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ABSTRACT 

Keywords: bifurcation, phytoplankton, singular perturbation, 
water quality models, ecological models, catastrophe th2ory, 
nonstandard analysis, continuation method 

Dynamical systems theory and bifurcation are used to analyze 

some simple models of nutrient limited phytoplankton growth. The 

models are restricted to batch culture type conditions allowing the 

use of a mass balance constraint. Two popular models from the 

literature, the Michaelis-Menton-Monod or M3 model, and the Droop 

internal nutrient model are analyzed and found to yield unreasonable 

predictions for certain ambient environmental conditions. The M3 

model predicts that the population size becomes unbounded at 

equilibrium for certain values of the parameters. The Droop model 

predicts that the amount of nutrient left over during a nutrient 

uptake experiment would be very small, regardless of how large the 

initial external nutrient concentration is. 

Numerical comparisons of data with the predictions from both 

models demonstrate that the conditions for unreasonable behavior could 

occur both in cultures and in natural aquatic ecosystems. In the 

Droop model, the nutrient uptake process is modelled using singular 

perturbation, since it is experimentally observed to be faster than 

growth. The predicted time to uptake equilibrium using the singularly 

perturbed equations matches well with observed data, even though the 

x 
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Droop model, the nutrient uptake process is modelled using singular 

perturbation, since it is experimentally observed to be faster than 

growth. The predicted time to uptake equilibrium using the singularly 

perturbed equations matches well with observed data, even though the 

predicted nutrient concentration at uptake equilibrium is several 

orders of magnitude off. 

Two specific enzyme mechanisms for nutrient transport are 

proposed as alternatives to current models. The models differ in the 

assumptions made about how the backflow reaction with the enzymes 

responsible for transport proceeds. A nutrient uptake equation for 

each model is derived directly from the enzyme kinetics, while the 

equation for growth in population size is taken from the Droop 

model. The dynamics of both models are analyzed, treating the 

nutrient uptake equations with the singular perturbation assumption. 

The simple model predicts that the external nutrient concentration at 

uptake equilibrium should be a constant percentage of the internal 

concentration, while in the inhibition uptake model, the population 

size could exhibit relaxation type oscillations during the batch 

culture steady state. Qualitative evidence supporting both models is 

discussed. 

Applications of these models to water quality simulation and 

implications for theoretical ecology are discussed. 



CHAPTER 1 

THE PHILOSOPHICAL PARADIGM 

Introduction 

Differential equation models of aquatic ecosystems have been 

particularly useful for predicting the response of phytoplankton 

populations in lakes to pollution inputs, typically point source 

sewage and nonpoint source groundwater contamination or phosphate and 

nitrate polluted runoff from agriculture. The model predictions are 

obtained numerically as rough biomass sizes for the entire 

phytoplankton populati.on. The predictions are then used for designing 

pollution control projects like sewage treatment plants. Much effort 

is devoted to including as many state variables as possible and to 

modelling the hydrodynamics of the lake very accurately. The models 

may consist of from five to twenty partial or ordinary differential 

equations. Biological parameters for the models are taken from the 

phytoplankton ecology literature. Verification is generally 

accomplished by visually matching the synthetic time series trajectory 

against actual data, although recently more comprehensive approaches 

to parameter selection and verification have been proposed (Fedra, ~ 

al., 1980. Examples of the state of the art can be found in DiToro, 

1 
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et. al., (1971), DiToro, et. al. (1977), Chen and Orlob (1973), van 

Straten and Somloyody (1980), Bierman (1976), and DePinto, et. al., 

(1976) • 

On the other side of the spectrum, increasingly sophisticated 

mathematical techniques have been applied to general theoretical 

models of ecological systems. Here the emphasis has been on one, two, 

or, at most, three state variable non-linear systems, often including 

diffusion or other spatial effects. The changes in the long term 

qualitative dynamical behavior of the systems are of interest. The 

models themselves are usually formulated very generally, embodying 

ecological principles which are common to a wide variety of 

ecosystems. Because the number of state variables is small, 

techniques from dynamical systems theory and bifurcation theory can be 

used to predict what kinds of long term population patterns will 

develop. Qualitative characteristics of experimental data are 

sometimes examined to determine whether or not the predictions of the 

analysis are physically realized. Some examples from the recent 

li terature include May (1974), Hirsc.h and Smale (1974), Fife (1979), 

Waltman, et. al. (1980), and Adachi and Ikeda (1978). 

In any real aquatic ecosystem, the physical and chemical 

conditions in the pond or lake will change, as a growing season 

progresses, or over a period of several years, as natural and man-made 

changes 

addition, 

occur in the watershed surrounding the water body. In 

lakes with physically and chemically different watersheds 
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will have different physical and chemical water quality conditions. 

In the model, these physical-chemical changes will be reflected as 

changes in the parameters. If a model is to be applied to a wide 

variety of lakes under a wide variety of physical and chemical 

conditions, then the qualitiative behavior of the model should be 

biologically realistic for all values of the parameters within the 

range for which the model is expected to be applied. 

Such parameter changes can lead to the appearance or 

disappearance of new equilibrium solutions, or other types of long 

term qualitative behavior, and to changes in the stability of old 

ones. The predictions of a model for which such bifurcating solutions 

are biologically unrealistic will be of little value for engineering 

applications. The primary purpose of this work is to examine the 

biological core of most large scale aquatic ecosystem models-nutrient 

limited phytoplankton growth-for these types of changes, using the 

qualitative approach of theoretical ecology and dynamical systems 

theory. Wherever pOSSible, the changes are related to the biological 

behavior of phytoplankton cultures or actual aquatic ecosystems. By 

this means, those models which could produce unreliable predictions 

for certain values of the parameters may be identified and more 

accurate models may be formulated. 

The Philosophical Paradigm 

The philosophical paradigm of 

bifurcation analysis is adopted in 

dynamical systems theory and 

this work to examine some 



4 

phytoplankton growth models, and to analyze two new models, based on 

biophysical characteristics of phytoplankton ce11s. Assumptions of 

this paradigm are: 

1) Nutrient limited phytoplankton growth can be modelled as a 

system of first order, autonomous, nonlinear ordinary 

differential equations, parameterized by a parameter vector. 

Both the state variable vector and the parameter vector should 

be of generally low dimension. 

2) While the transient behavior of the model may be important to 

particular applications, the qualitative equilibrium or long 

term dynamical behavior is the primary object of study. The 

qualitative long term behavior may influence what the 

transient behavior is locally, since the orbits associated 

with a parti~ular system may tend to stable equilibria, stable 

limit cycles, or other attractor sets, if the initial 

conditions are within the basins of attraction for these 

attractor sets. 

3) Parameter changes can be mapped back onto the phytoplankton 

culture or water body being modelled to explain changes in 

certain qualitative features of phytoplankton growth 

dynamics. For example, a parameter corresponding to 

phytoplankton respiration may change gradually over the 

growing season, as the temperature changes, so that, in 
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September or October, a particular species may be unable to 

survive because the respiration rate is too low. 

The above assumptions imply that inputs and outputs must be 

either constant in time or varying very slowly, so they can be treated 

as bifurcation parameters. In this case, the dynamical system formed 

by the differential equations has essentially left the transient phase 

by the time the input or output parameter changes significantly. The 

qualitative long term dynamical behavior will then be the dominant 

dynamical mode. In addition, the autonomous assumption may also hold 

over shorter periods in water bodies which have "faster" input-output 

interfaces with the surrounding ecosystems. 

Scope of the Work 

The models examined in this work will consist of one or two 

state variable, autonomous differential equations. The emphasis will 

be on batch type cultures and lakes in which nutrient from outside the 

system is being added considerably more slowly than the development of 

the dynamics. The nutrient mass in these systems will be recycled, so 

a mass balance constraint will hold. This is in contrast to the bulk 

of the literature on aquatic ecosystem modelling, which uses a 

continuous stirred tank reactor or chemos tat approximation, where no 

nutrient is recycled. The present generation of phytoplankton growth 

models is based on a phenomenological fit of data from chemostat 

experiments, rather than on a detailed investigation of the nutrient 
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uptake physiology in phytoplankton. An alternative model will be 

proposed here, based on a mechanistic treatment of nutrient uptake 

dynamics. 

The tools used in the analysis, to be discussed in Chapter 2, 

are dynamical systems theory, nonstandard analysis, and catastrophe or 

singularity theory. In certain of the models, the difference in time 

scale between the phytoplankton's nutritional and reproductive 

physiology is large enough so that the state variables evolve on 

different tine scales. The result is a singular perturbation problem, 

in which the derivative of one state variable is multiplied by a small 

constant. Although there are a number of ways to treat such problems 

analytically, the traditional method of matched inner and outer 

expansions tends to be unnecessarily complicated for ordinary 

differential equations, where the flow geometry is nice. Instead, 

nonstandard analysis and state space portrait techniques are used to 

examine the geonetry of the resulting slow-fast flows. Catastrophe 

theory then simplifies the description of the geometric changes in the 

associated slow manifolds which occur as parameters change. 

In Chapter 2, sone of the biological and mathematical concepts 

to be discussed and used in the following chapters are presented in 

more detail. Chapter 3 is about the Michaelis-Menten-Monod model for 

phytoplankton growth under external nutrient limitation, which is the 

most widely used biological component of large scale aquatic ecosystem 

models, and, briefly, with the Droop model for growth under internal 
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nutrient limitation. The Droop model is examined more closely in 

Chapter 4. It is shown that both the Michaelis~enten~onod model and 

the Droop model, collectively called the phenomenological models, have 

some shortcomings. In Chapter 5, two alternative models for nutrient 

uptake and growth, the simple uptake and the inhibition uptake models, 

henceforth collectively called the mechanistic models, will be 

formulated based on two separate enzyme mechanisms for nutrient 

uptake, Each of these models will be analytically examined in the 

subsequent two chapters, the simple uptake model 'in Chapter 6 and the 

inhibition uptake model in Chapter 7, where the qualitative dynamical 

behavior of each will be developed. Data from the literature on 

phytoplankton growth in batch culture and nutrient uptake will also be 

examined for qualitative dynamical evidence supporting the mechanistic 

models. Finally, Chapter 8 will discuss implications of the 

mechanistic models for water quality modelling and theoretical ecology 

in general. 



CHAPTER 2 

BIOLOGICAL AND MATHEMATICAL PRELIMINARIES 

Introduction 

Several ideas and facts from the phytoplankton nutrition and 

ecology literature, as well as from dynamical systems theory, 

nonstandard analysis, and catastrophe theory will: be required in the 

main body of this work. Although these facts can all be found 

elsewhere, it seems best to summarize them here, to avoid having to 

reference them constantly. A general familiarity with the basis of 

dynamical systems theory and some analysis (existence and uniqueness 

of solutions to the initial value problem. implicit function theorem, 

the concepts of invariance and a and w limit sets, for example) 

will, however, be assumed. A good reference on dynamical systems 

theory is Hirsch and Smale (1974), and Apostol (1974) is a good source 

for standard analysis. Fogg (1975) has much basic information on 

phytoplankton ecology, both in culture and in the wild. 

roughly 

Experimental 

divided into 

Biological Preliminaries 

approaches to phytoplankton nutrition can be 

two categories: batch culture techniques and 

continuous culture techniques. These two types of experiment have 

been the main tools for investigating nutrient limited phytoplankton 

growth in the laboratory. 

8 
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Batch culture refers to the situation in which a large, closed 

flask is filled with a nutrient rich solution and the solution is 

innoculated with a small amount of phytoplankton. The phytoplankton 

are then provided with light and carbon dioxide or air, so that the 

only limiting factor for phytoplankton growth is nutrient. The 

population exhibits three growth "phases" (Fogg, 1975). 

1) Lag phase: Typically growth does not occur immediately as the 

phytoplankton are inoculated into the culture. There is 

generally a short pause from several hours to a day, depending 

on the physiological condition of the inoculated 

phytoplankton, during which the enzymes necessary for growth 

are synthesized and the internal store of nutrient within the 

cells is replenished. During this phase, there is little or 

no growth in phytoplankton cell numbers. 

2) Log or exponential phase: During this period, phytoplankton 

growth is approximately exponential in time. Nutrient levels 

within the culture are gradually depleted, as the 

phytoplankton convert external nutrient into stored internal 

nutrient and cell material. This growth phase is considered 

generic or typical. It is the most studied growth phase, in 

terms of the biochemical processes occurring within the cell. 

3) Stationary phase: After the external nutrient in the culture 

has been exhausted, the phytoplankton cease to grow 

exponentially. What occurs then is dependent on the species 
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of phytoplankton and amount of nutrient within the culture. 

Some phytoplankton populations remain at the maximum 

population level indefinitely, while others gradually decrease 

in size or oscillate slightly. This phase is the least 

studied experimentally. 

In batch culture, the total amount of nutrient within the 

system is constant for such mineral nutrients as nitrogen and 

phosphorous, and for organic nutrients like vitamin B12 in cultures of 

phytoplankton which cannot synthesize them. Carbon, of course, will 

be added to the culture through photosynthesis. In blue-green algae, 

some species are capable of fixing nitrogen from the air. This 

nutrient conservation condition is one of the important differences 

between batch culture and continuous culture. 

Batch type cultures are also used to study nutrient uptake in 

phytoplankton 

growth. If 

over shorter tire periods than are required for cell 

phytoplankton from the log phase are incubated with 

nutrient and samples are taken every several minutes, increases or 

decreases in the internal nutrient concentration can be observed as 

the external concentration changes. Typically, very little cell 

growth occurs during the short periods over which such experiments are 

conducted. The effect of different factors on nutrient uptake can 

then be investigated. Since no nutrient is being added to the culture 

after the start of the experiment, the total nutrient concentration-
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external plus the total internal pool of the algae-must be constant. 

Phytoplankton grown first in continuous culture are more often used in 

nutrient uptake experiments than those grown in batch culture. 

Batch cultures fell out of favor for studying phytoplankton 

nutrition during the mid 1960's. Since that time, the literature has 

been dominated by reports of algal growth in continuous culture. 

Continuous cultures are run using a device called a constant flow 

chemostat. A chemostat is basically a large glass vessel with an 

input and an output port. A solution of phytoplankton cells in log 

phase is maintained wi thin the vessel by adding nutrient medium at a 

particular rate, called the dilution rate, and removing phytoplankton 

cells and used medium at the same rate. After an initial 

equilibration period, the population size will remain constant and the 

phytoplankton specific growth rate will equal the input or dilution 

rate (Rhee, 1980). 

There are several advantages of this method over batch 

culture. The internal physiology of the phytoplankton can be 

maintained at a specific, predefined level by supplying nutrient at a 

particular rate. The influence of various nutrient concentrations in 

the incoming medium on the specific growth rate of the phytoplankton 

can be determined very accurately, since the growth rate of the 

phytoplankton will synchronize with the incoming nutrient rate. The 

specific growth rate of the phytoplankton can thus be determined very 

accurately. 
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2.2a 

2.2b 

These properties will stand here without proof, although Property 2.2a 

is self-evident from the existence and uniqueness theorems for the 

ini tia1 value problem associate d wi th 2. 1. A proof of 2. 2b, of ten 

called the semi-group property, can be found in Hirsch and Smale 

(1974). 

~t(x) defines a set of integral curves through every point in 

the state space. The right hand side of Eq. 2.1 defines a vector 

field on~. For each x £ ~, f(x) will be a vector, tangent to ~t(x) 

at x. By examining the vector field in Eq. 2.1, especially around 

equilibrium points, ~t(x) can be filled in, and a qualitative idea of 

the dynamical system's behavior for an ensemble of initial conditions 

can be gained. This technique is especially useful for systems with 

two state variables and is called the state or phase portrait 

technique. 

Equilibrium points, xe ' are such that: 

2.3a 

¥ t £ JR.1 2.3b 
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One of the disadvantages of continuous culture is that only 

dilution rates within a certain range can be investigated. If the 

dilution rate is increased too far, the phytoplankton tend to be 

washed out of the chemostat, while if the dilution rate is too low, 

the phytoplankton enter the stationary phase and begin exhibiting 

"cryptic" growth-dying, releasing nutrient, and growing on this 

recycled nutrient rather than exclusively on the nutrient input. Only 

the log phase of phytoplankton growth can be successfully investigated 

with the chemos tat. 

Dynamical Systems Theory 

A useful tool for understanding the ensemble behavior of 

nonlinear differential equation systems is the state or phase portrait 

(Hirsch and Smale, 1974). Given an autonomous differential equation 

system: 

X' = f(x) x e: ~ f 2.1 

and f is smooth, associated with the equation system is a mapping 

~ : m,n xU'" JRIl, u c m,1. This mapping is called the flow of the 

system, is written ~(t,x) or ft(x), and is a solution to the 

differential equation in Eq. 2.1. For the rest of this work, it will 

be assumed that ~ is defined for all t e: m,1, i.e., that U = m,1. The 

flow has two basic properties: 
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A solution with x(O) = xe will remain there for all time. One of the 

first steps in geometrically determining the state portrait is to find 

the equilibrium points for Eq. 2.1. This may be a nontrivial task, 

since it will involve solving the system of nonlinear equations in Eq. 

2.3a. 

The flow around equilibrium points can be determined by 

linearizing the system in Eq. 2.1. Let Dxf Ix be the Jacobian matrix 
e 

of f evalc.ated at xe: 

D fl x x 
e 

2.4 

If /)'x is a small perturbation away from xe ' then !-.x will 

evolve according to the locally linearized dynamics: 

/),x' = A!J.x 2.5 

An equilibrium point, xe ' is said to be locally stable if, for every 

neighborhood, W, of xe ' there is a neighborhood U C W, containing 

xe ' such that ~t (x) £ W for x £ U and for all t £ ]Rl. If, in 

addition, then is said to be locally 

asymptotically stable. An equilibrium point is unstable if it is not 

stable. 
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Let { O'i' i = 1, ••• ,n} be the set of eigenvalues for the 

matrix A. Then, if the O'i all have nonzero real parts, Liapunov's 

first theorem on stability (see Hirsch and Smale, 1974, for proof) 

states that the asymptotic stability of the equilibrium point can 

often be determined by examining the signs of the real parts for the 

O'i. If all the O'i have negative real parts, then xe will be 

asymptotically stable, while if any of the O'i has a positive real 

part, xe will be unstable. 

The different local linear flows defined by Eq. 2.5 can be 

further classified by the number and type of eigenvalues which come in 

complex conjugate pairs or which have positive or negative real 

parts. In Fig. 1, the local linear flows on JR2 are drawn for the 

s table case. If both eigenvalues are real and have the same sign, 

then the equilibirum point is a ~. Fig. 1 shows what the flow 

would look like if the signs of the eigenvalues are both negative. If 

the signs were positive, the directions of the arrows in the figure 

would be reversed. If the eigenvalues come in complex conjugate pairs 

and the real parts of the eigenvalues are negative, the equilibrium is 

a spiral sink, as shown in Fig. 1. If the signs of the real parts are 

positive, then xe is called a spiral source. When both eigenvalues 

are real but of opposite sign, xe will be a saddle and the flow will 

look like Fig. 1. Finally, if both eigenvalues are on the imaginary 

axis, then the linea r flow will look like Fig. 1, and xe is calle d a 

center. In the nonlinear case, however, the stability of a system 
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wi th eigenvalues on the imaginary axis cannot be determined from the 

linearization and higher derivatives must be investigated. 

