ + 4x~x~ + x1 + X~X~ + X~, 

14 = 3xY-9xfx2-9xfxa -9xfx4 + 15x1x~+20x1x2Xa+20x1x2X4+ 15x1x~+20x1xaX4 + 

15x1x~ - 15xfx~ - 25x~x~xa - 25x~x~X4 - 25xfx2X~ - 30X~X2XaX4 - 25xfX2X~ -
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15x~xi - 25x~x~X4 - 25x~X3X~ -15x~x~ + 15xIX~ + 10xIx~x3 + lOxIx~x4 +30xIx~x~ + 

30xIx~x3x4 + 30xIx~x~ + lOxix2Xi + 30xix2X~X4 + 30xix2X3X~ + 10xix2X~ + 15xix~ + 

lOxixix4 + 30xix~x~ + lOxix3x~ + 15xrx~ - 9XlX~ - 5XlX~X3 - 5XlX~X4 -lOXlX~x5-

1 OXl x~x~ -lOXl x~xi - 30Xl X~X~X4 - 30Xl X~X3X~ -lOxl x~x~ - 5Xl X2X~ - 30Xl X2X~X~-

5XlX2X~ -9XlX~ -5XlX~X4 -lOXlXix~ -10XlX~X~-5xlX3X~ -9XlX~+3x~+5x~x5+ 

5x~x~ + 5x~x~ + 30x~x5x~ + 5x~x~ + 3x~ + 5x~x~ + 5x5X~ + 3x~j 

D4 - Rotation Subgroup - Order 96 

Generators: ab, be, cd 

Molien series: 

eM-basis 

iI, 12, 13, 14, and gl = 1 as above and g2 = 12xt2 - 72xPX2 - 72xP X3 -

72xP X4 + 268xtOx~ + 464xtOX2X3 + 308xtOx2X4 + 268xtOx~ + 276xtOx3X4 + 268xtOx~ -

681xrx~ - 1679xrx~x3 - 899xrx~X4 - 1679xrX2X5 - 1282xrX2X3X4 - 899xrX2X~ -

681xrxi -739xrx~X4 -739xrX3X~ - 681xrx~ + 1291x~x~ +3890x~X~X3 + 1870x~x~x4 + 

5310x~x~x5 + 4218x~x~X3X4 + 1986x~x~x~ + 3890x~X2X~ + 3714x~x2x~x4+ 

2382x~X2X3X~ + 1870x~x2x~ + 1291x~x~ + 1334x~x~x4 + 1602x~x~x~ + 1334x~x3x~ + 
1291x~x~ -1864xrx~ - 6440xrX~X3 - 3040xrX~X4 -10416xrx~x~ - 8944xrx~X3X4 -

3080xrx~x~ - 10416xrx~xi - 1l232xrx~X~X4 - 6648xrx~X3X~ - 3080xrx~x~-

6440xrX2X~-6704xrX2Xix4-5976xrX2X~X~-2656xrX2X3X~-3040xrx2x~-1864xrx~-

1856xrx~x4 - 2280xrxix~ - 2280xrx~x~ - 1856xrX3X~ - 1864xrx~ + 2099x~x~ + 

7954x~x~X3+3642x~x~X4 + 1432lx~x~x~+ 1331 OX~X~X3X4 +4229x~x~x~+ 16788x~x~xi + 

20656x~x~X~X4 + 12272x~x~X3X~ + 2860x~x~x~ + 14321x~x~x~ + 17520x~x~xix4 + 

16338x~x~x~x~ + 5352x~x~X3X~ + 4229x~x~x~ + 7954x~X2X3 + 8438x~X2X~X4+ 
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94 72x~X2X~X~ +50 16x~x2x~x~ + 2582x~X2X3X~+3642x~X2X~ + 2099x~xg+ 1906x~x3x4 + 