Let x £ nf, y £ ~, m ~ n, and define the set: 

M c { (x,y) I fi(x) C Yi' i = 1, ••• ,m } 2.6 

If the fi are smooth, then M defines a smooth manifold. A manifold 

is thus a higher dimensional analog of a smooth curve or surface. The 

concept of a manifold will be useful on several occasions in the 

following chapters. 

One such use is in the stable-unstable manifold theorem. The 

stable-unstable manifold theorem (Kelly, 1967) proves the existence of 

local invariant manifolds tangent at xe to the eigenspaces spanned by 

the eigenvectors associated with the eigenvalues having negative and 

pos:f.tive real parts, respectively. On the stable manifold, the flow 

approaches xe as t approaches infinity while on the unstable manifold, 

the flow retreats from xe. Thus, the flow around an equilibrium point 

with eigenvalues having nonzero real parts can be separated out into 

asymptotically stable and unstable parts. Such a flow is calle d 

hyperbolic (Hirsch and Smale, 1974) and is generic or typical, in the 

sense that, if a small perturbation is added to a hyperbolic flow, the 

resulting flow will also be hyperbolic. 

Nonhyperbolic flows occur when the real parts of one or more 

eigenvalues becom:! zero. Tangent to the eigenspace spanned by the 
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eigenvectors associated with these eigenvalues is a (nonunique) 

invariant center manifold (Marsden and McCracken, 1976). 

Eigenvalues with zero real parts are associated with 

bifurcation phenomena. If f is dependent on a parameter, then Eq. 2.2 

becomes: 

x' c f(x, A) 2.7 

The equilibria will now depend on A and will be solutions, X(A), to: 

f(x,)..) = 0 

Eq. 2.5 becomes: 

~x' = Df()..)Ix ~x = A()")~x 
e 

2.8 

2.9 

The eigenvalues of A will now be dependent on')' and changes in 

A can cause the real parts of one or more eigenvalues to change 

sign. In such a case, the character of the stability for the 

linearized flow around xe will change. 

The simplest case occurs when xe:]Rl, AE:]Rl, f : ]Rl x ]Rl +]Rl 

and A()..) = O(A) c 
a fO) 

ax The center manifold at xe will be one 

dimensional (I.e., a curve) in ]Rl x ]Rl. If a f(A)1 = 0 
ax (x, A ) , 

e e 
for 
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a f(A)1 some particular Ae' but ax (X.A) t- 0, then (Xe,Ae ) is called 
e e 

a turning or ~ point. These will be discussed in the Section 5. 

If, howeve r , a f(A) I -
aA (X,A) - 0, and the following inequality holds: 

e e 

2.10 

2 2 . 
with at least a f(A)1 t- 0 and a f(A)1 t- 0 then xe 

aXaA (x ,A ) ~ 2 (X,A) , 
e e aX e e 

will be a double point (Iooss and Joseph. 1980). Two distinct curves 

of equilibrium solutions, X(A), will pass through (Xe,Ae ) in ]Rl x 

]RI. As A is varied through the double point, the stability of the 

equilibrium curves will change. If the double point occurs when two 

equilibrium points coalesce, exchange stability, then break apart, the 

phenomenon is known as an exchange of stability. Both fold and double 

points are called bifurcation points, since, for any neighborhood 

N ~]Rl x ]RI, (Xe,Ae ) E N, no matter how small, the solution to f(x,A) = 

o will be multivalued for some fixed A. 

The other types of bifurcation phenomena encountered in this 

work occur as the appearance and disappearance of fold points embedded 

in a particular manifold associate a with flows which have drastically 

different characteristic equilibration times. The next two sections 

will treat this topic. 
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Nonstandard Analysis 

If one of the right hand side functions in Eq. 2.7 has a much 

larger time constant than the others, the time constant can be 

factored out and both sides of the equation can be divided by it to 

form the following system: 

x' = f(x,y,A) 2.11a 

€y' = g(x,y,~,€) 2.11b 

where x € JItl, y € JRIi, A € m.k, ~ € JRR. with A, € and ~ are parameters. 

This system constitutes a singular perturbation problem, since the 

left hand side of Eq. 2.11b is multiplied by a small parameter. 

Setting the right hand side of Eq. 2.11b to zero gives: 

g(x,y,~,€) = 0 2.12a 

The flow ~t(x,y) associated with Eqs. 2.11 is called a slow-fast flow 

and the set: 

M = { (x,y,~) I g(x,y,~,€) = 0 } 2.12b 

given by Eqs. 2.12 is called the slow manifold. 
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One of the conceptually mos t simple means of dealing wi th 

slow-fast flows seems to be nonstandard analysis (Lutz and Goze, 1982; 

Davis, 1977). Nonstandard analysis was developed by Abraham Robinson 

(Robinson, 1974) to give rigor to the old notion of infinitesimals, 

originally introduced by Leibniz in his version of differential and 

integral calculus. In the nonstandard universe, two types of objects 

a re admit te d that a re no t membe rs of the se t of real numbe rs : the 

infinitesimals, which are greater than zero but smaller than any 

positive real number, and the infinites, which are greater than any 

positive real number. While all proofs using nonstandard analysis can 

be rephrased in standard language, the nonstandard proofs are 

sometimes simpler. 

An example is the application to slow-fast flows in this 

work. Standard language would talk of a family of flows, 

parameterized bye, with the limiting behavior being approximated more 

closely by standard solutions as e tends to zero, but which still does 

not exist for e finitely small. Approaching from the other direction, 

if e is equal to zero, the system in Eq. 2.10 degenerates into a 

constrained system. The state variable vector, (x,y), is confined to 

the slow manifold. If, however, e is allowed to be infinitesimal, the 

resulting limiting behavior can be discussed more directly (Diener and 

Poston, 1982). 

Fig. 2 illustrates the geometry of a slow-fast flow in the 

vicinity of the slow manifold. The slow-fast flow associated with 
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Eqs. 2.11 will consist of two components: the fast foliation and the 

slow flow. The fast foliation for Eqs. 2.11 is in the y direction and 

will be perpendicular to the standard part, or shadow of the slow 

manifold, denoted sh(M) and formed by letting € = 0 in 

Eq. 2.12b: 

g(x,y,).J,O) = 0 2.13 

with (x,y) finite. The y component of the vector field will be of 

1 order e' or infinite, outside the halo, or set of points infinitely 

near, sh(M). Therefore, the system will tend toward equilibrium in 

the y direction in infinitesimal time. 

Once ~t(x,y) is within the halo of the slow manifold, it will 

be said to be "on" the slow manifol d. Within this infinitesimal tube, 

the vector field in the y direction will become infinitesimal and the 

slow flow will develop in finite time. Portions of sh(M) to which the 

fast foliation are attracted are called attractors while portions away 

from which the fast foliation moves are repellors. Note that sh(M) is 

not itself an orbit, since the flow can cross it, nor is it treated as 

an invariant manifold of equilibrium points, as other methods of 

treating singularly perturbed problems do (Fenichel, 1982) (see Fig. 

2). 

By making the approximation € = 0 as in Eq. 2. 13, one can 

assume the fast equation is at equilibrium and the y variable can be 
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eliminated adiabatically (Haken, 1978) from Eq. 2.11a, provided Eq. 

2.13 can be solved for y as a function of x and ll, as Y(X,ll). This 

will be possible by the implicit function theorem (Apostol, 1974), if 

there are no points where the derivative of g with respect to y is 

zero on the slow mainfold. At such points, the slow flow can leave 

the halo of sh(M) and reenter the fast foliation, equilibrating back 

onto the slow mainfold at some point far away from where it left, or 

become unbounded, if the slow manifold doesn't "catch" the flow 

again. Fig. 3 demonstrates the relationship between the fast 

foliation and the slow flow in ]R2, where the geometry is particularly 

clear cut. The stars mark points where the flow leaves the halo of 

sh(M), as described above. The limit cycle formed by· the slow flow 

and the two portions of the fast foliation where ~t(x) leaves the halo 

of sh(M), reenters the fast foliation, then returns to the halo of 

sh(M) is called a relaxation oscillation (Lutz and Goze, 1982). 

In the present context, nonstandard analysis will be used 

primarily to formalize thinking about slow-fast flows and to provide a 

language for talking about them very precisely, rather than for 

detailed proofs. Most of the nonstandard dynamics described in this 

work, though foreign to the aquatic ecosystem modelling literature, is 

well known in the mathematical and physical literature, where the 

proofs can be found (wtz and Goze, 1982). In a few places, however, 

nonstandard techniques will be important in proofs. For example, it 

provides a convenient method of changing co-ordinates to blow up a 
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particular part of the state plane, or shrink it down for a closer 

look at the dynamics. In addition, the nonstandard language carries 

over well into engine,ering, since it can be shown that, whatever is 

true for e: .... 0 (read "epsilon infinitesimal"), is also true for e: 

small enough (Lutz and Goze, 1982). 

Catastrophe Theory 

Denoting sh(M) in Eq. 2.12b as: 

sh(M) = { (x,y,~) I g(x,y,~) = 0 } 2.14 

the geometry of sh(M) will change as the parameter ~ is varied. 

Catastrophe theory (Poston and Steward, 1978) is the primary tool used 

in this work for examining these changes. Catastrophe theory has 

chiefly been associated with sudden changes in the number and type of 

minima for a parameterized potential function caused by changes in the 

parameter values. However, it is also possible to use catastrophe 

theory to study how the zeros of a parameterized function, such as 

g in Eq. 2.14, change. In (Stewart, 1976), this approach was applied 

to an "equation of state" for a stirred tank chemical reactor. 

Let f(x,A) be a mapping f:m.l x ]Rn + ]Rl, x e: ]Rl, A e: m.n, n < 

5. The geometry of the set of zeros of f: 

s = { (X,A) : f(X,A) = 0 } 2.15 

will be of interest; in particular, how the geometry changes as A is 



varied over some domain. 

The implicit function theorem (Apostol, 1974) asserts that 

if 
a f 
ax S will be locally 

expressible as a single valued function of >.., S :: x(>..). Such points 

are called simple. The implicit function theorem can be generalized 

to the case of a vector valued mapping, f :~ + ~, in which case the 

derivative criterion becomes the nonsingularity of the Jacobian 

matrix. 

Points xf for which: 

2.16 

are called fold points. Such points are also called singular points 

or singularities of the mapping, or bifurcation points, as mentioned 

in the previous section. The set of all values of >.. € ~ for which 

(Xf;>") are fold points is called the bifurcation set: 

B = { >.. I f (xf ,>..) = 0, a f I :: 0 } ax X
f 

2.17 

If >.. € m.1, then Thom's classification theorem (Poston and Stewart, 

1978) asserts that isolated fold points will be the highest type of 

singularity which can generically occur. This me~ns tha t, for a 
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typi cal ma pping t f t f rom a one pa rame te r f ami ly t the re will be no 

and higher partial derivatives 

vanish at the same time. If higher singularities occur t then some 

symmetry condition or other outside constraint might be operating. 

If t however t f is parameterized by more than one parameter t 

the bifurcation set and the set of fold points will take the form of a 

curve (n = 2)t a surface (n = 3) or some higher dimensional analog 

(n > 3). Note that the bifurcation set will not be a smooth manifold t 

since it will be a proje ction from JR.I x JR.n down into mn t and may have 

points of self intersection forbidden to a smooth manifold. 

Fig. 4 illustrates t for A € JR.2 t what the bifurcation set t fold 

curvet and zero or catastrophe manifold might look like. Note that t 

as the parameter A crosses the bifurcation set in A space t the 

geometry of S will change sharply. For A to the right of Bt f has two 

zeros t while t if A is to the left of Bt F has no zeros. 

For n > It higher singularities will occur if higher 

derivatives vanish simultaneously. For the functions considered here, 

a2f 
the next highest singularity, where -- vanishes along with the 

ax 2 

first derivative and the function t is the highest type of singularity 

encountered. Such points are called cusp points. The canoni cal 

example of a function with a cusp point is the cusp catastrophe: 

x3 + ax + b = 0 2.18 
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A graph of the cusp manifold S and the bifurcation set B 

in JR.l x JR.2 is shown in Fig. 5. The cusp shaped bifurcation set is the 

characteristic "signature" of a cusp point, which occurs at the sharp 

tip of the bifurcation set. For a < 0, a cross section of the 

manifold with b constant will have two fold points, while for a ) 0, 

there will be no embedded fold points, as shown in the figure. 

As in the case of the fold, if n = 2, then the cusp points 

will be isolated in JR.l x ]R2, while, if n ) 2, curves or higher 

dimensional sets of cusp points can be expected. In the 

classification of Arnold (Arnold, 1981), a singularity for which the 

k-lst and all lower derivatives of f vanish is called an Ak 

singularity, and, in order for an Ak singularity to occur generically, 

f must be parameterized by at least k-l parameters. Lower Ak 

singularities will occur as curves and surfaces of points, locally 

organized by the higher singularities in a manner similar to the way 

in which the cusp point and fold curve occur in Fig. 5. 

Applications of catastrophe theory to ecological modelling in 

general and water quality modelling in particular are reviewed in 

Kempf (1980a) and Kempf and van Straten (1980b), respectively. 

The Continuation Method 

An important aspect of studyIng slow-fast flows is to find the 

geometry of their slow manifolds, particularly the location of the 

fold points and the attractive and repulsive sections of the slow 

manifold. In some cases, this may be possible analytically; however, 
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if the slow manifold equation in Eq. 2.13 becomes sufficiently 

complicated algebraically, numerical methods must be used. The 

problem of plotting the graph of g(x,y,J,l,O) = 0 in Eq. 2.13 can be 

solved by using the continuation method of Kubicek (Kubicek, 1976; 

Kernevez, 1980). 

To use the continuation method, the slow variable, x, is 

treated as a parameter and the parameter vector, J,l is held constant. 

The solution, y(x, J,l), is parametrized by the arc length, s, along the 

curve from a known initial point, so numerical solutions are sought to 

the problem: 

g(x(s), y(s), J,l) = 0 y(O) = YO x(O) = xo 2.19 

Differentiating Eq. 2.19 provides a means of determining the 

tangent vector to the curve: 

\~ x' (s) + \; y' (s) = 0 2.20 

where the prime here denotes differentiation with respect to s. 

By the definition of arc length, the following constraint must 

be added to Eq. 2.20: 

2.21 
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Finding a solution corresponds to finding the solution to a 

system of two ordinary differential equations in s for x' (8) and 

y'(s). If !Ji * 0 , the following equation can be solved: ay 

!Ji z = ay 
a g -ax 

and since: 

y'(s) = x'(s)z 

x'(s) can be found from: 

2.22 

2.23 

2.24 

Two solutions for 2.24 will exist, depending on the direction 

in which the curve is traced. An initial direction at (xO'YO) can be 

chosen and continued until the curve encounters a fold point, where 

a g 
ay is zero. At these points, the role of the parameter can be 

switched to y so that the partial is not zero, and the direction can 

be changed, to continue tracing the curve around the fold. 

The above method can also be used when y and g are vectors 

by simply using Dyg, the Jacobian of g, in place of 
a g 
ay . 

Singularity of Dyg then becomes the criterion for a fold point, and 

one of the y can be selected to be the parameter. Fu1l pivoting 
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applied to the (n x n+l) matrix [D g : ~] 
y ax will select the 

independent variable effectively, as detailed in Kubicek (1976). This 

extension is useful when one of the constant parameters, lJ, is varied 

and another function, a a; = 0, is added. The contiuation method 

will then give the fold curve for the slow manifold. 

With x'(s) and y'(s) at hand, the system can be integrated 

using an Adams-Bashforth (Kubicek, 1976) routine of maximal order 4 

'" '" to yield the predicted point, (x,y). The step length and order of 

integration are reduced empirically when the independent variable is 

changed, so that the predicted point does not move too far away from 

the curve. The predicted point is then corrected by a Newton 

iteration of the type: 

Yo = Y 2.25 

If the number of Newton corrections necessary to achieve a 

certain error tolerance is less than three, the step size in the 

predictor step is increased up to some maximum. Fig. 6 summarizes the 

predictor-corrector nature of the Kubicek continuation algorithm. 

Summary 

The mathematical and biological ideas discussed in this 

chapter serve as the foundation for the anlaysis of phytoplankton 

growth models in the following chapters. The two types of biological 

experiment, the batch culture and the constant flow chemos tat, provide 
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data in support of the various models. Dynamical systems theory and 

nonstandard analysis are useful for describing the dynamical behavior 

of regular and slow-fast flows, respectively, while catastrophe theory 

helps describe the geometry of the slow manifold associated with a 

slow-fast flow. Finally, the Kubicek method of continuation can be 

used to trace the slow manifol d, whenever the algebraic form of the 

functions involved requires numerical analysis. 



CHAPTER 3 

A CRITIQUE OF MICHAELIS-MENTON-MONOD 

Introduction 

The Michaelis~enton~onod (M3) model has been widely accepted 

as the basis for the phytoplankton component in large scale ecosystem 

simulations (DiToro et. a!., 1971; Chen and OrIob, 1973; DiToro et. 

al., 1977; DiToro, 1980). However, very little critical thinking has 

accompanie d its appli ca tion. With the exception of Jannas ch ( 1974) , 

who wrote about the need for caution when applying the M3 model in 

ecological contexts, most authors have accepted the basic premises of 

the M3 model and the chemost~t steady state as being applicable to a 

wide variety of aquatic ecosystems. 

The M3 model originated as a mechanistic description of enzyme 

kinetics for certain types of enzymes (Michaelis and Menten, 1913). 

Nobel laureate Jaques Monod (Monod, 1942) noted that data on the 

specific growth rate of bacteria as a function of the medium nutrient 

concentration could be phenomonologically fit by the M3 model. 

DiToro, et. al. (1971) proposed using the M3 model for phyto

plankton. Recent experimental data, indicating that the intracellular 

nutrient concentration is the primary factor in nutrient limited 

phytoplankton growth rather than the medium concentration (Droop, 

1968; Caperon and Meyer, 1972; Droop, 1973a, Gotham and Rhee, 1981a, 

1981b) has caused a reevaluation of the M3·s usefulness, however. 

37 
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Droop (Droop, 1968, 1978a, 1978b) has formulated a model based on 

internal nutrient concentration. Both the M3 and the Droop models 

were developed using chemos tat experiments. 

Mathematical Formulation of the M3 and Droop Models 

Monod originally proposed that the specific growth rate of 

bacteria could be modelled as the difference between the gross growth 

rate and the death or respiration rate: 

~ = ~x = (G - R)x 3.1 

with x being the bacterial population size, ~ the specific growth 

rate, G the gross growth rate, and R the respiration rate. 

From his observations on bacterial growth in continuous 

culture, Monod suggested a simple, data fitting mathematical function 

to describe G: 

3.2 

where ~m is the maximum growth rate, n is the concentration of growth 

limiting nutrient in the medium, and Kn is the nutrient concentration 

at which growth rate is half 11m· ~ is sometimes called the 

Michaelis constant. 

In Fig. 7, the rectangular hyperbola formed when G is plotted 

against n is shown. 