2717x~x~x~ + 2188x~x~x~ + 2717x~x~x: + 1906x~x3x~ + 2099x~x~ - 1852xfx~ -

7528xfx~X3 - 3216xfx~x4 - 14556xfx~x~ - 13776xfx~x3x4 - 4440xfx~x~-

18496xfx~xg - 25572xfx~x~X4 - 16680xfx~x3x~ - 2604xfx~x~ - 18496xfx~x~ -

26744xfx~x~X4 - 26988xfx~x~x~ - 6744xfx~X3X~ - 2604xfx~x~ - 14556xfx~xg -

18012xfx~x~x4 - 23292xfx~x~x~ - 10716xfx~x~x~ - 4056xfx~X3X~ - 4440xfx~x~ -

7528xfx2xg - 7392xfx2xgx4 - 10968xfx2x~x~ - 5624xfx2X~X~ - 3888xfx2X~X: -

1752xfx2x3x~ - 3216xfx2x~ - 1852xfx~ - 1480xfxgx4 - 2424xfxgx~ - 1876xfx~x~ -

1876xfxgx~ - 2424xfx~x~ - 1480xfx3x~ - 1852xfx~ + 1282x1x~ + 5416x1x~x3 + 

2016x1x~x4 + 11488x1x~x~ + 9828x1x~X3X4 + 3636x1x~x~ + 14240x1x~x~+ 

21492x1x~x~x4 + 15852x1x~x3x~ + 1600x1x~x~ + 16460x1x~x~ + 26200x1x~x~X4 + 

30420x1x~x~x~ + 6800x1x~X3X~ + 1900xfx~x: + 14240x1x~x3 + 21720xfx~x~x4 + 

32720xfx~x~x~ + 12720xfxgx~x~ + 3640xfxgx3X: + 1600x1xgx~ + 11488xfx~xg + 

12420xfx~xgx4 + 22020xfx~x~x~ + 11600xfx~xgx~ + 6840xfx~x~x~ + 1932x1x~x3x~ + 

3636x1x~x~ + 5416x1x2x~ + 4564x1x2xgx4 + 8796x1x2xgx~ + 5120x1x2x~x~+ 

3080x1x2xgX: + 1932x1x2x~x~ + 948x1x2X3X~ + 2016x1x2x~ + 1282x1xg + 832x1x~X4 + 

1732x1xgx~ + 1040x1x3x~ + 1340x1x~x~ + 1040x1x~x~ + 1732x1x~x~ + 832x1x3X~ + 

1282x1x~ - 679x~x~ - 2907x~x~X3 - 887x~x~X4 - 6924x~x~x~ - 4456x~x~X3X4 -

2148x~x~x~ - 8244x~x~xg - 12432x~x~x~x4 - 10552x~x~x3x~ - 820x~x~x~-

9726x~xgx~ - 15464x~xgx~x4 - 23472x~x~x~x~ - 4184x~x~x3x~ - 826x~x~x:-

9726x~x~x3 - 17210x~x~x~x4 - 29220x~x~xgx~ - 9820x~x~x~x~ - 3470x~X~X3X: -

826x~x~x~ - 8244x~x~xg - 10088x~x~xgx4 - 24740x~xgx~x~ - 11760x~xgxgx~ -

6660x~xgx~x: - 392x~x~X3X~ - 820x~xgx~ - 6924x~x~x~ - 6272x~x~XgX4-

13728x~x~x3x~ - 8140x~x~x~x~ - 6100x~x~x~x: - 2016x~x~x~x~ -1040x~x~x3x~ -

2148xfx~x~ - 2907xfx2X~ - 1768xfx2x~x4 - 5064xfx2xgx~ - 2840xfx2X3x~-
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2630x~X2Xixl- 392x~x2xgx~ -1040x~x2x~x~ - 280x~X2X3X~ - 887 X~X2X~ -679x~xg-

351xfx~x4 -900xfxIxl-484x~xgx~ -546x~xgxl-546xfx~x~ -484x~xgx~ -900xfx~x 1-

351xfx3x~ - 679xfx~ + 268x~x~o + 1038x~x~x3 + 258x~x~X4 + 3288x~x~x~+ 

1 098x~x~X3X4 +924x~x~xl + 2984x~x~x~+4488x~x~xix4 +4488xIx~x3xl+ 232xIx~x~ + 

4988xIx~x~ + 5208xIx~xgx4 + 13044xIX~xixl + 1448xIX~X3X~ + 416x~x~x~+ 

3156xIx~xg + 7668xIx~X~X4 + 15432xIX~X~xl + 4152xIX~xix~ + 2028xIX~X3X~ + 

60XIx~X~ + 4988xIx~xg + 4980xIx~xgx4 + 18840XIX~X~xl + 5880xIx~xgx~+ 

5100xIX~xix~ + 132xIX~X3X~ + 416xIX~x~ + 2984xIx~xI + 3416xIx~xgx4+ 

10056xIx~xgxl + 5880XIX~x~x~ + 5880xIx~xgx~ + 360xIx~xix~ + 184xIX~X3X~ + 

232x~x~x~ + 3288x~x~x~ + 1800xix~x~x4 + 6660xix~x3xl + 2808xix~xgx~+ 

4260xIx~x~x~ +360xIx~X~x~ + 1 020x~x~xix~ +312xIx~x3x1 +924xIx~X~ + 1 038xIX2X3 + 

426xIX2X~X4 + 1800XIX2xIxl + 1000xIx2xgx~ + 1356xIX2x3xl + 132xIX2xix~+ 

184xIx2xgx~ + 312xIX2xix~ + 54xIX2X3X~ + 258xIx2X~ + 268xIx!O + 98xIX3x4 + 

372xIX~xl+l04xIXIx~+248xIX3xl+60xIxgx~+248xIX~X~+104xIx~x~+372xIxix~+ 

98xIx3X~+268xIxlo-72xIX~1_208xIX~OX3 -52xIX~OX4 -1040XIX~xi+4xIX~X3X4-

260XIX~X~ -744xIX~X~ -1116xIX~xix4 -1116xIX~X3X~ - 56xIX~X~ -1488xIX~X~-

16xIX~x3x4-4464xIX~xixl-16xIX~X3X~-112xIX~X~-1056xIX~x3-2576xIX~xix4-

5152xIX~x3xl-1392xlxgX~x~-696xlXgx3xl-24xlX~X~-1056xlX~x3+24xIX~x3x4-

7728xIX~xixl + 16xIX~x3x~ - 2088xIX~X~xl + 24xIX~X3X~ - 24xIX~X~ -1488xIX~X~-

1680xlx~xgx4 - 5040xlx~xgxl - 2960xlx~xjx~ - 2960XIX~X~xl - 192xIX~X§X~ -

64xIX~X3X~ -112xIX~X~ -744xIX~xg -16XIX~X~X4 - 3360XIX~x3xl + 16xIX~x3x~-

2960XIX~X~X~ + 16xIX~X~X~ -128xIX~X~X~ -16xIX~X3X~ - 56xIX~X~ -1040XIX~x3-

444xIX~XgX4 - 1776xIX~xIxl- 944xIX~x3x~ - 1416xIX~x3x~ - 192xIX~X~X~-

128xIX~X~X~ - 288xIX~xix~ -72xIX~X3X~ - 260XIX~X~ - 208xIX2X!O + 4xlx2xgx4 -

444xIX2X~xl-16xIX2XIx~-472xIX2X3xl+24xlx2Xgx~-64xlX2X~X~-16XIX2X3x~-
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72xIX2X~X~+4xIX2X3X~ -52xIX2XlO -72xIX~1- 20XIX~OX4 -100XIXgX~ - 24xIX~X~-

48xIX~X! - 24xIXgX~ - 24xIX3x~ - 48xIX~X~ - 24xIX~X~ - 100XIX~X~ - 20XIX3XlO -

72xIXll + 12x~2 + 208x~ox~ + 52x~ox~ + 372x~x~ + 1116x~x~x~ + 28x~xj + 352x~xg + 

2576x~x~x~ + 696x~x~xj + 8x~x~ + 372x~x~ + 1680x~gx~ + 1480x~xgxj + 64x~x~x~ + 

28x~x~ + 208x~xlo + 444x~x~x~ + 472x~xgxj + 64x~x~x~ + 72x~x~x~ + 52x~xlo + 
12xl2 + 20x~ox~ + 12x~xj + 8xgx~ + 12xgx~ + 20x~xlo + 12xl2 