G Cn) 

P-m 

I 
'2Jl-m 

------------------------------

Kn n 

Figure 7. Plot of G vs. n for Eq. 3.2. 
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Based on the data of Ketchum (1939), M3 kinetics were 

suggested by DiToro, et. a1. (1971) as appropriate for phytoplankton 

growth in aquatic ecosystem models. The rate equation for 

phytoplankton population size increase becomes: 

dp = lJP 
dt 

where p is the phytoplankton population size, and: 

is the specific growth rate of the phytoplankton. 

3.3 

Meanwhile, Droop (1968, 1973a, 1973b) demonstrated in a series 

of experiments on vitamin B12 limited growth in Monochrysis lutheri 

that the B12 limited growth rate is not directly dependent on the 

medium concentration of the limiting nutri~nt but rather on the amount 

of limiting nutrient within the phytoplankton cells. Droop proposed 

the following model for the specific growth rate as a function of the 

internal nutrient concentration: 

3.4 

where q is the concentration of nutrient within the phytoplankton 

cell (cell quota), and qo is the subsistence quota. 
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The parameter qo was interpreted by Droop as the internal 

nut:t"ient level at which growth ceased and which was necessary to 

maintain the cell's metabolic machinery in good order. In Fig. 8, Eq. 

3.4 is plotted. Notice that, for q < qo, G is less than zero at which 

point the population s,ize would begin to decrease. 
t, 

From data on vitamin B12 uptake, Droop proposed that the M3 

saturation function in Fig. 7 be used for the specific nutrient uptake 

equation. Rewriting Eq. 3.2 gives: 

dq vmn 
dt = K tn - pq 

n 
3.5 

with vm being the maximum specific uptake rate, and ~ the half 

saturation constant for uptake. The pq term in Eq. 3.5 originates 

from a "thinning out" of the per cell nutrient concentration as more 

cells are added. 

Other workers established that similar results held for 

nitrate (Caperon, 1968) and phosphate (Fuhs, 1969), and proposed the 

addition of various modifications to Eq. 3.4 and Eq. 3.5. Indeed, as 

early as 1955, Thomas and Krause (1955) demonstrated that algae grown 

in nitrate limited batch culture would continue growing for a while if 

removed from the culture and placed in nitrateless medium. The 

ability of phytoplankton to store phosphates and use them later for 

growth, a pheonomenon called "luxury" or "surplus" consumption, has 

been part of the literature 0'0 phytoplankton nutrition for some time 

• 
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lL(q) 

ILm -------------------------------

q 

Figure 8. Plot of ~ vs. q for Eq. 3.4. 



(Kuhl, 1974) • 
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In fact, DiToro, et. a1. (1977) obtained experimental 

results confirming luxury uptake for phosphate, but chose to retain 

the simple M3 model. They reasoned that large lakes and.estuaries are 

closer to the chemos tat equilibrium at which, they felt, luxury uptake 

and internal storage would be less important. 

DiToro (1980) demonstrated that the Droop model, when applied 

to the chemostat at steady state, gave results similar to those of the 

external M3 model. The model equations which DiToro used were: 

dp = lJP -.P.... 3.6a dt to 

dq v n K m .--L.- 3.6b dt = K+n lJq K+q n q 

dn -vmnp Kq (Si -S) 
3.6c = • + at R+n Kq+q to n 

where to is the retention time of the chemos tat, Si is the 

concentration of the inflowing nutrient, and Kq is the inhibition 

constant. Here, lJ has the form given in 3.4 with 1 R =-
to 

being the 

chemos tat dilution rate. The extra factor in the nutrient uptake 

function, Eq. 3.6b and 3.6c, reflects the inhibiting effect of 

internal nutrient on uptake, which was experimentally observed for 

phosphate (Rhee, 1973). 
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By using data from the literature and a perturbation argument, 

DiToro established that the equilibration time for nutrient uptake was 

one half to one eighth that of changes in population size. He 

suggested that the uptake equation could be assumed to be at 

equilibrium. Experimentally, uptake is observed to saturate at 

anywhere from an hour to several hours depending on the nutrient 

(Rhee, 1980), which is considerably faster than the saturation time 

for growth. DiToro also observed that, assuming uptake equilibrium 

and a chemos tat type environment, the trajectories of an externally 

limited vs. an internally limited phytoplankton model had a difference 

of less than ten percent. DiToro suggested that the externally 

limited M3 model would be the better choice for the phytoplankton 

component of a large scale ecosystem model, if the chemostat steady 

state is a valid approximation. 

Biological Critique 

The basis of the contention that the M3 model realistically 

represents phytoplankton growth in an aquatic ecosystem rests on the 

assumption that the steady state condition of the chemostat is a good 

approximation to conditions experienced by phytoplankton in lakes and 

ponds. In fact, for certain types of water bodies or nutrient 

conditions, a batch culture may be a more appropriate model. 

The chemos tat steady state is maintained by supplying a 

constant inflow of nutrient and harvesting the excess algal growth, so 

that the internal nutrient concentration of the phytoplankton, the 
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phytoplankton biomass, and the external nutrient concentration are all 

constant. The chemos tat thus 

phytoplankton at a rigorously 

provides 

defined 

an ideal way to maintain 

nutritional level in the 

logistic or exponential phase of the growth curve. If, howeve r, 

phytoplankton are removed from a chemos tat and allowed to increase in 

numbers until their internal nutrient concentration is exhausted, a 

quite different type of population results. The final population size 

is often far higher than that of the chemostat steady state, and the 

cellular composition of the population is quite different (Bienfang, 

1975). 

A phytoplankton population which has exhausted its external 

and internal nutrient supply is essentially at ecological equilibrium, 

since the carrying capacity or maximum number of organisms the 

environment can physically support (May, 1974) has been reached. 

Individual organisms may reproduce and die but any nutrient released 

into the medium by dying algal cells is quickly taken up by the 

remaining cells and re-used. Since the population essentially has no 

growth potential left, this ecological steady state is quite distinct 

from the chemos tat steady state. 

Several authors (Barica, 1975; Thomann et. al., 1975; Bierman, 

1976) have noted the importance of recycled nutrient in the growth and 

succession of algal species in lakes and ponds. Particularly in lakes 

with long turnover times (Hutchinson, 1957) or in lakes which stratify 

during the summer months t inflows and outflows to the epilimnon tend 
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to be restricted; so that, by midsummer, practically all the nutrient 

used by the phytoplankton is either recycled, or, in the case of 

ammonia,comes from organic fixation. The chemostat approximation is 

unable to account for nutrient recycling, since the chemos tat steady 

state breaks down at the low dilution rates where nutrient recycling 

becomes important. 

In fact, as Fig. 9 shows, simulations which use the M3 model 

often underestimate phytoplankton growth in midsummer if the water 

body is enclosed and not well mixed (DiToro et. a!., 1977). These 

cases tend also to be of particular engineering or economic 

interest. Indeed, the purpose of developing a large scale aquatic 

ecosystem model is often to check what types of water pollution 

abatement measures will result in decreases in the phytoplankton 

biomass or improvements in the species composition. 

Similarly, in extremely eutrophic lakes, the large amount of 

nutrient available for algal growth makes conditions more accurately 

approximated by . a batch culture than a chemostat. The modelling of 

algal species transitions, especially the green to blue-green 

eutrophic transition, might also be influenced by the above 

considerations. Such transitions often occur when the initial species 

has exhausted the external nutrient supply from the spring upturn, so 

that the physiological condition of the phytoplankton cells may be 

better approximated by a batch culture in stationary phase than a 

chemos tat in steady state. 
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Figure 9. Chlorophyll Plots for a Large Scale Aquatic Ecosystem 
Model of San Francisco Bay. 
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The solid line is the predicted chlorophyll concentration 
and the dots are observed data. 
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·Bifurcation Behavior of· the M3 Model 

As mentioned above, since some lakes may be better modelled as 

batch cultures, it seems appropriate that the M3 model be studied 

under the nutrient conservation condition which holds in batch 

cultures. Hallam (1978) examined a three component mass balanced 

aquatic ecosystem model, including state variables for zooplankton 

predators, phytoplankton prey, and external nutrient. The specific 

growth rate of the phytoplankton component was the M3 model. A mass 

balance constraint was added to simulate conditions in a batch type 

culture. 

The flow of the resulting three equation system, plus 

constraint, was examined for various biologically realistic values of 

the parameters. For certain parameter values, the model displayed two 

saddle equilibria, with the unstable manifold of one saddle connected 

to the stab.le manifold of the other. Such "saddle connections" can be 

destroyed by arbitrarily small perturbations to the flow, and are 

therefore structurally unstable (Guckenheimer, 1979). 

~ithout predation, the two state variable, phytoplankton

nutrient M3 system with mass balance becomes: 

dp llmnp 
- Rp dt = i<-tn 3.7a 

n 

dn -cllmnp 
+ cRp dt R+n 3.7b 

n 
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n + cp = ~ 3.7c 

where ~m' n, p, Ku, and R are the same as in Eqa. 3.2 and 3.3. 

Here c is the fraction of the phytoplankton cell .which is nutrient 

mass, and nr is the total nutrient in the ecosystem or culture. 

Note that mass will be conserved in Eqs. 3.7, since: 

~+dn=o 
C1t Tt 3.8 

The mass balance constraint in Eq. 3.7c can be solved for n 

and substituted into Eq. 3.7a, reducing the system to a single 

equation in one state variable: 

dp _ ~m(nT-cp)p 

dt - Kn+ (nT-cp) 
- Rp 3.8 

A similar situation occurs in interconnected R-L-C electrical 

circuits, where Ohm's and Kirchoff's Laws act as contraints (Hirsch 

and Smale, 1974). 

The following substitutions will render the variables in Eq. 
KnP 

3.8 dimensionless: p = ---, T = ~ t. The resulting equation is: c m 

dP (NT-P)P 
-/3P == g(P,N

T
,/3) 3.9 -= 

dT l+(NT-P) 

with NT 
n t and /3 

R 
=- =-K ~m n 



50 

Equilibria can be found by setting Eq. 3.9 to zero and solving 

for P as a function of the parameters. The result will be: 

EO = { p I P=O } 3.10 

As long as e F 1, there will be two equilibrium points, given 

by EO and El in 3.10. If e = 1, Eq. 3.9 becomes: 

dP _ -P 
CIT - ..... i"":"+7"'l:( NO;-T--=P .... ) 3.11 

and only EO remains. 

The stability of the equilibria can be determined by examining 

the sign of a a~ at EO and E1• \~ will be given by: 

+ 3.12 

At EO' the derivative will be: 

NT 
- e e * 1 

a g _ ( l+N
T

) 
3.13 --ap - -1 

l+NT 
e = 1 



So EO will be stable if 8 c lor, in general, if 

NT 
If l+N c 8 or, 

T 
solving for NT in terms of 
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~ will be zero and a bifurcation point will occur. The following 

theorem establishes the character of the bifurcation. 

THEOREM 1. Le t 8 be fixed and NT C l~a. Then the equilibria 

in Eq. 3.10 will undergo an exchange of stability bifurcation 

as NT varies. The stabilities of EO and El on both sides of 

the bifurcation point are given in Table 1 along with the sign 

of E 1. 

PROOF: 

3.10 yields: 

Substituting NT = __ 8_ in the expression for El in Eq. 1-8 

El = { pip = 0 } 3.14 

The two equilibria will coalesce at the bifurcation point, which is 

one criterion for an exchange of stability bifurcation. 

Since NT is the bifurcation. parameter, the derivative with 

respect to NT must be checked, to be sure it is zero. This derivative 

will be given by: 



NT> 

Table 1. Changes in Stability of Equilibria for Eq. 3.9. 

8 
1-8 

a < 1 

EO stable 

E1 unstable 

E1 > 0 

EO unstable 

E1 stable 

E1 < 0 

a > 1 

EO unstable 

E1 stable 

E1 > 0 

EO stable 

E1 unstable 

E1 < 0 
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a g = 
aNT 

P 
(l+N '-P) 

T 

(NT-P)P 

(l+NT-P) 2 

Substituting P = 0 in Eq. 3.15 gives: 

a g - 0 aN:' -
T 
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3.15 

3.16 

The bifurcation point will therefore be a double point, as defined in 

Chapter 2, if the second derivative conditions hold. 

The second derivative conditions, given in Eq. 2.10 and the 

text thereafte r, must also be checke d. The second partials of g 

will be given by: 

a 2g -2P 
:: 

aN 2 
T ( l+NT-P) 3 

a 2g 1 
:: 

(l+NT-P) apa NT 

N -2P 
T 

~ -
N -3P T 
( l+NT-P) 

- ~ 3.17a 

3.17b 

+ 2(NT-P)P ~ 
(l+NT-P) 2 

3.17c 

When evaluated at B = (P,NT) :: a (0, I-a) , Eqs. 3.17 give: 

2 
= -2(1-a) 

B 
3.18a 



... 2 
a g 

aN 2 
T 

= 0 
B 

As long as a 1= 1, the nonze ro conditions on 
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3.18b 

3.18c 

and 

are fulfilled. The inequality condition in Eq. 2.10 can be 

checked and gives: 

3.19 

which, again, will be true as long as a 1= 1. The conditions for an 

exchange of stability bifurcation are therefore fulfilled. 

The stabilities in Table 1 can be established by the following 

argument. For: 

3.20 

EO will be stable and therefore, by the exchange of stability theorem 

(looss and Joseph, 1980), El will be unstable. If e > 1, then the 

inequality in 3.20 can be solved for NT to give a 
NT > M' while 
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if e < 1, the opposite inequality results. Thus the stabilities are 

as shown in the table. 

The sign of El will depend on the value of NT· If 

NT = e + r-e e: , e: > 0, e: ..... 0, substituting for NT in the expression 

for El in 3.10 gives: 

3.21 

where PE is the value of P at the El equilibrium point. So El will 
1 

e be positive if NT > 1-e and negative if the opposite inequality 

holds, as shown in Table 1. 

The bifurcation diagram in Fig. 10 summarizes the stability 

characteristics for the exchange of stability bifurcation in (P ,NT) 

space, with e constant. The flow diagram in Fig. 11 illustrates the 

flows in m1 for various values of the parameters. 

* * * * 

Discussion and Summary 

From an ecological standpoint, the above development is 

unsettling. If e < 1, then the El equilibrium will be positive and 

unstable, as shown in Table 1. If P(O) > PE ' the population would 
1 

grow infinitely large, while if the opposite inequality holds, the 

population would die off, as shown in Fig. 11. The existence of a 
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----- unstable branch 
3 Figure 10. Bifurcation Diagram in (P,NT) Space for M Model. 
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threshold value for P(O), above which P(T) grows and below which P(T) 

dies is not in itself unreasonable. However, the fact that the model 

predicts the population size will become unbounded asymptotically, if 

P(O) ) PE ' certainly is. 
1 

The relationship between the ecological parameters which would 

generate this kind of behavior in the model can be found by 

substituting for the normalized parameters in 3.20. The resul ting 

expression is: 

3.22 

In temperate zone lakes, n.r ranges between 0-200 lJg/l for 

phosphorous, 0-460 lJg/l for nitrogen, and 0-78 x 104 lJg/l for silica 

(Hutchinson, 1957). ~ has been measured for various species and 

ranges between 0.3-1.5 lJg/1 for phosphorous, 0.42-4.2 lJg/1 for 

nitrogen, and 20-130 lJg/1 for silica. Similarly, ranges on lJm for the 

three most important aquatic nutrients are 0.63-1.3/day for 

phosphorous, 1.15-3.0/day for nitrogen, and 0.77-2.15/day for silica 

(DiToro, 1980). The respiration rate, R, is less well characterized 

experimentally; however, a range that seems reasonable and has been 

widely used is 0.01-0.75/day (Fedra, 1980). 

Taking n.r at the lower end of the ranges and the midrange 

values for the parameters, both sides of the expression in 3.22 can be 

calculated. The results of the calculation are displayed in Table 2. 



Table 2. Values in Inequality 3.22 for Selected Parameter 

Values. 

Variable P N Si 

~ (llg/1) 0.90 2.31 75. 

llm(/day) 0.96 2.08 1.46 

R (/day) 0.38 0.38 0.38 

~ (llg/1) 1. 10. 100. 

nT 
1.11 4.33 1.33 

K n 

R 0.65 0.22 0.35 
II -R m 
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Clearly, as the table shows, the inequality holds for the midrange 

parameter values. The parameter ranges given above for }.1m and R 

also indicate that the inequality for 8 is fulfilled for at least 

part of the parameter range, since 8 < 1 means that 

R < }.1m' The relationship between the ecological parameters for 

unsatisfactory behavior in a batch type model is therefol~ not 

ecologically impossible and may occur in the course of simulating a 

pond or lake with little nutrient flux. 

The above critique suggests the need for a different approach 

to modelling nutrient limited phytoplankton growth. Since it is 

possible for conditions within the same water body to approximate a 

chemos tat during part of the growing season and a batch culture at 

other times and since the observed variation in environmental 

conditions among different water bodies is great enough to accommodate 

both the chemostat and the batch culture as models, the model of 

phytoplankton growth embedded in any large scale water quality model 

should be independent of assumptions about the similarity between the 

modelled water body and the particular experimental apparatus used to 

derive the phytoplankton growth equations. 

The M3 model is so strongly bound to the chemos tat assumption 

that it might be expected to give inaccurate estimates of the 

phytoplankton population size in well enclosed water bodies with 

little or no nutrient flux and low mixing during the summer months. 

These conditions are approximated by those found in batch culture. The 
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H3 model predicts an unbounded equilibrium population size, when the 

initial phytoplankton population is above the threshold, the total 

nutrient concentration is high enough, and the respiration rate is 

less than the maximal growth rate. Such conditions are possible for 

poorly mixed eutrophic lakes in summer, suggesting that the M3 model 

may be inadequate for this type of water body. 

Although the Droop internal nutrient model was also formulated 

under the chemostat assumption, the physiological dependence of 

phytoplankton growth on the internal rather than the external nutrient 

concentration was incorporated into the model. The Droop model may 

therefore be a better predictor of phytoplankton growth under batch 

type conditions. The topic of the next chapter will be a stability 

and bifurcation investigation of the Droop internal nutrient model. 



CHAPTER 4 

STABILITY OF THE CLOSED SYSTEM INTERNAL NUTRIENT MODEL 

Introduction 

In the previous chapter, the M3 model was shown to display 

dynamically unsatisfactory behavior for aquatic ecosyst~ms in which 

nutrient recycling is important. In this chapter, a stability 

analysis of the Droop internal nutrient model (Droop, 1968, 1973a, 

1973b) is undertaken for the same types of systems in which the M3 

model performed poorly. If the phytoplankton-nutrient system is open 

and chemostat conditions prevail, previous results (DiToro, 1980) have 

shown that dynamic behavior of the internal nutrient model is similar 

to the external M3 model. The equilibrium biomass is controlled by 

the dilution rate and the concentration of the inflowing nutrient, as 

in the chemos tat. 

In the closed system or mass balance case, which is 

experimentally equivalent to a batch culture, the three state equation 

system (phytoplankton-external nutrient-internal nutrient) reduces to 

a two equation system (phytoplankton-internal nutrient), as in Chapter 

3. In addition, a singularly perturbed version of the Droop model 

will be reduced by adiabatic elimination (Haken, 1978) of the internal 

nutrient variable to the logistic equation for 

population i~ a limited environment (May, 1974). 

62 

the growth of a 

The singularly 
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perturbed version arises through consideration of experimental 

observations which indicate that the time to uptake equilibrium is 

often much smaller than that to growth equilibrium (Rhee, 1980). An 

estimate on the time to uptake equilibrium and the amount of nutrient 

remaining in the medium will be derived from the singularly perturbed 

model and compared with similar estimates obtained from experirental 

obse rva tions. 

ASymptotic Behavior of the Mass Balanced 
Internal Nutrient Model 

The equation system which will be examined in this section is 

the basic Droop internal nutrient model: 

d qo 
...E. = \.I (1 - -)p = \.Ip dt m q 

d v n 
....9.. = _m_ - l1q 
dt K +n 

n 

n + qp :: nT 

All variables and parameters are as presented in Chapter 3. 

4.1a 

4.lb 

4.1c 

4.1d 

Eqs. 4.1 arise from Eqs. 3.6, the chemostat version of the 

internal nutrient model, by setting to to infinity and ignoring 

variation in the uptake rate with q. The first change stems from the 
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closed system assumption; since, in a closed system, the lake 

retention time or chemostat residence time becomes extremely large. 

The second change serves to simplify the system for analysis and leave 

it in the form originally proposed by Droop (1968). Here, internal 

nutrient, q, is in mass per cell, external nutrient, n, in 

concentration, and phytoplankton, p, in number of cells. 

To facilitate the analysis, it is helpful if all variables and 

parameters are rendered dimensionless, so quantities are at the same 

order of magnitute (Fife, 1979). In addition, as in Eqs. 3.7, Eq. 

4.1c can be dropped, since the mass conservation condition makes it 
q qop n 

redundant. Letting Q = -- , P = ~ , N = if'" 
qo n n 

4.1 become: 

dP 1 dT = (1 - Q )P = f 1(Q,P) 

dQ = ~ - (Q - 1) 
dT l+N 

N + QP = NT 

with 
vm 

and NT 
nT 

a =-- =-
llmqO K n 

and T = II t m ' Eqs. 

4.2a 

4.2b 

4.2c 

Eqs. 4.2 can be expressed entirely in terms of Q and P by 

dQ 
dT 

solving Eq. 4.2c for N and substituting. The new equation for 

will be: 
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4.2d 

The fixed points and zero sets of Eqs. 4.2 can be found in the 

usual way, by setting the right hand sides to zero. The zero sets or 

isoclines of the system in 4.2 will be given by: 

A = { (P,Q) I dP o } = { (P,Q) I p=o or Q=1 } d. - 4.3a 

r ::: { (P,Q) I dQ = 0 } ::: rep, Q) 
a(NT-QP) 

-Q+1=O d. l+NT-QP 
4.3b 

Equilibrium points will be: 

The following theorem establishes the local stability of EO 

THEOREM 1: EO will be a saddle (hyperbolic) point and El will 

be a stable node. The stable manifold of EO will be the Q 

axis, while the unstable manifold will be tangent to 
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~. 
2 . 

-(NT+1) (NT+1+a) 

a«a+l)NT+l) ) 
at EO' The state portrait for Eqs. 4.2 is shown in Fig. 12. 

PROOF: Differentiating the right hand sides of Eq. 4.2 gives 

the Jacobian: 

1 P 
1 - Q Q2 

Df = 4.4 
-aQ -aP - 1 

g(p,Q)2 g(p,Q)2 

with: 

g(P,Q) = 1 + NT - QP 

At EO' the Jacobian will have the value: 

a 0 
NT+I 

Dfl = a«a+l)NT+l) -1 4.5a 
EO 

(1+N
T

)3 



Eo 

Q 

p 

a(NT- QP) 
I+N

T
- QP -Q + 1= 0 

-- NT=QP 

.'., .... 

Q = I 

.... ..... .... .... .... ..... - .-._._._.-. 

Figure 12. State Portrait for Eqs. 4.2. 
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Since Eq. 4.5a is a 2 x 2 matrix, the following identities can 

be used to determine the eigenvalues: 

t r M ::: A 1 + A 2 de t M ::: AI· A 2 

For Eq. 4.5, these identities yield: 

tr DflEo ::: __ <X_ - 1 NT+l 

from which the eigenvalues can be deduced as: 

, _ <X 
1\1 - N:+T 

T 
A2 ::: -1 

<X 
- N

T
+l 

4.5b 

Since the eigenvalues of EO are real and of opposite sign, it 

must be a saddle, as stated. 

At E1, the Jacobian will be: 

4.6a 

from which the eigenvalues are: 
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4.6b 

so E1 must be a stable node, as stated. 

In addition, no changes in stability for EO and E1 will occur 

as a and NT vary, since both a and NT must be nonnegative. 

The eigenvectors of the Jacobian at EO can be similarly 

calculated. The stable eigenspace is spanned by (0,1) as can be seen 

by looking at Eqs. 4.2. For P = 0, the Q axis is invariant under the 

flow in the P direction and the flow in the Q direction will be 

positive, if Q(O) is above the fixed point and negative, if Q(O) is 

below it, so the Q axis must be the stable manifold. Calculating the 

eigenvector for A2' the stable eigenvalue, in Eq. 4.Sb also gives the 

result. Similarly, if the eigenvector for Al is calculated, the result 

cited in the theorem is obtained. By the unstable manifold theorem 

(Kelly, 1967), the unstable manifold will be tangent to the vector 

associated with the unstable eigenvalue. 

* * * * 
The mass balance constraint will set an upper limit on the 

size of the product QP in the (P, Q) s ta te plane. In fact, QP = NT 

will be invariant, as the following lemma establishes. 

LEMMA 2: The set Sl = { (P,Q) I QP = NT } with (P,Q) finite 

will be invariant and therefore will consist of orbits of Eq. 

4.2. 
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PROOF: Let X = QP. Then the derivative of X with respect 

to l' will be: 

4.7a 

4.7b 

Eq. 4.7b represents how much QP changes along the set 81, 

If X == NT' then, as can be seen from Eq. 4.7b, dX 
d1' = 0 • . By 

the Fundamental Theorem of Calculus, X cannot change. 

therefore be invariant. 

* * * * 

Finally the size of the domain of attraction for E 1 can be 

estimated. 

THEOREM 3: Define the following sets: 

8 = { (P, Q) I QP ~ NT' 0 ~ Q ~ K l' P) 0 } 

Bl = { (P,Q) I P=O } 

B2 = { (P,Q) I QP = NT } 



71 

with Kl » 1 but arbitrary. Then S will be positively 

invariant. All orbits with initial conditions in S\B1 will be 

asymptotically approach EO' Fig. 13 illustrates the flow 

geometry on S. 

PROOF: As previously established, Bl will be the stable 

manifold for the saddle at EO' Therefore, by the stable manifold 

theorem (Kelly, 1967), Bl will be invariant and EO will be the w limit 

set of points with initial conditions in Bl' 

It was also established in the lemma that B2 is invariant. 

This implies that no orbits with initial condi tions in S \ (B 1 U B 2) 

can leave S through Bl or B2 , since no orbit can enter an invariant 

set. The only possibilities for trajectories to escape S are through 

the boundaries Q 0: 0 or Q = Kl' Checking the vector field on these 

boundaries gives: 

For Q 0: 0 

dP 
dT 0: -k, k infinite 

dQ aNT 
-=-+ 1 
dT l+NT 

so ~~ is negative infinite and dQ> 0 
dT • 

For Q = K1: 



Q 

p 

- NT=QP 
dP _ 

---dT- O 

dQ _._._-= 0 
dT 

'. , 

Figure 13. Vector Field on S\(B
1 

U B2 ) for Eqs. 4.2. 
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* = (1 - i/p 
". P 

so dP dQ err> 0, dT « O. Therefore, the vector field will be pointing 

inward on these two boundaries and the flow cannot escape through them 

either. 

A flow contained within a closed, boundeci set must go 

somewhere. Possible candidates for the w limit set of orbits in S are 

EO, E l' or one or more stable limit cycles, U ~ S\B 1. But EO is a 

saddle, whose stable manifold is not an element of S\B I , so EO can be 

eliminated. 

The only remaining candidates are EI and U. By the Poincare'

Bendixson Theorem (and consequences thereof) (Hirsch and Smale, 1974), 

if there are any limit cycles, U, in S\B I and U encloses an open set 

W, then W must contain an equilibrium point. The only equilibirum 

point in S\B I is EI • But EI is on the boundary, BI , of S, so any 

limit cycle with EI e: W would have to cross outside of S. This 

contradicts the invariance of S. Therefore, the w limit set of orbits 

with initial conditions in S\BI will be in EI • 

* * * * 
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A Slow-Fast Mass Balanced Internal Nutrient Model 

The experimental evidence indicates that uptake often 

equilibrates much faster than growth. The maximum growth rate, Pm' in 

Eqs. 4.1 is usually on the order of 1.5 /day for a variety of species 

and nutrients, while the maximum uptake rate normalized by the 

subsistence quota, ranges from 11.8 to 181.0 /day (DiToro, 

1980) • In experiments on nitrate uptake, uptake equilibrium was 

achieved in about an hour (Caperon and Meyer, 1972; DeMarche eta a1., 

1979) while growth equilibrium in batch culture may take 4 days to a 

week or more (Fogg, 1975). Here, uptake equilibrium is defined as the 

state of the system in which the nutrient uptake rate of the 

phytoplankton cells is infinitesimal. 

This difference in time scales will be reflected in the 

normalized constant a. The value of a should be at least an order of 

magnitude greater than one. If both sides of Eq. 4.2d are divided by 

a, the system in 4.2 becomes; 

dP = (1 _ '!')P 
C1T Q 

4.8a 

e: ...., 0 4.8b 

with 1 e:,..-
a 

The dynamics of Eqs. 4.8 will separate out into a fast 

foliation an.d a slow flow, as discussed in Chapter 2. The shadow of 



the slow manifold for Eqs. 4.8 is given by QP == 

halo of the slow manifold, the uptake term, 
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NT' Once within the 
N -QP 

T will be l+N
T

-QP , 

infinitesimal and the slow flow will move along the slow manifold 

under the influence of Eq. 4.8a and the -~q term in Eq. 4.8b until the 

equilibrium point at E1 is reached. The state space portrait for such 

a Slo~l-fast flow is shown in Fig. 14. 

If both Q(O) and p(O) are restri.cted to finite (i.e. 

noninfinitesimal) values, an equation for the slow flow can be found 

by solving for Q on the slow manifold and eliminating Q from Eq. 4.8a 

(Haken, 1978). The resulting equation will be: 

dP I 
dT QP==~ 

P = (I - -)P 
NT 

Eq. 4.9 will be t rue if the impli ci t function theorem 

for all (P,Q) on the slow manifold. Substituting QP == NT in 

from Eq.·4.4 yields: 

4.9 

holds 
a f 2 
--aq-

4.10 

which indicates that is nowhe re ze ro. 
a f 2 

Since ~ on the slow 

manifold is nowhere zero, the implicit function theorem will be valid 

everywhere, and no fold points can occur. This implies that the flow 

will stay within the halo of the slow manifold once uptake eqilibrium 

is achieved. 



Q 

p 

---- Q = , 
r 

Figure 14. Slow-Fast Flow for Eqs. 4.8. 

76 



77 

Eq. 4.9 is the logistic equation for growth of a population in 

a limited environment (May, 1974). In this case, the environmental 

carrying capacity is determined by the total nutrient in the system. 

The equilibrium behavior is well known. For P(O) ) NT' the population 

size decreases to NT' while for P(O) < NT' the population size 

increases toward NT" As shown in Fig. 14, this is the behavior of 

P(T) on the slow mainfold. 

If the restriction of P(O) and Q(O) to finite values is 

removed, the nonstandard slow manifold, f(Q,P,e:) in Eq. 4.8b rather 

than just its shadow must be studied. Using just the shadow for 

nonfinite P( 0) and Q( 0), it is possible to conclude from the state 

plane diagram that the flow of Eqs. 4.8 for P(O) - 0 might become 

unbounded in the Q direction in finite time, since the shadow of the 

slow manifold is asymptotic to the Q axis. In Fig. 14, the fast 

foliation for points near the Q axis appears to become unbounded. 

From the full nonstandard equations, however, it is shown that 

this is not the case. A stretching change of scale in the P direction 

and a shrinking change in the Q direction brings the region where P is 

infinitesimal and Q is infinite into the state plane. The resulting 

system is shown to return to the finite (p,Q) plane in infinite 

time. In engineering terms, this implies that the predicted values of 

(P,Q) are bounded asymptotically. 
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THEOREM 4: Let e:P = P and Q = e:Q, so P is infinitesimal 

- -when P is finite and Q is infinite when Q is finite. Then the 

flow from the new system formed from Eqs. 4.8 (in Eqs. 4.11 

below) will return to the finite (P,Q) plane in time 

proportional to In 
1 - . e: 

PROOF: Making the variable change in Eqs. 4.8 results in the 

system: 

dP [1 - £~] P 4.11a (it-

4.11b 

The nonstandard vector field formed by Eqs. 4.11 is infinitesimally 

close to its shadow (lntz and Goze, 1982), so the shadow can be 

studied for noninfinitesimal (P,Q). The shadow system is: 

dP 
CIT = p 4.12a 

4.12b 
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In the (P,Q) state space, the flow is standard (i.e. not 

slow-fast) and can be studied as such. The equilibrium point for Eqs. 

4.12 is: 

The linearization at E is: 

Df I E = 
o 

-1 

for which the characteristic equation is: 

).2 - 1 = 0 

yielding eigenvalues; 

). = ± 1 

4.14 

4.15 

4.16 
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Thus E is a saddle point. By the stable-unstable manifold 

theorem (Kelly, 1967), the stable manifold will be tangent at E to 

the eigenvector associated with A = -1. (P,Q) I: (0,1) is one such 

vector, and, in fact, the stable manifold itself is the Q axis. The 

unstable manifold, U, is tangent at E to the eigenvector associated 

with the unstable eigenvalue. By using the eigenvector equation, one 

-a such unstable eigenvector can be calculated as (P,Q) = (1, ~ ), where 

NT 
a = 3) o. 

( I+N
T

) 

Since the P isocline is the Q axis, will be positive in 

the first quadrant. The Q isocline is: 

- Q = 0 J 4.17 

which intersects the P isocline at E. 

Solving Eq. 4.17 for P as a function of Q gives: 
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so P approaches infinity as 0 approaches zero or one. If 0 is 

slightly less than one, say Q = 1 - E, then Pis: 

so 

l-E( l+NT) 

P(I-E) = (l-E)(-E) < 0 

must be positive as 0 

4.19 

approaches zero and negative as Q 

approaches one. This implies that r approaches zero as P approaches 

infinity. 

The vector field in the P direction is positive for all 

( P, Q ) in the positive quadrant. In the Q direction, the vector 

field is positive on the P axis, as can be seen by checking Eq. 

4.12h. By continuity, the vector field must be positive in the 0 

direction for 

Since 

all ( P,Q 

dO is 
d. 

) below 

zero on 

r as is shown in Fig. 15. 

r the flow must cross r horizon-

tally. Since Q is decreasing above r, the slope of U in the 

positive quadrant must be nonpositive. That it is also nonzero at E 

can be confirmed by looking at the eigenvector tangent to the unstable 

manifold at E. Expressing the unstable manifold as: 

f(P,Q) = 0 4.20 

The implicit function theorem gives the slope as: 



-Q 

\ 
\ 

dQ > 0 
dT 

\ 
\ 

\ 
\ 

\ 

'. 
'. , 

'\ ., ., ., ., ., ..... 
. ., 

P 

_.-._.- QP = NT 

-----U 
--r 

........ , ..... 
. -.- ............ -.-

Figure 15. Flow in the (P,Q) State Plane. 
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a f 

a O(P) ai? 4.21 = a f ap --
ao 

Since ~ I - = 1 > 0 and a _f I E = - ~2 < 0, the right hand 
ap E ap 

side of Eq. 4.20 is negative. The unstable manifold has nonzero slope 

at E and therefore can It be a horizontal line. Since Q is decreasing 

above rand P is increasing, the unstable manifold must decrease 

as P increases. The state space portrait around E can be filled in 

and is shown in Fig. 15. 

The implications of the state portrait for the flow in both 

(P,Q) space and (p,Q) space are the following. For initial values 

of (P ,Q) below U, the flow increases in both the P and 0 directions 

until it crosses r. The flow continues to increase in the 

P direction but decreases in the Q direction. 

The following argument establishes that Q will be at least 

order e and P will be order .!. e when L is order In 1 By - . e 

substituting the variable change into the mass balance constraint, it 

can be seen that: 

4.22 

for Q,F, and NT finite. 
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Separating variables and integrating in Eq. 4.11a yields: 

P (T) = e T 4.23 

Thus, an upper bound can be established on Q (T) using 4.22: 

4.24 

Now let T = In ~ , € ~ 0, M finite. The expressions in 4.23 and 4.24 

for P and Q yield: 

4.25 

By using the reverse change of variables, the halo of the 

P axis can be seen to correspond to the finite (p,Q) plane. 

* * * * 

Uptake Equilibrium Behavior 

In order to test the validity of Eqs. 4.8, estimates on the 

size of the external nutrient concentration at uptake equilibrium and 

the time to uptake equilibrium predicted by the model can be made and 

compared to those obtained from actual experiments. Fig. 16 

illustrates the initial fast uptake equilibration in more detail. 
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Slow Manifold 

p 

Figure 16. Fast Uptake Equilibration. 
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Since the flow in the Q direction is formally infinite while that in 

the P direction is finite, P doesn't change more than infinitesimally 

during the uptake phase. Thus, the fast foliation enters the halo of 

NT 
the slow manifold infinitesimally close to Q = p' where Pi is the 

i 
initial phytoplankton population size. 

This can be made more precise by changing the time scale in 

Eqs. 4.2a and 4.2b to the faster, uptake time scale. Eqs. 4.2 have 

the general form: 

dP 
dT = ll(Q)P 4.26:1 

~ = f(N,Q,~') - ll(Q) 4.26b 

with ll(Q) the specific growth rate as a function of internal nutrient, 

f(n,q ,2:..') the net nutrient uptake as a function of external (N) and 

internal (Q) nutrient, and c' the parameter vect:or for the nutrient 

model. 

To change the time scale in Eqs. 4.26, the time constant k 

for changing to the uptake time scal~ can be factored out of Eq. 4.26b 

and both sides of the equation can be multiplied by 

£:~ = f(N,Q,~) - £ll(Q)Q 4.27 
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with c being the new parameter vector, after rescaling by } where 

needed. 

Now let EL' = L, and let E formally be infinitesimal; so that, 

for L' on the order of one, L will be infinitesimal. Then changing 

time scales in Eq. 4.268 and 4.26b yields: 

g~, = Ell(Q)P 4.28a 

4.28b 

At uptake equilibrium, the left hand side of Eq. 4. 2~ will be 

of order E, hence: 

f(N,Q,.S) -= E 4.29 

This procedure will also be followed in Chapter 6, to derive a similar 

estimate on the external nutrient at uptake equilibrium for the simple 

uptake model. 