APPENDIX A: gengroup 

# gengroup # 
# a GAP program # 
# generates group of matrices given generators # 
# CHANGE generators # 

a:=[[-l,l,O,O], [0,1,0,0], [0,0,1,0], [0,0,0,1]]; 
b: = [[1,0,0,0] , [1, -1,1,0] , [0,0,1,0] , [0,0,0,1]] ; 

g:=Group(a,b); 
Size(g); 
G:=Elements(g); 
PrintTo(lIgroupll,lIgroup:=II,G,II:\nll); 

quit; 
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APPENDIX B: molien 

# molien # 
# a Maple program # 
# computes the Molien series for a given group # 
# CHANGE dim - the dimension # 

with(linalg): 

# CHANGE n # 
dim:=4: 

# GET group # 
read group: 

og:=nops(M); 

for i from 1 to og do 
a[i]:=array(M[i]) 
od: 

f:=O: 
g:=O: 

for i from 1 to og do 
g:=(-l)Adim*det(a[i])/charpoly(a[i].t): 
f:=f+g 

od: 

f:=f/og: 

f:=simplify(f); 

taylor(f.t=O.50); 

quit; 
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APPENDIX C: CMbasis 

########################################################### 
# CMbasis October 30. 1992 # 
# a Maple program to compute a Cohen-Macaulay basis for # 
# a finite group --- computes f's (free invariants) and # 
# then g's (transient invariants) # 
# CHANGE dim - the dimension # 
# CHANGE degrees - the degrees of basic invariants # 
# generate the group with the GAP script - gengroup # 
# written by Janet M. McShane # 
# e-mail mcshane~odin.math.nau.edu # 
########################################################### 

print('Finding a Cohen-Macaulay basis for a'): 
print(' 4-dimensional representation of c2xc4.'): 

tt:=timeO: 

with(linalg): 
with(grobner): 
with(combinat) : 

### get group elements ### 
read group: 

### determine order of the group ### 
og:=nops(group): 

### CHANGE dim ### 
dim:=4: 

### CHANGE degrees ### 
degrees:=[$l .. og]; ### optional -- if degrees aren't known ### 
# degrees:=[2.4]; 
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### procedure to average monomials - actually not the average ### 
### since we do not divide by the order of the group ### 
Average:=proc(mon) 

local avg. h. i: 
avg:=O: 
for i from 1 to og do 

h:=subs(S[i].mon): 
avg:=avg+h: 

od: 
avg:=expand(avg): 
RETURN(avg): 



end: 

### procedure to test whether we have full radical ### 
FullRadical:=proc(F) 

local b. gbfx. h. i. m. L. T. Xset: 
print('Checking whether we have full radical --'): 
gbfx:=gbasis(F.X): 
L:={}: 
for h in gbfx do L:=L union {leadmon(h.X) [2]} od: 
m:=l: 
for h in L do m:=max(m.degree(h.X» od: 
T:={}: 
for b in X do 

for i from 1 to m do 

od: 
od: 

if member(bAi.L) then T:=T union {b} fi: 

Xset:=convert(X.set): 
if T=Xset then 

print('We do!'): 
lastj:=j: 
j:=nops(M)+l: 

else 
print('Not yet!') 

fi: 
RETURN(j): 

end: 

### procedure to test whether we have full ### 
### radical if we normalize ### 
FullRadicalNorm:=proc(F) 

local b. gbfx. h. i. m. L. T. Xset: 
gbfx:=gbasis(F.X): 
L:={}: 
for h in gbfx do L:=L union {leadmon(h.X) [2]} od: 
m:=i: 
for h in L do m:=max(m.degree(h.X» od: 
T:={}: 
for b in X do 

for i from 1 to m do 

od: 
od: 

if member(bAi.L) then T:=T union {b} fi: 

Xset:=convert(X.set): 
if T=Xset then 

nt:=i: 
fi: 
RETURN(nt): 

end: 
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### procedure to generate monomials ### 
GenerateMonomial:=proc(exponents) 

local i. mon: 
mon:=1: 
for i from 1 to dim do 

mon:=mon*X[i]~exponents[i]: 
od: 
RETURN(mon): 

end: 

### procedure to generate polynomial ### 
GenPoly:=proc(exponents.begin) 

local i. poly: 
poly:=begin: 
for i from 1 to dim do 

poly:=poly*F[i]~exponents[i] 
od: 
poly:=expand(poly): 
RETURN(poly): 

end: 

### procedure to check module membership ### 
InMod:=proc(possibleg) 

local c.degpg.h.i.j.k.pieces.pieceswcoef.poly.sol.summ. 
summinpg.A.C.MM.Smon: 

degpg:=degree(possibleg.X): 
for i from 1 to nops(G) do 

Smon[i] :=[]: 
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if iquo(degpg-ei[i].di[1])=O then Smon[i]:=[[O $ c=1 .. dim]]: 
else 

fi: 
od: 

for j from 1 to iquo(degpg-ei[i].di[1]) do 
MM:=MonomialPowers(j.dim.[].1): 

od: 

for k from 1 to nops(MM) do 

od: 

if dotprod(di.MM[k])=degpg-ei[i] then 
Smon[i]:=[op(Smon[i]).MM[k]]: 

fi: 

pieces: = [] : 
for i from 1 to nops(G) do 

for j from 1 to nops(Smon[i]) do 
poly: =GenPoly(Smon [i] [j].G[i]): 
pieces:=[op(pieces).poly] : 

od: 
od: 
pieceswcoef : = [] : 
A:=[] : 
for i from 1 to nops(pieces) do 



A:=[op(A) ,a[i]] : 
pieceswcoef:=[op(pieceswcoef),expand(a[i]*pieces[i])]: 

od: 
summ:=convert(pieceswcoef,'+'): 
summinpg:=summ-possibleg: 
summinpg:=collect(summinpg,X,distributed); 
C:={coeffs(summinpg,X)}: 
sol:=solve(C,convert(A,set»: 
if sol=NULL then print(' and we keep it!'): 

G:=[op(G),possibleg]: 
ei:=[op(ei),degree(possibleg,X)]: 
ca:=ca-l: 

fi: 

if ca=O then gcounter:=gcounter+l: 
if gcounter <= nops(degg) then ca:=numg[gcounter] fi: 

fi: 
else 

print(' but it is rejected.'): 

if nops(G)=numofgs then 

fi: 

print('A Cohen-Macaulay basis is ',[op(F),op(G)]): 
lprint([op(F),op(G)]): 
print('Time',time()-tt): 
quit 

RETURN: 
end: 

### procedure to test whether a polynomial (avg) is in the ### 
### radical of the previous flS returns a gbasis ### 
InRadical:=proc(avg) 

local g, u, GB, H, Y: 
g:=l-u*avg: 
Y:=[op(X) ,u]: 
H: = [op(F), g] : 
GB:=gbasis(H,Y): 
RETURN(GB): 

end: 

### procedure to obtain Molien series ### 
### returns rational form of Holien series ### 
Molien : =proc 0 

local i, mf, mg: 
mf:=O: 
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for i from 1 to og do 
mg:=(-l)~dim*det(array(group[i]»/charpoly(array(group[i]),t): 
mf:=mf+mg 

od: 
mf:=simplify(mf/og): 
RETURN (mf) : 

end: 



### procedure to generate exponents ### 
MonomialPowers:=proc(deg,dim,mpow,i) 

local j, m, mpows, H, N, TG: 
if dim =1 then 

pow:=copy(mpow): 
pow[i]:=deg: 
mpows:=[op(pow)]: 
pow:=copy(pow): 

else 
mpows:=[] : 
for m from 0 to deg do 
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pow[i] :=m: 
mpows:=[op(mpows),op(MonomialPowers(deg-m,dim-1,pow,i+1»]: 

od: 
fi: 
H:=[] : 
for j from 1 to nops(mpows) do 

TG[j]:=convert(mpows[j],list): 
H:=[op(H),TG[j]]: 

od: 
N:=sort(H,Sorter): 
RETURN(N): 

end: 

### procedure to normalize ### 
Normalize:=proc(H) 

local d, hm, k, m, p, D, HM: 
D:=[] : 
for i from 1 to nops(H) do 

d[i]:=degree(H[i],X): 
D:= [opeD) ,d[i]]: 

od: 
m:=i1cm(op(D» : 
HM:=[] : 
for i from 1 to nops(H) do 

hm[i]:=expand(H[i]A(m/degree(H[i],X»): 
HM:=[op(HM),hm[i]]: 

od: 
T:=[] : 
for i from 1 to dim do 

k:=randcomb(HM,2): 
p:=k[l]+(-l )A(rand(»*k[2]: 
T: = [op(T) ,p] : 

od; 
RETURN(T): 

end: 