Applying the above outlined procedure to the Droop uptake 

function in Eq. 4.2b, the Droop function can be set equal to E: 

N 
E -= l+N 4. 30 
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This implies that the external concentration at uptake equilibrium 

must be e: 

4.31 

The time to uptake equilibrium can be found by separating 

variables in the equation for the uptake rate and integrating. 

Assuming P is approximately constant at Pi during the uptake phase, 

the equation for the uptake rate during the uptake phase is: 

dQ -1 dN 1 N - =_._- =---
dt Pi dt e I+N 

4.32 

Separating variables gives: 

4. 33 

which can be integrated to yield: 

e INi T = j-< In N + N) N 
i f 

4. 34 
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where Ni and Nf are the measured initial and final concentrations of 

nutrient. 

In Table 3, the amount of leftover nutrient at uptake 

equilibrium is compared to e: for several experiments on uptake of 

nitrogen based nutrients in three diatoms. e: was calculated from the 

parameters given in the table and the relation between the physical 

parameters which yield e:: 

4.35 

Nf was calculated by dividing the leftover nutrient by the Michaelis 

constant for uptake, ~, to normalize, as in Eqs. 4.2. As can be seen 

from the table, in all three cases, Nf was about an order of magnitude 

or more greater than e:, rather than about O( E:) as predicted by the 

model. In particular, the discrepancy between the predicted and 

observed Nf increased as the initial concentration in the experiment 

increased. The sources of the data and parameters are as marked in 

the table. 

The predictions of the Droop model for T are considerably 

better than those for Nf" In Table 4, data in addition to those in 

Table 3 are given for the calculation of T. Test is the estimated 

value of T, calculated from Eq. 4.34 and the parameters in Tables 3 

and 4. Texp ' the experimentally observed normalized time to uptake 

equilibrium, is calculated as: 
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Table 3. Comparison of Predicted VB. Observed External Nutrient 
Concentration at Uptake Equilibrium for Nitrogen Based 
Nutrients 

Variable 

nutrient 

llm (/day) 

qo (10-15mole/cell) 

vm (10-15mole/cell-hr) 

Kn (llg/1) 

leftover nutrient (llg/1) 

e: 

Nf 

Sources: 

leftover nutrient: 

I)Thalassiosira 2)Skeletoma 3)Scenedesmus 
pseu(lonana costa tum spp. 

ammonium nitrate nitrate 

1.3 2.4 1.35 

40. 65. 40. 

25.3 40. 14.2 

0.325 1.0 1.4 

0.13-0.50 55. 1940. 

0.0856 0.1625 0.1582 

0.4-1.53 55. 1380. 

1) & 2) DiToro, 1980; 3) Rhee, 1980 

1) Eppley and Renger, 1974; 2) DeMarche 
et. a!. , 1979; 3) Rhee, 1980. 

1) Caperon and Meyer, 1972; 2) DeMarche 
et. al., 1979; 3) Thomas and 

Krause, 1955. 



Table 4. Comparison of Predicted vs. Observed Times to Uptake 
Equilibrium 

Variable 

Pi 

E 

Pi 

ni ().Jg/l) 

nf ().Jg/l) 

t (min. ) 

Texp 

Test 

Sources: 

I)Thalassiosira 
pseudonana 

8.39 x 108 calls 

2.31 x 10-3 

3.50 

0.371 

.70 

6.32 x 10-2 

2.99 x 10-2 

(1) Caperon and Meyer, 

( 2) DeMarche, et, al., 

1974. 

1979. 

2)Skeletoma 
costa tum 

2.10 ).Jg N/l 

1.90 x 10-2 

58 

55 

20 

2.22 x 10- 2 

5.80 x 10-2 
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4.36 

while can be calculated from the parameters and normalization 

relations in Eqs. 4.2 as: 

4.37 

The predicted and observed T are approximately the same order of 

magnitude. 

Discussion 

The comparison between prediction and experiment for the 

singularly perturbed Droop internal nutrient model indicated that the 

observed time to uptake equilibrum was well matched by the prediction 

while the final nutrient concentration was not. The reason for this 

inconsistency can be found by comparing Eq. 4.31 and 4.34. 

Eq. 4.31 resulted from setting the Droop uptake function equal 

to E and solving for Nf • Thus, the functional form of the Droop model 

played an important part in the estimate. On the other hand, the term 

resulting specifically from the Droop model in Eq. 4.3I f, that is the 

(In N + N) term, is dominated by the term, which resulted from 

the singular perturbation assumption. As long as the integral 

evaluates to a finite number, the term would make the order of 

magnitude for T the same. 
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Thus the above results seem to be indicating that, while the 

singular perturbation approach is sound, the Droop model is not. In 

fact, by examining the state portrait in Figs. 14 and 16, the problem 

becomes evident. The Droop model predicts that a small amount of 

phytoplankton with an initially low intemal nutrient concentration 

must be able to soak up all the nutrient in a batch culture by uptake 

equilibrium. The comparisons made in the last section indicate that, 

at least for the species and nutrients examined, this behavior is not 

occurring. 

The missing ingredient in the Droop model is some accounting 

for leakage out of the cell. The only way the internal nutrient 

concentration can be reduced in the Droop model is through the 

"thinning out" process due to cell division. Yet, as Thomas and 

Krause (1955) observed for Scenedesmus, cells in the exponential 

growth phase which were placed in nitrogen free medium lost about 10% 

of their cell nitrogen during the first 12 hours in the medium. Some 

mechanism for leakage must therefore exist. 

The nonperturbed Droop model could possibly be useful for 

species and nutrients which reach uptake equilibrium more slowly. It 

has been suggested that silica may fit into this category (DiToro, 

1980). The dynamic behavior of the nonperturbed Droop model was not 

found to be biologically unreasonable, except for the existence of the 

saddle on the Q axis. The predictions of the model for initial 

conditions on the Q axis then become untenable. The flow would move 
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toward the saddle point with positive Q at equilibrium, even though 

p = O. In addition, the -lJQ term in the uptake equation will become 

positive when Q < a. This implies that the internal concentration is 

increasing, even though cells are dying due to insufficient internal 

nutrient. In fact, the deaths of these cells will have no effect on 

the per cell internal concentration, but will rather cause the 

external concentration to increase, as the cells break down and 

release their internal nutrient. 

The experiments suggest that a slow-fast model is more 

appropriate for the economically significant nitrogen based nutrients, 

which, along with phosphorous, are important in causing lake 

eutrophication and maintaining fertile waters for fisheries. In the 

next chapter, two slow-fast models will be developed, based on a 

dynamic mechanism for nutrient uptake whic..'1 includes consideration of 

backward leakage. 



CHAPTER 5 

SOME MECHANISTIC NUTRIENT UPTAKE MODELS 

Introduction 

The previous two chapters have indicated that the 

phenomenological models proposed in the literature for nutrient uptake 

and nutrient limited growth may suffer drawbacks when applied to lakes 

in which the hydrological conditions make the chemostat steady state 

approximation unsuitable. The alternative developed in this chapter 

is to base the nutrient uptake equation on a mechanistic model of 

nutrient transport across the phytoplankton cell membrane. 

Transport of the small charged inorganic molecules which make 

up the bulk of the phytoplankton nutrients into the cell probably 

occurs as a result of enzymatic type proteins embedded in the cell 

membrane (Heinz, 1978; Zadunaisky, 1982). Two enzyme reaction schemes 

will be proposed for the uptake mechanism and the reaction kinetics 

for each will be derived. The first mechanism will result in a model 

which displays Michaelis Menten like kinetics and will be called the 

simple uptake model. For the second, some changes in the uptake 

mechanism result in a non-Michaelian reaction, whose kinetics resemble 

the substrate inhibition kinetics of the enzyme uricase (Kernevez, 

1980) • In both cases, the effects of electrical charge, physical 
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diffusion, and the excretion of organically bound nutrient will be 

neglected. 

Membrane Transport 

The transport of nutrient across the algal cell membrane is a 

crucial step in nutrient uptake. Membrane transport can be separated 

into two types, depending on whether or not the cell expends energy to 

facilitate the flow of ~he transported substances. If the process 

occurs strictly as a result of the electrochemical gradient for the 

transported substance, then transport is passive, while if energy is 

expended in the transport of the substance or to maintain an ionic 

gradient for a co-transported solute, the term active transport is 

used. 

Various models have been developed to explain both passive and 

active transport. The most widely accepted is that enzymatic type 

proteins within the cell membrane latch onto substances outside the 

cell and either migrate across the cell membrane or change shape SO 

that the portion of the molecule carrying the bound substance 

protrudes into the cytoplasm, where the substance is released. This 

process is illustrated in Fig. 17. In active transport, the affinity 

of the membrane protein for the transported substance is assumed to be 

enhanced either through the hydrolysis of ATP or through the binding 

of a co-transported solute (Heinz, 1978). Mathematical models for 

both passive transport (Heinz, 1978) and active transport (Verhoff and 

Sundaresan, 1972; Heinz, 1978) have been developed. 
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In contrast to the above models, an experimental system with 

glucose pumping activity has been demonstrated in which no movement of 

a membrane protein is involved. The system consists of a membrane in 

which two enzymes (a hexokinase and a phosphatase) are immobilized 

between two layers of a material impermeable to the enzymes' common 

intermediate (Thomas, 1976). When the membrane is charged with ATP, 

glucose is pumped from the hexokinase side to the phosphatase side 

without any translocation of membrane proteins. A mathematical model 

of this system, based on reaction-diffusion equations, has also been 

developed and studied both numerically and analytically (Kernevez, 

1980). It is unlikely, however, that this mechanism underlies 

nutrient transport in phytoplankton, since the substance being 

transported is a large organic molecule rather than a small ion. 

Although evidence exists that phosphate is transported 

actively in Nitella translucens (Kuhl, 1974) and other species and 

that assimilation of nitrate and ammonia also requires ATP (Morris, 

1974), the models developed in this work will make no assumptions 

about the nature of active transport. Simple reaction schemes 

involving just the external nutrient and internal nutrient and one or 

two enzym:! intermediaries are assumed. Neglecting active transport 

effects would tend to introduce problems when the physiological 

condition of the cell was so poor that its supply of ATP was 

lim! ted. However, the careful experiments necessary to even validate 

the rough models presented here are lacking from the literature, much 
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less illuminate how active transport is involved. While this may 

affect the qualitiative predictions for the equilibruim or long term 

dynamical behavior, the gain in analytical tractability would seem to 

outweigh the loss in accuracy. 

Simple Uptake Model 

Assuming, for the moment, that the number of phytoplankton 

cells in the medium is constant, the combined cell membranes of all 

the cells will divide the IOOdium into an internal and an external 

phase. The enzyme proteins involved in transport will be embedded in 

the cell membrane and will facilitate the movement of small inorganic 

nutrient ions between the two phases, as illustrated in Fig. 17. 

Let n be the concentration of nutrient in the external 

phase, q the concentration in the internal phase, and e the 

concentration of the enzyme interIOOdiary. Assume that the same enzyme 

is involved in forward transport as in reverse transport, but that the 

binding site on the enzyme for reverse transport is different. Assume 

also that the breakdown of the enzyme-substrate complex (Kernevez, 

1980) in both the forward and reverse directions is irreversible. 

Then the reaction scheIOO for the net movement of nutrient across the 

cell IOOmbrane is: 

e + n S.la 
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5.lb 

eO = e + en + eq 5.lc 

where the ki are the respective rate constants, the ex are the 

respective enzyme-substrate complexes for x, and eO is the total 

amount of enzyme present. The inclusion of Eq. 5.lc is necessary 

since the enzyme serves only to catalyze the reaction and the total 

amount will not change as the reaction proceeds. 

The above kinetics give rise to the following differential 

equations: 

dq = k en - k eoq + k eq at 2 3 -3 5.2a 

5.2b 

5.2c 

eO ... e + en + eq 5.2d 
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The formation of the enzyme-substrate complexes is generally 

much faster than their breakdown, so the quasi-equilibrium hypothesis 

can be used to solve for en and eq as functions of the other 

variables. This can be rigorously justified by using singular 

perturbation theory (Kernevez, 1980). Invoking the quasi-equilibrium 

hypothesis, the right hand sides of Eqs. 5.2b and 5.2c are set to zero 

and solved for the respective ex concentrations. 

K eeq 
q 

5.3a 

5.3b 

Eqs. 5.3 can be substituted into Eq. s.2d and the resulting 

equation can be solved for e as a function of nand q. This 

expression allows the elimination of e from Eqs. 5.3, so that the 

concentration of e, en, and eq as functions of nand q can be 

obtained: 

eo 
e = ~1+-:-:K~n-:+-::K:--q 

n q 

eo 
en = -:-:-"::"""":":':'-l+K +K q 

n q 

5.4a 

5.4b 



eo 
eq = ":'""':"~--.,.~-l+K n+K q 

n q 
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5.4c 

Eq. 5.2a, the differential equation for q can, after some 

algebra, be put entirely in terms of nand q: 

eo 
- (K n-v q) 
k2 n q 

l+K n+K q n. q 

k3 k4 
with v = -k (k + k ) 

q 2 -3 4 

5.5 

The units on q can be changed from concentration to the more 

convenient mass/cell by multiplying q by the unit cell volume, Vc ' 

presumed fixed. Performing this substitution in Eq. 5.5, the 

constants variables become: q' = v' q = 
v 
-.S. 
Vc 

= 
Kq 
V k' 

2 
=-

V 
c 

with the resulting equation having exactly the same 
c 

form as in Eq. 5.5. The primes can therefore be dropped and the units 

on the respective constants and q in Eq. 5.5 will be in mass/cell. 

The assumption that the phytoplankton cell population size is 

not changing can now be removed. A differential equation for p, the 

number of cells in the mediuIU, is needed. The Droop model in Eq. 

4.1a, reproduced below in Eq. 5.6a, will be used, since it seems to be 

experimentally valid (Rhee, 1980). 
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The effects of the changing population size must also be 

incorporated into the uptake equation. As mentioned in the previous 

chapter, the Droop model 

qo 
subtracting II (I - -)q m q 

incorrecly 

from the 

accounts for those changes by 

uptake rate. A positive 

contribution to the net uptake rate occurs when q falls below qo, 

qo 
since 

qo 
II (I - -) m q 

becomes negative. In fact, the II - term should m q 

be added to the equation for external nutrient. Since it represents a 

reduction in the phytoplankton cell population size, nutrient released 

from the dying cells will be returned to the environment. Reduction 

in internal concentration due to growth in cell numbers will occur 

only as a result of the llm term. 

Finally, the total amount of enzyme present, eO' will be a 

function of the number of phytoplankton cells, since the enzyme 

molecules are embedded in the phytoplankton cell membrane. If each 

cell has a concentration of c llg/cell and the cell concentration is 

p cells/I, then the total enzyme concentration in the medium is: 

eo :::: cpo 

Incorporating the above considerations into the uptake 

equation in 5.5 and adding the differential equation for p and the 

mass balance equation for nutrient results in the following system: 

dp 
-:::: 
dt 

qo 
II (I - -)p m q 

5.6a 
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5.6b 

n + qp = nT 5.6c 

with v 
n 

= c 
v
m

k
2 

and the other constants as in Eq. 5.5 and Eq. 4.1a. 

Eqs. 5.6 can be cast in nondimensional 

variable transformations. Let N = Kun, Q I: Kqq, 

T = ~mt. Then Eqs. 5.6 become: 

with 

dP = (1 - ~)P = ~P 
dT Q 

dQ _ BP(N-aQ) _ Q 
dT - l+N+Q 

N + QP = NT 

v 
a =.....9.. 

K 
q 

form by the following 

Ku 
P = K P and 

q 

5.7a 

5.7b 

5.7c 

Solving the mass balance constraint in Eq. 5.7c and 

substituting for N in Eq. 5.7b results in the system: 

dP a dT = (1 - Q)P = ~P 5.8a 
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dQ _ SP{NT-(P+a)Q) 

dT - l+N
T

+(l-P)Q - Q 5.6b 

Eqs. 5.6, 5.7, and 5.8 will be called the simple uptake model. 

The Inhibition Uptake Model 

In other types of cells, substrate inhibited kinetics are 

displayed for the transport of other small ions. An example from red 

blood cells is shown in Fig. 19. The level flow (n = q) flux of 

chloride ions across the erythrocyte membrane was measured and 

displayed substrate inhibited kinetics. The gene ral form of a 

substrate inhibited rate function is shown in Fig. 18. The function 

is linear for small substrate concentrations, reaches a maximum, then 

decreases to zero as the substrate concentration increases further. 

As a possible model for non-Michaelian nutrient transport, the 

following reaction scheme could serve: 

f e 

r e 

k1 
f +n 

~ 

~ e n 
k_1 

k2 
+q ~ r 
~ e q 
k3 

f f = e + e n 

k2 
f ~ + q e 

k4 
~ r +n e 

5.9a 

5.9b 

5.9c 
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Figure 18. Humped Shape of the Inhibition Uptake ~unction. 
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Figure 19. Flux of Chloride Ions Across Erythrocyc1e Cell Hernbrane 
at Level Flow, Showing Substrate Inhibited Kinetics. 
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r r r 
eO = e + e q S.9d 

Here, ef and e r are the enzymes responsible for the forward 

and reverse transport of nutrient molecules into and out of the 

cell. Separate enzymes are therefore assumed to be involved in 

forward and reverse transport. Since two separate enzymes are assumed 

for the two processes, the net uptake rate will be the difference 

between the uptake rates for the two reactions. 

If substrate inhibited kinetics are assumed for the leakage 

rate and Michaelis Menten kinetics for gross uptake, then the equation 

for the net uptake rate takes the form: 

#t = p 
[K +q(H~ )] 

q I 

] 5.10 

where' vn and Vq are the respective maximum uptake rates, Ku and 

Kq are the respective half saturation constants, and KI is the 

substrate inhibition constant. 

Including the term for cell growth in Eq. 5.10 gives: 
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dq 
-= dt 5.11 

With the addition of the phytoplankton growth equation and the 

mass balance constraint, the inhibition uptake model becomes: 

n + qp = nT 

Letting Q :: i 
q 

5.12 become: 

dP = (1 _ <lQ)P 
Tt 

v q 
q 

n 
, N = K ' and T = 

n 
IJ t , m 

5.12a 

5.12b 

5.12c 

Eqs. 

5.13a 



dQ = P [BN _ yQ 
d. (l+N) (l+Q+kQ2) 

N + QP = NT 

where 
K 

and k = q 
Kr 
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5.13b 

5.13c 

The nondimensional external nutrient concentration, N, can 

be eliminated from Eqs. 5.13 by solving Eq. 5.13c for Nand 

sustituting: 

dP ('( 
- = (l - -)P d( Q 5.14a 

5.14b 

Eqs. 5.12, 5.13 and 5.14 are different forms of the inhibition uptake 

model. 
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Discussion and Summary 

Note that the models proposed above are valid independently of 

whether or not the chemos tat steady state is in effect. The only 

assumptions made in developing the models were on the dynamics of 

nutrient uptake in phytoplankton, which is more easily tested 

experimentally than whether or not a particular lake fulfills the 

chemos tat assumption. Once either the simple uptake model, the 

inhibition uptake model, or some other model based on an uptake 

mechanism has been verified experimentally, the result can be applied 

to any lake regardless of its nutrient input condition. If the 

chemostat assumption is appropriate, as may be the case in larger, 

well mixed lakes, then an additional equation for the external 

nutrient concentration can be added and appropriate input and output 

terms can be inserted in Eqs. 5.6 or 5.12 and the mass balance 

constraint can be dropped. The mechanistic models are therefore more 

flexible than the phenomenological models. 