### procedure to sort exponents ### 
Sorter:=proc(a,b) 



local i: 
for i from 1 to dim 

while a[i]=b[i] do next 
od: 
RETURN(evalb(a[i]>b[i]»: 

end: 

########################################################### 
# MAIN PROGRAM # 
########################################################### 

### generate the variable list ### 
X:=['x.i' $ i=l .. dim]: 

### turn variable list into a matrix ### 
v:=transpose(array([X]»: 

for i from 1 to og do 
p[i]:=multiply(array(group[i]).v): 

od: 

# element action on indeterminates # 
S[i] :={}: 
for j from 1 to dim do # forms substitution sets # 

S [i] :=S [i] union {X [j] =p [i] [j .1]}: 
od: 

F:=[] : 

nonzeroavg:=[]: 

### find the free invariants that give us full radical ### 
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for k from 1 to nops(degrees) do # generates exponents of # 
M:=MonomialPowers(degrees[k].dim.[].l): # a particular degree # 
for j from 1 to nops(M) do 

monomial:=GenerateMonomial(M[j]): 
avg:=Average(monomial): 
if avg=O then next 

else 
avg:=avg/leadmon(avg.X.plex)[l]: 

# finds monomial # 
# averages monomial # 
# next j # 

if member(avg.nonzeroavg) then next fi: 
nonzeroavg:=[op(nonzeroavg).avg] : 
print('A possible f '.avg): 

# next j # 

print('Now check whether it's in the radical.'): 
GB:=InRadical(avg): 
if GB=[l] then print('It is ____ C): next # next j # 

else 
print('It is not! We have a new f!'): 
avg:=sort(expand(avg»: 
F:=[op(F).avg]: 
print('The set F so far '.F): 



fi: 

if nops(F)<dim then next # next j # 

fi: 

else 
j:=FullRadical(F): 
if j=nops(H)+l then lastk:=k: 

k:=nops(degrees)+l: 
fi: 

fi: 
od: 

od: 

numfs:=nops(F): 

if numfs=dim then 

fi: 

print('The set F of primary invariants is' F): 
printer and we have the correct number.') 

### throw out unneeded f's ### 
if numfs > dim then 

fi: 

print('The number of f's is more than the dimension.'): 
print('We will try to obtain the correct number.'): 
ctr:=O: 
for i from numfs-l by -1 to 1 do 

TF:=[] : 

od: 

g:=l-u*F[i]: 
Y:=[op(X),u]: 
Fset:=convert(F,set): 
H:=Fset minus {F[i]} union {g}: 
GB:=gbasis(H,Y): 
if GB= [1] then 

ctr:=ctr+l: 
for j from 1 to i-l do 

TF:=[op(TF),F[j]]: 
od: 
for j from i+l to numfs-ctr+l do 

TF:=[op(TF),F[j]] 
od: 
F:=TF: 

fi: 
if numfs-ctr=dim then i:=O fi: 

if nops(F)=dim then 
print('The set F of primary invariants is F): 
printer and we have the correct number.') 

fi: 

### normalization ### 
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if nops(F) > dim then 

fi: 

print('The number of f's is still more than the dimension.'): 
print('We need to normalize.'): 
nt:=O: 
while nt < 1 do 

F:=Normalization(F): 
nt:=FulIRadicalNorm(F): 

od: 

di:=[] : 
for i from 1 to dim do 

di:=[op(di).degree(F[i].X)]: 
od: 
Iprint('The degrees of the fls are',di): 
printO: 
degbound:=convert(di,'+')-dim: 
Iprint('The bound on the degree of a g is',degbound): 
print(): 
numofgs:=(convert(di,'*'»/og: 
Iprint('The number of g's is', numofgs): 
print 0 : 

bot:=l: 
for i from 1 to nops(di) do 

bot:=bot*(l-tA(di[i]» 
od: 

mol:=Molien(); 
polyg:=expand(simplify(bot*mol»; 
degg:=[] : 
numg:=[] : 
for i from 1 to nops([coeffs(polyg)])-l do 

aa:=degree(polyg): 
degg:=[aa,op(degg)]: 
numg:=[lcoeff(polyg),op(numg)]: 
polyg:=polyg-lcoeff(polyg)*tAaa: 

od: 
print(ldegg',degg): 
print('numg',numg): 

if numofgs=l then 

fi: 

print('A Cohen-Macaulay basis is ',[op(F),l]): 
Iprint([op(F),l]): 
print('Time', time()-tt): 
quit 

G: = [1] ; 
ei:=[O] : 
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gcounter:=l: 
ca:=numg[gcounter]: 

newnon:=[]: 
for i from 1 to nops(nonzeroavg) do 

od: 

if member(nonzeroavg[i],F) ~hen next 
else newnon:=[op(newnon),nonzeroavg[i]] 

fi: 

for i from 1 to nops(newnon) do 
if member(degree(newnon[i]),degg) then 

if degree(newnon[i])=degg[gcounter] and ca>O then 
print('A possible g " newnon[i]): 
InMod(newnon[i]): 
fi: 

fi: 
od: 

GbasF:=gbasis(F,X): 

for j from lastj+l to nops(M) do 

od: 

if member(convert(M[j],'+'),degg) then 
monomial:=GenerateMonomial(M[j]): 

fi: 

if degree(monomial)=degg[gcounter] and ca>O then 
for i from 1 to nops(GbasF) do 

od: 

if divide(monomial,leadmon(GbasF[i],X) [2]) 
then i:=nops(GbasF)+l: 

fi: 

if i=nops(GbasF)+2 then # +2 due to Maple # 
# idiosyncracies # next 

fi: 
avg:=Average(monomial): 
if avg=O then next 

fi: 

else 
avg:=avg/leadmon(avg,X,plex)[l]: 
if member(avg,nonzeroavg) then next fi: 
avg:=sort(expand(avg»: 
nonzeroavg:=[op(nonzeroavg),avg]: 

print('A possible g ',avg): 
InMod(avg): 

fi: 

for k from lastk+l to nops(degrees) do 
if degrees[k] > degbound then 
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print('A partial Cohen-Macaulay basis(bound) , , [op(F),op(G)]): 



od: 

print('Time',time()-tt): quit 
fi: 
M:=MonomialPowers(degrees[k],dim,[],l); 
for j from 1 to nops(M) do 

od: 

if member(convert(M[j],'+'),degg) then 
monomial:=GenerateMonomial(M[j]): 

fi: 

if degree(monomial)=degg[gcounter] and ca>O then 
for i from 1 to nops(GbasF) do 

if divide(monomial,leadmon(GbasF[i],X)[2]) 
then i:=nops(GbasF)+l: 

fi: 
od: 
if i=nops(GbasF)+2 then next fi: 
avg:=Average(monomial): 
if avg=O then next 

fi: 

else 
avg:=avg/leadmon(avg,X,plex)[l]: 
if member(avg,nonzeroavg) then next fi: 
avg:=sort(expand(avg»: 
nonzeroavg:=[op(nonzeroavg),avg]: 

print('A possible g ',avg): 
InMod(avg): 

fi: 

newdeg:=[]: 
for i from 1 to nops(degg) do 

od: 

if member(degg[i],degrees) then next 
else newdeg:=[op(newdeg),degg[i]] 

fi: 

for i from 1 to nops(newdeg) do 
if newdeg[i] > degbound then 
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print('A partial Cohen-Macaulay basis(bound)',[op(F),op(G)]): 
print('Time',time()-tt): 
quit 

fi: 
M:=MonomialPowers(newdeg[i],dim.[],l): 
for j from 1 to nops(M) do 

monomial:=GenerateMonomial(M[j]): 
if degree(monomial)=degg[gcounter] and ca>O then 

for k from 1 to nops(GbasF) do 

od: 

if divide(monomial,leadmon(GbasF[k],X)[2]) 
then k:=nops(GbasF)+l: 

fi: 



od: 
od: 

if k=nops(GbasF)+2 then next fi: 
avg:=Average(monomial): 
if avg=O then next 

fi: 

else 
avg:=avg/leadmon(avg.X.plex)[1]: 
if member(avg.nonzeroavg) then next fi: 
avg:=sort(expand(avg»: 
nonzeroavg:=[op(nonzeroavg).avg]: 

print('A possible g '.avg): 
InMod(avg): 

fi: 

print('A partial Cohen-Macaulay basis'. [op(F).op(G)]); 

print('Time'.time()-tt): 

quit; 
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Warning: new 
Warning: new 
Warning: new 
Warning: new 