Several effects were ignored in the development of the uptake 

functions for the simple and inhibition uptake models. Changes in the 

transport rate due to electrical charge were disregarded. In the 

actual cell, the transport rate will be affected by the electrical 

potential of the ions being transported. The transport rates were 

also assumed to be due strictly to mass flow from the respective 

chemical reactions. Physical diffusion was ignored in modelling the 

backflow term. In the inhibition uptake model, this means that the 
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backflow term will go to zero as the internal concentration approaches 

infinity. Diffusion would probably cause the backflow rate to 

increase in. this case. However, since the cell membrane is composed 

of_hydrophobic substances, physical diffusion should be negligible at 

physiological nutrient concentrations, since the membrane would repel 

the charged nutrient ions. Both electrical effects and diffusion are 

neglected in other elementary developments of enzyme transport (Heinz, 

1978). Finally, excretion of organically bound nutrient has been 

ignored. It is known that phytoplankton excrete large quantities of 

. organically bound phospho.rous and nitrogen (Kuhl, 1974; Morris, 1974) 

in culture. This effect, though probably very important to 

phytoplankton ecology, has been neglected in the present model for 

reasons of simplicity. 

The next two chapters will explore the geometry of the flows 

for both the simple and inhibition uptake models. In both cases, the 

observed fast uptake rate will be treated using a singular 

perturbation approximation. The slow manifold geometry and changes in 

that geometry resulting in the appearance of bifurcation points and 

other features of interest will be studied. 



CHAPTER 6 

THE SIMPLE UPTAKE MODEL 

Introduction 

The geometry and dynamics of the simple uptake model in Eqs. 

5.8 will be investigated in this chapter. The singular perturbation 

approach will be used to reduce the model to a slow-fast flow. The 

georetry of the slow mainfo1d will be studied first by examining the 

shadow of the nonstandard slow manifold. Estimates on the ti~ to 

uptake equilibrium for finite initial phytoplankton population size 

and internal nutrient concentration will be derived. For 

infinitesimal initial phytoplankton population size, the full 

nonstandard slow manifold must be examined. This will lead to a 

complete characterization of the slow manifold geometry for the region 

in the state space of biological interest. 

The dynamics of the simple model will be treated next. It 

will be shown that the dynamics of the slow manifold can be reduced to 

the lo"gistic equation again, as in the Droop model, 

initial phytoplankton concentration is finite. 

provided the 

If it is 

infinitesimal, however, the full nonstandard model exhibits a 

threshold phytoplankton concentration, above which the population will 

increase and below which it will die, similar to the M3 model. 
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This study leads to some conclusions on the bio-eco1ogica1 

behavior to be expected from a phytoplankton population modelled by 

the simple uptake model. In particular, the phytoplankton population 

would be expected to increase monotonically, once uptake equilibrium 

is achieved. Some comparisons with experiment and ideas for 

experimentally determining whether the model is correct are suggested. 

Slow Manifold Geometry 

As in Chapter 4, the difference in time scales between uptake 

and growth can be modelled as a singular perturbation problem. 

Factoring S out of the right hand side in Eq. S.8b yields the 

following slow-fast system: 

6.1a 

dQ P(Nr-(P+O)Q) 
EdT = l+N

r
+(l-P)Q - EQ 6.1b 

with 1 
E = - ~ 0 and a considered formally infinite. a 

The slow manifold for Eqs. 6.1 is obtained by setting the 

right hand side of Eq. 6.1b to zero: 

* [ P(NT-(p+o)Q) 
r = (P,Q) I - EQ l+N

T
+( I-p)Q 6.2 
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As long as P and Q are finite, the slow manifold is infinites-

imally close to its shadow: 

r P(NT-(P+o)Q) 1 
r = L(P,Q) I l+N

T
+(I-p)Q r. 0 J 6.3 

In what follows ,. the term "slow manifold" is used to refer to 

both the shadow of the slow manifold and the full, nonstandard slow 

manifold. If P and Q are restricted to being finite, then the shadow 

equation in Eq. 6.3 is meant, while, if behavior for infinitesimal P 

and Q is being considered, then the reference is to the full non-

standard equation in Eq. 6.2. 

Focusing initially on finite P and Q, Eq. 6.3 can be easily 

solved for Q as a function of P on the slow manifold: 

Q(P) 6.4 

. Eq. 6.4 also implies that that there are no fold points in the 

slow manifol d. Fold points occur when .!..! = 0 , where the zeros of 
aQ 

f give the slow manifold. By the implicit function theorem, this is 

also t rue when 

to P gives: 

dQ(P) 
dP is infinite. Differentiating 6.4 with respect 



116 

_d Q-:::(:-p .... ) = _-N_T--.",. 
dP (p+O)2 

6.S 

Since P cannot be negative and neither can the parameters, 

there can be no fold points in the slow manifold. Furthermore, Q is a 

decreasing function of P. 

What happens when P '" O? The shadow equation in 6.3 and its 

solution in 6.4 predict that Q(p) has a zero at: 

Q(O) 6.6 

However, as P approaches zero, it becomes infinitesimal and the 

restriction of P to finite values breaks down. The nonstandard slow 

manifold must be examined. 

As in Chapter 4, the region in which P is infinitesimal can 

be studied by using a change of scale. Letting P = EP E - 0, , the 

slow manifold equation in 6.2 becomes: 

'" 0 6.7 

Since E - 0, , E F 0, the term in brackets must be zero on 

the slow manifold. Taking its shadow gives the shadow slow manifold 

for infinitesimal P (ie. finite P): 
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6.8 

From Eq. 6.8, it is obvious that the point (0,0) must satisfy 

the slow manifold equation. In fact, multiplying Eq. 6.8 through by 

the denominator of the first term yields a quadratic: 

6.9 

which can be solved by the quadratic formula: 

6.10 

Since the discriminant is always greater than the first term, 

there is always one positive and one negative root. Substituting 

P = 0 in 6.10 also confirms that the origin is on the slow manifold, 

and, in fact, that the origin is the vertex of the parabola which 

forms the slow manifold. 

The geometry for P and P can be matched together by using 

continuity and the intermediate value theorem. As shown in Fig. 20, 

the slow manifold r* follows its shadow, r , staying just below the 

* shadow for finite P, until r is in the halo of the Q axis. 
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There, by the intermediate value theorem, the slow manifold must drop 

sharply, . so that it crosses through the origin. Fig. 20 summarizes 

the geometry of r* and r in the (P,Q) state space. 

State Space Flow Portrait 

The state space flow portrait can be filled in by determining 

the P isocline and the signs of * and ~~ in the different regions 

* of the positive quadrant whose boundaries are r and the P 

isocline. 

Setting the right hand side of Eq. 6.1 to zero and solving 

for P and Q gives the P isocline set: 

A = {(P,Q) I P = 0 or Q = a } 6.11 

If Q < a, the right hand side of Eq. 6.1a is negative, while 

if Q > a, the opposi te is true. 
dP 

Thus, dT is positive above the 

line Q = a and negative below. 

The Q isocline is given by the slow manifold equation in 

6.2. From the shadow equation in Eq. 6.3, the sign of the numerator 

NT 
is positive if Q < P+a and negative if the opposite inequality holds, 

if both P and Q are finite. Thus, the sign of the numerator is 

positive below r and negative above. Since r* is infinitesimally 

close to r, this also holds for r. 

The sign of the denominator in Eq. 6.3 is certainly positive 

if 0 < P < 1. If P > I, an inequality can be derived which sets an 

upper bound on Q, above which the demoninator becomes negative: 
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6.12 

If this inequality holds, the denominator is positive. 

The mass balance constraint restricts the product of the 

internal nutrient concentration and the phytoplankton population size 
NT 

to be less than the total nutrient concentration. Physically, p- is 

an upper bound on Q..If the upper bound derived in 6.12 is greater 
NT 

than P' the denominator is positive within the region of physical 

interest. Comparing the two bounds in this manner gives; 

6.13 

which is always true for positive NT' so the upper bound on Q derived 

in 6.12 must be outside the region of phys:f.cal interest. 

Thus the sign of the denominator in the region of physical 

interest must be positive and the sign of ~ is controlled by the 

sign of the numerator in Eq. 6.13, for finite (P,Q). 

summarizes the above argument on the signs of dP dQ 
dt and dt 

Fig. 21 

dQ is 
dt 

positive below r and negative above it for finite (P,Q). By 

* continuity, this must also be true for r and infinitesimal P. 

The state space flow portrait is shown in Fig. 22a for 
NT 

a < -- • The stability of the equilibria can be derived as 
CJ 

follows. The fast foliation in the Q direction is attracted to the 
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slow manifold everywhere. The A isocline Q == a, a finite, intersects 

* r at two points, one for finite P and one for infinitesimal P. The 

two intersections can be found by substituting Q = a into the slow 

manifold equation in 6.2. The resulting expression for Pis: 

Substituting € = 0 in the above expression results in: 

P 
e 

N -aa T =---a 

6.14 

6.15 

which is infinitesimally close to the finite equilibrium, given by the 

positive root in 6.14. Eq. 6.15 can therefore serve as an 

approximation for the finite equilibrium. 

dP 
(fi" * is increasing on r for Q ) a and decreasing below 

it. * * The flow on r must move down r in the direction of increasing 

P(T) for and in the direction of decreasing 

P(T) if the opposite is the case. Pe is therefore an attractor, since 

the slow flow must remain confined to the halo of the slow manifold. 

* At the intersection for infinitesimal Pe , given by the minus 

dP root in Eq. 6.14 for nonzero €, the sign of dT is the same, but, 

* since r has positive slope there, if QO ) a, P(T) increases and vice 

versa. The infinitesimal equilibrium must therefore be a repellor 

and the origin, which is also an equilibrium point, is an attractor. 



For 
NT * 

a > - , A n r has only one point: the origin. 
a 
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This 

case is shown in Fig. 22b. Since the slow manifold is entirely below 

the line Q == * a, P(.) is decreasing everywhere on r and the origin is 

a stable equilibrium. 

Using Q(P) on the slow manifold in Eq. 6.4, an equation for 

dP 
CIT on r can be derived. dP The actual value of QT on the slow manifold 

is infinitesimally close to this value after uptake equilibrium, if 

the initial values of P and Q are finite. Substituting 6.4 into 6.1a 

derives: 

6.16 

If aa ) NT' then both terms in the equation are negative and 

the population dies out. By setting 1 - ~ == 0 and solving, the 
NT N 

T 
bifurcation point can be seen to occur when a == 0:' infinitesimally 

close to the point where the full two dimensional model predicts the 

phytoplankton species won't survive and can be used as an 

approximation to it. 
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Uptake Equilibrium Behavior 

As in the Droop model, the amount of external nutrient at 

uptake equilibrium would provide a good experimental test of the 

model's accuracy. The predictad external nutrient concentration at 

uptake equilibrium can be found in the same manner as in Chapter 4. 

Setting the uptake function in Eq. S.7b to E as in Eq. 4.26 gives: 

ePi(Nf-oQf) 

l+Nf+Qf 
= E 

with Pi' Nf, and Qf as in Chapter 4. 

6.17 

If 0, e, Pi' and Qf are all finite, this implies that the term 

in parenthesis in the numerator must be of order E. Setting this term 

to E and solving for Nf gives: 

6.18a 

or, substituting Qf = 

+ E 6.18b 
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Here, a < 1, since, otherwise, the cell could not concentrate 

nutrient. Thus the external concentration should be very close to a 

constant percentage times the internal concentration. Note that ~q. 

6.1Bb predicts a finite external concentration at uptake equilibrium, 

rather than an infinitesimal concentration, as in the Droop model, and 

that the amount of external nutrient at uptake equilibrium will 

increase as the total nutrient does. This was found to be the case in 

Table 3. 

The time to uptake equilibrium can be derived in a manner 

similar to that in Chapter 4. Solving the mass balance constraint 

for Q and substituting in the uptake function, separating variables, 

and integrating gives: 

dN 6.19 

where, again, Pi is the initial population size, and Ni is the initial 

external nutrient concentration. As long as the limits on the 

integral and Pi are finite and the denominator doesn't vanish within 

the interval of integration, T should again be O(e:) as observed in 

Chapter 4. 

If appropriate data were available, Eqs. 6.17 could be used to 

derive a least squares estimate for a and e:. No suitable published 



127 

data could be found, although careful experiments of the nature 

necessary to test the simple model have been made (Gotham and Rhee, 

1981a, 1981b). Unfortunately, the authors chose to confine their 

analysis to statistical estimates of the parameters for a modified 

version of the Droop model but did not publish any graphs of uptake 

vs. time or the like. 

Nevertheless, there are certain general trends which the data 

from these experiments yielded which could be related to the 

predictions of the simple model. If q is considered constant, the 

uptake function will display Michaelis Menton kinetics in n. This 

type of functional dependence on n is widely observed in phytoplankton 

uptake experiments (Eppley and Renger, 1974; Tilman and Kilham, 1980; 

1976; Rhee, 1980). Viewed in terms of Michaelis Menten kinetics, 

trends in the maximum uptake parameter and half saturation constant, 

which would be estimated using the Michaelis Menten function, with 

varying q can be observed. The apparent half saturation constant 

for the simple model would tend to increase with q since, from Eq. 

S.6b: 

6.20 

The apparent maximum uptake rate, vm' would tend to decrease 

with q, since a term in q is being subtracted from the n term in 

the numerator of the simple model. 
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This type of effect was obse"rved for vm (Gotham and Rhee, 

1981a, 1981b), although no statistically significant effect was 

observed on Kut. The authors of these studies noted, however, that 

there is little unanimity as to what the effect of internal nutrient" 

concentration on the apparent Michaelis parameters is. Hopefully, the 

simple model and the slow-fast singular perturbation approach will 

provide a point of departure for more directed and careful 

experiments. 

Curiously, Droop noted in his original work (Droop, 1968) that 

Monochrysis lutheri cells tended to excrete large amounts of vitamin 

B 12 in a vitamin free medium. In fact, he proposed that the net 

uptake rate, including backflow, could be represented as: 

6.21 

, 
where Eq. 6.21 is slightly rearranged from Droop's Eq. 17 (Droop, 

1968). The backflow in Eq. 6.21 is dependent only on the external 

nutrient concentrat:{.on, which seems contradictory, since the backflow 

reaction probably involves a combination of enzyme mediation and 

diffusion, as discussed in Chapter 5, suggesting that the internal 

concentration must play some role. Droop abandoned any consideration 

of backflow in his subsequent work (Droop, 1973a, 1973b) and 

concentrated only upon the gross uptake rate. 
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Ecological Implications 

The simple uptake model provides an elegant explanation for 

the differing abilities of phytoplankton to survive in waters of 

differing nutrient enrichment. The bifurcation point for the simple 

model occurs where: 

6.22 

Eq. 6.22 is a simple relationship between the measure of 

nutrient enrichment, NT' and the physiological parameters which govern 

growth and nutrient backflow, a and a. The physiological parameters 

will set a lower limit on the nutrient in a lake or culture, below 

which the algae will not survive. If aa > NT' then there is too 

little nutrient in the lake or culture to survive. If the other 

inequality holds, however, the species can survive at a positive, 

finite equilibrium population size. 

The infinitesimal equilibrium on the slow manifold would 

physically correspond to a very small threshold population size, below 

which the species becomes extinct, similar to that in the M3 model. 

* If less than Pe cells colonize the water body, the population size is 

too small to overcome the effects of nutrient leakage and cell death 

and the population collapses. 

Finally, the dynamics of the slow flow implied by Eq. 6.15 

have important implications for the long term dynamics of the 
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phytoplankton population. If uptake equilibrium occurs on part of the 

slow manifold for which P{T) is increasing towards the equilibrium Pe' 

there can be no sudden changes of Q{ T) nor decreases in P{ T) as the 

culture approaches steady state. This follows from Eq. 6.15 which 

displays a logistic-like approach to equilibrium. The same 

restrictions apply if uptake equilibrium occurs on part of the slow 

manifold where P{ T) is decreasing, except no increases in P{ T) would 

be expected. 

The inhibition uptake model, to be examined in the next 

chapter, does not display this restriction on the qualitative long 

te rm dynami cs. 



CHAPTER 7 

THE INHIBITION UPTAKE MODEL 

Introduction 

As in the previous chapter, changes in the slow manifold 

geometry and dynamical characteristics of a mechanistic uptake-growth 

model as the parameters change are of interest here, but now the model 

to be examined is the inhibition uptake model in Eq. 5.14a and 

5.14b. The algebraic form of the slow manifold equation for the 

inhibition uptake model is more difficult than that for the simple 

uptake model, yielding a cubic in Q. The bifurcation geometry of the 

slow manifold for changes in NT is therefore mapped out numerically 

rather than analytically. 

At the same time, the range of qualitative long term dynamical 

behaviors which the inhibition uptake model could exhibit is more 

varied. Of particular interest in this chapter are the following: 

1) Relaxation oscillations. 

2) Growth in cell numbers followed by a sudden drop in internal 

nutrient concentration and a slow decline in the population 

size. 

3) Growth in cell numbers followed by a gradual approach to an 

equilibrium population size, which is the same type of 

behavior exhibited by the simple uptake model. 
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This variety of behaviors is made possible by the two fold points on 

the slow manifold, which exist if NT is not too large and not too 

small. 

A slightly different version of the inhibition uptake model 

was discussed in Kempf, et. ale (1982), in which the relaxation 

oscillations were stressed. 

Some features of the slow-fast flow associated with the 

inhibition uptake model are similar enough to those exhibited by the 

simple uptake model that they will not be treated here. In 

particular, no attempt is made to investigate the geometry for 

infinitesimal P. All calculations are restricted to the shadow 

equation. Points at which the shadow equation intersects the Q axis 

are marked with open circles to indicate that the geometry in the halo 

of the Q axis is left unspecified. In the inhibition uptake model, 

the variety of long term dynamical behaviors is of more interest. 

Some data from the literature on long term growth of 

phytoplankton in batch culture is cited, which supports the inhibition 

model. The data is circumstantial; however, it exhibits the general 

qualitative characteristics which would be expected were the 

inhibition uptake model in operation. An attempt is also made to put 

the different dynamical behaviors in ecological perspective. 

Slow Manifold Geometry 

Both sides of Eq. S.14b can be divided by B to derive the 

singularly perturbed uptake system: 
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dP == (1 _ ~)P 
C:fr Q 7.1a 

aQ 
7.1b 

v 
where a = 1. = ....s. B v and e: ..... O. Note that, again, a < 1, since, 

m 
physiologically, it would not make sense for the maximium backflow 

rate to be larger than the maximum gross uptake rate. 

The right hand side of Eq. 7.1b, when set to zero, yields the 

slow manifold for the inhibition uptake model: 

P 
N -QP T 
l+NT-QP 

aQ ] -e:Q = 0 
l+~Q2 

7.2 

Since behavior for finite (P,Q) is of interest, the shadow 

* of r can be considered: 

aQ 2 = h (P , Q) = 0 0 r P '" 0 1 
l+Q+kQ 5 7.3a 
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r = { (P, Q) g(P,Q) = f 2(Q) or P = 0 } 7.3b 

Since QP can never physically exceed NT and since the roots of 

kQ 2tQ+ 1 are neither complex or negative and Q can be neither 

physically, the denominators in Eq. 7.3a are nonzero. The slow 

manifold equation in 7.3a can therefore be cleared of fractions to 

yield: 

Solving for P as a function of Q yields: 

1 
P(Q) = Q 

aQ ] 
2 

kQ +(l-a)Q+l 

7.4 

7.5 

P(Q) is zero when the numerator in 7.5 is and taking the roots 

of the numerator in 7.5 yields: 
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[a-NT(l-a)] ± / [a-NT(l-a)] 2-4NT 2k 

QO = 2NTk 7.6 

Eq. 7.5 clearly demonstrates that P(Q) becomes unbounded as Q 

1 
approaches zero, since the Q term becomes unbounded while the other 

term remains finite. Thus r must be asymptotic to the P axis. 

yields: 

Dividing the numerator and denominator in Eq. 7.5 by Q2 

NT + Q 

[ 

[NT(l-a)-a] NT 

1 
p(Q) = Q O-a) I 

k + Q + 2' 
Q 

7.7 

Taking the limit in Eq. 7.7 as Q approaches infinity yields 
NT 
~ for the second factor, while 

1 Q approaches zero, so the product 

is zero. This implies that r is either asymptotic to the Q axis 

or has intersections with the Q axis at the two zeros given in Eq. 

7.6. 

The form of r as expressed in Eq. 7.3b can be used to resolve 

this ques tion. r is essentially the points at which the function 

g(P,Q) is equal to f 2(Q). This form allows the problem of studying 

the slow manifold geometry to be decomposed into studying how g(P,Q) 
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and f 2(Q) intersect for various values of the parameter NT' with a and 

k constant. NT is the important bifurcation parameter, since it 

indicates the trophic state of the lake or culture. 

As discussed in Chapter 5, f 2(Q) has the humped shape graphed 

in Fig. 18, increasing to a maximum for Q small, then decreasing and 

asymptotically approaching zero as Q approaches infinity. 

g(P,Q) is zero when the numerator of the fraction giving g in 

Eq. 7.3a is zero or: 

When Q = 0, g(P,Q) is: 

NT 
g(P,Q) =-

l+NT 

7.8 

7.9 

The intersection between the graph of g(p ,Q) and the Q axis, 

when g is graphed as a function of Q with P constant, is given by Eq. 

7.8. The intersection between the graph of g and the g axis is given 

by Eq. 7.9. If P is allowed to vary, the right hand side of Eq. 7.7 

approaches zero as P approaches infinity and approachs infinity as P 

approaches zero. 

Turning now to f 2, by differentiating f 2(Q) and setting the 

result equal to zero, the location of the maximum in Fig. 18 can be 

found: 
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Q == 1 
m 1K" 7.10 

Substituting Eq. 7.10 into the expression for f2 in Eq. 7.3a, 

the value of f 2 at the maximum is: 

fm = a 
2 2Y'k+1 7.11 

In Fig. 23, g(P,Q) and f 2(Q) are graphed as functions of Q, 

for a 
NT < 2Y'k+l( I-a) , while in Fig. 24, both functions are graphed 

for a 
NT > Uk+(l-a). In both cases, g(P,Q) is graphed for 

increasing values of P, starting with P ::: 0, and increasing P as 

aiPincr' i = 1-7 and Pincr = ~, ai as given in the figures. In 

all cases, a c 0.5 and k = 10. 

As can clearly be seen, for P == 0 in Fig. 23, there are two 

intersections between g and f2' while in Fig. 24, there are none. 

By can tinui ty , a 
for NT = 21k+( I-a) , there must be exactly one 

intersection, which must occur at the maximum of f 2(Q). The values 

of Q at P = 0 for NT 

Summarizing, 

< Zlk+( I-a) are given by QO in Eq. 7.6. 

a 
for NT < Uk+( I-a)' r has two positive 

intersections with the Q axis given by Eq. 7.5. For 

a 
NT > 21k+(1-a) , ris asymptotic to the Q axis. For 

a 1 
NT = 21k+(I-a) , rhas one intersection with the Q axis, at Q ==7K • 
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Numerical Analysis of the Slow Manifold Equation 

As shown in Fig. 23 and 24, for small Q, g(P,Q) is 

approximately linear in Q. In Fig. 24, there are two values of P 

where g(P,Q) is approximately tangent to f 2(Q) alPincr and 

aSPincr. Near these points. g and f2 share a common tangent and 

~~ and h are both zero. The slow manifold equation. which is the 

graph of h(P.Q) = 0, has a vertical tangent in (P,Q) space at these 

points and the implicit function theorem breaks down there. so that 

Q can no longer be locally expresed as a single valued function of 

P. * * Let (P .Q ) be the fold point which occurs for P = aSPincr and 

** ** (p .Q ) be the fold point which occurs for P=alPincr. In Fig. 23, 

decreasing NT causes g(P,Q) to intersect f2(Q) twice for P=O. as 

di.scussed in the previous section. Since g no longer intersects f 2 

near the peak of the hump, ** ** (p 'Q ) no longer appears in the slow 

manifold. 

What happens when NT is increased? Fig. 2S shows the 

relationship between g and f 2 when Sa 
NT = 2{k+l(1-a) • The value of 

g at Q = 0 is now far above the hump of f2 at its maximum. Where 

g and f 2 intersect, g is almost vertical and f 2 is almost 

horizontal, or rising, like the M3 function in Fig. 7. The slope of 

g at the intersection point is far too negative for the slopes of 

f2 and g to be equal, and there can be no fold points on the slow 

manifold. 
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Use of the Kubicek continuation procedure (Kubicek, 1976), as 

described in Chapter 2, to trace out the slow manifold in (P,Q) space 

with NT' a, and k constant confirms these suggestions. Figs. 26-28 

plot slices of the slow manifold for the three values of NT at which 

the above geometric analysis was made. In Fig. 26, NT < 2t'k+( I-a) 

and the slo~1 manifold has two zeros on the Q axis and one fold 

* * point, (P ,Q). The continuation procedure was used to trace out both 

the upper and lower sections of the slow manifold, starting at P2a and 

P2b • Note that P2a and P2b are given by the two roots in Eq. 7.6, 

a provi de d NT < 2{k+( I-a) • 

In Fig. 27, NT has increased slightly above 
a 

Uk+(1-a) • 

** ** The lower fold point, (P ,Q ), has appeared and the slow manifold no 

longer intersects the Q axis. When NT increases further, however, 

as Fig. 28 shows, both fold points disappear. 

In each of the continuation plots, the accuracy of the Newton 

correction was set at 1.00 x 10-5 and a maximum of 25 Newton 

corrections was allowed. The accuracy was achieved for each point 

within the allowed number of iterations. In Fig. 26, the step size 

for the predictor step was 0.01, while in Figs. 27 and 28, a step size 

of 0.05 was used. 

(0.020408, 1.3996) 

The fold point in Fig. 26 occurs between (P,Q) = 

and (P,Q) z:: (0.020409, 1.4096) where a h --aQ 

changes from 9.3016 x 10-5 to -1.3019 x 10-4, while the upper fold 

point occurs between (0.031670, 1.0400) and (0.031649, 1.0900) where 

the derivative changes from 5.3707 X 10-4 to -1.3535 x 10-3 • In Fig. 
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26, P2b = 0.16776 and P2a c. 0.6300. In each case, the negative value 

of the derivative occurred on the upper and lower section between the 

two fold points or between the fold point and the intersection with 

the Q axis. This suggests that the center section is a repellor, 

while the outer sections are attractors. 

Although Figs. 27 and 28 are no proof, they strongly suggest 

that a cusp point lies in (p ,NT,Q) space somewhere between Figs. 27 

and 28. Fig. 27 is topologically similar to a section across the 

canonical cusp catastrophe mainfo1d, {x: x 3+ax+b = O}, for a < 0 and 

constant, while Fig. 28 resembles a simliar section for a > 0, as in 

Fig. 5. To test whether this hypothesis is correct, the continuation 

algorithm was used to trace out the fold curve in (P,NT,Q) space. Now 

NT is also allowed to vary along with P and Q, and the curve followed 

by the continuation procedure is the intersection of the two 

equations h c: 0 and 
a h __ c O. 

aQ 
A starting point was found by 

fi i h i f (P*,Q*) in Fi re n ng t e est mate 0 g. 27' and the fold curve was 

traced out in both directions until either P or NT became negative. 

The bifurcation set, which is the projection of the fold curve 

down onto the (P,NT) plane, is plotted in Fig. 29. The plot looks 

strikingly like the bifurcation set for the canonical cusp, and, in 

fact, for between (0.05477 2, 0.094078, 

(0.05399, 0.093623, 0.60527) the second derivative, 

and 0.55524) 

a ~ 
- changes 

aQ2 
from 4.2127 x 10-4 to -2.5505 x 10-2, indicating that a cusp point is 

indeed between these two poi.nts on the fold curve. 
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In Fig. 30, a view of the slow manifold in (P ,NT,Q) space is 

plotted, slightly lifted above the (P,NT) plane and pushed forward 

slightly away from the (NT,Q) plane, to make the bifurcation set 

visible. The intersection with the (NT,Q) plane is not shown, but the 

twisted fold curve and the cusp point can be clearly seen. 

In the above discussion, both k and a have been held constant, 

since the bifurcation behavior with changes in NT has been of primary 

interest. It is possible that the slow manifold might exhibit higher 

catastrophe points if k and a are also considered as parameters. 

To test this hypoehesis, the continuation algorithm was used to follow 
a 3h 

the cusp curve in (P ,NT,Q) space with a = 0.5. Since -- was 
aQ3 

positive and decreasing for k decreasing, the curve of cusp points was 

traced from k = 10.0 to k = 0.01763 with the hope of finding if it 

became zero. But the third partial of h remained positive. 

Similarly, when k was allowed to increase until k = 39.2, the third 

partial only increased. While it is possible that a higher 

catastrophe point could occur outside the parameter range investigated 

numerically, such a phenomenon seems unlikely. 

State Space Portrait 

As for the simple uptake model, the flow in the state space is 

organized by the slow manifold and the dP dT isocline, A, in Eq. 

6.11a. The intersections between these two curves give the 

equilibrium points of the system. 
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The * equation is at equilibrium when Q = a or P = 0, 

which are the two elements of the set A in Eq. 6.11. Substituting 

Q = a into the expression for P(Q) in Eq. 7.4 yields: 

7.12 

As noted in the introduction, only finite P and Q are investigated, 

since the characteristic long term dynamical behaviors are of 

interest. However, from the nonstandard form of the slow manifold in 

Eq. 7.2, the origin must be on the slow manifold, as in the simple 

model. Since the set P = 0 is also contained in A, the origin is 

also an equilibrium point of the system. 

*** If NT) NT' then the slow manifold is diffeomorphic to the 

slow manifold for the simple uptake equation and the flow is 

homeomorphic to the simple uptake flow. As can be seen from Fig. 27, 

f *** ) .or NT NT) 21k+( 1-01 ,r is homeomorphic to the slow manifold 

for the singularly perturbed van der Pol equation: 

2 • e:x + (x -1)x + x = a (l;,Jtz and Goze, 1982). The parameter similar 

to the bifurcation parameter, a, in the van der Pol equation is a 

for the inhibition uptake system. As in the van der Pol equation, 

changes in the parameter a can cause the appearance or disappearance 

of relaxation oscillations-periodic orbits which leave the halo of r 

at (p* ,Q*) and ** ** (p ,Q ), reenter the fast foliation, and are again 
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forced quickly (t ~ O(E» into the halo of y on the opposite 

attracting limb of the slow manifold. In the inhibition uptake model, 

the relaxation oscillations are as shown in Fig. 30 for a = a3' 

dP 
since dt> 0 above a3 and < 0 below it. The flow in the P direction 

must therefore be to the right above a3 and to the left below it. 

Although the only other long term qualitative behavior for 

a uk+( I-a) is for E1 to be an attractor, there are 

several types of approaches to E1 on the slow manifold which could be 

observed experimentally, for changes in a. Fig. 31 sums up the 

qualitative changes in the transient slow flow for decreasing a. The 

case of a3 is the relaxation oscillation, discussed above. For a1 and 

as, the phytoplankton population increases or decreases monotonically 

after the flow has equilibrated onto the slow manifold above or 

below Q = a. However, taking the case of a1 as an example, if the 

initial conditions in the (P,Q) plane are such that the equilibration 

occurs on the lower sheet of the slow manifold, a fast rise in Q 

occurs at some point in the decline of the phytoplankton population, 

since E1 is on the upper sheet. Similarly, for as' but with the 

change in Q occurring in the opposite direction. 

Even more interesting dynaudcal behavior on the slow manifold 

is observed for a = a2 or a z:: a4. In these cases an increase followed 

by a decline in the phytoplankton population, or vice versa, would be 

expected. The case of a4 provides an example. If the sys tem 

equilibrates on the slow manifold along the top sheet, the 



Q 

Q 

Figure 31. 

Q 

p 

Q 

-----a 3 

p 

** Transient Slow Behavior for NT 
and varying a. 

p 

152 

E( 
------a 2 

p 

p 

N a 
> T 2/k + (1-0) 



IS3 

* phytoplankton concentration P increases to P, at which point a sudden 

drop in Q occurs, then P begins to decline toward E I. Likewise for 

a2' except the behavior is reversed. 

For NT ~ :uJ( I-a) , the slow flow degenerates, since the 

slow manifold splits into two parts by the intersection with the Q 

axis. In Fig. 32, the four possible transient slow behaviors for 

decreasing a are shown. Again, .behavior for P o is left 

unspecified. If a = al in Fig. 32, then EI is attractive. For 

dP 
a = a2' the (ft isocline Q = a intersects r on the repelling section. 

If the flow equilibrates on the upper sh.eet, after an initial rise in 

P, a fast drop in Q occurs, fClllowed by a slow decline in P. 

Similarly, for a < P2b' the lower zero of f, EI is on the . lower sheet 

and is therefore an attractor. This situation is equivalent to the 

case of a4 and as in Fig. 31. 

The location of the folded section of r depends on the value 

of NT' if a is held constant. To see how the qualitative behavior 

changes, take the derivative of h(P,Q) in equation 7.3a: 

a h = 1 
~ (l+N

T
-QP)2 

7.13 

An increase in NT causes an increase in h; so that, if h is zero 

for a particular value of NT with P and Q fixed and on the slow 
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manifold, then h is positive if NT is increased. The result is that 

the slow manifold shifts upwards as NT is increased and the size of 

the folded section in the Q direction becomes smaller and smaller 

until, at NT = N *** the cusp point occurs and the folded section T, 

disappears. 

In Fig. 33, r is graphed for two values of NT' Nr
low and 

NThigh , while the value of a is kept constant. As can be seen, for 

N low 
T' the state portrait configuration is similar to that of 

Fig. 31, while for NThigh , the configuration is similar to that of 

a4. The potential for relaxation oscillations therefore exists for 

lower values of NT rather than at higher values, keeping a constant. 

Of course, if NT is decreased too far, below a in fact, the 2{k+(l-o) 

intersection with the Q axis occurs. 

Experimental Evidence 

Mter an extensive literature search, three experiments were 

found which yielded long term phytoplankton growth data from batch 

culture in support of the inhibition uptake model. One seeme d to 

indicate that the population size was oscillating at the steady state, 

while the other two exhibited growth, then a decline in the population 

size. The qualitative dynamical features in Figs. 31 and 32 would be 

more characteristic of the inhibition uptake model than the uptake 

equilibrium behavior. Although all the evidence is circumstantial, it 

could not have been observed if the simple or Droop models were 

governing the dynamics. 
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In Fig. 34, the results of an experiment on nitrogen 

metabolism in Monodus subtemaneus are displayed (Fogg, 1959). Cells 

from an exponentially growing batch culture of Mondus subtemaneus were 

transferred into a medium containing no nitrogen and allowed to grow 

until their internal store of nitrogen was exhausted. Al though the 

size of the internal nitrogen pool was not monitored, the population 

size was. As can be seen in the figure, after the exponential growth 

phase ceased, the population size began to oscillate very slightly. 

The experimental method used, namely to put exponential phase 

cells into a medium without nitrogen, essentially reduced the total 

nutrient in the system without decreasing it to the point where the 

alga( could not survive. This suggests that NT might have been 

decreased to just within the region where the slow manifold has two 

fold points, since the amplitude of the oscillations was very small. 

Alternatively, the oscillations may just be the result of statistical 

anomalies in the qata, and more experimentation is certainly needed to 

confirm whether the effect was genuine. 

The results of another batch experiment which was run at low 

nutrient concentrations, this time phosphate in a culture of 

Anacystis, are shown in Fig. 35 (Lange, 1970). The data in Fig. 35 

are taken from the control of an experiment designed to measure the 

results of carbon enhancement on the growth of blue-green algae in 

culture with bacteria. The phosphate level in the controls was 

diluted below the standard batch medium concentration, to simulate 
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conditions in a lake. The experiment also followed the growth of the 

culture for about 35 days, rather than the usual two weeks, or less., 

so the long term dynamical behavior is particularly evident. The 

population size reaches a maximum after the exponential growth phase 

at 18 days and declines slowly thereafter. Such behavior is 

reminiscent of that for Q = Q4 in Fig. 30 and again suggests the 

inhibition uptake model. 

Another batch experiment with similar behavior is illustrated 

in Fig. 36. This time the culture was G. multicoccum and was bacteria 

free (Saito, 1972), ruling out the possibility that the effect might 

have been due to bacterial contamination. The popula tion size, as 

measured by the optical density of the medium, decreased in the 

stationary phase. In fact, this type of dynamical behavior is 

exhibited by a wide variety of phytoplankton species in batch culture 

(Fogg, 1975). 

The dynamical mechanism underlying the inhibition uptake model 

is more speculative than that of the simple model. The evidence cited 

above is therefore hardly conclusive. In particular, if the model is 

correct and relaxation oscillations are to be found, more careful 

experimentation on batch cultures is necessary. The batch cultures 

must be maintained in constant light and temperature conditions, so 

circadian periodicities do not become established (Frisch and Gotham, 

1979). Total nutrient in the culture must be lower than the usual 

batch concentration, so that NT is within the region where the two 
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fold points occur. Finally, the culture must be monitored well into 

the steady state, to allow time for oscillations to develop. Most 

investigators only monitor the culture two or three days into the 

steady state, which is not long enough to determine whether the 

fluctuations in population size are due to statistical effects or to 

the nutrient mechanism outlined in Chapter 5. The internal nutrient 

concentration of the algae could also be monitored to provide 

additional evidence. 

Biological Considerations 

While the mathematical parameter, a, in the van der Pol 

equation might be physically equivalent to a parameter which is easily 

manipulated, the parameter a in the inhibition uptake model is not. 