APPENDIX D: Sample of Output From CMbasis 

Finding a Cohen-Macaulay basis for a 

4-dimensional representation of c2xc4. 

definition for 
definition for 
definition for 
definition for 

degrees 

norm 
trace 
combine 
fibonacci 
.- [1, 2, 3, 4, 5, 

2 
A possible f , xl 

6, 7, 8] 

Now check whether it's in the radical. 

Now 

Now 

It is not! We have a new f! 

2 
The set F so far , [xl] 

A possible f , xl x2 

check whether it's in the radical. 

It is ----

2 
A possible f , x2 

check whether it's in the radical. 

It is not! We have a new f! 

2 2 
The set F so far , [xl , x2 ] 

2 
A possible f , x3 

2 
+ x4 

Now check whether it's in the radical. 

It is not! We have a new f! 

222 
The set F so far , [xl , x2 , x3 

4 

2 
+ x4 ] 
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A possible f • xl 

Now check whether it's in the radical. 

It is ----

3 
A possible f • xl x2 

Now check whether it's in the radical. 

It is ----

2 2 
A possible f • xl x2 

Now check whether it's in the radical. 

It is 

2 2 2 2 
A possible f • xl x3 + xl x4 

Now check whether it's in the radical. 

It is ----

3 
A possible f • xl x2 

Now check whether it's in the radical. 

It is 

2 2 
A possible f • xl x2 x3 + xl x2 x4 

Now check whether it's in the radical. 

It is ----

4 
A possible f • x2 

Now check whether it's in the radical. 

It is ----
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2 2 2 2 
A possible f ,x2 x3 + x2 x4 

Now check whether it's in the radical. 

It is 

4 4 
A possible f ,x3 + x4 

Now check whether it's in the radical. 

It is not! We have a new f! 

2 2 2 2 4 4 
The set F so far , [xi , x2 ,x3 + x4 , x3 + x4 ] 

Checking whether we have full radical 

We do! 

The set F of primary invariants is, 

2 2 2 2 4 4 
[xi , x2 ,x3 + x4 ,x3 + x4 ] 

and we have the correct number. 

The degrees of the fls are [2, 2, 2, 4] 

The bound on the degree of a g is 6 

The number of g's is 4 

4 
t + 1 

mol := -----------------
4 

(t - 1) 
4 

(t + 1) 

246 
polyg := 1 + t + t + t 

degg, [2, 4, 6] 

numg, [1, 1, 1] 
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G := [1] 

A possible g • xl x2 

and we keep it! 

4 
A possible g • xl 

but it is rejected. 

. 3 
A possible g • xl x2 

but it is rejected. 

2 2 
A possible g • xl x2 

but it is rejected. 

2 2 2 2 
A possible g • xl x3 + xl x4 

but it is rejected. 

3 
A possible g • xl x2 

but it is rejected. 

2 2 
A possible g • xl x2 x3 + xl x2 x4 

but it is rejected. 

4 
A possible g • x2 

but it is rejected. 

2 2 2 2 
A possible g • x2 x3 + x2 x4 

but it is rejected. 

3 3 
A possible g • x3 x4 - x3 x4 

and we keep it! 
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3 3 
A possible g , xl x2 x3 x4 - xl x2 x3 x4 

and we keep it! 

A Cohen-Macaulay basis is , 

222 
[xl , x2 , x3 

2 4 
+ x4 , x3 

4 
+ x4 , 1, xl x2, 

3 3 3 3 
x3 x4 - x3 x4 ,xl x2 x3 x4 - xl x2 x3 x4 ] 

[xl**2, x2**2, x3**2+x4**2, x3**4+x4**4, 1, xl*x2, 
x3**3*x4-x3*x4**3, xl*x2*x3**3*x4-xl*x2*x3*x4**3] 

Time, 17.084 
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