Changes in a as well as in a and k occur as the termperature changes, 

for a fixed species of algae, so that a change from, say, a4 to a3 or 

a2 in Fig. 32 might occur as the temperature decreased and could lead 

to the gradual dieback of the dominant algal species in a pond at the 

end of the growing season. However, there probably are biological 

limits on a which cannot be altered without looking at a different 

species of algae or genetically altering a particular species so that 

the maintenance concentration, qo (for which a is the mathematical 

parameter) changes. The physical parameter nT' corresponding to the 

mathematical parameter NT' representing the total amount of nutrient 

in the culture, is really the only parameter easily subject to 

experimental manipulation. 
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The most obvious dynamical difference between the simple 

uptake model and the inhibition uptake model is that the inhibition 

uptake model can exhibit fast changes in the internal nutrient 

concentration after the initial uptake equilibration onto the slow 

manifold. The relaxation oscillation and jumps from the lower to 

upper sheet or vice versa shown in Fig. 31 and 32 are examples of such 

behavior. A cycling population size or a population size which 

increases then decreases would be evidence in favor of the inhibition 

uptake model, since the population size in the simple model would be 

expected to rise or fall monotonically, provided circadian 

periodicities are ruled out. On the other hand, if the initial values 

of P and Q are small and the value of a is such that E 1 is on the 

upper sheet of r (as for al in Fig. 31 and 32), then there should be 

no distinguishable qualitative dynamical difference between the two 

models, since the slow flow in both causes the phytoplankton 

*** population to increase to an equilibirum. Also, if NT) NT' the 

qualitative dynamics on the slow manifold would be similar to those of 

the simple uptake model. 

The range of NT over which relaxation oscillations may exist 

could be very narrow and very close to the borderline where there" is 

not "enough nutrient for the algae to survive. In the numerical 

example presented here, with k = 10 and a = 0.5, the cusp point was at 

*** NT = 0.094078 and the total nutrient essentially became too small 

to support a population :: 0.073264, so the relaxation 
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oscillations would only be expected in a very narrow region of 

* ** (P,NT,Q) space, provided, of course, Q ) a) Q.' This region could 

widen or narrow with changes in k and o. Relaxation oscillations 

should be difficult to observe experimentally at the usual high 

nutrient concentrations used in algal culture experiments and would 

not be expected to manifest themselves on the level of gross 

phytoplankton productivity, although they may play a role in the 

dieback of a species population for a lake with marginal nutrient 

requirements. 



CHAPTER 8 

IMPLICATIONS FOR THEORETICAL ECOLOGY AND AQUATIC 
ECOSYSTEMS MODELLING 

Introduction 

The mechanistic models developed in Chapter 5 and discussed in 

Chapters 6 and 7 have some implications for the construction of large 

scale water quality models and for the more general topic of 

theoretical ecology. The separation of the flow out into a fast 

foliation and a slow flow makes a reduction in the number of state 

variables for a large scale water quality simulation possible, if the 

implicit function theorem holds and if the fast dynamics are of little 

interest. In addition, it also makes it possible to determine the 

shape of the slow manifold experimentally. These properties should 

not only be true for aquatic ecosystems, but for other ecosystems as 

well. 

Implications for Aquatic Ecosystem Modelling 

The separation of the flow into a fast foliation and a slow 

flow should make it possible to plot out the slow manifold 

experimentally. Eq. 4.26 provides the idea~ By measuring the amount 

of external nutrient, internal nutrient, and the population size at 

uptake equilibr:l.um, the form of the slow manifold equation can be 

plotted out in (p,q) spa:ce. The total amount of nutrient in the 
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This can be achieve d by 

varying the internal and external concentration simu1taneou'sly, making 

sure, in addition, that the concentration of phytoplankton cells in 

the uptake experiment varies along with the internal concentration, to 

maintain n + qp = nT. 

Such an experiment would proceed as follows. 'The inte rna 1 

concentration can be maintained at a predefined level by growing the 

phytoplankton in a chemos tat. Several tubes with increasing external 

nutrient concentration can be prepared. Once the chemostat reached 

steady state, the phytoplankton cell concentration in the chemostat 

should be constant. A value of nT is selected, and samples of 

phytoplankton taken from the chemos tat. These samples are then 

diluted and distributed to the test tubes, so that, for each tube, the 

mass balance constraint, n + qp c nT' may hold. 

Uptake in each tube can be monitored and the final 

concentrations of n, q, and p measured. By using the mass balance 

constraint, it should be possible to convert the n measurements to 

q and p measurements, and thus to plot the slow manifold in (p,q) 

space. Varying nT or q by changing the chemostat flow rate is 

expected to provide a wider view of the slow manifold in (p,nT,q) 

space. 

In this manner, it should be possible to determine whether the 

simple model or the inhibition uptake model is correct. Varying nT in 

addition could uncover such geometrical features as the fold points 
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which occurred in the inhibition uptake model. Observing the 

population's dynamic behavior at steady state in a batch culture 

should also provide information, as discussed in Chapter 7. More 

importantly, these types of experiments provide a nonparametric means 

of determining what the qualitative form of the uptake equilibrium 

function is. Previous experiments have assumed the Droop model ad 

hoc, then used regression against the internal concentration to derive 

simple function fitting the observed variations in the Droop Michaeli~ 

parameters vm and ~ (Gotham and Rhee, 1981a, 1981b). Some 

experiments have been even more general, simply relating the uptake to 

the specific growth rate through the Droop equations, then solving for 

the effect of q on the parameters (Caperon and Meyer, 1972). 

Once an equation for the slow manifold has been verified, it 

should be possible to determine whether the fast variable is important 

to the dynami cs • If the equation is such that the implicit funciton 

theorem holds, for all (p,q), the fast dynamics could be eliminated 

from the system, as in Chapters 4 and 6. In most large scale 

ecosystem simulations, the internal nutrient concentration is only 

important to the extent that it influences the phytoplankton 

biomass. Most large scale simulations are more concerned with 

deriving bounds on the size of the phytoplankton population, so that 

water quality improvements can be implemented, if necessary. By using 

the slow-fast flow approach, the parameters for nutrient uptake can be 

accurately estimated, but the nubmer of state variables in the system 
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does not have to increase, if the fast variable is eliminated from the 

phytoplankton growth equation. 

If more than one nutrient is of interest, or if the slow 

manifold has fold points, then it may be necessary to maintain the 

fast variable in the simulation. Such a system will be "stiff" in the 

numerical sense and will require special numerical methods to 

integrate. An alternative is to make the e: = 0 approximation and 

solve the constratined system: 

dx _ 
dt - f(x,y,A) 8.1a 

g(x,y,\l) = 0 8.1b 

for x e: ~, y e: ~, f m.n + :mo, g ]Rm + ~, and A and \l are fixed 

parameter vectors. 

Numerical solutions to Eqs. 8.1 will not follow the time 

evolution of y. When a fold point is encountered, the change to the 

opposite sheet occurs quasi-instantaneously; so that, on the slow time 

scale, the.intermediate values of (x,y) are not measured. 

There are any number of numerical methods which could be used 

to solve Eqs. 8.1. These methods mayor may not be more efficient 

than the special numerical methods which have been developed for stiff 

systems. One possibility is to integrate Eq. 8.1a using the usual 
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Runge-Kutta or other numerical scheme, with y fixed, then find the 

value of g at the new point (x,y). If the value of g at this point 

is h, a vector can be formed in the direction the fast foliation 

would move. This vector is y(w) = y+Wh. The norm of g could then 

be minimize d, keeping x fixed, using a nonlinear optimization 

routine. The problem becomes: 

min 
I.ll 

8.2 

The optimization should find the shortest perpendicular distance to 

the slow manifold, the direction the fast foliation would have 

followed. 

An important water quality problem which may be better treated 

using the type of mechanistic model discussed in this work is the 

eutrophic transition from green algae to blue-green algae (Schindler, 

1977). This transition is important because blue-green algae, besides 

creating large blooms, also secrete a kind of poison which makes the 

water unfit for human or livestock consumption. The nitrogen-

phosphorous balance has been implicated in this transition. Heavier 

nitrate concentrations tend to favor green algae, while heavier 

phosphate concentrations seem to foster blue-greens. Both the Droop 

and M3 models have difficulty predicting this transition accurately 

(Bierman, 1976, DePinto et. al., 1976). 
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The mechanistic models developed here can be used to connect 

the physiology of the phytoplankton wi th their ecological behavior, 

which might help in predicting the eutrophic transition. As this 

problem is also of theoretical. interest, it will be treated in the 

next section. 

Implications for Theoretical Ecology 

Assuming the simple uptake model is operating, a two species, 

one nutrient system can be easily derived. The system takes the form: 

dQ1 P1(NT-(P1+0 1)QCP 2Q2 

e ~ = 1+NT+(1-P
1

)Q1-P2Q2 

dP
2 

Q
2 

d'"T = y(l - Q2)P 2 

dQ2 
e -- = dT 

P 2(NT-(P 2+o2)Q2-P 1Q1) 

1+NT+(1-P 2)Q2-P1Q1 

- eQ 1 

8.3a 

8.3b 

8.3c 

8.3d 

Here, it has been assumed that the maximum growth rates of the 

two species are different but that the uptake rates are about the 

same. If uptake equilibrium is assumed, the slow manifold shadow 

equations for Eqs. 8.3b and 8.3d can be calculated: 
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8.4a 

8.4b 

Solving for Ql and Q2 on the slow manifold yields: 

8. Sa 

8.Sb 

Substituting Eqs. 8.5 into Eqs. 8.3a and 8.3c finally gives 

the reduced system: 

= d. 
8.6a 

8.6b 

Eqs. 8.6 have the form of a two variable logistic equation 

(May, 1974): 
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8.7a 

8.7b 

The bifurcation behavior for the two variable logistic is well 

studied (Yodzis, 1978). Depending on the values of the competition 

coefficients, ai and b i , it is possible to have equilibria where 

either one or both species are present. Through Eqs. 8.6, however, it 

should be possible to estimate the competition coefficients from the 

physiological parameters for uptake. One of the chief difficulties of 

applying the two variable logistic equation has been estimating the 

competition coefficients. 

For two nutrients and two species, a system of six equations 

would be needed and the slow manifold would be two dimensional. The 

growth function for the two phytoplankton species would need to be 

altered to have two limiting nutrients. Rhee (1974, 1976) has 

investigated the effects of dual, nitrogen-phosphorous nutrient 

limitation in phytoplankton. He found that the growth rate switched 

from being nitrate to phosphate limited at a particular Nip ratio. 

This result could be used to formulate a more realistic growth 

function than the multiplicative growth model used in most large scale 

simulations (DiToro et. al., 1977). The multiplicative growth model 

assumes the multinutrient limited growth rate is the product of the 

single nutrient growth rates. 
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Tilman (1982) has developed an extensive theory of competition 

based on mechanistic models of resource utilization similar to those 

presented in this work. Tilman classifies resource utilization into 

seven categories, depending on whether the organism can substitute one 

resource for another or whether the resources are essential for the 

organism's growth. Resources in Tilman's theory correspond to the 

phytoplankton nutrients discussed here. The approach is graphical, 

but the underlying resource kinetics are Michaelis-Menten similar to 

the Droop and simple models. The result is that the equilibrium 

resource equations are linear in the resource, as in Eqs. 8.4. The 

kind of non-linear behavior exhibited by the inhibition uptake model 

is not posible with such kinetics. 

Tilman discusses the green to blue-green algal transition and 

notes that the NIp ratio of fertilization, which lead to the dominance 

of the green alga Scenedesmus in Schindler's experiments (1977) was 

31:1, very close to the optimum NIp ratio of 30:1 reported by Rhee for 

Scenedesmus (Rhee, 1976). A quantification of Tilman's theory might 

lead to a specific growth rate function for multinutrient limitation, 

which could then be treated using bifurcation theory. 

In aquatic ecosystem models which use the M3 model or the 

Droop model, it is not possible to obtain an unforced (i.e. no 

circadian periodicities (Frisch and Gotham, 1979) limit cycle or 

relaxation oscillation similar to the inhibition uptake model without 

another "external" state variable. Addition of another trophic level, 
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for example, zooplankton predators, can lead to population cycles of a 

predator-prey type (Adachi and Ikeda, 1978; Arnold, 1978) which have 

been widely discussed in the theoretical ecological literature (May, 

1978). Such a system is ecologically quite distinct from the 

inhibition uptake model, in which a rapid change in the physiological 

state of a single species is causing a population cycle. 

Another ecosystem in which a physiological variable might be 

causing oscillations is the cycles of small mammal populations in the 

Arctic (Finerty, 1980). The lynx-hare pelt data from the Hudson Bay 

Company records are one of the most widely cited pieces of evidence 

for limit cycle oscillations in predator-prey systems (but see May 

(1980) for questions on the data's validity). Statistical examination 

of the data for a number of small mammal population cycles in the 

Arctic (Finerty, 1980) suggests that the predator population cycles 

are actually being forced by a population cycle in their chief food 

supply, the Arctic hare, rather than causing the cycle directly. 

Finerty speculates on a number of possible causes for the hare 

population cycle, one of which is the kind of physiologically caused 

periodicity involved in the inhibition uptake cycles. 

In general, the internal physiological state of an organism 

would be expected to equilibrate on a more rapid time scale than the 

reproductive state of the entire population. To the extent that the 

reproductive state is influenced by the physiological state, a 

separation of the dynamics might occur, in which the internal 
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physiological state forms a slow manifold upon which the population 

size evolves (Kempf, 1980a). 

Wherever the physiological state manifold has a folded 

structure, like that of the internal nutrient manifold in the above 

model, the physiological state variable will change rapidly to a new 

quasi-equiUbrium, and the population size will adjust more slowly 

(Kempf, 1980a). Such a phenomenon could also occur between two 

different species with radically different characteristic growth 

rates, for example, whales and krill; with the equation for the 

species having the higher growth rate forming the slow manifold upon 

which the system evolves. 

Thus, coupling between an organism's physiology and the 

environment might be responsible for extremely complex population 

dynamics, which have previously been ascribed to general mass action 

type interactions between organisms at two trophic levels. A three 

variable system, with one physiological variable forming a slow 

manifold, 

Rossler 

might exhibit the type of chaotic dynamics reported by 

(1979). Two possible examples might be the bloom-dieoff 

cyc1e~ in eutrophic ponds, reported in Barica (1974), and the annual 

species succession of phytoplankton in lakes (Hutchinson, 1957). For 

such systems, the population trajectories would look as if they were 

being generated by a stochastic process, even though the underlying 

dynamics were deterministic. 
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Summary and Conclusions 

This work has attempted to use dynamical systems theory and 

bifurcation to analyze some simple models of nutrient limited 

phytoplankton growth. The models were restricted to batch cultures 

and lakes with little nutrient input or output, which allowed the use 

of a mass balance constraint. Two popular models from the literature, 

the Michaelis-Menten-Monod or M3 model, and the Droop internal 

nutrient model were analyzed in Chapters 3 and 4 and found to make 

unreasonable predictions for certain ambient environmental 

conditions. The M3 model predicted that the population size would 

become unbounded at equilibrium in a certain parameter range. The 

Droop model predicted that the amount of nutrient left over during a 

nutrient uptake experiment would be very small, regardless how large 

the internal cell pool of nutrient is and how large the external 

concentration is. Numerical comparisons of data with the predictions 

for both models demonstrated that the conditions for unreasonable 

behavior could occur in culture or in natural aquatic ecosystems. 

An important feature of the analysis for the Droop model was 

the introduction of singular perturbation techniques. Since the 

experimentally observed time to uptake equilibrium is relatively short 

compared to the time to growth equilibrium, the uptake process was 

formulated as a singular perturbation equation. The flow resulting 

from the two variable, phytoplankton-nutrient system separates out 

into a fast foliation and a slow flow. forming a slow-fast flow 



177 

system. The singular perturbation assumption predicted that the time 

to uptake equilibrium should be of the order E. Calculated values of 

E from two experiments showed that this was, indeed, the case. 

The problems discussed in Chapter 2 for the' M3 model are 

potentially serious enough to cause inaccurate predictions of the 

maximum phytoplankton population biomass, the most interesting 

variable from a water quality standpoint. The tendency of the model 

to underestimate phytoplankton growth during midsummer, when the 

internal nutrient concentration is high but the external concentration 

is low, is particularly troublesome. The unreasonable prediction of 

an asymptotically unbounded population size in closed or nearly closed 

systems also reduces the applicability of the M3 model. 

The problems with the Droop model discussed in Chapter 3 are 

less serious. The lack of accurate prediction for the external 

nutrient concentration at uptake equilibrium may influence the time 

series generated from the model, but should not affect the prediction 

of the maximum population size, although it may predict the maximum 

sooner than it would actually occur. Again, the accuracy of the Droop 

model may be expected to break down if the closed system assumption is 

appropriate. 

As an alternative to the M3 and Droop models, two specific 

enzyme mechanisms were proposed in Chapter 5 for nutrient uptake. In 

one, the simple uptake model, the membrane protein responsible for 

transport of nutrient into the cell was the same as that for backward 
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leakage out of the ce1l. Only the binding site on the transport 

protein for the two processes was different. In the otber, the 

inhibition uptake model, two separate proteins were responsible for 

uptake and leakage, and the leakage enzyme displayed substrate 

inhibited kinetics. The equations for net nutrient transport were 

derived directly from the enzyme kinetics, while the equation for 

growth in the population size was taken from the Droop model. 

In Chapters 5 and 6, the dynamics of both models were 

analyzed. Again, the nutrient uptake equations were treated using the 

singular perturbation assumption. The simple model demonstrated 

uptake equilibrium behavior distinct from the Droop model. It 

predicted that the external nutrient concentration at uptake 

equilibrium would be a constant percentage of the internal 

concentration. In the inhibition uptake model, the population size 

could exhibit relaxation type osci1lations during the batch culture 

steady state. Qualitative evidence supporting both models was 

discussed. 

When properly verified, one or the other of the mechanistic 

models, or, possibly, another mechanistic model based on the 

techniques outlined here, could provide a more accurate basis for 

large scale water quality simulation models. In particular, since the 

models would be based on the physiological characteristics of the 

phytoplankton rather than on assumptions about the input-output 

configuration of the lake (as in the chemostat based models), such a 
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model would be better able to predict the phytoplankton population 

size during the midsummer when nutrient recycling becomes important. 

Also, for some small ponds where little or no nutrient is being washed 

into the pond during summer, a model based on a mechanistic approach 

would probably be more useful, since such ponds would rarely satisfy 

the chemos tat assumptions. 

On the other hand, such a model will require careful 

experiments to find the parameters; experiments which, for the most 

part, have yet to be done. It would also introduce an additional 

state variable into the simulation for each nutrient modelled. 

Special numerical methods would be needed to deal with the resulting 

stiff equation systems, since the internal nutrient equation is faster 

than the other equations. Some approaches to these problems were 

outlined in Chapter 8. 

Finally, extensions of the mechanistic models to more than one 

species and more than one nutrient could shed some light on the 

species succession problem. In Chapter 8, a two variable-one nutrient 

model was briefly shown to be reducible at uptake equilibrium to the 

two variable logistic equation. Some ideas on a two species-two 

nutrient system were presented, which would have applications to 

predicting development of noxious blue-green algal blooms in eutrophic 

lakes. 
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